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Abstract

The X (3872) could be a shallow D D* bound state, a compact four-quark state, or a
partially composite particle, i.e. a superposition of the two. We will review how these
hypotheses could be tested experimentally, examining especially the cases in which
the X is a pure bound state or a pure compact tetraquark. Data on X — DD decays
are compared with the analysis of the X lineshape. The pure bound state hypothesis
corresponds to a well-defined region in parameter space defined by the width of the
D* versus the binding energy of the X. As for the X lineshape, we observe that
the currently available experimental analysis tests the compatibility with the compact
hypothesis for the X. We propose how to extend the analysis to examine the molecular
or the partially composite hypotheses. We also review the analysis on the radiative
decays of the X including pion corrections confirming some conclusions reached in
the literature on the use of the universal wave function description for the molecular
X.
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1 Introduction

The D and D*° mesons interact strongly at low energy, but the exact form of their
interaction potential is unknown. If it were, we would know if a bound state is formed,
together with its binding energy, B. The S-wave bound state would have J* = 1*
quantum numbers.

In 2003, a very narrow 1™ resonance has indeed been discovered, the X (3872), at
a mass value which is almost exactly mp + mp= [1]. It decays mostly in DODO70
[2], so that its identikit is seemingly simple: a bound state of D and D* with binding
energy B ~ 0 [3-6]." In low energy scattering theory this is known as a shallow
bound state [7]. Shallow bound states feature some universal properties, which are
completely independent on the actual form of the binding potential. The deuteron is
itself a shallow bound state of a neutron and a proton, np, with B >~ 2.2 MeV, whereas
in the case of the X we have B ~ 100 keV, or maybe less [8]. Thus the natural question:
is the X like the deuteron?

Despite the similarities highlighted above, the deuteron has never been observed
in high-p7 proton—proton collisions (but barely searched for), whereas the X has
a remarkable prompt production cross section for transverse momenta as large as
pr 2, 15GeV [9-12]. Itis difficult to imagine that such a loosely bound state is resilient
enough to be produced as a metastable particle in prompt hadron-hadron collisions
at high energy: when the typical momenta involved in the production process are
much larger than the molecular binding momentum, it is extremely unlikely to form a
shallow bound state with sizable cross section [13—16]. Along the same lines, a similar
study of prompt production, as well as non-prompt production from beauty hadron
decays, but in high-multiplicity pp collisions, has shown a trend that does not match
with a molecular structure [11, 17, 18].

A solution to the production problem may be found if it is assumed that the quantum
state associated with the X (3872), |X), which occurs in the production or decay
amplitudes, is a superposition of an elementary | X) state, which here means a compact
tetraquark, and a bound state |B) made of two open charm mesons DD*. This is
found to help explain the large prompt production cross sections observed: the X gets
produced through its compact tetraquark component, which can also be copiously
produced at high momenta.”

We will discuss how the coupling of the bound state component, B, to its D D*
constituents, in a partially composite X , can be derived in the shallow bound state

! Throughout this work we often omit the neutral charge symbol, as well as the explicit expression for the
charge conjugation eigenstate.

2 Some studies distinguish between a compact cc core and a bound state [19]. Here we will only consider
the case in which |X) and |B) have the same quark content.
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A short review on the compositeness of the X (3872) 97

approximation. The coupling of the elementary X to the DD* continuum has to be
treated, instead, as an additional parameter.

Consider the ideal case of performing a low-energy scattering experiment of D and
D* particles. The pion exchange (in the u channel) does not generate a binding poten-
tial [20]. If a D D* bound state exists at all, it is generated by the short distance (D D*)?
quartic interaction, which corresponds to a 8> () potential in the non-relativistic quan-
tum theory. This potential, with a properly renormalized coupling, allows bound states
[21].

In non-relativistic quantum field theory, the formation of a molecular bound state
manifests itself through the presence of a negative energy pole in the D D* scattering
amplitude. The latter, in turn, results from the summation of the bubble diagrams
induced by the (DD*)? quartic interaction in the s-channel [22, 23]. In place of
summing the bubble diagrams, we will use the complete propagator of some bare
field ® in the s-channel assuming a non-vanishing amplitude (0|®(0)|p;, p,) on
the 2-particle (or higher) continuum and assuming that interactions could be strong
enough to bind the 2-particle state. The spectral density in the Kéllén—-Lehman (KL)
representation of the complete propagator contains contributions from (free) multi-
particle states, as well as from a single particle state if the (0|® (0)| p) = +/Z amplitude
is not zero.

To achieve ~/Z # 0 one must introduce the field associated to the elementary X
in the Lagrangian. If a shallow bound state |B) in place of the continuum |p{, p,) =
|DD*) is introduced in the spectral representation, as done in Sect. 3, a formula for the
coupling of the bound state 98 to D D* is found, even in the presence of an elementary
X field in the Lagrangian. This formula is equivalent to what obtained by Weinberg
[24]3 using other methods, reviewed in Sect.4, and it includes as well a less known
result by Landau [26], obtained exclusively in the case Z = 0 [27].

If it were possible to establish from experiments whether Z # 0, with due accuracy,
we would know if the X has to be described as a pure molecule of open charm mesons,
as a partially composite state or as a compact tetraquark. Extracting Z from data seems
an experimentally impossible task if Z is understood as the normalization constant
of a quantum field. However, following what was done by Weinberg for the deuteron
[24], v/Z can alternatively be viewed as the amplitude of the compact |X) state within
the physical state | X), see Sect.4. This analysis can be pushed further by deriving
the scattering length, a, and the effective range, rg, as functions of Z. Therefore,
we can relate two experimentally measurable quantities, a and rg, to Z (see Sect. 6).
Under certain assumptions on the (undefinite) binding potential, the sign of ry alone
is indicative of a molecule [24, 28, 29], see Sect.7, but the case of the X (3872) still
requires special care, as discussed in Sects. 8 and 9.

The option of a purely elementary state, i.e. a compact tetraquark, is discussed
partly in Sect.5 and more extensively in Sect. 11.1.2. In Sect.5 we will assume the
X partial compositeness to study the X — DDx decay, requiring the elementary
component to have a negligible coupling to the continuum with respect to the bound
state—whose coupling to D D* is derived in the shallow bound state hypothesis. We
will explore the parameter space under these conditions focusing especially on the

3 The same result can be obtained in an EFT framework, as done in [25].
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boundary Z = 0, corresponding to the purely composite hypothesis. The forbidden
regions will be interpreted as corresponding to a sizeable coupling of the elementary
component.

As illustrated in Sect. 11 and especially in Sect.11.1.2, the LHCb study [30] is
explicitly probing only the elementary nature of the X but not its partial compositeness.
This is because the lineshape fitting curve used in their analysis is obtained by an
effective theory in which only the X®D* coupling is different from zero, with no
quartic coupling (DD*)?, i.e. with no 9B bound state included [31]. Therefore, the
goodness of the resulting fit is only an indication that the hypothesis of having just
an elementary X coupled to D D* is compatible with data, but values of Z derived by
this parametrization are not meaningful to define a partial compositeness of the state.

To study the molecular case, we propose to use an effective field theory in which
the quartic coupling is included but no elementary field for the X (see Sects. 11.1.1
and 11.1.4). In the same sections, it is reviewed also the role of coupled channels,
which were not addressed in the original discussion by Weinberg.

The coupling of the X to DD* which can be extracted by the LHCb analysis, is
the XD D* coupling, and it should allow a good determination of the X — DDm
decay rate measured by other experiments, in the purely compact interpretation. We
find that this self-consistency condition is indeed reached assuming a total width of
the D* which is approximately 100 keV.

The claims on the evidence of a molecular X are, therefore, not supported by
observation. The compact tetraquark interpretation appears to be less popular because
the SU(3) methods that have been used to treat compact tetraquarks predict more
states than observed [32]. In particular, they predict a second neutral X° and two
charged partners X* [33]. Despite some attempts to find some selection rules [34,
35], this situation has essentially remained unchanged since the birth of the compact
interpretation of the X (3872) in 2004. The first claims about the molecular (Z = 0)
interpretation insisted on the fact that the X had to correspond to the D?D*? bound
state only, with no charged partners. Only very recently, a study has shown that there
should be charged partners in the molecular scenario as well, but in the form of virtual
states [36]. These charged partners have not been found, for the moment, not even
in the J/¥p* channel, where they were supposed to hide according to the compact
tetraquark interpretation [33]. It is also worth stressing that several other charged states
have been found in the meanwhile, like the Z(4430), which is remarkably far from
threshold [37]. This has a clear interpretation in the compact tetraquark model [38,
39].

In our view, there is strong evidence against the purely molecular interpretation that
comes from radiative decays of the X in ¢ and v/’ particles [40, 41]. It is found that the
branching ratio of X into ¥y is larger than that in ¥y [42], in obvious contradiction
with phase space arguments. In Sect. 12, we remind that this experimental result is
incompatible with a shallow bound state molecule,* where the D and D* mesons form
a very large (> 10 fm) bound state [47—49]. The situation could be improved only at
the price of making the sizes of open charm mesons much larger than what they are

4 In [43-46], the radiative decay within the c¢ hypothesis is also investigated.
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A short review on the compositeness of the X (3872) 99

supposed to be. We also show that short-range pion interactions cannot deform the
bound state universal wave function of the X to the level of changing our conclusions.

Quite a few arguments reported in the following are textbook knowledge on low
energy scattering theory and are reproduced and commented on to have a self-
consistent presentation and to keep the discussion elementary. The main reference
is the book by Landau and Lifshitz on Non-Relativistic Quantum Mechanics [50].
This is particularly the case for Sect. 2 and in part for Sects. 6 and 10.

We also stress that our review is truly meant to focus on the aspects related to
the interplay between the compact and composite hypotheses for the structure of the
X (3872). For a more general and complete review of multi-quark states, the reader
can refer, for example, to [35, 51-53].

2 Low energy scattering and shallow bound states

Consider the motion of a particle of mass m in a potential V (r), vanishing at infinity
more rapidly than exp(—Cr), with C some constant. The scattering amplitude as a
function of energy, f(E), has no singularities in E other than simple poles in corre-
spondence of discrete energy levels (bound states). In particular, for negative energies
close to some shallow bound state, — B, the amplitude takes the form,

FE) =—>— : ey
nm

This scattering amplitude is universal: it does not depend on the details of V featuring
the shallow bound state. We give an argument for (1) following Landau [50]. The
asymptotic form of the wavefunction for the particle m in V (r), for any complex E,

° x(r) = A(E) exp (—rm) + B(E) exp (rm) . )

Going from negative to positive real values of E, along a circular path, y, in the
upper complex half-plane, the complex variable z = +/—E undergoes a change in its
argument given by A, argz = (0 — 7)/2, and reaches the upper edge of the square
root cut for E > 0; therefore, along y

v—E po exp(—in/2)VE = —i VE . 3)

0

The real part, %</ —E, is positive everywhere on the physical sheet, which corre-
sponds to the complex z plane excluding a cut along the positive real axis. Inserting (3)
in (2) gives, for E > 0,

x(r) = A(E) exp(ikr) + B(E) exp(—ikr), “)

@ Springer



100 A.Esposito et al.

with®
k =~2mE. (5)

The coefficients A(E) and B(E) are non-singular everywhere except for the branch
point at £ = 0. The presence of a bound state at E = —Ey (Ep > 0) implies for the
(reduced) wavefunction y in (2) to vanish at infinity. Therefore, it is required that

B(E) = B(~Eo) + B(E — (=E0)) +--- = B(—E0)(E + Eo)) + ..., (6)

with § a constant, so that
B(—Ep) =0. @)

Consider now a low energy scattering, where E is positive but small. If the binding
energy, Ey, is also small (i.e. a shallow bound state), then we can still approximate,

B(E) ~ B(E + Eo). ®)

Comparing (4) with the phase-shifted reduced wave function
x(r) = Csin(kr + 8) = 2iC (e"““”o) — e—f(’“”m) , )

we immediately deduce the phase of the wavefunction to be,°

AE)

@ = —exp(2idp). (10)

Using the general scattering amplitude formula and formulae (3) and (10) we get

! : __ L (A __ 1 (A
S = g lew@ido) = 1) = s <B+l)_2m<6+l>' an

Analytically continuing the scattering amplitude to values in the proximity of E =~
—Ep, using (8), we have

1 A(—Ey) . Ao 1

J(E) = 22mEo B(E + Eo)  28/2mE, (E + Eq)’

12)

5 The result in (4) is different if the path y is taken in the lower half-plane since, in that case, Aj argz =
(2 —m)/2 = /2. Therefore, in place of (3), we have that “/_E|E<O > exp(m/Z)\/f = i\/E|E>0, SO
that x (r) = A(E*) exp(—ikr)+B(E*) exp(ikr). The reality of x requires from (2) that A(E*) = A*(E)
and B(E*) = B*(E), and the fact that x has to be single-valued requires A*(E) = B(E).
6 In this paper we are considering solely the S-wave case, £ = 0. If £ # 0 the wavefunction (9) is instead
[501,

x(r=C (ei(krfe%w) _ efi(kr+e%+ag)) ’

and the term A/B gets substituted by (—1)¢.A/B.
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A short review on the compositeness of the X (3872) 101

We will show soon that
1 m

B = “ a0\ 2y (13)

which proves (1). Before discussing this latter result, observe that Ag also defines the
normalization of the reduced bound state wavefunction

x(r) = Agexp (—rw/ZmEo) s (14)

which can be found immediately to be

Ao = (8mEy)'/*. (15)

This gives the formula that we will mostly use in the rest of this work,

E) — 2B 1 16

B = E. 7)

where we defined

Now for the derivation of 8 in (13). Consider the reduced Schrodinger equation
x" +2m(E—-V)x =0, (18)
and its derivative with respect to energy

E .

Multiply the first by dx /0 E and the second by x and subtract the second from the
first to obtain, upon integration over r,

—_— — e = zm r r)— <m as r Q.
X9 *\GE , X

In the left-hand side of (20) use the function x as given by the asymptotic form
X(r) = A(E) exp (_rm) + B(E) exp (w%) @D
as in (2). In the vicinity of £ = —B it reads
X(r) = Ag exp (—r«/Zm_B> +(E + B) exp (+r¢TrnB) . 22)
Inserting (22) into (20) we have

—2A0B2mB = 2m. (23)

which is equivalent to (13).
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102 A.Esposito et al.

3 Shallow bound states in quantum field theory

The scattering amplitude formula derived in Sect. 2,

B — 2B 1 4
f()__‘/?EJrB’ (24)

is valid for low energy scattering in the presence of a shallow bound state. This can
be related to the scattering of two particles having reduced mass m in the initial state
W, into the same two particles, in the final state Wg. We will refer to this scattering
amplitude as f (¢ — B).

In the formalism of non-relativistic quantum mechanics particles are neither created
nor destroyed. Therefore, if the state W, describes a D and a D* mesons, the same
ones must also be present in the state Wg. The state corresponding to a free D D* pair,
with some relative momentum p in the center of mass, has an amplitude

Wy, VV) = (Vg, V) = gp (25)

with the state W of the bound D D* pair, with momentum p = pp + p p+ and mass
m = mp + mp+ — B, assuming that some binding interaction is at work. If the bound
state is very shallow, as in the case of the X, the state W is almost indistinguishable
from the continuum states W, or Wg.

Let us find an expression for f (o« — B) at low energy introducing the propagation
of a composite, bound state as in the following quantum field theory derivation,’

fla— p= ooy CEIEEE L @mp)@mp) M
—_ = —_— —_— = — *
* i KE? P = G PP Hhe

1
= &T_EQmD)QmD*)(sz) Mpx A'(p) Mxa, (26)

where A’(p) is the complete propagator of some field ®, which can be elementary or
composite, in the Kéllén—Lehman (KL) form [55],

/ _ U(Mz) 2

as obtained by setting Z = 0 in the spectral function p (1?) = Z 8(u*> —m?) +o (u?).
The following Lehman sum rule holds

1=Z+/aw%mﬁ, (28)

7 The square root in the first line of formula (26) contains the phase space factor 54( Pa — ppldp —
K E{E}/E dQ and the flux factor 1/ug where uy = kE/E|E5. The definition of Mg, in Weinberg-
I, Eq. (3.4.10) [54] has a (271)3 inside with respect to the one used here. The overall phase in the definition
of f is conventional. Observe that f must have the dimensions of a length, therefore, we must have that
[g%] = 1/E, as it turns out to be the case in (46).
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A short review on the compositeness of the X (3872) 103

where Z is the renormalization constant of the bare field ® whose propagator is given
in(27)and 0 < Z < 1.8 If Z > 0 the bare field ® appears in the Lagrangian and,
therefore, the particle associated with it has to be considered as elementary. Here,
instead, we assume Z = 0 because we consider low energy non-relativistic DD*
scattering in a theory with only D and D* mesons and without an elementary X. The
spectral function p(?) is defined by,9

0(po) p(—p*) =Y 8*(p — pu) 0@ O)|n) %, 31)

and |n) represents single or multi-particle states as in |n) = |p), |py, pa), ... The
single particle state is responsible for the Dirac-delta term in the spectral density'?
while the multiparticle states make the o (u?). If Z = 0 we have

1= / o(uh)du®, (35)
which can be solved in our case by

o(u?) = 8(u* — (mp +mpo)?), (36)

8 1f | p) is a one-particle state with mass m with a non-zero amplitude (0|®(0)|p) # 0, Lorentz invariance

requires
N
0|®(0)|p) = —, with E=,/p?+m?
012 O)p) V2E p

Then, according to a general result [55], the complete propagator A’(p) of the bare field ® has a pole at
—m? with residue

Z=|N?>0, (29)
so that

A(p) = (30)

p2+m?—ie’
consistently with the KL formula. Now, in a generic, relativistic quantum field theory Z has no probabilistic
interpretation, contrary to the description in Sect. 4. However, a strictly non-relativistic quantum field theory
is in 1-to-1 correspondence with standard non-relativistic quantum mechanics, meaning that they predict
the same observables. In this instance, the probabilistic interpretation of Z is recovered.

9 The complete propagator A’(p) is the Fourier transform of (0| T<I>(x)<I>T(y) |0) where (O|<I>(x)d>+ (»)]0)
is expressed as a sum over a complete set of states, (0\<I>(x)<I>T(y)|O) =3, (0|<1>(x)|n)(n|<I>T(y)|0), and
similarly for <0\<I>T(y)cl>(x)|0).

10 Considering the contribution from the one-particle state only (8)

Z
0 = T p =~ pl 0ROl = /84(17 Pl (3D
and
Z
/54(,, ~pgedm =7 f d* p10(p10)3(p2 + M5 (p — p1) = Z6(p10)8(p? +m?),  (33)

so that in our case
p(u?) = Z8(u? — m%). (34)
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104 A.Esposito et al.

assuming that the | D D*) state is made up of non-interacting particles, as in the KL
formalism. On the other hand when we take Z = 0 means that the in-state couples as
strongly as possible to the continuum D D*: the elementary fields in the Lagrangian
(D, D*) have so strong mutual interactions to change the spectrum of states from |n)
as described above. This rules out the use of perturbation theory in the quantum field
theory description. We assume that a shallow bound state is formed non-perturbatively
and truncates the contribution of higher multiparticle states. We assume

o (u?) = 8(u* — (mp + mp+ — B)?), (37)

with B ~ (. Therefore, we get from (26)

( 8) 1 k/EiEéElEz M 1 2 )2 ) M
— = —_— —_—mm = — *
e 2 KE2 pa = g PINEDT) Hpa

1 1
=—02 2mp+) (2 Mgy ———+—M
8nE( mp)(2mp+)(2my) ﬁxp2+m§( — Mxe
1 2 (U, V) (W, V)
= &mmy T
8T E p?+my —ie
1 2 g3
= mm 5 38
STE Xp2+md —ie o9
where
Pu=(PD+ Pp)us (39)
and
my =mp +mp« — B. (40)
Thus, we get,

(pp + pp)* +m% = (pp + pp+)* + (mp +mp+ — B)*

p? P
~ (pp + Pp)? —(mp +mp+ + =2 + L )2
N—— ———’ 2mD ZmD*
~ —
~0 e

+ (mp +mp+ — B)?
~ 2mp+mp) (E+B)~ —2mx (E+B). (41

neglecting terms of order B? (shallow bound state) and E? (scattering at low energy).
Defining
g2 = 8mm§( g%,

we obtain Landau’s result in the same form as presented in [26],

g2 N 1 g2

~ — . (42
8wmx (pp + ppe)? +m% —ie 16mm% E + B +i5,— “2)

fla—p) =
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A short review on the compositeness of the X (3872) 105

If the width of the X is taken into account, the infinitesimal € must be replaced by a
finite y. Recalling that y is related to the total width I" by I' = y/mx we get

fa—py =t 85 43)
' 2TE+B+i%
Neglecting the total width (a good approximation in the case of the X [30]),
flo—s )= S (44)
— = —— .
* 2w E+ B

Formula (44) has to be compared with the low energy scattering amplitude in the
presence of shallow bound states (24)

— ,/2—3 ! (45
fla—pB)=-— m E+B )

In this description, the X is not a new particle being propagated between two interaction
vertices. In the spectrum of the non-relativistic theory we assume to have only D
and D* and indeed we are treating X as a D D* bound state, with very small B. The
comparison between the two formulas in (44) and (45) gives immediately the coupling
gp in (25) in the form

2n |2B
m m

85 = (46)
This formula for the amplitude was first found by Landau [26], not making any ref-
erence to the KL formalism but just introducing the propagator as in (38). Weinberg
obtained independently!! a similar formula in the form [24]

27 2B
g7 ="—/—01-2), (47)

m m
which is the same as (46) if Z = 0. The extra Z term is related to the one-particle
contribution in the KL propagator A’(p) associated with the elementary state. The

combination (1 — Z) in formula (47) is due to the use of the Lehman sum rule. Indeed
taking into account a Z # 0, and solving the Lehman sum rule as done above,

2
o(u) 1-Z 1-Z
A/(p)zf2 r——di’ = — T
P24+t —ie p~+(mp+mpx — B)* —ie  p>4my —ie
(48)
Considering that gp is the coupling to the two-particle state we get in place of (38)

2
__megpd-2 2B
fe=P=— "1 ~ Va2

E+ B’ “49)

1 g way not related to the work done by Landau.
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106 A.Esposito et al.

In the same way as the residue at the pole of (45) is defined to be (m/2m) g%, the
residue at the pole of (49) is defined to be (m/2m) g%. This suggests to introduce the
coupling of the bound state B to D D* given by (47)

» 2w [2B
8z=—y —U1=2), (50)
m Y m
or equivalently having
A} 2B
=4 —(U0-2), (S
2m m
rather than
A} 2B 1
ST . (52)
2m m mRy
where |
Ry = (53)
2mB

The g% here is the coupling of the scattering particles D and D* to the bound state B,
but, in the presence of an elementary state in the Lagrangian, which gets reduced by
(1 — Z) with respect to the Landau g%. So we can say that g% is the coupling of the
scattering particles to the B = DD* bound state, in the presence of an elementary
state.

The coupling to the bound state is zero if Z = 1: we are suppressing the multiparticle
contribution in the propagator and so there is no B introduced in (38) and consequently
the formula for g% in (47) is not even defined, given that it depends on B. The case
of Z = 1 could be summarized by saying that the X is elementary with an effective
coupling g. to D D* (different from gz=0 = 0, and at this level unspecified).

In the next Section, we will derive the (1 — Z) factor following Weinberg, with
a non-relativistic quantum mechanics approach. For Z # 0 the spectrum has to be
extended from D, D* to D, D*, X. Here ¥ is not a bound state of D and D*, but
rather a particle with a different structure, as elementary as D and D* are. In the
amplitude in (25), ¥ has to be replaced by a superposition of X and the continuum
DD* (see (54) in the next Section), meaning that the spectrum has been enlarged to
include D, D*, X, all elementary at the same level. If Z = 0, the spectrum is reduced
to D, D* only.

4 Z in quantum mechanics

In Weinberg’s derivation of formula (47) it is assumed that the quantum state describing
the physical X particle is a superposition of the quantum state describing an elementary
X and the D D* bound state B as in [24],

1X) = VZ|X) + |B), (54)
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where
) = / Co\DD*(p)). (55)
)4

and p is the relative momentum of the DD* pair. The wavefunction of the bound
state, (x|®B) = W(x), is determined by the C), components, and corresponds to the
universal shallow bound state wavefunction given, in the reduced form, in (14), or in
the standard form in (119). The completeness relation is assumed

= X)X+ ) lo){e| (56)

where by |) we mean the continuum |@) = |p;, p,), and p; are the momenta of the
D mesons. The orthogonality (¢|X) = 0 implies (X|B) = 0. We might name (54) as
the partial elementarity of the X, or conversely its partial compositeness. Requiring
the normalization

(X1X) =1 (57

is equivalent to (B|B) = 1 — Z with (X|X) = 1. Namely Z is the probability that
an examination of the state describing X will find it in the elementary particle state
rather than in the two-particle bound state.

We will now show how to obtain the relation

_ 27 /2B
g2 = [(DD*|V[B)? = ==/ “—(1 - Z), (58)
m m

which represents the coupling of the bound state B to the scattering states in the
presence of an elementary X, and due to an unspecified potential V. The interaction
V generates bound states at a negative energy — B from the meson-meson threshold,
ie.,

H|B) = (Ho + V)|B) = —B[B), (59)

where
Hpla) = E(a)|a). (60)

From (X|X) = 1 and the completeness relation (56) we get
— _ 2
1= (X[X)X|X) + > (X|e) (| X) = Z+f |(|B)|* der, (61)
o

since (a|X) = 0. Therefore, we obtain

(| V[B)?
/' )P B+ B ©»

where the last equality can be understood by writing
= (Ho + V) — Ho, (63)
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and using Egs. (59) and (60). In the case Z = 0, Eq. (62) corresponds to
= [ el da, (64)

or |(B|B)|? = 1, otherwise we use

2
g [ levi®)]

~ ) B+ ™ )

For very small B, this is how the shallow bound state hypothesis comes in: this integral
nearly diverges and it can be approximately evaluated restricting to low-energy |«)
states, corresponding to small E () values, by replacing

(| V|DB)|> — g2 (constant) (66)

in the energy range 0 < E < A. As in the derivation based on the Killén—Lehman
relation in (48), the g% coupling represents the coupling of the bound state B8 = D D*
to the D D* scattering state in the presence of an elementary state X. The g% coupling
gets reduced by (1 — Z) with respect to the g% coupling of the pure bound state to
the continuum D D*. We also have to replace the integration measure by the non-
relativistic two-particle state energy integral (since E(«) ~ B ~ 0)

d3 24 1 dv2mE
P PP o (VamE) 2 dE

T 272 T 2n2 dE

_ L PV
@= s = = 7@m VEdE. (67)

Therefore, we should compute

A tan~! \/g

VE VA
SdE = — . (68)

o (E+B) VB B+ A

As for A, we are assuming A > B. In the original analysis by Weinberg, the size

of the deuteron, 1/+/2mB, is larger than the range of pion-exchange interactions.

Indeed, with B = 2.2 MeV we get 1/+/2mB =~ 4.3 fm whereas 1/m, =~ 1.46 fm.

The condition'? 1/+/2mB > 1/my is equivalent to A > B if we simply assume

A = m% /2m where m is the reduced mass of the np system, so that A ~ 20 MeV,

consistent with A >> B. With this approximation in mind we can rather compute

(69)

*©  JVE b4
dE = )
/0 (E + B)? 2B

and readily derive (58), from formula (65). Consistently it turns out that gz is very
small if B — 0.

12 According to what found in (121), 1/+/2m B corresponds to the (reduced) De Broglie wavelength of the
molecule.
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As we will see in Sect. 8, the case of the X is more subtle, and m, must rather by
replaced by a scale u, such that 1/u = 4.6 fm. Moreover, B is anywhere between
0 and 0.3 MeV (see Sect.5). For this latter value 1/4/2mB =~ 8.17 fm. Here A =
w?/2m ~ 0.8 MeV which is A > B for small values of B only. Anyway we can go
beyond the approximation in (69) using (68) and finding

201 _
g = Var (il —2) : (70)

-1 A
m3/2 o ( B) VA

VB BTA

which in the A > B case is equivalent to (58).

The case Z = 0 has a clear interpretation: the | X) particle is purely a D D* bound
state. The case Z = 1, instead, implies the absence of the bound state, as also implied
by the vanishing of g. In this case, the |X) = |X) state can still decay into D D*, but
through the amplitude pertaining solely to the elementary states,

(@ VIX) = gc # 8z. (71)

which was not included in the analysis done above. This coupling can be extracted
from the Flatt¢ LHCb analysis reviewed in Sect. 10.

The only conclusion that can be drawn from Weinberg’s analysis of the deuteron
[24] is that it spends less than approximately 10% of its time in a compact deuteron
state (using data available in [24]). We will discuss in Sect. 12 that in the case of
the X (3872) it is instead the compact state to be prominent. The same conclusion is
obtained by studying the lineshape of the X, as in Sect. 11.1.2. In both cases this is
done without having to extract Z directly from data.

Finally we observe that the coefficients Cp, in (55) might not correspond to the
Fourier components of the bound state wavefunction of a D D* pair. Consider, in fact,
the instance of no bound state, when the X is a purely compact state X. We define
| X)) as its scattering in-state, the one to be used when computing the scattering
matrix elements. Considering that, by definition of in-state,

(Ho + V)IX®)) = Ex|x™), (72)
and
HolX) = Ex|X), (73)
we get [7],
1
Xy = X Yy IXWy, 74
X)) = 10) 4+ e VX)) (74)

Using the completeness relation (56), and (X|V|XP) = (X|Ex — Ho| X)) = 0,
we get the following expression for the in-state,

VIX®
XDy = /| _eVIXT) (75)
Ex — Ey +ie
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The |a) state depends on two continuous variables: the two momenta of the D and the
D*,asin|a) = |p,, p,). Again we require the | X ")) to be normalized (X *) | X (F)) =
1. To also normalize (X|X) = 1, we can introduce

+ (@|V|X)
Xy — V7z1% o) ——
| ) %) /a| >EX—EO,—{—ie (76)

so that using (X|«) = 0 one has

(e V|XH))|?
1=Z+ [ ——F—1—. (77)
w (Ex — Eq +i€)

This time Z is related to the dressing of the X particle due to interactions with D D*,
which do not form any bound state. Therefore, it is not always correct to state that Z
measures the partial compositeness of the X which, in this case, is solely elementary.
The case discussed in Sect. 11.1.2 corresponds to this latter case as long as quartic
interactions (D D*)? are neglected. On the other hand quartic interactions can give
rise to a bound state as in (54) | where the dressing of the X is still included in the
definition of Z. The pure bound state case is discussed in Sect. 11.1.1.

5 Z from the decay X — DDm

In this section we wish to compute the coupling X — D D, under the hypothesis
that 0 < Z < 1 and that (see (71))

g < 8z (78)

In Sect. 11.1.2 we will study, instead, the opposite instance, in which g, is the prominent
coupling.

For the moment we are assuming that there is a compact component in the X (with
possibly small Z) weakly coupled to the D D* continuum so that the coupling of the
physical X to the continuum is given by,

2
g% = alVIX))? = VZg + 821" ~ g5, (79)
or equivalently
27 /2B
g~ "—/=01-2. (80)
m m

If the above expression for gi were found not to describe data, for example if ones
finds Z < 0 from experiment, then the only conclusion than can be drawn is that a
relevant part of the dynamics is described by the compact component [27], and by
the compact coupling g.; yet we cannot obtain both g, and Z from the single decay
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process we want to analyze. The partial decay rate is [27]

dT'(X — DDn) 92 p(m%(,m%),s) 1 (s/mp+) B(D* — Dm)T'px
—_— =2

ds 8umy (s —mp)? + ((s/mp-)T pr)>
p(s,m%),myzr)
2s
o D) 81)
2mD*
where!3 we are assuming
g% = 8mm% g% ~ 8mm% g%, (82)
as in (38), but taking gz in place of gp. The coupling g defines the amplitude
(D°D*|X) = gex - €} (83)

which we assume to be dominated by the bound state component. Here e’§ and e‘g*
are the 4-vector polarizations of the X and the D*. In addition we used the fact that

1
3 Z lex - ehel> = 1. (84)
pol.
In (81) we defined
r(m?, m3, m?)
I )
,my, =, 85
P(m1 nmy m3) 2m, (85)
with
Ax, Y, 2) = x2 + y2 422 — 2xy — 2xz — 2yz. (86)

The factor of 2 in formula (81) comes from the 1/4/2 in the C = +1 final state
(IDD*) +|DD*))//2.

Using the current determination [2] of the branching fraction, B(X — DDx) =
0.45 4+ 0.21, the central mass values mp = 1864.84 MeV, mp+ = 2006.85, mx =
3871.65, the widths I'y = 1.19 £ 0.21 MeV, I' .0 =~ 2 MeV (at the upper bound of
the value reported in the PDG), and B = mp + mp+ — my, we get from the partial
rate in (81) (with spyin = (mp + m”)2 and spax = (mx — mD)Z),

Z=0.1+04, 87)

where the error derives from the ones in B(X — DDx) and I'y. Forall Z < 0
unacceptable values we simply conclude that the formula for the coupling of X to
D D*, based on the partial compositeness hypothesis of a shallow bound state and of
a very weak coupling of the elementary component, cannot be applied: a sizeable g,

13 The coupling g2 has dimensions [gz] =E2soit gives the width ' = p/(Snmgf) X g2, p being the
decay momentum.
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Fig.1 Using gi, ~ g% as z
in (70). The shadowed region . : '
represents Z > 0 values in the
g% formula for the partially
composite X. On the x axis the
total D* width. On the y axis the
binding energy B. Uncertainties
reported on the PDG [2] have
been taken into account. The
pure molecule case corresponds
only to the Z = 0 blue line. The
unshadowed areas require
sizeable values of the g
coupling

B(MeV)

0.00 L L L L

Ip* (MeV)

should be included. If this is done, there is an entire region of the (g., Z) parameter
space giving the gx needed to reproduce data.

This result shows clearly how important it is to diminish the uncertainty on the
total width and on the branching ratio of the X. A precise determination of B is also
essential: we report here for example the determination B = 34192 KeV, as discussed
in [8]: with a B = 195 KeV we would have had Z = 0.71 £ 0.15, for example.

The shadowed region in Fig. 1 is the one in which Z > 0 values are obtained. In
the unshadowed region the small g, hypothesis fails, pointing to an important (or even
exclusive) role of the compact component. Instead, the Z = 0 case, which corresponds
to the blue line in Fig. 1, does not depend on g..

Of course we should also consider the opposite instance, not considered here: the
one in which g, is dominant, or it is the only coupling (Z = 1), i.e. the case in which
the X corresponds to a purely elementary particle state. This case will be studied in
Sect. 11.1.2. It is found there that using LHCb data on the X lineshape, the coupling
gc can be determined under the hypothesis Z = 1. Assuming that the X is entirely
elementary, this g. value can be used to determine the X — DD decay rate finding
agreement with data for a perfectly reasonable value of I" p«0 2 100 keV.

We conclude that it is quite difficult, with the data at hand, to study the partially
composite case, but the two extreme cases Z = 0 and Z = 1 can be more easily
addressed. In particular it turns out the the purely elementary case is very well sup-
ported by the available data on the lineshape of the X, whereas the data on its radiative
decays, see Sect. 12, tend to exclude the Z = 0 case.

6 Z from the effective range and scattering length

Let us go back to the scattering of two slow particles, kR < 1, described by an
attractive potential, V, with range R, featuring a shallow bound state at the discrete
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level —B. With a different reasoning with respect to the one illustrated in Sect.?2, it
can be shown that the S-wave phase shift is determined by the relation

td = \/§ 88
cotd = —y/ = (88)

Let us see briefly why. In region II (r > R), outside the potential range, the particles
are approximately non-interacting, with a reduced wave function xy(r) o sin(kr +§).
Given that we assume kR < 1, xq(r) varies slowly as »r — 0. Because of the slow
variation of xp(r), the matching condition (x’/x)u = (x’/x)1, to be taken at some
r* > 0, could equally be computed at #* = 0. Therefore, we obtain (x'/x )i = k cot 8.

Within region I (r < R), the Schrodinger equation will not depend explicitly on
energy, as V > B for a shallow bound state, and the boundary condition will not
depend on the total energy either. Given that, we are free to choose the energy as that
of a stationary state, E = — B. In this case y; o e ", with x = +/2m B. Therefore,
using the latter: (x’/x)1 = —«. Since k in region Il is k = +/2mE, the boundary
condition at r* is cot§ = —+/B/E.

This implies that the general formula for the scattering amplitude can be written as

(k =+/2mE)

1 1 VB-iVE

fe=P =ik s E+B

(89)

which again does not depend on the explicit form of the potential V': it is universal.
This same formula and the phase shift in (88) can be alternatively derived with the aid
of the Low equation, in the case of shallow bound states [7, 24].

In Sect.2 we have discussed how /—E gets transformed into —i~/E, and vice
versa, in moving towards positive values of E through the upper half of the complex
plane (V—E | E<0 & —ivE | £~0 OF alternatively, ~/2m B = —ik). Therefore, in the

vicinity of £ = — B, the previous formula in (89) gets transformed into
1 2B
a—=p)=——=—"7, 90)
N =B (

which corresponds to

_ 2B 1 91
f(a%ﬁ)__‘,?E——f—B’ on

as found in (16). A scattering length, a, can be introduced

kcots = —k\/7 k2/2m —V2mB = - 92)

Notice that this relation between a and B hold only at this order in the small k£ expan-
sion. When including further subleading terms, it will have to be updated. From the
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equation above, one can again deduce the universal formula for low energy scattering,
which matches the shallow bound state formula,

oo\ _latik B 1 -
=P = =T+ - VmE+E

as B =1/ 2ma?. To obtain this, we used the fact that, generically, k? = 2mE and
1/a = +~/2m B. Moreover, in the limit of small E and B that we are working on, we
can replace E >~ — B in the numerator, which is regular, i.e. ik ~ —+/2mB.

A refined expansion at low energies—keep the next term at low energy beyond

1/a—gives'
1 1
kcots ~ —— 4 =rok?, (94)
a 2
where rq is the so-called effective range. Therefore,
fa— 1 )
oa— B)= .
—1/a + Yrok? — ik
The pole corresponding to the shallow bound state, at E = —B, appears at k =
iv2mB = i, as found solving [56]
1 2 .
—xg + —rok” — ik =0, (96)
2 k=iz
where sy = 1/a. The latter condition (96) gives
1 2
— )= —x+ Er()% , o7

which can be plugged back into Eq. (95). Following similar manipulations as above
one gets, for a generic k = /2mE,

1 1 1 1
f = ; = =
D (K2 + 32) — (5 + ik) (k2 4 52) — ki—:f n_ ﬁ 2m(E + B)
1 1 1 1
= =- . 98)
’70—%2m(E+B) m(Ry —ro) E+ B
»
_ 1 . ~ i .
where Ry = Nervk and again we replaced k =~ i s in the regular prefactor. This means
that
Aj 1 ©9)
2m m(Ry — rg)’
14 The generic amplitude
1
f(E) = B —ik
is a real function in the vicinity of E = —B being g(E) real and ik real as well. Therefore, it can be

expanded in powers of E, i.e. in even powers of k—this is why in (94) the linear term is missing.
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in place of (52),
A} 1
— = — (100)
2m mRy
So, expanding the scattering amplitude to include the effective range, Ry must be
shifted by ro in the formula for the residue at the shallow bound state pole A(z) /2m.
The latter gives Landau’s coupling g%. The residue at the pole Ag/2m, corresponds

to (m/2m) g% as given in (51)!3

A} 1 1
2= 1-Z2)=——, (101)
2m  mRy m(Ro — ro)
finding
Z
ro = 1 ZR(). (102)

Using the expression for rq just obtained in the pole condition Eq. (96) we obtain the
positive scattering length (remember that Z < 1)

_2a-2),

= . 103
a=———Ro (103)

The quantities ro and ag are both experimentally measurable from the low momentum
limit of the scattering amplitude. Formulae (102) and (103) are the main results of
what several authors call Weinberg’s criterion.

Near-threshold states are characterized by a large Ry. Therefore, even a tiny value
of Z can give sizable values of rg and a. In particular rg is expected to be large and
negative for Z # 0. In the case of the shallow molecular bound state, Z = 0, we have
a = Rpand rg =0.

7 On the sign of rg

Weinberg’s analysis, as reported in Sect.4, was originally conceived having in mind
the possibility of an elementary deuteron with Z # 0. The effective range, ro, in
that case is referred to the one extracted from low energy np scattering, as due solely
to short range interactions. Pion interactions might be included, giving a correction
to (102). Considering that the mass difference m, — m, < my, the pion plays the
role of a heavy degree of freedom and can thus be ‘integrated out’. We thus expect
that, in place of (102), we should rather have

rg = —

1
l_ZR0+O<—>, (104)

My

as pointed out in Weinberg’s paper. Finding experimentally an |rg| ~ 1/m; ~ 1 fm
would be compatible with Z = 0: the deuteron is what it is supposed to be, a composite

15 1t follows that Z = 0 = ro = 0.
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nucleus of a neutron and a proton. If r( is negative, and has a magnitude sizably
larger than 1 fm, that is the token of the presence of an elementary deuteron (and the
nuclear deuteron might even be optional). In the case of np scattering it is found that
ro? =~ +1.7 fm [29, 57], which is considered in line with Z = 0, assuming that the
1/my correction is positive. We want to point out that rgXp is model-independent, as
the cross section is fitted using the universal expression for the low-energy scattering
amplitude (95). On the contrary, as we will comment in Sect. 11.1.2, since LHCD is
using a Flatté parametrization, it is implicitly assuming that the X is an elementary
particle and that no bound state exists.

According to an observation made by Landau and Smorodinsky [28, 50], shallow
bound states (Z = 0) with purely attractive potential always have ry > 0: this fixes
the sign of the 1/m correction, left arbitrary in Weinberg’s analysis.

We report here a derivation of this result as provided by Bethe [29]. Consider
the Schrodinger’s equation for the reduced radial wave function of the molecular
constituents [56],

X )+ [ = UMy =0, (105)
with U (r) = 2uV (r) being the potential, which is assumed to be attractive every-

where: V(r) < 0. We consider the wave function for two values of the momentum:
Xk » = X1,2. A simple manipulation leads to the identity

R R
X = |, = (kg—kf)/o dr xaxi, (106)

with R fixed and much larger than the range of the potential, R > 1/m.
Consider now the free equation, whose solutions we denote by v,

() + Ky (r) = 0, (107)
from which we also obtain
R R
Vol — |, = @~k /O dr Y. (108)

Normalizing the wavefunction such that it is unity at » = 0, the general expression
for vy is

_sin(kr +4(k))
Vi (r) = el (109)

so that
w,i(O) = kcot§(k). (110)

The reduced radial wave function x; vanishes at r = 0, xx(0) = 0, and we normalize
it so that yx(R) — ¥ (R) for large enough values of R.
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With this proviso, we subtract (106) from (108), to obtain
ko cot §(ko) — ki coté(ky) =

o0 111
=@&wbﬁ dr ot — xo1)-

We have extended the integral to infinity, given that it is now convergent due to the
same asymptotic behavior of v and yy.

We are now ready to compare the result with the parameters of the scattering
amplitude (95). First we set k1 = 0 which, recalling that limy, .o k1 cot § (k1) = —»1,
gives, with obvious notation for k1 = 0,

o0
@mam=—m+6/dumw—mm. (112)
0

Finally, for a shallow bound state, one can further expand for small momenta,
ky cot§(kr) = —29 + %rokg + - - -, thus finding the formula for rg

r0=2/w(¢§—x§)dr. (113)
0

Let us now introduce A(r) = vo(r) — xo(r), so that A(0) = 1 and A(c0) = 0.
Subtracting (105) from (107) we get

A"(r) = =Ur) xo(r), (114)

where —U (r) > 0O for a purely attractive potential. For the lowest lying bound state
(such as the shallow one), x(r) does not have nodes and can thus be taken to be strictly
positive. We thus get ¥(/(r) > x/[/(r) everywhere. This means that (inequalities can
be integrated as the continuous sum preserves the inequality)

R R
/ w(/)’(r/) dr’ > / Xé’(r/) dr’, (115)
giving
Yo(R) — Yo (r) > xo(R) — xo(r), (116)
or, for R — oo,
Yo (r) < xo(r). (117)

Repeating the same steps again we find

Yo(r) > xo(r). (118)
Hence, (113) proves that in these conditions rg > 0. If the potential V had a repulsive

core we could not conclude that (118) holds for all values of » and therefore, r itself
could be negative, which means that the 1/m, correction could be negative. Thus an
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ro ~ —1 fm experimental value would not necessarily be compatible with Z = 0, in
this case, but an 9o = —5 fm, for example, should anyway be ascribed toa Z > 0
value.

The case of the X(3872) is more complicated than that of the deuteron, in this
respects. As we will see in Sect. 8, the corrections due to pion interaction could in
principle be larger, because they are expected to be of order 1/u, with u < m, . But
this is not what will happen, as it is shown in Sect. 9.

8 The potential generating the shallow bound state
The unspecified potential V responsible for the shallow bound state, as the one treated

in Sect.4, has typically a range R which is way smaller than the extension of the
universal S-wave wavefunction, which we can derive from (14)

1/4 _
W(r) = Yoo xir) = (2'"3) exp (=7 sz). (119)

472 r

Since W (r) extends over a broad range, 1/+/2mB > R, and since its form does
not depend on the details of the potential itself, one can model the interaction via
the attractive Dirac delta function potential, Vy(r) = —A;83(r), which is the non-
relativistic limit of the effective (D D*)? interaction. As shown in [21], this potential
is irregular, and leads to UV divergences, which need to be renormalized away. This
is done reabsorbing them in a renormalized coupling, » o 1/+/B, with B the binding
energy of the only allowed bound state. In this framework, the smallness of the binding
energy arises from a microscopic tuning between the bare coupling, Ay, and the UV
cutoff.!® (For a quantum field theory treatment see, e.g., [58].)
Incidentally, notice also that the expectation value of the kinetic energy on W is

© 139/, ,
(K.E.)y :/ ) —— 2 (2 L) ) 4nr2dr = —B, (120)
0 2mr? dr or

16 Consider the regularized potential

V =

7 RZB(r—R) forr R—0
54

in place of V = 283 (r). It can be shown that the relation with the binding energy is

where m is some reduced hadron mass and R ~ 3 fm, the range of strong interactions. Since 1/(Am) <«
1/2n R), v/2mB /2w we get
B ~ (197/3)2/(2m ) ~ 4 MeV

to be compared with B = 2.2 MeV for the deuteron.
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which also means that the expectation value of the momentum is'”

(p?)w = v2mB ~ 14 MeV, (121)

for a binding energy of 100 keV. This is the typical value expected for the relative
momentum in the center-of-mass of a loosely bound molecule. As discussed in [13—
16], this momentum is too small to explain the large cross section for formation of
such a loosely bound molecule in prompt pp(p) collisions. From here the hypothesis
of partial compositeness of the X: it is the elementary core of the X to allow prompt
production.

The unperturbed wave function of the V; potential bound state is computed exactly
in [21] and it corresponds to that in (119). A weak perturbation to the strong potential
Vi (r) derives from the weak potential V,,(r) due to one-pion exchange in the u-
exchange D D* channel. This turns out to be a complex potential, as discussed in [20],

of the form ]
ipr

Vip(r) = —a*—, (122)
r
where « weights the weak pion interactions
22
a=="_~5%x10"%  with  ~ 132 MeV, (123)
247w f2

and
w=+/2my8 >~ 43 MeV, with S§=mp+ —mp —my =7 MeV. (124)

This potential is a consequence of the fact that, in the non-relativistic limit, the pion
exchange in the u-channel is described by an amplitude proportional to

giq; e'"  d’q giq; €'9"  d’q
/2112 ~ T | moa 3 (125)
q°+m%z —ie (2w)°> NR q° —pn- —ie 2mw)

with the momenta in the numerator arising from the derivative couplings of the pion.
If we neglect the the mass w in the previous formula we find that

/qiqj elar d3q _ 1 (37‘\,7‘\, . 51 _ 4—”83(r)>. (126)

@ —ie Q) 4xr \ 3 3

The 1/r3 potential does not allow bound states (use the S-wave average (7;7;) = %(Si. i)

The 83(r) potential can have bound states, upon a renormalization of the coupling,
even though the actual binding energy B is not calculable.

17 n the case of a Dirac delta potential V(r) = A f;—rré = (Vg =0sothat =B = (H) =(T) + (V) =
2
)

(T) = g’T This corresponds to the pole in the £ + B denominator or (pz)q, = —2mB.
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Keeping u finite at its actual value we have

2 . QT d3 2 ipr
vw:_g_2/ R :—g—2<83(r)+u26 )5,~,~, (127)
2fz ) q¢ —p-—ie (2m) 617 4mr
—
B

so that the total potential is

ipr
V=Vi+Vy=—0Os+B88F) —a

(128)

i
r

as in (122).

This analysis shows that pion interactions generated by V,, could generate correc-
tions to rg and a, determined in formulae (102) and (103), of order 1/u, with no clear
indication on the sign. However 1/u ~ 5 fm. If Z = 0 and the correction due to
one-pion interaction is indeed negative and as sizeable as —5 fm, we would have a
negative and large o even with Z = 0. This could make the application of Weinberg’s
argument questionable.

9 Corrections to ro due to one-pion exchange

The correction to the scattering amplitude for a purely molecular state, due to one-pion
exchange, can be written as

f=r+fow= + fu, (129)

1 .
1k

where in the first term we take rg = 0, as Z = 0 for the molecule.
The correction is calculated through the formula for the so-called distorted wave
Born approximation [7, 20],

2m

fu = ‘W/Vw(’) X2 dr, (130)

where x; are the scattering reduced wavefunctions in the 83 (r) potential, and m is the
reduced mass of the D D* system. Therefore, ro due to pion exchange is found as the
k? coefficient in the expansion around k = 0 and @ = 0 of

S 2m 2(r)d R 131
f= T_ik—m/Vw(r)Xx(r)” . (131)
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The expression for f,, can be derived with the following argument. Let us consider
the Born formula for the scattering amplitude

m Fhe— Y.
foom = =3 [ V)6, (132)
and expand
o0
"= Zi[je(kr)(% + )Pk - 7), (133)
=0
and
1./ 0 —~
e T =3 ik e+ DD P -F). (134)
=0
Using the result
4
/Pz(nl “n2) Py (ny - n3)dQ2 = 5ze'mf’z(ﬂ2 -n3), (135)

and the fact that (—1)%i%¢ = 41 for every £, and k = k’ for elastic collisions, we get

f=-2m Z(zz + 1) Py(cos 0)/ V() Ge(kr))*r2dr, (136)

=0

to be compared with the standard formula

ng S
f= Z(ze +1)Py(cos ) S8 (137)
=0
The comparison gives
€' sin 8, . 22
fo= — = =2m | V(r)(je(kr))“r=dr. (138)
Setting
Xy = 2kr jo(kr), (139)
we write the general expression
2m O, )2
fo = e V() (x, (r) dr. (140)

The distorted wave Born Approximation consists in replacing the free reduced wave-
functions x© with the scattering wavefunctions, xy, obtained from the the strong
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potential, Vi, which here corresponds to the Dirac-delta potential

2m

o=

/0 Vi (r) (xs () dr. (141)

The explicit calculation of f,, has to be done in a regularization scheme, since the
integral does not converge at short distances. A practical way to do the calculation in
the case at hand is the following. Use exp(—ur) in place of exp(i ;) in the expression
of Vy,. In the final result send © — —iu. Introduce the regularized

i8 o i8 o
I e’sintkr +38) e'°siné
=2k - , 142
X5 (r) r < o o (142)
forr € [0, 1], and
08 o k S
) = 2k (e sml(C r+ )) 7 (143)
r

for r € [A, 00). The latter is the scattering function as given in [21]. The integral
obtained this way is finite. Now, use § = cot™! (—1/ka), expand the result to second
order around k = 0, and to first order around o = 0, and finally take the limit A — O.
In the final result set @ — —iu to obtain

2 2 + i 1 (144)
ro=2mo|——+-——-1]).
0 w2a?  3ua
Numerically this gives [20]
—0.20 fm < Rerg < —0.15 fm, (145)

and
0fm < Imrp < 0.17 fm. (146)

The result found agrees analytically to what found by Braaten [23]. The corrections
to ro due to pion exchange are indeed negative: they push rg to negative values, thus
mimicking a positive Z > 0, even for a pure bound state. However they are very small
in size, as a consequence of the pion’s weak coupling: a value of ro >~ —5 fm, for
example, cannot be due to one-pion corrections.

This tells us that r( is a potentially very good parameter to discriminate the nature
of a particle like the X (3872), in a model independent way.

10 The structure of the X from its lineshape

The discrete level of the molecular X, at E = — B, is actually quasi-discrete, since it
is broadened by the width, I', due to various decay channels of the X. The discussion
carried on so far refers strictly to the scattering of two stable particles that resonate
on a shallow, stable, bound state. Nonetheless, it is known that the X couples to other
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channels too, as J /¢, although we assume, as supported by data, that a single-
channel dominates [2].

In the following we will remind some few facts about the Breit—Wigner and the
Flatté functions [59]. In particular the latter has been used to extract from data the value
of Z associated to the X field [30]. As we discuss below, this approach is actually only
testing the compact nature of the X (3872). A good fit with the Flatté lineshape means
that we have a good test of the elementariness of the X (3872), but it does not tell
anything about the bound state hypothesis. In Sect. 11 we give a more exhaustive
derivation of the Flatté scattering amplitude based on effective field theory.

Breit-Wigner In the non-relativistic quantum mechanics description, when a par-
ticle decays, the boundary conditions on the wavefunctions at infinite distance require
an outgoing spherical wave. This complex boundary condition means that the energy
eigenvalues themselves can be complex: E can have an imaginary part. The time
evolution factor of a quasi-stationary state is exp(—i Et). If E = Eg—iI"/2, the prob-
ability of finding the particle not-decayed at time ¢ is exp(—I"t). Again we require
no-incoming spherical wave in the asymptotic conditions, therefore, just as we did
in (7) (for the I' = 0 case), we have to require that

B <Eo - lg) =0. (147)

Let us take again Eg > 0, as done in Sect. 2, but this time expanding B(E) around
Eo, and not around —E, as it was done in (6). Recall that in Sect.2 we assumed
Ey = B = binding energy. So this time we are not starting from the analysis of a
bound state: we are studying a scattering problem, i.e. above threshold, and we mean
to describe a standard resonance, i.e. a compact bound state of quarks.

The energy E is on the positive part of the real axis, and in addition it is shifted on
the lower half of the complex plane, since I' > 0. The complex plane z = +/—E is
cut for real positive values. The point Eg on the upper edge of the cut can be brought
in the lower half-plane by going around the branch point at z = 0, along some path
v, which produces A, argz = (2m — 0)/2 = m. This would change the outgoing
spherical wave exp(ikr) in the incoming one and viceversa. To avoid this (we want
to suppress the incoming spherical wave), one has to choose a path y going simply
through the cut, on the second Riemann sheet, rather than going around z = 0.

Let us consider positive energy values close to the quasi-discrete level E(, assuming
that " is small, which is certainly the case for the X. We consider now the expansion
of B(E) in terms of the difference E — (Eq — i["/2) which, using (147), at the first
order gives

B(E) ~ B(E — Eg +il'/2). (148)

where B is some complex constant—to be compared with (8). As in footnote 5 we
have A(E) = B*(E), therefore,

x(r) = B*(E — Eg — il /2) exp(ikr) + B(E — Eo +i['/2) exp(—ikr), (149)
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so that, as done in (10), we get the S-wave phase shift of this function!8

. . ir
exp(2i89) = exp(2i8)) (1 — m) , (150)

where exp(2i 88) = —pB*/B and 88 is clearly the phase §p far from resonance: E — E
large with respect to I'. Once the result (150) is plugged into the general formula

1 .
f@) = o7 ;(26 + 1)(exp(2id¢) — 1) Pe(cos6), (151)

and we consider the scattering of slow particles, k — 0, where only S-wave is impor-

tant,!” we get
7 1 r/2 (152)
=—q-—-—-——,
kE—Ey+il'/2
since?” exp(2i88) ~ 1 for 68 = —ak < 1. The scattering length —a term in f is

due to the scattering amplitude far from resonance, i.e. the simple potential scattering
amplitude for k — 0, independently of the quasi-stationary state. In the vicinity of
the resonance (and for I' << E() the second term dominates and we can consider

1 r/2

— 153
kE—Eg+il'/2 (133)

f:

The case Ey) — 0 Now consider the case in which Eg is almost vanishing—i.e.
closer to zero than to the next level, if any—and consider £ ~ Eg ~ 0. We see
that in this limit the resonant term in f has a f ~ 1/k behavior, contrarily to the
general result according to which at low energy f ~ constant, as reminded briefly
in footnote 19. This means that (153) is not adequate to describe the case in which
E ~ Eg ~ 0. On the other hand this is the case of interest to our discussion, since
the quasi-stationary level of the X is found very close to the D D* threshold, which
can be taken as the offset of the energy values (Eop ~ 0 from above). In this sense,
formula (153) describes an (ordinary) resonance, above threshold. What we will find
now is that, in the Eg — O case, the 1/k = 1/+/2mE in (153) has to be substituted
by 1/k — 1//2mE).

The issue is in that the E = 0 value is a branch point of B(E) and in going around it
from the upper to the lower edge of the cut, something that we have to do to introduce a
finite width, changes B(E) — B(E*) = B*(E). If the expansion of B(E) is in powers
of z = v/—E, in going around E = 0, we change sign to z, which is equivalent to

18 An extra factor of (—1 )Z should be included in presence of £ # 0.
19 From the Jo ~ 8¢/k ~ k2t behavior at low energies. Indeed analyticity requires M (first line of (38))

to scale as k+1/2k/0+1/2 for k — 0, and f in the center-of-mass contains 1/k, normalizing the states
appropriately (see Weinberg-I (3.7.5) [54]). So if £ = £’ we have f ~ k2 atlow energies.

20 At small k one finds from the asymptotic form of the radial wavefunction at kr > 1 that §p ~
K2t % (2€ — 1)!1(2¢ + 1)!!. The ratio of coefficients ¢ /c is defined as —a (the scattering length).
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changing B(E) into B*(E) in the following expression where we introduce the real
constants € and y
B(E) = B(E)(E — € +iyVE), (154)

where indeed we have i+/E on the upper edge of the cut, and —i+/E on the lower
edge of the cut, and we assume €y > 0, y > 0. The function S(E) is not expected to
have a zero at E = 0. As we did in (147) we have to require (E — €g + iy«/f) to go
to zero for E — Eg — iI"/2. This translates into

(Eo —iT/2) —eo+iyy/Eo —il'/2 =0. (155)

For small I' <« Ey we get

\/&)——il”/Zz\/E»o—#r;E_o+0<F2). (156)
Substituting Ey = €p in (155) we get
—il/24+iyeg+ O(yT') =0, (157)
which is zero, at first order in y, if
r
V= NG (158)

Therefore, we must substitute Eg — €g and I’ — 2y 4/ E( in the second term in (152),
which describes E close to Eo(= €p), to get

1 Y
V2m (E — Eo + iyVE)

In the vicinity of Eg—closer to zero than to the next level—we can write, therefore,

f=-a (159)

1 r/2 1 r/2
f=- ~— : , (160)
2mEgy (E — Eg+i(T'/2) «/22;:!150) V2mEy (E — Eg+il'/2)

for E >~ E( whichis like the formulain (153),but with 1 /k — 1/+/2m Ey. If in the first
term on the right hand side of Eq. (160) we fix Eg = mpw > Oand I" =~ g2 2mmaw,
using the non-relativistic formula for the decay momentum, we obtain
f=— 8°/2 with mpw > 0. (161)
E —mpw +i g2/22mE

in place of (153). We remind here that this is a Breit—~Wigner formula for a resonance
slightly above threshold, which decays non-relativistically in its components whose
reduced mass is m.
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Single channel Flatté continuation If we change the sign to Eg, using Eg < 0,
because of the cancelation observed above between I" and v/2m E( we simply get from
the first term on the right hand side of (160)

f 8’/ ith 0 (162)
= — W1 mr < U.
E—mp+ig2/2v2mE F

This means that we are simply continuing to the case in which the elementary resonance
is found slightly below threshold, rather than above. In the previous formula let us
assume that

2
E—mF—f-ig?«/ZmE:O for E=—B. (163)

In the complex variable z = +/E, the value of E should be changed into —B going
through a path y in the second unphysical sheet, so that A, argz = (—m — 0)/2 and

VE|_, - exp(—in/2)VB = —ivVB|,_,. (164)
This gives
—mp =B —g?/2v/2mB, (165)

which we plug back into (162). Expanding the term (v/2mB — iv/2mE), with E
around B = 0, we get

g%/2 1 \/ﬁ 1
f=- ~ - — , (166)
1 —g2/2/m/2B E + B m E+ B

which holds at low energy and for a very low value of the distance from threshold B |
here the meaning of B, as clarified above, is not that of a bound state energy (binding
energies are on the physical sheet). On the other hand it is clear that at low energy and
small B this is the same parametrization as in (24), albeit with a different meaning
of B. When comparing data on the lineshape of X with the Flatté parametrization a
broader region of energies is included, beyond E >~ —B =~ (. The resulting fit will
give a value for the coupling g of the (elementary) resonance, and the parameter m r.
We observe that this coupling is related to g, defined in (71).

As we will see in Sect. 11.1.2, consistently with what observed here, the Flatté
parametrization can be deduced by a non-relativistic effective theory in which only the
trilinear coupling X® D* is included and, therefore, there is no possibility of forming
D D* bound states. In Sect. 1 1.1.2, differently from what has been done here, the most
general coupled channel case is considered. The coupled channel formula is the one
which has indeed been used by the LHCb collaboration in the analysis described in
the next paragraphs.

The LHCb analysis The expression (162) is similar to that used by the LHCb
collaboration for the determination of f from data on the lineshape of the X [30, 56, 60]
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in that they also treat, and determine experimentally, the case Eg < 0 (Eg = mp < 0)

N
E = mp +i(guico/2) (V2mE +/2m i (E = &)

f= (167)

Differently from what obtained above, we have two square root terms in the denomi-
nator,?! referring to the neutral and charged open charm meson thresholds—we will
give a derivation of this (coupled channel) formula in Sect. 11. For the moment we can
take this part for granted and simply comment on what was done in the LHCb analysis.
In the LHCb formula m ~ 967 MeV is the reduced mass of the neutral D D* pair as
defined above, whereas m =~ 969 MeV is the reduced mass of the charged pair. The
parameter A is given by the difference between the charged and neutral thresholds

A=AL —Ag= (mp+ +mp+) — (mp«0 +mpo) = 8.2 MeV, (168)

whereas E is the J /Y invariant mass, M = \/—(p] + px + pr)?, inthe X —
J/¥rm decay as measured from the offset at Ag

E=M— A (169)

This way, E — A in (168) corresponds to

E—A=M-—Ay. (170)
Therefore, we can write
N
f=- . ,
(M = 80) = mp +i(gLiics/2) (V2 = Bg) +/2m 3 (M = A2)
(171)

where m r itself is determined with respect to the threshold (to the offset, as in (167)):
in place of m g we should write m(} — Ay so that

N
M —m$ +i(gunce/) (V2T = Ag) + /2y (M = A))

f= (172)

The square root of the energy terms in (167), derived in the analysis done above, can be
obtained by I' in (43) using the methods of quantum field theory (independently from
the sign of Ep) where I' is connected to the imaginary part of the bubble diagrams in the
propagator of the X. As we will see, the imaginary part of the loop integral describing
X — DD* — X is proportional to ~/2mE where E is referred to the threshold
Ao or A depending on the fact that the particles running in the loop are D°D*? or
DT D*; therefore, in (172) both contributions are included (in the derivation reported

21 An analysis using the full width of the D* was proposed in [61] for the TC"C'. This approach could
potentially be extended to the case of the X (3872).
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above we have seen how these terms arise in the non-relativistic quantum mechanics
formalism).
LHCb fit to data determines

mp >~ —=7.18 MeV, grucp = 0.108 £ 0.003. (173)

These values are obtained by fitting the data with the expression (172) for the scattering
amplitude on the whole range of E available.
To obtain a and rp, we have to expand (172) for small values of E

(2N /gLuCh)

r=- (2/8LHCD)(E — mp) — /2my A + E/my 2N + ik’

(174)

where k = +/2m E, so that we can compare to the universal expression for the scattering
amplitude at low energies
1

. (175)
/ —L Trok? — ik

From this we deduce??

1 2
S M mL A~ 6.92 MeV,
a 8LHCb

2
o= — — [~ 534 fm, (176)
MZLHCh 2m=A

This corresponds to a positive value of the scattering length @ >~ 28 fm.

In [62], it was noted that the scattering amplitude (174) accounts for the simul-
taneous effect of both the neutral channel D D*? and the charged channel D~ D**
(coupled channel scattering), whereas Weinberg’s derivation for Z is formulated for
single-channel scattering [24]. It has been proposed that, to compare with Weinberg’s
results (formulae (102) and (103)) all isospin symmetry-violating terms related to
the charged channel must be subtracted from a and r¢, before extracting Z [62]. For
instance, in (176), the term Ar{p = /my/(2m?A), which depends on A, should be
removed from ry, yielding

rh=ro+ Ark ~ —3.78 fm. (177)

Using r, to solve (102) and (103), we get Z ~ 0.11 and Ry =~ 30 fm corresponding
to B >~ 23 keV.?

However, as it will be shown in the next Section, the Flatté¢ amplitude is derived
in the effective field theory by forbidding the molecular bound state B to begin with.
The quartic interaction is not included and, therefore, we do not expect any bound

22 As mentioned in footnote 7, the phase in front of the scattering amplitude is arbitrary [54]. To compare
(174) with the universal amplitude (175), we can add a minus sign in front of the latter. This is equivalent
to considering an overall minus sign in (38) and proceed accordingly.

23 We cannot find a rigorous proof supporting this recipe.
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state in the effective theory. Considering this, we should not compare the results of a
and ro (with or without isospin correction) to Weinberg’s formulae depending on Z,
given that no partial compositeness is possibly included in the Flatté fit. The negative
ro obtained from the fit is not related to Weinberg’s formula (102), but it is a property
of the Flatté amplitude, as we will demonstrate in Sect. 11.1.2 (see Eq. (224)).

The coupling grHcp should be connected to the phenomenological coupling g. in
(71) for the compact particle, as we will see in Sect. 11.1.2, rather than to the coupling
gz of the bound state in (70). A good fit to a Flatté distribution here means a positive
test of the elementary particle hypothesis for the X (3872).

Therecipe (177) proposed in [62] should be applied, with appropriate modifications,
to the purely molecular case discussed in Sect.11.1.1. Regarding this, it has been
recently pointed out [63] that using a scattering amplitude that considers only mesonic
interactions, without the mediation of an elementary X, and taking into account both
the effect of the coupled-channel and the effect of the pion, leads to a value of rg > 0
compatible with a purely molecular hypothesis.

11 The effective theory of the X and DD* mesons

A low energy effective field theory of pseudoscalar and vector open charm mesons
D*0 DO and D**, D~ can be formulated, allowing or not a coupling to an elemen-
tary>* isosinglet X [64].

We define the isospin doublets for scalar mesons

DT - D°
D—<D0)’ D—<D_), (178)
and in a similar way the vector ones, which we denote by D (the vector symbol

standing for the spin indices). The charge conjugation operator C is represented by
the combination of the unitary operator K,

D~ D*~
KD:(I—)O), KD:(D*()), (179)

and the first Pauli matrix, o

25

DS b=ocykD. DS D=0,KD. (180)

The X has C = 17; therefore, we write the following isospin singlet and triplet positive
charge conjugation currents (o, are the Pauli matrices and € = io»)

Js=D'eD — D'eD, (181)

4 Elementary in the sense of a compact state of quarks as elementary as the D and D* mesons are.

25 We recall that in the non-relativistic treatment, the fields D/ D destroy the particles/anti-particles, while
DY/DT ones create them.
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J% =D'¢o, D+ D'eo, D, (182)

Here “t” stands for the transpose of the isospin doublet. In a more explicit form, these
read (for the triplet case we only take the example of the J%)

Js=D"D°+ DD’ — (D~ D* + D*D"), (183)
Ji=_-DD"—p°D’ D Dt —D*D". (184)

We introduce the operators that create a pair of mesons in a C = +1 state as in
(D°D%. = D°D° + D°D°, (185)
(DDY), =D D" +D"D", (186)

which can also be recast in a doublet

_ n0 O
(DD), = (((DD_gQ)i) ) (187)

With these definitions the currents are

Js= (DD, — (D" DY), (188)
Jy=—(D°D% — (D" DY), (189)

The kinetic part of the non-relativistic Lagrangian is

v? AL O - v? 00\ =
_pif; I A T
Liin =D <18,+2mD (0 O>>D+D (zat+2mD (0 m)) D+
V2 As O _ _
i . 2 Tf.
+D (’8’+—2m0* (0 0>>D+D (’8’+2mm (0 A2)>

V2
— - m X. 190
2mp + mp-) F) (150)

+ X7 <i & +
In the parentheses we have the kinetic and mass terms, for which we have defined the
zero at the mass threshold of the neutral D° DO pair. Thus, the mass parameters of the
charged mesons are A| = mp+ —mpo 2 5MeV and Ay = mp«+ —mp«0 = 3 MeV,
and the one for the X ismp = my — (mpo + m pwo).
Considering the conservation of isospin in strong interactions, the interaction
Lagrangian is given by

)\.S I )\.T ’-L g
Ling = —TJSJS—TJ‘;'J%—EXT Js+hec. (191)
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The normalization factors are chosen for later convenience. The first two terms describe
the mutual interactions between mesons, while the last term refers to the coupling
between the isospin-singlet mesonic current and the elementary X.

We stress that here we limit ourselves to the instance where the elementary state
is a pure isospin singlet. This is done for purely pedagogical reasons. The general
expectation is to have both an isosinglet and an isotriplet. The complete effective
theory should include both, with potentially two different couplings, g.

The interaction part involving neutral currents (@ = 3) can be made explicit and
rewritten more conveniently using the vector (D D) introduced in (187)

. As = (1 —1) = A= v (11, =
Lint D — T(DD)’L (_1 | )(DD)+— T(DD)Jr (1 1> (DD)
8 Tn0 o 8 temn—p+
-2 Xx"DD 2_X"(D~DM),. 192
G ( )++\/§ ( )+ (192)

The diagonal entries of the matrices correspond the interactions where mesons do not
change charge (i.e., D°D? — DD or D~ D* — D~ D™), while the off-diagonal
terms describe interactions between neutral and charged mesons. The last two terms
describe the interactions between X and the mesonic states (neutral and charged) with
positive charge conjugation.

We need to describe the scattering between mesons in the C = +1 channel. Thus,
we define the mesonic states with positive charge conjugation:

_ 1 R0 770 0”0
h=—7 (15°D%) +10°D"%), (193)
1
2y = — -Dt DY), 194
12) fz(lD )+ |D ) (194)

These states are symmetric under charge conjugation and are interpolated by the
operators (D°D%) , and (D~ D).

In Eq. (192), we have already rewritten Liy in terms of the operators we need, so
we can directly derive the Feynman rules for the meson-meson interactions. We define
the interaction matrix, A, as

Ao _j(rrTAs Ar—As
B AT —As AT +Ag

) = —i(As Ps+ir Pr), (195)

where P; are the projectors onto the corresponding isospin states,

1 -1 11
795=<_1 1), PT=(11>. (196)

The matrix A;; provides the coupling between the initial state |7) and the final state | j).
The factor 1/21in (191) is inserted so that the coupling is simply given by combinations
of X;, with no extra numerical factors. Similarly, for the X, we can introduce the vector
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Wk

Fig.2 Diagrammatic representation of the Schwinger—Dyson equation for the complete resummed ampli-
tude. Single solid lines are D or D* meson propagators, while double lines represent the X propagator. In
the loops, both neutral and charged meson pairs run

G as
G=-ig <_11) , (197)

such that the upper component corresponds to the coupling with neutral mesons, while
the lower one refers to the coupling with charged mesons.

11.1 DD* — DD* scattering amplitude

In the non-relativistic theory, the scattering amplitude matrix can be computed non-
perturbatively. The simplest way to perform this computation is to use a Schwinger—
Dyson type equation, which can be proven diagrammatically. Denoting with a shaded
circle the complete resummed amplitude for a given initial and final state, for example,
for neutral-to-neutral scattering, this satisfies the equation reported in Fig. 2. This
equation can be written compactly as

iA= Adtree + Atree L(E) iAa (198)

where A is the amplitude. We have also introduced the tree-level scattering matrix
Atree, Which includes the first two terms of Fig. 2
g2
—E—mF+i€>PS+)LTPT:|.
(199)
The A term accounts for the short distance interactions between mesons, while the
second term describes the interaction mediated by the X. Allin all, the matrix (Atree)ij
describes the tree-level scattering between the initial state |i) and the final state | j), as
induced by both the short distance contributions as well by the elementary X. Next,
we introduce the loop integral L(E), which depends on the product of the mesonic

propagators

i
Agee=A+G—— G =—i| (2
tree + E—mp +ic l[<S+

i 0
2
E—zgﬁﬁe
Ip(E, q) = 0 i s
E*%*A1+ie
l'2 : 0
_ E_ZiZD* tie
Ip(E, q) = i ) (200)

E 42 Aor+i
TImpe B2TE
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LE) = (L9 10 — g0 —a) Totao @)
(27_[)4 D 3 D )
.m [ /-2mE —ie 0
~'or ( 0 J=2m(E —A) — ie) : (201)

where m is the reduced mass of the D°D*0 system, which we assume is the same as
that of the D~ D** system, and A = A| + A, ~ 8 MeV (a flavor symmetry breaking
parameter).

Since we are considering only neutral states, the off-diagonal terms (which cor-
respond to “charged" loops) are null. The integral is linearly divergent and must be
regularized. Here, we report only the finite part. For convenience, we also define the
complex momenta

ko(E) =v—2mE —ie, ky(E)= \/—2m(E — A) —ie. (202)

The solution to Eq. (198) is, therefore,

-1
iA= (1= Auee LIEN™ Auee = (Agte = L(E)) 203)

which explicitly gives

2 -1 -
. & m (ig(E) 0
A(E)—{ [(AS_FE—mF—He)PS-’_)LTPT} +2n< 0 K+<E>>}

(204)
The non-relativistic scattering amplitude is related to A by the relation
2
A(E) = ;f(E), (205)
so that
27 e T eE 0\
Ey=1—|1{2 —— | Ps+Ar P 0
f(E) { p |:< s+ E—mp+ie> s+ Ar T:| +( 0 /<+(E))}
(206)
For simplicity, we can redefine (with an abuse of notation)°
2 2
A= —Xi, g ,/—g 207)
m m

26 In what follows, [Ai] = E!and [g]l= EO.

@ Springer



134 A.Esposito et al.

to eliminate the factor 27t /m from the first term as well

2 -1 -1
_ ) 8 ko(E) 0O
f(E)—{ |:<)»s+—E_mF+i€>73s+)»T77Ti| +( 0 K+(E)>}

(208)
This is the most general expression for the scattering amplitude that accounts for
short-range mesonic scattering, including the charged contribution, and allows for the
existence of an elementary resonance.
In the following sections, we will analyze two limiting cases: the absence of the
elementary X (g = 0) or the absence of short-range interactions (A = 0).

11.1.1 Purely molecular model (g = 0)

The scattering amplitude in absence of the elementary resonance (i.e., g = 0) reduces
to

_ —1 ko(E) O -1
J(E) = [— (AsPs+Ar Pr)~ + ( 0 K+(E)>} . (209)
More explicitly
_ 1 )Ls(4K+(E))LT—1)—)LT )\.S_)\.T
T = 50 ( As — A7 As@ko(E) A — 1) — AT) - 10
where
Do(E) =1 — (A7 4+ As) (ko + k) + 4okt ASAT, (211)

with kg(E) = /—2mE — i€ and k4 (E) = /—2m(E — A) — ie.

The interaction parameters As and A7 could be such that there is a pole in the scat-
tering amplitude just below the D?D*? threshold, which corresponds to the physical
X. The condition Do(—B) = 0, where B > 0 is the binding energy of the bound
state, leads to the linear equation (to further simplify the problem, let’s approximate

K+(—B) =~ k4 (0) = V/2mA)

. (212)
As + A1 — 4 2mAAsAT

As far as the scattering length and effective range are concerned, as long as the
energy is lower than that of the charged threshold, £ < A, the only possible scattering
is that of neutral mesons, whose corresponding amplitude is

rs(@ip(E)Ar — 1) — At

E) = .
T = G s (0 + k1) + dxocs hshy

213)

Assuming low-energy scattering near the neutral threshold, we can expand the inverse
of the amplitude f11(E) in powers of the relative momentum k between the mesons,
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obtaining

k2 1 1
—1 = - - 2 4
i <E_2 ) » lk+2rok +0(k), (214)

where the following expressions for scattering length and effective range are found?’

aM _ )LT - )\.S(4)\.T\/2mA - 1)
1 — (hs + A7)V2mA

1 As — A 2
P =— < SE) ) : (215)
V2mA \As + A —A4rshr/2mA

Despite the fact that in this purely molecular scenario only contact interactions are
included, we obtain a negative scattering range—contrary to the single threshold anal-
ysis performed by Weinberg. This negative contribution to rq is indeed related to the
inclusion of the charged threshold and it vanishes in the limit A — +o00, see discus-
sion in Sect. 11.2. This is to be expected, as when the charged mesons are substantially
heavier than the neutron ones, they could be further integrated out of the effective the-
ory, ending up into higher derivative corrections to the contact interaction of the neutral
mesons. These induce nothing but the corrections to Weinberg’s formula reported in
Eq. (104), modulo that the cutoff is now A. Moreover, recall that pion interactions
also push rg in the negative range (Sect.9). The absence of any additional threshold
with respect to np in the deuteron case keeps rq positive, as described in Sect. 7.

Interestingly if As = A7, when the matrix A in (195) becomes diagonal, we are
left with r9 = 0, plus corrections, as a result of (209) being diagonal.

The scattering amplitude (210) is markedly different from the Flatté parametrization
used by LHCb [30]. The denominator Do(E) does not have the same energy depen-
dence as in (174), and there is an energy dependence in the numerators of f1;(E) and
f22(E).2

To test the molecular hypothesis, the lineshape of the X must be fitted using (210).
However, as mentioned in the previous section, the r(l)” obtained from the fit is subject
to the effect of the charged threshold, while Weinberg’s analysis applies to single-
channel scattering only. The prescription provided by [62] to handle this problem is
that of subtracting the isospin symmetry-violating terms related to the charged channel
from a™ and ré"’ before calculating Z. If we apply this prescription to ry, we obtain
a trivial result, since

1 As — AT 2
Al = M — ( ) , (216)
M O 7 2mA \is + hp — dhshp2mA

27 Compare with (2.21) in [65], identitying

4rshT 4rsiT

s app = .
A5 + AT 2= s — A1

ap]p =a =

28 The difference between the two numerators would be evident in a DD* — DD* scattering process.
However, the X (3872) is tagged by the invariant mass of J /¥ 7w "7~ in inclusive b-hadron decays [30].
This introduces an unknown smooth energy dependence in the numerator even in the Flatté case.
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thus
ro=r) + Arjy = 0. (217)

This is not surprising, as in the purely molecular hypothesis (Z = 0), we expect
from Weinberg’s formula (102) that ro = 0, plus higher-order corrections. Therefore,
extracting Z from the parametrizationin Eq. (210) is meaningless, as it already assumes
the molecular nature of the X. One should rather consider the goodness of the fit.

In principle, to apply Weinberg’s criterion in the molecular case, o should be fitted
directly from experimental data using the universal, model-independent, expression
of the low-energy scattering amplitude (95)

1
 —1/a+ %;’Qk2 — ik’

b (218)

as was done for np scattering [29, 57]. We will refer to the r( obtained this way as the
universal rOU . From ré] the isospin effect has to be removed, following [62]

ré:r(gj+Ar1{,[=ré]+

As — A 2
§ AT ) , (219)

1
V2mA <)¥S + Ar —4AsATA/2mA

to exclude the effects of the coupled-channel. If it turns out that ry < 0 (driven by
a negative réj value), it has to be compared with (145) to see if pion corrections
could have led to such a result. Conversely if ry > 0, it could be a signal of the
molecular nature of the X. We want to emphasize that the scattering amplitude can be
approximated by Eq. (218) only near the neutral threshold, where higher-order terms
in the expansion of k cot § can be neglected (see Sect. 6). In contrast, Eq. (213) remains
valid wherever the effective theory applies.

Recently, an extension of the molecular model proposed here that also includes
corrections due to the pion has been studied in [63]. Using this upgrade to fit the
lineshape of the X instead of the Flatté amplitude, already discussed in Sect. 10, leads
to an rp > 0. However, what is presented seems to contain an inaccuracy in how to
treat the isospin breaking effect. This effect should be taken into account by adding to
the ro extrapolated by data, Ar 1{,, and not the one predicted for the Flatté case [62]

m4

I _
Arp = 2m2A

(220)

where m 4 is the reduced mass of the charged system (which we have assumed to be
equal to m for simplicity).

11.1.2 Purely compact model, or Flatté limit (A = 0)
The case A = 0 does not correspond to reality because it is known that the D and D*
mesons can interact through short-range interactions. However, what will be described

here can be regarded as the limiting case in which the coupling to the resonance
dominates over other types of interaction, at least in the energy range in which the
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effective theory is valid, and therefore, the scattering proceeds almost exclusively
through the channel of the X. In this case, the scattering amplitude reduces to

2 -1 -1
o g ko(E) 0
FE) = |: (E —mp +ie PS) + < 0 K+(E)):| ' 221

We can use the same results from the previous section with the substitution

g2

Ag > —————————,
E—mp+ie

rAr — 0, (222)

because the X couples only to the isosinglet channel. If we consider the component
f11(E), the amplitude reduces to
E —mp — g*[xko(E) + k4(E)]

Ji(E) = (223)

which is indeed the Flatté amplitude [59], as in (167), and where ko(E) =
V=2mE — i€ and k1 (E) = /—2m(E — A) — ie.

As in the molecular case, we consider the range £ < A and expand fl_ll(E ) in
powers of the relative momentum k, obtaining

1 1 1
— =" omA = - — (224)
g2 m g2 2mA

The effective range in the Flatté amplitude is forced to be negative. However, this fact
is not connected to the limit Z — 1 of (102), since the coupling g that appears in the
Flatté amplitude is neither a function of B nor of Z. The expression of r(f derived here
gives a negative and finite result, unlike Weinberg’s expression (102), which becomes
infinite in the case of Z — 1.

We have also rederived the term due to the coupled-channel effects [62] (approxi-
mating the reduced mass of the charged channel m as that of the neutral one), i.e.,

which contributes to the value of 7y and depends on the isospin breaking parameter A.
According to [62], this value should be added to the experimental value of ry before
extracting Z to account for the fact that Weinberg’s analysis is not meant for coupled
channels. However, as mentioned several times, this prescription does not make sense
for the Flatté case since, in this model, there are no bound states. Again, it is much
more solid to simply try and fit the data, and then assess the goodness of fit.

The expressions (224) for a’ and r(f coincide with those used by LHCb (176),
under the assumption m . = m and identifying g; ycp, = 2g2. As discussed above, we
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have that the coupling g in formula (208) corresponds to the coupling in the Lagrangian
(indicated with the same letter) multiplied by /m /27 thus

2
m 8LHCb
me) = , 226
( o g) 2 (226)

comparing (172) with (223) which gives

2 .7[
8 = —&8LHCb- 227)
m

This coupling here is what we would have called the gy coupling in Sect. 5. However,
as commented above, the Flatte is describing the purely compact state coupled to the
continuum; therefore, this analysis finds that

T

8¢ = —8LHCb, (228)
m
where g, was introduced in Eq. (71) as
(a|V|X) =gc,  8x = & (229)

If we go back to Sect. 5, and we decide to study the I'(X — D D) decay assuming
that the X is a purely elementary state, then we have to use this coupling g., which does
not depend on B. Using the LHCb measurement reported in Eq. (173), one estimates
gc to be

ge = (1.87 £0.03) x 107> MeV /2, (230)

We obtain, therefore, the result for I'(X — Dl_)n) as shown in Fig. 3.

We can provide an estimate of I'p.«0 using gf. for the calculation of the width
I'(X — DDm)in(81), whose PDG valueis givenby I'(X — DDm) = (54427) keV
[2]. This corresponds to

I'p«o =105 £ 70 keV, 231)

a value which is compatible with calculations reported in several articles [66, 67, 70],
and with the measured value for the charged counterpart I'p«= = (83.4 & 1.8) keV
[2].

Summarizing, using the LHCb data on the lineshape of the X, an excellent agree-
ment with the X — DD decay rate is found under the hypothesis that X is purely
elementary (i.e. gx = g.). This happens in correspondence to a value of I" 0 which
is very close to the one found experimentally for I" p«+ (we remind that for the former
the PDG provides only an upper bound at 2.1 MeV).

11.1.3 From Flatté to the molecular amplitude
The scattering amplitudes discussed in the previous sections exhibit two different
behaviors depending on the nature of the X (3872). However, starting from the Flatté

amplitude (223), one can recover the molecular one, Eq. (213), by taking the limit
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Fig.3 The black solid line
represents the central value of
['(X — DDm) calculated using
(81) and g% = g2 from (230) as
a function of T" p=; the red solid
line is the measured value from
PDG [2]. The bands show the
one-sigma intervals

r(x » DD )MeV)

0.0k

0.00 0.05 0.10 0.15 0.20
Mp* (MeV)

g2 — 00. Since the X mediates only the isoscalar interaction, the result of the limit
should be compared with Eq. (213) setting A7 = 0.
Consider the interaction terms

8 vi,7A0M0 8 vtip—p+
Linn=——=X"(D’D") + ==X"(D"D"), +hec., (232)
mnt \/5 * \/5 "
and redefine
X' =gX. (233)

Consequently, the kinetic terms for the field X’ become

VZ

1
L DX/T— 0 + —M8M8M— — X'.
kin g? (l " 2mp +mpe) e

(234)

Taking the strong coupling limit, g> — oo, but keeping m /g finite, the field becomes
non-dynamical and its equations of motion reduce to

mEx o L popoy. — L p-p+), —o (235)
g2 V2 T2 T

The parameter m r alone has no physical meaning since the physical mass depends on
the ratio mp/ g2 (see Eq. (224)). Solving for X’ and substituting back into Egs. (232)
and (234), we obtain

=& oy (N b 236
1nt—%( )+ -1 1 ( )+- ( )

This is equivalent to the Lagrangian (192) without the X field, by setting

2
rs=—2- (237)

mpr
and A7 = 0 (as we are considering the special case where the X only mediates
scattering in the isosinglet channel). The resulting scattering amplitude for neutral
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mesons is2?

1

E) =
Ju(E) 5!+ V=2mE —ie +/=2m(E — A) — i€

; (238)

which is equivalent to Eq. (213) with A7 = 0. The same result could have been
obtained starting from the Flatté amplitude
e

E)=— ’
J1(E) E—mr — g2[ko(E) + x4 (E)]

(239)

and taking the limit g — oo with m /g finite.

We want to emphasize two important points. First of all, it is experimentally mean-
ingless to measure an infinite value for g2, making it unclear at what point one can
definitively claim that the system no longer corresponds to a compact state but rather
to a molecular one.

Moreover, after taking the limit described above, the only contribution to ry comes
from the presence of the charged threshold. From an analysis of the LHCb data [30],
one finds ro # 0, even after subtracting this contribution. This points to the fact that
indeed the coupling g? is finite.

Itis also possible to start from a Lagrangian with only quartic interactions and obtain
an equivalent description by introducing a non-dynamical field with only trilinear
interactions [23]. Consider the interaction Lagrangian

As =+ (1 —1\ =
Lin = =7 (DD)} (_1 1><DD>+, (240)

which is equivalent to the one discussed in Sect. 11.1.1, with A7 = 0. We can define
anew field X’ as

)LS < ~0 0 _
X ==(D°D,. — (DD, ), (241)
NG + +
and it is straightforward to see that the interaction Lagrangian (240) reduces to
Lint = iX’U(’ — i(DODO)"' X + L(D_D+)+X’ +he (242)
T V2 2

A Flatté-like amplitude can also be used to describe the molecular scenario without
requiring any coupling to be sent to infinity. As we did for the compact hypothesis, we
canintroduce a dynamical field for the X (3872) even in the molecular picture, provided
the necessary precautions are taken [68, 69]. Furthermore, this approach allows the
inclusion of short-distance contributions to ry, which are essential for determining the
nature of the particle.

Suppose we aim to describe a molecular isosinglet X (3872). In this case, we can
introduce a field X, that couples to the mesonic current through a conventional trilinear

29 In this formula and the following one, the parameters A g and g are redefined as in Eq. (207).
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interaction ¢ B -
Lim = =5 X},(D" D)1 + 2 X}, (D™ DH)4 +he., (243)

but its kinetic term needs the overall minus sign [68]

. v?
Loim = —X" (i0, 4+ —— i) X, 244
kin, X m (l ; + 2mp +mpe) I’I’lF) m ( )

The ‘wrong’ sign is introduced to ensure a positive contribution to ro due to the
(attractive) short-range interactions that bind the X (3872). This fact can be easily
proved considering that the minus sign changes the propagator’s denominator, leading
to the following expression for the scattering amplitude:

2 -1 -
[ g o(E) 0
f“(E)_[ (—(E—mp—i-ie)PS) +< 0 K+(E)>} B

This is equivalent to Eq. (221) upon sending g> — —g?. This implies that the scattering
length and the effective range are given by

1 mp 1 1
—=—5 —V2mA, n=—3—y5 - (246)
a g mg 2mA

Moreover, to ensure the positivity of the scattering length (i.e., that the pole corresponds
to positive imaginary momentum), m r must be positive. In contrast, in Eq. (224), m
has to be negative.

This can be seen as a practical application of Weinberg’s criterion. The sign of rq
highlights the difference between a compact state (with a positive kinetic term) and a
bound state, which enters the Lagrangian as an auxiliary field (with an inverted kinetic
term).

We want to emphasize that the field X, is introduced only to replace the short-
range interactions between mesons. This means that its contribution to the total rg
must mimic the effect of short-distance physics which do not include pion exchange.
The effects of the pion can be included perturbatively [20, 23].

11.1.4 Summary on the scattering amplitudes

Flatté amplitude Let us start with the Flatté amplitude. This amplitude can be derived
from an effective theory that does not include quartic interactions between mesons but
the mediation of an elementary X with coupling constant g. If we define m as the
mass parameter of the elementary X with respect to the neutral threshold (see (190)),
and m as the reduced mass of the D D*? system (which we assume to be equal to that
of D™ D*™), the scattering amplitude takes the form

g2

E—mp — g2[V—2mE —ie + v—2m(E — A) —i€]

f(E) = (247)
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The expansion in powers of the relative momentum k = +/2m E provides

1 mpg F 1 1
— = —— —2mA, = — | — 248
af g2 " "0 m g2 2mA (248)

The coupling g between the resonance and the mesons is a purely phenomenological
parameter and is not related in any way to Z or the ‘binding energy’ B of a hypothetical
bound state that is, by definition, not present in the theory. Indeed, r(f is a finite
quantity, whereas in (102) ro — —oo for Z — 1. The coupling g should be related to
gc introduced in Eq. (71) as the coupling between the compact X and the continuum
DD*

ge = (a|V|X), (249)

as done in Sect. 11.1.2. Consequently, the estimate of Z obtained by considering the
parameters of a Flatté amplitude does not appear to be meaningful.

Molecular case To test the purely molecular hypothesis, the scattering amplitude
that should be used is given by equation (210)

1 rs(@up (E)Ar — 1) — At As — AT )
FE) = Dy(E) ( As — At As@ko(E)Ar —1) —Ar )’ 250
where
Do(E) =1 — (A1 + As)(ko + k) + 4ok Ashr, (251)

with kg (E) = /—2mE — i€ and k. (E) = /—2m(E — A) — ie. In this expression,
As and A7 are the couplings of the quartic interactions between mesons in the singlet
and triplet channels (see Eq. (191)), which must be fitted using the lineshape of the
X. Once the interaction parameters are known, the binding energy of the bound state
B can be derived from the position of the zero of Dy(FE), using the formula

1 — V2mA (A7 + k)

2mB = .
As + AT — 4 2mAAsAT

(252)

Expanding around the neutral threshold, the following expressions for scattering length
and effective range are found (215)

aM o )‘-T — )\5(4)\7\/2mA — 1)
1 — (hs + A7)V2mA

réw _ 1 ( As — AT )2 .
V2mA \ g + Ap — dhshp/2mA

(253)

The value ré” cannot be directly compared with Weinberg’s formula (102) since
Weinberg’s treatment does not include the effect of coupled channels (charged
mesons), which is instead contained in ré” . According to [62], to take this effect
into account, one should add to an ry obtained directly from the lineshape all the
terms Ar! dependent on the isospin breaking parameter A and compare this result
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with the Weinberg formula for ry (102). However, this would lead to a trivial result
since in the molecular case, Ar,@ = —ré”, thus r(’) =ro+ A”z{/l = 0. This is what
we expect from Z = 0 unless there are higher-order corrections. To include these
corrections, ro should be fitted directly from experimental data, using the universal,
model-independent, expression of the low-energy scattering amplitude (95)

1

- , 254)
—1/a + Lrok? — ik (

f

as was done for np scattering [29, 57]. We will call the ry obtained in this way the
universal réj and then calculate

1 ( As — AT )2
V2mA \Ag+ Ay — 4rshr2mA )

to eliminate the effects of the coupled channel. If r;; < 0, this value has to be compared
with (145) to see if pion corrections could have led to such a result or if another
mechanism is at play. Conversely if ) > 0, it could be a signal of the molecular
nature of the X, provided that there is a model that explains the obtained value [63].
Thus, the sign (and value) of r(’) can be used to determine the nature of the X, rather
than Z.

ro=r{ +arl, =r{ + (255)

11.2 Correction to rg due to the charged threshold in molecular model

The inclusion of the charged counterpart in the scattering of D D*? mesons has led to
the appearance of an rp &« —1/+/2mA ~ —1.6 fm, despite only contact interactions
were included. We also note that the effect disappears in the limit A — +o00, empha-
sizing the fact that the origin of this rq is due to the charged threshold. We provide an
explanation of this in low energy scattering theory.

Analyzing the neutral open charm mesons channel in non-relativistic quantum
mechanics, annihilation/creation of charged pairs is not allowed. A generic initial
state |\W) can be written as

W) = W) + W), (256)

where |W0) (W) isa generic state of neutral (charged) mesons. We also define the
projectors P and P such that

w0 = POy, jwt) =P, (257)

We denote H as the general Hamiltonian which includes all the kinetic terms and
interactions. Using the projectors, we can construct the Hamiltonians

H® =P H PO, (258)
HT =Pt HPT, (259)
H = PO g pT, (260)
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Table 1 Summary of the various factors that determine the sign of rq

Molecule Molecule + pion exchange Molecule + charged threshold

o >0 —0.20 SRerg S —0.15fm <0

Recall that in the compact model, rg < —1.6fm

HY =pt PO, (261)

HY and H* contain the kinetic terms and the interactions within the neutral and
charged subspaces, while H" and H'C represent the coupling between the two
subspaces. We can write the Schrodinger equation limited to the neutral meson sub-
space by adding to the Hamiltonian H° an effective, non-local, and energy-dependent
Hamiltonian [71]

HY = HOY(E — H" +ie) 'H*O, (262)

where E is the energy of the eigenstate.>” This term essentially acts as a non-local
potential that adds to the delta potential of the neutral meson interactions, resulting in a
non-zero effective range. This is very much along the same line as the pion contribution
to rg, as computed in [20].

We saw that under the assumption of a pure molecule (scattering from a Dirac delta
alone) ro > 0 and of the order of the inverse of the mass of the mediator that has been
integrated out (as in the deuteron); in the presence of an elementary X, ro < 0 and
possibly large in magnitude. In Sect.9, it was also discussed how the pion exchange
could mimic, without actually succeeding, the effect of an elementary X, pulling rg
toward negative values even in the pure molecular hypothesis. Now we have obtained
that even the presence of the charged threshold leads to a negative correction to r(.
Providing an estimate of this correction is complicated due to the unknown nature of
the interaction parameters.

We summarize in Table 1 the results obtained so far for ry.

11.3 Weinberg’s rq directly from LHCb data

Consider the formula for the amplitude f given in (98), with the addition of the width

I" asin (43)
1 1

m(Ro—ro0) E+B+i%’

f(E)=— (263)

where Ry = (2mB)~!/2. The residue at the pole corresponds to (m/27) g%, see (50)
and (52), where g is the coupling of the bound state 98 to D D* in the presence of a
compact state X (which couples to DD* with a coupling g. # g7).

As commented above, this formula is valid only at very low energies, in the vicinity
of the shallow bound state. In the narrow region of E close to the pole there would be
no need to resort to Flatté or to purely molecular parametrizations. The Weinberg’s

30 The theory just described is the same one used for Feshbach resonances.
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ro could be extracted directly fitting the LHCb data points in the energy region where
f(E) in (263) is valid.

Performing a fit using the LHCb data set from 2012 with p,+,- < 12GeV [30],
i.e. selecting only the resulting seven points around the peak, we noticed that the value
of rg strongly depends on the few basic assumptions we need to treat data.

Since B is small, determining the precise position of the peak itself is challenging,
given the poor statistics at hand: we expect the X to lie below threshold, since Eq. (263)
is valid only if B > 0.

In conclusion, it is impossible to make any precise statement about Weinberg’s rg
as long as the dataset at very low energy is so small. It is this circumstance that forces
to use data at higher energies and consequently model the tails of f in the Flatté or
purely molecular ways; this in turn implies the definite constraints on ry we discussed
above.

On top of that, we also highlight the fact that, even if a precise determination of
ro were available, the charge threshold can contribute to pushing it towards negative
values, as shown in Eq. (215). If one wants to rigorously disentangle the contribution
from the charge threshold from that of the elementary X, one must follow the pro-
cedure described in Eq. (219). This in turns requires the knowledge of the couplings
s and A7, thus preventing from drawing completely model-independent conclusions.
Nonetheless, by dimensional analysis we know that the Lagrangian couplings must be
of the order Ag ~ A7 ~ 1/ A2, with A ~ 1 GeV, and up to adimensional coefficients.
One can easily check that for generic values of these coefficients, the resulting (neg-
ative) contribution ré” is of order 1 fm or less. The only way to make it sizable is to
tune the parameters in order for the denominator in Eq. (215) to vanish, thus requiring
one further tuning in this already very tuned system.

In light of everything discussed above, one should also revisit the interpretation of
other determinations of ro, like the one extracted from lattice QCD (see, for example,
[72-75]).

12 Radiative decays of X and its molecular interpretation

The universal wavefunction (119)

1/4 _
2mB> exp (—rv/2mB) ’ 264

472

Winot. (1) = <

r

which is the basis of the molecular interpretation of the X (3872), sharply conflicts with
another remarkable experimental determination, again by the LHCb collaboration: the
observed ratio of branching fractions [42]

Rexp = Br(X — ¢'y)/Br(X — ¢y) = 1.67 £0.21 +0.12 + 0.04. (265)
If the decay dynamics of the X into ¥’ and v is the same, we would have rather

expected Z < 1, due to an obvious phase space argument. We will try to understand
to which extent the molecular picture can justify this result.

@ Springer



146 A.Esposito et al.

Fig.4 Scheme of the dominant
process for the radiative decay
X — ¥y, Light quarks
annihilate at the origin
producing a photon with
momentum k

At the lowest order, the process X — "y is dominated by the annihilation of
the gg pair. Without loss of generality, we assume that the annihilation takes place
in the origin of the frame in Fig. 4. Defining ¥ (| R|) as the wave function of the
final charmonium, as a function of the distance between the cc pair, R, the transition
amplitude A in the rest frame of the X, at a fixed photon three-momentum k, is given
by [40]°!

_ik-(e—R
A(Xaw“)y):ffue “5) g (R (R g 81, 16— RD. 266)

where the term
Vea(IRDWyz (161, 1€ — R)), (267)

is factorized as in
Winol.(Ire — rél) By (Iry —re)) Epm(ra — rel) = Ymol. (R)ED E s+, (268)

where W01 (R) is the solution of the §3(R) potential binding two pointlike D and D*
mesons into a X (3872) molecule whereas the Z,,’s represent the wavefunctions of
the light quarks in D and D* extended mesons [76]. The factor F takes into account
various normalizations.

31 1t has been shown [40] that only the real part of the exponential factor contributes to the amplitude

A (X — 1//(’)]/) :]—'/};Ecos [k (cosk <§ —rcos€> —rsinesinkcosqﬁ)]
Ve(IRDWe(IRDY,5 (1€ 1§ — RI).

The final cc pair recoils against the photon with non-relativistic velocity V = k/2M, where k is given in
N C N /p@x Cxp)p . e KV = /p(cbx - Xp)Ap—2mv W) =
= /,, (@x . xpramv)Otp, W) = ¢* ¥y,
with x = (E + 17)/2 andp =& — R.
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The value of % depends only on the ratio of the squared moduli of the amplitudes
(266), the ratio of phase spaces ® = (.26, and the sum over polarizations P = 0.98,
which, depending on the momentum k of the produced photon

2 2

k| = :
2Mx

(269)

do not cancel out in the ratio. Putting everything together yields the compact formula

A=y 1lax -yl
RBR=0P|— " | ~ | P (270)
AX = Yy) 41 AX = Yy)
In place of 2 above we use for D and D*
_ p3/2 12,2
Em(r) = —sge ", (271)

with the parameter b as in [76], defining a size of open charm mesons of about

(r)z,, ~ 0.68 fm. (272)

This way we obtain
Z >~ 0.034, (273)

which cannot be reconciled with the value in (265).
To overturn the situation one might assume that:

1. D mesons are as large as 0.9 fm or more, which translates into a different value of
b, in contrast with what found in [76]. This goes in the direction of enlarging the
probability of two light quarks to meet and annihilate into a photon—remind that
the loosely bound molecule is a large object with Ry >~ 14 fm for B = 100 keV,
with D mesons, and the light quarks in them, being far apart on average.

2. The Yol (R) is not an adequate description at very short distances.

Recall that W01 (R) does not depend on the details of the potential featuring the
shallow bound state (and it is, therefore, named as universal wavefunction). Since
Wnol. (R) is very broad, for a shallow bound state, we can approximate the undefined
potential V as an attractive Dirac delta, which, upon renormalization of the coupling,
can have a bound state. Indeed the bound state wavefunction in the 83(R) potential
can be shown to have exactly the form in (264).

Itis certainly true that one-pion exchange interaction could modify the short distance
behavior and lead to a different Wy,o1. at short distance. As discussed in Sect. 8, the
potential due to the one-pion exchange is (see Eq. (122))

einr

V@) = —a , (274)
r
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where
g2M2
o= —5%x107%, fr >~ 132 MeV, (275)
247 f2
and
U =+/2mzy6 >~ 43 MeV, S=mp+ —mp — my. (276)

The correction to Wy, is not expected to be large enough to considerably modify
Z since it will be proportional to & = 5 x 107*. Indeed, it can be computed in
perturbation theory at first order

WO = Winol, + 81 Wnol.. Q77)
where [54]
oo (\ys, Va quol,)
31 Wmol. = —/0 \IJXB—i——E p(E)dE, (278)
with (see Eq. (67))
p(E) = #(m)mﬁ. (279)

The scattering wavefunction in the Dirac potential, as computed in [21], is

R0 sin(kR + §(k))

V(R k) = R

with kK =+2mE. (280)

The S-wave phase shift § (k) is given by (see footnote 20)
8(k) = arctan(—ay k), (281)
where the scattering length a; is linked to B by (92)

— —2mB. (282)

Thus, the universal molecular wavefunction Wy,01. (R) (264) can be rewritten as

1 e R/as
\J R) = 283
mol.( ) \/m R ( )
Itis slightly more convenient to use the reduced wave functions, uggl' = Umol.(R)+

S1Umol.(R), so that

+oo 3
O (R \/j S sin [Rv2mE + 8(E)] A(E) .

“mol. 2mE B+E
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where

2 +0 gj V2mE + §(E ipr r
A(E) = —4n l—otf - [r mE +( )] ¢ ew dr. (285)
dg 0

2mE r

The integral has a logarithmic ultraviolet divergence for r — 0. To regularize it, we
introduce a short-distance cutoff, n

2 T sin[ra/2mE + §(E)| e _»
A(E) = —4x _0‘/ o[k +30)] ¢ e o dr. (286)
Vas Jy

2mE r

Expanding (286) for small 5, a logarithmic divergence appears in A(E)

4 [2
A(E) = o | —sind(E) log(nu) + finite, (287)
V2mE dg g

so that

1) 2 _R 2 _R .
up (R = |—e s —am [—e o (ag — 2R)log(nu) + finite. (288)
As ds

This might suggest that the perturbative correction to umye. (R) contains an ultraviolet
divergence that could invalidate the result. The method to absorb this divergence is
provided in [20]. In this work, it is presented an alternative approach (with respect to
the one discussed in Sect. 8) to regularize the divergences that arise when attempting
to compute the corrections to the scattering amplitude f due to V,,. The key point is
to treat ay as the bare scattering length and introduce a renormalized scattering length
a.3? In the absence of pion interactions

1
2mB

(289)

aS:aZ

If we require that the O (k°) term of £~! in (131) computed with (280) is finite and
equal to a, we obtain by expanding at O («) [20]

am 1 T
a =a<1 e (——i—VE,ua—i—Zi—i—,ua (log(nu)—i—))), (290)
n o \ap 2

where yg is the Euler—Mascheroni constant.
Consistently, we should write (288) as

1) 2 _R 2 _R .
Upo (R) = |—e & —am,/—e «(a—2R)log(nu) + finite, (291)
ds a

32 This is equivalent to stating that we should write (264) using a bare binding energy B, while B is the
finite and experimentally measurable binding energy.
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since the second term is already O (). Using (290) to expand the first term gives

[2 _r 12 _Rr 12 _Rr .
—e o =, [—e @« +am,/—e a(a—2R)log(nu) + finite. (292)
ag a a

This shows that the divergent term gets canceled at order «. Including all the finite
terms, we get

M) [2 -2 o .
iy, (R) = [ =¢70 +aR(F(R)) +ia S(F(R)). (293)
where
2 _rR -
F(R) = 55— (@—2R) [2+ap (i + auQy —im)] |/ = e™% + A(E), (294)
2a* 1 a

and A(E) is the finite part of the integral (286) after factoring out «.
H

The value Z can be recomputed with the aid of W

giving
Z = 0.043, (295)

not qualitatively different from (273). The qualitative agreement between these two
results seem like an unmistakable sign of an elementary X.

13 Conclusions

The radiative decays of the X (3872) are not compatible with the basic version of its
shallow bound state interpretation. In addition the available LHCb data analysis of
the X (3872) lineshape only tells that observations are compatible, to some extent,
with a compact tetraquark state, the excitation of a X field coupled to the D and
D* meson fields in an effective Lagrangian description. We propose a second fit to a
purely molecular lineshape to appreciate the difference between the two on the basis
of present data.

There are various recent attempts to describe the X with the methods of the Born—
Oppenheimer approximation, where the charm quarks substitute the heavy nuclei in
ordinary molecules, held together by the Born—-Oppenheimer potential generated by
the quark motion [77-80]. In [81] the X, Z.(3900) and X (4020) particles can be
described as compact tetraquarks whose quantum state at large distance is a super-
position (cg)1(cq)1 + (cq)s(cq)s, rather than 3, 3+ 6, 6, which instead is found to
produce much heavier particles. Studies of this kind are being proposed also by other
groups [82-84]. The outcome is very similar to the one reached above: the purely
molecular description of the X, and of similar hadrons, is inadequate and even if the
original proposal for a compact X [32] is challenged by data, it has still to be taken
into account when facing the construction of a quantitative interpretation of exotic
hadrons.
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Although the definition of a particle as a physical system identified by only one
continuous degree of freedom, its free momentum p, has no ambiguities, deciding
if that particle is elementary or not is more problematic. In the effective field theory
context, more levels of elementariness are possible: quarks and gluons do not appear
in the effective theory description of nucleon interactions at low energies, but are
associated to the fields of quantum chromodynamics. In this sense quarks and gluons
are more elementary than nucleons and mesons, whereas nuclei are less elementary
than nucleons. In this review we addressed the problem of determining the degree of
elementariness of the X (3872) exotic hadron, and possibly of its very many similar
states: is the X as elementary as D,D* mesons, or less? Our conclusion, based on the
present literature, is that the X is not less elementary than open-charm mesons. More
tests of this conclusion are needed, and we hope that part of them are described in this
work.
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