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Abstract. It is well known that non-trivial squeezed tensor bispectra can lead to anisotropies
in the inflationary stochastic gravitational wave (GW) background, providing us with an
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to the CMB. Previous works have highlighted the detection prospects of parity-even tensor
NGs via the GW I-mode anisotropies. In this work we extend this by analysing for the
first time the additional information carried by GW V -mode anisotropies due to squeezed
NGs. We show that GW V modes allow us to probe parity-odd squeezed 〈tts〉 and 〈ttt〉
bispectra. These bispectra break parity at the non-linear level and can be introduced by
allowing alternative symmetry breaking patterns during inflation, like those comprised in
solid inflation. Considering a BBO-like experiment, we find that a non-zero detection of
squeezed 〈tts〉 parity-odd bispectra in the V modes dipole is possible without requiring any
short-scale enhancement of the GW power spectrum amplitude over the constraints set by the
CMB.We also briefly discuss the role of V -CMB cross-correlations. Our work can be extended
in several directions and motivates a systematic search for polarized GW anisotropies in the
next generations of GW experiments.
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1 Introduction

The Cosmic Microwave Background (CMB) has been crucial in shaping the current cosmo-
logical model. However, recently the first detection of a gravitational wave (GW) event on
September 14, 2015 [1] has lead to the rise of the GW cosmology. In fact, even if currently GW
experiments mostly detect GWs belonging to individual astrophysical sources, while they can
only put upper bounds on stochastic gravitational wave backgrounds (SGWB) [2, 3], the next
generations of interferometers should possess the sensitivity necessary to detect backgrounds
of GWs, relevant to cosmology. In particular, among the SGWB we can distinguish between
two types of backgrounds: the astrophysical gravitational wave background (AGWB) which
consists of the superposition of GWs belonging to individual unresolved sources; and the
cosmological gravitational wave background (CGWB) which presents a background of grav-
itational waves that originated from some early universe mechanism (see e.g. [4] for a review
of possibilities). The AGWB is the main aim of planned next generation interferometers that
will become operative within the next decade: we have for instance the ground-based inter-
ferometers Cosmic Explorer (CE) [5] and the Einstein Telescope (ET) [6], the space-based
interferometers Laser Interferometer Space Antenna (LISA) [7, 8] and Taiji [9], together with
their networks (see e.g. [10, 11]). More futuristic, there are already designs for experiments
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like DECIGO [12, 13] and the Big Bang Observer (BBO) [14] whose ultimate aim is the
detection of the CGWB, in particular the background of gravitational waves from inflation,
which is the topic of this work.

The inflationary background of gravitational waves differs from other backgrounds as
it affects the Universe and can in principle be detected across many different scales [15],
from the very small frequencies of the CMB experiments (f ≈ 8 × 10−17 Hz corresponding
to the wave-number k = 0.05Mpc−1) up to e.g. the interferometric frequencies f ≈ 1Hz
(for the BBO/DECIGO experiments). In particular, at the low frequencies of CMB, hopes
to detect the primordial background of GWs rely on the so-called B-mode, whose detection
represent the main target of the next generation CMB experiments, such as LiteBIRD [16],
the Simons Observatory [17] and CMB-S4 [18]. So far, the tightest constraints on the power
spectrum of GWs is given by the last combined BICEP/Keck+Planck data constraint on the
tensor-to-scalar ratio, r < 0.032 at k = 0.05Mpc−1 [19].1 Given the uncertainty towards a
possible detection of B modes, it is important to develop the theoretical and experimental
tools to search for primordial gravitational waves at scales different from the CMB. This is
even more important considering the large class of models comprising growth mechanisms of
the GWs amplitude at interferometric scales, such as those with extra degrees of freedom (see
e.g. [22–34]), models comprising non-attractor phases (see e.g. [35–40]), models with excited
non-Bunch Davies initial states (see e.g. [41–44]), and models with alternative symmetry
breaking patterns (see e.g. [45–55]). For all these models, a detection of inflationary CGWB
could be possible even if no detection is made on CMB scales.

While the inflationary CGWB is expected to be predominantly isotropic, in a way
analogous to the formation of CMB anisotropies we can have tiny fluctuations in the GW
background due to its propagation in a perturbed universe. These have been studied e.g.
in refs. [56–61]. In addition to these we can have anisotropies sourced by some primordial
production mechanism that will be present at the formation of the inflationary CGWB. One
example of such anisotropies are those induced by primordial non-Gaussianities (NGs) via a
non-zero correlation between one very large and two very short scales, corresponding to the
so-called squeezed configuration of primordial bispectra. In fact, it is well established that
long-mode perturbations in squeezed bispectra induce local modulations in primordial power
spectra (see e.g. refs. [62–64]). As the fractional energy density per logarithmic wave-number
of the CGWB from inflation is by definition linearly related to the tensor power spectrum,
these inhomogeneities result in intrinsic anisotropies already present at the formation of the
inflationary CGWB. Previous works have mostly studied the theoretical predictions and the
detection prospects for the anisotropies induced by squeezed parity invariant tensor-tensor-
scalar (〈tts〉) and tensor-tensor-tensor (〈ttt〉) bispectra [65–69].2 It was shown that they
give non-zero I(Intensity)-mode anisotropies to the GW background from inflation. The
main contamination for a possible detection are the presence of astrophysical foregrounds,
characterized by the AGWB anisotropies.

In this work we will extend these studies by considering for the first time the effect
of parity violation in the primordial tensor bispectra. Searching for signatures of parity
violation from inflation is highly motivated in light of the recent observational evidence of
parity-odd 4-th point correlation function of galaxies [72–75]. In particular, here we will focus
on parity-odd squeezed 〈tts〉 and 〈ttt〉 bispectra which, as shown in [76],3 break the parity

1Similar constraints are given by the recent refs. [20, 21].
2For other probes of primordial tensor NGs complementary to the CMB, see e.g. [58, 59, 62, 64, 70, 71].
3See [53, 54, 77] for further literature on graviton non-Gaussianities from symmetry principles.
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symmetry at the non-linear level and can be introduced at tree level and without necessarily
requiring modification in the primordial power spectra in models of inflation with alternative
symmetry breaking patters, such as solid inflation [45].4 Moreover, the strength of these
parity-odd bispectra can be sizeable, potentially providing a quite large parameter-space
available for detection.

We will show that these bispectra source anisotropies in GW V modes, the GW circu-
lar polarization, without necessarily sourcing I-mode anisotropies or a V -mode monopole.
Differently from GW I modes, GW V modes are expected to be free from the contamina-
tion of the astrophysical foregrounds [80–85], and therefore detecting a V -mode GW signal
can be crucial to disentangle it from a non-primordial origin. Previous studies have been
focused mostly on the detection of the V modes monopole [86–91], which is sensitive to the
so-called chirality of gravitational waves, i.e. the asymmetry between the right (R)- and left
(L)-handed primordial tensor power spectrum. Here, for the first time we look to V -mode
anisotropies sourced by primordial parity-odd NGs.

In our investigation we first derive more general formulas for the I- and V -mode
anisotropies in terms of the full chiral GW basis, accounting for primordial tensor bispectra
with mixed chirality. We provide the expressions for the I and V modes power-spectra to-
gether with their cross-correlation with CMB anisotropies for tensor squeezed bispectra that
are commonly found in the literature. Next, we focus on the case of parity-odd bispectra, as-
suming no parity violation in the tensor power spectrum. We find that only the GW I-mode
monopole, V -mode anisotropies and their cross-correlations with CMB T and E modes are
non-zero, while the V -mode monopole and I-mode anisotropies and their cross-correlations
with CMB vanish. Therefore, finding evidence for a non-zero signal compatible with these
characteristics could be a strong indicator of parity violation in the primordial universe via
non-linear mechanisms. Moreover, by considering a BBO-like experiment and the formalism
developed in ref. [92] we will explore the detection prospects of GW V -mode anisotropies
due to squeezed primordial tensor NGs. In particular, we will take the coplanar BBO-star
configuration. This is in apparent contradiction with what is well-known since a study in
ref. [88], where it was shown that only networks of interferometers can measure the GW
V -mode monopole. The physical reason is that a planar interferometer responds identical to
a L-handed GW arriving perpendicular to the plane of the detector and to a R-handed GW
of the same amplitude coming from the opposite direction. However, an exception arises in
the presence of anisotropies. In that case, as shown by e.g. refs. [86, 87, 89], a planar detector
can be sensitive to GW V -mode anisotropies.

We find that in 5 years a non-zero detection of a V -mode dipole due to squeezed 〈tts〉
parity-odd bispectra is possible for fodd,tts

NL ∼ 3 × 103 without requiring any short-scale en-
hancement of the gravitational waves power spectrum amplitude with respect to the con-
straint in place at CMB scales. This result is already relevant considering that CMB ex-
periments are forecasted to place poor constraints on squeezed parity-odd 〈tts〉 bispectra,
even in case of a primordial B-mode detection (see e.g. [48]). We also briefly discuss the
role of V -CMB cross-correlations to improve detection prospects and confirm a primordial
detection. We find that in the case of a noise-dominated detection of V -mode anisotropies,
cross-correlations with CMB anisotropies are unable to improve the parameter-space probed.
On the contrary, we find that a signal-dominated detection of V modes can always be con-
firmed to be of primordial origin by exploiting the V -CMB cross-correlations. Our work can

4These bispectra can appear also in [78, 79].
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be extended in several directions as explained in the conclusions and motivate the devel-
opment of further tools for the systematic search of polarized GW anisotropies in the next
generations of GW experiments.

The paper is organized as follows. In section 2 we introduce some basics about inflation,
introducing general parametrizations of squeezed bispectra at leading order and review the
topic of squeezed modulations of primordial power spectra. In section 3 we review the
mechanisms leading to CMB and GW anisotropies. In section 4 we derive general expressions
for the auto GW and cross GW-CMB correlations due to primordial (squeezed) tensor NGs.
We make a match with the literature for the parity-even case, and we study the detection
prospects of parity-odd NGs in a BBO-like experiment, considering also the cross-correlations
with CMB anisotropies. Finally, in section 5 we present our conclusions and discuss possible
extensions of this work. We also include appendices where we derive explicitly some technical
results of this work.

2 Basics

In this section we provide the reader with a brief review of the fundamental elements and
formal conventions adopted to describe primordial perturbations from inflation. We also
provide a general parametrization of the leading order value of squeezed primordial bispectra
assuming rotational invariance, and review the topic of squeezed modulations of primordial
tensor power spectra.

2.1 Primordial perturbations from inflation

Here, we provide the conventions used to describe primordial perturbations from inflation.
First, we define the Fourier transform decomposition of scalar and tensor perturbations as

ζ(x) =
∫

d3k

(2π)3 e
ik·x ζk , (2.1)

and
γij(x) =

∫
d3k

(2π)3 e
ik·x ∑

λ=R/L

[
γλk ε

λ
ij(k̂)

]
. (2.2)

For the purpose of what follows, we are decomposing tensor perturbations in terms of the
chiral polarization basis defined through5

εR,Lij = 1
2
[
ε+ij ± i ε

×
ij

]
, (2.3)

γR,L = 1
2 [γ+ ± i γ×] , (2.4)

where γ+,× and ε+,×ij are the usual linear polarizations of tensor perturbations.
We remind that, if the tensor wave-vector is written in polar coordinates as

k̂ = (sin θ cosφ, sin θ sinφ, cos θ) , (2.5)
5While here we are introducing these definitions to describe primordial gravitational waves, these can also

refer to GWs of alternative origin.
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we can define the linear polarization tensors in terms of two unit vectors perpendicular to k̂ as

ε+ij = (u1)i(u1)j − (u2)i(u2)j , (2.6)
ε×ij = (u1)i(u2)j + (u2)i(u1)j , (2.7)

where
u1 = (sinφ,− cosφ, 0) , u2 = (cos θ cosφ, cos θ sinφ,− sin θ) . (2.8)

The chiral polarization basis introduced is normalized such that it satisfies the following
identities

εLij(k̂)εijL (k̂) = εRij(k̂)εijR(k̂) = 0 ,
εLij(k̂)εijR(k̂) = 1 ,

εRij(−k̂) = εLij(k̂) ,
εR∗ij (k̂) = εLij(k̂),
γR∗k = γLk ,

kl ε
mlj ε

(λ)i
j (k̂) = −iαλ k ε(λ)im(k̂) , (2.9)

where αR = +1 and αL = −1, and εmlj denotes the Levi-Civita anti-symmetric symbol.
We define the primordial power spectra as

〈ζk1ζ
∗
k2〉 = (2π)3δ(k1 − k2)Ps(k1) , (2.10)

〈γij(k1)γij∗(k2)〉 = (2π)3δ(k1 − k2)Pt(k1) , (2.11)

where
γij(k) =

∑
λ=R/L

γλij(k) =
∑

λ=R/L

[
γλk ε

λ
ij(k̂)

]
. (2.12)

In these definitions, we are implicitly assuming invariance under translations during inflation.
Assuming invariance under rotations, the scalar and tensor power spectra only depend on
the magnitude of the momentum and are typically expressed as

Ps(k) = 2π2

k3 As(k) , Pt(k) = 2π2

k3 At(k) , r(k) = Pt(k)
Ps(k) , (2.13)

where As(k) and At(k) are dimensionless amplitudes and r denotes the tensor-to-scalar ratio.
By introducing the spatial modulations generated by soft momenta (see section 2.2), we

can redefine the previous quantities as

Ps(k,xc) = 2π2

k3 As(k,xc) , Pt(k,xc) = 2π2

k3 At(k,xc) . (2.14)

Here, xc denotes the midpoint of the spatial separation x1 − x2 corresponding to the mo-
mentum k.

Notice that we can also define the polarized-power spectra of tensor perturbations

〈γRij(k1) γij, R∗(k2)〉 = (2π)3δ(k1 − k2)PRt (k1) , (2.15)
〈γLij(k1) γij, L∗(k2)〉 = (2π)3δ(k1 − k2)PLt (k1) . (2.16)
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These power spectra can be used to define the quantity χ

χ(k) = PRt (k)− PLt (k)
PRt (k) + PLt (k)

, (2.17)

which is referred to as the chirality of gravitational waves. It measures the asymmetry be-
tween the R- and L-handed power spectra caused by parity violation arising in the primordial
universe.6 Assuming parity is a symmetry of the theory, PR,Lt are related to Pt as

PR,Lt = Pt
2 . (2.18)

Again, we can define the spatial-modulated λ-handed dimensionless tensor power spectrum
through

P λt (k,xc) = 2π2

k3 A
λ
t (k,xc) . (2.19)

Finally, we define the primordial bispectra

〈ζk1ζk2ζk3〉 = (2π)3δ(k1 + k2 + k3)Bsss(k1,k2,k3)
〈ζk1ζk2γ

λ3
k3
〉 = (2π)3δ(k1 + k2 + k3)Bλ3

sst(k1,k2,k3)
〈γλ1

k1
γλ2

k2
ζk3〉 = (2π)3δ(k1 + k2 + k3)Bλ1λ2

tts (k1,k2,k3)
〈γλ1

k1
γλ2

k2
γλ3

k3
〉 = (2π)3δ(k1 + k2 + k3)Bλ1λ2λ3

ttt (k1,k2,k3) , (2.20)

where we assumed invariance under translations. If we account for the invariance under
rotations, the bispectra would depend only on the magnitude of the momenta.

2.2 Squeezed bispectra and power spectra modulation

In squeezed bispectra the maximum of the signal arises in momenta configurations when one
of the three momenta is much smaller than the other two. Physically, these configurations
correspond to a significant correlation between very long and very short scales. Here, we
will develop a phenomenological approach to introduce the leading order value of squeezed
bispectra, solely relying on rotational invariance. However, it has been shown7 that a series
of soft theorems constrains the power of squeezed configurations in single-field models of
inflation. Typically, we can evade these theorems and have significant squeezed tensor and
mixed scalar-tensor NGs in models of inflation with isocurvature fields [29–31, 68, 121–123],
models with non-Bunch Davies initial states [41–43], and in models with alternative symmetry
breaking patterns [45–55, 76, 78, 79]. These are the models to which our phenomenological
parametrizations apply.

We start by considering a generic bispectrum

BΦΦΨ(k1,k2,q) . (2.21)

In the squeezed limit q → 0 it is convenient to re-write the short momenta as

k1 = k− q/2 , k2 = −k− q/2 . (2.22)
6For examples of parity violation mechanisms see e.g. [24, 25, 32, 93–107].
7See the earliest classical investigations [108–111], but also the more recent refs. [112–120] which investi-

gated soft theorems in more general scenarios.
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Since we are assuming rotational invariance, our bispectrum will depend only on the mag-
nitude of the momenta. These values can be expressed in terms of two momenta and their
scalar product. By using the parametrization of eq. (2.22), we need only k, q and k̂ · q̂. We
can opt for the following parametrization in terms of short- and long-modes power spectra

BΦΦΨ(k1,k2,q)|q→0 = FΦΦΨ
NL (k,q)PΦ(k)PΨ(q) . (2.23)

Here the product of the two short- and long-scale power spectra is required to provide the
bispectrum with the correct dimensional scaling. The function FΦΦΨ

NL (k,q) may depend on
the magnitude of the momenta k, q and their scalar product which provides the bispectrum
with an angular dependence in terms of k̂ · q̂. In general, depending on the nature of the long-
mode, we can expand this angular dependence in terms of spin-weighted spherical harmonics.
This can be expressed as

FΦΦΨ
NL (k,q) =

∑
J=even

FΦΦΨ
J (k, q) sYJ0(k̂ · q̂) , (2.24)

where s = 0 when the long-mode is a scalar, s = −2 when the long-mode is a R-handed tensor,
and s = +2 when the long-mode is a L-handed tensor. Here, the sum over even values of J is
a consequence of the assumed invariance under rotational symmetry. Moreover, if primordial
bispectra depend on the polarization state of one or more tensor fields λi, we can re-absorb
these inside FΦΦΨ

L (k, q)

F λ1...λn,ΦΦΨ
NL (k,q) =

∑
J=even

F λ1...λn,ΦΦΨ
J (k, q) sYJ0(k̂ · q̂) . (2.25)

Therefore, following this prescription, we can parametrize the squeezed limit primordial bis-
pectra as

Bsss(k1,k2,q)|q→0 =F sss
NL(k,q)Ps(k)Ps(q) =

∑
J=even

F sssJ (k, q)YJ0(k̂ · q̂)Ps(k)Ps(q) , (2.26)

Bλ′
sst(k1,k2,q)|q→0 =F λ

′, sst
NL (k,q)Ps(k)P λ′t (q) =

∑
J=even

F λ
′, sst

J (k, q)±2YJ0(k̂ · q̂)Ps(k)P λ′t (q) ,

(2.27)
Bλλ

tts(k1,k2,q)|q→0 =F λλ, ttsNL (k,q)P λt (k)Ps(q) =
∑

J=even
F λλ, ttsJ (k, q)YJ0(k̂ · q̂)P λt (k)Ps(q) ,

(2.28)

Bλλλ′
ttt (k1,k2,q)|q→0 =F λλλ

′, ttt
NL (k,q)P λt (k)P λ′t (q)

=
∑

J=even
F λλλ

′, ttt
J (k, q) ±2YJ0(k̂ · q̂)P λt (k)P λ′t (q) , (2.29)

where we have introduced the quantities

F sss
NL(k,q) = Bsss(k− q/2,−k− q/2,q)|q→0

Ps(k)Ps(q)
=

∑
J=even

F sssJ (k, q)YJ0(k̂ · q̂) , (2.30)

F λ
′,sst

NL (k,q) = Bλ′
sst(k− q/2,−k− q/2,q)|q→0

Ps(k)P λ′t (q)
=

∑
J=even

F λ
′, sst

J (k, q) ±2YJ0(k̂ · q̂) , (2.31)

– 7 –
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F λλ,ttsNL (k,q) = Bλλ
tts(k− q/2,−k− q/2,q)|q→0

P λt (k)Ps(q)
=

∑
J=even

F λλ, ttsJ (k, q)YJ0(k̂ · q̂) , (2.32)

F λλλ
′,ttt

NL (k,q) = Bλλλ′
ttt (k− q/2,−k− q/2,q)|q→0

P λt (k)P λ′t (q)
=

∑
J=even

F λλλ
′, ttt

J (k, q) ±2YJ0(k̂ · q̂) .

(2.33)

Depending on the underlying inflationary model, we can have different angular dependencies
where one or more F λ1...λn, x1x2x3

J (k, q) are non-zero. It is worth to mention that while in a
rotationally invariant environment a pure scalar bispectrum is insensitive to parity violation
(see e.g. [124]), we can have parity violation in bispectra involving tensors. In this regard,
we expect three different scenarios:

• Parity-even bispectra: in this case the bispectra are invariant under parity transfor-
mation and therefore they do not depend on the polarization states that are cross-
correlated. In terms of the FNL’s quantities above the following relations hold

FR, sstNL = FL, sstNL ,

FRR, ttsNL = FLL, ttsNL ,

FRRR, tttNL = FLLL, tttNL = FRRL, tttNL = FLLR, tttNL . (2.34)

• Parity-odd bispectra: in this case the bispectra switch sign under parity transformation.
In terms of the FNL’s quantities above the following relations hold

FR, sstNL = −FL, sstNL ,

FRR, ttsNL = −FLL, ttsNL ,

FRRR, tttNL = FRRL, tttNL = −FLLL, tttNL = −FLLR, tttNL . (2.35)

• Maximum parity violation: in this case parity is maximally violated, i.e. the correlators
involving only one of the two polarization states dominate over the others. If we assume
tensor perturbations with a predominant R-handed polarization we expect the following
relations to hold

BR
sst � BL

sst , (2.36)
BRR

tts � BLL
tts , (2.37)

BRRR
ttt � BRRL

ttt , BLLL
ttt , BLLR

ttt . (2.38)

In other words, only the R-handed correlators will leave significant imprints on the
cosmological observables, while correlators involving the L-handed polarization state
will leave either vanishing or highly suppressed signals.

Now that we have clarified our conventions and introduced squeezed bispectra, we can move
on and briefly discuss their physical impact on tensor power spectra. In fact, it is well-known
(see e.g. refs. [62–64]) that non-zero squeezed bispectra can provide spatial modulations to
either scalar and tensor primordial power spectra. Here we are interested in the modulations
to R- and L-handed tensor power spectra. In that case, spatial modulations are provided by
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non-zero 〈tts〉 and 〈ttt〉 squeezed bispectra only. In terms of the parametrizations introduced,
these modulations read (for an explicit derivation, see appendix A)

Aλ, tot
t (k,xc) = Aλt (k)

[
1 +

∫
d3q

(2π)3 e
iq·xc F λλ,ttsNL (k,q) ζ(q)

]
, (2.39)

and

Aλ, tot
t (k,xc) = Aλt (k)

1 +
∫

d3q

(2π)3 e
iq·xc

∑
λ′=R/L

F λλλ
′,ttt

NL (k,q) γλ′(q)

 . (2.40)

Taking the small spatial separation x1−x2 limit, corresponding to the (short) Fourier mode
scale k, xc represents the point in the middle of x1−x2. This local modulation of the power
spectrum, as a function of xc, is meaningful provided that the correlation scale x1 − x2
is small compared to the smallest wavelength of the modulating field which, translated in
Fourier space, sets the upper bound of the q-integration, qmax < k for a given k. What about
the lower bound qmin? This will correspond to the largest scale at which perturbations are
produced during inflation (therefore, it is related to the duration of inflation).

3 CMB and GW anisotropies

3.1 Review of CMB anisotropies

Here, we give a brief overview of the physics of the CMB and how we characterize CMB
anisotropies. In general, the CMB fluctuation field includes four different polarization states,
the so-called Stokes parameters (see e.g. [125]), which are functions of the position and direc-
tion on the sky n̂. We have the so-called T modes, representing anisotropies in unpolarized
radiation, Q and U modes representing anisotropies in the linear polarization field, and V
modes representing anisotropies in the CMB circular polarization. These can be expanded
on the sky in terms of a spin-weighted basis as8 [126]

∆T (n̂) =
∑
`,m

aT`m Y`m(n̂) , (3.1)

∆V (n̂) =
∑
`,m

aV`m Y`m(n̂) , (3.2)

∆±P (n̂) = (∆Q ± i∆U )(n̂) =
∑
`,m

a±2
`m ±2Y`m(n̂) . (3.3)

This decomposition is possible since the ∆T and ∆V polarization fields turn out to be spin-0
fields, while the (∆Q ± i∆U ) combination is a spin ±2 field [126]. In particular, this last
feature implies that ∆Q and ∆U polarization modes are not invariant under a rotation on
the polarization plane (while ∆T and ∆V modes are). In general, a description of the CMB
polarization in terms of quantities invariant under rotations is preferable. In order to define
these quantities, we need to act on ∆±P with the spin raising and lowering operators9 ð

8When we refer to the Stokes parameters, we take only the relative fluctuations over the respective mean
value, e.g. ∆T = (∆T − T0)/T0 and so on.

9See appendix B for the definition of these operators and an example.
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and ð̄ as

∆E(n̂) = −1
2
[
ð̄2∆+

P (n̂) + ð2∆−P (n̂)
]
, (3.4)

∆B(n̂) = i

2
[
ð̄2∆+

P (n̂)− ð2∆−P (n̂)
]
. (3.5)

Here, we have introduced the so-called E and B polarization modes. These modes offer an
alternative description of CMB linear polarization which, differently from the description
using Q and U modes, is invariant under a rotation on the polarization plane. E and B
modes are the preferred choice to characterize the CMB linear polarization field.

The connection between primordial perturbations from inflation and CMB anisotropies
is made through a set of Boltzmann equations (see e.g. [126–128]), which describe the time
evolution of CMB temperature and polarization modes at linear level and predict the expected
amount of each mode today, given certain initial conditions. These equations take care of
two main contributions: the Compton scattering between CMB photons and electrons and
the propagation through a background space made inhomogeneous by scalar and tensor
perturbations from inflation. These lead to the formation of CMB anisotropies immediately
after the decoupling with baryons through the so-called Sachs-Wolfe (SW) effect, and source
mechanisms that arise during the propagation of the CMB from the last scattering surface
to our detectors, the Integrated Sachs-Wolfe (ISW) effect.

We can define the spherical harmonic coefficients of each (rotationally invariant) CMB
mode on the sky as

aX`m =
∫
d2n̂ Y`m(n̂) ∆X(n̂) , (3.6)

where X = T,E,B, V .
The coefficients of the unpolarized (X = T ) and E,B-mode polarization (X = E,B)

anisotropies given by the scalar (ζ) and the tensor perturbations (γR,L) from inflation, are
expressed, respectively, as [129, 130]10

a
(s)X
`m = 4π i`

∫
d3p

(2π)3T
X
`(s)(p)Y ∗`m(p̂) ζp , (3.7)

a
(t)X
`m = 4π i`

∫
d3p

(2π)3T
X
`(t)(p)

[
−2Y

∗
`m(p̂) γRp + (−1)x +2Y

∗
`m(p̂) γLp

]
, (3.8)

where T X`(s)(p) and T X`(t)(p) are the scalar and tensor CMB transfer functions obtained by solv-
ing the aforementioned Boltzmann equations, and x = 0 (1) for X = T,E (B). Conventional
physics implies the CMB is invariant under parity transformation. For that reason V modes
are neglected and we set aV`m = 0.

It is evident from these equations that CMB fluctuations are closely related to initial
primordial perturbations. In this work we will evaluate the spherical harmonics coefficients
of CMB anisotropies using eqs. (3.7) and (3.8) and evaluate the CMB transfer functions using
the publicly available Boltzmann numerical code CAMB [131]. We adopt the best-fit Planck
2018 flat ΛCDM cosmology [132], whose main cosmological parameters are summarized in
table 1.

10Notice the factor i` instead of (−i)` as it is commonly used in literature. This is due to the fact that,
according to our convention, n̂ denotes the direction to the sky, while in the literature it usually refers to the
CMB photons direction.
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Parameters input in CAMB

H0 = 67.32 km/sMpc−1 Ωbh
2 = 0.022383 Ωch

2 = 0.12011
Ωk = 0 Ωch

2 = 0.12011 τ = 0.0543

Table 1. Best-fit Planck parameters obtained combining TT , TE, EE+lowE+lensing (see the Plik
best-fit of table 1 of ref. [132]).

3.2 Review of SGWB anisotropies

There are two types of SGWB that in principle can be observed: the cosmological back-
ground (CGWB) which consist of a background of gravitational waves produced during some
early universe mechanism, such as inflation, and the astrophysical background (AGWB),
which consists of the superposition of gravitational waves emitted by unresolved astrophys-
ical sources. In both cases a direct detection is typically characterized statistically in terms
of their fractional energy density per logarithmic wave-number at a given conformal time η
(see e.g. [4, 133, 134])

ΩI
GW(k, η) = 1

ρcr

dρIGW
d ln k , (3.9)

where the GW overall energy density is given by

ρIGW =
〈γ′ij(η,x) γij′(η,x)〉

32πGa2(η) =
〈γ′Rij (η,x) γij′, R(η,x)〉

32πGa2(η) +
〈γ′Lij (η,x) γij′, L(η,x)〉

32πGa2(η) , (3.10)

and ρcr is the critical energy density. Typically, the quantity in eq. (3.9) is expressed in terms
of the frequency domain, with a given frequency f linked to the wave-number k through
k = 2πfa, with a being the scale factor.

Notice the superscript “I” in the definition of eq. (3.9). This is used to refer to the I
modes of SGWB, i.e. unpolarized backgrounds obtained by summing over the two indepen-
dent R- and L-handed polarizations. We can also define the circular polarization of SGWB,
the V modes, as

ΩV
GW(k, η) = 1

ρcr

dρVGW
d ln k , (3.11)

where the SGWB V -mode energy density is given by

ρVGW =
〈γ′Rij (η,x) γij′, R(η,x)〉

32πGa2(η) −
〈γ′Lij (η,x) γij′, L(η,x)〉

32πGa2(η) , (3.12)

which measures the asymmetry in the amount of R- and L-handed gravitational waves.
ΩV

GW(k, η) is related to ΩI
GW(k, η) through

ΩV
GW(k, η) = χ(k) ΩI

GW(k, η) , (3.13)

where χ is defined as in eq. (2.17). This last quantity is sensitive to violation of the parity
symmetry in the gravitational sector.

The quantities defined so far are homogeneous, i.e. they are defined globally for a given
wave-number k and do not possess any spatial modulation. However, there are physical
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mechanisms capable to make them not-uniform across the sky. Allowing for anisotropies we
can decompose the I and V modes polarizations in the homogeneous and inhomogeneous
components as

ΩI
GW(k, n̂) =

[
ΩI

GW(k) + Ω̃I
GW(k, n̂)

]
, (3.14)

and

ΩV
GW(k, n̂) =

[
ΩV

GW(k) + Ω̃V
GW(k, n̂)

]
. (3.15)

We can normalize the inhomogeneous components over the unpolarized homogeneous com-
ponent ΩI

GW(k) as

δIGW(k, n̂) = Ω̃I
GW(k, n̂)
ΩI

GW(k)
, δVGW(k, n̂) = Ω̃V

GW(k, n̂)
ΩI

GW(k)
. (3.16)

In terms of these normalized anisotropies we can rewrite eqs. (3.14) and (3.15) as

ΩI
GW(k, n̂) = ΩI

GW(k)
[
1 + δIGW(k, n̂)

]
, (3.17)

and

ΩV
GW(k, n̂) = ΩI

GW(k)
[
χ(k) + δVGW(k, n̂)

]
, (3.18)

where χ(k) denotes the homogeneous component of the chirality parameter defined in
eq. (2.17). In the following we will review the physical mechanisms that give rise to
anisotropies in the CGWB from inflation and the state-of-art modeling of anisotropies in
the AGWB.

3.2.1 Inflationary CGWB
For inflationary gravitational waves we can link the ΩI

GW(k, η0) quantity evaluated today to
the dimensionless primordial tensor power spectrum from inflation via [134]

ΩI
GW(k, η0, n̂) = [T ′(k, η0)]2

12a2
0H

2
0

[
ARt (k,xc) +ALt (k,xc)

]
= [T ′(k, η0)]2

12a2
0H

2
0
At(k,xc) , (3.19)

where n̂ = xc/d with d = η0 − ηentry being the conformal time elapsed from horizon re-
entry of the mode k to the present, and T ′(k, η0) is the tensor transfer function evaluated
today which describes the evolution of tensor perturbations after their horizon re-entry.11

For very short scales that have re-entered the horizon early on (kη0 � 1), after performing
an oscillation-averaging procedure, the transfer function reads [4]

[
T ′(k, η0)

]2 =
{
η∗/(2η4

0) k > k∗ ,

9/(2η4
0k

2) k < k∗ ,
(3.20)

where η∗ is the conformal time at which the radiation and matter solutions for the scale
factor of the Universe cross. The scale k∗ is the wave-number entering the horizon at η∗, i.e.

11In this time evolution we are not considering effects yielding to the formation of late-time inhomogeneities,
like the induced anisotropies discussed later on at the end of section 3.2.1.
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k∗ ≡ 1/η∗. In ref. [4] a very compact approximation of ΩI
GW(k, η0) was derived in terms of

the radiation energy density Ωr ' 10−4 and keq ' 10−2, the comoving wave-number entering
the horizon at the time of matter-radiation equality ηeq. This approximation reads

ΩI
GW(k, η0, n̂) = 3

128Ωr

[
1
2

(
keq
k

)2
+ 16

9

] [
ARt (k,xc) +ALt (k,xc)

]
. (3.21)

This was shown to work well for the very short modes that re-enter the horizon deep inside the
radiation dominated epoch, which is true for all the modes we can observe at interferometer
scales. Similarly, the circular polarization of primordial gravitational waves can be well-
approximated as

ΩV
GW(k, η0, n̂) = 3

128Ωr

[
1
2

(
keq
k

)2
+ 16

9

] [
ARt (k,xc)−ALt (k,xc)

]
. (3.22)

The unpolarized homogeneous component ΩI
GW(k) is linearly related to the homogeneous

component of tensor power spectrum in eq. (2.13) as

ΩI
GW(k, η0) = 3

128Ωr

[
1
2

(
keq
k

)2
+ 16

9

]
At(k) . (3.23)

From the fundamental definitions of eqs. (3.21) and (3.22) physics generating inhomogeneities
in the primordial tensor power spectra, will inevitably cause anisotropies in the CGWB. Here,
we are interested in mechanisms able to provide anisotropies despite assuming rotational in-
variance during inflation. These are for instance the squeezed modulations considered in
section 2.2, which will generate intrinsic anisotropies. However, primordial gravitational
waves on short scales propagate over very large distance before reaching our detectors. Prop-
agation through the perturbed universe leads to some level of anisotropies as well, referred
to as induced anisotropies. In the following we will review these independent sources of
anisotropy.

Intrinsic anisotropies from squeeezed bispectra
These anisotropies arise from squeezed primordial bispectra of the form 〈γλk1

γλk2
Ψq〉|q→0,

where Ψq denotes a long wavelength mode of either a scalar or tensor perturbation while
γλk1,2

are the short wavelength tensor modes of polarization λ. In section 2.2 we have seen
that when Ψq = ζq, we get the following squeezed modulation of tensor power spectra

Aλ, tot
t (k,xc) = Aλt (k)

[
1 +

∫
d3q

(2π)3 e
iq·xc F λλ,ttsNL (k,q) ζq

]
. (3.24)

By inserting this equation into eqs. (3.21) and (3.22), and exploiting the definitions in
eqs. (3.17) and (3.18), we get the following anisotropic components of the GW I and V
modes in terms of the R- and L-handed primordial tensor power spectra

δGW, I
tts (k, n̂) = 1

At(k)

∫
d3q

(2π)3 e
idq·n̂

[
ARt (k)FRR,ttsNL (k,q) +ALt (k)FLL,ttsNL (k,q)

]
ζq , (3.25)

and

δGW, V
tts (k, n̂) = 1

At(k)

∫
d3q

(2π)3 e
idq·n̂

[
ARt (k)FRR,ttsNL (k,q)−ALt (k)FLL,ttsNL (k,q)

]
ζq , (3.26)
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where we evaluated the local modulation provided by eq. (3.24) at the position xc where
the CGWB of wave-number k starts propagating after the horizon re-entry. Therefore, by
denoting n̂ = −k/k a certain propagation direction in the sky, xc = d n̂, with d = η0 −
ηentry. Physically, eqs. (3.25) and (3.26) provide anisotropies already present at the CGWB
formation.

For the squeezed modulation sourced by a tensor perturbation in eq. (2.40), we obtain
the following anisotropies generated by a long wavelength tensor mode

δGW, I
ttt (k, n̂) = 1

At(k)

∫
d3q

(2π)3 e
idq·n̂ ∑

λ′=R/L

[
ARt (k)FRRλ

′,ttt
NL (k,q) +ALt (k)FLLλ

′,ttt
NL (k,q)

]
γλ
′

q ,

(3.27)
and

δGW, V
ttt (k, n̂) = 1

At(k)

∫
d3q

(2π)3 e
idq·n̂ ∑

λ′=R/L

[
ARt (k)FRRλ

′,ttt
NL (k,q)−ALt (k)FLLλ

′,ttt
NL (k,q)

]
γλ
′

q .

(3.28)
The anisotropies just introduced can be expanded in spherical harmonic coefficients in the
same way as CMB anisotropies, i.e. we define the wave-number dependent coefficients as

δGW, I
`m (k) =

∫
d2n̂ Y ∗`m(n̂) δGW, I(k, n̂) , (3.29)

and
δGW, V
`m (k) =

∫
d2n̂ Y ∗`m(n̂) δGW, V (k, n̂) . (3.30)

The only difference with CMB anisotropies is that GW anisotropies carry information on the
wave-number (frequency) k. In order to perform the angular integrations inside the spher-
ical harmonics coefficients definition we need to specify a given angular dependence in the
quantities F λ1...λn, x1x2x3

NL (k,q). In the following, we provide the spherical harmonic coeffi-
cients obtained by considering angular dependencies that typically appear in the literature,
referring to the original refs. [67, 68] and appendix C for computational details.

Monopolar 〈γγζ〉
Let us begin with the case where the parameter F tts

NL defined in eq. (2.32) has a monopolar
dependence in terms of q̂ · k̂, i.e.12

F λλ,ttsNL (k,q) =
√

4π Y00(k̂ · q̂) fλλ,ttsNL (k, q) = fλλ,ttsNL (k, q) . (3.31)

In this case, the spherical harmonic coefficients of GW anisotropies become

δGW,I, tts
`m (k) = 4π

At(k) i
`
∫

d3q

(2π)3 Y
∗
`m(q̂) j`(qd)

[
ARt (k) fRR,ttsNL (k, q) +ALt (k) fLL,ttsNL (k, q)

]
ζq ,

(3.32)
and

δGW,V, tts
`m (k) = 4π

At(k) i
`
∫

d3q

(2π)3 Y
∗
`m(q̂) j`(qd)

[
ARt (k) fRR,ttsNL (k, q)−ALt (k) fLL,ttsNL (k, q)

]
ζq .

(3.33)
12Here and in the following we will re-normalize the Fλ1...λn, x1x2x3

NL (k,q) coefficients in order to be coherent
with the normalization chosen in literature [68]. This allows for better comparison of these results with
previous works.

– 14 –



J
C
A
P
1
2
(
2
0
2
2
)
0
1
9

Quadrupolar 〈γγζ〉
Next, we consider the case where F tts

NL has a quadrupolar angular dependence in q̂ ·k̂, therefore
the case J = 2 of eq. (2.32). We have

F λλ,ttsNL (k,q) =
√

4π
5 Y20(k̂ · q̂) fλλ,ttsNL (k, q) . (3.34)

In this case, the spherical harmonic coefficients of GW anisotropies read

δGW,I, tts
`m (k) = 1

At(k)
16π2

5

√
5

4π
∑

J,M,m′

iJ
√

(2J + 1)(2`+ 1)
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×

×
∫

d3q

(2π)3 YJM (q̂)Y2m′(q̂) jJ(qd)
[
ARt (k) fRR,ttsNL (k, q) +ALt (k) fLL,ttsNL (k, q)

]
ζq ,

(3.35)

and

δGW,V, tts
`m (k) = 1

At(k)
16π2

5

√
5

4π
∑

J,M,m′

iJ
√

(2J + 1)(2`+ 1)
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×

×
∫

d3q

(2π)3 YJM (q̂)Y2m′(q̂) jJ(qd)
[
ARt (k) fRR,ttsNL (k, q)−ALt (k) fLL,ttsNL (k, q)

]
ζq .

(3.36)

Here (
`1 `2 `3
m1 m2 −m3

)
, (3.37)

denotes the Wigner 3-j symbol as defined in eq. (C.9).

Quadrupolar 〈γγγ〉
Here we consider the case where F ttt

NL has a quadrupolar dependence in q̂ · k̂. This corresponds
to the case J = 2 of eq. (2.33). We can parametrise this as

F λλλ
′,ttt

NL (k,q) = −2
3

√
6π
5 ±2Y20(k̂ · q̂) fλλλ

′,ttt
NL (k, q) = −ελ′ij (q) kikj fλλλ

′,ttt
NL (k, q) . (3.38)

The spherical harmonic coefficients become

δGW,I,ttt
`m (k) = 2π

At(k) i
`

√
(`+ 2)!
(`− 2)!

∫
d3q

(2π)3
j`(qd)
(qd)2 ×

×
{
−2Y

∗
`m(q̂)

[
ARt (k) fRRR,tttNL (k, q) +ALt (k) fLLR,tttNL (k, q)

]
γRq +

++2Y
∗
`m(q̂)

[
ALt (k) fLLL,tttNL (k, q) +ARt (k) fRRL,tttNL (k, q)

]
γLq

}
, (3.39)

and

δGW,V,ttt
`m (k) = 2π

At(k) i
`

√
(`+ 2)!
(`− 2)!

∫
d3q

(2π)3
j`(qd)
(qd)2 ×

×
{
−2Y

∗
`m(q̂)

[
ARt (k) fRRR,tttNL (k, q)−ALt (k) fLLR,tttNL (k, q)

]
γRq−

−+2Y
∗
`m(q̂)

[
ALt (k) fLLL,tttNL (k, q)−ARt (k) fRRL,tttNL (k, q)

]
γLq

}
. (3.40)

– 15 –



J
C
A
P
1
2
(
2
0
2
2
)
0
1
9

As a final remark, notice that our spherical harmonic coefficients have been written in terms
of angular-independent quantities fλ1...λn, x1x2x3

NL (k, q), which can be considered as coefficents
that label the strength of NGs. These quantities give information about the strength of the
cross-correlation between the large and small scales q and k in a given inflationary scenario.

Induced anisotropies
These anisotropies arise from the propagation of GW through a background made inhomo-
geneous by scalar and tensor perturbations of the metric tensor. Their formal and compu-
tational description is very similar to the formation of CMB temperature and polarization
anisotropies as a consequence of the SW and ISW effects. The detailed study of the associ-
ated Boltzmann equations and the prediction for the amount of induced anisotropies today
for I modes has been derived in refs. [57–59, 135]. Here we are interested in the large-scale
limit of the result for the anisotropies. In this limit, the dominant contribution is given by
the SW term induced by scalar perturbations, which reads as

δGW, I
ind (k, n̂) '

[
4− ∂ ln ΩGW(k)

∂ ln k

]
2
3

∫
d3q

(2π)3 e
idq·n̂ ζq . (3.41)

There is also an analogous contribution due to tensor perturbations which is however negli-
gible with respect to the effect of scalar perturbations.

What about induced anisotropies in V modes? As scalar perturbations at linear level
cannot perceive parity violation (see e.g. [124]), then they do not induce V modes. In
principle, we can have a non-zero effect from tensor perturbations assuming a primordial
mechanism able to provide some asymmetry between R- and L-handed tensor power spectra,
resulting in χ 6= 0. In absence of such a mechanism, the V -mode induced anisotropies are
expected to be vanishing

δGW, V
ind (k, n̂) = 0 . (3.42)

In this study we will assume χ = 0, and eq. (3.42) will hold. Needless to say, studying the
effect of tensor-induced V modes from models of inflation with significant parity violation in
tensor power spectra can be considered in a separate analysis.

In a way similar to the spherical harmonic coefficients of monopolar 〈γγζ〉, we can
compute the spherical harmonics coefficients of eqs. (3.41) and (3.42). We find

δGW, I
ind, `m(k) ' 8π

3 i`
[
4− ∂ ln ΩGW(k)

∂ ln k

] ∫
d3q

(2π)3 Y
∗
`m(q̂) j`(qd) ζq , (3.43)

and
δGW, V

ind, `m(k) = 0 . (3.44)
These induced contributions are of primordial origin similar to the intrinsic contributions
introduced above. These are linearly related to primordial perturbations from inflation, and
contain information on the power spectrum statistics of the underlying inflationary model,
specifically on the tensor tilt due to the 4−∂ ln ΩGW(k)/∂ ln k prefactor. Given this prefactor,
these anisotropies will be relevant in an early-universe mechanism able to provide a sharp
peak in the amplitude of primordial gravitational waves (see e.g. [61, 136]). As in the present
work we will not introduce such a mechanism and we will focus on V -mode anisotropies,
the induced anisotropies will be subdominant to the intrinsic anisotropies in the regime of
sizeable non-Gaussianities.
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3.2.2 AGWB
The modeling of the astrophysical background of gravitational waves is one of the challenges
of the gravitational wave physics. As this background is formed by the superposition of
un-resolved individual GW sources, such as merging binary systems, it will be strongly
related to the distribution of the large scale structure of the Universe. In addition, this
background of gravitational waves is expected to be anisotropic. Many literature studies
have proposed realistic modelization of the AGWB monopole and anisotropies in different
frequency windows, see e.g. refs. [137–151]. Of specific interest is the recent code [152] that
compute anisotropies of the AGWB.

Most importantly the literature has pointed out that the amount of GW signal from the
expected astrophysical background can make the detection of the primordial background of
gravitational waves challenging. While methods to separate the monopoles of the cosmologi-
cal background from the astrophysical one have been proposed (see e.g. [153–162]), it has not
convincingly shown to determine the nature of the detected anisotropies. Recently one direc-
tion has been investigated in ref. [163], considering the cross-correlation of GW anisotropies
with CMB T modes as a way to distinguish between astrophysical and primordial background-
anisotropies. On the other hand, according to ref. [68], a net detection of a GW-T signal
of primordial origin is still made difficult by its cosmic variance limited uncertainty in the
regime where AGWB-anisotropies significantly dominate over CGWB-anisotropies.

In this work we will mainly be focused on the information provided by GW V modes.
As we have seen above these are sourced by parity violation. While there are no useful con-
straints on parity violation of the CGWB from inflation due to the lack of detection of infla-
tionary gravitational waves, parity violation mechanisms for AGWB are strongly constrained
and disfavoured by the current observations of astrophysical GW-events (see e.g. [80–85]).
Therefore, as we will assume, the amount of GW V modes of astrophysical origin is expected
to be negligible, and detecting a net parity violation signal in a SGWB is a powerful tool to
determine the primordial origin of this background.

4 Probing parity-odd bispectra with GW V modes

In this section we first provide general expressions for auto GW-GW and cross GW-CMB
correlations induced by the primordial mechanisms considered above and we will compare
our results with the literature considering parity even bispectra. Next, we will study V -mode
anisotropies generated by parity-odd squeezed bispectra. We will determine their detection
prospects by considering a BBO-like experiment.

4.1 GW-GW and GW-CMB cross-correlations
We start defining a general angular cross-correlation between the quantities X and Y as

CXY` = 1
2`+ 1

∑
m

〈X`m Y`m〉 , (4.1)

where X = I, V corresponding to I- and V -mode anisotropies of the CGWB, and Y =
I, V, T,E,B, where T , E and B refer to the corresponding CMB anisotropic modes. Using
the results for the GW and CMB spherical harmonics coefficients derived in the previous
section (for technical details see appendix C), we get the following expressions we will provide,
these separately for different angular dependence in k̂ · q̂.
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Monopolar TTS

CIT` (k)= Gtts
cross(k)

∫
dq

q
j`(qd) T T`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
, (4.2)

CIE` (k)= Gtts
cross(k)

∫
dq

q
j`(qd) T E`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
, (4.3)

CV T` (k)= Gtts
cross(k)

∫
dq

q
j`(qd) T T`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]
, (4.4)

CV E` (k)= Gtts
cross(k)

∫
dq

q
j`(qd) T E`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]
, (4.5)

CIB` (k)= 0 , (4.6)
CV B` (k)= 0 , (4.7)

CII` (k)= Gtts
auto(k)

∫
dq

q
[j`(qd)]2 As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
, (4.8)

CV V` (k)= Gtts
auto(k)

∫
dq

q
[j`(qd)]2 As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]2
, (4.9)

CIV` (k)= Gtts
auto(k)

∫
dq

q
[j`(qd)]2As(q)

[(
ARt (k) fR,ttsNL (k, q)

)2
−
(
ALt (k) fL,ttsNL (k, q)

)2
]
. (4.10)

Quadrupolar TTS

CIT` (k) = Gtts
cross(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫
dq

q
jJ(qd) T T`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
, (4.11)

CIE` (k) = Gtts
cross(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) T E`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
, (4.12)

CV T` (k) = Gtts
cross(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) T T`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]
, (4.13)

CV E` (k) = Gtts
cross(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) T E`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]
, (4.14)

CIB` (k) = 0 , (4.15)
CV B` (k) = 0 , (4.16)

CII` (k) = Gtts
auto(k)

∑
J,J ′

iJ−J
′ (2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) jJ ′(qd)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
, (4.17)
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CV V` (k) = Gtts
auto(k)

∑
J,J ′

iJ−J
′ (2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) jJ ′(qd)As(q)

[
ARt (k) fR,ttsNL (k, q)−ALt (k) fL,ttsNL (k, q)

]2
, (4.18)

CIV` (k) = Gtts
auto(k)

∑
J,J ′

iJ−J
′ (2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫
dq

q
jJ(qd) jJ ′(qd)As(q)

[(
ARt (k) fR,ttsNL (k, q)

)2
−
(
ALt (k) fL,ttsNL (k, q)

)2
]
. (4.19)

Quadrupolar TTT

CIT` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

T
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

] }
, (4.20)

CIE` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

E
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

] }
, (4.21)

CV T` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

T
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q)−ALt (k) fLR,tttNL (k, q)

]
−

−ALt (q)
[
ALt (k) fLL,tttNL (k, q)−ARt (k) fRL,tttNL (k, q)

] }
, (4.22)

CV E` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

E
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q)−ALt (k) fLR,tttNL (k, q)

]
−

−ALt (q)
[
ALt (k) fLL,tttNL (k, q)−ARt (k) fRL,tttNL (k, q)

] }
, (4.23)

CIB` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

B
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
−

−ALt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

] }
, (4.24)

CV B` (k) =Gttt
`, cross(k)

∫
dq

q

j`(qd)
(qd)2 T

B
`(t)(q)

{
ARt (q)

[
ARt (k) fRR,tttNL (k, q)−ALt (k) fLR,tttNL (k, q)

]
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q)−ARt (k) fRL,tttNL (k, q)

] }
, (4.25)

CII` (k) =Gttt
`, auto(k)

∫
dq

q

[
j`(qd)
(qd)2

]2 {
ARt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]2
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]2 }
, (4.26)

CV V` (k) =Gttt
`, auto(k)

∫
dq

q

[
j`(qd)
(qd)2

]2 {
ARt (q)

[
ARt (k) fRR,tttNL (k, q)−ALt (k) fLR,tttNL (k, q)

]2
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q)−ARt (k) fRL,tttNL (k, q)

]2 }
, (4.27)

CIV` (k) =Gttt
`, auto(k)

∫
dq

q

[
j`(qd)
(qd)2

]2 {
ARt (q)

[ (
ARt (k)fRR,tttNL (k, q)

)2
−
(
ALt (k)fLR,tttNL (k, q)

)2 ]
−

−ALt (q)
[ (
ALt (k) fLL,tttNL (k, q)

)2
−
(
ARt (k) fRL,tttNL (k, q)

)2 ]}
. (4.28)
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In the above expressions we have applied the following for simplicity of notation,

Gtts
cross(k) ≡ 4π

At(k) ,

Gtts
auto(k) ≡ 4π

A2
t (k) ,

Gttt
`, cross(k) ≡ 2π

At(k)

√
(`+ 2)!
(`− 2)! ,

Gttt
`, auto(k) ≡ π

A2
t (k)

(`+ 2)!
(`− 2)! . (4.29)

4.2 Parity-even bispectra: matching with previous literature
Let us assume that primordial power spectra and bispectra are invariant under parity trans-
formations. Therefore, according to eq. (2.34), amplitudes of non-Gaussianity do not depend
on the polarization index, leading to the following identities

fR, ttsNL = fL, ttsNL = f even, tts
NL , (4.30)

and

fRR, tttNL = fLL, tttNL = fLR, tttNL = fRL, tttNL = f even, ttt
NL . (4.31)

In this case the expressions for the correlators given above will simplify and become as
specified in the following.

Monopolar TTS

CIT` (k) = 4π
∫

dq

q
j`(qd) T T`(s)(q)As(q) f

even, tts
NL (k, q) , (4.32)

CIE` (k) = 4π
∫

dq

q
j`(qd) T E`(s)(q)As(q) f

even, tts
NL (k, q) , (4.33)

CV T` (k) = 0 , (4.34)
CV E` (k) = 0 , (4.35)
CIB` (k) = 0 , (4.36)
CV B` (k) = 0 , (4.37)

CII` (k) = 4π
∫

dq

q
[j`(qd)]2 As(q)

[
f even, tts

NL (k, q)
]2
, (4.38)

CV V` (k) = 0 , (4.39)
CIV` (k) = 0 . (4.40)

Quadrupolar TTS

CIT` (k) = 4π
∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×
∫
dq

q
jJ(qd) T T`(s)(q)As(q) f

even, tts
NL (k, q) , (4.41)

CIE` (k) = 4π
∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×
∫
dq

q
jJ(qd) T E`(s)(q)As(q) f

even, tts
NL (k, q) , (4.42)
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CV T` (k) = 0 , (4.43)
CV E` (k) = 0 , (4.44)
CIB` (k) = 0 , (4.45)
CV B` (k) = 0 , (4.46)

CII` (k) = 4π
∑
J,J ′

iJ−J
′(2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) jJ ′(qd)As(q)

[
f even, tts

NL (k, q)
]2
, (4.47)

CV V` (k) = 0 , (4.48)
CIV` (k) = 0 . (4.49)

Quadrupolar TTT

CIT` (k) = 2π
√

(`+ 2)!
(`− 2)!

∫
dq

q

j`(qd)
(qd)2 T

T
`(t)(q)At(q) f

even, ttt
NL (k, q) , (4.50)

CIE` (k) = 2π
√

(`+ 2)!
(`− 2)!

∫
dq

q

j`(qd)
(qd)2 T

E
`(t)(q)At(q) f

even, ttt
NL (k, q) , (4.51)

CV T` (k) = 0 , (4.52)
CV E` (k) = 0 , (4.53)
CIB` (k) = 0 , (4.54)
CV B` (k) = 0 , (4.55)

CII` (k) = π
(`+ 2)!
(`− 2)!

∫
dq

q

[
j`(qd)
(qd)2

]2
At(q)

[
f even, ttt

NL (k, q)
]2
, (4.56)

CV V` (k) = 0 , (4.57)
CIV` (k) = 0 . (4.58)

These agree with results presented in ref. [68] apart for the use of the exact T - and E-mode
CMB transfer functions. Also, here we have accounted for non-zero squeezed 〈ttt〉 bispectra
with mixed chiralities, which in [68] were assumed to be equal to 0. However, according to
the general equation (4.31), these should give additional contributions, resulting in a factor
2 in the GW-CMB cross-correlations and a factor 4 in the GW-GW auto-correlations with
respect to [68].

From our results we see that only cross-correlators involving I, T and E modes are
non-vanishing. This is not a surprise and it is strictly related to the parity-invariance of the
signatures. We can understand this from the intuition by considering how each fundamental
mode transforms under the parity transformation operator P

P
(
aT`m

)
= (−1)` aT`m , (4.59)

P
(
aE`m

)
= (−1)` aE`m , (4.60)

P
(
aB`m

)
= (−1)`+1 aB`m , (4.61)

P
(
δGW, I
`m

)
= (−1)` δGW, I

`m , (4.62)
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and the fact that under parity symmetry

δGW, V
`m = 0 . (4.63)

Therefore, by employing the parity transformation to the definition (4.1), we get the following
transformation rules and results

CIT`
P−→ CIT` , (4.64)

CIE`
P−→ CIE` , (4.65)

CIB`
P−→ −CIB` = 0 , (4.66)

CV T` = 0 , (4.67)
CV E` = 0 , (4.68)
CV B` = 0 , (4.69)

CII`
P−→ CII` , (4.70)

CV V` = 0 , (4.71)
CV I` = 0 . (4.72)

4.3 Parity-odd bispectra

We now switch to the case study focus in this work, i.e. the case of parity-odd bispectra. In
particular, we assume no parity violation at the power spectrum level, so χ = 0, and therefore
the V -mode monopole is vanishing. As noted in [76], parity-odd bispectra may appear at
tree-level with no modification to tensor power spectra in inflationary models with alternative
symmetry breaking patterns, like solid inflation [45, 46]. Solid inflation is an inflationary
model where the acceleration is driven by a triplet of scalar fields that pick up spatial vevs,
leading to the spontaneous breaking of spatial diffeomorphisms. Internal symmetries of the
scalar triplet then ensure that the background geometry is homogeneous and isotropic, and
the effect of the symmetry breaking pattern is manifest only in cosmological correlators. We
will not review in detail this inflationary model, but refer the reader to the original literature
and ref. [76] for more details on how to construct the operators that give rise to parity-odd
bispectra. Moreover, in [76] it was also shown that the strength of these parity-odd NGs can
be sizeable.

More general, according to [76], at tree level and assuming only locality, unitarity and
the scale invariance of the theory, the shape functions of parity-odd bispectra are highly
constrained, with only a few possibilities. By taking the squeezed limit of these, we find
that either 〈tts〉 and 〈ttt〉 admit non-vanishing squeezed shapes, with 〈tts〉/〈ttt〉 having a
monopolar/quadrupolar angular dependence in terms of k̂ · q̂. Even if solid inflation admits
mixed scalar-graviton interactions that are not manifestly local, ref. [76] showed that we
can still introduce cubic operators that lead to manifestly local scalar-graviton interactions.
Therefore, we take the monopolar/quadrupolar angular dependence in 〈tts〉/〈ttt〉 as well-
motivated ansatz for our parity-odd bispectra.

How are these bispectra constrained with current experiments? The lack of observation
of a squeezed non-Gaussian signal in CMB T and E anisotropies disfavour an important level
of parity-odd 〈ttt〉 squeezed NGs at CMB scales (see e.g. [164–168]). On the contrary, when
referring to parity-odd 〈tts〉 squeezed NGs, CMB experiments have been forecasted to provide
very poor constraints when relying solely on T and E modes (see e.g. ref. [48]). Therefore,
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at present the strength of squeezed (parity-odd) 〈tts〉 NGs can be considered experimentally
unconstrained.

Let us now switch to the computations of the imprints of parity-odd bispectra on GW
anisotropies. We start by reminding that the parity-odd condition (2.35) determines the
following relationships between the non-Gaussian coefficients

fR, ttsNL = −fL, ttsNL = fodd, tts
NL , (4.73)

and

fRR, tttNL = fRL, tttNL = −fLR, tttNL = −fLL, tttNL = fodd, ttt
NL . (4.74)

By applying these last equations to the correlators given in section 4.1, we obtain the following
expressions.

Monopolar TTS

CIT` (k) = 0 , (4.75)
CIE` (k) = 0 , (4.76)

CV T` (k) = 4π
∫

dq

q
j`(qd) T T`(s)(q)As(q) f

odd, tts
NL (k, q) , (4.77)

CV E` (k) = 4π
∫

dq

q
j`(qd) T E`(s)(q)As(q) f

odd, tts
NL (k, q) , (4.78)

CIB` (k) = 0 , (4.79)
CV B` (k) = 0 , (4.80)
CII` (k) = 0 , (4.81)

CV V` (k) = 4π
∫

dq

q
[j`(qd)]2 As(q)

[
fodd, tts

NL (k, q)
]2
, (4.82)

CIV` (k) = 0 . (4.83)
(4.84)

Quadrupolar TTT

CIT` (k) = 0 , (4.85)
CIE` (k) = 0 , (4.86)

CV T` (k) = 2π
√

(`+ 2)!
(`− 2)!

∫
dq

q

j`(qd)
(qd)2 T

T
`(t)(q)At(q) f

odd, ttt
NL (k, q) , (4.87)

CV E` (k) = 2π
√

(`+ 2)!
(`− 2)!

∫
dq

q

j`(qd)
(qd)2 T

E
`(t)(q)At(q) f

odd, ttt
NL (k, q) , (4.88)

CIB` (k) = 0 , (4.89)
CV B` (k) = 0 , (4.90)
CII` (k) = 0 , (4.91)

CV V` (k) = π
(`+ 2)!
(`− 2)!

∫
dq

q

[
j`(qd)
(qd)2

]2
At(q)

[
fodd, ttt

NL (k, q)
]2
, (4.92)

CIV` (k) = 0 . (4.93)
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Here, we find that only correlators involving V , T and E modes are non-vanishing. Inter-
estingly all spectra with I modes are vanishing, therefore a net detection of GW I modes
of primordial origin or their cross-correlation with CMB anisotropies as considered in previ-
ous literature would rule out scenarios of inflation with parity-odd bispectra, but no in the
tensor power spectrum. In figure 1 we plot these quantities fixing constant values of the
non-Gaussian parameters fodd,tts

NL = fodd,ttt
NL = 103 and r = 0.032, which corresponds to the

current constraint on the tensor-to-scalar-ratio [19, 169]. As we are considering anisotropies
of GW that re-enter the horizon very early, we can fix d = η0 − ηentry ≈ η0 without any
significant modification in the final results. We assume constant amplitude for the large
scale primordial power spectra, with As(q) = 2.100549 × 10−9 for the dimensionless scalar
power spectrum, while the dimensionless tensor power spectrum is taken as At(q) ' rAs. We
verified that accounting for the slight red-tilted dependence of scalar perturbations as mea-
sured by CMB experiments [169] has a negligible effect. We can fix qmin = 0 to perform the
q-integrations as the integrands in the equations for the angular power spectra are vanishing
in the q → 0 limit, erasing any dependence on the exact duration of inflation. There is only
one exception: the ` = 2 auto-V modes power spectrum generated by the parity-odd 〈ttt〉
bispectrum possesses a logarithmic divergence in the q → 0 limit if we assume that At(q) and
fodd,ttt

NL (k, q) are scale-invariant. In the V -mode power spectrum shown in figure 1 we cured
this divergence by fixing qmin = 10−5 Mpc−1, corresponding to the order of magnitude of the
largest CMB scale. However, we stress that this choice is just indicative and smaller values
of qmin would cause a logarithmic increase of this ` = 2 auto-V modes power spectrum.

From the figures we conclude that the 〈tts〉 bispectrum systematically leads to a sig-
nal that is at least an order of magnitude stronger than 〈ttt〉 for the same level of NGs.
Also, 〈tts〉 is the only bispectrum that affects the GW V -mode dipole which, as we will see
later on, represents the best observational channel in GW experiments searching for V -mode
anisotropies. This together with the lack of any constraint from CMB experiments makes the
〈tts〉 bispectrum a better candidate than 〈ttt〉 for a possible detection with GW V modes. For
that reason, in the next section we will present a preliminary investigation of the detection
prospects on the GW V modes generated by the squeezed parity-odd 〈tts〉 bispectrum.

4.4 Detection prospects of parity-odd bispectra from a BBO-like experiment

In this section we study the detection prospects of the V -mode intrinsic anisotropies generated
by parity-odd squeezed bispectra. We first estimate the minimum noise level in the V modes
detection from a BBO-like case study: the experiment we consider consists of the space-
based BBO star configuration, with two LISA-like triangular constellations arranged in the
same plane as a six-pointed star, i.e. with an angular phase difference of 60◦ between the
constellation planes [14]. In a very advanced stage of the BBO mission there will also be 2
outer constellations trailing and leading the star constellation by 120◦ in an earth-like orbit
around the sun. However, in this work we do not take these additional constellations into
account. The individual arm lengths of each constellation are taken as the current planned
value of L = 5 × 107 m. As shown for the first time in [88], with the observatories lying
on the same plane, the resulting experiment would be insensitive to the V -mode monopole,
while instead this is not true when dealing with V -mode anisotropies (see e.g. [89]).

Here, we will not go into details defining the quantities involved in the characterization
of LISA-like networks of interferometers and the final results for the noise angular power
spectra, but we will give only the fundamental details, referring to the literature and previous
references on this topic for in depth explanations.
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Figure 1. The V -V auto- and V -CMB cross-correlations generated by parity-odd bispectra for some
fixed value of the parameters. We plotted only the absolute values. The CVE

`>8’s from 〈ttt〉 take
negative values. All the other values are positive. CVV

1 from 〈ttt〉 is not shown as it is vanishing.
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In general, for each of the two constellations we can define three observational channels,
the so-called Time Domain Interferometry (TDI) X, Y and Z variables [170].13 In the
frequency domain, the cross-correlations between the generic channels A and B can be written
as [170]

〈sA(f) sB(f ′)〉 = δT (f − f ′)
2

[
RIAB(f)P It (f) +RVAB(f)P Vt (f)

]
, (4.94)

where δT (f − f ′) = T sinc(f − f ′).14 Here, the quantities RXAB(f) are the monopole overlap
reduction functions of the GW X-mode, where we defined

P It (f) = PRt (f) + PLt (f) , P Vt (f) = PRt (f)− PLt (f) . (4.95)

In eq. (4.94) the n̂ angular dependence of the signal power spectrum is integrated out. By
accounting for this angular dependence, we can define the angular overlap reduction functions
as [92]

RXAB, `m(f) =
∫
d2n̂RXAB(f, n̂)Y ∗`m(n̂) . (4.96)

Here we consider only cross-correlations between channels of different constellations. In this
case, and working in the rigid detector approximation (time independent antenna patterns),
the X-mode noise power spectrum reads [92]

(
NX
`

)−1
= Tobs

∑
A,B>A

∫
df

(2ξ(f)
5

)2 ( 3H2
0

4π2f3

)2 ∑
m |RXAB, `m(f)|2

(2`+ 1)NA(f)NB(f) , (4.97)

where Tobs denotes the total observation time,

ξ(f) =
(
f

f∗

)nt
, (4.98)

is a quantity sensitive to the spectral dependence of the signal under consideration,15 and
NA(f), NB(f) are the noise power spectral densities of the channels A and B, respectively.
For an almost scale invariant background of GW we have ξ(f) ' 1. According to our
normalization conventions of GW anisotropies, assuming a background of GWwith ΩI

GW(f) =
ΩI

GW, the noise just introduced can be related to CII` and CV V` as

N II
` = N I

`(
ΩI

GW

)2 , NV V
` = NV

`(
ΩI

GW

)2 . (4.99)

Alternatively, for a background with a relevant scale dependence, this last equation should
be applied locally at each separate frequency f . It makes sense to define the multipole
squared-SNR as [173]

(
SNRX

`

)2
=
∫
df (2`+ 1)

∣∣∣CXX` (f)
∣∣∣ [ΩI

GW(f)
]2

NX
` (f)

, (4.100)

13In practise, it is common to switch to the so called AET TDI channels basis, which are obtained by
diagonalizing the co-variance matrix of the X, Y and Z channels, in a way that the cross-correlated noise
between the different channels of the same constellation is zero [171, 172]. In our case we consider only
cross-correlations between different constellations, therefore employing the X,Y, Z or the A,E, T basis will
not make any difference in our final statements.

14In the limit of infinite observation time the δT can be replaced with a proper Dirac delta.
15Here a power-law dependence with tensor tilt nt and reference frequency f∗ is assumed.
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where16

NX
` (f) =

Tobs
∑

A,B>A

(2
5

)2
(

3H2
0

4π2f3

)2 ∑
m |RXAB, `m(f)|2

(2`+ 1)NA(f)NB(f)

−1

. (4.101)

Eq. (4.100) gives us the frequency-integrated squared-SNR at a given multipole `.(
SNRX

`

)2
> 1 implies evidence for a non-zero signal in the `-th pole anisotropy of the

X-mode. In analogy with ref. [61], we can define the following effective angular sensitivity
of the detector to the `-th multipole

Ωn
X,`(f) =

Tobs
∑

A,B>A

(2
5

)2
(

3H2
0

4π2f3

)2 ∑
m |RXAB, `m(f)|2

(2`+ 1)NA(f)NB(f)

−1/2

. (4.102)

In figure 2 we plot this quantity as function of the frequency for the I and V -mode first
four multipoles17 assuming 1 year of observation. For each channel of the two BBO-like
constellations we have taken the noise power spectral densities as given in ref. [88].18 From
figure 2 we find that fmin ≈ 0.3Hz represents the frequency of maximum sensitivity of the
experiment for all the multipole-anisotropies, with a slight variation of the exact frequency
of the minimum noise depending on the multipole and the X-mode considered.

In particular, we can understand the frequency-scaling and the general behaviour of the
V -mode angular sensitivity curves for reflection with the I-mode case: in fact, as explained
e.g. in ref. [92], in LISA-like interferometers the overall behaviour of these curves and their
strength is linked to the parity-state of the corresponding angular overlap reduction func-
tions. In the case of cross-correlations between channels of close constellations (as happens
for the BBO star configuration) ` =even(odd) angular I-mode overlap reduction functions
have even(odd)-parity, respectively. Angular overlap functions with the same parity-state
have very similar frequency-scaling and the minimum of the sensitivity function at similar
frequency (here fmin ' 0.25(0.3)Hz for even(odd)-parity). Also, parity-even angular overlap
functions have overall better sensitivity than the parity-odd ones. With this in mind, we can
easily predict the behaviour of the V -mode angular sensitivity curves: as they have opposite
parity-states with respect to the I-mode ones, we expect the ` =even(odd) V -mode angular
sensitivity curves to be similar to the ` =odd(even) I-mode ones. This coincides with what
quantitatively displayed in figure 2.

16Note the additional (2/5)2 factor with respect to what given in ref. [173]. This is because we are following
the conventions in ref. [92] in defining the detector angular overlap reduction functions which differ from
ref. [173] by a factor 5/2. The authors of ref. [92] adopted a normalization convention that is typically
intended for L-shaped detectors rather than triangular detectors.

17As shown e.g. in ref. [67], when taking cross-correlations between the two constellation of the BBO-star
configuration, the noise level starts to increase fast for ` > 4, making any detection of a signal challenging.

18Specifically, for each channel “A” we assume a noise of the form

NA(f) = 4
(
Sn,s + 2Sn,a

[
1 + cos2(f/fBBO)

])
, (4.103)

where fBBO is the BBO-characteristic frequency fBBO = (2πL/c)−1 ' 1Hz, and we defined the shot-noise
and acceleration-noise power spectra

Sn,s = 8× 10−50 Hz−1 , (4.104)

Sn,a = 2.3× 10−52
(
Hz
f

)4

Hz−1 . (4.105)
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Figure 2. Figures showing the angular sensitivity curves of the first four `-th multipoles. Only
cross-correlations between different constellations of the BBO-star configuration are considered. The
noise power spectral densities on the BBO channels are taken by ref. [88]. 1 year of observation is
assumed.

By assuming an almost constant fodd,tts
NL = 104 coefficient and a power-law tensor power

spectrum, in figure 3 we show the
(
SNRV

`

)2
for three different choices of the tensor spectral

index taking r = 0.01 at k = 0.05Mpc−1. Using this figure, in table 2 we derive scaling
formulas for the

(
SNRV

`

)2
. We see that the V -mode dipole is the best channel to probe

parity-odd 〈tts〉 bispectra. In particular by taking a scale invariant amplitude of GWs with
r = 0.01, in 5 years the V -mode dipole would provide evidence for a signal of fodd,tts

NL ∼ 3×103.
By taking a generic r this value would become fodd,tts

NL ∼ 3×103× (0.01/r). On the contrary,
higher multipoles are much less sensitive to a primordial signal, demanding a blue-tilted
dependence in the tensor power spectrum to improve the detection prospects. Such a tilt-
dependence can be obtained for instance within solid inflation (see e.g. [67]) which, as pointed
out above, contains symmetry breaking patterns that allow the parity-odd NGs considered
here. However, in this inflationary scenario large values of nt are disallowed, in a way that
a detection of a ` > 1 V -mode anisotropy would still remain difficult. As squeezed 〈ttt〉
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Figure 3. Figure showing the squared-SNRV
` for the V -mode anisotropies sourced by squeezed parity-

odd 〈tts〉. A power-law of tensor-tilt nt is assumed for the tensor power spectrum. The value of the
tensor-to-scalar-ratio refers to the CMB frequency f ' 7.7× 1017 Hz (or k = 0.05Mpc−1).

×
(

r
0.01

)2 (fodd,tts
NL
104

)2 (
Tobs
1yr

)
` = 1 ` = 2 ` = 3 ` = 4

〈tts〉 :
(
SNRV

`

)2
|nt=0 = 2.09 0.015 0.011 0.00021

〈tts〉 :
(
SNRV

`

)2
|nt=0.05 = 74 0.56 0.4 0.0077

〈tts〉 :
(
SNRV

`

)2
|nt=0.1 = 2.64× 103 21 14 0.28

Table 2. Scaling formulas for
(

SNRV
`

)2
for different values of the tensor tilt.

bispectra do not leave signatures in the V -mode dipole, our analysis enforces the fact that
〈tts〉 is in general a better candidate to make an observation rather than 〈ttt〉.

At this point we want to address the following question: is the V -mode observational
channel here considered to measure parity-odd 〈tts〉 competitive (as well as complementary)
with CMB experiments? Even if squeezed primordial NGs probed by GW anisotropies refer
to squeezed triangular configurations much different than those probed by CMB experiments,
assuming scale invariance we can match the expected sensitivity to fodd,tts

NL of our case-study
with that of the future generations of CMB experiments, assuming that a primordial B-mode
detection is made. Using the results of [48] and in particular noting that the parameter Π of
this reference is linked to our fodd,tts

NL through

fodd,tts
NL ' 6.5× 10−2 rΠ , (4.106)

we derive the following CMB forecasts on the 1σ error on fodd,tts
NL by using BBT and BBE

bispectra for different values of r

∆fodd,tts
NL

∣∣∣r=10−2

CMB
& 104 , ∆fodd,tts

NL

∣∣∣r=10−3

CMB
& 105 , ∆fodd,tts

NL

∣∣∣r=10−4

CMB
& 5× 105 . (4.107)
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These lower bounds on the 1-σ errors are derived assuming a full-sky cosmic variance-limited
detection of primordial B modes accounting for the lensing contamination. By matching
these values with

fodd,tts
NL

∣∣∣5yrs

GW
∼ 3× 103 ×

(0.01
r

)
, (4.108)

we realize that for r & 10−4 our V -mode dipole can in principle provide stronger or com-
mensurate constraints compared to those of hypothetical CMB experiments that are able to
detect cosmic-variance limited primordial B modes.

It is important to mention that in this comparison we did not consider the information
coming from ` > 2 V -mode anisotropies as the level of noise increases relatively rapidly by
increasing ` (see figure 2). As shown e.g. in ref. [68] for the I-mode case, considering the
full BBO-configuration might reduce the level of noise of higher `-poles anisotropies in a way
that the ultimate detectable value of fodd,tts

NL is smaller than what presented in eq. (4.108).
Therefore, the forecast in eq. (4.108) should be considered as a first estimate.

As a final remark, we stress that in our investigation we have not considered the motion
of our BBO-experiment with respect to the cosmic reference frame. By accounting for this, we
would expect a non-zero V -mode dipole induced by a non-zero V -mode monopole [86, 87, 89].
While here we have assumed no asymmetry in R- and L-handed tensor power spectra in a
way that the V -mode monopole is vanishing, a non-zero V -mode monopole due to some other
primordial parity-violation mechanism could contaminate the dipole channel. We will leave
the implications of this contamination for the search of parity-odd squeezed primordial NGs
in GW experiments for future research.

In the following we will see which role the GW-CMB cross-correlations play in providing
additional evidence claiming a primordial detection of a GW V -mode signal.

4.5 The role of GW-CMB cross-correlations

Here we discuss the cross-correlations between GW V modes and CMB T and E modes to
improve the detection prospects of a parity-odd 〈tts〉 bispectrum or to confirm a detection
of primordial origin. For this purpose, let us consider the following vector of observables19

O` = (CV T` , CV E` ) . (4.109)

Assuming that the cross-correlations are Gaussian distributed,20 the vector of some given
measurements Õ` will follow the multivariate Gaussian likelihood

L ∝ exp

−1
2

`max∑
`=2

(Õ` − Ō`)T · Σ−1 · (Õ` − Ō`)

 , (4.110)

where Σ denotes the covariance matrix

Σ = 1
2`+ 1


(
NV V
` + C̄V V`

)
CTT` +

(
C̄V T`

)2 (
NV V
` + C̄V V`

)
CTE` + C̄V T` C̄V E`(

NV V
` + C̄V V`

)
CTE` + C̄V T` C̄V E`

(
NV V
` + C̄V V`

)
CEE` +

(
C̄V E`

)2

 , (4.111)

19In what follows we are assuming that the non-Gaussian amplitudes fodd,tts
NL do not depend on the short

scale k(f), in a way that the signals CXY` do not depend on the frequency f .
20In principle these cross-correlations should follow a χ2 distribution with 2`+ 1 degrees of freedom which

approaches to a Gaussian in the large ` limit. As here we want to make an order-of-magnitude forecast, for
simplicity we will approximate the distribution as a Gaussian also for small `’s.
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×
(

r
0.01

)2 (fodd,tts
NL
104

)2 (
Tobs
1yr

)
`max = 2 `max = 3 `max = 4

〈tts〉 : −2 ∆ lnL|nt=0 = 0.0104 0.0180 0.0182
〈tts〉 : −2 ∆ lnL|nt=0.05 = 0.38 0.65 0.66
〈tts〉 : −2 ∆ lnL|nt=0.1 = 14.05 23.80 24.00

Table 3. Scaling formulas for −2 ∆ lnL for different values of the tensor tilt.

and (
NV V
`

)−1
=
∫
df

[
ΩI

GW(f)
]2

NV
` (f)

. (4.112)

In eq. (4.111) the bar denotes quantities evaluated for some fiducial model where we fix the
early-universe parameters, corresponding to eqs. (4.77) and (4.78). Now, let us assume that
we have been unable to extract a signal out of the noise level in the V modes power spectrum
as (SNRV

` )2 < 1. From a measurement Õ` we want to reject the H0 hypothesis of the absence
of a primordial signal in the auto- and cross-correlations, i.e. C̄V V` = Ō` = 0. The alternative
hypothesis H1 will be the presence of a primordial signal in the cross-correlation, i.e. Ō` 6= 0,
consistent with eqs. (4.77) and (4.78). Assuming that we measure non-zero cross-correlations
Õ` that are compatible with what is expected from a given fiducial theory (so Õ` ' Ō`) we
can define the following log-likelihood ratio

− 2 ∆ lnL =
`max∑
`=2

ŌT` · Σ−1
N · Ō` , (4.113)

where

ΣN = 1
2`+ 1

(
NV V
` CTT` NV V

` CTE`

NV V
` CTE` NV V

` CEE`

)
. (4.114)

In general, the larger the quantity −2 ∆ lnL is, the larger is the statistical significance sup-
porting a non-zero primordial detection. We start to have evidence of a non-zero primordial
signal when −2∆ lnL > 1.21 In figure 4 we show the log likelihood ratio in eq. (4.113) as
a function of `max taking fodd,tts

NL = 104 and a power-law tensor power spectrum with differ-
ent values of the tensor tilt, as above. Again, using this figure, in table 3 we derive some
scaling formulas for the log likelihood ratio. In general, by matching tables 2 and 3, we
find that for the parameter-space where the condition ∑` (SNRV

` )2 < 1 is met, we always
get −2∆ lnL|`max=4 < 1 as well. This suggests that by cross-correlating GW V modes with
CMB anisotropies we are unable to extract a net signal unless a GW V modes detection is
already made.

21Usually, we should impose −2∆ lnL > p, where p is a parameter sensitive to the significance α selected
to reject H0 in favour of H1. In order to do so, we should study the distribution of −2∆ lnL under the H0
hypothesis. However, here we are not interested in such elaborated analysis, that is left for future research.
The condition −2∆ lnL > 1 tells us the parameter-space for which we should start to have an evidence for a
non-zero cross-correlation of primordial origin.
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Figure 4. Plot of the likelihood ratio in eq. (4.113).

`max = 2 `max = 3 `max = 4

〈tts〉 : −2∆ lnL = 5.38 (& 2.69) 12.26 20.87

Table 4. Significance of a primordial detection from the V T and V E cross-correlations assuming a
signal-dominated measurement of the GW V modes, with CV V

` � NV V
` for ` ≤ `max. In parenthesis

the case CV V
2 & NV V

2 .

We now want to answer a different question: assuming that we get a clear non-zero de-
tection in the V modes auto-correlations from ` = 2 up to a certain `max, with what statistical
significance we can confirm this detection using cross-correlations with CMB anisotropies?
To answer this question we need the following log likelihood ratio

− 2 ∆ lnL =
`max∑
`=2

ŌT` · Σ−1
S · Ō` , (4.115)

where this time

ΣS = 1
2`+ 1


(
NV V
` + C̄V V`

)
CTT`

(
NV V
` + C̄V V`

)
CTE`(

NV V
` + C̄V V`

)
CTE`

(
NV V
` + C̄V V`

)
CEE`

 . (4.116)

This log likelihood ratio allows us to reject the H̃0 hypothesis of zero signal in the cross-
correlations, but assuming a significant non-zero detection in the self-correlations, i.e. C̄V V` 6=
0 > NV V

` . Under this assumption the quantity −2∆ lnL does not depend significantly on
the fixed fiducial early universe parameters and we give its value in terms of `max in table 4.
We find that if we observe V -mode anisotropies with ` ≥ 2 attributed to squeezed parity-odd
NGs, we should always have additional evidence of their primordial origin by cross-correlating
GW V modes with CMB anisotropies. This provides us with a fundamental tool to exclude
an alternative origin of the V -mode signal, such as instrument systematics.
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5 Discussion and conclusion

In previous decades the main observational tool for cosmology were the CMB anisotropies.
However, in recent years we experienced the rise of the multi-messenger cosmology, and
in the next decades gravitational-wave cosmology is expected to impact in confirming and
unrevealing new information about our Universe.

In this paper we have considered primordial processes which give rise to anisotropies
in the stochastic background of gravitational waves expected from inflation. The amount
of these anisotropies is related to the strength of squeezed 〈ttt〉 and 〈tts〉 primordial NGs,
which can be important in models of inflation with isocurvature fields, with non-Bunch Davies
initial states, and in models with alternative symmetry breaking patterns, like solid inflation.
Therefore, being able to observe this stochastic background together with anisotropies would
allow us to probe new physics during inflation.

With respect to previous literature on this topic, here we focused on the polarization
of GW, and imprints of parity violation. In fact, similarly with what happens for CMB
anisotropies, also GW anisotropies can possess different states of polarization. So far, only
I-mode anisotropies (the so-called unpolarized anisotropies) due to squeezed NGs have been
considered, while here for the first time we considered the GW V modes that are linearly
related to the local asymmetry between R- and L-handed GW.

For this purpose, we first included the chiral basis of GWs and derived more general
formulas for the I and V GW modes power spectra and their cross-correlations with CMB
anisotropies. Next, we specified observables for parity-odd 〈tts〉 and 〈ttt〉 squeezed bispectra
that are sensitive to the violation of parity symmetry in the primordial interactions and,
according to [76], can be sizeable (without necessarily introducing parity violation in primor-
dial power spectra) in models of inflation with alternative symmetry breaking patterns, like
solid inflation.

Similarly to what happens when dealing with GW I modes, for the same level of non-
Gaussianity parity-odd 〈tts〉 bispectra in general provide stronger signatures than 〈ttt〉 in V
modes (see e.g. figure 1). In particular, 〈ttt〉 bispectra do not leave signatures in the V -mode
dipole, which we have forecasted to be the best observational channel. This suggests that
parity-odd 〈tts〉 bispectra are in general better candidates to make an observation in GW
experiments. Moreover, differently from the I modes, the induced and astrophysical contam-
ination to the intrinsic (non-Gaussian induced) V -mode signal is expected to be negligible,
leaving the experimental noise as the only barrier to get a non-zero detection.

We studied the detection prospects of parity-odd 〈tts〉 bispectra from the BBO-star
configuration. Interestingly, we found that after 5 years a net observation of a non-Gaussian
amplitude fodd,tts

NL ∼ 3×103 is possible in the V -mode dipole, given the current constraints to
the tensor-to-scalar ratio r and without requiring a blue-tilted scale dependence of the grav-
itational waves power spectrum from inflation. More interestingly, next generation CMB
experiments are not expected to provide better constraints on fodd,tts

NL assuming a primor-
dial B-mode detection with r & 10−4. This makes our observational channel particularly
interesting to explore signatures of parity violation in the 〈tts〉 bispectrum, which can reveal
signatures of new physics during inflation.

Assuming that no parity violation is introduced in the tensor power spectra, our parity-
odd NGs are expected not to source any GW I-mode anisotropies or V -mode monopole.
Therefore, a detection of a primordial I-mode monopole and V -mode anisotropies together
with a zero amount of V -mode monopole and I-mode anisotropies would be a strong indicator
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for parity-odd bispectra, allowing us to distinguish this parity violation mechanism from
others introduced in the literature.

Finally, we found that cross-correlating the V -mode signal with CMB anisotropies in
general can not increase the parameter space probed by the V modes power spectrum in the
case this signal is noise dominated. However, it can always provide an additional evidence of
a primordial detection in case where V -mode anisotropies are signal-dominated. This finding
confirms the utility of the GW-CMB cross-correlations for confirming a V -mode detection as
found in previous literature for the I modes.

This work aimed to give a first look to the ultimate potential of the GW V -mode
anisotropies towards probing non-linear parity violation processes in the early universe. This
opens up plenty of follow-up investigations.

• In our general results for GW-GW and GW-CMB (cross) correlations, eqs. (4.2)–(4.28),
we derive formulas in terms of non-Gaussian coefficients and power spectra where we
take into account the a-priori difference between a L-handed and a R-handed gravi-
tational wave. While in this work we fixed PRt = PLt and we studied parity violation
through parity-odd bispectra only, in general an asymmetry PRt 6= PLt with or without
the presence of parity-violation in tensor squeezed bispectra can lead to non-zero GW I
or V modes and their cross-correlations with the CMB as well. Studying this instance
would be interesting.

• In this work we considered the so-called BBO star-configuration. It would be interesting
to understand what happens when including in the picture the 2 outer constellations
trailing and leading the star constellation by 120◦ in an earth-like orbit around the sun.
It would also be compelling to find the optimal configuration of the BBO constellations
that maximizes the sensitivity to V -mode anisotropies.

• It would be intriguing to find symmetry breaking patterns that allow for parity-odd
bispectra while introducing growth mechanisms for the tensor power spectrum on small
scales. In this case, the value of ΩI

GW can be enhanced at interferometer scales, therefore
allowing for a non-zero detection associated to smaller values of fodd,tts

NL .

• Enhanced values of ΩI
GW at interferometer scales would open up the possibility to

observe non-zero V modes anisotropies from parity-odd bispectra with forthcoming
GW experiments, such as the LISA-Taiji space-based network or the ET-CE ground-
based network. It would be interesting to study the detection prospects of V -mode
anisotropies for these networks.

• In this work we have studied the detection prospects of monopolar parity-odd 〈tts〉 NGs
only. However, as already shown in e.g. [68] for the I modes case, specific realizations of
inflation might enhance (beyond tree-level) the quadrupolar parity-odd 〈tts〉 and 〈ttt〉
bipectra, motivating a separate study of the detection prospects of these signatures.

• As the GW-CMB cross-correlations that are supposed to matter most in the squeezed
PNGs search are those at very large angular scales, it would be interesting to study
their statistical properties and detection prospects by considering their real distribution,
which is supposed to be a χ-squared distribution with 2`+ 1 degrees of freedom. This
might provide appreciable differences with the assumption of Gaussian likelihoods.
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• Here we studied anisotropies arising in the GW V -mode polarization. In principle this
analysis could be extended to study anisotropies in the Q- and U -mode polarizations
that describe the GW linear polarization field. As the GW linear polarizations are
spin±4 fields, only ` ≥ 4 anisotropies can be non-vanishing (see e.g. the discussion
in ref. [174]). These are sourced by non-zero primordial cross-correlations between R-
and L-handed tensor perturbations (see e.g. ref. [175]). Also, as recently shown in
ref. [176], GW linear polarization anisotropies can be sourced by interaction with the
cosmic structures along the line-of-sight.

• Finally, in this work we have considered negligible the amount of induced and astro-
physical V modes. While this is justified respectively by the assumption PRt = PLt and
the modeling based on the current observed GW events of astrophysical origin, it is
however worth a more detailed investigation, particularly when considering inflationary
models where PRt 6= PLt .

We leave all these follow-up investigations to future works.
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A Squeezed modulation

In this appendix we briefly review the mechanism of squeezed modulation of the primordial
power spectrum of a generic field Φ as a result of a non-zero squeezed mixed-bispectrum
with the field Ψ, i.e. BΦk1Φk2Ψq 6= 0, with q � k1, k2. As we have seen in section 2.2,
assuming invariance under rotations, this squeezed bispectrum can be expressed in terms
of the absolute value of the short modes k1, k2, and their scalar product k̂1 · k̂2. We can
parametrize the short modes as

k1 = k− q/2 , k2 = −k− q/2 . (A.1)

In this way, the squeezed limit bispectrum will be a function of k, q and k̂ · q̂. Moreover,
following the prescriptions of section 2.2 (in particular eq. (2.23)) we define the quantity

FΦΦΨ
NL (k,q) = BΦΦΨ(k− q/2,−k− q/2,q)|q→0

PΦ(k)PΨ(q) . (A.2)

It is well-known (see e.g. [62–64]) that the presence of a non-zero squeezed bispectrum

BΦΦΨ(k− q/2,−k− q/2,q)|q→0 6= 0 (A.3)

implies that the (long) Fourier mode Ψq induces the following correlation between the short-
momenta fields Φk1 and Φk2

〈Φk1Φk2〉|Ψq = (2π)3 δ(k1 + k2 + q)PΦ(k)FΦΦΨ
NL (k,q) Ψ∗q . (A.4)
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This squeezed-induced correlation integrated for all the possible long modes and added to
the standard (homogeneous) power spectrum of the variable Φ gives the following total
contribution

〈Φk1Φk2〉tot = (2π)3 δ(k1 + k2)PΦ(k) +
∫

d3q

(2π)3 (2π)3 δ(k1 + k2 + q)PΦ(k)FΦΦΨ
NL (k,q) Ψ∗q .

(A.5)

The primordial two-point correlation function in real space between two points x1 and x2 for
the variable Φ is given by the inverse Fourier-transform of this previous quantity. Therefore,
we have

〈Φx1Φx2〉tot =
∫

d3k1
(2π)3

∫
d3k2
(2π)3 e

i(k1·x1+k2·x2) (2π)3 δ(k1 + k2)PΦ(k)+

+
∫
d3k1
(2π)3

∫
d3k2
(2π)3 e

i(k1·x1+k2·x2)
∫

d3q

(2π)3 (2π)3 δ(k1 + k2 + q)PΦ(k)FΦΦΨ
NL (k,q) Ψ∗q .

(A.6)

By making the following variable re-definitions

p1 = k1 + k2 , p2 = (k1 − k2) /2 , (A.7)

and

x = x1 − x2 , xc = (x1 + x2)/2 , (A.8)

we get

〈Φx1Φx2〉tot =
∫

d3p2
(2π)3 e

ip2·x PΦ(p2)+

+
∫

d3p1
(2π)3

∫
d3p2
(2π)3 e

i(p1·xc+p2·x) PΦ(p2)FΦΦΨ
NL (p2,−p1) Ψ∗−p1 , (A.9)

where by exploiting the Dirac-delta’s we have integrated the p1 momentum in the first term
and the q momentum in the second term. Now, we just perform the change of variables
p2 = k and p1 = −q to get the final result

〈Φx1Φx2〉tot =
∫

d3k

(2π)3 e
ik·x PΦ(k)

[
1 +

∫
d3q

(2π)3 e
−iq·xc FΦΦΨ

NL (k,q) Ψ∗q

]

=
∫

d3k

(2π)3 e
ik·x PΦ(k)

[
1 +

∫
d3q

(2π)3 e
iq·xc FΦΦΨ

NL (k,q) Ψq

]
, (A.10)

where in the last step we have employed the fact that by definition FΦΦΨ
NL (k,q) is real. What

we have just derived is a local modulation of the primordial power spectrum of the variable
Φ, arising in the midpoint at xc = (x1 + x2)/2. This local modulation, as a function of xc, is
meaningful provided that the correlation scale is small compared to the smallest scale of the
modulating field, which sets the upper bound of the q-integration, qmax < k for a given k.

In this work we are interested in modulations of the tensor power spectra, so Φk =
γλk, and a modulation provided by either long scalar and tensor perturbations. By taking
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Ψq = ζq we get the following modulation of the λ-handed tensor power spectrum from a long
scalar mode

P λ, tot
t (k,xc) = P λt (k)

[
1 +

∫
d3q

(2π)3 e
iq·xc F λλ,ttsNL (k,q) ζ(q)

]
, (A.11)

where we defined

F λλ,ttsNL (k,q) = Bλλ
tts(k− q/2,−k− q/2,q)|q→0

P λt (k)Ps(q)
. (A.12)

On the other hand, by taking Ψq = γλ
′

q , we get the following modulation of the λ-handed
tensor power spectrum from a long λ′-handed tensor mode

P λ, tot
t (k,xc) = P λt (k)

1 +
∫

d3q

(2π)3 e
iq·xc

∑
λ′=R/L

F λλλ
′,ttt

NL (k,q) γλ′(q)

 , (A.13)

where we defined

F λλλ
′,ttt

NL (k,q) = Bλλλ′
ttt (k− q/2,−k− q/2,q)|q→0

P λt (k)P λ′t (q)
. (A.14)

Eqs. (2.39) and (2.40) follow once we switch to the dimensionless tensor power spectra.

B Spin-raising and lowering operators

Here, we briefly review the definitions of the spin-raising and lowering operators, giving an
example on how we can use them to define the spin-weighted spherical harmonics. We refer
to e.g. [127] for more details. The spin raising ′∂ and lowering ′∂ operators acting on a
generic spin-s function sf(θ, φ) defined on a 2D sphere are given by

′∂ sf(θ, φ) = − sins θ [∂θ + i csc θ∂φ] sin−s θ sf(θ, φ) ,
′∂ sf(θ, φ) = − sin−s θ [∂θ − i csc θ∂φ] sins θ sf(θ, φ) . (B.1)

In particular, the new functions ′∂ sf(θ, φ) and ′∂ sf(θ, φ) have spin s + 1 and s − 1, re-
spectively. For example, the spin raising and lowering operators acting twice on a generic
spin-±2 function ±2f(θ, φ) which is factorized as ±2f(θ, φ) = ±2f̃(µ) eimφ (e.g. the CMB
linear polarization fields) can be expressed as

′∂ 2
2f(θ, φ) =

(
−∂µ + m

1− µ2

)2 [
(1− µ2) 2f(µ, φ)

]
,

′∂ 2
−2f(θ, φ) =

(
−∂µ −

m

1− µ2

)2 [
(1− µ2)−2f(µ, φ)

]
, (B.2)

where µ ≡ cos θ. In this way, just acting with a differential operator, we can easily define
spin-0 quantities starting from spin-2 ones. This procedure is used in the case of CMB to
switch from the P± spin-±2 linear polarization fields to the E and B modes, which are spin-0
fields.
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As an example, using eqs. (B.1), we can express the spin-weighted spherical har-
monic functions on a 2D sphere, sY`m(θ, φ), in terms of the common spherical harmonics
0Y`m(θ, φ) = Y`m(θ, φ) by acting with the spin raising/lowering operator as

sY`m(θ, φ) =
[(`− s)!

(`+ s)!

] 1
2 ′∂ sY`m(θ, φ) (0 ≤ s ≤ `) ,

sY`m(θ, φ) =
[(`+ s)!

(`− s)!

] 1
2

(−1)s ′∂ −sY`m(θ, φ) (−` ≤ s ≤ 0) . (B.3)

It is possible to show the validity of the following relations

′∂ sY`m(θ, φ) = [(`− s)(`+ s+ 1)]
1
2 s+1Y`m(θ, φ) ,

′∂ sY`m(θ, φ) = − [(`+ s)(`− s+ 1)]
1
2 s−1Y`m(θ, φ) ,

′∂ ′∂ sY`m(θ, φ) = −(`− s)(`+ s+ 1) sY`m(θ, φ) m, (B.4)

which can be used to derive the following explicit expression of the spin-weighted spherical
harmonics

sY`m(θ, φ) = eimφ
[(`+m)!(`−m)!

(`+ s)!(`− s)!
(2`+ 1)

4π

]1/2
sin2`(θ/2)

×
∑
r

(
`− s
r

)(
`+ s

r + s−m

)
(−1)`−r−s+mcot2r+s−m(θ/2) . (B.5)

C Spin-weighted spherical harmonics: integration and examples

In this appendix, we give some useful formulas about spin-weighted spherical harmonics and
their integration. We will use (θ, φ) or x̂ to denote a given direction on the 2D sphere and
d2n̂ or d2Ωx to indicate the infinitesimal solid angle on the sphere. We will also review some
technical computations of this work. The formulas we provide here are crucial to simplify the
expressions for spherical harmonics coefficients when dealing with primordial perturbations
from inflation. We refer the reader to e.g. [177–180] for more details.

Basic relations

We start by giving the orthogonality and completeness conditions for the spin-weighted spher-
ical harmonics sY`m(x̂) as ∫

d2Ωx sY
∗
`m(x̂) sY`′m′(x̂) = δ`,`′ δm,m′ , (C.1)∑

`m

sY
∗
`m(x̂) sY`m(x̂′) = δ(x̂− x̂′) , (C.2)

as well as the following properties regarding the transformation under conjugate and parity

sY
∗
`m(θ, φ) = (−1)s+m−sY`−m(θ, φ) ,

sY`m(π − θ, φ+ π) = (−1)` −sY`m(θ, φ) . (C.3)
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We can decompose a weighted spherical harmonics evaluated at an angle between two vectors
k̂ · q̂ as (see e.g. [177])

sY`m(k̂ · q̂) =
√

4π
2`+ 1 (−1)s

∑
M

sY`M (k̂)−mY ∗`M (q̂)

=
√

4π
2`+ 1 (−1)s

∑
M

sY`M (q̂)−mY ∗`M (k̂) , (C.4)

which is a variant of the so-called generalized addition relation.
Another important result is the so-called plane-waves decomposition in terms of spin-0

spherical harmonics

ei~q·~x =
∑
`

√
4π(2`+ 1) i` j`(qx)Y`0(x̂ · q̂) (C.5)

=
∑
`

4π i` j`(qx)
∑
M

Y`M (q̂)Y ∗`M (x̂) . (C.6)

As a last useful equation, we give the Clebsch-Gordan relation

2∏
i=1

siY`imi(x̂) =
∑

`3m3s3

s3Y
∗
`3m3(x̂)

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

×
(
`1 `2 `3
−s1 −s2 −s3

)(
`1 `2 `3
m1 m2 m3

)
, (C.7)

which can be used to compose the angular momenta of two separate spherical harmonics
evaluated at the same angle. Together with (C.5), we can employ this result to isolate the
radial and angular dependencies of a given expression (see e.g. [126] for more on this aspect).

In eq. (C.7) we have introduced the Wigner 3-j symbols, that are related to the well-
known Clebsch-Gordan coefficients

C`2m3
`1m1`2m2

= 〈`1m1`2m2|`3m3〉 (C.8)

through (see e.g. [180]) (
`1 `2 `3
m1 m2 −m3

)
= (−1)`1−`2+m3

√
2`3 + 1

C`2m3
`1m1`2m2

. (C.9)

Therefore, the 3-j symbols of the form (C.9) vanish unless the selection rules are satisfied as
follows

|m1| ≤ `1 , |m2| ≤ `2 , |m3| ≤ `3 , m1 +m2 = m3 , (C.10)
|`1 − `2| ≤ `3 ≤ `1 + `2 (the triangle condition) , `1 + `2 + `3 ∈ Z . (C.11)

Some useful properties of the Wigner 3-j symbols are the transformation rules(
`1 `2 `3
m1 m2 m3

)
= (−1)

∑
i
`i

(
`1 `2 `3
−m1 −m2 −m3

)

= (−1)
∑

i
`i

(
`2 `1 `3
m2 m1 m3

)
(C.12)
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under themi-sign inversion and odd permutations of columns. On the contrary, these symbols
are left invariant by even permutations of columns.

Another useful property of the Wigner 3-j symbols is the orthogonality condition

∑
m1,m2

(
`1 `2 `3
m1 m2 m3

)(
`1 `2 `′3
m1 m2 m

′
3

)
= (2`3 + 1)−1 δ`3,`′3 δm3,m′3

. (C.13)

More properties of the Wigner 3-j symbols can be found in [180].

Integration

We define the quantity s1s2s3G
m1m2m3
`1`2`3

, which is known as “generalized” Gaunt integral and it
represents the angular integral of the product of three (weighted) spherical harmonics. This
can be written in terms of Wigner 3-j symbols as (see e.g. [178, 179])

s1s2s3G
m1m2m3
`1`2`3

=
∫
d2Ωx s1Y`1m1(x̂) s2Y`2m2(x̂) s3Y`3m3(x̂)

=

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

(
`1 `2 `3
−s1 −s2 −s3

)(
`1 `2 `3
m1 m2 m3

)
. (C.14)

Examples

Here we derive some results of the main text. We will take only the GW I-mode and the
generic CMB X-mode. When including all the other polarization modes in the picture,
the results follow trivially from those derived here apart for minimal substitutions of CMB
transfer functions and sign switches.

Spherical harmonics coefficients of monopolar 〈γγζ〉. By taking

F λ,ttsNL (k,q) =
√

4π Y00(k̂ · q̂) fλ,ttsNL (k, q) = fλ,ttsNL (k, q) (C.15)

and inserting eq. (3.25) into (3.29), we get

δGW,I, tts
`m = 1

At(k)

∫
d3q

(2π)3

∫
d2n̂ Y ∗`m(n̂) eidq·n̂

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
ζq .

(C.16)

By expanding the plane-wave using (C.5) and performing the n̂-angular integration with (C.1)
we get the result

δGW,I, tts
`m = 4π

At(k) i
`
∫

d3q

(2π)3 Y
∗
`m(q̂) j`(qd)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
ζq .

(C.17)

In an analogous way we get also the spherical harmonics coefficients of the induced contri-
butions, eq. (3.43).
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Spherical harmonics coefficients of quadrupolar 〈γγζ〉. By taking

F λ,ttsNL (k,q) =
√

4π
5 Y20(k̂ · q̂) fλ,ttsNL (k, q) (C.18)

and inserting eq. (3.25) into (3.29), we get

δGW,I, tts
`m = 1

At(k)

√
4π
5

∫
d3q

(2π)3

∫
d2n̂ Y ∗`m(n̂)Y20(k̂ · q̂) eidq·n̂×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
ζq . (C.19)

We can expand the plane-wave using (C.5) and decompose the argument dependence of
Y20(k̂ · q̂) using (C.4). We get

δGW,I, tts
`m = 1

At(k)
16π2

5
∑

J,M,m′

iL
[∫

d2nY`m(n̂)YJM (n̂)Y2m′(n̂)
]∗
×

×
∫

d3q

(2π)3 YJM (q̂)Y2m′(q̂) jJ(qd)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
ζq ,

(C.20)

where we have used Y ∗2m′(k̂) = Y ∗2m′(−n̂) = Y ∗2m′(n̂). From here, we can perform the n̂-angular
integration by exploiting the Gaunt integral in eq. (C.14). We get

δGW,I, tts
`m = 1

At(k)
16π2

5

√
5

4π
∑

J,M,m′

iJ
√

(2J + 1)(2`+ 1)
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×

×
∫

d3q

(2π)3 YJM (q̂)Y2m′(q̂) jJ(qd)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
ζq .

(C.21)

Spherical harmonics coefficients of quadrupolar 〈γγγ〉. By taking

F λλ
′,ttt

NL (k,q) = −2
3

√
6π
5 ±2Y20(k̂ · q̂) fλλ

′,ttt
NL (k, q) = −ελ′ij (q) kikj fλλ

′,ttt
NL (k, q) (C.22)

and inserting eq. (3.25) into (3.29), we get

δGW,I, ttt
`m =− 1

At(k)
2
3

√
6π
5

∫
d3q

(2π)3

∫
d2n̂ Y ∗`m(n̂) eidq·n̂×

×
{
−2Y20(k̂ · q̂)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
γRq +

++2Y20(k̂ · q̂)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]
γLq

}
. (C.23)

By using the fact that ±2Y20(k̂ · q̂) = ±2Y
∗

20(n̂ · q̂) and expanding the plane-wave using (C.5),
we get

δGW,I, ttt
`m =−

∑
J

iJ

At(k)
2
3

√
6π
5

√
4π(2J + 1)

∫
d3q

(2π)3

∫
d2n̂ Y ∗`m(n̂) jJ(qd)×

×
{
−2Y

∗
20(n̂ · q̂)YJ0(n̂ · q̂)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
γRq +

++2Y
∗

20(n̂ · q̂)YJ0(n̂ · q̂)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]
γLq

}
. (C.24)
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Now, we can use (C.7) to compose the angular momentum of ±2Y
∗

20(n̂ · q̂) with that of YL0(n̂ ·
q̂) coming from the plane-wave expansion. After making this composition and performing
appropriate changes of summation-variable in each new J-summation, we can express the
final result as a weighted sum of spherical Bessel functions with momenta between |J − 2|
and J + 2. This can be re-expressed in terms of a single jJ(qd) using the following recursion
relation of spherical Bessel functions

jJ(x)
x

= 1
2`+ 1 [jJ−1(x) + jJ+1(x)] . (C.25)

After some straightforward work, we find that the following composition holds∑
J

iJ
√

4π(2J + 1)±2Y
∗

20(n̂ · q̂)YJ0(n̂ · q̂)

= −
∑
J

iJ
√

4π(2J + 1)
√

15(J + 2)!
32π(J − 2)!

jJ(qd)
(qd)2 ±2Y

∗
J0(n̂ · q̂)

= −
∑
J,M

iJ 4π
√

3(J + 2)!
8(J − 2)!

√
5

4π
jJ(qd)
(qd)2 ±2Y

∗
JM (q̂)YJM (n̂) , (C.26)

where in the last step we used eq. (C.4) to decompose ±2Y
∗
L0(n̂ · q̂). By substituting this result

in eq. (C.24) and performing the remaining (now trivial) n̂-integration, we get the final result

δGW,I,ttt
`m = 2π

At(k) i
`

√
(`+ 2)!
(`− 2)!

∫
d3q

(2π)3
j`(qd)
(qd)2 ×

×
{
−2Y

∗
`m(q̂)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
γRq +

++2Y
∗
`m(q̂)

[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]
γLq

}
. (C.27)

GW-GW from monopolar 〈γγζ〉. Auto-correlating two quantities (C.17),22 we get

CII` = 1
2`+ 1

∑
m

〈δGW, I
`m δGW, I∗

`m 〉

= 1
2`+ 1

∑
m

[ 4π
At(k)

]2 ∫ d3q

(2π)3

∫
d3p

(2π)3 Y
∗
`m(q̂)Y`m(p̂) j`(qd) j`(pd) 〈ζ(~q) ζ∗(~p)〉×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

] [
ARt (k) fR,ttsNL (k, p) +ALt (k) fL,ttsNL (k, p)

]
.

(C.28)

Here we can exploit the definition of scalar power spectrum to integrate out one of the two
momenta using the Dirac-delta, and get

CII` = 1
2`+ 1

∑
m

[ 4π
At(k)

]2 ∫
dq q2

∫
d2q̂

(2π)3 Y
∗
`m(q̂)Y`m(q̂) [j`(qd)]2 Ps(q)×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.29)

22Here and in the following we will consider only the diagonal `1 = `2 = ` correlations. In fact, it is widely
known that invariance under rotations implies that only diagonal correlations are non-zero.
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We can now easily integrate the remnant q̂-angular dependence getting the final result

CII` = 2
π

1
A2
t (k)

∫
dq q2 [j`(qd)]2 Ps(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.30)

By employing (2.13) we can switch to dimensionless amplitudes

CII` = 4π
A2
t (k)

∫
dq

q
[j`(qd)]2 As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.31)

GW-GW from quadrupolar 〈γγζ〉. Auto-correlating two quantities (C.21) we get

CII` = 1
2`+ 1

∑
m

〈δGW, I
`m δGW, I∗

`m 〉

= 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 5
4π

∑
J,M,m′

∑
J ′,M ′,m′′

iJ−J
′ (2`+ 1)

√
(2J + 1)(2J ′ + 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
(
` J ′ 2
0 0 0

)(
` J ′ 2
m M ′ m′′

)

×
∫

d3q

(2π)3

∫
d3p

(2π)3 YJM (q̂)Y2m′(q̂) jJ(qd)Y ∗J ′M ′(p̂)Y ∗2m′′(p̂) jJ ′(pd)×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

][
ARt (k)fR,ttsNL (k, p) +ALt (k)fL,ttsNL (k, p)

]
〈ζq ζ

∗
p〉 .

(C.32)

By exploiting the definition of scalar power spectrum we can integrate out one of the two
momenta using the Dirac-delta, and get

CII` = 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 5
4π

∑
J,M,m′

∑
J ′,M ′,m′′

iJ−J
′ (2`+ 1)

√
(2J + 1)(2J ′ + 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
(
` J ′ 2
0 0 0

)(
` J ′ 2
m M ′ m′′

)
×

×
∫

d3q

(2π)3 YJM (q̂)Y2m′(q̂)Y ∗J ′M ′(q̂)Y ∗2m′′(q̂) jJ(qd) jJ ′(qd)×

× Ps(q)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.33)

By exploiting eq. (C.7) we can rewrite the following product

Y ∗J ′M ′(q̂)Y ∗2m′′(q̂) =
∑

J ′′,M ′′

YJ ′′M ′′(q̂)
√

5
4π

√
(2J ′ + 1)(2J ′′ + 1)×

(
J ′ 2 J ′′
0 0 0

)(
J ′ 2 J ′′

M ′ m′′ M ′′

)
(C.34)
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Inserting this last equation in (C.33), we get

CII` = 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 ( 5
4π

)3/2
×

×
∑

J,M,m′

∑
J ′,M ′,m′′

∑
J ′′,M ′′

iJ−J
′ (2`+ 1) (2J ′ + 1)

√
(2J + 1)(2J ′′ + 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
(
` J ′ 2
0 0 0

)(
` J ′ 2
m M ′ m′′

)
×
(
J ′ 2 J ′′
0 0 0

)(
J ′ 2 J ′′

M ′ m′′ M ′′

)
×

×
∫
dq q2

∫
d2q̂

(2π)3 YJM (q̂)Y2m′(q̂)YJ ′′M ′′(q̂) jJ(qd) jJ ′(qd)×

× Ps(q)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.35)

We can perform the remnant q̂-integration by exploiting again eq. (C.14). We get

CII` = 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 ( 5
4π

)2
×

×
∑

J,M,m′

∑
J ′,M ′,m′′

∑
J ′′,M ′′

iJ−J
′ (2`+ 1) (2J ′ + 1) (2J + 1) (2J ′′ + 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
(
` J ′ 2
0 0 0

)(
` J ′ 2
m M ′ m′′

)
×
(
J ′ 2 J ′′
0 0 0

)(
J 2 J ′′
0 0 0

)
×

×
∑

m′′,M ′′

(
J ′ 2 J ′′

M ′ m′′ M ′′

)(
J 2 J ′′

M m′ M ′′

)
×
∫

dq q2

(2π)3 jJ(qd) jJ ′(qd)Ps(q)×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.36)

Now, using the properties (C.12), we can re-order the Wigner 3-j symbols as

CII` = 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 ( 5
4π

)2
×

×
∑
J

∑
J ′

∑
J ′′,M ′′

iJ−J
′ (2`+ 1) (2J ′ + 1) (2J + 1) (2J ′′ + 1)×

×
(
` J 2
0 0 0

) (
` J ′ 2
0 0 0

) (
J ′ 2 J ′′
0 0 0

) (
J 2 J ′′
0 0 0

) ∑
M,m′

(
J 2 `
M m′ m

) (
J 2 J ′′

M m′ M ′′

)×
×

 ∑
m′′,M ′

(
2 J ′ `
m′′ M ′ m

)(
2 J ′ J ′′

m′′ M ′ M ′′

)× ∫
dq q2

(2π)3 jJ(qd) jJ ′(qd)Ps(q)×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.37)
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We can perform the summations inside square-parenthesis using eq. (C.13). We obtain

CII` = 1
2`+ 1

∑
m

[ 1
At(k)

]2
(

16π2

5

)2 ( 5
4π

)2
×

×
∑
J

∑
J ′

iJ−J
′ (2J ′ + 1) (2J + 1) ×

(
` J 2
0 0 0

) (
` J ′ 2
0 0 0

) (
J ′ 2 `
0 0 0

) (
J 2 `
0 0 0

)
×

×
∫

dq q2

(2π)3 jJ(qd) jJ ′(qd)Ps(q)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.38)

Simplifying and re-ordering various objects we get the final result

CII` = 2
π

1
A2
t (k)

∑
J,J ′

iJ−J
′ (2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫
dq q2 jJ(qd) jJ ′(qd)Ps(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.39)

Switching to dimensionless amplitudes we get

CII` = 4π
A2
t (k)

∑
J,J ′

iJ−J
′ (2J + 1) (2J ′ + 1)

[(
` J 2
0 0 0

)]2 [(
` J ′ 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) jJ ′(qd)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]2
. (C.40)

GW-GW from quadrupolar 〈γγγ〉. Auto-correlating two quantities (C.27) and taking
only the parts related to non-mixed tensor power spectra,23 we get

CII` = 1
2`+ 1

∑
m

〈δGW, I
`m δGW, I∗

`m 〉 (C.41)

= 1
2`+ 1

∑
m

[ 2π
At(k)

]2 (`+ 2)!
(`− 2)!

∫
d3q

(2π)3

∫
d3p

(2π)3
j`(qd)
(qd)2

j`(pd)
(pd)2 ×

×
{
−2Y

∗
`m(q̂)−2Y`m(p̂)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]
×

×
[
ARt (k) fRR,tttNL (k, p) +ALt (k) fLR,tttNL (k, p)

]
〈γRq γR∗p 〉+

+ +2Y
∗
`m(q̂) +2Y`m(p̂)

[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]
×

×
[
ALt (k) fLL,tttNL (k, p) +ARt (k) fRL,tttNL (k, p)

]
〈γLq γL∗p 〉

}
. (C.42)

By exploiting the definition of tensor power spectra we can integrate out one of the two
momenta using the Dirac-delta, and get

CII` = 1
2`+ 1

∑
m

[ 2π
At(k)

]2 (`+ 2)!
(`− 2)!

∫
dq q2

∫
d2q̂

(2π)3

[
j`(qd)
(qd)2

]2
×

×
{
−2Y

∗
`m(q̂)−2Y`m(q̂)PRt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]2
+

+ +2Y
∗
`m(q̂) +2Y`m(q̂)PLt (q)

[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]2 }
. (C.43)

23The mixed tensor power spectra are vanishing under the assumption of rotational symmetry.
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We can now easily integrate the remnant q̂-angular dependence getting the final result

CII` = 1
2π

1
A2
t (k)

(`+2)!
(`−2)!

∫
dq q2

[
j`(qd)
(qd)2

]2 {
PRt (q)

[
ARt (k)fRR,tttNL (k, q) +ALt (k)fLR,tttNL (k, q)

]2
+

+ PLt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]2 }
. (C.44)

Switching to dimensionless amplitudes we get

CII` = π

A2
t (k)

(`+ 2)!
(`− 2)!

∫
dq

q

[
j`(qd)
(qd)2

]2 {
ARt (q)

[
ARt (k) fRR,tttNL (k, q) +ALt (k) fLR,tttNL (k, q)

]2
+

+ALt (q)
[
ALt (k) fLL,tttNL (k, q) +ARt (k) fRL,tttNL (k, q)

]2 }
. (C.45)

GW-CMB from monopolar 〈γγζ〉. The logical steps are similar to the GW-GW from
monopolar 〈γγζ〉 case, therefore we skip the derivation. We just point out that when GW
anisotropies from a squeezed 〈γγζ〉 are cross-correlated with CMB B modes, then the re-
sultant cross-correlation is vanishing as scalar perturbations do not source B modes at lin-
ear level.

GW-CMB from quadrupolar 〈γγζ〉. Cross-correlating one quantity (C.21) with one
quantity (3.7), we get

CIX` = 1
2`+ 1

∑
m

〈δGW, I
`m aX∗

`m〉

= 1
2`+ 1

∑
m

[ 4π
At(k)

](16π2

5

)√
5

4π
∑

J,M,m′

iJ−`
√

(2J + 1)(2`+ 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
∫

d3q

(2π)3

∫
d3p

(2π)3 YJM (q̂)Y2m′(q̂)Y`m(p̂) jJ(qd) T X`(s)(p)×

×
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
〈ζq ζ

∗
p〉 . (C.46)

We can exploit the definition of scalar power spectrum to integrate out one of the two
momenta using the Dirac-delta. We get

CIX` = 1
2`+ 1

∑
m

[ 4π
At(k)

](16π2

5

)√
5

4π
∑

J,M,m′

iJ−`
√

(2J + 1)(2`+ 1)×

×
(
` J 2
0 0 0

)(
` J 2
m M m′

)
×
∫
dq q2

∫
d2q̂

(2π)3 YJM (q̂)Y2m′(q̂)Y`m(q̂) jJ(qd) T X`(s)(q)×

× Ps(q)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
. (C.47)

We can perform the q̂-integration by exploiting eq. (C.14). We get

CIX` = 1
2`+ 1

∑
m

[ 4π
At(k)

](16π2

5

)
5

4π
∑
J

iJ−` (2J + 1)(2`+ 1)×

×
[(
` J 2
0 0 0

)]2 ∑
M,m′

[(
` J 2
m M m′

)]2

×
∫

dq q2

(2π)3 jJ(qd) T X`(s)(q)×

× Ps(q)
[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
. (C.48)
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By performing the M,m′-summation using (C.13) and making some simplifications, we get
the final result

CIX` = 2
π

1
At(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫
dq q2 jJ(qd) T X`(s)(q)Ps(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
. (C.49)

Switching to dimensionless amplitudes we get

CIX` = 4π
At(k)

∑
J

iJ−` (2J + 1)
[(
` J 2
0 0 0

)]2

×

×
∫

dq

q
jJ(qd) T X`(s)(q)As(q)

[
ARt (k) fR,ttsNL (k, q) +ALt (k) fL,ttsNL (k, q)

]
. (C.50)

Again, when X = B the resultant cross-correlation is vanishing as scalar perturbations do
not source B modes at linear level.

GW-CMB from quadrupolar 〈γγγ〉. The logical steps are similar to the GW-GW from
monopolar 〈γγγ〉 case, therefore we omit the derivation.
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