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Combinatorial optimization plays a crucial role in many industrial applications. While classical
computing often struggles with complex instances, quantum optimization emerges as a promising
alternative. Here, we present an enhanced bias-field digitized counterdiabatic quantum optimization
(BF-DCQO) algorithm to address higher-order unconstrained binary optimization (HUBO). We apply
BF-DCQO to a HUBO problem featuring three-local terms in the Ising spin-glass model, validated
experimentally using 156 qubits on an IBM quantum processor. In the studied instances, our results
outperform standard methods such as the quantum approximate optimization algorithm, quantum
annealing, simulated annealing, and Tabu search. Furthermore, we provide numerical evidence of the
feasibility of a similar HUBOproblemon a 433-qubit Osprey-like quantum processor. Finally, we solve
denser instances of the MAX 3-SAT problem in an IonQ emulator. Our results show that BF-DCQO
offers an effective path for solving large-scale HUBO problems on current and near-term quantum
processors.

Combinatorial optimization problems arise in a multitude of situations in
science and industry, from logistics and scheduling to computational
chemistry and biology. In combinatorial optimization, the best or near-
optimal solution is searched within a finite but large discrete configuration
space. Theoretical tools fromstatistical physics have given insights into these
problems, as their connection to disordered systemswas identifiedearly on1.
These problems generally belong to theNP-hard complexity class, requiring
a computation time that grows exponentially with the problem size on
classical computers. While complex problem instances test the limits of
classical computing, quantum computing has emerged as a suitable coun-
terpart to drive the state of the art in this field. This is possible due to the
rapid development of quantum technologies combined with the natural
mapping of combinatorial optimization problems to the widely studied
Ising spin glass model, whose ground state encodes the optimal solution2.
Several methods have been proposed so far, including adiabatic quantum
optimization3 and the quantum approximate optimization algorithm
(QAOA)4, which can be thought as a digitized version of adiabatic quantum
computing5.

In addition to the capacity of quantum hardware to embed large-scale
systems, the potential of quantum computing to surpass classical optimi-
zation methods has been demostrated through dedicated quantum
algorithms6–13.Among these,QAOAhas emergedas oneof the front-runner

candidates for showing quantum speedup in optimization. Recent studies
on 8-SAT problems with up to 20 variables14 show that the time to solution
for QAOA outperforms best-known classical methods. Similar evidence of
quantum speedup for solving the low autocorrelation binary sequence
(LABS) problem has also been found15–17.

In parallel with quantum algorithms, quantum-inspired algorithms
run on classical hardware, especially those based on tensor networks
(TNs)18–22, have evolved rapidly in the recent years. They were developed
over the past three decades mostly for the study of condensed-matter
physics21,23 and have been adopted as efficient simulators of quantum
hardware, as classical benchmarks for quantum algorithms, and in
hybrid approaches combining TNs and quantum algorithms24–27. The
recent kicked-Ising-model experiment of IBM on a 127-qubit device28–32

and D-Wave’s simulation of quantum quench dynamics across a spin-
glass phase transition33,34 highlighted the interplay of quantum simula-
tions and TNs. For combinatorial optimization, new approaches have
combined generative machine learning models with TNs35–37, and
ground-state search methods have been applied to problems with up to
quadratic terms on higher-dimensional graphs38–40.

Compared to quadratic problems, higher-order ones are significantly
more difficult to solve. While a number of experiments have recently
demonstrated higher-order unconstrained binary optimization (HUBO)
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implementations on quantumhardware41–44, there are hardware limitations
that complicate the effective implementation of these protocols on large-
and even intermediate-scale problems. These include short decoherence
times, qubit connectivities, and the presence of noise. Several alternative
methods, such as counterdiabatic driving (CD) protocols, have been pro-
posed to overcome these issues45–50. By suppressing diabatic transitions, CD
protocols can find better solutions in different scenarios.

In this work, we develop and exploit an improved version of the
recently introduced bias-field digitized counterdiabatic quantum opti-
mization (BF-DCQO) formulation51 to address HUBO problems on
both ideal simulators and hardware. We make use of the entire new 156-
qubit IBM quantum computer IBM_FEZ and a matrix product state
(MPS) simulation of the upcoming IBM Osprey processor with 433
qubits. To test BF-DCQO on denser instances, we consider a MAX
3-SAT problem at the critical density and employ the 25-qubit IONQ
ARIA 1 emulator with a noise model. All results are compared with
those obtained through well-established classical optimization methods
as well as the D-Wave quantum annealing platform. Unlike these
methods, BF-DCQO does not require additional qubits for mapping the
initial HUBO problem into a quadratic one. Even though our work
addresses problems with up to three-body terms, our method is equally
applicable to higher-order optimization problems, including the LABS
problem17, MAX k-SAT52, factorization53 and protein folding54,55, among
others.

Methods
Digitized counterdiabatic quantum optimization (DCQO)
Adiabatic quantumoptimization aims to prepare the ground state of a given
problem Hamiltonian. An initial state is evolved within the time window
t∈ [0,T] under the adiabatic protocolHad(λ) = (1− λ)Hi+ λHf.Here, λ(t) is
a time-dependent scheduling function that describes the adiabatic evolution
of the system, starting from an initialHamiltonianHi, whose corresponding
ground state is easy to prepare, towards the problem Hamiltonian Hf.
Relying on the adiabatic theorem, this protocol reaches the desired ground
state ofHf in the adiabatic limit _λðtÞ ! 0.We consider the disordered Ising
Hamiltonian with up to three-body terms:

Hf ¼
X
i

hzi σ
z
i þ

X
i < j

J ijσ
z
i σ

z
j þ

X
i < j < k

Kijkσ
z
i σ

z
j σ

z
k; ð1Þ

in contrast to Ref. 51, which only considers up to quadratic terms. We use
here natural unitswithℏ=1.The ground state of thisHamiltonian is called a
p-spin glass with p = 356, and the model is commonly known in quantum
optimization as the higher-order Ising chain41,42. In the following, we use
λðtÞ ¼ sin2ðπsin2ðπt=2TÞ=2Þ as the scheduling function. The initial
Hamiltonian is

Hi ¼
X
j

hxj σ
x
j þ

X
j

hbj σ
z
j ð2Þ

withhxj (h
b
j ) the transverse- (longitudinal bias-)field contributions acting on

the jth spin.We set hxj ¼ �1 and hbj ¼ 0, thusHi ¼ �PN�1
j¼0 σxj , so that the

N-qubit ground state of Hi is

∣þi�N ¼ ∣0i þ ∣1iffiffiffi
2

p
� ��N

: ð3Þ

In order to overcome the intrinsic slow adiabatic evolution, it is pos-
sible to introduce an auxiliary counterdiabatic driving contribution which
accelerates the original protocol and suppresses diabatic transitions45,46. The
transitionless protocol takes the form

HcdðλÞ ¼ HadðλÞ þ _λAλ; ð4Þ

where Aλ is the adiabatic gauge potential
57. Nevertheless, its exact imple-

mentation is severely impractical due to its many-body structure and the
necessity for the knowledge of the full energy spectrum. To overcome these
issues, several approximate implementations have been proposed57–61. One
such proposal is the approximation of the adiabatic gauge potential by a
nested-commutator series expansion

A lð
λ ¼ i

Xl

k¼1

αkðtÞO2k�1ðtÞ; ð5Þ

whereO0ðtÞ ¼ ∂λHad andOkðtÞ ¼ ½Had;Ok�1ðtÞ�. In the limit l→∞, this
expansion converges to the exact gauge potential. The coefficients αk are
obtained by minimizing the action Sl ¼ tr ½G2

l � with
Gl ¼ ∂λHad � i Had;A

lð
λ

h i
. For simplicity, we consider thefirst-order (l=1)

nested-commutator term (see Supplementary Note 1 for a step-by-step
derivation), which takes the form

O1 ¼� 2i
X
i

hzi σ
y
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X
i < j

J ijðσyi σzj þ σzi σ
y
j Þ

"

þ
X
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Kijkðσyi σzj σzk þ σzi σ
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j σ

z
k þ σzi σ

z
j σ

y
kÞ
3
5:

ð6Þ

Higher-order terms demand significantly more computational resources,
and their complexity increases with the system size.

In the fast evolution regime, the adiabatic termHad(λ) in Eq. (4) can be
omitted, reducing the number of required quantum gates and thereby
decreasing hardware noise, while still maintaining the quality of the
solution51,55,62,63. This approach is adopted in the present study, where only
the CD contribution is considered without compromising performance.
The time evolution of such Hamiltonians remains a challenge on current
analog quantum platforms, and may even be highly difficult due to the
nonstoquasticity64. To address this issue, digitized counterdiabatic quantum
protocols have been proposed for implementation on digital quantum
computers65. The resulting time-evolution operator can be decomposed
using afirst-orderTrotter-Suzuki decomposition66 anddigitizedwith a gate-
based approach,

UðT; 0Þ ¼
Yntrot
k¼1

Ynterms

j¼1

exp �iγjðkΔtÞΔtHj

h i
; ð7Þ

whereHcdðtÞ ¼
Pnterms

j¼1 γjðtÞHj is encoded in nterms different Pauli operators

Hj andntrot are theTrotter steps consideredwithΔt=T/ntrot.WeuseT=1 in
units of the inverse energy scale relevant for each problem as defined below,
and ntrot = 3, thus one effective Trotter step is implemented. The number of
gates required for implementation is reducedby optimally decomposing the
desired circuit following Refs. 67,68. Furthermore, we set a gate-cutoff
threshold θcutoff in our experiments, such that any term of Eq. (7) with an
angle with absolute value below this threshold is discarded, thus if ∣γj(kΔt)
Δt∣mod2π < θcutoff is met. The larger the θcutoff, the lower is the amount of
resources that are required, but theobtained circuit expressivity is also lower.
Therefore, it is crucial to select an appropriate value of this parameter to
significantly reduce the amount of gates to implement without compromis-
ing the quality of the outcomes.

Bias-field updating protocol
State initialization is crucial for the performance of quantum optimization
routines, where an initial state with a nonzero overlap with the desired final
state is advantageous69,70. Several warm-starting techniques have been
proposed, where a relaxed version of the problem is solved classically and its
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solution fed into the quantumalgorithm, leveraging the complexity and cost
of the quantum routine while ensuring a better performance71,72.

In BF-DCQO, the standardDCQO is performed iteratively, so that the
solution from each step serves as the input bias for the next iteration50,51,69.
See Fig. 1 for a schematic diagramof the protocol. The initialHamiltonian is
changed after each bias-field update,

~Hi ¼ Hi þ
XN�1

j¼0

hbj ðhσzj iÞσzj ; ð8Þ

so that its ground state also changes and has to be prepared for the circuit
execution. The smallest eigenvalue of the single-body operator

hxi σ
x
i � hbi σ

z
i

� �
is given by λmin

i ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðhbi Þ

2 þ ðhxi Þ2
q

, and its associated

eigenvector is ∣~ϕ
�
i ¼ RyðθiÞ∣0ii whereθi ¼ 2tan�1 hbi þλmin

hxi

� 	
. Therefore, the

ground state of ~Hi can be prepared using N y-axis rotations as

∣ ~ψi

�¼
ON

i¼1
∣~ϕ
�
i¼

ON

i¼1
RyðθiÞ∣0ii: ð9Þ

In each iteration, the bias field hbj for the jth qubit is updated based on
themeasured longitudinal component of the qubit hσzj i. This update follows
the rule hbj ¼ hbj ðhσzj iÞ, where the functional form of hbj represents the
specific bias-field strategy employed. In this work, we explore the following
strategies:
• Unsigned antibias(+ )/bias(− ):hbj ¼ ±



σzj
�
. This strategy offers bias

fields whose strength is exactly the longitudinal component. This is a
sensible choice when a qubit is effectively close to an equal super-
position, such that there is no clear direction of bias.

• Signed antibias( + )/bias( − ): hbj ¼ ± sgn


σzj
�
. This strategy offers

bias fields that are equivalent to the effective orientation of the qubit,
regardless the magnitude. This is a sensible choice when a qubit has a
clear preferred direction of bias.

Once a suitable updating method has been selected, BF-DCQO itera-
tivelymeasures thefinal state after time evolution in the computational basis
and the longitudinal bias fields hbj are updated accordingly. In the following,
we set hbj ¼ 0 for the first bias-field iteration. According to the findings of
Ref. 51, modifying the selected updating strategy throughout the entire
routine can circumvent localminimaand lead to faster convergence.Forour
results, we use the unsigned bias followed by afinal iterationwith aweighted
signed bias. Specifically, the strength of hbj is increased by rescaling h

b
j 7!κhbj

with κ>0. In our experiments, we rescale by a factor offive to ensure that the
magnitude of the bias is significantly larger than the transverse term,

restricting the search space near the previous solution. Since the solution
providedbyDCQO, from thefirst iteration, samples low-energy states of the
spin-glass Hamiltonian [Eq. (1)], the expectation values of local Pauli-z
operators canbeusedas an effectivebias in subsequent iterations, facilitating
convergence.

Although this updating strategy is employed in our experiments,
alternative approaches might be more convenient depending on the nature
of the problem at hand. Using κ ∈ (0, 1) grants more importance to the
transverse contribution in ~Hi, whose ground state is an equal superposition
of the computational basis. Thereby, a broader energy landscape is explored
byflattening the expected sampling distribution. The algorithm is less prone
to getting stuck in localminimawith this choice, though itmay significantly
slow down convergence. On the other hand, using κ > 1 provides greater
strength to the longitudinal bias-field update, i.e., the optimal solution
obtained from the last BF-DCQO iteration, constraining the search space
around this solution. This accelerates the convergence but may lead to an
undesired local minimum.

Once the circuit has been executed, all qubits aremeasurednshots times,
returning an N-bitstring x0…xN−1. Each measurement trivially translates
into a sample of Hf due to its construction as a weighted sum of Pauli-z
operators. Denoting each of these samples as Ek, the sample mean energy is
defined as E ¼ ð1=nshotsÞ

Pnshots
k¼1 Ek. It can be used as an estimator of the

expectation value of Hf after ground-state preparation.

It has been demonstrated that incorporating Conditional Value-at-
Risk (CVaR) techniques into quantum optimization routines73 can lead to
significant improvements. Recent studies have explored the impact of noise
when sampling bitstrings from quantum computers. They determined
upper and lower bounds for noiseless expectation values using CVaR noisy
samples and quantified the sampling overhead needed to achieve good
solutions43. Building upon this knowledge, we propose a CVaR-inspired
method for iteratively updating the bias fields. Accordingly, letα be the ratio
between the number of measurements considered and the total number of
shots nshots. Rather than taking the entire distribution of samples into
account (α = 1), we first sort them in terms of energy so that Ek≤Ek+1. Next,
the bias is updated using a fraction 0 < α < 1 of the lowest-energy outcomes
taken from

EðαÞ ¼ 1
dαnshotse

Xdαnshotse

k¼1

Ek; ð10Þ

thus takingonly apart of the total distribution into account. Fromthe results
drawn from both noiseless simulators and hardware, we find the fastest
convergence to the best solutions for values of α ~ 1%. This value is found
empirically and the optimal value will depend on the problem and the

Fig. 1 | Schematic of the BF-DCQOprotocol.Given a binary optimization problem
of arbitrary order (depicted in (a)) encoded as a p-spin glass [Eq. (1)], the BF-DCQO
algorithm performsDCQO iteratively, updating the input bias hbj from the solutions
obtained from the previous step. Each iteration consists of running the

corresponding DCQO circuit (depicted in (b)), sampling the final state, and
updating the bias fields. It amounts to the use of (i) the CVaR-based approach, which
considers only a subset of the low-energy samples, and (ii) the updating strategy as a
function of the expectation value, i.e., hbj ðhσzj iÞ (depicted in (c)).
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number of shots. For example, we find that using smaller (larger) values ofα
shows faster convergence if the number of shots is large (small) with respect
to the numbers used here.

Apart from seeking a reduction in the resources required and depth of
the circuits considered, it is important to quantify the quality of the results
obtained by the routines. In order to evaluate the performance of our rou-
tines, we use two metrics: the approximation ratio

AR ¼ Eðα ¼ 1Þ
E0

; ð11Þ

and the distance to solution

DS ¼ 1�min fEkgnshotsk¼1

E0
: ð12Þ

In all our studies of 156 and 433 qubits, the exact ground-state energies E0
are obtained numerically by an iterative method similar to Ref. 74 (see
Supplementary Note 2 for details). For 25-qubit instances, we obtain the
exact solution using a brute force method.

HUBO instances considered
In this section, we present the HUBO Hamiltonians that are employed for
testing BF-DCQO. Based on the gate error rates and on the coupling map
connectivities of the selected platforms, we work with a nearest-neighbour
three-body spin glass. In order to tackle industry-related use cases, we
furthermore consider the weighted MAX 3-SAT problem52. To the best of
our knowledge, this is the first work to tackle a binary satisfiability problem
with the aid of CD protocols. For both cases, the corresponding circuit
decomposition is shown in Supplementary Note 3.

Nearest-neighbour spin glass.—For thefirst case, the nearest-neighbour
(NN) three-body Hamiltonian takes the form of

HNN
f ¼

X
i

hzi σ
z
i þ

X
ijh i

Jijσ
z
i σ

z
j þ

X
ijkh i

Kijkσ
z
i σ

z
j σ

z
k; ð13Þ

where �h i indicates that the enclosed qubit indices are nearest neighbours in
the one-dimensional chain (thus j = i + 1 and k = i + 2). The coupling
constants hi, Jij andKijk are taken as randomGaussian-distributed numbers
with zero mean and unit variance. The first-order nested-commutator
expansion for this Hamiltonian is given by Eq. (6) but it only contains the
nearest-neighbour qubit indices as in Eq. (13). Due to its linearity, it
perfectly fits the heavy-hex IBM qubit coupling maps75. Furthermore, the
ease with which this and related models can be simulated using tensor
networks makes their simulation an ideal benchmark for evaluating the
performance of quantum platforms. In addition to the 156-qubit
experiment, we conduct a similar test consider a 433-qubit NN HUBO
instancewith the objective of simulating ideally (withoutnoise) the expected
performance of the upcoming IBM Osprey quantum platform via MPS.

Weighted MAX 3-SAT problem.—The maximum k-satisfiability
(MAX k-SAT) problem belongs to the NP-complete complexity class76 and
its weighted variant is defined as follows: given a Boolean formula in con-
junctive normal form (thus conjunction of disjuncted clauses), theweighted
maximum k-satisfiability problem (MAX W-k-SAT) aims to find an
assignment of truth-valued variables that maximizes the sum of weights of
all the k-variable clauses met52. TheMAX k-SAT problem can be recovered
simply by setting theweights equal to one. Ifwe let k=3, this problemcanbe
written as

CMW3SðlÞ ¼
^
ijk

ωijkli _ lj _ lk; ð14Þ

with li a literal representing a propositional variable, either ui or its negation
�ui, and ωijk are the weights. The problem can be mapped into binary vari-
ables by performing the substitution ui↦ 1− xi and �ui 7!xi with xi∈ {0, 1}.

For each clause, theOR product of literals can be expanded into products of
binary variables, e.g.,

ui _ �uj _ uk 7!ð1� xiÞxjð1� xkÞ: ð15Þ

In order to address this problem with the aid of quantum computers, we
perform an additional map turning the binary variables into Ising variables
using the transformation xi 7!ðI � σzi Þ=2.

Setting ci = 1 if li is negated and ci = 0 otherwise, we finally define the
problem Hamiltonian as

HMW3S
f ¼

X
ijk

ωijk

8
½I þ ð�1Þciσzi �½I þ ð�1Þcjσzj �½I þ ð�1Þckσzk�: ð16Þ

Here,ωijk is chosen as a randomuniformlydistributedvariable betweenzero
and one. As this is a maximization problem, it can be transformed into a
minimization one by performing the map HMW3S

f 7! �HMW3S
f . The first-

order nested-commutator of Eq. (16) yields

OMW3S
1 ¼� i

X
ijk

ωijk

4
ð�1Þciσyi ½I þ ð�1Þcjσzj �½I þ ð�1Þckσzk�
h

þ ð�1Þcj ½I þ ð�1Þciσzi �σyj ½I þ ð�1Þckσzk�
þð�1Þck ½I þ ð�1Þciσzi �½I þ ð�1Þcjσzj �σyk

i
:

ð17Þ

It can be seen that MAX W-3-SAT is in general a highly nonlocal
Hamiltonian and thus is challenging to implement. We consider here the
NN version of the MAX W-3-SAT Hamiltonian of Eq. (16), where con-
secutive indices are summed over as in Eq. (13). Thismodel is similar to the
nearest-neighbour spin-glass Hamiltonian H NN

f but with additional next-
to-nearest neighbour terms, namely σzi σ

z
iþ2, which makes it more complex

to implement. In essence, this is due to the fact that such terms are seen as
three-body interactions for a heavy-hex lattice, where an additional number
of entangling gates are needed to couple distant qubits.

In contrast to physical phase transitions,where variations of the system
parameters lead to qualitative changes in its properties, in computer science,
computational phase transitions occur at critical points where algorithms
require an increasing amount of computational resources, becoming less
and less tractable77. The computational phase transitions of k-SAT have
been the subject of several works77–79. They depend critically on the density
of the problem, i.e., the ratio between its clauses and variables. For random
3-SAT instances, it has beenproven that the critical point is locatedaround a
density of αC = 4.3.

von Neumann entanglement entropy
The role of entanglement in quantum optimization is an interesting ques-
tion that has been discussed recently in the context of adiabatic80,81 and
variational82–86 algorithms, with no clear consensus. Here, we study how
entanglement changes with each bias-field iteration, by means of MPS
simulations, to support our understanding of how BF-DCQO converges to
the final solution.

The entanglement between two subsystems, in the case of a composite
pure state, can be quantified by the von Neumann entropy of the reduced
density matrix of either subsystem. In an MPS representation of the
wavefunction87, the entanglement entropy for any bipartition is given by the
singular values corresponding to the bond that connects the two parts. For
bond index i, wedenote the jth-largest singular value byλij.Here, jhas values
j ∈ {1, 2,…, χi} up to the bond dimension χi and the bonds between qubits
(tensors in the MPS) are indexed by i ∈ {1, …, N − 1}. We consider the
entanglement entropy averaged over bonds

S ¼ � 1
N � 1

XN�1

i¼1

Xχi
j¼1

λ2ijlog2λ
2
ij: ð18Þ
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This quantity is minimally zero when the state is a product state and has an
upper bound � log22

N ¼ N when the reduced density matrix of either
subsystem is maximally mixed88. While entanglement generally scales with
the subsystem volume, in special cases, stricter bounds such as area laws can
be derived89,90. Nonequilibrium states resulting from global parameter
quenches are expected to follow a volume law, though recent quantum
simulationsofparamagnetic-to-spin-glassquenchdynamics exhibited area-
law scaling34. Here, we do not analyze the scaling behavior but rather focus
on the entanglement generated in the short-time dynamics of the
counterdiabatically driven systems, as discussed in Entanglement in the
iterative optimization.

Results and discussion
Enhanced BF-DCQO
In the following lines, we perform a comparison of the original BF-DCQO
approach51 and our proposed variant. We study a 433-qubit NN HUBO
instance [Eq. (13)], usingMPS to simulate the expected performance of the
upcoming IBM Osprey quantum platform without noise. In this case, the
values nshots = 10000 and θcutoff = 0.06 are set for both approaches and
α = 0.01 for our variant. The results can be seen in Fig. 2 and the amount of
resources needed per iteration in Table 1. Figure 2 shows that before
applying the signed bias, we obtain a 10.6% enhancement of the AR and
59.1% for the DS, demonstrating that our new CVaR-based approach for
updating the bias fields provides a better performance than standard BF-

DCQO. After the signed-bias method is applied in the last iteration for our
variant, these values increase to 34.4% and 84.4%, respectively, showing that
this additional feature remarkably contributes to improving the results
obtained from standard BF-DCQO.

In addition, we find as an intrinsic signature of our BF-DCQO variant
that the circuits implemented for each iteration require less and less
resources evenwhile the outcomes aremore optimal. Conceptually, the goal
of BF-DCQO is to encode the ground state of Hf, which can be either a
product state in the computational basis or a superposition of them if the
optimal solution is degenerate. For the first case—a separable state with no
entanglement—BF-DCQO pushes the energy distribution towards the
preparation of this state, reducing the amount of entanglement required per
iteration. This feature indicates that BF-DCQO returns a lower-resource-
demanding circuit per iteration, yielding a more classically tractable
instance. Therefore, the combination of both quantum and classical com-
putation paradigms appears like a promising route to address optimization
problems by means of our BF-DCQO protocol. In the case of a super-
position ground state, entanglementmight still be reduceddependingon the
instance. We discuss the reduction of entanglement in more detail in
Entanglement in the iterative optimization.

Comparison of methods
In order to assess the potential of our proposed BF-DCQO variant, we
conduct a comprehensive benchmark study comparing it against several

Fig. 2 | Performance comparison of the BF-DCQO variants for the 433-qubit NN
HUBO results simulated viaMPS. a Energy distributions for iterations 1, 3, 5, 7, 9
and 11; from grey to maroon using our novel BF-DCQO variant. The continuous
line corresponds to the exact ground-state energy E0 given by an iterative method
[Supplementary Note 2], and the dashed lines correspond to the minima obtained
from the distributions. Here, we report energies in units of the standard deviation

of the coupling constants in Eq. (13). b Same plot as (a), going from grey to teal, but
considering the original BF-DCQO approach51. c, d Approximation ratios and
distances to solution obtained for each iteration for both approaches. For both
panels and only for our variant (maroon markers), the shaded area indicates that
the bias update is changed from unsigned to signed bias in the last iteration. See
Table 1.

Table 1 | 433-qubit NN HUBO resources needed and results simulated via MPS

Iteration X
ffiffiffiffi
X

p
RZ(θ) CZ Depth AR DS

1 497 497 5910 5910 5934 5934 2275 2275 99 99 0.477 0.477 0.361 0.370

2 470 453 5563 5421 5525 5379 2156 2108 98 98 0.612 0.589 0.229 0.289

3 466 446 5412 5310 5365 5247 2106 2066 98 98 0.686 0.628 0.163 0.251

4 436 427 5314 5314 5254 5261 2063 2065 98 98 0.720 0.651 0.152 0.218

5 455 441 5283 5310 5240 5242 2052 2063 98 98 0.741 0.678 0.123 0.178

6 479 450 5287 5310 5238 5251 2052 2063 98 98 0.756 0.702 0.106 0.180

7 474 448 5287 5301 5247 5207 2052 2061 99 98 0.765 0.705 0.101 0.171

8 455 435 5283 5301 5198 5226 2052 2061 98 99 0.772 0.708 0.094 0.161

9 464 456 5283 5310 5210 5251 2052 2063 98 98 0.777 0.701 0.078 0.161

10 447 447 5284 5277 5210 5214 2052 2052 99 98 0.781 0.706 0.068 0.166

11 100 456 1879 5283 1653 5225 496 2052 80 97 0.949 0.706 0.023 0.150

Wecompare both our BF-DCQOvariant (left columns) and the original approach (right columns) with nshots = 10000 and θcutoff = 0.06. For our variant, we used α = 0.01 andwe performed a signed bias in the
last iteration.
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well-established classical optimization techniques as well as the D-Wave
platform. In particular, we optimize the nearest-neighbour three-body spin
glass of Eq. (13) using a 156-qubit instance.

The results are presented in Fig. 3, where the methods and parameters
are given by:
• Simulated annealing (SA)91 with 100000number of reads, initial (final)

temperature Ti = 2 (Tf = 0.05) using a geometric cooling scheduling
with 1000 sweeps.

• Local search (LS) algorithm, which can be seen as SA with zero-
temperature Metropolis-Hastings criterion92,93, with 100000 reads and
10000 sweeps.

• Tabu search (TS)94 with 100000 reads starting from randomly gener-
ated initial states.

• D-Wave quantum annealers using ADVANTAGE_SYSTEM4.1 with
an annealing time of 2000 μs and nshots = 100000. Based on Ref. 42, we
set a coupling strength that is two times the largest couplingofEq. (1) in
absolute value. We thereby introduce a penalty term after the HUBO-
into-QUBO mapping when a product constraint is not met in the
corresponding reduced spin glass model.

• Tenth iteration of BF-DCQO51, with α = 0.02 run on IBM_FEZ using
θcutoff = 0.06, ntrot = 3 and nshots = 10000, ten times less than SA, TS and
D-Wave to compensate the number of iterations. Previously, the ten
BF-DCQO iterations were simulated using MPS without noise.

• CVaR-QAOA4,73 with p = 3 layers, nshots = 10000 and α = 0.1 via MPS
using the SPSA optimizer.

• The DMRG implementation of the ITensor library95. We find con-
vergence with 10 sweeps, maximum bond dimension 10, truncation
error cutoff of 10−10, and a noise parameter that is gradually reduced
from 10−3 to zero through the sweeps (see Supplementary Note 4).

• Exact solution using a numerical iterative method [Supplemen-
tary Note 2].
Figure 3 illustrates that BF-DCQO is capable of outperforming other

established methods on current noisy quantum platforms, returning an
energy distribution whose minimum outcome is very close to the exact
ground state energy. In particular, we have obtained a 26.7% enhancement
of the AR and 92.3% of theDSmetrics with respect to D-Wave and a 71.7%
enhancementofDS for SAapproachbut a small −8.0% lowering for theAR
metric. Despite the fact that three layers were chosen for CVaR-QAOA to
recover the expected behaviour of BF-DCQO with ntrot = 3, the obtained
results show theworst performance, even in comparisonwithD-Wave.This
finding is in accordancewith the results presented inRef. 42. Furthermore, it
should be noted that BF-DCQOandQAOAdonot suffer from the inherent
qubit overhead required for mapping HUBO into QUBO problems, as
D-Wave does. In addition, as the order of many-body terms in the problem
HamiltonianHf increases, the qubit overhead increases andmore resources
are required. In particular, regular quadratization methods require a
number of ancillary qubits proportional to nk-body(k − 2), with nk-body the
number of k-body terms of Hf

96–98. Therefore, a worse performance is

expected. Other knownmethods such as Gurobi99 and CPLEX100 also suffer
from this drawback. For the results presented in Fig. 3, 334 variables were
needed forD-Wave.This feature is absent inBF-DCQO,making it a suitable
technique forworkingwith large-scale optimizationproblemswithminimal
resource requirements.

Up to this point, we have compared the performance of BF-DCQO to
other methods by simulating the entire BF-DCQO routine with MPS and
running the circuit obtained in the last iteration on hardware. In the fol-
lowing section, the impact of running the entire routine under noisy
environments is examined. To this end, larger values of θcutoff will be set in
order to guarantee implementability. We note that considering a larger
number of measurements might allow us to partially recover the lost
expressivity due to the increase of θcutoff.

Hardware implementation on IBM
We first make use of the 156-qubit superconducting quantum platform
IBM_FEZwith the native gate set fX; ffiffiffiffi

X
p

; RZðθÞ;CZ g (see Supplementary
Note 3). The linearity of its heavy-hex qubit couplingmap encourages us to
work with Hamiltonians whose many-body terms are nearest neighbours,
thereby avoiding anoverheadof entangling gates for couplingdistant qubits.
With this in mind, we solve the same 156-qubit NN HUBO instance that
was previously tested in Fig. 3, but we now run the entire routine on
IBM_FEZ. The computation is thus conducted in a purely quantum
manner.We use nshots = 10,000, α = 0.01, θcutoff = 0.13, and a total of eleven
iterations, considering an unsigned-bias update for the first ten and a signed
bias for the last one. The results are presented in Fig. 4, which depicts the
iterative procedure of BF-DCQO and how the obtained outcomes move
towards the desired solution. The amount of resources needed per iteration
is given in Table 2.

As a final remark, the final iteration of the purely quantum BF-DCQO
routine exhibits a slightly worse performance when compared to the results
of Fig. 3, which employed a noiseless simulation with a considerably lower
gate threshold. The purely quantum BF-DCQO still outperforms the
optimal solution obtained on the D-Wave platform, where we obtained
34.1% of AR enhancement and 66.1% of DS enhancement with respect the
experiment run on D-Wave in Fig. 3.

With the aim of solving more industrially relevant and denser
large-scale problems, we also solve a 156-qubit NN MAX W-3-SAT
instance on IBM_FEZ, described by Eq. (16) with only nearest-
neighbour terms. We use the same parameters as for the previous
instance but change θcutoff = 0.06 for convenience. The results are shown
in Fig. 5, and the amount of resources needed per iteration is listed in
Table 3. For this particular problem, the best outcome obtained is quite
close to the optimal solution despite a purely quantum routine, which
highlights the efficacy of BF-DCQO under noisy environments. Addi-
tionally, we solved the same HUBO instance on D-Wave using
nshots = 100000. The purely quantum BF-DCQO again outperforms the
D-Wave results: we obtain a 43.0% enhancement of the AR and an

Fig. 3 | 156-qubit NN HUBO instance under different approaches.We solve Eq.
(13) considering simulated annealing (SA, blue), local search algorithm (LS,
purple), Tabu search (TS, orange), D-Wave (green), BF-DCQO om IBM_FEZ
(maroon), the best outcome of QAOA up to p = 3 layers (dashed red), DMRG
solution (dashed grey) and the exact solution (black line). The last two mostly

overlap as DMRG reaches a nearly optimal solution [Supplementary Note 4].
The dashed vertical lines indicate the minimum energy values obtained for each
approach. The D-Wave and BF-DCQO distributions correspond to experiments
run on quantum hardware. Energies are in units the standard deviation of the
coupling constants in Eq. (13).
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88.5% enhancement of the DS with respect the experiment run on the
D-Wave platform.

Dense problems with all-to-all connectivity
The sparsity and high locality of the terms involved in the instances
considered on IBM render the problems amenable to classical simula-
tion. To evaluate the efficacy of BF-DCQO in more intricate scenarios
with long-range couplings, we extend our analysis to denser versions of
MAX 3-SAT. In particular, we set as clause-to-variable ratio the critical
density for 3-SAT, αC = 4.3. Dense MAX 3-SAT instances with uniform
couplings equal to unity are then generated randomly with the number
of clauses given by ⌈NαC⌉. It is important to note that the expected

optimal solutions of MAX k-SAT instances, where clauses are uniformly
weighted, can be either a product state or a low-entangled superposition
of few bitstrings. As a last remark, optimal solution degeneracy was not
present in our previous studies and it may compromise the
performance.

We employ the 25-qubit IONQ ARIA 1 emulator with native gate
set given by {MS(ϕ0, ϕ1, θ), GPi(ϕ), GPi2(ϕ)} (see Supplementary
Note 3). It mimics an all-to-all connected trapped-ion platform and
encompasses both noiseless and noisy simulations, applying debiased
error mitigation101 with a noise profile that matches the ARIA 1 expected
performance. The system size of the problem allows to obtain the exact
optimal solution to be obtained by our protocol. The results for

Fig. 4 | 156-qubit NN HUBO results on IBM_FEZ. a Energy distributions for
iterations 1, 3, 5, 7, 9 and 11; from grey to maroon respectively. The continuous line
corresponds to the exact ground state energy E0 [Supplementary Note 2]. The
dashed lines correspond to theminima obtained from the distributions. Energies are

in units the standard deviation of the coupling constants in Eq. (13).
b, c Approximation ratios and distances to solution for each iteration. For both
panels, the shaded area indicates that the bias update is changed from unsigned to
signed bias in the last iteration. See Table 2.

Table 2 | 156-qubit NN HUBO results and resources needed on IBM_FEZ

Iteration X
ffiffiffiffi
X

p
RZ(θ) CZ Depth AR DS

1 115 1020 1030 477 129 0.274 0.397

2 86 969 916 430 126 0.372 0.344

3 92 958 869 424 129 0.415 0.261

4 85 937 861 410 124 0.470 0.225

5 93 938 862 410 127 0.494 0.176

6 83 941 878 410 124 0.458 0.227

7 85 940 878 410 125 0.499 0.188

8 79 899 834 386 90 0.514 0.203

9 79 903 835 386 93 0.484 0.245

10 79 941 859 410 130 0.494 0.218

11 3 330 180 13 39 0.815 0.038

We consider nshots = 10000, α = 0.01 and θcutoff = 0.13. At the last iteration, we performed signed bias.

Fig. 5 | 156-qubit MAX W-3-SAT HUBO results on IBM_FEZ. a Cost function
distributions for iterations 1, 3, 5, 7, 9 and 11; from grey to maroon respec-
tively. The continuous line corresponds to the exact ground-state energy E0
[Supplementary Note 2]. The cost function is in units of maxðωijkÞ in Eq. (16).

The dashed lines correspond to the maxima of the distributions.
b, c Approximation ratios and distances to solution obtained for each iteration.
The shaded area indicates that the bias update is changed from unsigned to
signed in the last iteration. See Table 3.
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nshots = 1000, α = 0.01 and θcutoff = 0.06 can be seen in Fig. 6, where the
amount of resources required at each iteration presented in Table 4. The
data shows that the BF-DCQO protocol is able to reach the exact optimal
state in both noiseless and noisy environments at the second iteration,
which serves to further validate the efficacy of the method.

Entanglement in the iterative optimization
The role of entanglement dynamics in quantum algorithms is an
interesting and nontrivial question. In adiabatic quantum optimization,
both the initial state and the desired final state are product states or low-
entangled multipartite states, while the adiabatic path may explore
highly entangled states80,81. To gain insight into our observation that the
required number of entangling gates is reduced with increasing itera-
tions, we consider the flow of entanglement along the dynamical
process.

We compute the entanglement entropy of Eq. (18) for the 433-qubit
NN and the 25-qubit dense MAX 3-SAT HUBO instances solved pre-
viously in Figs. 2 and 6. As mentioned before, the first case corresponds
to a sparse problem with a nondegenerate optimal solution and the
second one to a dense problem with a degenerate optimal solution. For
the second case, we only consider the noisy simulation including
debiased error mitigation [Fig. 6b]. We show, in Fig. 7, how the entan-
glement entropy decays with the subsequent BF-DCQO iterations for
both problems. Due to the dense nonlocal couplings, the average

entanglement entropy generated in the second instance is larger than in
the first. The numbers of entangling gates used here are listed in
Tables 1 and 4. We can see that for the second instance, in the first three
iterations, the average entanglement entropy decreases even when the
number of entangling gates remains the same. Similar to the AR and DS
in Figs. 2 and 6, the entropy then nearly saturates up to the last iteration.
The signed bias applied in the last iteration significantly reduces the
number of entangling gates and the entanglement entropy drops to a
value close to zero. This indicates that the iteration protocol produces a
classical ground state as expected.

Wenote thatwhile the entanglement entropy analyzedhere is naturally
obtained fromtheMPSrepresentation, it is not a straightforwardquantity to
measure experimentally. In order to characterize entanglement in experi-
ments run on quantum hardware, for instance in the case of highly
entangled states not amenable to tensor network simulations, alternative
measures would be required, such as correlator functions by means of
quantum measurements90,102.

Conclusions
In this study, we investigate and evaluate the performance of variants of
the recently proposed BF-DCQO algorithm51 by solving large-scale
HUBO instances on IBM quantum processors and IonQ noisy emula-
tors. The superiority of our BF-DCQO variant over well-established
classical techniques and optimization on the D-Wave ADVANTA-
GE_SYSTEM4.1 is verified through computing the approximation ratio
and the distance to solution in an iterative process. We obtain
better optimal solutions even while the circuits after each
iteration demand less resources. This is achieved by means of an
iterative learning procedure, where the optimal solutions obtained from
the last iteration are used for the subsequent one, providing several
techniques to guarantee convergence under different scenarios. Fur-
thermore, in order to address not only the current but also the near-
term hardware, we examine the expected performance of BF-DCQO on
the upcoming IBM Osprey platform with 433 qubits. Simulating 433-
qubit HUBO instances without noise yields promising results. The
BF-DCQO algorithm does not require any classical optimization sub-
routines, thus avoiding potential trainability drawbacks, nor does it
require extra qubits for mapping the initial HUBO into a QUBO
problem.

We provide numerical evidence of how our protocol disentangles the
states obtained after each iteration, one of the key signatures of ourmethod.
This feature enables an iterative reduction in the number of resources
required, thus making subsequent circuits more classically tractable and
opening the door to employing hybrid quantum-classical strategies.
Therefore, the BF-DCQO algorithm emerges as a suitable algorithm for
solving higher-order binary optimization problems on both current and

Table 3 | 156-qubit NN MAX W-3-SAT HUBO results and
resources needed on IBM_FEZ

Iteration X
ffiffiffiffi
X

p
RZ(θ) CZ Depth AR DS

1 88 1359 1309 495 189 0.311 0.453

2 39 949 808 285 103 0.426 0.277

3 2 450 296 64 23 0.509 0.271

4 3 427 271 56 23 0.559 0.209

5 0 421 267 50 23 0.589 0.157

6 2 411 265 50 19 0.600 0.153

7 2 416 267 50 23 0.608 0.162

8 2 417 263 50 23 0.609 0.142

9 2 412 252 50 18 0.606 0.146

10 2 417 261 50 22 0.621 0.146

11 - 311 156 - 4 0.894 0.013

We consider nshots = 10000, α = 0.01, and θcutoff = 0.06. In the last iteration, we apply a signed bias,
where no entangling gates are used.

Fig. 6 | 25-qubit dense MAX 3-SAT HUBO results on IONQ ARIA 1 emulator.
a, b Cost function distributions for the first two and three iterations without noise
(grey to maroon) and including an IONQARIA 1 noise model profile plus debiased
error mitigation (grey to teal), respectively. The exact ground state (continuous line)
is reached for both scenarios. The dashed lines correspond to the maximum cost

obtained from the distributions. The cost function is in units of the coupling ωijk in
Eq. (16), which here is chosen as uniform. c–f approximation ratios and distance to
solution for both ideal and noisy emulations, respectively. Shaded areas indicate that
the bias updating is changed from unsigned to signed bias at the last iteration. See
Table 4.
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near-term quantum platforms, paving the path towards solving large-scale
optimization problems with status-quo and next-generation quantum
processors.

Data availability
Data is available from the corresponding author upon reasonable request.
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