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Abstract

Area metrics are generalised geometric structures to describe spacetime. They feature additional
non-metric degrees of freedom beyond the metric degrees of freedom of classical gravity at low
energies. As such, area-metric gravity is a candidate effective field theory for the continuum
limit of loop quantum gravity and spin foams which accounts for the extended gravitational
configuration space of these approaches in their semiclassical regime.

On these grounds, following a bottom-up approach, we construct area-metric gravity perturba-
tively guided by the principle of general covariance. The most general local and diffeomorphism-
invariant action quadratic in area-metric perturbations and of second order in derivatives con-
tains four free parameters. These are the two masses of the right-handed and left-handed
non-metric degrees of freedom, and the two interaction couplings between these and the metric
degrees of freedom of the area metric. Linearised area-metric gravity violates parity for generic
values of these parameters.

The effective metric actions obtained after integrating out the non-metric degrees of freedom
are quasi-local linearised Einstein-Weyl actions. For special choices of couplings, the spin-2
propagator is ghostfree and exhibits only the pole associated with the massless graviton. The
corresponding two-parameter subclass of linearised area-metric actions is characterised by a shift
symmetry in the kinetic term. The physical spectrum of these theories consists of two massless
transverse-traceless modes and five additional massive modes. The Hamiltonian dynamics mixes
the two massless transverse-traceless modes in the linear polarisation basis as a result of parity
violation in the original area-metric Lagrangian.

Extending the analysis of area-metric actions, we show that modified Plebanski theories pro-
vide a natural framework for non-linear area-metric gravity. In these theories a subset of the
simplicity constraints on the bivector field in the original Plebanski action is replaced by a
potential. This mechanism may be viewed as a continuum analogue of the weak imposition of
second-class constraints in the spin-foam path integral. The Immirzi parameter v, defined as
the inverse coupling in front of the Holst action, and appearing in the commutator between
second-class constraints in the quantum theory, is identified as a parity-violating coupling in
area-metric gravity. Different from classical metric gravity, v enters the dynamical equations of
motion in area-metric gravity.

Based on these results, we proceed to analyse aspects concerning the phenomenological via-
bility of area-metric gravity as a quantum and classical effective field theory.

Considering area-metric gravity as a local quantum effective field theory in a regime below the
cutoff scale of a fundamental theory of quantum gravity, we evaluate its renormalisation-group
flow towards the infrared regime. The non-metric degrees of freedom generically decouple as a
result of their heavy masses at low energies. However, simultaneously growing interaction cou-
plings between these and the metric degrees of freedom may leave an imprint in the low-energy
effective action for the metric. In addition, parity violation at high energies is dynamically
enhanced at low energies. The flow of the Immirzi parameter exhibits fixed points and zero and



infinite ~.

Finally, we consider non-linear quasi-local Einstein-Weyl gravity as a classical effective field
theory for the metric degrees of freedom in area-metric gravity. After localising the action and
restriction to static spherical symmetry, we show that solutions in the weak-field regime are
characterised by an effective mass parameter which reduces to the mass of the spin-2 ghost
in local Einstein-Weyl gravity when the non-locality in the original action is taken to zero.
Additionally, we derive a regular Frobenius solution family at the radial center as the first step
towards a future classification of Frobenius solutions around a generic expansion point.

vi



Acknowledgements

First of all, I am grateful for the love and support of my family at all times and under any
circumstances.

I would like to thank Rail Carballo-Rubio, Dongxue Qu, Silja Ritzinger and Marc Schiffer for
supporting my back as friends and being there throughout meaningful stages in recent years.

[ am especially thankful to my advisor Bianca Dittrich for her continuous support and encour-
agement, as well as her contagious excitement about physics which she has passed on to me.

I would also like to express my gratitude to Astrid Eichhorn for continuously supporting and
believing in me from the early stages of my physics studies.

I would like to thank Alaba Angole, Seth Asante, Nicolas Cresto, Guillaume Dideron, Renata
Ferrero, Bjorn Friedrich, Andreas Hadjipaschalis, Oleksandra Hrytseniak, Ida Jandl, Athana-
sios Kogios, Taillte May, Jonas Mikhaeil, Arad Nasiri, Robin Oberfrank, José Padua-Argiielles,
Qiaoyin Pan, Alessia Platania, José Diogo Simao, Barbara Soda, Lina Zhou and Céline Zwikel
for special moments in student times.

Finally, I would like to thank my past and current collaborators Niayesh Afshordi, Raul Carballo-
Rubio, Bianca Dittrich, Astrid Eichhorn, Job Feldbrugge, Breno Giacchini, Aaron Held, Pei-
Ming Ho, Kirill Krasnov, Stefano Liberati, Alessia Platania, Dongxue Qu, Shouryya Ray, Marc
Schiffer and Matt Visser for engaging and insightful discussions.

vil



Dedication

To my parents.

viil



Table of contents

List of figures

1

2

Introduction

Area metrics

2.1 Definition . . . . . . . . e
2.2 Degrees of freedom and cyclicity . . . . . . . . ..o
2.3 Scalar densities . . . . . ... e

Actions for area metrics
3.1 Linearised area-metric gravity . . . . . . . . ... o000

3.2

3.1.1
3.1.2
3.1.3
3.14

Uniqueness of the Einstein-Hilbert action for a massless spin-2 field
Diffeomorphism-invariant local actions for area-metric perturbations . . .
Effective linearised length-metric actions and spin-2 propagator . . . . .
Subclasses of area-metric actions with shift-symmetric kinetic term

Area-metric actions from non-chiral modified Plebanski theories . . . . . . . ..

3.2.1
3.2.2
3.2.3

Non-chiral modified Plebanski action . . . .. ... ... ... ......
Area metric from B-field via reduction of degrees of freedom . . . . . ..
Perturbative inversion of implicit non-linear area-metric actions . . . . .

Phenomenology of area metrics
4.1 RG flows in perturbative area-metric gravity . . . . . . ... ...

4.2

4.1.1
4.1.2
4.1.3
4.1.4
4.1.5

Brief overview of the functional renormalisation group. . . . . . . . . ..
Truncation ansatz for the effective average action . . . ... .. .. ...
Decoupling of non-metric degrees of freedom . . . . ... ... ... ...
Parity-violating directions in theory space . . . .. . ... ... ... ..
Flow of the Immirzi parameter . . . . . . .. ... ... ... ......

Non-linear effective length-metric actions in a symmetry-reduced framework

4.2.1
4.2.2
4.2.3
4.2.4
4.2.5

Quasi-local Einstein-Weyl action . . . . .. .. ... ... ... ...
Equations of motion after localisation . . . . . . . ... ... .. .....
Static spherically symmetric ansatz . . . . . ... .. ... ... .....
Weak-field regime . . . . . . . ...
Regular Frobenius solutionat r=0 . . . . . . .. ... .. ... .....

X

xi

10
10
14
16

21
21
22
24
31
34
39
40
43
49



5 Outlook

References

A Appendix

A.1 Basis for second-order quadratic actions for area-metric perturbations . . . . . .

A2

A3
A4
A5

Al1
A1.2

Construction via tensor-algebra package xTras . . . .. ... .. .. ..
Derivation based on SO(4) representation theory . . . . . . .. ... ...

Hamiltonian formulation of linearised shift-symmetric area-metric actions . . . .

A21
A22
A23
A24
A2.5
A.2.6

Hamiltonian formulation of linearised general relativity . . . . . . .. ..
3+1 decomposition of the area-metric Lagrangian and Hamiltonian

Constraints and reduced Hamiltonian . . . . . . . . ... ... ... ...
Hamiltonian equations of motion and mode decomposition . . . .. . . .
Evolution in the circular polarisation basis . . . . . . ... ... ... ..
Evolution in the linear polarisation basis . . . . . . ... ... ... ...

Third-order momentum-independent area-metric contractions . . . . .. .. ..
Area-metric propagator . . . . . ... L
Equations of motion in static spherical symmetry . . . . . ... ... ... ...



List of figures

1.1

2.1

4.1

4.2

4.3

A twisted simplex consists of five classical tetrahedra, glued along pairs of shared
triangles such that only the triangle areas are identified, but their shapes may
differ. The resulting shape mismatched simplex configuration is characterised
by twenty geometric degrees of freedom associated with a discrete area metric.
In the limit of shape matching the twisted simplex becomes a classical simplex,
and is completely characterised by ten geometric degrees of freedom associated
with a discrete length metric. This limit represents a reduction of the extended
semiclassical configuration space of loop quantum gravity and spin foams, to the
configuration space of quantum Regge calculus. . . . . . .. ... ... ... ..

A length metric g associates a squared length [? to a vector v, and a two-
dimensional angle Zo4(v1,v9) between two vectors v; and v,. An area metric
G associates a squared area A% to a parallelogram P, and a three-dimensional
dihedral angle Z34(P;, Py) beween two intersecting planes P, and P,. . . . . . .

Scenario of area-metric gravity as an effective field theory at an energy scale Ayy,
below the scale of a fundamental theory of quantum gravity. Compatibility of
area-metric gravity with IR physics requires the decoupling of the non-metric
degrees of freedom from the length-metric degrees of freedom of the area metric
at low energies. . . . . . ..
Flow towards the IR in the plane spanned by m2 and Ay, according to the beta
functions (4.33) and (4.37). Gravitational fluctuations drive the masses m? to
large values in the IR even faster than dictated by their canonical scaling. This
provides a robust decoupling mechanism for the non-metric degrees of freedom in
area-metric gravity at low energies. Simoultaneously, the interaction couplings
Ao+ between these fields and the length metric also grow dynamically towards the
IR, relative to their canonical scaling. This enhancement may result in a residual
effect of the non-metric degrees of freedom in the low-energy effective action for
the metric degrees of freedom in area-metric gravity. . . . . . ... .. ... ...
Vertex couplings A%, as functions of the scale parameter k/Ayy for different
initial conditions Aoryy = Aex(Ayy) in the UV. Under the RG flow towards the
IR, these couplings increase in magnitude and reach a strong-coupling regime
signalled by a Landau pole in (4.40). . . . . . . ... ... ... ...

x1



4.4 Metric function f in (4.102) for asymptotically flat solutions to the equations of
motion in the weak-field regime, for different values of the effective mass param-
eter 7 defined in (4.101). The integration constants are set to M/mp; = 1 and
C_/mp; = £1. In the limit 7 /mp; — oo, the function f asymptotes to the red

line which coincides with the lapse function of the Schwarzschild spacetime. . . .

x1i

81



1 Introduction

One of the key questions in quantum gravity is
What are the fundamental gravitational degrees of freedom?

The tentative answer differs accross approaches to quantum gravity. Which degrees of freedom
are considered as fundamental depends on the physical assumptions about the quantum nature
of spacetime and the underlying mathematical framework.

In approaches to quantum gravity based on quantum field theory the fundamental gravi-
tational degrees of freedom are encoded in the metric. Prominent examples are asymptotic
safety [15-17], or quadratic [18, 19] and non-local [20, 21] quantum gravity. The concept of
metric degrees of freedom as fundamental applies also to approaches based on discrete Regge
geometry [22, 23]. Therein the gravitational degrees of freedom are encoded in geometric quan-
tities of a spacetime triangulation. An example is quantum Regge calculus [24, 25], where the
configuration variables are given by the edge lengths of the simplicial building blocks. Causal
dynamical triangulations [26-28], on the other hand, consist of standardised simplices such that
the degrees of freedom are fully determined by the prescription of how these are glued together
to form the triangulation. In these approaches discretisation serves as a regularisation of the
gravitational path integral and has to be removed in a continuum limit.

By contrast, there are approaches to quantum gravity in which the spacetime metric, and more
generally the notion of metric degrees of freedom, are expected to emerge from more fundamen-
tal fields or geometric structures at the microscopic level. Such an emergent spacetime scenario
can be understood and realised in many distinct ways. String theory and holography [29-32] are
examples in which the physical spacetime metric is derived from more fundamental continuum
physics at high energies. Several other approaches to quantum gravity postulate a fundamen-
tally discrete nature of spacetime. An example is causal set theory [33, 34], which envisages to
reconstruct continuum spacetime from sums over fundamental sets of causally ordered spacetime
points. Another example is the canonical quantisation framework of loop quantum gravity [35—
37]. In this approach, the quantum building blocks of spacetime arise from the dynamical evo-
lution of quantum states of the geometry of space. The transition between two such states is
described covariantly by spin-foam models [38-40]. The fundamental gravitational degrees of
freedom in this framework can be associated with geometric data of a triangulation consisting
of quantum four-simplices.

Spin foams are covariant path integrals for quantum gravity based on discrete quantum sim-
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plicial geometries. The underlying gravitational configuration space is larger than the configu-
ration space of quantum Regge calculus [41-44]. This enlargement in the semiclassical regime
is described by twisted simplicial geometries [45—48].

A twisted simplex is obtained by gluing five classical tetrahedra along pairs of shared triangles
such that only the triangle areas are identified but their shapes may differ. This fuzzy gluing
reflects the quantum uncertainty encoded in the commutator between geometric operators of a
quantum tetrahedron and results in a shape mismatched simplex configuration. This configu-
ration is characterised by a fundamental set of twenty geometric degrees of freedom. A natural
choice are the ten triangle areas and ten dihedral angles in the twisted simplex [42, 43, 48]. This
geometric data set can be mapped onto the algebraically independent components of a discrete
area metric [419]. Thereby the gravitational degrees of freedom of spin foams in the semiclassical
regime are encoded in an area metric.

An area metric [50-55] is a rank-4 tensor with the same algebraic symmetries as a curvature
tensor,

Gm/po = Gpo/uz = _Gpauua (11)
Guppe) = 0.

Geometrically, such a tensor measures areas and dihedral angles between planes. Every length
metric induces an area metric defined by

(Gg>,wpg = Gup9ve — GuoJvp - (1.3)

However, a generic area metric in four spacetime dimensions has twenty degrees of freedom and
therefore ten more degrees of freedom than a length metric. Thus area metrics represent a finer
geometric structure to describe quantum and classical spacetime. We will occasionally refer to a
length metric simply as a metric, but will always refer to an area metric explicitly as area metric.

The discrete area metric associated to a twisted simplex o reduces to one that is induced by a
discrete length metric, only when the shapes of the triangles shared between pairs of tetrahedra
in the simplex match,

G(o0) — shape matching — Gy . (1.4)

This is illustrated in figure 1.1. In the limit of shape matching the twisted simplex becomes a
classical simplex, and is formally completely characterised by its ten triangle areas or its ten
edge lengths. These provide a geometric data set which can be mapped onto the degrees of
freedom of a discrete length metric associated to the classical simplex.

Realising shape matching in the twisted simplex thus provides the microscopic mechanism
by which the non-metric degrees of freedom of its intrinsic area metric freeze out and metric
degrees of freedom emerge at the fundamental level. Formally, this limit can be understood as
a reduction of the semiclassical configuration space of loop quantum gravity and spin foams,
to the configuration space of quantum Regge calculus. Understanding how this reduction is
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— shape matching —

Figure 1.1: A twisted simplex consists of five classical tetrahedra, glued along pairs of shared
triangles such that only the triangle areas are identified, but their shapes may differ. The
resulting shape mismatched simplex configuration is characterised by twenty geometric degrees
of freedom associated with a discrete area metric. In the limit of shape matching the twisted
simplex becomes a classical simplex, and is completely characterised by ten geometric degrees
of freedom associated with a discrete length metric. This limit represents a reduction of the
extended semiclassical configuration space of loop quantum gravity and spin foams, to the
configuration space of quantum Regge calculus.

realised dynamically and gives rise to the classical metric in a continuum limit, is one of the key
challenges. This challenge entails ultimately matching the extended gravitational configuration
space of spin foams with the degrees of freedom in an effective field theory.

A central component towards establishing the effective continuum dynamics of spin foams is
the Area-Regge action [56, 57] which describes the dynamics of spin foams in the semiclassical
regime [58-65]. For a triangulation consisting of four-simplices with triangles ¢ this action is

defined as

SArea-Regge[at] = Z atet(at> ) (15)
t

where the configuration variables are given by the triangle areas a; and ¢; denotes a generalised
deficit angle at a given triangle. The equations of motion derived from this action impose that
classical configurations have vanishing generalised deficit angles [66-68],

e(a) =0. (1.6)

For a geometric understanding of the configurations described by this condition it is instructive
to compare the Area-Regge action with the Length-Regge action [22, 23]. The latter is a
discretisation of the Einstein action for general relativity defined in the same way as in (1.5),
with configuration variables given by the edge lengths [, of the simplices. In Length-Regge
calculus the deficit angles €,(l.) provide a measure for the curvature concentrated on triangles.
A naive generalisation of this geometric interpretation suggests that the equations of motion
of Area-Regge calculus are solved by flat configurations, and in particular do not admit curved
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solutions. !

The previous conclusion is, however, incorrect as the map a;(l.) between areas and lengths
in a triangulation is generically not invertible. As a result, the deficit angles in the Area-Regge
action acquire a different geometric interpretation.

A single four-simplex can be described by the areas of its ten triangles, or equivalently by
the lengths of its ten edges, such that the map between areas and lengths is in principle locally
invertible [68]. However, in triangulations consisting of more than one four-simplex, a gluing
of simplices entails identifying fewer area variables than length variables. Corresponding area-
length constraints [42, 63-65] have to be implemented in the Area-Regge action to guarantee
that solutions to the equations of motion reproduce solutions to the Length-Regge equations of
motion. The geometric role of the area-length constraints is to ensure a gluing of simplices such
that the shapes of triangle areas of the tetrahedra, shared between simplices in the triangulation,
match. Without these constraints, the Area-Regge action describes the dynamics of more
degrees of freedom than the Length-Regge action [68, 76, 77]. The geometric interpretation of
the generalised deficit angles in Area-Regge calculus is a combined measure of curvature and
shape mismatching of triangles,

e(a;) <+ curvature + shape mismatching, (1.7)

where the latter may be attributed to torsion [12-44, 76, 79].

The degrees of freedom of linearised Area-Regge calculus on a regular lattice can be identified
with ten massless and ten massive modes [76, 77]. These can be arranged into a macroscopic
area metric inherent to the lattice. The massless modes represent the metric degrees of freedom,
whereas the massive modes represent the non-metric degrees of freedom of the area metric and
are associated with shape mismatching. The Area-Regge action can thereby be interpreted as
an action for an area metric,

SareaReggel@t] — S[G] where G < 10 massless d.o.f. (g) + 10 massive d.o.f.. (1.8)

Integrating out the massive modes results in an effective action for the metric. In the lattice
continuum limit this action reproduces the linearised Einstein-Hilbert action to leading order,
and additionally features a subleading correction quadratic in the linearised Weyl tensor [77].
Schematically, the effective action can be written as

S [ SEH /Weyl2 (19)

These are first indications that the continuum effective metric dynamics derived from spin
foams reproduces general relativity with corrections originating from additional massive degrees

1. A similar issue lies at the core of the so-called flatness problem in spin foams [69-73], which asserts that
spin-foam amplitudes in the semiclassical regime are peaked on flat configurations and suppress configurations
with curvature. There is, however, compelling evidence against this scenario [63-65, 74-78].
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of freedom contained in a more fundamental action for an area metric. These non-metric degrees
of freedom in the Area-Regge action are absent when area-length constraints are imposed sharply
to ensure that the areas arise from a consistent assignment of lengths in the triangulation and
the equations of motion reproduce the dynamics of Length-Regge calculus.

However, in the quantum theory, the algebra of area-length constraints is second-class [42—44],
with non-vanishing commutators proportional to the Immirzi parameter v [80, 81],

area-length constraints : [-,:] ~ 7. (1.10)

As second-class constraints, the area-length constraints cannot be implemented sharply in a
spin-foam path integral based on the Area-Regge action, as this would violate the quantum un-
certainty principle. Implementing these constraints weakly leads to an extended gravitational
configuration space parametrised by area metrics. The Immirzi parameter v can be associated
with fluctuations of the non-metric degrees of freedom in this area-metric configuration space.

The mechanism of weak imposition of second-class constraints in the spin-foam path integral
can be mimicked in the classical continuum action through a potential for the non-metric degrees
of freedom. Spin foams are based on the Plebanski formulation of general relativity [82-87].
Plebanski theory can be understood as a topological field theory, known as BF theory [38],
supplemented by the so-called simplicity constraints, *

Plebanski = BF + simplicity constraints. (1.11)

Spin-foam quantisation proceeds by discretising BF theory first, and subsequently implementing
the simplicity constraints into the quantum theory. The second-class area-length constraints,
which have to be implemented weakly in a path integral, can be associated with a subset of the
simplicity constraints in the discretised simplicial phase space [41-44, 79]. This suggests that the
continuum effective dynamics derived from the Area-Regge action [76, 77] can be reproduced
by weakening an analogue subset of the simplicity constraints in the continuum theory. In
practice, this amounts to imposing only a subset of the simplicity constraints in the Plebanski
action sharply and replacing the rest by a potential,

simplicity constraints —  subset (sharp) + potential (weak), (1.12)

as in so-called modified Plebanski theories [88-103]. Subclasses of modified Plebanski theories
thereby provide a natural framework for the continuum dynamics of an area metric.

1. The acronym BF stands for the bivector field B and the curvature F'(w) of the connection w, in terms of which
the BF action is defined. The simplicity constraints in the Plebanski action inherit their name by requiring
that the bivector field be a simple bivector.
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Thesis outline and results

The primary objective of this thesis is to analyse theoretical and phenomenological aspects of
area-metric gravity as a candidate effective field theory for the continuum limit of loop quantum
gravity and spin foams. However, the approach presented in this thesis is based on first princi-
ples and does not make assumptions about the quantum-gravitational origin of area metrics.

Chapter 2 introduces the concept of an area metric.

Section 2.1 defines the area-metric tensor and illustrates its geometric function as a measuring
tool for areas and dihedral angles. Additionally, this section states the area metric induced by a
length metric and the Gilkey decomposition of a generic area metric into a sum of induced area
metrics. Section 2.2 demonstrates the counting of the degrees of freedom of an area metric in
general spacetime dimensions. This number identifies area-metric backgrounds as generalised
geometric structures to describe spacetime in four and higher dimensions. Moreover, this sec-
tion provides physical and mathematical motivation for imposing the cyclicity condition on the
area-metric tensor, which is assumed everywhere in this thesis. In section 2.3, we construct
scalar densities from the area metric and thereby emphasise an infinite-dimensional freedom in
the definition of a covariant area-metric volume element. These are combined aspects of the
mathematical challenge of defining differential geometry on area-metric backgrounds.

Chapter 3 derives actions for area metrics.

In the absence of an established mathematical framework for area-metric differential geometry,
in section 3.1, we follow a bottom-up approach and construct area-metric gravity perturbatively
guided by the principle of general covariance. To that end, subsection 3.1.1 reviews the deriva-
tion of the linearised Einstein-Hilbert action as the unique local and diffeomorphism-invariant
kinetic action for a spin-2 field. In subsection 3.1.2, we apply the analogue procedure to de-
rive the most general local and diffeomorphism-invariant second-order action for area-metric
perturbations around an area-metric background induced by the flat length metric. The eight-
dimensional tensor basis forming the Lagrangian ansatz is derived in appendix section A.1, in
two distinct ways. Appendix subsection A.1.1 derives the kinetic basis elements by making use of
the tensor algebra package xTras, whereas appendix subsection A.1.2 makes use of the decom-
position of the area-metric perturbation into SO(4) irreducible components and subsequently
applies representation coupling theory. As the first main result, we find that diffeomorphism-
invariant linearised area-metric gravity is characterised by four free parameters. These are the
two interaction couplings between the length-metric degrees of freedom, and the selfdual and
anti-selfdual Weyl components representing the non-metric degrees of freedom of the area-metric
perturbation. The other two parameters are the masses of the non-metric degrees of freedom.
The area-metric Lagrangian violates parity symmetry for generic values of these parameters.
In subsection 3.1.3, we proceed to derive effective actions for the length-metric perturbation by
integrating out the non-metric degrees of freedom from the area-metric action. These effective
actions are identified as a quasi-local modification of linearised Einstein-Weyl gravity. Special
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choices of couplings are discussed, for which the spin-2 propagator features less than the gen-
eral number three of poles. In particular, a two-parameter subclass of area-metric actions is
identified, for which the propagator does not exhibit additional poles beyond the massless gravi-
ton pole. As a result, these effective metric actions are ghostfree in an expansion around flat
Minkowski background. The underlying area-metric actions are characterised by a 5-parameter
shift symmetry in the kinetic term which is identified explicitly in subsection 3.1.4. An analysis
of the linearised equations of motion derived from such types of actions for the length-metric
perturbation and for the non-metric fields, embedded non-locally into the space of symmetric
transverse-traceless tensors, is used to provide a first indication that the physical spectrum of
these theories consists of two massless transverse-traceless modes and five additional massive
modes. This conclusion is confirmed through a Hamiltonian analysis based on the local fields
in appendix section A.2. To that end, appendix subsection A.2.1 reviews the Hamiltonian for-
mulation of linearised general relativity. In appendix subsections A.2.2 and A.2.3, we perform
the 3 + 1 decomposition of the area-metric Lagrangian and derive the Hamiltonian reduced by
the second-class constraints. The Hamiltonian equations of motion are stated in appendix sub-
section A.2.4. To solve these, we apply a mode decomposition of symmetric spatial tensors into
transverse-traceless and longitudinal-traceless modes, as well as a trace mode. The dynamical
equations are solved in appendix subsections A.2.5 and A.2.6, separately in the circular polari-
sation basis and in the linear polarisation basis. Independent of the choice of basis, we find that
the spectrum of energy eigenvalues describes two massless and two massive transverse-traceless
propagating modes, as well as three longitudinal-traceless massive propagating modes. The
classical dynamics to the considered order is stable. Additionally, we observe that the dynamics
of the massless transverse-traceless modes, associated with the shifted spatial metric subject
to the Hamiltonian and diffeomorphism constraints, exhibits a mixing between the + and x
modes in the linear polarisation basis. This mixing effect is a manifestation of parity violation
in the area-metric Lagrangian. This concludes our analysis of linearised area-metric gravity.

In section 3.2, we derive implicit non-linear area-metric actions. Concretely, we show that sub-
classes of modified non-chiral Plebanski theories provide a non-perturbative framework for area
metrics. To that end, subsection 3.2.1 reviews the non-chiral Plebanski action and emphasises
the role of the simplicity constraints in recovering general relativity. Subsequently, we introduce
modified non-chiral Plebanski theories, in which all or a subset of the simplicity constraints on
the bivector field is replaced by a potential. We supplement the action by the Holst term with
coupling given by the inverse Immirzi parameter . In subsection 3.2.2, we identify a subset
of ten simplicity constraints to be imposed on the bivector field in the non-chiral Plebanski
action, in order to reduce its thirty gauge-invariant degrees of freedom to twenty as required
for a generic area metric. This identification makes use of the right-left handed splitting of
the Lie algebra so(4) = su(2); @ su(2)_, and the subsequent parametrisation of each SU(2)4
bivector field in terms of a spacetime tetrad and a unimodular internal frame field. As the
main input, we impose that the right-handed and left-handed length-metric geometries defined
by the two spacetime tetrads, coincide. Thereby, after the connection has been integrated out
from the action, we arrive at an implicit action for an area metric. The degrees of freedom
of this area metric are encoded in a length metric and two unimodular internal metrics, each
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of which represents a set of five spacetime scalars. A potential in the form of mass terms for
these fields is added to the action. In subsection 3.2.3, we invert the relation between these
fields and the length metric on the one side, and the area metric on the other side, to linear
order in area-metric perturbations around a background induced by the flat length metric. To
that end, we introduce projectors onto the length-metric and non-metric components of the
area-metric perturbation. The linearised area-metric Lagrangian exhibits a 5-parameter shift
symmetry in the kinetic term. The two interaction couplings between the length-metric pertur-
bation and the non-metric fields involve the Immirzi parameter v, which is thereby identified
as a parity-violating coupling in area-metric gravity. For identical mass parameters of the non-
metric degrees of freedom, the effective quasi-local Einstein-Weyl action for the length-metric
fluctuations features a ghostfree spin-2 propagator with no additional poles beyond the massless
graviton pole.

Chapter 4 analyses phenomenological aspects of area-metric gravity.

In section 4.1, area-metric gravity is treated at a local quantum effective field theory. To
that end, we assume an area-metric description of spacetime at an ultraviolet (UV) cutoff scale
Ayv, below the scale of a fundamental theory of quantum gravity. Therefrom, we analyse the
renormalisation-group (RG) flow of area-metric gravity towards the infrared (IR) regime of low
energies. Subsection 4.1.1 introduces the relevant concepts from the functional RG, such as
the flow equation for the effective average action and the beta functions of the dimensionless
couplings. In the presence of quantum fluctuations, the latter acquire additional contributions
beyond the term determined by their canonical mass dimension. The sign of these non-canonical
terms allows us to determine if a given coupling is driven to large or small values by the RG
flow towards the IR. Starting from the ansatz for the effective average action defined in sub-
section 4.1.2; we analyse the RG flow of the masses of the non-metric degrees of freedom, and
of the interaction couplings between these and the length-metric degrees of freedom in area-
metric gravity. Concretely, we focus on the RG flow induced by gravitational length-metric
fluctuations, and for simplicity consider only momentum-independent three-point vertices. The
corresponding scalar invariants are derived in appendix section A.3, using SO(4) coupling rep-
resentation theory. The structural form of the area-metric propagator is illustrated in appendix
section A.4. On these grounds, in subsection 4.1.3, we analyse the mechanism of decoupling
of the non-metric degrees of freedom as a phenomenological viability constraint on area-metric
gravity. As a result, we find that decoupling due to large-growing masses, which freeze the
dynamics of the non-metric degrees of freedom, is a generic phenomenon. However, we also find
that the interaction couplings between these fields and the length metric are driven towards
large values by the RG flow. This may result in a residual effect of the non-metric degrees
of freedom in the low-energy effective action for the length metric. An analogous observation
applies to the RG flow of parity-violating couplings in area-metric gravity, which is analysed in
subsection 4.1.4. We find that any departure from the parity-symmetric subspace of area-metric
gravity in the UV is dynamically enhanced towards the IR. The RG flow of some of the vertex
couplings may result in an IR Landau pole. Therefore, parity symmetry of the low-energy the-
ory does not emerge under the RG flow, and requires a fine-tuning of exactly parity-symmetric
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initial conditions in the UV. As a special parity-violating coupling in area-metric gravity, we
analyse the RG flow of the Immirzi parameter ~ in subsection 4.1.5. Its beta function exhibits
fixed points at zero and infinite . At the former fixed point, v is always marginally irrelevant.
These results suggest a scenario in which an RG trajectory starts at exact parity symmetry
in the UV, and ends with maximal parity violation in the IR. This concludes our analysis of
area-metric gravity as a quantum effective field theory.

In section 4.2, we consider quasi-local Einstein-Weyl gravity as a classical effective field the-
ory for the length-metric degrees of freedom in area-metric gravity. Subsection 4.2.1 states
the original quasi-local action, whereas subsection 4.2.2 derives the covariant equations of mo-
tion from the action localised by means of an additional tensor field with Weyl symmetries.
In subsection 4.2.3, we introduce a static spherically symmetric ansatz for the metric and the
additional field. The symmetries of this ansatz reduce the equations of motion down to three al-
gebraically independent, coupled second-order non-linear differential equations which are stated
in appendix section A.5. The general solution to these equations in the weak-field regime is
derived in subsection 4.2.4. Asymptotically flat solutions are described by two free parameters
apart from a global time-rescaling. One of these parameters is the Arnowitt-Deser-Misner mass,
and the other one a charge which mediates a Yukawa interaction. The falloff of the Yukawa
terms is controlled by an effective mass defined as a combination of parameters appearing in the
quasi-local Weyl-squared term in the action. In the limit in which the parameter in front of the
covariant Laplacian in the original action is set to zero, this effective mass parameter coincides
with the mass of the spin-2 ghost in local Einstein-Weyl gravity. Finally, in subsection 4.2.5,
we derive a regular Frobenius solution family at the radial center. In addition, we observe
that the singular Frobenius solution families of local Einstein-Weyl gravity are removed. These
results provide first insights into the effects stemming from a covariant d’Alembert operator in
combination with a mass term, in the form of an inverse operator, in an Einstein-Weyl action.
Additionally, they set the stage for a numerical construction of regular solutions through the
application of shooting methods.

Chapter 5 concludes with a dicussion of future directions in area-metric gravity.



2 Area metrics

2.1 Definition

This section introduces the concept of an area metric by analogy with the notion of a length
metric [104, 105]. A length metric g at a point p € M on a d-dimensional manifold M is a
symmetric non-degenerate tensor of rank (0,2), which defines an inner product on the tangent
space T, M. In other words, the bilinear map

g T,MxT,M —R, (vy,v)— g(vy,ve) (2.1)

satisfies g(v1,v9) = g(va,v1) for all vy,ve € T,M, and g(v,v,) = 0 for all v; € T,M if and
only if v = 0. In Euclidean signature this inner product is required to be positive-definite.
In this case, a length metric assigns a norm associated with a squared length I = g(v,v) to
each vector v € T,M, and a two-dimensional angle between two vectors vy, vy € T, M through
g(v1,v2) = Ly, Ly, cos(Logvr,v2). In a tangent basis {v,|p = 0,...,d — 1}, the conditions of
symmetry and non-degeneracy can be phrased as conditions on the matrix (g,,) of length-
metric components g,,, = g(v,, v,),

symmetry : Y = Guu

non-degeneracy : det(g,,) #0.

A length metric in d dimensions has

d(d+1)

5 (2.2)

algebraically independent components. These can be deduced entirely from the squared lengths
of the basis vectors v,, and the squared lengths of pairwise distinct basis vectors v,, = v, + v,
labeled by p # v. These are given by

lgu = g(vmvu):guua
B, = 90u+v,vu+u) =0 +12 +2g,.

The last equality follows from bilinearity of the map (2.1). Measuring the squared lengths of all
basis vectors determines the diagonal components of the metric. Therefrom, by measuring the

10
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gv,v) 1 2 8V, V) Zyy(vy, va) G(P; P) :A}Z, G(P; Py) 1 £34(P,, Py)

Figure 2.1: A length metric g associates a squared length I2 to a vector v, and a two-dimensional
angle Z94(v1, v2) between two vectors v; and vy. An area metric G associates a squared area A%
to a parallelogram P, and a three-dimensional dihedral angle Z34(P;, P») beween two intersecting
planes P; and P;.

squared lengths of sums of pairwise distinct basis vectors, the off-diagonal components can be
inferred. It is in particular not necessary to measure angles in order to reconstruct the entire
metric. Figure 2.1 illustrates the geometric quantities computed by a length metric.

The previous notions allow us to introduce the definition of an area metric [50-55] by analogy
with the one of a length metric. An area metric G at a point p € M on a d-dimensional manifold
M is a non-degenerate tensor of rank (0,4) with the same symmetries as an algebraic curvature
tensor. In other words, the multilinear map

G : T,MxT,M xT,MxT,M—R, (v,vs,v3,0s) — G(v1, 02, 03,04) (2.3)
obeys the exchange symmetries
G(v1,v2,v3,v4) = G(v3, 04, v1,09) = —G(v3, V4, V2, v1), (2.4)
and the cyclicity condition, or algebraic Bianchi identity,
G(v,v1,v9,v3) + G(v, v2,v3,v1) + G(v, v3,v1,v2) =0, (2.5)

for all vy, vq,v3,v4,v € T,M. We will occasionally refer to a tensor satisfying the symme-
tries (2.4), but not the cyclicity condition (2.5), as an acyclic area metric [51-54].

The antisymmetry within the first and second pair of entries, and symmetry under the ex-
change of these, imply that an area metric G provides a symmetric bilinear form on the space

AT, M of bivectors,

G AQTpM X A2TpM — R, (Bla BQ) — G(Bl, Bz) R (26)

11
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with the definition

G(v1 A vg;wy A wsy) = Gy, vg, wy, ws) (2.7)

and extension by linearity. ! The condition of non-degeneracy can be formulated analogously

as for a length metric. It requires the existence of a map G! : ATy M — A*T,M, inverse to
G : A’T,M — A*TM and defined by G(B,)(B,) = G(By; Bs), such that G~' o G' = idor, 1.
A generic bivector can be decomposed into a finite sum of simple bivectors. A bivector
P € A*T,M is called simple if it can be written as the wedge product of two vectors. This
condition is equivalent to the quadratic condition P A P = 0. The set of simple bivectors

A’T,M ={P € N°T,M |PAP =0} (2.8)

is hence no longer a vector space, and instead defines a variety embedded in A?T,M. In other
words, A?T,M is a polynomial subset of the vector space A*T, M, which can be identified with
the space of oriented areas over T}, M. These are obtained from the vector space of parallelograms
T,M ®T,M, by defining an equivalence relation which identifies two parallelograms if they can
be transformed into each other by an SL(2,R) transformation. Given a parallelogram (v, vs)
spanned by two vectors v; and vy and describing an oriented area v; A vo, the parallelogram
(w1, ws) spanned by the two vectors w; = avy + bvy and wy = cvy + dvy is said to be equivalent
to (v, vq) if it describes the same oriented area, such that w; A we = v1 A vy, This is the case if
ad — bc = 1 holds. The area metric does not distinguish between two such parallelograms and
returns the same norm for these,

G(wy A wa; wy Aws) = (ad — be)>G vy A va; vy A vs) . (2.9)

This is one of the properties which motivates calling G an area metric. Another one follows
from the observation that any length metric g induces an area metric G, defined by

Gg(vla V2, U3, U4) = Q(Uh U3)g(v27 U4) - g(vla U4)g(U27 U3) . (2]‘0)

The norm of a simple bivector P = v; Avy € A*T, M, computed by the induced area metric G,,
coincides with the squared area A% of the parallelogram (vy, v9) spanned by the two vectors vy
and v, and measured in the underlying Euclidean metric geometry,

Gy(P;P) = Gy(v1,va,01,00) =1 15 (1 — cos®(Lagur, v2))

(Ly, Ly, Sin(Loguy, 12))* = A% (2.11)

Furthermore, Gy computes a three-dimensional dihedral angle between two planes spanned by
two simple bivectors P, = v1 Av and P, = v A v9, which intersect along the line defined by the

1. This definition absorbs a factor of % arising from the convention for the wedge product, vy A vy =
%(vl ® vy — V2 @ V7).

12
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vector v, !

Gy(Pi; P) = Gylv,v,09,0) = Ly L, (Cos(égdvl,vg) — H cos(lzdvi,v)>

i=1,2
Ap Ap, cos(L3qP1, Pa) . (2.13)

The previous properties motivate calling G an area metric, even if it is not induced by a length
metric. Figure 2.1 illustrates the geometric quantities computed by an area metric.

In the following, area metrics will be denoted in the tensor index notation. Given a tangent
basis {v, | =0,...,d — 1}, let Gupe = G(v4, vy, v,,v,) denote the components of the area
metric in this basis. The exchange symmetries (2.4) and cyclicity condition (2.5) are

Guvpo = Coowr = —Govp a0d Gruagy + Gppya + Guas = 0. (2.14)

The cyclicity condition is equivalent to the statement that the total antisymmetrisation over
the last three indices vanishes, G a5, = 0. °
The inverse area metric is denoted with upper indices G**? and defined by the condition

GluvapGeP7 = = (8007 — 0705) =6, (2.16)

N | —

with the Kronecker delta ¢/ being one if y = v and zero otherwise. The expression involving
the generalised delta on the right hand side represents the identity on the space of bivectors.
With the previous definition, G and G~! can be used to raise and lower bivector indices.

The area metric G, induced by a length metric g is given by

(Gg>u,ypo' = g#ngU - g/LUng . (217)

As an algebraic curvature map, a general area metric G admits a Gilkey decomposition into a

1. Consider three faces of a polyhedron, which share a vertex (7) and contain edges (ai), (bi) and (c¢i). The cosine
of the three-dimensional dihedral angle between the faces P; = (aic) and P> = (bic) can be expressed in terms
of two-dimensional angles as [41]

cos(Laqaib) — cos(Laqaic) cos(ZLagbic))

COS(ngPhPQ) = (212)

sin(Zagaic) sin(ZLagbic)

2. In d = 4 spacetime dimensions, after using the first set of symmetries in (2.14), the cyclicity condition on G
becomes equivalent to requiring this tensor to have no totally antisymmetric component. Thus, the cyclicity
condition in d = 4 can be expressed as

Grvpo€™?” = 0. (2.15)

Here ¢#V?° denotes the totally antisymmetric four-dimensional Levi-Civita symbol, normalised to é*123 = +1
and with tensor-density weight +1.

13
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finite sum of area metrics GG,r induced by length metrics g’, in the form [51, 106, 107]
N
G = ZU]GgI where oy ==+£1. (2.18)
I=1

The number N of metrics is bounded from above by [50, 108]

d(d+1)

Nmax = 5
2

(2.19)
where d denotes the spacetime dimension. A Gilkey decomposition of the area metric is non-
unique, and a constructive algorithm to achieve such a decomposition is not known.

2.2 Degrees of freedom and cyclicity

In Petrov notation, an area metric can be associated with a D x D symmetric matrix (G 4p),

where A, B, ... = [pv] are D-dimensional indices, and D = (;l) = 21 is the dimension of the

, 2
space of bivectors A*T,M. ' The condition of non-degeneracy of G translates as

non-degeneracy : det(Gag) #0.

An area metric in d dimensions has

D(D+1)

5 (2.20)

algebraically independent components prior to imposing the cyclicity condition (2.5). This
amounts to 1, 6, and 21 degrees of freedom for an acyclic area metric in d = 2, 3, and 4
spacetime dimensions. The cyclicity condition (2.5) represents a non-trivial identity only in
d > 4 dimensions, whereas an area metric in d < 4 dimensions is automatically cyclic as a
result of the exchange symmetries (2.4). There are no area metrics in d = 1 dimensions, as
the symmetries (2.4) would set any component of G to zero. In d = 2 dimensions, an area
metric has only one independent component and defines a coarser geometric structure than a
length metric. This can be understood intuitively by the fact that the area of a triangle is not
sufficient to determine its shape. In d = 3 dimensions, an area metric has the same number 6 of
independent components as a length metric. In this case, it can be shown that every area metric
is induced by a length metric [54]. However, in d > 4 dimensions, an area metric contains more
degrees of freedom than a length metric, and cyclicity is not implied by the index exchange

. Applying the summation convention over repeated indices, a factor of % has to be taken into ac-
count for each index contraction when translating between matrix and tensor expressions. For example,
GACGCBiéGWQBGQBPU, because the contraction of a Petrov index C' corresponds to a sum over ordered
antisymmetric pairs of tangent-space indices, whereas the double contraction of a pair of antisymmetric tensor

indices [af] corresponds to an unordered sum, see e.g. [54].
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symmetries of G. The number of degrees of freedom encoded in a cyclic area metric follows
from (2.20) by subtracting the number (}) of conditions represented by equation (2.4). This
results in

1—12d2(d— 1)(d+1) (2.21)
algebraically independent degrees of freedom for a cyclic area metric in d spacetime dimensions.
This is the same number as the number of independent components of the Riemann curvature
tensor, or more generally any algebraic curvature map in d dimensions. The Gilkey decom-
position theorem (2.18) illustrates that area-metric backgrounds in d > 4 can be viewed as
multi-metric backgrounds, where a priori none of the metrics is distinguished.

In the remainder of this section, we will provide physical and mathematical motivation for
the cyclicity condition (2.5) as part of the definition of an area metric. To that end, consider
the basis of tangent vectors {v, |y =0, ...,d — 1}, in which the components of the area metric
are denoted by G0 = G(v,,v,,0,,v,). The algebraically independent components of an area
metric satisfying the cyclicity condition (2.5) can be deduced entirely from the squared areas
of parallelograms spanned by basis vectors and by sums of basis vectors. Let us define the
parallelograms

P, = v,Nv,, (2.22)
Pup = vuN(v,+v,) =Py + Py, (2.23)
Pupe = (0u+0) N (Vp+05) = Pupos + Prpo s (2.24)

for distinct u, v, p and o. Their squared areas computed by the area metric G' can be expressed
as

b = G(PuwiPu) = G, (2.25)
by = G(Puvpi Puvp) = Ap + Ab +2G (2.26)

A = G(Puoi Puvpo) = A%DW AL b AL AR
— Ay —Ab - A —AD 4 2(Gupo + Guop) - (2.27)

Measuring the areas of the parallelograms (2.22)—(2.24) only allows us to determine the tensor
épupa = G,LLchr + G,um/p . (228)

It is straightforward to verify that G defines a cyclic area metric, whose non-vanishing com-
ponents with one or two equal indices are related to those of the original area metric G' by
G,UJ/HP = —G .y and Guww = —G - However, it is not possible to reconstruct the full
information encoded in the mixed components of the original area metric, unless G is cyclic.
Specifically, the left hand side of the second equation in (2.14) can not be expressed entirely in
terms of G. The cyclicity condition sets this expression to zero such that the area metric G can
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be recovered from G.

Another motivation for imposing cyclicity of the area metric follows from the observation
that only the tensor ég in (2.28), for an induced area metric Gy, is necessary to define the
area of a two-dimensional surface ¥ embedded in a d-dimensional spacetime equipped with a
metric g [55]. To see this, let 2#(&) with yu = 0,...,d — 1 denote coordinates on spacetime and
¢ = (&%, &) intrinsic coordinates on . The induced metric h;; on ¥ is given by

his(€) = g (@)0i (€)D" (€) (2:29)

Its determinant gives rise to the infinitesimal area element dA on ¥, from which the area of 3
is defined as

Area(y) = /E dA — /E d2¢/[det(h)] . (2.30)

The determinant of the matrix (h;;) can be expressed in terms of the two-dimensional Levi-
Civita symbol €4 by

1

1 ..
det(h) = =& hyhy = 1

i ~ v o L. 87 o[ A
5 ETER Ot O O O (Gy) = —iti¥a o’ (Gg)/wpa, (2.31)

pvps 9
where primes and dots denote partial derivatives with respect to £° and ¢'. Equation (2.31)
illustrates that only the tensor C?g is necessary to define the area of ¥ according to (2.30). One
may object that this is little of a motivation for cyclicity, as a metric-induced area metric Gy is
already cyclic by definition. However, promoting G, to a generic area metric G in (2.31) defines
the area of ¥ with respect to a general, area-metric background instead of a length-metric
background. In this case, (2.31) illustrates that the definition of Area(X) in (2.30) requires only
the tensor G in (2.28). This observation is of particular relevance for area metrics as generalised
backgrounds for the target space of the worldsheet of a string, in which case (2.30) defines a
generalised Nambu-Goto action.

2.3 Scalar densities

In this section we construct scalar densities from the area metric, and therefrom area-metric vol-
ume elements. To that end, we remind the reader that the canonical volume element associated
with a length metric in a local coordinate basis is given by

dV, = |det(g)|? da (2.32)

where the determinant of the d x d metric (g,,) can be expressed as

1 14 1
det(g) = EGNO..-Md—le Ot e Qg yvay - (233)

16



2 Area metrics

The metric g, is a tensor density of weight zero, whereas e#0#4-1 is a tensor density of weight
+1. Therefore det(g) is a scalar density of weight +2. Taking the square root implies that dV,
is a scalar density of weight +1, and thereby provides a generally covariant volume element
for a length-metric action, which is unique up to a scalar multiple. Intuitively, this statement
can be rephrased as the observation that the symmetric rank-2 metric tensor does not allow
for building any non-trivial contractions with itself or with multiples of the Levi-Civita density,
apart from the determinant of its associated d x d matrix. This does not apply to the rank-4
area-metric tensor, as we will see next.

An area metric G in d dimensions gives rise to a canonical volume element defined by [50, 51,
53-55]

AV = |det(G)|72 da | (2.34)

where det(G) denotes the determinant of the D x D symmetric Petrov matrix (Gag). The

quantity dVg) ) can be identified as a scalar density of weight +1 by relating the determinant of
the Petrov matrix of an induced area metric G, to the determinant of the corresponding metric
g, via [51, 53, 54]

det(G,) = det(g)* ", (2.35)

The metric determinant is a scalar density of weight +2, such that the area-metric determinant
transforms as a scalar density of weight 2d — 2. Therefore dV(GO ) in (2.34) is a scalar density of
weight +1, and provides a generally covariant volume element for an area-metric action.

In the following, we will focus on d = 4 spacetime dimensions and illustrate that there are
different and inequivalent ways of defining an area-metric volume element. Moreover, we will
derive a formula for the determinant of the 6 x 6 Petrov matrix (G 4p) of a general area metric
G, in terms of four-dimensional Levi-Civita densities.

Let us introduce contractions of n powers of an area metric G, in d = 4 dimensions, with
n powers of the Levi-Civita density €??, defined by

. o—2n Q3o as0e Qdn—104n Q102
In(G) =2 Gala2a3a4 T Ga4n73a4n72a4n71a4n€ s " . (236)

Adopting the matrix notation and considering the 6 x 6 matrices (e4p) and (Gag), the contrac-
tions I,,(G) translate as

I,(G) = Tr[(eG)"]. (2.37)

The trace of a matrix is the sum of its eigenvalues, and the trace of a matrix to the nth power is
the sum of the eigenvalues to their nth power. Let \; for ¢« = 1,...,;6 denote the six eigenvalues
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of the matrix (éG). Then (2.37) becomes

6
L(G) => X' =pa(Ai, s Ae) (2.38)
=1

where pp(A, ..., Ag) are the power-sum symmetric polynomials of degree n in the six variables
Ai. In particular, the six eigenvalues \; of the matrix (eG) are sufficient to characterise all I,,(G).

The area metric G,,, and €?? are tensor densities of weight zero and +1, respectively.
Thus, the contractions I,,(G) defined in (2.36) transform as scalar densities of weight +n. We
can obtain scalar densities of weight +1 by considering the contractions *

To(Q) = |I(Q)|* . (2.39)

This result suggests an infinite-dimensional ambiguity in the definition of a generally covariant
area-metric volume element. For example, such a volume element can be built by forming linear
combinations of invariants Z,, in the form

dVg = d'z . (2.40)

A (e)

neN

One may impose as algebraic constraint that the area-metric volume element reduces to
the length-metric volume element, for an area metric which is induced by a length metric.
Such a constraint can be interpreted physically in terms of the zeroth-order contribution to
the derivative expansion of an action for an area metric. For example, in a low-energy limit, in
which area-metric gravity is expected to reduce to classical length-metric gravity, this constraint
would entail that the non-derivative term in the expansion of an area-metric action reduces to
the non-derivative term in the expansion of a metric action, and therefore to the cosmological
constant term,

/dVG S A [ dte /[det(g)]. (2.41)

A necessary condition for an area metric G in d = 4 dimensions to be induced by a metric g, is

1 1 1
T3 Grase ™ G 77 = o] det(G)]38),7 (242)
where the sign on the right hand side depends on the sign of det(G). Contracting both sides
of (2.42) with ¢ ,,# produces a multiple of the invariant I;(G) on the left hand side. Moreover,

when G is induced by a metric g, the right hand side becomes proportional to det(G )1/ = det(yg)
after using (2.35). Therefore, I5(G,) is proportional to det(g).
More generally, the matrix (eG,) for an induced area metric G, for any signature of the

1. An analogue of the volume element 75 has been constructed for general spacetime dimension d in [55].
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1/2

inducing metric g, has three eigenvalues equal to +det(g)’“ and three eigenvalues equal to

—det(g)"?. From (2.38), it thereby follows that

0 for n odd,

n 2.43
6-det(g)2 for n even. (2.43)

In(Gg) = {

With this identity, the constraint expressed in (2.41) becomes

j{:‘l2n1én j{:‘IQn

neN neN

dVe

627 /|det(g)| = A+/|det(g)], (2.44)

G=G,

and can be interpreted as a restriction on the couplings as, in an area-metric action, to resum
into the coupling A in a length-metric action. It should be emphasised that this constraint
and the condition (2.42) are purely algebraic. In a physical context, it is more reasonable to
expect that there exists a dynamical decoupling mechanism, through which in the low-energy
limit of area-metric gravity the degrees of freedom of the area metric, which are not associated
to length-metric degrees of freedom, are switched off. Such a mechanism is analysed in subsec-
tion 4.1.3.

Alternatively to the invariants Z,(G), it is possible to build polynomials from the I;(G) for
different k such that each term has weight +n. By subsequently taking the nth square root, we
again obtain densities of weight +1. For example, the determinant det(G) of the 6 x 6 area-
metric Petrov matrix (G 4p5) can be expressed in this form. To see this, we use that det(e¢) = —1
implies

det(G) = —det(e) det(G) = —det(eG) = ﬁ e6( A1, -y Ag) (2.45)

=1

where eg(A1, ..., Ag) denotes the elementary symmetric polynomial of degree 6 in the six vari-
ables ;. The Newton identities, which relate the power-sum symmetric polynomials p,, to the
elementary symmetric polynomials e, [109], allow us to express the polynomial eg through the
determinant formula

pr 1 0
1 p2 ;1 2 0
e = Gl det | : e . (2.46)
' ps pa - p1 D
Pe Ps -+ D2 D

Using (2.45) and the identity p; = I1(G) = 0, which follows from the cyclicity condition (2.15),
we can state a formula for the determinant of the area-metric Petrov matrix (G 4p) in terms of
contractions between the area-metric tensor G, ,, and four-dimensional Levi-Civita densities
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e"r? encoded in the invariants [,,(G) in (2.36) and (2.38). The determinant of the 6 x 6 matrix
(G ap) is given by

det(G) = éfﬁ — éLJQ — %132 - %123. (2.47)
In general, the infinite-dimensional freedom in the definition of a covariant area-metric volume
element is only one of multiple aspects which illustrate the complexity of geometry based on
area metrics. This complexity is a result of the higher-rank tensor structure of area metrics and
the additional degrees of freedom they encode in spacetime dimensions d > 4. A limited number
of works have attempted to construct area connections and therefrom curvature tensors [51, 53,
55]. However, these constructions rely on a Gilkey decomposition of the area metric into a sum of
area metrics induced by length metrics. As such a decomposition is non-unique, there are many
choices of area connections which satisfy the conditions of area metricity and torsion-freeness.
Altogether, therefore, area-metric differential geometry has not been rigorously established to
date.
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A non-perturbative formulation of area-metric gravity requires the mathematical framework
of differential geometry on area-metric backgrounds. In the absence of an established non-
perturbative formulation of area-metric gravity, in section 3.1, we will follow a bottom-up
approach and construct area-metric gravity perturbatively guided by the principle of general
covariance. Subsequently, in section 3.2, we will show that actions for gravity based on bivector
variables provide a natural, albeit implicit, framework for non-perturbative area-metric gravity.

3.1 Linearised area-metric gravity

General covariance is a fundamental principle in theoretical physics and profoundly constrains
the landscape of gravitational theories. According to Lovelock’s theorem [110, 111}, any second-
order equations of motion derived from a diffeomorphism-invariant Lagrangian for the metric
tensor in d = 4 dimensions, are equivalent to Einstein’s field equations. This establishes the
uniqueness of the Einstein-Hilbert action for general relativity,

1 4
SEH = 2—&2 d T A/ —gR, (31)

as a local second-order theory for the metric g,,. ' The global rescaling parameter in front of
the action is determined by the gravitational coupling x? = 87G = my;, where G is Newton’s
constant and mp; is the reduced Planck mass in Planck units, ¢ = A = 1.

Remarkably, the essence of this uniqueness theorem can be observed already at the level of
a local, Lorentz- and gauge-invariant kinetic Lagrangian for a symmetric rank-2 tensor. When
the gauge transformations are identified as linearised diffeomorphisms, the resulting action co-
incides with the Einstein-Hilbert action linearised around flat Minkowski background, up to a
global rescaling. This construction is reviewed in the next subsection 3.1.1. Our main goal will
be to extend this construction, and derive analogously the most general local diffeomorphism-
invariant kinetic Lagrangian for a rank-4 tensor associated with the perturbations of an area
metric around a background induced by the flat Minkowski metric. This is the main content of

1. The uniqueness holds up to Lovelock invariants. In d = 4 dimensions, the only non-vanishing Lovelock
invariant is the Gauss-Bonnet term, which reduces to a total derivative and thereby does not contribute to
the equations of motion [112].
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3 Actions for area metrics

subsection 3.1.2. Different from length-metric gravity, we will see that this action depends on
several free parameters. One may take the viewpoint that the derived area-metric actions repre-
sent linearisations of a non-linear theory of area metrics. This non-linear completion is, however,
unknown and anticipatedly non-unique in view of the non-uniqueness of the linearised theory. In
subsection 3.1.3, we will derive linearised effective actions for a subset of the degrees of freedom
encoded in the area-metric perturbation, which can be associated with length-metric pertur-
bations. Finally, in subsection 3.1.4, we will consider a two-parameter subclass of linearised
area-metric actions with shift-symmetric kinetic term, for which the effective length-metric ac-
tions are ghostfree.

3.1.1 Uniqueness of the Einstein-Hilbert action for a massless spin-2 field

Consider a symmetric rank-2 tensor h,, in flat spacetime, with Minkowski metric denoted by
(n,,) and signature convention (—, 4, 4, +). The most general kinetic term for h,, is built from
four possible local contributions, with a priori independent dimensionless real coefficients a;, in
the form

S:/ﬁ%@mymﬁ%w+aﬁ%wamwﬂwzwmm+@m%@m, (3.2)

where h = 7, h*" denotes the trace of h,,. In this expression h,, is a bosonic field with canon-
ical mass dimension one.

Let us consider the gauge transformation
Py = Py + Oy + O (3:3)

generated by a vector field £#(x). Imposing invariance of the action (3.2) under this transforma-
tion, up to boundary terms, fixes three of the free parameters a; as functions of the remaining
one and explicitly sets a3 = —2a4 = —as = 2a;. It is standard convention to fix the overall
normalisation by choosing a; = —% < 0, such that a transverse-traceless wave carries positive
energy. This leads to the Fierz-Pauli action [113] for a massless spin-2 particle,

1 1
S = /d4x (—ﬁﬁphwﬁph’” + 0"h,,0,h"" — 0, O, h + Eﬁ“h@h) . (3.4)
A mass term for h,,, would explicitly break the gauge symmetry.
The expression in (3.4) coincides with the expansion of the Einstein-Hilbert action (3.1) at
second order in the dimensionless field dg,, = 2rxh,, representing perturbations of the metric

g, around flat Minkowski background,

G = My + 0G0 - (3.5)
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3 Actions for area metrics

Thereby the local gauge symmetry (3.3) is recognised as the linearised version of full diffeomor-
phism invariance of the non-linear theory of general relativity.

In summary, after integrating by parts, the unique local and Lorentz-invariant kinetic La-
grangian for h,, in the momentum-space representation, obtained by replacing 9, — ip, and
O =1,,0"0” — —p?, is the Einstein-Hilbert Lagrangian

Lo = 3h (), ) ). (36)

Here, € denotes the Fierz-Pauli operator

o 2 2) po 0) ro
£ = (—17) (P2, —2P0,07), (3.7)
where p* = 1,,p"p” is the square of the Minkowski four-momentum vector. P® and PO are
the projectors onto the transverse-traceless component hZVT and the scalar component s of the
tensor hy,,, defined by

po 1 o o 1 . po 1 -
r® =§Uf@ +q¢nﬂ—§nﬂw and PO = 3T T, (3.8)
where T,”is the projector onto the transverse component of a vector,
v o__ v pﬂpy
T,"=0"—=5". (3.9)

2
In all expressions indices are raised and lowered with the Minkowski metric 7,,,. *

An arbitrary kinetic Lagrangian of the form (3.2) with untuned coefficients a; would have led to
higher-derivative terms for the longitudinal components of h,,,, parametrised by the vector field
¢, in the decomposition (3.10), and thereby to an Ostrogradsky ghost [115]. From a contrary
point of view, requiring the kinetic Lagrangian for h,, to propagate no ghost automatically
leads to invariance under the gauge transformation (3.3), see e.g. [116].

1. A generic symmetric rank-2 tensor h,, in d-dimensional Minkowski spacetime can be decomposed into four
irreducible representations with respect to the Lorentz group,

1

) 1
hyw = hf,,T + Z(p,ugl/ +pufu) + =Tuws + d

P Lyw. (3.10)

Here hzl,T is a symmetric transverse-traceless tensor, ¥ is a transverse vector, and s and w are scalars. T),"
defined in (3.9) projects onto the transverse component of a vector, whereas L, is the projector onto the
longitudinal component of a vector,

v puD”
L} = e (3.11)

Thus, in the decomposition (3.10), the first term is transverse and traceless, the second is traceless but not
transverse, the third is transverse but not traceless, and the last is neither transverse nor traceless, see e.g. [114].
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Equation (3.7) signalises that the scalar mode s in the decomposition (3.10) of hy,, exhibits
a kinetic term with the opposite sign, compared to the kinetic term of the transverse-traceless
mode hfg . This is the same type of potentially dangerous sign as for the kinetic term of the
trace mode h in (3.4). The overall sign choice a; < 0 ensures that a transverse-traceless wave
carries positive energy. This can be verified by replacing h,, — hZVT in (3.4) and computing
the Hamiltonian to see that it is positive definite. On the other hand, this choice of global sign
implies a negative Hamiltonian associated with the action (3.2) for a pure-trace field inw,h. A
classical instability is avoided by the fact that this mode does not propagate in general relativity,
and can be eliminated by a residual gauge transformation. The only physical degrees of freedom
of linearised general relativity are encoded in the transverse-traceless tensor hEZ,T associated with
the massless spin-2 graviton. To illustrate the previous statements, appendix A.2.1 reviews the
Hamiltonian formulation of linearised general relativity.

3.1.2 Diffeomorphism-invariant local actions for area-metric perturbations

In this subsection, we will take a bottom-up approach and construct area-metric gravity per-
turbatively. To that end, we will apply the procedure of the previous subsection to derive the
most general local and diffeomorphism-invariant kinetic Lagrangian for a rank-4 tensor @, »
associated with the perturbations of an area metric around a background induced by the flat
Minkowski metric. An analogous viewpoint lies at the core of the constructive-gravity pro-
gramme [117-121], whose implementation differs from the approach presented here, but whose
results are in agreement with the area-metric actions stated at the end of this subsection.

Our starting point is an expansion of the area metric around a background induced by the
flat Minkowski metric 7,

Glvpe = (Gn>uupa + 0G uvpe = NupMve = MuoTlvp + 0G vpo - (3.12)

The bosonic field a,,,, with canonical mass dimension one arises from the dimensionless tensor
0G p0 Of area-metric perturbations through a global rescaling, 0G0 = 2Ka,,. This tensor
has the same algebraic symmetries (2.14) as the area metric itself. The cyclicity condition in
four dimensions can be stated as

Aogurp€ P =0, (3.13)

for all , 3, and is equivalent to the condition a,,€"*° = 0 after taking into account the index
exchange symmetries of the area metric.

The most general kinetic term for a in momentum space is built from eight local contributions,
as derived in appendix A.l1. These can be combined with a priori independent dimensionless
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real coefficients b; into a Lagrangian

. _ uvpo, 2 wp ov, 2 pv po, 2 PO UVAT 2
Liin = b1upea""’p” + baa,, " a, " p” + bsa,, " a,,” " + bsa,,” a"" T €xrpop

pAC v oA v oA v
+ bsa,,,,a”" \p"p” + bea,’, a7 \P"DP" + bra,’ a7 PMp

+ bgaup"’\apﬂ”ew,ﬁ,\p"p” . (3.14)

Further insight into the algebraic structure of the individual contributions can be gained by
decomposing a,,,, into a triple of tensors

Quupo < <h,i1#,,,w#,,pg> where ﬁwjn‘“’:O and Wy =0. (3.15)

This reparametrisation is analogous to the Ricci-Weyl decomposition of the Riemann curvature
tensor. Here, h is a scalar proportional to the trace of a, and his a symmetric and traceless
tensor with nine independent degrees of freedom. The remaining ten degrees of freedom of the
area-metric perturbation are contained in the tensor w, which is fully traceless and plays the
role of the Weyl tensor for a. In terms of these components, we can write

~ ~

Quvpo = MulpTolvlt + 2 (W[pha}v - 77V[pho}u> + Wuvpo
= 2(77u[ph0]u - nu[pha}u) + Wyvpo (316)

where in the second line A and iLW are combined into the symmetric tensor

- 1
h,uz/ = h,uzz + Zln;wh . (317)
This tensor is a priori not related to the tensor of lenght-metric perturbations in the discussion
of the previous subsection. Only later will we identify these two tensors, in order to reproduce
the linearised Einstein-Hilbert action as one of the contributions to the general gauge-invariant
Lagrangian for area-metric perturbations.

To make the explicit form of the gauge transformation corresponding to linearised diffeomor-
phisms transparent, we introduce a further reparametrisation of the Weyl component w of the
area-metric perturbation. In d = 4 dimensions, this tensor can be decomposed as

Wuvpo = w:Vpa + w;upa' ’ (318)
where w;fypa are selfdual and anti-selfdual, respectively, on the first and second index pairs

separately with respect to the Hodge star operator defined by the Minkowski background metric
Nuw- This duality condition reads

1
oBE = diwd (3.19)

56;”/ afpo Hvpo

where on the left hand side the expression involving € with two lower indices is a shorthand nota-
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tion for ewaﬁ = nupnwepmﬂ. The fields wljfy oo are generically complex, with components related
. . 4 e . + —ap
by conjugation, w,,, = W, Moreover, they are orthogonal in the sense that w,,,sw™ """

vanishes. The 10 real degrees of freedom of w split into 5+ 5 degrees of freedom, which can be
associated with the real and imaginary parts of the selfdual component w™. It is convenient to
trade wffy oo fOr & pair of symmetric and traceless matrices Xaib of spacetime scalars, with internal
indices a, b, ... = 1,2, 3 raised and lowered with the internal metric d,,. This reparametrisation
is defined by projectors
a a 1 a C a 1 a

R ) 30 "PEPEYS.y  where  PLt = 523;, (n). (3.20)
Here, foﬁ(n) represent the selfdual and anti-selfdual Plebanski 2-forms constructed from the
Minkowski background tetrad 77,5- Explicitly, they are given by

Son(n) = Fi (s — o) + €%eniont, = £i (5,0, — 6005 + €000, (3.21)
and satisfy
1 poita \ta
56”” Yo, = HiX0. (3.22)

The projectors P* defined in (3.20) are traceless in their internal indices. The contraction of two
projectors in their spacetime indices yields the identity on the space of symmetric and traceless
tensors X, defined on the 3-dimensional internal space,

Piab ]P)icd/u/pa _ 5a(c(5d)b . %&lb(scd = ]Iabcd . (323)

pvpo

Using these projectors, we can construct a pair of symmetric and traceless fields Xaib defined by

al 1 Vpo al
Y = §Piabuymwiﬂ p RS w/ipg = oP* bwmxfb. (3.24)

. . :t
Similarly as wi,

XX~ vanishes.

the scalar fields X;tb are complex conjugates xf, = X_;b and orthogonal, as

So far, we have parametrised the 20 degrees of freedom of the field a,,,, into 10+54-5 degrees
of freedom, via

pvpo (huwX:baxgb)' (3.25)

Now, let us consider the gauge transformation associated with linearised diffeomorphisms gen-
erated by a vector field {#(z). The symmetric tensor h,, transforms as in (3.3), whereas the
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spacetime scalars X;tb are left invariant,

huu — h/u/ + pufl/ + pugu ) (326
Xab = Xap- (3.27)

In view of (3.16), this transformation is equivalent to a gauge transformation of a,,,, given by

Quupe — CQuupo + nup(puga + pagl/) - nuo(pugp + ppgu)
'f]up(ppfa + pa€u> + Mo (p,ugp + ppg,u) . (328)

Requiring the kinetic Lagrangian (3.14) to be invariant under this gauge transformation fixes
three of the eight free parameters b; as functions of the remaining ones, and explicitly imposes

bs = —2(dby + 3by + 6b3) (3.29)
4

b = 521+ Do), (3.30)

by = —2(2by + by). (3.31)

Altogether, the most general local and diffeomorphism-invariant kinetic Lagrangian for area-
metric perturbations is given by

. _ puvpo, 2 up ov, 2 nyv po . 2 PO UVAT 2
£k1n - blap,upaa p + bQG’MV aa’p p —I— bv?)a/'u,y apa' p + b4a/_u/ a €>\Tp0'p

4
—  2(4by + 3by + 6bg)aupwa”’\a/\p*‘p” + 5(261 + bz)aupypa")‘a)\p“p”

— 2(2by + b2)auppaa)\y")‘p“p” + bgaﬂp”(zpﬂ”ew,{,\p“p” : (3.32)
It is parametrised by five real parameters b;, for ¢« = 1,2,3,4,8. Notably, the parity-violating
couplings by and bg, in front of the two contractions involving the Levi-Civita density in the
original ansatz (3.14), have remained unconstrained by the requirement of gauge invariance.
This can be understood by rewriting the corresponding contractions in terms of the decomposi-
tion (3.16), with w = w™ 4+ w™, to see that they are respectively proportional to (w*? — w™2)p?
and h(wt — w™)pp, where in the last expression w® couples only to the traceless parts of the
symmetric tensors h and pp. Appendix subsection A.1.2 contains further details on the ki-
netic terms which define the ansatz (3.14), translated into the parametrisation of a in terms of
the tensors h and w®. This rewriting, together with the expression of w* via the scalars xy*
in (3.24), shows that the two parity-violating contractions aaep? and aaepp are by themselves
already invariant under the transformations (3.26) and (3.27), and therefore must appear with
a free parameter in the gauge-invariant Lagrangian (3.32). This will become further evident
below, using an embedding of the scalars YT into the space of symmetric transverse-traceless
tensors on spacetime.

Rewriting the gauge-invariant Lagrangian (3.32) in terms of the decomposition (3.16) of a
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into h and w = w™ + w™, after making use of the duality condition (3.19) for w®, leads to
A 1 puv, 2 Portbo UV [,V 1 2.2
Lyn = _§huuh p +huphy pp — huuhp P+ §h p
1 4 1 vV po
-3 {aih”"wipyap“p + g 0a pz} - (3.3
+

The parameters A, o and [4 are given in terms of the original real coupling constants b; by

A = 16bia3, (3.34)
ay = —8([),123 + Zbg) N (335)
Be = —16(by £ 2ibs), (3.36)

where byog = by + by + 3b3 and V)53 = —4by — 3by — 6b3. The couplings . and [y, which appear
in front of the interaction term and the term quadratic in w* in (3.33), are in general complex
and respectively related by conjugation,

ap =a- and By = . (3.37)

Together with the field relation w* = w~, this guarantees that the Lagrangian (3.33) is real.
This must be the case, given that, in the original expression (3.32), the field a and couplings b;
are real.

From the result (3.33) for the gauge-invariant kinetic Lagrangian, the following observations
can be extracted.

First of all, the term quadratic in A, is uniquely determined by the linearised Einstein-
Hilbert Lagrangian (3.4), up to the global rescaling parameter A. This is not surprising, as
invariance under the identical gauge transformations (3.3) and (3.26) was imposed on this
sector. We may without loss of generality fix the global rescaling of the Lagrangian (3.33) by
setting A = 1, in order to reproduce the linearised Einstein-Hilbert action for h,, as one of
the contributions to the gauge-invariant Lagrangian for area-metric perturbations. This still
leaves four real or, equivalently, two complex unconstrained parameters, associated with the
couplings a4 and 4. This result is in stark contrast to the unique local and gauge-invariant
kinetic Lagrangian for a symmetric rank-2 tensor h,,, reviewed in the previous subsection. In
fact, the condition of linearised diffeomorphism invariance is not more powerful in providing
constraints on the free parameters in the area-metric Lagrangian ansatz (3.14), than it is for
the length-metric Lagrangian ansatz (3.2). In both cases, imposing linearised diffeomorphism
invariance fixes three of the initial free parameters, and in the area-metric Lagrangian constrains
only the hh sector. The couplings in front of the interaction terms hw®pp and kinetic terms
wt?p? are, respectively, related by complex conjugation, as a result of the purely algebraic
duality condition (3.19), but are not affected by the condition of gauge invariance under (3.26)
and (3.27). This observation can be further strengthened by noticing that the fields w®, being
fully traceless, couple only to the traceless part HW of the tensor h,, defined in (3.17). We can
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construct a pair of symmetric transverse-traceless rank-2 spacetime tensors X,jfw defined from
wt by
XL, = wjpwp;é’a - 4Pﬁapf,bp;§U X5 with  xEpf =0 and y* =0, (3.38)
such that the spin-2 projector acts as the identity on these fields,
P@ ) xE =X, (3.39)

This implies that the Xffy couple only to the transverse-traceless part hZZ,T of the tensor hy, in
the interaction terms h*wy ,, p"p” = hy,x**p?, which are therefore invariant under linearised
diffeomorphisms acting as thT — thT and Xffy — Xiy. Moreover, from the definition (3.38), it
follows that the squares of the various fields, used to describe the non-metric degrees of freedom
of the area-metric perturbation, are related by

v a. 1 Vpo
XX = XapX ™ = {0 (3.40)

where the last identity follows from the property (3.23) of the projectors P*. The kinetic terms
Wi po W HPTP? = dxir X p? are therefore also invariant under linearised diffeomorphisms. This
explains why imposing linearised diffeomorphism invariance on the original kinetic Lagrangian
ansatz for area-metric perturbations (3.14) constraints only the hh sector. Indeed, there are no
other algebraically allowed contractions of the form hy®, x*x* or x*xT, coupled to two powers
of the momentum, that could have appeared in the original ansatz (3.14). Appendix A.1.2
contains a representation-theoretic explanation for this statement.

We can complete the kinetic Lagrangian (3.33) by adding a mass term for the non-metric

components of the area-metric perturbation,
1 2+ Qv po 1 2.+ v
Loass = 16 Z MW 000 W i Z miX X" (3.41)
+ +

where the mass parameters m% are complex conjugated, mi = m2. This term does not spoil
the invariance under gauge transformations (3.27), in contrast to a mass term for the tensor
By Tt is well-known that adding a general mass term —3im?(h,, h*” — Ah?) with a dimen-
sionless parameter A in the Einstein-Hilbert action (3.4), to yield the Fierz-Pauli action for a
massive spin-2 particle [113], explicitly breaks the gauge symmetry under linearised diffeomor-
phisms (3.26).

In summary, combining the kinetic Lagrangian in (3.33) with the mass Lagrangian (3.41), the
most general local diffeomorphism-invariant quadratic Lagrangian for area-metric perturbations
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can be expressed as
L = ‘Ckin + ﬁmass

1 1 1
= ALpn(hw) - 5 > {aih#,,xi‘“’]f + §6ixi,xi“”p2 + §mixi,xi‘“’ . (342
+

This Lagrangian violates parity under the condition
parity violation < Im[yy] #0 (i.e. v4 #v_) V couplings v € L, (3.43)

where we remind the reader of the relation v, =7_.

Before closing this subsection, let us comment on a peculiarity of the Lagrangian (3.42),
which arises because x* = y— are complex conjugate fields. Decomposing these fields and the
couplings a4 and S into their real and imaginary parts,

Xow = X T X5, and  (ax,Bi) = (on Liag, i £ifs), (3.44)

allows us to write the interaction term in (3.42) as
_l h tur 2 —h. R +ur] 2 —h lpv 2uvy, 2 3.45
5 D 0l X P wRe[a x™]p (@1 X" )p?, (3.45)
+
whereas the kinetic term for Xffy becomes

1 1
=1 2B = —gRe[Bogux ]’
+

1 4 4 4
= =3B 0™ = XX )P+ Baxu XD (3.46)

and similarly for the mass term. The Lagrangian contribution quadratic x*, rewritten in terms
of the real fields x!2, has an indefinite sign and also generically mixes these two fields. The origin
of the mixing term, with coupling constant 8, = 3204, can be traced back to the parity-violating
term in the first line of (3.32). The other parity-violating term in the third line of (3.32) is
manifested in a non-zero coupling constant cp = 8bg, for the coupling of the field x? to h. Such
an indefiniteness of the kinetic and mass terms for y* does not occur in Euclidean signature,
where these fields and all couplings in the Lagrangian are real. This can be traced back to the
duality condition (3.19), which in Euclidean signature becomes an equation involving the real
eigenvalues +1, instead of £¢, on the right hand side.

The local diffeomorphism-invariant quadratic Lagrangian for area-metric perturbations (3.42)
is the main result of this subsection. In the next subsection 3.1.3, we will derive effective actions
for the tensor h,, parametrising the area-metric fluctuations induced by length-metric fluctu-
ations. Subsequently, in subsection 3.1.4, we will reconsider the area-metric Lagrangian for a
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special choice of couplings, resulting in a shift symmetry of the kinetic term.

3.1.3 Effective linearised length-metric actions and spin-2 propagator

In this subsection, we derive effective actions for the symmetric tensor field h,,. In the linearised
area-metric Lagrangian (3.42), the contribution quadratic in this field is given by the linearised
Einstein-Hilbert action. On these grounds, 5, can be interpreted as representing length-metric
fluctuations, which induce area-metric fluctuations corresponding to the trace terms in the
decomposition (3.16).

To obtain effective actions for h,,, we integrate out the Weyl components of the area-metric
perturbation, associated with the fields y*. Their contribution to the gauge-invariant La-
grangian (3.42) is

1 V 2 1 %
LD —§aihf,,T XHpt — B X XD — 4mix,ixi“ (3.47)

where we have used that X;w couples only to the transverse-traceless component hTT of the
length-metric perturbation. The solution to the equations of motion for the fields x*,

p*(axh™™ 4+ Box™) + mix™ =0, (3.48)

can be expressed in the form

+ P+ 1 (2 o, 2
=———P h? 3.49
XHV o _p2 _ Mi po p ? ( )

with parameters p and M2 defined by

2
e = %5 and Mz ="= (3.50)
B B
Next, we insert (3.49) into the Lagrangian (3.42) and make use of the identity '
wP®  h,pt =200,,,,0cme (3.56)

where (1)6'#,,,)(, denotes the perturbation of the Weyl tensor for the metric ¢, = 1, + 2rxh,, at
first order in h,,,. Thereby, we arrive at an effective Lagrangian for the length-metric perturba-

1. The perturbation of the Weyl tensor dC),,,» at first order in the perturbation dg,, of the metric, expanded
around flat space, g, = 1 + 0guu, is given by

1 1
0Cuwpo = 0Ruwps — §(nup§RWf — NuoORup — MupORue + MuedRy,) + é(nupnw — NuoNup)O R, (3.51)

where the first-order perturbations of the Riemann tensor 0R,, o, of the Ricci tensor 0R,,,, and of the Ricci
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tions,

1
£eff(hu ) AL’EH Z p:l: uupaw(l)cﬂl/pg . (357)
+

This Lagrangian is manifestly real, as py = p— and M2 = M2,

The expression in (3.57) represents a linearised Einstein-Weyl Lagrangian characterised by
four real or, equivalently, two complex free parameters encoded in pL and M2. We will refer
to Lagrangians containing inverse derivative operators, which are analytic at p* = 0, as quasi-
local. By contrast, non-local Lagrangians contain operators which are not expandable as a
power series at p> = 0. The degree of non-locality in the quasi-local effective Lagrangian (3.57)
is thus controlled by the effective mass squares M3. In the limit M? — 0, these Lagrangians
become genuinely non-local and reduce to an Einstein-Weyl subclass of generalised non-local
quadratic-curvature gravity [122]. In the opposite limit of large mass M3 > p?, they reduce to
the Einstein-Weyl subclass of local quadratic-curvature gravity [123].

The quasi-local Weyl-squared term, beyond the Einstein-Hilbert Lagrangian, affects the prop-
agator P for the transverse-traceless mode h. - The form of the kinetic operator for this mode
can be inferred from the expression for the linearised Einstein-Hilbert Lagrangian (3.6), together
with the identity (3.56). Omitting tensorial structures, it is given by

-1 A 1 p pip
(P~ = _§p2 -7 ;pi e < 4= Z ) . (3.58)

Poles in the spin-2 propagator P®, defined by P® (73(2))_1 = 1, correspond to zeros of the in-

verse propagator (73(2))_1. From (3.58), we immediately recognise the pole at p? = 0 associated
with the massless graviton. For generic couplings pi and M2, additional poles are described by
the roots of the equation

2A(—p? — M2) (—p* = M2) + (=p* = M*)pp?* + (—p* — M3)p_p* = 0. (3.59)

scalar 6 R, are given by

—_

5R,uvpa = 5 (pypphcru - pﬂpahpu + pupohp# - pupphau) 5 (352)
1

5R;w = 5 (p2h,uu - pﬂpuhpy - pﬂpphp# + p,upvh) s (3'53)

R = pzh - pp,puhm/ . (354)

The square of the Weyl perturbation then satisfies
v po vpo
59" P@ " 5gpap* = 26C,10p06CH P (3.55)

where P(?) is the spin-2 projector defined in (3.8). Thus, the relation (3.56) holds with (N C*7 = 2k6C,,, po -
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The left hand side is a quadratic polynomial in p? with two zeros in general. It is instructive to
distinguish a few special cases.

Suppose M2% > p?, such that the effective Lagrangian (3.57) reduces to the Lagrangian for
linearised local Einstein-Weyl gravity [123]. Then the kinetic term in equation (3.58) simplifies
to

P

(3.60)

Thus, we recover the well-known result that linearised Einstein-Weyl gravity propagates an ad-
ditional massive spin-2 particle beyond the massless graviton [123]. The squared mass of this
particle is identified as M? = —ARe [p+ /M_ﬂ ' The negative sign in front of its contribution
to the propagator, relative to the contribution of the massless graviton, indicates that this ad-
ditional massive spin-2 degree of freedom is a ghost if M? > 0, and a tachyon if M? < 0.

Next, suppose that the masses of the fields y* vanish, such that M2 = 0. In this case, the ef-
fective Lagrangian (3.57) reduces to a linearised non-local version of Einstein-Weyl gravity [122].
The kinetic term (3.58) simplifies to

PO =T A-Rep)) = PO =
: e P) = A Repp ]

M3=0

(3.61)

Thus, in this case, the spectrum consists only of a massless spin-2 particle, unless 2Re[py] =
pr + p— = 2A. If the last equality holds, the kinetic term for the spin-2 mode becomes de-
generate. Concretely, this relation manifests a shift symmetry of the massless gauge-invariant
Lagrangian for area-metric perturbations (3.42), which will be analysed in the next subsec-
tion 3.1.4. Using (3.6) and (3.56), we see that in this special case the effective Lagrangian (3.57)
becomes

1
Leg(hw) = A {ﬁEH(huu) - (I)Cuypo_—pQ(l)C’wp”}
— A |:h,u,1/ (_p2) (P(2)
2

= AR (—p*) PO h,, . (3.62)

pv po

2 :
2P0 Yy, - =) 2 Vo p@ o7,

The additional Weyl-squared contribution, beyond the Einstein-Hilbert term, increases the
gauge symmetry of the effective Lagrangian and eliminates the propagating massless spin-2
mode from the spectrum, such that only the non-propagating scalar mode is left. It should be
emphasised that this conclusion is made here only for the linearised theory.
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Finally, let us consider the special case when the identity p, + p_ = 2A holds, but the mass
parameters are non-zero and identical, M2 = M?. Under these assumptions, the kinetic term
in (3.58) simplifies to

() -

p?  AM?
p++p—=2A,M3=M? 2 —

_ .
gy Z"P(Q)(pz):—{%— ! ] (3.63)

—p2  —M?

Notably, in this case, the spin-2 propagator does not exhibit any additional poles beyond the
massless graviton pole, and only receives a constant contribution proportional to 1/M?2. This
contact term, in a quantum field theory, will generically lead to a higher degree of divergencies
in loop integrals. Moreover, this term has a wrong sign, such that one may anticipate negative-
energy modes in the spectrum of the linearised local area-metric Lagrangian (3.42), when p, +
p— = 2A and M3 = M? holds. This class of actions will be analysed in detail in the next
subsection 3.1.4, where we will show that the first relation implies a shift symmetry in the kinetic
term, which is exact only in the absence of a mass term. Mass terms for the y* fields break
this shift symmetry and thereby allow for local propagating degrees of freedom. The nature
of these degrees of freedom can be anticipated by considering the equations of motion for the
fields h and x*, and is established explicitly through a Hamiltonian analysis in appendix A.2.
Altogether, these analyses show that the two-parameter linearised area-metric actions, with the
above conditions on the couplings and masses, propagate five massive modes, in addition to a
massless spin-2 mode. Nevertheless, the effective Lagrangian for the length-metric perturbations
hyw in (3.57),

1
Leg(hy) = A|Leu(hyu) — (qum— (1) cuvpo

is ghostfree.

3.1.4 Subclasses of area-metric actions with shift-symmetric kinetic term

The gauge-invariant Lagrangian for area-metric perturbations (3.42) exhibits an additional shift
symmetry in the kinetic term, for special values of the couplings ay and (. To see this, it is
useful to rewrite the Lagrangian in the form

L=) L, (3.65)

where

A 1

v ]' v 1 v
Lo =5 Lon(huw) — §aihwxi“ P’ — Zﬁixtyxi" P — Zmixfyxi“ . (3.66)
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Using (3.39) and P paxfa = 0, together with the Einstein-Hilbert action (3.6) expressed in

j4

terms of the Fierz—Pauh operator (3.7), we observe that the following sum of squares,

— 2 o o
Z ot h"”+ /_Xi’w]—<P(2)Wp _2P(O)lwp ) [\;‘%;%Jr , @iXﬁ] . (3.67)

simplifies to

[\:Jlr—l

1 1
5 (0 + p-) Cen(h = {aihuyxi“”pz + iﬁixf;xi“”pﬂ (3.68)
+

where p1 are defined in (3.50). This allows us to identify an additional shift symmetry, beyond
the linearised diffeomorphism symmetry, in the kinetic term of the Lagrangian (3.65), for special
values of the couplings satisfying

pr+p_ =2A. (3.69)

This condition implies Re[p] = A, but py can still have a non-zero imaginary part. We have
seen previously, that such a non-zero imaginary part signalises parity violation in the area-metric
Lagrangian. When the condition (3.69) is satisfied, the kinetic term in the Lagrangian (3.32)
can be written as

A
L =3 > Len(hiy), (3.70)
>4 p+=2A,m3=0 +

with fields h* defined by

(%
h;:i:y = &= h,ul/ + V B:I:X/:i:y . (371)

VB

The shift symmetry in the kinetic term of (3.65), when (3.69) holds, can be expressed in view
of (3.67) explicitly. It is parametrised by five degrees of freedom encoded in a real symmetric
transverse-traceless rank-2 tensor 7, via !

by = hy + T s (3.72)
o'
X;:i:z/ — Xi:u - /B_IT,LLV . (373)

This transformation maps h into another real field and preserves the relation y© = y—. The
consequences of this shift symmetry for the spin-2 propagator in the effective Lagrangian for h,,
were observed in the previous subsection. When the fields y* are massless, this shift symmetry
is exact and leads to a degenerate kinetic term in the effective length-metric Lagrangian. In this
case, any propagating degrees of freedom therein are eliminated, see e.g. (3.62). Mass terms for

: . . 2 po o
1. Thus, in particular, 7, satisfies P );w Too = Tuw-
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xT in the area-metric Lagrangian break this shift symmetry, and allow for propagating degrees
of freedom in the effective Lagrangian for h,,. When the two mass parameters M?, defined
in (3.50), are identical, the effective Lagrangian for h,,, is given by (3.64). The associated spin-2
propagator (3.63) is ghostfree and exhibits only the massless graviton pole.

In the remaining part of this subsection, we will shed light on the nature of the above de-
generacy and on the role of the mass terms in identifying what types of degrees of freedom
are propagated in the local area-metric Lagrangian. To that end, we will consider analogue
Lagrangians as functions of h,, and the fields Xffy, defined from be through the non-local em-
bedding (3.38). These considerations are supplemented by an explicit Hamiltonian analysis of
the corresponding two-parameter subclass of linearised area-metric theories, parametrised in
terms of the local fields A, and X3, in appendix A.2.

First, let us consider the chiral Lagrangians £ defined in (3.65), separately with the condition
p+ = A. By an analogous computation as in going from (3.67) to (3.68), it follows that

A 1
Ly - EEEH (hi/) N §m2iXiuXiW~ (3.74)
p+=A

When the field ¥ is massless, the last expression reduces to a multiple of the linearised Einstein-
Hilbert action for the shifted metric h* defined in (3.71). In Euclidean signature, such a massless
chiral Lagrangian arises in a linearisation of the effective action, obtained after integrating out
the connection from an su(2) topological BF theory, and can be seen to propagate no local
degrees of freedom [99, 102]. This is due to a 5-parameter shift symmetry, analogous to (3.72)
and (3.73). However, a few cautions should be mentioned.

This first comment concerns the choice of signature. Throughout the previous discussions,
we assumed Lorentzian signature and therefore complex fields x*. In particular, h* defined
in (3.71) are complex fields. In fact, the relation £, = £_ in (3.65), with £, themselves com-
plex, is essential in order to guarantee that the full non-chiral Lagrangian L is real. Therefore, in
a Lorentzian chiral version of the theory (3.65) with Lagrangian £, or £_, defined as in (3.74),
reality conditions would still need to be imposed. This issue does not arise in Euclidean signa-
ture, where the fields x* as well as the couplings o and By are real. The reason is that, in
Euclidean signature, the eigenvalues of the Hodge star operator acting on 2-forms are given by
+1, instead of £ in Lorentzian signature. This is also the reason, why in Euclidean signature
the Lagrangian quadratic in xy* does not encounter the previously mentioned indefiniteness in
sign.

The shift symmetry of the chiral Lagrangians £, with p. = A, is exact only in the absence
of a mass term for x*, and is broken when the mass parameters m?2. of these fields are non-zero.
When this is the case, L, according to (3.74), can be written as the linearised Einstein-Hilbert
action for the field h* in (3.71) with an additional auxiliary non-propagating massive field
x*. This observation in Euclidean signature suggests that the linearised theory in Lorentzian
signature, with reality conditions imposed, propagates only two local degrees of freedom of a
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massless graviton as in general relativity. However, the field redefinition required to arrive at this
conclusion is non-local. This becomes clear from the definition of the y* fields in equation (3.38),
which implies

+ P

(%
— + h;u/"— Biwpuo'y p2 . (375)

hyw = hop, = T

Nevertheless, so-called modified chiral or selfdual Plebanski theories [94, 95, 98-101] indicate
that there are entire classes of theories, closely related to general relativity, with only two local
propagating degrees of freedom.

In the remainder of this subsection, we consider the equations of motion derived from the
shift-symmetric subclass of area-metric Lagrangians with identical effective mass parameters
for the non-metric fields, using the parametrisation of area-metric perturbations in terms of h,,,
and X,jfy- These allow us to elucidate on the number of propagating degrees of freedom described
by these theories. However, it should be emphasised that the fields Xf,/ arise from be through
the non-local embedding (3.38). Therefore, any tentative conclusions made about the counting
of degrees of freedom are in addition supported and confirmed explicitly through a Hamiltonian
analysis based on the local fields, h,, and X;—Lb, in appendix A.2.

According to the result derived in subsection 3.1.2; the most general diffeomorphism-invariant
second-order quadratic action for area-metric perturbations, around a background induced by
the flat Minkowski metric, can be written as

1 1
s — / diz (A {—50,)%8%“” + 0Py, 000 — 0, h D, h + 58“118#4

1 1 1
- A [t St s fuisia+] ). o
+

The equations of motion for h,, and Xffy, in transverse-traceless gauge for h,,,, can be expressed
as

2A0h,, + Y oxOxE, = 0, (3.77)
+
p+0hy + axOxy, — Miowx,, = 0, (3.78)

where we remind the reader of the coupling combinations

2 2
« m
= and M2=-—=

pr = 3. B, (3.79)
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Subtracting the two equations (3.78) from equation (3.77), we arrive at

(2A — py — p_)Ohy + Z Miaixfy = 0. (3.80)
+

Now, let us assume that the relation 24 = p, + p_ in (3.69), for a shift-symmetric kinetic term,
is satisfied. In this case, the Oh,, part drops out and we obtain a relation between x™ and x~,

M?a_x,, + Mjaix), =0. (3.81)

This relation suggests that five degrees of freedom are redundant in the description, as an-
ticipated based on the 5-parameter shift symmetry of the Lagrangian under the transforma-
tions (3.72) and (3.73). Inserting (3.81) into the equation of motion for y~ in (3.78), and
therein replacing [}, eliminated from the equation of motion for x*, leads to

M? M?
(Mgm + p_) Dby, + M2, (1 . F;) X5, =0. (3.82)
If additionally M2 = M? holds, we are left with
2 AT, = 0. (3.83)

This is the usual massless Klein-Gordon equation for the transverse-traceless component of the
metric fluctuation in linearised general relativity, with solution given by plane waves.

Finally, there are the equations of motion for x* in (3.78). When (3.83) holds, their sum and
difference become

(O —M?) (o x), + a-x,,) =2(0— M?)x,, = 0, (3.84)
(O —M?) (o xh, —ax,,) =2i(0— M?)x2, = 0, (3.85

where the two real fields x'? are defined by the real and imaginary parts of ax™,
arx® = Xy £ 10X - (3.86)

However, the relation (3.81), with M2 = M? implies xy! = 0. Therefore, we are left with a
massless Klein-Gordon equation for h,, (3.83), and a massive Klein-Gordon equation for Xfw,

(O—M?*)x2, =0. (3.87)

Altogether, the previous observations suggest that the physical spectrum of linearised area-
metric actions, with shift-symmetric kinetic term and identical effective mass parameters for
the non-metric fields, consists of two massless transverse-traceless modes and five additional
massive modes. This expectation is confirmed explicitly through a Hamiltonian analysis, based
on the local fields h,, and Xaib, in appendix A.2.
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3.2 Area-metric actions from non-chiral modified Plebanski theories

In this section we identify a concrete framework for non-linear area-metric gravity. This frame-
work underlines the physical relevance of the two-parameter subclass of linearised area-metric
actions which lead to a ghostfree effective length-metric action. For simplicity, the analysis in
this entire section is presented in Euclidean signature. The derivation is inspired by the Ple-
banski formulation of general relativity which involves as fundamental variables a connection
and a Lie-algebra valued 2-form known as the B-field. Plebanski gravity has been originally
formulated in terms of chiral or self-dual variables [82-84]. However, the Plebanski action can
also be defined using non-chiral variables [85-87, 96, 124]. In both cases, the action can be
viewed as a topological BF theory [38], supplemented by constraints on the B-field. The latter
break the shift symmetry of the topological action, and thereby lead to propagating degrees of
freedom. Concretely, the role of the so-called simplicity constraints is to reduce the degrees of
freedom of the B-field, to the degrees of freedom of a tetrad, which consequently leads to the
Einstein-Cartan action. The latter is equivalent to the Einstein action for general relativity for
non-degenerate tetrads, after solving the equation of motion for the connection.

In modified Plebanski theories [88—103], the Lagrange multiplier, which imposes the simplicity
constraints in the Plebanski action, is promoted to an auxiliary field with a potential. Thereby,
the equations of motion for this field do not represent constraints on the B-field anymore, but
algebraic equations which fix the components of this field as functions of the B-field. Integrating
out the connection and the auxiliary field leads to an effective action with a potential for the
B-field. Despite the modified dynamics due to non-trivial curvature of the connection, canonical
analyses of modified self-dual Plebanski actions reveal that these theories propagate only two
local degrees of freedom and thereby can be viewed as neighbors of general relativity [94, 95,
98-100]. By contrast, the physical content of modified non-chiral Plebanski theories differs in
general substantially from that of general relativity, and for non-degenerate potentials consists
of eight propagating degrees of freedom [97, 102, 103].

In this section we show that subclasses of modified non-chiral Plebanski theories with partially
degenerate potential provide a non-perturbative framework for area-metric gravity. To that end,
we first construct an area metric from the B-field. The entire analysis is performed in Euclidean
signature, with local gauge group SO(4). The B-field contains more gauge-invariant degrees of
freedom than required for an area metric. These have to be reduced by a suitable subset.
To achieve this reduction, we use the left-right handed splitting of the Lie algebra, and the
parametrization of an SU(2) B-field in terms of a spacetime tetrad and a unimodular internal
frame field [99, 125]. Thereby the gauge-invariant content of the SO(4) B-field in the non-chiral
Plebanski action can be described in terms of two length metrics and two unimodular internal
metrics which represent a set of spacetime scalars. Identifying the two length metrics with each
other leads to the correct number of degrees of freedom for a generic area metric. Crucially,
this identification entails imposing only a subset of the simplicity constraints in the original
non-chiral Plebanski action. We supplement this action by the Holst term [126], with coupling
given by the inverse of the so-called Immirzi parameter v [30, 81]. Additionally, we introduce
a potential in the form of mass terms for the unconstrained components of the B-field. When
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the connection has been integrated out, the resulting effective action is a second-order non-
linear action describing the dynamics of a length metric and ten spacetime scalars as implicit
functions of the area metric. The expansion of this action at second order in the fluctuations
of these fields reproduces the subclass of linearised area-metric actions with shift-symmetric
kinetic term. The coupling between the length-metric and non-metric degrees of freedom of the
area-metric perturbation is determined by the Immirzi parameter ~, which is thereby identified
as a parity-breaking coupling in area-metric gravity.

The conventions in this section are as follows. Greek letters u, v, ... = 0,1, 2, 3 label Euclidean
spacetime indices. The expressions €#”#? and €,,,, denote the totally antisymmetric Levi-Civita
symbol with tensor-density weight +1, respectively. The spacetime metric is not used to raise
or lower indices of these densities. Latin capital letters I, .J,... = 0,1, 2,3 label internal SO(4)
group indices, whereas antisymmetric index pairs [.J] provide labels for the so(4) basis. Latin
lowercase letters a, b, ... = 1,2, 3 label a basis of the su(2) algebra. Moreover, we use the bilinear
forms 6[JKL = %(51K6JL — 5[[/5][() and %GIJKL = %EKL[J on the Lie algebra SO<4). Here7 €IJKL
is a completely antisymmetric tensor taking values +1, depending on the orientation chosen for
the internal space. This orientation can be fixed by tying it to the orientation of the spacetime
manifold, such that for a tetrad efb the following relation holds, €7k Le“”p"eﬁei eff ek = 24 det(e),
see e.g. [127]. Finally, the Hodge star operator associated with the flat internal metric d;; is
defined by (%), = LeiZ; and squares to the identity.

3.2.1 Non-chiral modified Plebanski action

This subsection provides a review of non-chiral Plebanski theory [85-87, 96, 124], which can
be understood as a topological BF theory [38], supplemented by constraints. Subsequently, we
consider modified non-chiral Plebanski theories [97, 102, 103], in which all or a subset of these
constraints are replaced by a potential.

The fundamental variables in the non-chiral Plebanski action are a connection 1-form wﬁ‘] ,
with associated curvature 2-form denoted by F lf;] (w), and a 2-form Béi , referred to as the B-

field and valued in the Lie algebra so(4) of the local gauge group SO(4). The action is given
by !

1
SPlebanski[Wa B» gb] = SBF [W7 B] - 5 / ¢[JKLBIJ A BKL where (388)
SBF[W,B] = /5[JKLB[J /\FKL(W) . (389)

Here ¢;5x 1 is a Lagrange multiplier satisfying

brixr = Oxrrs = —bxryr  and ¢yl =0. (3.90)

1. In this section, the prefactor ﬁ = ﬁ in front of the Plebanski action is set to one, unless otherwise stated.
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The equations of motion, obtained by varying (3.88) with respect to w and B, are
d,B"” =dB" + [w,B)"” =0 and F"(w)=¢""*'Bgy. (3.91)

Variation with respect to the Lagrange multiplier ¢ imposes the so-called simplicity constraints !

B A BEE =YKL ywhere V= %B” AN B%Ferrkr . (3.92)

The Plebanski action (3.88) without the Lagrange multiplier imposing the simplicity con-
straints reduces to the BF action (3.89). The latter describes a topological theory with no local
propagating degrees of freedom. This is due to its invariance under the shift transformation
S B!’ = d,a!’ and d,w!’ = 0, parametrised by a Lie algebra valued 1-form o/, as well as
its invariance under gauge transformations. The first equation of motion in (3.91) is known as
the Gauss law and imposes compatibility of the connection w with the bivector field B. The
second equation in (3.91) imposes zero curvature F'(w) = 0, and therefore a flat connection. The
shift and gauge symmetries of the BF action identify all solutions to the equations of motion as
locally equivalent.

Let us now consider the full Plebanski action (3.88) with the Lagrange multiplier imposing the
simplicity constraints (3.92). From (3.90), it follows that ¢k has 20 independent components.
Therefore, equation (3.92) represents 20 constraints on the a priori 36 algebraically independent
components of the B-field. There are four independent solutions sectors to (3.92), parametrised
by a spacetime tetrad e/, and given by

1
B =+ef Ae! and B = :|:§6UKL€K Ael. (3.93)

Thus, the simplicity constraints reduce the B-field to a simple bivector determined by the wedge
product of two tetrads.

The first set of solutions in (3.93) is known as the topological sector, and results in an action
with no local propagating degrees of freedom. This can be seen by inserting this set of solutions
for the B-field into the Plebanski action, to arrive at

Slw,e] = :l:/eI Nel A Fry(w), (3.94)

which is proportional to the Holst action [126]. For non-degenerate tetrads, det(e) # 0, the
connection can be integrated out by solving its equation of motion, d,e! = 0. The latter is
known as the first Cartan structure equation and imposes zero torsion. The solution is the
torsion-free spin connection, wlILJ (e) = elV,e"’, whose curvature is related to the Riemann
tensor through the second Cartan structure equation, Ry,,q(€) = erpe 0 FL (w(e)). As a result,
the expression in (3.94) becomes proportional to é*#? R,,,,, which vanishes due to the algebraic
Bianchi identity. Thus, this action is topological, as the field equations vanish identically.

The second set of solutions in (3.93) defines the gravitational sector. When inserted into the

1. The 4-form V can be determined by contracting the first equation in (3.92) with €775, on both sides.
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Plebanski action, these solutions lead to a multiple of the Einstein-Cartan action

1
Slw,e] = iﬁ/euKLeI ANel A FEL(w) . (3.95)

For non-degenerate tetrads, the connection onshell is given by the torsion-free spin connection
w(e), and in this case (3.95) coincides with the first-order Palatini action for general relativity.
Making use of the second Cartan structure equation leads to the Einstein action

Sle] = :I:/det(e)R(e). (3.96)

In summary, the role of the 20 simplicity constraints in recovering classical gravity from the
Plebanski action, is to reduce the 36 algebraically independent components of the B-field to 16
components of a tetrad ef. This, after an SO(4) gauge reduction, leads to the 10 degrees of
freedom of the metric g,, in general relativity.

In the following, we consider modified non-chiral Plebanski theories [97, 102, 103]. Therein,
the non-chiral Plebanski action (3.88) is supplemented by an additional term, which represents
a potential V(¢) for the field ¢ . The resulting action can be written as

Smodified Plebanski|W; By @] = Splebanski|w, B, @] + Spotential|[ B, @],  where (3.97)
1
Spotential | B, ¢] = T / V(¢)€1JKLBU A BEL (3.98)

The equations of motion, obtained after variation with respect to w and B, are

1
d,B"” =dB" + [w,B]'"! =0 and F(w)=¢""5EByp + 6V(¢)5”KLBKL . (3.99)
Thus, the additional potential in the action does not alter the Gauss law, but introduces non-
trivial curvature. Moreover, the equations of motion for the auxiliary field ¢ are now

BY ABFE =Y (e”KL — 463;[—%) , (3.100)

where V is defined in (3.92). The previous equation does not represent constraints on the B-field
anymore, as it does sfor the original Plebanski action. Instead, these are 20 algebraic equations
which can be solved for ¢(B) provided the function V(¢) admits a non-degenerate Hessian.
Thereby the auxiliary field ¢ can be eliminated from the modified Plebanski action (3.97).
This, in turn, leads to an effective potential V' (B) of the B-field. However, in view of (3.99), the
resulting curvature is in general a complicated function for the B-field, and thus the dynamics
of modified non-chiral Plebanski theories differs in general from the dynamics of the non-chiral
Plebanski action. For non-degenerate potentials V' (¢), these theories describe eight propagating
degrees of freedom [97, 102, 103].

More generally, the potential V(¢) can have constant directions or, equivalently, one may
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consider adding a potential only for a subset of the components of the Lagrange multiplier
field @7k in the original Plebanski action (3.88). In this case, the part of the simplicity con-
straints (3.92) on B corresponding to the constant directions of V(¢) is still present, whereas
the remaining components of B acquire a potential V' (B), after solving the analogue of (3.100)
in the form ¢(B). Examples for partially degenerate potentials, resulting in a bimetric theory
of gravity, are considered in [102, 103].

The previous observation is the main ingredient, which allows us to interpret a subclass of
modified non-chiral Plebanski actions as non-linear actions for an area metric. To that end, our
goal is to find a subset of simplicity constraints, to be imposed on the B-field, in oder to reduce
its gauge-invariant degrees of freedom to the correct number required for a general area metric.
The explicit construction of such an area metric is performed in the next subsection.

We close this subsection with a final remark. Generically, there are many different possibilities
for partially degenerate potentials. These can be classified in terms of the decomposition of the
field ¢ in the Plebanski action (3.88) into irreducible representations under the action of the
group SO(4). The field ¢;sxr, obeying the symmetries (3.90), decomposes into the SO(4)
irreducibles

o € (0,00®(1,1)®(2,0)&(0,2). (3.101)

Here, (0,0) describes one scalar degree of freedom proportional to the trace of ¢, whereas (1,1)
can be associated with a symmetric and traceless rank-2 tensor with 9 degrees of freedom. These
two components can be thought of as the Ricci scalar and the traceless part of the Ricci tensor
for ¢;5Kx1, by analogy to the Ricci-Weyl decomposition of the Riemann tensor. The remaining
two representations, (2,0) and (0, 2), describe the selfdual and anti-selfdual Weyl components of
¢ryxr- These can be arranged into two symmetric and traceless rank-2 tensors on the internal
spaces su(2)4, according to the Lie algebra isomorphism so(4) = su(2); @ su(2)-_.

3.2.2 Area metric from B-field via reduction of degrees of freedom

In this subsection, we construct an area metric from the SO(4) B-field and thereby provide an
interpretation of a subclass of modified non-chiral Plebanski theories as non-linear actions for

an area metric. Given an SO(4) B-field B/, an area metric can be defined by

G“Vpo—(B) = B[LI{BII)ZL(SIJKL — %(Bé‘éBﬁ;L(S[JKLEQBvd)E“VpJ s (3102)
where the last term ensures G, ,,€""”° = 0, such that G is cyclic. Modulo this last term, the
B-field can be thought of as a frame field for the area metric, similarly as a tetrad for the
length metric. However, Bil{ contains more gauge-invariant degrees of freedom than a generic
area metric. To derive an action describing the dynamics of an area metric, the gauge-invariant
content of the B-field has to be reduced to the number of degrees of freedom contained in a
generic area metric. This reduction can be achieved by imposing only a subset of the simplicity
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constraints on the B-field in the original non-chiral Plebanski action.

To achieve the reduction of B-field to area-metric degrees of freedom, we make use of the right-
left handed splitting of the Lie algebra, according to the isomorphism so(4) = su(2); @ su(2)_.
This isomorphism decomposes the space of so(4)-valued 2-forms into right-handed and left-

handed eigenspaces su(2)4, with respect to the internal Hodge star operator (*)%L. Accordingly,
the SO(4) B-field can be written as

BY =B+ B, =PHB+ PB¢ where Py = £6)] + ; el (3.103)
We remind the reader that Latin letters a, b, ... = 1,2, 3 provide labels for the Su( )+ bases. The
fields B;¢ are su(2).-valued 2-forms. Together with the su(2), connectlons wi®, defined by the
right-handed and left-handed projections of the so(4)-connection w 7. these ﬁelds represent the
configuration variables in the SU(2); BF action.

A general su(2),-valued 2-form Bia can be parametrised in terms of a tetrad e I and a
unimodular internal frame field ;" Wlth det(b*) = 1[99, 125]. Specifically, we can erte

Bl (e%,b%) = axby S (e®), (3.104)

where 04 = %1 is a sign introduced for later convenience, and E/fl? are the Plebanski 2-forms
associated with a given non-degenerate tetrad e,ﬂ. Their definition in Euclidean signature is
Sio(e) = 2 (epel — ehet) + € eenes, = 268 L P el el (3.105)

The Plebanski 2-forms are selfdual and anti-selfdual, respectively, with respect to the Hodge
star operator defined by the spacetime metric g, = eie;f dry. This property is expressed as

1 o ia +a
26/“,’0 Z = :I:ZW,

(3.106)

where the expression involving € on the left hand side stands for €7 = |/gg*" 9% €m0

The algebraically independent components and gauge-invariant content of the SO(4) B-field
are contained in the reparametrisation (3.103) and (3.104) as follows.

The field Bii , as an so(4)-valued 2-form, has 36 independent components. In (3.103), this
field is decomposed into two fields B , which are su(2)y-valued 2-forms with 18 independent
components, respectively. Accordmg to (3 104), each of these fields Biﬁ’ can be parametrised
in terms of the Plebanski 2-forms E“i( ) of a tetrad eil , and a unimodular internal frame
field b, Tt should be noted that Z“i( +), defined in (3.105), depends only on 13 of the 16
components of the tetrad e , as the 1nterna1 direction e*° has been fixed. For non-degenerate
tetrads eﬂ the Plebanski 2 forms ng( *) form a basis of the 3-dimensional spaces of right-
handed and left-handed 2-forms [84, 94, 99]. Therefore, Bi“ can always be decomposed as
a linear combination in the form Bi“ = biaEib( +), with a priori 9 independent coefficients

bi“. This decomposition is defined only up to an SU(2)+ rotation acting on the contracted
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index. Moreover, in this linear decomposition, a global rescaling of the tetrad, efjl — Qefjl ,
can be compensated by a global rescaling of the internal frame field, bffa — Q_Qbf“. This
freedom of rescaling represents one degree of freedom, which can be absorbed by imposing the
unimodularity condition, det(b¥) = 1, on the 3 x 3 matrix with entries b7*. Altogether, we
recover the correct number of 13+9 —3 —1 = 18 algebraically independent components of Blia .

Next, let us focus on the gauge-invariant content of the SO(4) B-field. Six of the 36 al-
gebraically independent components of Bﬁi are gauge degrees of freedom, associated with an
SO(4) rotation. Therefore, B[L;f contains only 30 gauge-invariant degrees of freedom. Similarly,
3 of the 18 algebraically independent components of Bi? are gauge degrees of freedom, associ-
ated with an SO(3) rotation. Therefore, each of the fields Bif‘ contains only 15 gauge-invariant
degrees of freedom. Out of these, 10 are encoded in the right or left metric associated with the
tetrad e/jff , and defined by

G = €7 015 (3.107)

This metric belongs to the same conformal class as the so-called Urbantke metric for the right-
handed or left-handed sector, respectively. Given a triple of su(2)-valued 2-forms B;,,, the
Urbantke metric gf, is defined by [99, 102, 125]

1 Q a C
VY9 = g Cabee "B B B, . (3.108)
The previous statement thus follows by noticing that

1
+eanc” BB By = i%det(b)eabceaﬁwzjg(ei)zg(ei)zg(ei)

= 0:\V9bg,,- (3.109)

The other 5 gauge-invariant degrees of freedom of Blf,f” can be arranged into a unimodular
internal metric qj;), constructed from the frame field bzm, and defined by [99, 102]

0 = b0 . (3.110)
As a symmetric 3 x 3 matrix with determinant det(¢) = 1, each field qj, has indeed 5 inde-
pendent components. With this definition, it follows '

1

igBlijpiféacébde“””” = Vo, (3.112)
Altogether, the 36 algebraically independent degrees of freedom of the SO(4) B-field in the

non-chiral Plebanski action can be identified with the 10 4 10 + 8 4+ 8 degrees of freedom of two

1. This identity follows from the definition of the Plebanski 2-forms Efw in (3.105), which implies

S0 (e) %), (€)g" "7 = 45 (3.111)
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length metrics, gffy, and two unimodular internal frame fields, b*. Moreover, the 30 gauge-
invariant degrees of freedom of the SO(4) B-field can be identified with the 10 + 10 + 5 + 5
degrees of freedom of the two length metrics gi,, and the two unimodular internal metrics qi.

In summary, it holds

before SO(4) gauge reduction (36 d.o.f.) : BZLZ & (g 9 b5 0,7) (3.113)
after SO(4) gauge reduction (30 d.o.f.) : B/I“‘{ & (9 G T Ty - (3.114)

Previously, we have seen that the role of the 20 simplicity constraints in the non-chiral Ple-
banski action is to reduce the 30 gauge-invariant degrees of freedom of the B-field to 10 degrees
of freedom for classical gravity formulated in terms of a metric. The solutions to the simplic-
ity constraints (3.93), expressed in terms of the parametrisation (3.104), are equivalent to the
conditions

eff=e =¢l and b =b"=0, (3.115)
as well as o, = o_ for the topological sector, and o, = —o_ for the gravitational sector.

Concretely, the simplicity constraints identify the two length metrics gffy with each other and
freeze the internal metrics qcﬁ to the identity on the internal space. As a result, for classical
general relativity the following identities hold [102],

g =90 =09w and ¢ =q,=0w. (3.116)

These identities can be used to simplify the expression for the area metric G, defined from
the SO(4) B-field B!/ in (3.102). To that end, we note that, using the splitting (3.103), this
area metric can be written as !

GMVPO'(B) = Z Giypo- (Bi) ’ (3118)
+
with the right and left area metrics G, defined from the SU(2) B-fields B, by
1 1
+ +) — +a p+b +a p+b afyé
oo (B ) —2 [BW B dab — 4! (Baﬁ B15 0ave o )ENVPU : (3.119)

Since foypge“”p" = 0, these area metrics are cyclic, as is G itself. Moreover, they are

invariant under an SU(2): rotation acting on the internal index of B;,!. G5, ,, can be expressed
in terms of the parametrisation of B, in (3.104), with the definition of ¢, in (3.110). Using

1. This rewriting uses the following identities for the projectors P!/ defined in (3.103),

PaiIJPbiKL(S]JKL = 6ab and PaiIJPb:FKL(s[JKL =0. (3117)
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the identity (3.112), the result is

a 1 _
S ()55 (e5) 0o F 5 V0% Tr(0%) v | (3.120)

N | —

G?L:Vpa( :t7q:t> =
where Tr(¢t) = ¢56%.

The right and left area metrics G*, defined in (3.119), do not provide a convenient parametri-
sation for the gauge-invariant content of Bjya, which respectively consists of only 15 gauge-
invariant degrees of freedom. Instead, they can be used to reformulate the 20 simplicity con-
straints for the gravitational solution sector in the non-chiral Plebanski action, in terms of 20
algebraically independent equations encoded in the condition [80]

G:jl,po =G0 (3.121)
This is indeed the relation obtained by inserting the identities (3.116) into (3.120). Moreover,
as a result, the area metric G in (3.118) reduces to the area metric G, induced by the length
metric g, = eﬁei5jj. Thus, we obtain '

NVPU Z G,ul/pa Z 2 Eib 5(117 = GupYov — GuoGpv = <Gg)/wpa . (3123)

Altogether, for general relativity the right and left area metrics (3.119) coincide and their
sum (3.118) evaluates to the area metric induced by the length metric as the fundamental vari-
able in classical metric gravity.

Now, let us return to our original goal of deriving an action which describes the dynamics of a
generic area metric, starting from the non-chiral Plebanski action. To that end, it is necessary to
weaken a subset of the simplicity constraints on the B-field. In the remainder of this subsection
we will use the reparametrisation of the SO(4) B-field, in the form (3.114), in order to reduce
its 30 gauge-invariant degrees of freedom to 20 degrees of freedom for a generic area metric. On
these grounds, the resulting subclass of modified Plebanski theories can be viewed as non-linear
implicit theories for an area metric.

An immediate possible choice for achieving the above reduction, is to impose that the right

1. This equality arises by using that the Plebanski 2-forms Eia defined in (3.105) satisfy

“ 1
SEN(e) B2 (€)dab = GupGor — GpoGow + (3.122)

ﬁeuupg .
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and left length metrics coincide, *

G = Gy = Guv - (3.125)

As aresult, we anticipate to arrive at an implicit action for the dynamics of an area metric (3.118)
given by

Gvpo = ZGWU e.q* (3.126)

I
Here, e,

is a tetrad for the metric g, .
Altogether, the following picture for a non-linear area-metric theory arises. The starting point
is the modified non-chiral Plebanski action (3.97), together with a Holst term [126],

Smodiﬁed Plebanski—i—Holst[wa B, ¢] = /P}YJKLBIJ A FKL(CU> + F]JKL(¢)BIJ N BKL y (3127)

where

1 1 1
Pl (@) =0y + %GIJKL and  Frygp(¢) = 3 (¢IJKL + 6V<¢)€IJKL> . (3.128)

Here, v denotes the Immirzi parameter [80, 81], whose inverse is proportional to the coupling
in front of the Holst action.

In the action (3.127), the right-left splitting of the Lie algebra, and accordingly of the B-
field (3.103), can be used to decompose the equations of motion for the connection w into two
independent su(2)+ Gauss laws. Their solution can be expressed in terms of the parametriza-
tion (3.104) of the SUL(2) B-fields as w®(B*(e*,b%)), see e.g. [99, 102]. Additionally, the aux-
iliary field ¢ can be integrated out from the action, by solving its equations of motion (3.100)
in the form ¢(B) = ¢(et,e,b",b7). As a result, the action becomes an effective second-order
action for the fields e* and ¢*, whose explicit expression for a generic SO(4)-invariant quadratic
potential can be found in [102, 103]. Imposing identical right and left tetrads e™ = e~ = e, in
order to satisfy the constraint (3.125), leads to an action describing the dynamics of the metric
g and scalar fields ¢=. These encode the degrees of freedom of the area metric G in (3.126).

1. Another possible choice is to leave the two right and left length metrics independent, and freeze the dynamics
of the internal scalars by setting them equal to the identity on the internal space,

4 = a5, = dab - (3.124)

This leads to a bimetric theory of gravity, which has been shown to propagate a massless and a massive spin-2
particle, as well as a massive scalar ghost mode in an expansion around a biflat background [102, 103]. Here,
we will not be concerned with this theory further.
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These steps can be summarised as

Smodiﬁed Plebanski + Holst [w> Ba ¢] — Seff[w(B)a Ba ¢(B)]
B=B(Bt(et,bt),B=(e~,b7))

— Slete7,q%,¢7] — Sle,q".q7) = S[G]. (3.129)

The resulting action depends on the area metric G only implicitly. Expressing g = ¢(G) and
q¢& = ¢*(G) would require the inversion of the defining relation (3.126), which represents 20
polynomial equations. An exact inversion is not presently available. Nevertheless, this relation
can be inverted perturbatively around a fixed background configuration for the area metric.
In the next subsection, we will consider the inversion to linear order around an area-metric
background induced by the flat length metric. Thereby, we will arrive at a subclass of second-
order quadratic actions for area-metric perturbations, which can be identified as the Euclidean
version of the subclass of area-metric actions with shift-symmetric kinetic term, analysed in
subsection 3.1.4.

3.2.3 Perturbative inversion of implicit non-linear area-metric actions

Whereas the general solution ¢(G) and ¢*(G) to the polynomial equations (3.126) cannot be
stated explicitly, the inversion can be done perturbatively order by order around a given back-
ground configuration for the area metric. To that end, we assume a decomposition G = Gy +0G
of the area metric, into a background G, and perturbations around this background dG. Ac-
cordingly, we can expand g = go + &g, where dg = dg(V) + §¢® 4 ..., and ¢* = ¢F + d¢*, where
§q* = 0¢™M + 6¢*® + ... Based on these expansions, the relation

Go+6G = G(g,q%), (3.130)

with the right hand side given by (3.126), can be solved order by order in 6G, for g™ (6G™)
and 0+ (6G™).

In the following, we consider an expansion of the area metric around a configuration induced
by the flat Euclidean metric d,,,, and therewith invert (3.130) to linear order in perturbations.
Thus, let us introduce the perturbation of the area metric by

Gvpo = (G5)uypa + 0Gwpe = Oppdav = OucOpy + 0G vpo (3.131)

and the perturbations around flat space of the tetrad and the length metric, as well as of the
internal metrics by

el{ = 5,5 + 5e£ = Guv = O + 09, Where  dg,, = 56£51u + 561{5[“, (3.132)

G = Oap+06q35. (3.133)

From now on, spacetime and internal indices are raised and lowered with the flat Euclidean
spacetime metric J,, and the internal metric ¢4, respectively. The unimodularity condition
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det(¢) = 1 implies, to first order in the perturbations of the internal metrics, Tr(d¢*) =
(5qi 5% = 0. To match with the conventions of the previous section, at this point we for-
mally reintroduce the gravitational coupling x and denote the perturbations of the area met-
ric by G pe = 2KGup0, and the perturbations of the length metric and internal metric by
dguw = 2khy, and 5qu = 2/{)(2%. Thus, a, h and x* are bosonic fields with canonical mass
dimension one.

Expanding the area metric in (3.126) to first order in h,, and X?§ allows us to identify the
area-metric perturbation a,,,, on the left hand side of (3.130) as

Quupo = Laﬁyupghaﬂ + 2]P)+ab,u1/poxz_b + QP_ab,uupUX;b (3134)
= 2(0uppholy — Oupphaln) + Wihpe + Yo (3.135)
with
Laﬁwm = 2(%[1)5((;?55) _5V[p(5 56) (3.136)
a a a C a 1 a
PE® e = PLOPEY) — 5 "PiPy%.q where Pt = 52; (6). (3.137)

The Plebanski 2-forms Y:¢(6) of the flat Euclidean tetrad are defined as in (3.105). The
projectors P are traceless in their internal indices. These and L®? satisfy the projector and
orthogonality relations

L L% = 819 4 45,307  where 09 = 520598 (3.138)
1

Pt PR = I where I = (g — So™o%, (3.139)

LoF . preb — pEeb. pEed (3.140)

In the previous expressions, we have used the notation A-B = A, ,, B""*?. The tensors 1%%79 and
%< define, respectively, the identity on the space of symmetric rank-2 tensors ¢, on spacetime,
and the identity on the space of symmetric and traceless rank-2 tensors t,, on the internal space.

The expression in (3.135) is of the same form as the algebraic decomposition of the field a0
according to (3.16) and (3.25). Moreover, the fields %, and Wi e are related to each other
in the same way as in (3.24). They represent the selfdual and anti-selfdual components of the
area-metric perturbation. However, in this section, we have used the Euclidean projectors P*
defined in (3.137). These differ from their Lorentzian analogues (3.20), in that they involve the
Plebanski 2-forms constructed from the flat Euclidean tetrad 51 instead of the ﬂat Minkowski
tetrad 7]1 In Euclidean signature, the projectors P*, and in partlcular the fields y3 . and wW oo

are real. The selfduality and anti-selfduality property in Lorentzian signature (3.19) translates
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to Euclidean signature as

%ewaﬁwf;ﬂpg = :I:wi,pa . (3.141)
Similarly, the area-metric perturbation induced by the length-metric perturbation h,, involves
the quantity L%, defined in equation (3.137) from the Euclidean spacetime metric §,,,, which in
Lorentzian signature would be defined from the Minkowski metric 7,,,. Formally, one may define
a Wick rotation from the Euclidean to the Lorentzian theory by the replacement 52 — 772 = i52
in the Plebanski-2 forms, while leaving spatial components of the tetrad unchanged.

Using the definitions of L and P*% in (3.136)—(3.137), and the relations (3.138)—(3.140),
we can explicitly invert the relation (3.130) to linear order in the area-metric perturbation. The
result is an expression for the length-metric perturbation h,, and internal metric perturbations
X;tb, as functions of the area-metric perturbation a,, .,

1

_ 1 )
hoz,@ e Ka,@ A Where (Ko‘ﬂ),uupg = g]laﬁ"ﬁ]l"’y pvpo — E(Salg(su[péo—}y, (3142)
1 1
XL, = §]ij Cwt = 5% 4 e wjm = 2Piabwmxfb = Pfggaﬂabcdpﬂd -a. (3.143)

For later reference, we note that the separate parts of the area-metric perturbation in (3.134)
and (3.135) can be written in terms of projectors II" and II* onto the length-metric and the
selfdual and anti-selfdual components as

Qppe =10, a+10F, a4+ 11, . -a. (3.144)
The projectors are defined explicitly by
H/Lﬂjpmaﬁ’yé = L)\Tul/p0'<K)\T)aﬁ'y§ (3.145)
= 2(A 0 apBons + AnsBoas) + 2(A e T BB as)
oA A,
I vass = Paoo lacdPagls (3.146)
- 2(AtvaﬂA§075 + Aivwr?A;Emﬂ) o gAinffAiﬁﬁ ’
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where !
+ _ 1 1
A/ﬂ/pa = §(5M05V0 - 5;110'5Vp) + gEMVﬂU s (3148)
_ 1
AS,e = Al AL = Z(aupaw — 0u00up) (3.149)
1
D _ + — .
Auupa = Auypa - Auypo’ - Ze/u/pa- (3150)
According to (3.144), by construction it holds
]L)\T,uupah’AT - H;Lng ca, (3151)
Wipe = o0 a. (3.152)

The projectors IIT act as the identity on the tensors w®, and together with II" sum to the
identity on the space of cyclic area metrics,

2
— S S S S D D
H,UVPQOCBWS = 2<AuuaﬁApa'y§ + Auu’yéApaaﬂ> - _A;wpaAaB'yé

= H;I;Vpa,aﬁ'yls + H:Vpa,aﬁ'yti + H;Vpo',a,ﬁ'yé : (3153)

The previous definitions provide all ingredients to explicitly state the linearisation, around
flat space, of the implicit non-linear area-metric action described at the end of the previous
subsection. The starting point are the SUL(2) BF actions, where the connection has been inte-
grated out using the parametrisation (3.103) for the SUL(2) B-fields in terms of the spacetime
tetrads e* and the internal frame fields b* [99, 102]. Linearising these actions around a flat
background configuration for the spacetime metrics gffy and the internal metrics q;tb, leads to
the effective SO(4) BF action as a functional of the length-metric perturbation hfy and internal
metric perturbations be [102, 103]. In order to arrive at a quadratic action for area-metric
perturbations, we identify h:j,/ = h,,, = h,,. Additionally, we consider a potential for the non-
metric degrees of freedom of the area-metric perturbation, associated with the perturbations of
the internal metrics. Assuming SO(4) invariance of the original potential V'(¢) in the modified
non-chiral Plebanski action, the only possibility at quadratic order are mass terms for be [102,
103]. This can be understood in view of the decomposition of the field ¢; xy into irreducible
representations of SO(4), according to (3.101). To obtain a singlet quadratic in the fields w¥,
we have to consider the tensor product of each of the representations (0,2) and (2, 0) with itself.

The resulting Lagrangian is a function of h,, and Xaib, and can be written in momentum space

1. This rewriting uses the property (3.122) of the Plebanski 2-forms. According to this identity, or alternatively
1

by direct computation, it follows that the projectors Pfy‘l = 52;, (0) satisfy

1 1

PEapEls,, = 7 OuoBor = 80 0p) £ € - (3.147)
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as
'C(h“”’ Xab X;b) = Lpr (huw Xab: X;b) + Linass (X:bv X;b) (3.154)
1 1
=3 > {%EEH(/M + Xu) T 3G T ] (3.155)
+
where
1
Y=l (3.156)
gt

The structure of the Lagrangian (3.154) can be understood by the shift symmetry of the topolog-
ical BF actions for each of the selfdual and anti-selfdual sectors separately. This shift symmetry
eliminates the transverse-traceless propagating modes in the Einstein-Hilbert action. Adding
a mass term to the self-dual or anti-selfdual Lagrangian breaks this shift symmetry, such that
each of these Lagrangians on its own features two transverse-traceless propagating degrees of
freedom, encoded in the shifted metric ny = hu + Xffy, and five massive non-propagating
modes, encoded in Xfy. Combinining these two sectors into the non-chiral Lagrangian (3.155)
similarly results in propagating degrees of freedom. However, the final Lagrangian still features
a remnant H-parameter shift symmetry in the kinetic term, as discussed in subsection 3.1.4 and
demonstrated below.

For completeness, we note that the linearised Einstein-Hilbert action is defined by the Fierz-
Pauli operator € in Euclidean signature as

]. oy 2 loa g
Lonh) = 5h"E,, o = %hﬂ”(P@)W" —2p© * )hpc,, (3.157)

with p? = 6, p"p” denoting the square of the Euclidean four-momentum vector. The spin-2 and
spin-0 projectors P and P are defined as in (3.8), with indices raised and lowered with the
Euclidean metric 9,

The fields XW/ in (3.155) are real symmetric transverse-traceless rank-2 tensors on spacetime,
defined from y= -, in the same way as in (3.38), using the projectors Pi“ in Euchdean signa-
ture. As a consequence, these fields represent an isometric embeddmg of x= . into the space
of symmetric transverse-traceless tensors on spacetime, such that the identity (3.40) holds in
Euclidean signature as well. For convenience, we display these definitions and identities again,

pp’

a P’ p .
Xy = Wi o 2 = 4P Pib with  xpp" =0 and x,;* =0, (3.158)
v a 1 vpo
XX = XX = Wit (3.159)

In Fuclidean signature, the Lagrangian quadratic in X,fu is manifestly positive definite, as these
fields are real. Moreover, all couplings c4 in (3.155) are real, and parity is violated if ¢, # c_.
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The Lagrangian (3.155) can be identified as the Euclidean version of the special class of area-
metric Lagrangians with shift-symmetric kinetic term, analysed in subsection 3.1.4. To see this,
we use that Xfy are annihilated by the spin-0 projector, whereas the spin-2 projector acts as
the identity on these fields. This allows us to write the expression in (3.155) as

1
5(% +7-)Ler ()

1 1
+ —Z [vih,wx PP S XD GmEga | (3.160)

'C(h;un X:y? X;u> =

The kinetic part is of the same form as in the Lagrangian (3.68), with the identification
(ag, By) <> —7+, and consequently py <> —v4. In particular, the condition (3.69) for a 5-
parameter shift symmetry of the kinetic term, with A = —1 in Euclidean signature, is auto-
matically satisfied for linearised area-metric actions derived from modified non-chiral Plebanski
theories. Indeed, the definition of 4 in (3.156) implies

Y+l =2, (3.161)

Thus, we can conclude that the Immirzi parameter v is a parity-violating coupling in area-metric
actions derived from modified non-chiral Plebanski theories. Concretely, v enters the dynam-
ical equations of motion derived from the linearised area-metric Lagrangian (3.160). This is
in contrast to classical length-metric gravity, where v does not affect the equations of motion.
Moreover, in view of the Hamiltonian analysis of these area-metric theories in Lorentzian sig-
nature, in appendix A.2, we can conclude that 7 is responsible for a parity-violating mixing
effect between the + and x modes of the transverse-traceless components of the shifted spatial
metric, subject to the Hamiltonian and diffeomorphism constaints, see subsection A.2.6 and in
particular equation (A.150).

The discussion of the H-parameter shift symmetry and explicit formulae in subsection 3.1.4,
as well as the derivation of the effective actions for the field h,, in subsection 3.1.3, extend

straightforwardly to the Lagrangian (3.160) in Euclidean signature. The effective action for Ay,
is given by

1 m2
Leg(hy) = Leu(h ZVi Lvpo 2+M2 Deower  where Mizf (3.162)

If the effective mass parameters M2 = M? are identical, this action simplifies and leads to a
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ghostfree propagator for the spin-2 mode, *

1
ﬁeff(huu) = ﬁEH(hm/) - (I)Cuupa]m(l)cwpo, (3.163)
1 1
P> = Q{E + _MQ] _ (3.164)

Finally, for completeness, we close this subsection by stating the result for the linearised
area-metric Lagrangian in (3.160) explicity in terms of the inversion of equation (3.135), with
h=K-aand w® =1I* - ¢ as in (3.142) and (3.143). Defining

(e

Rt — P°p

uv, a3y — ,u,pua,aﬂ'y(S? ) (3165)
and using the definition of 3, in (3.158) and identity (3.159), we arrive at
N I e\ 1 +T Ty, 2, L 2 2\ 7+
L(a) =a|— K€K + 42%(1@ K+ K'E)p* + - (vep” + md) I | a. (3.166)
-

This terminates our analysis of area-metric actions in the framework of non-chiral modified
Plebanski theories.

1. It should be noted that the condition Mﬁ = M? requires mi = ;Y—fm%, but not necessarily vy = v_.

Therefore, an effective action of the form (3.162) can arise even in the presence of a finite Immirzi parameter -y
in the area-metric action (3.160).
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4 Phenomenology of area metrics

Area-metric gravity in four spacetime dimensions contains more degrees of freedom than classical
gravity. These degrees of freedom can be associated with the ten massless degrees of freedom of
a length metric, and ten additional massive degrees of freedom which parametrise the deviation
of the area metric from one that is induced by a length metric. Thereby, area-metric gravity can
be viewed as an effective theory for a length metric coupled to a special type of matter fields. We
assume this effective field theory to be valid at an energy scale below the scale of a fundamental
theory of quantum gravity. Candidate approaches to quantum gravity, in which area metrics
appear as effective semiclassical descriptions of spacetime, are loop quantum gravity and spin
foams [1, 3, 49, 76, 77], as well as string theory [2, 50-53, 55].

For area metrics to represent a viable geometric framework for gravity in an intermediate
energy regime, the area-metric effective field theory has to satisfy theoretical and phenomeno-
logical consistency constraints. These should ensure a low-energy limit compatible with general
relativity, which is experimentally exceedingly well tested in the strong-field regime [128-130].
Such a constraint on area-metric gravity can be analysed both classically, and from the per-
spective of quantum field theory. In this chapter we consider separate aspects of this constraint
as criteria to assess the viability of area-metric gravity.

4.1 RG flows in perturbative area-metric gravity

In this section, area-metric gravity is treated as a local quantum effective field theory. To
that end, we assume a description of spacetime in terms of an area metric at a given UV
cutoff scale Ayy. Starting from this regime, we analyse the properties of the RG flow of area-
metric gravity from the UV towards to IR. The relevant concepts from the functional RG are
summarised in subsection 4.1.2, whereas the truncation ansatz for the effective action is defined
in subsection 4.1.2.

Compatibility of area-metric gravity with metric gravity at low energies requires the decou-
pling of the non-metric degrees of freedom of the area metric. This constraint stems from the
absence of associated types of matter fields in the standard model of particle physics, and the
absence of any observational indications for these. One possibility for the extra fields to decouple
is as a result of a large-growing mass, which freezes the dynamics of these fields in the IR. This
scenario is illustrated in figure 4.1, and can be additionally enhanced by a dynamical suppres-
sion of the interaction couplings between these fields and the length metric. Subsection 4.1.3
analyses these two distinct mechanisms of decoupling.
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4 Phenomenology of area metrics

quantum gravity uv
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Figure 4.1: Scenario of area-metric gravity as an effective field theory at an energy scale Ayy,
below the scale of a fundamental theory of quantum gravity. Compatibility of area-metric
gravity with 1R physics requires the decoupling of the non-metric degrees of freedom from the
length-metric degrees of freedom of the area metric at low energies.

A further aspect to determine the IR consistency of area-metric gravity are constraints on
gravitational parity violation, see e.g. [131, 132]. Parity violation is a prediction of various ex-
tensions to general relativity, such as Chern-Simons theory [133, 134], and variants thereof [135—
139], or chiral extensions of ghostfree scalar-tensor theories [140]. Other examples are symmetric
teleparallel gravity [141] and Horava-Lifshitz gravity [142, 143]. Such parity-violating extensions
of general relativity can arise as low-energy effective field theories of some high-energy UV com-
pletion such as string theory, where parity violation is triggered by anomaly cancellation [144,
145], or extensions of loop quantum gravity, in which the Immirzi parameter is promoted to a
dynamical field [146-148].

Similarly, a generic ansatz for the effective action for area-metric perturbations contains
parity-violating couplings. These must be dynamically suppressed under the RG flow towards
lower scales, in order to guarantee compatibility with observational constraints on parity viola-
tion in pure-gravitational systems. On these grounds, in subsection 4.1.4, we analyse directions
away from the parity-symmetric theory space of area-metric gravity, as well as the possibility
of parity invariance as an emergent symmetry. Such a scenario starts with a parity-violating
area-metric theory in the UV, and ends with a parity-invariant theory in the IR. Additionally, as
a special parity-violating coupling in area-metric gravity, we analyse the RG flow of the Immirzi
parameter 7 in subsection 4.1.5.
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4 Phenomenology of area metrics

4.1.1 Brief overview of the functional renormalisation group

The functional RG is a non-perturbative framework for deriving the quantum effective action
I', which governs the dynamics in a quantum field theory. The latter can be computed formally
by solving the Euclidean path integral of the quantum field theory. This amounts to integrating
out all quantum fluctuations of the fields at once. By contrast, the functional RG is based on
the Wilsonian picture of renormalisation, which consists of integrating out quantum fluctuations
step by step [149-152]. This process, known as coarse graining, starts from many microscopic
degrees of freedom in the UV, and ends with fewer macroscopic degrees of freedom in the IR.

The central object in the functional RG is a scale-dependent effective action 'y, known as the
effective average action (EAA) [153]. The functional T'y depends on a variable RG mass scale
k, and interpolates between the classical action S = I'y—,,, at a UV cutoff scale Ayy and the
quantum effective action I' = I',_,¢ in the IR.

The scale dependence of I'y, can be derived from an exact functional differential equation [154,
155],

1 —1
kO Ty = ETr[(F,(f) + Rk) ka,ﬂzk} . (4.1)

Here, I’,(f) is the matrix of second functional derivatives of I'y with respect to the quantum fields
at fixed background, and Ry is a regulator. The regulator acts as an IR cutoff by suppressing
low-momentum modes, such that only quantum fluctuations with momenta p? > k? are included
in I'y,. The generalised trace involves sums and integrals over fields and momenta.

The flow equation was originally formulated for scalar fields [154, 155], and can be generalised
to fermions [156, 157], and gauge fields, including gravity [158, 159]. Reviews and introductions
to the functional RG can be found in [160-168]. The following is a collection of terminologies
and concepts necessary to follow the discussion in the next subsections.

A solution to the flow equation (4.1) can be interpreted as a trajectory between the bare
action and the quantum effective action in theory space. The latter is the infinite-dimensional
space spanned by all operators ; which are compatible with the symmetries of the theory. An
action functional in theory space can be expanded in the basis of operators {O;},

re=Sak)o, (4.2)

)

with coordinates given by couplings ¢;(k). Taking the scale derivative of (4.2) yields

where fz; = kOyc;(k) are the beta functions of the dimensionful couplings ¢;. These depend
in general on all couplings {¢;}, as well as on the RG scale parameter k. According to (4.3),
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4 Phenomenology of area metrics

expanding the trace on the right hand side in the flow equation (4.2), in the basis of operators
{O;}, allows for extracting the beta functions f;, of the couplings ¢; as the coefficients in front
of the operators O;.

As T’ is dimensionless, each coupling ¢; has canonical mass dimension d;, given by the negative
mass dimension of the operator ;. The corresponding dimensionless couplings ¢; are obtained
by multiplication with appropriate powers of the RG scale parameter k,

ci(k) = ¢(k)k™% . (4.4)

It is standard to work with the dimensionless couplings {c;} as coordinates in theory space.
Their beta functions are given by

Bei(cj) = kOyei(k) = —dg,c; + k™% g, . (4.5)

They contain a canonical term and a contribution that is induced by quantum fluctuations. Dif-
ferent from the beta functions for the dimensionful couplings, there is no explicit dependence on
the RG scale parameter k. Therefore, dealing with the flow equation (4.1) replaces the challenge
of solving a path integral, by the task of solving a coupled system of autonomous differential
equations. The flow equation is formally exact as an infinite-dimensional integro-differential
equation, but not exactly solvable in practice. Instead, ['; can be expanded in systematic trun-
cations and its flow analysed within the truncated theory space.

Fixed points of the RG flow are of particular interest, as there the theory becomes quantum
scale-invariant. At a fixed point ¢, all beta functions of the dimensionless couplings vanish,

B (@) =0 Vi. (4.6)

Therefore the dimensionless couplings are constant at a fixed point, whereas the dimensionful
couplings follow a simple power-law scaling according to their canonical dimension,

A fixed point ¢, is called Gaussian, or free, if all couplings at the fixed point vanish, and
non-Gaussian, or interacting, if at least one coupling is non-zero at the fixed point.
Generically, a fixed point is a point in theory space where RG trajectories of the flow equation
start or end. In the first case it is called a UV fixed point and in the second case an IR fixed
point. Some fixed points can only serve as either UV or IR fixed points, but generically a
fixed point can be both. The properties of a fixed point can be deduced by linearising the beta
functions 3., around the fixed point. This results in a set of linear differential equations,

Pei(€) = ﬂci_(f*) + ; Bij(@)(cj = cjx) + O((¢j = ¢5x)7) (4.8)
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4 Phenomenology of area metrics

where B;; are the entries of the stability matrix defined by

9B.,(7)
By (6) = =22 4.9
0 =2 (1.9
The eigenvalues of the stability matrix are denoted by —6;, and corresponding eigenvectors by
By. The flow in the eigendirection I can be analysed by writing ¢(k) = ¢ + b;(k) By, such that
the linearised flow equation (4.8) reduces to

- . k

—6;
k@kb[(k)B[ = —01()[(]{3)B[ = b[(l{?) = b[o <l€_) . (410)

The integration in the last step assumes the initial condition by (ko) = byo, where kg is a reference
scale usually set to the initial scale Ayy. The general solution to (4.8) is

LR\
am=n1+§:munc£> . (4.11)
I

The critical exponents #; are the negative eigenvalues of the stability matrix. The integration
constants {byo} are the free parameters of the theory. In principle, all of these infinitely many
constants must be known in order to characterise an RG trajectory, which enters the linearised
regime, exactly. However, in the presence of a fixed point, flowing towards the IR by lowering
k/kq, the contributions from the eigenvectors b; which feature a negative critical exponent ; < 0
are suppressed. In turn, the associated parameters byy become irrelevant for the values of the
couplings at a scale k > kq. The corresponding directions in the space of couplings are called
irrelevant, or IR attractive, or UV repulsive. Conversely, contributions from eigenvectors by
which feature a positive critical exponent ; > 0, grow towards the IR. Thus, the IR values of
couplings depend on the associated parameters byy. These directions are called relevant, or IR
repulsive, or UV attractive. If a critical exponent ; = 0 vanishes, the corresponding direction
is called marginal. In this case, higher-order contributions in the expansion (4.8) have to be
taken into account in order to determine if this direction is marginally relevant or irrelevant.

Generically, when the beta functions are real, the eigenvalues of the stability matrix can occur
as complex conjugate pairs. Thus, the critical exponents 6; can be complex. In this case, their
imaginary part is responsible for a spiralling of the flow around the fixed point, whereas their
real part determines if the direction is attractive or repulsive,

Re[#;]] > 0 & relevant (IR repulsive or UV attractive), (4.12)
Relf;] < 0 <« irrelevant (IR attractive or UV repulsive), (4.13)
Re[#;] = 0 <  marginal. (4.14)

For a Gaussian fixed point, the linearised beta functions are given by

Be, = —dgc; + O(2%) (4.15)
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4 Phenomenology of area metrics

such that the stability matrix is diagonal with entries determined by the negative canonical
dimensions of the couplings,

In particular, in this case the eigendirections align with the couplings and the critical exponents
are given by 0; = d;. As a consequence, in the perturbative regime near the Gaussian fixed
point, the RG flow drives higher-order couplings to zero, while couplings with positive canonical
dimension are relevant.

For a non-Gaussian fixed point, the situation is more complicated. In this case, the beta func-
tions receive an anomalous contribution beyond the canonical term, which arises from quantum
fluctuations. This contribution can render canonically relevant couplings irrelevant and vice
versa.

4.1.2 Truncation ansatz for the effective average action

In this subsection, we define an ansatz for the effective average action I'y, which allows us to
address the question of decoupling of the non-metric degrees of freedom in area-metric gravity.
In the absence of a non-perturbative action for area-metrics, we construct this ansatz perturba-
tively. Our starting point is the most general diffeomorphism-invariant action for area-metric
perturbations around a background configuration induced by the flat length metric. This action
was derived in subsection 3.1.2 at quadratic order in area-metric perturbations and momenta,
and is a functional of the fields h,, and wfy o associated with the length-metric and the non-
metric degrees of freedom of the area-metric perturbation.

For our analysis of RG flows in area-metric gravity, we consider a simple approximation which
only takes into account momentum-independent contributions at third order in the perturba-
tions of the area metric, and specifically focus on the flow of masses of w* which is induced by
gravitational fluctuations h. Under these assumptions, there are only two types of interaction

vertices to consider, as derived in appendix A.3. The corresponding scalar invariants are given
by

hwfy powi‘“’p" and h“”hp”wfpw . (4.17)
The couplings in front of these terms in a Lagrangian for area-metric perturbations may in
principle depend on each other, when the condition of diffeomorphism invariance is taken into
account at higher orders. In the lack of knowledge about such a possible constraint, we consider
these terms with independent couplings A;, and A,, in the ansatz for [';. Combining the
result for the general quadratic second-order action for area-metric perturbations, derived in
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4 Phenomenology of area metrics

subsection 3.1.2, with the two terms in (4.17), defines our ansatz for the EAA,

1 1
I, = 5,52)[hw]—|—/d4x2{ O hP? 0" w ffpw, 58 wh o 9% i’”’p”—i——miwi wrHveo
£

a* v po 2 K po

+ NiphwE w7 4 N MR w : (4.18)

;wpa p,pua

Here, we have denoted interaction couplings between h and w® with a prime, in order to reserve
the notation without a prime for a redefined version of these couplings following a field rescaling
detailed below.

The first contribution in I'y, quadratic in A, is given by the second-order term in an expansion
of the Einstein-Hilbert action around the flat Euclidean background, '

uy — 5;”/ + h“y y (419)

together with a term which gauge-fixes the metric fluctuations h,, with respect to the flat
background,

SO ] = sﬁfg[h J+ S h)

1 1+6h ?
_ 4 = [ ax (e . (4.2
16G d*z \/gR +327G06h/d:1:<8hw 8h) (4.20)

In the previous expression G is the dimensionful Newton coupling, whereas «;, and ), are gauge
parameters. All results stated in the following apply in the limit 5, — a; — 0. Our analysis
targets the RG flow of the masses for w*, and of the interaction couplings between w* and h.
In particular, we do not evaluate the scale dependence of couplings in the pure length-metric
sector, and for this reason do not consider Faddeev-Popov ghost terms. The structure of the
regularised propagator entering the flow equation (4.1) for the effective action (4.18) is illus-
trated in appendix A.4.

O(h?)

The field A in (4.18) denotes the dimensionless metric perturbation. After expanding the
Einstein-Hilbert action at second order in the perturbation, we promote this field to a standard
graviton field with canonical mass dimension one by rescaling

hyw — /167G Zy by, (4.21)

everywhere in I'y. Here, we have introduced the wave-function renormalisation Z; of h. The

1. It should be noted that in the flat-background expansion of the metric (4.19), the tensor h,, represents the
dimensionless metric perturbations. By contrast, in section 3.1, the tensor h,, was already considered to be
a bosonic field with canonical mass dimension one, and was related to the perturbation of the length metric
by dg,, = 2kh,, = 16wGh,, where G is the dimensionful Newton coupling. Both descriptions are equivalent
when rescaling h,,, = vV 16mGh,,, in the Taylor expansion of Sgg in (4.20) at second order in h,,,, and keeping
in mind that this expansion generates an additional factor of %
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4 Phenomenology of area metrics

fields w® in I';, are already canonically normalised. Consequently, we only introduce the wave-
function renormalisation Z,+ of w* by rescaling

+

Whvpo = V Zut Wi, (4.22)

nvpo

in the effective action. As a consequence of the rescalings (4.21) and (4.22), we redefine all
couplings in front of the terms in I'y,, which contain both h and w™*, so as to absorb all numerical
factors and powers of GG. Concretely, as an intermediate step we introduce

ayr = V16rGal,, (4.23)
Mr = V16rGN,, (4.24)
Aor = 167GN,, . (4.25)

The redefined couplings a4 are dimensionless, whereas A\i4 and A\o4 have canonical dimension
one. From now on, we focus on the dimensionless versions of these couplings and of the Newton
coupling,

g = Gk, (4.26)
ar = ag, (4.27)
mi = mik?, (4.28)
Mor = Ajoxhk *. (4.29)

4.1.3 Decoupling of non-metric degrees of freedom

In this subsection, we consider the decoupling of the non-metric degrees of freedom of the area
metric. Decoupling can occur as a result of a dynamically growing mass, and can be enhanced
further through a dynamical suppression of the interaction couplings between these fields and
the length metric. To that end, we analyse the RG flow of these parameters separately.

In the absence of interactions, the dimensionful mass squares m?2 are constant and the di-
mensionless mass squares scale as m3 o k~2. With this canonical scaling, large physical
masses of the non-metric degrees of freedom in the IR can be achieved, provided the ini-
tial conditions for the flow of m2 in the UV are chosen appropriately. A natural choice is
m%(Auyv) = miyy = O(1), where Ayy denotes the cutoff scale of the area-metric effective field
theory. However, in the following we are interested in determining whether gravitational fluc-
tuations can generically drive the masses of the non-metric degrees of freedom further towards
relevance, compared to their canonical scaling. If this is the case, the non-metric degrees of
freedom decouple in the IR, irrespective of the initial conditions set in the UV.

In the presence of quantum fluctuations, the beta functions for m2 receive a non-canonical
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contribution, see e.g. (4.5). As a result, the dimensionless mass squares scale as

mi o K°m% where Apz = =2+ N2 (4.30)

are the scaling dimensions, which differ from their canonical value —2 by the anomalous dimen-
sions 7,2 . In a regime k € (kmr, Ayv), where this anomalous scaling holds, the dimensionful
mass squares are given by

k’ Am2 k? N2
mi(k)=mi(k>k2=[miuv(A—w) ]kzmA(A—) CEY)

A negative or positive anomalous dimension Nz implies that the dimensionful mass squares at
the scale kg are larger, or smaler, respectively, than their value at the scale Ayy, by a factor of
(kir/ AUV)"mi_ For ordinary scalar fields, the anomalous scaling dimension of the mass induced
by quantum-gravitational fluctuations is generically positive [169-171]. Analogous observations
hold for spin-i fermions [172]. Therefore, the canonical growth of the dimensionless masses
of these fields is counteracted by quantum fluctuations, such that their dimensionful masses
becomes lighter in the IR. For tensor fields such as w®, an analogous effect has not yet been in-
vestigated. It is, however, central for the phenomenological viability of area-metric gravity that
quantum-gravitational fluctuations support the canonical growth of their masses, and thereby
allow for a decoupling of these fields at low energies.

To determine whether gravitational fluctuations can make the masses of the non-metric de-
grees of freedom of the area metric more relevant, we consider their beta functions. These, and
other beta functions, are generically complicated non-polynomial functions of all couplings. On
these grounds, we resort to expansions of beta functions around particular values of couplings.

First, we expand the beta functions ﬁmi for small m% and small couplings ¢ € {ax, A1 a1}
The leading term in this expansion is of order zero in the mass,

M, | TAL

Pz = =35 T oo

+O(m%,c?, ). (4.32)
Thus, masses for the non-metric degrees of freedom are automatically generated by quantum
fluctuations, even if the initial conditions set these to zero in the UV. Moreover, if we assume
that A\j+ and A\o1 are of approximately the same magnitude, then the first term in (4.32) is
dominant. The sign of this term is negative for any non-zero values of \;.. Therefore, the
masses of the non-metric degrees of freedom grow under the RG flow towards the IR.

As a next step, we assume initial conditions at an intermediate scale, at which the masses have

already grown to large positive values. The primary question is whether quantum fluctuations
support this growth further. To answer this question, we consider an expansion of the beta
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. 2
functions for large m,

2
Bz = (—2 — 132);;2>mi +0(mY). (4.33)
The non-canonical contribution has the same sign as the canonical term. The anomalous scaling
dimension N2, Can be read off from the expression in brackets, after subtracting the negative
canonical dimension —2. Since Nmz 18 negative for non-zero Ao, we can conclude that the
dimensionful masses of the non-metric degrees of freedom are protected from decreasing under
the flow, and continue to grow towards the IR as a result of quantum-gravitational fluctuations.
This provides a robust decoupling mechanism for the non-metric degrees of freedom in area-
metric gravity.

In the remaining part of this subsection, we extend the previous considerations for the de-
coupling of the non-metric degrees of freedom, by additionally taking into account the vertex
couplings between these and the length metric. To that end, we analyse whether these couplings
can be suppressed dynamically under the flow towards the IR, assuming initial conditions in a
regime where the masses of the non-metric degrees of freedom are already large.

In the absence of interactions, the dimensionful couplings 5\17& are constant, whereas the
dimensionless couplings A; 24 scale as A\j 24 o k!, and are therefore canonically relevant. Ac-
cording to this canonical scaling, positive or negative initial values A\j o1 (Ayy) = A 24uv in the
UV result in a growth of these couplings to large positive or large negative values in the IR. In
the following, we analyse whether gravitational fluctuations can counteract this growth.

In the presence of quantum fluctuations, the beta functions for A\; o4 receive a non-canonical
contribution, see e.g. (4.5). As a result, the dimensionless couplings A; o4 scale as

Aot X kA M2t where Ay = =140, (4.34)

are the scaling dimensions, which differ from their canonical value —1 by the anomalous dimen-
sions 7, ,,. In a regime k € (kr, Ayyv), where this anomalous scaling holds, the dimensionful
couplings are given by

— k A2t ko O\ Maex
Mos(B) = Aas (k) = [Assuy (—) E— Mssuy - Auy - (—) o (4.35)
AUV AUV

A negative or positive anomalous dimension 7, ,, implies that the dimensionful couplings at
the scale kg are larger, or smaler, respectively, in magnitude than their value at the scale Ayy,
by a factor of (kig/Ayy)™ 2.

To determine whether gravitational fluctuations can drive the vertex couplings towards irrel-
evance relative to their canonical scaling, we consider their beta functions. Their expansion for
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Figure 4.2: Flow towards the IR in the plane spanned by m2 and s, according to the beta
functions (4.33) and (4.37). Gravitational fluctuations drive the masses m? to large values in
the IR even faster than dictated by their canonical scaling. This provides a robust decoupling
mechanism for the non-metric degrees of freedom in area-metric gravity at low energies. Simoul-
taneously, the interaction couplings Ao between these fields and the length metric also grow
dynamically towards the IR, relative to their canonical scaling. This enhancement may result
in a residual effect of the non-metric degrees of freedom in the low-energy effective action for
the metric degrees of freedom in area-metric gravity.

large masses m?2 is given by

3A\54 7y TIN5s )

ﬁ)\lj: = (—1 - 1287T2)A1:t _'_ 9671'2 + O(mi ) 5 (436)
3A3. >

B)\Qi = —-1- 2567T2 )\Qi + O(mi ) . (437)

For a suppression of the couplings A; 24, relative to their canonical scaling, the non-canonical
contribution to their beta function has to be of opposite sign to the canonical term.
The sign of the non-canonical term in the beta function for A;4 for non-zero Ao is

sign(Ay),  for At € (—o00,0) U (%Sw/wg, oo) ,

4.38
—sign(A1), for g€ (0,2,/79). (4.38)

sign(—9\ 1+ + 28y/7g) = {

In the first case, A\;+ cannot be driven towards irrelevance in the regime of large m?%, and instead
grows in magnitude towards the IR even faster than canonically. An anomalous scaling opposite
to canonical scaling can only be achieved for positive A4 < 2978 Tg.

Next, we consider the non-canonical term in the beta function for the couplings Aor. The
sign of this term is

sign(—A3,) = sign(—Xay). (4.39)
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Figure 4.3: Vertex couplings A3, as functions of the scale parameter k/Ayy for different initial
conditions Aoryy = Aox(Ayy) in the UV. Under the RG flow towards the IR, these couplings
increase in magnitude and reach a strong-coupling regime signalled by a Landau pole in (4.40).

Therefore, Ao+ becomes even more relevant than dictated by its canonical scaling. Figure 4.2
shows the RG flow towards the IR in the plane spanned by m% and Mo, according to the
combined beta functions (4.33) and (4.37).

The beta functions (,,, in (4.37) can be integrated analytically to leading order with the
initial conditions Ao+ (Ayv) = Aexyv. The result is

2 _ )‘%+UV
A2, (k) = — . (4.40)

2+ 2
3’\§+UV —(1+ 3)‘§+UV k
25672 25672 Auv

As anticipated, the couplings A\, increase in magnitude under the flow towards the IR and reach
a strong-coupling regime signalled by a Landau pole in the above expression. Figure 4.3 shows
A2, as functions of the scale parameter k/Ayy for different choices of initial conditions in the UV.

Altogether, the interaction couplings A; 2+, between the non-metric degrees of freedom and
the length-metric fluctuation, generically remain relevant and grow under the RG flow towards
the IR even faster than their canonical scaling dimension implies. The dimensionful couplings
at a scale kg, above the scale of a possible Landau pole, can be expected to be at least of the
order of Ayy in the absence of fine-tuning of the initial conditions in the UV. In principle, initial
conditions for the flow can be arranged such that the vertex couplings reach an IR Landau pole
only after the non-metric degrees of freedom have decoupled, as a result of their heavy mass.

In summary, on the one hand we find evidence that decoupling in area-metric gravity, as a
result of large masses of the non-metric degrees of freedom, is a realistic and robust scenario.
Such large masses would freeze the dynamics of the non-metric degrees of freedom in the IR.
However, on the other hand, we observe that the interaction couplings between these fields and
the length-metric fluctuation also stay large in units of Ayy. This may result in a residual effect
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of the non-metric degrees of freedom in the low-energy limit of the theory. In particular, large
values of these couplings may generate large Wilson coefficients in the effective field theory for
the length-metric degrees of freedom. These may be reflected in dominant higher-curvature
terms in the action.

4.1.4 Parity-violating directions in theory space

In this subsection, we consider the RG flow of parity-violating couplings in area-metric gravity.
Parity violation in length-metric gravitational systems is observationally tightly constrained, see
e.g. [131, 132]. Thus, for area-metric gravity to be phenomenologically viable, the low-energy
effective action for the length-metric degrees of freedom must respect parity symmetry to a
good approximation. This can be expected, if the parity-violating couplings in the area-metric
action are dynamically driven to small values in the low-energy regime.

On these grounds, we will analyse if a departure from the parity-symmetric subspace of the
area-metric theory space in the UV can be reversed by the RG flow towards the IR. If this
is the case, parity invariance of the low-energy theory can be regarded as an emergent sym-
metry. However, if this is not the case, parity-violating couplings in the low-energy regime
of area-metric gravity may induce parity-violating interactions in the effective action for the
length-metric degrees of freedom, irrespective of the decoupling of the non-metric degrees of
freedom of the area metric.

A parity transformation leaves the length-metric degrees of freedom of the area metric in-
variant, and interchanges the selfdual and anti-selfdual Weyl components of the area metric
corresponding to the non-metric degrees of freedom,

b = hpw (4.41)
wi,po — w/j:upa‘ (4.42)

This field transformation is a global symmetry of I'y, if
cp =c_=c  Vcouplings cy €'y (4.43)

Concretely, for the truncation ansatz (4.18), this condition concerns the couplings c+ € {m?%, a,
A2+ . Within the parity-symmetric subspace of the full theory space, defined by (4.43), the
beta functions for all couplings cy in I'y, are identical ,such that 8. = ...

To analyse directions away from the parity-symmetric subspace, we consider a transformation
from couplings {c;,c_} to sums and differences {0, 0.} by writing

d0e = cp—cC_, (4.44)
g, = ¢4+ (4.45)

The differences d. represent the parity-violating couplings in the effective action.
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To determine if parity invariance can be an emergent symmetry in the IR, we consider the
beta functions for the parity-violating couplings, expanded in a regime of large mass-square sum
02 and small differences 4., for all ¢ € {m? a, \12}. These can be expressed as

303 2805, — 90,20y, — 2072

Bs ., = (—2 — 51(;::2)%2 4 209 0768(:22 050, 6, +O(03,02,6.00), (4.46)

303 16200, + 15872,/7g o
/66‘1 = 1024;_2 5& - 2764871’2 5}\2 + O(O-MQ’ (507 50(561) 5 (4.47)

302 90,05, — 5602, /TG B

Pon = (_1 - 512:;2)5“ T 0w T 00,8, 6cbe) (4.48)
902

i, = (21 g )+ Ol 8%.000). (1.49)

The stability matrix, derived from the linearised beta functions in the subspace spanned by the
couplings {62, 4,9z, , }, has an upper-triangular form. The eigenvalues, corresponding to the
negative critical exponents, can be read off directly from the factors multiplying a given coupling
). in the expansion of its beta function 5, above. Since the critical exponents determine if an
eigendirection is relevant or irrelevant, we focus only on these terms.

The beta function for J, has no canonical term, as this coupling is canonically marginal.
Considering the first term in (4.47), this parity-violating coupling can be suppressed dynami-
cally, because for positive J, this term is positive. On the other hand, the beta functions for
the other parity-violating couplings, d,,2 and 0, ,, contain canonical terms which indicate that
these couplings are relevant. Moreover, the sign of the non-canonical contribution in the first
terms of (4.47), (4.48) and (4.49), for non-zero o,,, is identical to the sign of the canonical
term. As a result, taking into account only the first terms in the beta functions for 9,,2 and
dx, ., these parity-violating couplings remain relevant and grow towards the IR even faster than
canonically. This holds generically for the coupling d,,, whose beta function, to the considered
order, consists only of one term proportional to dy,. A non-zero coupling d,,, in turn, induces
additional terms in the beta functions for the couplings d,,2, d,, and dy,. Thus, if §,, is already
non-zero, this coupling may in principle limit the further growth of some other couplings in
parts of the parameter space.

Altogether, however, any departure from the parity-symmetric subspace of the area-metric
theory in the UV cannot be reversed by the flow towards the IR. Instead, such a parity violation
will be dynamically enhanced. This observation indicates that parity invariance cannot be an
emergent symmetry in the low-energy regime of area-metric gravity. The only possibility for a
parity-invariant low-energy theory are exact parity-symmetric initial conditions in the UV.
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4.1.5 Flow of the Immirzi parameter

In this subsection, we analyse the flow of the Immirzi parameter v [80, 81], whose inverse is
proportional to the coupling in front of the Holst action [126]. In section 3.2, we have iden-
tified v as a parity-violating coupling in area-metric actions derived from modified non-chiral
Plebanski theories. If the mass parameters of the non-metric degrees of freedom w?® are iden-
tical, the effective action, obtained by integrating out these fields from the linearised theory, is
ghostfree. These results were established in subsections 3.1.3 and 3.2.3. The associated subclass
of linearised area-metric actions with shift-symmetric kinetic term is the starting point for the
analysis in this subsection.

According to (3.160), the non-gauge-fixed quadratic part of the classical action can be ex-
pressed as

9 upvo pvpo

1 1
5(2) = Sg&[huy] + = Z [,Yiauhpaauw:t + gfyiaawj: 8awj:;wpa
+

1_ _ vpo
+ g”yimiwfypgwi“ Pl (4.50)
Here, we have translated between the fields x* and w*, using (3.158) and (3.159), and redefined
their mass parameters by replacing m% — .m?% in (3.160). !

The dimensionless Immirzi parameter 7 enters in (4.50) through the dimensionful couplings

1 1

Y+
The limit 4 — 0 is associated originally with a suppression of the Holst term in the modified
Plebanski-Holst action. In this limit, S® in (4.50) is parity-invariant, if in addition mi = m?
holds. Parity violation in the interaction term, and in the kinetic term for the non-metric fields,
is present for any non-zero value of 4, and maximal for 4 — 4o0.

1. We remind that, in section 3.1, the field h,, was already canonically normalised, and related to the dimen-
sionless perturbation of the length metric by dg,, = 167Gh,,. To match with the order of steps performed
in subsection 4.1.2, we consider this rescaling to not have taken place yet in (4.50). As a result, the couplings
¥+ in (4.50) are dimensionful, as they would have been in section 3.2, had the factor 555 = z1 in front of

the (modified) Plebanski-Holst action not been set to one there. Additionally, Sgﬁ [huw] in (4.50) denotes the

term at second order in h,,, in the Taylor expansion of Sgw[g,.], wWith g, = 0, + hy,. This term differs from

[ d*x Lgx(hyy) in chapter 3, by a factor of ;. Taking this into account, leads to the identity (4.52) and the

avatar

Y Yo = —— 4.51
Y+ +7 G (4.51)

of the relation (3.161). This relation reflects the condition (3.69) for a 5-parameter shift symmetry in the
kinetic term.
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Comparing the classical action (4.50) to the quadratic part of the effective average action I'y
in (4.18), we can identify the couplings in front of the hw* terms in I'y as &/, = %f‘yi. Following
the analogous steps as in subsection 4.1.2, we normalise the field h canonically by rescaling

hyw — /167G Zyhy, (4.53)

Additionally, the fields w® have to be normalised canonically by rescaling

87 +
+ [OLwE 4
Wipo = Wipo - (4.54)

As a consequence of the rescalings (4.53) and (4.54), in the same way as before, we redefine
the couplings in I', so as to absorb all factors, except possible wave-function renormalisations
appearing in front of a given term. In particular, as a result of this redefinition, the dimensionless
couplings a4, in front of the hw™® interaction, terms are given by oy = 34/167G - 874, and satisfy

o + a2 8, (4.55)
a2 —a? = 87. (4.56)

However, it is important to note that the identity (4.55), which indicates a 5-parameter shift
symmetry as analysed in subsection 3.1.4, holds only for the classical action. Under the RG
flow, this sum of couplings evolves dynamically, such that the relation (4.55) is generically not
preseved. To take this into account, we introduce a dimensionless coupling o,z proportional to
the sum of o and o2 in the effective action. Concretely, we replace (4.55) and (4.56) by

o +a 80,2, (4.57)

84 . (4.58)

2
2

2
a, —«a

On these grounds, we consider a transformation from the couplings {a,,a_} to the couplings
{O‘a2,’3/}. ! With

ar =200 £7, (4.60)

. To this end, equations (4.57) and (4.56) must be solved for ay in terms of 0,2 and 4. There are four sets of
solutions,

ay =842v/0.2 4+  and  a_ =$_2/0,2 — 7, (4.59)

labelled by all possible combinations (s, s_) of signs s;,s_ = +. Solutions with mixed signs are excluded by
the requirement that the condition oy = a_, for parity symmetry, is respected in the limit 4 — 0. A choice
among the remaining two solutions amounts to a global choice of sign in front of the hw® terms in T'y. Thus,
without loss of generality, we focus on the solution ay = 24/1 £ 4. The opposite choice —a is equivalent, at
the level of T, after a field redefinition w* — —w® and a redefinition of the couplings Aot — — Ao
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the beta functions of o,2 and 4 can be expressed as

60 2 = (a+/6a+ + a—ﬁa,) s (461)

By = ~(a4Ba, —a_fa_). (4.62)

g R

In order to analyse the RG flow of the couplings o,2 and 4, we expand their beta functions
for large masses m2. of the non-metric degrees of freedom,

ﬁga2 = —Z|:O'a :l:’}/ 2567 PY T ZE’YW —l—(’)(mi), (463)

B, = —g{i(wiv Aox +omt? 31\/7_9)\&} +O(m?) . (4.64)

25672 10872
The leading terms in (5 and 3, , are independent of A;4.

From (4.63) and (4.64), we see that the flow of 6,2 and 4 freezes out in the limit m% — oo and
Ao+ — 0, in which the non-length metric degrees of freedom decouple. Therefore, length-metric
fluctuations alone do not induce a flow for these couplings.

Moreover, the beta functions for o,2 and 4 vanish in the limit {o,2,4} — 0, when the
interaction couplings a in front of the hw® terms in the effective action are switched off. At
this point in the parameter space, the matrix of derivatives

(3%2 Bo. 8@5%2) B _Z { 3 ( A2, i)\gi> N 31ymg 1 ( Aot iAgi)}
Os oB5 0385 ) — 256 +A2 ML 21672 /o2 £ 4 \FThox  Aox
diverges, such that no well-defined critical exponents can be assigned. The sign of 0;/3;, when
approaching the limit 4 — 0, followed by 0,2 — 0, depends on the combination — Y Aoy. The
flow is driven towards 4 = 0 for Aoy + Ao < 0, and away from 4 = 0 for Aoy + Ao > 0.

More generally, any configurations of the form {o,2 = +9, Aoy = 0} and {o,2 = —%, Ao = 0}
are zeros of f, , and (5. In particular, the condition for a shift-symmetric kinetic term, satisfied
for the classical action, can be realised at the fixed point (o,2,%,A21) = (1,1,0) or the fixed

point (42,4, Aa—) = (1, —1,0). Additionally, there are other zeros of the beta functions for o,z
and 7, which we consider to be truncation artifacts and do not analyse further.

Finally, we consider the point associated with maximal parity violation in the hw® interaction
terms. This point is characterised by vanishing Immirzi parameter v. The beta function for ~
can be obtained from the beta function for 4, via

By = =185 (4.65)
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Inserting (4.64) and expanding the result for small 7, leads to
By = 256 — Z)\ L+ O m?). (4.66)

The flow of v has a fixed point at v = 0 with a critical exponent

05,
0y =0

= —L(Ag+ +A3_) <0, (4.67)

0. =
K 25672

which is always negative if at least one of the couplings Aoy is non-zero. Therefrom we conclude
that the fixed point 7 = 0 is IR attractive.

Previous works have derived the RG flow for v in the framework of Einstein-Cartan gravity,
starting from the first-order Hilbert-Palatini action with a Holst term [173-177]. These analyses
involve different degrees of freedom and evaluation schemes, such that we can only qualitatively
compare results. Nevertheless, these works have identified a fixed point at v = 0, at which
v is marginally irrelevant, and another one at v — +o0o, at which 7 is marginally relevant.
This suggests an RG trajectory starting from zero parity violation in the UV, and ending with
maximal parity violation in the IR. Notably, we find that the values v = 0 and 4 = 0 are also
fixed points in the framework of area-metric gravity. Moreover, at the former, ~ is also always
marginally irrelevant, whereas whether v at 4 = 0 is marginally relevant or irrelevant, depends
on the sign of the sum of couplings ), Aoy. We can tune this sign to achieve an analogous
type of RG trajectory, starting from zero parity violation in the UV and ending with maximal
parity violation in the IR.

This concludes our analysis of the phenomenological viability of area-metric gravity as a local
quantum effective field theory. In the next section, we consider phenomenological aspects of
classical effective field theories for the metric degrees of freedom in area-metric gravity.

4.2 Non-linear effective length-metric actions in a symmetry-reduced
framework

In this section, we will consider non-linear classical effective field theories for the metric degrees
of freedom in area-metric gravity. Previously, we have seen that linearised area-metric gravity
provides a distinct framework for a particular type of modifications to the linearised Einstein-
Hilbert action for general relativity, which are quasi-local and quadratic in the Weyl curvature.
On these grounds, we will focus on a non-linear completion of these actions in the form of a
quadratic-curvature quasi-local Einstein-Weyl action for the metric tensor. Quadratic-curvature
actions with infinite derivatives haven been analysed extensively as classical and quantum field
theories which provide mechanisms for the regularisation of singularities and can lead to modi-
fications of the gravitational field in the weak-field regime [122, 178-185].
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To address analogous questions for the effective metric theories suggested by area-metric
gravity, in subsection 4.2.1 we first define the quasi-local Einstein-Weyl action which forms the
starting point of our analysis. In subsection 4.2.2, we derive the covariant equations of motion
after localisation by means of an additional tensor field. Subsequently, we consider a symmetry-
reduced static spherically symmetric ansatz constructed in subsection 4.2.3. Solutions to the
equations of motion in the weak-field regime are analysed in subsection 4.2.4. Additionally, we
derive a regular Frobenius solution at the radial center in subsection 4.2.5.

4.2.1 Quasi-local Einstein-Weyl action

We will consider a non-linear completion of a modified version of the linearised effective action
for the length metric (3.64). More concretely, as a modification we allow a generic dimensionless
coupling p in front of the quasi-local Weyl-squared correction to the Einstein action, and ad-
ditionally introduce a dimensionless parameter 7 in front of the covariant d’Alembert operator,
O = g, V#V". The latter appears, together with the mass parameter m? of the non-metric
degrees of freedom, as an inverse derivative operator acting on a Weyl curvature. Altogether,
we consider the higher-derivative quasi-local Einstein-Weyl action !
_ My

1
4 vpo
Slgl = 9 /d xv—g{R-i—MCuupamC“ P7L (4.68)

The dimensionless parameter 7 quantifies the amount of non-locality, whereas the parameter
m? > 0 with dimension mass squared determines the mass scale of the non-metric degrees of
freedom in the context of area-metric gravity. For generic choices of the coupling p and the
parameter 7, the action (4.68) contains modes which can lead to a classical instability. For
instance, in an expansion around flat Minkowski background a ghostfree propagator should
only be expected for a special choice of parameters which reproduces the linearised effective
action (3.64). In the following, however, we will assume p and 7 to be generic.

The overparametrisation in the second term of (4.68) allows us to distinguish different limits
of this action. For u — 0, the second term is absent and the action reduces to the classical
Einstein action for general relativity. For n — 0, we obtain local Einstein-Weyl gravity as a
subclass of quadratic gravity [123]. For m? — 0, the action becomes a genuinely non-local
Einstein-Weyl action as a subclass of generalised non-local quadratic-curvature gravity [122].
Keeping both 1 and m? generic, for finite y, allows us analyse the separate effects stemming
from the covariant d’Alembert operator in combination with a mass term, in the form of a
quasi-local inverse operator between two Weyl curvatures.

1. Here, m%l = ﬁ is the squared reduced Planck mass in Planck units, ¢ = & = 1. In the following, we set
2

mp, = 1.
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4.2.2 Equations of motion after localisation

To derive the equations of motion from (4.68), we first localise the action by introducing an
auxiliary tensor field v,,,, with the same symmetries as the Weyl tensor and defined by

wMVPU == (UD - m2)_lcuupcf . (469)

This definition can be implemented in the action through a Lagrange multiplier \,,,,. Let us
consider the action

2
_ Mpy

2 /d4x V=Y [R — ROy p + AWW((UD - m2>¢;wp0 + Cwm)} , (4.70)

Slg, v, Al 5

whose variation with respect to A returns the local version of the defining relation (4.69),

(UD - mQ)w,qua = _C,uupa . (471)

We assume boundary conditions on 1 such that solutions to the homogeneous equation vanish.
This amounts to requiring that the operator acting on the left hand side in (4.71) has a trivial
kernel, which in turn defines the inverse operator in (4.69).

The Lagrange multiplier can be integrated out from (4.70), in order to arrive at a reduced
action which depends only on the metric and the field ¢). The resulting local action is the
starting point of our analysis,

2
Slg. vl = " [ @t VEGIR = p(2C P g + 0 (0 = 1) )] (4T2)

Varying this action with respect to the field v, we obtain its equations of motion

SHVPU<97 ¢) = M[(UD - m2)1/1,u,upa + Cm/po] =0. (473)

Therefore, onshell for ¢ the action (4.72) reduces to (4.68). Varying (4.72) with respect to the
metric, and substituting the Ricci-Weyl decomposition for the Riemann tensor, we arrive at the
equations of motion for the metric,

SMV(9>¢) = G,UV - 7@(9#’) =0. (474)

Here, G\, = R, — 1/2g,, R is the Einstein tensor, whereas the effective energy-momentum
tensor is given by

Tow = 1(TY +0TD), (4.75)
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where
1
TS = 2VaVau,t + 5m gt ags — 4m* 0, g,
— G C" " Pagys + 6C1 " Yyapy + 2R Ypavs , (4.76)
and

TS = 4PVEV (ars — Wuiasy VsV ™"
AV (¥)apy Vs — AV 51 uagy Vi 07

1
+4¢(u|a6'y|j¢\l/)a6’y - Vuwaﬂvévu¢a676 + §guuvp¢a,6’m5vp¢aﬁvé : (477)

Equations (4.73) and (4.74) provide the full set of covariant equations of motion for the ac-
tion (4.72).

4.2.3 Static spherically symmetric ansatz

In this subsection, we consider the equations of motion (4.73) and (4.74) in static spherical
symmetry. The most general static spherically symmetric line element in spherical coordinates
(t,r,0,¢) can be parametrised by two free functions f(r) and h(r), in the form

ds® = —f(r) dt® + h(r) dr® 4+ r*dQ* (4.78)
where dQ? = d6” + sin®(f) d¢* is the area element on the unit two-sphere.

To determine the form of the tensor field 1,,,, in static spherical symmetry, we use that this
field has the same symmetries as the Weyl tensor. In particular, this field satisfies

Vuvpo = —Yuppe = Vpour A0 Yuapy + Vusya + Yurap =0, (4.79)

and is traceless upon contracting any two of its four indices, as is the Weyl tensor. The lat-
ter can be written in Petrov notation as a 6 x 6 symmetric matrix Cyp, where A, B, ... =
[uv] € {01,02,03,12,13,23} label antisymmetric index pairs. When evaluated for the line
element (4.78), this matrix can be expressed as

Cap=F - Mag, (4.80)

with

1 2R 2f 29k Af Afh
FU S hbr) = S |apr L2 SH 2 200 AT 4

—_ - 4.81
12 f h r r r2 r2 |’ (4.81)

where a prime denotes the derivative with respect to r. The matrix M 4p in (4.80) has compo-
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nents

_ i el e 2ii22i_4-2i
MAB—dlag{l r r? sin ((9) r < sin (9)2f, r sin (H)fh} (4.82)

2h’ 2f’
Thus, all non-zero components of the Weyl tensor are encoded in the diagonal entries of M 4p.
There is only one independent component of the Weyl tensor, which can be taken to be
Cirer = F. Therefrom, the others can be inferred by making use of the tracelessness condi-
tion ¢"?C\.p = 0. According to the defining equation for v,,,, in (4.73), and the structure of
the Weyl tensor (4.80), we can parametrise this field analogously in the form

Yap = Y- -Mug, (4.83)

where 9(r) is a scalar function which depends only on the radial coordinate. With this ansatz,
Yuvpe 18 automatically traceless in each index pair and satisfies the cyclicity condition given by
the second equation in (4.79).

Inserting the ansatz for the metric in (4.78) and the ansatz for the field 1,,,, in (4.83) into

the equations of motion (4.74) and (4.73), we see that only the diagonal components of £,,, and
£

wpo, Viewed as a 6 x 6 matrix £4p, are non-zero. Concretely, these matrices take the form
Ew = diag{é’tt, Erry Evo, sin2(9)€99} , (4.84)

and

Eap = Eurtr - Map, (4.85)

with M 4p given in (4.82). There is only one independent equation of motion encoded in &,
which we will take to be the component &, = E,.

The non-zero components of the field-equation matrix (4.84) depend on the functions { f, h, ¢}
and their first and second derivatives, as well as on the coordinate r explicitly. Onshell on the
equation of motion for 1, the tensor &,, is covariantly conserved,

V4E,, = 0. (4.86)

For a general tensor &£, of the form as in (4.84), the only a priori non-vanishing component on
the left hand side in (4.86) is the r component,

f f! Er\ 2
T TR Ze 4 : =& (4.87)

The term &/, introduces derivatives of the functions {f, h,1} up to third order. The third
derivative 9" can be eliminated by taking the radial derivative of the equation of motion
&y = 0 and substituting the result back into (4.87). The resulting expression involves deriva-

VHE,, =
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tives of {f, h,®} only up to second order. Using therein the equation of motion &, = 0 itself
to substitute 9", leads to V*&,, = 0. In summary, we have verified explicitly that &,, is co-
variantly conserved after using both the equation of motion for the field 1,,,,, and its derivative.

The conservation equation (4.86) implies that there are only two algebraically independent
equations of motion encoded in &, = 0. We will take these to be & = 0 and &, = 0.
Altogether, we obtain a set of three algebraically independent coupled second-order non-linear
differential equations for the functions {f, h, ¢}, which are denoted by

E=1{&, 66} (4.88)

These equations of motion are given explicitly in appendix A.5. They can be split into one part
denoted by GR, which remains present after taking the limit y — 0, in which case the original
action reduces to the Einstein action of general relativity. The other part of the equations of
motion is proportional to the parameter ;1 and decomposes further into a contribution propor-
tional to the non-locality parameter n and denoted by a supersript (1), as well as a contribution
which remains in the limit n — 0 and is denoted by a superscript (0). With this notation, the
equations of motion (4.88) can be expressed as

& = &+ u(e +neP) o, (4.89)
& = ER | u(é‘,ﬁ“) + nsﬁ")) —0, (4.90)
&v = n(& +nel) =o0. (4.91)

The equation &, has no GR contibution, as 1) does not appear in the action for general relativity.

The three equations {&f, &y, €y} = 0 are equivalent to the equations of motion obtained by
first inserting the static spherically symmetric ansatz (4.78) and (4.83) into the action (4.72),
and subsequently taking the variation with respect to f, h, and . According to the principle
of symmetric criticality [186, 187], this reflects consistency of the truncation to the invariant
sector under a group action, which in this case is the group of spatial rotations.

4.2.4 Weak-field regime

In this subsection, we will solve the equations of motion (4.88) to linear order in an expansion
around flat space. Such an approximation is appropriate to describe the regime of a weak
gravitational field at asymptotically large distances. Expanding the metric functions f and h
in (4.78) and the field ¢ in (4.83) around their flat-space configuration, we write

f(r) = 1+da(r), (4.92)
h(r) = 1+ 6b(r), (4.93)
P(r) = de(r). (4.94)
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The field 1 must be zero to leading order, when the spacetime is described by the Minkowski
metric with vanishing Weyl tensor. This is consistent with the assumption that solutions to the
homogenous equation in (4.71) vanish.

Inserting the ansatz (4.92)—(4.94) into the field equations (4.88), and expanding the result to
first order in the perturbation parameter 9, leads to

0 = (b+rd + p(12c+20rd +4r*c"))6 + O(8%), (4.95)
0 = (b—rd —p(12c+4rc))d + O(6%) , (4.96)
= p(4b+12m*r?c + 2ra’ — 2rt — 2r%a” + n(72c — 24rd — 121°¢"))6 + O(6%) . (4.97)

We can eliminate b from the second equation and insert the result into the first and third
equations. Thereby we obtain two second-order linear coupled differential equations for the
functions a and c¢. These can be solved exactly in terms of four integration constants C, Cj,
and Cy. The general solution to the linearised equations for the two metric functions f and h
in the weak-field limit is given by

C mr —mr
£(r) :1+C+$+Cfr+cfr, (4.98)
CO eﬁ” e—ﬁzr
= 1—-—= 1—mr)—C_ 14+n 4.
h(r) . Cy 5 (1—rmr)—-C o (14 mr), (4.99)
whereas the solution for the field v is
1 Co em’” N ~9 9 e—mr R .9 9
Y(r) = — ———= (3= 3mr + m*?) + C_ ———= (3 + 3mr + m*?).  (4.100)

=0 p—— _
m? r3 8um?2r3 8um?2r3

In the previous expressions we have introduced the effective mass parameter

m2
n=,/ . 4.101
(U Vv (4.101)

If 2u < —n, this effective mass becomes imaginary and produces an asymptotically non-flat and
spatially oscillating profile of the metric functions f and h at large r, unless the coefficients C'.
are set to zero. In the following, we will assume 2; > —n such that the radicand in (4.101) is
positive, and m is real and positive.

An asymptotic falloff of the solutions (4.98)—(4.100) at large distances requires setting C, = 0.
In addition, we may fix the time parametrisation at infinity by setting C' = 1, such that f(r) — 1
for 1 — oo. Thereby the number of free parameters is reduced to two. These are Cy = —2M,
where M represents the Arnowitt-Deser-Misner (ADM) mass [188, 189], and C_, which plays
the role of a charge that mediates a Yukawa interaction. This interaction can be attractive or
repulsive, depending on the sign of C'"_. The general form of asymptotically flat solutions to the
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weak-field equations is therefore

fir) = 1——+C- A , (4.102)

r r
2M —mr
hr) = 1+= —Cf% (1+ rir) (4.103)

as well as

1 2M e~
—— Tt _A—(
m? r3 8um?2r3

P(r) = — 3+ 3 +m’r?) . (4.104)
Figure 4.4 shows the metric function f in (4.98), for fixed M and C_ and different values of the
effective mass parameter m > 0. In the limit m — oo, this function asymptotes to the lapse

function of the Schwarzschild spacetime,

2M
lim f(r)=1-——. (4.105)
m—»00 T
The latter is an exact solution to vacuum general relativity and local Einstein-Weyl gravity, but
is not an exact solution to the field equations (4.88) for the quasi-local Einstein-Weyl system.

In view of (4.101), the limit 772 — oo can be achieved by taking the limit m? — oo. In the
context of area-metric gravity, this corresponds to a limit in which the non-metric degrees of
freedom of the area metric become infinitely heavy, and thereby decouple. In this limit, the
quadratic term in the Weyl tensor in the effective action for the length metric (4.68) is effectively
suppressed.

Notably, the limit m — oo can formally also be achieved by allowing u — —%77. This special
choice of couplings in the action (4.68) leads to a ghostfree propagator for the spin-2 mode in
an expansion around flat Minkowski background, which does not exhibit any additional poles
beyond the massless graviton pole. Thus, one may view the absence of corrections to the weak-
field regime of general relativity as a manifestation of the ghostfree nature of the action in this
regime. Nevertheless, as the limit y© — —%77 is not well-defined in (4.101), the equations of
motion for the non-linear theory described by this particular choice of parameters should be
analysed separately.

We close this subsection by noticing that the expressions for f and h in (4.102) and (4.103)

resemble expressions of asymptotically flat solutions in the weak-field regime of local Einstein-
Weyl gravity, associated with the limit n — 0 in the original action (4.68), see e.g. [123, 190—
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Figure 4.4: Metric function f in (4.102) for asymptotically flat solutions to the equations of
motion in the weak-field regime, for different values of the effective mass parameter m defined
in (4.101). The integration constants are set to M/mp; = 1 and C_/mp; = £1. In the limit
m/mp; — 0o, the function f asymptotes to the red line which coincides with the lapse function
of the Schwarzschild spacetime.

194]. ' In this limit,

[\

— miy = m—u (4.106)

m2

represents the squared mass of the massive spin-2 particle appearing in the spectrum [123].
Therefore, the weak-field solutions to quasi-local Einstein-Weyl gravity can be obtained from
the weak-field solutions to local Einstein-Weyl gravity, through the replacement mgw — m.

4.2.5 Regular Frobenius solution at » =0

In this subsection, we will analyse the asymptotic behavior of solutions to the equations of
motion (4.88) which can be expanded in a Frobenius series around r = 0. To that end, we
expand the metric functions f and h, and the field v in the form

fr) = aal[r® + o™ + aqgor®? + -], (4.107)
h(r) = bar® + bar® + g 4o (4.108)
P(r) = e F e b e (4.109)

where a,, bg and ¢, are the first non-zero coefficients in the expansion. By a global rescaling of
the time coordinate we can fix a, = 1. The exponents «, 3, and v of the leading terms in the

1. In the notation of literature on spherically symmetric solutions in quadratic gravity, such as [190-198], the
couplings v and —a, in front of the Ricci scalar and squared Weyl tensor, correspond in our notation to

(v, —a) + (%, — 5k 2). The squared mass of the massive spin-2 mode in Einstein-Weyl gravity is given by
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expansions are a priori unknown. They have to be determined by inserting the ansatz (4.107)—
(4.109) into the field equations {&f, &, £y} = 0 in (4.88) and equating the coefficients in front
of the lowest-order terms to zero. The corresponding indicial equations are given by

0 = —(1+ ﬁ)b%ﬂ"mwﬁ + bzr2a+35 —p [f1(04, B, 7)65677‘0“%” + 6m2bgc$7’5+27+2

+ nfae, B,7)Er], (4.110)
0 = —(1+a)bgr* ™ 4 b5r* % — pulhi(o, B, 7)bseyr® 77 + 6m>bpcirP 42

+ nhalo, B,7)Er*], (4.111)
0 = ”[45%74%26 + (a0, B, 7)bar®™? + 12mbge, r" 2 4 e (e, B, ) ey (4.112)

where {f1, fo, h1, ha, 1?1, 19} are polynomials in «, 3, and v defined by

fi(a, B,7) = 3%+ 68> + 47> + 11af — S8ay — 108y — 120 — 228 + 167 + 12, (4.113)
fola, B,7) = —12a% —24% — 187* — 3608 + 30y + 423~ + 12a + 128 — 12y + 36, (4.114)
hi(a, B,y) = —3a* —af+2ay + 120+ 28 — 4y — 12, (4.115)
ho(a, B,y) = —12B% — 67 — 12a8 + 6y + 183y + 12 + 128 — 127 + 108, (4.116)
Ui, B,y) = —a*+af+4a—26—4, (4.117)
Uo(a, B,y) = —6a* —184% — 127* — 24af + 18ay + 308y + 12a + 128 — 12y + 72. (4.118)

The expressions in (4.110)-(4.112) are grouped into two parts, similarly as the full equations
of motion (4.89)—(4.91). The first terms are the terms which remain in the limit 4 — 0, when
the equations of motion reduce to the equations for vacuum general relativity. The other terms
proportional to p decompose into one part that remains in the limit  — 0, and another part
which is proportional to 7.

In the following, we focus exclusively on the existence of a possible regular solution family.
The Kretschmann scalar for a metric with line element (4.78), where f(r) = r® and h(r) = byr?,
is given by

1 1
R pe R = qr=t — Q4P 4

— —4-2p 4.11
. 46319(04, B)r , (4.119)

where
p(a, B) = a* — 20%6 + a?B? — 4a® 4 4028 4 120° 4 8% + 16. (4.120)

Thus (a, 8) = (0,0) and additionally by = 1 in the series ansatz (4.107)—(4.108) are necessary
conditions for regularity at r = 0. !

None of the coefficients in (4.110)—(4.112) is annihilated by specifying the values («, ) =

1. These conditions are however not sufficient for regularity at r = 0. Regularity requires that the metric
functions expand around r = 0 as f(r) = 1+ O(r?) and h(r) = 1 + O(r?).
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(0,0). With these values for o and f3, the equations simplify to

0 = —by+ by — pu[fi(v)bocyr™ + 6m>bec2r™ > + nfa(v)Er?] (4.121)

—bg + by — p[ha(7)bocyr” + 6m2bocg/r27+2 + nhg(v)cgr%} : (4.122)

= pu[4bo + 1 (7)bo + 12m>boc,r ™ + miba(v)eyr7] | (4.123)

where we have denoted

fity) = f(0,0,7) =49 + 167 + 12, (4.124)

f2(y) = f2(0,0,7) = —18y" — 12 + 36, (4.125)

hi(v) = m(0,0,7) = -4y — 12, (4.126)

ho(y) = hy(0,0,7) = —64% — 12y 4 108, (4.127)

() = ¢1(0,0,7) = —4, (4.128)

¥2(7) 2(0,0,7) = —1292 — 12y + 72. (4.129)

For v < 0, the leading terms in (4.121)-(4.123) would be the ones proportional to r?7. How-
ever, setting both coefficients f5(y) and ho(y) in front of these terms to zero does not yield a
solution for v. Here, we use that by and ¢, are assumed to be non-zero.

For v = 0, the leading terms would be the ones proportional to r?Y = 7 = r°. These are all
constant terms. However, requiring these terms to vanish does not lead to a solution under the
assumption that by and ¢, are non-zero.

For v > 0, the leading terms are the two constant terms in the beginning of each equation.
These depend only on the parameter by. Setting these terms to zero fixes the coefficient by = 1
in the expansion of h in (4.108).

The previous observations indicate that a possible regular solution family must be of the form
(o, B,v) = (0,0,v > 0) with by = 1. At this stage, the exponent v has not been fixed yet. This
exponent can be fixed once the 7 terms become the leading terms. For this to be the case, r”
must be of the same order as the p-independent terms in the equations of motion {£, &y} =0
at higher orders in the expansion.

Continuing with the equations (4.88) to the next-to-leading order in the expansion produces
p-independent terms of order r! and higher. However, setting ¥ = 1 we cannot cancel the
coefficient in front of these terms under the assumption that c, is non-zero. Therefore, we must
assume v > 1 and in this case requiring the coefficient in front of the r! terms to vanish fixes
the parameters a; = by = 0. This in turn ensures that curvature invariants of the metric are
indeed regular at r = 0. !

Evaluating the equations (4.88) at the next order produces p-independent terms of order 72

. Generically, whenever the p-independent terms in the equations {€;,&,} = 0 are leading to a given order
n > 0 in the expansion, and their order does not coincide with the order of 7, then the corresponding metric
coefficients a,, and b,, must be set to zero. When this is the case, order by order, the metric reduces to the
flat Minkowski metric. This reflects the fact that the only regular static spherically symmetric solution to the
equations of motion for vacuum general relativity, obtained in the limit y — 0, is the flat Minkowski metric.
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and higher. In this case, setting v = 2 allows us to cancel the coefficient in front of the leading

terms r2 = 17 by fixing as = by and ¢, = 2%—1 in terms of one free parameter by,. Thereby we

conclude that (o, 8,7) = (0,0,2) defines a regular solution family around r = 0.

Investigating this regular Frobenius solution further by solving the equations at higher orders,
we find that the metric functions f and h, as well as the field v are characterised by only one
free parameter b, in addition to the global time-rescaling parameter ay = 1. Explicitly, they are
given by

(24042 + T6un — IN?)by + 10um?

= 14 byr? byr* + O(r® 4.130
f(r) + byr? + 200,251 + 1) ot 4+ O(r°) ( )
12002 + 28um — 31%)by + 10um?
h = 1+ byr? ( bor* + O(r® 4.131
(r) + bor® + T00:(2 + 17 ort 4+ O(r°) ( )
1 (3204 + 1471)by + 5m?
= —byr? — bor® + O(r9) . 4.132
vlr) = gg,br oozt 2T (") (4.132)

As observed previously for solutions to the equations in the weak-field regime, we see that
the limit u — —%7] is not well-defined. This again indicates that the theory described by the
original action (4.68) with this particular choice of parameters should be analysed separately.
It should also be noted that, locally near » = 0, the function f can be inverted in the form
f71(r) = 1 —byr? # h(r) for non-vanishing parameter by. Thus, regular solutions do not exhibit
a de Sitter core such as standard regular black holes [199-201], for which f~! = h holds and
by oc —MI173, where M is the ADM mass and [ a regularisation length parameter playing the
role of an effective cosmological constant A = M3,

We close this subsection with the remark that the expressions for f and h in (4.130) and (4.131)
reproduce the regular solution family («, 5) = (0,0) of local Einstein-Weyl gravity [123, 190,
191, 202], which is obtained in the limit 7 — 0 of the original action (4.68). In this case, the
field v is proportional to the Weyl tensor, as can be seen from the equation of motion (4.73).

Generically, in local Einstein-Weyl gravity there are two other Frobenius solution families
(o, 8,7) around r = 0 in Schwarzschild spherical coordinates [123, 190, 191, 202]. These are
the (—1,1, —3) family, which among others locally contains the Schwarzschild solution, and the
(2,2, —2) family, which has been used to construct so-called 2-2 holes, see e.g. [203, 204]. We
do not find such singular solution families in the quasi-local Einstein-Weyl theory for generic
values of the parameters 7 and m?. Future analyses using a Kundt-conformal metric ansatz,
as e.g. in [196-198, 205], will complete this picture and allow for a classification of Frobenius
solutions around an arbitrary expansion point.
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Area-metric gravity is a candidate effective field theory for the continuum limit of loop quantum
gravity and spin foams. As such, this theory is currently at the initial stage of development.
Several challenges and open questions have to be addressed in order to advance the theory and
phenomenology of area-metric gravity.

A major mathematical challenge is the absence of an established framework for differen-
tial geometry on area-metric backgrounds. A limited number of works have constructed area
connections [50, 53, 55]. However, these constructions rely on a Gilkey decomposition of the
area metric into a sum of area metrics induced by length metrics. Such a decomposition is
non-unique. Consequently, there are many choices of area connections which satisfy the condi-
tions of area-metricity and torsion-freeness. This is in stark contrast to the unique metric and
torsion-free Levi-Civita connection in Riemannian geometry.

A natural framework for area-metric gravity are modified non-chiral Plebanski theories. How-
ever, the area metric therein is defined in terms of the length metric and the two unimodular
internal metrics which parametrise the degrees of freedom of the bivector field after the reduc-
tion by a subset of the simplicity constraints. Therefore, non-linear area-metric actions derived
in this framework depend on the area metric only implicitly. Inverting the defining relation
for the area metric explicitly would require solving twenty polynomial equations. The desired
result can be viewed as an analogue of the Urbantke formula, which reconstructs the conformal
class of the metric from a basis of selfdual or anti-selfdual 2-forms [125].

In view of these complications, we have taken a bottom-up approach and constructed area-
metric gravity perturbatively guided by the principle of general covariance. The procedure of
deriving relations between couplings imposed by diffeomorphism invariance can be continued to
higher orders in area-metric perturbations. It remains to see if the number of free parameters
at higher orders reproduces tentative countings in constructive gravity [117—121].

Taking into account higher-order interaction terms in the action for area-metric perturba-
tions, we can reconsider the question of classical stability of the theory. The indefiniteness of
the area-metric Lagrangian at quadratic order is sourced by the selfduality and anti-selfduality
relations of the right-handed and left-handed non-metric degrees of freedom of the area-metric
perturbation in Lorentzian signature. Nevertheless, the two-parameter subclass of quadratic
area-metric theories which results in a ghostfree effective action for the metric is classically sta-
ble, with a physical spectum consisting of two massless positive-energy modes and five massive
negative-energy modes. Whereas these modes are decoupled at quadratic order, it is clear that
higher-order interaction potentials will generically couple these two types of modes. Therefore,
in the absence of fine-tuning of couplings, one may expect that the theory suffers from ghost
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instabilities. However, it should be emphasised that classical dynamical systems containing
ghosts do not need to be instable [206, 207]. In particular, a second-order classical field theory
in which a positive-energy mode interacts with a ghost mode through a non-derivative potential
can exhibit a long-lived stable dynamics, provided the mass of the ghost field is sufficiently
heavy [208]. Such an assumption is justified for the masses of the non-metric degrees of freedom
in area-metric gravity. The implications of these recent results for the validity of standard argu-
ments for troubles with ghosts in quantum field theory [209] are at present not understood. On
these grounds, it should be cautioned against prematurely discarding the theory of area metrics
based on the presence of negative-energy modes. Instead, this circumstance may be viewed as
a strong motivation to pursue the direction of classical and quantum stability of effective field
theories with ghosts.

Implementing diffeomorphism invariance at higher orders and extending the truncation ansatz
for the area-metric effective average action will allow for a systematic computation of RG flows
in area-metric gravity. In this context, it is essential to understand the impact of large interac-
tion couplings between the metric and non-metric degrees of freedom below the mass-decoupling
scale, both within and beyond the parity-symmetric subspace of area-metric gravity. Such large
interaction couplings may result in dominant contributions from offshell non-metric configura-
tions in the effective action for the metric, and thereby pose a challenge for the phenomenological
viability of a theory of area metrics.

An immediate extension of the RG analysis is to evaluate the flow of the Newton coupling
and the cosmological constant, in order to investigate if an asymptotically safe fixed point for
quantum Einstein gravity [165, 210, 211] persists under the impact of the non-metric degrees
of freedom of the area metric. The answer will complemement the current understanding of
asymptotic safety in length-metric gravity-matter systems [212-217], and in frameworks which
employ variables different from the length metric [173, 174, 177, 218-220]. Related to this
question, one may reconsider expectations formulated on properties of the RG flow of modified
Plebanski theories [94], as a step towards establishing a connection between features of the
functional RG flow of continuous area-metric gravity and coarse-graining renormalisation flows
derived for loop quantum gravity and spin foams [221-225].

More generally, a thorough investigation of possible fixed points in the interacting system of
length-metric and non-metric degrees of freedom in area-metric gravity is a key future direction
to pursue. This will in particular allow for explorations of the idea of effective asymptotic safety,
according to which a fundamental UV theory features an effective field theory regime with an
IR attractive interacting fixed point [226]. Different from fundamental asymptotic safety, this
leads to a predictivity of RG fixed points over a finite range of scales. In particular, multiple
initial conditions for the RG flow in the UV are mapped onto small intervals for the values of
couplings in the IR, such that the low-energy theory is to a good approximation insensitive to
the free parameters of the UV completion [227]. The scenario of effective asymptotic safety
has been considered in the context of string theory [228, 229], but has not yet been considered
in the context of spin foams with area-metric gravity as the intermediate effective field theory
between the fundamental discreteness scale of loop quantum gravity and the scale at which the
non-metric degrees of freedom decouple.

Finally, area-metric gravity suggests a particular class of corrections to the Einstein-Hilbert
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action for the metric in general relativity, which are quasi-local and quadratic in the Weyl
curvature. Our analysis of static spherically symmetric solutions to the localised action indicates
that the two singular Frobenius solution families of local Einstein-Weyl gravity around the
radial center [123, 190, 191, 202] are not present in quasi-local Einstein-Weyl gravity. The
regular Frobenious solution family of local Einstein-Weyl gravity attains corrections as a result
of the non-locality in the action. Understanding a possible mechanism by which certain types
of quasi-local quadratic-curvature operators may single out regular solutions, is a central step
towards understanding conditions for black-hole singularity resolution in classical gravity. This
understanding has to be supplemented by a complete classification of Frobenius solutions around
an arbitrary expansion point, as has been performed extensively for quadratic gravity [196-198,
205], and initiated only recently for six-derivative gravity [230, 231]. Such a classification will
set the stage for the construction of numerical solutions connecting the asymptotic weak-field
regime to the radial core. Altogether, these future directions will present a central contribution
towards a non-singular paradigm for black holes and mimickers [232, 233] inspired by area-metric
gravity.
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A Appendix

A.1 Basis for second-order quadratic actions for area-metric pertur-
bations

In this appendix, we describe two dictinct ways of deriving a basis for the most general local
kinetic action for area-metric perturbations a,,,, around a background configuration induced
by a length metric in four spacetime dimensions. For concreteness, in the following the inducing
metric is considered to be the flat Euclidean metric 9,,,.

We remind the reader that the tensor of area-metric perturbations a,,,, satisfies the index
exchange symmetries and the cyclicity condition,

Quvpec = Apopry = —Qpovp and Aulvpo) = 0. (Al)

In four dimensions the last condition can be replaced by a,,,,€"** = 0, where €,,,, denotes
the totally antisymmetric Levi-Civita density. If a rank-4 tensor a satisfies the first set of
symmetries in (A.1), but not the second, we can obtain a cyclic area metric a. by explicitly
subracting from a the totally antisymmetric part,

1
(ac)uypo- = Quupo — Eeul/poaaﬁfyﬁeaﬁfw . (AQ)

In subsection A.1.1, we illustrate how the package xTras of the tensor computer algebra system
xAct for Mathematica [234] can be used to find all possible area-metric kinetic terms. These
must subsequently be reduced to a minimal set of algebraically independent tensorial structures
for a kinetic Lagrangian.

Finally, we will use that in Euclidean signature the tensor a,,,, can be decomposed into
its irreducible representations under the action of the special orthogonal group SO(4). This
decomposition contains a scalar h, a symmetric and traceless tensor lAzW, and two respectively
selfdual and anti-selfdual traceless tensors w‘ipg with the symmetries (A.1). In terms of these
fields the area-metric perturbation can be parametrized in the form

Quvpe = OujpOoluh + 2 <5u[/ﬂh0]'/ - 5V[phff]/~6) + w;;/pa + Wiwpo - (A.3)

106



A Appendix

Subsection A.1.2 provides an alternative derivation of an area-metric kinetic basis by making
use of the representation coupling theory of the special orthogonal group.

A.1.1 Construction via tensor-algebra package xTras

Kinetic terms for the field a,,,, are terms of the form :

a’OC/B’Y‘SK]aBW&‘quG (pZ) Quypo (A5)

where the tensors K are quadratic in the four-momentum p* and obey the same symmetries as
the field a,,,, in their first and last index quadruples. In addition, they are symmetric under
the exchange of these. The momenta in K can be contracted either among themselves to form
the covariant Laplacian p?, or they can appear with two different indices in the form p#p” which
are not contracted. For each of these two cases, the admissible tensors can be subdivided into
a subset involving only products of background metrics ¢,,, and a subset involving products
of background metrics d,, and one Levi-Civita density €,,,,. The possibility for additional
independent contractions with two or more Levi-Civita densities is excluded, as a product of
these can be rewritten into a combination of Kronecker deltas. Concretely, we can distinguish
between the following tensorial structures k; for the tensors K7,

ki = 6066p> , 68ep*, 66pp , Sdepp, (A.6)

where pp stands for momenta which are not contracted among themselves. The last combination
contains a pair of contracted indices.

To find a basis of tensors {K;}, we make use of the package xTras of the tensor computer
algebra system xAct for Mathematica [234]. We assume familiarity of the reader with the xAct
package and only sketch the key steps performed in deriving the area-metric kinetic basis.

Given a four-dimensional spacetime manifold M with a metric g, we define a momentum
vector p and a rank-4 tensor a obeying the first set of index exchange symmetries in (A.1) by
assigning to its four indices the property RiemannSymmetric. This assignment implements
the index exchange symmetries, but does not implement the algebraic Bianchi identity given by
the second condition in (A.1). Consequently, the tensor a defined by xTras is an acyclic area
metric. We can obtain a cyclic area metric by explictly subtracting the totally antisymmetric
part from a, as in equation (A.2), and refer to this tensor as ac.

With these definitions, in a first step, the function Al1Contractions can be used to
generate all possible full contractions between two factors of the tensor a and each of the tensorial
structures appearing in (A.6), where each § stands for a factor of g. This results in a high number

1. Our notation for kinetic terms in Fourier space is

<
=
=
hSt
[
SN—
B
K
<
N
i
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of contractions, out of which some are duplicate as a consequence of the Riemann symmetries
assigned to a, and yet others are algebraically dependent for a cyclic area metric. We remove
duplicates using the function DeleteDuplicates and replace a — a. to identify contractions
which are algebraically dependent for a cyclic area metric. Alternatively, one may replace a —
RiemannCD, where the latter denotes the Riemann tensor built from the covariant derivative
CD of the metric g. Subsequently, we can apply the function RiemannYoungProject which
projects all occurances of Riemann tensors onto their Young tableaux, and thereby implicitly
implements the algebraic Bianchi identity.

To single out a minimal set of linearly independent tensors for a kinetic basis, we consider
the representation of the remaining contractions as 20 x 20 matrices (K) extracted from the
contractions a(K7y)a, where rows and columns label all independent components of the area
metric: agio1, @o102, ---- As a result of reducing by linearly dependent matrices, we arrive at an
eight-dimensional basis for the most general kinetic Lagrangian for the field a,,,, represent-
ing (cyclic) area-metric perturbations. This result is in agreement with the approach of the
constructive-gravity programme [117-121]. The independent tensorial structures are given by

o K OPrmro §ongov §1P§io 2 o [, OP0mvpe — §OHFIPFTpPpd
o kyOIOHUPT = GorghrgPYsiTp? o ksP0HIPT = §erghrgrpipd
° k;ﬁv&wm — 57§88 1P (Suo—p27 ° kgtﬁ'y&wm — §ar by 5upp5po"
o k;?’oz,é"y(?,uupa — ¢aBur §Ip 55ap2’ ° k7a575,uvw — oBu A(Svpéuap/\pé.

The tensors K, symmetrised according to the area-metric symmetries (A.1), are obtained
from kj by projecting the latter onto their part which is

e anti-symmetric in the index pairs (af3), (79), (uv), (po),
e symmetric under the exchange of the index pairs (af) <> (v0) and (uv) < (po),
e symmetric under the exchange of the index quadruples (af7d) <> (uvpd),

e cyclic in the index quadruples (a/7yd) and (uvpd).

108



A Appendix

This is established by the following symmetrisation procedure,

Kynomer = %{{{{kﬁ‘ﬁ”‘s’“w’“ —lae fl—y e o+ By o6}
~le vl =lp ol 4 e vp o]}
+ [af <> O] + [pwv <> pa] + [af > Y0, pv <> pa]}
+ [afyd < /u/pa]} , (A7)
K}Xﬂvduvm = f(aﬁv&wm _ % B9 €arintsy KBNS vpo % IA{?/B’Y& wW'p'a’! €t ot €7
+ %i' B¢ g s KEFTT “/”/”/”/eu/,,/pfgze“”p” . (A.8)

Contracting the tensors k; or K; with the cyclic area-metric perturbation tensor results in the
following set of kinetic terms,
urpo 2 wp ov pv po 2 PO VAT 2
{a;wpoa D 701/,“/ aa‘p p 7a“u,1/ CL p 7auy a EATpop 9

a,upl/oap U/\p p 7a,upz/p U)\p p ’ ,LL po'a/\y p p a pa)\ap EVUH)\pupV}a (Ag)

which define the Lagrangian ansatz (3.14).

A.1.2 Derivation based on SO(4) representation theory

In this subsection, we provide an alternative derivation of the basis for the most general kinetic
action for area-metric perturbations a,,,, in Euclidean signature, using its decomposition (A.12)
into irreducible representations of the special orthogonal group SO(4). The result extends imme-
diately to Lorentzian signature, with the only difference manifested in the translation between
aupe and its irreducible components h, hW and wi wpo @S a consequence of the replacement
8, — Nuw, which in particular modifies the selfduality and anti-selfduality conditions (3.141).

A general irreducible representation of SO(4) is labeled by a tuple (j1, j2), where j; 2 are both
integers or both half-integers. The dimension of (ji, j2) is dim(j1,j2) = (251 + 1)(2j2 + 1). The
tensor product of two irreducible representations can be decomposed by applying the Clebsch-
Gordan series,

(G1,72) ® (1, 13) = (h @ 41,72 @ j3)  where  ji@ji= @ Ji (A.10)

Ji=gi|<ai<

Ji+i!

and J; runs from |j; — j| to |j; + ji| in integer steps. The only possibility for a tensor product
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of two irreducible representations to contain a singlet (0,0) is if they are identical. Concretely,
according to (A.10), the tensor product of an irreducible representation with itself contains the
singlet with multiplicity one,

(J1:J2) ® (J1, J2) = (0,0) B - - . (A.11)
The irreducible representations appearing in the decomposition of the area metric (A.3) are
a © (h, f},oﬁ,w*) e (0,0)(1,1) & (2,0) @ (0,2). (A.12)

Kinetic terms for an area-metric Lagrangian are terms in which two copies of fields appearing
in (A.12) are coupled with two momenta to form a singlet. Each momentum p* is in the (%, %)
representation of SO(4). Therefore, p*p” lies in the tensor product

ver € ((33)9(33)) ~00e0) 2 PeGen. @)

where the subscript S denotes the symmetric part. The invariant p? stands for the square of
the momentum vector, whereas pp denotes the traceless part of ptp”.

In the first step, we consider all possible kinetic terms which contain p?. The tensor product
with two copies of irreducible representations appearing in (A.12) must include a singlet. The
only possibility to obtain a singlet is to consider the square of each irreducible component.
Therefore, there are four kinetic terms which contain p?. These are

2,2 + +uvpo 2
e hop”, ® W oW P,
° iL iL,ul/ 2 o W (w kvpo 2
% ) nvpo p.

Now we consider the second possible type of kinetic terms. These contain the traceless part pp
of p#p¥, which lies in the (1, 1) representation. Consequently, we have to determine all possible
singlets that can be constructed from this representation and two copies of irreducible represen-
tations appearing in (A.12). To that end, we proceed by first tensoring (1, 1) with a given one of
the representations in (A.12) and decomposing this product into its irreducible representations.
Subsequently, we consider the tensor product of this decomposition separately with each of the
representations appearing in (A.12), to see in which cases a singlet and thereby a kinetic term
can be produced.

As a starting point, the product between (1,1) and the singlet representation (0, 0) associated
with h is given by

o —

ho(pop) € (0,0)®(1,1)=(1,1). (A.14)

The only singlet involving one more factor of a field that can be constructed from this tensor
product arises by forming the tensor product with the representation (1, 1), associated with h.
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This leads to the kinetic term
4 }Al,uuhpﬂpy .

Next, we consider terms involving pp and h by building the tensor product of two copies of
the (1, 1) representation. This product decomposes into

~ —

ho(pop) € (1,1)®(1,1) = (0,0)® (0,1) ® (0,2)
(LO)® (1,1) @ (1,2)
(2,0)@ (2,1) @ (2,2). (A.15)

~—

S
D

All of the representations appearing in (A.12) are contained on the right hand side. Therefore, we
obtain four kinetic terms by tensoring the expression in (A.14) with each of these representations
such that the result contains a singlet, according to (A.11). These four kinetic terms are of the
form hhpp, hhpp, and wEhpp. The first term was already stated above. The second term is
given by the contraction

¢ Eupﬁﬁpupy-
Finally, the other two kinetic terms are given by
ilpaw ]/g'plup 7
® Dol oD

There are no further new kinetic terms that can be constructed. Such terms would have to
be built from pp and two powers of fields w™, in the form wrwTpp, w™w ™ pp, or w-wtpp. The
relevant tensor products decompose as

—

wrepep) € (2,00®(1,1)=(1,1)d(2,1)® (3,1), (A.16)
v epep) € (0,2)0(1,1)=(L1)a(1,2) o (1,3) (A.17)

The right hand sides do not contain any of the representations (2,0) or (0,2). Therefore it is
not possible to couple w* to wrpp or wpp to produce a singlet. The only singlets that can be
constructed from w*pp, with one additional field, arise by forming the tensor product with the
representation (1, 1), associated with h. The resulting kinetic terms hw* pp were already found
above.

This concludes the derivation of all possible local kinetic terms for an area-metric Lagrangian,
using the decomposition of a,,,, into its irreducible components under SO(4). The eight-
dimensional basis is given by

{h2p27fAlWlAz“”p2,hﬁuyp“p”,ibﬂpilﬁp“p”,ﬁpawi Y, wk wi“l’”"pQ}. (A.18)

poval P> Cpwpo
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The selfdual and anti-selfdual components w* of the area metric couple only to the traceless
tensor h. The latter, together with the scalar h, can be combined into the symmetric tensor

By = Ty + ~S,h (A.19)

With this definition, h and ihw represent the trace and traceless part of h,,. The independent
contractions appearing in the kinetic basis (A.18) are

{h2p2 hy R p 2 by pp” by, hoptp”, hP° ffpwp Y, wwpa

WEITERY  (A.20)

The first four terms, quadratic in A, are identical to the terms which define the most general
kinetic Lagrangian for a symmetric rank-2 tensor in (3.2).

Finally, for completeness, we note that the transformation from the kinetic basis (A.20)
expressed in terms of the tensors h and w®, into the kinetic basis (A.9) expressed explicitly
in terms of the tensor a, in Euclidean signature is defined by the equations (3.142)-(3.143)
and (3.151)—(3.152), making use of the projectors IT* and II* in (3.145) and (3.146). The
inverse transformation is defined by substituting for a in (A.9) the decomposition (A.3), with h

eliminated from (A.19), and making use of the selfduality and anti-selfduality relations for w*
in Euclidean signature (3.141). The result is

Qupe@!?7p” = ARPP? 4 8hy WP + Wl WP 4w w7 (A21)

a,"0a, Pt = 8hpP + Ay, WP, (A.22)

auu“”apap"pz = 36h%*p?, (A.23)

a,, A" Errpop” = 2w, WP — 2w, TP (A.24)
aupwa’)’\")\p“p” = h*p® + 2h,, h"'p* + 4hh,,p'p’ — 4huph,’jp“p

+ 207wt Y+ 20w DD (A.25)

aupy a}o’)\o—ApﬂpV = 6h2p2 + 12hh,uyp p y (A26)

a,’ pa% Aptp” = hPp® + Ahhy,p'p” + dhy,hlptp (A.27)

a,a, "eoap'p’ = 4hPwi ptp’ —4hw, " (A.28)

In Lorentzian signature with inducing background Minkowski metric 7, the right hand sides
of (A.24) and (A.28) have to be multiplied by a factor of i as a result of the selfduality and
anti-selfduality relations (3.19) for w® in Lorentzian signature.
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A.2 Hamiltonian formulation of linearised shift-symmetric area-metric
actions

In subsection 3.1.4, we have identified a two-parameter subclass of linearised area-metric La-
grangians with shift-symmetric kinetic term and identical effective mass parameters for the
non-metric fields, for which the effective action for the metric degrees of freedom derived in
subsection 3.1.3 is ghostfree. An analysis of the covariant equations of motion for h,, and X,jfw
derived from such a type of Lagrangian, tentatively indicates that the physical spectrum of
this subclass of area-metric actions consists of two massless modes, associated with a massless
spin-2 particle, and five additional massive modes. This conclusion is, however, based on the
parametrlsatlon of the Lagrangian in terms of h,, and the fields X ., which arise from the orig-
inal fields wwpa, or equivalently from y3 - through the non-local ﬁeld redefinition (3.38). The
main goal of this appendix is to confirm the expected form of the physical spectrum explicitly
based on a Hamiltonian analysis, starting from the Lagrangian parametrised in terms of the
local fields h,,, and Xaib-

The Lagrangian (3.42) in position space can be expressed as

1 (6% v 1 (6% v 1 v
L = Leulhu)+ 5 Z [aihwaaﬁ YE 28(1)(#,/8 YE Qmixiyxiu
+
= EEH(}LMV) + £hx + Exx ) <A29)

where the linearised Einstein-Hilbert Lagrangian is given in (3.4). Without loss of generality
we have fixed the global rescaling of the Lagrangian by setting A = 1. Additionally, we have
rescaled the fields XW such that S+ = 1. Using the isometricity relation (3.40), we may directly
replace X — xab in the Lagrangian term L,, quadratic in the non-metric fields,

1 (6% a a
=7 Z DaX50" X + mAx 5] . (A.30)
+

The interaction term Ly, is transformed from Xi, to the local fields be by inserting the defini-
tion (3.38),

1
L, = 3 Zaihwﬁaﬁaxi"” = h,,0,0°Re [aJrX:[V] = h,,Re [aJrZZ;Zj;’@p@"X:b} . (A31)
+

where the selfdual and anti-selfdual Plebanski 2-forms 3¢ constructed from the flat Minkowski
tetrad nﬁ are given in (3.21). In particular, we can identify internal indices a, b, ... = 1,2, 3 with
spatial indices 7, 7, ... = 1,2, 3 via the background spatial triads n{ = 0. Thus, from now on we
denote the scalar fields by X;S and remind the reader that these are traceless.

The previous formulae define the general gauge-invariant linearised area-metric Lagrangian
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expressed in terms of the fields h,, and be parametrising the area-metric perturbations. The
two-parameter subclass of area-metric Lagrangians analysed in subsection 3.1.4 and in this
appendix is characterised by identical mass parameters m3 = m? for the non-metric fields, as

well as by the shift-symmetry condition (3.69),

a2 +a =2. (A.32)

A.2.1 Hamiltonian formulation of linearised general relativity

In this subsection, we first review the Hamiltonian formulation of linearised general relativity
starting from the linearised Einstein-Hilbert action (3.4),

1 1
S = / d*z <—§8phW8phW + 0" Ry, 0,k — 8,h D,k + §a“hauh) . (A.33)

A 3+ 1 decomposition of the Lagrangian, after integration by parts, leads to

1. 1. . .
£EH = §h22] — §h222 — Qaihjohij + 28ihi0hjj — hoo@ﬂ?j(hij — 5Z]hkk)

1 1
—(0hio)? + (Qihjo)* — 5(@'%‘1@)2 + (05hij)? — OshaiOphyy, + 5(@‘%‘)2 . (A.34)

Here, Latin letters 4,j,... = 1,2,3 label spatial directions and are contracted with the flat
background metric d;;. To simplify the notation, we disregard the upper versus lower positioning
of indices and adopt the convention that any repeated indices are summed over. The components
hoo and h;y do not appear with time derivatives in (A.34). Therefore, they have vanishing
canonical momenta. The only non-vanishing canonical momentum is the one conjugated to the
spatial components of the metric h;; and given by

oL . .
Tij = hEH = hij — hkkdij — 28(1/1”0 + 28khk05w . (A35)

ij

Taking the trace of this expression allows us to solve for the velocities hw as functions of the
momenta,

. 1
hij =T — Eﬂkkéij + 28(ihj)0. (A.36)

After additional integrations by parts to remove all derivatives from the field h;q, the canonical
Hamiltonian for linearised general relativity,

HEH = Wijhij — /CEH s (AB?)
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explicitly takes the form

1 1 1 1
Hen = 55 — i+ §(aihjk)2 — (95hij)? + OjhiOhiy, — 5(aihjj)Q + hooC — 2hiCi . (A.38)
The fields hgg and h;y are recognised as Lagrange multipliers, and impose four primary con-
straints known as the Hamiltonian and diffeomorphism constraints

C = ala](hm — hkk&J) and Cz = 8j7rij . (A39)

These constraints commute and are therefore first-class. Computing their Poisson bracket with
the Hamiltonian,

{C, HEH} == &Cz and {CZ, HEH} == O, (A40)

does not generate any secondary constraints. !

The physical phase space ['phys is obtained from the kinematical phase space I'yin = {(hij, 7i5) }
by imposing the four first-class constraints (A.39). Each of these removes two degrees of freedom.
This leads to a

dim(rphys> = dim(rkin) - 2nﬁrst-class — Ngecond-class — 2:6-2-4-0=4 (A42)

dimensional physical phase space describing two propagating degrees of freedom. These are
associated with the two polarisations of the massless spin-2 graviton in general relativity. The
transformations generated by the Hamiltonian and diffeomorphism constraints (A.39) can be
gauge-fixed by imposing

When the last condition is satisfied, the Hamiltonian constraint enforces further that the spatial
metric h;; be traceless. Altogether, after gauge-fixing the only physical degrees of freedom
left are two transverse-traceless (tt) fields (hﬁ,ﬂ'g) with manifestly positive definite physical
Hamiltonian given by

1
(w)" + 5 (Bnih)” (A.44)

v

N | —

thys =

1. The time evolution of a phase-space function is obtained by evaluating its Poisson bracket with the Hamiltonian
H, which is defined from the Hamiltonian density H(z) by a spatial integral,

H = /d?’xH(x). (A.41)

We omit this spatial integral in expressions such as (A.40) for notational convenience, but remind the reader
that the second argument actually involves the Hamiltonian.
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A.2.2 341 decomposition of the area-metric Lagrangian and Hamiltonian

In this subsection, we perform a 3+1 decomposition of the two-parameter subclass of area-metric
Lagrangians (A.29) characterised by identical mass parameters m3 = m? for the non-metric
degrees of freedom, and by the shift-symmetry condition (A.32). The 3 + 1 decomposition of
the Einstein-Hilbert Lagrangian Ly was derived in the previous subsection and is given by the
expression in equation (A.34). For the other terms in the Lagrangian it is useful to decompose
the fields Xf; and couplings a. into their real and imaginary parts,

Xiij = X}j + iX?j and oy =] Fiag. (A.45)

The condition (A.32) implies that we can parametrise the real couplings «; s in terms of just
one real parameter &, by setting

a; = cosh(§) and  ay = sinh(¢). (A.46)

Let us introduce the two real symmetric and traceless fields 1;; and ¢;; defined by

Yij = Olezlj - OézX?j ) (A.47)
Gij = QQX%]‘ - alX?j 5 (A.48)

such that
0‘1X?j + O‘Zlej = S¢thij — Ceij (A.49)

where the parameters s; and c¢ are defined by
se =sinh(26)  and  ¢¢ = cosh(2€). (A.50)

With the previous definitions, the interaction term Ly, in (A.31) can be written, after integration
by parts, as

Lhy = —hoo0:0;1¢i; + Wiqubij + €ikm€jin ki Om O i + 27Tij5(3§¢ — Cce)) (A.51)

ij ?

with 7;; defined by the expression in (A.35). Thus, 7;; corresponds to the momentum conjugated
to the spatial metric h;; in linearised general relativity. In (A.51) we have introduced a spatial

derivative operator 0 acting on symmetric tensors 7;; as
aTij = E(ﬂklakmj) . (A.52)
If 7;; is traceless, then 5Tij is also traceless.

Finally, we are left with Lagrangian term £, in (A.30) which is quadratic in ¢ and ¢. The
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3 4+ 1 decomposition of this term is easily computed as

Ly = %( 5= 0 — O) + (Didgr)” — mPe + m2¢?j> : (A.53)

Notably, the field ¢;; has a wrong sign in front of its kinetic and mass term.

We now collect all pieces together, using (A.34) for the linearised Einstein-Hilbert action for
huw, and (A.35) to express m;;. Moreover, we use that 1;; is traceless, i.e., ¢; = 0. This allows
us in a first step to write the area-metric Lagrangian in a 3 + 1 decomposition as

1 N2 1 N2
L = 5 (7% + 1%’) 1 <7Tii + %i) — h000i0;(hij + ij — 6ij(hak + Yrx))
1 1
- 5(51'}%)2 + (05hi)* + hii0;0khy, + 5(@'%)2
+  €ikm€jiniOmOni; + 27%'5(55%0 — ),

b (-8 — @) + @) —mly ). (A54)

It should be recognised that terms of the form 72, 7r¢', and 1&2 have combined into a square. The
only other terms involving 1 are the ones in the third line and do not contain time derivatives.
These terms can be absorbed by introducing the combinations

My = my+v;+ 25(5@# —ced)y; s (A.55)
I, = —¢y — 20000, (A.56)

and rewriting (A.54) in terms of these. The thereby generated new term Y1) vanishes after
repeatingly integrating by parts and discarding boundary terms. The other new term ¢ can
be rewritten after partial integration such that the time derivative acts on ¢. Thereby, the
Lagrangian can be expressed in terms of the shifted spatial metric

as

L = %ng - in?i — hoo0;0;(Hyj — 6 Hy)
- %(@'ijz)Q +(0;Hy)* + Hiu0;0Hyy + %(@Hja‘)Q
+ €ikm€iinPr1OmOnij + 405855%3'5@]' - %WZ ZZJ
ST @) — 22 (B0 + gm6 (A.58)

To state the Hamiltonian, we have to write the Lagrangian in terms of the fields H;;, ¢;;, and
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¢ij, as well as their time derivatives. This can be done by expressing II;; and Hfj via (A.55)
and (A.56), with m;; defined in (A.35). This leads to

Hij = HZJ — 51ijk — 28(1h3)0 + 2(5ij8ihj0 + 2S§5wij — 2055(}51']' s (A59)
5, = —¢i; — 2cc00i; - (A.60)

Inserting these expressions into (A.58), we arrive at the Lagrangian as a function
L = L(Hij, Vi, b3, Hij7 %’j, ¢zg) . (A.61)

Therefrom it is straightforward to see that the momenta conjugated to H;; and ¢;; are identical

to II,; and Hf’j, ie.,

= _8_5 and Hj’j — 8_£ (A.62)
OH, 0
The momentum conjugated to 1;; vanishes,
oL
== =0, (A.63)
Oy

which represents a primary constraint.

Finally, after inverting the relations (A.59) and (A.60) for H;; and éij, and integrating by
parts, we arrive at the Hamiltonian density

H o= I;H;+ Hf;@% - L

= %Hfj - iﬂi + %(aiij)Q — (0;Hy;)" + 0 HyiO Hjp. — %(@'Hg‘j)z

+  hooC — 2hiC;

— 2IL; (55(/9\%]- — 655@5) — 2051_[?}5@]- — QXU(‘%HM — 405555¢ij5¢¢j + %mQ fj
%H;@? - %(@-@@2 + 22 (5@].)2 - %m%fj . (A.64)

Here, in addition to _the spatial derivative operator 5, we have introduced the double spatial
derivative operator 00 acting on symmetric tensors 7;; as

5\87'1']' = Eikméjlnakalen . (A65)
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A.2.3 Constraints and reduced Hamiltonian

Comparing the Hamiltonian density (A.64) with (A.38) and (A.39), we recognise the first two
lines as the linearised Einstein-Hilbert Hamiltonian density for the shifted spatial metric H;; and
its conjugate momentum II;;, with Lagrange multipliers hgg and h;y imposing the Hamiltonian
and diffeomorphism constraints,

C= &@(Hw — 5,‘jH}€]€) and Cz = 8jHij . (A66)

These constraints commute with the parts of the Hamiltonian involving the fields v;; and ¢;;.
In the same way as in linearised general relativity, evaluating their Poisson bracket with the
Hamiltonian does not generate any secondary constraints,

However, there is in addition the primary constraint in (A.63) imposing that the momentum H;@
conjugated to v;; vanishes. Its Poisson bracket with the Hamiltonian can be evaluated using
the relation

Tijé\a—ij = Uijgﬂ‘j ; (A68)

which holds for any two symmetric tensors 7;; and o;; after integration by parts, up to a
boundary term. This leads to a secondary constraint

¢l = {1 1y = —m; + Fy. (A.69)

where F;; is given by

JTij (Hkh Hkh ¢kl7 Hil) = 2858Hij + 20581'[3 + 288Hw + 4C£85é\2¢zj . (A?O)
The commutator between F;; and Fj; vanishes such that ij commutes with C;fl. Furthermore,
C;bj commutes with the Hamiltonian and diffeomorphism constraints C and C,. However, due to
the mass term for v;;, the Poisson bracket between the primary and secondary constraints H;?Z}

and C;fl does not vanish and evaluates to
{H;@, C;fl} = m2f§ijkl ; (A.71)

where &jkl denotes the identity on the space of symmetric and traceless rank-2 tensors 7;;.
Therefore, different from linearised general relativity, the constraint algebra is second-class.
According to the Dirac stabilisation procedure, both the primary and secondary constraints
have to be added with independent Lagrange multipliers to the Hamiltonian. Requiring these
constraints to be preserved under time evolution fixes the Lagrange multipliers and does not
generate any tertiary constraints. Altogether, the physical phase space I'jpys is obtained from
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the kinematical phase space Iy, = {(Hij, Vi), dij, HZJ,HZ,H(b)} by imposing the 4 first-class

Hamiltonian and diffeomorphism constraints C and C;, as well as the 5+5 second-class constraints
Hfj and C;ﬁ This leads to a

dim(rphys> = dim<rkin> - 2nﬁrst—class — Ngecond-class
(2-6+2-5+2-5)—2-4—(5+5) =14 (A.72)

dimensional physical phase space. The last line in the expression of the Hamiltonian (A.64)
indicates that there are 5 physical degrees of freedom with negative energy. Accounting for
these would leave 2 physical degrees of freedom sufficient to describe a massless spin-2 particle
such as the graviton in general relativity. In the next subsection we will solve the linearised
Hamiltonian dynamics to confirm this expectation.

To that end, we first eliminate the constraints H;pj and C;ﬁ from the system by solving (A.69)
for

1 N1
wij:ﬁ(F - cy) ~ ~—F (A.73)

on the constraint surface, and insert this expression into the Hamiltonian density (A.64). As
H¢ and Cw are conjugated to each other, the Dirac brackets amount to the usual Poisson

brackets When restricting to the phase space {(H;, ¢;;, 11, H¢ 7)1 Thereby we arrive at a reduced
Hamiltonian density

1 ~ 2 1 1 1
H o= 3 (Hz'j + 2C£3¢z‘j> — i+ 5(@'ij)2 — (9;H;)" + 0;Hys0 Hjy — 5(81-Hjj)2
+  hoC — QhZOC
1_42 1
EHZ - ( z¢]k) - _IQ B 2¢z2j . (A74)

It should be noted that all terms in the last line are negative definite and, moreover, ¢;; couples
to the conjugated momentum of the spatial metric H;;. We now proceed to analyse the dynamics
generated by the reduced Hamiltonian (A.74).
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A.2.4 Hamiltonian equations of motion and mode decomposition
The Hamiltonian equations of motion are given by
. ~ 1 25¢ ~
Hij = {Hy, H'} = T + 2¢:0635 — 501 ki + 2000hio — Hjafij , (A.75)
IL; = {1, H'} = 0} H,; — 8:0;hoo + 607 hoo — 20,0 H ), + 0,010, Hyy

2 ~
+ @@Hkk — 6ij8,3H” + ﬁaa}"@] , (A76)
. , 2 —~
¢ij = {Cbijfo } = _H?j - cha]:ij, (A-77)
11 —{H¢ ”H} - ( 82 — 4R + m? 2B+ * s B, AT8
=15, = (—0; —4c; +m>¢z‘j— CeOllij + —5Cese0"Fj - (A.78)

To solve these differential equations, we consider two types of mode decompositions for sym-
metric tensors 7;;. These correspond to different choices of bases discussed in the context of
gravitational-wave polarisations, see e.g. [235]. To that end, we first apply a Fourier trans-
form in the spatial coordinates. This amounts to replacing d; — ik;, where k is the spatial
three-momentum wave vector with magnitude denoted by k = |k|. The spatial Laplacian is
0? = —k* Consider a Cartesian right-handed orthonormal coordinate frame such that the
z-axis aligns with the direction of wave propagation, i.e.,

(myz _ Z) | (A.79)

T = Ui = Zizi =1,

with

Ty = 032 = 92 =0,
€ijkliljz = +1. (A.80)

A generic symmetric tensor 7;; can be decomposed into transverse-traceless (¢t) and longitudinal-
traceless (1) modes, plus a trace (¢r) mode. This allows us to write 7;; in the form

In the following, we introduce orthonormal bases for each of the three components appearing
in (A.81).

Bases for the transverse-traceless modes

For the transverse-traceless modes Tfj'?, we consider two different bases.
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On the one hand, we consider a real orthonormal basis (e:;, efj), referred to as the linear
polarisation basis, and write
Tfjt = 7'+€;; + TXeZ-Xj , (A.82)
where
b = (8@ — §:05) (A.83)
iJ \/5 ibyj YiY;i) .
Lo

i \/5

Orthonormality can be stated as e%ef]/- = 6" for p,p/ € {+, x}, and similarly for other othonor-
mal basis sets introduced below.

Alternatively, we consider a complex orthonormal basis (eg, ez-Lj), referred to as the circular
polarisation basis, and write

Tit? = TRGZ}; —+ TLCiLj , (A85)
where
1 .
e = E(GTJ +ieg), (A.86)
1 .
e = ﬁ(efj —iej) - (A.87)

Bases for the longitudinal-traceless modes

For the longitudinal-traceless modes Tilj, we can similarly consider two types of bases.

. . . l .
First, we consider a real othonormal basis <e§f, eif; e%) and write
I x|y ly U
T =Tren Ve + T e, (A.88)
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where
o L a4k A.89
Cij = \/W< Z:E]+$Z j)v ( : )
1
ly _ . Nl
e = \/Q_I{Q(kzy]—l—yzkj), (A.90)
i )3 (ks — iz A91
Cij = A\l g\ FiRki T 3R ) (A.91)

These basis tensors are orthogonal to the basis tensors for transverse-traceless modes.

From the definitions in (A.89)—(A.91), we can alternatively construct a complex basis (eéj, eé;, eélj)
and write
T = Tl+€§;r + Tl*eéj* + el (A.92)
where
L /o 1
e = E(eéj + zeé) : (A.93)
3 1

Basis for the trace mode

For the trace mode 77, we choose an orthonormal basis consisting of a single basis tensor (eg),

and write
tr _ _tr tr
T = 1€, (A.95)
where
tr 1

iJ \/g
This basis tensor is orthogonal to all the basis tensors for transverse-traceless and longitudinal-
traceless modes.

Action ofg and 8O on the various modes

To evaluate the Hamiltonian equations of motion (A.75)—(A.78), we have to consider the action
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of the spatial derivative operator 9 defined in (A.52), on the various modes of a symmetric
tensor 7;;. This action is given for the transverse-traceless modes by

Del* = Likel T, (A.97)

3 RL R,L

de; ;" = Fhe". (A.98)
Thus, the spatial derivative operator 9 mixes the two linear polarisation modes 7';]7 and T;;, but
acts diagonally on the two circular polarisation modes Tg and Tz% . Moreover, 9? acts on the
transverse-traceless tensor Tf; as the negative spatial Laplacian,

Oriy = 0y = orl. (499

The action of 9 on the longitudinal-traceless modes is given by

A lx ik T

Deyy? = igeﬁﬁ’ : (A.100)
N k

Oel; = iEeﬁ;t, (A.101)
ol = 0. (A.102)

~ .
Thus, 0 mixes the two modes Tff and TZ;’,

Finally, we remind the reader that 0 annihilates the trace mode,

but acts diagonally on the two modes Tff and Tilj_.

e;; =0. (A.103)

The Hamiltonian equations of motion (A.75)—(A.78) involve furthermore the double spatial
derivative operator 00 defined in (A.65). This operator acts on the transverse-traceless modes
as

D07 L = Rt RE (A.104)

ij

Thus, the action of 90 on the transverse-traceless tensor Tg is identical to the one of 02 and

given by the negative spatial Laplacian,

D07l = Prit = kPrlt (A.105)

v

Proceeding with the longitudinal-traceless modes, we compute

DI E = 0, (A.106)
o k‘2 \/§k’2 .
8(’373- = —ETZ + TTfj , (A.107)
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whereas for the trace mode we compute

“A tr \/§k2 2 r
el = Teg - §k2e§j . (A.108)

Thus, 50 mixes the double-longitudinal mode Tll]l and the trace mode 77

The previous identities allow us to solve the Hamiltonian equations of motion (A.75)—(A.78)
for the dynamical variables (Hz-j, IL;;, ¢ij, Hf;)

In subsection A.2.5, we analyse the Hamiltonian dynamics in the complex circular polarisation
basis

(eff e et el el elh) . (A.109)

170 T Yig 0 Yig o iy Yy

In subsection A.2.6, we analyse additionally the Hamiltonian dynamics of the transverse-
traceless modes in the real linear polarisation basis

(e+ e, el ele el e”). (A.110)

ij €ig» €ig> Cig > Cig» G

To state the solution to the Hamiltonian equations, we will use that the general solution to
the differential equation

X(r) = A X(r) (A.111)
with initial conditions X (0) = XO, for a 7-independent matrix A, is given by
X = exp(Ar) - X, (A.112)

Moreover, let us recall that the Hamiltonian for a non-relativistic particle in a quadratic potential
can be written as

H = (p2 + w2q2) , (A.113)

N | —

where ¢ and p denote the position and momentum of the particle, and w # 0. The Hamiltonian
equations of motion are

X=A-X where X-=— (¢.p)" and A= (_(302 é) : (A.114)
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The matrix A has eigenvalues +iw with corresponding eigenvectors X g given by
L i \7
Xp(+iw) = <q:—, 1> : (A.115)
w

According to equation (A.112), the classical motion in the real variables ¢(7) and p(7) is bounded
for generic initial data Xy = (g0, po)T provided w is real, such that w? > 0. In this case, the
system describes a simple harmonic oscillator with frequency w. If w is imaginary and therefore
w? < 0, the potential term in the Hamiltonian (A.113) has the wrong sign and the motion in
phase space is unbounded.

A.2.5 Evolution in the circular polarisation basis

In the circular polarisation basis, we decompose the dynamical variables in the form

Hij — HRGR + HLGL + HH— H— + Hl + Hllell + Hir ;ﬁ;’ (A116)
Hz] — HReR + HLeL + Hl+ l+ + Hl H”€ll + Htr Z ’ (A117)
¢ij — gbReR. + QSLQ,L. + ¢l+ T4 gbl > lle% (A118)
I = T°efl + %) + H‘Z”+ T+ HngZ T el (A.119)

where we have used that ¢ and II? are traceless. The derivative operators 9 and 90 act diag-
onally on each of the modes labelled by R, L, [+, and [—. Moreover, d annihilates the modes
labelled by Il and tr, whereas 00 mixes these two. We may therefore analyse the dynamics of
the R and L modes, and of the [+ and [— modes as four closed subsystems independent from
the dynamics of remaining two modes. The latter form another closed subsystem (Il,tr).

Evolution of the transverse-traceless modes R and L

For the transverse-traceless R and L modes, we can write the Hamiltonian equations (A.75)—
(A.78), taking into account the previously determined action of the derivative operators 0 and
00, in the form

—

— — T
Xl = AL XL where  X™F = (H™F TP, oV TI90F) (A.120)
and
Asc k3 452k 8ces k dep sk
= 1— =% +2cek F —% o
4k4 4sck3 80 s k4 decek®
R.L —k*+ 5 + s T
AT = s m n% M 22
deek? 40555k2 8cgsek? - 4cik
m? i3 m2 24214 2 7]?32
8cesek? 8058 16¢czs 8czse
=S T2k £ (1—4Q)k® + =5 +—==
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Here, and in following expressions, c¢(s¢) = /1 + sg. The matrices A% are diagonalisable and

have identical eigenvalues given by

{—i—ik? —ik, +iVIZE +m2, —ivVEE + m2} . (A.121)

We can explicitly compute the eigenvectors and consider their expansion for large values of the
mass. A dimensionless expansion parameter is T]:L—zz < 1

The eigenvectors )Z',’}L of A®L associated with the first pair of eigenvalues are given by

2
XP(xik) = (1, ik, 0, 0)" + (0, +4(s¢ F i)k, £2ice, F2c¢(2ise £ 1)k)"
m

k’3
+ (9(@) : (A.122)
2
XE(Fik) = (1, +ik, 0, 0)" + —(0, —4(s¢ + i)k, F2ice, F2ce(2ise F 1)k)"
m

i o( ’“) | (A.123)

m3

In the limit of infinite mass, the dynamics of the two massless transverse-traceless modes ap-
proaches the one of the pure-gravitational system associated with the variables H®* and I1%%.
We remind the reader that H;; is the shifted spatial metric defined in (A.57) and II,; its con-
jugate momentum given in (A.59). To higher orders, however, the eigenvectors of the massless
transverse-traceless modes for generic values of the coupling £ receive a correction term in the
1% component, and also non-vanishing ¢ and 119! components.

Similarly, we can expand the eigenvectors X’}}L of A®BL associated with the second pair of
eigenvalues as

k m3

. i \" Ok [2¢ T 3

XE(ii\/k2+m2) = (o, 0, %, 1) +ﬁ(—f,o, 0, 0) +O< > (A.124)

. i \' k[ 2 T 3

Xé(ii\/k2+m2) = (0, 0, £—, 1) +—(——5, 0,0, 0) +O<—).(A.125)
m

m? k m3
In the limit of infinite mass, the massive transverse-traceless modes describe simple harmonic
oscillators. Their dynamics approaches the one of the non-metric degrees of freedom ¢f* and

their conjugate momenta I1?*. To subleading order, however, the eigenvectors of the massive
transverse-traceless modes receive a non-vanishing H®* component.

Altogether, the spectrum of transverse-traceless modes consists of two massless propagating

degrees of freedom and two massive propagating degres of freedom. To lowest order in k?/m?,
these can be identified with the transverse-traceless right-left handed components of the shifted
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spatial metric H;; and the non-metric degrees of freedom ¢;;. The eigenvalues of the Hamilto-
nian evolution matrices are independent of the coupling parameter ¢ and the classical motion
in phase space is stable. The parameter £ also does not lead to modified dispersion relations.

Evolution of the longitudinal-traceless modes I+ and [—

In the next step, we consider the Hamiltonian dynamics of the longitudinal-traceless modes [+
and [_. From the equation of motion for H;; in (A.75) and the action of the derivative operators

9 and 55, it follows that these modes form two closed subsystems, up to a term involving the
parameters h;y. These parameters were previously identified as Lagrange multipliers imposing
the diffeomorphism constraint C; in (A.66). Using the orthogonality of the spatial basis vectors
Z, ¢ and 2, as well as the definitions of the various basis tensors e;; in the decomposition of II;;
as in (A.117), this constraint can be rewritten as

Ci _ Zk]HZJ _ Zk’ (HH- l-‘r +Hl _|_Hll€ll +Htr tr)

k k 2 1
= H’*%(:?:i +ig:) + Hl_%(ﬁ:i —ig;) + 11" \@m + H”ﬁz’ki
k k /
= S+ m)a - S (0 - 1)g + % (Vo' + )k (A126)

The linear independence of the basis for 3-vectors implies that each coefficient in front of z;, ¥;,
and k; has to vanish separately in order to guarantee C; = 0. Thus, we conclude that

nm*=0. (A.127)

Similarly, we can apply the mode expansion to the equation of motion for PZ] in (A.76) to
conclude that

I+ =0. (A.128)

Alternatively, this result follows from equation (A.67), which states that the diffeomorphism
constraint is preseved during time evolution. The only I+ and I— modes left are ¢'* and 1=,
as well as H'*. Using the action of & and 00, the equations of motion (A.77) and (A.78) for
the first two variables can be written as

= AF . X where XWF = (qbli, H‘Ni)T (A.129)

and

655163 1 c§k2
1+ :F m2 -4 2
AT = 214 2 g% .
ka 2 CeSe + CgSe
_85 +mo+ m?
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The matrices A are diagonalisable and have identical eigenvalues given by

{+z’\/k:2 +m2, —ivVk2 + m2} . (A.130)

Computing the eigenvectors X% of A% and these expanding in inverse powers of the mass leads
to

. T 3
T (iv/ie Fm?) = X (wivizem?) = (221) +of ). (A.131)
E E m m3

Altogether, the subsystems of longitudinal {4+ and [— modes associated with the variables ¢'*
and their conjugate momenta IT?'* describe two massive propagating degrees of freedom, whose
dynamics is stable.

Finally, there is the evolution of the modes H*. According to the equation of motion (A.75),
the oscillations of the I+ and [— modes ¢'* and II?** induce a time evolution for the variables
H™ given by

CgSgk’g
2

HH: = :i:(Cgk’—
m

G — Mﬂd’li 4 ik bl T (A.132)
2 (i'4)0Ci;5 - :

This indicates that by a suitable choice of the gauge parameters h;; and initial data, we can
achieve

H* =0 and H%=0. (A.133)

Evolution of the longitudinal-traceless and trace modes Ul and tr

It remains to discuss the longitudinal-traceless mode [l and trace mode tr. To that end, we
make use of the Hamiltonian constraint C in (A.66). Using the orthogonality of the spatial basis
vectors 2, g, and Z, the definitions of the various basis tensors e;; in the decomposition of H;;
as in (A.116), and H'* = 0, this constraint can be rewritten as

C - —klk](HU - (Sz]Hkk) - —klk'] <Hll€élj + H”eg - \/gHtT(Sij)

— —\/§k2 (H” - \/§H”> . (A.134)

In addition, there is the condition that the expression in brackets in the last term of equa-
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tion (A.126) vanishes. Therefore, the Hamiltonian and diffeomorphism constraints imply
H'"—V2H"™ =0 and V204107 =0. (A.135)

The Poisson brackets of these constraint with the Hamiltonian (A.67) state that the time deriva-
tive of these constraints vanishes. In other words, knowing the time evolution of H" and IT" we
can infer the time evolution of H' and II'". It is therefore sufficient to focus on the dynamical
equations for the H" and P" modes. Moreover, is is sufficient to consider the equations of
motion for the ¢! and 11" modes of the field ¢;; and its conjugate momentum Hf}, as the trace
mode of these tensors vanishes.

The time evolution of the double-longitudinal modes H" and I1" is decoupled from the time
evolution of ¢! and TT?". According to (A.75) and (A.76), the equations of motion for the first

two variables are
Tl i |2 “l 2.,

Thus, by a suitable choice of the gauge parameters hgy and h;y and initial data, we can achieve

H'=H" = 0 and HI'=0"=0, (A.137)
H"™=H" = 0 and IHI"=01"=0. (A.138)

Finally, the equations of motion (A.77) and (A.78) for ¢ and I1%" can be written as
S0 AR where XU (gh, o) (A.139)
and

u 0 —1
A _<k2+m2 O)'

The matrix A" is diagonalisable with eigenvalues given by

{+i\/k2 T2, —iVEE + mZ} . (A.140)

The eigenvectors X % of the matrix A to leading order in inverse powers of the mass are given
by

K (£iviZ+m?) = (i% 1>T + O(k—3> . (A.141)

m3

Altogether, the subsystem of double-longitudinal [/ modes associated with the variable ¢ and
its conjugate momentum II?" describes one additional massive propagating degree of freedom,
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whose dynamics is stable.

A.2.6 Evolution in the linear polarisation basis

In the linear polarisation basis, we decompose the dynamical variables in the form

H;; = H+e;~; + erixj + leeg + Hlye%{ + H”eélj + H”ef;j , (A.142)

M; = el + e + el + TTVel! + el + 1T"el] (A.143)
x _lx I

Gij = ¢+e;; + e + & eéj + gblyei? + gzﬁ”eﬁlj , (A.144)

where we have used that ¢;; and Hfj are traceless. The derivative operator O mixes the pairs
of modes labelled by (+, x) and (lx,ly), and annihilates the double-longitudinal mode (Il) and

the trace mode (¢r). The derivative operator 00 acts diagonally on the pairs (+, x) and (Iz, ly),
and mixes the pair (Il,¢r). We can therefore analyse the dynamics by focusing separately on
the three closed subsystems (4, %), (10,lp), and (Il,tr). The analysis of the longitudinal and
trace sectors can be done analogously as in the helicity basis. In the following, we consider only
the evolution of the transverse-traceless modes in the duality basis.

Evolution of the transverse-traceless modes + and X
For the transverse-traceless + and x modes, we can write the Hamiltonian equations (A.75)-
(AA.78), taking into account the previously determined actions of the derivative operators 9 and
00, in the form
X AP XD where XX = (HT, I, H*, 11X, ¢*, TIF, %, T1%)" (A.146)
and AT = (A7 A7), with

432 k2 4’i8§ k3

0 1— —5 > 0
m m N
2 4 Ak 0 0 _ Liseh”
m2 2
. 2.2
_4zs§k3 0 0 1— dsgk
m* disck® 4 m
15¢ _ 1.2 4k
A+>< — O m2 , k ‘ +3m2 0
1 0 _4c§s§k 4265216 0
m m )
8ce skt . Sices2k3
— 0 0 2icek — fn§
B 4i65k3 0 0 i 4C£8£k32
m2 - m2
. 87;C§S k 8cesckt
3 £5¢
0 —2icek + : — 0
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and
deesgk? . Sices2k3
0 —— —2icek + —— 0
8c555k:4 4ic5k3
Begseh! 0 0 _ dice)
i Rice s2k3 4 k2
Qicek — ——5 0 0 — =5
0 4i$§k3 80585]434 O
+x m?2 m?2
A2 = 0 4cgk2 8i35c§k3 0
-4 2 2
1 4 9 ]{32 2 160?3?1{4 0 " TB 8ic§s§k3
( - Cf) +m . + m?2 T TTm?
8ic§s§k3 4c§k2
- m2 0 0 _1 - m2
8ic255k3 16¢252 k4
o S (i S

The matrix A** is diagonalisable with eigenvalues identical to the ones of the combined (R, L)
system,

{+ik:, ik, ik, —ik, +iVE + m2, —iVIE +m2, +iVEE - m2, —ivViE + m2} . (A.147)

The eigenvectors )Z';EX associated with the first and second pair of eigenvalues can be expanded
in inverse powers of the mass as

Xp¥(xik) = (1, +ik, 0,0, 0,0, 0, 0)"

2 3

(0, F4ik, 0, disck, 0, Fdisccek, F2ce, —2265/6)T + (9(%

— ) (A.148)
XpX(%ik) = (0,0, 1, £ik, 0,0, 0, 0)"

2 3

k
+ (0, Fdisck 0, Fdik, £2c¢, 2icek, 0, Fhisccek)” + 0(

m3

pe ) . (A.149)
Similarly as in the circular polarisation basis, in the limit of infinite mass the dynamics of two
massless transverse-traceless modes approaches the one of the pure-gravitational system associ-
ated with the variables H* and ITT*. At the next order, the eigenvectors associated with the
massless transverse-traceless modes receive a correction term in the II™* entries, respectively,
which is independent of the coupling &.

Morover, we observe that at subleading order there is a mixing between the 4+ and x polari-
sations of the shifted spatial metric H;;. Using (A.46) and (A.45), this mixing is quantified by
the parameter

s¢ = sinh(2¢) = 2a;as = 2Refay |Im[a ], (A.150)

which is non-zero only if both the real and imaginary parts of the coupling a; are non-zero.
Therefore, this parameter is a manifestation of parity-violation in the original area-metric La-
grangian. It should be emphasised that this mixing effect is established here for the (4, x)
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modes of the shifted spatial metric H;; defined in (A.57).

For completeness, we state the eigenvectors associated with the third and fourth pair of
eigenvalues of the matrix A**,

. T
R (Vi T d) = (o, 0,0,0, 41,0, 0)

3

k2 ice 1, ., g k
+ ﬁ(o,o, +—=,0,0, :|:§(8s£+7),0, 0) +O(ﬁ

), (A.151)
- i T
X (VR +m?) = <o, 0,0,0,0,0, %, 1>

]{72 2i05 1 2 ! /{;3

ﬁ) . (A.152)
To leading order, these eigenvectors correspond to two massive degrees of freedom associated
with the + and x polarisations of the field ¢;;. At subleading order, the ¢ *-dominated eigen-

modes receive a non-vanishing H** component.

In summary, the physical spectrum of the shift-symmetric area-metric actions with identical
masses for the Weyl components consist of two massless and two massive transverse-traceless
propagating degrees of freedom, as well as three massive longitudinal-traceless propagating
degrees of freedom. The energy eigenvalues are determined by the usual dispersion relations
for massless and massive particles, and are independent of the coupling between the trace
components and the Weyl components of the area metric. Despite the negative-sign kinetic and
mass terms for a subset of the non-metric degrees of freedom of the area metric, the classical
motion in phase space is bounded.

A.3 Third-order momentum-independent area-metric contractions

In this section, we derive all scalar invariants at third order in the perturbations of a cyclic
area metric. To that end, we make use of the decomposition (A.3) of the tensor a,,,, into the
scalar h and the tensors h,, and wi,po associated with the SO(4) irreducible representations

appearing in (A.12). For convenience, we remind the reader of these explicitly,
« o (h, ﬁ,w,w—) e (0,0)@(1,1) @ (2,0) & (0,2) . (A.153)

Third-order scalar invariants require the irreducible decomposition of a tensor product of three
copies of representations appearing in (A.153) to contain a singlet (0, 0).

First, we consider tensor products involving the scalar h, which is in the (0, 0) representation.
In this case, the tensor product between the remaining two factors of fields must include the
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singlet representation. This is only possible if these two fields are in the same representation.
Therefrom, we obtain four invariants in which h couples to the square of each field,

3 + +upvpo

o P, ® W oeW h,
7 Tuv —puvpo

o h,, h*h, ® W, W h.

These all the terms in which the scalar h can appear.

Next, we consider combinations involving the tensor h. The scalar invariant in which this
tensor couples to the scalar h is already captured by one of the previous terms. Thus, we
proceed and consider terms with two factors of h. The corresponding tensor product between
two (1, 1) representations decomposes in the same way as in (A.15) into

hoh e (1,1)®(1,1) = (0,0)8(0,1) & (0,2)
@ (L,0)a® (1,1
@ (2,008(2,1)d(2,2). (A.154)
All of the representations in (A 153) appear in this decomposition. Accordingly, we obtain four
singlets of the form hhh, hhh, and wthh, whereby the first term was already found previously.

The other three scalar invariants are given by
o hyhthb,

+ v I, po
° wupwh h ,

hvhee

Wipro

Finally, it remains to consider terms with at least two factors of w*. The tensor products
between two copies of representations (2,0) or (0,2) decompose into

whewh € (2,0)®(2,0)=(0,0)® (1,0) ®(2,0) ® (3,0) ® (4,0), (A.155)
w @w € (0,2)®(0,2)=(0,0)® (0,1) ® (0,2) ® (0,3) @ (0,4). (A.156)

The only representations which appear in these decompositions and are also contained in (A.153),
are (0,0) and the (2,0) or (0, 2) representations, respectively. Therefore, we obtain four singlets
by tensoring (A.155) and (A.156) with the (0,0) representation associated with h or with the
(2,0) or (0,2) representations, respectively, associated with w* and w™. The resulting invariants
of the first type, hwtw®, were already identified above. The second type of scalar invariants

are of the form wtw®w*, and are explicitly given by

+ B 4+ V0 4
® W, Wag Wys

—aB o ~5,,— KV

® Wy Wap Was
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Lastly, the mixed tensor product between the (2,0) and (0, 2) representations is given by
wrew™ € (2,0)®(0,2) =(2,2), (A.157)

and contains none of the representations appearing in (A.153). Therefore, it is not possible to
obtain a third-order scalar invariant in which w™ and w™ couple to each other.

Altogether, there are nine invariants at third order in cyclic area-metric perturbations with-
out derivatives. This result is in agreement with the approach of the constructive-gravity pro-
gramme [117-121]. These nine invariants can be expressed as

33 puvp pvied + pui + v +aB + 70 & v
{h g R RO W R w7k, Pk } (A.158)
Combining h and fLW into the symmetric tensor h,, defined in (A.19), we can write the four
independent invariants involving both A, and wfm as
+ Tuv v +
hw oW P77 and KR W, (A.159)

In the last term, w® projects onto the traceless parts of the tensor h,,. The invariants (A.159)
provide the interaction vertices for the evaluation of the length-metric induced RG flow of the
masses of the non-metric degrees of freedom in area-metric gravity, analysed in section 4.1.

A.4 Area-metric propagator

-1
In this section, we illustrate the structural form of the regularised propagator (F,(f) + Rk>

which enters the RG flow equation (4.1) for the effective action I'y defined in (4.18). Here,

F,(f) denotes the Hessian of second functional derivatives of 'y, with respect to the fields & =
(h,w™,w™) evaluated at fixed background. In matrix notation, this Hessian takes the form

2 2 2
) Fl(c )hh T Fl(f )hw"" Fl(c )hw—
Ff) = 0 . = |:F’(€2)hw+i| Fl(f)w“’w‘*‘ 0 . (A160)
0P;0®; | [F(z) }T 0 NG
k hw- kE wrw™

To express the separate entries of F,(f), it is useful to rewrite the parts involving w* in I';, in terms
of the projectors IT* which project the area-metric fluctuation a onto w®, respectively. II* acts
as the identity on w®. The relevant definitions and identities were introduced in subsection 3.2.3.
For completeness, we remind the reader of the projector and orthogonality relations

= .1+ = 0+, (A.161)
m*-11F = 0. (A.162)
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With these projectors, the quadratic part of I'y in (4.18) can be expressed in momentum space
as

2 =2 + + pvpo
(p + mi)wwp(,w

DO | —

— +
T D IywEhillyhoe + > abp p W ws, , +
+
. vp _y 'y ol ol afByo +
= hﬂyg}’nggfhpg + Z hl“’ |:O[:|:]I:U'V,LL v pP po' I1 wp'v'o! i|w0¢/6’Y§
+

1 o vpo,x
+ wi/pg {5 (p2 + mi)Hi” po, 576} waiﬁw, (A'163)

where ]IW“/”/ is the identity on the space of symmetric tensors h,,. The part quadratic in A is
denoted formally by Egper and consists of the Fierz-Pauli operator, which arises by expanding
the Einstein-Hilbert action at second order in h, together with the gauge-fixing contribution in
equation (4.20). The other matrix entries of Fgf) are

2
20 aBr 0Ty, o W ol aBys
Fk‘ hwi nuv = 5w—i 5h},bl/ —Oéiﬂul/“ ppp H #/p/y/a./ 5 (A164)
afBvyo _
2
(2) afByd _ 0Tk (2, =2\TTE aBys
Fk wtw® wvpo T 5waiﬁ,y§5wiuz/pa ot - (p + mﬂ:)H uvpo : (A'165)

The regularised propagator G is defined by

th th+ th_
(F’(€2) + Rk‘) G = (Fgfg) + Rk‘) ' [th+]T Gttt Guto-
[th—]T [Gw+w—]T Gw_w_

Thn 0 0
— 0 Lo+ 0 , (A.166)
0 0 I,

where I, and I,+,+ are the tensor identities on the respective field subspaces. Using the
projectors onto each subspace, the matrix entries of G can be computed explicitly. They take
the form

Gy = [+ [, (A.167)

thiwjaﬁm; == fhwipp/pg’ﬂiupyaaﬁ,yé, (A168)

Gt s = Furteot I s, (A.169)
M, V/ / ! vpo ,OC,O'/ !

Gt s = futur LB e s (A.170)

The coefficients f; are functions of the momentum p? and the shape function r, which determines
the regulator Ry. The beta functions were computed with the choice of a spectrally adjusted
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regulator

2 2
R (pQ) = ]%rk (%)Fg) where  7(x) = (1 —2)0(1 — ) (A.171)

is the Litim-type shape function [236]. The entries of the regularised propagator depend fur-
thermore on the couplings @, and on the mass parameters m2. 112 = P® in (A.167) is the
projector onto the transverse-traceless component of the length-metric fluctuation as defined
in (3.8). Explicitly, this projector in d > 2 dimensions with background metric ,, can be
expressed as

1 2
(2) PO __ c = o “ sp o)
n>,- = 5& 0 d—lé’“’ap p25(upl,)p

1 1 d—21

] ];(%P’JPU + Pupu6”7) + ———pupp’p° (A.172)

+ d—1p*

and is manifestly gauge-independent. By contrast, II(®) in (A.167) is the projector onto the
scalar component of the length-metric fluctuation, which can be expressed as

B? A A pPp®
(0) ro - _prV po _p b
10,7 = (s 282) (5 A2, s
where
A = dp, (A.174)
B = (d—1-7p) (A.175)
C = (d-1)(d®—d(1-8})). (A.176)

The explicit dependence of TI®) on the gauge parameter (3, in (4.20) ensures that the propa-
gating scalar mode is projected on for any choice of g, [237, 238]. In the limit 5, — 0, the
projector 1 reduces to the projector onto the trace mode of Py

The regularised propagator G' contains a mixing term G,+,+ given by (A.170), which origi-
nates from the inversion of the kinetic matrix in field space. We do not take into account such
a mixing term in the truncation ansatz for I'j, as this would introduce a coupling of negative
mass dimension which we would be of higher order in the expansion scheme underlying our
truncation.

A.5 Equations of motion in static spherical symmetry

In this appendix, we state the equations of motion (4.88) derived from the localised action (4.72)
for the static spherically symmetric ansatz detailed in subsection 4.2.3. These can be split
into one part which remains present after taking the limit ;4 — 0, in which case the action
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reduces to the Einstein action of general relativity. The other part of the equations of motion
is proportional to the parameter p and decomposes further into a contribution proportional
to the non-locality parameter 1, and denoted by a superscript (n), as well as a contribution
which remains in the limit 7 — 0, and is denoted by a superscript (0). With this notation, the
equations of motion (4.88) are explicitly given by

where

gGR

0)
&

5(77)

and

and
(0)

5711
(n)

gllf

& = &+ u(ef +neP) <o, (A.177)
& = E5R 4 M(s}f’ + ne,ﬁ’?)) ~0, (A.178)
En = n(e +nel) =0, (A.179)
= f'R*(rk +h*—h), (A.180)

= (P (e R = 20(=3m3ry? 4 4 U+ 30(rf" + 31)) + 92 R L

+2f2 (5r20h — rh(5rRW + p(2rh” + 131)) + 2R3 (r(ry” + 507) + 3¢))) , (A.181)

_ 247"2h2w2f’2+6f2<67“2w2h’2+h2(7’2w'2+2rw(7’w”+2w’)—6¢2) _

rhab(Trh'’ -+ 20 (rh" + 2h’))> — 61 fhp (R f + 51 f + 4 f)

—6ry f'h') (A.182)
&N = fAh=1p = r PRt (A.183)
&0 = FRR(2rfR(=3mPry? o f" — rfU = 50f) + L+ rhe f?

20220 + 30) — rwh’)) , (A.184)

5}(ln) — 122R22 2 4 62 (47‘277/}2]1,2 — B2 (r? — 2 (ry + 20 + 18Y2)

—rhab(3rhY + 20 (rh" + 2h’))) — Grfhap (h(2rpf" + Y + 4 f)
—2rp 0, (A.185)

SR(rf(rf'h = 2h(=6m>rg + v f" — f')) + r?hf? + f2(=2rh' + 4h* — 4h)), (A.186)
C18r2R2 [ — 642 (5r2¢h’2 — rh(5rRY + 20 (rh” + 21'))

—2h2(6¢) — r(ry” + 2@//))) + 61 fh(h2r " + 3rf'y" + b f') — drip /1) . (A.187)
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The equation of motion &, has no GR contibution, as ¢ does not appear in the action for
general relativity.
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