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Abstract We present a new systematic approach to find the
exact gravitationally decoupled anisotropic spherical solu-
tion in the presence of electric charge by using the complete
geometric deformation (CGD) methodology. To do this, we
apply the transformations over both gravitational potentials
by introducing two unknown deformation functions. This
new systematic approach allows us to obtain the exact solu-
tion of the field equations without imposing any particular
ansatz for the deformation functions. Specifically, a well-
known mimic approach and equation of state (EOS) have
been applied together for solving the system of equations,
which determine the radial and temporal deformation func-
tions, respectively. The matching conditions at the boundary
of the stellar objects with the exterior Reissner–Nordström
metric are discussed in detail. In order to see the physical
validity of the solution, we used well-behaved interior seed
spacetime geometry and solved the system of equations using
the above approaches. Next, we presented several physical
properties of the solution through their graphical represen-
tations. The stability and dynamical equilibrium of the solu-
tion have been also discussed. Finally, we predicted the radii
and mass-radius ratio for several compact objects for dif-
ferent decoupling parameters together with the impact of the
decoupling parameters on the thermodynamical observables.

1 Introduction

As the compact stars are the final stages of the evolution of an
ordinary star, they provide great testing conditions for study-
ing tremendously dense objects in extreme conditions. In the
recent past, various compact objects have been observed in
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the form of pulsars and spinning stars having a strong mag-
netic field [1]. The basic theoretical foundation to understand
the compact stars have been based on Fermi Dirac statistics,
which explains the pressure degeneracy in the extreme condi-
tion that saves the compact stars from gravitational collapse
[2]. Later, by combining Einstein’s special theory of relativity
and various principles of quantum physics, the white dwarfs,
which were supported solely by degenerate gas of electrons,
were recognized as compact stars by Chandrasekhar [3,4].
It was shown, that the white dwarfs can have a maximum
size of about 1.4 times the mass of the sun or approximately
3 × 1030 kg.

As of now, there is no complete theory that explains
extremely dense matter with a highly interactive environ-
ment. One probable explanation can be, that such dense
nuclear matter does not only contain the nucleons and lep-
tons but can also include many exotic particles in their dif-
ferent forms such as different mesons, hyperons, baryon
resonances, strange quark matter, etc. So the exact compo-
sition of such compact stellar objects needs much deeper
research. This is why the structural aspects and formation of
these extremely dense stellar objects have been still an active
research field.

The solution to Einstein’s field equations (EFE) unlocks
many mysteries of the universe. But, due to its non-linearity,
it is a great challenge to find exact solutions to Einstein’s
field equations (EFE). Although throughout the last century,
many exact solutions of EEE have been found, but amongst
them very few can describe realistic astrophysical compact
objects. As a result, till the present date, the researchers are
trying to find the exact solutions of EFE in several contexts.
Mainly two methodologies are taken into account to solve the
system, one is to decrease energy density or consider a met-
ric function. This approach leads to other unknown functions
that can be found by imposing the pressure isotropy condi-
tions. But the drawback of this approach is that it doesn’t
always provide an acceptable exact solution. Another way
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one can solve EFE is by considering an equation of state
(EoS) that relates the pressure and density. But yet, because
of complex integral forms, this way also wasn’t efficient in
finding exact solutions of EFE. However, it was shown, when
the matter density is more than nuclear density, i.e. very high,
then the matter distribution is not necessarily isotropic, and
there may be the presence of anisotropic pressure (pr �= pt )
[5–10]. So if we consider anisotropic fluid, the EFE in pres-
ence of anisotropy can be easily solved in contrast to isotropic
fluid distribution.

To consider the real situation going on inside a compact
object, the function called anisotropic factor has great use. As
suggested by Rago [11] we can use two different functions
in order to get the solution of field equations in anisotropic
model. They are, the anisotropic factor (� = pr − pt ) and the
generating function. This anisotropic factor comes as pres-
sure splits into two components in extreme conditions, i.e.
radial and tangential pressure components. It is evident from
the expression of the anisotropic factor � that its sign can be
either positive or negative. Positive � signifies that the force
is acting outwards as the tangential pressure dominates the
radial pressure, whereas the negative � implies inward force
as here the radial pressure dominates the tangential pressure.

The anisotropy can be originated from various things such
as extremely high density in the core, a mixture of differ-
ent types of fluids, presence of the magnetic field, rotational
motion, various condensate states (such as meson conden-
sates, pion condensates, etc.), superfluid 3A, etc. As men-
tioned by Bowlers and Liang [12], no celestial object can
have a perfectly isotropic matter distribution, and specifi-
cally for compact objects, the anisotropy is more evident due
to extreme gravitational pull and density. The concept of fluid
pressure being anisotropic was first proposed by Ruderman
[5] and after that by Canuto and Chitre [6]. Various aspects of
anisotropy were discussed by Herrera and Santos in a review
paper [13]. It is important to mention that in the context of
compact stars, the chances of anisotropy are much higher
because of the relativistic nature of the interaction between
the particles. Due to this, the motion of the particles becomes
too random to maintain the isotropy for any specific region.
Also, the anisotropic force affects the density of the star and
due to this, the density of the compact star becomes different
in different regions of the star. So the real nature of the com-
pact star becomes anisotropic in nature with variable density.
In the context of anisotropy, various diversified works can be
found in the following references [14–26].

Many researchers are using various modified theories of
gravity in various ways to explain realistic compact objects
in the recent time. These modified theories of gravity cou-
pled with several other approaches often have been able to
describe many exotic features of compact stars which oth-
erwise was a challenge. These days, a specific approach
namely gravitational decoupling using minimal geometric

deformation (MGD) has attracted a lot of attention amongst
researchers. It was first discovered by Ovalle [27,28] and was
used in the framework of Randall–Sundrum brane-world [29,
30] with the purpose of deforming the Schwarzschild space-
time. Contreras and his collaborators [31,32] investigated
the technique to determine anisotropic solution from any
isotropic solution and vice versa using MGD in the context of
black holes. By using MGD, a few well-recognized Einstein
field solutions were studied for the isotropic, anisotropic,
and charged cases [33–59]. Recently, Contreras et al. [60]
has also introduced the MGD in axially symmetric systems
and rotating black holes. Some other works on dark mat-
ter, black holes and Dirac stars in the context of MGD can
be also seen in the following Refs. [61–64]. In this connec-
tion, it is important to mention that in addition to being a new
effective tool, the MGD and extended MGD [called complete
geometric deformation (CGD)] approaches are also efficient
in finding the new solutions of the Einstein’s field equations.
These approaches can be executed in two opposite ways: the
first one, If we solve to Einstein’s field equations for a very
complicated energy–momentum tensor T̃i j , then we simply
split this complicated T̃i j into two relatively simple energy–
momentum tensor components such as: T̃i j = {Ti j , θni j }.

Then, we solve Einstein’s field equations together with
each of the split components and obtain various solutions
corresponding to each separate components for the main
energy–momentum tensor T̃i j . Finally, the linear combina-
tion of each solution obtained for the components is taken
as the solution for the original energy–momentum tensor.
while, the second approach is exactly opposite to the afore-
mentioned earlier approach. In the approach, a relatively
simple energy–momentum tensor is converted to a compli-
cated one by adding an extra source into the original energy–
momentum tensor to generalize a simple solution of Ein-
stein’s field equations. This can be done in the following
way: Ti j �→ T̃i j = Ti j + θ1

i j .
One can repeat this process by adding more sources (θni j )

to generalize the solution even more as necessary.
On the other hand, there is another approach to use gravita-

tional decoupling and that is to modify the Einstein–Hilbert
(EH) action by adding an extra Lagrangian density corre-
sponding to an extra source such as, S = SEH + Sθ , where
SEH representing EH action while Sθ is the action corre-
sponding to extra source. By varying the aforementioned
action S with respect to the metric tensor gi j one obtains the
general equation of motion for the total energy momentum
tensor (T tot

i j ) which is a combination of Ti j and the additional

term θi j such that T tot
i j = Ti j +θi j , where Ti j is either perfect

fluid or anisotropic fluid matter distribution and θi j repre-
sents an extra source. It is important to mention that the MGD
transformation is a particular transformation that works only
along the radial metric component, while the temporal part
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remains unchanged. Many physically acceptable solutions
for spherically symmetric space-time were found using this
transformation in various contexts including modified grav-
ity theory [65–71]. Also, this approach of MGD has proven
effective beyond the GR while examining the gravitational
lensing singularity [72].

But later on, Ovalle along with his collaborators suggested
that this approach of considering only radial transformation
has its drawbacks, such as it can’t explain the presence of
a stable black hole with a horizon that is well defined. In
this regard the MGD was extended by them by considering
the deformation along both radial and temporal metric func-
tions. Using this extended gravitational decoupling (EGD)
approach, they developed a modified Schwarzschild geome-
try and find a new solution that describes the well-behaved
brane-world star [73]. Mathematically speaking, in extended
MGD, the deformation of MGD extends in the following way
[74]:

ν(r) �→ ξ(r) + αh(r), and λ(r) �→ − ln[μ(r) + α f (r)].

Despite the appearance of a new degree of freedom h(r) in
the θ -sector, the problem can still be solved mathematically.
There can be many ways to close this θ -sector appearing this
extra degree of freedom h(r) such as: using embedding class
I methodology or applying the mimic approach etc. together
with considering a particular well-behaved ansatz for defor-
mation, etc. It is important to note that the entire hydrostatic
balance gets modified due to the deformation of both met-
ric functions. This is a significant point as the fulfillment of
the conservation law of energy–momentum tensor depends
heavily on the hydrostatic balance. So while working with
EGD, it is very important to check the hydrostatic balance to
find out the model is acceptable realistically or not. In light of
EGD, some recent research work can be found in references
[75,76].

But in the present article, we have applied the extended
gravitational decoupling by means of the complete geomet-
ric deformation approach for solving the Einstein–Maxwell’s
field equations without considering any ansatz for the defor-
mation function. The initial system has been solved by tak-
ing Tolman–Kuchowicz spacetime geometry for the perfect
fluid charged matter distribution. The field equations corre-
sponding to θ -sector, which depend on mainly two unknowns
(called deformation functions f (r) and h(r)), have been
solved by two different approaches. In particular, the defor-
mation function f (r) is determined by mimic approach:
ρ(r) = θ0

0 (r) while h(r) has been obtained through the
equation of state (EOS): θ1

1 = β θ0
0 + γ , where β and γ are

constants. We would like to mention here that this approach
has been applied first time to obtain both the deformation
functions, and solved exactly the system of equations corre-
sponding to the θ -sector.

The present article is organized as follows: In Sect. 2, we
discussed the modified action and decoupled fields equations
under the extended gravitational decoupling system which
has divided into three Sects. 2.1, 2.2, and 2.3. In Sect. 2.1,
we discussed the modified action for the Einstein–Maxwell
system, while the Einstein–Maxwell’s field for the decou-
pled system were explained in Sect. 2.2, and the Sect. 2.3
includes the procedure to split the decoupled field equa-
tions under extended gravitational decoupling. In Sect. 3,
we obtained an extended gravitationally decoupled solution,
which was divided into two Sects. 3.1 and 3.2. In Sect. 3.1,
the mimicking approach for determining f (r) is discussed
while the equation of state approach has been mentioned in
Sect. 3.2, which determines the function h(r). A detailed dis-
cussion about the boundary conditions have been mentioned
in Sect. 4, while in Sect. 5, we shed light on the regular
behavior of deformed gravitational potential, together with
deformation functions. The Sect. 6 contains the discussion
for the physical properties of the model which is divided
into four subsections: In Sect. 6.1, the physical behavior of
total radial and tangential pressure, total energy density, and
total anisotropy were discussed, however the energy condi-
tions are analyzed in Sect. 6.2. In Sect. 6.3, the compact-
ness relation and surface gravitational redshift are explained
while the stability and dynamical equilibrium are discussed
in Sect. 6.4. The impact of the coupling constant α on the
thermodynamic observables is explained in Sect. 7. The final
section is kept for the conclusion and a brief discussion about
the results.

2 Modified action and decoupled field equations under
extended gravitational decoupling system

2.1 The modified action for the Einstein–Maxwell’s system

With the inclusion of an extra Lagrangian density for an extra
source , the modified action for gravitational decoupled sys-
tems can be defined as [74],

S = SEH + α Sθ =
∫ [

R

16π
+ LM + Le + α Lθ

] √−g d4x .

(1)

With the symbols g and R having their usual meanings.
The Lagrangian for the matter field is denoted by LM and
Lagrangian for electric field is denoted as Le. Also, the
Lagrangian density due to an additional source is described
as Lθ . Now, for the matter field LM , the energy–momentum
tensor Ti j is defined as,

Ti j = 2√−g

δ(
√−g LM )

δgi j
. (2)
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As it is known that matter Lagrangian LM is only dependent
on metric tensor gi j components, while being independent
of their derivatives, which is obtained as

Ti j = 2∂(LM)

∂gi j
− gi jLM. (3)

Also, corresponding to the Lagrangian densityLe and Lθ the
electromagnetic field tensor Ei j and the extra source θi j are
given by,

Ei j = −gi j Le + 2
∂Le

∂gi j
(4)

θi j = 2
δLθ

δgi j
− gi jLθ . (5)

Now, the following general equations of motion due to the
charged, decoupled system can be obtained by the variation
of action (1) with respect to the metric tensor gi j as,

Gi j = −8π(T tot
i j + Ei j ) (6)

where,

T tot
i j = Ti j + α θi j . (7)

Here relativistic units are considered with G = c = 1,
and Einstein tensor is expressed as Gi j . The Ei j and Ti j
corresponding perfect fluid distribution are defined as,

Ei j = 1

4π

(
−Fm

i Fjm + 1

4
gi j Fγ n F

γ n
)

(8)

Ti j = (ρ + p)uiu j − pgi j . (9)

Here matter density is denoted by ρ while pressure is rep-
resented as p. Also, ui being a covariant component of the
four velocity, fulfills ui u j = 1 and ui∇ i ui = 0 respectively.
Moreover, the Maxwell’s field equations are satisfied by the
electromagnetic field tensor Fi j as,

∇ j

[
(−g)1/2 Fi j

]
= 4π

(−g)− 1
2

j i and Fi j,γ + Fjγ,i + Fγ i, j = 0.

(10)

where, electromagnetic four current vector j i is given as,

J i = σ√
g44

dxi

dx4 = σνi (11)

Furthermore, the interior space-time of the stellar object is
considered to be a static and spherically symmetric which
can be described by the following line element,

ds2 = −eλ(r)dr2 − r2(dθ2 + sin2 θdφ2) + eν(r)dt2,

(12)

where, the metric potentials ν and λ are only radially depen-
dent. Then, the charge density σ for the line element (12)
is defined as σ = eν/2 J 0(r). Here, J 0 is a non-vanishing
component of the four-current for static fluid matter distribu-
tion which leads the four-current to act only radially because

of the spherical symmetry. So, the corresponding non-zero
components of electromagnetic field tensor F01 and F10 are
related as F01 = −F10. Thus, F01 and F10 can be enough
to define the radial electric field. Then the non-vanishing and
anti-symmetric electric field components F01 and F10 for the
spherically symmetric line element (12) in terms of electric
charge can be obtained as,

F01 = −F10 = q

r2 e−(ν+λ)/2 (13)

where the electric charge within the compact star of radius r
is denoted by q(r). The electric field E and electric charge
q(r) can be defined using relativistic Gauss Law as,

E2 = −F10F
10 = q2

r4 . (14)

q(r) = 4π

∫ r

0
σr2eλ/2dr = r2

√
−F10F10, (15)

Now, the components for T j
i and E j

i can be written as,

T 0
0 = ρ(r), T 1

1 = −p(r), T 2
2 = −p(r), (16)

E0
0 = E1

1 = −E2
2 = 1

8π

q2(r)

r4 . (17)

It is important to note that the interior matter distribution
becomes anisotropic with the inclusion of new source θi j
for the condition θ2

2 �= θ1
1 . In this case, the total energy

momentum tensor T tot
i j will represent an anisotropic matter

distribution. Hence, the components of T tot
i j can be given as,

(T 0
0 )tot = ρtot, (T 1

1 )tot = −ptot
r , and (T 2

2 )tot = −ptot
t . (18)

and then,

ρtot = ρ + α θ0
0 , ptot

r = p − α θ1
1 , and ptot

t = p − α θ2
2 .

(19)

On the other hand, the anisotropic factor can be provided as
follows,

�(r) = ptot
t (r) − ptot

r (r) = α [θ1
1 (r) − θ2

2 (r)]. (20)

Now we move on to the derivation of the Einstein field equa-
tions for decoupled system as:

2.2 Einstein–Maxwell’s field for decoupled system

Under the spherically symmetric static spacetime (12), the
Einstein–Maxwell’s field equations corresponding to decou-
pling system (6) can be written as,

ρtot + q2

8π r4 = e−λ

8π

(
λ′

r
− 1

r2 + eλ

r2

)
, (21)

ptot
r − q2

8π r4 = e−λ

8π

(
ν′

r
+ 1

r2 − eλ

r2

)
, (22)
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ptot
t + q2

8π r4 = e−λ

32π

(
2ν′′ + ν′2 + 2

ν′ − λ′

r
− ν′λ′

)
.

(23)

Thus, we can get the following conservation equation from
the linear combination of the Eqs. (21)–(23) as,

(
ptot
r

)′ + ν′

2
(ρtot + ptot

r

) − qq ′

4πr4 + 2

r

(
ptot
r − ptot

t ) = 0.

(24)

and corresponding mass function of the object can be deter-
mined by the formula,

m(r) = 4π

∫ r

0
x2ρtot(x) dx + 1

2

∫ r

0

q2(x)

x2 dr + q2(r)

2r

= r

2

[
1 − e−λ(r) + q2(r)

r2

]
. (25)

2.3 The procedure to split the decoupled field equations
under extended gravitational decoupling for the sources
Ti j and θi j

The procedure for splitting of the decoupled field equa-
tions (21)–(23) by the extended gravitational decoupling in
two separate systems (Einstein–Maxwell system and quasi-
Einstein system) is discussed in this section. Here, energy
tensor Ti j is considered for the Einstein–Maxwell system
having perfect fluid matter distribution while quasi-Einstein
system is taken for the extra source θi j . Now, the Ovalle [74]
transformation in metric potentials is applied as,

ξ �→ ν = ξ + α h(r) (26)

μ �→ e−λ = μ + α f (r), (27)

where h(r) denotes the geometric deformation function for
the temporal metric component and f (r) corresponds to the
radial metric component. It is noted that the coupling constant
α is a real number. Also, it is important to note that the above
transformation is known as complete geometric deformation
(CGD) that can be also called an extended case of minimal
geometric deformation (MGD) means transformations along
both radial and temporal components of the line element.
With the substitution of the metric functions (26) and (27)
with Eq. (19) in the field equations of decoupled systems
(21)–(23), the following set of equations are being arrived:
First one corresponding to α = 0, for the charged perfect fluid
distribution, the Einstein–Maxwell field equations are given
as,

8πρ + q2

r4 = 1 − μ

r2 − μ′

r
, (28)

8πp − q2

r4 = μ − 1

r2 + μξ ′

r
, (29)

8πp + q2

r4 = μ

(
ξ ′′

2
+ ξ ′2

4
+ ξ ′

2r

)
+

(
ξ ′μ′

4
+ μ′

2r

)
,

(30)

along the conservation equation,

p′ + ξ ′

2
(ρ + p) − qq ′

4πr4 = 0. (31)

The internal structure of the compact object with charged
perfect fluid matter distribution can be obtained from the
conservation equation (31), which is satisfied by the solution
of the field equations (28)–(30). The following line element
provides the corresponding solution,

ds2 = −μdr2 − r2(dθ2 + sin2 θdφ2) + eξdt2 (32)

where m0 is the mass function for charged matter for the
standard GR expressions (28)–(30), which can be given as,

2m0

r
≡ 1 − μ + q2

r2 ≡ 8π

r

∫ r

0

[
ρ(x) + q2(x)

8πx2

]
x2dx + q2

r2 .

(33)

Now let’s focus on the parameter α for observing the effects
on the charged perfect fluid solution ξ, μ ρ, p coming from
the extra source θi j . For this reason, the field equations asso-
ciated with the extra source θi j for the quasi-Einstein system
can be written as,

8π θ0
0 = −

(
f ′

r
+ f

r2

)
, (34)

8π θ1
1 = − f

(
ν′

r
+ 1

r2

)
− μh′

r
, (35)

8π θ2
2 = − f

2

(
ν′ ′ + ν′ 2

2
+ ν′

r

)
− α f ′

2

(
ν′

2
+ 1

r

)
− μ′h′

4

−μ

4

(
2h′′ + αh′2 + 2h′

r
+ 2ξ ′h′

)
. (36)

Also, the following conservation equation can be obtained
from the linear combination of quasi-Einstein equations
(34)–(36) as,

− ν′

2
(θ0

0 − θ1
1 ) + (θ1

1 )′ − 2

r
(θ2

2 − θ1
1 ) = h′

2
(p + ρ).

(37)

It can be clearly understood that the extra source θi j results
in the anisotropy inside the compact structure (Fig. 1).

3 Extended gravitationally decoupled solution

In this section, we will determine the solutions for both
systems Eqs. (28)–(30) and Eqs. (34)–(36) under the com-
plete geometric deformation approach known as the extended
gravitational decoupling approach. To do this, first we find
the solution of seed system for charged perfect fluid solution
which depends on five unknowns {μ, ξ, ρ, p, q}. To solve
the seed system, we take well-behaved interior space-time
as,
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Fig. 1 This diagram shows that how any perfect fluid matter distribu-
tion can be consistently extended into the anisotropic domain though
the MGD-decoupling as well as CGD-decoupling approach

ds2 = −(1 + ar2 + br4)dr2 − r2(dθ2 + sin2 θdφ2) + eBr
2+Cdt2,

(38)

where B, a and b are constants with units l−2, l−2 and l−4 and
C is a dimensionless constant. Then the seed geometry μ and
ξ can given as: μ = 1/(1+ar2+br4) and ξ = Br2+C . Now
by plugging of ξ and μ into Eqs. (28)–(30), we obtain the
expressions for electric charge (q), pressure (p), and density
(ρ) as,

q2

r4 = 1

2(1 + ar2 + br4)2

[
r2(a2 + B2 + b2r4 + a(−B

+2br2 + B2r2) + b(−1 − 2Br2 + B2r4)
)]

, (39)

8πp = 1

2(1 + ar2 + br4)2

[
2B(2 + br4) − a2r2 − br2(3 + br4)

+a(−2 + 3Br2 − 2br4 + B2r4) + B2(r2 + br6)
]
, (40)

8πρ = 1

2(1 + ar2 + br4)2

[
a2r2 + a(6 + Br2 + 2br4 − B2r4)

+r2( − B2 + b2r4 + b(11 + 2Br2 − B2r4)
)]

. (41)

Since we have already specified the complete geometry of
the seed system which was required for obtaining the solu-
tion for another system, known as quasi-Einstein system,
(34)–(36). As we see that this system mainly depends on
two unknowns f (r) and h(r), called deformation functions.
So, we will adopt two different approaches for determin-
ing these deformation functions f (r) and h(r). The function
f (r) is determined by using a well-known constraint proce-
dure, specifically mimicking of the density constraints i.e.
ρ(r) = θ0

0 (r), which is mentioned in the next section:

3.1 Mimicking to the density constraints [ρ(r) = θ0
0 (r)]

approach for determining f (r)

From Eqs. (28) and (34), the mimicking to the density con-
straints [ρ(r) = θ0

0 (r)] procedure provides a differential
equation in f (r) of the form,

f ′ + 1

r
f + r [a(6 + Br2 + 2br4 − B2r4) + g(r)]

2(1 + ar2 + br4)2 = 0,

(42)

where, g(r) = a2r2 + r2[−B2 + b2r4 + b(11 + 2Br2 −
B2r4)]. On integrating of the above differential which leads
an expression for deformation function f (r) as,

f =
[( √

2 f2
8 r f4 f5 b3/2 −

√
2 f1

8 r f4 f5 b3/2

)
tan−1

(√
2b r

f5

)

+ (B2 − b)

2b
+ 2(5 + Br2)

4(1 + ar2 + br4)

]
. (43)

We would like to mention that all the calculations have been
done by taking the following assumption to avoid the sin-
gularity in the expression of f (r) as: (i): By expanding the
tan−1(x), where x = √

2b r/ f5, up to linear term using Tay-
lor series expansion around x = 0, (ii) The integration con-
stant involved in the solution is taken to be zero.1 Now, the
other deformation function h(r) will be obtained by taking
a linear equation of state (EOS) between the θ -components
which we discuss in the next section as:

3.2 Equation of state approach for determining h(r)

We use the following EOS in θ -components to determine the
function h(r) as:

θ1
1 = β θ0

0 + γ (44)

where β and γ are the constants. This EOS will provide a
first order linear differential equation, whose solution yields
the following expression for h(r) as:

h = 1

100

[
− h1(r) − h2(r) + h11(r) h6(r)

h7(r)
− 20(5B − 2γ )r2

α

+h12(r) [h8(r) + b B (h9(r) − B h10(r)
√

α)
√

α]
bα3/2A3[bA2 + Bα(Bα − aA2)]

]
. (45)

Now we have solved completely the field equations for θ -
sector, then the expressions for θ0

0 , θ1
1 and θ2

2 are given as,2

8πθ0
0 (r) = a2r2 + a F1(r) + r2 [−B2 + b2r4 + b F2(r)]

2(1 + ar2 + br4)2 , (46)

1 The expressions for unknown functions involved in the f (r) are men-
tioned in the Appendix.
2 The expressions for unknown functions involve in the θ-sector com-
ponents are mentioned in the Appendix.
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8πθ1
1 (r) = F3(r) + 5b2βr6 + 4b2γ r8 + BβF4(r) + θ11(r)]

4(1 + ar2 + br4)2 ,

(47)

8πθ2
2 (r) = [θ21(r) + θ22(r) + a2r2(θ23(r) + θ24(r)]

16(1 + ar2 + br4)3(5aαr2 − Bαr2 + 5bαr4 − 4)
.

(48)

Then the deformed gravitational potentials can be written as:

eλ(r) = 1 + ar2 + br4

1 + α (1 + ar2 + br4) f (r)
, eν(r) = eBr

2+C+α h(r).

(49)

4 Matching conditions

To study the stellar distribution, the matching condition is
a pivotal part between the interior (r < R) and exterior
(r > R) of the star at the surface (r = R). The interior stellar
geometry is provided by the extended geometric deformation
line element in the current study as,

ds2 = −
(

1 − 2m(r)

r
+ q2

r2

)−1

dr2 − r2(dθ2 − sin2 θdφ2)

+eξ(r)+α h(r) dt2, (50)

where, internal mass of the stellar structure for total energy
tensor T tot

i j is given by m(r).3 Now, the interior space-time
geometry (50) must be smoothly matched with the suitable
exterior (vacuum) space-time at the boundary of the star (r =
R). In this context, as proposed by Ovalle [74] for “Maxwell
version” of the vacuum solution Ti j = 0, the exterior space-
time for extended gravitational decoupling can be given by
a well-known Reissner–Nordström solution as,

ds2 = −
(

1 − 2M

r
+ Q2

r2

)−1

dr2 − r2(dθ2 − sin2 θdφ2)

+
(

1 − 2M

r
+ Q2

r2

)
dt2, (51)

where total charge and total mass of the compact objects
of radius R are q(R) = Q and m(R) = M , respectively.
To match the inner manifold with the external manifold at
the boundary, the Israel–Darmois junction conditions proce-
dure [77,78] is applied for smooth joining. The method to
join both space-time at the boundary across the surface

∑
is

called the continuity of first and second fundamental forms.
According to the first fundamental form, the intrinsic geom-
etry gi j induced by M− and M+ on the interface meets

g−
t t |r = R = g+

t t |r = R, g−
rr |r = R = g+

rr |r = R. (52)

3 Where m(r) = m0(r) − α r
2 f (r) and m0(R) = M0.

By expressing the first fundamental form explicitly as,

e−λ(R) =
(

1 − 2M

R
+ Q2

R2

)
, (53)

eν(R) =
(

1 − 2M

R
+ Q2

R2

)
, (54)

while the continuity of the second fundamental form gives,

T tot
i j = 0 	⇒ [ptot

r ]� = [p − θ1
1 (r)]� = 0. (55)

Now, the vacuum solution for the region r > R is Ti j = 0 for
the standard GR case. Now it is important to note that as r =
R is the boundary, and the exterior space-time may cease to be
vacuum due to the presence of new emergent fields as a result
of the θ sector. These extra fields result in anisotropy inside
the self-gravitating system. So, the following final form will
be taken from the above boundary condition (55) as,

p(R) − (θ1
1 )−(R) = −(θ1

1 )+(R) (56)

where p(R) = p−(R). The condition coming in the Eq. (56)
is known as the general expression for the second fundamen-
tal form linked with Einstein field equations as mentioned
in Eq. (6). Now, the value of θ1

1 (R) is substituted into the
condition (56) for the interior geometry from Eq. (34). So
the second fundamental form can be written as follows,

p(R) + α

8π

[
f (R)

(
ν′(R)

R
+ 1

R2

)
− μ(R)h′(R)

R

]

= −(θ1
1 )+(R), (57)

where, ν′(R) ≡
(

∂ν−
∂r

)
r=R

. The Eqs. (34), (53) and (54) are

used in Eq. (57) to obtain (θ1
1 )+(R) for the outer geometry,

which yields,

p(R) + α f (R)

8π

(
ν′(R)

R
+ 1

R2

)
− α μ(R) h′(R)

8πR

= α f ∗(R)

8π

[
2

R2

(
M

R
− Q2

R2

)
1(

1 − 2M
R + Q2

R2

) + 1

R2

]

−α (h∗(R))′

8πR

(
1 − 2M0

R
+ Q2

R2

)
, (58)

where, due to the extra source θμv , the geometric deforma-
tion functions for exterior Reissner–Nordström solution (51)
are f ∗(R) and h∗(R) respectively. It is important to note that
we must have f ∗(R) = 0 and h∗(R) = 0 for satisfying the
Reissner–Nordström solution (51) to be the exterior solution.
Now, from Eq. (58) we can obtain,

p(R) + α f (R)

8π

(
ν′(R)

R
+ 1

R2

)
− μ(R)h′(R)

8πR
= 0, (59)

which can also be described as,

ptot
r (R) = p(R) − θ1

1 (R) = 0. (60)
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Fig. 2 The variation of electric charge (q) versus radius r/R by taking
the numerical values of the constants a = 0.003, b = 0.0000053,
β = 1.1, and γ = −0.001. The description of the curves are given at
the footnote

For determining the arbitrary constants involving the system,
the conditions (53), (54) and (60) are necessary and sufficient.
Now by using the Eqs. (26), (27), (38) and (53), (54), we
obtain

1

1 + aR2 + bR4 + α f (R) =
[

1 − 2M

R
+ Q2

R2

]
, (61)

BR2 + C + α h(r) = ln

[
1 − 2M

R
+ Q2

R2

]
. (62)

Form Eqs. (61) and (62), we get

C = ln

[
1

1 + aR2 + bR4 + α f (R)

]
− BR2 − α h(R),

(63)

M = R

2

[
aR2 + bR4

1 + aR2 + bR4 − α f (R) + Q2

R2

]
(64)

while the constant B is calculated by using second funda-
mental form (60) that provides,

B = B0(R) + √
B1(R) + 8(R2 + aR4 + bR6)[B2(R) + aB3(R)]

4R2(1 + aR2 + bR4)
.

(65)

From Fig. 2, it is evident that for all the stars, the electric
charge is zero at the center, and the charge increases sharply
as one moves towards the surface while the magnitude of the
charge is directly proportional to compactness (u).

5 The regular behavior of deformed gravitational
potential together with deformation functions

Since the regular behavior of deformed gravitational poten-
tial depends upon the deformation functions f (r) and h(r).
As we look in Fig. 3 (left panel), the deformation function

f (r) is zero at the center and decreasing towards the bound-
ary which yields e−λ = μ + α f (r) as a decreasing func-
tion of r and then eλ will be increasing outward when r
increases as well as it is 1 at the center, see Fig. 4 (left panel).
On the other hand, deformation function h(r) monotonically
decreasing and positive as well as non-zero at the center
which can be clearly observed from Fig. 3 (right panel). Then
in this situation, the deformed potential ν = ξ + α h(r)
(known as gtt component or temporal component of the
space-time) may be decreasing outward, and obviously eν(r).
But it is well-known that the modeling for any realistic self-
gravitating stellar compact objects, the gravitational potential
ν corresponding to spherically symmetric space-time must be
monotonically increasing towards the boundary and positive
finite at center of the stellar object. In the present scenario,
as we see from Fig. 4 (right panel), the deformed gravita-
tional eν corresponding to gtt component of the spherically
space-time is monotonically increasing towards the surface
and non-zero positive finite at the center which implies that
the growth of ξ is faster than α h(r). So, we concluded that
the deformation functionh(r) for the temporal metric compo-
nent can be a monotonically decreasing function of r but the
growth of α h(r) should be less than the growth of gtt com-
ponent of seed space-time. Then, the present results strongly
support that this approach is also more suitable to determine
the deformation function h(r) of temporal metric component
for modeling of the compact stellar objects. Finally, we can
say that both the deformed gravitational potentials eλ and eν

together with deformation function f (r) and g(r) are regular
and well-behaved throughout the model.4

6 Physical properties of the charged anisotropic
astrophysical model

6.1 Physical behavior for ptot
r , ptot

t , ptot
r , and �tot

The essential physical parameters such as ptot
r , ptot

t , ρtot, and
�tot are dependent on constant parameters a , b, β, γ and they
are fixed in such a way that all these could maintain the prop-
erties of a well behaved stellar model. As, it is seen from Fig. 5
that the total radial pressure ptot

r and total tangential pressure
ptot
t both attain their highest value at the center and decrease

monotonically as we shift towards the surface of the star mod-
els. Also, the total radial pressure decreases slightly steeper
than the total tangential pressure. As observed in Fig. 6 (left

4 The description of the curves in Figs. 2, 3, 4, 5, 6, 7, 8, 9 and 10 are as
follows: PSR J1416-2230 (solid blue with marker), Vela X-1 (dashed-
red), 4U 1608-52 (solid black), PSR J1903+327 (dashed-dot yellow),
4U 1820-30 (solid green), Cen X-3 (long dashed yellow), EXO 1785-
248 (solid red), LMC X-4 (dashed-dot green), SMC X-1 (dashed blue
with marker), SAX J1808.4-3658 (solid dark-red), 4U 1538-52 (long
dashed black), Her X-1 (solid yellow with marker).
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Fig. 3 The variations of deformation functions f (r) and h(r) versus radius r/R by taking the numerical values of the constants a = 0.003,
b = 0.0000053, β = 1.1, and γ = −0.001. The description of the curves are given at the footnote
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Fig. 4 The behavior of gravitational potentials eλ(r) (left panel) and eν(r) (right panel) versus radial coordinate r/R by taking the numerical values
of the constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001

panel), the total energy density ρtot has its maximum value
at the center and decreases monotonically as we move to the
surface boundary, which suggests that the energy density is
maximum in the core of the compact stellar object. Also, it
is observed that both the pressure components are directly
proportional with compactness or M/R ratio, whereas, the
energy density is inversely proportional with the compact-
ness as can be seen from Table 1 and Figs. 5 and 6. Now while
studying the anisotropic factor �tot from Fig. 6 (right panel),
we find that the anisotropic factor is zero at the center, i.e.
the radial and tangential pressure is same at the center, and as
we move towards the surface, the ptot

r and ptot
t tend to bifur-

cate more from each other and then anisotropy increases and
attains the maximum near the surface. This monotonically
increasing, finite and continuous anisotropic factor implies
that the anisotropic force (Fa = 2�/r ) is directed outwards
which plays an important role to prevent gravitational col-
lapse of the self-gravitating compact objects.

6.2 Energy conditions

Here, the energy conditions are discussed by considering
of the relativistic and classical gravitational field theories.
These energy conditions are local inequalities obeying some
specific restrictions and possessing certain relation between
pressure and matter density. Although, many significant
physical constraints have been suggested, including the sin-
gularity theorems [79], positive mass theorem [80], the cen-
sorship theorem [81,82], also several constraints on black
hole surface gravity [83], but the most significant ones are
the energy conditions and among them, our focus will be
only on the below mentioned five conditions, namely (i) the
null energy condition (NEC), (ii) the weak energy condi-
tion (WEC), and (iii) the strong energy condition (SEC), (iv)
dominant energy condition, and (v) Trace energy condition.

NEC : ρtot + q2

8π r4 ≥ 0, (66)

WEC : ρtot + ptot
r ≥ 0, ρtot + ptot

t + q2

4π r4 ≥ 0, (67)
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Fig. 5 The behavior of total radial pressure (ptot
r ) and total tangential pressure (ptot

t ) versus radial coordinate r/R by taking the numerical values
of the constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001
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Fig. 6 The behavior of total energy density (ρtot) and total anisotropy (�tot) versus radial coordinate r/R by taking the numerical values of the
constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001
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Fig. 7 The behavior of dominant energy conditions and trace energy condition versus radial coordinate r/R by taking the numerical values of the
constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001

SEC : ρtot + ptot
r + 2 peff

t + q2

4π r4 ≥ 0. (68)

DEC : ρtot − ptot
r + q2

4π r4 ≥ 0, ρtot − ptot
t ≥ 0, (69)

TEC : ρtot − ptot
r − 2ptot

t ≥ 0. (70)

We would like to mention here that ρtot, ptot
r , ptot

t and q2 are
positive throughout at each point within the stellar objects

(see Figs. 2, 3, 4, 5 and 6) then obviously the inequalities (66),
(67) and (68) will automatically satisfy everywhere within
the stellar objects. So, it is enough to discuss the analysis of
the last two inequalities (69) and (70) through the graphical
representation. In Fig. 7, we show the trends of the DEC and
TEC, and observed that both energy conditions are positive
throughout at each point of the stellar interiors. Therefore,
all the energy conditions are satisfying within the models.
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Fig. 8 The behavior of mass-radius ratio (m/r ) versus radial coordi-
nate r/R by taking the numerical values of the constants a = 0.003,
b = 0.0000053, β = 1.1, and γ = −0.001

6.3 Compactness (mass-radius) relation and surface
gravitational redshift

The compactness (mass-radius ratio) is a very important
ingredient to discuss for any stable self-gravitating com-
pact star model. On the other hand, the effective mass-radius
ration also plays an important role to decide the upper limit
surface red-shift of the compact objects. It is noted that the
effective mass of the compact object is the same as total mass
in the uncharged matter distributions while it is different in
charged matter distribution scenario, which can be under-
stand by following definitions:

• The effective mass in standard GR for perfect
fluid/anisotropic uncharged matter distribution can be
determinedbreak by the formula,

[M̂0]eff = 4π

∫ R

0
r2ρ(r)dr = R

2
[1 − μ(R)] = M̂0.

(71)

• However, the effective mass in standard GR for per-
fect fluid/anisotropic charged matter distribution can be
obtained by,

[M0]eff = 4π

∫ R

0

(
ρ + q2

8π r4

)
r2dr = R

2
[1 − μ(R)] ,

(72)

where M̂0 and M0 are the total mass of the compact object
of radius R for uncharged and charged matter distribution,

respectively in the absence of gravitational decoupling.5

Then effective mass under gravitational decoupling can be
given as,

Meff = [M0]eff − α R

2
f (R). (73)

In this connection, the maximum allowable the mass-radius
ratio was proposed by Buchdahl [84] in the framework of
isotropic perfect fluid distribution taking into account of

decreasing density as M̂0
R ≤ 4

9 . But if the electric field is
introduced inside the matter distribution, then obviously this
maximum allowable mass-radius ratio will also change. In
this concern, Andreasson [85] and Bohmer–Harko [86] pro-
posed the upper and lower bounds of mass-radius ratio in
the presence of an electric charge, respectively. In view of
the above, these upper bounds in presence of gravitational
decoupling can be written as:

M

R
≤ 2

9
+ 3Q2 + 2R

√
R2 + 3Q2

9R2

(
Upper Bound

)
, (74)

M

R
≥ Q2

(
18 R2 + Q2

)
2 R2

(
12 R2 + Q2

) (
Lower Bound

)
. (75)

We would like to highlight that the gravitational decoupling
will also introduce some effects on the total mass. Since f (r)
is non-positive throughout the star then we always get M ≥
M0 for fixed radius R. Moreover, it is obvious that the limit of
the upper and lower bound will also change in the presence of
the gravitational decoupling.6 Moreover, the surface redshift
zs of the charged compact stars can be calculated by the
formula,

zs = (1 − 2u)−1/2 − 1

where, u ≡ Meff

R
= [M0]eff

R
− α R

2
f (R). (76)

This shows that the decoupling parameter α will also intro-
duce some effects on the surface red-shift value. The varia-
tions of the mass-radius ratio (m/r ) for 12 compact objects
have been shown in Fig. 8. The m/r ratio is increasing and
attains its maximum value at the boundary of stellar objects.
On the other hand, In Table 1, we presented the data val-
ues of the lower and upper bound for M/R as mentioned
in Eqs. (74) and (75) together with Meff/R and zs of each
compact objects for α = 0.02. It can be clearly observed that
M/R satisfies both inequalities (74) and (75). Then obvi-
ously Meff/R will also lie inside the lower and upper bound

5 However, In the presence of gravitational decoupling, the total mass
(M̂) and (M) corresponding to uncharged and charged matter dis-
tribution respectively, can be written as: M̂ = M̂0 − α R

2 f (R) =
4π

∫ R
0 r2ρtot(r)dr = R

2

[
1 − e−λ(R)

]
and M = M0 − α R

2 f (R) =
4π

∫ R
0 r2

[
ρtot(r) + q2

8πr2

]
dr = R

2

[
1 − e−λ(R) + Q2

R2

]
.

6 This change will happen due to change in total charge-radius ratio.
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Fig. 9 The behavior of radial velocity (v2
r ) and tangential velocity (v2

t ) versus radial coordinate r/R by taking the numerical values of the constants
a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001
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Fig. 10 The behavior of stability factor (v2
r − v2

t ) versus radial coor-
dinate r/R by taking the numerical values of the constants a = 0.003,
b = 0.0000053, β = 1.1, and γ = −0.001

since M > Meff. Also, the calculated surface red-shift values
of the objects for different values of decoupling parameter α

as mentioned in Tables 1 and 3 are compatible with the range
proposed by Ivanov [14] and Bowers-Liang [87].

6.4 Stability and dynamical equilibrium

6.4.1 Velocity of sound and stability via. cracking concept

In this section, we discussed the status of the velocity of sound
within the stellar models. For any realistic stellar object, the
velocity of sound must be lesser than the speed of light i.e.
v2
r and v2

t must lie in [0, 1] which is known as the causality
condition. We observe from Fig. 9, the radial velocity (v2

r )
and tangential velocity (v2

t ) are less than unity, which shows
a realistic model.

Now we investigate the stability of the solution using Her-
rera [88] and Abreu’s [89] criterion. These criterion mainly
depend upon the subliminal radial and tangential velocity

of sounds which can provide whether the system is stable or
unstable under cracking instability. The cracking method is a
tool to study instability of the self-gravitating solution in the
presence of anisotropic matter distributions. However, this
tool can be easily described through the subliminal speed
of pressure waves. According to Abreu, the cracking con-
cept can be understand by the magnitude of perturbations in

anisotropy (|δ�tot|) and density (δρtot) ratio i.e.
∣∣∣ δ�tot

δρtot

∣∣∣ as,

∣∣∣∣ δ�
tot

δρtot

∣∣∣∣ �
∣∣∣∣∣
δ
(
ptot
t − ptot

r

)
δρtot

∣∣∣∣∣ �
∣∣∣∣ δp

tot
t

δρtot − δptot
r

δρtot

∣∣∣∣ �
∣∣∣v2

t − v2
r

∣∣∣ .
(77)

Since the stellar models are satisfying the causality condi-
tion, then we have 0 ≤ v2

r ≤ 1 and 0 ≤ v2
t ≤ 1. But for any

physically realistic stable models, the magnitude of perturba-
tions in anisotropy should always be less than those in density
i.e. |δ�tot| ≤ |δρtot| 	⇒ |v2

t − v2
r | ≤ 1, however we get an

unstable region when
∣∣∣ δ�tot

δρtot

∣∣∣ > 0. Then we can distinguish

the stable and unstable regions via. following inequality,

0 ≤ |v2
t − v2

r | ≤ 1 =
{−1 ≤ v2

t − v2
r ≤ 0

0 < v2
t − v2

r ≤ 1.
(78)

In view of above, the inequality −1 ≤ v2
t −v2

r ≤ 0 provides a
stable region while 0 < v2

t −v2
r ≤ 1 gives an unstable region.

On the other way, we can say that those regions, where no
change in the sign for the inequality −1 ≤ v2

t − v2
r ≤ 0, is

called the stable regions. Therefore, we show the graphical
analysis for the present self-gravitating solution to find the
potentially stable region within the star model. From Fig. 10 it
is observed that the system presents all the regions completely
stable.
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Fig. 11 The behavior of different forces F tot
g (solid lines), F tot

h (long
dash-dotted lines), F tot

a (small dash-dotted lines) and F tot
e (long dashed

lines) versus radial coordinate r/R by taking the numerical values of
the constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001

6.4.2 Hydrostatic equilibrium through generalized
Tolman–Oppenheimer–Volkoff (TOV) equation under
extended gravitational decoupling

For any realistic stellar structure, It is necessary to sat-
isfy the Tolman–Oppenheimer–Volkoff (TOV) equation for
the hydrostatic equilibrium. The generalized TOV equation
(conservation equation) in the framework of gravitational
decoupling can be obtained by a covariant derivative of total
energy momentum tensor i.e. ∇ j T tot

i j = 0 gives,

p′ + ξ ′

2
(ρ + p) − qq ′

4πr4 + α

[
ν′

2
(θ0

0 − θ1
1 ) + 2

r
(θ2

2 − θ1
1 )

−(θ1
1 )′ + h′

2
(p + ρ)

]
= 0. (79)

It is noted that if α = 0, then the above conservation equation
leads the standard TOV equation in GR for charged matter
distribution. To satisfy this conservation equation (79), we
spilt this TOV equation into different forces like F tot

h , F tot
g ,

F tot
a , and F tot

e such that F tot
h + F tot

g + F tot
a + F tot

e = 0, where

F tot
h = −p′ + α (θ1

1 )′, (80)

F tot
g = −ξ ′

2
(ρ + p) − α ν′

2
(θ0

0 − θ1
1 ) − α h′

2
(p + ρ),(81)

F tot
a = −2α

r
(θ2

2 − θ1
1 ), (82)

F tot
e = qq ′

4πr4 . (83)

We have plotted the Fig. 11 for different forces as men-
tioned above corresponding to 12 stars (see the footnote for
details) . From this figure, we observe that the gravitational
force is strongly acting inward direction while other forces
like anisotropic force, hydrostatic force, and electric force are
acting in outward directions. The hydrostatic force is increas-
ing and attains its maximum value at the inside the point of
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Fig. 12 The behavior of total radial and tangential pressures (ptot
r and

ptot
t ) versus radial coordinate r/R by taking the numerical values of the

constants a = 0.003, b = 0.0000053, β = 1.1, and γ = −0.001. The
description of the figure as follows: (i) the small dash green curve for
p(r) = ptot

r (r) = ptot
t (r) corresponding to α = 0.0, since α = 0.0

leads an isotropic charged matter distribution, (ii) solid red curve for
ptot
r (r) corresponding to α = 0.077, and (iii) black long dashed-dot

curve for ptot
t (r) for α = 0.077
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Fig. 13 The variation of total energy density (ρtot) versus radial coordi-
nate r/R for different values of decoupling constant. The same constant
values have been taken to plot this graph as used in Fig. 12

the stellar objects when r/R � 0.6 and starts decreasing
after this point, which implies that hydrostatic force (Fh)
prevents the gravitational force maximum at this point to
avoid the gravitational collapse of the compact star to a point
singularity, and the point r/R � 0.6 represents the critical
value for the present choice of the values for the parameters
involved in the solution. However, F tot

g , F tot
a and F tot

e are
increasing monotonically throughout the stellar objects. Fur-
thermore, we also noticed that electric force plays a major
role to balance the system near the surface against the gravi-
tational force, and the anisotropic force has very less impact
to achieve the hydrostatic equilibrium. Finally, the overall
conclusion is that the gravitational force is balanced by joint
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action of anisotropic force, hydrostatic force, and electric
force such that F tot

g + F tot
a + F tot

e + F tot
g = 0. In this way,

we achieved the hydrostatic equilibrium of the solution for
each obtained compact objects.7

7 Impact of coupling constant α on the
thermodynamical observables

Now observing the impact of the coupling constant α on ther-
modynamical observables, we plotted the Figs. 12, 13 and
14 and prepare Tables 2 and 3 for particular star PSR J1416-
2230. To show this, we find that when α = 0, the radial, and
tangential pressure components are the same and the matter
distribution is isotropic. But when the α starts to increase, the
pressure components start to bifurcate and in Fig. 12, as we
can see, for α = 0.77, the radial pressure (denoted by the red
solid line) and tangential pressure (denoted by the dot-dashed
black line) deviates a lot and this deviation becomes maxi-
mum near the surface. So we can say, the decoupling param-
eter α introduces anisotropy inside the matter distribution
and when the value of α increases, the anisotropy becomes
more and it grows as one moves from the center and is most
noticeable near the surface. Also, as α increases, the energy
density increases, which is directly proportional with α and
the variation is slightly higher near the center and decreases
very slightly near the boundary. Also, Fig. 14 (left panel)
shows that the electric charge q varies inversely with α, and
the variation increases as we move towards the surface. The
variation of mass-radius ratio (m/r ) within the stellar interior
has been shown in Fig. 14 (right panel). From this figure, It is
clear that the mass-radius ratio varies proportionally with the
α, and the variation is most noticeable near the surface, in this
case also. On the other hand, from Table 2, we notice that the
central pressure (ptot

c ), central and surface density (ρtot
c and

ρtot
s ) are increasing when α increases but the total charge on

the boundary Q decreases when α increases. Moreover, The
Table 3 shows that lower bound, mass-radius ratio (M/R),
upper bound, compactness (u = Meff/R) and surface red-
shift for the same particular star PSR J1416-2230. As we can
see that the M/R and Meff/R are lying between the lower
and upper bound for each of the obtained values of α. Also
both M/R and M̂eff/R are increasing when α increases then
obviously the surface red-shift (zs) will increase with α also.

we would like to highlight one interesting point here that
the gravitational decoupling, especially geometric deforma-
tion along with radial component of the metric function

7 The description of curves in the Fig. 11 are as follows: PSR J1416-
2230 (black with marker), Vela X-1 (green), 4U 1608-52 (red), PSR
J1903+327 (yellow with marker), 4U 1820-30 (blue with marker), Cen
X-3 (purple), EXO 1785-248 (magenta), LMC X-4 (green with marker),
SMC X-1 (black), SAX J1808.4-3658 (yellow), 4U 1538-52 (blue), Her
X-1 (red with marker).

i.e. along with g00 component, modifies the total mass of
the objects. The total mass of the gravitationally decoupled
object is M = M0 − α R

2 f (R), where M0 is a total mass of
the charged object for seed space-time. As clearly indicated
in Fig. 3 (left panel) that deformation function f is negative
for all r > 0, which implies that the factor −α R

2 f (R) will
be positive, and then this factor will enhance the total mass of
the objects. As we know that any massive object warps and
curving the space-time. Since the gravitational field is basi-
cally a curving of the space-time, which means that more
massive objects create a stronger gravitational field. On the
other hand, the gravitational time dilation occurs because the
objects with lot of mass create a strong gravitational field
(i.e. stronger gravity), then it is clear that the gravitationally
decoupled models may produce a stronger gravitational field,
i.e. the stronger the gravity, the more curving space-time, and
the slower time itself proceeds. On the other hand, the CGD
introduces the transformation along with the temporal com-
ponents i.e. along gtt of the space-time, which affects the
proper time around astrophysical objects. From the concept
of general relativity, the slowed time in higher gravitational
potential is given by

�t = √
gtt dt =

√
eν(r) dt. (84)

Here dt is the time measured at infinity and �t near the
object. And in the weak field approximation we know that
gtt = 1 + 2|�|. Therefore, at far away distances � → 0 and
hence no gravitational time slowed. However, as the gravita-
tional potential increases near the object the slowed time �t
increases. Hence, the dilated time can be written as

dt = �t√
gtt

= �t√
eν(r)

. (85)

In Fig. 15, one can see that the dilated time reduces to far away
distances and increases near the surface, and continue till the
center of the object. This is because assuming a spherically
symmetric uniform density solid object the potential at the
center is 3/2 times higher than that of the surface. Extending
this analogy to compact objects, the density increases inward
towards the center and hence the potential. This leads to an
increase in time dilation at the center compared to the surface.

8 Discussion and conclusion

In this paper, the extended gravitational decoupling by means
of complete geometric deformation (CGD) approach has
been utilized to find an anisotropic spherical solution in the
presence of electric charge. To do this, we have modified
Einstein–Hilbert action by introducing an extra action Sθ

corresponding the extra source. The field equations for the
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Fig. 14 The variation of electric charge (q) (left panel) and mass-radius ratio (m/r ) (right panel) versus radial coordinate r/R for different values
of α. For plotting this graph, we have used same numerical values of the constants as used in Fig. 12

Table 2 Numerical values of physical parameters central density (ρtot
c ), surface density (ρtot

s ), central pressure (ptot
c ), constant B and C for star

PSR J1416-2230 with different values of α with β = 1.1, γ = −0.001, a = 0.003, and b = 0.0000053

Values (α) Predicted radius (R) (km) ρtot
c (gm/cm3) ρtot

s (gm/cm3) ptot
c (dyne/cm2) Electric charge Q (in coulomb) B (km−2) C

0.0 13.175+0.1
−0.1 4.83300 × 1014 2.98154 × 1014 2.75419 × 1034 2.9216 × 1020 0.00178 −0.82887

0.02 13.067+0.099
−0.099 4.92966 × 1014 3.06544 × 1014 2.76491 × 1034 2.8784 × 1020 0.00188 −1.38309

0.04 12.962+0.097
−0.098 5.02632 × 1014 3.14911 × 1014 2.77580 × 1034 2.8428 × 1020 0.00198 −1.47676

0.06 12.859+0.096
−0.097 5.12298 × 1014 3.23275 × 1014 2.78676 × 1034 2.8133 × 1020 0.00208 −1.56545

0.077 12.774+0.096
−0.096 5.20514 × 1014 3.30354 × 1014 2.79651 × 1034 2.7932 × 1020 0.00216 −1.63736

Table 3 Comparative study of lower bound, mass-radius ratio, upper bound, compactness (u = Meff/R) and surface red-shift of the star PSR
J1416-2230 for different values of α with β = 1.1, γ = −0.001, a = 0.003, and b = 0.0000053

α predicted
radius R (km)

Lower bound(
Q2 (18R2+Q2)

2R2 (12R2+Q2)

) Mass-radius ratio
( M
R

)
compactness (u)(
Meff
R

) Upper bound(
2R2+3Q2+2R

√
R2+3Q2

9R2

) Surface redshift (zs )

0.00 13.175+0.1
−0.1 0.027105 0.220545 0.202457 0.468251 0.29631

0.02 13.067+0.099
−0.099 0.026747 0.222383 0.204534 0.467940 0.300862

0.04 12.962+0.097
−0.098 0.026513 0.224207 0.206514 0.467738 0.305242

0.06 12.859+0.096
−0.097 0.026384 0.225987 0.208380 0.467625 0.309412

0.077 12.774+0.096
−0.096 0.026356 0.227493 0.209905 0.46760 0.31285

decoupled system have been derived corresponding to the
total energy momentum tensor T tot

i j by varying the modified

action over metric tensor gi j . Then decoupled field equations
have been divided into two sets of equations using the CGD
approach: e−λ −→ μ+α f (r) and ν(r) −→ ξ(r)+α h(r),
where f (r) �= 0 and h(r) �= 0 are called the deformation
functions while α is a decoupling constant. The first system
represents the Einstein–Maxwell system for isotropic matter
distribution (Ti j ) which has been solved by using the well-
known spacetime geometry (38), while the second system for
θi j mainly depends on f (r) and h(r) that has been solved
using two different approaches namely the mimic approach

and the equation of state approach. To do this, we mimicked
the ρ(r) with the θ0

0 (r) i.e. ρ(r) = θ0
0 (r) that provides the

expression for f (r) while we use the equation of state (EOS)
approach, in particular θ1

1 = β θ0
0 + γ , in order to determine

h(r). We highlight that due to the presence of the additional
θi j source in the system, anisotropy arises for the condition
θ2

2 �= θ1
1 and then the total energy density ρtot, total radial

pressure ptot
r and total tangential pressure ptot

t becomes a
combination of their isotropic versions and addition of the θ

components with a coupling constant α as can be seen from
the Eq. (19). We also studied the impact of the coupling con-
stant α in this work which is discussed in the latter half of this
section. The junction conditions for the decoupled system in
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Fig. 15 The variation time dilation (dt/�t) versus radial coordinate
r/R for different values of α. Here r/R = 1 is the boundary of the
compact objects while r/R > 1 describes the exterior space-time region

the context of gravitational decoupling have been derived by
taking the exterior Ressiner–Nordström spacetime. All the
constants involved in the solution are obtained by the match-
ing of the interior (r < R) and exterior (r > R) spacetime at
the surface (r = R) together with taking total radial pressure
to be zero at r = R.

During the analysis of the deformation functions f (r) and
h(r), we found that f (r) is zero at the center and as we
go towards the boundary, it decreases (Fig. 3 – left panel)
which shows that it has an inverse relationship with eλ.
Then, we can say that eλ will increase as one moves towards
the boundary and eλ = 1 at r = 0 whereas, h(r) also
decreases and is positive as one moves towards the bound-
ary, but it is non-vanishing at the center (Fig. 3 – right panel).
But eν = eξ+αh(r) is increasing monotonically towards the
boundary which shows the ξ term grows faster than the term
αh(r). The variations of eλ and eν within different stellar
objects are mentioned in Fig. 4 which satisfy the criteria of
realistic self-gravitating objects. On the other hand, Fig. 5
display the variation of radial pressure (ptot

r ) and tangential
pressure (ptot

t ), we can see that they decrease monotonically
as one moves towards the boundary and attains the maxi-
mum value at the center where the radial pressure decreases
in a slightly steeper manner. Also, the total energy density
ρtot is maximum at the center and decreases monotonically
towards the boundary which in turn implies that the energy
density is vastly concentrated near the center of the compact
stellar object, see Fig. 6 (left panel). Furthermore, from the
right panel of Fig. 6, it can be seen that the anisotropic fac-
tor � is zero at the center (i.e. the matter distribution can be
said as perfect fluid at the center) and as one moves towards
the surface, the anisotropy increases and becomes maxi-
mum near the surface. This implies that the anisotropic force

(Fa = 2�/r) acts radially outwards and this plays an active
role in preventing gravitational collapse. Next, we studied
the several energy conditions as mentioned in Sect. 6.2,
the Null energy condition (NEC), weak energy conditions
(WEC), strong energy condition (SEC) together with domi-
nant (DEC) and trace (TEC) energy conditions. Since all first
three conditions will automatically satisfy due to positiveness
of ptot

r , ptot
t , ρtot andq, therefore only we plot the Fig. 7 for the

dominant and trace energy condition to check their validity
inside each object. We found that both DEC and TEC are sat-
isfying within each point of the stellar objects. The variation
of the m/r ratio within the objects is shown in Fig. 8. Form
this variation, we found that m/r ratio is increasing towards
the boundary but is less than the Buchdahal upper bound
value 4/9. On the other hand, Lower bound, M/R, compact-
ness Meff/R, upper bound and surface redshift (zs) values are
displayed in Table 1. The surface redshift values are increas-
ing when compactness (Meff/R) increases. The calculated
values of zs for different object, by considering β = 1.1,
γ = −0.001, a = 0.0003, b = 0.0000053 and the decou-
pling constant α = 0.02, are as follows: (i) zs = 0.3008625
for PSR J1416-2230, (ii) zs = 0.2757358 for Vela X-1,
(iii) zs = 0.2718340 for 4U 1608-52, (iv) zs = 0.262529
for PSR J1903+327, (v) zs = 0.2514419 for 4U 1820-30,
(vi) zs = 0.2398789 for Cen X-3, (vii) zs = 0.215279 for
EXO 1785-248, (viii) zs = 0.213986 for LMC X-4, (ix)
zs = 0.1808966 for SMC X-1, (x) zs = 0.161925 for SAX
J1808.4-3658, (xi) zs = 0.1577812 for 4U 1538-52 and (xii)
zs = 0.155007 for Her X-1. Moreover, we found that the
M/R ratio clearly satisfied both inequalities (74) and (75).
Since as M > Meff, then we can infer that Meff/R will also
lie inside the upper and lower bound. The stability analysis
and dynamical equilibrium has been also discussed. From
Fig. 9, we found that both radial and tangential velocities
remain less than the unity which implies that the velocity of
sound is lesser than the velocity of light throughout the model
that supports the criteria of a realistic model. While studying
the stability of the solution based on Herrera and Abreu’s
criteria, we found from Fig. 10 that the stable zone obtained
from the Eq. (78) is maintained throughout the model and
all the regions are completely stable in the system. Looking
into the hydrostatic equilibrium through generalized TOV
equation under extended gravitational decoupling, we found
from Fig. 11 that for all different 12 stars, the gravitational
force (F tot

g ) is acting strongly inwards and other forces like
anisotropic force (F tot

a ), electric force (F tot
e ) and hydrostatic

force (F tot
h ) are acting outwards. It is also seen that F tot

g ,
F tot
a , F tot

e are increasing monotonically throughout the model
whereas, the F tot

h increases up to r/R ≈ 0.6 where it attains
its maxima and decreases after that. Also, all the forces com-
bine to zero net force, i.e. F tot

h + F tot
g + F tot

a + F tot
e = 0,

from which we can infer that the hydrostatic equilibrium is
maintained for each compact object.
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Focusing on the impact of the coupling constant α, we
plot the Figs. 12, 13 and 14 for particular star PSR J1416-
2230. From Fig. 12, we observe that when α = 0, the mat-
ter distribution is isotropic and when α increases, the two
pressure components bifurcate and anisotropy arises into
the system and this anisotropy is maximum near the sur-
face. It also shows that if α increases then ptot

anis > ptot
iso

8 at
r = 0. Also, both central and surface densities are increas-
ing when α increases, in particular as shown in Fig. 13
when α tends 0 −→ 0.077, then isotropic matter distribution
becomes anisotropic and ρtot

anis > ρtot
iso,9 which strongly sup-

ports the Ruderman [90] suggestion that nuclear matter tends
to become anisotropic in nature at very high densities of the
order 1015 g/ cm3. The numerical values for ptot

c , ρtot
c and ρtot

s
are displayed in Table 2 for different values of α. Also from
Fig. 14, it is seen that the electric charge is decreasing while
mass-radius ratio increases within the stellar model when α

increases. Also, as analyzing Table 3 we can infer that the
charge Q on the boundary decreases with the increase of α.
Also, it can be seen that both M/R and Meff/R lie between
in the lower and upper bounds of each obtained value of α.
Moreover, both M/R and Meff/R and also the surface red-
shift zs increases with α. Finally, we also predicted the radius
for each obtained stellar object for different values of decou-
pling constant α together with mass-radius ratio which are
displayed in Table 4. The predicted radii for the objects with
mass ≥ 1.5M
 are lying between 11–13.5 km. Then our pre-
dicted radii are strongly compatible with the physical radius
for several typical NS equations of state (EOS) obtained by
Lattimer and Prakash [91]. Finally, we would like to say that
the gravitational decoupling approach plays a vital role to
obtain well-behaved realistic compact objects from isotropic
to anisotropic matter distributions.
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Appendix

The values of expressions for the used coefficients as above

f1 = √
2[6 b2 + 2a(−a +

√
a2 − 4b)B2 + b B(−3a

+3
√
a2 − 4b + 4B)], f3 =

√
a −

√
(a2 − 4b)

f2 = √
2[6b2 − 2a(a +

√
a2 − 4b)B2 + b B(−3a

−3
√
a2 − 4b + 4B)], f4(r) =

√
a +

√
a2 − 4b,

f5 =
√
a2 − 4b,

B0(R) = 8 − 3αβ − 6aR2 − aαβR2 − 4bR4 + bαβR4,

B1(R) = [8 + 6aR2 + 4bR4 + αβ(3 + aR2 − bR4)]2,

B2(R) = a2R2(2 + 5αβ + 4αγ R2) + 2bR2(3 + bR4)

+α[4γ (1 + bR4)2 + 5bβR2(5 + bR4)],
B3(R) = 4 + 4bR4 + α [8γ R2(1 + bR4) + 5β(3 + 2bR4)]

h1(r) = 100[ψ11(r) + b(8B − 5A1 A2)]β log[a − A1 + 2br2]
A1 [−b(A2)2 + Bα(−Bα + aA2)] ,

h2(r) = 100[Bψ11(r) − b(8B + 5A1A2)]β log[a + A1 + 2br2]
A1[−b(A2)2 + Bα(−Bα + aA2)] ,

h3(r) = 4B2α3/2(Bα − aA2)
[
B

√
α − 5a

√
α + A3)γ − 5b2

×[5B(256 − 48α(β − 13) + 25α3A4 + 120α2(3 + β)] − A2

×(25aαA2A4 + 20
√

αA3A4 + 25α3/2A3(5β − 1) + A5)
]
.

h4(r) = A2[25aαA2A4 + 20
√

αA3A4 + 25α3/2A3(−1 + 5β) + A5],
h5(r) = −25B2α3/2(16 + αA4) − 125a2α3/2(5αA4 − 4(1 + β))

+4A2
2A3γ + 5a

√
α
[
10B(32 − 2α(−19 + β) + 5α2A4))

+20
√

αA3(1 − 3β) − 25α3/2A3(−1 + 5β) + A6
]
,

h6(r) = h3 + bB
√

α[h5 + B
√

α(25α3/2A3(−1 + 5α) + A7],
h7(r) = bα3/2A3[b A2

2 + Bα(Bα − aA2)],
h8(r) = −4B2α3/2(−Bα + aA2)(5a

√
α − B

√
α + A3γ + 5b2

×[
5B(256 − 48α(β − 13) + 25α3A4 + 120α2(3 + β))

−A2(25aαA2A4 − 20
√

αA3A4 − 25α3/2A3(5β − 1) + A5)
]
,

h9(r) = 25B2α3/2(16 + αA4) + 125a2α3/2(5αA4) − 4(1 + β)

+4A2A3γ − 5a
√

α[10B(32 − 2α(−19 + β) + 5α2A4

+20
√

αA3(−1 + 3β) + 25α3/2A3(−1 + 5β) + A6],
h10(r) = −25α3/2A3(−1 + 5β) + A7,

h11(r) = log[5a√
α − B

√
α − A3 + 10b

√
αr2],

h12(r) = log[5a√
α − B

√
α + A3 + 10b

√
αr2],

A0 = 2 + 5α, A1 =
√
a2 − 4b, A2 = 4 + 5α,

A3 =
√

80b + (5a + B)2α, A4 = (β − 1), A5 = (128γ

+320αγ + 200α2γ ), A6 = (−192γ − 480αγ − 300α2γ ),

A7 = 64γ + 320αγ + 300α2γ, ψ11(r) = −2a2 − A1Bα + aA1 A0,
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F1(r) = (6 + Br2 + 2br2 − B2r4), F2(r) = (11 + 2Br2 − B2r4),

F3(r) = 4γ + 25bβr2 + 8bγ r4, F4(r) = −3 + br4,

F5(r) = (5βr2 + 4γ r4), F6(r) = 1 + br4,

F7(r) = (15 − Br2 + 10br4)

θ11(r) = a2F5(r) + a[8γ r2F6(r) + βF7(r),

θ21(r) = −64γ − 800bβr2 + 16αγ 2r2 − 256bγ r4

−40bαγ r4 + 200bαβγ r4 + 80b2r6 + 125b2αr6

+80b2βr6 + 250b2αβr6 + 625b2αβ2r6 + 64bα

×γ 2r6 − 320b2γ r8 − 40b2αγ r8 + 440b2αβγ r8

+80b3r10 + 150b3αr10 − 80b3βr10 − 1000b3αβr10

+250b3αβ2r10 + 96b2αγ 2r10 − 128b3γ r12 + 40b3

×αγ r12 + 280b3αβγ r12 + 25b4αr14 − 50b4αβr14

+25b4αβ2r14 + 64b3αγ 2r14 + 40b4αγ r16 + 40b4

×αβγ r16 + 16b4αγ 2r18 − 16B3r4(1 + br4)2,

θ22(r) = a4αr6(25β2 + 10β(−5 + 4γ r2) + (5 + 4γ r2)2)

+B2r2[16(1 + br4)(3br4 + 5b2r8 − 2 + β(3 − br4))

+α(3 + 2br4 − b2r8 + 4bβr4(br4 − 11) + β2(br4

−3)2)] + 2a3r4(4(5 + 20Br2 − 12γ r2 + 10B2r4

−8Bγ r4 − 5β(1 + 2Br2)) + α(50 − 5Br2 + 40γ r2

+50br4 − 4Bγ r4 + 32γ 2r4 + 80bγ r6 + 32bγ 2r8

+β2(75 − 5Br2 + 50br4) + β(10Br2 − 175 + 100γ r2

−100br4 − 4Bγ r4 + 80bγ r6))) + 2B(5bαβ2r4(−15

+2br4 + b2r8) − 4r2(1 + br4)(br2(5α − 30br4 − 28)

+2γ (1 + br4)(4 + b(4 + α)r4)) + β(−8(34br4 − 3

+30b2r8 + 5b3r12) + αr2(4γ (−3 + br4)(1 + br4)2

−5br2(7 − 38br4 + 3b2r8)))),

θ23(r) = 8(5 − 32γ r2 + 20br4 − 2B3r6 − 40bγ r6 + 2B2r4(8

+15br4) + β(2B2r4 − 5 − 39Br2 − 20br4 − 30bBr6)

+B(39r2 − 24γ r4 + 70br6 − 24bγ r8)) + α(75 + 40γ r2

+350br4 + B2r4 + 96γ 2r4 + 200bγ r6 + 150b2r8

+192bγ 2r8 + 240b2γ r10 + 96b2γ 2r12 − 4Br2(10

+4γ r2 + 5br4 + 8bγ r6) + β2(B2r4 − 10Br2(6 + br4)

+25(9 + 22br4 + 6b2r8)) − 2βr2(B2r2 + B(4γ r2(5

+br4) − 5(14 + 9br4)) − 10(−5br2(13 + 3br4) + 2γ

×(7 + 17br4 + 6b2r8))))) − 2a(αβ2r2(B2r2(br4 − 3)

−5B(−9 − 8br4 + b2r8) − 25br2(15 + 13br4 + 2b2r8))

−r2(−16B3(r4 + br8) + 2B2r2(4 + α + 64br4 + 60b2r8)

+2(16αγ 2r2(1 + br4)3 + 8γ (1 + br4)(−7 − 11br4

+5b2αr8) + 5br2(6 + 10br4 + 5α(2 + 4br4 + b2r8)))

−B(4(−19 − 97br4 − 80b2r8 + 24γ (r + br5)2) + α(5

×(3 + 8br4 + b2r8) + 4γ (r2 + 6br6 + 5b2r10)))),

θ24(r) = β(B2r4(−32 + α(7 + 5br4)) − 4Br2

×(−29 − 105br4 − 30b2r8 + αr2(5br2(12 + br4)

+γ (−7 − 6br4 + b2r8))) − 5(−4(6 + 5br4 + 5b2r8)

+αr2(−5br2(−7 + 39br4 + 4b2r8) + 4γ (3 + 18br4

+19b2r8 + 4b3r12)))).
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