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Abstract We analyse dynamics of the closed Type IIA and
IIB string on various tri-vector deformed background search-
ing for signatures of integrability. Using numerical methods
we construct Poincaré sections for particular embeddings of
the string and show that these are not destroyed under tri-
vector deformation. We find that the corresponding Lyapunov
exponents decay showing that trajectories do not diverge.

1 Introduction

Integrability stands among the most valuable properties of
a physical system. For a classical mechanical system inte-
grability implies existence of a set of conserved quantities
that allow to rewrite equations of the system in the so-called
action-angle variables and integrate them completely. The
situation is more tricky for field theories, where one formally
needs an infinite (continuous) family of conserved quantities
to “match” the total amount of degrees of freedom. A con-
sistent treatment of such systems is given by the Zakharov—
Shabat formalism stating that if classical equations of motion
of a 2d system can be written as the flatness condition of a
(Lax) connection, then the system is integrable in the Liou-
ville sense. For theories with periodic boundary conditions
the infinite tower of conserved charges is constructed of com-
ponents of the Lax connection (see e.g. [1] for a more detailed
review). Although here we will be only concerned with clas-
sical integrability let us mention that integrability of a quan-
tum system is mostly understood as the possibility to derive
the exact energy spectrum. For theories with well defined
asymptotically free states integrability means that the full S-
matrix solves quantum Yang—Baxter equation, whose quasi-
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classical limit can be used to construct the corresponding Lax
connection.

Importance of integrability of the d = 2 string sigma-
model is evident in the context of gauge-gravity duality,
where it implies integrability of the dual field theory (if the
correspondence is taken in the strong sense). Both quan-
tum and classical integrability of the string on various back-
grounds have been intensively studied during the last decades
and a wide set of fascinating results is currently available.
Most relevant to the present paper are the results of [2], where
integrability of the Type IIB string on the AdSs x S> has been
shown, and of [3,4] where a class of integrable deformations
of this sigma-model has been presented. This class is given
by a family of Yang—Baxter deformations of the initial sigma-
model that has been introduced in the context of integrability
preserving deformations in [5]. It is worth mentioning that
the family of integrable sigma-models found by Cherednik
in [6] are also in the same family. More detailed discussion
of these results and of the recent progress can be found in
the reviews [7,8], various approaches to integrability in the
context of AdS/CFT correspondence have been extensively
reviewed in [9].

Yang-Baxter deformations of a 2d sigma-model can be
understood as a field transformation of the underlying super-
gravity background. For a specific choice of r-matrix back-
ground fields for the deformed sigma-model of [3,4] have
been found in [10], which however appeared to be a solution
to aset of equations dubbed generalized supergravity [11, 12].
A different r-matrix that satisfies the unimodularity condi-
tion and hence gives the standard supergravity background
have been found in [13]. Such understood supergravity side
of the picture collocates with the older story of finding super-
gravity description of exactly marginal deformations, and in
particular with the result of [14] where a general rule for a(n
abelian) bi-vector deformation of the NS-NS fields has been
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presented:
(g+b)'=G+8. (1)

Here G stands for the initial background metric, g, b are the
resulting deformed metric and the b-field, and  is a bi-vector
deformation parameter taken in [14] to be B = 9y, A 0g,,
i.e. along two commuting isometries of the 5-sphere. Such
abelian Yang-Baxter deformations are equivalent to TsT
transformations [15] and is a global O(10,10) transforma-
tion [16]. As it has been shown in the series of papers [17—
19] more generally one can take 8 = r%k, A k; with r¢?
being a constant matrix and with Killings vectors k, satis-
fying [ky, kp] = fap k. The transformation (1) generates a
solution if

V[b][a'r|b2|a2fblb2u3] =0,
rib fe = 0. )

a

The first line is the classical Yang—Baxter equation, and the
second, referred to as the unimodularity condition, has been
introduced in [20] and is actually the standard unimodularity
condition of the dual algebra within the corresponding Drin-
feld double. Earlier applicability of (1) to a special class of
the so-called almost-abelian deformations has been observed
in [21].

Bi-vector Yang—Baxter deformations do not mix NS-NS
and R-R fields, that is a consequence of the fact that these
are transformation of the O(10,10) group governing T-duality
of the 2d sigma-model [16]. In this paper we are interested
in a generalization of bi-vector deformations to U-duality
symmetries mixing the NS-NS and R-R sectors known as
polyvector deformations [22-25]. For Type IIA theory most
straightforwardly these are formulated in terms of the field
content of the 11D supergravity, or more precisely in terms
of its U-duality symmetric formulation, that is a part of
exceptional field theory of [26-28] (for a review see [29—
31]). As it is explicitly shown in [27] it appears that excep-
tional field theory also contains Type IIB theory, allowing to
reproduce deformations of the corresponding backgrounds
[32]. In 11 dimensions and in Type IIA theory the sim-
plest set of such deformations is parametrized by a tri-vector
Q = p*<k, Akp A ke, where the constants p®?¢ must satisfy
a generalization of the classical Yang—Baxter equation

ajlazlas| azaslas| la7]
P p Ja -

azlailae| ,azaslas| la7] _
506 IO '0 f(lsas -

3)

Similarly to the bi-vector case one usually requires the so
called generalized unimodularity constraint p® f,,¢ = 0.
This however is not always necessary as one may gener-
ate solutions to ordinary supergravity equations by non-
unimodular deformations.

@ Springer

In this paper we address the question of whether tri-
vector deformations preserve integrability of the 2d sigma-
model. Although the tri-vector generalization of the classi-
cal Yang—Baxter equation is structurally very similar to the
standard one it is not clear what is its relation to integrabil-
ity of sigma models (probably, three dimensional). Attempts
to sketch possible directions where further understanding
can be gained has been presented in the review [33]. Here
we present signatures that 2d sigma model on tri-vector
deformed background might be integrable by investigating
invariant tori in the phase space of the classical string embed-
ded in the deformed background in a particular way, and
sign of the corresponding Lyapunov exponent. Such tori are
a set of closed phase curves reflecting periodicity of the sys-
tem and Lyapunov exponent reflects how closed trajecto-
ries diverge with time. This approach to our knowledge has
been first used in this context in [34] to observe signatures
of (classically) chaotic behaviour of the closed string on the
Schwarzschild—AdSs background. In [35] the same analy-
sis has been used to show that dynamics of the string on
the B-deformed Lunin—Maldacena with complex deforma-
tion parameter B exhibits chaos signatures. This is in con-
trast to deformations with real 8 where no chaos presents
(classically) and moreover explicit Lax pair is known. Inter-
estingly enough the opposite effect when chaotic behaviour
turns into non-chaotic has been observed in [36] for the Type
ITA supergravity solution dual to plane wave matrix model.
Recently in [37] the same approach has been applied to
y-deformed Gaiotto—Maldacena backgrounds [38,39], dual
to marginal deformations of A/ = 2 SCFTs, to show that
integrability is lost for large enough values of the deforma-
tion parameter. Classical dynamics of the Type IIA string on
AdS4 x C P? deformed by a bi-vector both along the AdS and
compact direction has been considered in [40] where it has
been shown that the corresponding invariant tori are stable
under the deformation. Here we present further analysis of
this system for stability of the tori against particular tri-vector
deformations: the abelian U(1)3 deformation constructed in
[14] and the non-abelian P P M deformation constructed in
[23].

The paper is structured as follows. In Sect. 2 we give some
details on the Hamiltonian formalism for the string, that we
are using, and consider the basic example of the LM deforma-
tion of the AdSs x S° background. Main result are presented
in Sect. 3 where abelian and non-abelian tri-vector deforma-
tion of AdS4 x CP? are considered. In this section we pro-
vide plot of the corresponding Poincaré section, Lyapunov
exponents and provide analytical results where possible. The
Sect. 4 contains concluding remarks, discussion of the results
and of further directions.
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2 2d o-model and invariant tori
2.1 The general set-up

In this section we illustrate the approach by considering
the well known classically integrable model of the Lunin—
Maldacena deformation of the string on the AdSs x S° back-
ground. Lax pair for this system has been constructed in [41]
in the Metsaev—Tseytlin formalism, that takes into account
full dynamics on the supercoset manifold %. I
the numerical approach utilized below one is certainly not
able to consider the full string dynamics in its generality and
has to specify an embedding into the target space. Therefore
for our purposes it is sufficient to consider only the bosonic
part of the string action, meaning that we keep fermionic
degrees of freedom unexcited. Hence, we are working with
the classical 2d sigma-model in the conformal gauge on a
general 10d background given by the metric gy and the
Kalb-Ramond field Byy:

1
Sp = —E/do‘dl'(\/ —hhaBgMN +EaBbMN)
du XMagx N, )

where «, B = 0, 1 are world-sheet indices, hP is the inverse
world-sheet metric, €9 = —1 and capital Latin indices
M,N = 0,...,9 label directions in the target space-time.
Canonical momentum is defined in the usual way and reads

_8S
T 89X M

Py = —(V=hh"gun + € byn)du XV (5)
The system possesses gauge symmetries and its dynamics is
restricted by a set of two primary constraints. These can be
derived by varying the action with respect to the world-sheet
metric h%P

8S

= 5rap =0 (6)

Tup

Of the three components only 7% and T'!( are functionally
independent and are used as the constraints:

Cy = Py, XM,
Cy = g"V(Py — byk 3 X5)(Py — byrds X")
+gmndo XM, XV (7)

The canonical Hamiltonian derived from the action Sp is
identically zero since it is proportional to the constraints. To
see that it is suggestive to rewrite the action factoring out the
combinations C and C>. To do so one expresses dg X M in
terms of the canonical momentum Pj; and adds and subtracts
the term PMX M where the dot denotes derivative w.r.t. to
t = ¢, This gives the following expression

) 1 25,01
. 2 M
Sp _/d U(PMX + J—_hh00C2+ 0 Cl). 8)

When defining dynamics of such a system with constraints
one adds Lagrange multipliers, investigates algebra of the
primary and secondary (if any) constraints and defines Dirac
bracket. Since we aim at explicit solutions to classical equa-
tions of motion rather than a general analysis, we instead
gauge fix the action and derive the corresponding Hamilto-
nian function. This will define dynamics of the remaining
degrees of freedom.

Let us first turn to light cone coordinates chosen as
XM = (Xt,X—,X™) and assume g1, = 0, gyn =
gun(XT, X™ and by _ = 0, by, = O that is always true
for our examples.! We use the world-sheet diffeomorphism
and Weyl invariance to bring the world-sheet metric to the
form hog = diag[—1, 1] and the isometry along X~ to fix
the light-cone gauge

X = ©))

This fixes the momentum P, = g4 _, and for the constraints
we have

Ci =Py, X"+ Ppo, X",
Cr =2¢"" P P_+H,, (10)
where
Hy = g™ (Pm - bmkaaxk)(Pn - bnlaaxl)
+8mn0s X", X". (11)

Dependence of X on o is fixed by the constraint C; = 0
while its dependence on 7 gives the momentum

P.=g, X"t (12)

Substituting this into the action we have
Sp = / o (2P + PyX™), (13)

reading that the gauge fixed Hamiltonian is H = —2P_ and
dynamical degrees of freedom are X". Finally, using the
constraint C; = 0 we obtain for the Hamiltonian density

H = H,. (14)

Hamiltonian of the systemis then H = [ do’H and equations
of motion are given in terms of Poisson brackets. For the
canonical variables the only non-vanishing brackets read

{Pu(0), X" (0"} = 8n"8(0 — o). 15)

A particular embedding will be specified for a given tar-
get space further, however the general idea is to get rid of
oscillator excitations on the string and to wrap it on cycles
of the target manifold. In this form Hamiltonian dynamics
of the closed string becomes very similar to that of a point

! The Type IIB example does not fit this requirement, however its par-
ticular field configuration is such, that the same simplification hold and
the resulting Hamiltonian is the same up to a numerical factor.

@ Springer
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particle and hence the standard formalism of invariant tori
is applicable. The idea behind the formalism is simple: evo-
lution of an integrable system with given initial conditions
is described by a trajectory that wraps an invariant torus in
the phase space [42,43]. For a one dimensional mechanical
system one is able to draw full phase trajectories that will
be represented by almost closed curves. For systems with
more that one canonical variables this is no longer possible,
and instead one investigates the so-called Poincaré section.
These are two-dimensional surfaces in the full phase space
(planes in our case) whose intersection with (a set of) phase
curves gives its section of an invariant torus. Therefore, for
an integrable system one expects the corresponding Poincaré
section to have a regular structure of closed curves.

Another signature of integrability that we investigate is
the so-called Lyapunov exponent, that measures distance
between two phase trajectories starting at points with slightly
different initial conditions. If the distance indefinitely grows
with time, the system tends to exhibit chaotic behavior, on the
contrary if the exponent decreases with time it is likely that
the system s integrable. In other words, decreasing Lyapunov
exponent indicates that small variation in initial conditions
evolves into a small difference between final state points in
the phase space.

It is important to note here, specifying an particular
embedding we are investigating integrability of such a sub-
sector of the full theory, that can be identified with a theory
of a point-like object. On principle, integrability of any such
a truncation does not imply integrability of the full theory
in any sense. Actually, the opposite is also true: one may
loose integrability of a system by truncating its Hamiltonian.
The classical example would be equations of the Toda sys-
tem whose integrability is lost if the potential is truncated to
any finite number of terms. However, stability of invariant
tori under a deformation cannot be seen merely as a coin-
cidence, as for example complex B-deformations analysed
in [35] do not demonstrate such a property. Therefore, our
results for tri-vector deformations presented below should
be understood as demonstrating signatures of integrability
(in the Liouville sense) of the 2d sigma-model on the corre-
sponding backgrounds, justifying further efforts in searches
of the Lax connection and/or analysis of scattering ampli-
tudes. We comment on this more in the concluding section.

2.2 A transparent example: integrable deformation of
AdSs x S°

To demonstrate the procedure, let us consider a transpar-
ent and well understood example of an integrable deforma-
tion of a solution of 10-dimensional supergravity, namely the
Lunin-Maldacena deformation of the AdSs x S° background

@ Springer

[14]. The deformed background is given by

3
dsy = R*dsigs, + R*Y (du,? + G,uqu&f)
i=1

3 2
+P2Guius s <Z d¢i>
izl
B = ?R2G<M%M§d¢1z + piuddens — M%M%d@s),
(16)

where we use the notations d¢; A d¢; = d¢;; and the func-
tions w; are given by

u1 =sinfBsina, wup =sinBcosa, u3 =cosp

3
Youl
i=1

G '=1+7? (/ﬁﬂ% + u3us + u%u?) . V=R,
7"

3
L Y dgi=dy
i=1

In what follows we assume R = 1, and the metric on the
AdS space-time is taken in the Poincaré patch

3
ds3gs, = Ziz( —dt* +dz* + 2@&)2). (18)
i=
For the Type IIB superstring on this background in the
Metsaev—Tseytlin formalism (where the above field configu-
ration is the part of the supercoset %) the explicit
form of the Lax connection is known [41]. Since this is not the
case for other examples, we would like to demonstrate that
the deformation does not break closed curves in the Poincaré
sections, indicating regular (non-chaotic) dynamics of the
system. At least for a particular embedding, which is how-
ever chosen with no fine-tuning behind. Hence, we consider
the following embedding ansatz

¢1 = ¢1(0) = 10,
¢ = ¢(0) = 1z0,
¢3 = ¢3(0) = A3 0,

where A1, A2, A3 € Z have the meaning of winding numbers
of the string along the U(1) x U(1) x U(1) isometric direction
of the S, and 7, o denote world-sheet coordinates. The idea
of such a class of ansiitze, commonly used in the literature,
is to turn off oscillatory modes of the string thus effectively
reducing its dynamics to a point-like object, while keeping
information of the non-trivial cycles of the background man-
ifold by keeping track of winding numbers.

The light cone coordinates are chosen to be completely in
the AdS space: x* = Lz (t£x?), and the light cone gauge s

B = B(z),
o =a(1), (19)

fixed by x~ = 7. We assume that in the AdS space the string
always sits at the point z = 1, x! = 0, x> = 0, that gives
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the condition p; = 0, i = 1, 2, z. Indeed, from the form of
the full Hamiltonian

H=42@f+pf+pf)+nfm&ﬁ+Pf
+ (Wit + 2303 + 233 (20)

one concludes that for p; = 0 the direction z is flat. Note that
the deformation parameter y drops from the Hamiltonian,
that however does not mean that dynamics of the string does
not feel the deformation. Indeed, in this RNS picture we
do not take into account the R-R sector that also changes
with the deformation. To keep track of these changes one
has to work in the Green—Schwarz formalism, where, for
examples, the corresponding Lax connection changes. In our
further examples for tri-vector deformations dependence on
deformation parameter can be seen already in the NS-NS
sector, and hence this approach is sufficient for our goals.
Therefore, let us proceed to demonstrate plots of Poincaré
sections for this integrable model.

Substituting explicit expressions for u; we find that the
final expression reads

P2

sin® B
—|—k% sin? B sin” « + k% sin’ B cos® o + )»% cos’ B. (21)

Hzpé-l-

Hamiltonian equations of motion read
2pqy
sin? 8’

Do = (k% — A%) sin 2 sin® B,

o=

ﬂ =:2pﬁ7

. 2 22 2.2 . 2pg

g = <A3 — Aysin” a — A3 cos a) sin2p + — 2“,3 cot .
sin

(22)

Level matching condition requires pg, = pg, = p¢; = 0,
that also follows from equations of motion.

Now we need to solve the resulting system of equations.
To do this, we need to set the initial data and also take into
account that the energy E is an integral of motion. As aresult,
we obtain the following dependence between the initial con-
ditions

PO g2 a0y 2 in B0)sin?a(0)
S B2 PB 1 sin sin” «

— 23 sin® B(0) cos” a(0) — A3 cos” B(0). (23)
For our analysis, we set A = 1, A = 2, A3 = 3, and use
the following initial conditions:

3
a(0) = 7” B(0) € [% >+ %] ps(0) = %'

1.0 1

0.5

0.0

-0.5

710 1 1 1 1 1 1 1‘
1.3 1.4 1.5 1.6 1.7 1.8 1.9

1.0

0.8

0.6

0.4

0.2

100 200 300 400 500

Fig. 1 Numerical plots of the Poincaré section and Lyapunov expo-
nents for the Lunin-Maldacena of AdSs x S°. The energy of the string
E =3m/4

Energy of the string is taken to be E = 3w /4. In order to
calculate the Lyapunov exponent, we choose to work with
the initial conditions E = 37 /4 together with {«(0) = 37”,
BO) = 5 + 35, pp(0) = {;}. Here we take initial condition
in between of those limits chosen to draw Poincaré sections
since the plot for Lyapunov exponent does not change its
form within the range.

From the plots presented on Fig. 1 we conclude, that both

the Poincaré section and the Lyapunov exponent show the

@ Springer
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behaviour typical for an integrable system. Decay of the
Lyapunov exponent with time shows that trajectories do not
diverge with time and the form of the Poincaré sections indi-
cates that dynamics of the system is regular, at least in the
chosen sector. This is certainly consistent with the analytical
result showing classical integrability of this system.

3 Tri-vector deformed backgrounds
3.1 Abelian internal deformation of AdS4 x cp3

We now turn to the main goal that is analysis of invariant tori
and Lyapunov exponents for the Type II(A) sigma model
on tri-vector deformed backgrounds. As before we will be
dealing only with bosonic sector of the model under a certain
embedding ansatz. As our first example we take an abelian
U(1)? deformation of the AdS4 x CP? background of the
Type IIA string. Integrability of the supersymmetric string
on the undeformed AdS4 x CP3 has been shown explicitly
by constructing a zero-curvature Lax pair: in [44,45] for the
reduced description by the super-coset % and in
[46] for sectors of the model outside of the supercoset.

Since we are working with a specific embedding of the
superstring our analysis is coarse enough to not to feel the dif-
ficulties related to the super-coset description and the amount
of supersymmetries of the model. Not to mention that the
deformation in question preserves only N' = 1 SUSY. The
idea is to start with the Lunin—Maldacena deformation [14]
of the AdS4 x S’ solution to 11D supergravity equations
and to reduce it along the undeformed Hopf cycle to get the
CP? from the 7-sphere. Hence, we start with the following
11-dimensional field configuration

4
1 1 1
dslzl = ZG_jdsidS4 +G73 Z <d/'Lz + Gl’Lz d¢ )
i=1
2

4
~ 2
167G i (Vo)

3
Fi = §<a)Ad5 + 16)7sgc(;s§asz,3d9 ANda ANdB A dw)
4
. deroz  deiza  dérog
+yd[G<]‘[M?>< —+— — —
i=1 My 12%) U3
d
B ¢2234>}’ (24)
M

where as before we use shorthand notations d¢upe = do, A

d¢p N d¢. and the functions u; read
W1 = SgSaSe, M2 = SBSaChH,

U3 = SgCo, M4 =Cp

@ Springer

~

A=phpd3uid unt GTl=1+4797A, p=yR

i=1

doui=1 ) dpi=dy. (25)

To condense notations we denote trigonometric functions as
CoOS o = Cy, SIN6 = s¢ etc.

The reduction from eleven to ten dimensions is performed
according to the standard Kaluza—Klein ansatz, that for the
metric reads

2 4 4
b _ e 3% 4 e3%C,C, e3%C,, 26)
MN e%(an e%(b ’
Here & is the dilaton and C,;, is the R-R 1-form field of the

Type IIA theory.
To derive the Kalb—Ramond B-field we start with the fol-
lowing 3-form gauge field in 11 dimensions [22]

C=Cy+ J/G(sgcgs2 cﬁ do1z — sgcgs sﬂ do124
+sgs4c§sﬁcﬂ do13a — s9s sﬂcﬁ d¢234) 27
where dCy = Fy gives the undeformed 4-form flux. The

latter has legs only along AdS4 and hence when reduced
the Cq does not contribute to the Kalb—Ramond field. Since
the NSR formalism for the classical bosonic string does not
involve RR fields, we will need only the B-field, for which
we have

B = yG(utudds A dor - udiiddgs A dos
+y Gudiddo, A d@z). (28)

As in the previous section, we proceed to the light cone
coordinates x* = % (t + xl) assuming that the string is at
the pointx, =0, o = % and choose the same ansatz (19) for
windings. As before level matching requires py, = pg, =
Doy = 0, the directions x; and z are flat given p, =0, p, =0
and the same is for « if p, = 0. The resulting Hamiltonian
takes the following form

2 2
H=P§+ P —i—l ﬁ 5—3C4ﬁ—26‘§ C49—8029s§
sinf6 = 2| 8 p B
2

3 4 2 232
+3—2 <7 +4dcrp — 3cap — 8CﬁC49 — 8C29S2ﬂ> + ?529

—)»2)»3C%S§9 + 4)»1)»2(C2/3S§ - l)césez + X1A3C2ﬁs%0i|.
(29)
The corresponding equations of motion read
0 =2ps
1

s _ope Ll
B pﬁsez
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) co (2 —211)°
Po =2pf— — —————534500
sp 4

2
S40 2
—— (A3 —A A

) ( 3 205 + 1C2ﬁ>

pp = (A2 —211) S2,3Sg (2)»102ﬁs92 + kzczgcé

+Mﬁ—2mé) (30)

Numerical results

Let us now proceed with numerical analysis of the obtained
system. Conservation of energy imposes the following
restriction of the initial conditions

pp(0)?
sin 6(0)?
)\2
——2(7 +4cop — 3c48 — 8C4C49 — 8cz932 )
3 B B B 28

= |:8 (E — pg) + 4%2)&36%;9%9 + K%<C49 — 1) +

+4)»1(4)»2€%S§ (1 — Czlgsgz) — )»3C2/3S%9)

+ﬁ(—5+3C4 + 263 4¢49 + 8c2957 ) 31
) B 28 28

=0
Poincaré sections for the model are presented in Fig. 2. These
plots correspond to two set of embeddings and the positions
of the Poincaré plane: (0, pg) and (8, pg). The initial data
and windings are chosen as follows:

1. (0, po)
M=1, =2, Mm=3
BO=Z. 00 €|T.5+3T] PO =
T
E=3 (32)
2. (B, pp)
M=l =A3=1
0 1. s)=Z 0) = =
’3()6[”’”+E]’ ()—3, Pe()—l—o,
T
== (33)

From (30) we see that equations for the momenta signifi-
cantly simplify if the winding numbers are chose as A} = 1,
A2 = 2, A3 = 3, hence this is our choice for the first plot.
The second plot is to show a different section with different
winding numbers.

As before we observe, that intersection points belong to
closed curves meaning that phase curves lie on tori. Since
the deformation parameter drops from the Hamiltonian in
the NS-NS sector the tori are (trivially) invariant under the

0.5

0.0

-0.5

1.0

0.0

-0.5

-1.0

2.6 2.8 3.0 3.2 3.4 3.6

(b) (8,ps)

Fig. 2 Numerical plots of the Poincaré sections in the planes (6, pg)
and (B, pg) for the abelian internal deformation of AdSy x cp?

deformation. This will not be the case for non-abelian defor-
mations.

Lyapunov exponent A showing divergence of two phase
curves is presented on the bottom plot of Fig. 3 and has been
drawn for the following initial conditions

1.
M=1, =2, AM=3
b4 9 b4
0 = —, 90 = O =
B(0) > 0) 16 po(0) 10
E=" (34)
5
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Fig. 3 Numerical plots of Lyapunov exponents for the abelian internal
deformation of AdSs x CP3

T T b
0 = —, 00 = —, O = —,
B(0) G 0) > po(0) 0

T
E=—. 35
10 (33)

We again observe the characteristic behaviour of an inte-
grable system.

@ Springer

To our knowledge, no analytical results have been pre-
sented in the literature for such a tri-vector deformed sigma-
model, however it must be possible to generalize the approach
of [47] where preservation of Lax connection under a gen-
eral global O(d, d) transformation was shown. An argument
would be the following. On one hand, following [48] one con-
cludes that deformation with constant parameter are global
coordinate transformations in the extended space of the cor-
responding exceptional field theory. On the other hand, given
a formulation of the string dynamics covariant w.r.t. global
exceptional duality group, similar to [49], one concludes that
equations of motion are also covariant and hence their repre-
sentation in terms of Lax connection will also be covariant.

3.2 Non-abelian external deformation of AdS, x CP3

Certainly, preservation of regular tori under an abelian tri-
vector deformation of an integrable sigma-model is a pretty
degenerate example since the generalized Yang—Baxter equa-
tion holds trivially due to vanishing structure constants. More
relevant information can be gained from analysis of non-
abelian deformations, that we proceed with immediately.
Therefore, our second example is a non-abelian deforma-
tion of AdS; x CP3 along the AdS directions similar to that
of [23]. We follow the same algorithm as before and start
with the PPM deformation of the 11-dimensional background
AdS4 x S7 found in [23] and reduce it to ten dimensions. The
corresponding tri-vector has the following form

4
Q= Fpaxaao A 0] A 02, (36)

where p, denote deformation parameters with a = 0, 1, 2.
This deformation has been dubbed PPM since the generators

are taken to be along momenta and boosts. The resulting Type
ITA background reads

ds? ( — (@dx")? + (dx)? + (dx2)?

1
N PaX\/Z

3 a 3 a
= X 7 — X
++dz2) 4 Y Lt g2
Z

cp3
z
3 a
Z X
20 _ Y Pa

=y (37)
Z2

3
2

where the interval d sé}ﬁ on CP? is written in the parametriza-
tion (72). The R-R fields are given by the following expres-
sions

1 1 1
C) = Ecelc§d¢2 + 50928§d¢3 + §C2§d¢lv
R3

—mdxo/\dxl /\dX2. (38)
27 = PaX

C3 =
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This background is a solution to supergravity equations for
any choice of p,, i.e. generalized classical Yang—Baxter
equation has been manifestly taken into account.

Since the deformation parameters p; and p; enter in a
symmetric way as p,x“, it does not really matter which of
the two is non-zero and for simplicity we choose p; = 0. The
case of pg is more tricky as it introduces time dependence
into the Hamiltonian. We postpone discussion of this case to
a further section, and here choose pg = 0. Let us also denote
p2 = y, where y will be varied. We turn to the light-cone
coordinates as before and it appears consistent to set 9, = 0,
po, = 0. From the form of the resulting Hamiltonian

1
M= —[16p212(z3 ~yx) + 1675 p2
423223 — yxo ? )

3

Z
+1675pj, +42°f + ya3aasi — yA3ast

;

+(2 =) (=23 (G- 1)
+)\1S%§ ()»2691 — k3)
1 .
—Sharaco sk + 23 sm2(2e§)> — 332}
+A%Z3s§], (39)

we conclude that neither z and x; direction are flat nor it is
consistent to set z and x, to be constant. Therefore, one is
not able to analyse the system as before by focusing at angle
variables and their corresponding momenta.

To gain more understanding about the system let us first
restrict ourselves to a particular class of embeddings, where
Poincaré sections for the variables & and pg can be obtained
analytically. For that we set A; = 1, A = 0, A3 = 2 and the
Hamiltonian simplifies drastically

Z
H = L(—%/p%xz +4(p% —i—pg) z
A% 2 —yx
+z (41)51 cos & + p§> ) (40)

One notices immediately that equations of motion give pg, =
0 rendering pg, = const. Next, from equations of motion for
the pair (&, pg), that read

; 273 , 822 sing , an
= =D& DPe=— Phy»
JE—ym VZ —yxmp s E
we find a second integral of motion
2
Dy
2 1
4 = 4o = const. 42
ps + COSZE 44 ( )

We conclude that the variables pg and cos~! £ on the equa-
tions of motion form an ellipse for any value of the other

variables. This can be though of as a Poincaré section of the
system in the plane (&, p¢) at any given point.
The equation for 61, that is

82% 1
Po s
VB —yxy cos?é

can be completely integrated if combined with & taking into
account the expression for pg. This gives
- 2siné
tan(6) + 61) = ) (44)
Ds

0 =

(43)

where 0; is an integration constant. Therefore, all angle
variables behave regularly as functions of each other and
Poincaré sections in the (&, pg) plane are as in the previous
cases.

Certainly, one is also interested in the full dynamics that
includes dependence on the time 7 of the angle variables
& and 6 as well as solutions for the functions z = z(t)
and x> = x2(r). Hamiltonian equations for the latter two
decoupled from that for the angles and read

8[)327/2
vV 23 —yYXx2 ’

3
o=z <z3 - sz) ‘5)(6ayxzz +2p32’ <7sz - 4Z3)

~2p3 <Z3 - VX2> (413 - Vx2> )

= 8pan/74/ 23 — yx2,
vz (p3 (2 = yx2) —z(a + p32?))
&=y |

These equations appear to be too complicated to be solved
analytically, however, numerical methods deal with them
well. It appears that plots of numerical solutions for any val-
ues of « and initial conditions are very similar, therefore as
an example for choose « = 1000, y = 100 and the following
initial conditions

p2=2 (45)

z(0) =1, p;(0) =-30,
x20) =0, p2(0)=1. (46)

These conditions mean that initially the string sitting at
(z,x) = (1, 0) receives a momentum p,(0) towards z = 0
(the AdS boundary if y = 0) and p>(0) in the direction of
positive x2. This choice has been made since the string with
momentum p.(0) away of the point z = 0 at some moment
of time make a U-turn and moves towards z. Direction of the
momentum p>(0) does not matter as long as the combination
23—y x? under the square root is positive. The numerical solu-
tion has been obtained for the parameter 7 € [0, 1000], how-
ever we plot functions only for T < 10, since z(¢) decreases
very fast tending to zero. The coordinate x2(t) continues its
linear descent. The plots are presented on Fig. 4.
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0.6

0.4

0.2

-5000

-10000

-15000

-20000

(b) 2% = 22(7)

Fig. 4 Numerical plots of the AdS coordinates x? and z of the string
for winding numbers A =1, A, =0, A3 =2

These explicit numerical solutions allow to determine
behaviour of the angles with . Indeed, from the equation
for & using expression for pg we obtain the following inte-
gral equation

1 sin&(1) [T 21(‘[/)%

%, 0 Vz(t) =y x2()
o

tan
cosZ £(1) —
47)

Numerical integration of the RHS shows that the integral
tends to zero very fast with 7, and value of £ is determined by
an integration constant. Overall, the & rapidly decreases with
time and stabilizes at some value. Physically this means that
energy of the angular motion is transferred to the potential
energy of the string that tends to the point z = 0. We con-
clude, that the Poincaré section in the plane (pg, §) deforms
with time, however always being an ellipse.

It seems, that such transfer of energy between CP3 and
the deformed AdS sectors of the strings’ is a consequence
of ignoring the R-R fields of the background, and on itself

@ Springer

is not a definite signature of non-integrability of the model.
The first argument for that is explicitly regular dynamics of
the angular variables in the example analysed above. As the
second example let us suppose that the z and x> coordinates
of the string are somehow fixed (say by a contribution from
the R-R sector) tobe z = 1, x2 = —1. In this case dynamics
of the remaining angular coordinates is regular an Poincaré
sections are easy to reproduce. For the numerical plots in
Fig. 5 we choose A1 = 1, A, =2, A3 = 3 and

E=Z. 010)=0,
T 2w T

and pg, is determined by the constraints.

The same regular picture of the Poincaré section specific
for integrable systems suggests that the full coset-space anal-
ysis, that takes into account R-R fields could indeed give Lax
formulation of the model.

There is yet another argument for such an energy transfer
to also happen in integrable systems, that we provide in the
following subsection.

3.3 Family of Type IIB backgrounds

Explicit form of the solution analysed in the previous subsec-
tion suggests that performing a set of T- and S-dualities one
is able to convert all R-R fields (38) into the fields of the NS-
NS sector. Although, this will not be enough to stabilize the
string at constant z due to the non-vanishing dilaton, we will
have an integrable (for y = 0) model with the same energy
transfer as before. Hence, we perform a T-duality along the
coordinate x! and then S-duality to get the following Type
IIB background

1

ds? = (_ dx®2 & (dx? 2)
s PTE———" (dx”)" + (dx7)
1 1
+Edz2 +4z(dxH? + stépg,
20 _ z
e — T2 9>
Byl
B = ! dx" nd
4B —yx?) * ‘

+dx' A (coeddy + co,ciddn + co,side3). (49)

where the metric d sélﬁ on CP3 is used in the parametrization
(72). Although the x! direction, along which the T-duality has
been performed is not a cyclic, it is an isometry and formally
Buscher rules are applicable. At the classical level of a point-
like (in the AdS directions) string this is sufficient for our
analysis. Alternatively, one may think of this background as
of a family of Type IIB solutions with no reference to T-
duality.
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Fig. 5 Poincaré sections in the 03
plane (§, pg) for Ay =1,

A2 = 2, A3 = 3 with manually
fixed x2 and z

°
~

°

°
>

o

|
°
o

0.5

0.0

-05

(c) v = 500

Now we see, that turning to the light-cone coordinates in
the directions (0,1) leads to components g4 and g__, that
were absent before. However, due to the fact that by, =
£b_gy,, where I = 1,2, 3 and the sign depends on how x!
is defined in terms of x* and x~, this does not change the
overall approach. The Hamiltonian becomes H = H, (no
factor of 2), that explicitly reads

H = 4p3(2° — yxa) +4pl2° +4zs; 7 pg,
+4zc§2p§l + ng
+$<A%c§ (1-che?) —23edst
—2X2A3cq, cezsgcg

183 (haco, — haca) + ATs3 + A%sg). (50)

The most important observation here is that the deforma-
tion parameter enters only via the combination ypx2, and
this is the only term that contains p, and x2. This implies,

that dynamics is independent of x%, meaning p, = 0 and the
deformation parameter becomes irrelevant and what we anal-

0.1

(d) v = 1000

yse is a T- and S-dual of the integrable sigma-model. Now,
the general form of the Hamiltonian does not depend on the
deformation parameter (at p» = 0), however equations of
motion do not allow to fix z =const unless the angles are
also fixed to some values. This shows that in a clearly inte-
grable system one still may have an energy transfer between
sectors, which might not be a surprise in general.

A comment must be made on preservation of integrability
under such a transformation. To motivate such a statement let
us again refer to the results of [47], where it has been shown
that a constant O(d, d) transformation does not change a Lax
pair. The T-duality transformation we do here is precisely
such type of a transformation, and the corresponding sigma
model must be close to the exceptional string of [49]. The
subsequent S-duality, certainly, does not change integrability
properties of the string.

To see more details it is interesting to return to the example
of the previous subsection where winding numbers A1 = 1,
A2 = 0, A3 = 2 have been chosen. Here again pg, = const

@ Springer
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and the same integral of motion appears

2 4
PR g Ph = e 51)

However now, the Hamiltonian extremely simplifies and
reads

H =42’ p? + daz. (52)
From the equation we derive the second integral of motion

z3pf — oz = B = const, (53)

that allows to explicitly integrate equations for z. The result
is
B

O paror e

(54)

where « is the integration constant. We see the same
behaviour as the one obtained numerically: starting from
any non-vanishing value of z the string will be dragged to
the horizon at z = 0.

3.4 Non-abelian D A P A P deformations

Another known non-abelian tri-vector deformation of the
AdS4 background dubbed DPP in [23] is generated by dila-
tion and three momentum generators. The corresponding tri-
vector has the following form

Q = e pux@8y A A D, (55)

where as before a = 0, 1, 2. This deformation is defined by
two parameters since a quadratic constraint has to be satisfied

po — ot = p3 =0. (56)

The resulting background takes the following form

1 2/3
= Z(Z + pax ) [— (dx")? + (dx")? + (dx?)?

1
+<1 ) —Zpadxad2:|
Z
1/3

+- (z + pax ) dQ2,

3,2 -2
Fuay = — ; (Z + pax ) dx® Adx" A dx® Adz. (57)

Note that, in addition to explicit dependence on x° the back-
ground has mixed components dx’dz, that make the gauge
fixing following the approach of Sect. 2 impossible. More-
over, one cannot simply choose pp = 0 such as to remove
time dependence because of the quadratic constraint.
Instead we use the fact that the numerical approach we are
following here is essentially local and notice that the DPP
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deformed metric by the following coordinate transformation

X9 = x4 b, (58)
2z

can be mapped to that of the PPM, if the quadratic con-

straint n*? p, pp, = Ois satisfied, where n*? = diag[—1, 1, 1].

Indeed, in this case ,oax,“ = pgx® and the overall prefactor

does not change. On the other hand the off-diagonal term

padx®dz in the metric disappears.

Hence, one may think, that a subset of all PPM deformed
backgrounds of AdS4 x S’ with the parameters satisfying
1% papp = 0 are (at least locally) equivalent to DPP defor-
mations. However, given the quadratic constraint, one is still
not able to choose pp = 0, and a dependence on xY remains.
Nevertheless one is able to choose light-cone coordinates as
before

1 0 1
xy=—x"xx), (59)
V2
and gauge fix x~ = 7. Then the Hamiltonian does not depend

on the time coordinate 7, and is in fact precisely the same as in
the PPM case with pg = 0, p; = y, p» = 0 withreplacement
x! — xT. Therefore, in this case the whole dynamics does

not change and Poincaré section are completely the same.

4 Conclusions

In this work we investigate classical integrability of the closed
string on particular tri-vector deformed AdS backgrounds
understood as a two-dimensional sigma-model. Together
with the Type IIB string on the bi-vector deformed AdSs x S°
whose integrability has been established analytically, we con-
sider Type ITA string on AdS4 x CP? deformed by the abelian
U(1)3 tri-vector deformation of [ 14] and by the PPM and DPP
tri-vector deformations of [23]. In the first case the deforma-
tion is along three commuting isometries of the projective
plane, while in the second and third cases the isometries are
from the AdS symmetry algebra and do not commute. To
end up with the tri-vector deformed Type IIA background
we start with the AdS, x S’ background tri-vector deformed
along the AdS space and reduce it along the Hopf cycle of the
7-sphere. Since none of the Killing vectors of the deforma-
tion tensor is along the Hopf cycle the resulting deformation
is parametrized by a 10D tri-vector. It is suggestive to put
this into the following way: while bi-vector Yang—Baxter
deformation act independently in the NS-NS and the R-R
sector (upon a proper parametrization of the latter), Type II
tri-vector deformation mix these sectors.

While classical integrability of the underformed Type ITA
superstring on AdSs x CP3 has been established in [44-46]
analytically, no analytical results are available so far for its tri-
vector deformations. Ultimately, one is interested in finding



Eur. Phys. J. C (2025) 85:744

Page 13 0of 15 744

Lax pair for the system similarly to the results of [3,4], which
appears to be a subtle problem given the absence of a sigma-
model formulation of tri-vector deformations. As a first step
towards the full picture we consider a numerical analysis of
phase trajectories of the string on deformed backgrounds.

Signatures of integrability we are looking for are reg-
ular closed phase curves depicted as closed curves in a
given Poincaré section, and Lyapunov exponents, that deter-
mine mutual divergence of any given two trajectories with
time. The former depict section of invariant tori wrapped by
phase trajectories. Since our analysis is numerical it requires
assumptions about initial condition and embedding of the
string in the background space-time. The most important
assumption is that oscillatory modes have been completely
truncated and the string is assumed to evolve as a rigid rod.
However, to keep at least some track of the internal geometry
we assume that the string wraps some of the internal cycles.
The initial conditions explicitly listed for each case have been
chosen such that the resulting pictures become most repre-
sentative. One obtains similar pictures for other choices of
initial conditions that are squeezed and/or have less points
etc.

Equations of motion are derived from a gauge fixed Hamil-
tonian in the light-cone gauge, that includes Virasoro con-
straints. We solve these equations numerically obtaining full
phase trajectory and depict its intersections with a particular
plane. These Poincaré section are presented as figures in the
main text. Such obtained Poincaré sections exhibit the typi-
cal for integrable systems picture of closed phase curves, that
belong to sets of tori dissected by the plane. We show that
while the tori slowly change their shape, the overall picture
preserves for very large values of the deformation parameter.
Lyapunov exponent, that we plot only for large values of the
deformation parameter, drops very quickly, showing that two
trajectories tend to converge, that is yet another characteristic
feature of an integrable system.

A few comments concerning choice of the embedding
ansatz seem to be appropriate. For numerical analysis to
be applied one had to choose particular values for all vari-
ables, including those that determine the embedding (wind-
ing numbers, initial position and momentum). However, the
choice we made is far from being a fine tuning and is rather
a random choice of parameters such that the Wolfram Math-
ematica program handles the obtained equations well, in a
descent time and draws pictures where curves corresponding
to different initial values are well separated. In addition to the
ones presented in the text here we have checked several other
combinations of parameters all of which resulted in similar
pictures, that is the reason for not including all the plots with
minor differences.

Given the results presented here and their stability under
change of parameters of the ansatz we conclude that there
is a pretty good chance that the full dynamics of the Type

ITA (super)string on the considered tri-vector deformed back-
grounds is integrable in the Liouville sense. Inspired by the
observations reported here one’s next step would be to search
for an analytical expression for the corresponding Lax con-
nections. Especially one is interested in the non-abelian PPM
tri-vector deformation as it is governed by the generalized
Yang—-Baxter equation (genCYBE) obtained in [50,51] from
the algebraic point of view and in [24] in the context of super-
gravity. In contrast to the standard classical Yang—Baxter
equation, whose solution can be used for example to construct
Lax pair of a mechanical system, relation of its generaliza-
tion to integrability is not known. Note however the review
[33] discussing possible collocations between genCYBE and
Nambu systems, including M2-branes ending on M5-branes.
We hope to report on the progress in this direction soon.
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Appendix: Embedding of CP? into S’

In this paper we are using two parametrizations of the 7-
sphere whose reduction along the Hopf cycle gives CP3. One
is based on coordinates adapted to charges of the correspond-
ing ABJM fields and has been used in [14]. The other gives
the standard interval for the CP3 and the coordinate choice is
symmetric under particular reflections. This embedding has
been used for example in [52]. In this Appendix we give more
details on each.

Let us start with the first parametrization used in [14].
Metric on the 7-sphere has the following form The metric
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has the following form

4
dsy =Y (duf + uide?). (60)

i=1
where the functions p; are given by
1 = coséo,
My = sinf cos «,
u3 = sinf sin o cos B,
4 = sin 6 sin o sin B. (61)
In terms of such introduced angles the metric on the 7-sphere
becomes
dsZ; = do* + sj(do® + s;dB*) + cjdi

+55[cades + si(cpdes + szdey)- (62)
In terms of the functions w; and the angles ¢; four complex

coordinates X; on R® defining the 7-sphere as |X|* + - - - +
|X4]? = 1 have the following simple form

Xi = pie'?. (63)
Now define new angles ¢1, @2, @3 as follows
hr=v+¢3, =Y —¢3— ¢,
»B=v+top—9, ¢a=Y+qr. (64)
The new angles correspond to isometries acting on the coor-
dinates X; (four fields of ABJM) as follows

911 (X1, X2, 7' X3, €' Xy),

@21 (X1, e X2, € X3, X4),

3 (€PX1, e X, X, Xg). (65)

The combination

4 =1+ 2+ 3+ (66)

parametrized the Hopf cycle. Metric on the CP? is obtained
by the standard Kaluza—Klein reduction along .

For the alternative parametrization let us parametrize
(complex) coordinates of R® defining the 7-sphere as fol-
lows

91 I-T//1+¢1
X1=cos§cosEe 7,
. 01 e
X2=cos$smEe 2,
. Oy Vot
X3 =sinécos —¢e' 2
2
. )
X4 = siné& sin 331 7, (67)

with the following ranges for the angles

0555%, 0< vy <4n,
0<¢i <2m, 0<6; <m. (68)

@ Springer

These coordinates cover the whole R® once. The 7-sphere is
defined again as X7 + - -+ + X7 = 1 and the metric reads

1
ds}y = dg* + Zc2[(@vn + o d)? + d6} + 53, dg]
1
35 [@v + condn)’ +d03 +s3,d83]). (69)

This length element can be represented in the form of a U(1)
bundle over CP3

dsZ; = dstps + (d¢ + w)*, (70)

where 4¢ = Y| + ¥ and the 1-form is given by
1 1, 1,
W= zc%dl// + Ecécpldd)l + 5S5592d¢2 (71)

with 2y = Y| — . The metric on the CP? then takes the
following form

2
ds = dfz 2 d —1 d - —1 d 2
cp3 = + CeSg Iﬂ + —cp, b1 Co, ¢

1 1
+Zc§ (d6F + s dg?) + ng (d63 + s5,d¢3). (72)
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