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Abstract The present study is based on f(.7) gravity,
where we impose possible observational constraints on the
model parameters to obtain physically plausible features of
compact stars, specifically neutron stars. To do so, as a first
step, we consider the field equations in the f(7) gravity
framework. We then solve the field equations to generate a set
of new exact solutions in f(.77) gravity where model param-
eters are found by using boundary conditions. A few tests are
performed to asses the stability of the model and compare the
obtained results with observations of compact stars, in par-
ticular with the compact binary merger event GW190814.
We observe the maximum mass of the star beyond the 3M,
when the surface density is of the order 10'*gm/cm? for the
higher torsion parameter, which implies that an anisotropic
solution in teleparallel gravity is more suitable for modeling
of massive compact objects in lower mass — gap, and thus
the model presented herein provides a satisfactory physical
scenario with respect to the observational signature.

1 Introduction

We are currently experiencing an accelerated expansion of
the universe, as evident from several observations, including
(i) type Ia supernovae [1-5], (ii) cosmic microwave back-
ground radiation [6,7], (iii) large-scale structures [8], (iv)
Planck satellite data [9—11], and (v) baryon acoustic oscilla-
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tions [12]. This new feature of late-time acceleration of the
universe is posing a significant challenge to the standard the-
ory of gravity, i.e., Einstein’s general relativity (GR). Hence,
to explain this enigmatic phenomenon, GR is invoking an
exotic agent, known as dark energy (DE), which has been
thought to be a possible candidate for pushing spacetime in
an outward direction. Interestingly, the erstwhile cosmolog-
ical constant A, which was introduced by Einstein to obtain
a static universe based on his GR, is now taking on the role
of this DE. However, to cope with the expanding universe
situation, the constant A is in general to be considered as a
dynamic parameter depending on the spacetime fabric, i.e.,
A = A(r), which acts as a repulsive pressure. Nevertheless,
the existence of DE is even now in an illusive stage.

As a consequence, several scientists have put forward a
number of new concepts to overcome this DE-related unac-
ceptable odd situation. Time and again they have proposed
an alternative gravity theory in the place of GR which could
comprehensively describe the accelerating expansion of the
late-time universe. As a result, we have obtained a proper
gravitational substitute for the dark energy scenario as far as
consequential theoretical prediction and observational evi-
dence are concerned. In all these theories, the modification
has been attempted via the Einstein—Hilbert action with suit-
able changes which are expected to make evolutionary fea-
tures of the universe physically viable. Therefore, beginning
with Buchdahl [13] and followed by Nojiri et al. [14], Car-
roll et al. [15], and Cognola et al. [16], a plethora of modified
theories have arisen in the gravitational arena to couple the
theory with the observational status of both the early- and
late-time universe [17]. In the late-time acceleration phase
of the universe, f(R) gravity, the scalar curvature R took on
the controlling role in the Einstein—Hilbert action to explore
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and describe the spacetime expansion in a justified manner.
Later on, f (R, T) gravity theory was suggested by Harko et
al. [18], assuming that it will be responsible for the shift in
the geometrical part of the Einstein—Hilbert action.

Basically, this theory originated to consider the Lagrangian
as a function of both R and T, where the latter is the trace of
the energy—momentum tensor, with ample applications in the
fields of astrophysics and cosmology [19-44]. A few basic
aspectsof f (R, T) gravity theory, which have been described
in the review work [45], are as follows: (i) the trace of the
energy—momentum tensor 7" and the Ricci scalar R have deep
intrinsic properties related to the matter Lagrangian, (ii) T
can also be made to account for heat conduction and viscos-
ity, and (iii) the quantum field effect and the resultant particle
creation phenomena are also attributable overall to f(R, T)
gravity theory. Subsequently, several other variants have been
introduced by modifying the geometric term of the action,
e.g., f(G) gravity [46,47], where G is the Gauss—Bonnet
scalar. There is another variant of f(R) gravity theory in
the form of f (R, G) gravity theory, where G, which stands
for the Gauss—Bonnet invariant, can describe the inflationary
and late-time acceleration phases [18,49-62]. It is especially
worth noting that f(R) gravity fails to support the solar sys-
tem tests [63,64]. In this context, other anisotropic solutions
for compact star models in different aspects including f(.77)
gravity can be found in Refs. [65-69].

In connection to f(Q) gravity, there have been sev-
eral applications in both the astrophysical and cosmological
realms, e.g., f(Q) extended symmetric teleparallel theory to
account for bouncing cosmology [70], the presence of bulk
viscosity effects in the cosmological fluid [71], a gravita-
tional modification class via non-metricity [72], the function
of bulk viscosity [73], traversable wormholes with normal
matter [74], for spherically symmetric and stationary metric-
affine spacetimes [75], reconstruction formalism of the
Dirac-Born—Infeld (DBI)-essence scalar field model [76],
and periodic cosmic transit behavior of the accelerated uni-
verse [77]. Moreover, Errehymy et al. [78] recently inves-
tigated the characteristics of electrically charged strange-
type compact stars under f(Q) symmetric teleparallel grav-
ity, whereas cosmic acceleration and dark energy on the
basis of homogeneous and isotropic Friedmann—Laimatre—
Robertson—Walker (FLRW) geometry were studied by Kous-
sour et al. [79].

Another modified gravity theory, namely f(.7) [80,81],
seems very promising to describe several cosmological and
astrophysical problems ([82] and other references therein).
This theory, where 7 acts as an arbitrary function of the
torsion scalar, can reasonably (i) provide a theoretical inter-
pretation of the late-time acceleration of the universe, (ii)
accommodate the regular thermal expanding history includ-
ing the radiation- and cold dark matter-dominated phases,
(iii) achieve the inflationary phase via non-singular bounces
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which helps, and (iv) investigate the feature of cosmic
microwave background observations. Our present investiga-
tion is therefore based on this theory, which we would like to
apply for understanding various physical situations in con-
nection to compact stars, in particular pulsars.

In the present investigation, with the model being treated
for compact stars, we are considering pressure anisotropy.
This means that the radial pressure differs from the transverse
pressure and hence will produce unequal principal stresses.
However, Dev and Gleiser [83] showed that the equality of
the transverse components of the pressure ensures the spher-
ical symmetry of the model. Now, there may be several rea-
sonable physical phenomena behind the origin and develop-
ment of anisotropy in the interior or core structure of a com-
pact star. These include (i) exotic phase transition at extreme
density [84], (ii) the presence of a type II superconductor
inside the compact stars [85], (iii) pion condensation [86],
(iv) type 3 A superfluid [87], a (v) strong magnetic field [89],
and (vi) a scalar field in a boson star that may give rise to
anisotropy [90]. Long ago, Ruderman [88] argued that local
anisotropy in compact stars is due to the solid core, which
was later proposed in a definitive manner by Herrera and
Santos [91].

With respect to this connection, we would also like to
mention here that the pressure anisotropy might have a sig-
nificant role in the structural formation of a compact star,
and thus its internal features will be dependent on anisotropy
in various ways. Keeping this aspect in mind, Karmarkar et
al. [92] argued that the numerical value of the compactness
parameter (i.e., QTM, where M and R are the mass and radius
of the star, respectively) may approach unity for anisotropic
stars. Interestingly, for anisotropic stars, Ivanov [93] specifi-
cally demonstrated that the upper limit of the surface redshift
becomes 3.842 and 5.211 when the transverse components of
the pressure satisfy the strong and the dominant energy con-
ditions, respectively. To account for the numerical feature of
the pressure anisotropy, Mak and Harko [94,95] verified that
it must be greatest at the surface and zero at the center of the
compact physical object.

We have already mentioned the reasons for choosing
f () gravity as our motivation for carrying out investiga-
tions in the field of compact stellar models. Under a system
with an anisotropic fluid in the framework of f(.7) gravity,
the present investigation therefore aims to explore physically
viable compact stars so that the model parameters under suit-
able and permissible constraints can provide acceptable fea-
tures which should have admittance with the observational
signatures. More clearly, in the present work our main moti-
vation is to study the spherically symmetric object under
this modified gravity associated with anisotropy in two cat-
egories: (i) to examine the behavior of physical attributes
of the configuration of compact stars and (ii) to both com-
pare and constrain the theoretical model parameters with the
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available dataset from the observational evidence. At this
point, we should mention that, like f(.77) gravity, one spe-
cial advantage in f(Q) gravity is that a second-order differ-
ential equation arises instead of a fourth-order differential
equation in f(R) gravity and has several similar features to
f(T) gravity.

At this juncture we would like to mention that in the
present work we have assumed “static” compact stars where
we match the interior solution to the exterior Schwarzschild
solution that is compatible with the system, which clearly
means that we have not used the so-called rotation as appli-
cable to the Kerr metric. It is important to add here that in
Subsection 7.2, “Mass and predicted radii of observed pul-
sars,” we present several pulsars category-wise, but those
are treated under static/slow rotation effects only follow-
ing Refs. [96-103] as available in the literature. While pul-
sars exhibit dynamic features such as magnetic fields and
rapid/fast rotation, our assumption of pulsars as static or
slowly rotating neutron stars is a simplifying approxima-
tion frequently employed in astrophysical models [104—107].
This approach simplifies mathematical calculations and the-
oretical analyses, enabling us to establish a foundational
framework for our study without incorporating the complex-
ities associated with pulsar rotation. In addition, this simpli-
fication does not alter the fundamental nature of pulsars, as
the structural changes or instabilities induced by the cracking
phenomenon occur on timescales significantly longer than
the rotation period of pulsars, thereby justifying the consider-
ation of rotation effects as negligible for the specific analysis
and treating pulsars as static.

The outline of the present work is as follows: In Sect. 2
we review the field equations for f(.7) gravity. The exact
solutions to the Einstein field equations under f(.7) grav-
ity are presented in Sect. 3, whereas the boundary condi-
tion is imposed to obtain the expressions for the constants
in Sect.4. In Sect. 5 we perform a physical analysis of the
f (7)) model, with special attention to cases regarding (5.1)
the physical behavior of density and pressures, and (5.2)
the energy condition. In Sect. 6, the stability and equilib-
rium conditions of the anisotropic solution are analyzed in
the following subsections: (6.1) Herrera cracking concept,
(6.2) Adiabatic index, (6.3) Zel’dovich-Harrison—Novikov
condition, and (6.4) stable equilibrium under the Tolman—
Oppenheimer—Volkoff (TOV) equation. In Sect. 7 we exhibit
the mass—radius profile for the stellar object with respect to
(7.1) compactness and surface redshifts and (7.2) mass and
predicted radii of stellar objects. The last section (Sect. 8) is
dedicated to some concluding remarks.

2 Review of the field equations for f(.7) gravity

The starting point is the line element of a manifold expressed
as

ds? = gpadxPdx® = £0f 0 dxbdx*, (1)
with
dx® = ege", 0" = eldx* and ¢p, = diag[l, —1, —1, —1],

where the Greek indices represent the tetrad field 6¢, and the
Latin indices are associated with the spacetime coordinates.
The metric determinant has a square root, i.e., e = /—g =
det[e?].

The Weitzenbock antisymmetric connections can be stated
as long as the torsion is nonzero and the Riemann tensor
remains zero

Il =eldpel,. )

The torsion and con-torsion tensors are represented by the
following expressions:

Tap = Tap = Tpa = ¢ (3616’1; - Bbela()v 3)
1
b b b b
K} =—§(Z“ —Z“—Z“). 4)

The two tensors described previously, Egs. (3) and (4), are
merged to create a novel tensor as

1
5t = 5 (8070 + ki = T8t ). )
Now, we may represent the torsion scalar as
T = T80 (6)

To derive the action for modified gravity f(.7), one may
simply replace R with .7, similarly to the revised gravita-
tional action in connection to f'(R) theory, as

1
S = /dx46[ﬁf(y) +$Matter]- (7)

In the context of natural (i.e., geometrized) units, where
G = ¢ = 1, the variable f denotes a function that depends
on the torsion scalar .7, whereas Zyqser Tepresents the
Lagrangian density. For clarity, we would like to state at this
beginning stage that in the present work, the two symbols are
employed as follows: 7 is the torsion, while 7 is the trace
of the energy—momentum tensor, to overcome any confusion
throughout the manuscript.

To obtain the system of equations for motion, we vary Eq.
(7) with respect to the tetrad field as
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80,7 fr 7 +e ! (eeszlb) f7+e TSk fe
1
—Zef; f=—4netT). (8)
The energy—momentum tensor for the Lagrangian den-

Sity Znarter 18 represented by the energy—momentum ten-
sor Ta” . Nevertheless, the following symbols are used to

symbolize the derivatives of the function f: fg = %
2

and f7 7 = % For an anisotropic fluid distribution, the

energy—momentum tensor is defined as

Ty = (p+ P)AA" = P8, + (P, — P)B,B, ©)

where the four-speed and radial four vectors are represented
by A, = ¢ 82 and B, = ¢ 5;, respectively. The sym-
bols p, P, and P; represent the effective energy density, the
radial effective pressure, and the tangential effective pres-
sure, respectively.

The equation of motionin f(.77) gravity may be expressed
in an alternative form using the covariant derivative formal-
ism

T
Graf7 +S4,VNi1T fra + > (% - fﬂ) 8ha
1
- T}, 10
T [P (10)

where the Einstein tensor is denoted as Gp,,.
Now, Eq. (8) may be restated within the framework of
general relativity (GR) and f(R) field equations as follows:

Gha (Toa + 73571) an

" l6nfz

where torsion tensor 917[&’7 Vincludes corrections derived from
the torsion scalar

71 —1 !
Toa = a1 (4SahV1f9,7 + (L@fy
SV + T ) 8ha) (12)

We note that Eq. (10) clearly yields the equations of gen-
eral relativity for a linear f(.7), specifically when f(.7) =
7.

Now, let us direct our attention to the internal structure of
the spherically symmetric static fluid distribution. The met-
ric of this distribution is determined by the following line
element:

ds? = —e®dr? + e¥dr? + r2do* + r?sin? 0 d2%.  (13)

The two metric potentials that are dependent only on the
radial coordinate, r, are represented by the symbols 2 and
¥. Additionally, we establish the energy—momentum ten-
sor for a self-gravitating system with anisotropy in (3+1)-
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dimensions as follows:

T’ = diag (—p, P,, P, Pr), (14)
with
TP =0, if a#b. (15)

The pressure anisotropy is defined as the difference
between the radial pressure P, and the tangential pressure
Py, and its value is controlled by the metric potentials £2 and
V. The tetrad matrix for the metric in Eq. (9) is given by

[h] = diag[e®/2, ¢¥2, 1, rsino], (16)
whereas the determinant of this tensor is given as
e= det[ef;] — @2 2 Gng (17)

The torsion scalar, along with its derivative, is defined in
terms of the radial coordinate r as

T(r) =

2¢7Y ,
s—|r’+ 1], (18)
’

—y
T'(r) = 67[9“ - riZ - <9/+ %) (w/+ %)}

19)

where the derivative with respect to the radial coordinates is
shown by the prime symbol ()'.

By substituting the previously described tetrad field (16)
and inserting the torsion scalar and its derivative into Eq.
(8), one may formally derive the equations of motion for an
anisotropic fluid in f(7) gravity as

rl 1
S0 = S| 5+ re (@4 @) - 70|+ L
20)
r 1
$up = 7] - 5+ 70)] - L. @1
8P = fz :e_w ((% + %) (2 —w')+ %)
707 f
517 22)

The previously described field equations obviously result
in the equivalent field equations in general relativity for
f(Z) = 7, as shown by Egs. (20)—(22). In the con-
text of f(7) gravity, an additional non-diagonal quantity
is acquired in the following manner:
ﬁf’fﬂﬂ =0. (23)

2r2

This is distinct from the situation of general relativity. The
possibilities that arise from Eq. (23) may be categorized as
follows: (a) when .7’ = 0, and (b) when f5 4 = 0. In the
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second case, we obtain a linear functional form of f ()
using the following method:

(T =aT +y. 24)

The variables « and y represent integration constants. The
aforementioned linear function has been successfully used in
different situations involving f(.7) gravity. Our objective is
to find the solution to the f(7) gravity field equations (20)—
(22) using the functional form (24). Therefore, the final form
of the field Egs. (20)—(22) under Eq. (24) becomes

1 Y ’ 2
p=——=Ra+2e Ta(r¥ —1)—ryl], (25)
16712
. = [2a +2¢ Va(r2' + 1) +r?yl, (26)
16712
eV v / / / "
P = e ry +a+r2)(2" —¥)H)+2raf2”].

32xr
27

3 New exact solution in f(.7) gravity

The f(Z) gravity system (26)—(27) contains five
unknowns, namely, p, P, P;, ¥, and §£2. We need to find
the exact solution for this system by solving the pressure
anisotropy equation, which can be given as

ae P[22 + 2P —22'r —¥'r(2'r +2)
+4(e” — D] = 32712 A. (28)

Due to the presence of three unknowns in the pressure
anisotropy Eq. (28), it is necessary to have two conditions in
order to solve the differential equation. For this reason, we
choose a physically viable ansatz for the potential ¥ (r) of
the form

1 —2Nr2]

vy =m[L22N
) n 1+ Nr2

(29)
where N is a constant with dimension /2.

According to the above Eq. (29), as r — 0, we find that
e¥ — 1. This means that the metric potential e¥ is physi-
cally acceptable since it does not contain any singularities at
the center of the physical system. Furthermore, this metric
function gives a decreasing density (see upper left panel of
Fig. 1).

The metric function (29) was used previously by Baskey
et al. [108] in the context of GR. By plugging Eq. (29) into
Eq. (28), we get

af22"r (1= 28%* = Ni?) 4+ 27 (r = 2N = Nr)
12 x (4N2r4 8NP 2) n 24N2r3]

—327rA (1 - 2Nr2>2 . (30)

The solution of the above differential equation depends
on the suitable expression for the anisotropic factor A, so we
first choose the anisotropy factor A expression as follows:

3aN?r?

A= o aN

3D

From Eq. (31), it is evident that the value of A becomes
zero at the center r = 0, and thereafter increases as the value
of r increases. By substituting the value of A into Eq. (30),
we obtain

—22"r 2N + N2 — 1) + 272 (—2N2r5 NP r)
+2' (4N?r* +8Nr? —2) = 0. (32)

Now we use the transformation 2 = 21n & to covert the
differential Eq. (32) in its simplest form as

@ (2N2r4 L AN — 1) — o (2N2r4+Nr2—l) —0.
(33)

After solving the above differential Eq. (33), we obtain

—1 J6—2¢Nr2+1)
9tan (7%2741\”2

(«/«m—3)2
x (2v/2Nr? —4y/3Nr2 +3+5V2) |+ B. (34
( v ))

A
d(r) = —(\/ 1 —Nr?2 —2N2%p4 —

2N

The expressions for density and pressures are given as

3aN (2Nr2 - 3)

%
8mp = - = (35)
(1—2nr2)2 2

y 3 4Ay/Nr2 +1

87 P = = +aN + , (36)
T2 (1 —2Nr2 " p. 11— 2N/2
1 160 AN3 70

87 Py = 2[ i 4 4y N2

20(r) (1 —2Nr2)" Ly 1 — Nr2 —2N2r4

4 40{A 2
Xr o)+ + N —4yr=®(r)
V1—2Nr2/Nr2 +1
120 Ar?
+6aD(r) — e >+yd><r)], (37)
V1=2Nr2/Nr2 41
where
6—2VNr2+1
P = AVNE T IVT 2Ny — g (YO 2YNE2 L
V2 —4Nr2
x3+/2A +2BN.
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4 Boundary condition

When considering the linear functional form of f(.77) grav-
ity theory, the exterior Schwarzschild—de Sitter solution may
provide the most suitable exterior spacetime, as

d 2
}’2)dt2 + r

(1--30)

(38)

+r2(d6? + sin 0d¢?).

Let M represent the total mass of the object at the boundary
r = R.Itis given by the relation M = m(R)/«. Additionally,
A is equal to o/2y. The application of the first and second
fundamental forms yields the following outcome:

XM A 5\ am
<1 =~ 3 R ) = PR, (39)
< _M A RZ) s (40)
R 3
P.(R) =0. (4D

These boundary conditions are the most appropriate for
the joining of two spacetimes at the surface r = R. By using
Eq. (41), we determine

INVNRZF1 (¢6NR2 T6— 3)2

A =
5 ,
(1-2NR?) [2NF1(R) («/6NR2 +6— 3) + Fg(R)]
(42)
2
AINVNRZF1 (J6NR2 T6- 3)
B = Fi(R) , (43)
(1 —2NR?)[2NFi(R) + F2(R)]
R3 _ 2
y— By +18aN —2yNR )’ “4)
12a (2NR? — 1)
where
—1
Fi(R) = 3v2 —4NR?
1 2Nv/1—2NR?(y + 6aN — 2y NR?) [
V6 —2JNRZ+1
-1 2
X tan (m (—y —6aN+2y NR?)
—VNR?+1(2NR* — 1) (y + 14aN — 2y NR?) }
(45)
P (R) =V/NR2 + 1/1 - 2NR? <\/6NR2 16— 3)2
—9 (2ﬁNR2 —4/3NR2 3+ sﬁ)
- (YO 2YNRE £ (46)
V2 —4NR? )

@ Springer

5 Physical analysis of the f (7)) model
5.1 Physical behavior of density and pressures

For the stability requirement of a model, the density p, radial
pressure P,, and transverse pressure P; should all be positive
inside the physical configuration and should decrease out-
ward monotonically. We note that Fig. 1 supports the pos-
itive and monotonically decreasing behavior of the model
variables. One interesting point here is that Fig. 1 shows that
the transverse force is always higher than the radial force
throughout the internal structure. It readily implies the repul-
sive nature of the anisotropic force, which in turn indicates
that the model is highly stable due to the repulsive force.

Another intricate feature is specifically revealed from the
transverse pressure profile of Fig. 1,in that, unlike the radial
pressure, it does not vanish on the surface of the spherical
object. This feature indicates the existence of an ergo-sphere,
and hence there is an appearance of the bulging in the equato-
rial region which is expected due to the pressure anisotropy.
In other words, this effect is suggestive of a hypersurface
such that the observer can look at the event away from the
bounding surface of the physical configuration.

On the other hand, we calculate the Zel’dovich condition,
which can be defined by a pressure—density ratio as

P.

vy = 20 (47)
p(r)

In the above expression, the index i = {r,t} denotes

the radial and tangential components. According to the
Zel’dovich criterion, the energy density must dominate over
the pressure throughout the stellar configuration for a phys-
ically viable model, i.e., ¥;(r) must fall between 0 and 1.
One can note from Fig. 2 that the Zel’dovich criterion is con-
firmed.

5.2 Energy condition

In the context of f(.77) gravity, energy conditions may be
described as local inequalities that establish a relationship
between energy density p and pressures (P, Py) under certain
restrictions. In order for a structure to be physically viable,
it must meet certain energy parameters throughout the inte-
rior of the star. The calculation of energy conditions centers
primarily on the null energy condition (NEC), weak energy
condition (WEC), strong energy condition (SEC), dominant
energy condition (DEC), and trace energy condition (TEC).
These conditions are described as follows:

NEC: p(r)+ P.(r) >0, p(r)+ P(r) >0,

WEC : p(r) >0, p(r)+ P.(r) >0, p(r)+ Pi(r) >0,
DEC: p(r) — |P-(r)| =0, p(r) —|P:(r)| =0,
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Fig. 1 The behavior of the density (p), radial pressure (P, ), tangential pressures (P;), and anisotropy (A = P; — P,) against the radial coordinates
r for the values of free parameters N = —0.0031 km~2 and y = 0.0002

T T T T T T T T T T T T T T T

0.20f
0.15}
S
5 0.10
0.05
000:1 1 1 P T 1 1
0 2 4 6 8 10
r [km] t [km]

Fig. 2 The behavior of the pressure—density ratios (P,/p) & (P;/p) against the radial coordinates r for the values of free parameters N =
—0.0031 km~2, R = 11.6 km. and y = 0.0002

SEC: p(r)+ P.(r)+2P;(r) = 0, Because of the density and pressures that are positive,
TEC : p(r) — P.(r) — 2P;(r) > 0. (48) NEC and WEC must be fulfilled. In Figs. 3 and 4, we have
visually shown the DEC, SEC, and TEC. We have determined
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W
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Fig. 3 The behavior of energy conditions (o — P,) and (p — P;) for similar values as used in Fig. 2
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Fig. 4 The behavior of energy condition (p — P, — 2P;) for similar
values as used in Fig. 3

that the proposed solutions satisfy these energy criteria con-
currently.

6 Analysis of the stability and equilibrium conditions of
the anisotropic solution

6.1 Herrera cracking concept

One essential test in investigating the instability of anisotropic
stellar configurations is to examine whether the model
encounters overturning or cracking. The fundamental con-
cept is that on either side of the fracture point, the fluid con-
stituents undergo acceleration relative to one another. The
phenomenon of cracking with a self-gravitating anisotropic
compact star configuration was first investigated by Her-
rera [111]. The presence of cracking indicates that in order
for a star model to be considered valid, the radial sound speed

@ Springer

must adhere to the causality criterion, which states that v2

& vt2 must be less than or equal to 1 (assuming ¢ = 1 and

vl.2 = %—IZ). Le Chatelier’s principle implies that the speed of

sounds, denoted as v, and v;, is expected to have a positive

value, i.e., in an alternative form vl.2 = %—I; >0/[112,113].

Hence, the expression for the radial sound speed is now
provided as

2
V2 :[(yvr2 —1) (— 12%N2 (féer N 1+¢8)
- 6§N\/1 —2Nr2 (2Nr* +3) (\/6Nr2 +6— 3)
—9(V1 =282 (2872 +3) (3V2 = 2/3Nr7 +3)
= 4§N (2v3Nr? - 3V2Nr2 424 2V3) )

(V6 —2VNrZ 1
X tan oy +vi(r) v2(r),

(49)
B2
v? =[24ﬁ1v2 (4v/6Nr0 + 1282 (6v/6 — 5V/Nr2 + 1)
+3N2 (59[— 100/ N2 + 1) 267V NP2+ 1

+109v6) + Wa1 () + (16N°r© — 24N%r — 6N12 +.7)

x <4J€N3r6 + 12N%r*(65/6 — 5/ Nr2 + 1) + 3Nr?
x (59v/6 = 100V/Nr2 + 1) = 267V/Ni? + 1+ 109«/8)]
/ [3%2@)\/1\1# +1 (2N = 5) (VoNI2 46 - 3) }

(50)

where v (r) and v2(r) are given in the appendix.
The verification of the causality criterion for our model
is shown in Fig.5. We note that to assess Herrera’s cracking
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Fig. 5 The behavior of the radial and tangential velocities (vrz) & (v,z) against the radial coordinates r for the values of free parameters N =
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Fig. 6 The stability factor (v — v2) against the radial coordinates r
for the values of free parameters N = —0.0031 km~2 and y = 0.0002

concept on the stability of compact objects, Abreuetal. [114]
introduced a range to identify possibly stable or unstable
anisotropic compact structures. According to their research,
a model may be considered theoretically stable if it satisfies
the inequality —1 < vt2 — vr2 < 0, as long as there is no
change in sign of vt2 — vr2 inside the radius of the star. Given
that the condition —1 < vl2 — vr2 < 0 is satisfied by our
model, as seen in Fig. 6, we can infer that the model satisfies

Herrera’s cracking idea.

6.2 Adiabatic index

The stability of an object may also be evaluated using the
adiabatic index as a simple test. The adiabatic index for a
given energy density may be used to characterize the nature
of the equation of state. Thus, the adiabatic index determines
the stability of both non-relativistic and relativistic compact

objects. The adiabatic index for relativistic anisotropic struc-
tures can be defined as the ratio of two specific temperatures:

P
_ r"‘PUz'

r=—"

(5D

Bondi [115] proposed that the stability criteria for a star
model to be stable should be I > 4/3 for the Newtonian
sphere and I' = 4/3 for neutral equilibrium. Heintzmann
and Hillebrandt [117] determined that the adiabatic index
needed for a stellar system to be in equilibrium was I >
4/3 by taking into account that the matter is anisotropic.
Subsequently, Chan et al. [116] made some modifications
for the relativistic fluid situation, which are stated as

r 4<1+ A +”’P’r) (52)
< — - .
s\' YA iy

Here, anisotropy is represented by the first component on
the right side of Eq. (52), and the relativistic corrections to the
Newtonian ideal fluid are represented by the second term. We
have presented only the values of I in the radial direction,
which consistently exceed 4/3 across the star model (Fig. 7).

6.3 Zel’dovich—Harrison—Novikov condition

A compact structure is deemed stable when the mass of the
configuration increases as the core density increases. Math-
ematically, every stable structure must satisfy the condition
dywpo > 0. The stability requirement is referred to as the
Zel’dovich—-Harrison—Novikov condition [118,119]. While
this condition is essential, it is not sufficient. For our solu-
tion, the central density
14

8mpg = % — oR (53)
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r [km]
Fig. 7 The behavior of the adiabatic index (I") against the radial coor-
dinates r for the values of free parameters N = —0.0031 km~2 and
y = 0.0002

R3 (16mpy (9« — ¥y R?) — y*R?)
120 (9 + 16w po R + y R?)
dM 1087 R?

— = . (55)
dpo (9« + 16wpgR? + y R?)

M(po) =

, (54)

Figure 8 shows that the derivative of M with respect to pg
exhibits a positive value, i.e., the mass increases with central
density pg. This observation suggests that the anisotropic
models developed possess stability.

6.4 Stable equilibrium under the TOV equation

The hydrostatic equilibrium of a star is examined using the
Tolman—Oppenheimer—Volkoff equation [120,121], com-
monly referred to as the the TOV equation, which stipulates
that for a model to be considered viable, it must exhibit stable
equilibrium against three distinct forces: gravitational force,

Mass(MO)
[\

—_—

0'1 1
0.0000

0.0005 0.0010 0.0015

Central density(po)[km'z]

hydrostatic force, and anisotropic force. Mathematically, the
sum of these forces must remain zero across the whole star.
The TOV equation describes the internal composition of a
compact star object with spherical symmetry. In the context
of anisotropy, it is expressed as

2 dpP.  2(Pr—P)

N — P)— —
St P)— -+ .

Alternatively, Eq. (56) may be expressed as follows:

0. (56)

Fo+ Fp+ F, =0, (57)

where F, represents the gravitational force, and Fj, and Fy
represent the hydrostatic force and anisotropic force, respec-
tively, which can be written as

2/ dPpP,
Fg=—7(0+1’r), Fp=—

, Fa — 2(Pt_Pr).
dr r
(58)

Figure 9 illustrates the evolution of different forces with
respect to the radial coordinate. It is evident that the gravi-
tational force is dominant and negative in nature. This force
is counterbalanced by the combined influence of hydrostatic
forces and anisotropic forces to maintain equilibrium within
the system.

7 Mass—-radius profile for the self-bound pulsar objects
7.1 Compactness and surface redshifts

The non-collapsing nature of a stellar object is essentially
determined by its mass and radius relation, which is known
as the compactness factor (¢« = m/r). The compactness
factor (1) for a non-collapsing star must be less than 8/9
for the isotropic fluid system in standard GR. Furthermore,

8000
° 6000]
§ 000
% i

4000}

2000}

0.0005 0.0010 0.0015

Central density(po)[km'z]

0.0000

Fig. 8 The stability analysis of the model via M — pg and d M /dpy — po curves for similar values as used in Fig. 5

@ Springer



Eur. Phys. J. C (2024) 84:603 Page 11 of 16 603
'T T T T T T T [T T T T T T T
4: i aemr T - 45 ) - - T T = - -1
2V ,.,',/’ - ] 2k /.‘c/’" i 1
T e
0 - 0 -
ENE AN ] N SN ]
X \\\ X _4: \\\ 4
A I
_6: """ Fh \x\\ 4 [ =~ Fh \\\\
S F, e 8f._... F e S
—81 L1 I L1 I I ] I A I L I I
0 2 4 6 8 10 0 2 4 6 8 10
r [km] r [km]
'T T T T T T T T [T T T T T T T
St e 51 e
""’_‘ : '»A“‘// m’l_‘ : 'A"/'/’V
0= 0=
< \ < [ AN
E g & 1
X sl \\\ 1 % _50 \\\ ]
S Fg‘\ SO Fg\\
...... Fh \\\ [ - Fh \\\ ]
RTIREEE F, e -7 -10r. . F, el -7
1 1 n 1 n 1 1 1 1 1 1 n 1 1 1

r [km]

r [km]

Fig. 9 The behavior of different forces against the radial coordinates r for the values of free parameters N = —0.0031 km~2 and y = 0.0002 with
different values of «. Top left panel for « = 0.8, top right panel for @ = 1.0, Bottom left panel for « = 1.2, and bottom right panel for « = 1.4

Andreasson-Bohmer [122] derived the upper bound of the
mass—radius limit in the presence of a positive cosmological
constant value

<

> X

AR? 2
————+§v1+3AR? (59)

3

N=J i o}

Obviously, the inequality (59) reduces to the Buchdahl
limit when A = 0. However, in the present study, A = %;
then the final form of inequality (59) reduces to

y R?

3y R?
60 ’

200

<

(60)

| X

2y
9

M=)l o)

Furthermore, the effective mass in f(.7) gravity can be
calculated by the formula

LR Y\ 2 R —A(R)
Mett—%/o (p+§)rdr—5[l—e ] (61)

Then the gravitational surface redshift can be calculated
by the formula

M,
s = e_-Q(R)/Z — 1= (1 _ Zu)—l/z _ 1, Where, ° = eff'

(62)

The upper bound of the mass—radius relation of the
observed compact objects can be visualized from Fig. 10,
which shows that the compactness relation is satisfied. How-
ever, the surface redshift is obtained using the formula (62),
and its value is z; = 0.773978 for all « and y . This obtained
value follows the upper bound given by Ivanov [124] and
Bohmer-Harko [123].

7.2 Mass and predicted radii of observed pulsars

The mass-radius relationship, which is essential to the cur-
rent model’s physical validity, is examined in this section.
The behavior of the M—R curves for different values of « cor-
responding to two different surface densities, p; = 2.7x 104
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Fig. 10 The mass profile and predicted radii via the M-R diagram for N = —0.0031 km~2 and y = 0.0002 with surface density 2.7 x 10'*gm /cc

(left panel) and surface density 4.8 x 10'%gm /cc (right panel)

Table 1 M-R curve and prediction of radii for different values of & with surface density of 2.7 x 10'* g/cc

Objects M/Mg Predicted R (km)

=035 a =040 a =045 a =0.50 a=0.55
PSR J1614-2230 1.97 +£0.04 - 11.877902 12.62759! 13.257901
PSR J0952-0607 2.35+0.17 - 11.281044 12.53%09% 13.2610:9)
GW190814 2.5 -2.67 - - 12.377597 13.227902
Table 2 M-R curve and prediction of radii for different values of o with surface density of 4.8 x 10'%g/cc
Objects M/Mg Predicted R (km)

a=0.6 a=0.7 a=0.8 a=09 a=1.0

PSR J1614-2230 1.97 +£0.04 - 12.01739 12.837901 13.537991
PSR J0952-0607 2.35+0.17 - 11.53103 12757008 13.5410:01
GW190814 2.5 —2.67 - - 12,6259 13.5270:08

gm/cm?’ and p; = 4.8 x 10'* gm/cm?, are shown in Fig. 10.
These plots show three stellar candidates whose determined
masses are known. We also use the M—R curves to calculate
the radii of those known stars. Based on the chosen param-
eters {N, y, R}, the expected radii are provided in Tables
1 and 2. Regarding the increasing values of «, the tendency
indicates an increasing tendency in the variation of maxi-
mum mass and its associated radius. As a result, the increas-
ing maximum measured masses for various stars are linked to
the increase in the torsion parameter « in the f(.77) function,
demonstrating a direct effect on the maximum mass. Tables
1 and 2 also show that when surface densities increase, a sig-
nificant decrease is seen in both maximum mass and radius,
while maintaining constant values for all other parameters.
On the other hand, changes in surface densities, with all other

@ Springer

parameters held constant, result in only small adjustments to
the M /R compactification factor, which remains under the
Anderson—-Bohmer limit [122].

Furthermore, to ensure the physical validity of our model,
we arbitrarily consider observational data for three observed
pulsar candidates (namely, PSR J1614-2230, PSR J0952-
0607, and GW190814). The numerical values of the pre-
dicted radius of stellar candidates for these compact stars are
as follows:

e Lower mass category: For PSR J1614-2230 (1.97M)
11.877092 for @ = 0.45; 12.621)9! for « = 0.50;
13.25700 for @ = 0.55; 12.01709 for @ = 0.80;

12.8310:0% for @ = 0.90; 13531001 for @ = 1.00.
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e Intermediate mass category: For PSR J0952-0607
(2.35M) 11.2879% for & = 0.45; 1253700 for o =
0.50; 13.26 700 for @ = 0.55; 11.537%%* for @ = 0.80;
12.7575:98 for & = 0.90; 13.54709) for & = 1.00.

e Higher mass category: For GW190814 (2.5 —2.67M)
12377097 for @ = 0.50; 13221002 for @ = 0.55;

12.62703 for & = 0.90; 13.52700} for & = 1.00.

In this connection it is worth mentioning that Astashenok
et al. [109] conducted a theoretical analysis suggesting
extended gravity theories to account for the high mass
(2.67M) of a dense star seen during the compact binary
merger event GW 190814 detected using gravitational waves.
Nashed and Capozziello [110] discovered that involving
anisotropy and charge within teleparallel gravity leads to a
higher mass, which was calculated from the M—R relation.
The results indicate that the maximum mass is 2.78 Mg for
the neutral scenario and 3M, for the charged scenario. In
the present case, we also observed the maximum mass of
the star beyond the 3My when the surface density was on
the of order 10'*gm/cm? for the higher torsion parameter.
This implies that an anisotropic solution in teleparallel grav-
ity is more suitable for modeling of a massive compact object
in lower mass — gap. It is interesting to note that Bhar et
al. [125] discussed the mass — gap concept while constrain-
ing physical parameters for maximum allowable mass under
the framework of f(Q) gravity theory.

8 Conclusion

In the present work, we propose a unique solution set for
compact stars under f(.7) gravity where we put observa-
tional constraints on the model parameters. The outcome of
the investigation is profound in the sense that we note sev-
eral interesting features of the compact stars which are not
only physically acceptable but also observationally indica-
tive based on the connected data range as can be observed
in the data tables and graphical plots. All these attributes
are successfully passed through several physically stringent
tests, including (i) analysis of the f(.77) model (via physi-
cal behavior of density and pressures, and energy condition),
(ii) analysis of the stability and equilibrium conditions of the
anisotropic solution (via the Herrera cracking concept, adia-
batic index, Zel’dovich—Harrison—-Novikov condition, stable
equilibrium under three forces), and (iii) mass—radius profile
for the stellar object (via compactness and surface redshifts,
mass and predicted radii of stellar objects). We have exhib-
ited via all the graphical plots (Figs. 1, 2, 3,4,5,6,7,8, 9,
10) the expected behavior of the model parameters which are
interesting and physically viable.

A few salient features in connection to the internal and
external profiles of the compact stars under consideration
can be put forward as follows:

e Compact binary merger event GW 190814: In the present
study, we observe the maximum mass of the star beyond the
3 My, when the surface density is on the order of 10'*gm/cm?
for the higher torsion parameter, which implies that the
anisotropic solution in teleparallel gravity is more suitable for
modeling of massive compact objects in lower mass — gap.

e We have demonstrated the internal structure of the com-
pact stars in connection to the recent studies on the X-ray
pulsars PSR J1614-2230, PSR J0952-0607, and GW190814.
In our work, the M—R graphs (Fig. 10) demonstrate high sen-
sitivity to stiffness, and thus the proposed model provides a
satisfactory physical scenario with respect to the observa-
tional signature is concerned.

As a final comment, even after performing the aforemen-
tioned thorough investigation which reveals interesting fea-
tures under f(.7) gravity due to an extensive comparative
study, we feel an extreme need for data analysis. The data
which are nowadays available in copious amounts due to
several space-based and ground-based telescopes can pro-
vide more delicate limits on the physical parameters involved
in the model. Therefore, a future project can be taken into
account to consider a data analytic procedure as a confir-
matory platform of the presented model. Moreover, one can
consider the tidal effect due to anisotropy involved in the
physical system, slow rotation effect, and moment of iner-
tia of the compact stars. Regarding computing the moment
of inertia to obtain a holistic sense of physical viability in
connection to the slow rotation of the compact stars, the fol-
lowing works may be worth mentioning [126-130].
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