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Abstract

In this thesis various holographic models are treated, which describe theories of fields where
an internal symmetry is broken, either in relativistic contexts, or in case of violation of the
Lorentz invariance.

The first chapter opens with the revision of the notion of symmetry breaking in pure
relativistic field theory. The case of spontaneous breaking and the Goldstone theorem are
discussed, as well as the case of explicit breaking, where precise Ward identities between
conserved current correlators and scalar operators loaded under such current are derived in a
completely general way.

We then consider two examples of non-relativistic field theories, which will be reproduced
by holographic models: a model in which the invariance of boosts is broken by the presence of
a chemical potential, and a model of Lifshitz’s invariant theory. We show the non-relativistic
realization of Ward’s identities for the symmetry breaking.

In the second chapter we briefly introduce the correspondence gravitation / gauge theory
and we revise the central tool of this thesis, the holographic renormalization.

In the third chapter, we show how to generate field theories with symmetry breaking
by coupling a scalar field to a gauge field, and holographically deriving the Ward identities
predicted by the field theory arguments, first in the Relativistic case. We also obtain an analytic
expression for the scalar two-point function, where we know how to find the massless boson
of Goldstone and the mass of linear mass in the explicit breaking parameter Of the Goldstone
pseudo-boson, respectively in the purely spontaneous case and in the case of an explicit small
break.

We also consider the two-dimensional case on the edge, where we find that Coleman’s
theorem is eluded in the wide limit of N, and Ward’s identities are not affected.

For non-relativistic cases, we first consider a non-abelian model in which the Lorentz
invariance is broken: this situation makes it possible to observe so-called B bosons which
exhibit a quadratic dispersion relation and do not respect Not the law of a single Goldstone
mode for each broken generator.

Finally, we study in detail the holographic renormalization and the two-point functions
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Abstract

for a conserved current and various scalar operators in a space-time of Lifshitz. We also find
the Ward identities of symmetry breaking in their non-relativistic realization.

Key WORDS: Symmetry breaking, Goldstone bosons, Holography, Gauge/Gravity duality,
Lifshitz.
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Dans cette thése divers modeéles holographiques sont traités, qui décrivent des théories des
champs ol1 une symétrie interne est brisée, soit dans des contextes relativistes, soit en cas de
violation de I'invariance de Lorentz.

Le premier chapitre s’ouvre sur la révision de la notion de brisure de symétrie en théorie
des champs relativiste. La cas de brisure spontanée et le théoreme de Goldstone sont discutés,
ainsi que le cas de brisure explicite, ot des identités de Ward précises, entre correlateurs du
courant conservé et de 'opérateur scalaire chargé sous tel courant, sont derivées de fagcon
completement générale.

En suite on considére deux exemples de théories des champs non-relativistes, qui seront
reproduits par les modeles holographiques : un modele ou I'invariance de boosts est brisée
par la présence d’un potentiel chimique, et un modele de théorie invariante de Lifshitz. On
montre la réalisation non-relativiste des identités de Ward pour la brisure de symétrie.

Dans le deuxiéme chapitre on introduit briévement la correspondance gravitation/théorie
de jauge et on revise I'outil central de cette these, la renormalisation holographique.

Dans le troisieme chapitre, on montre comment générer des théories des champs avec
brisure de symétrie en couplant un champ scalaire a un champ de jauge, et on derive hologra-
phiquement les identités de Ward prédites par les arguments de théorie de champ, d’abord
dans le cas relativiste. On obtient aussi une expression analytique pour la fonction a deux
points scalaire, ol1 on sait retrouver le pdle sans masse du boson de Goldstone et le pdle massif,
de masse linéaire dans le parametre de brisure explicite, du pseudo-boson de Goldstone, cela
respectivement dans le cas purement spontané et dans le cas de petite brisure explicite petite
par rapport a la brisure spontanée.

On considere aussi le cas a deux dimensions sur le bord, o1 'on retrouve que le théoréeme
de Coleman est éludé dans la limite de large N, et les identités de Ward ne sont pas affectées.

Pour les cas non-relativistes, on considére d’abord un modeéle non-abelien ot 'inva-
riance de Lorentz est brisée : cette situation permet d’observer des bosons dit de type B, qui
présentent une relation de dispersion quadratique et ne respectent pas la loi d'un seul mode
de Goldstone pour chaque générateur brisé.



Résumé

Enfin, on étudie en detail la renormalisation holographique et les fonctions a deux points
pour un courant conservé et divers opérateurs scalaires dans un espace-temps de Lifshitz.

On retrouve pour ce cas également les identités de Ward de brisure de symétrie dans leur
réalisation non-relativiste.

Morts CLEFS : Brisure de symétrie, Bosons de Goldstons, Holographie, dualités gravitation/thé-
orie de jauge, Lifshitz.



Introduction

Spontaneous symmetry breaking, with its associated Goldstone massless modes, is an ubiqui-
tous phenomenon in physics, especially in particle physics and condensed matter physics.
Emblematically, its first observation was at the intersection of the two fields [1]. It finds its
theoretical grounds in the Goldstone theorem [2], which is a very well defined mathematical
statement, at least in the relativistic framework where it has been first proven [3].

If relativistic invariance is an essential ingredient in particle high energy physics, it is
likely disregarded in condensed matter systems, where Goldstone theorem has known many
successful applications in describing phase transitions (superconductivity, Bose-Einstein
condensation, etc). So, the extension of Goldstone theorem to non-relativistic field theories [4—
7] has drawn attention since the early stages of its conception. In the absence of Lorentz
invariance, the physics of Goldstone bosons (GB) gets richer, and its mathematical foundations

have to be revised and extended.

For instance, the one-to-one matching between broken symmetry generators and Gold-
stone massless modes breaks down in non-relativistic settings [8]. Moreover, the dispersion
relations of gap-less modes can have more diversified forms than the relativistic one w = |kl.
We can have Goldstone bosons with linear dispersion relation, w = cs|%|, but with velocity
now non-necessarily equal to the speed of light ¢ = 1. But we can also have Goldstone modes
which present dispersion relations with quadratic or higher-order low-momentum behavior.
In particular, in non-relativistic theories with spontaneously broken non-abelian global sym-
metries, the commutator of two broken charges may get a non-vanishing expectation value. In
such situation, the two corresponding broken generators give rise to a single Goldstone mode,
which presents in turn a quadratic dispersion relation, w |7€|2 [9-11]. The second ‘would-be
massless’ mode typically gets a mass proportional to the Lorentz breaking parameter [12].

In more recent years, another input for theoretical physicists comes from condensed
matter systems: a large variety of experimental devices presents ‘strange’ behaviors, which
can be ascribed to strong coupling effects. By strange it is meant that are not predicted by
present-day available theoretical models (weakly-coupled Fermi-liquid theory), which are
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based on perturbation theory, and so fail at strong coupling.

Of course, whatever is based on symmetries is non perturbative. So, the physics of
symmetry breaking, spontaneous or (slightly) explicit, is particularly relevant for strongly
coupled systems, where it can constitute some of the (few) things we are able to say about. To
this extent, a renewed interest in such an old and broadly discussed topic, enlarged towards
these unconventional non-relativistic frameworks, may be justified.

At the same time, new techniques, that be capable to deal with strong coupling, are
called for. Holography, which is a quite recent and active field of research, is a promising
candidate. Since it has been conjectured, exactly twenty years ago [13], as a duality between
compactifications of string theory to Anti de Sitter spacetime (AdS), in the classical limit,
and supersymmetric conformal field theories on the boundary of AdS, in the 't Hooft limit
(large N, strong coupling), the holographic principle has been extended to a much larger
class of dualities. In such dualities the classical limit of the gravitational theory in the bulk
corresponds to the strong coupling limit of the quantum field theory on the boundary.

So, holography potentially constitutes a powerful tool to investigate the strong coupling
regime of field theory. Indeed, the classical regime of gravity, which is generically well under-
stood and under control, can be used to gain insights over the physics of field theory at strong
coupling (confinement, bound states, quantum phase transitions, etc).

Non-relativistic behaviors are observed in many of the above-mentioned condensed
matter experiments (high temperature superconductors, cold atoms at unitarity, etc). So, the
ambition to apply holography to condensed matter has raised the challenge of extending the

correspondence to non-relativistic backgrounds [14-19].

A particular class of non-relativistic field theories, which is dealt with in this disserta-
tion, is given by Lifshitz invariant field theories. Lifshitz symmetry [20] is a non-relativistic,
anisotropic version of scaling invariance. In condensed matter theory, Lifshitz scaling is rele-
vant to describe the quantum critical point of certain materials, such as MnP magnets [21],
cuprate superconductors, non-Fermi liquids. The Lifshitz critical point is subject matter of
various theoretical models [22, 23]. From the pure field-theoretical point of view, the subject of
symmetry breaking in Lifshitz field theories has been addressed, and various examples of Lif-
shitz invariant low-energy effective field theories for Goldstone bosons have been realized [24—
27].

In this thesis, we study holography as a powerful tool to generate strongly coupled
field theoretical environments, where to robustly probe our understanding of the physics of
symmetry breaking. At the same time, we provide the opportunity to test the holographic
conjecture in a variety of non-canonical contexts, such as broken Lorentz invariance, Lifshitz

space-times, low dimensions.

The objects that we aim to compute holographically are two-point correlation functions
of conserved currents and of scalar operators, charged under those currents. Such two-point
functions contain the spectrum of the field theory, so in particular the Goldstone pole, and
its dispersion relation, which, in case of broken Lorentz invariance, can exhibit deviations
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from the relativistic behavior. Since we are interested in two-point functions of scalars and
conserved currents, gravity is kept non-dynamical throughout all this work. The metric is
chosen each time as a fixed background, making sure that back-reaction of other fields on the
metric be negligible as far as our computations are concerned.

Furthermore, spontaneous or explicit symmetry breaking entails specific relations (Ward
identities) among correlation functions of a conserved current and the scalar operator which
is charged under it. These Ward identities, which are derived in full generality in field the-
ory, can be retrieved in holography through a pure boundary analysis, constituting thus an
independent check of the correspondence. Such boundary analysis typically requires the
treatment of bulk terms that diverge at the boundary, which can be consistently removed by a
procedure called holographic renormalization [28-30].

The holographic renormalization procedure depends sensitively on the number of space-
time dimensions, on the scaling dimensions of the considered field, on the background
metric, etc. So, it can in some occasions present subtleties, which are extensively discussed in
this work, whenever encountered. Furthermore, our interest in non-relativistic field theories
pushes us to study holography for Lifshitz bulk geometry, which is a still not so well established
correspondence in the zoo of gauge/gravity dualities.

So, along the way, we will derive the Ward identities for symmetry breaking in various
holographic setups, recovering the field theoretical expectations. In some favorable cases, we
will also be able to obtain explicit expressions for the scalar two-point function, displaying the
Goldstone (or pseudo-Goldstone) boson pole, together with the complete spectrum of the
theory, which exhibits some typical features of strongly coupled theories (linear confinement).

Outline

Let us go through the contents of this thesis in an orderly fashion. In Part I we discuss some
preliminary material, which consists of well-established subjects, but still presented through a
partially original point of view. This first part prepares the ground for Part II, where the original
contributions of this thesis are reported, based on various published works of the author [I, II,
I1L, IV].

As far as Part I is concerned, in Chapter 1 we start with reviewing, in a pure field theoretical
approach, the physics of symmetry breaking. In Section 1.1 we recall the Noether theorem
and the relation between symmetry and conserved currents, we introduce the spontaneous
symmetry breaking mechanism, and we reproduce the original non-perturbative proof of
Goldstone theorem [3]. In this section we are close to the approach of Weinberg’s textbook [31].
In Section 1.1.2 we discuss the particular case of 1+1 dimension and the no-Goldstone theorem
by Coleman [32], commenting in particular on its quantum nature [33], and on the peculiarities
of the large N limit [34].

Then, in Section 1.2, we allow for explicit breaking on top of spontaneous one, and we
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derive in maximal generality (without specializing to any specific theory) the corresponding
Ward identities, which in the purely spontaneous case reveal the presence of a massless mode,
and in the case of (little) explicit breaking imply the notorious GMOR relation [35] for the
(little) mass of the pseudo-Goldstone boson. Our derivation is standard, but partially novel
in its formulation, which follows the one presented in [II]. For these initial sections, we also
found a helpful tool in [36].

Then, in Section 1.3, we abandon Lorentz invariance, and we discuss the issues of the gen-
eralization of Goldstone theorem to non-relativistic field theories. We considerably owe to (7,
37], however we give a different, original derivation of non-relativistic dispersion relations,
starting from the symmetry breaking Ward identity. In Section 1.3.1 we consider a field theory
model [38, 39], equipped with a non-abelian global symmetry, where Lorentz invariance is
explicitly broken by a chemical potential, and the so-called type B Goldstone boson arises.
Finally, in Section 1.3.2, we consider another example of non-relativistic field theories, Lifshitz
invariant field theories, and we discuss correlators and Ward identities in this context.

The second chapter is dedicated to the holographic correspondence [13, 40], and in
particular to the technique of holographic renormalization [28-30], which is the main com-
putational tool of this thesis. After giving a sketchy review of the holographic principle, close
in spirit to [41], in Section 2.1 we introduce the renormalization procedure by a simple, but
rather complete example, presented in a quite personal way.

Then, we are ready to move to the second part, where the original contributions of this
thesis are collected [I, 11, III, IV]. We present there various holographic setups that originate
field theories with symmetry breaking: in Chapter 3 we have some relativistic examples, while
the non-relativistic examples are left for Chapter 4 and 5.

In Section 3.1 the Ward identities for concomitant spontaneous and explicit symmetry
breaking, shown in Section 1.2, are retrieved holographically [II]. An analytic expression for the
boundary scalar two-point function is provided [II], exhibiting the pseudo-Goldstone poles,
with the proper GMOR linear dependence of the mass on the explicit breaking parameter. We
then move to the 1+ 1 dimensional case in Section 3.2, where we show that in holography,
as far as Ward identities are concerned, the Coleman theorem breaks down [III], due to the
classical/large- N nature of our boundary analysis, which does not capture the quantum effects
that are responsible for no spontaneous symmetry breaking in two dimensions.

As first non-relativistic example, in Chapter 4 we consider a holographic setup that
produces a type B Goldstone boson, retrieving holographically [I] the non-relativistic Ward
identities of Section 1.3.1.

Finally, in Chapter 5, holographic renormalization and two-point functions for conserved
currents and scalar operators on Lifshitz background are studied in detail, concluding with
the derivation, once more, of the non-relativistic Ward identities for symmetry breaking.
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Notations and conventions

We briefly establish here the main notations and conventions that are used throughout this
manuscript. First of all, we work in natural units ¢ = 1 = #, and in mostly-plus Lorentzian
signature. Then, for the majority of prescriptions regarding analytic continuation and +i
factors in quantum field theory prescriptions, we employ the same conventions as Weinberg
in his textbooks [31, 42]. Einstein convention about summation over repeated indices is also
understood, unless otherwise specified.

In the holographic sections, we use roman indices m, n, r, s for the (d+1)-dimensional
bulk coordinates, saving greek letters u, v, p, o as indices of the flat Minkowski space on the
boundary. When, for non-relativistic examples, a distinction between temporal and spatial
components is required, we make use of roman characters i, j, k, [ for the spatial components.
The notation x* = (¢, X) is also widely employed. So, for instance, for the AdS,;, ; metric in the
Poincaré patch, we will write

ds® =dx, dx" =r"? (dr2 +dx#dx“) =r (dr2 —dr? +dx,-dx,~) :

Moreover, in the holographic parts we will specify the space-time dimensions in the
integration measure, in order to allow to distinguish bulk terms from boundary terms. Oth-
erwise, by simply dx we will indicate integration over all space-time coordinates, and by d%
integration over all spatial coordinates.

Finally our conventions for Fourier transformations to momentum space are
o= f dk ¢ f(k) = f dodk e 5% fo, B,

so that we schematically have 0, — —iw, and 0; — +ik;.






Preliminary material






1] Symmetry breaking in quantum field
theory

In this chapter we want to review some very well known field-theoretical results, re-deriving
them in a perspective that will make them easier to be compared to the corresponding results
obtained in Part II through holographic techniques.

So we will put on the table the main physical ingredients of this dissertation, that is
internal symmetries and Noether conserved currents, spontaneous breaking and Goldstone
theorem, explicit breaking and Ward identities.

1.1 Spontaneous breaking and Goldstone
theorem

We consider an action functional S on a d-dimensional space-time, depending on some
field content {X,}, and derivatives. The fields X, represent all the real scalar degrees of
freedom occurring in the action. We assume that such action is invariant under some internal
(i.e. spacetime independent) continuous symmetry:

8aS[1X2,0,X4}] =0,  for 6, X, = TipXpga®, (1.1)

where repeated indices imply a summation, and a“ is the infinitesimal parameter associated
to the transformation performed by the generator T¢ of the considered symmetry group, in
the representation under which the field X, transforms.
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Chapter 1. Symmetry breaking in quantum field theory

Then we can apply this variation on the Lagrangian density, obtaining

%
6Sfdx6££fdx 6XA+56X66XA
_ 5L L 5% %
_fdx (5XA Oy H60,X, )5“XA+0 50 XA5 XA)

fdx ] (56 9 TABXB) : (1.2)

where we have integrated by part, and used the equations of motion for the classical fields X 4.
We can define a current

JH = _ganA TfiXp (1.3)
for each generator of the symmetry group. Then, the invariance of the action under the
considered symmetry (1.1) implies that the integrated expression (1.2) has to vanish. If we
assume that the spatial part of the current vanishes at large enough distances, which is always

true for sufficiently causal theories, then we have

T
:fdx aﬂ]’“‘zfo dt A dx (-0} +0,J¢) = (1.4)
d—1
T
=-| disfen| =Q-Qun,
Ry_y 0
where
Qa:fd;?]f(t,)?)_ 5%%@ T4, Xp = fdx M,T%% Xy, (1.5)

with IT 4 being the canonical conjugate momenta of the field X ,.

We have thus obtained the central result of Noether theorem: for any given symmetry
of the action a quantity conserved in time arises, the conserved charge. However, the fact
that the integral (1.4) vanishes does not imply that the current (1.3) is locally conserved. It
can still be 0 uJ ak — 5 MQ”, with Q¥ vanishing at infinity. Then we can redefine the current as
Jat = jar _Q# so that o ,J““ = 0. Furthermore, the current is still defined up to en equivalence
class defined by

Jak ., jap avK[,UV] ,

where the divergence of any anti-symmetric tensor is annihilated by construction under
a further action of 9,,. So, the conserved current is actually the part which is not trivially
divergence-less! Anyway, the integration (1.4) ensures that the conserved charge (1.5) is
unambiguously defined.

Let us now consider the very common case where the action is invariant under a certain
symmetry, whereas the ground state is not. Indeed, when a system possesses a certain con-
tinuous global invariance, the space of vacua likely does as well: the lowest energy state is
degenerate, and gives a continuum of possible vacua, related to each other by transformations

1 1n the language of differential geometry the current is a closed form which is not exact.
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1.1. Spontaneous breaking and Goldstone theorem

of the symmetry group.? Then, the ground state of the system is just one specific vacuum
out of the continuum of possible ones, which thus breaks the invariance. This phenomenon
is called spontaneous symmetry breaking, as opposed to explicit symmetry breaking, where
instead the symmetry is broken at the level of the action and the current is not conserved
anymore.

The discussion here is completely general, but if we wish, we can just think, as an example,
of the paradigmatic toy-model of a complex scalar with Goldstone Mexican-hat potential [2].
In that case the action is invariant under a global U(1), and the potential yields a continuum of
vacua, arranged on a circle in the phase space, covered by the U(1) transformations. A specific
choice of vacuum on the ground circle will break the U(1) invariance.

We are now ready to see the physical consequences of such situation, which are con-
densed in the statement of the celebrated Goldstone theorem [2]: for each spontaneously
broken generator of a continuous global internal symmetry, a zero-energy mode appears
in the spectrum. This statement strictly holds in the context of relativistic invariance and
internal symmetries, and so will the proof we are going to report here after. Nonetheless, the
statement can be relaxed and generalized to the non relativistic case, as we will see in the
following. Goldstone theorem can also be applied, in some cases, to the spontaneous breaking
of space-time symmetries [43-46], which however will not be considered in this dissertation.

1.1.1 General proof of relativistic Goldstone theorem

We now outline the general proof (not relying on perturbation theory) of Goldstone theorem,
first given in [3], and presented in more detail in chapter 19 of Weinberg’s textbook [31].
Our assumptions are: (1) the invariance under a global continuous symmetry, which gives
a conserved current and the associated conserved charge; (2) the existence of a vacuum
expectation value (vev) which is not invariant under that symmetry, thus spontaneously
breaking the symmetry. Translational invariance of the vacuum, and Lorentz invariance are
also ingredients that we will make use of in the proof.

Using the defining expressions for conserved current (1.3) and charge (1.5), and the
canonical commutation relation for quantum fields, that is

we can restate the spontaneous symmetry breaking condition as follows

([Q% XA0)])y = i T45(X5(0)), #0,  forsome A. (1.7)

2The idea holds equivalently for discrete symmetries, which in turns gives a discrete sets of vacua. However, the
follow-up of the discussion and Goldstone theorem are only valid for continuous symmetries (see for instance the
example of the real scalar field in Goldstone’s original paper [2]).
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Chapter 1. Symmetry breaking in quantum field theory

Notice that this definition is equivalent to saying that the vacuum be not invariant under the
symmetry generator; if it was the case, then Q“|0) = 0, and consequently the commutator (1.7)
would vanish as well. The symmetry breaking vev (X ,) is also called order parameter.

We now take the vacuum expectation value of the commutator between the four-current
and the scalar field, and we insert the decomposition of the identity as sum over the spectrum
of energy-momentum eigenstates |n) = |w(%n), I_én>,3 that is P*|n) = kﬁ |n). At the same time,
we translate the fields to the origin, that is

e JH (et P = JH () ,

and the same for X,, and we use the translational invariance of the vacuum, e'Px10y = 0,
finally obtaining

(U@, Xa0])g = (1.8)
= ¥ (™D 0 @)1m) (11 X, 0)10) €= Fr 5V 01 X, @) m) (1 # 0)10) )

= [k 0 (k= k) (€ 0L @) (1 X40)10) €5V QL4 @)yl 0)10).
n

The expression in the parenthesis carries a Lorentz vector index, so Lorentz invariance dictates
that as a function of momentum it must be proportional to k. Thus we can define

Y 8(k— k)OI (0)|n)(nI X4 (0)]0) = i @m) " kHO(K°) pa( -7, (1.9)
n

Y 8(k -k, ) (01X 4 0)|m)(nlJ*(0)10) = i 2m) " IO (K) (- K?), (1.10)
n

where the Heaviside theta step function is there to ensure k,, be the d-momentum of a physical
state. If both J# and X 4 are hermitian operators, then the two expressions are just complex
conjugates, and p 4 = —p’,. However, even without assuming this, we can write

([JF), Xa0)]), =
=i (2m) ! f Ak O(KO) kH [V, (—k2) - e D, (- 2)]

_ em-a+ 6 fdk@ (%) [ KD (Z12) + e ik(x—y)va(_kZ)]
fdm2 [oA(M*)AT(x— )+ P4 (Mm*)AT(y - 2], (1.11)
where we have introduced the standard positive frequency scalar distribution,

Af(x—y) = (Zn)—d“fdk 0(k°) 8(k? + m?) etklx=y) (1.12)

3In our notation the sum over 7 is a shorthand for an integration over spatial momenta. Indeed, the orthonor-
mality condition reads (w(Kk,,), k,, |0 (%,,), K,y ) = 8(Ky, — Kpp), s0 that ¥, [y (nl = [dk,, |0(K,), K Y w(ky), Kp-

14



1.1. Spontaneous breaking and Goldstone theorem

We remind the reader that for space-like separations we have A*(x — y) = A™(y — x), so that the
canonical commutator for a complex scalar field ¢,

([0, "))y =Alx—y) = A (x—y) - A (y-x) (1.13)

vanishes at space-like separations, respecting causality. In the same way, the commuta-
tor (1.11) has to vanish at space-like separations. This implies p,(m?) = —p ,(m?), so giving

<[]“(x),XA(y)]>O:ngdm2 pa(m?) A(x~y). (1.14)
u

Now we can use the current conservation, and, recalling A(x — y) is a solution of the Klein-
Gordon equation, we can write

0= 2 ([0 Xa])y = O [ A pa(m?) acx =) = [ dm® i p(?) A=)
For time-like or light-like separations, this yields the condition
m*p,(m®) =0, (1.15)

which implies that p, must vanish for any value of m?, except m? = 0. From the definition
of p, (1.9), it is clear that this latter possibility occurs only if there is a state |72) in the spectrum
that has zero mass, i.e.: —k% = 0.

We now have to see that in case of spontaneously broken symmetry the function p,
actually cannot vanish everywhere, implying the existence of this massless mode. Let us take
the expression (1.14) for the temporal component, and let us integrate it and evaluate it at
equal times x° = y° = ¢, in order to obtain the symmetry breaking condition (1.7). We find

.1.0 o .
—iTAB<XB>0:[dm2pA(m2)fd?c ((12];()15_1) 9(k0)5(k2+mz)(elk‘x+e_lk'x)

= ifdm2 pA(mz)fd?c (Z(jrl;ﬁ ek ¥ = z'fdm2 pa(m®),

where we have used the distributional identity
0(k%) (k2 + m?) = ié(ko— B em?). (1.16)

We then conclude
pa(m?) = =Tap(Xp(0), 5(m*),

as announced, implying the existence of a massless state in the spectrum. Now, a delta
function contribution can only be generated by a single-particle pole. Furthermore, in order
to contribute to p,4, such single-particle state has to couple both to the conserved current
and to the scalar operator that gets a vev, otherwise either (0|J#(0)|n) or (n| X 4(0)|0) would
respectively vanish. The latter condition implies that our single-particle state must be a scalar
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Chapter 1. Symmetry breaking in quantum field theory

(spin 0) particle; the former entails that it inherits the parity and internal quantum numbers
of J°. This precise gentleman is the notorious Nambu-Goldstone boson.

The proof outlined here has been carried out in generic d + 1 space-time dimensions.
However, by an argument first raised by Coleman [32], there is an obstruction to spontaneous
symmetry breaking in (1 + 1)-dimensions. Actually, nothing really breaks down in the steps of
the proof of Goldstone theorem, it is rather the possibility for a scalar operator to get a stable
vacuum expectation value that is ruled out in two dimensions, so invalidating the very initial
point of the reasoning (1.7). In next section we present Coleman’s mathematical argument
and discuss its physical implications.

1.1.2 Lowering to 1+1 dimensions: Coleman theorem

The key feature, on which Coleman’s argument is founded, is the fact that in one spatial
dimension the scalar two-point correlator (1.12) has a logarithmic behavior in position space,
so having an infrared divergence for massless scalar fields:

(PP (1) =A%, (x—y) = (2m) ™! f d?p 0(k°) 5 (k? + p?) k=¥ =

dk! e’ =)
1 L (- i2x-y), (1.17)

27 9 /(k1)2+p2 47

where p? is indeed an infrared regulator to escape the divergence of zero mass.

Rather than reproduce Coleman’s proof [32], which is quite mathematical, we will follow
the lines of Ma and Ranjaraman [33], which present a more physical picture of what happens
in a two dimensional quantum field theory with an internal continuous symmetry. Moreover,
this picture will allow to better understand some situations that seem to evade Coleman’s
argument, in particular the strict large N limit of SU (V) field theories, such as the Thirring
model [47], or the holographic dual theory of Section 3.2.

We consider a U(1)-invariant Lagrangian for a complex scalar field, with an arbitrary
(U(1)-invariant, and bounded from below) potential, and we write the field in the polar
representation, ¢ = % pe'd:

L =-0"p*0,p—V(p*P) = —50"pd,p—3p°0"90,0- V(o). (1.18)

This Lagrangian can be regarded of course as a low-energy effective one of a more general and
involved theory. The vacuum expectation value for this scalar field is dictated by the minimum
of the potential in phase space. If we want to have spontaneous symmetry breaking, we need
the minimum to be away from the origin p = 0. We take then p? = |v|?, with v € C. Since the
potential is invariant under the global U(1), our minimum in |v|? represents a continuity of
possible vacua for ¢, varying the phase of v. In higher dimensions, the selection of a specific
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1.1. Spontaneous breaking and Goldstone theorem

vacuum, that is of a specific phase, yields the spontaneous breaking. In (1 + 1)-dimensions,
the IR divergences of the scalar propagator bring large quantum fluctuations of the phase
field 9, that would spread away any classically selected phase. Thus, the classical possibility of
picking a vacuum out of the continuum is ruled out at the quantum level.

Let us see this fact explicitly. By making p = v non-dynamical, we are left with the
following Lagrangian for 9,
£ =-30°0"90,9 . (1.19)

We then consider the expansion of the scalar field 9 in its annihilation and creation compo-
nents, 9 =91 + 9, with
dk e—iw t+ikx

19+(tyx): f aky ﬁi(t;x):
v Tw

iwt—ikx
dke at

e (1.20)
vvVanw

where (k°, k') have been replaced by (w, k), and we have an extra v-factor because of the form
of the kinetic term in the Lagrangian (1.19). Then, using the standard commutations relations
for annihilation/creation operators, we straightforwardly have

ik
dke™™ _ L jim A (x), (1.21)

97 (x),97(0)]), = =
(77,070, amv*VEZE VP =0

which, from (1.17), is diverging to positive infinity. So, we can evaluate

<ei1‘)(x)>0 _ <ei(ﬁ‘(x)+,9+(x))>0 _ <ei19‘(x)ei19+(x)e—%[19+(x),{)‘(x)] >0 _ e—ﬁAgzl(O) =0,
where we have used the Baker—Campbell-Hausdorff formula for exponentials of operators,
and the annihilation property of the vacuum. Thus, we have shown that the expectation value
of /9% is wiped out by the diverging quantum fluctuations, and so  cos9(x)), and (sin9(x)),
vanish as well. No preferred direction in the phase plane survives the quantum smearing in
two dimensions.

However, if we had an arbitrary small, but non zero explicit breaking term (such for
instance a small mass for 9), it would act precisely as the regulator p? in (1.17) and make the
commutator (1.21) finite. The concomitant occurrence of spontaneous and explicit breaking,
with explicitly breaking parameter hierarchically suppressed with respect to the spontaneously
breaking vev, gives rise to so-called pseudo-Goldstone bosons. Pseudo-Goldstone bosons are
would-be Goldstone particles that have a mass which is hierarchically lower with respect to
the rest of the spectrum, thanks to the mentioned hierarchy between explicit and spontaneous
breaking.

This last scenario will be discussed in depth in next section, but, before moving to that,
let us discuss a class of model that seems to evade Coleman theorem, that is SU(IV)-invariant
theories in the large N limit. Of course we are interested in large N theories in view of the
holographic realizations of symmetry breaking of Part II, where pure boundary computations
correspond to the strict large N limit.
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Chapter 1. Symmetry breaking in quantum field theory

So now we consider the SU(N) extension of Thirring model [47], proposed by Gross
and Neveu [48], with our focus on understanding the peculiar features of the infinite N limit
for spontaneous symmetry breaking in two dimensions, rather than on the details of the
model. This is a theory of N-component massless fermions with quartic interaction in two
dimensions, which has a smooth, weak-interacting limit for N — oo, so that it can be solved in
a 1/ N expansion. On top of the SU(N) invariance, the system enjoys a U(1) chiral symmetry,
which normally would prevent the fermions from dynamically getting a mass. However, as
pointed out by Gross and Neveu, the theory allows for a minimum of the potential away from
the origin in the phase plane, fermions fields acquire mass, and a massless boson arises: so,
everything suggests that spontaneous symmetry breaking is occurring in two dimensions.

Nonetheless, Witten showed [34] that the physical fermions are actually not charged
under the chiral symmetry, explaining why they are not protected from having a mass, and
that no long-range order is present, so no symmetry breaking and no contradiction to Coleman
theorem. Indeed, the low-energy effective Lagrangian for Gross-Neveu-Thirring model is of
the form [34]

<= —ﬂaﬂf)a 9, (1.22)
arm K

quite analogous to (1.19). Then we have

( %) e+m(0)> _ o n (B (-0, 0) | x ’ (1.23)

0
for large x. So the long-range order is suppressed for x — co. In a spontaneously broken theory,
this expectation value would be finite (proportional to the vev), even for infinite separations,
as in (1.7). For unbroken symmetry, instead, we would have an exponential fall-off, at the rate
of the lightest excitation in the spectrum: (¢~ 19® e+ '~ o=mx* g0 this two-dimensional
large N case is in-between: the long range order vanishes, but with a power law, so less quickly
than in an usual unbroken phase.

This was the main result of Witten’s paper [34], but what he did not stress in that work,
since it was not yet relevant at that time, is the fact that in the strict infinite N limit the
long-range order is restored. And indeed, in the holographic setup of Section 3.2, from a
pure boundary analysis (which is at strictly infinite V), we retrieve the Ward identities of
spontaneous symmetry breaking, as in any higher dimensions.

In next section we derive in full generality such Ward identities, which are a non-per-
turbative feature of symmetry breaking in quantum field theory. Furthermore, as already
announced, we will consider the concomitant occurrence of spontaneous and explicit break-
ing, and analyze the physical predictions that can be extracted just from Ward identities,
independently of any specific theory.
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1.2. Explicit breaking and Ward identities

1.2 Explicit breaking and Ward identities

We consider here an action that is invariant under an internal global continuous symmetry, as
in (1.1), and we add a term that breaks the symmetry explicitly:

Stot = Siny + Sy, With S, = %mfdx (CIX1+07[X]) = mfdx Re0[X], (1.24)

where O, is a scalar operator of scaling dimension A, which is charged under the symmetry,
and does not depend on derivatives of the fields. For the sake of simplicity, and for an easier
comparison with the results of the holographic model of Section 3.1, we choose as global
symmetry an abelian U(1), and we assume

) 6,Re0 = —alm0
6,0 =iaC, = (1.25)
6,Im0 = +aReC .

Since 8, S;,,y = 0, as we have seen in Section 1.1, for m = 0 we have a conserved current J*.
But in presence of the explicit breaking term, the equations of motion get modified accordingly,

5$inv 6$inv OReOC _
Oy 50,X, 0X, ox,
so that in the second line of (1.2) we now have
= 5.8 = _;,, 0ReC 0L —_ “_
0=6,S, = fdx M aXat o, T 6aXA) = fdx a(0," - mima) (1.26)

where we have used the trivial identity g%(SaX 4 = 0,0. We see that the current is no longer
conserved, instead we have the operator identity

OM]“ =mlImo . (1.27)

We now want to show that such identity holds at the quantum level, and derive the Ward
identities corresponding to the breaking of an internal symmetry. For that we employ the
path integral formulation, and we use the invariance of the measure under the symmetry
transformation.

The path integral and n-point time-ordered correlation functions are defined as follows:
Z= f@[X] eSalXl (T X (2,0 %)) = f@[XJ e!SelX (X (xy,...,x,) . (1.28)

If there are no quantum anomalies (violation of the symmetry at the quantum level), the
invariance of the measure 2[X] under field redefinitions assures

f@[X] So(e SV F)=0, V. (1.29)
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Chapter 1. Symmetry breaking in quantum field theory

This is then true for the path integral itself, allowing to confirm the operator identity (1.27) at
the quantum level. Indeed, from (1.29) we have

0:[@[){] 5, e'S0 :f@[){] 'S0 i 5,8, . (1.30)

In addition, in order to compute correlation functions involving the divergence of the
current, which classically vanishes, we need to make the global symmetry local. In this way
the variation of the invariant action is not zero anymore, rather 6, S;,, = — [ dx J#d,a, and
consequently

8y Sior = Oy Sipyy + 0,48, = —/dx (70,0 + amimo) (1.31)

A perfectly equivalent approach is to add to the path integral sources for both the current
and Im@, whose variations compensate the variation of the total action (1.31). The source for
the current then has to be a vector field Au transforming under U(1) gauge transformations,
Oy Au = au(x; the source for Im@ has to be a scalar field m transforming under the U(1) as
0,m = ma. Thus we have

f@[X] o S +iSu+i[ A P +i [mimE (1.32)

Now we can choose either to put the total variation (1.31) into the vanishing expres-
sion (1.30), or to vary the sourced path integral (1.32) with respect to the sources only, and
require it to be invariant (since transformations of the sources can be absorbed by transforma-
tions of the fields),

0= f@[X] eiSinv+iSm+ifA”]“+ifmIm@’ifddx (]u(gaA# +Im@’6am) _
_ [
= fd x (Mo, a+amim@), .

In both ways, after integration by parts, we obtain the quantum version of the operator
identity (1.27):
(0,J" )y =m(Im@), . (1.33)

Analogously, we can start with the variation of the path integral for the operator Im&,
0= f D1X] 8, (¢S Imo (x) = f DIX) €50 (i (8, So)IMO () + 6, IMO () =

:f@[x] o't

’

a(x")ReC (x') + ifdx a(x) (6“]“(x) - mIm@’(x)) Im@ (x)

thus obtaining the following Ward identity for symmetry breaking:
(0,J*(x)ImB (0) ), = m(Im& (x)Im& (0) ), + i (ReG ), 5 (x) , (1.34)

We see that, if spontaneous breaking occurs as well, by the real part of the scalar operator
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1.2. Explicit breaking and Ward identities

taking a non-zero vacuum expectation value, (Re@), = v, we have a contact term, which
survives in the m — 0 limit,

(0,J"(x)Im@ (0)), = iv 5(x), (1.35)

that is even when the current is perfectly conserved at the classical level. Then, Lorentz
invariance imposes, Fourier transforming to momentum space,

k!
(J*(K)ImG (-k) ), = iv =z (1.36)
manifesting the presence of a massless pole in the spectrum, signature of the Goldstone
boson. Requiring continuity for m going to zero in the Ward identity (1.34), the same massless
pole has to appear in the two-point scalar correlator (Im@’lm@’)o as well, although its explicit
computation requires an analysis of the (IR) dynamics, and so knowledge over the specific
theory.

When m # 0, instead, thanks to the Ward identity (1.34) and to the operator identity (1.27),
we have that the following two-point functions all depend on a single non-trivial function

fOD):

(ImGImo), = —i f(O), (1.37)
(0,J"Im@) = —im f(O) +iv, (1.38)
(0,J#0,1" )y =—im® f(O) +imv, (1.39)

where we have kept the delta function implicit. The last correlator is just a consequence of the
operator identity, and when v = 0 (pure explicit breaking case) then also the second correlator
is a trivial consequence of the operator identity.

When both v # 0 and m # 0, we see that the scalar-current correlator (1.38) exhibits both
features: a term related to (1.37) and a constant term. On the other hand, since the symmetry
is broken explicitly, we do not expect a massless mode in the spectrum contributing to this
set of correlators. However, in the case where m <« vdZTA (small amount of explicit breaking
compared to spontaneous breaking), we expect to find a light particle, whose mass is sensibly
lower with respect to the rest of the spectrum and goes to zero in the m — 0 limit. We call
such particle pseudo-Goldstone boson, precisely in consequence of this fact that for m — 0 it
‘becomes’ the Goldstone boson. Furthermore, the leading-order contribution to the square
mass of the pseudo-Goldstone for small explicit breaking is linear in %}, as we will show now in
full generality, requiring continuity in the m — 0 limit. This linear relation for the square mass
of the pseudo-Goldstone boson is renown as GMOR (Gell-Mann-Oakes-Renner) relation [35].

The GMOR relation was first found in the context of the effective description of pions as
pseudo-Goldstone bosons of the approximate chiral symmetry of quantum chromodynamics,
where the role of explicit breaking parameter is played by the masses of the quarks. Standard
derivations of GMOR for the pion can be found in the literature, for instance in [49, 50], and
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Chapter 1. Symmetry breaking in quantum field theory

also [51] for a derivation based on the effective action. Here we derive it in a more general
fashion, as it was done in [II].

In momentum space we can write
(ImGIm@) = -i f(k*), ik, (J*ImG),=—imf(k*)+iv. (1.40)

Note that the dimensions are [f] =2A —d, [v] = A and [m] = d — A. Using Lorentz invariance,
which imposes ( JHImO )0 =M g(kz), the second relation in (1.40) leads to

(JMIm@), = _% (mr(e)-v). (1.41)

We immediately see that there cannot be a massless excitation in the (Im@Im@& ), channel,
otherwise there would be a double pole in ( J “Im@)o. Moreover, the massless pole in the above
correlator should be spurious, which requires f(k?) to satisfy

mf0)-v=0. (1.42)

So far, everything is valid for any values of m and v. When m? and k? are both small
with respect to v, we can approximate f by a pole of mass M, corresponding to the pseudo-
Goldstone mode,

2 H v
- _ = 1.4
fE) K02 M2 m (1.43)

where we have implemented the condition (1.42), and the residue p is a dynamical quantity of
dimension 2A — d + 2.

We now require that in the m — 0 limit f(k?) go over smoothly to what we expect in the
pure spontaneously broken case. Namely, we expect i to be (roughly) constant in the limit, as
of course v, while M2 — 0, so that

) =% £ (1.44)

up to possibly an additive finite constant. From (1.43) we see that this is possible only if there
is a relation between all the constants such that

M*=Em. (1.45)

This is the generalized form of the GMOR relation [35], which indeed states that, at first
order, the square mass of the pseudo-Goldstone boson scales linearly with the small parameter
which breaks explicitly the symmetry, as announced. The two other constants entering the
expression are both of the order of the dynamical scale generating the vey, i.e. the spontaneous
breaking of the symmetry. We remark that, since u has to be positive because of unitarity,
then the signs (and more generally the phases) of m and v have to be correlated in order to
avoid tachyonic pseudo-Goldstone bosons. This can be understood by the fact that the small
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1.3. Goldstone theorem in non-relativistic field theories

explicit breaking removes the degeneracy of the vacua, and thus the phase of the vev v is no
longer arbitrary but has to be aligned with the true vacuum selected by m.

We conclude making the link with the usual form in which GMOR relation is stated, which
is in terms of the residue of the full current-current correlator,
i Ky UV

<]M]V>0:_k2+

where the residue y; is actually given by the square of the decay constant of the pion, 12,
Then we can use the GMOR value of the pole (1.45) into (1.43), and rewrite the longitudinal
correlator (1.39) as

. kz
kuk,(JHT)o = = (1.47)

k2 + p
The comparison of these two expressions, (1.46) and (1.47), at the location of the pseudo-GB

pole (1.45) yields

1/2

uy=—, (1.48)
"
and so
M=Lm=Lmnm
Ky 73

which is the desired usual form of GMOR relation [35], though completely equivalent to (1.45).
Here we have kept both d and A arbitrary, and the relation is valid in all generality. In

Section 3.1 we will retrieve this relation in a particular holographic model for d =3 and A =2,

determining as well the value of the residue u, which is specific to the considered model.

1.3 Goldstone theorem in non-relativistic field theories

In our derivation of Goldstone theorem, we have used Lorentz invariance in defining the spec-
tral density (1.9-1.10), as well as in any occurrence of the Lorentz-invariant distributions A™ (x)
and A(x). So, in lack of Lorentz invariance, that proof does not apply. However, the central
statement, that spontaneously broken symmetries imply zero-energy modes in the spectrum,
holds, in a softer formulation and with some modifications, also for non-relativistic field
theories, as we will see.

On the other hand, though in Section 1.1 we have presented Noether theorem as well in a
relativistic formalism, it relies only on the action principle and so it holds independently of the
symmetries of space-time. However, the key assumption in order to have a conserved charge
is that the spatial divergence of the current vanishes at spatial infinity. Actually, to ensure
time-independence of the vev in the spontaneous breaking condition (1.7), it is sufficient that

fd?c [0,J{(X),X,] =0, (1.49)
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Chapter 1. Symmetry breaking in quantum field theory

so that ,[Q%, X 4] = 0. In relativistic theories, which are intrinsically causal, this is guaranteed
aslong as the operator X , islocalized to a finite domain of space-time, and Goldstone theorem
inescapably follows*. On the contrary in non-relativistic theories, which can be non-causal,
long-range interactions can in some cases make the boundary term in (1.49) not vanish. It
can be shown that (1.49) holds as long as the range of interactions is finite [5, 6], otherwise
the applicability of condition (1.49) has to be checked case by case. In the following, we
assume (1.49) as necessary prerequisite for spontaneous breaking to occur, otherwise the
charge commutator and vev itself are not time-independent, and Goldstone theorem cannot

be discussed at all.

We can then take the symmetry breaking commutator (1.7), and rewrite it through the
spectral decomposition of the unity as in (1.8), obtaining

([Q“X40]), = (1.50)
=2 f dx (5 (J1(0) | n)(n| XA(0))y = e 5 (X, O] n)(n|TE O,

= @m? Y 0tk,) (e E(T10) | n)(n| XA (0))y — € F(X 1) n) (] TE(0)),)
n

We see that, for the left-hand side to be time-independent, the right-hand side must vanish
except for states with vanishing energy at zero momentum, that is: w(%nz 0) =0 [7]. Further-
more, since the left-hand side is non-zero because of the spontaneous breaking condition (1.7),
at least one of such states must exist and contribute to the right-hand side. So, even without
using any Lorentz invariance, we can state that, when an internal continuous symmetry is
spontaneously broken, there exists at least one mode, whose energy goes to zero for spatial
momentum going to zero, and which couples to both the conserved current and the scalar
operator that does not commute with the current.

Let us now point out the crucial differences between the general statement of Goldstone
theorem, which we have just outlined here, and the relativistic one. First, in its more general
version Goldstone theorem is a low-energy statement: for k — 0 there is a vanishing energy
mode, but it is not assured to survive at high energy, and in any case not with the same
properties. In the relativistic case, the dispersion relation (i.e. the dependence of the energy
of an excitation on the momentum) is fixed to wi = |%|, at low as at high energy, and the

Goldstone mode is an actual massless particle.

In a non-relativistic framework a richer range of dispersion relations are recorded. Let
us assume broken Lorentz invariance, but still preserved invariance under spatial rotations.
Then, in such case the Fourier transform of the old same correlator (1.8) has a less constrained
structure than in the Lorentz invariant case, which we can express in a formally Lorentz

4Goldstone theorem predicts a massless particle, but this does not mean that such particle be physically
observable. As high-energy physicists we all have in mind the example of gauge theories and Brout-Englert-Higgs
mechanism, where the Goldstone boson does not appear in the observable spectrum, being ‘hidden’ in the
longitudinal degree of freedom of the newly massive gauge boson.
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1.3. Goldstone theorem in non-relativistic field theories

covariant way using a time-like vector b* = (1,0):
fdx e FX([JH(x), X4(0)])g = k*py (K%, b- k) + b p, (K, b- k) . (1.51)

In the relativistic case, only the term proportional to k* was present (1.9-1.10). Then the
current conservation leads to the non-relativistic equivalent [7, 52] of condition (1.15), which
constrains (1.51) to take the form

kH 5 (k) 5y (b- k) + (K*bF — (b- k) kM) 5o (K%, b- k) + b 5 (b- k) o3 (K?) + b C,6(K°)5(K), (1.52)

where C, is just a constant, and the p’s are functions only of the explicitly indicated arguments.
We can see that the introduction of the second term in (1.51) brings quite more possible
contributions, which in the early stages had been advocated as signals of a breakdown of
Goldstone theorem in the non relativistic framework [4, 52].

However, the last two terms correspond to states with zero energy, and zero energy and
zero spatial momentum, respectively. The latter is a spurious isolated energy-momentum
eigenstates with eigenvalue k* = 0, whose contribution can be excluded if forces have finite
(exponentially suppressed) range [6, 8] (see also the discussion around eq. (32) of Brauner’s
review [37]).

The former can be one of the degenerate ground states of the continuum of possible
vacua, which are not actual excitations of the spectrum with energy going to zero in the
limit|kl — 0. The possibility of such term contributing to (1.51) is an artifact of working at
infinite volume, and it is ruled out by restricting to a finite volume. In a finite volume, indeed,
the integration in (1.50) does not give exactly a delta, rather a function peaked around zero,
but which allows for values of |kl slightly different from zero. So, at finite volume, the states
contributing to the non-vanishing commutator (1.50) are excitations with gapless dispersion
relation, rather than states with zero energy, so that contributions from ground states or other
spurious states of intrinsically zero energy are ruled out. Taking the limit of infinite volume,
and |kl — 0, it can be explicitly shown [6] that such states keep on not contributing to (1.50).

So, the actual, admissible contributions come from the first two terms in (1.52). The first
one is the analogous of the unique term of the relativistic case, with the exception that there
p; is forced by Lorentz symmetry to be just a constant. The second term has a completely
transverse structure, so p, is left completely arbitrary. This gives rise to the possibility of
non-linear dispersion relations for non-relativistic Goldstone modes®, as we will show now, by
an argument based on the symmetry breaking Ward identity.

In previous section we have seen that spontaneous symmetry breaking entails a contact
term in the Ward identity (1.35). Such Ward identity holds in absence as in presence of Lorentz

5As a curiosity, we point out that such term was excluded by Guralnik, Hagen, and Kibble in their review [7], by
a not convincing argument relying on the divergence of the spatial current at infinity. The legitimacy of this term
has been restored by Nielsen and Chadha, who indicated it as responsible for non-linear dispersion relations [8],
even though without giving any proof, and without confuting Guralnik-Hagen-Kibble’s argument, and not even
mentioning their work.
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Chapter 1. Symmetry breaking in quantum field theory

invariance, as long as the invariance of the measure and the continuity equation d,,J* = 0 are
assured.

In the relativistic case, the Ward identity (1.35) implied the presence of the Goldstone
massless pole (1.36), with the completely fixed relativistic dispersion relation, w(|%|) =kl,
which is linear with proportionality constant given by the speed of light ¢ = 1. Here, with an
argument inspired by [9] but somehow original, we use the Ward identity to derive the more
general structure of the dispersion relation of non-relativistic GBs.

The non-vanishing contact term proportional to the vev (1.35) implies a pole at dispersion
relation W with wi — 0as |kl — 0, in the correlator

) X4 (~k))g = _kol—” (n# A(IR) + b# B(KI)) (1.53)

+wg
where we have allowed for a completely general non-relativistic structure (which yet preserves
spatial rotational invariance), with n* = (1, k/Ikl), ‘normalized’ light-like vector, and b* the
same as in (1.51). In this way A and B have the same mass dimensions. Then the Ward identity
becomes an equation for A and B, giving the dispersion relation. Namely,

iv="k,(J"X,), = _k% ((—k%l%l)A— kOB) -

(—w%+|7c'|)A—w%B

_10 .
k+wk

=iv(A+B)+iv

(1.54)

The realization of the Ward identity demands the term in A+ B to be a constant for Ikl — 0,

and the term diverging at the location of the Goldstone pole to vanish. We can write

A(li&l) = a0+a1|/-é|+... 5

In this way, the first condition that we extract from (1.54), in order to recover the Ward identity,
is ag + by = 1. Then, the other condition is that the second term must vanish, giving

(—wp+lkl)A-w;B=0.
It is easy to check that for b, # 1 a linear dispersion relation occurs at low momentum
wp=(1-by)lkl, (1.55)
with the relativistic one being a special case, at by = 0. If instead b, =1 (and a, # 0), we have
2

wr=ak, (1.56)

that is a quadratic dispersion relation. We will see in the following that such quadratic disper-
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1.3. Goldstone theorem in non-relativistic field theories

sion relation can be connected to a non-zero vacuum expectation value of a charge density,
event that clearly can only occur when Lorentz invariance is violated.

As a final remark, we point out that throughout this discussion we have assumed the
dispersion relation to be analytic in the momentum, as a consequence of the analyticity of
the Fourier transform. This is guaranteed if there are no long-range interactions [8]. How-
ever, Goldstone modes can occur also in the presence of long-range interactions (as long as
the divergence of the spatial current is assured to vanish at infinity), and can exhibit non-
analytic dispersion relation, for instance with fractional powers of momentum (see Section 6
of Brauner’s review [37] for concrete examples).

Another main issue of the non-relativistic extension of Goldstone theorem concerns the
number of Goldstone bosons in relation to the number of broken generators. In the relativistic
case we have (at least®) one Goldstone particle for each broken generator. Already in early
times Nielsen and Chadha [8] showed that, in lack of Lorentz invariance, the possibility of
dispersion relations proportional to even powers of momentum demands a modification of
the counting rule, resulting in the inequality

n1+2n112nBG, (157)

where np( is the number of broken generators, and n; and n;; are the numbers of type I and
type II Goldstone modes, with type I having odd-power, and type II even-power dispersion
relations. Of course, relativistic Goldstone boson are all necessarily of type I, giving the
inequality ngp = npg, with ngp being the number of Goldstone bosons.

More than twenty-five years later [39] the missing counting was connected to non-
vanishing vacuum expectation value for the charge operators. More precisely, the statement
of [39] was that if

([Q%Q"])y=0 (1.58)

for all broken generators, then ngp = npg, as in the relativistic case. Of course, Lorentz
invariance excludes the possibility of a non-zero vev for a charge, that is defined in term of
the temporal component of a current. Actually, the original statement of [39] was given as
an equality, which does not necessary follows from their argument, and also their reasoning
presented some inaccuracies. Anyway, the statement, in the form of an inequality, is correct,
and the proof can be refined, as you can see for instance in section 5.3 of Brauner’s review [37].

The connection between charge density taking a vev and quadratic dispersion relation
was already pointed-out by means of low-energy effective Lagrangian for non-relativistic
Goldstones [53]. However, a precise counting rule has been established only relatively recently,

6The non-perturbative proof of Goldstone theorem presented here does not rule out the possibility that
Goldstone modes may be more than broken generators. However, in all known example the strict equality
holds, and proofs of Goldstone theorem based on perturbation theory and effective potential (see section 19.2 of
Weinberg’s book [31]) show that there is a one-to-one correspondence between number of Goldstone modes and
number of independent broken generators. Furthermore, the non-relativistic counting of (1.59) reduces to the
equality between numbers of broken generators and Goldstone bosons for the relativistic sub-case rankp = 0.
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Chapter 1. Symmetry breaking in quantum field theory

again thanks to a low-energy effective Lagrangian approach with some assumed properties, in
a series of papers [9-11, 54, 55], whose conclusions summarize as follows:

ny=ngg—-rankp, ng= %rankp , Np+ng=ngp, Nu+2ng=ngg, (1.59)
where 1, and ny are the number of type A and type B Goldstones respectively, and

00 = ([Qu 1)y (1.60

The distinction of type A and B, rather than type I and II, is based on the counting rather than
on dispersion relation: a type A GB corresponds to a unique broken generator, whereas a type B
GB corresponds to a pair of canonically conjugated broken generators. Nonetheless, type A
GBs typically have linear dispersion relation, while type B GBs have quadratic dispersion
relation, even if there are exceptions, namely when the breaking of spacetime symmetries is
involved (see sec. VI.A of [55]).

In next section we will briefly analyze a basic field theory model where Lorentz invariance
is explicitly broken by a chemical potential, and both type A and type B Goldstone bosons are
encountered.

1.3.1 Relativistic-like theories with a chemical potential

The field theoretical model that we discuss here is inspired to the one presented in [38, 39],
which shares in turn the same symmetries and the same pattern of symmetry breaking as
the holographic model that we consider in Chapter 4. In the weak coupling limit, we can
compute the two-point correlators at tree level, derive the Ward identities in absence of
Lorentz invariance, but also extract the dispersion relations and the spectrum.

The model consists in theory of a complex scalar doublet @ of a global U(2) symme-
try, where a non-dynamical abelian gauge field B, = (1, 6) introduces a non-zero chemical
potential u, which explicitly breaks Lorentz invariance in the otherwise relativistic action

S= —fddx (0, +1B,)0" (0" - iB*)® + M0 @+ A"’
- fddx |30+ i)@' (3 - i) @ - 9,019,0 — M2l 0~ A (01 0)?] . (1.61)
Using (1.3), we can compute the four conserved currents,
J4=i®d 7%, ®-i0,®' T*®+2B,0' T*®, with a=1{0,1,2,3}, (1.62)
where T¢ are the generators of U(2) in the fundamental representation, namely

+1 0 +i 0 0 -

+1 0
1
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1.3. Goldstone theorem in non-relativistic field theories

It can be easily checked that, for any value of u (which is real), the currents (1.62) indeed
satisfy the U(2) current algebra, given by [T%, T?] = i 4P T¢, with ¢ = 0 if any of the indices

abc

is 0, and f¢ = ¢ otherwise, where €’ is the usual completely antisymmetric three-

dimensional Levi-Civita symbol.

When p? > M? (i.e. always if M? < 0) the theory settles in a vacuum where the global
symmetry is broken down to a U(1), so we have three broken generators. For definiteness, we
choose areal vev for the bottom component,

0 B L2 — M?

@0:(1}), mﬁﬂllﬂ._——az——, (1.64)

so that the component %(1] + 73) is conserved, whereas the other three generators, %(1] -3, 71,

72, are broken. We can then consider small fluctuations around the vacuum, in their real and

@:( “+w.), (1.65)
v+p+in

imaginary parts,

and work out the quadratic part of the Lagrangian, which reads

<

quad = —(3#06“0 - 6ﬂ96“9 - aﬂpaﬂp - O#naf‘n +

~2u (00,0 —00,0 + pd,m—1d,p) — 4AV* p* . (1.66)

This Lagrangian seems to have only one massive particle, and so three Goldstone bosons for
the three broken generators. However, we will see that it is not the case, as soon as we inspect
the low-momentum eigenvalues of the mass-matrices, which in momentum space (0, — —iw)
are given by

? - 2ipw o W - —4A? 2ipw
(o) " O +(p 7) , N aen
“2ipw -k 0 -2ipw w” -k i1

The low-momentum zeros of the determinant of the above matrices yield the dispersion
relations.

For the p-m sector, we have

2
72
wE ~ 40V + 4p? w§~%

Ave+u

(1.68)
This is the ‘relativistic-like’ sector: indeed we have a Higgs-like massive particle, and a Gold-
stone boson with linear dispersion relation. However, the constant of proportionality depends
on the chemical potential and it is always different from one, except for u = 0, when Lorentz
invariance is restored.

The mass-matrix of the o-0 sector, instead, yields the following dispersion relations
>2

wy ~2W, Wy ~ ﬁ . (1.69)
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Chapter 1. Symmetry breaking in quantum field theory

Remarkably, a massive mode arises even in this sector, leaving a unique Goldstone boson
for a pair of broken generators. Furthermore, this latter exhibits a quadratic dispersion
relation. Notice that the mass of the massive partner is proportional to the Lorentz breaking
parameter [12], so it can be kept hierarchically small by lowering the chemical potential.

Let us see that we are precisely in a situation where a charge density has a non-zero
vacuum expectation value, so that the commutator of two broken generators consequently has.
From the expression of the currents (1.62), and using the definition of conserved charge (1.5),
we have

(11, = [ [dx (w2 =1 [dF (BR])g#0, (70

since
(Ji)o = —ﬂq%Te’% = —uv®. (1.71)

We notice that, on the contrary, (J}), = 0 and (J?), = 0, so that (1.70) is the only charge
commutator having a non-vanishing vev. We conclude the analysis of this field theory model
by deriving the Ward identity for the vev of J3 from the tree-level propagators.

1.3.1.1 Non-relativistic propagators and Ward identities

From the mass-matrices (1.67) we can read off the tree-level propagators. We write down here
those of the 0-0 sector, which are those that we will make use of,

. W’ K
TR = )
by
—i{o(=k)B(k)), = (wz_wgﬁzz_wg) =i(0(-ko k), , (1.72)
W’k

-i{0(-k)0(k)), = ,
OB ™ G =)

where the location of the poles are given by the dispersion relations that make the determinant
of the respective mass matrix vanish, and whose low-momentum form are those showed
in (1.68-1.69).

In the broken symmetry vacuum, the currents can also be expanded at the linear order in
the fluctuated fields, obtaining:

JS=—vé,m+2vB,p=-J3,
Ji=-v0,0+2vB,0, (1.73)
J:=-vd,0-2vB,0.

With this expressions we can compute the current-current correlator <6V Jivr f >0 in momentum
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space

—ikY(JL =R (), = v° [(wz — ) ((=i)00)g + 201 (00)o ) + 2iwp (21400 — i <aa>0)]
w? — - 4plw?
(0* - 0f)(w? - w3)

=2ipv? ==2if'"3(J3), (1.74)
where the simplification in the last line comes from the fact that the numerator is precisely
the determinant of the mass-matrix (1.67) which vanishes at the location of the poles, and we
have used (1.71) as well.

So we have retrieved the Ward identity from the dispersion relations. We have in a sense
reversed the logic of (1.54), where we have shown that is possible to derive the dispersion
relations from the Ward identities. Of course, the kind of current-current Ward identity of (1.74)
can be obtained in full generality from the path integral invariance, as it was done in Section 1.2
for the current-scalar Ward identity (1.34). We have just to start from the the path integral of
the charge density, and repeat the same steps.

In Section 4 we obtain holographically the analogous of the Ward identity (1.74), as well as
all the other Ward identities, for a holographic model that enjoys the same symmetry breaking
pattern as the one presented here.

1.3.2 Goldstone bosons in Lifshitz invariant field theories

In this section we want to very briefly introduce Lifshitz invariant field theories, and discuss in
particular the characteristic features of the elements that we are concerned with: symmetry
breaking, Goldstone dispersion relations, Ward identities. We start by deriving correlators
between currents and order parameters in low-energy effective field theories of Goldstone
bosons. We then discuss how the qualitative features of these correlators can be extracted
from the Ward identities.

Lifshitz invariance is an anisotropic form of scaling invariance: it rescales differently

space and time. Namely,

t — Afr,
(1.75)

x;, — Ax

i
where Lifshitz scaling parameter z is also called the dynamical critical exponent. For z =1 we
have the relativistic scaling invariance, whereas with any z # 1 Lorentz symmetry is violated.
Thus, one of the theoretical interests in Lifshitz invariant field theories is driven by the will to
find an analogous of conformal invariance for non-relativistic QFTs.

Consider the following low-energy effective action for a Goldstone boson in a field theory

which is invariant under Lifshitz scaling (1.75) [20], as well as under time reversal,
S= [ dx %(thdtﬂ— (-1)7env*n), (1.76)
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where V2 = 3,0;, and the sign in front of the second term is chosen such that the dispersion
relation reads w? = £k?%, so that we can set ¢ = 0. The relativistic case is z = 1, £ = 1. It can be
more reassuring to think of z as an integer, but it can really take any value (here we will mainly
consider z = 1).

Assuming ¢ does not scale, the scaling dimensions are the following:

_d-1-z

0=z, [0;1=1, I[n] 5

(1.77)

Note that for d < z+1 the scalar field has vanishing or negative scale dimension, which makes
its fluctuations long range, rendering the effective action ill-defined. This will turn out to be
a problematic case as well in the corresponding holographic setup of Chapter 5, where the
‘BF bound’ for temporal component of the vector field will be given precisely by d = z+ 1 (see
eq. (5.46) and the discussion below).

The propagator for r, that we can extract from the action (1.76) is the following, in Fourier
space,

(m(m(=k)), = (1.78)
w

i
2 - ekl
It has the correct scaling dimension, since 2[r] — (d =1+ z) = -2z = -2[w].

The action (1.76) enjoys a shift symmetry 7 — 7 + va, with v the vev and a the parameter
of the transformation. This is indeed expected for a Goldstone boson. In order to find the
current that generates this symmetry (which is broken by the vev v), we promote « to a
space-time dependent function, and define

6aS:fddx (0,a1,-0;aJ;) . (1.79)

We then obtain
Jy=vd,m, Ji=(D"1ewv 20, (1.80)

They are linear in the Goldstone field, as it should be for currents of a broken symmetry (at the
lowest order). The conservation law is

—0,J;+0,J; =—v (07 + (-1)*¢V¥) =0, (1.81)

from the equation of motion. Note that it reads exactly as in the relativistic case, although the
dimensions of the currents are here changed:

Ud=d-1, Uil=d+z-2. (1.82)

We can now see how the conservation law appears in two-point functions, that is in
the Ward identities. Recall that here the operator breaking the symmetry is = itself, with
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(847), = v. Using (1.78), we have

J(n(=k)), = —ive (im)y = —F2— (1.83)
< ) - gl
n k&> 2
<]l-(k)n(—k)>o ilvk; %l 2 M) = —ljjz_lw ) (1.84)
so that a? s
iw(J )+ ik (J;m), = e wflkl =iv. (1.85)

2R w2 — ek
This is again the Ward identity (1.35),

=0, (Jim) +0;(Jim)y=i(0a7)q (1.86)

keeping implicit the delta function of the contact term.

We can briefly consider also the case of a theory which has Lifshitz scaling but not time
reversal symmetry. The low energy action is then”

fdd (iy* 0,9 — (=) wVy) . (1.87)

Again, it is easier to consider z even, but it can be generic. Now the dimension of the Goldstone
field is
d-1
[y]= — (1.88)

Note that it is always positive as long as d > 1. Its propagator is

Wy = ——, (1.89)
w |

We can again derive the currents,
J,=—ivy,  Ji=—(=Dfv{V¥%eyp. (1.90)
and verify that the Ward identities are realized again:

. . 7C'Z
io(Jy)y+iki{Jiw)y= - ’_”(‘l‘;,clz - al)y_c(lmllz =iv. (1.91)

1.3.2.1 From Ward identities to the Goldstone boson

Having seen how the Ward identities are realized in a specific example of a low energy effec-
tive theory, we now reverse the logic and start from the Ward identities in order to find the

"The linearity in time derivatives forces us to take a complex scalar field, otherwise the action would be a
total derivative. However, only one massless physical degree of freedom arises, the Goldstone boson. We assume
boundary terms that make the action real.
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Goldstone boson. We have
~0,(J;0)y+0{1,0)y=i(0),, (1.92)

for some operator which transforms under the symmetry generated by the currents, and which
has a vev that breaks the symmetry.

Using the invariance under spatial rotations, we parametrize the correlators in Fourier
space as follows,

<]t@>0 = f(‘“rll_él) ) <]i@>o = _kig(w’l%l) . (1.93)

Note that [f] = A—z and [g] = A — 2, where A is the dimension of the operator . The Ward
identity then implies

wf-kg=1(0),. (1.94)

Obviously, assuming (0) finite and non zero when w, k| — 0, then either f or g, or both, have

to blow up, signaling the presence of a massless particle in the spectrum, the Goldstone boson.

Let us be more precise. Take first |k| — 0 with  # 0. Then, assuming g finite in this limit,

we have f — ﬁi. Similarly, when w — 0 at |kl # 0, we have g— —%. We can then rewrite
(@) = Oy =
f=—f, g=—(f-1). (1.95)
w IkI? =)

where f is a dimensionless function of w and k.

There are two trivial ways to satisfy the Ward identity, which is setting either f =1 or f = 0.
These two choices do not corresponding to propagating degrees of freedom: they correspond
to the two previously taken limits, and yields the degenerate dispersion relations k* = 0
(independently of w), and w = 0 (independently of ), respectively. We want rather o — 0
aslkl -0, giving a proper dispersion relation w = w(|l_é|). Thus we consider the relevant case
where f is a non-trivial function.

If we require that the low energy theory has Lifshitz scaling, then f must be a function of
|®

o v
The conditions on the w — 0 and |k| — 0 limits translate into

the ratio x = If we also impose time reversal symmetry, then it must be a function of x2.

fx=0=1, fx=00)=0. (1.96)

We can readily find simple functions that satisfy the above requirements, and reproduce the
single-particle correlators obtained previously.

First, we let time reversal be broken, and we take

s 1 w
- — — (1.97)
! 1-0x o —(lkl?
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In this way, using (1.93) and (1.95), we have

(O) (0)
(Ji0)y=—2—Cb = —2—, (1.98)
o w-{kl*  w-(lkl
Y klkl* %@
(10, = ki (1— ‘“m):‘( —Ct (1.9
|kl w —(lkl w—{lkl
recovering the same form as in (1.91) (with the identification () = v).
Imposing now time reversal invariance, we can take
~ 1 0)2
fr= = === (1.100)
T w2l
so that
(©) 2 w(0)
(Ji0)y=—2—— = 2, (1.101)
O @?—Ekl” w? -kl
o 2 kK@
{(Ji0)y=k; <*>20 (1 - 22|~ i "<?_z>0 (1.102)
Ikl w? — &kl w? —¢Elk

which are the same as (1.83)—(1.84) (again with the identification (0), = v).

Note that in both cases, more complicated functions can be taken. However, all these
functions will involve a denominator with a polynomial in x (or x%). Near the roots of this
polynomial, the functions will all be very close to those that we have taken.

Along this first chapter, we have seen in a general fashion and in various simple examples
how the Ward identities for symmetry breaking are a strongly general feature, which applies to
non-relativistic field theories in the same way as they do for relativistic ones. Moreover, we
have pointed out how contact terms in the Ward identities are connected to the presence of
massless Goldstone modes in the spectrum, and we have explored what information they can
unveil over the dispersion relations of such gapless modes.

In part II, we will see how to retrieve the non-perturbative structure of Ward identities
for symmetry breaking in holography. Before, let us introduce, in the next Chapter, the
holographic correspondence, and the main computational tool that we will adopt in part II,
holographic renormalization.
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¥4 Holography from a boundary-
oriented perspective

The duality between quantum, strongly-coupled field theories and classical, weekly-coupled
gravitational theories has been originally conjectured [13] and affirmed between asymptot-
ically Anti de Sitter (AdS) space-times and conformal field theories in flat space. Yet the
holographic principle seems to hold in a much broader variety of different cases, as for in-
stance in the case, relevant for us, of non-relativistic bulk geometries. As Jared Kaplan affirms
in his lecture notes on AdS/CFT correspondence [56]: “AdS/CFT is many things to many
people”. The gauge/gravity duality is then even more things for at least as many people, so let
us say what it is to us.!

Let us start from the original concrete realization of AdS/CFT [13]. Maldacena considered
N coincident D3-branes in type IIB string theory, where the low-energy limit provides two
alternative descriptions. On the one hand, in perturbative string theory at low-energy, where
only massless excitations are important, massless close strings have irrelevant interactions
and decouple, while massless open strings ending on the D3-branes have dimensionless
coupling and survive. The resulting theory of interacting SU(N) gauge fields living on the
four-dimensional (flat) world-volume of the N D3-branes is A" = 4 SU(N) super-Yang-Mills
(SYM), with Yang-Mills coupling gy, given in terms of the string coupling g, by the identi-
fication g%M ~ gs. On the other hand, D3-branes are black brane solutions of supergravity
(low-energy classical limit of string theory). In this picture the low-energy limit selects the
near-horizon region, and the near-horizon geometry of D3-branes in 10-dimensional type IIB
supergravity is given by AdS; x S, where S° is the five-sphere and the AdS radius L is given
by L* ~ g,N I}, where [, is the string length.

So, we have taken the same limit of a single theory, and obtained two apparently very
different theories, which nonetheless should be equivalent: A" =4 SU(N) super-Yang-Mills

1Giving a review on holography is far beyond the purpose of this dissertation. For complete and pedagogical
introductions we refer to the copious existing material, as for instance [41, 57-62].
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Chapter 2. Holography from a boundary-oriented perspective

on flat space on one side, and supergravity on AdSs x S° on the other. Let us first remark
that the symmetries match on the two sides: the group of isometries of AdS; coincide with
the conformal group in one less dimension, SO(4,2) (and this is true for any dimensions),
the symmetry of the five-sphere, SO(6), matches the SU(4) R-symmetry of A" =4 SYM, and
supersymmetries are the same on both sides.

However, the two approximations are valid in opposite regimes, which is the essential
property of a duality. Indeed, the perturbative description holds when perturbation theory
applies, that is for g,/N <« 1. On the other hand supergravity, i.e. the classical approximation, is
reliable if the quantum corrections are negligible, so g, — 0, and if the AdS curvature radius L
is larger than the string length [, which is true for g;N > 1, which implies N — oo.

Let us summarize by introducing the 't Hooft coupling A [63], so that
L4

l—4~gsN~g\2{MNE)L. 2.1
S

If in SU(N) Yang-Mills theory one takes N to be large, but gy,; small enough so that 1 « 1,
perturbation theory applies, and 't Hooft showed [63] that at large N quantum loop diagrams
organize according to the topology, with decreasing powers of N as the genus of the diagram
increases. In this way, planar diagrams are dominant in the large N limit (which for this reason
is also called planar limit).

In conclusion, if we can commute the low-energy limit with the fact of moving continu-
ously between the weak-coupling regime A < 1 and the strong-coupling regime A > 1, then
the duality is established. This last assumption is assumed to be true, but it is very hard to be
proved or disproved, precisely for the fact that in the regime where one side of the duality is
controllable, the other is hardly tractable, and vice-versa. At the same time, such duality is a
very powerful and promising tool, precisely for the fact that when one of the side is obscure,
the other is generically under control.

Anyway, many non-trivial checks of the duality have been performed, in particular on
supersymmetry-protected quantities, which can be computed on both sides [64], but also
by a large variety of constructions, which suggests that the duality holds beyond its original
AdS/CFT framework. Actually, in the perspective of our discussion, we precisely wish it to
extend to the broadest possible class of theories (namely non-relativistic space-time, non-
conformal field theories, and so on). On the other hand, since we are mainly interested in
using holography to study quantum field theories at strong coupling (in this sense, a boundary-
oriented perspective), we are happy with the classical approximation for bulk gravity (which
for our purposes will actually be even non-dynamical).

Letting the quantum completion of our classical gravity be string theory as well as what-

ever other theory of quantum gravity, for the aims of this thesis we assume

L4
T >1, (2.2)
Pl
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meaning that the size L of our bulk space-time is large with respect to the Planck length Lp,,
that is the scale where quantum gravitational effects become relevant, so that the curvature is
weak and the classical description of gravity holds. In turns, this implies that the dual QFT
contains a large number of degrees of freedom.

In this range of validity, a weaker/broader holographic principle can be formulated, which
is embodied by the following statement [40]: the on-shell partition function of a classical
gravitational theory in a given (d +1)-dimensional space-time .# is equivalent to the (off-shell)
generating functional for correlation functions of a gauge field theory with no gravity on the
boundary 0.4 . In formulee:

. ograv . /
e'Sa = exp [lfﬂ d¥*'x —8 Zulyl on-shell]

(e[t [, a7 000,]), = Zar

= (2.3)

where g is the determinant of the bulk metric, £ the one of the corresponding induced metric
on the boundary, ¢ is a generic classical bulk field, ¢ is its asymptotic boundary value, and 0,,
is the boundary operator defined in this way as dual to the bulk field ¢. Notice that the left-
hand side of this equation explicitly relies on a weak-coupling local Lagrangian formulation,
whereas the right-hand side is the generating functional for correlation function in a general
QFT, which is valid regardless of the strength of the coupling.

The actual meaning of the left-hand side will be made clear in the following, but it is
already evident from the right-hand side, that equation (2.3) furnishes a prescription for
computing QFT n-point correlation functions. Defining #4pr = In Zpr, we have the following
formula for connected n-point correlation functions

6" Warrlgl
(Bp,(x1) -0 (x,))g = (=1)" — S vl (2.4)
5(p01(x1)---6(p0"(xn) ©o=0
LomisE
=(-0" —; " (2.5)
6(p01(x1)~~~6(p0”(xn) @o=0

where we have allowed for various boundary operators @, dual to various bulk fields ¢”.

Furthermore, we remark that the boundary dual operator has not to be a scalar, it can
be any sort of composite QFT expressions, however, since it couples to the source ¢, in
the generating functional Zpr, it must have the same symmetry properties and quantum
numbers as the corresponding bulk field ¢. In particular, for a conserved current /# we have

exp [z[ d%%\/~g Aoﬂj“] . 2.6)
ol
As already discussed in Section 1.2 around eq. (1.31), the gauge invariance of the measure

in the generating functional entails that the source of a conserved current undergoes gauge
transformations. Thus, in holography this implies that the dual field of the conserved current
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Chapter 2. Holography from a boundary-oriented perspective

of a global symmetry on the boundary is given by an actual gauge field in the bulk.

Let us now focus on the left-hand side of the foundational equation (2.3): the bulk
action should be put on-shell by means of the bulk equations of motion, and the sources for
dual operators identified. Then, suitable boundary conditions, and the capability to solve
the equations of motion, allow to express the boundary action in terms of the sources only.
However, the operation of reduction on the boundary may produce diverging terms. Such
divergences can be removed in a consistent way, identifying at the same time the sources for
dual operators, by a procedure called holographic renormalization, by analogy with its field
theoretical counterpart. Next section is devoted to illustrate such procedure in detail.

2.1 Holographic renormalization

The idea of holographic renormalization was first proposed in [65, 66], and then developed in
a systematic way in [28-30]. Here we illustrate it through the minimal example of a real scalar

field ¢ of mass m, on an AdS,,; fixed background, following an approach similar to [67].

®
Several more examples of holographic renormalization will follow throughout the holographic

models of Part II.

We thus consider the following bulk action,

S= —%fdd“x V-8 (gm"am<pan<p+ mi(pz) , .7

where Latin letters indicate indices in the (d + 1)-dimensional bulk, while Greek letters indicate
indices in the d-dimensional boundary, which are contracted in the usual way with mostly-
plus Minkowski metric?, and where the AdS metric in the Poincaré patch is defined by

1
ds® = = (dr2 +dx“dxu) , sothat g'"=r?, g=r*p, (2.8)

where we have set the AdS radius L = 1. We call r holographic coordinate or radial coordinate,
and the boundary is located at r = 0.

The variational principle gives the following equation of motion

—_L _ 0L _5;.?_ d+1 —d+1 2 2
0= 6m(\/ g56mcp) =r ar(r 6r(p)+r U -mye, (2.9

V=g o

where with the box we indicate the d’Alembertian in Minkowski space, [] = d,,0". Exact analytic
solutions to this equation are given in terms of Bessel functions, as we will see in Section 2.1.1.

2 We choose to adopt from the beginning the ‘physical’ Lorentzian signature, rather than the Euclidean one, even
if the holographic renormalization and the computation of correlation functions require careful treatments [68, 69],
related to the causal ie prescription for (time-ordered, retarded, advanced) correlation functions in QFT. However,
for the setups presented in this work, which involve no temperature and no time-evolution, the actual Lorentzian
computation would be uselessly complicated and equivalent to the Euclidean one with a final suitable analytic
continuation to real time (Wick rotation), and indeed it is what we will be implicitly doing all the time.
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2.1. Holographic renormalization

For the moment, we just need the asymptotic behavior, which can be easily determined by
solving the equation order by order in the near-boundary expansion, obtaining [40, 70]

@=rT g+ gy + )+ @+ PPy + ), (2.10)

2
with A= y /42 (2.11)

This power expansion holds whenever 2A — d is different from zero, and is not an even integer,
so for A # % + n, with n non-negative integer. Otherwise, the two parts of (2.10) mix and
logarithmic terms arise, as it can be checked from the equation of motion (2.9) itself. The
presence of logarithms does not represent any insurmountable obstacle, nonetheless we avoid
them for the moment in order to keep the discussion simpler, and we postpone their treatment
to Section 2.1.2.

The value A = % is a minimal value for A, and it corresponds to the minimal value that the
scalar mass can get for the argument of the square root in the definition of A to be non-negative,
that is

d2
mi=—— (2.12)
¢ 4 '
This defines the BF (Breitenlohner-Freedman) bound for the AdS scalar mass [71]. Masses
below this value correspond to tachyons in AdS. Nonetheless, AdS squared mass can get
negative values, with still positive energy, since AdS curvature compensates with a positive

contribution to the energy.

If we identify the asymptotic leading term ¢, as the source for the dual boundary opera-
tor @’(p (2.3), then A (that is the asymptotic exponent of the sub-leading mode ;) turns out to
be the scaling dimension of @(p, so that we will call ¢, the response’. Hence, the BF bound
constitutes a lower bound for the dimension of the boundary operator: A = g. Actually, in a
conformal field theory there is a lower bound for the dimension of scalar operators, given by
unitarity [72]:

d
A>—=-1. (2.13)
2

However, the BF bound is above the unitarity bound, and there are no reasons from the
boundary point of view for the dimension of 0, not to be allowed to go down to the unitarity
bound. And indeed values of the scaling dimension between the unitarity bound and the BF
bound can be accessed by making ¢, the source, so that the the dual scalar operator is of
dimension d — A (i.e. ¢, is the response).

Breitenlohner and Freedman themselves [71], demanding finiteness of the AdS action

2 d? . d
q[,>—T+1,thatlsA>§+1,

only one choice of boundary condition (¢ is the source) is acceptable. Instead, for

and positive definiteness of the energy, actually showed that for m

d2 ) dZ
—Z<m(p<—Z+1 (2.14)

two alternative AdS-invariant quantizations are admissible. For ¢, as source, we have an
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Chapter 2. Holography from a boundary-oriented perspective

operator of dimensions A, with % <A< g +1; for ¢, as source, we have an operator of
dimensions A = d — A, with % -1<A< %, filling in this way the window of dimensions
between the BF bound and the unitarity bound [70, 73-75].

We will see in detail how to set these different boundary conditions, and how holographic
renormalization, besides removing divergences, actually allows to fix which are the sources,
and consequently select the quantization.

Now, let us go back to the action (2.7), and try to reduce it to the boundary, in order to be
able to apply our holographic principle (2.3). We first integrate by parts, and use the equation
of motion to put the action on shell:

S= —%fdd“x [dr(r_d“(par(p) —0,(r"*18,¢) - r~ ™ oOp+r ' mie?

= —%fdd“x 6r(r_d+1(p6r<p) ) (2.15)

We are left with a total derivative in the radial coordinate, so the action can be reduced to a
boundary term?®, and expanded according to the asymptotic expression (2.10),

1 —
Sreg = Efrzeddx rpro,g = (219
3t (1P - mgo + 12 - A4 Dy + o+ ) o,
r=e

where we used a small € as regulator for the potentially divergent terms, and the dots repre-

sent sub-leading terms of the order O(rd_2A+4). We can see that the leading term is always
divergent, the minimal value of A being g, that is at the BF bound, where the divergence is

logarithmic, as we have already pointed out.

Let us focus first on the most dangerous term. We want to remove it by a boundary
counterterm, which should not drastically modify our bulk theory. Then, we demand the
counterterm to be local and invariant under all the symmetries induced on the boundary
by the bulk action (gauge invariance, space-time symmetries and internal symmetries). For
the specific case of the action (2.7), which possesses Poincaré symmetry and a global Z,
invariance, the only terms we can write with the field content of the bulk action, i.e. the
real scalar ¢, are a kinetic term or a mass term. We will see that the former actually leads to
alternative quantization, but we consider first the latter, namely

Set = —%fddx V=g ¢*= (2.17)
= —%fddx (rd_2A<p0+ rd=284220, + ... +2¢0)<p0,

where g, is the d-dimensional metric induced on the boundary by the bulk (d + 1)-dimensional

3The on-shell action reduces to a purely boundary term because the considered action is quadratic. With cubic
interactions, for instance, bulk terms would survive. However, as far as two-point functions are concerned, the
quadratic part of the action is all we need.
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2.1. Holographic renormalization

metric g,,,,, which in the present case is just the flat Minkowski metric rescaled by r?: =
-2
L S
This counterterm serves to cancel the leading divergence in the regularized action (2.16),
but leaves sub-leading divergences whenever A = % +1,

Sreg+ (d-N) S((:(t)) - %fddx (rd—2A+22(pl +...+2A-4d) @O) Py - (2.18)

However, the coefficients of sub-leading terms ¢,, can always be related to the coefficient of
the leading term ¢, by means of the equation of motion. This traces the road to write the
additional counterterms we may need.

For instance for the term proportional to ¢;, which by the equations of motion is given

by
1

= m D(po y (219)

y

we have

Sg) = %fddx \/—?gW(paudv(p = %fddx (rd_2A+2 @D, + ) =
- % 2A—d-2) fddx (rd_2A+22(p0(p1 + ) , (2.20)

which, dressed with the suitable numerical factor, is indeed able to cancel the leading surviving

(rd—2A+4)

divergence in (2.18). The dots here represent sub-leading terms of order O . They can

still be divergent, but again we can use the equation of motion, which actually give, for any 7,

1 r[A-4-n]

- - =2 T Oy, 2.21
2n(2A—d-2n) T g _d] %o (2:21)

Pn

as it can be easily verified by induction. Thus, the sub-leading divergences can be removed,
order by order, through a counterterm Sé’t’), similar to (2.20), but with n powers of d’Alembert
operator, until no divergent terms are left.

However, for the purpose of computing correlators and Ward identities, we do not even
need to do that. Indeed, with the exception of the special case where the scalar mass saturates
the BF bound*, the term proportional to ¢,@, (i.e. to the two independent leading modes of
the solution (2.10), which will be identified with the source and the vev of the dual operator) is
always finite in the leading counterterm S((:(t)) (2.17), and always vanishing in the rest of sub-
leading counterterms Sé{%. Thus, precisely this term, bi-linear in the leading and sub-leading,

4 At the BF bound the presence of a logarithm in the leading term affects the definition of the source, forcing the
introduction of a scale a so partially violating conformal invariance [76, 77]. In Section 3.2 we will treat the case of
a Maxwell vector field in AdS3, which is analogous to that of a scalar at the BF bound.

5This fact has been shown more systematically using a different renormalization technique based on dimen-
sional regularization [78].
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Chapter 2. Holography from a boundary-oriented perspective

yields the main part of the renormalized action

Sren = (A - g) fddx (pO(TéO . (2.22)

When logarithmic divergences are present, this renormalized action gets modified by scheme-
dependent finite pieces, as we will see in Section 2.1.2.

Now, we affirm that, in this renormalization scheme (2.17), ¢, is the source for the dual
boundary operator G, which has dimension A, with A > % by the definition (2.11).%

In the path integral formulation, the source is a field that is coupled to a given operator
of the theory, and whose variation should be set to zero in order to preserve the variational
principle (invariance of the action). In this way, the source is dual to the associated operator,
and allows to generate the correlation functions for that operator.

So, in order to verify that ¢, is actually the source, we have to check the variational prin-
ciple on the renormalized action (2.22). The correct variation of the renormalized action is
not the naive variation of expression (2.22), is rather the variation of the bulk action (2.7), put
on-shell and reduced to the boundary, and then renormalized by the variation of employed
counterterms, which removes divergent pieces. Basically we have to repeat the renormaliza-
tion procedure on the variation § S, so in practice the variation of the renormalized action is
rather the renormalization of the varied action.

For the on-shell variation of the bulk action we have
= —fdd“x V-8 (gmnam(p6n6(p+m§,(p6(p) :[ di r 46¢ro,¢g=
r=e
= f d?x [(d—A)rd*2A<p05<p0+ +A(~pO§<p0+(d—A)(p05(ﬁo] . (2.23)
r=e

On the other hand, the variation of counterterm (2.17) yields

059 =~ [dlx V=F 9o =~ [alx |12 000+ ... + 5o+ 93|

which, with the same numerical factor as in (2.18), removes the leading divergence. Possible
additional divergences can be removed by the variation of the respective counterterms, which

yet do not affect the finite terms. Thus, we finally have
8Sen = 08+ (d— ) 8SY) = (2A - d) f dx Podeq, (2.24)

where only the variation of ¢, appears. The variational principle for the boundary action
imposes 6¢, = 0, so that ¢ is correctly identified as the source for the dual operator.

Finally, we remark that, once ¢, is established as the source, the response ¢, can be
related to the vacuum expectation value of the dual operator G,,. Indeed, applying (2.5) on the

6 In the so-called alternative quantization scheme, the renormalized action will be changed by a sign (see
eq. (3.94)) and the source would be ¢, sourcing a boundary operator of dimension A = d — A, with —— <A< ‘2’3, as
we will see in the following.
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2.1. Holographic renormalization

renormalized action (2.22),

6 Sren

<@(p>0: 5(P0 o=0

= (20— d) @y| 0o=0 - (2.25)
For these reason the response is usually referred to as the ‘vev’. A fixed (non-vanishing with
the source) value for the coefficient of the sub-leading mode, then returns a non-vanishing
vacuum expectation value for the dual operator in the boundary theory. This is relevant when
we want to describe spontaneous symmetry breaking in the boundary field theory.

We will now show that a different counterterm can cancel the same divergence as (2.17),
yet giving the opposite quantization, where ¢ is the source and ¢, the response We recall
that we are in the window (2.14), where double quantization is possible, so 5 dn<d + 1, and
for this range of values of A the leading divergence is the unique d1vergence in the on-shell
action (2.16) [74, 75].

We consider the following boundary term,
SO = f d% /=g (ro,¢)" = (2.26)
= —?/ddx (d—A)rd_ZA(p0+2A$0) Yo -

We point out that this counterterm is made out of the square of the conjugate momentum
of ¢ in the holographic coordinate, and it is actually related to counterterm (2.17), which is a
square in ¢, by a Legendre transform’, namely

1 5O

=55 (2.27)

d ) _
fd x(pH(p—(d—A)S
where l'[(p = r0,¢. This expression actually furnishes the suitable numerical factor for (2.26) to
cancel the leading divergence in the regularized action (2.16), yielding
S,

ren

_ 30 _ d d ~ _(~ d d ~
= Segt & AS —E)fdx(pg(pg—(A—E)[dx(pO(po. 2.28)

So, the renormalized action for a real scalar in alternative quantization is identical to the
one in standard quantization (2.22), except for the opposite sign, which again corresponds to
replacing Aby A =d — A.

It is straightforward now to check the variational principle on this last renormalized
action. From the variation of the bulk action (2.23) and the variation of counterterm (2.26),
we obtain

8Sen =08+ —— 65 = (d - 2A) f d%x ¢, 6, (2.29)

d A
which indeed requires to set 6, to zero, so that now ¢, is the source.

We are now ready to use the holographic principle (2.3) to explicitly compute two-point

"The fact that the holographic generating functional in alternative quantization is related to the holographic
generating functional in standard quantization by a Legendre transform was first suggested in [70].
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Chapter 2. Holography from a boundary-oriented perspective

correlation functions for the dual operator 0, of dimension A (in standard quantization), and
for 6(17 of dimension A (in alternative quantization).

2.1.1 Two-point functions from the renormalized action

The two-point correlation function is by definition a non-local function. Let us define, for
conciseness,

(Op(0)G,(x))y=~if,(x—x), (2.30)

and then express the generating functional (2.4) at quadratic order in the sources,

i ! /! !
Worrleol = Efdydy PN (¥ =)o (y),

so that the formula (2.4) on this last expression correctly reproduces (2.30). This suggests that,
in the standardly quantized renormalized action (2.22), the response ¢, should be related to
the source by a non-local function, namely

(2 —d) Go(x) = f,(x = x)po (') . 2.31)

This fact is achieved by imposing ‘boundary’® conditions in the bulk. Indeed, with the
renormalization procedure we have fixed boundary conditions on the boundary of AdS. In
order to have a unique solution to the second-order equation (2.9), we need to fix another
boundary condition, on the opposite side, that is in the deep bulk r = co. Precisely this latter
will relate the source and the response of the near-boundary expansion, as we will see explicitly
in a while for the example presented here.

Before, let us apply the formula (2.5) to the renormalized action in standard quantiza-
tion (2.22), and use (2.31) to obtain

(6,08, (X)) = —i % = i2A=D ‘;‘(’;‘;((i ')) = —if,(x—x1), (232)
again consistently with our renaming (2.30).
If we are in alternative quantization, from (2.28) we get
(B (06, (x)) = i 65;:(;‘:;0 b= @A ‘;‘g‘;(;)) = —if,(x—x1), (2.33)
where we have defined
— A=) py(x) = fi,(x = XN Py (%) . (2.34)

8We apologize for the unfortunate recurrence of the word boundary, in this case to design the conditions at
the extremes of a boundary value differential problem, so that we have boundary boundary conditions and bulk
boundary conditions
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2.1. Holographic renormalization

Now we have to find a full solution to the equation of motion, in order to explicitly
determine the non-local functions f,,, f(p. Consider the equation of motion (2.9) in momentum
space,

r*10, (174110, ) - Ko+ Ad - Mgy =0, (2.35)

where ¢, is the boundary Fourier transform of the field, defined by

d .
P, %) =f (gﬂ’;d ey (r) . (2.36)

Rescaling ¢ (r) =7 5 @(k, r), and then performing the change of variable p = kr, this equation
reduces to the modified Bessel equation

p* 0" () +0 @ (p) = (0* + (8- 4)*) pp) =0, 237)

whose solution is given by
@(p) = Cy 1lv; p] + C, K[v; pl, (2.38)

where we have defined v=A - g.

As announced at the beginning of this section, we have to impose boundary conditions
in the interior in order to get rid of one integration constant, the other one being solved by
boundary conditions at the boundary. As you can check in your favorite reference on special
functions, the asymptotic behavior of the modified Bessel function of the first kind I[v; p]
forp — ocois |~ p‘% ef + e~P, while the asymptotic behavior of the modified Bessel function of
the second kind K[v; p] is K ~ p_% e~P. We prefer our solution not to explode in the deep bulk,
and rather be small, if we want bulk gravitational effects be negligible. If we assume p real and
positive (that means, as priorly discussed in footnote 9, k real and positive), the function K
vanishes at r = co.

So, we choose C; =0, and we finally obtain
g d
Pr=Corz KIA=%; kr]. (2.39)

For r — 0, this solution correctly presents

[STISW

oemr Gt (5] e Gt 5] e

9Here by k we rather mean v/k2, which will assume to be real when we impose the bulk boundary condition
here after. This corresponds to k? > 0, rather than the other way round, as we would expect in our mostly-plus
signature. However, the spectrum of the final correlator will be on the right side, i.e. for k2 < 0. Actually it is a quite
general feature of holography that the domain imposed by bulk regularity requirements and the region where the
spectrum is located be complementary.
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Chapter 2. Holography from a boundary-oriented perspective

which, by comparison with the boundary expansion (2.10), allows to determine

C. ey 35 C. A9
w et aGrle T ew

where, with a little abuse of notation, we indicate the Fourier transforms in the same way as
their counterparts in position space. The reader can notice that so far we have not specified
anything about which is the source and which is the response. The solution of the equation
of motion is one and unique, giving the asymptotic expansion (2.10). Everything about
quantization, sources and responses is contained in the renormalization procedure, which
selects either the prescription (2.32) or (2.33).

Since we are in momentum space, the relation (2.31) becomes an algebraic relation,
A -d)pg = f,(k)g,, so that in standard quantization, from (2.32), we have

(0,8, (-k))y=—if,(k)=—i@2A-d) %‘; =—i(20—d) { - ; & )ZA ‘)
In order to obtain the correlator in position space, we have to Fourier transform. Using the
formula
f ﬂ K= ﬁ F[%] 1
em? "t T[=5] lxtn
we obtain

;20-d I[A]
@’ (x)@ ) ,
< =" x% T[a-4] 1x*

(2.41)

which is precisely the expression in conformal field theory for the two-point correlator of a
primary operator of scaling dimension A, thus confirming our holographic dictionary for A.

On the other hand, in alternative quantization we obtain from (2.33)

NI&

NI&.

_ ~ A ] —-2A+d
(@w(k)@p(—k)%:i(ZA—d) =i(2A—d) 2o A]( )
2
r
-i(2A-d) |k
rja-gji2

{ _2 ( )ZA—d,

and Fourier transforming we get

;28-d T[A]
0,(x)0,,(0) .
< =" n% T[A-%] |x2

(2.42)

So, the expressions of the two-point correlator in alternative quantization are identical, both in
momentum and position space, to those in standard quantization, provided that we switch A
with A. This latter indeed represents the scaling dimension of the dual operator in alternative
quantization.
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2.1. Holographic renormalization

2.1.2 Holographic renormalization in presence of logarithms:
scheme dependence and anomalies

Let us conclude this crash course on holographic renormalization by briefly considering a
case where logarithms arise. Logarithmic terms are a bit more annoying from the technical
point of view, but they can be treated in a standard way without any conceptual issue. For the
equation of motion (2.9), logarithmic terms appear in the expansion (2.10) whenever 2A —d is
an even integer (zero included). Let us distinguish two different situations: when we are at the
BFbound,andsoA=d—-A= ‘%, and when we are away from it.

In the former situation, the logarithmic term is the leading, and it is the source in standard
quantization, meaning with this that a mass-like counterterm (2.17) is employed to renormal-
ize the boundary action; by means of the corresponding Legendre transformed counterterm,
the source can be switched to the term without logarithm, but in both cases an operator of
dimension % is described. In the latter situation, instead, the source and response are not
affected by logarithmic terms, which on the contrary appear in the sub-leading divergences.

In both situations, the renormalization works in the same way as described above, and
counterterms have the same form, except that they may need to be dressed with logarithms
where necessary, in order to remove logarithmic divergences. The only crucial consequence of
logarithmic counterterms is that they introduce scheme dependent terms in the renormalized
action (the coefficient of such terms can be modified by arbitrary finite counterterms).

Let us consider again our real scalar field in AdS, for the case 2A — d = 2 (other cases are
not conceptually different), and so

Qo +T lnr(p1+...)+r%+1($0+...). (2.43)

With this asymptotic expansion, the on-shell action (2.16) becomes

(log)Sreg = % - d% [r‘z (g - 1) @o+Inrdo,+dpy+ (pl] ¥ - (2.44)
We can notice that, besides the log-divergent term, an additional finite term is present. The

equation of motion (2.9) relates ¢; to the source, as in (2.19), which though now reads
1
1= 5 Dy (2.45)

Thus, a counterterm of the form (2.20), but dressed with an additional logarithmic divergent
factor,
%ln(r) sY = %fddx (Inr o) = —g[ddx Inr @y, (2.46)

is able to remove the logarithmic divergence in the the regularized action (2.44). However,
we are still allowed to add (finite) counterterms of the form of SS) (2.20) (that is, without
logarithmic factor). Such counterterms, which are related to the holographic matter con-
formal anomaly [28, 79, 80], would modify the coefficient of the finite term proportional
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Chapter 2. Holography from a boundary-oriented perspective

to g, in (2.44), which can be even removed: such term depends therefore on the chosen
renormalization scheme.

On the other hand, there is no way to touch the term proportional to ¢,@, by means of
finite counterterms: the coefficient of such term is fixed once and for all by the leading coun-
terterm Sé?) (2.17). Then, we can eventually state again that the final (scheme independent)
form of the renormalized action is fully determined by the leading counterterm. We finally
have

(logg = % f d?x @q (@ +InADg,) , (2.47)

where InA is an arbitrary constant, which we can adapt by choosing a certain renormalization
scheme, and whose logarithmic form will be justified in a second. Let us first notice that the
expressions for the one-point function (2.25) gets shifted by the scheme-dependent piece of
the renormalized action (2.47).

We analyze now the explicit solution, which, for the Fourier transform, can be read off
from (2.39), replacing the current value for A:

¢ =Cy re K[ kr|, (2.48)

with C, a constant. The expansions near r = 0 gives

a1 G dy k, 49~ k(1 k_ 1
P ~T?2 ?+r24r ]an0§+r2+ C0§(1n§_§+YEM)’ (2.49)
where y g, is the Euler-Mascheroni constant, and from where we read the following expres-
sions for the coefficients:

_ % (2.50)
Py = P .
_ k(. k 1
Po=Coy (In5 ~ 3 +7Em) . 251
@1 = Co2 = 2k ©g (2.52)

where in the last line we have pointed out that the analytic expression for ¢, correctly repro-
duces (2.45).

Finally using the formula (2.5) on the renormalized action (2.47), we obtain the two-point

function
k> %
Z lnp —1+2YEM—11'14 . (253)

We see here that the meaning of A: it is a scale, introduced by the conformal anomaly, which

(6, (00, (-k)), = —i

makes the argument of the logarithm dimensionless.

We conclude this chapter by admitting that here we have presented holographic renor-
malization in a very operational way. We do not pretend to be exhaustive about the subject,
and we point out that a more formal and general approach exists, based on Hamiltonian for-
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2.1. Holographic renormalization

malism and renormalization group flows [81-86] (see [87] for a pedagogical review). However,
the hope is that this introduction will be adequate to guide the reader through the various
applications of holographic renormalization of Part II.
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8] Symmetry breaking in relativistic
holographic setups

In this chapter a minimal holographic model is presented, describing a quantum field theory
where a continuous global symmetry is broken. We consider at the same time the case of an
operator taking a vacuum expectation value, which breaks the symmetry spontaneously, and
the case of a charged operator that breaks it explicitly.

By the procedure of holographic renormalization illustrated in Section 2.1, we retrieve the
Ward identity (1.34), for concomitant spontaneous and explicit breaking. For some specific
values of space-time dimensions and dimension of the dual scalar operator, we provide an
explicit analytic solution for the two-point scalar correlator, exhibiting the pseudo-Goldstone
pole, which correctly reproduce the GMOR relation (1.45).

In Section 3.2 we go down to the two-dimensional case, and investigate the fate of
Coleman theorem in holography, where the large NV limit allows for an evasion of the theorem,
as discussed in Section 1.1.2. The derivation of the symmetry breaking Ward identity, however,
will encompass some subtleties related to the holographic renormalization of a vector field
in AdS;.

3.1 Spontaneous and explicit breaking in a holographic-
dual relativistic CFT

Asintroduced in Chapter 2, eq. (2.6), a global conserved current in the boundary theory is dual
to a local gauge field in the bulk. It is then natural to add a scalar that couples to the gauge
field in the bulk, in order to have a scalar operator that is charged under the global symmetry
on the boundary. The most basic bulk action that we can write with these two fundamental
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Chapter 3. Symmetry breaking in relativistic holographic setups

ingredients' is then
1 . .
szfdd“x V-8 [—ZF'”"an—Dmgb D"p—mip*¢|, (3.1)

where F,,,,=0,,A,,—0,4A,,, D, =0,,¢—iA,,¢, and g,,, is the AdS ;. ; metric (2.8). For our
quest of maximal simplicity, we choose an abelian U(1). Non-abelian symmetries will be
treated in the non-relativistic example of Chapter 4. Here, they would add complications
without increase in generality.

The AdS metric is chosen to be a fixed background here and gravity is kept non-dynamical,
since we are not going to compute correlation functions which involve the stress-energy tensor.
Moreover, we are allowed to neglect the back-reaction of the other fields on the metric because
we will carry out a near-boundary analysis, and the back-reaction would emerge at higher
order in the near-boundary expansions with respect to the computations that we will perform.

In the introductory section on holographic renormalization, we have pointed out that
a vacuum expectation value for the boundary operator corresponds to a fixed profile for
the response-mode (2.25). On the other hand, a fixed value for the source-mode would
correspond to a deformation of the boundary QFT by an operator of dimension A (in standard
quantization; d — A in alternative quantization). If the operator is charged under the symmetry,
as in our case, due to the coupling to the gauge field, then such deformation breaks the
symmetry explicitly [70, 90, 91]. So, giving a background profile to our complex scalar will
allow to trigger spontaneous and explicit breaking of the boundary global symmetry.

Let us then consider the equation of motion for the complex scalar alone, which are
coming from the variation of the action (3.1) with respect to ¢, setting A,, = 0. It reads
ri*19, (rm410,¢) + r*Op - mip =0, (3.2)
which is the same equation as for the real scalar (2.9). Thus the asymptotic solution is
d_ d ~ . d? 2
2V (ot )+ (o ..), with v= VLR

p=r (3.3)

So, in order to arouse the desired spontaneous and explicit breaking on the boundary, we
should give background values to the leading and the sub-leading, namely

bp=mriV+vritV, (3.4)

1For the reader familiar with the literature of the holographic superconductor, a disclaimer is here in order. The
action (3.1) is identical to the one of the very first holographic superconductor [88, 89]. However, besides the fact
that we will not switch on a background for the vector, since we do not want to break Lorentz invariance having
a chemical potential, our purposes are completely different here. In the holographic superconductor the aim
is to describe a system at finite temperature and to furnish a dynamical mechanism which generates a critical
scale where an order parameter appears and a phase transition occurs. In our case, we want just to mimic an
ordinary relativistic field theory at zero temperature, which enjoys a global symmetry, which in turns is broken
(spontaneously and/or explicitly) by a scalar operator. So, in a sense, we are always in the broken phase.
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3.1. Spontaneous and explicit breaking in a holographic-dual CFT

In standard quantization, the leading piece (source) is triggering explicit breaking, whereas
the sub-leading one (vev) is triggering spontaneous breaking. Of course, in alternative quanti-
zation source and vev are switched, and so are explicit and spontaneous breaking accordingly.

The Ward identity structure for symmetry breaking in the boundary field theory emerges
through the precise holographic renormalization procedure, which therefore constitutes our
first task. Let us stay in the window 0 < v < 1, where no scheme dependence driven by
logarithmic terms arise in the holographic renormalization procedure, and in addition it is the
window where alternative quantization is possible (2.14). This restriction will not decrease the
generality of our conclusions.

We then apply holographic renormalization to the action (3.1), for fluctuations above
the background (3.4), and we divide also the fluctuations of the complex scalar into real and
imaginary part,

¢:%(¢B+p+in), (3.5)

where ¢p is assumed to be real for simplicity (and, as we have already remarked in Section 1.2,
on page 22, also for consistency). The rescaling pre-factor v/2 with respect to the generic shape
of the scalar profile (3.4) is designed to match the field theory derivations of Section 1.2.

We partially fix the gauge freedom by setting ourselves in the radial gauge A, =0, leaving
unbroken the boundary gauge invariance only. In such situation, the equation of motion
for A, gives a constraint on the other fields, namely

r?0,0,A" — (g +p)3, 1+ 710, (¢ +p) =0. (3.6)
The equation of motion for A o instead, reads
r?710,(r %30, A,) + r*(0A, - 0,0,A") + (g + p)0,m — 10,0 — (Pp+p)* A, =0, (3.7)
from which we can extract the asymptotic behavior

At=al+rial o+ (@ v ) (3.8)

We can notice that for d = 2 the leading and the sub-leading are of the same order (as
for the scalar at the BF bound), and so a logarithmic term appears: this case will be precisely
the subject of next section, Section 3.2, where we also discuss the issues related to Goldstone

theorem in two-dimensions. For d = 4, a logarithm occurs as well, since ai’ and Zzg are of same

u
0

we will set d = 3, so that we do not have to renormalize the vector, and we have no scheme

order, but this is less problematic since the source al is not affected’. However, in this section,
dependence for either the vector and the scalar. Also, for this value of dimensions, we are able
to provide an explicit analytic solution, in Section 3.1.1. Furthermore, we remark that for our
chosen window of values for v (0 < v < 1), the scalar background intervenes in the equation

2For an example of holographic renormalization of the gauge field in d = 4, we point the reader to [92], where it
is treated in a similar context.
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Chapter 3. Symmetry breaking in relativistic holographic setups

of motion for A, (3.7) at the order d —2v > d — 2, thus not affecting the sub-leading of A,,.
Otherwise, we could not have avoided considering a background for the vector as well.

So, we stay at d = 3, and in addition, since we are interested in two-point functions at
most, we will consider the renormalized action up to quadratic order in the fluctuations. In
such case, we can consider the linearized equations of motion for the fluctuated field over ¢,

which read
rto,.(r 20,p)+r*(0- mi)p =0, (3.9)
r'0,(r720,7) + r*(0-m)n - r’¢po, AF =0, (3.10)
r’02 A, +r*(0A,-0,0,A") +¢po,m—Pp3A, =0, (3.11)
r?0,0, A" — ¢pd,m+m0,¢p=0. (3.12)

Then, the on-shell action at quadratic order in the fluctuations reduces to the following
boundary term

Sreg = fr . d3x

At this point, we note that the quadratic terms are exactly the same that would arise in a

#(ar%)p + %Aﬂa,Au + # (00,p +md,m)| . (3.13)

configuration with vanishing backgrounds. The presence of a non-trivial background must
then show up when expanding the fluctuations near the boundary as powers of r. There
is however one more substitution that we can make, that makes the dependence on the
background manifest even before expanding the fluctuations. We can indeed use the equation
of motion coming from the variation with respect to A, (3.12), which at linear order in the
fluctuations rewrites

r?0,0L—¢ppd,m+0,pgm=0, (3.14)

where we have also introduced the splitting of the gauge field in its irreducible components,
_ : “_
Alt_ T'u+0“L, with auT =0. (3.15)

Noting that the second term of (3.13) has a longitudinal part that can be rewritten, after
integration by parts, as %LGrDL, then the regularized action for the longitudinal part and the
scalars becomes

1 2 1 1
Sreg = E‘[(13;5 [T“Or T, + = 00,.¢pg + ﬁL(ndﬂpB —pp0,7) + = (pd,p +70,7) ] . (3.16)
Using the splitting (3.15), we now rewrite the equation of motion for the imaginary part

of the scalar (3.10),
r'0,(r20,m) + r*(0-mg)n - r’¢p0L=0, (3.17)
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3.1. Spontaneous and explicit breaking in a holographic-dual CFT

and the equation of motion for the vector field (3.11),
r?02L+¢ppm—paL=0, (3.18)
r’o. T, +r*0T, - 3T, =0, (3.19)
where we see that the equation for the transverse part of the vector decouples, exactly as for

the real part of the scalar (3.9). Then, from the equations of motion we can derive the following
asymptotic expansions for the fluctuated fields:

p:r%_"p0+r%+vﬁo+..., TH=t+ril+ ...,
3 3 - (3.20)
ﬂzri_vﬂ0+r5+vﬁ0+..., L:lo+rlo+....
The regularized action (3.16) then becomes
— 1 3 i —2v ~
Steg =5 [ 4% | fo- fo+B=2v)m(r=="po+py) + B+2v) vpy + 3.21)

+ (% - 'V)rizv (p(z) + 7'[%) +3 (poﬁo + Hoﬁo) +2v lO(UTI:O - mﬁo)] .
The counterterm needed to cancel the divergences in standard quantization is analogous to
the one for the real scalar (2.17), and reads

Sct:—(%—v)fdsx V-§ ¢*(p:—%(%—v)fd3x 13 (2¢pp +p* +7°) . (3.22)

Note that we neglect the constant term, as it would only be relevant with dynamical gravity. Af-
ter adding the counterterm (3.22) to the regularized action (3.21), we obtain the renormalized
action
_ 3 1~ 1~ 1
Sren = 2vfd x [vpo +5Popo+ 5”0(”0 —-mly) + > vlono] , (3.23)

where we have dropped the term for the transverse part of the vector, since it is completely
decoupled from the scalar sector.

We can then notice that there are two kinds of terms in the quadratic renormalized action:
those which are bilinears of a source and a response of the fluctuations, and those which
involve only sources. The latter are all proportional to the non-trivial scalar background that
we have introduced, thus they would not be there for trivial profile v = 0 = m. In practice, the
background profiles make the scalar and vector sectors ‘talk’ to each others.

However, terms of the second kind are also hidden into terms of the first kind, because of
gauge invariance. Indeed, gauge transformations that preserve our gauge choice A, =0 yield

0L=ua, op=iad. (3.24)

The first transformation above tells that a should be considered of the same order as the
fluctuations L and p, z. It then implies that the gauge variations of p, 7 have actually terms of
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first and second order
6p=-am, on=adg+ap. (3.25)

On the coefficients of the near-boundary expansions (3.20), the transformations read

5@2(1, 0pp=—amn,, Omy=am+apg, (3.26)
6l,=0, 0py=—amy, Omy=av+apy .
With the transformations given above, one can check that all the actions Sg, S¢, and Syep
are gauge invariant. We note that gauge invariance requires the cancellation between the
variations of the linear and quadratic parts of the actions, and we have of course neglected
orders higher than quadratic® (i.e. in the variations of the quadratic part of the action, only the
terms of first order in the variations of p, are considered).

We want to the derive the holographic correlators, assuming that the terms coupling the
sources to the operators are

dex (pORe6’¢ +mIlm0O,, — loaﬂ]”) , (3.27)

where the last term comes from integration by parts. We also assume the usual holographic
prescription in its Wick-rotated, Lorentzian version (2.5). In this way, from the renormalized
action (3.23) we immediately have that ReG has a non-zero vev, namely

0iSen

<Re@’¢>0 = m

=v. (3.28)
From (3.23), it is also manifest that the p-sector decouples from the L, z-sector. We will focus
on this latter, since it is the sector where we expect the (pseudo) Goldstone boson to appear.
In order to solve for 7, in terms of the sources 7, and /;, one should assure that the deep
bulk (IR) boundary conditions preserve gauge invariance, hence they have to be imposed on
gauge invariant combinations. At linear order, the gauge invariant combinations are 7, — ml,
and 77, — vl,. As a consequence, one can express the sub-leading mode of 7 in terms of the

sources as
To=vig+ f() (g —mly) . (3.29)

The renormalized action for this sector can be rewritten accordingly
Spen = —dex - %(no — mly) f(O) (g — mly) — vigmy + %mvlolo : (3.30)

We observe that we have a term that is linear in m, which encodes the operator identities that

31t is possible also to parametrize the complex scalar in terms of its modulus and phase as in [92]; the latter
parametrization, being well-adapted to gauge transformations (which consist in shifts of the phase), features
manifest gauge invariance without mixing among different orders in the fluctuations. However, this brings
disadvantages in the renormalization procedure: indeed, given that the phase has to be non-dimensional, the
would-be Goldstone boson mixes non-trivial with the scalar background ¢ .
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3.1. Spontaneous and explicit breaking in a holographic-dual CFT

are present when the symmetry is explicitly broken. Then we have a term linear in v, which
embodies the Ward identities when the symmetry is spontaneously broken. Eventually we
have a term which is linear both in m and v and is necessary in order to recover the proper
Ward identities in the case of concomitant spontaneous and explicit breaking.

Indeed, again using the prescription (2.5) for deriving two-point functions, we obtain the
following relations among correlators of the longitudinal sector:

6218, )
<Im@’¢lm@’¢>0 = —m = —lf(D) , (331)
5%iS
" — ren — 7 .
(0/1] Im@’¢)0 51,57, imf()+iv, (3.32)
1 v __52i8ren__- 2 .
((3#] 0, ) = SiaL - im f+imv. (3.33)
00t

These are exactly the equations (1.37)-(1.39), obtained in Section 1.2 from QFT arguments,
where they have been used to derive the GMOR relation. Now we proceed to compute holo-
graphically the non-trivial function f(J), and show that it reproduces all the physics that one
expects on general grounds.

3.1.1 Analytical study of the fluctuations and
two-point correlators

In this section we study the bulk equations of motion for the fluctuations, in order to extract
1=
(andso v = %, A =2), and thus to verify explicitly that the non-local function defined in (3.29)

exact expressions for the correlators. We will be able to find an analytic solution for m

satisfies the non-trivial conditions discussed in Section 1.2, in particular eq. (1.42).

We start back from the equations of motion for the fluctuations, and we consider the
system of equations involving the longitudinal component of the vector and the imaginary
part of the scalar, that is equations (3.14), (3.17), and (3.18). We rewrite them here for the
special case m?2 = —2.

¢
r20%L+¢pm—p5L=0, (3.34)
r?0,0L—¢ppd,m+0,pgm=0, (3.35)
r'o,(r720,m) + r*(0-m)n - r’¢p0L=0. (3.36)

We can extract 7 from the first equation,
r? o
nm=¢pl——05L. (3.37)
¢
Note that gauge transformations, at linear order, are given by 6L = @ and 67 = ¢pga, where a
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does not depend on r because of the gauge fixing condition A, = 0. We then see that both 4, L
and 7 — ¢ L are gauge invariant quantities.

We then plug (3.37) into (3.35), and we obtain a second order differential equation
ford,L=L'= M (as expected from gauge invariance), which reads

/
rzM”+2rM’—2r2% M'+r*0M - ¢5M=0. (3.38)
B

The system of three equations is therefore reduced to a single second order ODE.

For the current value of v = %, the scalar profile is ¢ = mr + vr?, so that the equa-
tion (3.38) yields, in Fourier transformed version,

M'LﬁM’—kZM—(mJr vr)?M=0, (3.39)

and, by the simple change of variable y = r + %, it reduces to

M - %M’ — (2 + 2y )M =0, (3.40)
which can be recast as a general confluent hypergeometric equation. Its solutions are given
in terms of the Tricomi’s confluent hypergeometric function U[a, b; x] and the generalized

Laguerre polynomial L[a, b; x]:

2 2 2
vy k"-v 1 v—k® 3
_7] (C1 U[ W vy ]+C2L[ W vy ] . (3.41)

M(y) =exp

v y2

14 2 14 2 14 2
In the deep bulk (y —o0), we have e T U~e = wherease = L~e* 7. Since d L is gauge-
invariant, we are allowed to impose IR boundary conditions on it, and we choose bulk normal-
izability of the solution setting C, = 0. We thus obtain

2

vy
M(y)=Cye 27 U 0 ,—E;vy

(3.42)

Note that this solution has a very fast decrease towards the interior of the bulk, confirming
that back-reaction would only affect mildly the correlators that we will extract from it.

In this way we have obtained an exact analytical solution for the derivative of the gauge
field, but we still have to derive a solution for 7, in order to compute the scalar correlator (3.31).
If we consider the near-boundary expansion for the fluctuations

T=Tmy+71°Fg+ ..., (3.43)

L=lg+riy+r? L+ + ..., (3.44)

then we need to know the expressions for 7, and 77, in order to compute the scalar correlator.
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Indeed, from (3.29) and (3.31), we see that

5
(ImO,1m6, ), = i 572 = ~i f(K?). (3.45)
0

In other words, the correlator is essentially extracted from (3.29), that we rewrite here as
o—vly=fk?) (my—mly) . (3.46)

Using equation (3.37), we can express the gauge invariant combinations appearing in
eq. (3.46) in terms of L,

2
T—pl=——1"(r). (3.47)
¢p
Order by order near the boundary, through the expansions (3.43)-(3.44), we obtain

no—ml():—%le; (3.48)
- o= 1 7
T[O—Ulo—mlo-i'Wle—E(Sll. (3.49)

We can then realize that ,, /; and [; can be associated to M, M’ and M" evaluated at r =0, or
equivalently at y = 22, as follows:

M(x/vv)=L'0) =1, -
M'(x/vv)=L"(0) =21, with x = 7
M”(x/ﬁ) — L’”(O) — 671 ,

Thus we can establish the expression for f in terms of B and its derivatives,

o _Tp=vly M"(x/v/v) - va®M(x/v/v)
f(k)—m— E-i_ M’(x/ﬁ) . (3.50)

We can then use (3.42) to express the correlator (3.45) in terms of Tricomi functions, finally

obtaining

x (k2 - 1) (4vU

kz:f”, %;xz] + (k2 +3v)U

O )

v 2

KP+7v 3. .2
52

Let us show now how this expression reproduces all the physical features required by the
field theory analysis of Section 1.2. First of all, in the limit of zero momenta, f(k?) as given in
(3.50) satisfies the relation (1.42), i.e. f(0) = % This can be easily seen by using (3.40) in order
to obtain

fkH =2+ 2 MU/ Ve) (3.52)
m " M/ V0)

Moreover, we can graphically find the poles of the propagator by plotting the correlator
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i<ImO ImO>

0 0.01

Figure 3.1. The lightest pole (PGB) in (Im@¢lm@¢>0, for v=1 and x=0.01, is
displayed at a value of the order of x.

i<ImO ImO>

J -2
0 f 5 9 13

Figure 3.2. The first poles of the spectrum in (Im&,,Im@,, ), for v=1and x=0.01.
They exhibit a gap of the order of 5v with respect to the lightest pole (PGB).

m
N
dominating on explicit breaking, we find a first pole close to zero (see fig. 3.1), and then a

for specific values of the ratio x = For instance, with x = 0.01, that is spontaneous breaking
complete spectrum of higher massive poles with a gap considerably bigger than the mass of
the first pole (see fig. 3.2). This is the hallmark of a pseudo-Goldstone boson. Furthermore, the
gapped spectrum presents an interesting feature that we will show analytically for the purely
spontaneous case in the next section: the poles are separated by a regular gap in squared mass
(except for the first higher pole after the PGB, which exhibits a slightly bigger gap from the rest
of the spectrum). This is reminiscent of linear confinement.*

Finally, we are able to find analytically the GMOR linear relation (1.45). Indeed, one finds
that the numerator of expression (3.51) is just a constant in the limits k? — 0 and x — 0 (taken

4 Indeed a phenomenological model like [93], that is designed in order to achieve linear confinement, also ends
up having confluent hypergeometric equations for the bulk fluctuations.
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i<ImO ImO>

Figure 3.3. The low | k2| portion of the spectrum of (Imﬁd,lm@b)o, for v=0.1 and
x=10; the first pole is of the order of m? = 100v = 10.

in this precise order). If one then takes the denominator and expands it to the first order in x,
and afterwards to the first order in k?, it vanishes for

m, (3.53)

where I is the Euler function. So we have found the explicit value of the residue p appearing
in (1.45) for the specific model at hand, namely

(3.54)

It is also possible to find deviations from the linear GMOR behavior at the desired order in \%,
as it is depicted in the appendix B of ref. [II].

Let us underscore that expression (3.50) is valid not only for small m, but actually for
any m. We can then take x > 1 and find that, as expected, the first pole gets larger and larger
with m, and it is pushed towards the rest of the spectrum, as it can be seen in fig. 3.3. Actually,
the ratio between the first gap and the subsequent ones increases with x, so that if one keeps
the first pole fixed, the following poles will be increasingly dense just after it. This is the signal
that a cut is emerging in the x — oo limit, i.e. in the purely explicit case.

In the next subsections we make further comments on the sub-cases of purely sponta-
neous and purely explicit breaking.
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3.1.1.1 Purely spontaneous case

For purely spontaneous breaking, i.e. m = 0, the equation (3.39) becomes

%M’—kzM— Pr2M=0. (3.55)

MI/ _
This is the same as (3.40), but directly in the r variable. Its solution is given in (3.42), where
now B is a function of r
K-v 1

y T U (3.56)
4v 2

M(r)=Cye 2" U

In this case, we see from eq. (3.26) that, at linear order in the fluctuations, 7, is gauge
invariant by itself, so

TTg— vl
fud="0"0, (3.57)
TTo
Then, using the equations of motion (3.34) for ¢p3 = vr?, we obtain
3 kK*+5v
, M) 8iv: |73
(ImO,ImG,), = —i f(k?) = —i = ) (3.58)

2M"(0)  k? r[ki;v]’

which, in the limit of small momenta, actually exhibits a massless pole, signature of the
expected Goldstone boson,

(3] 1
HESE

(Im6,Imo,), ~ ~2i v

As a double check, we can recover the same result of eq. (3.58) by taking the limit 71 — 0 of
expression (3.51). Furthermore, we are able to find explicitly the position of the gapped poles
of the spectrum. Indeed, Gamma functions have no zeros, and they have poles at non-positive
integer numbers. Therefore from (3.58) we infer the following spectrum

m;21+1 =G6G+4n)v,

with n being a non-negative integer. As anticipated in the previous section (see fig. 3.2), this
spectrum presents the feature of equally gapped poles, except for the first massive one, whose
gap from zero is bigger than the others by one unit in v.

3.1.1.2 Purely explicit case
For v = 0 the equation reduces to
M"—(K*+m*)M=0. (3.59)
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Note that the limit of vanishing scalar profile is trivially achieved putting m = 0 in the above
equation, and in its solutions. The solutions are

B=C, eVt g VKImMZ, (3.60)

Bulk normalizability imposes C, = 0. The gauge invariant combination is

Vi 2
n—rmL:—%M’=C_%(r—rz\/k2+m2+...), (3.61)
where we have used the constraint (3.37), with ¢ = mr. From this we read
V2 + 12 ~ 2 2
HO—MZOZC_%, ﬁo_mloz_c_k%. (362)

Now we can extract 70 directly as the constant term of M, that is 70 = C_. This yields

_ k2 i

=—Cc t -__"r -ml,) . 3.63
f,=-C_ - — (g — mly) (3.63)
Finally, the correlator is given by
L0y kR
<Imﬁ¢1m@¢>0 =-—1 6_7'[0 = m . (364)

It presents a cut starting after a gap given by m?. This is what is expected from the m/\/v — co
limit of the correlator in the general case (3.51). Note that for m = 0 we obtain the conformal
result (Im@’(plm@’(p)o = ik, with a cut as well, but without any gap.

It is important also to notice that (3.64) goes as k? for small k, which is necessary to
ensure that the correlator (J*Im&O), = — im%(lm@blm@b}o (1.41) does not have a spurious
massless pole.

3.2 Thel +1 dimensional case:

Coleman fate in holography

In the previous section we have seen how the procedure of holographic renormalization brings
to light the Ward identities structure of a holographic-dual field theory where a non-trivial
scalar background profile triggers the breaking of a global symmetry. In this section, we
want to consider the the special case of two boundary dimensions, where the arguments of
Coleman theorem [32], as we have seen in Section 1.1.2, put some obstractions to spontaneous
symmetry breaking.

However, as we will see, the procedure of holographic renormalization for a gauge vector
field presents some subtleties in 2+1 bulk dimensions. Most of them are related to the fact that
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Chapter 3. Symmetry breaking in relativistic holographic setups

avector in AdS; has analogous properties as a scalar at the BF bound [71]. We then start the
study of the peculiarities of holographic renormalization in two dimensions with a preliminary
discussion of a free gauge field in AdSs;, before coupling it to matter and analyzing the physics
of symmetry breaking.

3.2.1 Maxwell gauge field in AdS,

Let us consider the following bulk action for a free Abelian gauge field in AdSs:°

S= f dx /g (—%}F’””an) , (3.65)

where F,,, is the usual Maxwell field strength, and g,,,, is the AdS; metric in the Poincaré
patch (2.8). We choose the radial gauge A, =0, and we divide the remainder into transversal
and longitudinal components,

— : o _
AN = TM +6“L ,  with auT =0, (3.66)
so that the action becomes
S= —dex %[‘ 0,L000,L+0,T"d,T, - T*OT,| . (3.67)

The variation of this action with respect to A,, L, and T* respectively leads to the following
equations of motion:

00,L=0, (3.68)
rd,(rd,[)=0, (3.69)
rd, (rd,T,)+r’0T, =0. (3.70)

The first equation allows to drop from the action (3.67) the term involving the longitudinal
component, while from the last two equations we derive the leading asymptotic behaviors of
the fields,

L=lnrly+l+..., TH=Inrdi+e+.... (3.71)

We notice the presence of logarithmic terms, as predicted in previous section. The constant
terms, contrary to higher dimensions, are not the leading one here, and we expect logarithmic
divergences in the on-shell action. Moreover, as discussed in Section 2.1.2, logarithms entail
ambiguities for the constant terms in the renormalized action (scheme dependence).

5 Being in three dimensions, one could include a Chern-Simons term for the vector (see for instance [94] for a
careful discussion in a similar perspective). Since our aim is to stay as close as possible to the higher dimensional
case of the previous section, we will take here the minimalistic approach and set it to zero. This choice is of course
protected by parity.
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3.2. The 1+1 dimensional case: Coleman fate in holography

In particular, in this case, given that the logarithm is one of the leading modes, the
ambiguity will affect the definition of source and vev, analogously to what happens for scalars
at the BF bound. Let us notice, in this respect, that we could reasonably introduce a scale in
order to make the argument of the logarithm dimensionless. This could in turn be reabsorbed
by a redefinition of the constant piece, giving us a hint of the fact that selecting the constant
term as source will entail fixing a scale.

Let us put the action (3.67) on-shell, by integrating by parts and using the equation of
motion for T},. The action reduces to the following boundary term:
Sreg = L o THro,T,= lf d’x (Inriy+1y) %, (3.72)
2 r=e 2 r=e
which indeed displays a logarithmic divergence, which needs to be renormalized. If we want
to write a counterterm that removes this divergence and is gauge invariant, we may build
it out of the field strength, but we soon realize that we then have to make it non local. This
turns out to be equivalent to a mass term, which is absolutely local, but gauge invariant only
on-shell, by equation (3.68). Indeed,®

0T 1 2 -§ A
0T [ _VE

Kpevp E o= 3.73
4 lnrgpgapaag § KAt uv ( )

2 Inr # 2 Inr

2 Jr=c
where §,,, is the induced metric on the two-dimensional boundary, and the identity in the
second line holds indeed thanks to the constraint (3.68).

With such counterterm the renormalized action, Sy, =S¢ — S, reads

Sen=-1 [ dx%t. (3.74)
2 Jr=c

After eq.s (3.71) we have mentioned an ambiguity related to the constant term in the
asymptotic expansion of the vector, which due to the presence of the logarithmic term is not
the leading piece as in higher dimensions. So one may wonder if the constant term is still the
source or not. The source can be established by checking the variational principle, as we have
done in Section 2.1, given that the source is defined as the mode that has to be fixed in order

to satisfy the variational principle.

We then take the variation of the bulk action (3.67) with respect to the fields and we put it
on-shell, obtaining

0Son-shell = f

r

d’x 67470, T, - 61070, L| :f d2x % (Inr 67y +61,) .
=€ r=e

6A counterterm with a 1 /Inr pre-factor is typically needed for scalars at the BF bound, see e.g. [30].
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Chapter 3. Symmetry breaking in relativistic holographic setups

We vary the counterterm (3.73) as well, and we eventually get the variation of the renormalized
action,
6Sren = SSon—shell - 5SCI = _dex Iy~ 5?0 . (3.75)

Hence we see that we have to fix ?(’f in order to satisfy the variational principle, and so the
source for the operator dual to A* is the coefficient of the logarithm.

We stress that the counterterm we have introduced for two boundary dimensions, which
has the form of a mass term, does not have an equivalent in any higher dimensions. * We
wonder if we can introduce a Legendre transformed version of such counterterm, as we have
done for the scalar field in (2.27), in order to obtain an “alternative quantization” for the vector,
and move the source to the constant term.

The answer is given by the following counterterm,

Sg) = —%fdzx V-8 rzlnrg‘“’FwFrv
:—lf &x Inr (% T — lbOly) :—lf & Inrdy-7,, (3.76)
2 Jr=e 2 Jr=e

where in the last step we have used the equation of motion (3.68). We notice that, contrary
to (3.73), this counterterm is manifestly gauge invariant and local, and it is in the form of a
square of the conjugate momentum of A,,. It removes the divergence in (3.67), and yields

S'ren = Steg + Set = % f d*x Ty 1, (3.77)
r=e

which has opposite sign with respect to (3.74).

The variational principle for this last renormalized action gives
— 2) _ 2. 7
6S,ren = 680n-shell + 6Sct = fd X tO . 6t0 .

As announced, the source in this alternative renormalization scheme is the constant term.

The case of a vector in AdS; was first treated in [77], where it is briefly discussed along
with higher dimensions. In that work was shown that from the point of view of bulk normaliz-
ability only the boundary conditions corresponding to what we called standard quantization
(logarithmic term as source) are admissible. However, in [96] different boundary conditions
were considered, actually all intermediate mixed boundary conditions interpolating between
standard and alternative quantizations, corresponding to double-trace deformations. The
‘standard’ boundary condition indicated by [77] was argued to yield a pure gauge field as dual
boundary operator, whereas the ‘mixed’ boundary conditions chosen by [96] are meant to give
a conserved current with a marginal double-trace deformation. The ‘alternative’ boundary

"This might be reminiscent of the Schwinger model (see e.g. [95] for a modern exposition), where the photon
mass is generated by exactly the same non-local term. Note however that here we are dealing with a non-local
counterterm, due to a non-local UV divergent term, while in two-dimensional QED the loop-generated mass of
the photon is finite.
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3.2. The 1+1 dimensional case: Coleman fate in holography

condition given by the counterterm (3.76) then would correspond to a conserved current with
no double-trace deformation.

In both papers [77, 96], the dual formulation (special to three dimension) of the (trans-
verse part of the) vector in terms of a massless scalar field was used, that is

6119 =v—E gmrgnsglmnarAs ’ (3.78)

and it was noted that boundary conditions for the vector corresponds to boundary con-
ditions on the scalar. So, as it is straightforward to see, the usual ‘mass’ counterterm for
as scalar in standard quantization (see eq. (2.17)) corresponds to the non-local countert-
erm (3.73), whereas the scalar counterterm in alternative quantization (see eq. (2.26)) corre-
sponds to (3.76).

Anyway, from the point of view of holographic renormalization, we have no reason
at this stage to prefer one boundary condition with respect to the other, even though the
counterterm (3.73) has that non-local form, whereas the counterterm (3.76) has absolutely no
issues. However, in the next section, we will see that coupling the vector to a charged scalar
demands the choice of the alternative boundary condition, in order to describe a conserved
current and retrieve the correct Ward identities.

3.2.2 Holographic renormalization with a charged

scalar
We consider now the holographic model of Section 3.1 for d = 2. The action (3.1) then becomes

S= fdsx V=g [—iF’""an —(D,,)* D" p— m(2p¢>*¢>] : (3.79)

From the equation of motion for the free complex scalar in AdS;, the exponents of the leading
and sub-leading boundary modes in two dimensions are

Ap=1+v, with v=\/1+mj. (3.80)

Then, as in the previous section, we fluctuate the complex scalar around a fixed background,

_¢pptp+in

V2

in order to induce symmetry breaking in the boundary field theory. We take m and v to be real

, with ¢gg=mr'™V+vr't, (3.81)

¢

for definiteness. As we know, in standard quantization, the sub-leading piece (proportional
to v) triggers a vev for the real part of the dual boundary operator, and so leads to sponta-
neous symmetry breaking of the global U(1), whereas the leading piece (proportional to m)
corresponds to explicit breaking of the symmetry. In alternative quantization their roles are
inverted. For the moment we keep both of them different from zero.
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Again, we fix the radial gauge A, = 0 and we conveniently split the gauge field into
transverse and longitudinal components as in (3.66). We then derive from the variation of the
action the following linearized equations of motion for the fluctuated fields:

O0r?0,L— (¢, m—m0,¢p) =0, (3.82)
r?0.T, +r0,T,+r*0T, - 3T, =0, (3.83)
r?05L+r10,L—p5L+dgm=0 , (3.84)
r0’p—rd,p-m?p+r*dp=0 , (3.85)
r20%m —rd,m—m?m+r*On —r’¢pgL=0. (3.86)

As we have seen in the previous section, in three dimensions the vector field is at the BF
bound, and indeed we have the following asymptotic expansions near the boundary:

TH=Inri+ti+..., L=Inrly+Ily+.... (3.87)

The asymptotic expansion of the two scalar components depends on the value of the bulk mass.
As in the previous section, let us set ourselves in the window between the BF bound (m?=-1)
and the “massless bound” (m?=0), and exclude the two extremal values, which would need to
be treated separately since they entail logarithms. For all values in this window, 0 < v < 1, the
scalar asymptotic expansions are logarithm-free. We thus have the following expansions,

V(@ +rp+...)

Y (o + P +.0)

p=r"V(pg+1Po+...)+T
(3.88)

m=r" (my+ g+ )+

We can now, integrating by parts and using the equations of motion, reduce the action to
a boundary term, which reads

_ 2.1
Sreg—j;zedx E

where we have neglected the terms at the zeroth order in the fluctuations®. By using the

1
T#ro,T,~0OLrd, L+ . (0, 7+ pd,p+200,¢5) |, (3.89)

asymptotic expansions we obtain

Sreg = fr_e dzx%[(lnrfo +1to) To— (Inr Iy + 1p) Ol +
+ pO((l -v)(po +2m)r_2" +2§0) +2m(1=v)py+2v(1 +v)py+

70 (L= mg 2 + 27, )| (3.90)

8 The zeroth order terms would be relevant if we where interested in the zero point energy, but not in our
discussion.
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We see that the divergent pieces of the scalar sector can be removed by the usual coun-
terterm (in which we subtract the background value)

s = _V)fr:e d*x /=2 (gb*(,b— %23) (3.91)
:%(I_V)fr:e d’x \/—_g [p2+2¢3p+n2] ,
leaving only the logarithmic divergences of the vector sector:
Sreg— U = %j;:e d2x [(inr Ty + 1) T = (Inr o+ o) Ol +
+2v(poy +2v pg + meFg) | (3.92)

We would like to remove also these divergences, and then express the renormalized action
in terms of the sources only. To do so, we need to identify which are the sources. We could
be tempted to substitute the term [1L in (3.92), as we did in Section 3.1, by means of the
constraint (3.82) to, which in d = 2 reads

Ol = 2v(mity - vmy) . (3.93)

However, until we fix the source of the longitudinal component, we cannot use this constraint.
Indeed, since we want the renormalized action to be eventually expressed in terms of the
sources only, if % is the source, then we should not remove it from the action. On the contrary,
if the source is [, then we can use (3.93) with no worries.

So, we do not use the constraint for the moment, first of all we decide which of the two
leading terms we want to be the source. In the previous section, for the transverse part, we
have seen that we have the two choices (and even more, intermediate choices), one of the two
(the logarithmic term as source) however leading to a pure gauge field, rather than a conserved
current, as dual boundary operator. This fact is manifest by considering the longitudinal
component, which here does not disappear from the on-shell action.

The longitudinal part of the vector shifts under gauge transformations, 6, L = @, which
in the radial gauge A, = 0 are constant in r. It is then the constant term in L that shifts, in
two dimensions as in any higher boundary dimensions. In other words, it is the constant part
of A, that has gauge transformations, and so should be the source of a boundary conserved
current. On the contrary, the coefficient of the logarithm is gauge invariant, and so it would
source an operator which enjoys gauge transformations: a gauge field.

Thus, if we want to describe a global conserved current, we should choose [, as the source.
The discussion of the previous section about the vector alone in AdS; suggests that alternative
quantization should be performed.
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Let us then take the counterterm (3.76) and add it to (3.92)°. We obtain

2
Sren = Sreg - Sé:n) + Sét) =
= %fdzx [to T — Iy Ol +2v (poﬁo +2vp, +n0ﬁ0)] . (3.94)

Let us check the variational principle, to verify that [, is indeed the source in this scheme.
We then compute first the variation of the action (3.79), putting it on-shell:

S omchell = f d%x [6T”r6rT#—5LDr6rL+%(6n6,n+6p6,p+6p6r¢3)]
r=e

f d®x [fo-(lnr(ﬁo +81y) —Oly(Inr 81y + 61,) + (3.95)
r=e
+ (L= (r 2V 8my +87y) + (1 + V)7 Oy +

+(1=v)(pg+m)(r 28py+06p,) + (1L +v) (0 + v)dpg ] .
As already remarked, it is crucial here not to use the constraint (3.93), which relates the
coefficient of the logarithm to the source and vev of the fluctuating scalar 7. The equations of
motion can be used to express vevs in term of sources, but since we do not know yet whether
% will be a source or not, we have to remain off-shell to check the variational principle. To use

this constraint to remove 70 would actually mean to imply already that TO is not a source, that
is precisely what we are trying to prove.

We go on varying the counterterm for the scalar divergences (3.91),
88T = (1~ v)frze d?x [ (r‘zv(po +m)+ (0 + v))6p0 +(pg+m)dpy + (3.96)
+(r_2Vﬂ0 + ﬁo)éno + n06ﬁ0] ,
and the one for the vector divergences (3.76),
§8% =~ f d?x Inr (6% - Ty — 61, 01,) - (3.97)
r=e
We finally obtain the variation of the renormalized action (3.94),
0Sren = 0Son-shell — 0S¢ +0S% =

= fdzx (7o 8t~ Iy 81 +2v (g + v)8po + b0 |, (3.98)

where we see that the sources of the gauge field are the constant terms, as desired. Of course
the scalar sources are those expected in standard quantization, which is customary with the
standard counterterm (3.91).

Furthermore, now that we have established that 70 is not the source, we can use the

IWe point out that now the term in DTO in (3.76) does not vanish anymore on-shell.
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constraint (3.93) in the renormalized action (3.94) without any issues, obtaining

This renormalized action is completely identical to those in higher space-time dimensions
(see (3.23) for the three-dimensional one), and gives the suitable Ward identities for a pseudo-
Goldstone boson [11].

The counterterm (3.76), however, has an explicit Inr factor, leaving the possibility of
adding an additional finite counterterm with identical structure and arbitrary pre-factor.
This is indeed what was analyzed in [96] in the dual frame (3.78), with the interpretation
of a double-trace current-current deformation appearing, and consequent non-trivial RG
flow. Here we note that such a finite counterterm would spoil the identification of tg and
ly as sources, shifting them by an arbitrary amount linear in tét and TO respectively. This
corresponds to introducing a scale in the asymptotic expansion (3.71) in order to make the
argument of the logarithm dimensionless. So, in other words, our choice of renormalization
scheme (3.76) is equivalent to fixing a scale, which in turn corresponds to a specific choice of
the parameter characterizing the boundary conditions of [96], the one related to the ‘trivial’
double-trace deformation (i.e. no deformation). In the following, we take the point of view
that the ambiguity in the Inr has been fixed, and we have taken té’ and [/, to be our sources.
This prescription allows us to find the expected Ward identities, which nevertheless would not

be affected by double-trace deformations'®.

One last comment we should make about the choice of alternative quantization for the
vector field is that, if one holds t(’f fixed and lets Té‘ loose, then according to [77] the fluctuations
are not normalizable. This seems the price to pay to describe in the boundary theory a proper
conserved current, whose existence we have no reason to exclude for a two-dimensional CFT.
In addition, let us say that, at least for scalars, bulk non-normalizability is usually connected
to boundary operators with dimension below the unitarity bound, whereas in the present case
we do not see which problematic scenario this non-normalizability would correspond to in
the dual theory. On the contrary, we will show that everything works as smoothly as in higher
dimensions precisely when we choose the alternative quantization for the vector field.

Thus, before moving to the usual holographic derivation of Ward identities for symmetry
breaking and giving some analytic evidence for holographic Goldstone bosons in two dimen-
sions, let us first briefly discuss the ‘standard quantization’ for the vector, that is when we allow
the coefficient of the logarithm to be the source, and show that in such case the holographic
renormalization in presence of a scalar background presents some difficulties which cannot
be overcome.

10 On the contrary, it will not be possible to derive the correct Ward identities for symmetry breaking in the
‘ordinary’ quantization scheme (which as already said does not describe a conserved current), as we will see in
Section 3.2.2.1.
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3.2.2.1 Ordinary quantization for the vector

Let us go back to the boundary action (3.92), where the scalar divergences are removed whereas
the vector divergences are still present, and try to find a renormalization scheme for the vector
that select the coefficient of the logarithm as the source. A mass-like counterterm like the one
that we have used for the transverse part (3.73) will not help in presence of a scalar background,
since it does not take care of the divergence of the longitudinal component, which now does
not vanish on-shell. We propose instead the following gauge invariant, local counterterm:

SO =_ f a2 Y887 ®)*D,¢ (3.100)
ct r=e Inr (P% ® v '

1 = = 7 2 7

We stress that such counterterm cannot be written in case of vanishing scalar background,
and it is anyway singular at m = 0, that is the purely spontaneous case, already suggesting that
we are not doing the proper way to describe a theory with symmetry breaking. However, it
actually removes the logarithmic divergences, yielding

& _ (m) 0 _
Sren = Sreg - Sct + Sct -

:%dex [_IO'?O-FZODZ) +2V(poﬁo +2Up0+][0ﬁ0)] . (3.101)

Let us check by the variational principle that with this renormalization scheme the
coefficients of the logarithmic terms are indeed the sources. Taking (3.95) and (3.96), and
adding the variation of the counterterm (3.100), we obtain

We see that in this way the variational principle is well defined (even if still singular in m — 0),

and in particular 70 should be considered as the source!!.

If 70 is a source, then we have to re-interpret the constraint (3.93) as an expression for 7,
in terms of the sources I, 77,. With this substitution the renormalized action (3.101) becomes
o 1

Sien = > fdzx [ Ty ty—(my - mlo)%fo + ZV(pOﬁO +2vpp + %noz)] . (3.102)

Again we see that all the terms involving the source of the imaginary part of the dual scalar
operator explode for m = 0. No theory of spontaneous breaking can be extracted out of this,
which is consistent with the fact that the response of the longitudinal component of the
vector, [, is gauge-dependent in this quantization. Moreover, again in the purely spontaneous

HNotice that the mass parameter m acts here as a regulator in the case of the purely spontaneous case. The
structure of counterterms looks different in the case one fixes m = 0 ab initio.
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3.2. The 1+1 dimensional case: Coleman fate in holography

case m = 0, the constraint (3.93) becomes
Ol = —2vum,, (3.103)

which strengthens the idea that I, cannot be the source of the conserved current. Indeed, given
that 7, is the source for the imaginary part of the scalar, [, cannot be another source, giving
another signal of the sickness of this renormalization scheme as we remove the regulator m.

So, the issues of the counterterm (3.100), and of the corresponding renormalized ac-
tion (3.101), at m = 0 corroborate the idea that the alternative quantization scheme is not
only the proper one to describe a conserved current and symmetry breaking, but it is also the
unique consistent way of holographically renormalizing the three-dimensional action (3.79)
in presence of a non-trivial scalar background.

We may then wonder if the alternative quantization counterterm (3.76) can be obtained
from the standard quantization counterterm (3.100) through a Legendre transform, as it is the
case for a scalar (2.27) [70]. The answer is of course positive, and is given by the counterterm

e

1) _ —i 2 N13% _ *| _
S = ) U gy 8 10, A,(Dyg— (D)’ =
=—f d’x [(1nr?0+to)-fo—(lnr%—L(no—mlo))DZ)] , (3.104)
r=e m

and it is straightforward to check that indeed S{ - S = 8%

ct’
variations. However, we see that also this boundary term SS) is singular for m = 0 like S

and the same for the respective
(0)

ct’
whereas the Legendre transformed one Sg) is independent of m.

Note that this could be interpreted to mean that the limits r — 0 (high UV) and m — 0
(purely spontaneous breaking) do not commute at large N. In order to make explicit this
non-commutativity of the two limits, we can write

b +ﬁ0r2V T +2ﬁ0r2"
- _[n
O m2 +2mur2y + v2rtv

SV _s0—g@_1 f d2x |20

ct ct ct 2 e Inr 0 -+ vrgv
We see immediately that if we take first the limit r — 0 we correctly get the counterterm S
(which is independent of m and so the subsequent m — 0 limit is ineffective); whereas, if
we take first the limit m — 0, we have no singularities thanks to v # 0, but we have surviving
divergences in r when we take the r — 0 limit afterwards, namely:

1 2
S - s =s®+—f d’x
[ ct ct | o Sct e

—2v 1 ( r—4v —2v
2

2 r
a0l — - =
v 00 Iy 2

One could be tempted to interpret this as a signal of the impossibility of taking v # 0
and m =0 at the same time, i.e. no spontaneous symmetry breaking is allowed. However the
counterterm (3.76) is perfectly legitimate in its own right, and it is the only one which can
still be written also when the scalar background completely vanishes (m = 0 and v = 0), and
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Chapter 3. Symmetry breaking in relativistic holographic setups

actually even when the scalar is not there at all, as in Section 3.2.1. On the contrary, the stan-
dard quantization counterterm (3.100) and the one necessary to Legendre transform (3.104)
cannot be written in absence of the scalar background.

The main understanding that we have gained from the analysis of this section is that the
‘alternative quantization’ counterterm (3.76) provides the only sensible way of renormalizing
a vector field in AdS; in presence of a non-trivial scalar back-ground, in order to describe a
conserved current as dual boundary operator and consistently retrieve Ward identities for
symmetry breaking [III]. Let us then compute now those Ward identities embodying sponta-
neous (and explicit) symmetry breaking, in two dimensions exactly as in higher dimensions,
and so confirming the announced holographic evasion of Coleman theorem.

3.2.3 Symmetry breaking and Goldstone boson
in AdS;/CFT,

We start back from the renormalized action in alternative quantization (3.94), which we have
extensively argued to be the proper one to describe a global conserved current and symmetry
breaking in the dual boundary field theory. Then showing that the Ward identities are realized
is straightforward, and proceeds exactly as in Section 3.1. First we rewrite the action as

%f d’x [to-fo +2v (poﬁo + (20 +2myly — mlyly) + (g — miy) (75, — vlo))] :
r=e

Sren =

Then we remark that the equations of motions and gauge invariance dictate the relations
between vevs and sources to take the following form:

@ =[O, o=, py, To—vly=fr(O)(mg—mly), (3.105)

where the f’s are typically non-local functions, obtained by solving the equations of motion
with appropriate IR boundary conditions in the deep bulk.

Replacing in the action yields the generating functional for one- and two-point functions,
depending explicitly on sources only:

S = lf d2x [ to'ft(D)tO+2V(U(2p0+2ﬂolo—mlolo)+ (3.106)
r=e

ren — 2
+00f, D)o + (19 = mlg) £ g — mby) |

Given the dictionary (2.5), we get, for the correlators that are most relevant to the Ward

identities,
(Im@ (x)Im@ (x) ), = —i2v f, (D) 6(x - x'),

(3.107)
(0,J*(0)ImO (x)), = —i2v (mf,(O) - v) 6(x - x).

As in Section 3.1, we can obtain directly the Goldstone boson pole in the purely spontaneous
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case from the above relations. In momentum space, relativistic invariance and the Ward
identity force the mixed correlator to be

k
(ju () ImG (—k)), = uk—*z‘, (3.108)
displaying the expected massless pole. Furthermore when turning on m, one can argue that
[ has to have a pole with a mass square proportional to m. Hence also f;; has a massless pole
in the m = 0 limit. We will not repeat here all these steps, because they are explained in detail
in Section 3.1 and they are clearly independent of the dimension of space-time.

The Coleman theorem kicks in only after one considers (perturbative) quantum cor-
rections due to the massless particle. Clearly holography does not capture such quantum
corrections, which we then assume to be suppressed by the large N limit, as in the example of
Thirring model discussed in Section 1.1.2.

Hence, the main result of [III] has been reproduced, namely to show what is the correct
prescription for the boundary conditions and for the renormalization of the vector in order
to obtain the expected Ward identities in the two-dimensional boundary field theory. This
has been derived through a physically intuitive operational method, based on locality, gauge-
invariance and the variational principle. The same conclusions (counterterms built out of
canonical momenta are necessary to correctly renormalize a Maxwell gauge field in AdS;) can
be obtained in a more formal way through Hamiltonian formalism, as discussed in Section 3.2
of [97].

In the following section, in order to cover all possibilities (namely, all scalar operator
dimensions between 0 and 2), we will briefly perform alternative quantization also in the
scalar sector. Moreover, this will allow us to work out an analytic expression for f,, for a specific
value of the dimension of the dual boundary operator.

3.2.3.1 Scalar correlator in alternative quantization

Here, as we did for the vector field, the goal is to move the sources to the subleading terms for
the scalar as well. That is, we are interested in considering p,, 7, as the sources. As explained
in Section 2.1, in order to change the boundary conditions we should consider a Legendre
transformation of the scalar counterterm (3.91), that is

gum :f d?x /g (¢*rar¢+¢*ra,¢—¢3ra,¢3) (3.109)
r=e
= f d*x [(1 -v) (po(po +2m)+ ﬂono)r_zv +2(vpy+mpPy + poPo + noﬁo)] :
r=e
Then the following combination is free from scalar divergences,

Sreg+sgtn) _ggn) = %frzedzx [(lnr?0+ to) - To— (Inr Iy + 1) Oy —2v (Poﬁo"‘zmﬁo"‘”oﬁo)] ,
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and v and m have opposite meanings with respect to (3.92). We can verify by the variational
principle that indeed the sources and vevs are switched. If we take the expression (3.95) and
subtract the variation of the present countenterm, we obtain

8 Son.shen + S — 58U = fr _edzx [’fo (Inréty+6ty) — (Inr 81y + 51) Ol +
-2v ((po +m)6py + noéﬁo)] ,

as desired.

Then we use the counterterm (3.76) to remove the vector divergences as well, and we get
the renormalized action where both the vector and the scalar are in the alternative quantiza-
tion:

Sren = %fdzx [ fy- Ty —2v (poﬁo +2mpy + w7y + (miy — vmg) lo)] : (3.110)

We remark that, since now the purely spontaneous breaking occurs for v =0, the two
counterterms (3.100, 3.104) are now well behaved for the purely spontaneous case, whereas
they are singular for the purely explicit one. Since we do not expect any obstruction for explicit
symmetry breaking specific to two dimensions, this confirms once more that the ordinary
quantization for the vector should be excluded.

If we now express the vevs in terms of the gauge-invariant sources in the following way:
=0, po=fOpy, mo—mily=fO)(F - vl), (3.111)
we can rewrite the renormalized action uniquely in terms of the sources,

Sion = %fdzx |t0 i@t —2v (m (250 + 2oy — v o) + (3.112)
+P0.f, @)y + (o — vlp) f O (7o — Vlo))] -

From this renormalized action we can retrieve Ward identities that are completely equivalent
to those in (3.107), with inverted roles for v and m (and v going into —v).

To conclude the discussion, we would like to provide an explicit expression for the two-
point correlator of Im@, where the massless Goldstone pole should be found. For v = 0,
that in alternative quantization corresponds to purely spontaneous breaking, and v =1/2,
corresponding to the dimension of the boundary operator equal to 1/2, the equation of
motion (3.84) becomes

M' (1) - (K +m?*r ) M(r) =0, (3.113)

where M = rd,L. This equation can be analytically solved, and, if we impose boundary
conditions such that the solution is not exploding in the deep bulk, we obtain the following
well-behaved function

—Vik2r m2
M(r)=Cre Ul1+ —=—,2;2vVKk%r]|, (3.114)
2V k2
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where Ula, b; x] is the Tricomi’s hypergeometric function.
From the constraint (3.82) we get

1
Fo=—— KMo, (3.115)

where M|, is the constant term in the small r expansion. Similarly, from the equation of
motion (3.84) we can express the gauge invariant combination involving 7 in the following
way:
1 /
no—mlo——EMLo. (3.116)

Then we can derive the final expression for the correlator

(I (k) Im& (~ k) y, = i f(Kk?) = i”O_TmIO (3.117)
__LlVe- 2(2 In(2V/ k2 14 )]
2 k2 —m®|2ypy +In(2VE?) +yp) +2\/k_2 )

where y g, is the Euler-Mascheroni constant, and ¥ ,, [x] is the di-gamma function. Using the
expansion ¥ ) [1+ x] = In(x) +1/2x) + G (1/ x?) for large x, one verifies that both the linear
term ~ | k| and the logarithmic term ~ In|k| in the numerator of the equation above cancel in
the k — 0 limit. In this way, the low energy behavior of this correlator exhibits the expected
Goldstone massless pole, namely

~ o~ 2m?
(IMGImG), ~ ik—nZ(yEMHnm). (3.118)

We have thus explicitly confirmed the presence of the Goldstone boson, in addition to the
deduction (3.108) based on Ward identities.
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Holographic non-relativistic type B
Godstone boson

In this chapter we will see the first of two examples of non-relativistic holographic setups.
Such example is formulated in completely Lorentz covariant formalism, and Lorentz boost
invariance is explicitly broken by giving a background profile to the temporal component
of the bulk gauge field (in this way preserving invariance under spatial rotations). Taking a
non-abelian gauge group, we will produce a suitable setup for the type B Goldstone boson to
appear.

In Section 1.3, we have seen that the occurrence of Goldstone bosons with quadratic
dispersion relation in non-relativistic field theories can be related to the presence of pairs
of broken generators whose commutator has a non-trivial vacuum expectation value, which
would be instead forbidden in case of Lorentz invariance. Such Goldstone bosons with
quadratic dispersion relation (type B GBs) are usually accompanied by a massive partner
whose mass is proportional to the amount of Lorentz breaking. Eventually, there can still be
massless modes with linear dispersion relations (type A GBs), as in the relativistic case, but
with a model dependent velocity, likely different from ¢ = 1.

In this chapter we will explore in a holographic setup what can be learned on these
different kinds of light modes. In particular, we will focus on what can be extracted just by
specifying how the symmetries are broken. The holographic model is supposed to represent a
field theory, with a large number of degrees of freedom and at strong coupling, which displays
a pattern of symmetry breaking allowing for the various types of Goldstone bosons to be
present. We will study a model with the minimal requirements in order to expect all these light
modes, namely a U(2) global symmetry on the boundary, which will be spontaneously broken,
and a source for the time-like component of the abelian U(1) current, i.e. a chemical potential,
which explicitly breaks boost invariance (but preserves, besides rotations, the global U(2) as
well).

Such model was previously considered in [98], where the system was set at finite temper-
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Chapter 4. Holographic type B non-relativistic GB

ature and numerical techniques were essentially employed to produce the results (see also
[99] for a different holographic model). We will rather consider the model at zero temperature,
in analogy with the original field theory model [38, 39], reviewed in Section 1.3.1, and perform
a purely boundary analysis through analytic techniques.

4.1 Renormalized action for a holographic

type B Goldstone model

Let us outline the model discussed in [98]. This is a typically strongly coupled theory rep-
resented by its holographic bulk dual. We will assume that the theory has a non-trivial UV
conformal fixed point. In this UV CFT, we will focus on the conserved currents J lf‘ which form
a U(2) algebra, and on a relevant operator 0y which is a doublet of U(2). In the holographic
dual, this means that we need to have a bulk theory in an asymptotically AdS spacetime, which
includes dynamical U(2) gauge fields and a complex doublet scalar with negative squared
mass. Since we are not interested in computations involving the stress energy tensor, we set
gravity in the bulk not to be dynamical. Finally, in order to enjoy the simplifications discussed
in Section 3.1, we choose four bulk dimensions (and hence three dimensions for the boundary
theory), assuming that our results would not be qualitatively modified in higher dimensions.

Then we consider the following action,

S=fd4x\/—_g

1 2
—ZF“m,,F“’”” -D,,®'D"®-mio'o|, (4.1)

where F%, =0,,A%—0,A% + f*P¢AD A¢ D, ®=0,,®—iA% T*®, and the field

()

is a complex scalar doublet. The two-by-two matrices T% = %T“, with a = {0, 1,2, 3}, are the

generators of U(2) in the fundamental representation, where the 7 are given by the identity
and the Pauli matrices, as defined in (1.63). They satisfy [T%, TP =i f abe e \with f abe — () if

abc

any of the indices is 0, and f%7¢ = ¢%P¢ otherwise, where €*Y° is the completely antisymmetric

three-dimensional Levi-Civita symbol.

The metric is fixed to be the AdS one, as defined in (2.8), again with no gravitational
dynamics, given that we are not interested in computing correlators involving the stress-
energy tensor. Moreover, we will not consider any back-reaction on the metric. This is
motivated by the fact that we will in any case restrict our attention to the near-boundary
region, where back-reaction effects can be shown to be sub-leading and actually completely
irrelevant to our considerations. Finally, note that since this is pure AdS, on the field theory
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4.1. Renormalized action for a holographic type B GB model

side it corresponds to considering zero temperature, in contrast with the analysis of [98] where
a non-zero temperature was always required.

Let us first consider the field configuration defining the background, and thus the vacuum
of the dual theory. First of all, as anticipated, the theory is non-relativistic because boost
invariance is broken by the presence of a chemical potential, Zpr > 1/ 9. This means that
there should be a non-trivial source for /%, namely A? should have a leading mode turned
on. This source breaks Lorentz invariance, but preserves all of U(2) since the U(1) generator
commutes with the whole algebra. In the vacuum of the theory, we expect that non-trivial
dynamics generates vev’s for the operator Oy, thus breaking U(2) to U(1). For simplicity we
will take this U(1) to be the one generated by T° + T3. The unbroken symmetries allow for
vev’s to be generated also for ]? and ]‘?. The latter is crucial for obtaining a non-vanishing vev
for commutators of charges, and thus for the appearance of type B Goldstone bosons. In the
bulk, we will thus have sub-leading modes for the profiles of A?, A2 and for @ in its bottom
component ¢.

2 _

From now on, we fix the dimension of @ to be two, which implies mg, =—2 (in units of

the AdS radius). The background profiles are thus the following:
¢|B=¢Br2, Al =p+ayr, A =45, 4.3)

where we take ¢, U, A% and A3B to be real constants. These profiles satisfy the free equations
of motion. Normally, in the deep bulk (and in particular in presence of a horizon/temperature)
the equations of motion would relate the sub-leading to the leading mode. However, as a
far as our near-boundary analysis is concerned, the back-reaction of the above profiles on
the metric can be safely neglected,' and the leading and sub-leading modes can be chosen
independently. In particular, with AOB'3 independent of y, this latter could be even set to zero.
However this would mean that some physical mechanism should generate spontaneously a
Lorentz breaking vev such as (J f’)o. So, in the following we will rather assume that p # 0 even
if it will eventually not appear in any of the results.

We now proceed to fluctuate the fields over the background. The aim is to obtain the
on-shell action up to quadratic order, since we are interested in two- and one-point functions.
As we know, at this order the on-shell action reduces to a boundary term. In the following,
we fix as usual the radial gauge A% = 0. We write then the equations of motion at linear order
in the fluctuations above the backgrounds, which we label in the same way as the respective
fields themselves. The constraint coming from the variation with respect to A? reads:

10,0, Af —r A3 £ (AY = 10, AY) - i (T, (2~ ro,y) + (4.4)

+ipp(T) 1, (Y™ —10,y™) —ipp(T)p (2(p— ™) =10, (p— ")) =0.

The equations of motion for the vector field fluctuations, separated in spatial and temporal

1The back-reaction would intervene at @(r4) in ¢ and at @(r2) in A(t)'3, hence at orders that do not contribute to
the rest of our computations.
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components, are

rP07 AL +r?07 Af - r?0;0" Af; - rip3 AY{T, TP}, + (4.5)
+ir? g [(TM)120,™ = (T4 10,1 — (T),0;(p—¢™)] =0;

r20 A% + 1?02 A% — 10,0, AL + 13 fP3 A30, AV — rt ¢t AL{T, T, + (4.6)
+ir?p (19120, W™ = (T)10,9 = (T")30,(p~ ") +
=12 (et AGr) b (T 9 + (T 109" + (T + ")) +
A (AT T3}, v +{T% T3} Lw* +{T%, T3}, +¢")] =0.

Finally, the equations for the scalar fluctuations are

r20%y =210,y + r20%y + 2y — irt (T 1,0; A% + 4.7)
+irt(u+ A%r+ A%r)o,w + %}rz(p+A°Br+A%r)2w+
+ 1t (u+ ARr)pp(TH AL =0;

r20%¢ =210, + r705p +2¢ — ir* P (T%),0; A% + (4.8)
+ irz(u+ A%r - A%r)6t9b+ lerz(u+ AOBr - A%r)ch +
+ 1t (u+ A% r)pp(TNp0 AT + 1P A3 pp{T?, T}, A7 =0.

The last two equations should be supplemented by their complex conjugates.

The on-shell action is obtained expanding (4.1) up to quadratic order in the fluctuations,
and then substituting the equations of motion. At the regularizing surface r = €, we obtain

Sreg = _fr_e dx | AR A+ AG AT+ 2 A0, AT - L A10, AT + 4.9)
2 * 1 - * * * *
2@+ ¢ = (W0, + YO, +¢70,0+90,4°) |

Now, we can also use the equation (4.4), which only has first order derivatives in r. However,
we also have to split the vector into its irreducible components. We choose here to split into
transverse and longitudinal parts with respect to the spatial coordinates i, while keeping A{
as the temporal component?, namely

AF=TO+0,L%  9,Tf=0. (4.10)

[ 2

2In Appendix A of [1], a different splitting is discussed, where the transverse and longitudinal parts are taken
with respect to the space-time coordinates p, as in the relativistic case (3.15). Even if the final results are the same,
namely the Ward identities can be correctly recovered by both ways, we find more logical to show the computation
here in this manifestly non-relativistic splitting.
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We eventually arrive at

Sreg = —fr_edsx {Ag A0+ a3 43 - %¢B(¢+¢*) + %A?G,A? - %TﬁarTﬁ +

+ %L“0,0t/}? + %A% F3LA(AY — 1o, AY) +

* %‘PBL(Z (T (2 =10, 9) = (TY) (29" —rd, ")+
HT (200 - 9" - 19,9 —9")| +

—#(W*arw+warw* +¢*0r¢+¢0r¢>*)}- (4.11)

We now consider the following near-boundary expansion of the fluctuating fields, which
can be straightforwardly derived from the equation of motion (4.5-4.8):

Al =af+rag+...
Tf =t +rig+...
LY=1f+rlj+... (4.12)
V=TyYo+ Py +...
¢= r¢0+r2(50+...
We remark that all non-tilded modes will be the sources, while all tilded modes will be the
responses. The fact that the latter occur at next-to-leading order in r is a specific feature of

three boundary dimensions and scalar mass m(zp = —2, as we have already remarked in the
pseudo-Goldstone model of Section 3.1.

The divergent terms that one finds in S, are taken care of by adding counter-terms,
which are independent of the presence of the profile. Again, due to the involved dimensions,
no logarithms are present, and hence no finite counter-terms arise and no scheme dependence
(see Section 2.1.2). However, as it should be clear in the following, scheme dependent terms
would not affect the part of the renormalized action that we are interested in. Moreover, the
only divergent terms are those involving scalars, so that the only needed counterterm is

~ 1 * * * ~ ~ % x 7 Tx
Set = fdgx V-g o'o= fdgx [; (Wowo+doo) +WoWo+WoWo +PoPo + oy | -
Eventually, we obtain the following renormalized action,

Sren = _fdsx [AOBa(O) + A%ag _2¢B(¢0 +¢;) +

- Leain+ Lag-o,0)ag + L4y pigal +
+ %‘PBI(?((Ta)zﬂl/o —(T12w5 + (T")25(¢po - (PS)) +

- %(W(?‘T/o + Yoo + Pp o + ¢0$3)] . (4.13)
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The first three terms of the above functional, linear in the fluctuations, just give the vev’s of the
corresponding dual operators J?, J3 and Re0. The other terms, quadratic in the fluctuations,
contain in principle all the information about two-point functions. However, this information
is encoded in the way the sub-leading (tilded) modes with depend on the (untilded) sources.
Such dependence, as we know, is fixed through the bulk boundary conditions and is typically
non-local, but this requires solving the full equations for the fluctuations inside the bulk,
which in this case are quite involved. Instead, in the following we will show what can be
extracted from the renormalized action (4.13) without solving the bulk equations.

4.2 Holographic Ward identities for symmetry breaking
in presence of charge density

A brief inspection of S, (4.13) shows that again, as discussed in Section 3.1 after eq. (3.23),
there are two kinds of quadratic terms: those which are bilinears of a source and a vev, and
those which involve only sources, and latter would vanish for trivial profiles.

However, terms of the second kind are also hidden into terms of the first kind, because
of gauge invariance. Indeed, if we consider the bulk gauge invariance of the action (4.1), we
have §® = ia® and §A, = d,a + i[a, A,], where, after the gauge fixing A} = 0, the gauge
parameter a does not depend anymore on r. It is then easy to see how the residual gauge
transformations act on each mode in the expansions (4.12). Recalling further that we are only
interested in the quadratic part of the action, we neglect terms in the gauge variations which
are bilinear in the gauge parameter and the mode of the fluctuation. We are then left with:

oy, =0, 6y =ia* (T 12¢p,

0y =0, 5po = ia"(T")p2¢5,

Sal=0,a%, sad=-f"Baba3, (4.14)
5ty =0, 5ty =0,

Sl¢=a,  bI¢=0.

By solving the bulk equations of motion for the fluctuations, the sub-leading modes would
be expressed in terms of non-local functions of the sources. However, in order to solve the
equations, we would have to impose boundary conditions in the bulk and, in order to preserve
the gauge symmetry, we should take care of imposing them on gauge-invariant combinations
of the fields. So, we have to consider only the gauge-invariant combinations of both sources
and vev’s, which are respectively

al-0,1%, (4.15)
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for the sources, and
To—ipp(TYRlS,  Go—idp(TYplY,  ag+ A, (4.16)

for the vev’s.

We are now able to define the following relations between vev’s and sources:

Vo =ipp(T1215 + £, @yo + gy, 0) (a5 - 0,15) ,
bo =ipp(T 15 + fp (@) po + 85 (0) (ag —0,15) ,
ay == AR5 + £ @) (ag - 0,1g) +

+ 810y, +87(0) Yo + 85 0)p + 85 (0) "¢y
i =1 @)1y,

where all the functions of 0 collectively indicate expressions that are typically non-local in
space and/or time derivatives, and that cannot be determined without explicitly solving the
equations in the bulk. However, we will see that in some combinations of the correlators the
dependence on these unknown functions drops out.

First we rewrite S, (4.13) using the expressions above, so that it becomes an expression
in terms of the sources only:

!
Sren = fd?’x { — A%ad — AL as +2¢g(po + ¢g) + zti“()f}‘b(a) th+ 4.17)

— 2 (a§ —0,16) £ @) (af —0,18) + 3 A% £ (2af —0,16)1] +

+ 203 (£, 00+ £, 0 Jwo + 205 (£5(0)+ £,(0)") o +
—ilg | (T 21w0 = (T1295 + (T2 (00— 93) | +
+ % (v (50 + g7@") +o(8 @) + (@) (af - 0,15) +
+ 2|05 (850 + 85 @) + o(g5(0)" + 85@)] (af ~0,15) | -
This is the generating functional for the one- and two-point functions in our theory.® The

precise relations between sources of operators in the boundary theory and modes of bulk
fluctuations are the following. For the scalar operators we have

3
faAdsd X (1//0@/, + g0y + c.c.) , (4.18)

while for the currents

3 T
A (- agre+eggla-150,¢), (4.19)

3Note that the scheme-ambiguity, which would arise from possible logarithmic terms in higher dimensions,
would be contained in the possibility to redefine the non-local functions in the above expression. However, the
Ward identity structure (4.20-4.23) is independent of such non-local functions.
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Chapter 4. Holographic type B non-relativistic GB

so that £, sources the purely transverse part of J¢*, while [{ its longitudinal piece.

Some two-point functions will be entirely determined by their non-local part, for instance
those with two transverse currents or two scalar operators, and we will have nothing to say
about them, since we do not solve the bulk equations. On the other hand, we see from the
final expression of our generating functional (4.17) that some other two-point functions might
be directly determined by our analysis. It should be the case for two-point functions involving
the temporal and longitudinal components of the currents, both among themselves or mixed
with scalar operators. Indeed, local constant terms involving the sources of these operators
appear in (4.17).

Let us list here a number of such correlators:

5%S
J@ ]b — i ren _ ab05 .
< ¢ (X) t(y)>() léag(x)éaé’(y) ify (0)0(x-y)
<aiﬂ7(x)]t“(y)>0= _ié\zL — i( tab(a)at—A%fabS)&x—y) i
’ slbxsad(y)
CHHENHON =—i628rL=—i( b 3)02 — A3, FP39 )6(x—y)
/g J7] 0 5lg(x)6l(1)“(y) t t B t ’
628 i
a @ — ] ren —_— a 6 * a a 6 _ ,
0y =+ gy ~ 2 891" +8{@) o)

2

u . 0 Sren =
(OO o=+ STt s000) ~

- é [(g;;(a)* + gf(a))at +2igbB(T“)21] S(x—y),

52 :
a . ren — ! [sarp* a _
UH0, () = +i g oreio L (gg@" +g5@)5x-1),

528
(0] (0)0p(1))y = +i L

818 ()0 (y)
- % [(gf;(a)* + gf(a))6t+2i¢B(Ta)22] 6(x—y).
Then, we immediately see that some combinations are given entirely by the constant terms, or
trivially vanish:

(0 JE@ YD) + (0TI, = —i A f PP 5(x-y), (4.20)
~(0,J8x)8;77 (1)) + (0,74 (x)0;7(1)), =0, (4.21)
~(0, X0, (1) + (0 THX)O, (1) = —pp(T M)y 8(x - ), (4.22)
—(0,JHX)0,(1))g + (8T ()0 (1))g = —pp(T )55 8 (x = y) . (4.23)

These are of course nothing else than the Ward identities relating the two-point functions of
currents associated to broken generators, to the vev’s of the operators that break the symmetry.
In particular, the relations (4.22) and (4.23) are the usual identities for spontaneous symmetry
breaking, which are identical to the relativistic one (3.32).
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4.2. Holographic WI's for symmetry breaking in presence of charge density

Of more interest is the identity (4.20), analogous to the (1.74), derived in the field theoret-
ical model of Section 1.3.1.1, which is non-trivial due to the fact that we allow the temporal
component of a current (J; 2 here) to have a non-zero vev. We assume that this Lorentz violating
vev is permitted by the presence of a chemical potential, though in our holographic set-up
this is not technically necessary (indeed p does not explicitly appear anywhere in the above
expressions). In addition, note that the identity (4.21) is consistently trivial since the spatial
(longitudinal) components of the same current cannot get a vev in our setup, otherwise the

invariance under spatial rotations would be violated.

The above Ward identities imply the presence of Goldstone bosons, i.e. of gapless modes
in the spectrum. More precisely, we see that in order to satisfy the identities (4.20)-(4.23),
the Fourier transformed correlators (J#J?), (@, k;), (J¢0,, ), (@, k;), and similar ones, must be
singular when the energy w and the momentum k; go to zero. Indeed, in Fourier space (4.20)
reads

—iw(JET Yy + ik (JOTDY, = —i A3, £ . (4.24)

We thus deduce the presence of massless poles in all of these correlators. This additional Ward
identity, which defines type B Goldstone bosons [11], requires the dispersion relation to be
quadratic [9], with the following argument.

In the Lorentz invariant case, the dispersion relation of a Goldstone boson is trivially
determined from a Ward identity similar to (4.22) and (4.23), giving

ki

Ui0)yx ——3 e (4.25)
In lack of Lorentz invariance, we have to consider two different situations, one in which time-
reversal invariance is preserved and one in which it is broken. When it is preserved, for small

values of w and k; we can admit:

Tw Uk,
<]t@)>0:a)2——c§k?, <]i@>0:a)2——(;§kl?, (4.26)

while when it is broken, we can have

T Uk;
Mo - k2’ (Ji0)y= : (4.27)
i

<]t@>0= )
Mo - k?

where T, T, U, ¢, and M are constants. Note now that (4.24) breaks time-reversal invariance
for the currents J ll and ]l?, and actually requires T#0 as it was proved in [9]. This implies that
(4.20) and (4.22) lead to quadratic dispersion relations, w = ];—/’2[ with M = T/ ¢p. On the other
hand for the Goldstone boson contributing to (4.23), which is of type A [11], the time-reversal
invariance is still preserved and the dispersion relation is linear (assuming U has a finite limit

for vanishing momentum), but with velocity depending on the ratio U/ T = c?.

We stress once more that in order to obtain quantitative results on all these dispersion
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Chapter 4. Holographic type B non-relativistic GB

relations, we should determine the non-local functions that we have left unspecified in (4.17).
The poles in these functions would give us the dispersion relations of the massless modes,
together with all the rest of the massive spectrum. In order to do that, we would need first to
have a background which is reliable down to the deep bulk. Performing the back-reaction,
also on the metric, would then be necessary. One should be warned though that in the present
zero-temperature set-up, that would most inevitably lead to a singular geometry. That should
however not prevent us from imposing boundary conditions in the form of boundedness of
the fluctuations. Any other stratagem to avoid the singularity would introduce a new scale
to the problem, as for instance a finite temperature. That has been carried out by numerical
methods in [98], where however the back-reaction is not studied, thus limiting the analysis to
situations where the temperature and the chemical potential are roughly at the same scale.

Without specifying the unknown non-local functions ft“b @), f,7(0), fq? (0), etc, we cannot
go further and, for instance, find the exact expression for T, T, U for all the massless (and
light) excitations. In the present model this is of course in principle possible, but would imply
solving the equations of motion for the fluctuations in the bulk. This in turn would necessitate
to find the back-reacted geometry. The point in this chapter was to exploit up to its limits the
technique of holographic renormalization, i.e. to extract the maximal information about the
system purely from boundary considerations.
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Conserved currents and symmetry
breaking in Lifshitz holography

In this chapter we will review holographic renormalization and two-point functions for con-
served current and scalar operators on Lifshitz invariant backgrounds, so setting the premises
to study symmetry breaking and Ward identities in Lifshitz holography.

Our goal is to discuss symmetry breaking and Goldstone bosons in theories which enjoy
Lifshitz scaling invariance, rather than relativistic or even conformal invariance. Low-energy
effective theories for such Goldstone bosons were considered for instance in [24-27]. If one is
interested in seeing how such Goldstone bosons arise in strongly coupled theories, the natural
answer is to turn to large N field theories and their holographic description. Holography for
theories with a Lifshitz scaling has been initiated in [16, 17] (see [19] for a recent review). Some
other relevant references are [18, 100-108].

We will be concerned with the breaking of a global symmetry which commutes with the
space-time symmetries of the theory. This entails as usual the presence of a conserved current
(i.e. a charge density and a spatial current related by a conservation equation), independent
from the energy-momentum complex. Holographically, this means that we will have to deal
with a bulk massless vector in a fixed Lifshitz background. In particular, the non-relativistic
form of the latter is typically generated with the help of a massive bulk vector which acquires a
profile. We will not consider the dynamics neither of the metric nor of this massive vector field,
but we will make use of the background massive vector field in order to write more general
bulk actions for the scalar and the massless vector.

Since in order to discuss symmetry breaking, we need to consider the coupled system of
a vector and a scalar, we will need to first make sure we understand how Lifshitz holography
works for a massless vector and a scalar separately, and what are the different options in
the holographic description. Indeed, having less constraints with respect to, i.e., conformal
symmetry, we expect a larger diversity of field theory outcomes from holography, depending

on choices that one makes in the bulk theory.
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Chapter 5. Symmetry breaking in Lifshitz holography

We have briefly discussed basic examples of Lifshitz invariant field theories in Sec-
tion 1.3.2. We recall here the defining transformations (1.75) of Lifshitz scaling invariance,

r — Aft,
xX; — /1xl'.

Whenever z # 1, such scaling transformations are not compatible with Lorentz symmetry, and
they constitute non-relativistic scale transformations. We will always assume that z = 1. If we
add to Lifshitz scaling (1.75) time and space translations as well as spatial rotations, we obtain

what is called the Lifshitz symmetry group.

A d + 2-dimensional Lifshitz invariant metric with SO(d) rotational symmetries is unique

and takes the following form

_dr?_ae Xidx

7‘2 rZZ r2

ds®

(5.1)

It can be shown that such a metric for z # 1 is a solution of a suitably chosen theory of Einstein
gravity with a negative cosmological constant and a massive vector field [17] that we will
denote as B and that is given by

B= ﬁ(% with f= 5.2)

z? z
For z =1 we recover the standard AdS metric in Poincaré coordinates that has relativistic scale
invariance. The spatial coordinate r will be our holographic coordinate that is zero at the
boundary and that tends to infinity in the bulk.

In the following we will consider the metric (5.1) and the massive vector (5.2) as fixed,
non-dynamical background quantities, and we will study the holographic renormalization
and boundary two-point functions of operators dual to fields on a fixed Lifshitz bulk geometry.

We start reviewing the properties of a scalar field on a Lifshitz background.

5.1 Two-point functions for Lifshitz scalars

The basic setup of a free scalar field in a Lifshitz spacetime has of course been considered
previously in the literature [16, 17, 19]. This simple case in fact already displays some peculiar
features with respect to the AdS version, namely the appearance of imaginary poles in the
two-point function. These diffusive poles at zero temperature are a characteristic feature in
holographic Lifshitz theories, and they will appear also in the vector sector as we will show in

the next section.

Let us consider the (d+1)-dimensional bulk Klein-Gordon action for a complex scalar
field

S= fdd“x vog (- 8", 0,0-m* "), (5.3)
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5.1. Two-point functions for Lifshitz scalars

where g is the Lifshitz metric, as defined by (5.1). We allow for arbitrary values of the bulk
mass m, but for simplicity, we do not consider higher order potential terms.

From the variation of this action, we obtain the equation of motion
r0,(rd,¢) — (d+z-1)rd, ¢ —r**d5¢ +r*d;p—m°¢p=0, (5.4)

where 6? implies a sum over the d—1 values of i. This equation has two independent solutions,
with the following near boundary asymptotics (r = 0):

[N

V(pp+.)+ I (Go+..),  with = (5.5)

$=r

When v = 0 we have a Lifshitz version of the BF (Breitenlohner-Freedman) bound [71] on the
bulk mass of the scalar, with an ‘effective’ dimension d, obtained by adding the dynamical
critical exponent z to the number of spatial boundary dimensions d — 1 (that is, counting the
time dimension z times). From now on, in order to avoid technical difficulties related to the
renormalization procedure, we will take 0 <v < 1.

Using the equation of motion (5.4) we can put the action (5.3) on-shell, and reduce it to a
boundary term,

1 ~
Son—shell = 5 fdd+1x ar [ - r_d((p* rar(p + (P rar(P*)] (5.6)

=f d%
r=e

where in the second line we have used the asymptotic expansion (5.5), and, since we have a

)

(8] sions 4§ (oudi + i)

term diverging at the boundary r =0, kept a small € as a regulator. We can renormalize such a
divergence through a standard mass counterterm

Sec = (%—v)frzeddx V=8 ¢* 0, (5.7)

where g is the induced metric on the boundary, thus obtaining
d Tk e
Sren = Son-shell ~ Sct = Vfd X (‘Po‘/’o + ¢y (Po) . (5.8)

A full solution to the equation of motion (5.4) would relate the subleading ¢, to the leading ¢,
through a non-local function, i.e. ¢, = Jp04 6?) ¢, which we assume real. Then we can write
the formula for the two-point correlator of the dual boundary operator G:

. 62 Sren

Oy 00,0 =1 5 )

=—i2v [,(0,,07) 6(x—x'). (5.9)
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Chapter 5. Symmetry breaking in Lifshitz holography

The equation of motion (5.4) can be analytically solved for z = 2. Writing
b, t,x) = e ORI ) k) (5.10)
we find for the Fourier modes
1o, (rd,¢) — (d+1)1d,¢— (m* + kir* —w?r*)p=0. (5.11)

The solution is given in terms of confluent hypergeometric functions, of the first kind, M, and
of the second kind, U:

drw,k7) = e%‘”zr%”(c1 Ula,1+v;—ior?] + C,M[a,1+v;—iw rz]) , (5.12)
1 ik?

with a=—-|1+v+—]. (5.13)
2 2w

In order for the solution to be of in-falling type1 at the Lifshitz horizon (r — oo), we need to
set C, = 0. Indeed the function M[a,1+ v;—iw r?| for large argument goes as e~ thus
introducing an outgoing wave. Note that the Fourier mode in (5.12), when C, is set to zero,
decays in the deep bulk for Imw > 0. Wick-rotating to Euclidean signature, this corresponds to
requiring regularity in the deep bulk.

From the expansion of U[a, b; x] around x=0,

o Li=bl o a-p b=l
U[a’b'x]_l"[a—b+1]+ +x Tal +...,

(5.14)

we can read off the coefficient of the leading term, going as r%_v, which is ¢, and the
coefficient of the subleading term, going as r *V, which is ¢,. Then from the formula (5.9)
we obtain the two-point function of the dual scalar operator with Lifshitz scaling z = 2:

(04 () O (=k))g = =i 2V fy(w, k) = —i2v %

0
e i)
s )

ik;
2w

=2i(-iw) (5.15)

We first remark the branch-cut starting at w = 0. Then, the Euler gamma function I" has
poles at negative integer values of its argument and 1/T is an entire function, so we find that
the poles of the correlator are given by

—ik?

S — L — ith neN. 1
= S ntlty Van (5.16)

INote that we use here the prescription of [109]. A more rigorous derivation of the analytic structure of the
time-ordered Minkowski correlator should be recovered by accurately performing real-time holography [68, 69].
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5.1. Two-point functions for Lifshitz scalars

We thus see that these poles all lie on the negative imaginary axis.? In fact the locations of the
poles accumulate as one approaches the origin along the negative imaginary axis. One may
expect this behavior to be a consequence of the singularity at r =oco where for z>1 Lifshitz
spacetimes display diverging tidal forces [16]. In other words Lifshitz spacetimes with z>1 are,
contrary to AdS, geodesically incomplete. In the next section, we will use “hard wall” boundary
conditions to cut-out the singularity at r = oo, in order to see what happens to the imaginary
poles. For other considerations on the appearance of imaginary poles in Lifshitz holography,
together with a field theoretic perspective on the issue, see [101, 110, 111].

5.1.1 The hard wall solution for Lifshitz Klein-Gordon scalar

We want to see how the two-point function, and its poles, change if we break the Lifshitz scale
invariance setting a hard wall in the IR, i.e. deep in the bulk. We consider exactly the same
bulk action (5.3) as in the previous section, so we have the same solution of the equation of
motion (5.12) for z = 2. But now we impose a different IR regularity condition, namely that the
field vanishes® in the bulk on a surface at r = u~!. This yields

U[a,1+v;—L—‘;’

MW wk)=0 o C=-C —, (5.17)
Mla,1+v;—-2
v
with the expression for a already given in (5.13), so that the hard wall solution reads
M (T w, k) = (5.18)
P2 d+l U[a’l"_V;_i_aZ)
=C e rz "|Ula1+v;—ior?] - —M[a,1+v;—iw rz]) ,
M|a,1+v;—
w
and ¢ =0forr>pu'.
In order to determine the two-point correlator, we consider the terms r2 =V and

ISR . : . .
o r°z ¥ in the series expansion of the solution ¢/'" around r =0. Using the near boundary

expansion (5.14) for the confluent hypergeometric function of the second kind U [a, b; x], also

2We notice that the imaginary poles are symmetric under w — —w*, that is the equivalent condition in the
complex w plane to time-reversal invariance, which is indeed a symmetry of Lifshitz Klein-Gordon equation (5.11).
The branch-cut in (5.15) may also be taken to be symmetric under o —-w*, i.e. lying along the upper imaginary
axis.

3This IR boundary condition might seem closer in spirit to the ones used after a Euclidean rotation. However as
we have noted, IR vanishing and in-falling boundary conditions coincide when going to the upper half w plane.
See also [106] for a similar situation.
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Chapter 5. Symmetry breaking in Lifshitz holography

known as the Tricomi function, and recalling that M{[a, b; x] =1 + O(x) for small x, we find

_ F[V]
HW
=C )
" o o F[ ] 5.19
G = I[-v] Ulal+v;—p2 ]) (5.19)
O T Tla-vI M[a1+v;—ptio])
The correlator of the dual scalar operator, following formula (5.9), is then given by
THW _2.
r I'— Ula,1+v; —u<iw
(O¢O(’Z>(I){W:—i2v—2lw:—i2v(—iw)v [a]( i - [ “_2. ]
s FWvI\Tla-vl Mla,1+v;-u ?io]
Mla-=v,1-v; —u2iw
=i2vu?¥ [ pio] (5.20)

Mla,1+v; -pu %iw] ’

where in the second line we have used the expression of the Tricomi function as a combination
of confluent hypergeometric functions, that is

Ny VPR y (Ll | Y

Vla bixl = o9 g Tlal

[a+1-b,2-Db;x].
Notice that this simplification precisely removes the branch cut on the real axis which was
present in the pure Lifshitz correlator (5.15).

Note that a depends on w so that the frequency dependence of M[a, b; x] is through both
a and x. Since the confluent hypergeometric function has no poles, the poles of the hard-wall
correlator are determined by the zeros of M. Since zeros of analytic functions lie isolated we
obtain a discrete spectrum as shown in the numerical plot in Fig. 5.1, for the case of poles that
lie on the real-w axis. The zeros of M do not have a simple analytic expression and are hard to
find even numerically. The numerical plot in Fig. 5.2 shows that the correlator (5.20) has no
poles that lie exactly on the imaginary axis, as in the pure Lifshitz case (5.16), but it should
have poles that lie off the real and imaginary axes, in the complex plane, that in the ¢ — 0 limit
(no hard wall) align on the imaginary axis, at the locations of (5.16).

Indeed, the limit of the correlator (5.20) for t— 0 correctly gives the expression for the
scalar correlator in the absence of the hard wall (5.15), provided we approach the origin from
the half-plane where Imw >0 (in agreement with the choice we made below (5.13)). In fact,
from the first line of (5.20), one can see that the correlator of the hard wall scalar is written
in terms of the correlator of the pure Klein-Gordon scalar, plus a piece proportional to U/M.
In the limit 4 — 0, so large third argument, we have U[a, b; x] < x%, while M[a, b; x] x e*, with
X=-— ,u_z iw. So, for Imw >0, the U/M piece is exponentially (and non-analytically) suppressed
as we push the hard wall into the deep bulk, eventually recovering the pure Klein-Gordon
expression in the strict ©=0 limit.
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Figure 5.1. Plot of the hard-wall correlator for real values of w, at fixed = 0.01, v = i,

k% =0.001.

5.1.2 Two-point function for a general scalar

We discuss here a modification of the Klein-Gordon scalar bulk action (5.3), by allowing

couplings to the background massive vector field (5.2). This will allow for a time-reversal

breaking kinetic term inspired by [107], which yields a more general model for a non-relativistic

probe scalar, including a case with enhanced z = 2 Schrédinger symmetry.

The background massive vector is given by equation (5.2). Note that since B, B! =— B?

we can define the metric orthogonal to B, as

Yuv = 8uv + ﬁ_szBv .

—iw

. .
~1x108 ~ 500000

L
500000

.
1x 108

i(0p03)

3.0

0.5

(5.21)
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Figure 5.2. Plot of the hard-wall correlator for purely imaginary values of w, at fixed p = 0.01,
V= i, kl2 =0.001. The second plot is a zoom close to the origin of the first plot.
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Chapter 5. Symmetry breaking in Lifshitz holography

We will denote by y*¥ the above projector with its indices raised with g*".

Taking into account the fact that B, being massive, has no gauge invariance, the most
general bulk action for a complex scalar is the following:
S — fdd+1x /_g L

* pV h * *
2 B*0,¢*BY0,¢— LB (¢ 0, p0,p*) +

2p
—Y"8,0 0,p—m*Pp* P |, (5.22)

where ¢ and h are real numbers. Note that in order to have the second term, with the h
coefficient, we need a complex scalar for otherwise any term linear in B*#9 L would be a total
derivative. The contribution of the second kinetic term with coefficient & to the kinetic energy
is positive for positive frequency modes provided we take k to be positive. We will therefore
assume throughout that /2 = 0. We recover the Lifshitz Klein-Gordon case of the previous two
subsections for & = 0 and ¢ = 1, whereas the Schrédinger invariant case is recovered for ¢ = co
as we will see later.

Since B, has no radial component, the terms involving B, in (5.22) do not contribute
to the on-shell boundary action, which is thus the same as in (5.6). Thus, in our case, with
0 <v <1, the counterterm (5.7) removes the only divergence, so that the renormalized action
is again given by (5.8). Therefore, the two-point function is given by (5.9), where the unknown
non-local function is now obtained by solving the equation of motion resulting from the

variation of the generalized action (5.22), which is
rd,(rd,¢) —dro,¢+r?0?p—c*r**0 p+ihr?d,p— m?p=0. (5.23)

In order to find analytical results, once again we specialize to z = 2. The above equation,
after Fourier transforming, is identical to the Lifshitz Klein-Gordon equation (5.11), with w

replaced by w/c and kf replaced by Elz = lc‘;.2 +hw:
2 ~
ro, (ro,¢)— (d+1)ro, ¢+ L r'p—kZr’p-m*p=0. (5.24)
c
For ¢ — oo this equation is identical to that of a complex scalar on a Schrodinger spacetime

with z = 2 [15] and hence possesses z = 2 Schrodinger invariance (see also [107]).* The
solution, again picking the in-falling part as r — oo, is given by

iw + lw
(,b(r,w,kf):Cefcrzr%+vU[ﬁ,l+v;—7 rz] , (5.25)
1 ick?
with a= z(1+v+—2w ) . (5.26)

From the expansion of this solution near r = 0, we again extract the source and the VEV

4We note however that this is no longer true for other values of z, i.e. a complex scalar field on a Schrédinger
spacetime with z # 2 satisfies a different equation than we would find here for z # 2 and ¢ — oo.
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5.1. Two-point functions for Lifshitz scalars

for ¢, from which we then derive an expression similar to (5.15). This results in the following
boundary two-point correlator of the operator dual to our more general scalar:

v T — v T[3(1# v+ 5 2 - ho) |

I'ivi F[%(l—v+2i—g)(k?—hw))] . 627

(Op (k)0 (—R))y =2i( - 2]

This expression matches the pure Klein-Gordon correlator (5.15) for =0 and c=1. Let
us however see how the analytic structure is changed by h > 0, and what happens in the
Schrédinger limit ¢ — oco.

The poles of the correlator are situated where the argument of the Gamma function in
the numerator is a negative integer. In the complex w-plane, these are located at

-
zki

= ,  withneN. (5.28)
%(2n+1+v)—ih

w

We can see immediately that for #=0 and c=1 we retrieve the same poles as in the Lifshitz
Klein-Gordon case (5.16). For ¢ > 1, instead, the imaginary part of the poles for small » is
very small, and so they lie close to the negative real axis (since # is taken to be positive). Note
that time-reversal invariance is violated, as a consequence of the time-reversal breaking term
proportional to & in the equation of motion (5.23). In the strict ¢ — oo limit the structure of
the zeros and poles of the correlator changes in a non-trivial manner as we will show next.

ick?

We can assume that in the Schrodinger ¢ — oo limit, =

— 00, so that we can use Stirling’s
formula, valid for x — oo,
F(x) ~ e(x—%)logx—x+%log2ﬂ , (5.29)

which implies
I'x+a) _ oa-b

ol =" (5.30)
We thus get,
r[-v] (k2 -hw\”
(0p(K) 0} (~K)) o = 21 [rmv} ( l 7 ) , (5.31)

which agrees with [15]. Note that for c=oco the equation (5.24) reduces to a Bessel equation,
as for a relativistic scalar in AdS. Hence the correlator is similar to the one in the conformal
case, where however the Lorentz invariant g% = k? — w? is replaced by the Lifshitz covariant
combination k? — hw. There is a branch cut which we choose to be placed at those points for
which the argument of the fractional power 0 < v < 1 is negative, that is for real and positive
w=E.

Before concluding our discussion of complex scalar probes on Lifshitz spacetimes, we
consider one final case: ¢ = co and z=4. We saw that for ¢ = oo and z = 2 we obtain the case of
a Schrodinger scalar. In the same limit but with z = 4 we do not see a symmetry enhancement
but we do find an example where we have analytic control of the solution. Since this is rare for

values of z different from 2 we pause here to study this special case in some detail.
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Chapter 5. Symmetry breaking in Lifshitz holography

Consider equation (5.23) with ¢ — oo and z=4. We obtain, for the Fourier transformed
field,
rd,(rd,¢) —dro,¢— (m*+kir* —hwr*)¢p=0, (5.32)

which is again an equation of the confluent hypergeometric kind. Imposing the usual in-falling
boundary conditions, we obtain the following solution:

o(r,w, k) = CelsVhor? v U[éz,1+v;—i\/ hwrz] , (5.33)
ith a 1(1 ikz ) (5.34)
with a= +v+ .
2V h

Repeating the procedure that allowed us to derive the correlator (5.15), we can write the
two-point function for this z=4 scalar as:

1“[ (1+v+

F["l rl3(1-v+

)

(05K O (k) =2i (~ivh ) (5.35)

o)

This correlator exhibits a branch cut, as well as poles on the negative real axis located at

4
w=——->K K withneN. (5.36)
4h@2n+1+v)
It is not straightforward to come with an interpretation of the modes associated with these
poles, besides the obvious fact that the dispersion relations respect the z = 4 Schrodinger

scaling, and that they violate time-reversal invariance, as expected.

5.2 Lifshitz holography for a massless vector

We now discuss conserved currents in a Lifshitz theory, that holographically correspond to
massless vectors in the bulk. This is a set up that has received surprisingly little attention
(see [112] for a rather different set up, at finite density). As we will see, the correlators that
we will be able to compute analytically display very similar features to the case of the Klein-
Gordon scalar.

We consider from the outset the most general bulk action for a massless vector in a fixed
Lifshitz background,

1
S= —Zfdd+1x veg (v - ?3_1; BPE?)FypFys, (5.37)

where B* and y*V are defined in (5.2) and (5.21), and x = 0 is a parameter which generalizes
the action for the massless vector (by putting x to one, we recover the Maxwell action for a
free massless vector).
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5.2. Lifshitz holography for a massless vector

Using bulk gauge invariance 6 A, = 0,,@, we can fix the radial component to vanish: A4, = 0.
Hence, the residual gauge transformations will only depend on the boundary coordinates t, x;.
The equations of motion obtained by varying (5.37) with respect to A,, A,, and A; respectively
are

K1%%0,0,4,~1%0,0,4; =0,
r70, (rm 20, A,) +r%(0,0,A,-0,0;4;) =0,

rd+z_20r(r_d_z+4arAi) - K rzz(O%Ai —aiatAt) + 7'2 (ajajAl - alajA]) =0.

We will split the vector A; into a transverse and a longitudinal part°:
Ai = Ti+6iL’ Wlth al'Tl' =0. (5.38)

Under the residual gauge transformations, we have 6 T; =0, 0L = @, and § A; = 0;a. The
splitting leads to the following four equations:

kr*%0,0,A, —1°0,0,0,L=0, (5.39)
rd=29, (r~9**29 A,) +r’6?(A,-0,L) =0, (5.40)
rd*a72g, (r~4-%49,0,L) +x r**0,0,(A, - 0,L) =0, (5.41)
rE2, (1m0, ) — k1P O T + 17 05 T; = 0. (5.42)

Every term in the equations above is gauge invariant.

Starting from (5.37), we now compute the renormalized action. The first step is to reduce
the bulk action to a boundary action, using the equations of motion:

1
S= f d¥ 1y r*‘”i[x r2*%Fp F, — r4F”~Fri] (5.43)
on-shell
1

_ _f d%x E[K A0, 4 -1 a0, 4] (5.44)

r=e

We now use the split (5.38) and the constraint (5.39) to obtain
1

Swg =3 f dx [icr= 424, - 0,1)9, A, — 11,0, T (5.45)

r=e

All terms in the expression above are manifestly gauge invariant.

The next step is to see if there are any divergent terms, and if so, to add the appropriate
counterterms to cancel the divergences. This procedure depends on the specific values of d
and z, nonetheless we are going to sketch it assuming those values are generic enough.

Let us first consider the timelike/longitudinal part. The purely radial solutions of the

5Note that insisting on a transverse splitting over all boundary coordinates would be very inconvenient here
(contrarily to the case of the previous chapter, where it is eventually equivalent), since d,, A™ = —r?%8, A, +1%0; A;,
i.e. the r-dependence does not factorize.
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Chapter 5. Symmetry breaking in Lifshitz holography

equations of motion (5.39)—(5.41) are respectively A, o 1, 74 ?"! and L 1, r%+#73, Hence,
from the equations of motion and assuming z = 1, we expand A; and L as

d-z-1

A =ag+ayr’+ ... +adyr + ... (5.46)

L=lg+Lr?+ .. +Lrd# 34 . (5.47)

where all coefficients depend on the boundary coordinates ¢, x; and where we included the
first order corrections with the coefficients a; and [/; as well. Under the residual gauge trans-
formations we have that 6a, = 0,a and 6/, = a. To avoid complications (i.e. logarithmic terms
and/or alternative quantization, as for instance in [III]), we assume d — z—1 > 0 (equivalently
d > 2z), which since z = 1 also implies d + z—3 > 0. Let us notice that the constraint (5.39)
imposes

d,a, = Eaizl, x(d—-z—1)0,dy=(d+z—3)0%, . (5.48)

and that (5.40) and (5.41) imply

. :dlg(do—atlo) p _x 0,9 (ag—0,1y) (5.49)
"T2d-z-3) 7'z 2d-z-3) ‘
The regularized action is
S K[ ddx[r—d+2+3(a0—6tlo)al+...+%(d—z—1)(a0—6tlo)ﬁo]. (5.50)
r=e

where the superscript ¢/ L means that we ignore the second T’ dependent term in (5.45). The
first term is divergent if d — z > 3. In that case, the dots represent other possibly (less) divergent
terms. We note that if d — z = 3, there would have been log-divergences that would have to be
taken care of. The last term is finite and is the only one involving g, as all other terms with 4,
vanish as r — 0.

If the first term diverges, we have to add a proper local, gauge invariant counterterm,
which in this case is

r=

Z(d—

where g is the induced metric on the boundary. Using the expression for a; given in equation
(5.49) we obtain the ‘renormalized’ action for this sector:

1
Stem = Steg — Sttt =— Kfr_eddx 5(@=z=1(ag=0,l)a +

(5.52)

—d+z+3

—Z(d— —5; 00 T0, T,

We observe that our counterterm succeeds in suppressing the divergent terms in the time-

like/longitudinal sector without adding finite terms, but that it leads to an additional term

in the transverse sector. This term is divergent, but, as we will see in a moment, it will be
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5.2. Lifshitz holography for a massless vector

canceled by the counterterm in the transverse sector.

So, let us concentrate on the transverse sector. The boundary behaviors of the solutions
of the equation of motion (5.42) are T; 1, r4*#~3_ By using (5.42), T; can be expanded near
the boundary as

Ti=to+rity+ ... 1%+ .+ 1T304 (5.53)

where we are omitting the i-index on the coefficients and where we have

_; 2 K @ 3
tl_Z(d+z—5)ait0, I, = ZZ(d—z—S)attO' (5.54)

Again, as a matter of simplicity (no logarithmic terms), we will consider d+z—-3 #0, 2, 2z. The
boundary action is then

1 ~
ST el = f dvx |rmd=#5 t1+...+zr_d+z+3t0tz+...+§(d+z—3)t0t0, (5.55)

where the superscript T means that we ignore the first time/longitudinal term in (5.45).

If the first term in (5.55) diverges, it can be canceled by the following counterterm

) (5.56)

which does not generate any finite term containing 70. Further, if the second term in (5.55)
diverges, this part will be canceled by the second (transverse) term in (5.52). Therefore, by
combining the counterterms of the two sectors, we obtain the fully renormalized action

— t/L
Sren - Son shell — Sct Sct -

=fddx

Note that as soon as z # 1 the two counterterms (5.51) and (5.56) are of the general form that

~ 1
E(d+z—3) toto—zK(d—z—l)(ao—dtlo) ag | - (5.57)

we used in the action (5.37).

Solving the equations of motion for the fluctuations with some bulk boundary conditions
would allow us to express d, and %, in terms of the gauge invariant combinations of the sources,
(ag— 0,1y and ¢, respectively, through some non-local function. The sources for the currents

are
Ssources = fddx{_aojt - lOai]i + tiOJiT} . (5.58)
This results into
. oa,

<]t]t>—l1<(d—z—1)6—a0, (5.59)

0,067

T\ _ o __i7jl%%
! Ji)=-id+z- 3)( 2 )5to (5.60)

and the correlators involving 9; J; being proportional to (5.59). Note that due to invariance
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Chapter 5. Symmetry breaking in Lifshitz holography

under the residual gauge transformations there is an operator identity:

6Sren — a 5Sren
ol P 5ay

0;,J;=0,J;, (5.61)

i.e. the current (-J,, J;) is conserved.

5.2.1 Two-point function for a Lifshitz vector

Since we have performed the holographic renormalization of the most general bulk action for
a massless vector field and derived the formulee (5.59,5.60) for the two-point functions of the
charge densities and currents, we may try, for specific cases, to get analytic expressions for

these correlators. They turn out to be very similar to the scalar case.

Again, when z = 2 the equations for the fluctuations can be solved analytically. The
conditions from the previous subsection for avoiding logarithmic terms imply that d has to be
even. Let us start with the transverse part. The Fourier transformed version of equation (5.42)
reads (we write T; = T)

r202T—(d-2)r0, T+r*@*T-r’k*T=0. (5.62)

2

where @ =kw?. Again we have an equation of the confluent hypergeometric form, whose

solution, that is regular in the interior, is

~_.2

T=Cpe® U|—L-4=3 _4-9. ;5 (5.63)

ik} 4_3 d-3 .,
4@ 4 2 )

Using the expansion of U[a, b; x] for small small x (5.14), from (5.60) we obtain the correlator
d- ik}  d
r[-42)r| % + 42

_ j k2 _ ’
r[4r| 5 - 42

klk -1
<Jf]f>0=2i(5ij— sz)(—ia)dz
l

(5.64)

for d even. The scaling dimension is the correct one: taking into account that [@] =2, the
correlator has dimension d — 1, which is 2[J;] — (d + 1) given that [J;] =d. We notice that it is
similar to the scalar one (5.15), and it also has analogous imaginary poles, located at

—_ k2
i k;

T Ain+d+1l’

NO) (5.65)

Let us also investigate the k — 0 and w — 0 limits of the correlator (5.64). For k — 0 and
fixed w, all the I'-functions approach constants and the propagator is just proportional to
a transverse projector times w“ /2, For w — 0 (so, @ — 0) at fixed k, we have to employ
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5.2. Lifshitz holography for a massless vector

Stirling’s formula (see (5.30)), leading to

2 (5.66)

a1 d-3

kik:\(k?)? (-5

UiT]jT>0=2i(5ij_k—2])(—l) (—2)
1

Up to a prefactor both limits are fixed by scaling considerations and the fact that the correlator
is proportional to a projector.

We can also consider the temporal/longitudinal sector. Let us start by establishing an
ordinary differential equation for the temporal part. If we call

A=0,A,, L=0;0;L, (5.67)

then the equations (5.39), (5.40) and (5.41) become

” r_d+z+26rA _ r_d_z+46rL =0, (5.68)
ar(r“““z arA) 4 pod+at2 (aiaiA_ 6%L) =0, (5.69)
0, (r 4 #*9, L) +xr~4***2(9,0,A-03L) =0, (5.70)

the third being obviously redundant. The first equation gives
0,L=xr**7%9,A, (5.71)
so that we eventually have an equation for A only:
0,(r1"="20,(r~4+%*29, A)) + 930, A-x 1> 0%, A= 0. (5.72)
This is a second order equation for A’ =4, A:
r?02A —(d—z-2)rd, A+ (d—z-2)A' —xr*?0? A’ + r°0,0;A' = 0. (5.73)
Performing a Fourier transform and setting z = 2, the later equation becomes
rPoA —(d-4rd, A +(d-H A +r@* A - Pk A =0, (5.74)

which is again of the confluent hypergeometric form. Thus, we obtain

A/chegwr ru —;——,—T,—i@rz . (5.75)
One must be careful with the expansions, because leading and subleading orders can get
inverted. This happens for example ford =4,1-b = —%, where the g, term is more leading

than a,, with both being subleading to the constant term a,. However their expansions do not
mix and one can still extract the coefficients.
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The two leading modes are identified as follows:

_ - 1[4z L T[-%5
2way = iCy L7 ,Ez] : <d—3)wao=icA(—i@%#
2 ik; d-3 ik; d-7

T[m T] F[E_T

so that, using (5.49), we get

r[_@]r[ﬁ+ﬁ]
S 2 2, .~ d;s 2 40 4 .
(d-3)ay = EEGIEE ki (—io) r[dj]r[iﬁ_df] (ay+iwly) . (5.76)

Eventually, from (5.59),

. _d=spliky ds
U (=10 = —= x K2 (=i@) T : [42” o (5.77)
2 d-31r[iki  d-7

One expects the above correlator to have dimension 2[J,] — (d + 1) = d — 3, which it has. It also
displays poles for

VKo =—"~——. (5.78)

k:
<]t(k)][(—k)>0 =-2iK (ZI , (5.79)
which is finite. It is to be noted that this is in line with the relativistic case, where the correlators
of a conserved current are finite for w — 0 and fixed k.

We have thus shown that a general massless vector in a Lifshitz background presents
two-point correlators completely analogous to the ones produced by a Klein-Gordon scalar in
the same background. They display the same analytic structure, comprising a cut ending at
the origin and an accumulation of poles on the upper imaginary axis. It is also worth noting
that for the vector, this is the most general result, since we do not have the possibility (without
introducing other field content) to generalize the bulk action with Schrédinger-like terms.

5.3 Lifshitz holography for symmetry breaking

We are finally ready to study the physics of symmetry breaking for a Lifshitz invariant theory
in a holographic setup. Our main goal is to retrieve the correct non-relativistic Ward identities
for symmetry breaking.

To this end we will consider the most general U(1)-invariant action for a complex scalar
field coupled to a massless vector field on a non-dynamical Lifshitz background. This amounts
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5.3. Lifshitz holography for symmetry breaking

to combining the actions for the most general scalar (5.22) and for the most general massless
vector (5.37), and replacing ordinary derivatives with covariant derivatives, leading to:

fdd+l

y’“’ (yf’" v BPBU)FM,FW 4 (5.80)
v * ]. * pV
— YDy DV¢+2—ﬁzB”D#¢> B'D,$ +
-8 50" Dy0-00,07) - P9’ .

where Yuv and B“ are defined in (5.21,5.2), and

F,,=0,A,-0,A
D,=0,-iA,.

u )

We will partially fix the gauge freedom by imposing radial gauge, i.e. A, =0, like we did in
Section 5.2. The equations of motion, obtained by varying the action (5.80) with respect to A,,
A;, A;, and ¢* respectively, are

r20,0,A; —x1%%0,0, A, +i ("0, —pd,0*) =0, (5.81)

0,(r0,A;) ~ (d-2) 10, A;+ 12 (334, - 0,0, A ) =177 (03 A4; - 9,0,4,) +
—i(¢"0;p—p0;p") —2¢"pA; =0, (5.82)

rd,(ro,A,) —(d-22)r0, A, +1*(07A,-0,0;A;) + (5.83)
- L9 0p-90,9°) - Z50°9A, - Lr g p=0,

r0,(ro, @) —dro,¢—m*p+r*(95¢p—2iA;0;¢— i(0;A)p — A2p) + (5.84)

- L (Gh9- 200,019~ 10,A)9 - A29) + Thr*(0,6~ 1A) =0

In order to trigger the breaking of the U(1) global symmetry on the boundary, we as-
sign a background profile ¢p; to the scalar, which can be taken to be real by virtue of the
symmetry. In order not to break boundary spacetime symmetries, we will construct a set of
(t,x")-independent solutions (¢, Ag,, Ag;) of the equations of motion where Ag; = 0 and
¢p € R. As we will see a posteriori, we have to consider Ay, # 0 otherwise the scalar back-
ground has to be zero. With these specific requirements for the solutions, equations (5.81) and
(5.82) are trivially satisfied and (5.83), (5.84) provide respectively:

rd,(ro, Ag)—(d—22)r0, A — 2¢B tB——r*%pB 0, (5.85)

ro,(ro,¢p) = dro,dg—m (PB+ 2 tB</’B+hrZAtB(PB—0 (5.86)

We see that, whenever & # 0, on the one hand, if we want to set A,z =0, then the first of the
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two equations is not satisfied, save for a trivial scalar background ¢y = 0. On the other hand,
if A, has a constant term, i.e. a chemical potential (see eq. (4.3)), again the scalar profile must
vanish for eq. (5.85) to be satisfied. Let us then set A,z = 0in (5.86), so that we have the usual
near-boundary solution

ST~V
TN

Viprztv, (5.87)

pp=wr

where d and v are the same as defined in Section 5.1, eq. (5.5). We choose v €]0, 1, so that we
will not have logarithms in the boundary action®, but in this way we also guarantee that the
term r* A,z in (5.86) does not affect the profile, since g -v+z> % + v is always true in our

range of v.

Then, the profile (5.87), through the term r’z(/)%3 in (5.85), sources a background profile
for the temporal component of the vector, namely

i h
Ap=Agrd™2V4 . with Ag=—w?. (5.88)
K

We will see that such background profile is subleading enough in order to disappear from the
boundary action if d > 3, but for the moment we will keep track of it. Finally, let us stress that
for the full Lifshitz case h = 0, the problematic terms in the equations (5.85-5.86) are not there,
and A, can be set to zero without any issue.

We will now treat the fields as small fluctuations over these background profiles, expand-
ing the action up to quadratic term in the fluctuations. For the scalar fluctuations we also split
into real and imaginary part, so

¢ptp+in

== 5.89
¢ V2 (5.89)

For the moment we keep both the leading mode with coefficient w and the subleading mode
with coefficient v of the scalar profile, corresponding respectively to explicit and spontaneous
breaking in ordinary quantization, and vice versa in alternative quantization. We can switch
off the appropriate explicit breaking term when studying the case of spontaneous symmetry
breaking. The fluctuations around the time component of the background gauge field will
again be denoted by A;. We hope that this will not lead to any confusion. Finally, we split the
spatial component of the gauge field into a transverse and a longitudinal part,

Ai:Tl"'l‘al'L, with aiTiZO.

Since we are interested in an action that be quadratic in the fluctuations, we keep equa-
tions motions that are linear in the fluctuations, which read (by also using the equations for

6Also v > 1 would be fine, but we want to stay in the window where alternative quantization is possible.
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the background profiles):

120510, L—x1%0,10,A;—pprod,m+m70,pp =0 (5.90)
rd,(ro, T) = (d-2)r0, T; = x r**&, T; + r*05 T, = p3T; = 0 (5.91)
rd,(rd, L)~ (d—2)rd,L— 3 L+xr??0,(A,—0,L) +ppm =0 (5.92)
rd,(rd,A) —(d—22)10, A, —x ‘¢ ¢ A, —2x e ppp Ay + (5.93)

+1r20%(A; = 0,L) + k¢ 2 ppd,m—x T hr i ppp =0
r0,(rd,p)—dro,p— (m2 - r26§ +c et — i AL — h rZAtB) p+ (5.94)
+hr?(Apg—0,m)=0
r0,(rd,m)—dro,m— (mz - r20§ +CAr0t — ¢ AR Ay — rZAtB) T+ (5.95)

+hr?a,p - (/)B(rzaiL —c7r%%9,A,) +2¢7*r** Ap0,0 =0

We see that the equation for T; decouples, whereas we get a system of coupled equations for p,
7, L, and A;. If h =0, in which case we take Ag; = 0, the real part p decouples as well.

Using these equations of motion the part of the action that is quadratic in the fluctuations
can be put on-shell and reduced to a boundary term:
dx 4 [rz T;r0,T; - r’L rdraiL —x %A, 10, A, + (5.96)

1
Son-shell = >
r=e

- 2K rzzAtrarAtB +2p rar(pB +p rd,p +n rarn

where the term containing Ag, actually vanishes in the near-boundary expansion of the fields
by virtue of the assumption z > 2v.

We now have to study the divergent pieces in the regularized action that need to be
renormalized. Since we have already done this for the scalar and the vector when they are de-
coupled, we need only focus on the effects on the procedure of the presence of the background
profiles ®z and Ag,.

5.3.1 Holographic renormalization and Ward identities

We start by considering the components of the gauge field. From equations (5.91-5.93) we
can see that the generic backgrounds (5.87-5.88) impact the asymptotic expansions by the

following terms:
Ty =ty + 19Tty oot by P2 4192 (Fg 4. ) (5.97)
i i0 il ee i(2) e i0 cee ]y .
L=ly+r% 4.+ 1972 (I +...), (5.98)
Ap=ag+r%ay ...+ (G +..). (5.99)
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where the first term appearing in the expansion for A; above is present only when & # 0 (it is
due to the last term in (5.93)).

It is straightforward to see that none of these background-dependent coefficients will
survive in (5.96), provided we stick to the (simplifying) assumptions v < 1 and z > 2v. There-
fore, the renormalization of the vector sector goes through exactly in the same way as for
the free vector discussed in the previous section. Namely, there will be counterterms in the
transverse sector if d > 4 (i.e. d+ z—5>0), and in the timelike/longitudinal one if d>2+2z
(i.e. d —z—3>0). In any case, such counterterms (5.51) and (5.56) do not affect the finite part
of the action.

To complete the renormalization of the action (5.96), now we only need to remove the
scalar divergences. Note that the expansions for p and 7 are the same as in (5.5), even in
presence of the background. The scalar divergences are then cured by the following standard
counterterm, which includes the effect of the background profile (but removing the zeroth
order term)

i 2
sjf’t:_a—v)f d% /=3 (¢>*¢>—ﬁ) (5.100)
2 r=e 2
d
= —(1—v)f d%x = (p*+205p+7°).
4 r=e
The final renormalized action would thus be’
1 ~ ~ ~ ~ ~
Sren = 5fddx [ (d—2) tigTio — (d —2) 1,051y —x (d - 22) aydy + (5.101)
+2v(poPo +2v pg +7T0770)] :
which, using the constraint (5.90), which reads
(d—2)0%1y—x (d—22)0,ay+2v (vry — wity) =0, (5.102)
can be eventually rewritten as
1 ~ ~ ~
Sten =5 fddx [ (d—2)t;0t;0— K (d—22)(ag — 0,1p) @ + (5.103)
+2V(Poﬁo + (1o = wiy) (o =~ vlo) +2v (0o + 7o lp — %WIOIO))] .

From this renormalized action it is straightforward to recognize the Ward identities for
symmetry breaking, it is sufficient to express the action only in term of the gauge invariant
combinations of the sources. Recall the non-trivial gauge transformations are

ohy=«a, dag=0,a, omy=wa, 0my=va. (5.104)

7 We keep general d and z, since, once the divergences are taken care of, the form of the renormalized action is
the same, provided that there are no logarithms (so no scheme dependent pieces).
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Then, through the following identifications,

Lio= ;@ i,

do = fo@)(ao—0:1y) + 8O (o — wly) + hh,([D)pg ,
o= vl = f(O) (7o — wlp) + 8, ([ (ag— 0,1p) + h hy(Dpy ,

Po = fo@ po+hg,@)(ag—0,ly) + hhy(O)(mg - wiy) ,

(5.105)

we obtain indeed

Sten = %fddx | (@=2)t00 £, 1y~ x (@~ 22)(ag — 0,1y) fu() (@~ 0, lg) +

+ (o - wlo)(2vgn(D) —x(d-22) ga(D))(ao —-0,1) +

+hpy (2 8,(0) ~x (d~22) hy () (ag — 0,1y) +

+2v (Pofp(D) po+2v (pg +moly — 5w lolo))

+2hv po(Ae () + hy (D)) (g - wlo) +

+2v (o = why) £ O o - who) )| (5.106)
We point out that the presence of h # 0, which couples p to x, A;, L, has forced us to introduce
three additional non-local functions that are not present at & = 0 (see [I] for an analogous
example). However, since there is no explicit dependence on £ in the on-shell action (5.96),

the terms that are bilinear in 7, and (a, — 8,/;) are the same both for 1 # 0 and h = 0. So, the
Ward identities for symmetry breaking are smoothly recovered in both cases. Indeed, we have

(0;J;(x)Im@B(0)), = ; O Sten (5.107)
A A TN '
=il2v(v-w f,() + (v, (D) - *(d-22) ga()0,]60x0),
(J,(x)Im@(0)) =im:i(vg ) - X(d-22) .06 ; (5.108)
! 0" “Sayom, T 2 a ’ )

and consequently

~(0,J,(x)ImB(0)), + (0, J;(x) ImB (0) ), = i 2v (v — w f()) 5(x) , (5.109)

which is, as announced, the usual Ward identity for concomitant spontaneous and explicit
symmetry breaking, completely identical to the one derived in the relativistic holographic
models of Chapter 3 (see eq. (3.32) and eq. (3.107)).
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- Main results

In this dissertation we have accomplished a quite complete journey, deriving Ward identities
and analytic expressions for two-point functions in holography, from the paradigmatic rela-
tivistic case to some non-relativistic examples. We summarize here the main achievements
collected on the road.

In Part I we reviewed the basic material needed for the understanding of the second
part, where the original contributions of this thesis are contained. In the first chapter we
discussed, from a field theory perspective, in relativistic as in non-relativistic contexts, various
features of the physics of symmetry breaking, which then were recovered in the holographic
setups of Part II. Then, in Chapter 2, we briefly introduced the holographic correspondence
and the prescription for computing field theory correlation functions, and we presented the
procedure of holographic renormalization through a paradigmatic example, discussing some
peculiarities as alternative quantization and scheme dependence.

Then, in the second part, various holographic realization of quantum field theories with
symmetry breaking were presented, both in relativistic and non-relativistic frameworks. In
Section 3.1, the Ward identity structure and symmetry breaking pattern were neatly embodied
in a simple and prototypic bulk toy-model for an abelian U(1) symmetry breaking. The precise
relations among correlators are dictated by the field theory arguments of Section 1.2, which
pinpoint the Ward identity structure independently of the strength of the coupling, and are
realized in the AdS/CFT model thanks to holographic renormalization. The holographic
derivation relies just on an asymptotic near-boundary analysis, therefore, as far as Ward
identities are concerned, only UV knowledge is necessary, and we could indeed perform the
analysis before actually solving the model and discussing its IR properties.

In turn, in order to access quantitative data such as masses and residues, the IR properties
are crucial and hence solving for bulk fluctuations becomes necessary. We thus explicitly
studied the toy-model which allows for complete analytic control of its solutions and the
dual correlators. Our analytic correlator exhibited the Goldstone boson massless pole (with a
numeric residue specific to the theory) in the purely spontaneous case, and a hierarchically
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lighter massive pole in the case where a little explicit breaking intervenes. In this latter case,
the squared mass of the pseudo-Goldstone reproduces the expected GMOR relation, linear in
the explicit breaking parameter.

Thus holography, already in such a basic realization, is able to reproduce general quantum
field theoretical expectations and allows explicit quantitative computations. Even if analytic
control was possible only for specific space-time dimensions and scaling dimension of the
dual scalar operator, we expect the results of this analytic study to hold at the qualitative level

for higher space-time dimensions and generic scaling dimensions.

The lower dimensional case was discussed in Section 3.2, where we verified from the
holographic point of view the fact that in the strict large N limit spontaneous symmetry break-
ing can occur in two dimensions. Indeed, considering the AdS;/CFT, version of the model of
Section 3.1, we retrieved the same Ward identities as they appear in higher dimensions. Nev-
ertheless, the way to get this result involves subtleties and peculiarities which are specific to
two dimensions, and can be regarded as a premonition of the fact that spontaneous breaking
is ruled out as soon as one moves away from strict infinite N. The most crucial subtlety is
that the gauge field has to be renormalized in a sort of ‘alternative quantization’, in order to
have it properly sourcing a conserved current and yielding the correct Ward identities for the
breaking of a global symmetry on the boundary.

In a fashion inspired by [113], quantum corrections can be taken into account, by comput-
ing a bulk tadpole correction to the scalar profile. This may reproduce the infrared divergence
which is responsible for preventing the formation of a vacuum expectation value, that is
the core mechanism of Coleman’s no-Goldstone theorem. Such a quantum effect, by the
holographic correspondence, is equivalent to a 1/ N correction in the boundary theory.

However, if the existence of Goldstone bosons in two dimensions is under threat, that is
absolutely not the case for pseudo-Goldstone bosons. Indeed, in 1+1 dimensions, the large
quantum fluctuations of the phase prevent the selection of a specific ground state out of the
continuum of possible vacua; however, if we added an arbitrarily small (but finite) explicit
breaking, this would select a particular ground state, and act as a regulator for the infra-red
divergence, making such vacuum stable under quantum fluctuations. Hence, for explicit
breaking parametrically smaller than the spontaneous one, we expect (even at finite N) a
mode that is hierarchically lighter than the rest of the spectrum, and whose mass undergoes
the usual GMOR relation. So, there are no obstruction for pseudo-Goldstone bosons in two

dimensions, and we provided a holographic model for them.

Then, Chapter 4 and 5 were dedicated to the non-relativistic examples. In Section 4
we adopted a non-abelian version of the relativistic model of Section 3.1, with a global U(2)
symmetry, and we broke explicitly Lorentz invariance by giving a background profile to the
temporal component of the gauge field. In this way we studied the consequences of the
spontaneous breaking of U(2) to U(1), in a strongly coupled field theory where a chemical
potential breaks explicitly boost invariance, in a holographic dual field theory with the same
symmetry breaking pattern of the toy-model of Section 1.3.1.
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Performing the holographic renormalization of this setup, we showed holographically
how the Ward identities associated to the broken symmetries are reproduced in a non-
relativistic framework. So the system must have Goldstone excitations associated to the
three broken generators. However, because of broken Lorentz symmetry, not only the scalar
operator acquired a symmetry breaking vev’s, but also the temporal components of one of
the three conserved currents. We were thus exactly in the situation where type B Goldstone
bosons arise, i.e. when the commutator of two broken charges has a non-vanishing vev, and
only one massless excitation is associated to these two broken generators. The third broken
generator is not involved in commutators with non-trivial VEVs, and hence gives rise to a
type A Goldstone boson.

From the field theoretical analysis of Section 1.3, we expect the type B GB to have
quadratic dispersion relation and the type A GB to have linear dispersion relation, but with a
velocity smaller than the speed of light c. Moreover, we expect the type B Goldstone boson to
be accompanied by an almost Goldstone boson, i.e. a light mode whose mass is related to the
coefficient of the quadratic dispersion relation of its partner [12]. Unfortunately, due to littler
symmetry and a much more involved system of equations of motion, contrary to Section 3.1,
we were not able to find analytic expressions where such dispersion and mass relations would
appear.

Finally, in Chapter 5, we studied conserved currents and charged scalar operators in
Lifshitz invariant space-times. We first discussed a free scalar field, computing explicit expres-
sions for the two-point function for various bulk actions and different values of the critical
exponent. A peculiar feature of the Lifshitz Klein-Gordon scalar correlator for z = 2 is the
presence of purely imaginary poles, which seems related to the tidal singularity at the center of
Lifshitz geometry. We tried to cure this by cutting out the singularity with hard-wall boundary
conditions, which have analogous consequences as those for AdS space-time (appearance of
a discrete spectrum). The imaginary poles seem to be shifted away from the imaginary axis, in
the complex plan, though surviving.

Then we performed in detail the holographic renormalization for the most general gauge
vector field on Lifshitz background, and we computed the two-point functions, which turn
out to be completely similar to the scalar ones. We finally put together the pieces, coupling
a charged scalar to a gauge field, and giving a background profile to the scalar field in order
to trigger symmetry breaking on the boundary. After renormalization, we obtain again the
proper non-relativistic realization of Ward identities for symmetry breaking.

The study of these various holographic setups allowed a clearer understanding of the
physics of symmetry breaking in quantum field theory, especially in the less well-defined
non-relativistic framework. At the same time, it gave the occasion to explore the holographic
correspondence in a variety of canonical and less canonical examples. The implementation of
holographic renormalization to those various examples has encountered some specificities
and subtleties, which have been extensively discussed, engendering a deeper understanding
of the technique.
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