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ABSTRACT: We consider codimension-one defects in the theory of d compact scalars on a two-
dimensional worldsheet, acting linearly by mixing the scalars and their duals. By requiring
that the defects are topological, we find that they correspond to a non-Abelian zero-form
symmetry acting on the fields as elements of O(d;R) x O(d;R), and on momentum and
winding charges as elements of O(d, d; R). When the latter action is rational, we prove that it
can be realized by combining gauging of non-anomalous discrete subgroups of the momentum
and winding U(1) symmetries, and elements of the O(d, d; Z) duality group, such that the
couplings of the theory are left invariant. Generically, these defects map local operators into
non-genuine operators attached to lines, thus corresponding to a non-invertible symmetry. We
confirm our results within a Lagrangian description of the non-invertible topological defects
associated to the O(d, d; Q) action on charges, giving a natural explanation of the rationality
conditions. Finally, we apply our findings to toroidal compactifications of bosonic string
theory. In the simplest non-trivial case, we discuss the selection rules of these non-invertible
symmetries, verifying explicitly that they are satisfied on a worldsheet of higher genus.
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1 Introduction

In recent years, generalized symmetries in various dimensions have been a very active field of
investigation [1-61] providing valuable insights into the dynamics of quantum field theories.
In [1], a definition of symmetry was given in terms of topological operators. This point of
view has been proved to be quite useful for exploring more exotic types of symmetries, which
are generated by topological operators that do not necessarily have an inverse, and thus are
referred to as non-invertible symmetries. The goal of this paper is to explore non-invertible
symmetries on the worldsheet in string theory, focusing on the two-dimensional theory of d
compact scalars with a non-trivial metric and a B-field, which indeed arises from a toroidal
compactification of bosonic string theory.

In two-dimensional conformal field theories (CFTs), non-invertible symmetries have a
long history, starting with the work of Verlinde in rational CFTs [62]. For theories with ¢ > 1,



Verlinde lines are defined as topological defects which preserve an affine algebra. Even in
such theories, there exist more general topological defects, which only commute with the
Virasoro algebra and not with the whole current algebra.

RCFTs can be alternatively defined by specifying the fusion category of topological
defects [63]. In this way, the topological defects are part of the definition of the theory. For
theories defined by a Lagrangian, although we do not yet have a general way to look for
non-invertible symmetries, there are a few methods that apply in special cases. If the theory
possesses duality transformations, a way to construct topological defects is by the half-space
gauging approach of [9]. In this approach, we can construct topological defects by combining
duality transformations and gauging of non-anomalous discrete symmetries in half-space, such
that the couplings of the theory are left invariant. A natural setup to apply these methods
is the worldsheet theory in string compactifications, which exhibits a large set of dualities
depending on the choice of the target space. For related past work, see [7, 58, 64—67].

It is well-known that the toroidal compactification of bosonic string theory enjoys an
O(d,d; Z) duality group (for a review see e.g. [68]). The goal of this work is to show how
duality elements can be combined with gaugings of discrete subgroups of the momentum
and winding symmetries to construct topological defects. We show that when the target
space metric and the B-field obey certain rationality conditions, we can construct an infinite
number of topological defects corresponding to elements of O(d) x O(d) acting on the scalars.
These act on momentum and winding charges as elements of O(d,d; Q) and have, generically,
a non-trivial kernel, and thus correspond to non-invertible symmetries. Our work generalizes
to arbitrary d the fact that the theory of a single compact boson with radius R enjoys a
non-invertible symmetry at rational values of R? = p/q, obtained by combining T-duality
and the gauging of a Z, x Z, subgroup of the zero-form symmetry. This defect acts as
O(1) x O(1) = Z3 x Z3 on O¢ and J¢, and as an element of O(1,1;Q) on the charges.

On the string worldsheet, topological defects act on massless states and therefore flow to
non-trivial defects in the low-energy effective theory. For recent work on topological defects
on the worldsheet, see [69-71]. A feature of non-invertible defects is that they lead to different
selection rules on worldsheets of different topology. However, the modified selection rules are
satisfied order by order in string perturbation theory, whereas in the full non-perturbative
setup one does not expect global symmetries to be present in a theory of quantum gravity.

This work is organized as follows. In section 2, we start with a brief review and then
we present the main result of this work. We focus on string theory compactified on a d-
dimensional torus, and we consider the most general (linear) transformations of the target
space coordinates that can arise from codimension-one defects. By imposing that the defects
are topological, we find that they act on the target space coordinates as elements of O(d)x O(d)
and on the global charges as elements of O(d, d). Then, we prove that the transformations
corresponding to an O(d, d; Q) action on charges can be realized in the half-space gauging
approach. In turn, this guarantees the existence of the corresponding topological defects in
the quantum theory. We also discuss the fusion rules of these defects, showing that they
are in general non-invertible as well as non-Abelian.

In section 3, we take an alternative approach and we present a Lagrangian description
of the topological defects we constructed. We find that the rationality constraints of the
previous section are required by gauge invariance of the defect Lagrangian. We then work



out an example of a fusion between two defects and verify the results from the general
approach of the previous section.

In section 4, we explore the constraints of these topological defects in string theory. For
simplicity, we focus on bosonic string theory with only one compactified direction. We argue
that the topological defects on the worldsheet lead to global symmetries in the low-energy
target space effective theory, whose selection rules follow from string amplitudes on the
sphere. In string perturbation theory, the selection rules of non-invertible topological defects
on higher-genus worldsheets are different with respect to the ones on the sphere. We consider
a string correlator on the torus and prove explicitly that the modified selection rules are
satisfied in an example of a non-trivial one-point function. Finally, we comment about the
role of these worldsheet non-invertible defects in the context of string perturbation theory.

2 Topological defects on the worldsheet

2.1 Generalities

Consider a two-dimensional bosonic worldsheet theory defined on a target space with a
metric Gy, an antisymmetric B-field By, and a dilaton ®p. In the conventions outlined
in appendix A, the action (with o/ = 1) is given by

1 1
SplX] = E/z <GU dXT AxdX7 +iBrydXT AdX7T — 3 Re®p Volg) , (2.1)

where ¥ is the 2d worldsheet with Ricci scalar R4 and volume form Voly, parametrized
by Euclidean coordinates (x,y). The indices I,J = 0,1,...,D — 1 label the target space
coordinates X'. In matrix notation, the holomorphic stress tensor takes the form

T = —%(6X)TG(6X), T = —%(5X>TG(6X), (2.2)

where 0 (0) denotes the derivative with respect to the complex coordinate z = x 4+ iy
(z = x —iy). Suppose that we compactify d dimensions of the target space on a d-dimensional
torus T%. We denote the compact directions as ¢F, with k =1,...,d. We take all scalars to
be 2 periodic, namely ¢* ~ ¢F + 27, and we absorb the geometrical data of the torus in G
and B. Furthermore, we assume that the metric and the B-field split as

Gry — diag(Gu,Gij), Bry— diag(Bu,,Bij), ®p — ®q+ = log det Gyj, (2.3)

where p,v =0,1,...,D —1—d, and Gy, B;; € R are constant symmetrlc and antisymmetric
matrices, respectively, with 4,7 = 1,...,d. This splitting of the target space metric and the
B-field implies that compact and non-compact scalars decouple.

Henceforth, we focus on the compact sector of the theory, whose action and holomorphic
stress tensor are written in terms of the d compact scalars ¢' as'

S[¢] = 4177 / (G” do" Axdg’ +iBjj dg' N dd)]) T = —%((%)TG((%). (2.4)

For our discussion, we can safely neglect the contribution of the dilaton to the action of the compact
sector. Indeed, this gives a contribution proportional to the Euler characteristic x4 of 3,

S = ——— log det Gy / RgVolg = — == logdet Gij.

As it does not depends on ¢°, topological symmetry defects (which preserve the couplings G' and B) clearly
leave this term invariant.



The theory (2.4) enjoys several zero-form symmetries. For each compact direction, there is a
U(1);, momentum symmetry that shifts the corresponding scalar by a constant

UMD ¢ = ¢+ ¢ (2.5)
The Noether currents and the associated charges are

(%Jm )i o Gij > d¢ o Bjjd¢’ = Zde)l , m; 7(*jm)2 , (2.6)

where we have also defined the dual scalars ¢;, which are compact with period 2. Similarly,
for each compact direction there is a winding U(1),, symmetry associated to shifts of the
dual scalars

UW)D i — i+ (2.7)

The winding currents and charges are

()’ = 506", w' = [ () (28)

In summary, the continuous part of the symmetry group is

d

[TV <, (2.9)
i=1
associated to a vector q = (w',...,w% my,...,mg)T of 2d integer charges. Furthermore,

there is also a discrete reflection symmetry, acting as ¢’ — —¢* simultaneously on all scalars.

Dualities. It is well-known that the theory (2.4) has an O(d, d; Z) duality group, see e.g. [68].
In general, a duality transformation is not a symmetry since it acts on the couplings. The
duality group O(d,d;Z) can be conveniently represented as the group of 2d x 2d matrices
M with integer entries such that

1
MEIM =T, with J = 0 ) (2.10)
14 0

The action of an element M of the duality group on the fields d® = (dgf)i,dd;j)T and on

)T-2

the vector of charges q = (w',m;)T is

d® > M Td®, q-MTq, MT=JMJ, (2.11)
which corresponds to the following action on the couplings (encoded in the matrices G and B)
Z(G,B) - M Z(G,B)y ™. (2.12)

The generalized metric Z(G, B) € O(d, d; R) is the symmetric matrix given by [68§]

14 —B G 0 1g O G —-BG™'B —-BG™!
A B) = = . 2.1
(&, B) (0 ]ld> (0 G_l) (B ]ld> ( G~ 'B Gt (2.13)

2We denote with M7 the inverse transpose of M.




The theory is invariant by combining the two operations (2.11) and (2.12), which constitute
the duality transformations acting both on the charges and on the couplings. This can be
easily checked since the zero-mode Hamiltonian is H = %qTZ (G, B)q.

Let us review the generating elements of the duality group O(d,d;Z). One can write any
element of the duality group as a finite product of generating elements. They are organized
in three types, corresponding to the action on G and B described below.

1. Integer shift of B;; by an antisymmetric integer matrix ©;;. This is implemented by a

Me = G)d ;5) : (2.14)

transformation of the form

2. Basis change of the compactification lattice by an integer matrix A € GL(d,Z), corre-
sponding to E — AEAT, where E = G + B. This is implemented by

Mo = (‘3 A0T> . (2.15)

3. Generalized T-dualities, implemented by the matrices

:[]_ _ - .
M; = ( d— ¢ c > ,  where (€;)ke = 0ki00i, i,k l=1,...,d. (2.16)
e, L1g—e; o
When G = diag(R3, ..., R2) and B = 0, this reduces to the usual T-duality acting on
the single i*" scalar as ¢’ <+ ¢; and on its radius as R; — 1 /R;.
Gauging. For each i =1,...,d, the corresponding U(l)%) X U(l)g) symmetry has a mixed 't
Hooft anomaly, which can be seen by coupling the theory to background gauge fields for both
symmetries. Any Z,, x Z,, subgroup of U(l)q(%) X U(l)g) with p;, ¢; € N and ged(p;, q;) = 1 is
anomaly-free and can be gauged. This gauging acts on the vector q of integer charges as

-1
q-— g0 q, with G = diag <Q17(]27”.7Qd> . (2.17)
0 G P1 P2 Dd

Notice that each diagonal entry of G is a rational number, so that not every integer q is
mapped to an integer q. This implies that gauging projects out states whose charges are
not integers after gauging. This property is crucial to characterize the non-invertible nature
of the symmetry defects that can be constructed by combining gauging and dualities, as
we explain in the next section.

The gauging matrix acting on the charges as in (2.17) is a matrix of O(d, d;Q), since

g'o G o
(5 0% 0) o asn

This implies that gauging operations, as well as duality transformations, preserve the Dirac
quantization condition

¢ Jge2z, (2.19)

as this combination is precisely the invariant scalar product of O(d,d).



Y=Y UXp

Figure 1. A pictorial description of the worldsheet 3 with a topological defect inserted along the
line . For simplicity, we take v to be at z = 0.

Gauging a discrete subgroup of the global symmetry can be either viewed as a transfor-
mation which acts on the periodicities of the compact scalars, leaving the couplings invariant,
or as a transformation which acts on the couplings but does not change the periodicities.?
We adopt the latter viewpoint here. In particular, the action of the gauging operation (2.17)
on the couplings is G — GGG and B — GBG. Therefore, on Z(G, B) it acts as

2(G, B) — (g g?l> Z(G, B) (g g?l> | (2.20)

2.2 Topological defects from the stress tensor

In this section, we study codimension-one topological defects in the theory (2.4). We
consider a defect along a curve 7, which splits the worldsheet as ¥ = ¥ U X, such that
0¥, = —0X g = . For definiteness, we consider, without loss of generality, a defect located at
x = 0, as depicted in figure 1. At the classical level, a defect is topological if the stress tensor
is conserved across the defect itself, namely the holomorphic components need to satisfy

TL|’y = TR|77 TL|’y = TR|7 > (2-21)

where T7, r denote the stress tensors which depend on the fields qbiL’ g as in (2.4), on the left
and on the right of the defect, respectively. Our main goal in this section is to construct
the most general solution to this pair of equations. Importantly, the couplings G and B
are the same on the left and on the right of the defect.® The latter acts on the fields via

3This is analogous to what happens in the familiar case of 4d U(1) Maxwell theory with complexified gauge
coupling 7. For instance, gauging a Z subgroup of the electric one-form symmetry maps the theory to a
U(1)/Zn Mawwell theory with the same coupling 7. After a field redefinition, this is equivalent to a U(1)
Maxwell theory with coupling 7/N 2. The advantage of this presentation is that gauging can be viewed as a
map acting on the coupling (and on the charges), without changing the periodicity of the gauge field, i.e. the
gauge group.

“With ¢r,r we refer to the fields on the left and on the right of the defect, respectively, and not to the
left and right movers. The same applies to the vector of conserved charges qr,r. In our setup, the right
fields/charges are acted upon by the defect to produce the left fields/charges.

SIf the couplings are not left invariant, the defect realizes an interface between two copies of the theory at
different values of the couplings. Instead, here we are interested in topological defects realizing a symmetry
operator in a given theory specified by (G, B).



a generic linear transformation

M N
O9Lly Ny M ) \O¢rly
where ¢ and d¢ are d-dimensional vectors, and M, M, Ni, and Ny are independent d x d
matrices with real coefficients. Imposing the topological constraint (2.21) we get

Ny =Ny, =0, MTGM =G, MTGM =G. (2.23)

This means that a topological defect does not mix holomorphic with anti-holomorphic fields,
and it rotates such components separately with a trasformation which is orthogonal with
respect to the metric G. This shows that these defects correspond to O(d;R) x O(d;R)
transformations.

From (2.22), we can determine the action of the above classical topological defects on
the conserved currents (2.6) and (2.8). For compactness, let us define on 7 the one-form

_ (09l
ve = <8¢>|7> dy . (2.24)

Using (2.23) we have that

vk = Mcolt, where Mc = <J\S[ ]\04> . (2.25)

To determine the action on the conserved currents, we observe that they can be expressed
in terms of ve as

_ *Jwly
Vg = 27 . :UBqu, 2.26
q (*]m|'y> ( )
where®
. 1q —14
UB:Z(G—B G—i—B) (2.27)

We conclude that the conserved currents on the left and on the right of the defect are related by
ve =Mpvl,  Mp=UpMcUg'. (2.28)

Equivalently, one can integrate this equation to get the action of the defect on the vector
of conserved charges as

ar. = Mpdar. (2.29)

By definition, Mp acts on the charges but leaves the couplings invariant. It is straightforward
to verify that Mp preserves the generalized metric (2.13), namely

M% Z(G,B) Mg = Z(G, B), (2.30)

5This relation follows from rewriting the conserved currents on the defects in complex coordinates, by using

do|, = i(0¢ — 0¢)|v=0 dy and i * dp|, = i(dp + p)|z=o dy.



which implies that it leaves the zero-mode Hamiltonian H = %qTZ (G, B)q invariant, as
expected for symmetry defects.

Furthermore, we have that Mp € O(d,d;R). To prove this, notice that the matrix
Mp can be rewritten as

1N _ 1g O 1 O
Mp = (UgUz ") My (UgUg?) = (—dB Ild> My (; 1d> , (2.31)

where Uy = Up|p—p and

M, M_G™1 M+ M
My = UgMcU; ' = + My=—""7" 2.32
0T T (GM_ GM+G‘1> ’ * 2 (2:32)
do not depend on the B-field. Moreover, because BT = — B the two lower-triangular matrices

on the right-hand side of (2.31) are in O(d,d;R). Hence, we are only left to prove that
My is an element of O(d,d;R) by showing that MI JMy = J. This can be easily verified
by using the identities

MIam )t = -mTam,,  MIGM, + MTGM_ =@, (2.33)

which, in turn, follow from (2.23). Hence, the topological conditions (2.23) are equivalent
to Mp € O(d,d;R). As a consequence, this implies that the Dirac quantization condition
is preserved by the defect, namely quqL = q%JqR € 27.

The key observation is that, under certain rationality conditions on G, B, and Mg,
we further have that Mp € O(d,d; Q). In particular, Mp admits a decomposition into a
sequence of duality and gauging operations which leave G and B invariant. We can thus
prove the existence of these topological defects in the quantum theory by combining these
operations in half-space: the resulting theory has the same couplings G and B as the original
one, and the corresponding O(d) x O(d) symmetry defect is topological. We discuss how
this is done in section 2.3.

Before concluding this section, let us stress an important point. The correspondence
between topological defects and their matrix action Mp is not a bijection, as there are
infinitely many distinct defects that correspond to the same Mp. However, defects that
correspond to the same Mp differ at most by fusing with condensation defects, i.e. they differ
by their kernel, while they act in the same way — dictated by Mp — on the charges they do
not annihilate. Indeed, condensation defects act as Mp = 154 on the charges which are not
in their kernel, namely on the charges which are not projected out by the (higher) gauging of
the discrete subgroup of the zero-form symmetry.” Similarly, for a generic defect, the action
on charges encoded in Mp refers only to the charges which are not in the kernel (which is
necessarily non-trivial if some of the transformed charges are not properly quantized). The
non-invertibility of the defects reside precisely in having a non-trivial kernel, which is dictated
by gauging and it is not visible at the level of the matrix Mp. However, once it is known
how the defect is constructed in terms of gauging and dualities transformations, both the

"In this sense, condensation defects — which act as projectors — can be intuitively thought of “non-invertible
identity operators”.



action on charges and its kernel are completely characterized. Notice that when G and B are
such that Mp € O(d,d; Z), we are actually describing self-dual points which enjoy ordinary
zero-form symmetries which do not need any gauging. This generalizes the well-known fact
that in the theory of a single compact scalar, T-duality at R? = 1 combines with reflection
symmetry to produce an ordinary O(1) x O(1) & Zy x Zg zero-form symmetry.

2.3 Topological defects as gauging and dualities

Our goal is to prove that the matrix Mp implementing the action of topological defects
on the charges as in (2.28) can be decomposed in a product of matrices corresponding to
duality transformations and gauging of discrete subgroups, in the spirit of [9, 11, 30], when
certain rationality conditions are satisfied. As we discussed in section 2.2, these operations
act both on the couplings G and B, as well as on the momentum and winding charges q.
The combination of such operations produces the transformation Mpg, which acts on the
charges but leaves the couplings invariant, as shown by (2.30). In this section, we assume
that M_ defined in (2.32) is an invertible matrix, and we comment on the case det M_ =0
in section 2.4.® We now prove the following claim.

Claim. Let My = (M 4 M) /2, where M and M satisfy the topological condition (2.23), and
consider the action of the topological defect on charges, given by Mp € O(d,d;R) as in (2.31).
Assuming that M_ is invertible, we have that Mp € O(d,d;Q) if and only if the following
rationality conditions hold

M,+M_G'B, M_G™', GM.G'-BM_G™' e Q¥4 (2.34)

Furthermore, when Mp is rational, it can be decomposed as a finite sequence of gauging and
O(d,d; Z) duality operations.

To prove the first part, we explicitly compute Mp from (2.31). It is given by

2.
GM_— BM, +(GM, — BM_)G™'B  (GM, — BM_)G~! (2.35)

M M_G 'B M_G~1
My — ( L+ M_G G )
Requiring that Mp is rational is equivalent to requiring that its (1,1), (1,2), and (2,2)
blocks are rational, which in turns gives the conditions (2.34). Indeed, the (2,1) block of
Mp is automatically rational because of the O(d, d; R) condition and the invertibility of the
(1,2) block, which together imply

(: g) €0(dd), detf£0 = y=5"T(13-6"a). (2.36)

Thus, under the assumption that M_ is invertible, Mp € O(d,d;Q) if and only if the
conditions (2.34) are satisfied.

8Note that when d is odd either M, or M_ have zero determinant, as it can be seen by (2.33), so that the
discussion in this section applies only to the former case.



To prove the second part, it is convenient to define

L=GM,M~'—-B,
R=GM~'M, + B, (2.37)
K=M7TGg.

It is easy to show that L and R are antisymmetric, by using respectively the first of (2.33)
and its counterpart (M_G*MT)T = —M_G~'MT, which follows from (2.23). Notice that
the rationality conditions (2.34) can be equivalently reformulated as the condition that L,
R, and K are rational matrices. This will have a clear interpretation in the Lagrangian
description of the topological defects, discussed in section 3.1. Using the definitions (2.37),
we can rewrite Mp as

K-TR K-T 1 L (K © 14 O
Mp = =J 2.38
B <K+LKT R LKT ) <0 1,)\0 K-T)\ R 1,4/ (2.38)
where K is rational and invertible, L. and R are rational and antisymmetric. This implies

that each factor in the decomposition above is an element of O(d, d; Q). Next we prove that
each factor in (2.38) can be realized by duality and gauging operations.

e First, we consider

14 L
') eoddQ), (2.:39)
0 14
where L is antisymmetric and rational, namely
Lij = Zﬂa with  pij = —pji € Z, qij = ¢5i € L0 - (2.40)
i

Notice that L can always be written as g*ligfl, where G is of the form (2.17) and
L is an antisymmetric integer matrix. Indeed, we can pick a diagonal invertible
matrix G with?

Gii = H ik » (no sum over 7). (2.41)
ki
It is now straightforward to check that

Z/ab = (ng)ab = Pab 9ad H Qak H YAS Zv (242)
k#a,b l#£a,b

so that L is integer and antisymmetric. All in all, we can write the matrix in (2.39) as

1, L . 1q4 giligil . gil 0 14 L g o
S R R B VO v I P B

If Gis < 0 for some i = k, the matrix G is actually the product of a gauging operation with diagonal
elements |Gi;| and a duality element of the form (2.15), with A diagonal such that A;; = —1 for ¢ = k and
A;; = +1 for ¢ # k. With a slight abuse of notation, we will refer to G as a gauging operation even in this case.

— 10 —



which is the combination of two gauging operations and an O(d, d; Z) duality element,
as sought.

Given that R is also an antisymmetric rational matrix, analogous arguments show that

1q O
d (2.44)
R 14
can be written as a combination of dualities and gauging (this matrix can be put in

the same upper-triangular form as in (2.39) by conjugating it with J, which is itself a
duality transformation).

Second, we consider

(10( K%) € 0(d, d;Q), (2.45)
where K € GL(d;Q). This matrix can be expressed as a finite product of matrices
of the form diag(Z,Z~7), where Z is one of the generating elements of GL(d;Q).°
These are permutation matrices P (i.e. matrices that have exactly one entry of 1 in
each row and each column, with all other entries being 0), elementary matrices Ex(p/q)
corresponding to multiplying a single k"' row of 14 by a rational number p/q,

Ex(p/q) = diag (1,...,1,2,1...,1) : (2.46)

and elementary matrices Ty, (p/q) corresponding to shifting the ¢*" row by a rational
multiple p/q of the m*™® row,

Tom(p/q) = 14+ ge&m , where (€f,,)ij = 0i¢djm and £ # m. (2.47)

Hence, it is sufficient to establish that each generating element Z gives rise to a matrix
diag(Z, Z~T) which is a combination of dualities and gauging. This is obviously true for
P and Ej. The former correspond to duality elements, as diag(P, P~7) is a generating
element of O(d, d; Z). The latter correspond to gauging operations, as diag(Ey, £, Tyis
of the form (2.17). For Ty, (p/q), it is sufficient to establish that this property holds
for ¢ = 1, as one can check that Ty, (p/q) = Ee(1/q) Tym(p) Ee(q). Since Ty, (p) €
GL(d; Z), it follows that diag(Ts,m(p), Te.m(p)~T) is an O(d, d; Z) duality element.

Hence, we can obtain any matrix of the form (2.45), with K € GL(d; Q), as a combination
of gauging operations and duality elements, as sought.

This completes the proof that, when Mp € O(d,d; Q) or, equivalently, when the rationality
conditions (2.34) are satisfied, topological defects acting on the fields as the O(d) x O(d)
elements in (2.22), and on the charges as in (2.29), can be obtained as a finite sequence

of O(d,d;Z) dualities and gaugings of non-anomalous discrete subgroups of the global

10This follows from the fact that any invertible matrix is the product of a finite number of matrices

corresponding to elementary row operations, which are indeed the generating elements of GL(d).
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symmetry (2.9). Individually, each duality or gauging operation acts on the couplings G
and B, but their combination leaves the couplings invariant (as it should be, since Mp
has this property). By applying these operations in half-space, we have thus proven that
such O(d) x O(d) topological defects exist at the quantum level and on a worldsheet X
of arbitrary topology.'!

In section 3.1 we adopt a Lagrangian approach to describe the defects discussed in this
section, and we show how the rationality conditions (2.34) can be proven using an explicit
Lagrangian realization of the defect action (2.22).

2.4 Comments on the case det M_ = 0

In the previous section, we have proven that whenever det M_ # 0, any matrix Mp € O(d, d; Q)
can be decomposed as a sequence of duality and gauging operations. The assumption that
M _ is invertible simplifies both the rationality conditions (as it is enough that three out of
the four blocks of Mp are rational) and the task of providing an explicit decomposition of
Mp (as one block is invertible). The rationale behind this assumption can be understood
from rewriting (2.22) in the basis of d¢ and i x d¢: using the change of basis explained in
footnote 6, it is easy to show that the topological defects act as

d¢L|’y _ M+ M- d¢R|’Y (2 48)
ixdor|y M_ My ) \ixdogr|y) '

Requiring that det M_ # 0 is equivalent to requiring that one can express the transformation
of i xd¢y, g in terms of d¢y g.'? This fact is crucial when giving a Lagrangian description
of the defects in terms of a topological theory that can be written entirely in terms of ¢r, g,
which we propose in section 3.1.

If det M_ # 0 the rationality conditions are more involved, because in order to have
Mp € O(d,d; Q) we need to require that all of its four blocks, independently, are rational
matrices. Moreover, the explicit decomposition given in the previous section does not
apply. However, we believe that even in this more general case any Mp € O(d, d; Q) can be
decomposed as a (finite) sequence of dualities and gaugings. Notice that this is straightforward
to prove if any matrix of O(d, d; Q) can be written as a product of a finite number of elements
of the form (2.14), (2.15), and (2.16), with © being an antisymmetric rational matrix and
A € GL(d,Q).13

In the rest of this section, we analyze in the detail the case M_ = 0, where the topological
conditions imply that M, is invertible, as it satisfies

M=M=M,, MIGM, =G. (2.49)

"7t is useful to compare to the case of 4d Maxwell theory [30]. There, the duality group is SL(2,Z) and
the non-invertible defects correspond to U(1) elements acting on charges as SL(2, Q). The group U(1) is the
stabilizer of the 7 = 4 element in SL(2,R). Here, the duality group is O(d, d; Z) and the non-invertible defects
correspond to O(d) x O(d) elements acting on charges as O(d, d; Q). The group O(d) x O(d) is the stabilizer
of the Z(G = 14, B = 0) = 124 element in O(d, d; R).

12This condition is analogous to the case sinp # 0 for the non-invertible defects of 4d Maxwell theory
studied in [30].

13Notice that the decomposition (2.38), valid in the case det M_ # 0, features only elements of the form (2.14)
and (2.15), up to conjugation with J.
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Notice that the scalars ¢’ are not mixed with their duals ¢’ in this case. The action on
charges Mp can be decomposed as

Mp = (-BM+ +]\§M+G1B GMO+G1> N <A€+ M(j:T> (_12 01d>  (250)
where A is the antisymmetric matrix
A=MIBM; - B=-A". (2.51)
The rationality conditions simply read
My, A e, (2.52)

so that they do not involve G. We are thus describing a family of symmetries that exist for
any (real) metric G. The most familiar case is My = —14 (so that A = 0), which corresponds
to an invertible reflection zero-form symmetry acting as ¢’ — —¢’, existing for any G and
B. A generic M, is a G-orthogonal rotation (due to (2.49)), acting as ¢* — (M+)§d>7 —
notice that for G = 14 we have My € O(d; Q). If we were to consider just how such rotation
transforms the action (2.4), we would get

S[g] — S'[¢] = % /Z (Gij do' Axde’ + i(Bij + Aij) dé' A d<z>j) , (2.53)

where we have used (2.49) and the definition (2.51). This is not an ordinary symmetry
because it acts by shifting the B-field by A, so it must include a transformation of the
type (2.14) with © = A, which is precisely the right matrix in the decomposition (2.50).14
This is combined with the left matrix in the decomposition (2.50), which is a transformation
of the type (2.15) with A = M;T, such that their combination leaves both G' and B invariant.

All in all, we have found that in the theory of d compact scalars, a G-orthogonal rotation
is (generically) a non-invertible symmetry, present for rational values of A and of the rotation
matrix M, but for any metric G. In section 3.3 we give an explicit Lagrangian description
of a defect which corresponds to M_ = 0, by considering the fusion of two identical defects.

We do not attempt here to provide an explicit decomposition of Mp in the generic case
where M_ has rank 0 < r < d. However, it is conceivable that such a case corresponds, in a
suitable basis which we can reach by using matrices of the form (2.16), to transformations
that do not mix d — r scalars with their duals — hence, they are described by rotations in
a (d —r) x (d —r) version of what happens in the M_ = 0 case — and act on the other r
scalars and their duals as in the det M_ # 0 case — hence, they are described by an r x r
version of the action on charges decomposed as in (2.38).

2.5 Fusion rules

In the previous sections, we proved the existence of topological defects on the worldsheet at
the quantum level, when the metric G and the B-field satisfy the rationality conditions (2.34).
We achieved this by showing that any such defect acts on charges as a rational matrix Mg,

1Recall that Mg in (2.14) acts on charges as q — MC:)Tq.
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M 9

Figure 2. On the right space (gray area) we have gauged a discrete subgroup of the zero-form
symmetry with Dirichet boundary conditions, leading to the g transformation. The interface on the
left implements a duality transformation M.

which can be realized by a sequence of discrete gaugings and duality transformations. In
this section, we discuss the fusion rules of these defects.
A generic defect in (2.38) can be realized by a finite series of transformations

MigiMaga ... Mygn, (2.54)

where M; € O(d,d;Z) are duality transformations and g; = diag(G; ', G;) correspond to
gaugings of discrete subgroups of the zero-form symmetry (2.9). Each component of the
form Mg is an interface between two different theories, as it maps the theory to another
one with different couplings, but the whole sequence in (2.54) is a topological defect which
leaves the couplings invariant. In the following, we discuss the fusion of one of such interfaces.
Moreover, these fusion rules can be used to determine the fusion of the topological defects
of the previous sections.

Let us consider the action of an interface implementing the transformation Mg on a
vertex operator labeled by the charge vector q taking values in a charge lattice A. This
action can be determined by applying the action of M and g in steps. We can view the
interface corresponding to Mg as a combination of two interfaces [9, 10] as in figure 2.
The first interface implements a duality transformation mapping the theory to a dual one,
while on the right-hand side of the second interface we have gauged a discrete subgroup of
the zero-from symmetry. We can obtain the interface Dy by collapsing the slab between
these two interfaces.

Consider now dragging a vertex operator from the right to the left through the two
interfaces in figure 2. First, the interface implementing g acts as a projector onto invariant
states under the discrete group that is being gauged. Hence, if the resulting vertex operator
is gauge-invariant it will remain a local operator, while if the resulting operator is not
gauge-invariant it will be attached to an invertible line. Then, the duality interface acts
as a duality transformation

Vg — €M@y (2.55)
where 0(q) is a phase which we determine in appendix B. Thus, we conclude that an
interface Dy realizing the transformation Mg acts on a vertex operator Vg as

Mm@y, ifgqeA,

Vq — (2.56)

non-local primary otherwise .
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When acting on a state, we additionally need to multiply by the quantum dimension dim D44
of the interface. Thus, the interface Dy realizing the transformation Mg acts on the
state |q) as

(2.57)

dim Dpgg €M@ (Mg q) ifgqeA,
Dmgla) =

otherwise .

The orientation-reversal of the interface, denoted as D Mg, generates the transformation
g 'M~! on the charges. The matrix g is obtained by gauging the discrete subgroup G =
11; Zp,, which is a direct product of Abelian groups. We thus see that the fusion rule of
Dy with its orientation-reversal takes the form

_ izl 27
Dpg @ Dmg = H Z exp < k’j{%) , (2.58)

i k=0 Pi

where v, is defined in (2.26). The operator on the right-hand side is a projector onto G-
invariant states. Notice that the above fusion rule is non-Abelian: if we consider the product
Dy ® Dpy the condition on the right-hand side of (2.57) is different. From (2.58) we see
that the quantum dimension of Dyyq is

dim Dpgg = [ Vi - (2.59)

Here we only determined the fusion of Dpy with its orientation-reversal, but for any two
different elements one can use (2.57) to determine their fusion. Similarly, once the decom-
position (2.54) is determined for two generic topological defects, one can determine their
fusion using the method discussed in this section.

3 Lagrangian description of the topological defects

In this section, we give an explicit Lagrangian description of the topological defects. This
allows to prove the rationality conditions (2.34) and to compute the fusion rules.

3.1 Defect Lagrangian and rationality conditions

As we discussed in section 2.2, we consider a defect that splits the worldsheet ¥ as ¥ = X UXR.
We can write the total action in terms of the left and the right fields ¢, r, as the sum of
the bulk contributions S[¢r] and S[¢r] as in (2.4) (with the same couplings G and B) and
a topological defect term localized on -+,

Gii . . . iBy . ,
S = < 3d¢ZLA*d¢JL+Z qusLAdquL)Jr/ (61 < dR)
YL 4 ZR

7 47

+/7(4WJ¢L/\CWL+ 4W]¢R/\d¢g+ 2WJ¢LAd¢§%> , (3.1)

where the matrices L and R are antisymmetric. The defect couplings L, R, and K are a
priori independent from the quantities defined in (2.37), but we show below that they are
identified after imposing the equations of motion.
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Note that the defect Lagrangian does not depend on the worldsheet metric, and hence
this term does not contribute to the stress tensor. In principle, the compactness of the
fields ¢, r requires the matrices L, R, and K to have integer entries. However, by coupling
the above Lagrangian to compact scalar fields localized on the defect -y, it is possible to
effectively make those couplings rational. Naively, this can be seen by integrating out the
defect fields. More precisely, one should consider the equations of motion arising from the full
action (including the defect fields) and isolate the equations for the fields ¢, g, as explained
for the d = 1 case in [30]. This produces the same result as starting from the “effective
action” (3.1) with rational defect couplings L, R, and K.

Imposing the variational principle, we get both the usual bulk equations of motion

d* d(biL =dx* dqb’é = 0 and the defect conditions relating left and right fields on v as
(—’iGij * dquL + (Bij + sz)d(ﬁ]L + K@]d(bg%) |7 = 0, (3 2)
(=iGij * ey + (Byj — Rig)dey + Kjude), ) | = 0.

These relations encode the action of the defect (which we take at z = 0 for simplicity) on
the fields. In complex coordinates and using matrix notation they read

(-G + B+ L)d¢r, + (—G — B— L)d¢, = —Kdpr + Kdor, (3.3)
(=G + B~ R)I¢r + (—G — B+ R)dpp = —K ¢, + KT 0y, '

where it is understood that these equations hold along ~.
As established in (2.23), topological defects do not mix holomorphic with antiholomorphic
components and they relate left and right fields as the O(d; R) x O(d; R) transformation

8¢L == M6¢R ) 5¢L == Mé(bR ) (34)

where M and M are independent real matrices satisfying the topological condition MTGM =
MTGM = G. Plugging (3.4) in (3.3), we get the four matrix equations which relate the
defect action M and M to the defect Lagrangian data L, R, and K for a theory with fixed
coupling G and B. They are
2G =KM™' - M),
2G = KT(M — M),
AL+B)=—-KM™'+M™"),
2(R—B)=+K"(M+ M).

(3.5)

Recalling the definition of My = (M + M)/2, it follows from the second equation that
det K,det M_ # 0. Notice that the condition of M_ being invertible (which we assumed
in section 2.3) arises naturally in the Lagrangian approach.'® Hence, the second equation

15This is analogous to the topological Lagrangian that describes the fractional quantum Hall effect: the
Chern-Simons level is effectively rational, and it characterizes the fractional response of the system arising
from a well-defined and gauge-invariant action which includes the coupling to an auxiliary dynamical field.

%Indeed, to satisfy the variational principle, the boundary variation of the action coming from the bulk
Lagrangian needs to be canceled by the one coming from the defect Lagrangian. As the former depends on
the Hodge star of the fields, whereas the latter does not, this cancellation can be achieved only if one can
express i x d¢r, r in terms of dér r. It is easy to show, by using (2.48), that this is possible if and only if M_
is invertible.
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is solved by
M_ =KTqg. (3.6)

Using the topological condition for M and M, it follows that this also solves the first equation.
The third and the fourth equations are respectively solved by

M, =GYL+BK TG, M,=K7TR-B), (3.7)
which imply that the defect couplings must satisfy the constraint
G HL+BKTG=KT(R-DB), (3.8)

which allows to express L (or R) in terms of the other matrices. Moreover, by combining
the equations of motions we also get the constraint

GKT'G+(B+LK T"(B-R) =K. (3.9)

Equations (3.6)—(3.9) are equivalent to the equations of motion supplemented with the
topological conditions, and they exhaust all the independent relations that follow from
the Lagrangian.

To summarize, given the Lagrangian description in (3.1) in terms of the bulk couplings G
and B, and of the rational defect couplings L, R, and K — satisfying LT = —L, RT = —R,
det K # 0, and the constraints (3.8) and (3.9) — the defect acts on the fields as in (3.4)
with M_ and M, given by (3.6) and (3.7), respectively, such that M and M satisfy the
topological conditions (2.23).

We can easily invert (3.6) and (3.7) to express K, L, and R in terms of G, B, and M.
The result is precisely (2.37). Moreover, one can verify that the relation (3.9) is equivalent
to imposing that the (2,1) block of Mp as in (2.38), namely K + LK~TR, is given by the
correponding combination in (2.35). This proves that the defect action on charges constructed
with the Lagrangian matches the one we constructed in section 2, and it is an element of
O(d,d;R). Moreover, notice that the rationality of the defect couplings K, L, and R is
equivalent to the rationality conditions (2.34). This implies that in fact Mp € O(d,d; Q)
within the Lagrangian approach.

3.2 Independent data of the defects

Let us now count the number of independent (rational) data of the defects, for a fixed choice
of the bulk couplings G and B, which consist of d? independent parameters. These can
be counted with the Lagrangian approach, as the number of independent components of
L, R, and K, subject to the constraints (3.8) and (3.9). Equivalently, in the approach of
section 2, this is the number of independent components of M, and M_ subject to the
topological condition (2.23), or also the number of independent components of Mp which
are not fixed by the bulk couplings.

Let us start with the Lagrangian approach. The constraint (3.8) allows us to express
R in terms of L and K. Then, the constraint in (3.9) leads to

G=(B+L)G ' B+L)+KG'KT. (3.10)
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These are @ independent constraints, as G is symmetric. The number of independent

(rational) parameters of the defects is then

<d2 + d(d; 1)) - d<d2+ D _ d(d—1). (3.11)

The same result can be obtained with the approach of section 2. The number of parameters
in M and M_ is 2d?, but they need to satisfy the two symmetric topological conditions (2.23),
which reduce the number of independent (rational) parameters of the defects to

2d* — 2 (d(d;l)> =d(d—1), (3.12)

consistently with the previous counting. Clearly, this is the same as the number of independent
components of the two G-orthogonal matrices M and M, which is precisely the dimension of
the group O(d) x O(d). Alternatively, the number of independent components of the matrix
Mp € O(d, d) specifying the action of the defect on charges is d(2d — 1). However, d? of them
are given in terms of the bulk data G and B, so we are again left with d(d — 1).

In the simple case d = 1 (where G = R? and B = 0),'7 this gives zero independent
parameters. This is expected, as L = R = 0, so that K € Q is the only (rational) data of
the defect. However, while (3.8) is trivially satisfied, the constraint (3.9) imposes K = +R?,
and no free parameter is left. This implies that these defects can be constructed via duality
and gauging only for R? € Q. Moreover, the fact that there are no free parameters means
that there is only (up to fusing with condensation defects) a finite number of defects, and in
particular only two defects exist: the T-defect and its reflection-conjugate, which correspond
to K = +R?. This is consistent with the Lagrangian analysis of the d = 1 case discussed
in [30]. The same result can be obtained by noticing that the solutions (3.6) and (3.7) in
d = 1require M_ = R?/K and M, = 0. As K = +R?, no free parameter is left and only the
two defects with M, = 0 and M_ = +1 exist. Notice that in the Lagrangian approach we are
working in the case where M_ is invertible, so the counting of the defects does not include the
trivial and the reflection defects, corresponding to My = 4+1 and M_ = 0. They generate an
ordinary Zo symmetry and they exist for any value of R?. These defects are correctly found
if we use instead those results of section 2 which hold regardless of the assumption that M_
is invertible. Indeed, the topological conditions for M, and M_ for d = 1 have four solutions,
corresponding to the four elements (M4, M_) = {(£1,0), (0,£1)} of O(1) x O(1) = Z3 x Zs,
and R? € Q follows from requiring that the rationality conditions hold.

For d > 1 we have instead a non-zero number of independent defect parameters, which
implies that for fixed bulk couplings G and B, there is an infinite number of O(d) x O(d)
defects, corresponding to arbitrary choices of the d(d — 1) rational parameters. Ultimately,
the peculiarity of the d = 1 case is related to the fact that O(d) x O(d) is a finite (Abelian)
group if and only if d = 1.

17To avoid confusion between the matrix of right couplings and the radius of the compact scalar in the d = 1
case, we denote the latter — only in this subsection — by R.
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3.3 Fusion rules from the Lagrangian

Let us now see how the fusion rules of two defects can be determined with the Lagrangian
approach, focusing on the fusion of a defect with itself (but the method is general and can
be applied for any two defects with a Lagrangian description).

In the d = 1 case, it is well-known that the 7T-defect at R? = N squares to the sum
of the N generators of the Zy subgroup of the momentum symmetry. For generic d, we
consider fusing two identical defects D[y] and D[y'] described by the Lagrangian (3.1), by
taking the limit where 4/ — 7 so that the intermediate region between them shrinks to
zero. In this way, the field ¢ in the intermediate region actually plays the role of a defect
field. The action describing the fusion is given by the sum of the two left and right bulk
terms as in (3.1), and the defect contribution

Spa = [ (G200 1 do)+ 200 ddh
i(Lij + Rij)

+ 47

Oy Mg+ oKy — Kyudl) Ado]) . (313)

For simplicity, let us focus on the case where L = R = 0. The defect boundary conditions
and the equation of motion for ¢; read

(+Gij * dg], + iByde], + iKidg]) | =0, (3.14)
(=G * doy — iBijdshy, — if;:de}) | =0, (3.15)
(Kijdsl, — Kjido) |, =0, (3.16)
which imply that D? acts on the charges as the O(d, d; Q) transformation
qr. = MBqg, Mp = (K_OTK KI?‘T> (3.17)
In the language of section 2.4, this transformation corresponds to the case M_ =0, M, =

K~TK,and A = 0. Indeed, as det M_ = 0, the corresponding defect is not described by a
Lagrangian of the form (3.4), but it requires a defect field ¢; which acts as a generalized
Lagrange multiplier. The defect specified by (3.16) is, for a generic choice of K, non-invertible.

A simple example is where K is diagonal with elements K;; = p;/¢;, with p; and ¢;
positive co-prime integers. We have that Mp = 194, so that the defect acts trivially on all
charges that are not in its kernel. Indeed, the defect Lagrangian simply reads

sz z i i
Spe = Z [ arg (@1~ o) Ao (3.18)

and using (3.16) we have that on the defect « left and right currents are related as

pi dot

. 3.19
0 on (3.19)

(i)' = (k4. (xih)i = (xifh)i =

The second equation implies that only momentum charges of the form m; = p; /q;n, withn € Z,
are acted on trivially by the defect, whereas the others are in its kernel. This corresponds

— 19 —



to gauging, for each i, a Z,, x Z, subgroup of the U(l)gﬁ) X U(l)g) symmetry along the
defect, which thus acts as a projector onto G-invariant states, where G = []; Zp, X Lg;. This
projector leads to the constraints we found before in (2.56) by analyzing the fusion of defects
on general grounds. Finally, notice that if d = 1 the discussion of this section implies that the
T-defect at R? = p/q € Q squares to a condensation defect for the ZZ(;m) X Z((Zw) non-anomalous
subgroup of the zero-form symmetry. As this is not the identity operator (unless p = ¢ = 1,

where one has an invertible Zy 7 symmetry at R? = 1), the 7 symmetry is non-invertible.

4 Applications to bosonic string theory

In the previous sections, we have shown that the worldsheet theory admits topological defects
for special values of G and B, namely when rationality conditions are satisfied. These
defects are associated to symmetries that act on charges with a rational transformation
Mp and, as such, they are generically non-invertible, except for the self-dual points where
Mp € O(d,d; Z). It is natural to wonder about the fate of these defects in the D-dimensional
target spacetime [66].

In this section, we focus for simplicity on a single compact direction of the target
spacetime [7, 13, 65]. In this case d = 1 (so that B = 0), and there is a single non-invertible
defect (up to a Zs reflection) for rational values of G = R?, obtained by combining standard
T-duality and gauging of a non-anomalous subgroup of the U(1),, x U(1),, global symmetry.

Indeed, consider a free compact scalar ¢ at radius R?> = p/q with p and ¢ positive
integers such that ged(p,q) = 1. After T-duality, we can map the theory to the one with
R? = 1/R? = q/p. Gauging the non-anomalous Z, x Z, subgroup of U(1),, x U(1),, acts
on the radius as R — (p/q)R. Therefore, the combination of the two operations leaves
the radius invariant and, as such, it defines a topological defect. This is non-invertible
away from the self-dual point R = 1, and we will refer to it (and to the corresponding
symmetry) as the T-defect.

To further simplify the discussion, we focus on the case where R?> = N is a positive
integer. First, we analyze how the 7 symmetry acts on the vertex operators corresponding to
states in the target-space effective theory. This determines the action on the fields that appear
in the D-dimensional spacetime effective action and we show that it leads to a non-invertible
symmetry. Then, we analyze the selection rules on worldsheets of different topology, and we
derive them on the sphere and on the torus. Focusing on a particular one-point function,
we verify the selection rules by a direct calculation.

4.1 String theory on Mp_1 X St

Consider the critical bosonic string (i.e. D = 26) compactified on S1. We will use the
index notation I = (u,25), where pu,v =0, 1,...,24 label the non-compact directions, while
the 25" direction is compact. The worldsheet fields are denoted by X! = (X*,¢), with
¢ ~ ¢ + 2m. Following the machinery of section 2, we can define the T-defect at R? = N
which acts on ¢ and on the charges (w, m) as the one-dimensional version of equations (2.25)
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and (2.29), namely

o)~ ) G G) e

For the purposes of the following discussion, we restrict our attention to local operators
that transform into other local operators under the action of the 7 symmetry, and not to
local operators which are mapped into non-local ones. The latter case will be addressed
in due course.

A T-defect defined on a closed curve  acts on local operators defined at a point z € Int ~
by shrinking the contour v down to the point z. This process is topologically equivalent to
dragging the defect across the insertion, which transforms the local operator into another
local operator (by assumption), and then we are left with the transformed local operator at z
which does not link anymore with the defect. The latter can be thus smoothly shrunk to
a point, producing the identity operator up to a factor of its quantum dimension N [5].
Using the state-operator map, the fields (0¢, 5¢>) can be represented as states in the Hilbert
space in the sense of radial quantization. Hence, the above discussion combined with (4.1)
allows us to deduce the action of the 7T-defect on states as

T106)=VN0g),  T|os)=-VN|9¢) . (4.2)

Whenever the action of the T-defect on a local operator O(z,z) leads to a non-genuine
operator, i.e. to an operator that needs to be attached to a line to be well-defined, the
corresponding state |O) is mapped by the T-defect to zero in the Hilbert space. The
non-trivial kernel of 7 characterizes its non-invertible nature.

Finally, we recall the fusion of the T-defect with itself for R? = N, given by [7, 65]

N—-1
TNRT(H) = n'(), (4.3)
u=0

where v is a closed curve, and

n(3) = exp (2}; / jjﬁ) —exp (- / o) (4.4)

is the defect that generates the Zy subgroup of the U(1),, symmetry, and n’ = 1. We have
used that the dual scalar ¢ is defined as in (2.6),

dp = iR*xd¢. (4.5)

Notice that the fusion rule (4.3) implies that indeed (dim7)%? = N.
Using (4.2) as a starting point, we now discuss the action of the 7-defect on the physical
spectrum of closed string theory. We consider, in turn, massless and massive states.

4.2 Action of 7 symmetry on closed string states

Let us now see how this symmetry acts on the massless vertex operators in the low-energy
theory. Upon compactifying the 25" direction, the metric, the B-field, and the dilaton split as

Gry— (GHV,AH,€2U), Brjy— (BMWCM)’ dp > Py+ 0, (4.6)
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where A, = G}, 25, €2’ = G595, and Cu = B, 25. We thus have the following massless
vertex operators:

e G, By, and ®4 correspond respectively to the symmetric traceless, antisymmetric,
and trace parts of the vertex operator V* = %gzz OXH QXY etk X,

o A, and C, correspond respectively to VI = %gzz (OXH 0 + Dp OXH)etr X

e o corresponds to the vertex operator V, = %RQQZZ :0¢ O X

where :: denotes normal ordering, k- X = k, X* with k, being the momentum along the non-
compact directions, R? is the background value of €%?, and we adopted complex coordinates
on the worldsheet (see appendix A for details). Hence, we see that the T-defect acts on
the massless vertex operators as

T VY = VN |V | T V) = =VN|V,) , T VL) = VN |[VE) . (4.7)

Let us now look at the action of the T-defect on generic massive vertex operators, which
are allowed to carry momentum and winding charges. We consider

Viw(z, 2) = texp (im¢(z, Z) + iwd(z, 2)) . (4.8)

which carries charges (m,w) under the U(1),, x U(1),, symmetry. Notice that any of
the massless vertex operators can be dressed with V,, ., thus defining operators carrying
non-trivial charges.

The action of the 7-defect on the state |m,w) corresponding to V,, ., can be deduced
using (4.1) and it reads

\/Neiwmw
0 when N fm.

Nw,x> when N | m,

T Im,w) = (4.9)

The phase in (4.9) is determined by the action of T-duality [65], and it is consistent with
the general case analyzed in appendix B. Notice that when R? # 1 the 7 symmetry has
a non-trivial kernel, and hence it is non-invertible (equivalently, Mp € O(1,1;Z) if and
only if N = 1).

As already mentioned at the beginning of this section, we can describe the action of the
T-defect in the language of operators rather than states, by dragging it across an insertion
of Vi at the point (z, z), as depicted in figure 3. In correspondence with the two cases
in (4.9), we have the following two possibilities.

 Consider a vertex operator Vp, ,, with N |m. It is clear from (4.9) that the result of the
defect action is the genuine vertex operator V., /v, which has integer momentum
and winding charges. Consistently, the momentum line in figure 3 trivializes, as n’¥ = 1.

« Consider a vertex operator V,, ., with NV {m. When we drag the defect across it, we
end up with a non-genuine vertex operator that needs to be placed at the end-point of
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T T

Figure 3. Action of the topological defect 7 on the vertex operator V,, ,,. If m is not a multiple
of N, the resulting vertex operator is non-genuine and needs to be placed at the end-point of the
momentum Zy defect n™ for gauge invariance.

a momentum defect n* because of gauge invariance. To identify the value of u, we use
the first expression in (4.4) to require that

e TIN? Vivw,® =  INwoHTTEe, (4.10)

is gauge-invariant under periodic identifications of the dual scalar q~5 ~ qg—l— 2. This
imposes that « = m mod N (the negative sign —u has been chosen for consistency with
the orientation of the n line shown in figure 3), i.e. n* = n"™.

4.3 Selection rules for the non-invertible 7 symmetry

In this subsection, we analyze the selection rules for the 7~ symmetry on the sphere 52 and
on the torus T2. For concreteness, we focus on the one-point function of the vertex operator
V5 in the presence of a T-defect. Since the spacetime momentum k, plays no role in our
discussion, we simply consider an insertion with k& = 0, namely

V(2 2) = %R2gziza¢(z)5¢(z); . (4.11)

While (V) = 0 on G2, as required by the selection rules on the sphere, we show explicitly
that the non-vanishing of (V) on T2, which can be computed explicitly, is compatible with
the selection rules for the non-invertible 7 symmetry on the torus (and, in principle, on
a worldsheet of higher genus).

On the sphere 52, we can easily obtain the selection rule as in figure 4. On the left, we
can act on V, with the 7-defect which we then shrink, producing a factor of the quantum
dimension, as in (4.7). On the right, we can simply shrink the 7T-defect without crossing
the insertion. We thus get

—dim(T) (Vo (2, 2))e = dim(T) (Vo (2, 2))er = (Vo(22))e =0.  (4.12)

Using Wick’s theorem, it is straightforward to verify the above selection rule.
On the torus T?, the selection rule for R> = N is shown in figure 5. One can easily
derive it by using the fusion rule of the 7-defect in (4.3) and the F-symbols (see e.g. eq. (4.9)
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Figure 4. Selection rule on 52. The equality follows by dragging the 7T-defect around the sphere,
without crossing the insertion of V.

Figure 5. Selection rule on T? for R? = N. The equality follows by dragging the 7-defect without
crossing the insertion of V,,, and applying the fusion rule of the T-defect and the F-symbols.

of [3]). On the left, we can act on V,, with the 7-defect which we then shrink, so that the
selection rule on T? takes the form

Voot =—= 5 )Vals D) (4.13)

YEH1(T2,ZN)

It is convenient to rewrite this explicitly as

N—-1
Vole D = 2 3 (0" (A BIVo(2,2)) e (114)

u,v=0

where {A, B} is a basis for H1(T?,Zy) = Zn x Zy and u,v € Zy. Notice that, as opposed
to the case of the sphere, here the selection rule does not imply the vanishing of (V,(z, z))
on the torus. On the torus, the operator V, is

Vy(2,2) = oR%: 06(2)0¢(Z) -, (4.15)

where 7 = 71 + im (with 70 > 0) is the torus modular parameter (see appendix A for a
summary of our conventions).

We now verify explicitly that the selection rule is satisfied by calculating each term
that appears in (4.14). To do so, we evaluate the path integral by chiral splitting, closely
following [72, 73]. To compute the terms on the right-hand side, notice that the insertion of
the momentum defects n*(A) and n¥(B) corresponds, respectively, to giving ¢ monodromies
around the non-trivial A and B cycles of the torus. Indeed, the action of the 1 defect
(generating Zy C U(1),,) on the state |m,w) corresponding to the vertex operator V,, ., is

2mim

nlm,w) =€ N |m,w) . (4.16)
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It then follows that in presence of the insertions n“(.A) and n"(B), the vertex operator
Vinw(2, Z), defined in (4.8), has monodromies

2mium 2mwivm

Viw(z+7) =€ 8 Vyu(2), Viw(z+1)=e N Vyu(2), (4.17)

around the A and B cycles, respectively. These correspond to ¢ having monodromies

&z +7) = 6(2) + 27 (m + ;) , $(z+1) = ¢(2) + 21 <w + ;) . (4.18)

Hence, restricting to each (u,v) sector characterized by these monodromies correspond to
inserting n*(.A) and 1" (B) lines in the one-point function. Below we use this fact to evaluate
each term on the right-hand side of (4.14) using the functional integral.

First, we define a field configuration ¢, ,, satisfying (4.18), as

(m+ %) =7+ %), mt ) =7+ )

(Zsm,w(ZyE) :(P(Z75)+27T2 F—7 T -7

o (4.19)

where ¢(z) = ¢(z2 + 1) = p(z + 1) is periodic around A and B, whereas the other terms
capture the monodromies. The field configuration in (4.19) is called a worldsheet instanton
and its action (2.4) reads (in the d = 1 case, where G = R? and B = 0)

mR? U v\ |?
— — ~ - — 4.2
Sloman) = Sl + T | (m+ ) =7 (w37 (4.20)
Plugging the parametrization (4.19) into the expression (4.15) for V,, we obtain
= 2 R? U v\ |2
VU:T2R28(,08§0+ . (m+N> —T('LU—|—N> +..., (421)

where the dots denote terms that are linear in d¢ or dp, which we discard since they vanish
upon functional integration over (.

We now evaluate the contribution of both terms in (4.21) to the functional integral. The
parametrization (4.19) is useful because for any functional F on T? we have

(Figh = 5 [DoFI6e S0 =7 3 [ Do Flomale e, (422)
m,weZ

where the factor of R comes from the zero-mode of the Laplacian on T2, and the measure
Dy refers to the space of orthogonal modes (on which the propagator can be defined).
There are two terms in (n*(A)n"(B)V,) that need to be evaluated, corresponding to the
two terms in (4.21).

o The first contribution to (n*(A)n?(B)V,) is

_ 1 _
B (5 (A (B)pdp) =B (5 [ Dedpdpes¥) 2,,, (123

where Z,, , is the partition function with the n* line inserted along the A cycle and the
7Y line inserted along the B cycle, namely

Tuw= 1 ¥ o (e 3) = (wi %) (4.24)

,25,



and clearly Zyo = Z. The factor in parentheses of (4.23) can be evaluated by point-
splitting, and using the well-known propagator of ¢ on the torus (see e.g. [72]), which
in our conventions reads

1 V1 (z — w|7)|? T 9
(p)e(w) = ~grzlos | PE S0 4 om0, (@29
where 7(7) is the Dedekind n-function and ¥, (z|7) is the first Jacobi ¥-function. We
thus get
ro B2 (1" (A" (B)Oyp B ) = —raF2Z4 1im 00 (p(2)p(w)) = T2, (4.26)
A w—>z 27

where we have subtracted the constant divergence proportional to 6(0) arising from
taking the limit of coincident points, according to the normal-ordering prescription.

o The second contribution to (n*(A)n*(B)V,) is

R 7_[.2‘R2 71'R2 (m+u)—T(’LU+’l))|2 7TZu v 7TR aZu v
— m+u) —7(w+v)l"e 72 = ’
Zn()P ot ™ tm+u) = 7w + ) 2Z 27 OR
(4.27)
Combining both contributions, we obtain
u v TR OZup

Note that this relation should have been expected since V,, is proportional to the Lagrangian,'®

but the method presented here is general and can be applied to any operator.

In appendix C, we explicitly evaluate Z,, and verify that the selection rule (4.14) is
satisfied. A quick way to see that this is indeed the case is to use (4.28) to rewrite the
selection rule as

9Z(R)
OR

0Zy(R)

:_7ZR OR

R=VN u,v=0

R (4.29)

R:\/N.

On the right-hand side, we notice that summing over insertions of 7 lines along non-trivial
cycles is equivalent to gauging the discrete Zy subgroup of U(1),,, whose net effect is to
rescale the radius as R — R/N. We are then left to verify that

ROZ(R) ‘ _ pOZ(R/N)

(4.30)

R:\/N.

18Indeed, writing the action in complex coordinates, following our conventions of appendix A, the path

integral for each (u,v) sector is

Zuw = / D 0" (A (B) exp (—fﬁ / d2za¢5¢) .
‘[[2

The one-point function of V,(z, Z) should be independent of the position z, so we can get such correlator by
deriving the path integral with respect to R? as

(Jyz @2 0" (A" (B)Vo) 7R 0Zun
279 27 OR’

(" (An"(B)Vs) =

where fﬁ d?z = 27 is the appropriate volume normalization factor.
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Using on the right-hand side that the partition function is invariant under T-duality, namely
Z(R/N) = Z(N/R), shows that the selection rule is satisfied. Notice that (4.30) also implies
Z'(1) =0, so that (V)2 =0 at R = 1. This is consistent with the fact that at the self-dual
point R = 1 the T-defect corresponds to an invertible Z, symmetry, under which V, is
odd. In this case, the selection rules imply the vanishing of such correlator on surfaces
with arbitrary genus.

4.4 Comments on string perturbation theory

As we have shown in the previous section, selection rules are typically modified on a Riemann
surface with non-trivial topology. For generic non-invertible symmetries this is clear from the
fact that the derivation of selection rules on a higher-genus worldsheet involves a non-trivial
network of topological lines. Ward identities are also known to get modified on higher-genus
surfaces, an example is the conformal Ward identity [74].

The selection rules for the T-defect at R? = N on a Riemann surface Y, of genus g can
be obtained by generalizing the arguments of the previous section as

T Volns, = % (Vo - (431)

yeEH1 Eg,ZN)

In string perturbation theory, amplitudes are defined by

2g9—2
Zg 9= /M Vo>R,Zg ) (4.32)

g

where M, is the moduli space of the surface ;. Hence, we have

1
(T Vo= | Vo) s,
9= 0 Mg yEH1 Zg,ZN)

=VN{(Vo))1/r s (4.33)

where we have used the fact that summing over all insertions of Zy lines is equivalent to
gauging, namely R — R/N = 1/R. Since the action of the T-defect is T -V, = —v/N V,,
the relation (4.33) is precisely the statement of T-duality

(Voh)r==(Vo)1/R - (4.34)

In other words, when considering correlators of local operators, the selection rules for the
non-invertible defects constructed by combining dualities and gauging are satisfied in string
perturbation theory as a consequence of the corresponding duality element (T-duality, in
the simple case analyzed here) of the worldsheet theory.

The situation is more interesting when we consider correlation functions involving non-
local operators on a higher-genus surface. As an example, consider the two-point function
of two vertex operators of opposite charges V,, ., and V_,, _,,. Applying the arguments
of the previous section on the torus, we get (omitting for simplicity the dependence on
the coordinates)

<Vm,wv—m,—w>1/R = <VNw,% Um V—Nw,—%)R y (435)
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where 7) is the topological Zy defect line defined in (4.4) that is necessary for gauge invariance
if m # 0 mod N. This relation involves a correlator with an insertion of a topological line
and it gives a selection rule which is a genuine consequence of the non-invertible symmetry.
As in the previous example, this can be extended to amplitudes on a arbitrary worldsheet 3.

Notice that the discussion of this section is valid only in the framework of string
perturbation theory, whereas in the full non-perturbative setup we do not expect global
symmetries, including non-invertible ones [71].

5 Outlook

In this work, we constructed topological defects in a two-dimensional worldsheet theory, arising
from bosonic string theory compactified on a torus. We conclude with a few interesting
open questions.

It would be interesting to analyze other compactifications of bosonic string theory. It is
known that the worldsheet theory admits dualities in other compactifications as well (see
e.g. [68]). Moreover, one could try to extend the discussion to superstring theory, possibly
considering non-zero RR-fluxes (for instance, see [75] for a discussion on topological interfaces
acting as T-duality). It would also be interesting if one can understand the SL(2,Z) duality
of the target space low-energy supergravity theory in AdSs x S° as a topological defect
on the worldsheet.

In this work, we constructed topological defects using the half-space gauging approach.
We closely followed [30], where an infinite set of non-invertible defects, acting on fields as SO(2)
rotations and on charges as SL(2, Q) transformations, was constructed in 4d Maxwell theory.
Similarly, we assumed that certain rationality conditions are satisfied, and in particular in
section 2 we realized defects acting on fields as O(d) x O(d) rotations and on charges as elements
of O(d,d; Q). In the Lagrangian construction of section 3, these rationality conditions were
necessary for the gauge invariance of the defect Lagrangian. It has been recently proposed [76]
that one can realize in 4d Maxwell theory the whole SO(2) action. It would be interesting to
understand whether one can use similar arguments to relax our rationality conditions and
construct non-invertible defects corresponding to arbitrary elements of O(d) x O(d).

A complementary viewpoint is provided by the SymTFT approach for continuous sym-
metries [77-80], which has been used to construct non-invertible axial rotations of any angle
in 4d massless QED [81] and the T-defect for d = 1 at any (positive) real value of R? [82]. Tt
would be interesting to understand the (non-Abelian) SymTFT description of the defects
studied in our work for generic d > 1, and possibly construct the full O(d) x O(d) action.
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A Conventions

In this appendix, we summarize our conventions for coordinates on a two-dimensional

Euclidean worldsheet Y. We consider in turn the cases of ¥ = 82 and ¥ = T2.

1

On the sphere 52, we pick local coordinates z = o' 4+ io? and z = o! — io?. The metric

and the ¢ tensor read (we take €19 = +1)

i 5 .

9zz = 57 922z = Gzz = 0, Ezz = 57 £ = —2i. (Al)

In these coordinates, the integration measure is

1 2 : 1
Volgz = \/gdo™ Ndo* = \/gidz Ndz = id z, (A.2)
and the differential operators are
01 — 0" = O1+1i0

H— 1TH 7 5— % _ (A.3)

Notice that this is the set of coordinates we use in sections 2 and 3 on a worldsheet ¥ with
generic topology. However, in the case of the torus it is sometimes convenient to choose a
different set of coordinates, that we use in section 4. On a torus T? with modulus 7 = 71 + im»
(with 75 > 0), we pick local coordinates z = ! + 702 and z = o! + 702, where o! and o2
have unit periods. The metric and the integration measure are

1

] 1
—, ge=g==0, Volp=gdo' Ado® = 2Ldz NdZ= —d’z. (A4)

gz =
279 Ty T

In these coordinates, the differential operators are

? _ = {
8——2—7_2(62—7'81), 0= 2—7_2(82—7'81). (A.5)

B Phase in the duality action on vertex operators

In this appendix, we determine the phase in the action of an O(d, d; Z) duality transformation
on vertex operators. This phase appears in the action on states (2.57) of each duality
component M of non-invertible defects. The operator product expansion of two vertex

operators with charges q; and q is'”

Ve (2, 2) Vagy (w, @) ~ (=) 9 Q2 (z — )39 74 82 (3 — )29 2= R Y o (w, @),  (B.1)

where the non-trivial phase on the right-hand side is necessary for locality (see e.g. [65]), and

Q= (8 %‘i) . Zie=Z(G,B)+J. (B.2)

19We are implicitly dressing the vertex operators with the so-called cocycle factors, which guarantee the
validity of bosonic commutation relations.
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The dependence on the coordinates does not play any role in the following, as the combination
q’ Z1q is obviously invariant under duality transformations. Let us consider a duality
element M € O(d,d;Z) acting as

Vg — Mm@y (B.3)
Consistency with the operator product expansion of vertex operators requires

Orm(qr +a2) — Om(ar) — Om(ae) = 7 qf (Q — MTQM)qa mod 2r. (B.4)

Notice that in the case of a T-duality transformation performed simultaneously on all fields
we have that M = J, and the phase is precisely given by the Dirac pairing

0;(q) = quJq mod 27, (B.5)

which indeed solves (B.4). For d = 1, this gives the phase in (4.9).

For generic M, we can view (B.4) as a recursion relation. Using that Q — MTQM is
antisymmetric for any M € O(d, d; Z), the solution is (up to an arbitrary linear term in q
which can be set to zero using momentum and winding transformations)

2d
Om(a) =7 da(@ — MTQM)aq, mod 27 (B.6)

a>b

It is easy to verify that in the case of those M € O(d,d; Z) such that

MQM=Q"T & M= </n’9T g) with 3 € GL(d; Z), (B.7)

the solution 6:7(q) can be rewritten as the bilinear form on the right-hand side of (B.5).

C Verifying the selection rule for the 7 symmetry on T2

In this appendix, we explicitly compute each term on both sides of the selection rule (4.14)
for the non-invertible 7 symmetry on T2 at R?> = N, and we show that it is satisfied.

To this end, we evaluate the partition function of a free scalar on T?, with momentum
defects 7 inserted along the two cycles of the torus,

Zuy = }j 2 Z e |(mt5)=7(wt3)] . (C.1)

‘77( )‘ m,wGZ

To evaluate the above sum, we use the Poisson resummation formula

1 us 2 -
Z e*ﬂa(erc)? _ = Z e~ am +27mcm7 (CQ)
me”Z \/a me”Z
to obtain
luw=—y 3 R (€.3)

b 2
‘/)7(7—) | m,wEZ
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2miT

where ¢ = € and

pi—\}i<giR<w+;>>. (C.4)

Note that the series converges absolutely, as 75 > 0 so that |¢| < 1. Differentiating with
respect to R, we obtain

fuw = Ouy _ AT Z popie N gt gt

2V N1y [m ( v )} [m ( v )} dmimu 1,2 12
=— 3 ~—— v+ =) |+ w+—)|le v ¢2P-¢g2"+, C5

where we plugged in the value R?> = N. The selection rule (4.14) on the torus is satisfied if

fOO—** Z fuv (06)

qu

The left-hand side of (C.6) is just

ho= 2R 5 (R u) () FETGEGRL o

| (7_)|2 mawe”Z N

On right-hand side of (C.6), the sum over u gives

N1
Z e N = Nom=0 mod N> (08)
u=0

so that the right-hand side reads

N-1
¥ 2 e 2””2 5 (o) (metwe g )g¥ (o) g (i)’
uv 0 v=0 m,weZ
2 2
2 / / N ,+w7/ N ;W
2 3 () () A e
(M ez

where in the last step we defined m’ = Nm and w’ = Nw+v withv =0,..., N—1. Relabeling
the indices as m’ = w and w’ = m, we see that the selection rule (C.6) is satisfied. We have
thus shown that the non-vanishing of the one-point function of V,, on T? is compatible with
the selection rule for the non-invertible 7 symmetry.
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