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Abstract

The chiral constituent quark model that describes baryons as systems of
constituent quarks bound by interaction potentials, with mesons coupled to
the quarks, has been employed in the study of electromagnetic and weak
properties of light and strange baryons. Exchange current contributions to
the baryon magnetic moments are implied by the flavor and spin depen-
dent hyperfine quark-quark interaction of the model. It is shown that these,
combined with contributions from a central confining interaction, largely
compensate the relativistic corrections to the single-quark magnetic moment
operator that otherwise would lead to underpredictions of the magnetic mo-
ments. By also taking into account relativistic corrections to the axial cou-
pling constants in this model a unified description of the magnetic moments
and the axial coupling constants of the baryons may be obtained.

The exchange charge density operators that are associated with a Fermi-
invariant decomposition of quark-quark interactions have been constructed.
By applying the chiral constituent quark model to calculations of the elec-
tromagnetic charge radii of the nucleons agreement with empirical data is
achieved with reasonable values for the constituent quark charge radii.

Finally, the effects of an irreducible 7-gluon exchange interaction between
constituent quarks are studied. This interaction combined with the quark-
quark interaction of the chiral constituent quark model and a weak gluon
interaction has most of the features required to explain the hyperfine split-
tings of the nucleon and A hyperon spectra.
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1. Introduction

One of the challenges of subatomic physics during the early 1960’s was
how to explain the existence of the many hadrons, i.e. the strongly interact-
ing particles that had been discovered during the previous decade. Among
these were the so called hyperons, baryons with mass higher than the nucleon
mass and which do not decay strongly to the nucleon (at that time the A,
A, ¥ and Z). The discovery of baryon (and meson) resonances both without
and with ”strangeness” was then made possible by the use of new types of
detectors and many of the hyperon properties such as spin, parity, isospin
etc. were determined experimentally. One way to understand the results was
to group baryons together into multiplets by the use of symmetry arguments.
This was done, independently, by e.g. Gell-Mann [1], Ne’eman [2], Speiser
and Tarski [3] using the symmetry group SU(3). The success of this approach
was confirmed by the discovery of the Q= hyperon [4], the existence of which
had already been proposed by Gell-Mann [5] as a missing state in a baryon
decuplet. The early quark model [6, 7] for baryons and mesons was the sim-
plest model that realized this SU(3) symmetry. The baryons were suggested
to be made out of three ”quarks”, while the mesons consisted of a ”quark”
and an ”anti-quark”, the quarks having non-integral charges and spin 1/2.
Even though the quarks were not immediately interpreted as real physical
quantities they were recognized as a useful theoretical tool for describing the
hadrons.

By further combining quarks with different spin orientations baryons
could be arranged in multiplets by the use of static SU(6) [8, 9] contain-
ing SU(3) for quarks of three different ”flavors” and SU(2) for two different
spin directions. This allowed properties such as the ratio of the neutron
and proton magnetic moment [10, 11] to be predicted. The Ass resonance
required that the quarks in a ground state decuplet formed completely sym-
metric wave functions in configuration space. Since the combined spin-flavor
part of the wave function for these states also is symmetric the total wave
function seemed to be symmetric, in conflict with Fermi-Dirac statistics. The
suggestion of the existence of a new property for the quarks [12], called color,
resolved this problem. The color part of the baryon wave function could now
be made antisymmetric by using a combination of three colors, and be com-
bined with the symmetric wave function part to yield a total wave function
that is antisymmetric. It was also proposed [12] that there should be eight
gauge vector fields associated with this new symmetry group called SU(3)c.
This observation would later be one of the fundamental ingredients of the
theory of Quantum Chromodynamics (QCD) for strong interactions.

Using a simplistic assumption that the quark systems in hadrons could
be treated as non-relativistic quantum mechanical systems where the quarks
interact by forces that can be described by static potentials [13] the quark
model together with a phenomenological, non-relativistic harmonic oscillator
potential model resulted in a model [7, 14, 15, 16] that was able to explain



many of the splittings in the baryon spectrum. In this model the quarks ap-
pear as ”"constituent” quarks bound by the non-relativistic potential, having
effective masses of ~ 300 MeV for light quarks (up and down) and ~ 500
MeV for the strange quark (s), in contrast to the ”current” quark masses (<
10 MeV for u and d quarks and ~ 100 MeV for the s quark) in the QCD
Lagrangian.

In the 1970’s a quantum theory of strong interactions, QCD, was devel-
oped (see e.g. [17, 18, 19]), in which the fundamental building blocks are
spin 1/2 quarks with fractional electric charge and spin 1 gauge fields called
gluons which interact with the quarks and among themselves. Both quarks
and gluons carry color "charge” and the theory has SU(3)c symmetry. The
strong interactions can be studied in QCD at high energies or large momen-
tum transfer using perturbative techniques, since in this region the theory
can be approximated as a weakly interacting field theory. This feature called
asymptotic freedom [20, 21, 22| is supported by results in deep inelastic scat-
tering experiments of electrons on protons where at high momentum transfer
quarks inside nucleons seem to behave as free particles. For low-energy phe-
nomena, on the other hand, with resonances and complicated interactions
QCD cannot be solved perturbatively. In this region one then has to use
models that include some of the main features of QCD. Since no free quarks
have been observed, the models should be able to describe confinement as
well as asymptotic freedom.

With the arrival of QCD some new features were added to the non-
relativistic constituent quark model. An explicit dynamical quark model
[23] within a QCD-inspired framework that included long-range flavor and
spin independent confining forces and flavor SU(3) breaking via quark masses
was developed. In this model also a short-range, spin dependent force com-
ing from a non-relativistic reduction of one-gluon exchange between the con-
stituent quarks was introduced, based on the concept of asymptotic freedom
for quark-gluon interactions. By using some simplifying assumptions con-
cerning the one-gluon exchange the model was then further developed (see
e.g. [24, 25]).

Despite the success of the non-relativistic quark model (and later refined
versions of the model) in explaining many features of the baryon spectrum
and also in giving fairly good descriptions of observables such as magnetic
moment by using baryon wave functions derived in the model, it has some
shortcomings. One feature that is not present in the model is so called chiral
symmetry. This symmetry is relevant in QCD in the limit of vanishing (cur-
rent) quark masses since the QCD Lagrangian is then invariant under chiral
transformations involving left- and right-handed quark fields separately. For
quarks with small mass the theory has approximate chiral symmetry. Chiral
symmetry would give rise to a parity doubling of states in the baryon spec-
trum, a feature which is seen in the high-energy region of the nucleon and
A spectra. In the low-energy region, on the other hand, there are no parity
partners, a fact which seems to indicate that the symmetry is spontaneously



broken. The spontaneous breakdown of chiral symmetry, in turn, implies
the existence of so called Goldstone bosons [26, 27|, which in this case are
believed to be the members of the light pseudoscalar meson octet (the 7-,
K- and n-mesons). It has been suggested [28] that these Goldstone boson
fields can be treated as fundamental fields along with the quarks and gluons
in the energy region between the confinement region (~ 100 — 300 MeV) and
the region of chiral symmetry restoration (~ 1 GeV) or, equivalently, for
distances between that of spontaneous chiral symmetry breaking (0.2 - 0.3
fm) and the linear size of a baryon (~ 1 fm, corresponding to the inverse of
the QCD confinement scale).

Recently a constituent quark model that seeks to include the concept of
chiral symmetry was developed [29, 30, 31]. By including a chiral spin-flavor
dependent interaction that is mediated by the pseudoscalar meson octet along
with a central confining interaction and assuming the one-gluon exchange
interaction to be negligible in the low-energy region it is possible to get
good agreement with the empirical baryon spectrum, especially concerning
the ordering of positive and negative parity states. The correct ordering of
the parity states is possible due to the operator structure of the spin-flavor
dependent interaction, which is not achieved with the spin-color dependent
operator of one-gluon exchange.

Even though a satisfactory description of the baryon spectrum is achieved
in this ”chiral” constituent quark model the spectrum alone cannot deter-
mine the validity of the model or explain what dynamical mechanisms give
rise to the chiral interaction. It is therefore important to test the model
also by analyzing predictions for the electromagnetic (e.m.) properties of
baryons, e.g. by studying the magnetic moment and the charge radius. By
simultaneously studying predictions for parameters in weak interactions, e.g.
the axial strength of semi-leptonic decays the model can further be scruti-
nized. The purpose of this thesis is thus to test different versions of the chiral
constituent quark model on these grounds and to give some motivation for
the use of the model.

Since the constituent quark mass is small compared to the baryon mass
the e.m. and weak current operators will have significant relativistic correc-
tions. It is convenient to include the relativistic corrections in momentum
space by using quark Dirac spinors with the lower component being non-zero.
When no relativistic corrections are included the quark model already gives
quite good predictions for the magnetic moments of the baryons (see e.g.
[10, 23, 32, 33]). The axial coupling constants are, however, overestimated
[33]. Relativistic corrections will reduce the values of both the magnetic mo-
ment and the axial coupling constant. In the chiral constituent quark model
the underestimation of the magnetic moments caused by the relativistic cor-
rections can, however, be compensated for. The flavor dependent chiral in-
teraction implies, due to the requirement of current conservation, that there
are two-body exchange magnetic moment operators that will give contribu-
tions to the magnetic moment operator. (If the confining interaction further



is viewed as a scalar exchange interaction this also will give contributions to
the total magnetic moment.) The corresponding exchange current contribu-
tions to the axial coupling constants can be shown to be small, resulting in
a (qualitatively) unified description of both observables in this model.

In elastic electron-proton scattering experiments the results show that
the proton has a charge distribution different from that of a point particle
[34, 35, 36, 37]. The neutron, on the other hand, has been studied in e.g.
electron-deuteron scattering experiments and in scattering of slow neutrons
off atomic electrons and has been found to also have a non-zero charge radius
[38, 39, 40]. The charge radius of the nucleon is, along with the spectrum
a direct manifestation of the internal nucleon structure. The study of the
charge radius in the chiral constituent quark model is therefore of importance
for testing the validity of the model.

The nucleon charge radius is experimentally determined from the slope
of the corresponding electric Sachs form factor [41] at zero momentum trans-
fer. Due to the definition of this form factor in terms of Dirac and Pauli
form factors the charge radius will consist of two parts, one coming from
the derivative of the Dirac part and the other coming from the anomalous
magnetic moment of the nucleon. By combining the chiral constituent quark
model results for the Dirac part with the empirical anomalous magnetic mo-
ment of the nucleon(s) the charge radius may thus be calculated. When
taking into account both relativistic one-body corrections and exchange cur-
rent, corrections from the chiral and confining interactions good agreement
with empirical data can be achieved, when assuming a reasonable value for
the constituent quark charge radius.

In the chiral constituent quark model the one-gluon exchange interaction
used in earlier constituent quark models is neglected. One reason for this is
that the use of an exchange interaction of this form would give the wrong
ordering of parity states in the baryon spectrum. There are further some indi-
cations from cooled lattice calculations [42] and from so called valence-QCD
approximations [43, 44| that the quark-gluon coupling at small momentum
transfer should be weak. This would then be part of the explanation for
the empirically small spin-orbit splittings of the baryon spectrum. In the
chiral constituent quark model good agreement with the empirical spectrum
is achieved when using a flavor dependent spin-spin hyperfine interaction. In
this case, however, an additional flavor dependent tensor interaction should
be included for states other than the ground states, resulting in small spin-
orbit splittings of low-lying negative parity resonance states having the wrong
sign. These can, however, be compensated for by the tensor component of
an irreducible 7-gluon exchange interaction which necessarily appears if a
one-gluon exchange interaction albeit very weak is combined with the the
chiral interaction. By using a quasipotential framework [45] which allows the
iterated one-gluon and one-pion exchange interactions to be extracted covari-
antly from the corresponding Bethe-Salpeter equation [46] the components of
the irreducible m-gluon exchange interaction can be calculated. The central



and spin-orbit components will be small and the tensor component of the
same order but with opposite sign compared to the corresponding compo-
nent of a one-pion quark-quark interaction, thus in effect cancelling the tensor
component of the chiral quark-quark interaction. Finally, the spin-spin com-
ponent will add to the corresponding spin-spin term in the chiral interaction,
resulting in a strong attractive flavor dependent spin-spin interaction.

This thesis is divided into two parts, an introductory part and a part
consisting of three published papers. The introductory part consists of seven
chapters. Chapter 1 gives an introductory overview of the subject covered in
the thesis and Chapter 2 introduces some central concepts of the quark model.
In Chapter 3 there is some discussion on chiral symmetry and the chiral
constituent quark model is introduced. Chapter 4 describes the calculation
of some electromagnetic and weak observables (the magnetic moment, the
axial coupling constant and the charge radius) for baryons when including
one-body relativistic corrections to the relevant operators, while Chapter 5
deals with exchange current (two-body) corrections to the above observables.
In Chapter 6 the irreducible 7-gluon interaction is presented, and in Chapter
7 some conclusions are drawn. The second part of the thesis consists of
Papers I, IT and III. Paper I discusses one-body relativistic and two-body
exchange current corrections to the magnetic moments and axial coupling
constants of the light and strange baryons, Paper II contains a discussion on
two-body exchange current corrections to the charge radii of the proton and
the neutron, while Paper III presents calculations of the m-gluon exchange
interaction.



2. Quarks in baryons
2.1. SU(3) classification of baryons

Baryons and their resonances can be organized in multiplets where the
members of a multiplet have the same spin and parity quantum numbers.
The ground state baryons form a spin-parity %Jr octet where the particles are
labeled by the third component of their isospin, T3, and their hypercharge,
Y, which is the sum of the baryon number B and the strangeness number S.
The relation between these quantum numbers is given by [47]

Q=Ty+, (2.1)

where () is the electric charge of the baryon.

Y.
noo11,P

R Ry

Figure 2.1: The baryon octet.

The lowest lying baryon resonances with spin-parity %Jr, on the other hand,
can be organized as a decuplet. Within these multiplets the masses of the
particles are, if not equal, at least of the same order. The fact that there are
deviations in mass in a multiplet indicates that the underlying symmetry is

broken. Y.
A~ A 1 AT ATT
E_L* EO & E+* »
gl T
=% —0x
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Figure 2.2: The baryon decuplet.



u| d | s
Q|33
T |53 |0
Ty | 3| -3 0
S0l 0 |-1
Blsla|s

Table 2.1: Quantum numbers of the light quarks.

The existence of these multiplets can be explained by the quark model
[6, 7] according to which the baryons may be described as bound systems of
three quarks. The quarks are characterized by their flavor quantum number
(up, down, strange, ...) and can come in three different ”colors” (e.g. red,
green, blue). The colors of the three-quark system have to be chosen so as
to make the system ”colorless”, i.e. all of the three colors are present and
combine to make a color singlet state. (Mesons, on the other hand, are built
from a quark and an antiquark with color-anticolor combinations to make the
system colorless.) If only the three lightest quarks (u, d, s) are considered the
particles in the baryon octet and decuplet form irreducible representations of
the symmetry group SU(3). The quantum numbers of the three light quarks
are given in Table 2.1.

Y
udd 1 uud
c{ds uds uus
4 T
dfs 1.1 uss

Figure 2.3: The quark content of the baryon octet.



Jizs =1

fiar = faas = fos1 = faa5 = fs16 = fos1 = 3
f1ss = fers = ?

di1g = daog = d33z = —dggs = %
dias = dis7 = doss = dsug = dss5 = 3

_ _ _ 1
daa7r = d3ge = d377 = —3

_ _ _ _ 1
d448 - d558 - d668 - d778 - 23

Table 2.2: Non-vanishing structure constants of SU(3).

u

The triplet ¢ = | d | then transforms as ¢’ = U¢, where U is a 3 x 3 unitary
s

matrix, belonging to the group SU(3). The matrix U can be written as

U =eri®A (2.2)

where 0 is a constant vector and the components A;, ¢ = 1,..., 8, of the
vector A are the generators for the transformation, the so called SU(3) Gell-
Mann matrices [48], defined by

0 1 0 0 —i 0 1 0 0
)\1 = 1 0 0 , )\2 = 1 0 0 y )\3 =0 =1 0 ,
0 0 0 0 0 0 0 0
0 0 1 0 0 — 0 0 O
AM=10 0 0], A=|0 0 0|, X=|0 0 1],
1 0 0 t 0 0 0 1 0
0 0 0 1 10 0
A=10 0 —2|, X=—1]|0 1 0| . (2.3)
0 i 0 310 0 -2
The Gell-Mann matrices satisfy the algebra
[Ais Aj] = 2ifie (2.4a)
4

with the nonzero antisymmetric and symmetric structure constants f;;;, and
d;jk, respectively, given in Table 2.2. The quantum numbers characterizing
the components of the baryon octet and decuplet can be identified as
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V3

The dominant part of the quark-quark interaction is spin-independent.
One could then describe the baryons as basic states of definite flavor (u, d,
s) and spin (spin up or spin down), having SU(3)»xSU(2)g symmetry (if the
mass difference caused by the mass of the s quark is neglected). This group
is a subgroup of the group SU(6). One of the possible multiplets of SU(6)
has the dimension 8 x 24 10 x 4 = 56, and this multiplet is symmetric under
interchange of any two quarks. The lowest octet and decuplet baryon states
with the third spin component s, being 1/2, —1/2 and 3/2,1/2, —1/2, —3/2,
respectively, fill this representation. Higher resonance states, on the other
hand, fill higher representations, e.g. one with the dimension 70. The mass
degeneracy in the states is lifted by the breaking of the SU(3)r symmetry in
the spin-dependent hyperfine interactions.

1
T3 - 5)\3 y Y - )\8 . (25)

2.2. Quark dynamics

Free quarks have not been observed but seem to be confined to a small
region of hadronic size. On the other hand, in processes that involve high
momentum transfer, quarks seem to behave as free particles. This latter
feature is called asymptotic freedom [20, 21]. A theory for quark dynamics
should be able to explain both confinement and asymptotic freedom. QCD
(Quantum Chromodynamics) [17, 18, 19] that describes strong interactions
between quarks is a theory that seeks to include these features. The theory
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Figure 2.5: Spectra for ¥, = and 2.

introduces eight gluon fields which interact with the quarks. The quarks
carry color”charge” and exchange massless colored gluons. The effective
strong quark-gluon coupling constant ag is momentum dependent and can
be calculated perturbatively to first order as

0s(Q?) = — ) (2:6)

1 (2n1f2;33) I (3_22) ’

where (4 is a scale parameter, ag(p?) is the coupling at p?, ny is the number
of flavors and ()? is the squared four-momentum transfer. If one chooses a
scale parameter A so that

—127

A? = ple®3npese® (2.7)
the above equation for ag can then be written as

127 . 1
(3= 20) W (F)

If Q? > A? the effective coupling is small and the interaction between the
quarks and gluons can be described perturbatively. For Q? — oo aig vanishes
and asymptotic freedom is realized. If, on the other hand, Q? is of the same
order as A the perturbative calculation of as may no longer be valid.

To study confinement in the non-perturbative region one can employ dif-
ferent methods, e.g. study QCD on a lattice [49, 50] (so called lattice gauge
theories), introduce bag models [51, 52|, non-relativistic potential models
such as the constituent quark model (see e.g. [23]) etc.. The confining in-
teraction V., s(r) in the potential models should be a growing function of

as(Q?) =

(2.8)
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the interquark distance in order to describe confinement. One possibility is a
harmonic confinement of the form V,,,¢(r) = ar?, another is a linear confine-
ment of the form V,,,¢(r) = ar +b, which is supported by lattice calculations
of e.g. the heavy quark system [53]. In baryons the confining q-q interaction
is assumed to be responsible for the gross features of the spectrum, the above
examples resulting in a level ordering with alternating positive and negative
parity states. The confining interaction should be complemented with some
interaction of shorter range that describes the correct hyperfine structure of
the baryon spectrum.
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3. The chiral constituent quark model
3.1. Approximate chiral symmetry of QCD

The Dirac equation for a free spin 1/2 particle (e.g. a quark) has the
form

(Va0 + m)p(z) =0, (3.1)
where m is the mass of the particle, v, are the Dirac y-matrices defined as
Y = (¥, 71) = (7,i7), with

v = (Zg_ _é°> , (3.2a)
= ((1) _01> , (3.20)

and 1(z) is the wave function of the particle, called a spinor. For massless
particles the Dirac equation reduces to v,0,% = 0. If ;5 is a combination of
the y-matrices defined as

0 -1
V5 = V1723 Ve = <_1 0 ) ) (3.3)

it is possible to construct another solution to the Dirac equation for massless
fermions as 51, since 7,0,(75%) = 0. By combining the two solutions as

V=54, vn= (-0, (3.4

one acquires solutions with definite chirality or handedness, i.e. left-handed
and right-handed solutions, respectively. The Lagrangian for a massless non-
interacting fermion can now be written as £ = L + Lz, where

»CL,R = iT/;L,R%aM/)L,R . (3-5)

The adjoint spinor 1 is defined as ¢1,. The two Lagrangians L 1, separately
remain invariant under chiral phase transformations of the form

brr(z) — e PR p(z) (3.6)

where oy, r are constants that are real. This so called chiral symmetry is
exact if the particles are massless. If, however, they have a small mass the
symmetry is an approximate symmetry and the predicted consequences of
the exact symmetry will be only approximately valid.

For massless u and d quarks the SU(2) chiral transformations can be

written as ¢, p — e*iGLR'Tz/)L,R, where 1, r are the chiral projections (3.4)

of the doublet ¢ = (Z) (i.e. the left-handed and right-handed components
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of the fields are decoupled and have separate invariances), 8, r are constant
vectors and the components 7;, i = 1, 2, 3, of the vector 7 are SU(2) Pauli
matrices. If the strange quark is included as a massless particle the chiral
SU(3) transformations will be of the form

u
¢L,R — d — @Z), = e_ioL’R')\l/)LJ{ ; (37)

S/ LR
where A,, a = 1, ... ,8 are SU(3) Gell-Mann matrices. The invariance

under the chiral transformations (3.7) is called SU(3)zxSU(3), invariance
or, equivalently, SU(3)y xSU(3) 4 invariance if the transformation is redefined
by using vector and axial-vector transformations.

Since the light quarks are not massless in QCD but have small (current)
masses, the chiral symmetry is only approximate in this theory. The (current)
quark masses of the u, d and s quarks can, however, be set to zero as a first
approximation, and the actual deviations from zero treated as perturbations.

3.2. Spontaneously broken chiral symmetry

The approximate chiral invariance of the QCD Lagrangian is not reflected
in the empirical baryon spectrum. For (approximate) chiral symmetry to
be unbroken all baryon states would have approximately the same mass as
another state of opposite parity but with the same spin, baryon number and
strangeness. At least in the low-lying parts of the baryon spectrum this is
not realized. A symmetry of this form is called ”hidden”, since the ground
state of the theory does not have the symmetry of the Lagrangian.

The mechanism that causes a symmetry to be "hidden” is called spon-
taneous breaking of the symmetry. A special case of spontaneous symme-
try breaking is dynamical symmetry breaking, with the symmetry breaking
caused by the appearance of a vacuum expectation value of a composite
operator and not of a fundamental field. According to Goldstone’s theo-
rem [26, 27] in a theory that has some continuous global symmetry of the
Lagrangian which is not a symmetry of the ground state (the symmetry is
spontaneously broken) there will be one or more massless spin-zero bosons
(one for every independent broken symmetry). Since QCD is believed to
have an approximate chiral symmetry that is spontaneously broken, as a
consequence approximate (Goldstone bosons will appear. These ”pseudo-
Goldstone” bosons are not massless, as in the case of exact chiral symmetry,
but have a small mass [54], and are, according to a widely held view, the
pseudoscalar octet mesons (7+, 7=, 7°, K*, K=, K°, K° 7). The pion mass
can be related to the u and d (current) quark masses by [55]
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m? = —(m“TEmd) < 0/7ql0 > , (3.8)
where F} is the pion decay constant, with F; ~ 92 MeV, and < 0|gq|0 >=
3 < 0|@u+dd|0 > is a vacuum expectation value called the quark condensate,
which is nonzero in QCD. Its value has been determined to approximately
—(240 — 250 MeV)? in lattice gauge calculations. The (approximate) chiral
symmetry of QCD is thus dynamically broken and the quark condensate is
an order parameter for the chiral symmetry breaking. Due to the breaking
of the chiral symmetry the quarks will also acquire a momentum dependent
dynamical mass which for small momenta can be linked to the constituent
quark mass [56].

It has been suggested by Manohar and Georgi [28] that there should
be two different scales in QCD with three flavors, one associated with the
spontaneous breaking of the chiral symmetry, Aysp ~ 1 GeV, and another
one, Agecp =~ 100 - 300 MeV, characterizing confinement. For distances
smaller than 1/A, gp the relevant degrees of freedom are current quarks and
gluons. For distances beyond 1/A,sp >~ 0.2 fm the valence current quarks
will acquire their dynamical mass, i.e. they can be described as constituent
quarks with masses of ~ 300 MeV for light quarks and ~ 500 MeV for
strange quarks, and the Goldstone bosons associated with the spontaneous
symmetry breaking will appear. On the other hand, 1/Ag¢p is approximately
the linear size of a baryon, beyond which the interaction should be described
in terms of baryons and mesons. In the region between A, g5 and Agep the
effective Lagrangian would thus consist of gluon fields that are associated
with the confining interaction between quarks and of constituent quarks and
pseudoscalar meson fields (approximate Goldstone bosons).

3.3. The baryon wave function

3.3.1. Harmonic oscillator wave functions

The chiral constituent quark model [29, 30, 31] is similar to other so called
constituent quark models based on SU(6) flavor-spin symmetry for baryons
as far as the (unperturbed) baryon wave function is concerned. There are,
however, considerable differences concerning the fine and hyperfine interac-
tions used in this model compared to other constituent quark models (see e.g.
[23, 24, 25, 57]), since the Goldstone bosons of spontaneously broken chiral
symmetry are incorporated in the chiral constituent quark model along with
constituent quarks.

The Hamiltonian that is used in the chiral constituent quark model con-
sists of a spin-independent part Hy; and a spin-dependent part Hg,
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H=H,;+Hy, . (3.9)

The spin-independent part can, for the non-relativistic version of the model
[29], be written as

3 .2

Hsi :Z;)—l+z‘/;onf(rij) ) (310)

i=1 i<j

where V¢, is the confining interaction, r;; = r; —r; is the separation between
the constituent quarks and the constituent quarks are assumed to have the
mass m . The harmonic oscillator approximation assumes that the quark-
quark confining potential is of the form %kr?j, which can be used to get
zeroth-order eigenfunctions. If V., is not harmonic it is always possible to
rewrite Hy; as

3.2
P; 1 1
Hy = (> +>° —krfj) + > (Veons(ri) — _kr?j)
= 2m =2 i 2
1= 1<J <]
— H, +ZU(rij) : (3.11)
1<j

and treat U(r;;) = Veony(rij) — $kry; by perturbation theory. If the confining
interaction is

1
Vc,mf(rij) = 5]61'3] + Vb , (312)

where Vj is a constant, one would thus have U(r;;) = V5.
It is now possible to solve exactly for the eigenvalues of the Hamiltonian

Hy—y Py Ly (3.13)
"T 4 2" '

=1 em

With a change of variables to

I'1+I'2—|—I'3

3

R =

r =

1
ﬁ(n —1y)

—_

p= %(rl +ry —2r3) , (3.14)

the Hamiltonian Hy can be written as

P2 p2 3 p, 3
Hy = — T Skr?) + (2 + kp?) 3.15
e Rt LSRR LS (3:15)
If the center-of-mass motion is subtracted Hy describes two 3-dimensional
degenerate harmonic oscillators, the lowest lying eigenstates of which are

combined to give the ground state wave function
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[3]F (Symmetric states) [3] 7 (Symmetric states)
At o 0 | (uds + dsu+ sud
AT %(udu + duu + uud) +dus + sdu + usd)
A° %(ddu +udd + dud) | X* T(dsd + sdd + dds)
A~ ddd B*0 %(ssu + uss + sus)
S| mlusu+ suutuus) | Z | Je(ssd + dss + sds)
- 555

Table 3.1: Symmetric flavor parts of the baryon wave functions.

Yoo (r, p) = ()32 5melr*+0%) (3.16)
T

Here the parameter w is defined as \/% . The spatial part of the wave func-
tion for higher states can be constructed as combinations of products of
wave functions for the two harmonic oscillators with appropriate quantum
numbers. For a detailed classification of the harmonic wave functions for a
three-quark system, see Refs. [58, 59].

3.3.2. Wave function notations

Generally, the spatial part of the baryon wave function can be written
as |Ung >= |[N(Au)L[f]x(r)x >, where the notations of the translationally
invariant shell model (TISM) [60] are used. The Elliott symbol (Ap) [61]
determines a harmonic oscillator SU(3) multiplet and L is the total orbital
angular momentum. The Young pattern (diagram) [f]|x indicates the spatial
permutational symmetry of the state, so that [3] is a completely symmetric
state, [21] is a state of mixed symmetry and [111] is a totally antisymmetric
state. Finally, (r)y is the so called Yamanouchi symbol, which determines the
basis vector of the irreducible representation [f]x of the permutation group
S3. For symmetric states (r)xy = (111), and for antisymmetric states the
corresponding symbol is (123). The mixed symmetric states can be described
by the two basis vectors (112) (mixed symmetric [21]™>%) and (121) (mixed
antisymmetric [21]™4) (for a more detailed description of the wave functions
in these notations, see Ref. [62]).

The flavor and spin parts, ¢ and Yy, respectively, of the wave functions
are also described by Young patterns (diagrams), where for the flavor part



[111] (Antisymmetric state)

A(1405) | - (uds + dsu + sud — dus — sdu — usd)

Table 3.2: Antisymmetric flavor part of the baryon wave functions.

[21]3°° (Mixed symmetric) | [21]3* (Mixed antisymmetric)

p %(Quud — udu — duw) %(udu — duu)

n 75 (dud + udd — 2ddu) =5 (udd — dud)

r+ %(QUU,S — usu — suu) %(usu — suu)

30 \/%(%st — dsu — sud s(usd + dsu — sdu — sud)

+2dus — sdu — usd)

x- %(Qdds — dsd — sdd) %(dsd — sdd)

A% | S(usd + sud — sdu — dsu) \/%(QUds — dsu — sud
—2dus + sdu + usd)

=0 %(sus + uss — 2ssu) %(uss — sus)

= %(sds + dss — 2ssd) %(dss — sds)

Table 3.3: Mixed symmetry flavor parts of the baryon wave functions.
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[3]rs (Symmetric states) [111] ;s (Antisymmetric states)

) [3]1;[3]5 [111/11?[3]5 )
S (215 21]5" + 21077 121]5"7) | F([RUz° 215" - 21]7 ' [21)5")

[21]3%° (Mixed symmetric) [21)}* (Mixed antisymmetric)
(3] [21]5" [3]r[21]5""
[21]3[3]s [21]3[3]s
521 21]™ — 2157 [21)5"%) | J5(21)F 7 121)s"" + [21] 5" 121]5"7)
[111]#[21]5"° [111]#[21] 8"

Table 3.4: Symmetry of combined flavor and spin wave functions.

the possible states are [3]p, [21]F and [111]p, while the spin part is either
[3]s or [21]s. The [21] states can again be either mixed symmetric, [21]*5,
or mixed antisymmetric, [21]*4. The flavor part of the wave function for
different baryons is given in Tables 3.1 - 3.3. By combining the flavor and
spin parts to a state [f]rs according to Table 3.4 the result will be symmetric,
of mixed symmetry or antisymmetric. The combined flavor and spin wave
function part [f]rs is then combined with the spatial part [f]x in a similar
manner to get a totally symmetric state [3]|xps. The total wave function
should be antisymmetric when including the color part [f]c. The color part is
totally antisymmetric, i.e [111]¢, giving [111]cxrs = [111]¢ X [3]xps. When
calculating matrix elements and the energy of the states, the color part of
the wave function can be factored out, since a possible color dependence of
the confining interaction is the same for all quark pair states. The effective
confining interaction can then be redefined to include this color factor.

For the ordering of the states it is sufficient to denote the states by the
symbol

[Woaryon >= [N(A)L{f]x [flrs(flrlfls > (3.17)

so that the ground state nucleon is denoted by 0(00)0[3]x[3]rs[21]#[21]s, and
thus has mixed symmetry both in flavor and in spin, while e.g. the ground
state for the A hyperon, with symmetric flavor and spin parts, is described

by 0(00)0[3]x[3] s [3][3]s.



19

3.3.3. Baryon wave functions from semi-relativistic calculations

The spin-independent Hamiltonian (3.10) used above to derive the baryon
wave function in the chiral constituent quark model is purely non-relativis-
tic. For a semi-relativistic approach [30, 31| the kinetic energy term would
be of the form 322 /p? + m?. The wave function can then be derived e.g.
by solving the so called Faddeev equations for a 3-body system [30, 63] or
by using a stochastic variational method [31, 64, 65]. The resulting wave
function 1 is symmetric only with respect to an interchange of quarks 1 and
2, but a symmetric wave function can be constructed as

‘I’SYM:N(1+p12+p13+p23+p23p12+p13p12)1/)
= N(1 4 Pis + Pas)(1 + Piy)0, (3.18)

where P, is an operator that interchanges the quarks a and b, and N is a
normalization factor (¢ is not normalized to unity). Since ¢ is symmetric
with respect to 1 <+ 2, one has Pj3 = Py3 and N(1 + Pj3)Y = N'9, resulting
in

TYM = N'(1 + 2P55) 0 (3.19)

Normalization of ¥*YM to unity will give N’

Wave functions of this type have been calculated with a linear confining
interaction and a hyperfine interaction that is flavor dependent to get sat-
isfactory spectra for the light and strange baryons [30, 31]. For the ground
state of the nucleon the wave function in this model can be written as

Yn = (dX)191(7, p) + (dX)2902(T, p) (3.20)

where (¢x); and ¢;(r,p), i = 1, 2 are the flavor-spin and spatial parts,
respectively, of the wave function. The flavor-spin parts are defined as

(ox)1 = [21]7[21]5 . (6x)2 = [21]7[21]2 (3.21)
and the spatial parts are linear combinations of harmonic oscillator wave
functions similar to Eq. (3.16),

Vi(r,p) =Y Ck,i(ak,ie_ak’irz)(bk,ie_bk’ipz)a 1=1,2, (3.22)

k=1
where ay;, b, and C}; are constants.

3.4. Calculation of observables with the baryon wave function

When calculating one-body observables for the three-quark system one
has to add all of the one-body parts,
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< U|Oppp(0ne — body)|¥ >=< ¥|O; 4+ Oy + O3] > | (3.23)

where O; is a one-body operator and, correspondingly, for a two-body ob-
servable

< ‘I’|Otot(tW0 — body)|¥ >=< ‘I’|012 + 091 + O13 4+ 031 + Og3 + O32|q’ >,

(3.24)
where Oij denotes a two-body operator. If the wave function used is sym-
metric with respect to interchange of any two quarks, the above equations
reduce to

< U|Oyos(0ne — body)|[¥ >= 3 < U|O4|¥ > , (3.25)

and

< \If|OAtOt(tWO — bOdy)|\If >=3< \I/|012 + OAQl|\I/ >=06< \If|012|\11 > .
(3.26)
If, on the other hand, the wave function is of the type mentioned in Section
3.3.3, i.e. it has to be symmetrized by hand, it is necessary to perform

< U|Oypi(one — body) |¥ >=< UYM|0; 4 Oy + O3|T VM >

= N' < §|(1 + 2Py3) (01 + Oy + O5)|T5YM >
= 3(N")2 < [(O1 + Oy + O3)(1 4 2Py3) |t > (3.27)

and

< \P|Ot0t(tWO — bOdy)|\IJ >=< \IJSYM|012+021+013+031+023+032|\IJSYM >

= N' < §|(1+2P53)(O12 + O91 + O13 + O3y + Oz + Ogo) [T >
= 3(N')? < ¥|(O13 + O + O13 + Os1 + Oz 4 O35) (1 + 2Pss) |1 > . (3.28)

When the operators have a momentum dependence their expectation val-
ues can be calculated in the following way. The expectation value for O in
configuration space is

< Up|ONWg >=< ¢'\'|I|px > , (3.29)

where [ is an integral defined as

I= /d3r’1d37"2d37‘§d37"1d3r2d37‘31/);§(r'l,rg,rg)éwi(rl,rz,rg) : (3.30)
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Above 9;(ry, 12, 13) (Y7(r},rh,r3)) is the spatial part and ¢x (¢'x’) denotes
the flavor-spin part of the initial (final) state wave function. The integral I
can further be written as

. 1
I:/H (APTTE ld?’rjwf(r'l,r'z,rg)w/ ; /H &p

Sl 1 Il Y A i R .
ez(rl p1+1‘2 p2+1'3 pB)Oe 7'(1.1 P1+r2-p2+rs p3)1/)z' (I‘l, I'z, I'3) . (331)

If the operator O above is a one-body operator in momentum space the
impulse approximation will result in

OA(onefbody) = O(l)(2ﬂ)65(p12 - p2)6(pg - p3) + 0(2)(271-)65(12),1 - pl)(s(pg - p3)

+OA(3)(27T)65(PI1 - Pl)‘s(plz - P2) ) (3-32)

and for two-body operators one consequently has

~

O(two body) [O (12) + 0(21)](2ﬂ-) (pg - p3) + [0(13) + 0(31)](27{-)36(13,2 - p2)

+[0®) + OBD](21)36(p), — p1) . (3.33)

A change of variables in configuration space according to Eq. (3.14) combined
with a corresponding change in the momentum variables yields

[ = / PR PRET Prd® o dp oL / 0 Pl d® Pon d®pld*p,dp, p,
(R, 1, )R Pl 5 BLP0) O =i RPeo 1500 4020) (R 1, ) |
(3.34)
If one assumes that the initial and final spatial wave functions can be written

as

77Z)Z(R7 r, p) = d)i(ra p)eiPi.R )
UHRL T, p) =i, pe IR (3.35)
where P; and P are the initial and final total momenta the integrals over
R and R’ collapse into 6 functions, giving for the total integral

1= [ @ drd ) dp——s [ &Py Pord'v,d'p,d*v,d’p,

(2m)12

X (r, p')eE PP P G TPt PPo) g (r p)
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which further simplifies to

1
I= e /d?’p;d:‘p,«d?’p;d?’pp

< 5L, P,)O(Ph, P, Pri Pry Py Pi) i (D1, D) - (3.37)
The wave function ¢(p,, p,) is then the Fourier transform of ¢(r, p). In the
harmonic oscillator model of Section 3.3.1. one has e.g. for the ground state
baryon

47'(' 3/2 1 2,2
1/)00(pr,pp) = <m> e Imw (p7+p2) ) (338)

The integral (3.37) can then be used in the original expression (3.29) for the
expectation value of the observable.

3.5. The hyperfine interaction and the baryon spectrum
3.5.1. The chiral pseudoscalar interaction

As was shown in Section 3.3.1. the interaction between two constituent
quarks can be described as consisting of a central spin-independent confining
part, of e.g. harmonic form, and of fine and hyperfine parts that are spin-
dependent. The gross features of the baryon spectrum can be described
by the the confining interaction. When the spin- and flavor-independent
Hamiltonian Hy (3.15) (with the center-of-mass motion subtracted) is used
and the quarks are assumed to have the same mass, the baryon spectra will
be determined only by the orbital structure and the constituent quark mass.
The ground state with N = 0 will have positive parity, the first excited states
with V=1 will have negative parity, the second excited states with N = 2
will have positive parity and so on. The ordering of the states would be in an
alternating sequence of positive and negative parity states, a situation which
is not realized in nature. By taking into account other interactions than the
confining interaction between the quarks the ordering can then be altered in
order to be consistent with empirical data.

Spin-orbit interactions (for states with orbital angular momentum L dif-
ferent from zero) cause a fine splitting of the spectrum while spin-spin interac-
tions cause hyperfine splittings. If one assumes one-gluon exchange between
constituent quarks 7 and j the interaction can be written as [23]

« 1 T 1 1 16 s;:s;
Hogu(rij) = —A¢ - A¢ {— — 50(ry) (W +— ‘7>

4 Tij i mj 3 mgm;
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1 pi'pj+rij'(rij'pi)pj
2mimj Tij T3~

m?2 m?2

_1 <I‘inpi'SZ‘_rinpj'S]
¢ J

+..0) (3.39)

where ag is the strong coupling constant, the components of A° are color
SU(3) matrices, s; = 0;/2 is the spin operator acting on the ith quark, r;; is
defined as r;—r;, and ... are relativistic corrections. The spin-spin dependent
part of this interaction,

(si - ri5)(s) - ri5)
mim; [2%'Xpi'sj—2rijij-si—2si-sj+6 .

HC ~ —0452

1<j

s
6mimj )\ZC : )\]C’O'l : O'j(S(I'Z'j) s (340)
has often been used as the hyperfine interaction for the hyperfine splitting of
the ground states in the baryon spectrum. It can explain some of the features
of the fine structure in the baryon spectra, but has not been very successful
in some other respects. One of the facts that has proven hard to explain
is, as already mentioned, the different ordering of the positive and negative
parity excited states for, on the one hand, the N and the A spectra and, on
the other hand, the A hyperon spectrum. This problem cannot be overcome
even if the radial behavior of (3.40) or the form for the confining interaction
is changed due to the effects of the color operator structure A¢ - )\f combined
with the antisymmetry of the color part of the wave function for the baryon,
giving < AY - )\]C >=—3 for all baryons. Another problem arises concerning
the large spin-orbit 1nteract10n that should accompany the color-magnetic
interaction (3.40), but which empirically seems to be small.

A simpler explanation of the fine structure of the baryon spectra is
achieved if one introduces a chiral pseudoscalar interaction, which in the
SU(3)p invariant limit has the form [29]

HX ~ — ZV(I‘ZJ)AlF . AJFO'l . O'j y (341)
i<j
where the components of A’ are flavor SU(3) Gell-Mann matrices. In Eq.
(3.41) V(r;;) is a potential which behaves as a Yukawa interaction at long
range and has the behavior of some form of a smeared version of a ¢ function
at short range. If the SU(3); symmetry is broken the term V (ry)Al - )\JF
has the form

V(rg) Al - Al = Zv SADAG) +ZVK i) ADAD 1 1 (i )ADAG
a=4

(3.42)
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This form describes the different contributions from pion, kaon and 7 ex-
change, characterized by interactions between only light quarks, between a
light and a strange quark and between any light and strange quark pair
combination, respectively.

The reason for introducing this chiral pseudoscalar interaction is con-
nected with the approximate chiral symmetry of the underlying QCD. The
conclusion that this symmetry is not explicitly broken was, as already men-
tioned, drawn from observing the baryon spectra, noting that in the high
energy part of the baryon spectra the baryon states have nearby parity part-
ners. This feature is not seen in the low lying parts of the spectra, implying
that the chiral symmetry of QCD instead seems to be spontaneously broken
and realized in the hidden (Nambu-Goldstone) mode in this region. The
spontaneous breaking of the chiral symmetry would then lead to the pres-
ence of the octet of pseudoscalar Goldstone bosons that couple directly to
the constituent quarks.

3.5.2. Hyperfine splittings in the spectrum

The energy of different states of the spin and flavor independent Hamil-
tonian Hy in Eq. (3.15) can be calculated as the sum of the energy of the
two harmonic oscillators (denoted by r and p), resulting in Ey = (3+ N)hw,
where N is the number of excitation quanta in the states. The quantum
number N consists of the sum of the principal quantum numbers of the two
harmonic oscillators, N = N, +N, = (2n,+[,)+(2n,+[,), where 1, +1, equals
the total (spatial) angular momentum L. The states will be highly degen-
erate and additional quantum numbers are needed to characterize different
states.

Next consider the spin-dependent part Hyy in (3.9) and treat it by first
order perturbation theory. If the confining interaction Vi, is defined as in
(3.12) the mass of the baryon states can then be expressed as [29]

M = Zmz + 3+ N)hw + 3Vh + 6 My, (3.43)
where

(SMsd =< \P|Hsd|\11 > . (344)

In the wave function ¥ above the unperturbed oscillator wave function is
used as an approximation and thus possible configuration mixing due to the
spin-dependent hyperfine interaction is not taken into account.

To get consistency with the empirical baryon spectra it is possible to intro-
duce the chiral pseudoscalar interaction (3.41), and thus the spin-dependent
hyperfine splitting will be
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SMsq = 6My, =< W[ =Y V(i) A - Ao 0|V > . (3.45)
i<j
If the spatial part (Ynr, = ¥n,1,(7)¥n,1,(p)) and the combined flavor (¢) and
spin (x) parts of the wave function decouple the hyperfine splitting can be
written in the form

SMsq = 3 < Pn,1, (T12)|Vi(T12) [¥n,0, (T12) >< ox| — AL - AJ oy - o2]by >

=3PF, <ox|— Al - Aoy - oapx >, (3.46)

where k = m, K, or 1. The energy of a state is then expressed in terms of
linear combinations of the radial matrix elements P¥ , . By taking V (r;;)A] -
)\f to be of the form suggested in Eq. (3.42) without parametrizing the form
for V;, Vk and V], it is possible to achieve good agreement with empirical
spectra if one matrix element P*, | k = 7, K, n, for each oscillator shell is

nply)

extracted from the empirical mass splittings [29].

3.5.3. Parametrizations of the potential function

As was mentioned above good agreement with the baryon spectrum is
obtained by extracting values for matrix elements from the empirical data
without knowing the explicit form for the interaction potential V' (r;;). The
form of the potential can, however, also be parametrized to achieve agreement
with the empirical spectrum. By comparison with a pseudoscalar meson
exchange potential of the form

4 12m? r

Vi) = -5 1 {m(r)— u?‘”r}, (3.47)

which has a short range part in the form of a é-function and a long range
Yukawa part, a possible parametrization could be constructed as a phe-
nomenologically determined function of the form [30]

9 T
_ g 1 4 3 _—a?(ri;—ro)? 2€ Far
V) =~ T g ) 09

where the ¢-function now has been ”smeared” out over a range 1/« (o = 2.91
fm~') and H(r) is a cut-off function for the Yukawa tail of the form H(r) =

5
{1 - HTIT_,O)} , with 8 =20 fm ! and 5 = 0.43 fm. The coupling constant

in the model is f% = 0.67, related to the nucleon-pion coupling constant g,
as [29] g = 20

mn

2
g.n, with %ﬁﬂ = 14.2. The mass m is the constituent quark
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mass (m, = mg = 340 MeV, m; = 460 MeV) and p., the pseudoscalar meson
mass, the index v referring to 7w, K or 1. Another possible parametrization
would be [31]

2 —Ayrij — U Tij
g 1 9 € yTij 5 € yTij
)= A - 4
V’Y(T”) 47 12mlmj{ v Tz'j Iu’y Tij } ’ (3 9)

with A, being a parameter corresponding to m, K or 1 meson exchange de-
fined as A, = Ag+rp,, with Ag = 2.87 fm ! and x = 0.81. Both parametriza-
tions give good predictions for the spectra.
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4. Electromagnetic and axial currents and observables
4.1. The electromagnetic current of a Dirac particle

The electromagnetic 4-current of a Dirac particle is defined as

JM = 'NEQ’Y}L@Z} ) (41)

where () is the electric charge and ¢ is the spinor of the particle. The Dirac
vy-matrices are defined as in Section 3.1. For a free spin 1/2 particle the
spinor can be taken as the positive energy plane wave solution of the Dirac
equation (3.1), i.e.

b~ u(p)e” (4.2)
with u(®), s = 1, 2, defined as

s E+m X(s)
ul )(P) =\ o (%X(s)> ) (4.3)

where y(!) = (é) and y?) = <(1)> represent spin up and spin down particles
respectively. The definitions of the 4-vectors p, and x, are here p, = (p,iE)
and z, = (x,it). If initial and final states are denoted by ¢ and f Eq. (4.1)
now takes the form

Jy ~ iﬁgf)Q%ugs)e*i(pf*pi)'I : (4.4)
For light and strange quarks the charge operator () can be defined as

1

2v/3

By combining ) with the appropriate flavor state vector n), f = u, d, s,

1

1 0 0
where n®) = | 0 |, n¥ = [ 1 | and #®®) = | 0 |, the electric charge of a
0 0 1

quark is then given in units of e by n'Qn. Below the flavor state vector is
included in the definition of u(p). Assuming that the constituent quark can
be treated as a point Dirac particle the matrix element of its electromagnetic
current operator in the Heisenberg representation is
<10l >= 1000 s + g hal(o) (4.6)
23 2

where |p > (< p'|) is the incoming (outgoing) particle state with momentum
p (p'). Since J, = (J,J4) = (J,iJy) = (J,ip), the matrix elements of the
spatial part of the current density operator and the electromagnetic charge
density operator will be
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<MM®W>=MWH§%%+%MhMM- (4.7a)

and

< VIOl >= 10 )5z + g habulr) (4.7

Using Eq. (4.3) for the spinors the matrix element of the single-quark elec-
tromagnetic current density operator can now be written as

1 1
< p30)|p >= —in'xT[—=Xs + =\
p'[J(0)|p nxb¢§s Qﬂ

\/(E/ + ;nE)(; +m) [(ip;jrz p) N (ipr_,j:::Lp,)]nX | "

Correspondingly, the matrix element of the single-quark electromagnetic
charge density operator will take the form

< p(0)|p >= VRIS
P'|p(0)|p nbe—s 3]

\/(E’+m)(E+m)[1+p’-p—l—ia-p’><p
AEE' (E+m)(E"+ m)

Inx - (4.9)
4.2. The magnetic moment of a Dirac particle

The magnetic moment operator g due to an electric current distribution
J(r) can be defined as

:%/fnxJ@y (4.10)

By expressing J(r) in momentum space, using J(r) = f(Q g e 97J(q), Eq.

(4.10) can be written as

;)3/d%f4q%—¢vgx;uq», (4.11)

re T = §)(q), can be rewritten as

i
p=—5 lim[Vg x J(q)], (4.12)

To calculate the magnetic moment of a constituent quark the current
operator in Eq. (4.8) should be used in Eq. (4.12). Since the constituent
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quarks have a small mass compared to e.g. the nucleon, there will be con-
siderable relativistic corrections to the current operator. Their effect on the
constituent quark magnetlc moment can be calculated by introducing a ve-
locity operator v = pQ:Yer = %, where m is the constituent quark mass, and
p and p’ are the incoming and outgoing particle momenta respectively The
momentum transfer is q = p’ — p, and one has p =mv — 4, p’' = mv + q

Rewriting < p'|J(0)|p > in terms of the coordinates v and q now results i 111

<PPO)p>= T [1(8,5) (v+ 50 x q)

—g(E,E") <% +i0 X v)} nx (4.13)
where
(E'+ E +2m) (" E)
JB.F)= VEE'(E +m)(E' +m) ) VEE'(E +m)(E +(m) .)
4.14

The magnetic moment operator now takes the form

B Q o v X (o X V)
o= 2mm{ 2v/1+vE(1+V1 +v2)} ' (4.15)

For particles that combine to ground state baryons the second term v x (o x
v) = ov? — vo - v can be reduced to 20v?, and one finally gets for the spin
term in the magnetic moment operator of a constituent quark

spin(non—re 1 2
— Hopintnonrel) ¢ _ v } (4.16)

Hspin = = A2 3VIE V(1 +VI+v2)

where foinnon—rery, defined as inQa, is the quark magnetic moment oper-
ator without relat1v1stlc corrections. By further noting that g, is

non—rel)

equal to (":n—N) Qo in units of (zer) the quark magnetic moment can finally,
after some manipulations, be written in units of nuclear magnetons as

poin = () A1 - 50— <=5}

(4.17)

4.3. The baryon magnetic moment

When using the (constituent) quark model in the impulse approximation,
the baryon electromagnetic current operators are considered to be the sum
of the current operators of the three constituent quarks, Jl(f’)t) = JISI) +
Jl(f) + Jﬁ(f’). If the wave function is symmetric when interchanging quarks,
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the expression for the electromagnetic current can be further simplified, since
the current operators of the individual quarks are the same (if they all have
the same mass), i.e., Jl(f"t) = 3J,§1>. When calculating the baryon magnetic
moment with a wave function of this type one then only has to calculate
3 < \If’|ug;)m|\lf >, as shown in Eq. (3.25). The wave function is then
separated into a flavor-spin part and a spatial part, and the baryon magnetic
moment that includes relativistic corrections is calculated as

1 1 1
arvon = 3 < NI >—m—{1— (1l — —=)} >
Hbary ¢X|I‘l’spm(non—rel)|¢x /714_‘/_2{ 3( /1—|—V)}

(4.18)
()

Here ¢ is the combined flavor-spin wave function of the baryon, Pespin(non—rel)

and v? are now operators acting on the first quark, and the matrix element
of the relativistic correction is calculated in momentum space as explained in
Section 3.4. On the other hand, if the wave function is of the type mentioned
in Section 3.3.3, i.e., it is symmetric only with respect to an interchange of
quarks 1 and 2, the calculation of the baryon magnetic moment has to be
made according to Eq. (3.27), where the one-body operator O; now equals

(i)

Kspins 1-€-,

Mbaryon = 3(NI)2 < w|(l'l'$1)m + ll’gi)m + ugizn)(l + 2p23)|w > (419)
with P, interchanging the coordinates of quarks 2 and 3.

In Paper I calculations of the magnetic moments without and with rela-
tivistic corrections have been done for the ground state baryons and the A*+
and 0~ hyperons. In the nucleon case the wave function used was the (exact)
one derived in Ref. [30] implying the use of Eq. (4.19) while for the strange
hyperons an oscillator model wave function approximation that in the nu-
cleon case gives the same result as the exact wave function was used along
with Eq. (4.18). The results are given in Table 1 of Paper I. The inclusion of
the relativistic corrections reduces the impulse approximation results, which
are already in quite good agreement with empirical data, by 20 — 30% and
thus considerably worsens the predictions. To get good agreement with data
clearly some other contribution has to be added. When using the model of
Ref. [31] with a harmonic oscillator wave function approximation that gives
the same radius for the nucleon as the model in Ref. [31] the values for the
proton and neutron magnetic moments with relativistic corrections are 1.36
and -0.91 n.m. [66], respectively, i.e. the relativistic corrections in this case
reduce the impulse approximation results by ~ 50%.

4.4. The axial current

When discussing weak semi-leptonic interactions between particles, e.g.
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in #-decay of neutrons to protons a non-leptonic hadronic current is defined.
In the Cabibbo theory [67] the hadronic weak current can be written as

ho_ h _ : h _
J, = cos0.J;(AS = 0) +sinf.J;(|AS| = 1), (4.20)

where 6. is called the Cabibbo angle, AS = 0 denotes processes where
strangeness is conserved and |AS| = 1 processes where strangeness changes
by one unit. In the first type of processes electric charge and the third com-
ponent of isospin change by one unit, AQ) = AT; = £1, while for the second
case AQ = AS = £1 and AT; = +5. Both J!(AS = 0) and J}}(JAS| = 1)
consist of sums of vector and axial vector parts.

If the light and strange quarks are considered to be Dirac particles, it is
possible to define eight quark axial currents as

g - Ao
Ay = zgglz/)ﬂu%gd)q a=1,...8, (4.21)

where g is the axial current coupling of the quarks, )\, are the eight flavor
SU(3) Gell-Mann matrices, 5 is defined as in Eq. (3.3) and

wu
Yg= | Va | - (4.22)
Vs
The value of g% is 1 in the large color limit [68], and if the lowest (1/N¢)
corrections are included this value is reduced to g% ~ 0.87 [69]. Also one can
define eight weak vector quark currents V,, ~ 'yu’\—;, a=1,...,8, and the
hadronic weak current (4.20) can now be written as a combination of these
components,

Il = €08 0c[Viyipiz) + Aurizy) + 5in 0T Viaris) + Auasis)] . (4.23)

where (a + ib) refers to a sum of the vector currents V,, + iV, or the axial
vector currents A,, + iA,;, or, equivalently, to the combination (A, + i);)
in the flavor matrices of the vector or axial vector current. Hence there is a
strangeness non-changing axial current A, 149, usually called Al(f), defined
by

g 1 .
Auatiz) = 7%31%%755()\1 +iA2)1q

= igh V5T Yy (4.24)
with

1

o O O
o O =
o O O
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which changes a d-quark to a u-quark and raises the electric charge by one
unit e.g. in neutron -decay. Similarly, one can define the strangeness chang-
ing axial current A,445) by

Au(4+i5) = igiz/_)qf)/u’)%?]#»wq ) (426)
with

o O O

1 0 1

vy = =(Ag+iN5) = 0 0], (4.27)
2

0 0

which changes an s-quark to a u-quark, as in 3-decay of strange hyperons.

Also in this process the electric charge is raised by one unit.

The adjoint operator .J' of the hadronic weak current in Eq. (4.23) will,
on the other hand, consist of vector and axial vector currents involving the
combination (A, —i)\y) in their flavor parts. A strangeness non-changing axial
current A,1_s), or Al(;), will then have the same form as Eq. (4.24), but 7,
will be replaced by 7_,

(4.28)

changing a u-quark to a d-quark and lowering the electric charge by one unit.
The strangeness changing axial current A, 5 is defined as in Eq. (4.26)
with v_ replacing v,

v = %(M S idg) = (4.29)

_= o O
o O O
o O O

and this operator changes a u-quark to an s-quark and lowers the electric
charge by one unit.
To see how relativistic corrections enter into the axial current operator

the eight quark axial current operators can be written as

e

g Ao
< p'|Aua(0)|p >= zg%u(p')%%?u(p) ,a=1, ... .8, (4.30)

where u(p) is the Dirac spinor x flavor state vector for the quark. Since

Aue = (Aq,iAp) one further gets for the matrix element of the vector part of

the current \
< P[Aq(0)p >= ighu(p)ys 7 ulp) (4.31a)

and for the matrix element of the time component

A

< P[40 (0)lp >= ghu(p)ys 7 ulp) - (4.31b)
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Using Eq. (4.3) one then has for the matrix element of the vector part of
the axial current

Ao [(E'+m)(E+m
< p/|AL(0)|p >= —g%nTXTEJ( 4];,(]5 )

[0-p’p+a-pp’—ap’-p—ip’><p]}
(E' + m)(E +m) nx -

By substituting p = mv — 4 and p’ = mv + { the relativistic corrections

can be calculated and the above reduces to

{o+ (4.32)

A 2 1
< p,|Aa(0)|p >= _ginTXT?U{l - g(l - \/ﬁ)}ﬁx . (433)

In the non-relativistic limit the matrix element of the vector part of the quark
axial current operator is then

Aa
< p'|AL(0)|p >= —g%nfxfganx : (4.34)

In the above derivation the lower index a on the axial current operator
and the flavor matrix could also, of course, be substituted for (a + ib) to
describe strangeness non-changing (¢ = 1, b = 2) and strangeness changing
(a =4, b =5) processes.

4.5. The axial coupling constant of the baryons

For baryons the weak axial current operator can be written in the general
form

<Pl Au(0)|p >p= ia(p")s[1,84(¢°) +i(p' — p)ugr(¢®)5u(p)s , (4.35)

where B (B') is the incoming (outgoing) baryon with Dirac spinor u(p)s
(u(p')s) and ga(q*) and gp(q?) are form factors which are determined ex-
perimentally. If the four-momentum transfer (p' — p), is small, the second
term in Eq. (4.35) can be neglected. In the case of e.g. neutron f-decay the
relevant matrix element would be taken between an incoming neutron and an
outgoing proton with the axial current for a strangeness non-changing pro-
cess of the form A, 49y. For 8-decays of hyperons the strangeness changing
axial current A, 445y would be relevant.
The form factor g4(¢®) can be parametrized as

ga(¢®) = aF(¢*) +bD(q%) , (4.36)
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where the constants a and b are generalized Clebsch-Gordan coefficients [70].
In experiments with neutrino scattering on deuterons [71, 72] the axial form
factor for the process n — p has been measured and the data fitted by the
form g’y ?(¢%) = %, ¢ = (p' —p)’ — (E' — F)?, giving for the axial
coupling constant g4 = gy 7(0) = 1.23. Estimates of g, ”(0) have also
been made from [-decay measurements, giving the value 1.259 £+ 0.017 [73]
for g4(0)/gy(0), where gy is a form factor associated with the vector part
of the weak hadronic current for nucleons, the value of which is 1 for zero
four-momentum transfer. If the momentum transfer is small it is possible to
approximate the functions F'(¢%) and D(¢?) in Eq. (4.36) with their values
at ¢> = 0. One fit to experimental data [74] which gives F = F(0) =
0.451 £ 0.019 and D = D(0) = 0.777 £ 0.021 yields g4(0) = 1.228 for the

nucleon .

If F and D are calculated theoretically in the static quark model, assum-
ing that the baryon axial current operator is the sum of three static quark
axial current operators A (s ipynon—re derived from Eqs. (4.24) or (4.26) (the
impulse approximation) with g% = 1 one yields F = % and D = 1. The
corresponding value for g4(0) will then be overestimated compared to the ex-
perimental value. However, by including relativistic corrections in the single
quark operator as shown in Eq. (4.33) and calculating < A(0)(a+it) >baryon
in the same manner as the baryon magnetic moment was calculated in Sec-
tion 4.3 the theoretical value of g4(0) can be reduced. Also by including
corrections to the constituent quark axial coupling constant g% as mentioned
in the beginning of Section 4.4 one can further reduce the theoretical value
of g4(0) for the baryons, and thus yield values that are in relatively good
agreement with the empirical ones. Numerical calculations of the relativis-
tic correction to the axial coupling constants of the baryon octet have been
performed in the chiral constituent quark model of Ref. [30] where for the
strange hyperons a harmonic wave function approximation was used, the re-
sult of which is consistent with the result for the exact wave function of Ref.
[30] when applied to the nucleon. The calculated values are given in Table 2
of Paper I and show a reduction of ~ 10 — 20% from the static quark model
values. Thus the predictions for the axial coupling constants when including

relativistic corrections are close to the empirical ones.

4.6. The charge radius

In Section 4.1 the electromagnetic current of a Dirac (point) particle
was defined. When studying baryons this simple form for the current can
no longer be used, since the internal structure of the baryon has to be taken
into account. Phenomenologically, the matrix element of the electromagnetic
current operator for a baryon can be defined as
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Oy
2M

<P (0)p >p=1u(p')s [v.Fi(q”) — By (g)u(p)s ,  (4.37)
where u(p) is the Dirac spinor of the baryon B, p (p') and S (S’) denote the
four-momentum and the spin structure of the incoming (outgoing) baryon,
and M is the baryon mass. The tensor o, is defined here as 2%.(%7,, — VoY)
and ¢, = (q,iqp) is the four-momentum transfer, ¢ = p’ — p. The functions
F} and F; are called the Dirac and Pauli form factors, respectively, and they
describe the finite electromagnetic structure of the baryon. The form factors
are defined so that Fi(0) = @ and F3(0) = k, where () is the electric charge
and x the anomalous magnetic moment of the baryon. Since J, = (J,ip),

the matrix element of the one-body baryon charge density operator can be
defined as

O qy
2m

E+M (%)
ol =[5 (o ) (1.39)
+

where F/ and M are the baryon energy and mass, and xg) represents the
baryon spin state, the charge density operator matrix element can be cast in
the form

p™P =< p1pp(0)|p > 5= u(p)s [vaFi(¢°) — Fy(¢)u(p)s . (4.38)

By denoting

p’-p+ia-p’><p]
(E+ M)(E"+ M)

oms (S /(E' + M)(E + M)

F, p-q+ioc-qd xp p'-q+tioc-p' xq| (s
— . 4.40
ol Er CESIEIRL (4.40)

To be able to compare results for form factors obtained from experiments
it is often convenient to use the Sachs form factors Gr(¢*) and Ga(g?) [41]
which in the Breit frame, with ¢g = E'— F = 0 and ¢*> = q?, can be expressed
as

Gela) = Fild’) ~ 1z Ra(a)
Gl) = Fu(a’) + Po(a?) (1.41)

When including relativistic corrections to order (755), the charge density

operator matrix element (4.40) can now in the Breit frame be written as
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! 2 1 . X
PP = X5 G (L = 1) + (26 (@) — Gr(a?) T
(4.42)
If the momentum transfer q is small terms of order (55) will, however, be
small and in the non-relativistic limit the charge density operator matrix
element is simply reduced to

em s S
PP = x5 " Guld)xG - (4.43)
The Fourier transform of Gg(¢?) in the Breit frame is the charge density
pe(r) = (271r)3 [ d3qGr(q?)e T or, equivalently, Gr(q?) = [d3rpp(r)e’drT,
On the other hand, the (mean square) charge radius is defined as < 7% >=
[ d®rr’pp(r) so by expanding €4 in powers of q - r,

1
Go(a?) = / Prpp(r) - <o’ / Eripp(r) + O(q") | (4.44)
one finally gets
dGg(q?)
< 7'2 >= —6Tq2|q2:0
dFi(q?) 3F5(0)
- _6 i | 2=0 e (4.45)

In the last step of Eq. (4.45) the relation between the Sachs electric form
factor and the Dirac and Pauli form factors (Eq. (4.41)) was used. In other
words, if the slope of the Dirac form factor at zero momentum transfer can be
calculated from some model for the baryon and if the anomalous magnetic
moment k£ (= F3(0)) is known, the (mean square) charge radius can be
determined.

By assuming that the Dirac part F} of the form factor Gy for a baryon
comes from the sum over three constituent (Dirac) quarks this (intrinsic)
part can then be calculated by first adding all of the quark contributions
P = < pllp(0)|p; >, i=1 ... 3, (Eq. (4.9)) and then calculate

3 dgk‘z i :
Fi(r?) =< Up| Z/Wakz "i(27m)*8 (ki — ) (ki q)| ¥ >
1=1

3
=< Up| Y e pl(q) | Ty > . (4.46)

i=1
Relativistic corrections to the (Dirac) charge density operator of a quark
can be calculated by introducing the velocity operator of a quark v = R*P

2m
and defining p = mv—3, p’ = mv+3, where q is the momentum transfer. To
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lowest order in #, the charge density operator matrix element is then (if the
flavor x spin notation 7y (nx') of the single quark operator is suppressed)

2

< POl 5= (1 — L + 29X () (4.47)

When calculating the charge radius for ground state baryons the term linear
in q will not contribute and can be left out.

If the baryon wave function Wp = 1)(ry, ra,r3)d) is symmetric with re-
spect to spatial and combined flavor-spin coordinates and e’d% is expanded
in powers of ¢?, Eq. (4.46) simplifies to

¢ ¢

@) =3 <ol - L - Lt gy >< oxl@Wlox >, (4.49)
where the u%)]))er 1ndex on () indicates that the charge operator, denoted as
QW = , is acting on quark 1. The result for F;(q®) can then
be used 1n Eq. (4.45). In Paper II the spatial part of the wave function
was approximated as a harmonic oscillator wave function with an effective
oscillator frequency that gives a nucleon radius that is consistent with the
radius of the model in Ref. [31] and the Dirac part of the charge radii for
the proton and the neutron was calculated. The results (< 72 >744,.¢1) are
given in Table II of Paper II along with the contributions from the anomalous
magnetic moments (< r? >,,). For the proton the combined contribution
< 1% >iatre + < 12 >4, will be ~ 40% smaller than the experimental
(squared) proton charge radius. The neutron charge radius, on the other
hand, will get zero contribution from the impulse approximation combined
with relativistic corrections, while the anomalous part is only ~ 9% larger
than the empirical (squared) neutron charge radius.
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5. Exchange currents
5.1. The continuity equation

In the impulse approximation for the (constituent) quarks that consti-
tute the baryons external currents are assumed to be absorbed by indivi-
dual quarks that do not interact, and the resulting process is described by
one-body operators. When going beyond this approximation, i.e., assuming
interactions between the constituent quarks, the use of two-body operators
could be necessary, depending on the form for the quark-quark interaction.

The continuity equation

connects the electromagnetic current and charge (density) operators with the
(non-relativistic) Hamiltonian. For a system of three constituent quarks the
current (density) operator can be defined as

3
J=> J+> 17, (5.2)
i=1 i<j
where J? is a one-body current operator and J ;7 18 a two-body or exchange
current operator. In the case of three-quark interactions three-quark ex-
change currents also have to be considered. If these are, however, neglected
the Hamiltonian for the system is

3
H=YTi+>Vy. (5.3)
i=1 i<j

Here T; is the one-body kinetic energy and Vj; is a two-body potential de-
scribing the quark-quark interaction. The continuity equation now separates
into different equations for the one-body and two-body current operators,
i.e.,

VI 4+l il =0, (5.4a)
VI +ilVi, i+ pil =0 (5.4b)

In the above equations it is assumed that the charge density operator has only
a one-body component. If there exists a two-body exchange charge density
operator Eq. (5.4b) will get a small addition. If now the potential V;; has
such a form that [Vi;, p; + p;] # 0 this will imply that J57 # 0, i.e., there are
two-body corrections to the current J. This is the case if the potential e.g.
has a flavor dependence of the form

Vij ~ AL AT (5.5)
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as in the chiral pseudoscalar interaction mentioned in Section 3.5.1, since the
charge density operator p; is defined (in units of e) by

< Plpilp >= u(p)) QP yau(ps) , (5.6)

with Q® denoting the charge operator @ defined in Eq. (4.5) acting on quark
i, and, consequently, [A; - )\JF, QW] #£ 0.

5.2. Electromagnetic exchange current operators

To construct the exchange current operators a Lorentz-invariant photon-
quark-quark vertex can be decomposed into single quark and many-body
parts. The many-body part is further split into a reducible and an irreducible
part. If the reducible part is taken as a part of the impulse approximation,
the remaining irreducible part then give rise to exchange current operators.
The above decomposition is given in momentum space in Figure. 5.1.

Impulse approximation [rreducible part

/C) Al /<:>

Single-quark part Many-body parts

Figure 5.1: Decomposition of photon-quark-quark vertex.

The irreducible part of the diagram in Figure 5.1 can be decomposed
into so called transition and diagonal terms, of which the first describes
how the photon interacts with two different quarks and the second describes
elastic photon-quark vertices. The transition type exchange currents can be
calculated from the static limit of the Feynman diagram amplitudes. The so
called Born terms of such terms are shown in Figure 5.2.
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e B

Figure 5.2: Transition Born terms,
(a) contact Born term, (b) mesonic Born part.

Of special interest is the "external” exchange current or contact term in
Figure 5.2(a), which can be calculated from the so called relativistic Born
terms in Figure 5.3. The exchange current operator is constructed as a
product of the single-particle current operator, the propagator p for the in-
termediate particle in the diagrams of Figure 5.3(a) and the interaction V.
In addition to the two diagrams in Figure 5.3(a) also the corresponding dia-
grams where quarks 1 and 2 are interchanged should be taken into account.
The propagator p can be written as

1 _ (v-p+im)

y-p—im  (E—po)(E + po)

__(y-ptim+inE) (v p+im—inkE) (5.7)
2E(E — ) 2E(E + py) ’

where, in the last step of Eq. (5.7), the propagator is divided into separate
components corresponding to a particle with positive energy (quark) and a
particle with negative energy (anti-quark) respectively. The positive energy
part of the Born term is then subtracted, since this contribution is already
included in the impulse approximation, and only the anti-quark component
of the propagator for the intermediate quark is used in the calculation. The
corresponding diagrams are shown in Figure 5.3(b). The exchange current
operator is then model independent in the sense that it is related to the
exchange potential by current conservation.
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P1 D2 h D2
(b)
Figure 5.3: (a) Relativistic Born diagrams, (b) negative-energy components
of the relativistic Born diagrams.

Another model independent exchange current operator is obtained from the
”internal” radiation diagram in Figure 5.2(b). There could also be model
dependent terms that are not shown in Figure 5.2.

If the quark-quark interaction V' is energy independent and of such a
form that it can be expressed in terms of five independent non-relativistic
spin amplitudes that are the non-relativistic limits of five relativistic spin
invariants, the exchange current operators obtained from the external and
internal diagrams of Figure 5.2(a) and (b) will then satisfy the non-relativistic
continuity equation with this interaction. In momentum space the continuity
equation for the model independent exchange current to order 1/m?, where
m is the constituent quark mass, can be written as

@uJ;" = V(P Py P1 + 4, P2)p1(P1 + 4; P1)
—p1(P1; PL — @)V (P] — 4, Ph; P1, P2) + [1 2], (5.8)

where ¢, = (q,iqp) is the photon four-momentum, the single-quark charge
(density) operator is defined as in Eq. (5.6) and [1 < 2] denotes terms where
the coordinates of quarks 1 and 2 have been interchanged. If the limit ¢ — 0
is taken the internal exchange current operator derived from the diagram in
Figure 5.2(b) vanishes.
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5.3. SVT AP-decomposition

If the quark-quark interaction is energy independent and depends only on
the invariant momentum transfer t = —(p| — p;)?, its Lorentz-invariant ver-
sion can be written as a linear combination of five relativistic spin invariants,
the so called Fermi invariants SVT AP, where [75]

S=1010, Vi@, T = oo,

A =P PP P ="y, (5.9)
so that

V (P}, P 1, P2) = @(p)a(py){d_[vf (t) + v5 (DA - AT]F; bulpy)u(ps) -

j=1
(5.10)
Here F, j = 1...5 are the relativistic Fermi invariants in the order SVT' AP
while v (t) and v; (t) are functions associated with the flavor independent
and flavor dependent parts of the interaction respectively.
If now the non-relativistic quark-quark potential is expressed as

25: (AT AFQ; (5.11)

with the spin operators Qj defined as

1 ~
le]_, Q2:§(0'1+0'2)'L, 93:3U1'f02'f—01'ﬂg,

~ ~ 1
Q4:0'1'0'2, 9525(0'1'L0'2'L—|—0'2'L0'1'L), (512)

the interaction in momentum space will be of the form

k)= / d*re™™V (r) = i[w;?(k) +wj (F)AT - AT (5.13)

j=1

The spin operators €2; will here be

1
lel, sz§i(01+02)'kXP, 93:0'1'0'21{52—30'1'1{0'2'1{,

Q4:0'1'0'2, Q5:0'1'kXPO'2'kXP, (514)

with k = p} — p1 = —(p) — p2) and P = 3(p1 +p';) = —3(py + p2). If the
functions @ (r) are known, the corresponding components in momentum
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space, wi(k), can be obtained. To get a relation between wi (k) and the
potential coefficient v (k) in the Fermi invariant decomposition the non-
relativistic limits of the Fermi invariants F} are calculated to order 1/m?* and
expressed as linear combinations of the spin operators €2; in Eq. (5.14), i.e

5
Fj = Z Aijk . (515)
k=1

The Fermi-invariant potential components can then be written as

vi (k) = Y (A7) jpwic (k) (5.16)

k=1
following the method developed by Blunden and Riska [76] for nucleon-
nucleon interactions.

When the interaction is thus written as a linear superposition of Fermi in-
variants, the exchange current operators are constructed as a corresponding
linear combination of exchange current operators for the Fermi invariants. In
Ref. [77] the exchange current operators corresponding to the Fermi invari-
ants have been given for a two-nucleon system. The corresponding operators
for a system of two quarks can then be obtained by substituting the nucleon
mass by the (constituent) quark mass and all isospin matrices 7() by flavor
matrices A

5.4. Exchange current contributions to the magnetic moment
5.4.1. The exchange magnetic moment operator

From the model independent electromagnetic exchange current (density)
operators that correspond to the Fermi invariants it is possible to calculate
exchange magnetic moment operators that will add to the one-body magnetic
moment operator. The exchange current density operators are of the form
J°(ky, ko; Py, Py), where k; = p}—p; and P; = (p}+p;). Now the exchange
magnetic moment operators can be calculated as [77]

d3k
po(rom) = [ AR TM 4 Ry x N, (517)
(2m)?
where k = k; = —ks, R is the center-of-mass coordmate for the quark pair,

and

1 1 1
M(k,Pl,Pz) = —52(1111)%V Jex( q—|—k 2(]_ k P1 —|—P2) s (518@)

1 1
N(k; Py, Py) = lim J*(5q + k, ja — ki Py, Py) (5.18b)
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In Eq. (5.18) the notation q = k; + kj is used. For quarks that combine to
S-state baryons the second term in Eq. (5.17) will give no contribution.

5.4.2. The static exchange magnetic moment

The exchange magnetic moment operators of a two-quark system can be
obtained from the results derived for a two-nucleon system [77] by suitable
substitutions as mentioned above. Thus if a term in the two-nucleon case has
an isospin dependence of the form (7() x 7()); the flavor dependence of the
corresponding term in the SU(3) case can be obtained by the substitution

(T(i) % T(j))3 _ [Tl(i)7_2(j) . 7_Z(z')Tl(J')]
— A AP AP - AN (5.19)
If the hyperfine interaction between two quarks is now taken to be

3
where the expression A® - A above should be understood as Yok—1.8 )\,(:))\,(Cj ),
the exchange magnetic moment operator for ground state baryons will to
lowest order in v/c, assuming that the interaction is due to pseudoscalar
exchange mechanisms, have the form

p’ex,ij = _59(”].){)\9)\%]) - )\g))\gJ) + )\4(1))\%]) - )\g))\gj)}a() X 0-(]) , (5‘21)

where g(r;;) can be calculated from f(r;;) as

o ]‘ e ! 1 ! ]‘ o0 ! o0 n_.n "
g(r) = ——{2/ dr'r' f(r') — —/ dr / dr'r" f(r'")} . (5.22)
3 r rJr r!

If the flavor dependent part of the potential used is of the form described
in Eq. (3.42), i.e., with different contributions V,(r;;), v = =, K, 1, corre-
sponding to pion, kaon and 7 exchange, this has to be taken into account
in the exchange magnetic moment operator by combining the proper func-
tions with the corresponding flavor dependent operators. The two different
parametrizations (3.48) and (3.49) for V. (r;;), corresponding to different ver-
sions of the chiral constituent quark model, give different results. If the
parametrization (3.48) of Ref. [30] is used, one has to further take into ac-
count that the hyperfine interaction cannot in this case be completely caused
by pseudoscalar exchange mechanisms, since this interaction, expressed in
momentum space, would not vanish with momentum. This requirement is
met in the case of the second parametrization. In the first case, however, the
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exchange magnetic moment part that is due to pseudoscalar mechanisms can
be estimated by calculating the fraction of the potential function (3.48) that
would give zero volume integral (corresponding to a vanishing interaction
in the zero momentum limit). The remaining part of the potential func-
tion will then be caused by other exchange mechanisms. These, however,
do not contribute to the exchange magnetic moment to lowest order in v/c
[77]. The exchange magnetic moment contributions from the pseudoscalar
exchange part were calculated for the ground state baryons and the A*+
and 2~ hyperons in the parametrization (3.48) and the results are given in
the column EXCI of Table 4 in Paper I. For the second parametrization the
corresponding values for the proton and the neutron have been calculated as
0.18 and -0.18 n.m., respectively [66].

5.4.3. Relativistic corrections to the exchange magnetic moment

The exchange magnetic moment operator calculated in Eq. (5.21) is based
on the static non-relativistic pseudoscalar exchange interaction and will give
no contribution for the decuplet baryons due to their flavor symmetry, nor
for the ¥~ and =~. By taking into account the lowest order corrections from
the relativistic form for the pseudoscalar exchange interaction further terms
will appear, and their contribution can be written as

Mex,rel - MeF;-S + MQA , (523)

where MZ>S is a flavor symmetric part and M4 a flavor antisymmetric part,.
In the SU(2) case the isospin operator in the symmetric part of a two-nucleon
system is of the form [77] e®7®) . 70) 4 70 . 7)) = L@ 7). 70} where
e® = (1+ T:)Ei))/Q. The corresponding SU(3) operator will be

(e, 70 . £} . {QW), XD . A0)}

1,1 A 8 1.1 .
= (== AP A0 TADAD 4 TYADAD (2D 4 AP
2(\/3 8 3 )a:1 a ‘a = a "‘a 2(\/5 8 3)

2 . 1 . 1 N N 1.5 .
— - )\(Z) )\(Z) )\(Z))\(J) )\(Z))\(J) - )\(z))\(])
3(3+\/§8)+\/§(83+38)+3az::1aa
2§~ 0, _ L@, )
—§§3A5;>Agﬂ>—§A8 YL (5.24)
a=6

To obtain the SU(3) version of the isospin operator for the antisymmetric
part, which is of the form [77] (7() — 7());, the substitution

(O — 70y, = [0 _ 7]
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— Y 2P+ %(AS) ) (5.25)
should be made. The first term of Eq. (5.23) now gives a contribution
also to the exchange magnetic moment of the decuplet baryons. The results
for the contribution (5.23), calculated in the parametrization (3.48) when
taking into account only the fraction coming from pseudoscalar exchange
mechanisms, are given for the ground state baryons and the A™ and Q—
hyperons in column EXCII of Table 4 in Paper 1. The corresponding values
for the proton and the neutron are 0.16 and -0.09 n.m. respectively [66] in
the second parametrization.

A substantial part of the potential in the model of Eq. (3.48) has to
be interpreted as coming from some short range exchange mechanism. One
possibility is to ascribe this part to axial vector exchange mechanisms (similar
results are also attained if tensor exchange mechanisms are assumed). A
contribution from this part, having the same order in v/c as (5.23), will have
a flavor dependence that is similar to (5.23) but with an additional term that
in SU(2) has an isospin operator of the form e®+® . 70) — 70 . 70)el) =
[e®, 7@ . 70)] [77]. The corresponding SU(3) operator can be obtained by
the substitution

[e(i)ﬂ.(i) .T(j)] N [Q(i), A@ . )\(j)]
= —i(APAY = APD APAD - ADND) (5.26)

The contribution to the exchange magnetic moment from this phenomenolog-

ical short-range interaction in the parametrization (3.48) is given in column
EXCIII of Table 4 in Paper I.

5.4.4. Confinement contributions to the magnetic moment

Also the confining interaction v (r) will give a contribution to the mag-
netic moment of the baryons. This interaction may formally be viewed as
the static approximation to a relativistic scalar exchange interaction with
positive sign. For the model of Ref. [30]

ve(r)y=Cr, (5.27)

with C' = 0.474 fm~2, and the corresponding contributions for the ground
state baryons and the A*™* and Q= hyperons are given in column CONF
of Table 4 in Paper I. Corresponding values for the proton and the neu-
tron, when using the model of Ref. [31] (with a appropriate harmonic wave
function approximation), where

vo(r) =C'r+Vy (5.28)
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with C' = 2.33 fm 2 and V; = —416 MeV, are 0.88 and -0.59 n.m. respec-
tively [66].

5.4.5. The total magnetic moment

By adding all the exchange magnetic moment contributions to the result
from the impulse approximation with relativistic corrections discussed in
Chapter 4 one finally yields a value for the total magnetic moment of the
baryons. The unfortunate reduction of the impulse approximation result, due
to the relativistic corrections in the one-body operator, is now compensated
for and the final result is in good agreement with data. The results for
the model of Ref. [30], with the parametrizations (3.48) for the hyperfine
interaction and (5.27) for the confining interaction, are given in column Total
of Table 4 in Paper I. The total magnetic moments for the proton and the
neutron in the model of Ref. [31], with parametrizations (3.49) and (5.28),
are related in the discussion part of Paper II.

5.5. Exchange current contributions to the axial current

As in the electromagnetic exchange current case it is also possible to con-
struct axial vector exchange current operators for constituent quarks. The
"model-independent” part of this axial exchange current is constructed from
the quark-quark interaction. This calculation can be compared to the cor-
responding derivation in the nucleon-nucleon case [78]. One takes as the
starting point the relativistic Born terms (Figure 5.3(a)), where the axial
field couples to one of the quarks in a quark-quark system. The axial ex-
change current operator is then the product of the single-quark operator,
the propagator of the intermediate quark (Eq. (5.7)) and the interaction V.
The positive-energy part of the propagator will be discarded to avoid double
counting. By taking the non-relativistic reduction of the operator one then
yields the contact term of Figure 5.2(a). For the interaction V' one uses the
SV'T AP-decomposition of Section 5.3, with one modification concerning the
P-invariant. This invariant should be replaced by a ”pseudovector” invariant
P =00 ku)vél)('yl(f) : ku)fyg) to avoid double counting of a contribu-
tion associated with a possible pm-exchange component. The axial exchange
current operator will now have contributions from the invariants SVT A of
order (#), which may give corrections to the predicted value of g4(0) for
the baryons if the model used for quark-quark interaction includes exchange
mechanisms of the above types, while the P’-invariant will give a contribu-
tion of order (#) and thus can be neglected. ”Model-dependent” parts of

the axial exchange current operator may also give corrections to g4(0).
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5.6. Exchange current contributions to the charge radius
5.6.1. The exchange charge density operator

The exchange charge density operator corresponding to the sum of the
contact term in Figure 5.2(a) and a similar diagram with quarks 1 and 2
interchanged can be constructed in the following way. The two contact terms
will get contributions from the non-relativistic limit of four external coupling
diagrams, two of which are shown in Figure 5.3(b). The general form of
the exchange charge density operator is obtained by multiplying the single-
quark charge density operator with the propagator of the intermediate quark
and the interaction V. As in Section 5.2 only the negative-energy part of
the propagator for the intermediate quark is taken into account to avoid
double counting. The exchange charge density operators corresponding to the
SVT AP-decomposition of the quark-quark potential are then constructed.

The exchange charge density operators will to lowest order in (v/c) have
the general form

pj(kla k27 q) = pj(k27 q) + pj(kla q)
1
= g 107 (20107 (ko)

8m

8
+HW, S A,9>A,£”}vj<k2>)
k=1

8
071, 3 AN <k2>}

k=1
+(1e2), j=1,...,5. (5.29)

Here Oji are operators related to the SVT AP-decomposition, Q@ is the
(SU(3)) electric charge operator acting on quark i, and v} and v; are flavor
independent and flavor dependent potentials, respectively. The operators O;’
are defined as

Of’:q2+2ia(1)-P1xq,

OF =q-ky+ [0 x ky] - [0V x q] + 2ic™V) - Py x q ,
Of =q-ky+0-6¥q-ky —® . qoV - (ky — q) +2ic® - Py x q,

Of = o). qo® kK, ,
(5.30)
and the corresponding operators O; as
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1 =2q-P1,

07 =2q-Py—ileW+06P].qxk,,
0; =200 .qo® - Py +2[6V x q]- [6? x Pa] —i[cV) + @] - qx ky ,
07 =2[eWxq]-[e® xPq],

O, =0.
(5.31)
By adding the operators p;, j = 1,...,5, the total exchange charge density
operator for the contact terms is obtained.

Another possible contribution to the exchange charge density operators
can be obtained from the diagram in Figure 5.2(b), the so called mesonic
part of the Born diagram. From this diagram an exchange charge density
operator corresponding to the flavor dependent part of the interaction can
be calculated. This operator will be proportional to the energy transfer of
the exchanged meson [77, 79] and if the energy transfer is assumed to be
vanishingly small in the interaction model there will be no contribution to
the exchange charge density from this diagram.

5.6.2. Exchange current contributions to the baryon charge radius

Since the exchange charge density operator (5.29) is of order m 3, or,
equivalently, of order (%) while the interaction in the SVT AP-decompo-
sition is of order (%)?, the continuity equation that links the exchange charge
density operators of a given order in (%) to terms of the next order in (%)
in the interaction will not put any restraints on the exchange charge density
operator. There will however be another constraint, namely that the total
charge must be conserved. Thus the contribution from the exchange charge
density must have a vanishing volume integral.

From the contact terms in a three-quark system six terms will contribute
to the exchange charge density operator.
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2 3 1
(b)

1 3 2
(c)

Figure 5.4: Contact terms in a three-quark system with exchanges between
(a) quarks 1 and 2, (b) quarks 2 and 3, (c¢) quarks 1 and 3.

The six terms can be arranged two by two, as shown in Figure 5.4, cor-
responding to the exchange charge density operators for three two-quark
systems. Hence, the total exchange charge density operator can be written
as

Pexr = pex(kla k27 (hz) + pex(kZ; k3; Q23) + pem(kla k37 q.13) ) (532)

where q;; is the momentum of the (virtual) photon incident on the system of
quarks ¢ and j and where p.,(k;, k;, q;;) can be calculated as in the previous
section.

If the combined spatial, spin and flavor part of the three-quark system
is symmetric with respect to all three quarks, the total contribution to the
charge radius of the system is just three times the contribution from one of
the terms in Eq. (5.32), e.g. pes(ki, ko, d12) = pes(ke,q) + (1 < 2). To
calculate the baryon (mean square) charge radius one therefore defines an
exchange charge form factor

d?ky

_ —iky-r12
it el @) > +(1 o2, (5.33)

Foes(q®) =3 < '™ /
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where rjs = r; — ry. The factor 3 in front of the matrix element comes from
the wave function symmetry. The contribution to the charge radius will then
be

dFC,e:v (q2)
d(q?)

and this contribution should be added to the result of the impulse approxi-
mation with relativistic corrections.

<7’ >,=—6 l2=0 » (5.34)

In the calculations of < r? >, for ground-state baryons the exchange
charge density operators (Eq. (5.29)) can be considerably simplified. All
terms involving P; = %(pZ + pl) = mvy, i = 1, 2, where p;(p}) is the
initial(final) momentum of quark ¢ will be small. Furthermore, terms of the
form o - ac® - b can be written as a sum of a scalar and a tensor part,
o .ac® .p= %a(l) .o@a.-b— %(0-(1) .o0®a-b—-30").ac® -b)and
for ground-state baryons the tensor part will not contribute to the exchange
charge form factor. With these simplifications terms involving O} defined in
Eq. (5.31) will be reduced so that only O; and O3 are nonzero, both being
of the form —i(e™) + ). q x ky, which should be combined with the flavor
dependent factor [Q("), ¥%_, )\S))\g)] given in Eq. (5.26). It can be shown
that when this spin-flavor operator is applied to the combined spin-flavor
wave functions of the ground-state baryons it will give zero contribution to
the exchange charge form factor. Thus for ground-state baryons only terms
involving the operators O} in Eq. (5.29) will eventually contribute to the
charge radius. These are therefore the only ones included in Paper I, where
the exchange charge radii of the proton and the neutron were calculated.

In Paper II the chiral constituent quark model of Ref. [31] was used
in combination with a harmonic oscillator wave function approximation of
the original wave function in Ref. [31]. The exchange current contributions
to the charge radius in this model come from the flavor independent linear
confining interaction (5.28) and the flavor dependent hyperfine interaction
(3.42) with the parametrization (3.49). The only potential functions v} that
are nonzero in Eq. (5.29) for the exchange charge operator in this model are
therefore v;" and v5 . The potential v is related to the confining interaction,
which is interpreted as a static approximation to a scalar (S) exchange inter-
action [80] (with opposite sign compared to the conventional scalar exchange
interaction), and it can be obtained as the inverse Fourier transform of the
confining interaction v. in Eq. (5.28). The potential v; (k), on the other
hand, is related to the hyperfine interaction which in this model is assumed
to have its origin solely in pseudoscalar (P) exchange mechanisms. It can
be calculated as the inverse Fourier transform of a potential @.,(r), which in
Paper I was shown to be related to the potential V,,(r) of the hyperfine inter-
action by V,(r) = £V?0,(r). The results for the contributions < r* >conr
and < 72 >p to the proton and neutron charge radii are given in Table II of
Paper II. Due to the operator structure of the exchange charge density oper-
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ators the confinement contribution will be zero for the neutron but nonzero
and positive for the proton. The contributions from pseudoscalar exchange
mechanisms will be negative for both nucleons.

5.6.3. The total charge radius

When the impulse approximation results (including relativistic correc-
tions) for the Dirac part of the squared charge radius are combined with the
exchange current contributions and the anomalous Pauli part (cf. Eq. (4.45))
the mean-square charge radii of the proton and the neutron are 0.61 fm? and
—0.136 fm?, respectively. Comparison with the empirical values shows that
the calculated value for the proton is ~ 18% too small and, correspond-
ingly, ~ 16% too large for the neutron. It has been suggested [81, 82] that
the mechanism which leads to the quarks acquiring their constituent mass
would also cause the constituent quarks not to be point-like but to be quasi-
particles that are spatially extended. One may thus introduce form factors
for the constituent quarks by defining the quark charge operator acting on
quark ¢ as

QY = SR + 5 RN (53)
where the form factors F3 and Fy should be equal to 1 for zero momentum
transfer. These form factors will then give contributions to the total charge
form factors of the nucleons and thus to the nucleon charge radii. The con-
tribution can be expressed as linear combinations of the (squared) up and
down quark radii, < r? >, and < r? >, respectively.

A natural assumption would be to assume that the charge radii of the
up and down quark are equal, which results in an addition < r? >, to the
proton mean-square charge radius, the value of which can be adjusted so
that the total charge radius of the proton (< 2 Siagra + < 1 >
+ < r* >4, + < 1% >,) is consistent with the empirical value, i.e.
< 1% Sppp= < 1% >epp = 0.743 fm?. The up and down quark radius would
then in the model of Ref. [31] be 0.36 fm. This, however, implies that the
neutron will get no quark charge radius contribution, resulting as above in
< r? >iotn= —0.136 fm?, a value which still differs from the empirical one
by 16 %. If, on the other hand, one allows < r? >,#< 72 >, it is possible
to adjust the quark contribution from the up and down quarks to both the
proton and the neutron charge radii, yielding < r? >y ,=< r? >z, and
< r? >totn =< r? >ezpm- Lhe radii for the up and down quarks are then 0.35
fm and 0.31 fm, respectively, in the parametrization of Ref. [31].



93

6. The irreducible 7-gluon exchange interaction
6.1. Interactions between constituent quarks

As was suggested in Chapter 3 a hyperfine chiral pseudoscalar interaction
associated with the spontaneously broken approximate chiral symmetry of
QCD combined with a confining interaction can be used to explain some of
the main features of the spectra of the nucleons and the hyperons, as e.g.
the ordering of the low lying positive and negative parity states. The right
ordering of these states is not achieved with the confining interaction com-
bined with a color-magnetic hyperfine one-gluon exchange interaction alone.
Indications that come from cooled lattice calculations [42] and calculations
in the valence-QCD approximation [43, 44| suggest that the hyperfine one-
gluon exchange interaction should be weak at low momentum transfer. In
phenomenological studies [83, 84| of the color fine structure constant which
describes the quark-gluon coupling strength it has been suggested that it
freezes at small momentum transfer, i.e., reaches a constant (small) value,
which would imply that the gluon acquires an effective, dynamical mass at
low energies [85, 86]. A momentum dependent screening can therefore be
introduced for the quark-gluon coupling constant, i.e. as(k?) = ag - g(k?),
where g(k?) at high momenta is dominated by an inverse logarithmic fall-off
factor that depends on the parameter A (~ the inverse screening length), and
which will either vanish or reach a constant value below the QCD scale Agep.
The parameters o and A can be adjusted so that the effective coupling at the
charmonium and bottomonium scales agrees with lattice calculation results
[87]. Some parametrizations for ag(k?) are shown in Figure 6.1.

On the other hand, for the pseudoscalar interaction one should also in-
troduce a factor that describes the decoupling of the pseudoscalar (approx-
imate) Goldstone bosons from the constituent quarks for momenta above
the chiral restoration scale A,. This can be done e.g. by multiplying the
interaction (or the pion propagator) with a high-momentum cut-off func-
tion of monopole form, f(k*) = (A2 —m2)/(A} + k?), which reaches unity
for small momenta and zero for large momenta. The assumption of a weak
nonzero gluon exchange interaction and a dominant pseudoscalar interaction
will, however, imply the existence of an irreducible pseudoscalar-gluon in-
teraction. For non-strange baryons one would then have irreducible 7-gluon
and 7-gluon interactions, which will have components with the same flavor
and spin dependence as the chiral pseudoscalar interaction.

6.2. The tensor component of the pseudoscalar interaction

The chiral pseudoscalar interaction (3.41) has a tensor component that
does not contribute to the ground state baryon spectrum but which should
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Figure 6.1: Parametrizations for the momentum dependence of the color fine
structure constant a,. Here a(k?) = 127 /In(5), ay(k?) = 127 /In (]~C timy <)
and ap(k?) = aoﬁzj@/[(l + %)], with A = 0.25 GeV, my, = 0.37 GeV,
Oy = 042, AF = 4.3 GeV.

be taken into account for higher states. By using the Yukawa form for this
interaction it can be written as [29]

Hy =Y {Z V(i) ADAD) 4 Z VE (ri )ADAD

1<J a=4
Vi) AIA} S5 (6.1)

where VT, VE and V! describe the tensor potentials associated with m, K
and 7 meson exchange, respectively, and having the form

2 3 —Urij

VT(TzJ) f B (1 + ’ + 232> ‘ ) (6-2)
T 12m;m; Wi HoTi ) HTj

where g is a meson-quark coupling constant, y is the mass of the exchanged

meson and m is the constituent quark mass. In Eq. (6.1) Sy; is a shorthand

notion for

S’Z-j:3az--rz-j0'j-rij—0'i-0'j, (63)

where 1;; is a unit vector in the direction of the vector r;;.

For non-strange baryons only 7 and n mesons will give contributions to
the tensor interaction. The 1 meson part will further be suppressed compared
to the m meson part and subsequently the m meson mass, m,, can be used
in Eq. (6.2) for N and A states. For these states the quark-pion coupling
constant g can be related to the nucleon-pion coupling constant g,y as [29]

g = 3 P LN, with 8z% = 14.2. thus giving & 5— = 0.67. The effects of the
tensor 1nteract10n Wlll be small, giving rise to a small spin-orbit splitting
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e.g. in the N = L = 1 band. The empirical spin-orbit splittings in the
baryon spectra are, however, very small or consistent with zero. One way of
resolving this problem would be an inclusion of some other interaction that
has a tensor component that counteracts the interaction (6.1). This will be
the case for the irreducible 7-gluon interaction.

6.3. The 7m-gluon exchange potential

When studying relativistic bound states of light particles the Bethe-
Salpeter equation [46] may be taken as a starting point. The field-theoretical
Lorentz-invariant elastic scattering amplitude M for two fermions in the
center-of-momentum system is related to an interaction kernel K of irre-
ducible diagrams and a two-particle (free) Green’s function G as

ML pI) = Kl + [ 5K IV GHIT MO ) (6.9

where p (p') is the four-momentum of one incoming (outgoing) fermion, k =
p' — p and W is the energy of one of the fermions in the c.m. frame.

Py = (p',iW) Py = (=p',iW)
P1 = (p,ZW) P2 = (—p,ZW)

Figure 6.2: Fermion-fermion scattering in the center-of-momentum frame.

The relation between the field-theoretical scattering amplitude M and
the so called S-matrix is given by

ma

(2m)!2 Ey Ey, Ep’l Ep’z

Spi = 6 +i(2m) 6™ (py +py — ph — plz)\l My, (6.5)

where the isospin dependence has been suppressed. Above the fermion mass
is denoted by m, E, = /p? + m? and
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My; = u(py)u(py) Mu(pr)u(ps) - (6.6)
The Bethe-Salpeter (B-S) equation can formally be written as

M=K+KGM . (6.7)

One would like to obtain a potential description of the two-fermion sys-
tem, i.e. extract a potential from the field-theoretical description in Eq.
(6.4). This can be done by first eliminating the time variable by making
a three-dimensional reduction of the B-S equation. The Green’s function,
i.e. the two-fermion propagator, is written as a sum of a non-relativistic
quasi-3-dimensional propagator ¢ and a residual part, G — g. If g is chosen
[45, 88] as a combination of a é-function associated with the time variable
and positive projection operators that reduce the B-S equation to a form that
contains only positive-energy components one obtains for the field-theoretical
amplitude

M(p',p|W)=U(p',p|W)

d3k m? AP )AP (—k)
[ Gy U@ T MBI (69)

formally written as

M=U+UgM , (6.9)
where U is a quasi-potential defined by

U=K+K(G- U, (6.10)

m is the fermion mass, k = p’ — p, E;, = vk? +m? and ASZ) is the positive
energy projection operator, defined as

(2)

; E, —iv% -k +m
A = T4 =k . 6.11
+ o (6.11)
The interaction kernel K can be approximated by
K=K® KWy (6.12)

where the first term is of second order in the coupling constant, the second
term of fourth order etc., giving for the quasi-potential

U=K®4+K® 4+ KOGK® - KOgr® 4 . (6.13)

Now assume that the hyperfine interaction between two light constituent
quarks consists of a dominant flavor dependent pseudoscalar interaction with
spin-spin and tensor components of the form {V™(r;;)o® - o) + V7 (r;;)S;;}
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7 . 70) (the n-component which gives a much smaller contribution is here
suppressed) and a weak gluon interaction. Taking into account the = and

gluon contributions the second order term will be K?) = K + K(G2 ), and,

subsequently, K*) = K+ K g%—i-Kfrg, where K. 7(;2 is the irreducible m-gluon
exchange contribution. The result for the potential is then to fourth order

in the coupling constant

UxU,+Ug+ U +Uqq + Uq , (6.14)

where the last term can be written as

U = KD+ KOGKY + KPGK® — [KOgKD + K@ 5K ®)

T

= Mo — [KPgKE + KG KD . (6.15)
The pseudo-potential for the irreducible 7-gluon interaction can thus be cal-
culated as the covariant field-theoretical amplitude for the combined 7-gluon
exchange from which has to be subtracted the iterated 7 and gluon exchange
interaction. The potential U, has the same flavor dependence as U, and
consists of central, spin-orbit, tensor and spin-spin components. These have
been calculated in Paper III. The interaction U,, has been calculated in
Ref. [89] and shown to enhance the effect of the isospin dependent spin-spin
component of the one-pion exchange interaction while it seems to cancel the
corresponding one-pion exchange tensor component. The interaction Ugg,
on the other hand, is flavor independent and can be incorporated in the
confining interaction.

| [ W] P

Figure 6.3: Contributions to the w-gluon exchange quark-quark scattering
amplitude.

The determination of U,q starts with the calculation of the covariant
field-theoretical amplitude M7(F4G) which can be expressed in terms of a scalar
amplitude s;(s, ¢, u) and the spin invariants S;, j =1,...,5, as

5
Mig = Z Sj(S, ta U)SJT(I) . T(z) ) (616)
1=1
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where s, t and « are Mandelstam variables related by s + ¢ 4+ « = 4m? and

defined as s = —(p; + p2)?, t = —(p} — p1)?, v = —(p| — p2)? (invariant
momentum transfer variables). The spin invariants are defined as [90]

S = ,Yél),YéQ)(,Y(l) ) Sy = {(vO) - P)(? - ), S, }
Sy =iV - P+ A® RS, Si=9D 45,
S5 =Y (6.17)

with Py = (p1 + p}), P» = (p2 + ph). These spin invariants can be related to
the Fermi spin invariants (SVTAP) as [91]

1 1
Si=-A, S=g(s—u)(T-P)- S,

S—U

1
Sy = (S+P)—2mV+§(8m2—t)T,

2m
Sy =-2T +4P , Ss=P. (6.18)

The potential iteration term J® = K@GKE + KPGK® from the it-
erated m and gluon exchange is calculated with inclusion of the screening
function for the gluon interaction g(k?) and the cut-off function f(k?) for
the pion interaction mentioned in Section 6.1. One then has for the one-pion
interaction

2 (COINY SRRV C) I BN L),
K = mat J TZQ sz B p(k)r® . @ (6.19)

where the pseudovector pion-quark coupling constant fr,, can be calculated
by relating it to the pion-nucleon coupling constant f;xx, and the one-gluon
interaction is

(k). (6.20)

In Paper III the parametrization for f(k?) is the monopole form mentioned in
Section 6.1, with A, = 1.0 GeV, and for asg(k?) the parametrization ap(k?)
in Figure 6.1 is used. The resulting term J® can now be written in terms of
five spin amplitudes R;, 1 =1,...,5, as

5
JO =3t p)Rr W -7 (6.21)
where [90]

Ry =290 (M) Ry = "R,
= {(" +99), R}, Ry - 4PRy
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Ry =107 | (6.22)

To be able to subtract this term from the covariant amplitude the spin in-
variants S; in the expression for Mf;g are re-expressed in terms of I?; and the
scalar amplitudes s, (s, ¢, u) are transformed into amplitudes 7;(s, t, u) related
to the spin amplitudes R; resulting in the potential

5
U =3 Rer® - 2®ry(s, ¢, u) — ji(t, p?)]
i=1

- 25: RiT(l) . 7—(2)1 > dt/ni(sa t, u) - ﬁi(tla S). (623)

= T Jio t—t
In the last step of the above equation the scalar amplitudes have been calcu-
lated as dispersion relations, the imaginary (divergent) components of which
cancel. This potential has a weak energy dependence and can be approx-
imated as a local potential by using the adiabatic (non-relativistic) limit
%2 — 0 when the momentum transfer variable t is held fixed. One then
makes a transformation to a two-component Pauli spinor representation us-
ing 4(p)Vu(—p )P Rau(p)Vu(—p)? = ¥, X/Q,, where XF? is a linear
transformation, the elements of which are scalar functions of the energy and
momentum transfer variables, and ), are five independent non-relativistic in-
variant operators in momentum space (cf. Eq. (5.14) for the non-relativistic
reduction of the Fermi SV T AP invariants). This results in a potential in mo-
mentum space of the form < p'|V|p >= ¥, Va(t)Qq. Fourier transformation
into configuration space,

1
(27)¢

<r'|Vlr >= //d?’pd:‘p’eip"r' <p'|V|p > e PT | (6.24)

where < r'|V|r >= §(r' — r)V(r,p, o™, ®), results in a local potential in
configuration space which can be decomposed as

V(r,p,o®, o®) = S Va(r)Qy - (6.25)

The operators €2, are here defined as in Eq. (5.12). The components V,
which depend only on |r| = r, correspond to central (C'), spin-orbit (SO),
tensor (77), spin-spin (S.5) and spin-orbit squared (SO2) components of the
potential. The last (SO2) term gives small local contributions and is there-
fore discarded. The potential components contain dispersion integrals from
some minimal value ¢, to infinity over the invariant momentum transfer ¢’ (cf.
Eq. (6.23)). Since in the non-relativistic limit the momentum is assumed to
be small these integrals have to be cut off at high momenta. This is achieved
partly by using an upper limit ¢,,,, for the integration and partly by the use
of the pion cut-off and gluon screening functions mentioned in the beginning
of this chapter.
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To be able to estimate the strength of the different potential components
one can compare them to the corresponding central and spin-orbit one-gluon
exchange components and to the one-pion exchange components in the tensor
and spin-spin cases. For (screened) one-gluon exchange one then assumes

2 1
Ve(OGE) = —gagie’rAQoD : (6.26a)

Qg (1 + TAQCD)
m? r3

Vis(OGE) = e "heop (6.26b)

and for one-pion exchange (with a monopole form factor form)

2 3 —MnT
. 3 3
Vi(OPE) = fra . s { LI ]

o 12m? | mar | Mg m2r?
Ay Se*AXT 3 3
- (—= 1 6.27
(mw) Ao | + Ayr + A2r? ’ (6.27a)
2 3 — My —Ayr
g m e~ "M A, e ™
Vss(OPE) = =144 . T — (=X)? : 6.27b
s ) 4 12m?2 { MyT (m,r) Ayr ( )

The results are shown in Figs. 2 - 5 in Paper III. The comparisons show that
the central and spin-orbit components of the m-gluon exchange interaction
have short range and are very weak for » > 0.3 fm. The tensor component
of the m-gluon exchange interaction is of the same magnitude as the ten-
sor component of the one-pion exchange interaction but with opposite sign,
and thus the two contributions almost cancel, resulting in a very small fla-
vor dependent tensor interaction between constituent quarks. The spin-spin
components of the 7w-gluon and one-pion exchange interactions are, on the
other hand, of the same order of magnitude but with the same sign and thus
add. For very short distances the m-gluon exchange interaction is strongly
dependent on the form for the pion and gluon interactions at high momen-
tum.
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7. Conclusions

In this thesis a model for effective quark-quark interactions between light
and strange quarks in baryons has been studied and used for calculations
of electromagnetic and weak observables in two different parametrizations
(30, 31]. The so called chiral constituent quark model is based on the idea that
the main features of the baryon spectrum can be explained by the introduc-
tion of a spin and flavor dependent hyperfine interaction [29] associated with
the spontaneous breaking of chiral symmetry and the appearance of (approx-
imate) Goldstone bosons (pseudoscalar mesons) that couple to constituent
quarks in the region of low momentum transfer. The effective pseudoscalar
meson exchange interaction is combined with a confining interaction that
should describe the gross features of the spectrum. The chiral interaction
approach is supported by e.g. 1/N¢ expansion studies of L = 1 non-strange
spectra [92] and a phenomenological analysis of the L = 1 negative parity
spectra [93].

The chiral hyperfine interaction implies, due to requirements from the
continuity equation, the presence of exchange magnetic moments. These
tend to compensate the large underestimations of the baryon magnetic mo-
ments when including one-body relativistic corrections to the static magnetic
moment operator. When using the parametrization of Ref. [30] for the chiral
interaction potential a substantial part of the hyperfine interaction is due to
some exchange mechanism other than effective pseudoscalar meson exchange
and has to be treated phenomenologically. In the parametrization of Ref.
[31], on the other hand, all of the hyperfine interaction can be interpreted
as coming from effective pseudoscalar meson exchange. Both parametriza-
tions give results that are in good agreement with the empirical proton and
neutron magnetic moments, while only the parametrization of Ref. [30] was
used to calculate magnetic moments for strange baryons, yielding values that
also are in fairly good agreement with data.

The axial coupling constants that appear in weak semi-leptonic decays
of light and strange baryons are overestimated in the static quark model.
When including lowest-order relativistic corrections to these operators in the
chiral constituent quark model these overestimations can be reduced. Under
the assumption that the chiral interaction is caused by effective pseudoscalar
meson exchange no exchange current contributions to the axial coupling con-
stants appear, and it seems possible to, at least qualitatively, get a unified
description of the axial coupling constants and the magnetic moments. The
inclusion of the phenomenologically treated part of the chiral interaction of
Ref. [30] could, in principle, give exchange current contributions to the axial
coupling constants. These corrections have not, however, been calculated
in this work, since more information on the phenomenological (short range)
part of the interaction would then be required.

The charge radius of the nucleon is formed of two separate parts, the first
coming from a charge distribution connected to the Dirac form factor and
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the second arising from the anomalous magnetic moment through the Pauli
form factor. For the calculation of the Dirac part of the charge radius the
exchange charge density operators corresponding to the Fermi-invariant de-
composition of the quark-quark interaction have been constructed and their
contributions along with one-body relativistic corrections to the static charge
density operator were calculated in the parametrization of Ref. [31]. When
combined with the "anomalous” part of the charge radius and contributions
from an assumed constituent quark charge radius approximate agreement
with empirical data was achieved. In the parametrization of Ref. [30] agree-
ment with data seems to be possible only if the quarks are assumed to have
considerably differing charge radii. This indicates that the parametrization
of the chiral constituent quark model used in Ref. [31] is to be preferred,
even though both parametrizations yield good baryon spectra and magnetic
moments.

In the chiral constituent quark model the one-gluon exchange interaction
of conventional constituent quark models is neglected. One reason for this
comes from the results of phenomenological studies of the effective quark-
gluon coupling strength ag that suggest that ag drops or freezes to a con-
stant value [83, 84] at low momentum transfer. This seems to be supported
by cooled lattice calculations [42] and calculations in the valence-QCD ap-
proximation [43, 44]. If in the low-energy regime there is a residual weak
gluon exchange interaction along with the chiral pseudoscalar interaction
(and the confining interaction) there will be an associated irreducible pseu-
doscalar meson-gluon exchange interaction. When calculating the strength
of the different components of the m-gluon exchange part of this interaction
a possible explanation for the absence of large spin-orbit splittings in the
baryon spectrum can be obtained. The tensor component of the irreducible
m-gluon exchange interaction in effect cancels a corresponding tensor part
that should be included with the spin-spin part of the chiral interaction for
states above the ground state. The spin-spin part of the 7-gluon exchange
interaction, on the other hand, adds to the chiral spin-spin interaction yield-
ing a strong attractive flavor dependent spin-spin interaction which is needed
in order to get the correct ordering of negative and positive parity states in
the baryon spectrum.

In conclusion, the description of the effective quark-quark interaction in
baryons seems to be a delicate problem. This thesis suggests that the chiral
constituent quark model qualitatively seems to be a good candidate in de-
scribing both baryon spectra, magnetic moments, axial coupling constants
and charge radii even though a fully relativistic treatment of these observ-
ables is clearly needed. By including a weak one-gluon exchange interaction
and the associated irreducible 7-gluon exchange interaction small spin-orbit
splittings that appear in the chiral constituent quark model can be avoided,
while the main (spin-spin) part of the hyperfine pseudoscalar interaction is
enhanced. There could, of course, also be other exchange mechanisms, as e.g.
two-pion exchange [89], that would contribute to the hyperfine interaction,
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and further study of these would be of interest.
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