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To describe low-energy (anti)neutrino fluxes in modern coherent elastic neutrino-nucleus scattering 
experiments as well as high-energy fluxes in precision-frontier projects such as the Enhanced NeUtrino 
BEams from kaon Tagging (ENUBET) and the Neutrinos from STORed Muons (nuSTORM), we evaluate 
(anti)neutrino energy spectra from radiative muon (μ− → e−ν̄eνμ(γ ), μ+ → e+νe ν̄μ(γ )), pion π�2
(π− → μ−ν̄μ(γ ), π+ → μ+νμ(γ )), and kaon K�2 (K − → μ−ν̄μ(γ ), K + → μ+νμ(γ )) decays. We 
compare detailed O (α) distributions to the well-known tree-level results, investigate electron-mass 
corrections and provide energy spectra in analytical form. Radiative corrections introduce continuous 
and divergent spectral components near the endpoint, on top of the monochromatic tree-level meson-
decay spectra, which can change the flux-averaged cross section at 6 × 10−5 level for the scattering 
on 40Ar nucleus with (anti)neutrinos from the pion decay at rest. Radiative effects modify the expected 
(anti)neutrino fluxes from the muon decay around the peak region by 3 −4 permille, which is a precision 
goal for next-generation artificial neutrino sources.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Muon, pion, and kaon decays provide us with basic information on the low-energy effective field theories of the Standard Model 
and serve as main sources for the corresponding low-energy constants. Thus, precise lifetime measurements give us access to the Fermi 
coupling constant GF, the pion decay constant fπ , and the product of the kaon decay constant f K with Cabibbo-Kobayashi-Maskawa (CKM) 
matrix element V us . These decays show an excellent agreement between modern experiments with precise Standard Model predictions [1–
7].

Muon decay is a pure leptonic process independent of hadron-structure corrections. At leading order, the muon decays to electron and 
two corresponding (anti)neutrinos. Radiative decay is suppressed by the electromagnetic coupling constant and is a sub-leading process for 
a sizable photon energy resolution. The next subdominant channel also contains an e+e− pair, in addition to the electron and neutrinos. Its 
branching is suppressed by 5 orders of magnitude compared to the main decay mechanism (the branching ratio is (3.4 ± 0.4)×10−5 [8,9]). 
Other decay channels of the muon were not observed experimentally.

The dominant pion decay mode contains a muon and a muon (anti)neutrino in the final state. The subdominant electronic channel 
is helicity suppressed by 4 orders of magnitude [10]. The corresponding radiative decays and decays accompanied with e+e− pairs are 
suppressed by the electromagnetic coupling constant. The other observed channel π+ → e+νeπ

0 is suppressed by a small phase-space 
volume by a factor (1.036 ± 0.006) × 10−8 [9,11] at the level of decay width.

Having a larger mass, kaons have a variety of decay modes. Pure hadronic, pure leptonic, and semi-leptonic modes are allowed. The 
dominant leptonic decay with the branching ratio (63.56 ± 0.11) % has a muon and a corresponding (anti)neutrino in the final state. 
Decays into the neutral pion are not suppressed by the phase-space volume compared to decays of π± and have branchings around 5% 
for Ke3 mode K ± → π0e±νe and around 3.4% for Kμ3 mode K ± → π0μ±νμ . Other decay channels with electrons are suppressed by five 
orders of magnitude.

Muon, pion, and kaon decay channels are at the heart of artificial (anti)neutrino sources. At low energies, experiments dedicated to 
searches for sterile neutrinos [12–16] and to measurements of the coherent elastic neutrino-nucleus scattering cross sections [17–20] are 
performed with (anti)neutrinos from stopped muons and pions [12,13,17,21–28]. At higher energies, neutrino oscillation experiments [29–
33] are based on muons, pions, and kaons decaying in flight [34–37]. Achieving percent-level precision at low and high energies requires 
an improved control over the (anti)neutrino production mechanisms. In particular, radiative corrections to muon and meson decays can 
distort (anti)neutrino energy spectra [38].

While uncertainties on the electron antineutrino fluxes could be reduced from 10% to a few-% level relying on the well-known inverse 
beta decay reaction at low energies [39–44], the muon component has no feasible “standard candles”. However, the precise theoretical 
knowledge of muon and pion decays could allow us to control the muon over electron flavor ratios of incoming (anti)neutrinos. While 
radiative corrections in muon, pion, and kaon decays are a relatively old subject, only corrections to the total decay width and to distribu-
tions w.r.t. charged lepton and photon variables are well-described in the literature [45–104]. To quantify the (anti)neutrino fluxes, another 
set of observables with (anti)neutrino kinematics are of interest. In this work, we evaluate leading in the electromagnetic coupling constant 
α corrections (O (α)) to the (anti)neutrino energy spectra and compare our calculations with previous results for the muon decay [56,99]
in the approximation of vanishing electron mass as well as with well-known results for the total decay widths [48,63,72,89,105]. Our work 
paves the way for control of the muon over electron flavor ratios for incoming (anti)neutrino fluxes at the percent level and below.

The need for improved neutrino-nucleus cross-section inputs for modern and future neutrino oscillation experiments [106–114] has 
motivated new cross-section measurements with potentially known fluxes. For example, the Enhanced NeUtrino BEams from kaon Tagging 
(ENUBET) project aims to control the (anti)neutrino fluxes by tagging charged leptons from decays of light mesons [115,116], kaons 
and pions in this case. Reconstruction of (anti)neutrino fluxes from high-statistics charged lepton measurements could potentially reduce 
flux uncertainties from 5-10% level, when estimates are based on the hadroproduction cross sections, to a percent level or even below. 
Alternatively, (anti)neutrino fluxes can be precisely controlled via decays of large samples of stored muons, when only two types of 
(anti)neutrinos are present as decay products. Likewise, the absolute flux normalization can be controlled by precise measurements of the 
stored currents. This technique is the basis for the Neutrinos from STORed Muons (nuSTORM) activity [117–119], which will potentially 
allow percent-level cross-section measurements. The target precision goals call for the improved theoretical description of muon and 
light-meson decays.

The paper is organized as follows. In Section 2, we describe the decay of charged pions and kaons. We provide details of tree-level 
energy spectra as well as virtual and real contributions at leading order in chiral expansion. We quantify uncertainties of resulting spectra, 
present relative contributions to (anti)neutrino energy distributions from radiative corrections, and estimate the size of strong dynamics 
effects. In Section 3, we calculate radiative corrections to (anti)neutrino energy spectra from muon decay, study the relative size of 
O (α) contributions compared to the leading-order result, and present electron-mass corrections. We provide conclusions and outlook in 
Section 4.

2. Pion and kaon decays

Leptonic decays of charged light mesons result in the well-established source of monochromatic (anti)neutrinos when the (anti)neutrino 
energy depends only on masses of the light meson and charged lepton. The radiation of photons adds smooth component to (anti)neu-
trino energy distributions. In this Section, we calculate (anti)neutrino energy spectra from decays of light mesons in the meson rest 
frame, accounting for possible radiation of one photon and estimating the size of structure-dependent contributions. We consider pion 
π�2 : π− → μ−ν̄μ (γ ) and kaon K�2 : K − → μ−ν̄μ (γ ) decays. Charge-conjugated reactions π+ → μ+νμ(γ ) and K + → μ+νμ(γ ) are 
obtained by replacing antineutrinos with neutrinos in all following discussions, while electron-flavor decays are given by replacing the 
muon mass with the electron mass. We derive all results by considering the example of the pion decay. For numerical evaluations, we 
substitute the pion mass and pion low-energy constants with the kaon mass and corresponding kaon constants.
2
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2.1. Pion and kaon decays at tree level

At the level of quarks, the pion decay π− (pπ ) → μ− (
pμ

)
ν̄μ

(
kν̄μ

)
is described by the low-energy four-fermion Lagrangian

Leff = −cudμ̄γνPLνμ ūγ νPLd + h.c., (1)

where the effective coupling constant is expressed in terms of the Fermi coupling GF and the CKM matrix element V ud as cud =
2
√

2GF V ud + O 
(

α
π

)
, cf. [100,120] for a detailed determination at order O (α). For low-energy applications, mesons are the appropriate 

degrees of freedom with the corresponding leading-order Lagrangian

Leff = −√
2GF V ud fπ μ̄γνPLνμDνπ− + h.c., (2)

with the covariant derivative Dν = ∂ν + ie Aν , where e2 = 4πα, Aν is the photon field, and the pion-decay constant fπ is defined from 
the matrix element of the quark current

cud < 0|ūγ νPLd|π− (pπ ) >= −i
√

2GF V ud fπ pν
π . (3)

Exploiting equations of motion, the leading-order Lagrangian is expressed as a derivative-free expression

Leff = i
√

2GF V ud fπmμμ̄PLνμπ− + h.c. (4)

The squared matrix element at leading order |TLO|2 = 4G2
F |V ud|2 f 2

πm2
μkν̄μ · pμ results in the following expression for the decay width �LO

in the pion rest frame with the monochromatic (anti)neutrino spectrum:

�LO
(
π− → μ−ν̄μ

) = G2
F |V ud|2 f 2

π

8π
m2

μmπ

(
1 − m2

μ

m2
π

)2 ∫
δ

(
E ν̄μ − m2

π − m2
μ

2mπ

)
dE ν̄μ . (5)

This equation represents the well-known helicity suppression of the electron decay channel compared to the dominant πμ2 decay.
At leading order, the radiative pion decay π− (pπ ) → μ− (

pμ

)
ν̄μ

(
kν̄μ

)
γ

(
kγ

)
is described by the structure-independent gauge-

invariant inner Bremsstrahlung contribution T1γ
IB [76–78,85]:

T1γ
IB = −e

√
2GF V ud fπmμμ̄

(
γ ν/kγ

2pμ · kγ
+ pν

μ

pμ · kγ
− pν

π

pπ · kγ

)
PLνμπ−ε�

ν, (6)

where /k ≡ kμγ μ for any four-vector k. At next order of the chiral expansion O 
(

m2
π

16π2 f 2
π

)
, strong dynamics contribute to the radiation of 

the real photon with a matrix element T1γ
SD [89]:

T1γ
SD = −ie

√
2GF V ud

mπ

(
F V ενλαβ

(
kγ

)
α

(pπ )β + i F A

(
kγ · pπ gλν − kλ

γ pν
π

))
μ̄γλPLνμε�

ν, (7)

with nonperturbative vector F V and axial F A form factors. Form factors are functions of the squared momentum transfer q2 = (
pπ − kγ

)2
. 

Up to O 
(

m2
π

16π2 f 2
π

)
, these form factors do not depend on the kinematics. Leading contributions in the chiral expansion are expressed in 

terms of Gasser and Leutwyler low-energy constants [121,122] as [89]

F V = mπ

4π2 fπ
+ O

(
m2

π

16π2 f 2
π

)
, (8)

F A = 8mπ

fπ
(L9 + L10) + O

(
m2

π

16π2 f 2
π

)
, (9)

with the natural size of low-energy constants L9, L10 ∼ 1
(4π)2 . The resulting radiation is determined by the sum of these two contributions 

T1γ = T1γ
IB + T1γ

SD .

In this work, we calculate the (anti)neutrino energy spectra from the inner Bremsstrahlung T1γ
IB and consider the structure-dependent 

contributions T1γ
SD from F V and F A as an alternative error estimate vs O 

(
m2

π

16π2 f 2
π

)
Chiral perturbation theory (ChPT) power counting. 

Note that the complete inclusion of radiative effects at O 
(

m2
π

16π2 f 2
π

)
will require introducing an additional structure-dependent form factor 

for the calculation of virtual corrections to Eq. (7) that will be O 
(

m2
π

16π2 f 2
π

)
uncertain due to poorly-known low-energy constants for 

electroweak pion loops at O 
(

m2
π
2 2

)
[102].
16π fπ

3
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2.2. Virtual corrections

At the order of interest O 
(

m2
π

16π2 f 2
π

)
, virtual radiative corrections enter as a factor f multiplying the tree-level amplitude TLO, i.e., virtual 

corrections change the leading-order result as

TLO →
(

1 + α

π
f + O

(
α2

π2
,

m2
π

16π2 f 2
π

α

π

))
TLO. (10)

Starting with the Lagrangian of Eq. (2), the factor f is determined by field renormalization constants for external charged particles 
Zπ , Zμ and diagrams with virtual photon exchange between pion and muon lines as well as with an exchange between the contact 
5-point interaction and charged particle lines f v :

f = f v + π

α

(√
Zπ Zμ − 1

)
. (11)

Starting with the Lagrangian of Eq. (4), the same correction f v is obtained from the diagram with virtual photon exchange between pion 
and muon lines and QED counterterm for the muon mass [123].

The field renormalization factors are evaluated from the one-loop self energies in the MS renormalization scheme as [124–127]

Zμ = 1 − α

4π

ξγ

ε
− α

4π

(
ln

μ2

m2
μ

+ 2 ln
λ2

m2
μ

+ 4

)
+ α

4π

(
1 − ξγ

)(
ln

μ2

λ2
+ 1 + aξγ ln aξγ

1 − aξγ

)
, (12)

Zπ = 1 − α

4π

1 + ξγ

ε
− α

4π

(
ln

μ4

m4
π

+ 2 ln
λ2

m2
π

+ 4

)
+ α

4π

(
1 − ξγ

)(
ln

μ2

λ2
+ 1 + aξγ ln aξγ

1 − aξγ

)
, (13)

with the renormalization scale in dimensional regularization μ, where the number of dimensions is D = 4 − 2ε, the photon mass λ
regulates the infrared divergence, ξγ is the photon gauge-fixing parameter, and a is an arbitrary constant, which enters the photon 
propagator in the momentum space as

�μν
(
kγ

) = i

k2
γ − λ2

(
−gμν + (

1 − ξγ
) kμ

γ kν
γ

k2
γ − aξγ λ2

)
. (14)

Adding the virtual contribution f v , the dependence on parameters ξγ and a cancels. The resulting correction is expressed in terms of the 
pion and muon masses as

f = −7

4
ln

μ

mμ
− 3

2
+

(
1 + m2

π + m2
μ

m2
π − m2

μ

ln
mμ

mπ

)
ln

mπ

λ
− 1

2

m2
π + m2

μ

m2
π − m2

μ

ln
mμ

mπ

(
1 − ln

mμ

mπ

)
. (15)

The virtual correction depends on the renormalization scale μ. Therefore, the low-energy constant in Eqs. (2) and (4) also depends on 
the scale. To avoid new definitions or fixing the renormalization scale, we integrate over the total phase-space of radiated photons and 
express all our results in terms of the experimental decay width of the pion

�
exp
π−→μ−ν̄μ(γ )

= �
(
π− → μ−ν̄μ

) + �
(
π− → μ−ν̄μγ

)
. (16)

2.3. Soft-photon Bremsstrahlung

Radiative decay with photons of arbitrary small energy cannot be experimentally distinguished from the decay without the radiation. 
Consequently, all events with photons below some energy cutoff kγ ≤ ε (in the pion rest frame) contribute to the measured observables. 
This region of the phase space also cancels the infrared-divergent contributions from virtual diagrams. The corresponding radiative decay 
width factorizes in terms of the tree-level decay width of Eq. (5) as

�
(
π− → μ−ν̄μγ

(
kγ ≤ ε

)) = α

π
δs (ε)�LO

(
π− → μ−ν̄μ

)
, (17)

with the correction δs (ε) [127–131], which is universal for all QED processes:

δs (ε) = 1

β

(
Li2

1 − β

1 + β
− π2

6

)
− 2

β

(
β − 1

2
ln

1 + β

1 − β

)
ln

2ε

λ
+ 1

2β
ln

1 + β

1 − β

(
1 + ln

ρ (1 + β)

4β2

)
+ 1 , (18)

where β is the velocity of the muon in the pion rest frame: β = m2
π −m2

μ

m2
π +m2

μ
and ρ = √

1 − β2 = 2mπ mμ

m2
π +m2

μ
. As a result, soft and virtual contribu-

tions multiply the monochromatic tree-level spectrum of Eq. (5) with infrared-finite factor, i.e., independent of the fictitious photon mass 
λ [132–135], as

�
(
π− → μ−ν̄μ

) + �
(
π− → μ−ν̄μγ

(
kγ ≤ ε

))
�

(
π− → μ−ν̄

) = 1 + α

π
(δs (ε) + 2 f ) . (19)
LO μ

4
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2.4. Contribution of hard photons

The squared matrix elements for the radiative pion decay amplitudes T1γ
IB and T1γ

SD introduced in Section 2.1 are expressed in terms of 
Lorentz invariants as

|T1γ
IB |2

e2|TLO|2 kν̄μ · pμ = −
(

pπ

pπ · kγ
− pμ

pμ · kγ

)2

+ kν̄μ · pμ

pμ · kγ
− kν̄μ · pπ

pπ · kγ
− m2

μ

kν̄μ · kγ(
pμ · kγ

)2
+ kν̄μ · kγ

pμ · kγ

+ kν̄μ · kγ pπ · pμ

pμ · kγ pπ · kγ
, (20)

(
T1γ

IB

)�

T1γ
SD +

(
T1γ

SD

)�

T1γ
IB

e2|TLO|2 = 2F A

fπmπ

(
m2

πkν̄μ · kγ

pπ · kγ kν̄μ · pμ
− kν̄μ · pπ

kν̄μ · pμ
− kν̄μ · kγ pπ · pμ

pμ · kγ kν̄μ · pμ
+ pπ · kγ

pμ · kγ

)

+ 2 (F A − F V )

fπmπ

kν̄μ · kγ pπ · kγ

pμ · kγ kν̄μ · pμ
, (21)

|T1γ
SD |2

e2|TLO|2 kν̄μ · pμ = 2 (F A − F V )2

f 2
πm2

πm2
μ

kν̄μ · kγ pπ · kγ pμ · pπ + 2 (F A + F V )2

f 2
πm2

πm2
μ

pμ · kγ pπ · kγ kν̄μ · pπ

− 2
(

F 2
A + F 2

V

)
f 2
πm2

μ

kν̄μ · kγ pμ · kγ . (22)

Performing the full phase-space integration from |T1γ
IB |2, we relate the exclusive decay width of Eq. (19) to the experimental decay width 

of the pion �exp
π−→μ−ν̄μ(γ )

, up to contributions of order O 
(

α2

π2 ,
m2

π

16π2 f 2
π

α
π

)
:

�
(
π− → μ−ν̄μ

) + �
(
π− → μ−ν̄μγ

(
kγ ≤ ε

)) =
(

1 − α

π
δ (ε)

)
�

exp
π−→μ−ν̄μ(γ )

, (23)

with the scale-independent correction δ (ε) [77]:

δ (ε) =
(

1 + m2
π + m2

μ

m2
π − m2

μ

ln
mμ

mπ

)
ln

4ε2

m2
π

− 2 ln

(
1 − m2

μ

m2
π

)
+ 11

4
+

⎛
⎜⎝9

8
− 3

8

(
m2

π + m2
μ

)2

(
m2

π − m2
μ

)2

⎞
⎟⎠ ln

mμ

mπ

+ m2
π + m2

μ

m2
π − m2

μ

(
Li2

m2
μ

m2
π

− π2

6
+ 3

8

(
ln

m2
μ

m2
π

− 1

))
. (24)

Note that the relative radiative correction to the total inclusive decay rate δ + δs + 2 f has lepton-mass singularity

δ + δs + 2 f −→
mμ�mπ

3
α

π
ln

mμ

mπ
, (25)

in agreement with [76,77,87,102,136]. This singularity is multiplied by the lepton mass from the tree-level amplitude and is absent on the 
level of physical observables according to the Kinoshita-Lee-Naunberg theorem [132,134,135,137].

All double-differential distributions can be derived by an appropriate change of variables from the double-differential energy spectrum

d�
(
π− → μ−ν̄μγ

)
�

exp
π−→μ−ν̄μ(γ )

dE ν̄μdEγ

= α

π

mπ

2ω2
ν̄μ

⎛
⎜⎝ 2ων̄μ

ων̄μ − E ν̄μ

1 − E ν̄μ

mπ

Eγ
−

m2
μ

m2
π

E ν̄μ(
ων̄μ − E ν̄μ

)2
− 1 − Eγ

mπ

ων̄μ − E ν̄μ

− ων̄μ

E2
γ

− 1

mπ

⎞
⎟⎠ , (26)

with the maximum value of the (anti)neutrino energy allowed by the kinematics ων̄μ = m2
π −m2

μ

2mπ
, corresponding to the process without 

radiation. The double-differential distribution in Eq. (26) is in agreement with [89,102]. The leading continuous (anti)neutrino spectrum 
from the pion decay is expressed as

d�
(
π− → μ−ν̄μγ

)
�

exp
π−→μ−ν̄μ(γ )

dE ν̄μ

= α

π

1

ω2
ν̄μ

⎛
⎜⎝1

2

E2
ν̄μ

+ m2
μ

4

mπ − 2E ν̄μ

− 2E ν̄μ − m2
μ

8mπ
− E ν̄μm2

μ

4
(
mπ − 2E ν̄μ

)2

⎞
⎟⎠

+ α

π

1

ω2
ν̄μ

2E2
ν̄μ

+ (
mπ − E ν̄μ

)
ων̄μ ln

(
1 − 2E ν̄μ

mπ

)
ων̄μ − E ν̄μ

+ O

(
α2

π2
,

m2
π

16π2 f 2
π

α

π

)
, (27)

with the range of the (anti)neutrino energy 0 ≤ E ν̄μ ≤ ων̄μ − ε. Uncertainties due to the structure-dependent contributions are estimated 

from ChPT power counting by a factor of order O 
(

m2
π

16π2 f 2
π

)
, as well as contributions from F V and F A , the leading linear in form factors 

�F
(
π− → μ−ν̄μγ

)
and subleading quadratic in form factors �F 2

(
π− → μ−ν̄μγ

)
terms:
5
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Fig. 1. Various contributions to the continuous (anti)neutrino energy spectra from the decay of light mesons normalized by �exp
π−,K −→μ− ν̄μ

/ων̄μ are presented. Pion decay 
is presented on the left plot, kaon decay is shown on the right plot. Each graph compares the leading order (anti)neutrino energy spectrum d� (π−, K − → μ−ν̄μγ

)
/dE ν̄μ

(blue solid line), the power-counting error estimate (black dotted line), and the strong dynamics contributions d|�F
(
π−, K − → μ−ν̄μγ

) |/dE ν̄μ (red dashed line) and 
d�F 2

(
π−, K − → μ−ν̄μγ

)
/dE ν̄μ (green dashed-dotted line). Note: the power-counting error estimate is performed multiplying the contribution from non-eikonal terms of 

Eq. (20), i.e., beyond the first one, with m2
π,K

16π2 f 2
π,K

.

d�F
(
π− → μ−ν̄μγ

)
�

exp
π−→μ−ν̄μ(γ )

dE ν̄μ

= α

π

ων̄μ − E ν̄μ

ω2
ν̄μ

mπ

fπ

(
mπ − E ν̄μ

mπ − 2E ν̄μ

2E ν̄μ

mπ
+ ln

(
1 − 2E ν̄μ

mπ

))
F A

+ α

π

2

3 fπ

E2
ν̄μ

ω2
ν̄μ

(
ων̄μ − E ν̄μ

)2

(
mπ − 2E ν̄μ

)2

(
1 + 2mπ

mπ − 2E ν̄μ

)
(F A − F V ) , (28)

d�F 2

(
π− → μ−ν̄μγ

)
�

exp
π−→μ−ν̄μ(γ )

dE ν̄μ

= α

π

2mπ

f 2
πm2

μ

E2
ν̄μ

ω2
ν̄μ

(
ων̄μ − E ν̄μ

)3

(
mπ − 2E ν̄μ

)2

((
mπ − E ν̄μ

)
(F A + F V )2 − mπ

(
F 2

A + F 2
V

))

+
((

E ν̄μ − m2
μ

2mπ

)
E2
ν̄μ

3
+

(
mπ E ν̄μ − m2

μ

4

)(mπ

2
− E ν̄μ

)
+ m2

μm2
π/8

mπ − 2E ν̄μ

)

× α

π

2mπ

f 2
πm2

μ

E ν̄μ

ω2
ν̄μ

(
ων̄μ − E ν̄μ

)3

(
mπ − 2E ν̄μ

)3 (F A − F V )2 . (29)

2.5. Decay spectra and integrated cross sections

In the following Fig. 1, we compare the leading-order continuous component of the (anti)neutrino energy spectrum d� 
(
π−→μ−ν̄μγ

)
/

dE ν̄μ to structure-dependent power-suppressed contributions from the form factors F V and F A : d�F
(
π− → μ−ν̄μγ

)
/dE ν̄μ , d�F 2

(
π− →

μ−ν̄μγ
)
/dE ν̄μ as well as to the power-counting error estimate. We take the ChPT low-energy constants L9 and L10 from Refs. [138–140]

and all other numerical values for physical quantities from the Particle Data Group (PDG) [9]. The decay spectrum is peaked approaching 
the kinematic endpoint of the process without radiation and behaves as 1/ 

(
ων̄μ − E ν̄μ

)
near the endpoint, see Fig. 1. Integrating the 

(anti)neutrino energy spectrum up to E ν̄μ = 1
2

(
mπ − m2

μ

mπ −2ε

)
regulates the dependence on the artificial cutoff parameter ε, cf. Eq. (23), 

on the level of the decay width as well as in possible convolutions.1 Outside the end-point region, the (anti)neutrino energy spectrum is 
suppressed by more than three orders of magnitude compared to the intensity of the monochromatic line. In the case of pion decay, the 
ChPT power counting uncertainties are slightly larger than the contribution of the linear in form factors F A and F V . In the case of kaon 
decay, they have a similar size. For the kaon decay, the quadratic contribution from strong dynamics to the (anti)neutrino spectra exceeds 
the linear contribution, which indicates missing ingredients for the consistent series expansion as well as on the pure convergence of the 
SU (3) perturbative series.

As an illustrative example, we compare the flux-averaged cross sections on 40Ar nucleus

σ
40Ar
ν̄μ

=
∫

σ
40Ar
ν̄μ

(
E ν̄μ

) d�
(
π−→μ−ν̄μ(γ )

)
dE ν̄μ

dE ν̄μ∫ d�
(
π−→μ−ν̄μ(γ )

)
dE ν̄μ

dE ν̄μ

, (31)

1 The integration over the ε-suppressed region ων̄μ − ε ≤ E ν̄μ ≤ 1
2

(
mπ − m2

μ

mπ −2ε

)
contributes to the observables as

d�ε
(
π− → μ−ν̄μγ

)
�

exp
π−→μ− ν̄μ(γ )

dE ν̄μ

= α

π

(
1 + m2

π + m2
μ

m2
π − m2

μ

ln
mμ

mπ

)
ln

m2
μ

m2
π

δ

(
E ν̄μ −

(
ων̄μ −

(
1 − ων̄μ

mπ

)
ε

))
. (30)
6
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accounting for the radiation of one photon in the (anti)neutrino production from the decay of the pion at rest σ 40Ar
ν̄μ

to the integration 

over the monochromatic spectrum σ 40Ar
ν̄μ,LO [38,141–144] with the same normalization in both the cases:

σ
40Ar
ν̄μ

= (15.1867 ± 0.25) × 10−40 cm2, (32)

σ
40Ar
ν̄μ,LO = (15.1875 ± 0.25) × 10−40 cm2. (33)

The resulting relative effect of radiative corrections is around 6 × 10−5. The continuous component of the neutrino energy spectrum from 
the decay of light mesons can be safely neglected as soon as the flux is normalized to the meson decay width, accounting for all radiative 
events.

The effects of radiative corrections on accelerator (anti)neutrinos produced from pions decaying in flight are also negligibly small. As 
a toy example, let us consider a monochromatic beam of pions with energy 4.7 GeV. In the forward direction, such pions decay into 
(anti)neutrinos of 2 GeV energy. In this setup, the radiative (anti)neutrino energy spectrum lowers the mean (anti)neutrino energy by 
a negligible 3.2 × 10−5 relative correction, which is approximately independent of the off-axis angle on the length scales of modern 
detectors in oscillation neutrino experiments.

3. Muon decay

Pions and kaons decay into muons, which become a source of (anti)neutrinos of both electron and muon flavors. In this Section, we 
calculate (anti)neutrino energy spectra from the radiative decay of the muon μ− → e−ν̄eνμ(γ ) and μ+ → e+νe ν̄μ(γ ) in the muon rest 
frame accounting for all electron-mass effects. Accounting for the isotropic invariance, neutrino energy spectra in the muon rest frame do 
not depend on the polarization of the decaying muon.

3.1. Muon decay at tree level

Muon decay μ− (
pμ

) → e− (ke) ν̄e
(
kν̄e

)
νμ

(
kνμ

)
at leading order is governed by the low-energy effective four-fermion interaction with 

a scale-independent Fermi coupling constant GF [120,145–148]

Leff = −2
√

2GFν̄μγ μPLνe ēγμPLμ + h.c. (34)

Performing the phase-space integration, we obtain the double-differential distribution w.r.t. the electron energy Ee and (anti)neutrino 
energy Eνμ,ν̄e , in terms of the squared matrix element at leading order |TLO|2 = 64G2

F pμ · kν̄e ke · kνμ :

d�LO
(
μ− → e−ν̄eνμ

)
dEνμ,ν̄e dEe

= |TLO|2
26π3mμ

. (35)

Integration of this distribution over the kinematically allowed range of electron energies

q4 + m2
em2

μ

2mμq2
≤ Ee ≤ m2

μ + m2
e

2mμ
, (36)

results in the following (anti)neutrino energy spectra in the muon rest frame for electron and muon flavors [149]:

d�LO
(
μ− → e−ν̄eνμ

)
dE ν̄e

= G2
F

2π3

(
q2 − m2

e

)2

q2
E2
ν̄e

, (37)

d�LO
(
μ− → e−ν̄eνμ

)
dEνμ

= G2
F

π3

(
q2 − m2

e

q2

)2 (
q2 − m2

e

12
+ q2 + 2m2

e

6q2
mμ

(
mμ − Eνμ

))
E2
νμ

, (38)

with the momentum transfer from the muon to the corresponding (anti)neutrino q2 = m2
μ − 2mμEνμ,ν̄e . The (anti)neutrino energy range 

is given by 0 ≤ Eνμ,ν̄e ≤ ων = m2
μ−m2

e
2mμ

. Integrating over the (anti)neutrino energy, we obtain the well-known muon decay width at leading 
order

�LO
(
μ− → e−ν̄eνμ

) = G2
Fm5

μ

192π3

(
1 − 8r2 − 24r4 ln r + 8r6 − r8

)
, (39)

with r = me
mμ

.

At leading order, the radiative muon decay μ− (
pμ

) → e− (ke) ν̄e
(
kν̄e

)
νμ

(
kνμ

)
γ

(
kγ

)
is described by the Bremsstrahlung contribution 

T1γ [46]:

T1γ = −2
√

2GFie ν̄μγ μPLνe

((
kν

e

ke · kγ
− pν

μ

pμ · kγ

)
ēγμPLμ + 1

2
ē

(
γ ν/kγ γμ

ke · kγ
+ γμ/kγ γ ν

pμ · kγ

)
PLμ

)
ε�
ν . (40)

In the following Sections, we include virtual corrections to the muon decay and perform the integration over the photon, electron, and 
(anti)neutrino phase space.
7
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3.2. Virtual corrections

To evaluate virtual contributions, it is convenient to express vertex corrections as a deviation of the charged-lepton current δJL
ν from 

the tree-level expression JL
ν = ē (ke) γνPLμ 

(
pμ

)
as

δJL
ν = e2

∫
dd L

(2π)d

ē (ke) γ
λ
(
/ke − /L + me

)
γνPL

(
/pμ − /L + mμ

)
γ ρμ

(
pμ

)
(
(ke − L)2 − m2

e
)(

(pμ − L)2 − m2
μ

) �λρ (L) , (41)

with the momentum-space photon propagator of Eq. (14). The corresponding field renormalization factors for external charged leptons are 
given above in Eq. (12). Neglecting Lorentz structures whose contractions with the (anti)neutrino current vanish at mν = 0, the resulting 
correction to the charged lepton current is expressed as(√

Ze Zμ − 1
)(

JL)ν + (
δJL)ν = α

2π
ē (ke)

(
gMγ ν − f2

pν
μ + rkν

e

2mμ
− g5

Mγ νγ5 − f 5
2

pν
μ − rkν

e

2mμ
γ5

)
μ

(
pμ

)
, (42)

in terms of the form factors gM , g5
M , f2, and f 5

2 :

g(5)
M (η, r, β) = −1 + 1

β

(
1

2

(
2β − ln

1 + β

1 − β

)
ln

2mμ

λ
+ 1

2
ln

1 + β

1 − β
ln

1 + β

β
− ln

r
√

1 − β − √
1 + β

r
√

1 + β − √
1 − β

ln r

2

+ 3

8
ln

1 + β

1 − β
+

√
1 − β2

8η
ln

1 + β

1 − β
+ 1

4
ln

1 + β

1 − β
ln

2r − (
1 + r2

)√
1 − β2

r2 (1 − β)
+ π2

12

+ 1

2
Li2

1 − β

1 + β
− 1

2
Li2

(√
1 − β√
1 + β

r

)
− 1

2
Li2

(√
1 − β√
1 + β

1

r

)
− 5

16
ln2 1 + β

1 − β
− 1

4
ln2 r

)

+
√

1 − β2

8β

(1 + ηr)2
(

1 − η
√

1 − β2
)

2r − (
1 + r2

)√
1 − β2

ln
1 + β

1 − β
+ 12r − (

7r2 + 5
)√

1 − β2

2r − (
1 + r2

)√
1 − β2

ln r

4
− ln 2r, (43)

f (5)
2 (η, r, β) = 1

2

√
1 − β2

β

1 − η
√

1 − β2

2r − (
1 + r2

)√
1 − β2

ln
1 + β

1 − β
+ 1 − ηr

1 + ηr

√
1 − β2

2r − (
1 + r2

)√
1 − β2

ln r, (44)

with the velocity of the electron in the muon rest frame β , η = 1 for the form factors gM , f2 and η = −1 for the form factors g5
M , f 5

2 . 
As a cross-check of our calculation, we have verified the virtual one-loop QED contribution to the muon decay width [76] in the limit of 
small electron mass, considering both neutrino and antineutrino energy spectra.

3.3. Soft-photon Bremsstrahlung

As for the radiative pion decay into soft photons, see Section 2.3, the radiative decay width with photons below some small energy 
cutoff kγ ≤ ε (in the muon rest frame) factorizes in terms of the tree-level decay widths of Eqs. (37) and (38) as

d�
(
μ− → e−ν̄eνμγ

(
kγ ≤ ε

)) = α

π
δs (ε)d�LO

(
μ− → e−ν̄eνμ

)
, (45)

with the universal soft-photon correction δs (ε) of Eq. (18), which depends on the electron velocity in the muon rest frame β . As a result, 
soft and virtual contributions multiply the tree-level spectra of Eqs. (37) and (38) as

d�
(
μ− → e−ν̄eνμ

) + d�
(
μ− → e−ν̄eνμγ

(
kγ ≤ ε

))
d�LO

(
μ− → e−ν̄eνμ

) = 1 + α

π

[
gM + g5

M + δs (ε)

− rm2
μ

4

(
pμ − ke

)2

pμ · kν̄e ke · kνμ

(
gM − g5

M

) +
(

r2m2
μ

4

(
pμ − ke

)2

pμ · kν̄e ke · kνμ

− ke · kν̄e

pμ · kν̄e

)((
1 + r

2

)2

f2 +
(

1 − r

2

)2

f 5
2

)]
. (46)

To obtain the contributions to (anti)neutrino energy spectrum from virtual corrections and radiation of soft photons, we integrate these 
contributions over the electron energy in the kinematically allowed region of the process without radiation, cf. Section 3.1 for technical 
steps.

3.4. Contribution of hard photons

To evaluate the radiation of photons above the small energy cutoff parameter kγ ≥ ε, we write down the squared matrix elements for 
the radiative muon decay amplitude T1γ , which is introduced in Section 3.1, in terms of Lorentz invariants as

|T1γ |2
e2|TLO|2 = −

(
pμ

pμ · kγ
− ke

ke · kγ

)2

+ pμ · ke

pμ · kγ ke · kγ

(
kνμ · kγ

ke · kνμ

− kν̄e · kγ

pμ · kν̄e

)
+ kν̄e · kγ

pμ · kν̄e pμ · kγ
− pμ · kνμ

ke · kνμ pμ · kγ

+ 1

ke · kγ
− 1

pμ · kγ
+ kνμ · kγ

ke · kνμke · kγ
+ ke · kν̄e

pμ · kν̄e ke · kγ
+ kν̄e · kγ(

pμ · kγ

)2

m2
μ

pμ · kν̄e

− kνμ · kγ(
ke · kγ

)2

m2
e

ke · kνμ

. (47)
8
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We follow the technique that was developed in [150] and further exploited in [127,130,131]. This technique was introduced for 2 → 2
scattering processes with radiation such as the elastic neutrino-electron scattering with one charged particle in the initial state and one 
charged particle in the final state. Performing the crossing of the initial neutral particle, we generalize the calculation to the decay process 
with radiation.

For the muon decay, we introduce the four-vector l = pμ − kνμ − kν̄e =
(

l0, 
f
)

and the angle γ between the photon momentum and 

the vector 
f , f = |
f |. The energy-momentum conservation implies that

l2 − m2
e = 2kγ (l0 − f cosγ ) . (48)

Performing the integration over the electron momenta and angular variables of the (anti)neutrino of interest, we obtain the (anti)neutrino 
energy distribution

d�1γ

dEνμdE ν̄e

=
∫ |T1γ |2

211π6mμ

l2 − m2
e

(l0 − f cosγ )2
f d f d�γ . (49)

With our choice of the integration order, the integrand in Eq. (49) does not depend on the photon azimuthal angle resulting in one trivial 
integration. Conveniently, we split the integration into two parts. There are no restrictions on the photon phase space in the region I: 
l2 − m2

e ≥ 2ε (l0 − f cosγ ). For the muon neutrino energy spectrum, the range of kinematic variables in this region is given by

0 ≤ Eνμ ≤ mμ

2
− 1

2

m2
e

mμ − 2ε
, (50)

0 ≤ E ν̄e ≤ mμ

2
− 1

2

m2
e

mμ − 2Eνμ − 2ε
, (51)

|Eνμ − E ν̄e | ≤ f ≤ min

(
Eνμ + E ν̄e ,

√
(l0 − ε)2 − m2

e − ε

)
. (52)

To obtain the electron antineutrino energy spectrum, we have to substitute Eνμ ↔ E ν̄e in all kinematic ranges. In the region II: l2 − m2
e ≤

2ε (l0 − f cosγ ), the angle between the photon momentum and the vector 
f is constrained as

cosγ ≥ 1

f

(
l0 − l2 − m2

e

2ε

)
. (53)

The phase space of the region II is close to the kinematics of the process without Bremsstrahlung. Only the first term from Eq. (47)
contributes in this region. Moreover, only this factorizable term generates the dependence on the photon energy cutoff ε from region I, 
which cancels the contribution of low-energy photons with kγ ≤ ε. Considering the nonfactorizable radiation terms, we safely set ε = 0
in the beginning of the calculation.

We have reproduced the known contribution of photons with energy kγ ≥ ε to the muon decay width [151] in the limit of small 
electron mass. As another cross-check of our calculation, we have verified the Bremstrahlung O (α) contribution to the muon decay 
width [76] in the limit of small electron mass, considering both neutrino and antineutrino energy spectra.

3.5. Decay spectra and integrated cross sections

Combining all pieces together, we have reproduced O (α) contribution to the muon lifetime both for small and finite electron 
masses [48,63,72,76,104,105]:

�
(
μ− → e−ν̄eνμ (γ )

) = �LO
(
μ− → e−ν̄eνμ

) + α

π

(
25

8
− π2

2
− (34 + 24 ln r) r2 + 16π2r3 + ...

)
G2

Fm5
μ

192π3
. (54)

Thus, we consider the effect of radiative corrections on (anti)neutrino energy spectra and flux-averaged cross sections. In the limit of 
vanishing electron mass, we obtain radiative electron antineutrino and muon neutrino energy spectra in agreement with QCD corrections 
to the lepton energy spectra in decays of heavy quarks [86]

d�
(
μ− → e−ν̄eνμ (γ )

)
d�LO

(
μ− → e−ν̄eνμ

) = − α

π

(
Li2

2E ν̄e

mμ
+ 1

2
ln2

(
1 − 2E ν̄e

mμ

)
+ π2

3
− 19

24
+ 5

24

mμ

E ν̄e

+
(

2

3
+ 1

3

mμ

E ν̄e

+ 5

48

m2
μ

E2
ν̄e

)
ln

(
1 − 2E ν̄e

mμ

))
, (55)

d�
(
μ− → e−ν̄eνμ (γ )

)
d�LO

(
μ− → e−ν̄eνμ

) = − α

π

⎛
⎜⎝Li2

2Eνμ

mμ
+ 1

2
ln2

(
1 − 2Eνμ

mμ

)
+ π2

3
+

43
6

Eνμ

mμ
− 51

8 + 41
24

mμ

Eνμ

3 − 4Eνμ

mμ

−
8
3

Eνμ

mμ
− 7

2 + 3
2

mμ

Eνμ
− 41

48
m2

μ

E2
νμ

3 − 4Eνμ

mμ

ln

(
1 − 2Eνμ

mμ

)⎞
⎟⎟⎠ . (56)
9
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Fig. 2. (Anti)neutrino energy spectra from the decay of the negative muon μ− → e−ν̄eνμ (γ ) is shown normalized by �LO
(
μ− → e−ν̄eνμ

)
/ων . The electron antineutrino 

energy spectrum is presented on the left plot, and the muon neutrino energy spectrum is shown on the right plot. The leading-order result �LO
(
μ− → e−ν̄eνμ

)
is shown by 

the blue solid line. It is compared to the O (α) contribution of Eqs. (55) and (56) for a massless electron (the red dashed line) and to the electron-mass corrections at O (α)

order (the black dotted line).

In the following Fig. 2, we compare the leading-order (anti)neutrino energy spectrum from the muon decay d�LO
(
μ− → e−ν̄eνμ

)
/

dEνμ,ν̄e of Eqs. (37), (38) to the contribution of radiative corrections at O (α) level from Eqs. (55) and (56) in the limit of a massless 
electron as well as to corrections in the electron mass at O (α) level. As expected from the QED power counting, radiative corrections 
contribute around 3-4 permille in the dominant energy region of the (anti)neutrino flux. (Anti)neutrino energy spectra are infrared-safe 
observables, which are free from ln me

mμ
singularities according to the Kinoshita-Lee-Naunberg theorem [56,132,134,135,137,152]. Electron-

mass corrections can be safely neglected because they are numerically of the next order in α expansion or even below the next order.
As an illustrative example, we compare the flux-averaged cross sections on 40Ar nucleus, with the averaging according to Eq. (31), 

accounting for the radiation of one photon in the (anti)neutrino production from the decay of the muon at rest σ 40Ar to cross sections 
averaged over the leading-order flux σ 40Ar

LO [38,141–144]:

σ
40Ar
ν̄e

= (17.484 ± 0.43) × 10−40 cm2, σ
40Ar
νμ

= (22.448 ± 0.66) × 10−40 cm2, (57)

σ
40Ar
ν̄e,LO = (17.490 ± 0.43) × 10−40 cm2, σ

40Ar
νμ,LO = (22.454 ± 0.66) × 10−40 cm2. (58)

The resulting relative effect of radiative corrections is around 3 permille both for the electron antineutrino and for muon neutrino. 
Considering the same normalization for the leading-order and radiatively corrected spectrum, the relative effect changes sign and reduces 
to 1 permille. Consequently, to achieve control over the artificial neutrino flux at permille level, it is necessary to first account for the 
radiative corrections from the muon decay.

4. Conclusions and outlook

The goal of this paper is to enable sub-percent control over (anti)neutrino energy distributions by improving the precision of artificial 
neutrino fluxes at low and high energies. Thus, we performed a study of radiative corrections to the main (anti)neutrino production 
channels, i.e., pion, kaon, and muon decays. Here we presented analytical expressions for (anti)neutrino energy spectra and compared 
leading-order fluxes to O (α) contributions. Because experiments do not detect photons at the neutrino production sources, we included 
the radiation of all hard photons allowed by the kinematics of the decay. As proof-of-concept, we demonstrated the effect of radiative 
corrections on the scattering cross sections on 40Ar nucleus. All our results were obtained in the rest frame of the decaying particle; 
however, the results could easily be reproduced for an arbitrary rest frame performing the corresponding Lorentz boost.

Radiative corrections in decays of charged pseudoscalar mesons introduce a continuous and divergent near the (anti)neutrino endpoint 
component, on top of the monochromatic tree-level spectra. However, the relative intensity of the radiative tail is well below the strength 
of the monochromatic line. The flux-averaged coherent elastic neutrino-nucleus scattering cross section on 40Ar changes by the negligibly 
small amount of 6 × 10−5 compared to the leading-order prediction, when the same normalization is used both for radiatively-corrected 
and tree-level predictions. Pion and kaon structure-dependent contributions are suppressed by at least two orders of magnitude compared 
to the leading point-like O (α) QED effects and are irrelevant for the (anti)neutrino production mechanism.

Radiative corrections to (anti)neutrino spectra from the muon decay are around 3-4 permille in the dominant region of the neutrino 
flux. Such effects introduce the similar size of the distortion for the flux-averaged cross sections on the nuclear target. The relative 
correction diverges near the endpoint of the (anti)neutrino energy, where the leading-order contribution vanishes, resulting into finite 
physical observables at the fixed order of the perturbation theory.

(Anti)neutrino energy spectra are infrared-safe observables that are free from collinear logarithms of the ln me
mμ

type. QED radiative 
corrections to such observables are well estimated by QED power counting and have a size of α

π ∼ 2 permille up to the factor of the 
natural size. Our results for (anti)neutrino spectra from the muon decay confirm this simple estimate. O (α) electron-mass effects are a 
few orders of magnitude below the leading contribution and can be neglected for applications at the neutrino scattering facilities.
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