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Abstract

The techniques of ion trapping have been indispensable for the study of single particles

and have greatly increased our understanding of the physical world. With a high degree

of control over single quantum systems made possible by recent technical developments,

trapped ion researchers are now looking to observe increasingly complex quantum dynam-

ics. There is nothing fundamentally limiting the size such systems can scale to, if the

remaining engineering challenges can be overcome, and there is consequently enormous

potential for our understanding of physical processes on the boundary between simple

quantum and large scale classical effects. The transition between quantum and classical

dynamics is characterised by decoherence, which reduces the purity of quantum states

as they couple to the environment. Investigation into the mechanisms of decoherence re-

quires the development of novel tools for its classification, which motivates the experiments

presented in this work. These show that multi-level coherence in the motional state of a

trapped ion can be verified from interference patterns which extend the Ramsey technique.

The metric uses simple operations and is shown not to be able to produce false positives,

making it of interest in the study of coherence in noisy intermediate scale systems. The

motional state of a trapped ion cannot be directly measured, and the scheme shows it is

possible to extract information about a quantum system coupled to the measurement ba-

sis. Coherence between quantum states can enhance information processing and sensing,

which is driving the development of techniques for preserving coherence in the presence of

noise. This motivates the project begun in this thesis, which is to design and implement

control fields for robust ion trap quantum logic. The rapid progress in the scale of ion

trap devices expected in the coming years means new leaps in our understanding of the

physical world could happen at any moment.
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Chapter 1

Introduction

The structure of the physical world and the fundamental laws which describe it are re-

vealed through experimental physics. To confine the foundational particles of nature in

space was therefore a long-held dream, as exemplified by Georg Lichtenburg in the 18th

century who thought it “a sad situation in all our chemistry that we are unable to suspend

the constituents of matter free” [1]. Progress in technology and technique have steadily

increased the precision with which matter can be investigated, and advances in the control

of electromagnetic fields at the beginning of the 20th century made it increasingly possible

to manipulate charged particles. This enabled the filtering and focussing of ion beams,

to reduce the variation in their composition and to increase the strength of interactions.

Progress in the early part of the century was sporadic until spurred by industrial inter-

est in the 1950s, when a wide range of analytical problems in chemistry and engineering

prompted the rapid development of mass spectrometers [2].

In 1910 J.J. Thomson showed that positively charged beams were deflected by strong

electric fields [3], and would follow a parabolic path dependent on their charge-to-mass

ratio. These methods were developed by Aston to focus the beam based on its velocity

[4], leading to the discovery of stable atomic isotopes. A charged particle in a uniform

magnetic field will undergo cyclotron motion around the field lines. Applications of this

phenomenon in electron discharge tubes were investigated by Frans Penning in the 1930s,

where electrons with a velocity component parallel to the magnetic field would “describe

a cycloidal path of considerable length” [5]. The magnetic field enhances radial confine-

ment of charged particles within the tube, extending their effective interaction time. A
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formalism for restricting the axial degree of freedom with a harmonic electric potential

was described by J.R. Pierce [6], who first used the term ‘trap’ to describe these emerging

techniques. In 1959 Hans Dehmelt at the University of Washington applied this electric

field in conjunction with a strong magnetic field to create the Penning trap. Meanwhile at

Bonn, Wolfgang Paul had identified the use of electrodynamic quadrupole fields in mass

filtering, eliminating the need for magnetic fields [7]. Parameters of the field could be

tuned to filter particles by their charge-to-mass ratios with greatly increased resolution

over existing techniques. Applying the dynamic field to the ideal hyperbolic electrodes

of Pierce enabled three-dimensional confinement of charged particles by Paul’s group [8],

and this method had been adopted by Dehmelt in 1962 for its simplicity [9]. However

developments in techniques for the preparation and measurement of atomic states were

still required to fully open up the study of trapped particles.

David Wineland had worked with Dehmelt in Washington before moving to NIST in 1975,

where his group oversaw a dramatic expansion in the experimental control of trapped ions.

This was by driven by the development of the laser, particularly tunable dye lasers in the

1970s, which enabled prolonged confinement and observation of single particles [10], and

the first observation of individual quantum systems. With this it was possible to show that

Schrödinger’s “ridiculous consequences”, such as quantum jumps [11] and macroscopic

superpositions [12], did in fact occur in nature [13]. More generally Wineland showed

that there was no fundamental limit to the creation of increasingly complex quantum

systems, and that the challenge lay ‘only’ in technical improvements. Ion traps were

able to revolutionise the understanding of quantum mechanics as particles can be highly

localised, with exceptional stability and strong isolation from the environment. Laser

cooling techniques made it possible to reduce the three-dimensional motion of particles to

the quantum ground state, shown in Paul traps by 1995 [14, 15], and in the axial [16] and

radial [17] motion of a Penning trap by this group in the last few years. At this level it

becomes possible to manipulate the quantum motion through interactions with the atom,

enabling the creation of more complex quantum dynamics.

In his 1981 talk on “Simulating physics with computers”, Richard Feynman stressed that it

would only be possible to simulate complex quantum systems using quantum computation.

This is because the correlations between simple quantum mechanical systems have too

18



many variables to be efficiently simulated with a classical machine. With greater control

over single trapped ions in the 1990s, interest shifted to looking at increasingly complex

dynamics between ions to observe larger scale effects. More ions enable the simulation

of more complex dynamics, as quantum information can be stored in the atomic states,

which are coupled via shared motional modes. In 2019 IonQ revealed an 11 qubit quantum

computer using fully connected trapped ion qubits, in a fully programmable machine [18].

Even more recently Rainer Blatt’s group at the University of Innsbruck have built a 24

qubit device in a compact and robust system [19]. Rapid progress in the development of

ion trapping techniques is underway as a result of sudden financial investment in quantum

computing, due to applications in the pharmaceutical and financial industries. This will

fund the development of devices that can help experimental physicists understand the

quantum world with greater clarity, because, as Feynman closed his lecture, “Nature isn’t

classical, dammit, and if you want to make a simulation of Nature, you’d better make it

quantum mechanical” [20].

1.1 Quantum Information Processing

A motivating force in the development of quantum information processing and computing

was provided by the desire to elucidate the mysteries of quantum mechanics. Although

computation more generally is a historic concept, modern computer science began with

Alan Turing in 1936. Turing introduced the concept of a programmable computer, and

showed that a Universal Turing Machine could in principle simulate any algorithm. The

von Neumann architecture and development of the transistor in 1947 have resulted in

a steady growth in computational power ever since, which will ultimately be limited by

quantum effects [21]. However there are algorithms which cannot be run efficientlyi on

a classical computer. Operating in different computing paradigms could therefore en-

able certain tasks to be performed faster, given sufficient resources. In 1977 Solovay and

Strassen showed that computers with access to a random number generator could effi-

ciently perform certain tasks that were inefficient on a classical computer, hinting at the

possibility of finding more fundamental computing machines [22].

This generated great interest in a definition of computing based on physical laws, leading

naturally to investigations into quantum mechanical models. In 1985 David Deutsch de-

iAs defined in computational complexity, runs in polynomial time with the size of the problem.
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fined a Universal Quantum Computer [23], in an attempt to describe a device that could

efficiently simulate any physical system. While a quantum computer could not be sim-

ulated on a classical device, there were only contrived examples to show that this new

paradigm could actually solve problems that were classically infeasible until Peter Shor’s

work in the mid-1990s [24]. By efficiently performing Fourier transforms on a quantum

device, Shor presented algorithms for solving discrete logarithms and factorising integers,

the classical inefficiency of which underpins much of our current encryption protocol. The

inherently counter-intuitive nature of quantum mechanics makes it difficult to design algo-

rithms that are naturally suited to quantum devices but classically hard, and consequently

there is much to be learned about the potential of quantum computers, and the quantum

mechanical world itself [22]. Another interesting point made by Nielsen and Chuang in

their seminal book is that while quantum computing has taught us to “think physically

about computation, we can also learn to think computationally about physics”. This could

revolutionise our understanding of what happens when simple physical systems scale, re-

vealing novel properties that arise in the complex dynamics of the natural world, and

enabling more universal physical theories.

Bits are the fundamental unit of information in both classical and quantum computation,

however quantum bits (qubits) unlike their classical counterparts can be prepared in linear

combinations, or superpositions, of the two basis states. Any classical program can be

implemented by a combination of bit flips, the not gate, and a single two-bit gate, such

as the and or xor. Similarly, Deutsch showed that universal quantum computation was

possible with the ability to manipulate the state of single qubits, and perform one type of

two-qubit entangling gate [25]. As bits are physically implemented in real systems, they

are subject to errors. In classical computation errors can be mitigated by redundancy,

simply keeping many copies of the state of each bit, however a fundamental feature of

quantum systems is that they cannot be copied, as shown by the no-cloning theorem [26].

In 1995 Peter Shor presented quantum error correcting codes which encode the state of one

logical qubit in many physical qubits, and can therefore tolerate a certain amount of noise

[27]. The ability to extract reliable results from noisy machines removed the last barrier

to realising quantum algorithms in real quantum systems, where delicate superpositions

decay over time, and as systems scale.
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The criteria for building a Universal Quantum Computer were formalised in 2000 by David

DiVincenzo [28], with one requirement being a universal set of gates. The highest single

and entangling gate fidelities are shown in trapped ions. There are also blueprints for

building scalable trapped ion architectures [29, 30], another criterion, and gates are be-

coming faster [31, 32]. While it is not possible to say which hardware platform will emerge

as the transistor of qubits, trapped ions remain a leading platform, and the technology

is entering the noisy intermediate scale quantum (NISQ) regime. Although fault tolerant

quantum computation (FTQC) is a long way from reality, partly a result of the overheads

incurred in error correction, it will have a transformative impact on society according to

John Preskill [33]. However despite the fact that such machines do not yet exist, current

noisy devices are beginning to solve useful problems describing physical processes. The

theory of quantum electrodynamics describes the interaction between atoms and light, but

it is not possible to solve the equations describing even very simple systems with classical

computers. Trapped ion simulators in the NISQ era can observe quantum dynamics that

cannot be classically simulated, such as long range interactions in the Ising model [34, 35].

They have also been able to estimate the ground state energy of water molecules [36],

with the possibility of simulating fundamental particles. It is expected that a quantum

computer of 50-100 qubits could offer significant insight into many body problems, as an

impractical number of classical bits would be required to describe all of the entangling

correlations between qubits. It is an exciting time for experimental quantum physics, and

unanticipated breakthroughs could happen at any moment.

1.1.1 Robust Two–qubit Gates

A qubit realised in the electronic state of a single trapped ion can have a very long

coherence time relative to the duration of individual gates, as shown by their history as

atomic frequency standards. Cirac and Zoller identified a way to implement a two-qubit

gate with trapped ions in 1995 [37], removing a fundamental barrier to a trapped ion

quantum computer. This was followed in 1999 by the Mølmer–Sørensen (MS) gate [38],

which can entangle multiple ions using a global field, and variations of this technique now

dominate. Experiments over the next decade steadily increased the quality of gates, and

number of ions entangled [39–43]. In 2016 two-qubit gates with fidelities around 99.9%

were shown [44, 45], which approach a fault tolerant threshold, although this is hard to
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quantify. However these are only proof-of-principle experiments, implemented in large

traps, and fidelities quickly drop below this threshold in devices with more ions. One

reason for the increasing errors is that the MS gate uses linear dynamics, which require

weak coupling between qubits. Entanglement between ions is mediated via their shared

motion, and the mode density increases with the number of ions, exhibiting increasingly

non-linear behaviour which is not typically accounted for. This presents a fundamental

limit to fidelities of gates in larger trapped ion systems, motivating the project begun in

this thesis: to investigate robust ion trap logic with strong coupling. The recent techniques

outlined by theory collaborators [46] show that the limits of having to use weak coupling

can be overcome with more complex control fields. The increasing simplicity of generating

arbitrary fields means it is possible to control more complex dynamics, which suppress

fundamental and realistic sources of noise, to drive further progress in the capacity of

NISQ devices.

The state of a qubit |ψ〉 is described by the complex amplitudes α and β of two distinct

basis states,

|↓〉 =

1

0

 , and |↑〉 =

0

1

 , |ψ〉 = α |↓〉+ β |↑〉 . (1.1.1)

Being a probability, the amplitudes are normalised by |α|2 + |β|2 = 1, and the qubit

state can therefore be described by a unit vector in a two-dimensional Hilbert space.

Measurement of a quantum system collapses the superposition into one of the states, with

the probability given by the square modulus of the amplitude. The interference between

state probability amplitudes as the system evolves unmeasured distinguishes quantum

information processing from its classical equivalent, and it is this “hidden information”

from which quantum computing derives its power [22]. A state |ψ〉 evolves under single

qubit operations, and any manipulation, or rotation of the state vector, can be expressed

by the Pauli matrices,

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 . (1.1.2)

A composite system, such as two coupled qubits, can be described by a product state,
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expressed as a sum of tensor products

|Ψ〉 = [α1 |↓〉1 + β1 |↑〉1]⊗ [α2 |↓〉2 + β2 |↑〉2] (1.1.3)

= γ1 |↓↓〉+ γ2 |↓↑〉+ γ3 |↑↓〉+ γ4 |↑↑〉 , (1.1.4)

where |↓〉1⊗|↓〉2 is written |↓↓〉. This more clearly shows the inherent problems of classical

simulation, as the dimension of the vector space scales as 2N of the number of qubits N .

Storing the state of only 100 qubits would therefore require 2100 ≈ 1× 1030 variables. The

prototypical two-qubit entangled gate is the controlled-not (cnot) gate, described by the

operation

UCN = |↓〉 〈↓| ⊗ I + |↑〉 〈↑| ⊗ σx =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


. (1.1.5)

The σx term flips the state of the target qubit if the control is up, and the identity matrix

leaves the target unaffected when the control is down. This is a unitary operation as

U †CNUCN = I, and quantum computing, like quantum mechanics, but unlike classical

computation, is therefore reversibleii. The MS gate engineers a spin dependent flip in the

state of the target atomic qubit, and can maximally entangle atoms prepared in the basis

states:

|↓↓〉 → [|↓↓〉+ i |↑↑〉] /
√

2, (1.1.6)

|↓↑〉 → [|↓↑〉 − i |↑↓〉] /
√

2, (1.1.7)

|↑↓〉 → [|↑↓〉 − i |↓↑〉] /
√

2, (1.1.8)

|↑↑〉 → [|↑↑〉+ i |↓↓〉] /
√

2. (1.1.9)

Combined with single qubit rotations the MS gate is equivalent to the cnot gate.

A quantum circuit is built up from a series of single and two qubit gates acting on an

initial register of qubits. Decoherence of superposition states is caused by any noise in these

iiIn reversible computing information is not lost. As information is ulimately physical, the lost bit in a
classical and gate is converted into heat, placing a fundamental limit on the energy efficiency of irreversible
machines [47, 48].
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processes, or “measurement” by the environment, and is a leading factor in limiting circuit

depth, the number of operations that can be run consecutively. The performance of single

and multi-qubit gates is determined by randomised benchmarking [49, 50], which gives

an average error rate over many operations. However decoherence processes, especially in

higher order superpositions, are not extensively studied. This motivates the development

of techniques to certify coherence between the motional states of a single ion using simple

interference patterns, which are presented as results in this thesis.
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1.2 Thesis Outline

This thesis presents developments in the Imperial ion trapping group between the last

experiment in the Penning trap and the first in a new Paul trap, detailed in the publications

• P. Hrmo, M.K. Joshi, V. Jarlaud, O. Corfield, and R.C. Thompson, “Sideband

cooling of the radial modes of motion of a single ion in a Penning trap”, Phys. Rev.

A 100, 043414 (2019).

• O. Corfield∗, J. Lishman∗, C. Lee, J. Mosca Toba, G. Porter, J.M. Heinrich, S.C.

Webster, F. Mintert, and R.C. Thompson, “Certifying multilevel coherence in the

motional state of a trapped ion”, PRX Quantum 2, 040359 (2021).

The new project is funded by a grant to investigate “optimal control for robust ion trap

quantum logic”, and to develop novel methods of entanglement control. In chapter 2

the mechanisms for ion trapping introduced by Dehmelt and Paul are outlined, and the

Imperial traps are described. This includes development of the new experiment, which is

designed to investigate the strong coupling regime between ions. The trap requires low

inherent noise, so it can be controllably introduced, and should achieve a high degree of

coherence in the states of simple quantum systems. Developments in the standardisation

of experimental control software and hardware mean it is possible to build state of the art

experiments with increasing ease. The design is informed by the theoretical considerations

presented in chapter 3.

It is a long way from the trapping of single ions to running experiments. In chapter 4 the

implementation of ground state cooling is shown, after detailing the wider experimental

control systems that have been developed with the project. This result, shown over 30

years ago, is a long way from probing novel physics. The undefined nature of quantum

resources like entanglement and superposition mean they require metrics for quantifying

the coherence in quantum states. The first demonstration of a certification procedure

to determine the number of coherently superposed states is presented in chapter 5. The

exacting control over the delicate motional state is a natural place to conclude the initial

building phase of the experiment, and in chapter 6 we look towards future developments.

∗Joint first author
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Chapter 2

Ion Traps

The divergence of an electric field in free space being zero, it is impossible to generate a

three dimensional minimum in a static potential. As a result ion traps typically employ

one of two principal techniques for the confinement of charged particles [51]. The Penning

trap uses a strong magnetic field to restrict radial motion, with a static electric field

providing axial trapping. In the Paul trap a time dependent electric field can confine a

charge in two or three dimensions depending on the electrode configuration. In the linear

Paul trap the oscillating field provides radial confinement, with axial freedom restricted

by a static field. Although the dynamic field heats the motion of ions more than the

static fields of a Penning trap, several features of the magnetic field make the Paul trap,

and more specifically the linear trap, more appealing for quantum simulation [52–54] and

quantum information processing [55, 56]. Motion in the crossed fields of the Penning trap

is fundamentally more difficult to cool, and the Zeeman effect also imposes a large splitting

in the energy levels of the ions which complicates cooling processes further. Additionally

it is difficult, and expensive, to generate a large magnetic field; however this will become

less of a problem in micro-fabricated traps with embedded magnetic field coils close to the

ion [57]. If the inherent complexities of the Penning trap can be overcome it may be more

favourable for scaling to larger numbers of ions in quantum simulation and information

processing due to the fundamental noise driven by the oscillating field of the Paul trap.

The Penning trap is discussed in section 2.1, which provides an overview of the Imperial

trap. Following this section 2.2 describes the Paul trap, including the design and realisation

of a linear trap.
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2.1 The Penning Trap

In the Penning arrangement described by Dehmelt [9], a uniform magnetic field B, with

amplitude B0, is combined with an electric field E, defined by the static potential Φ.

These are given in cylindrical coordinates, where ρ =
√
x2 + y2, by

Φ(ρ, z) = A0(2z2 − ρ2), and B = B0ẑ. (2.1.1)

The electric field produces a harmonic potential well along the magnetic field axis ẑ, with

radial symmetry. Such a field can be generated by applying a potential difference between

electrodes which follow the equipotential surfaces of Φi. The amplitude of the electric

potential is given by

A0 =
αU

ρ2
0 + 2z2

0

=
αU

R2
0

, (2.1.2)

and is proportional to the voltage U applied between axial endcap and ring electrodes as

indicated in fig. 2.1.2. This also defines the dimensional constants z0 and ρ0, which are

combined to give a trap dimension R0 defining the electric potential of eq. (2.1.1). The

potential is further scaled by a geometric constant, defined for hyperbolic electrodes as

α = 1, and reduced from unity for different electrode configurations. This is discussed in

more detail in section 2.1.2.

2.1.1 Motion

The equations of motion describing a single charged particle in the fields defined in

eq. (2.1.1) are derived in refs [51, 58],

ρ̈
z̈

 = ω2
z

 1
2ρ

−z

+ ωc

ρ̇
0

 . (2.1.3)

The axial z motion, which is unaffected by the magnetic field, undergoes harmonic os-

cillation at frequency ωz =
√

4qA0/M . In the absence of an electric field, the cyclotron

frequency ωc = qB0/M describes the frequency of a circular motion defined by the field

magnitude B0 and the charge to mass ratio of the particle q/M . However the electric field

iThe surfaces of equal potential are hyperboloids of revolution, generated by rotating hyperbolic func-
tions ρ2/ρ2

0 − z2/z2
0 = ±1, where ρ0 =

√
2z0, about the z axis.
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in the radial plane Φ(ρ, 0) forms a potential hill, and so the direction of E is always away

from the trap centre. The resultant E×B drift leads to an orbital motion around the trap

axis, in the same direction as the cyclotron motion, termed the magnetron motion. The

potential hill also acts to reduce the centrifugal force experienced by the ion, modifying

the cyclotron frequency.

Motion in the radial plane is a superposition of the magnetron and modified cyclotron

modes of oscillation, resulting in the epicyclic orbit shown in fig. 2.1.1. Solutions to the

equations of motion in eq. (2.1.3) determine particle trajectories, defined in terms of axial,

modified cyclotron, and magnetron amplitudes rz,+,− and initial phases θz,+,−:

x(t) = r− cos(ω−t+ θ−) + r+ cos(ω+t+ θ+),

y(t) = −r− sin(ω−t+ θ−)− r+ sin(ω+t+ θ+), (2.1.4)

z(t) = rz cos(ωzt+ θz).

The two radial frequencies are given by

ω± =
1

2

(
ωc ±

√
ω2
c − 2ω2

z

)
=

1

2
ωc ± ω1. (2.1.5)

The condition for stable solutions to eq. (2.1.5), for real radial frequencies, limits the axial

frequency for a given cyclotron frequency. This defines the maximum voltage that can be

applied to the electrodes before the trap becomes unstable,

ω2
z <

1

2
ω2
c , A0 <

qB2
0

8M
. (2.1.6)

As the true cyclotron frequency is dependent on fundamental properties of the particle,

precise measurement of this value is used for mass spectrometry. However the result of

summing the measured values of the modified cyclotron ω+ and magnetron ω− frequencies,

ωc = ω+ + ω−, is sensitive to any imperfection in the fields. The invariance theorem

defined by ω2
c = ω2

+ + ω2
− + ω2

z [58], does give an accurate measure of the true cyclotron

frequency where higher order quadratic terms in the electric field, or misalignment with

the magnetic field, are present, and greatly increases the accuracy of Penning traps as

mass spectrometers.
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Rotating Frame

In a frame of reference rotating at frequency ωc/2, the radial equations of motion are

decoupled; following eq. (2.1.5), the two modes describe positive and negative circular

motion about the origin at frequency ω1 [59]. In this frame the radial motion is described by

two-dimensional simple harmonic oscillation, induced by an effective potential proportional

to ω2
1 = ω2

c/4 − ω2
z/2. This highlights the contribution of the magnetic field in providing

radial confinement, whilst the axial field is deconfining.

Energy

The sum of the kinetic and potential energy of a particle is constant, and can be written

in terms of the energy in each mode [60] as

E =
1

2
M
[
r2
zω

2
z + 2r2

+ω+ω1 − 2r2
−ω−ω1

]
. (2.1.7)

Energy in the magnetron mode contributes negatively to the total, as its kinetic energy is

less than the negative potential energy in the radial plane, which forces the particle away

from the trap centre, ∇Φ(ρ, 0) = −2A0ρ. Consequently the mode is unstable; if the ion

loses kinetic energy through a dissipative process, it rolls down the potential hill, until lost

from the trap. To reduce the magnetron amplitude energy must be added, equivalent to

pushing the ion up the potential hill. However as the modified cyclotron mode is cooled

by removing energy, the cooling process is greatly complicated.

Axialisation Field

The axialisation technique [61] uses an oscillating quadrupole potential to couple the radial

modes. This is of the form

φa =
Va
2ρ2

0

[
x2 − y2

]
sin(ωct), (2.1.8)

where Va is the amplitude of the rf field applied at the true cyclotron frequency ωc. This

couples the radial modes, leading to a coherent exchange of energy between the modified

cyclotron and magnetron motion, shown in fig. 2.1.1. As the averaged amplitudes of the

modes are equalised, damping the motion of one mode can therefore remove kinetic energy

from both.
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Figure 2.1.1: (Left) epicyclic radial motion in a Penning trap. The radial extent of the motion is bound by
mode amplidudes (|r−− r+| and r−+ r+). (Right) with the addition of the axialisation field of eq. (2.1.8)
the radial modes are coupled causing sinusoidal oscillation between amplidutes r+ and r−. [scale arbitrary
for illustration]
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Figure 2.1.2: Example trajectories of a single ion following eq. (2.1.4). Ions are initially captured in large
orbits and cooled to the trap centre. Ideal hyberbolic electrodes are shown, with trap voltage U applied
between the endcaps (darker) and ring electrode (lighter). [scale arbitrary for illustration]

31



2.1.2 Imperial Penning Trap

The current Penning trap at Imperial College was established in 2011 in collaboration with

the HITRAP facility at GSI, Darmstadt [62], and is shown in fig. 2.1.3. This is known

as the SpecTrap, and was designed to perform fundamental tests of QED using highly

charged ions [63]. By stripping all but one electron from heavy atoms, high resolution

spectroscopy can be performed on the simple hydrogen-like energy level structure. To

this end, the trap consists of stacked cylindrical electrodes which facilitate the capture

of externally generated highly charged ions. The Imperial branch of the collaboration

originally investigated the radial compression of ion plasma clouds using a ‘rotating wall’

technique, as higher cloud densities increase the measurable signal [64]. This is a similar

technique to axialisation, which enhances radial laser cooling in single ions and small clouds

[61]. The rotating wall and axialisation fields are applied to the separate segments of the

ring electrode, shown in fig. 2.1.3, which allows the generation of dipole and quadrupole

fields at the ion.

Inter-ion Coulomb repulsion becomes significant as energy is removed from the motion

in small clouds via laser cooling. This leads to the formation of ion Coulomb crystals

(ICCs), whose configuration depends on trapping and laser cooling parameters [65]. For

small numbers of ions, Doppler cooling enables resolution of optical sidebands on the

narrow linewidth quadrupole transition, and the determination of mode energies [66]ii.

Optical sideband cooling to the zero-point energy was first shown in a Paul trap in 1995

[15], establishing their dominance in quantum information processing with trapped ions.

Sideband cooling to the ground state of the axial motion in a single ion was shown in

the Imperial Penning trap in 2016 [16]iii. These techniques were extended to ground state

cooling of axial modes in two-ion crystals [69], as well as small numbers of ions in planar

crystals [70]. Multi-mode sideband cooling was applied to the radial motion in 2019 [17]iv,

showing that it is possible to cool the motion of a single ion in a Penning trap to the

ground state in all dimensions.

iiDevelopment of the apparatus from [62] detailed in ref [67].
iiiWith further detail of the extended apparatus in ref [68].
ivDetail of extended trapping apparatus not given here can be found in ref [71].
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Figure 2.1.3: The stacked cylindrical electrodes of the Imperial SpecTrap are separated by ceramic rings
and held together with rods. This design allows for good optical access, and is easily fabricated. The trap
dimensions are z0 = 5.65 mm and ρ0 = 10.6 mm, and with compensation electrodes C1,2 the anharmonic
terms expected for non-hyperbolic electrodes can be minimised. The voltage U is applied to endcaps
E1,2 with ring segments connected to ground. Corrective fields applied to axial compensation C1,2 and
radial ring R1−4 electrodes are derived from a potential difference Vz = |VC1 − VC2|; and, as the radial
compensation field is symmetrical, between ring segments, e.g. Vr = |VR3 − VR4|. The split ring electrode
also enables application of rf fields. Holes in the ring segments with �4 mm provide access for laser beams
and imaging of the ion. The capture electrodes were designed to slow externally generated highly charged
ions.
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Figure 2.1.4: Electric potential in the Imperial SpecTrap with U = 1 V applied to endcaps and all other
electrodes grounded. (Left) simulation of the axial potential, Φ(0, z), is shown (points), with the fit (grey)
to the ideal field defined in eq. (2.1.1) giving ᾱ = 0.54. The effective potential (red) is projected from
direct measurement of the trap frequency, which implies α = 0.52. The dashed line shows the extent of
the cylindrical endcap. (Right) simulation of the radial potential (grey), Φ(ρ, 0). Electrodes have radial
symmetry, shown by the fit (red), and therefore produce the field of eq. (2.1.1). [Fits performed in 1 mm3

volume].

Electric Field

The field produced by non-hyperbolic cylindrical electrodes can be estimated from simula-

tion, which is discussed further in section 2.2.2. In fig. 2.1.4 the potential is shown in the

axial and radial directions. This can be compared to measurement of the trap frequency as

a function of voltage, from which the geometric term α can be inferred. Using the effective

trap dimensions ρ0 and z0 defined in fig. 2.1.3, the geometric constant is determined from

simulation ᾱ = 0.54, and direct measurement of the trap frequency α = 0.52. Whilst

the shape of the electrodes causes a reduction in the field amplitude A0 for an applied

voltage, the potential is harmonic around the trap centre, and is therefore well described

by eq. (2.1.1).

Magnetic Field

The magnetic field is provided by a superconducting magnet which is cooled by liquid

helium to 4.2 K. This generates a uniform magnetic field in a small region at the center of

the solenoid, where the trap is positioned. Patch potentials, variations in the electrostatic

potential across the electrode surface, can shift over time, and the compensation fields

enable precise alignment of the electric and magnetic fields.
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2.2 The Linear Paul Trap

In a linear Paul trap, charged particles are confined radially by a two-dimensional oscil-

lating quadrupole field [72]. This is produced by applying an rf voltage V (t) = V0 cos(Ωt),

with amplitude V0 and frequency Ω, to the hyperbolic electrodes shown in fig. 2.2.1 (a).

The potential is scaled by the trap dimension r0, the distance between electrodes and the

trap axis, and a geometric constant κr, which is reduced from its ideal value of unity by

non-hyperbolic electrodes. The potential

Φ(x, y, t) =
κrV (t)

2r2
0

[
x2 − y2

]
(2.2.1)

is shown in fig. 2.2.1 (b), and oscillates between confining in x and deconfining in y at

t = 0, and vice versa after half a period at t = π/Ω. Under certain conditions the time

averaged effect is a finite ponderomotive force which drives charged particles to the region

of weaker field. The red ball demonstrates how a net confining force can be produced if, on

average, the particle spends more time displaced in x when the field is strongly confining

in x, and near the x origin when the field is deconfining in x. The conditions for radial

confinement are discussed in section 2.2.1.

Axial confinement is produced by a static harmonic potential, approximated at the trap

centre by

Ψ(x, y, z) =
κzU0

2z2
0

[
2z2 − x2 − y2

]
. (2.2.2)

This is produced by endcap electrodes on the trap axis at ±z0. As these electrodes cannot

follow equipotential surfaces of eq. (2.2.2), axial confinement is weaker for the applied

voltage U0 than would be the case for ideal electrodes. This is accounted for by the

constant κz. Geometric constants for the Imperial trap are determined in section 2.2.2.

If the quadrupole potential is generated by applying ±V (t)/2 to opposite electrode pairs,

the potential along the z axis remains at the ac ground. However in this driving con-

figuration a differential phase delay at each electrode can shift the location of the field

minima over the rf period. To avoid this, V (t) is applied to one pair of electrodes, with

the other pair held at ac ground. However as a result the absolute potential along the

trap axis oscillates between ±κrV0/2 at the drive frequency, adding a term κrV0 cos(Ωt)/2
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Figure 2.2.1: (a) On the left ideal hyperbolic electrodes are shown, which follow the equipotential surfaces
of Φ(x, y) and are infinite in length (z). Finite length rods were used in the original linear Paul traps,
shown right, which produce an approximation of the quadrupole field at the trap centre, optimised for the
ratio re/r0 = 1.15 [73]. The potential difference V (t) is applied between opposite pairs of electrodes, and
the dimension r0 is defined as half the minimum distance between these pairs. (b) The radial potential
Φ(x, y, t) oscillates between confining in x at t = 0 and in y after half a period in the rf frequency Ω.

to the radial potential Φ. This would not affect the motion of the ion if not for the fixed

voltage at the endcaps, which leads to an oscillating harmonic potential along the z-axis.

The result is a three-dimensional trapping potential which is weakly confining in z. The

linear trap in this configuration acts like the classic three-dimensional Paul trap, where

the voltage V (t) is applied to electrodes of fig. 2.1.2 in place of U . However in the linear

trap the rf contribution to the axial frequency is negligible, as κz/z
2
0 � κr/r

2
0, and the

axial motion is consequently dominated by the effect of the dc potential.

2.2.1 Motion

The electric field in the trap is defined by the rf and dc potentials,

E(x, y, z, t) = − [∇Φ(x, y, t) +∇Ψ(x, y, z)] . (2.2.3)
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Figure 2.2.2: (a) first Mathieu a–q stability region, symmetric about the a and q axes. (b) qi parameter as a
function of the rf voltage V (V0,Ω) = V0 cos(Ωt). The dashed lines show the trap frequency ωi/2π = 500 kHz
(white), 1 MHz (grey), and 1.5 MHz (black). The converted scales and contour plot are valid for the Imperial
trap parameters: Ω/2π = 10.3 MHz; dimensions in fig. 2.2.4; geometric scaling in fig. 2.2.5.

The equations of motion for a particle, parameterised by its charge to mass ratio q/M ,

are then

ẍ+

[−qκzU0

Mz2
0

+
qκrV0

Mr2
0

cos(Ωt)

]
x = 0

ÿ +

[−qκzU0

Mz2
0

+
−qκrV0

Mr2
0

cos(Ωt)

]
y = 0 (2.2.4)

z̈ +
2qκzU0

Mz2
0

z = 0.

The axial motion is described by simple harmonic oscillation at frequency

ωz =

√
2qκzU0

Mz2
0

. (2.2.5)

The radial equations are of the Mathieu form,

üi + [ai + 2qi cos(Ωt)]
Ω2

4
ui = 0, (2.2.6)
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where i = x, y, and u = uxx̂+uyŷ is the radial position, defined by the coordinate system

in fig. 2.2.1 (a). The radial terms in eq. (2.2.4) are equivalent to eq. (2.2.6) with the

substitutions

ax = ay = −4qκzU0

Mz2
0Ω2

and qx = −qy =
2qκrV0

Mr2
0Ω2

. (2.2.7)

Whether a trajectory described by eq. (2.2.6) is stable, will not hit the electrodes at r0,

depends only on the parameters ai and qi, and not initial conditions. The first region of

a–q stability for both radial modes is shown in fig. 2.2.2 (a), where low absolute values of ai

and qi are required for stable trajectories. Therefore stability is increased by maximising

the drive frequency Ω and minimising the rf field amplitude V0, shown by the scaling of

the qi parameter as a function of the applied rf voltage in fig. 2.2.2 (b).

Radial confinement of stable trajectories is a result of the induced ponderomotive potential.

The ponderomotive force Fp ∝ q2E2 is exhibited as the velocity of a particle in a rapidly

oscillating inhomogeneous field is not constant. If the stability parameter |qi| < 0.4, this

produces an effective harmonic potential [74, 75] given by

Φp =
q2

4MΩ2
〈E2〉. (2.2.8)

Combining this with the deconfining axial field [76] gives

Φ∗(x, y) =

[
q2κ2

rV
2

0

4MΩ2r4
0

− κzU0

2z2
0

] [
x2 + y2

]
, (2.2.9)

which can be written

Φ∗(x, y) =
1

2
M
[
ω2
xx

2 + ω2
yy

2
]
, with ωi =

1

2
Ω

√
ai +

1

2
q2
i . (2.2.10)

The radial trap frequencies therefore depend on the amplitude and frequency of the applied

voltage V (t). In fig. 2.2.2 (b) it is evident that increasing the drive frequency enables higher

trap frequencies without breaking the effective potential approximation.

Under the effective potential approximation the solutions to eq. (2.2.6) are be described by

a small amplitude oscillation at the drive frequency, termed micromotion, superimposed
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Figure 2.2.3: The radial trajectory of an ion following eq. (2.2.13) for different values of the stability
parameter qi (red). The secular harmonic motion, without micromotion, is also shown (grey).

onto a slow varying harmonic secular motion,

ui(t) = [u1i cos(ωit+ φi)]
[
1 +

qi
2

cos(Ωt)
]
, (2.2.11)

for i = x, y and secular motion amplitude u1i. Examples trajectories and are plotted in

fig. 2.2.3 (a) and (b), showing the motion in and outside the adiabatic regime.

Excess Micromotion

Misalignment of the rf and dc fields can be modelled by the addition of a uniform static

field Ed, which modifies the equations of motion [77],

üi + [ai + 2qi cos(Ωt)]
Ω2

4
ui =

qEdu0i

M
. (2.2.12)

The trajectory of a single ion is then

ui(t) = [u0i + u1i cos(ωit+ φi)][1 +
qi
2

cos(Ωt)]. (2.2.13)

The additional terms, when compared with eq. (2.2.11), are called excess micromotion. If

the ion is displaced from the centre of the rf field by an amount u0i, it will oscillate with

amplitude 1
2u0iqi, even when the amplitude of the secular motion u1i = 0.

Since there is also a time dependent potential along the z-axis, the axial micromotion can

be determined by defining a qz parameter,

qz =
2qκzV0

Mz2
0Ω2

. (2.2.14)
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Figure 2.2.4: (Left) render of the Imperial linear Paul trap showing mounted electrodes. (Middle) a cross
section through one pair of radial electrodes defines the axial dimension z0 = 2.75 mm. (Right) cross section
of the radial plane, showing the axes of the lab frame, used for imaging and compensation. r0 = 1 mm.
Technical drawings of the trap assembly and electrodes are shown in appendix B.

2.2.2 Imperial Paul Trap

A design that has been adopted in a large number of quantum information experiments is

the Innsbruck linear blade trap. Developed in the early 2000s, it is named for the radial

electrodes which enable a small characteristic dimension r0, which facilitates the generation

of higher radial trapping frequencies, whilst maximising optical access for imaging the ions.

The large ion–electrode distance means low heating rates are observed in linear traps [78]

when compared with surface traps, where the ion electrode distance is far smaller. The

Imperial version of this design is shown in fig. 2.2.4. The electrodes are polished to reduce

surface defects and mounted in ceramic (MACOR) supports for accurate alignment.

The final electrode geometry is informed by simulation of trapping fields, discussed in the

following section, which enables the determination of the constants κr and κz. These are

used to calculate the expected stability range of the trap and to model compensation of

the dc field. Field compensation is possible with voltages applied to Cx,y, and as a voltage

differential between endcaps E1,2.

In the remainder of this section, the vacuum system is detailed, as well as a summary

of the bakeout procedures used to obtain vacuum. Finally the magnetic fields and trap

voltage supplies are discussed.

40



0 1 2 3

z (mm)

0.0

0.5

1.0

P
o
te

n
ti

a
l

(V
/
U

0
)

−0.4 0.0 0.4
0.010

0.012

0.014

0.0 0.5 1.0

r (mm)

0.50

0.75

1.00

P
o
te

n
ti

a
l

(V
/
V

0
)

−0.4 0.0 0.4

0.50

0.55

0.60

Figure 2.2.5: (Left) simulation of the potential along the x axis at t = 0, with V = V0 applied to electrodes
R2,3 and electrodes R1,4 at V = 0 (points). The quardratic fit (grey) gives κ̄x = 0.95. (Right) potential
along the z axis with endcap voltage U0 applied to endcaps E1,2 (points). A quadratic fit to the simulation
around the trap centre (grey) enables determination of κ̄z = 0.155. The red lines show the implied potential
from measurement of the trap frequencies. [Fitting performed in 1 mm3 volume.]

Electric Fields

The expected trap fields for the electrode geometry shown in fig. 2.2.4 are estimated using

the simulation package SIMIONv. A result of the linearity of Maxwell’s equations is that

the total potential at any point in free space is the sum of the potential induced by each

electrode independently. From a database of the potentials induced by each electrode it is

then possible to determine the total potential in the trap for any combination of applied

static voltages. In fig. 2.2.5 values of the potential along the x axis are shown for a voltage

applied to the radial driving electrodes, and along the z axis with a voltage on the axial

endcaps. Geometric factors are extracted from a quadratic fit to the potentials, giving

κ̄z = 0.155 and κ̄x = 0.95, and are used to approximate the trap stability parameters in

fig. 2.2.2. Independent measurement of the axial and radial trap frequencies in section 4.3.2

implies the geometric factors are κz = 0.132, and κx = 0.97, shown by the red lines in

fig. 2.2.5.

From the simulation it is also possible to estimate the expected field produced by applying

compensation voltages to the electrodes Cx and Cy shown in fig. 2.2.4. These enable

alignment of the static dc field defined in eq. (2.2.2), such that the centre of the field is

vFurther information can be found at simion.com.
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j Direction Compensation Field (V m−1) Ion displacement (µm)

measured simulated measured simulated

x horizontal 4.6 8.07 −11.1 −19.5
y vertical - −8.61 - 20.8
z axial 11.0 10.9 −26.5 −26.3

Table 2.2.1: Simulated compensation field per Vj , and resultant ion displacement near the trap centre
at ωj = 1 MHz. Compensation is performed in the lab frame, with voltages Vj applied to compensation
electrodes: Vx to Cx, Vy to Cy, Vz = |VE1 − VE2|. It is not possible to measure vertical displacement of
the ion with the imaging camera.

aligned with the null of the rf field. As there is also an oscillating potential along the

trap z axis, a voltage differential between the endcaps allows for full three-dimensional

alignment of the rf null and the centre of the dc field. The simulated fields produced

by compensation electrodes per Vj are given in table 2.2.1. This simulation enables an

estimation (shown in grey ‘simulated’ column) of the expected ion displacement at a trap

frequency of 1 MHz. This can be compared with the measured translation of the ion per

Vj at a trap frequency of 1 MHz, from which the actual compensation fields can be inferred

(shown in grey ‘measured’ column). The radial offset per volt applied is significantly less

than expected, most likely due to the fact that thinner diameter wire was used for the

electrodes than modelled.
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Figure 2.2.6: Paul trap vacuum system. All parts are detailed in appendix A. Silver plated gaskets are
used as copper can degrade under vacuum, and the screws (not shown) are also plated to reduce the risk
of seizing. The chamber and trap are made from non-magnetic 316L stainless steel. The modified base
flange, recessed viewport, and feedthrough connections are detailed in the drawings in appendix B.

Vacuum System

Collision with background gas molecules will destroy any prepared state in the ions’ mo-

tion. The collision rate is proportional to the pressure in the system, which can be re-

duced from atmosphere (≈ 1× 105 Pa) to the ultra high vacuum (UHV) regime, below

1× 10−7 Pa. Very roughly this reduces the collision rate from the order of a billion colli-

sions per second to one every couple of hours. A collision does not typically result in the

loss of the ion, at a trap frequency of 1 MHz the trap depth D = 1/2Mω2
rr

2
0 ≈ 10 eV, and

once sufficiently infrequent, collisions can be accounted for in experimental control.

The vacuum system is assembled from commercially available components, and is shown in

fig. 2.2.6 with the mounted trap and atomic ovens. These are attached to the base flange,

which contains the dc feedthroughs. The trap rf is applied through a 4 pin feedthrough,
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Figure 2.2.7: Schematic of the pumping station. The chamber is conneceted through the AMV to a set
of bellows that pass through the oven wall. The pressure can be monitored outside the oven at gauge 2.
The scroll pump and leak detector are connected in series after this. When raising the pressure to open
the system the turbo is vented with nitrogen gas.

connected on the opposite side of the chamber to the pumps, gauge 1, and the all-metal

valve (AMV). The top recessed viewport allows for highly efficient imaging of the ions.

A vacuum pump is better thought of as a one way valve, where particles can only leave

the system. An ion pump operates by ionising gas molecules and accelerating them into

a getter material where they are trapped. This pump can maintain a pressure below

1× 10−9 Pa, however cannot reduce the pressure from atmosphere. A scroll pump is

used to reduce the pressure in the system quickly, with a pumping speed on the order of

10 m3 h−1, however is limited to around 1 Pa. A turbo pump is therefore used to reduce

the pressure to the UHV regime, with the pump arrangement shown in fig. 2.2.7.

The ultimate pressure in the chamber is limited by leakage, through gaskets or virtu-

ally via out-gassing of internal surfaces. The CF flanges can maintain pressures below

1× 10−11 Pa, and the AMV at 1× 10−10 Pa. Out-gassing occurs in components when

molecules, mainly hydrogen and water vapour, effectively leak over time from impurities

in the structure. Organic matter can be a catastrophic cause of out-gassing, making sterile

assembly of internal components essential. All vacuum facing components are therefore

cleaned at 35 ◦C in an ultrasonic bath for 20 minutes with:

• Detergent - to remove the majority of grease from manufacturing and handling.

• Acetone/Ethanol - to remove oils and organic material from stainless steel/ceramic.

• Distilled water - to clean any residue.

Items were handled with gloves during this process, and parts wrapped after drying.
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Bakeout

The out-gassing rate of a material is increased with higher temperature. The chamber is

therefore baked in an oven whilst pumping through a turbo pump as outlined in fig. 2.2.7.

The oven is an insulated metal box, modified to obtain temperatures in excess of 300 ◦C

with externally controllable heating elements. The pressure in the chamber and before the

turbo pump can be recorded, and temperatures monitored with up to 8 thermocouples.

Many components can withstand the maximum oven temperatures, and benefit from a

high temperature or ‘hard’ bake. To test the pumping station the chamber was initially

baked at 300 ◦C with blank flanges, tee-pieces, gauge, and valve, however the minimum

pressure that could be obtained was not in the UHV regime.

On opening the system a mysterious blue substance was found on the gauge, possibly from

the dye in coloured gloves which can “leach out when exposed to solvents” [79]. Removing

this did not help reach sufficiently low pressures however. Leak detection was enabled by

a residual gas analyser connected to the external pumps. This found the all-metal valve

to be leaking from the screw side, and on replacing this the pressure dropped quickly.

High temperature baking was then performed with the trap, atomic ovens, and supports,

with a current passed through the atomic ovens to out-gas the material further. The

final high temperature bake is shown in fig. 2.2.8, and reached a pressure at gauge 2

of 4.5× 10−8 Pa. Components that are sensitive to temperature are then baked at low

temperature. The windows limit this to 200 ◦C, and the coatings further restrict the

temperature gradient that can be tolerated to 2-3 ◦C min−1. Additionally the bakeable

ion gauge cable and ion pump, with magnets removed, are limited to 250 ◦C. The final

low temperature bake is detailed in fig. 2.2.9, which was ended by a catastrophic oven

failure.

When the chamber was valved-off and the ion pump sparked, the pressure in the trap rose

rapidly, and more so with the pump turned off. This was fixed by adding a small chamber

to the air side of the AMV and pumping the volume with the scroll pump to reduce the

pressure differential across the valve. Following this the trap was moved to the optical

table, fig. 2.2.10, where the ion pump maintains a final pressure of 1× 10−8 Pa.

45



0

200

400

T
(◦

C
)

T0 T1 T2 T3 T4 T5

top flange

oven air top

-1

0

1

Ṫ
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Figure 2.2.8: High temperature hard bakeout. Shows the temperature (top) and gradient (middle) at the top flange. Pressure at gauge 2 (bottom). T0−T1 shows initial warm
up of the oven at a rate of 1°C min−1 and then stabilising at 350°C. At T3 one of the heating elements fails, and the temperature is ramped down at T4 after approximately
1 week. Low outgassing is observed as the system has been baked several times, including with the trap assembly and unloaded atomic ovens. A pressure below 4.5 × 10−8

Pa is acheived.
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Figure 2.2.9: Low temperature soft bakeout. Shows the temperature (top) and gradient (middle) at the top window. Pressure at the trap gauge 1 (bottom). T0 − T1 shows
initial warm up of the oven at a rate of 0.5°C min−1, stabilising at 170°C. After a week, at T2, the temperature is incerased to 190°C. At T3 the temperature controller fails
for the first time in over 20 bakes, causing the temperature to rise dangerously. Fortunately only one heater is connected, limiting the temperature at the chamber to 210°C.
This is stabilitsed by T5, and the temperature is lowered after almost two weeks. The chamber, heavily insulated in layers of foil, is protected from high temperature gradients
in the oven, and no damage is observed. The final pressure reached is 1× 10−8 Pa.
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Figure 2.2.10: CAD model of the vacuum system on the optical table (top), and installed trap in reality
(bottom). Any direction of magnetic field at the trap centre can be produced by three pairs of coils:
horizontal metal and 3D printed coils, with rc = 60 mm, and vertical trim coils mounted on the top and
bottom flanges of the vacuum system, rc = 170 mm.
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Magnetic field coils

Engineering the desired interaction between lasers and the trapped ion requires a defined

quantisation axis, which is motivated in the following chapter. A uniform magnetic field,

up to 10 G, is produced at the ion by a main pair of coils, with two sets of orthogonal trim

coils to compensate the field as seen in fig. 2.2.10. The magnitude of the field produced

by each coil along the axis, x, defined perpendicular to and through the center of the coil,

is

B(x) =
µ0r

2
cnI

2(r2
c + (x− x0)2)3/2

, (2.2.15)

with µ0 = 4π × 10−7 H m−1 the vacuum permeability, n the number of turns around the

coil former, radius rc, and I the applied current. Using a pair of coils reduces the field

gradient at the ion, and the magnitude of the magnetic field is doubled in the Helmholtz

configuration, although here rc/2x0 6= 1.

The trap centre is located on the axis at a distance of x0 ≈ 125 mm from the main

horizontal coils, which have 160 turns, and provide a theoretical field strength of 2.7 G A−1

at the ion. Producing a field of 10 G therefore requires a theoretical current of ≈ 3.7 A.

The heat generated by the coils increases with the applied power, with the resistance of

the coil given by R = ρcnrc/r
2
w. The material used in 3D printed formers is potentially

deformed at temperatures above 50°C. A large wire radius rw, the low resistivity of copper

ρc, and fewer turns reduce the required power. The horizontal trim coils therefore only

have 100 turns each, and reach the maximum tolerable temperature at a current of 2.75 A,

producing a theoretical field of 4.6 G. A single vertical trim coil is mounted around the

bottom flangevi, and uses ribbon cable to reduce the number of ‘turns’. To do this one

end of each wire in the ribbon is connected to the other end of the next wire, such that

the current flows in the same direction, and giving effectively 9 turns per winding. The

small wire diameter provides a high resistance, and therefore as this method generates a

lot of heat it is only suitable for generating small compensation fields. The tolerable coil

resistance is limited by the desire to reduce the demand on power supplies. Coil parameters

are optimised to provide a large enough field with current below 5 A and required voltage

below 30 V.

viAs seen in fig. 2.2.10 the top coil is not yet mounted.
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Figure 2.2.11: Effective circuit diagram for rf drive. The voltage source from the amplifier is shown on the
left. The second box represents the helical resonator. A capacative divider is connected to the output of
the resonator, Cd1 = 10 µF, Cd2 = 100 µF, where the voltage accross the trap Up can be measured. The
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Figure 2.2.12: Amplitude of trap drive, measured across the capacative divider, as a function of drive
frequency. The width of the resonance, at 1/

√
2 the maximum amplitude, gives a Q factor of approximately

50.

Trap voltage supplies

Stable voltages should be applied to the trap electrodes in order to reduce sources of

motional error. These include the amplitude of the rf field applied to the radial electrodes,

and the static voltage applied to the axial endcaps. An effect of the rf field is to induce rf

pickup in other, supposedly static, electrodes, which are rf grounded.

The noise in radial frequencies ωr is directly proportional to noise in the amplitude of

the rf voltage V0, following eq. (2.2.10). A high amplitude rf signal, which from fig. 2.2.2

could be up to ≈ 500 V, is generated using a helical resonator. This is a passive component

that can be used to filter and amplify an rf source signal, and is comprised of two coils

connected to the low amplitude signal and the rf electrodes. The resonator matches the
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impedance of the source to the trap impedance, enabling a high voltage signal with low

noise. The source voltage, helical resonator, and trap, act like an RLC circuit, detailed in

fig. 2.2.11, and therefore operates at a specific resonant frequency given by [80]

Ω =
1√

(Cc + Cd + Ct)Lc
, (2.2.16)

which can be measured experimentallyvii. The amplitude and frequency range of the

circuit is characterised by the resonator Q factor at the rf frequency Ω [80]. A higher Q

factor means there is less damping in the circuit, increasing the amplitude of the amplified

signal. This can be determined from the width of the resonance, Q = Ω/∆Ω ≈ 50, shown

in fig. 2.2.12.

The endcap electrodes employ a high stability power supply, see table A.1. This is sent

through a low pass filter (R = 200 kΩ, C = 0.1 µF) which attenuates frequency compo-

nents in the signal above the cut off, fc ≈ 8 Hz. Compensation voltages are similarly

filtered.

viiIn order to determine the relative capacitance and inductance of the resonator and trap, the resonant
frequency can be measured as a function of the capacitance of the divider, Cd = Cd1 + Cd2, with and
without the load of the trap.
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Chapter 3

Laser Cooling of Trapped Ions

One of the first charged particles investigated in ion traps was the electron. A single elec-

tron in a confining potential can be thought of as analogous to the hydrogen atom, leading

Dehmelt to describe a trapped electron as the geonium atom; bound to the earth. As with

the hydrogen atom, properties of the geonium atom can be measured and calculated to

a high degree of precision [58]. One property of the electron is its inherent spin, defined

by the vector s, which gives a magnetic dipole moment (MDM). An additional moment

results from any orbital angular momentum, l, such as from an atomic binding or the

trapped motion. The total MDM of the electron

µ = µs + µl = −µB(gss+ gll), (3.0.1)

is scaled by the Bohr magneton µB and the spin and orbital g-factors gs,l, which are

dimensionless parameters.

With the geonium atom, relative uncertainty in the measurement of the electron’s spin

magnetic moment was reduced by around three orders of magnitude in 1987 [81], and by a

further factor of 15 in a modified Penning trap two decades later [82]. This was achieved by

measuring the frequency of the microwave transition that induces spin flips in the electron,

which is related to the g-factor. QED calculations with this measured value enable the

most precise determination of the fine structure constant α. Additionally, comparison with

measurements of the positron spin g-factor probes CPT invariance at a new level. Penning

traps have also enabled a similar reduction in uncertainty in the magnetic moment of the
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proton [83]. As with the positron, analysis of antiprotons [84] shows no violation of the

symmetry between matter and antimatter.

After the initial development of ion traps in the 1950s and early 1960s, the interaction

with bound particles was restricted to collision studies or via global fields applied to

trap electrodes. This limited the extent to which the thermal energy of ensembles could

be reduced, broadening interactions and reducing trap lifetimes. With the development

of lasers in the 1960s and 70s, laser cooling techniques greatly extended the range of

interaction dynamics acheivable, particularly in Paul traps, with near indefinite trapping

and observation of a single particle by the late 1970s [85]. Laser systems are well suited to

the energy scale of atomic transitions, unlike fundamental particles, and this has resulted

in the prevalence of ion based qubits in Paul traps for quantum information processing

and simulation. Penning traps on the other hand have typically been used in situations

where laser cooling is not required. However greater precision in measurement of the

properties of protons and antiprotons will be possible with sympathetically laser cooled

ions [86, 87]. There is also the possibility of mapping states of the (anti)proton to the

ion for non-destructive detection [88]. This motivates the group’s recent study of ground

state cooling in the radial modes of a single ion in a Penning trap [17].

In section 3.1 the benefits of ionised calcium are discussed, and the dynamics of the

interaction between a laser field and its atomic transitions are introduced in section 3.2.

As the atom is also bound to the trap, the radiation field can be tuned to engineer

coupling between electronic and motional states, section 3.3, and this coupling between

the qubit and an n-level system allows for the exploration of more interesting dynamics. In

section 3.4 two complementary methods of laser cooling are discussed for the more simple

case of the Paul trap: Doppler cooling, where photons are rapidly scattered to damp the

motion of the ion; and sideband cooling, where the motion of the harmonic oscillator is

coherently driven to the ground state.
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3.1 Singly Ionised Calcium - 40Ca+

Complexity in the energy level structure of an atom is reduced in the case of a single

electron bound to a central field [92]. In the alkali metals, such as potassium, and ionised

alkaline earth metals such as Ca+, a single valence electron exists outside a closed set of

subshells. States of the electronic wavefunction can be described by three quantum num-

bers: |n, l,ml〉. In a hydrogen atom, where the potential is defined by a point charge and

is therefore a pure Coulomb potential, the energy levels in the non-relativistic approxima-

tion depend only on the principal quantum number n. The orbital angular momentum

number, l ≤ n− 1, can take multiple values for n > 1, and the degeneracy of these states

is lifted by the effect on the potential of the inner electrons in more complex atoms. The

lowest lying energy levels of ionised 40Ca+ are shown in fig. 3.1.1.

In the limit of a weak magnetic field of the form B = Bz′z
′, where z′ is the quantisation

axisi, the spin and orbital angular momentum from eq. (3.0.1) are coupled. The electronic

state can then be described by a single total angular momentum quantum number j = s+l.

The magnetic quantum number, now |mj | ≤ j, describes the projection of the angular

momentum onto this quantisation axis. Degeneracy in mj is lifted via the interaction

−µ ·B, with the frequency shift of mj states relative to the field free energy given by

∆ν =
µB
h
gjmjBz′ . (3.1.1)

The Landé g-factor gj given in table 3.1.1 combines spin and orbital g-factors. In this

regime the electronic state can be defined in terms of angular momentum and magnetic

quantum numbers, |ψ〉 = |j,mj〉.

The short lifetime of the excited state in the dipole allowedii S1/2,mj ↔ P1/2,m′j
transitions

facilitates rapid scattering of photons and a consequent damping force. Heavier elements

also have accessible d states, where an optical qubit can be realised in two states coupled by

S1/2,mj ↔ D5/2,m′j
quadrupole transitions. As these are dipole forbidden the excited state

has a decay time of over 1 s, indicated by the narrow linewidth in table 3.1.2. Additionally

the two ground states S1/2,±1/2 can form a qubit basis, virtually coupled via a Raman

transition with the P1/2 state.

iz′ is used to avoid confusion with the direction of axial motion z.
iiDipole selection rules: ∆l = ±1 and ∆mj = 0,±1.
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Figure 3.1.1: Laser addressed energy levels of singly ionised calcium, 40Ca+, where the ground state n = 4.
States l = 0, 1, 2 are termed s, p, d, and levels are denoted by 2Lj,mj , with terms further described in the
text. Laser addressed transitions are highlighted, with more detail in table 3.1.2. Grey arrows show
branching ratios from the P states [89]. Splitting of sub-levels with magnetic field is proportional to the
g-factor gj given in table 3.1.1.

Level S1/2 P1/2 P3/2 D3/2 D5/2

gj 2 2/3 4/3 4/5 6/5

Table 3.1.1: Landé g-factors for lowest lying energy levels. In a weak quantisation field these are determined
by gj = 1 + [j(j + 1) + s(s+ 1)− l(l + 1)]/2j(j + 1).

i Transition νi (THz) ∆l Γi/2π (MHz)

397 S1/2 ↔ P1/2 755.22271 1 21.8

729 S1/2 ↔ D5/2 411.042130 2 0.136× 10−6

866 D3/2 ↔ P1/2 346.00001 1 1.7

854 D5/2 ↔ P3/2 350.86282 1 1.6

Table 3.1.2: Resonant frequency νi and linewidth Γi of laser addressed transitions [90, 91]. The 729
transition is dipole forbidden, and this is reflected in its narrow linewidth.
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3.2 Atom-Light Interactions

Observations of the interaction between light and matter have resulted in an extensive

array of mathematical tools which describe these most fundamental physical interactions.

In this section a model will be presented for the experimental realisation of a physical

atomic qubit, and for its manipulation by an external laser field. The classical description

of a harmonically bound electron in a Kepler orbit about a massive nucleus offers an

intuitive insight into the interaction between light and atoms [93]. However in order to

describe experimental observations of atomic structure, in 1913 Bohr postulated that there

were certain stable orbits, where classical radiation was not emitted, and that when an

electron transitioned between orbits it emitted radiation given by their energy difference.

This somewhat unsatisfactory situation was resolved by de Broglie, who proposed that

matter behaved like a wave, and that constructive interference of the matter wave gave

rise to the stationary orbits of Bohr. The condition for a stable orbit is that circumference,

defined by radius r, is an integer number of de Broglie wavelengths, 2πr = nλdB, where

λdB = h/p is related to the momentum of the particle. The wave equation

HΨ(t) = i~
dΨ(t)

dt
(3.2.1)

was presented by Erwin Schrödinger shortly after in 1926 to describe the evolution of the

matter wave described by state Ψ(t) and Hamiltonian H.

The Hamiltonian for an atom in an electromagnetic field is comprised of a free term,

describing the atomic energy, and an interaction term which describes the perturbation of

the eigenfunctions of the free Hamiltonian by the external laser field,

H = HA +Hi(t). (3.2.2)

It is often possible to consider matter as composed of a higher and lower energy level,

where the excited state can decay back to the ground. The atom is modelled as a two

level system, mapping the electronic state onto the spin half operator basisiii, under the

assumption that the states, separated by ~ω0, are long lived, and that no other levels are

resonant. This is expressed using the Pauli z-operator, with the ground |↓〉 and excited

iiiPauli operators: σx = |↓〉 〈↑|+ |↑〉 〈↓|, σy = i(|↓〉 〈↑| − |↑〉 〈↓|), σz = |↑〉 〈↑| − |↓〉 〈↓|.
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|↑〉 states the eigenvectors of the Hamiltonian

HA =
~ω0

2
σz. (3.2.3)

The interaction term

Hi(t) = −qr ·E(t), (3.2.4)

includes the time dependent contribution from the interaction between the atomic dipole

and the oscillating electric field E(t). The electric field is described in terms of the position

operator of the valence electron r, defined relative to the center of mass of the ion which

is static at the energy scale of the electron. An intense laser field, with polarisation vector

ε, is treated as a classical plane wave defined by amplitude E0, wavevector k, frequency

ω, and phase φ. This is expressed at the position of the atom,

E(t) =
εE0

2

[
ei(k·r−ωt+φ) + e−i(k·r−ωt+φ)

]
. (3.2.5)

Consequently the interaction Hamiltonian can be written

Hi(t) = −qE0

2
(r · ε)eik·r

[
e−i(ωt−φ) + ei(ωt−φ)

]
. (3.2.6)

When the gradient of the electric field is constant over the spatial extent of the electronic

wavefunction, then the dipole approximation is valid, and the spatial term can be Taylor

expanded eik·r ≈ 1 + ik · r. Consequently dipole transitions, where the zeroth order is

taken, are fast compared to the quadrupolar case where there is no dipole moment, and

higher order terms are small in the expansion of a small parameter. This expansion can

be incorporated into a general term which describes the coupling strength between the

two states called the Rabi frequency Ω0, which is discussed in section 3.2.2.

The interaction Hamiltonian can be converted to matrix form by calculating the matrix

elements following

〈↑|Hi(t) |↓〉 =
~Ω0

2

[
e−i(ωt−φ) + ei(ωt−φ)

]
. (3.2.7)
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A general solution for the interaction term [94] can then be expressed with the operators

σ+ = |↑〉 〈↓| and σ− = |↓〉 〈↑|,

Hi(t) =
~Ω0

2
[σ+ + σ−]

[
e−i(ωt−φ) + ei(ωt−φ)

]
. (3.2.8)

Interaction Picture

It is illustrative to look at the dynamics in the frame of reference of the ion by trans-

formation into the interaction picture. The interaction Hamiltonian, defined by Hint =

eiHAt/~Hie−iHAt/~, is then

Hint(t) =
~Ω0

2

[
σ+e

−i(δt−φ) + σ−e
i(δt−φ)

]
, (3.2.9)

where δ = ω − ω0 is the detuning of the laser frequency from the atomic resonance.

Fast oscillating contributions of the form ei(ω0+ω)t are also neglected in the rotating wave

approximation, as they have minimal effect on the time evolution.

Solutions

Evolution of the electronic state in the presence of a resonant field is determined by solving

the Schrödinger equation. The atomic wavefunction of a two-level atom can be written

|ψ(t)〉 = c↓(t) |↓〉+ c↑(t) |↑〉 , (3.2.10)

with the state described in terms of the normalised complex amplitudes, |c↓|2 + |c↑|2 = 1,

of qubit basis states |↓〉 and |↑〉.

Solutions can be expressed in terms of a time evolution propagator Uint(t) acting on initial

state populations, such that the state in eq. (3.2.10) is equal to Uint(t)(c↓(0) |↓〉+c↑(0) |↑〉).

This propagator is derived in refs [71, 94], and is given by

Uint(t, δ,Ω0, φ) =

e
− itδ

2

(
cos
(
tΩ
2

)
+

iδ sin( tΩ2 )
Ω

)
−Ω0

Ω ie
i(φ− tδ

2
) sin

(
tΩ
2

)
−Ω0

Ω ie
i(φ− tδ

2
) sin

(
tΩ
2

)
e
itδ
2

(
cos
(
tΩ
2

)
− iδ sin( tΩ2 )

Ω

)
 , (3.2.11)

where Ω =
√

Ω2
0 + δ2. From an initial ground state, the probability of excitation results

in the familiar oscillations at the modified Rabi frequency Ω, with the amplitude reduced
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Figure 3.2.1: Bloch sphere representation showing (a) the qubit initialised in the ground state, (b) a π/2
rotation about the y-axis described by the propagator Uint(π/2, 0, 1, 0) creates an equal superposition
state, (c) the state acquires phase φ = π/2, (d) from here a rotation of π/2 about the x-axis, with the laser
phase shifted by φ = π/2, Uint(π/2, 0, 1, π/2), brings the population back to the initial state. A detuning
from the qubit frequency results in an accumulated phase φ = δt, shown in (e) for a π rotation, with no
detuning (black) δ = Ω/2 (red) and δ = 2Ω (purple).

by any detuning,

|c↑(t)|2 = | 〈↑|Uint(t) |↓〉 |2 =
Ω2

0

Ω2
sin2

(
Ωt

2

)
. (3.2.12)

3.2.1 Bloch Sphere

The Bloch sphere provides a clear conceptualisation of the interaction defined by eq. (3.2.11).

Here the qubit state is represented by a point on a unit sphere,

ψ = cos

(
θ

2

)
|↓〉+ sin

(
θ

2

)
eiφ |↑〉 , (3.2.13)

with spherical coordinates θ and φ. The effect of driving the qubit on resonance is a

rotation of angle Ω0t about the y-axis, effectively defined by the initial laser phase. The

time taken to transfer population from the ground to excited states is therefore π/Ω0,

termed a π-pulse. A detuning from the transition frequency causes the accumulation

of phase φ = δt, and results in a more complicated trajectory seen in fig. 3.2.1 (e).

A projective measurement onto the z-axis gives the reduced amplitude oscillations of

eq. (3.2.12).

The state (|↓〉 + |↑〉)/
√

2 is created by a resonant π/2-pulse. Advancing the phase of a

second π/2-pulse is equivalent to taking a different rotation axis in the horizontal plane. A

phase shift of φ = π would bring the population back to ground, |↓〉. Advancing the phase

by φ = π/2, a rotation about the x-axis, would leave the superposition state unaffected.

This is clarified in fig. 3.2.1 (a) to (d).
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j′ 5/2 1/2

m′j − 5/2 − 3/2 − 1/2 + 1/2 + 3/2 + 5/2 − 1/2 + 1/2

Λ(1/2, − 1/2)
√

1/3 −
√

4/15
√

1/5 −
√

2/15
√

1/15 - −
√

1/3
√

2/3

Λ(1/2, + 1/2) -
√

1/15 −
√

2/15
√

1/5 −
√

4/15
√

1/3
√

2/3 −
√

1/3

Table 3.2.1: Clebsch-Gordan coefficients Λ(j,mj) for S1/2 ↔ D5/2 and S1/2 ↔ P1/2 transitions. From
([67],A.A).

3.2.2 Rabi Frequency

The coupling strength Ω0 is evaluated in refs [67, 90] for dipole (E1) and quadrupole (E2)

transitions,

|Ω(E1)
0 | = |qE0

~
〈↓| ε · r |↑〉 |, (3.2.14)

|Ω(E2)
0 | = |qE0

2~
〈↓| (k · r)(ε · r) |↑〉 |. (3.2.15)

In the case of the quadrupole transition this is evaluated in ref [90] as

Ω0 =
qE0

2~

√
15Γ

cα0k3
Λ(j,mj , j

′,m′j)g
k,∆mj (φ, γ), (3.2.16)

where Γ is the transition linewidth, c the speed of light, and α0 the fine structure con-

stant. For both types of transition the Rabi frequency Ω0 is dependent on properties of

ground j,mj and excited j′,m′j states, and is proportional to the Clebsch-Gordan coef-

ficient Λ(j,mj , j
′,m′j) given in table 3.2.1. The coupling strength is also determined by

the direction and polarisation of the laser. The functional form of the geometric term

gk,∆mj (φ, γ) is given in ([67],A.B), and is parameterised by:

φ - the angle between laser wavevector (k) and magnetic field (B)

γ - the angle between polarisation vector (ε) and the projection of B in the

plane normal to k.

The definitions here assume linear polarisation. Pure circular polarisation is parametrised

only by angle φ. The interaction strength differs for dipole (k = 1) and quadrupole (k = 2)

transitions, shown in figs. 3.2.2 and 3.2.3 respectively.
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Figure 3.2.2: Dipole transition coupling strengths |g1,|∆mj |(φ, γ)|2 with linear polarisation for π-transitions
(a) and σ-transitions (b). (c) The strength of σ+-transitions, ∆mj = 1. At φ = 0, right handed circularly
polarised light (σ+ in legend) counter-propagating with the quantisation axis couples only to σ+-transitions.
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Figure 3.2.3: Quadrupole transition strength as a function of interaction geometry |g2,|∆mj |(φ, γ)|2 for
linearly polarised light for (a) π-transitions, (b) σ-transitions, and (c) δ-transitions.
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σ-transitions (white) or π and δ (black). The two ∆mj = 0 transitions are not only stronger than others
for the same laser power, but are least sensitive to noise in the magnetic field.
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mj m′j ∆mj ∆νt (MHz/G)

− 1/2 − 5/2 −2 δ− −2.799
− 3/2 −1 σ− −1.120
− 1/2 0 π 0.560
1/2 1 σ+ 2.239
3/2 2 δ+ 3.919

1/2 − 3/2 −2 δ− −3.919
− 1/2 −1 σ− −2.239
1/2 0 π −0.560
3/2 1 σ+ 1.120
5/2 2 δ+ 2.799

Table 3.2.2: Splitting of S1/2,mj
↔ D5/2,m′

j
transitions with magnetic field strength, given in units of MHz

per Gauss, where 1 G = 10 mT.

Available Quadrupole Transitions

Quadrupole selection rules allow transitions where the change in magnetic quantum num-

ber ∆mj = 0,±1,±2, resulting in 5 available transitions from each of the two ground

states. These are termed π, σ±, and δ± transitions respectively. The transitions are sup-

pressed to a greater or lesser extent by the geometry of the interaction and the Clebsch-

Gordan coefficient. The strength of the different transitions can be seen for two configu-

rations of the laser field in fig. 3.2.4, both have a vertically polarised laser, which couples

only to σ-transitions where the laser is perpendicular to the quantisation axis, and pre-

dominantly to π-transitions with the laser at 45°. The change in frequency of a particular

transition from the field free value is proportional to the magnetic field, and is shown in

table 3.2.2.
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3.3 Laser Interaction with a Trapped Ion

The description of the interaction is further developed by incorporating the motion of the

ion in the trap, as in ref [94]. If the ion is oscillating along the projection of the laser

wavevector, the laser field in the reference frame of the ion will be modulated at the trap

frequency. This gives rise to sidebands analogous to radio frequency modulation, from

which the term carrier is borrowed to describe the principal transition, about which the

sidebands are symmetrically arranged.

The free Hamiltonian is modified to include the energy of the motion, a single mode of

harmonic oscillation at frequency ωz. The Hamiltonian for a quantum harmonic oscillator

in one dimension is

HM =
p̂2

2M
+
Mω2

z ẑ
2

2
, (3.3.1)

where the momentum and position operators can be written in terms of creation â† and

annihilation â operators,

ẑ =

√
~

2Mωz
(â+ â†), p̂ = i

√
~Mωz

2
(â† − â). (3.3.2)

Consequently the free and interaction Hamiltonians are given by

HA =
~ω0

2
σz + ~ωz

[
â†â+

1

2

]
, (3.3.3)

Hi(t) =
~Ω0

2
[σ+ + σ−]

[
e−i(ωt−kz ẑ−φ) + ei(ωt−kz ẑ−φ)

]
. (3.3.4)

The axial projection of the wavevector kz = k cos θz, where θz is the angle between k

and the motional z-axis. This gives a phase modulation term dependent on the position

operator ẑ, but the interaction term is otherwise the same as in eq. (3.2.8).

The Hamiltonian in the interaction picture is now

H′int(t) =
~Ω0

2

[
σ+e

−i(δt−η(ã+ã†)−φ) + σ−e
i(δt−η(ã+ã†)−φ)

]
. (3.3.5)

The position operator is replaced with creation and annihilation operators, modified in the

interaction picture to ã = e−iωztâ. In eq. (3.3.5) the coupling between different motional

64



levels and the qubit is given by the tensor product of σ± and eâ
(†)

terms. As previously,

we can make a Taylor expansion of the exponential to give terms whose relative strengths

are characterised by the coupling between electronic and motional states. The relative

strengths of these interactions are characterised by the Lamb–Dicke parameter,

η = kzz0, where z0 =

√
~

2Mωz

is the spatial extent of the ground state wave function along the z-axis. This is a fixed

parameter for a given angle θz and trap frequency. More specifically the Lamb–Dicke

parameter quantifies the relative coupling strength between the qubit and motional states.

As this parameter is reduced, the chance of a change in the motional state during decay

from the excited qubit state is decreased.

A general state can now be written in terms of the qubit and harmonic oscillator state, n,

|ψ〉 =
∞∑
n=0

c↓,n |↓, n〉+ c↑,n |↑, n〉 . (3.3.6)

The Rabi frequency is modified [90] to include motional coupling between states |n〉 and

|n+m〉,

Ωn,n+m = Ω0|〈n+m|eiη(a+a†)|n〉. (3.3.7)

The derivation of these terms can be found in ref [90], and are given by

Ωn,n+m = Ω0e
− 1

2
η2
η|m|

√
n<!

n>!
L|m|n< (η2), (3.3.8)

with n<(n>) indicating the lesser (greater) of n and n + m. Lmn (x) is the generalised

Laguerre polynomial.

3.3.1 The Lamb–Dicke Regime

In the Lamb-Dicke regime the extent of the ions wavefunction experiences the same phase

in the laser field. The condition for this regime is defined by

η
√

2n̄+ 1� 1. (3.3.9)

65



0 5 10
0.0

0.5

1.0

Ω
n
,n

+
m
/
Ω

0

0 100 200 300 400 500
0.0

0.5

1.0

m = 0

m = 1

m = −1

n

Figure 3.3.1: Normalised coupling strengths for carrier (black) and first order red and blue sidebands with
η = 0.1. The LD approx is also shown (dashed) and well approximates the sideband strength for lower
oscillator states. Scaled Boltzmann distributions, P ′(n) = 1/P (0)×P (n), are shown for mean occupations
n̄ = 1 (left) and 20 (right).

This allows the expansion of eq. (3.3.7) to be truncated, simplifying the equations for

modified Rabi frequencies for the first red sideband, carrier, and first blue sideband:

Ωn,n−1 = Ω0η
√
n, (3.3.10)

Ωn,n = Ω0

[
1− 1

2
η2(2n+ 1)

]
, (3.3.11)

Ωn,n+1 = Ω0η
√
n+ 1. (3.3.12)

The coupling strength of carrier and first order sideband transitions can be seen in fig. 3.3.1

for this regime, and the strength calculated in eq. (3.3.8). The motion after cooling is

discussed in the following section, however it is enough to say here that the LD approx-

imation holds for η < 0.1 if the motion is in the lowest few harmonic oscillator states.

Most quantum information experiments are conducted in the LD regime, as modelling is

greatly simplified, and cooling requirements are not overly stringent, especially at high

trap frequencies.

First Order Pulses

In the experiments presented in chapter 5, the motional and internal states are manipulated

with only carrier, red, and blue sideband pulses. These first order pulses are the only

transitions with significant coupling strength in the LD regime, and can be defined with
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respect to the propagator Uint from eq. (3.2.11),

Ur(A, φ) = Uint(A/Ωn,n−1, 0,Ωn,n−1, φ), (3.3.13)

Uc(A, φ) = Uint(A/Ω0,0, 0,Ω0, φ), (3.3.14)

Ub(A, φ) = Uint(A/Ωn,n+1, 0,Ωn,n+1, φ), (3.3.15)

where it is assumed that the laser is tuned to the transition resonance (δ = 0). The

parameter A is the pulse area, defined such that Uc(π, 0) fully excites the qubit from the

ground state, taking time τ = π/(2Ω0,0), and the operations Ur(π, 0) and Ub(π, 0) drive

transitions from |↓, n〉 to the states |↑, n− 1〉 and |↑, n+ 1〉 respectively.
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3.4 Laser Cooling

Whether investigating superposition states in the qubit-motional basis or implementing

two-qubit gates, experiments usually begin with an ion prepared in the ground state

|ψ(0)〉 = |↓, 0〉. Particles are however initially captured with very high kinetic energy,

up to ≈ 1/10th of the trap depth, and fast reduction in the amplitude of the motion is

necessary to localise and confine the ions. This is achieved through Doppler cooling on a

suitable dipole transition. Photons from the laser field are rapidly scattered by the ion,

and the laser frequency can be tuned such that the transition is resonant when the ion is

moving towards the source to provide a damping force. Laser cooling was proposed for

trapped ions by Dehmelt and Wineland in 1975 [95], and demonstrated shortly after. As

a result of the bound motion in the trap a mode can be cooled from a single direction,

unlike in applications with neutral atoms where counter-propagating beams are required.

Additionally, if the cooling laser projects onto all three trap axes then all modes can be

damped by a single laser.

The fast scattering rate required for Doppler cooling necessitates operating in the weak

binding regime, where the transition linewidth Γ� ωi, the trap frequency. Here motional

sidebands are unresolved, and many motional levels can be populated following decay of

the excited state [92]. Doppler cooling is formalised in section 3.4.1, however the lowest

motional energy obtained is still described classically. Sub-Doppler cooling is required

to observe quantisation of the oscillator, one method being resolved sideband cooling on

the narrow linewidth quadrupole transition in the strong binding regime, where Γ � ωi,

and the motional sidebands are resolved. By tuning the quadrupole laser frequency to

the red sideband the population can be driven to a lower motional state, and, as decay is

predominantly on the carrier, repeating this process drives the ion to the ground state of

the harmonic oscillator. The pulsed sideband cooling procedure described in section 3.4.2

is found to obtain the best approximation to the desired initial state |ψ(0)〉 = |↓, 0〉.

The motion in a Penning trap can also be cooled by a single laser beam [60], however in

order to reach a sufficiently low temperature in the radial modes to enable sideband cooling,

a second beam is used in ref [17]. The purpose of laser cooling is to localise the ion at

the trap centre and to reduce Doppler broadening, enabling more sensitive measurement.

Reduction in the kinetic energy of a mode is therefore a reasonable definition for cooling.
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Figure 3.4.1: (Left) energy levels used in Doppler cooling. The laser at 397 nm can drive either the
σ or π-transitions. Repumping all of the D3/2 states requires σ-transitions however. (Right) spatial
emission pattern for decay on π-transitions (grey) and σ-transitions (blue) [67]. Angle defined in relation
to quantisation axis z′, about which the emission pattern has rotational symmetry. The imaging system
is perpendicular to z′, with numerical aperture 0.3 shown by the dashed line.

This means that energy must be added to the magnetron mode in the Penning trap, as a

red detuned laser will drive the motion to larger orbits. Before laser cooling was shown,

external axialisation or rotating wall fields were used with buffer gas cooling to reduce the

extent of the motion [96]. Laser cooling with an axialisation field enables Doppler cooling

of the radial modes in smaller crystals and single ions. In order to lower the temperature

to a regime where sideband cooling is possible, a further technique is used. The gradient

of the beam profile gives an additional degree of freedom, and is positioned such that

more photons are scattered when the magnetron orbit is moving away from the laser, and

energy can be added to the mode. The competing requirements are analysed in detail in

ref [71], but are not discussed further here.

3.4.1 Doppler Cooling

Doppler cooling is performed on the S1/2 ↔ P1/2 dipole transition, with the relevant energy

levels for 40Ca+ shown in fig. 3.4.1. While the Lorentzian lineshape can be obtained from

a classical damped harmonic oscillator, the optical Bloch equations for a two level system

solve the dynamics in terms of a density operator ρ, and can be used to obtain steady

state solutions for the damping of the dipole interaction [92]. This gives the upper state

population

ρ↑↑ =
Ω2

0/4

(δ − k · v)2 + Ω2
0/2 + Γ2/4

, (3.4.1)

as a function of the laser detuning δ, the interaction strength Ω0, and the transition

linewidth Γ. The lineshape is plotted in fig. 3.4.2 for a range of interaction strengths, and
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defines a practical definition of the coupling. Additionally the laser detuning as seen by

the ion is modified by its velocity v in the direction of the laser wavevector k.

During excitation of the transition, momentum ~k is imparted to the ion. As seen in

fig. 3.4.1 spontaneous emission is approximately isotropic, resulting in no average momen-

tum transfer over many events. A pressure force is therefore applied in the direction of

the interaction laser k, given by the rate of change of momentum. This will damp the

motion if the laser detuning δ is negative, such that the probability of excitation is higher

when the ion is counter-propagating with the laser. The scattering rate is calculated from

the excited state population and decay rate, giving a force F = ρ↑↑Γ~k. Momentum kicks

from spontaneous decay define a theoretical limit to the Doppler temperature, given as a

function of laser detuning [92],

kBT =
~Γ

4

[
1 + (2δ/Γ)2

−2δ/Γ

]
. (3.4.2)

The Doppler limit, kBTmin = ~Γ/2, is obtained for detuning δ = −Γ/2, where the laser is

red detuned by half the transition linewidth, or at the maximum gradient.

Thermal Distribution

The motional state of the ion after Doppler cooling is approximated by a thermal distri-

bution, which gives the probability of being in state n for mean occupation n̄,

P (n) =
n̄n

(n̄+ 1)n+1
. (3.4.3)

The Doppler limit can be rewritten in terms of the average motional state, n̄min = Γ/2ωi.

Examples of thermal distributions were shown in fig. 3.3.1, alongside the strength of first

order sidebands. To facilitate sideband cooling, the velocity must be reduced such that

individual sidebands can be addressed. A further consideration is the minimum in the cou-

pling strength of the sideband, which is at lower n for a higher Lamb–Dicke parameter. An

insignificant portion of the population must lie above this point otherwise the population

is trapped, and requires a more complicated procedure where higher order sidebands are

addressed, which have minima at higher n.
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Figure 3.4.2: (Left) Lorentzian lineshape of dipole transition, with a natural linewidth Γ/2π = 22 MHz,
shown for several values of the saturation parameter defined in eq. (3.4.4). (Right) the maximum gradient
of the lineshape is shown as a function of the saturation parameter.

Line Broadening Mechanisms

The saturation intensity characterises the interaction strength Ω0 relative to the width of

the transition Γ, and is defined in ref [92] as

I1 =
I

Isat
=

2Ω2
0

Γ2
. (3.4.4)

Power broadening increases both the linewidth and the excited state population, as seen

in fig. 3.4.2 (left). The cooling rate is maximised when the gradient of the lineshape is

maximised, at I1 ≈ 2 in fig. 3.4.2 (right). However the heating due to scattering events,

and therefore the Doppler limited temperature, increases with the laser power. A balance

between the optimum cooling rate and final temperature is typically found at a saturation

intensity I1 ≈ 1.

If the velocity of the ion v is assumed to follow a Gaussian distribution, then the lineshape

is ultimately given by a Voigt profile, which tends to a Lorentzian as the temperature is

reduced. Additionally the S1/2 ↔ P1/2 transition is only an effective two level system if

decay to the D3/2 level is returned to the cooling cycle by optical pumping, which broadens

the interaction further. Another factor is the quantisation field, which separates the

transitions between different sub levels through the Zeeman splitting of the states involved,

giving 8 levels to consider in total. This splitting can be significant when compared to the

natural transition linewidth, and affects σ-transitions to a greater extent than π. Finally,
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Figure 3.4.3: Low lying energy levels of 40Ca+ with transitions addressed in sideband cooling detailed
(left). Cooling on the quadrupole π-transition means that the 854nm quench pulse can excite multiple
P3/2 levels, and the ion can decay to either ground state. If the quenching drives σ+-transition, or if the
red sideband of the quadrupole δ-transition is used, the ion will decay to a single ground state with higher
probability. In reality this is complicated by decay back to D5/2 levels, and so a state preparation pulse is
required. For completeness, spatial emission patterns are shown (right) for decay on π-transitions (grey),
σ-transitions (blue), and δ-transitions (red) [67]. Angle defined in relation to quantisation axis (z′).

excess micromotion, discussed in section 2.2.1, can significantly heat the ion, causing

the broadening mechanism described in [77]. These effects are discussed further when

measuring the resonance in section 4.3.5.

3.4.2 Pulsed Sideband Cooling

Motional sidebands are resolved in the strong binding regime, and consequently a narrow

linewidth laser can target a specific transition. Tuning the laser to drive |↓, n〉 → |↑, n+m〉

will then add m phonons to the motional state. An iterative sequence of pulses of this

form are applied to reduce the motional state to ground, as shown in fig. 3.4.4. After

Doppler cooling the ion is prepared in the ground qubit state. The first red sideband

(m = −1) is then driven to the excited state whilst reducing the motional level n by 1.

The red sideband strength is determined following eq. (3.3.8), and it is therefore possible

to calculate the time required to complete a π-pulse as a function of n,

τn =
π

Ωn,n−1
. (3.4.5)

As the decay time of the qubit is long by definition, the excited state is quenched by

pumping back into the ground manifold via the P3/2 level, and then into the ground state

of the qubit with a state preparation pulse to leave the ion in |↓, n− 1〉. The relevant

energy levels are shown in fig. 3.4.3.
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Figure 3.4.4: Sideband cooling pulse sequence from right to left. The qubit is excited by a π-pulse on the
red sideband, driving the transition |↓, n〉 → |↑, n− 1〉. The quench pulse, duration τq, returns the ion to
one of the two S1/2 ground states. The σ-transition is then driven for time τσ to pump the population into
|↓〉. The motion can be excited during any of these decays, limiting the final occupation of the motional
ground state.

Limits of SB cooling

For a given thermal distribution the expected population above a maximum state nmax

can be calculated. Clearing the population below this level requires at least nmax pulses.

For a thermal distribution characterised by n̄ = 20, the probability of finding the ion with

nmax > 200 is less than 1× 10−4. This value is chosen to be small compared to other

error contributions.

The deshelving and state preparation pulses drive dipole transitions, which are in the

weak binding regime, and dominated by spontaneous decay. A range of motional states

can therefore be populated when any of these transitions are driven. After sideband cooling

the population is predominantly in the lowest two harmonic oscillator states, and can be

characterised by a thermal distribution with n̄ < 1.

Another limitation on the average motional state is that the last π pulse does not fully

excite the qubit if the coupling is not well characterised. This can be determined ac-

curately, and the number of pulses calculated empirically. Optimisation of the quench

pulses is shown in section 4.4.2, and the final temperature is obtained from spectroscopy

in fig. 4.4.5.
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Chapter 4

Implementation

The models developed in the previous chapter are representative of an incredibly improb-

able configuration of the universe, in which a two-level atom bound to a small region in

space interacts with a uniform intensity monochromatic light field. Under such conditions

it was shown how it is possible to prepare a trapped ion in the ground state of its motion,

and to manipulate both the electronic and motional states coherently. The first step in

establishing these conditions is achieved on reaching the ultra high vacuum regime, in

which it becomes possible to ignore the effects of collision with background gases. The

model also incorporated an idealised harmonic motion, in turn an approximation to the

effect of the rf potential. The frequency of laser emission must also be stabilised so that

the required dynamics can be achieved. In order to scan parameters, laser fields require

a varying degree of control over intensity, frequency, and phase. Experiments on the ion

enable fine tuning of both trapping and magnetic fields, such that they deviate minimally

from the theoretical description.

In characterising the Paul trap it is first necessary to describe the requisite control systems.

These are broadly categorised as optical systems, section 4.1, and experimental control,

section 4.2. Optical systems transform the raw emission of continuous wave lasers into

the controllable interaction required. The imaging system collects fluorescence emitted by

the ion, allowing state detection in addition to diagnostics. Sophisticated experimental

control infrastructure is required for the coordination of a large number of inputs and

outputs on a fast time scale, and this section describes how an experiment is built up from

the numerous interactions.
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Figure 4.1.1: Interaction geometry between lasers, trap, and the quantisation axis of the ion (z′). Shown
from the point of view of the imaging system, with the trap z axis aligned to north-south, the rf feedthrough
east, and the pumps and pressure gauge west. Sources of the emission for Doppler cooling lasers: Red 854
and 866, and 397, are detailed in fig. 4.1.2, photo-ionisation (PI) lasers in fig. 4.3.1, and the spectroscopy
729 laser in fig. 4.1.3. Laser polarisations and beam sizes at the ion are detailed in table 4.1.1, and
are imposed after the fibre emission by polarising beam splitters (PBS), waveplates, and lenses (L1-5).
Beams are monitored with photodiodes connected to the control system, and the trap centre imaged with
a camera.

Characterisation of the trap in section 4.3 outlines useful techniques for measuring and

optimising experimental parameters. The stability of these parameters can vary to a large

extent, and therefore differ in how often they need to be optimised. It is then finally

possible to examine the optical qubit in section 4.4. Evolution of the electronic state

under continuous driving is shown, and characterised by the previously developed models.

Spectroscopy on the quadrupole transition is used to determine the temperature of the

ion after both Doppler and sideband cooling, and shows the ion can be prepared in the

state |↓, 0〉 with high probability.

4.1 Optical Systems

The interaction geometry between lasers, trap, and the quantisation axis of the ion is

illustrated schematically in fig. 4.1.1. The Doppler cooling beams project onto all axes of

the motion, whereas the quadrupole laser projects only onto the axial mode. The beams

are fibre coupled to clean their profile, reducing scattering through the trap and ensuring

constant intensity across the extent of the ion. The laser systems preceding the fibres

are detailed in sections 4.1.1 and 4.1.2, and are designed to facilitate fast experimental

and slower diagnostic requirements. Acousto-optic modulators (AOMs) enable effectively

instantaneous changes in laser power, including switching, a limited range of frequency,
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Figure 4.1.2: Laser optical systems used to address dipole transitions, with part numbers in table A.1.
The laser emission frequency is determined by the current (C.C.) and piezo (P.C.) controllers. Diagnostics
monitor the laser frequency with a wavemeter λ. Two linearly polarised Doppler cooling beams at 397 nm
are controlled by acousto-optic modulator AOM1, and the circularly polarised state preparation via AOM2.
The 854 nm laser is controlled by AOM3, and is combined with the 866 nm laser on a dichroic mirror.

and relative phase. Slower control of laser frequencies is possible through feedback to

the laser current and voltage supplies, with far greater range. Similarly for imaging,

section 4.1.3, an electron multiplying (EMCCD) camera is used to determine the presence

of the required number of well Doppler cooled ions, but for faster experimental state

detection a photo-multiplier tube (PMT) is used.

4.1.1 Dipole Lasers

External cavity diode lasers (ECDLs) address dipole transitions. The emission frequencies

are set through the current provided to the diode (C.C.) and the voltage applied to the

Beam Transitions φ(◦) γ(◦) Spot size (µm)

397A σ 0 any 70
397B π 90 0
397C σ+ / σ− 0 -
R.866 σ 0 any
R.854 σ 0 any
729 π , δ 45 0

Table 4.1.1: Laser field polarisations and the transitions driven, where π, σ, and δ indicate a change in
the magnetic number |∆mj | = 0, 1, and 2 respectively, and the subscript ± indicates the sign. This is
informed by selection rules, the energy level structure of fig. 3.1.1, and the interaction geometry in figs. 3.2.2
and 3.2.3. The 397 laser is split into three components whose functions are discussed in section 4.1.1.

77



piezo (P.C.), which changes the external cavity length. The wavelength meter monitors

laser frequencies, which can be stabilised at the desired position with a dedicated program

feeding back to the piezo voltage of each laser controller. This is described in section 4.2.2.

This restricts the laser linewidths at 1-2 MHz on the timescale of experiments, which is

significantly lower than the width of dipole transitions. As the tuning range of AOMs 1-3 is

also smaller compared with the transition linewidth, the program is required to scan laser

frequencies over the full extent of the transition. The laser power requirements discussed

in section 3.4 are set using half waveplate and polarising beam splitter combinations, and

AOMs are used to turn the interaction off and on, with different powers during Doppler

cooling and measurement.

Optical systems are detailed in fig. 4.1.2. The transition at 397 nm can be addressed

by either of two linearly polarised beams, A and B, which drive σ and π transitions

respectively. Broadening of the lineshape with magnetic field is minimised for coupling to

π transitions, and therefore achieves a lower Doppler temperature. However both angles

enable compensation of the micromotion in section 4.3.4. The circularly polarised beam

C is used in state preparation, and must be aligned with the quantisation axis. This is

discussed in section 4.4.2. The Doppler cooling cycle is closed by repumping at 866 nm,

which necessitates driving the σ-transitions. The 854 nm transition is addressed to deshelve

the excited qubit state after sideband cooling pulses and state readout. This has the same

geometrical considerations as the 866, however the laser must be extinguished during qubit

manipulation. The ability to turn off the 866 would offer limited experimental advantage

here, as it does not couple to the qubit, and is not detected by the imaging system.

The lasers controlled by AOMs must be switched off at certain times in the experimental

sequence. AOMs are arranged in a double pass configuration, and suppress the laser power

by a factor of 104. Any residual leakage will ultimately manifest as qubit errors. The rise

time of AOMs can be found in the references of table A.1, but are insignificant on the time

scale of experimental pulses. During state detection the requirements of Doppler cooling

can be relaxed, and more photons are counted in a given period by increasing the power

or by tuning the laser closer to resonance.
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Figure 4.1.3: Spectroscopy laser optical schematic. A locking signal is picked-off by the first polarising beam
splitter (PBS). The electro-optic modulator (EOM) adds sidebands at 25 MHz, and the modulated light is
transmitted through the second PBS. The reflection from the cavity passes through the quarter waveplate
twice, and the rotated polarisation is refelcted onto the photodiode (p.d.). The cavity transmission is
monitored by a camera, to see which cavity mode is coupled to, and a photodiode. The absolute frequency
is determined using the wavemeter. The main beam is amplified with a tapered amplifier (TA) and coupled
to a 5 m optical fibre between rooms, which is insulated from vibration.

4.1.2 Quadrupole Laser

The qubit interaction model assumed an infinitely narrow linewidth transition between

the two levels of the atom. In reality the transition linewidth is dependent on magnetic

field noise, through the induced Zeeman splitting, and the linewidth of the laser on the

timescale of interactions. This will determine the coherence time of the system, a concept

which will be developed in chapter 5. The optical system outlined in fig. 4.1.3 has evolved

over many years. The cavity system, held under vacuum for thermal stability, is discussed

in ref [68], whereas the ECDL, locking electronics, and full characterisation of the laser

can be found in ref [97].

The emission is stabilised by locking to the cavity with the Pound-Drever-Hall (PDH) tech-

nique [98]. Transmission through the initial polarising beam splitter is phase modulated

by an electro-optic modulator (EOM) which produces sidebands at the drive frequency,

and with opposite phase. When the laser is matched to a cavity mode, the carrier is

reflected in phase with the incoming beam, whereas the sidebands, which are far from the

cavity resonance, are reflected with minimal phase shift. Any drift of the carrier away

from resonance will induce a phase shift in the reflection, and therefore produce two beat

notes with the sidebands. The signal from the photo-diode is mixed with the modulation

frequency, and sinusoidal terms filtered, in order to recover an error signal. This signal

gives an indication of the laser linewidth, and is shown in fig. 4.1.4.

The quadrupole laser requires greater power than dipole lasers, on the order of 10 mW,

and this is provided by the tapered amplifier (TA). The two stages of fibre coupling after
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Figure 4.1.4: Power spectral density of laser locking signal (top) with characteristic servo-bumps around
400 kHz of the central feature. Long term driftiof quadrupole carrier transition (bottom) is measured
at 1.36 kHz per day. A previous measurement in the Penning trap [99] gave a rate of 1.45 kHz per day,
attributed to creep in both the cavity length and the superconducting magnet. As the magnetic field drift
is small in this trap, see section 4.3.3, this measurement appears consistent. Further, the short term drift
is correlated with the room temperature, see inset, with the frequency dropping as the room heats before
a period of stability.

this add noise, typically in the polarisation, which is converted into power noise with a

polarising beam splitter. The power at the ion is monitored by the photo-diode shown in

fig. 4.1.1, and does not require active stabilisation. Of greater concern is the observed drift

in the carrier transition of the atomic resonance, which is plotted in fig. 4.1.4 (bottom).

The average drift rate of 1.36 kHz per day is due to long term drift in the cavity length,

however despite its isolation from the environment the cavity is sensitive to the room

temperature, and larger fluctuations are observed throughout the day.

Control over the frequency of the laser at the ion is possible through AOM4, with a

tuning range in the first order diffracted beam of ±50 MHz. The rf signal is synthesised

by the control system, and it is therefore possible to set the amount of phase added to

the laser field at the start of a pulse. Multiple frequency components can be induced in

the laser field by mixing two rf outputs of the control system. This enables the driving

of multiple sidebands simultaneously, with control over the power of each interaction.

Universal control of the laser field is possible as the AOM can be driven by an arbitrary

waveform generator (AWG), enabling any frequency and temporal variation.

iCarrier calibration routine and logging set up by CSL. Also used in figs. 4.3.3 and 4.3.4.
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Figure 4.1.5: EMCCD images in the rf trap. From left to right showing the fluorescence of neutral calcium
along the beam path of the 423 nm laser; the first cloud of ions seen in the trap; a linear chain of two ions;
and a single ion.

4.1.3 Imaging System

The imaging system must direct a sufficient portion of the fluorescence emitted by an

ion to either a PMT or EMCCD camera, culminating in the compact design outlined in

ref [100]. The camera pixel size is 16 µm, and therefore to resolve ions separated by only

a few µm the system must image the trap centre with sufficient magnification. Images

taken with the camera are seen in fig. 4.1.5 showing fluorescence from the photo-ionisation

lasers, a small cloud of ions, two ions, and a single ion. For experiments with a single ion

however, there is no advantage to using the camera for state detection as the ion is either

bright or dark. Fluorescence measurements are therefore made using the PMT, which is

easier to interface and has a faster readout rate.

The critical quantity is the number of photons that can be counted in a given collection

period. Under continuous Doppler cooling the photon emission of the ion can be assumed

isotropic, and the collectable solid angle is restricted by the top recessed viewport to

1 sr. In practice this is limited by the collected angle of the imaging system at 22.85°,

giving a collection efficieny ηc = 0.04 [100]. The viewport has only one anti-reflection

coated surface, and therefore a transmission efficiency of ηv = 0.96 A notch filter blocks

all but light in the range of 377− 424 nm with transmission efficiency ηf = 0.95, enabling

detection of Doppler and photo-ionisation fluorescence whilst limiting background scatter.

The imaging lens is an achromatic doublet, with ηd = 0.953. There are also two coated

lenses, which lead to losses given by ηl = 0.994. Finally the quantum efficiency of the PMT

limits the number of counts, ηq = 0.2, giving a total efficiency, ηtot ≈ 0.5%. This implies

a collection rate of ηtotΓ397/2 ≈ 5× 105 photons s−1. This is determined experimentally

at ≈ 5× 104 photons s−1, with the resolution of bright and dark distributions discussed

further in section 4.4.1.
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Figure 4.2.1: Experiments run on the main PC. ARTIQ software controls the FPGA which coordinates
digital and analogue inputs and outputs (DIO/AIO), and rf voltages (DDS). The ARTIQ software also
communicates with laser control and dc voltage power supplies, shown by the red arrows. Connections
over the local network are shown in purple, devices connected by USB in black, and coaxial cables dashed.
Inputs to the optical switch, λ, are shown in optical system figures.

4.2 Experimental Control

A typical experimental sequence includes stages of cooling, state preparation, coherent

manipulation, and measurement. As measurement of the qubit state is probabilistic,

a single data point is derived from multiple shots, and a trace is obtained by taking

data over a range in the control parameter. The control system must therefore loop

over the specified number of shots at each value of the control parameter with timing

resolution greater than required interaction times. For example, to construct a trace of

qubit excitation as a function of interaction time, the length of the spectroscopy pulse is

incrementally increased, with 100 shots at each point in time giving good statistics for

estimation of the excitation probability.

An overview of the experimental control system is shown in fig. 4.2.1. The experimental

PC runs dedicated ARTIQ (advanced real-time infrastructure for quantum information

experiments) control software. This can program an FPGA, discussed in section 4.2.1,

for nanosecond timing precision during each data shot. Additionally, the ARTIQ software

can control other programs running on the experimental PC, including control of the

laser frequencies through feedback to the laser controller over the experimental network,

discussed in section 4.2.2, and dc voltage supplies connected via USB.

4.2.1 ARTIQ

A new control system has been developed for this project, and uses the ARTIQ software

developed by the ion trapping group at NIST with M-Labs. This has been adopted by a
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growing number of atomic physics groups as experiments increasingly require coordination

of multiple signals and more complicated control fields. The software includes libraries for

describing experiments, and time-critical code is compiled and run on customised hard-

ware. The modular nature of the system allows new sub-systems to be easily incorporated.

Additionally it provides a graphical user interface for scheduling experiments, monitoring

diagnostics, the storage of parameters and results, and live data visualisation.

The hardware detailed in table A.1 is developed at the University of Warsaw and manufac-

tured by Sinara. The FPGA is connected to the main experimental computer via ethernet,

limiting the speed with which it can be programmed to the order of 1 s. Code running on

the FPGA can coordinate the fast timing of inputs and outputs on up to 12 connected

modules with a clock speed of 125 kHz. These include digital inputs, for the line trigger

and PMTs, and analogue inputs for monitoring photo-diodes. The DDS boards synthesise

rf frequencies, with precise control over amplitude, frequency, and phase. These rf signals

are amplified and used to drive AOMs and the trapping field.

It is illustrative to consider the requirements of a single shot, taking the example of

sideband cooling followed by manipulation of the electronic state shown in table 4.2.1. To

minimise fluctuations in the magnetic field over the mains cycle, experiments are started

by a line trigger, which limits the speed at which single shots can be taken to 50 Hz. In

this time the ion is first monitored over a period of Doppler cooling for ≈ 5 ms, followed by

a stage of optical pumping into the desired ground state. The sideband cooling sequence

consistst of a series of variable length red sideband pulses, defined in eq. (3.4.5), followed

by deshelving and state preparation. The ground state cooled ion can then be manipulated

by the probe, which is immediately followed by a period of photon counting.

×200
Wait TDC TOP τn TDS TSP Probe TC

LT
rf.397A
rf.397C

rf.854
rf.729
PMT

Table 4.2.1: Control sequence for a single data shot. After the experiment is triggered (LT), the ion is
Doppler cooled (DC) and then optically pumped (OP) into the ground state. The pulsed sideband cooling
sequence (between double lines) consists red sideband pulses, deshelving (DS), and state preparation (SP).
Following this the state of the ion can be probed and measured by photon counting (C).
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Figure 4.2.2: Beat note measurement between two different blue lasers locked to the same point with the
wavemeter software. The signal is measured by a photo-diode, with voltages obtained from a spectrum
analyser. For the two timescales shown the signal has a linewidth of 1.0(3) MHz over 5 ms and 3.7(1) MHz
in 10 s. The errors represent one standard deviation in 100 and 10 measurements respectively.

4.2.2 Wavemeter Laser Lock

Stabilisation of laser frequencies is hugely simplified by modern laser controllers, which

are connected to the local network. Laser frequencies are monitored by a wavemeter with

a relative stability better than 1 MHz. A dedicated program modifies the voltage applied

to the piezo in order to stabilise these frequencies. As the optical switch cycles through

the multiple channels, the sampling rate of the wavemeter limits the frequency with which

the error signal can be updated. The five monitored lasers require an exposure time of

a few ms, with a 20 ms delay between each channel to limit optical leakage. This gives

a sampling rate for each laser in the region of 10 Hz, and the performance of the lock is

shown by a beat note measurement in fig. 4.2.2.

The set point of each lock can be modified by experimental scripts, allowing resonance

scans of the Doppler transition lines, which enables optimisation of laser frequencies. The

wavemeter is subject to a repeatable drift throughout the day, and is calibrated to a helium

neon laser (HeNe), described in detail in ref [68]. The software enables this calibration,

and it can therefore be automated. This does not account for drift or sudden changes in

the HeNe frequency, which may necessitate recalibration of the transition frequencies.
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Figure 4.3.1: Photoionisation laser schematic (left) and addressed neutral 40Ca energy levels (right). Diode
lasers components are detailed in table A.1, and only the 423 laser is grating stabilised. The optical isolator
(iso.) protects the diode from back reflected light. The combined beams are coupled to a fibre and sent
to the rf trap. Another path combines the PI beams with the 397 radial beam of the Penning trap, which
couple to orthogonal fibre modes. [ν423 = 709.078 24 THz; ν375 > 770 THz].

4.3 Paul Trap Characterisation

In this section properties of the trap and basic interactions with a single ion are char-

acterised. This begins with photo-ionisation in section 4.3.1, where a single ion can be

loaded and monitored under continuous Doppler cooling. The following sections outline

the procedures which are used to tune trap parameters in order to maximise the qual-

ity of the optical qubit. This first involves calibration of the trapping frequencies with

applied voltages in section 4.3.2, and the splitting of transitions with magnetic field in

section 4.3.3. The magnetic field direction is optimised by minimisation of the signal from

the circularly polarised 397C, and the compensation of the electric fields is discussed in

section 4.3.4. Doppler cooling transition resonances are shown in section 4.3.5, which

enables optimisation of powers and frequencies, and the length of the period TDC .

4.3.1 Ionisation

Several schemes exist for the ionisation of neutral calcium. Bombardment with high energy

laser pulses, from say a doubled Nd:YAG, can liberate a single electron via a three photon

process, or an electron gun can knock an electron free. These processes will however

indiscriminately ionise anything in their path. A more selective method involves exciting

an electron to the 1P1 state on the dipole transition shown in fig. 4.3.1 (right). The

electron can subsequently be excited to the continuum by photons with frequency greater

than 770 THz. Further, this process is shown to be isotope selective from the resonance

measurement in fig. 4.3.2, where it can be seen that the observed linewidth of the resonance

is much narrower than the isotope shift. The configuration of the optical system used in
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Figure 4.3.2: 423 nm resonance spectrum in the Penning trap. In the magnetic field of the Penning trap
the π transition remains at the unshifted resonance, and the polarisation angle γ is important. The natural
linewidth of the S0 ↔ P1 transition is approximately 35 MHz. The resonance, with FWHM ≈ 80 MHz
from the Gaussian fit (red) is therefore dominated by Doppler broadening, as the laser linewidth is less
than 10 MHz. The frequency shift of the next stable isotope 42Ca is indicated at ∆ν = 394 MHz. The
natural abundance, present in ovens, is 97% 40Ca. Neutral fluorescence in the rf trap is seen in fig. 4.1.5.

photo-ionisation (PI) is detailed in fig. 4.3.1 (left).

The rf trap uses an oven design [101] which was shown in fig. 2.2.6. This minimises excess

deposition of calcium on the electrodes, which can cause heating and shift the location of

field minima. The highly directional output also limits Doppler broadening of the neutral

resonance with the 423 nm laser, which propagates perpendicular to the atomic flux. This

defines a geometric factor for the interaction of φ ≈ 90°, and horizontal (vertical) linear

polarisation will therefore drive π (σ) transitions to the 1P1 energy level. In the weak

quantisation field of the rf trap the splitting of these states is small however in comparison

with the transition linewidth, and any linear polarisation can be used.

4.3.2 Trap Fields

The axial and radial trap frequencies are measured as a function of applied dc voltage or rf

amplitude in fig. 4.3.3. The axial trap frequency is determined from frequency spectroscopy

on the ion, outlined in section 4.4.4, and is accurate at the sub kHz level. With no

projection of the 729 laser along the two directions of radial motion, the frequencies are

measured by application of an rf ‘tickle’ voltage to compensation electrode Cx. When

the frequency of this voltage is resonant with the ions’ motion in the radial direction,

vibrational excitation is seen on the imaging camera. This method cannot resolve the two

radial modes, which are distinct due to deviation in the field from the idealised model,

but is sufficient to characterise the motion.

There are two competing requirements on the radial confinement: Doppler cooling achieves
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Figure 4.3.3: (a) Axial trap frequency νz as a function of applied endcap potential U0. Measurement (data,
red fitted line) gives κz = 0.132, whereas the beheviour predicted by simulation (grey) implied κ̄z = 0.155.
(b) Radial frequencies at axial frequency νz = 156 kHz. Fitting to the measurement (data, blue fitted line)
gives κr = 0.97, however due to the difficulty in measuring V0 this cannot be distinguished from 1. The
radial simulation (grey) gave κ̄x = 0.95 and κ̄y = 0.92. The black dahsed line shows the scaling of the
radial frequency at νz = 1 MHz. (c) Long term axial trap frequency stability. No drift is observed at this
resolution, and measurements on the qubit in chapter 5 give more insight into the shorter term stability.

a lower average motional state at higher trap frequency, which motivates maximising the

rf voltage, however for a fixed drive frequency Ω, defined in eq. (2.2.7), increasing the

rf voltage V0 increases the stability parameter qu, making radial confinement less stable.

From fig. 2.2.2, for Ω/(2π) = 10 MHz, the stability threshold of 0.4 is reached at 350 V,

and a radial frequency of 2 MHz. At higher axial frequencies the radial frequency can be

significantly reduced by the deconfining axial field following eq. (2.2.10), which can be

rewritten

ωu =

√
ω̄2
u −

1

2
ω2
z , ω̄u =

Ωqu

2
√

2
. (4.3.1)

The black dashed line in fig. 4.3.3 (b) shows the expected radial frequency scaling at

νz = 1 MHz, where the highest stable radial frequency is reduced to 1.8 MHz.

The long term stability of the axial trapping frequency for a fixed voltage U0 is measured

over several months in fig. 4.3.3. This measurement is made by calculating the frequency

difference between first order motional sidebands, and shows no long term drift of the trap

frequency due to the power supply or changing properties of the field.
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Figure 4.3.4: (a) Long term magnetic field strength from measurement of the two quadrupole π transitions.
Shown relative to the unshifted AOM frequency ∆↓↑ = 195.504 MHz. The difference in the linear drift of
the transitions is less than 25 Hz per day, corresponding to a change in the magnetic field of 2 nT, and
change in coil current of less than 10 µA. (b-d) Spectra of quadrupole transitions from the ground state
S1/2,−1/2 as a function of the AOM frequency. This implies a magnetic field of 0.38 mT for an applied
main coil current of 1.3 A. The AOM is configured to take the -1st order, and reduces the laser frequency,
hence the inverted sign from fig. 3.2.4.

4.3.3 Quantisation Field

In the configuration of the quadrupole interaction shown in fig. 4.1.1, the two π-transitions

are strongly driven, with distant δ-transitions driven more weakly, as seen in black in

fig. 3.2.4. Drift in the quantisation field is seen by repeated measurement of the two π-

transitions in fig. 4.3.4 (a). The magnitude of the quantisation field is proportional to the

frequency difference between the transitions through their Zeeman splitting. A linear drift

in the transition difference of 25 Hz per day is small compared to the observed frequency

drift of the spectroscopy laser, seen here and in fig. 4.1.4. This corresponds to a drift in

the magnetic field strength of 2 nT per day. Shorter term stability of the magnetic field is

determined through experiments on the optical qubit in chapter 5.

The ion is initialised in a specific ground state by optical pumping, and with no coupling to

radial modes, and most optical transitions suppressed by the interaction geometry, many

sources of off-resonant excitation are eliminated. From the S1/2,−1/2 ground state three

transitions can be driven, and are shown in fig. 4.3.4 (b-d). This enables calibration of

the quantisation field strength at 0.29 mT A−1 applied to the main coil.
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4.3.4 Micromotion Compensation

The rf field applied to radial electrodes produces a three-dimensional minimum in an ef-

fective trapping field. This is strongly confining in the radial dimensions, and only very

weakly in the axial. The centre of the static dc potential must be aligned with this null

point in all dimensions using compensation electrodes to eliminate excess micromotion.

Excess micromotion broadens the Doppler transition linewidth, as seen in fig. 4.3.6, which

enables coarse compensation in the direction of the Doppler cooling laser. Excess micro-

motion also leads to modulation of the qubit carrier transition, giving rise to sidebands at

the trap drive in the frequency spectrum. This is a more sensitive method of probing the

micromotion, and therefore field misalignment, as a function of the compensation voltages.

However in the configuration shown in fig. 4.1.1 the spectroscopy laser projects onto the

axial mode, and therefore has limited sensitivity to the radial micromotion.

The radial field is compensated with the cross correlation technique [77]. In the reference

frame of the ion, the frequency of the cooling laser is Doppler shifted at the micromotion

frequency Ω. The observed fluorescence signal therefore fluctuates, over the period of the

rf drive, as the laser detuning effectively moves across the transition line. The variation in

scattering rate is dependent on the amplitude of the micromotion in the direction of the

laser wavevector. Consequently a single beam can only minimise micromotion in a single

direction. With a second beam in the horizontal plane, as shown in fig. 4.1.1, it is possible

to minimise all but vertical micromotion. Residual vertical micromotion is less concerning

as all interactions are in the horizontal plane.

The control system has a clock speed of ≈ 12 × Ω, and it is therefore possible to bin

photons by their arrival time relative to the drive. This is seen in fig. 4.3.5 in the case that

the ion is (a) poorly and (b) well compensated. Each 397 laser will then see minima in the

standard deviation of this signal at a particular value of the vertical compensation voltage

Vy, shown in (c). The combination of radial voltages that minimises micromotion for both

beams can then be determined in (d), giving the point at which there is no micromotion

in the horizontal plane. The axial micromotion is then minimised by measurement of the

rf sideband strength as a function of the axial differential voltage Vz in (e). This process

can be iterated in an attempt to reduce all excess micromotion, however as all lasers are

in the horizontal plane this is not completely possible.
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Figure 4.3.5: Micromotion compensation techniques. Normalised photon counts, binned by their arrival
time relative to the rf period for (a) a poorly and (b) a well compensated ion in the direction of one laser.
(c) Standard deviation of bins as a function of vertical compensation voltage Vy, where minima imply the
minimal projection of micromotion in the direction of the laser, 397A. These minima are dependent on
other compensation voltages as well as the projection of the micromotion onto the laser. (d) standard
deviation minima are shown in two dimensions for two interrogation directions in the radial plane. This
leaves vertical micromotion undetectable, caused by a horizontal offset of the rf and dc fields. (e) Excess
micromotion in the axial direction is determined by monitoring the first order micromotion sideband
strength as a function of the axial compensation voltage. These methods are developed and implemented
by Jacopo Mosca Toba.
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Figure 4.3.6: Resonance scan of the S1/2 ↔ P1/2 transition (left), with data before (red) and after (black)
compensation of the micromotion. The fit (black) is made to a sum of two Lorentzian functions separated
by the splitting of the σ-transitions at Bz′ = 0.38 mT (grey). This shows that the laser heats the motion
when positively detuned from the lowest frequency transition, limiting the achievable Doppler temperature.
The D3/2 ↔ P1/2 transition is also shown (right), with dark resonances clearly visible.

4.3.5 Doppler Transition Resonances

The Doppler cooling 397 nm dipole transition is seen as a function of laser detuning from

the resonance in fig. 4.3.6 (left), with broadening from excess micromotion also shown.

The micromotion minimised lineshape is fitted with a sum of two Lorentzian functions,

separated by the σ-transition Zeeman splitting of 14.6 MHz, shown by the dashed lines.

This splitting is comparable to the transition linewidth, and consequently photons are

preferentially scattered on the lower energy transition. This model does not incorporate

Gaussian velocity broadening, however the amount of information that can be extracted

from this method is limited. The motion after Doppler cooling is better characterised by

spectroscopy of the motional sidebands such as in fig. 4.4.4.

Repumping decay to D3/2 level broadens the effective lineshape further. The 866 nm

resonance is shown in fig. 4.3.6 (right), with dark resonances exhibited when both lasers

are detuned by the same amount, and so form a three level system with the S1/2 and

D3/2 states coupled via P1/2. This coherently pumps the population into the dark state,

and is avoided by positively detuning the repump laser. After a Doppler cooling time

TDC = 5 ms the motion of the ion is maximally cooled, with the motion typically more

energetic than the idealised approximation of the Doppler limit.
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4.4 An Optical Qubit

The optical qubit is mapped onto specific states in the S1/2 and D5/2 energy levels, and

the spectroscopy laser is tuned to the frequency difference between states to drive carrier

transitions. The estimation of the qubit excitation probability and determination of errors

in the statistical measurement process is discussed in section 4.4.1. With measurements

of the qubit state, the time taken to optically pump into the ground state (OP and SP)

and to remove the ion from the excited state (DS) are determined in section 4.4.2. Time

evolution of the qubit under continuous driving is characterised by the coupling strength,

or Rabi frequency, and the relative amplitude of motional sidebands is determined by the

average motional state occupied by the ion. In section 4.4.3 the effective Rabi frequencies

of carrier and first order transitions are measured, and this enables an estimation of the

harmonic oscillator state. The temperature of the ion is also obtained from frequency

spectra, section 4.4.4, which shows that the state |↓, 0〉 can be prepared with 98(2)%

probability.

4.4.1 Measurement

Measurement reduces a quantum system to one of the basis states of the measurement

observable. With a single measurement it is therefore not possible to determine the prob-

ability amplitudes of the system states. The state of the optical qubit is determined by

electron shelving [11]; under Doppler cooling the ground state |↓〉 couples to the P1/2

level and the ion emits fluorescence, whereas the excited state |↑〉 does not, and the ion

remains dark. From this measurement the ion is characterised as either bright or dark,

corresponding to the system now being in the ground or excited qubit states, and is a

measurement of the σz-observable, with the probability of measuring a state given by the

square of its probability amplitude. Repeated measurement of an identically prepared

system is required to determine the probability amplitudes, where the total number of

trials n = nB + nD, is comprised of a number of bright, nB, and dark, nD, results. From

this it is possible to determine the probability that the qubit was excited, with a binomial

confidence interval giving an estimate of the error.

The normal approximation gives the probability of excitation as

P (↑) =
nD
n
± z

n

√
nBnD
n

, (4.4.1)
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Figure 4.4.1: Counts during 5 ms Doppler cooling period (left). Counts during 5 ms state detection period
(right), with bright (white) and dark (black) distributions taken independently with 1000 shots each.

where z = 1.96 for a confidence level of 95%. The error in this case would represent the

interval we expect the true value to lie within with a 2-σ confidence bound. However this

is unreasonable when the probability approaches 0 or 1. For example the ion may not be

shelved in any shot, and would therefore have a probability of excitation and error of 0.

Wilson argues that the proper form of probable inference is to ask for what range of bounds

would the measured value be expected to fall within [102, 103]. The Wilson score interval

gives the probability of excitation as

P (↑) =
nD + 1

2z
2

n+ z2
± z

n+ z2

√
nBnD
n

+
z4

4
. (4.4.2)

The probability is modified from the standard case as the law of succession gives the

probability of success in the (n + 1)st trial. The confidence interval can be asymmetric

about the mean value, allowing valid non-zero errors when the mean is close to 0 or 1.

This function, shown in appendix D.3, is used to determine the excitation probability and

error bars in all data plots of the qubit excitation probability.

In fig. 4.4.1 (left) the photon counts during initial Doppler cooling are shown. A cooling

threshold is set to ensure that the ion is well localised before sideband cooling is initiated.

Photon counts for time TC = 5 ms with the ion prepared in the bright and dark states

measured independently with 1000 shots are shown in fig. 4.4.1, showing a clear threshold
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Figure 4.4.2: Excitation probability after driving the carrier transition following (a) Doppler cooling and
scanning the optical pumping time; (b) sideband cooling, whilst scanning the length of the state preparation
pulses after deshelving; (c) Doppler cooling, followed by a variable length deshelving pulse; and (d) Doppler
cooling and deshelving the ion as a function of the detuning from the 854 nm transition.

between the distributions for each basis state. The bright distribution is taken directly

after sideband cooling. The dark distribution is determined by shelving the ion with a

π-pulse on the carrier. This gives a false bright rate of 1.1%, with an error margin of

1/
√

1000 ≈ 3% for this number of shots. There are no counts below the threshold for the

bright distribution as a result of the cooling threshold.

4.4.2 State Preparation and Deshelving

After Doppler cooling the electron is equally likely to be in either of the ground S1/2

states, limiting the probability of exciting the qubit to 50%. This is shown after Doppler

cooling and with zero optical pumping time in fig. 4.4.2 (a). The probability is maximised

by TOP = 1 µs, however does not reach 1 as the motion is thermal. Preparation of the

qubit ground state |↓〉 requires optical pumping into one of the S1/2 sub-levels using the

circularly polarised 397C laser. In the interaction configuration shown in fig. 4.1.1, σ+(−)

S1/2 ↔ P1/2 transitions are driven by σ+(−) circularly polarised radiation. The final

fidelity of the ground state preparation is limited by misalignment of the laser wavevector

with the quantisation axis, and any ellipticity in the polarisation, both of which enable

excitation of the unwanted σ-transition. A different optical pumping time is used during

state preparation sideband cooling pulses, and the excitation probability after sideband

cooling is shown in fig. 4.4.2 (b) while this parameter is varied. This shows that the ion

will decay to the other ground state from P3/2 and be shelved from the cooling cycle with
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insufficient state preparation time after deshelving pulses.

The 854 nm laser drives σ-transitions, and can therefore clear all levels in the D5/2 man-

ifold. It must also drive population that has decayed back from P3/2 → D5/2. The time

required to return the electron from the exited state to the Doppler cooling cycle is shown

in fig. 4.4.2 (c), where a variable length deshelving pulse is shown after exciting the qubit.

After only 5 µs the electron decays to the S1/2 manifold. From here it is prepared in the

qubit ground state by the previously discussed state preparation pulse. The optimal fre-

quency for the 854 nm laser is also determined by exciting the qubit while scanning the

frequency, shown in fig. 4.4.2 (d). The electron is not deshelved if the pulse is not resonant

with the D5/2 ↔ P3/2 transition.

4.4.3 Rabi Oscillations

Evolution of the qubit state from the prepared ground state is determined in section 3.3,

where for m = 0 eq. (3.3.8) describes the carrier, m = −1 the first red and m = 1 the first

blue sideband. The dynamics are given by an incoherent sum over the evolution of each

Fock state in a thermal distribution characterised by n̄, and weighted by the probability

of occupation following eq. (3.4.3):

|c↑(t)|2 =

nmax∑
n=0

n̄n

(n̄+ 1)n+1
sin2

(
Ωn,n+m

2
t

)
. (4.4.3)

The motional state of the ion after both Doppler and sideband cooling can be characterised

by a thermal distribution, where only the lowest two states are significantly populated after

sideband cooling. Measured values of the excitation probability of the carrier and first

order sidebands as a function of interaction time are fitted to eq. (4.4.3) in fig. 4.4.3. The

damping of oscillations is increased with the higher motional temperature after Doppler

cooling (top 3 plots), and high visibly is observed after preparing the ground motional

state following sideband cooling (bottom 3 plots). Values for n̄ and the Rabi frequency

Ω0,0 are obtained by fitting to all 3 sidebands with the same model, giving n̄ ≈ 30 after

Doppler cooling and n̄ = 0.09(1) after sideband cooling. This does not take into account

off-resonant excitation, most notably of the carrier transition when driving first order

sidebands, and does not account for detuning from the resonances.

95



0 50 100
0.0

0.5

1.0

0 50 100
0.0

0.5

1.0

0 50 100
0.0

0.5

1.0

0 50 100
0.0

0.5

1.0

0 50 100
0.0

0.5

1.0

0 50 100
0.00

0.05

0.10

Time (µs)

P
ro

b
a
b
il
it

y
o
f

E
x
ci

ta
ti

o
n

Figure 4.4.3: Rabi flops on the carrier and first order sidebands after Doppler (top three plots) and
sideband (bottom three plots) cooling. The trap frequency is νz = 805 kHz. The fit to all 3 sidebands after
Doppler cooling gives n̄ = 28.8(12) and Ω0/2π = 110.0(6) kHz, and after sideband cooling n̄ = 0.09(1)
and Ω0/2π = 109.0(1) kHz. The error in the fit is the covariance in parameter estimation, and gives an
indicatation of the relative uncertainty.
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4.4.4 Frequency Spectra

The probability of excitation was given as a function of the detuning δ from a particular

sideband in eq. (3.2.12). To produce a model axial frequency spectrum, sidebands are

positioned relative to the carrier by defining δm = δ −mωz. Building on eq. (4.4.3), the

probability of excitation as a function of detuning from the carrier and the probe time t

is then given by

|c↑(t, δ)|2 =
1∑

m=−1

nmax∑
n=0

n̄n

(n̄+ 1)n+1

Ω2
n,n+m

Ω2
n,n+m + δ2

m

sin2


√

Ω2
n,n+m + δ2

m

2
t

 . (4.4.4)

The observed background offset y0 is accounted for by defining the excitation probability,

pex = [1− y0]× [|c↑(t, δ)|2 + y0]. (4.4.5)

This function is used to fit frequency spectra, with the ground state carrier Rabi frequency

Ω0, trap frequency ωz, n̄, and y0 left as free parameters. Multiple datasets can be fitted

using the same model with the script in appendix D.1, which allows wide range low

resolution scans and high resolution scans of the features to be used in obtainig the best

estimation of the free parameters. To increase the speed of the fit, the time taken to

create the model was reduced by pre calculating sideband and carrier Rabi frequencies

as a function of the motional state from n = 0 to nmax = 250 in the interaction class.

Calculating the factorial terms in the definition of Ω0 in eq. (3.3.8) is also time consuming,

and the time taken to create the model was further reduced by the conditional statements

from line 103 in appendix D.2 for low order sideband strengths.

A frequency spectrum of the axial mode is shown after Doppler cooling in fig. 4.4.4, which

presents a low resolution scan of the carrier and first order sidebands, in addition to

higher resolution scans of these features. Fitting gives an average thermal occupation of

n̄ = 20(1). The Doppler limit at a trap frequency of 805 kHz is characterised by n̄ ≈ 15.

The same method is used to obtain frequency spectra after sideband cooling, shown in

fig. 4.4.5. The fitted model for the sideband cooled data gives n̄ = 0.02(1), implying that

2 % of the population is outside the state |↓, 0〉. As the strength of sidebands exhibit more

variation closer to the ground state, the estimated sideband cooled temperature has a

lower margin of error than the Doppler cooled fit.
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Figure 4.4.4: Doppler cooled axial frequency spectrum of first order sidebands at ωz/2π ≈ 810 kHz.
Excitation probability and errors of data are determined following eq. (4.4.2), with 250 shots per point.
The fit is based on eq. (4.4.4), with free parameters: background excitation 0.008(2), n̄ = 19.5(16),
Ω0/2π = 43.9(13) kHz, νz = 805.0(15) kHz. The probe time of 12.5 µs is chosen to maximise excitation of
the carrier.
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Figure 4.4.5: Sideband cooled axial frequency spectrum at ωz/2π = 1.08 MHz. Plotted points are the
result of 250 repetitions at each value of the detuning. The fit uses the same model as in fig. 4.4.4, with
free parameters: background excitation 0.010(1), n̄ = 0.02(1), Ω0/2π = 36.10(3) kHz, νz = 1078.8(1) kHz.
The probe time of 145 µs is chosen to fully excite the ion on the blue sideband.
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Figure 4.4.6: Stark shift compensation of the red sideband, probed from the state |↑, 0〉. At low power,
Ω0/2π = 5 kHz (grey), the trap frequency is measured as 1.06 MHz. At high power, Ω0/2π = 70 kHz (red),
the red sideband is shifted by 4.2 kHz. Compensated red sideband at high power (blue).

4.4.5 Stark Shift Compensation

The presence of the high intensity spectroscopy laser field induces a shift in the carrier

frequency through the AC Stark effect. If the radiation is tuned far from the transition,

the shift in energy levels can be approximated by frequency

∆S = −Ω2
0

2δ
, (4.4.6)

where δ is the detuning from the carrier. This does not affect operations on the carrier,

however when driving first order sidebands it can cause a measurable effect, as seen by

the red sideband spectra at different Rabi frequencies in fig. 4.4.6. As there is no red

sideband from the ground state, the state |↑, 0〉 is prepared by a π-pulse on the carrier in

order to measure the Stark shift. At high power, Ω0 = (2π)70 kHz, the measured shift is

∆S = (2π)4.2 kHz for a detuning δ = ωz = (2π)1.06 MHz.

To compensate for this effect a second frequency component is used to induce the opposite

shift in the energy levels. The detuning and amplitude of this second tone must satisfy

Ω2
0

2δA
= −(Ω′0)2

2δB
, (4.4.7)

where the detuning of the tones must have opposite signs. To avoid resonance with other

transitions, in this case the blue sideband, the detuning of the compensation pulse when

driving the red sideband is set to δB = −1.5δA. The required Rabi frequency Ω′0 is

determined experimentally.
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Chapter 5

Quantum Coherence

In the Young–Feynman double slit experiment, single electrons are repeatedly sent through

a pair of slits, where their cumulative detection leads to an interference pattern on the

screen behind [104, 105]. This highlights a defining feature of quantum mechanics: that

coherence is observed between alternative paths of a particle, or that a single particle

can be de-localised. Coherence between paths is shown by the interference of their state

probability amplitudes ψ1(φ1) and ψ2(φ2). The probability of detecting an electron as a

function of the phase difference between paths, φ = φ1 − φ2, is determined by the square

modulus of the sum of the individual amplitudes,

P (φ) = |ψ1 + ψ2|2 = |ψ1|2 + |ψ2|2 + 2|ψ1||ψ2| cos(φ). (5.0.1)

If one of the slits is blocked, or some information obtained about which path the electron

has taken, then the interference term disappears, and the classical case is recovered [106].

Coherent superpositions between the basis states of a quantum system account for the

majority of areas in which classical and quantum physics give diverging predictions, for

example the two photon interference shown by the Hong–Ou–Mandel effect [107], or the

interference between mesoscopic molecules [108]. They also underpin the algorithmic ad-

vantage that can be achieved by quantum computation and simulation [109, 110]. The

distinction between quantum and classical coherence, however, is difficult to define. It

is possible to create superpositions between the classical coherent states of light, which

exhibit interference, and it can be hard to determine the presence of quantum coherence
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over the distinctly classical coherence exhibited by vibrational motion in classical mechan-

ics [111]. One distinction is that the properties of a classical system can be measured

to completely define the state, whereas measurement of a quantum system is destructive,

and a result is determined statistically from many realisations of an experiment. This

complicates the task of distinguishing coherent superpositions in quantum systems from

probabilistic mixtures, and requires similar tools to entanglement theory. We therefore

limit the definition of quantum coherence to coherence between the states of a quantum

system.

The emergence of quantum information science over the past few decades has resulted

in the desire to describe quantum physical phenomena as a resource which can be used

to achieve tasks that would not be possible in the realm of classical physics [112–115].

Methods for quantifying the level of coherence present in finite d dimensioned quantum

systems typically involve reconstructing the full density matrix to perform state tomog-

raphy [116–118]. These suffer from the growing number of precise measurements that

must be performed as the system scales, and explore little of the concept of higher-order

coherence, where d > 2. This is analogous to multipartite entanglement [113], where

the number of coherently superposed amplitudes is the quantity of interest, and is itself

defined as a resource [119]. Statistical properties of an interference pattern can contain

information about the underlying quantum state [120]. They are also generated by simple

projective measurements which vary a single parameter. In section 5.2 an interference

pattern based coherence metric [121] is implemented to verify the number of coherently

superposed amplitudes in the axial mode of a single trapped ion. While ref [121] shows the

robustness of the certifier to false positives, it does not extend the proof to the case where

the projective measurement is made on a coupled basis, such as the case in our trapped ion

system. In ref [122] we show that the metric is still valid when the interference pattern is

derived from a mapping onto a coupled basis, enabling insight into noisy quantum systems

not accessible by direct measurement.

Preserving coherence in quantum systems requires techniques to minimise experimental

noise. Unwanted coupling to the environment can lead to the loss of phase information

between basis states, causing a superposition to decay into a classical mixture [123]. De-

coherence of the motional modes is a significant limitation in quantum logic applications
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with trapped ions, and the duration over which the states remain sufficiently coherent

must be much longer than typical operation times if manipulation is to be realised with

high fidelity. In a trapped ion system the qubit and motional states are subject to different

sources of noise, and these are characterised in section 5.1. The classification of decoher-

ence in higher order superpositions in noisy systems further motivates the development of

a mechanism for certifying multilevel coherence.

5.1 Decoherence

The probability of qubit excitation in eq. (3.2.12) was given as a function of the detuning δ

and the pulse area of the interaction, defined by the effective Rabi frequency Ω =
√

Ω2
0 + δ2

and pulse time t. In eq. (4.4.3) this was modified to account for the dependence of the Rabi

frequency on the occupied motional state n, which showed that the visibility of oscillations

is more quickly washed out when more motional states are occupied. However when only

the ground motional state is occupied this formalism would imply that, on resonance, the

interaction gives full visibility oscillations for all time.

We have so far assumed that the experiment is a closed system, and that the dynamics

are described by unitary transformations. In reality the environment can interact with

our system of interest, and reduce the visibility of Rabi oscillations. Imperfect calibra-

tion of carrier and trap frequencies and sideband coupling strengths will mean the desired

qubit rotation is not achieved. These parameters also drift with changing environmen-

tal conditions over the course of an experiment, which tends to reduce the visibility of

interference fringes. Environmental coupling also causes decoherence between prepared

quantum states in trapped ions, and these mechanisms are well established [40, 71]:

• Qubit (Optical) Decoherence

– Fluctuation in the magnetic field strength on the timescale of the interaction

broadens the qubit linewidth through Zeeman splitting.

– Similarly the short term frequency stability of the laser will broaden the effective

linewidth of the interaction.

– The excited state spontaneously decays with a lifetime of ≈ 1 s.

• Motional Decoherence
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– Sufficiently fast noise in the strength of the trapping potential, and therefore

trap frequency, reduces the purity of prepared Fock states.

Ramsey Spectroscopy

One method to probe the coherence of the qubit is to drive continuous Rabi oscillations

from the ground state and model the decay in visibility. However the contrast is sensitive

to imperfect calibration, intensity fluctuations in the laser, and contributions from any

occupied higher motional states. Ramsey spectroscopy, proposed by Norman Ramsey in

the 1960s [124], is not sensitive to these features. In one method of Ramsey interferometry

[70], the qubit is initially prepared in an equal superposition of the two basis states by a

carrier π/2 pulse, defined in eq. (3.3.14), to give

|ψ1〉 = Uc(π/2, 0) |↓〉 =
1√
2

[|↓〉+ |↑〉]. (5.1.1)

After a second π/2 pulse with phase φ relative to the first pulse, the states acquire a phase

e±iφ. Measuring the excitation probability as a function of φ then produces an oscillatory

pattern which follows

p(φ) = | 〈↑| Uc(π/2, φ) |ψ1〉 |2. (5.1.2)

=
1

2
[1 + cos(φ)] . (5.1.3)

The visibility of the interference pattern over one period in the phase, A, is a function of a

wait time Tw, where the superposition is left to freely evolve between carrier pulses. The

visibility is reduced by optical decoherence, which is modelled by the modifying eq. (5.1.3)

to give

p(φ) =
1

2
[1 +A(Tw) cos(φ)] . (5.1.4)

With no means of measuring in the motional basis, the coherence of motional state super-

positions must be inferred from measurement of the qubit. As the coupling strength from

each motional level is well known, and is simplified in the Lamb–Dicke regime, the state

amplitudes can be determined from Rabi type oscillations on the sidebands. However

despite being a coherent process this method offers no information about the phase rela-

tionship between amplitudes. Fortunately motional coherence can also be probed through
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Ramsey experiments. From the superposition state |ψ1〉, an equal superposition of the

lowest two oscillator states is created by moving the excited state population on the first

red sideband into the first motional state,

|ψ2〉 = Ur(π, 0) |ψ1〉 =
1√
2

[|↓, 0〉+ |↓, 1〉], (5.1.5)

which is possible due to the lack of red sideband from |↓, 0〉. The superposition is then

mapped back onto the qubit after the wait time Tw, with the interference pattern given

by

p(φ) = | 〈↑| Uc(π/2, φ)Ur(π, 0) |ψ2〉 |2 (5.1.6)

=
1

2
[1 +B(Tw) cos(φ)] . (5.1.7)

As with the qubit Ramsey experiment, the fidelity of pulses will affect the initial amplitude

of B(Tw), but decay of the observed visibility depends on the form of the underlying noise

spectrum.

5.1.1 Optical Decoherence

Decoherence of a prepared quantum state results from the weak coupling to any fluctua-

tions in the environment. A qubit is often mapped onto two energy levels, and in physical

systems the excited state can ‘relax’ back to the ground state, similar to a classical bit flip

error. This corresponds to all points on the Bloch sphere contracting towards the north

pole, figure 8.14 in [22]. As the decay time on the quadrupole transition is long, this effect

is relatively weak, and we can limit the discussion to low frequency dephasing between

the basis states. Rather than driving transitions between the states, low frequency noise

(� ω↓↑, the qubit splitting) leads to phase flip errors. This corresponds to the x and y

axes of the Bloch sphere contracting towards the z-axis, which is unaffected, as seen in

figure 8.9 of [22]. This is seen through the density matrix representation, which for the

pure state |ψ1〉 is given by the outer product

ρ = |ψ1〉 〈ψ1| =
1

2

1 1

1 1

 . (5.1.8)
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Figure 5.1.1: Optical Ramsey interference measurements on the π-transition. Shown for a range of wait
times inserted between the two pulses. The interference pattern is obtained by varying the phase φ of the
second pulse.

This state tends towards an equally weighted mixed state under dephasing, which reduces

the off-diagonal elements to zero until no correlations remain. The state can then be

described by vectors pointing only to the north and south poles on the Bloch sphere.

A typical interaction time is in the region of 10 to 100 µs, and to give an error contribution

of 1% the system requires a coherence time on the order of 1 to 10 ms. The lifetime of

the excited qubit state places an upper limit on the optical coherence time. However this

state is long lived, and effectively stable, so the optical coherence time is governed by the

linewidth of the qubit driving laser, and the noise in the splitting of mj energy levels due

to fluctuations in the quantisation field. The contribution from both magnetic and laser

field noise can be deduced as the quadrupole transitions have different sensitivity to the

magnetic field strength, whereas the laser linewidth is constant. The main transition used

in our experiment is the S1/2,−1/2 ↔ D5/2,−1/2 π-transition, which is least sensitive to

magnetic field noise following eq. (3.1.1). From this ground state, and in the geometrical

configuration of fig. 4.1.1, the two δ-transitions from S1/2,−1/2 can be driven. These tran-

sitions are respectively 5 and 7 times more sensitive than the π-transition to the magnetic

field strength.

Ramsey fringes are plotted in fig. 5.1.1 for a range of wait times Tw in an optical Ramsey
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experiment. The fitted model to eq. (5.1.4) gives the amplitude A, which is reduced for

longer wait times between Ramsey pulses. The form of the decay in fringe visibility as a

function of the wait time in Ramsey experiments will depend on the underlying sources

of noise present. If there are many sources of noise then we can initially assume that

Gaussian statistics will describe the process. If the noise is limited to variation in the laser

and transition frequencies, this will affect the phase through eq. (5.1.3). If this noise is

fast compared to the wait time, then Gaussian white noise in the frequency will lead to

an exponential decay of A,

A(Tw) = A0e
−Tw/τ2 , (5.1.9)

where A0 is the amplitude at Tw = 0, and τ2 is the characteristic time scale. If the

timescale of the noise is longer than the wait time, then the functional form of the decay

will be determined by the underlying noise distribution [71]. A Gaussian model,

A(Tw) = A0e
−T 2

w/τ
2
2 , (5.1.10)

would therefore describe the loss of coherence observed. The Gaussian model would imply

that the coherence time is limited by noise on a longer timescale than the wait time, and

is observed in other rf traps [40].

Ramsey experiments on the π and δ-transitions in fig. 5.1.2 show the data is well modelled

by a Gaussian decay, with R2 = 0.89, as opposed to R2 = 0.66 for the exponential model.

The Gaussian fit gives a characteristic coherence time of τ2 = 2.5(2) ms on the π-transition.

The implied qubit linewidth from the decay times are also shown in fig. 5.1.2, and increase

linearly with the relative sensitivity of the transition to the magnetic field as expected

[125]. This shows that noise in the magnetic field magnitude at the ion is the predominant

source of noise, and not the short term linewidth of the interaction laser, which has an

implied linewidth of ≈ 18 Hz. Further information about the underlying noise distributions

can be obtained by using dynamical decoupling schemes.

Spin Echo

Frequency noise leads to phase noise in Ramsey experiments. This can be depicted by

the Bloch vector spreading across the equator of the sphere shown in fig. 5.1.3 (b) during
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Figure 5.1.2: Ramsey optical coherence measurement, determined by extracting the visibility A of Ramsey
phase scans as a function of wait time Tw, where the qubit superposition is left to freely evolve. The
ground state is S1/2,−1/2, and the excited states are D5/2,−1/2 (π-transition), D5/2,−5/2 (δ-transition 1),
and D5/2,3/2 (δ-transition 2). The δ-transitions are 5 and 7 times more sensitive to the magnitude of
the magnetic field than the π-transition respectively. The bottom plot shows the qubit linewidth as a
function of the relative sensitivity to the quantisation field, with (triangles) and without (points) spin
echo. Respectively the fits have a gradient of 4 and 40 Hz per relative sensitivity to the quantisation field,
and cross the y-axis at 17.3 and 17.8 Hz. This is the implied linewidth of the interaction laser, as the most
significant contribution to the optical qubit linewidth in the absence of magnetic field noise. Data taken
by Jacopo Mosca Toba.
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Figure 5.1.3: Bloch sphere representation of the spin echo pulse sequence. An equal superposition is
prepared in the qubit (a) where the state can decohere during the wait time (b). A π-pulse in the middle
of the wait time (c) then leads to the state vector recohering (d), which the final pulse returns to the
ground state (e).

the wait time between Ramsey pulses. Low frequency noise can be damped by using spin

echo pulses, carrier π-pulses inserted in the middle of the wait time to exchange the qubit

excited and ground state populations, as seen in fig. 5.1.3 (c). The phase acquired for

a fixed detuning error before the spin echo pulse is cancelled out by the opposite phase

during the second half of the wait time. An constant drift in experimental parameters

is also cancelled out during the total wait time, and the coherence time is significantly

extended as seen in fig. 5.1.2.

Mains Noise

Electronic apparatus generates magnetic fields which fluctuate with the mains period, and

can be detected by the ion through an oscillation of the carrier frequency. In table 4.2.1

each experiment is triggered by the mains cycle at 50 Hz, and the circuit which delivers

the trigger is described in appendix C. However in longer Ramsey experiments the wait

time becomes comparable to the mains period of 20 ms, leading to a consistent phase

accumulation as the second pulse becomes increasingly off-resonant. However as seen in

fig. 5.1.2 magnetic field noise is greatly reduced by a single spin echo pulse, implying

that noise induced in the qubit splitting is most likely caused by the low frequency mains

period. Without reduction in the strength of the coupling to this external fluctuation,

the idealised model of the electronic qubit breaks down rapidly. The validity is reduced

further by calibration and measurement errors, which reduce the contrast of oscillations

with t wait time Tw = 0.
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5.1.2 Motional Decoherence

Other fluctuations in the environment cause an equivalent decay in the coherence of pure

motional states into classically described mixed states. The harmonic trapping potential

defines the axial frequency ωz, however imperfections in this field and fast fluctuations in

the voltage at the axial electrodes can lead to decoherence of prepared motional states.

In the motional Ramsey experiment a period of free evolution is varied after separating

the motional state of the ion into an equal superposition of the ground and first harmonic

oscillator states. From the initial state |ψ(0)〉 = |↓, 0〉, an equal superposition of the qubit

is created by a π/2-pulse on the carrier. As the remaining population in the ground state

has no red sideband, a π-pulse on this transition transfers the excited state population

into the first harmonic oscillator state. As only the qubit state can be measured, the

motional superposition is then mapped back onto the initial state in order to maximise

the visibility of Ramsey oscillations. The interference pattern is described by probability

amplitude of the excited qubit state following these sideband operations,

p(φ) = | 〈↑| Uc(π/2, φ)Ur(π, 0) T (Tw)Ur(π, 0)Uc(π/2, 0) |ψ(0)〉 |2. (5.1.11)

During the wait time Tw the qubit state is completely decoupled from the motion, and as

operations on the qubit are the same at all wait times, decay of the visibility is a result of

the effective linewidth of the transition between motional states. The motional coherence

is typically long compared to qubit coherence time.

5.1.3 Heating Rate

Where the motional coherence time was equivalent to that of the qubit, the heating of the

motional state by the environment is equivalent to the qubit error induced by spontaneous

decay of the excited D5/2 state. The amount of motional heating present is measured

by evaluating the relative strength of the red (i = −1) and blue (i = +1) sidebands,

Rsb = p−1/p+1, where

pi =
200∑
n=0

n̄n

(n̄+ 1)n+1
sin2

[
Ωn,n+i

Ω0,1

π

2

]
. (5.1.12)

This parameter varies significantly when the motional state is reduced into the LD regime,

as seen in fig. 3.3.1. Knowing the LD parameter, the ratio of sideband strengths plotted
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Figure 5.1.4: Heating rate measurement. (a) The strength of the red (red) and blue (blue) sidebands as
a function of the wait time inserted between sideband cooling and measurement. The dashed line shows
the ratio Rsb. (b) The implied average motional state n̄, determined by the model defined in eq. (4.4.3).
The grey lines show a linear and quadratic fit. (c) The conversion between the ratio of sideband strengths
Rsb, shown dashed in (a), and the impled n̄. Data from Chungsun Lee.

in fig. 5.1.4 (a) can be directly converted into an average motional state n̄ in (b). The

conversion, shown in fig. 5.1.4 (c) is determined from eq. (5.1.12), where the probe is

defined such that the qubit is fully excited on the blue sideband when the ion is in the

motional ground state. When n̄ < 0.1, the value is simply given by the ratio of red and

blue sideband strengths Rsb. At n̄ = 1, for the parameters used here, the red sideband is

half the strength of the blue.

The average motional state shown in fig. 5.1.4 (b) as a function of the wait time is well

modelled by the quadratic fit, R2 = 0.99. The liner fit over the first 10 ms, with R2 = 0.94,

gives a heating rate of 19 quanta s−1. However this method is sensitive to drift in the

spectroscopy laser frequency and power, and therefore calibration of the sideband peaks

and Rabi frequency. A better estimation of the average motional state is obtained from

full frequency spectroscopy over multiple sidebands, however as this takes 10s of minutes

per scan, parameter drift is more significant. While the method of probing the peaks could

be improved by taking more points around the peak, it allows for many measurements to

be taken in a much shorter time in fig. 5.1.4. This may allow better characterisation of

the sources of motional heating, and enable increased isolation from external noise.
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5.2 Multilevel Coherence

Multilevel coherence is exhibited by a superposition of more than two basis state vectors.

The level of coherence is defined with respect to the basis states, implying a state can

be made arbitrarily coherent by the choice of the basis. In reality the relevant basis for

coherence is the basis in which a measurement is made, and in a harmonically bound ion

this is the Fock states of the motion |n〉. A pure state in this basis |ψ〉 =
∑

n χn |n〉 is then

k-coherent if there are k non-zero amplitudes χn. In a physical system, with experimental

errors and sources of decoherence, no prepared state will be pure. The level of coherence in

a mixed state ρ is defined by the minimum number of k-coherent elements with non-zero

probability qi in the decomposition ρ =
∑

i qi |ψi〉 〈ψi|. This is similar to definitions of

multipartite entanglement for mixed states [113, 126].

A good coherence metric will produce a single value that determines the degree of mul-

tilevel coherence present in the tested state. It will create a discrete hierarchy if the

maximum value achievable by the metric increases with each level of k-coherence. Mea-

suring a value above a certain threshold will then unambiguously show that the tested

state is at least k-coherent. The certifier must be robust against any conceivable imperfec-

tion in the implementation, such that the value obtained can never rise above a threshold

it should not. This robustness in the certifier is a priority, and it may therefore fail to

determine the presence of higher order coherence. In other words the metric will be able

to certify the existence of multilevel coherence, but not prove its absence.

In the following section, and in ref [122], a method for certifying multilevel coherence in

the motional Fock states of a trapped ion is demonstrated. In a 3-coherent state such as

(|↓, 0〉+ |↓, 1〉+ |↓, 2〉)/
√

3, interference between the three oscillator states is analogous to a

triple slit style experiment. To create this state, and others, a method for generating any

motional superposition is presented in section 5.2.1. A certifier satisfying the requirements

previously outlined is then defined in section 5.2.2, which determines the level of coherence

from statistical properties of an interference pattern. These interference patterns are

presented in section 5.2.3, which discusses optimisation of the results. The reason higher

order than 3-coherence could not be shown, and consequences for the utility of this certifier,

are discussed in section 5.2.4.
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Figure 5.2.1: Determination of state preparation sequence for (|0〉 + |1〉 + |2〉)/
√

3. (a) Beginning in the
desired state. (b) The population in the highest motional state |2〉 is first transferred to a lower state on
the red sideband. (c) The population in the highest motional state, now |1〉, is then combined into the
ground state of the qubit; alternatively the population can be combined into the excited qubit state. (d)
The process in (b) is then repeated, with the motional level reduced to the ground state. (e) Finally the
population is combined into the ground qubit state to give |↓, 0〉, which is prepared by sideband cooling.

5.2.1 State Creation

It has already been seen that a superposition in the lowest two motional states can be

constructed from the ground state, by first creating an equal superposition in the qubit

and then transferring the excited population into the first motional state. The creation

of higher order superpositions is possible with the same first order sideband pulses [127].

The pulse sequence required to create an arbitrary motional superposition from the initial

ground state |↓, 0〉 is determined by starting with the desired superposition state. An

example is shown for creating the state (|0〉 + |1〉 + |2〉)/
√

3 in fig. 5.2.1. The first step

(b) transfers all the population in the highest motional state into the excited state of the

level below with a red sideband pulse. This also affects the population in lower motional

states, which is tracked. In step 2 (c) the population in the highest motional state is

combined into the ground or excited qubit states. These steps are repeated (d and e) until

the population is swept into the ground state of the motion and qubit. The adjoint of

this sequence of pulses, defined by the sideband, pulse rotation, and phase relative to the

initial pulse, produces the creation sequence.

In theory there are an infinite number of pulse sequences that would create the desired

superposition. The sequence of shortest duration is desirable as this is least sensitive

to decoherence of the qubit states. Also considered is that where the time difference

is minimal, reducing the number of sidebands used reduces the potential for calibration

errors. The creation sequences used for a range of states to certify were found by Jake

Lishman [102], and are shown on the left of table 5.2.1.
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5.2.2 Certification

A coherence certifier is more useful if it can be performed with easily achievable operations.

Ramsey experiments can be implemented with simple carrier and first order sideband

pulses, and enable the construction of interference patterns by varying a single parameter

in the driving field. Additionally the measurement is a projective measurement onto one

of the qubit states. The interference patterns used here to certify higher order coherence

are an extension to the Ramsey experiment [121], where the mixed state ρ to be tested

undergoes a period of free evolution before being mapped back onto the measurement

basis. As the free evolution dynamics are periodic, they can be given as a function of the

phase of the period, Uf (φ). The probability of measuring the excited state can then be

written as

p(φ) = 〈↑| Um Uf (φ) ρU†f (φ)U†m |↑〉 , (5.2.1)

where Um is the mapping between the coherent basis of investigation and the coherent

measurement basis. In the two state motional Ramsey experiments presented earlier this

operation was the inverse of the creation sequence.

The certifier C is defined in ref [121], and gives a single value from a ratio of normalised

moments of the interference pattern.

C =
M3

M2
1

, where Mn =
1

2π

∫ 2π

0
p(φ)ndφ. (5.2.2)

Obtaining a value of C greater than 1 shows 2-coherence, greater than 1.25 is required

for 3-coherence, and 1.86 for certifying 4-coherence. In a trapped ion system the coherent

motional basis of the target state is coupled to the qubit measurement basis, however the

treatment of ref [121] is only valid when the measurement maps the tested state onto one

of the coherent basis states. The proof is extended in ref [122] to show that the certifier

is also valid when the interference pattern is derived from a mapping onto a coupled

measurement basis.

Mapping

The mapping converts a measurement of the motional basis into a projective measurement

on the qubit. Free-evolution of the state can then be used to construct an interference

pattern. Whilst any mapping is valid, an optimal sequence will increase the chance of a
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Figure 5.2.2: Evolution of the qubit state over the course of creation and measurement mapping of the
motional superposition (|0〉 + |1〉 + |2〉)/

√
3. The data (black crosses) are compared to a model of the

expected behaviour (coloured line). The model is developed using the QuTiP Python library by Simon
Webster. As seen in table 5.2.1 this sequence uses only carrier (green) and red (red) sidebands.

positive result by maximising the contrast of the interference pattern. This is achieved

by mapping the target motional superposition state onto one of the qubit states, say |↑〉,

and all orthogonal states to |↓〉. In the two state Ramsey experiments presented earlier

a mapping sequence that was the inverse of the creation operation satisfied this, however

this is not the case for higher order superpositions. If the target state has a maximum

occupied phonon state m, then there are 2m+ 2 states in the system basis that must be

considered when constructing the mapping, and consequently the adjoint of the creation

sequence does not necessarily result in full contrast patterns.

For the example of the three state superposition, the mapping should formally satisfy

Um(|↓, 0〉+ |↓, 1〉+ |↓, 2〉) ∝ |↑, λ1〉 , (5.2.3)

Um(|↓, 0〉 − 2 |↓, 1〉+ |↓, 2〉) ∝ |↓, λ2〉 , (5.2.4)

Um(|↓, 0〉 − |↓, 2〉) ∝ |↓, λ3〉 , (5.2.5)

where the motional states λi can be chosen arbitrarily, as they do not affect the measure-

ment, and the orthogonal states on the left hand side are only required to form a basis with

the target state. In practice there are many sequences which can satisfy these conditions,

and as with the creation sequence the projection is optimised for shortest duration. The

mapping sequences for the example states are shown on the right of table 5.2.1.

Qubit State Evolution

The qubit state can be measured at any point during the course of the creation and map-

ping pulse sequences of the 3-coherent state (|0〉+ |1〉+ |2〉)/
√

3, and these measurements
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are compared with a simulation of the expected behaviour in fig. 5.2.2. The figure shows

the pulse duration in terms of time, rather than pulse rotation, which highlights the fact

that the sequence is dominated by the longer sideband pulses. Furthermore two high

frequency components can be seen in the model when driving the red sideband. These

are due to off-resonant excitation of the carrier from both the sideband and compensation

pulses. In this experiment the target state should be mapped back onto the excited qubit

state, but experimental errors stop the qubit state from being fully excited on completion

of the operation.

With full control over the frequency and phase of each laser pulse, free-evolution can be

implemented as a phase offset applied to the mapping pulses, as it was in the original

Ramsey experiments. The carrier remains unshifted and the phase of the red and blue

sidebands advanced by −φ and +φ respectively. The free-evolution dynamics Uf (φ) are

given by varying the phase over this free-evolution period. As each point in the pattern

takes the same time, the method has the advantage that each point will be subject to

the same decoherence processes. This is optimal for determining the initial presence of

multi-level coherence.

The populations in the basis motional states after the creation sequence can be determined

by measuring the qubit excitation probability while driving the blue sideband. The time

scan can be modelled by a sum of the Rabi oscillations at frequency Ωn,n+1, weighted by

the population χn of the m states considered. The model also includes the expected decay

in visibility due to decoherence, with τ2 = 2.5 ms,

|c↑(t)|2 = e−t
2/τ2

2

m∑
n=0

χn
Ω2
n,n+1

Ω2
n,n+1 + δ2

b

sin2


√

Ω2
n,n+1 + δ2

b

2
t

 . (5.2.6)

The results of driving the blue sideband on resonance and the fitted state populations are

shown in fig. 5.2.3. The fitted amplitudes confirm the created state has population in the

expected states, and we can be confident in reducing the number of states considered in the

mapping to the occupied ground states of the superposition. However the measurement

gives no information about the phase relationship between the states, and the same results

would be obtained from an incoherent mixture of the same basis state amplitudes.
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Figure 5.2.3: Qubit excitation probability while driving the blue sideband immediately after creation of the motional superpositions indicated. Data shown by black crosses.
Free parameters from the fit (blue) to eq. (5.2.6) are the blue sideband Rabi frequency from the ground state Ω0,1, the detuning from the blue sideband δb, and the state
amplitudes χn. The coherence time is fixed at τ2 = 2.5 ms. This gives an estimate of the population in each of the oscillator states considered, shown right with undesired
states in red, but there are many fitted parameters and the error (≈ 3% for state amplitudes) is only a measure of the covariance in the fit.
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(|1〉+ |2〉)/
√

2

Creation Mapping

Transition carrier red carrier red red carrier red carrier red
Pulse length 0.60 0.80 0.74 0.71 0.71 0.44 1.41 0.54 1.41
Phase offset/π 0 1.50 0 1.50 0− φ 1.34 1.17− φ 1.13 1.59− φ

(|1〉+ |3〉)/
√

2

Creation Mapping

Transition carrier red blue red red carrier red carrier red carrier red
Pulse length 0.50 0.31 0.23 0.29 0.29 0.51 0.16 0.50 0.58 0.50 0.22
Phase offset/π 0 0 1.00 0 0− φ 0.52 0− φ −0.48 1.16− φ 0.49 1.81− φ

(|0〉+ |1〉+ |2〉)/
√

3

Creation Mapping

Transition carrier red carrier red red carrier red carrier red
Pulse length 0.50 0.70 0.73 0.71 0.71 0.50 1.42 1.59 0.72
Phase offset/π 0 1.50 1.00 0.50 0− φ 0.71 1.71− φ 0.10 1.49− φ

(|0〉+ |1〉+ |2〉+ |3〉)/2

Creation Mapping

Transition carrier red carrier red carrier red red carrier blue carrier red carrier red carrier red
Pulse length 0.51 0.55 0.96 0.57 0.84 0.58 2.88 1.47 1.15 3.02 2.31 4.69 2.31 0.72 0.58
Phase offset/π 0 1.50 1.00 0.50 0 1.50 0− φ 1.84 1.59+φ 1.47 0.44−φ 2.79 1.68−φ 1.87 0.76−φ

Table 5.2.1: Coherence state creation and certification pulse sequences for the superposition states indicated. The pulse length is defined as a fraction of a π-pulse on the
ground state transitions, and the phase offset is given relative to the previous pulse. The free-evolution phase shift φ is applied between the creation and mapping pulses. The
sequences were found by Jake Lishman.
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5.2.3 Results

The 2-coherent states (|1〉+ |2〉)/
√

2 and (|1〉+ |3〉)/
√

2 were initially used to demonstrate

the procedure of creating and certifying the coherence of arbitrary motional superposi-

tions. These are the lowest excitation two element superpositions for which an inversion

of the creation sequence does not produce full visibility interference patterns; states or-

thogonal to the target are not mapped onto the excited qubit state by the mapping which

takes the target back to the ground state. The mapping sequences derived using the

method discussed in section 5.2.2 are shown in table 5.2.1, and produce the full visibility

interference patterns seen in fig. 5.2.4. Values of C = 1.090(12) and 1.090(13) are obtained

respectively from the certifier defined in eq. (5.2.2), above the 2-coherent threshold of 1,

but, reassuringly, below the 3-coherent threshold that no 2-coherent state can achieve.

While any oscillatory behaviour in an interference pattern implies coherence between at

least two states, the certifier would not be able meet the 2-coherent threshold if the map-

ping was simply an inversion of the creation sequence for the 2-coherent states considered.

This is expected as the certifier prioritises not returning a false positive over missing the

presence of higher order coherence.

The main result of this work is the certification of 3-coherence in the lowest harmonic

oscillator states of the ion using the single interference pattern shown in fig. 5.2.4. This

gives a certifier value of C = 1.54(2), well above the threshold of 1.25, and unequivocally

showing the state as 3-coherent in the motional basis. As seen in fig. 5.2.3, the populations

in the lowest oscillator states immediately after state creation are 38(3)%, 33(3)% and

29(3)% from the fit to eq. (5.2.6), implying the state creation sequence was imperfectly

realised. Imperfections in the experimental sequence reduce the certifier value from the

maximum theoretically achievable value of C = 1.77 [121]. The grey lines in fig. 5.2.4

show a numerical simulation which includes the off-resonant excitation of the carrier from

sideband and Stark shift compensation pulses, which were described in section 4.4.5. These

effects reduce the maximum value of the certifier as the Rabi frequency is increased, as

seen in fig. 5.2.5 (c), however the sequence must be completed sufficiently fast such that

qubit decoherence does not become detrimental. The frequency used, 90 kHz, is chosen to

optimise these constraints, and limits the certifier value to C = 1.69 in simulations.

The model is not consistent with the measured data at the 1-σ level, and this is principally
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Figure 5.2.4: Interference patterns for coherence certification of 2, 3, and 4 coherent states, taken with a
trap frequency of ωz/2π = 1 MHz and a Rabi frequency on the carrier of Ω0/2π = 90 kHz. The plotted
points (crosses) are the average of 400 shots each, and the solid line a theoretical model of the interference
pattern using calibrated parameter values. The certifier C values are obtained by numerical integration of
the data.
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a result of detuning errors. The sensitivity of the certifier to carrier and trap detunings is

shown in fig. 5.2.5 (a) and (b) for Rabi frequencies of 30 and 80 kHz. The initial detuning,

and drift of the carrier coupling strength and frequency over the course of the experiment,

reduces the certifier value, but high Rabi frequencies are less sensitive to these errors.

Additionally any population not initially in the ground motional state will reduce the

certifier value, as seen in fig. 5.2.5 (d). This is because the harmonic oscillator states have

different sideband strengths, and the creation and mapping sequence is optimised for the

initial state |↓, 0〉. Fitting the model to the measured data by floating the initial motional

state and the detunings from carrier and trap frequency over time is unreasonable, as

different sources of error have a similar effect on the interference pattern. However this

shows the clear advantage of this certifier, which unequivocally shows this state is 3-

coherent despite the presence of uncontrollable sources of experimental error.

As the error in qubit rotations quickly compounds, and is further reduced by drift of the

carrier, it was not possible to reach the 4-coherent threshold of 1.86, with a measured value

of C = 1.35(3). Off-resonant effects reduce the maximum obtainable value of the certifier

to C = 1.89 in simulations, and all drift process are enhanced over the significantly longer

sequence, as seen in fig. 5.2.5.

Discussion

Whilst any mapping operation Um will not cause the certified value to increase above

an incorrect threshold, there are physical mechanisms which may cause such an effect.

Incoherent processes reduce the visibility of interference patterns, and consequently the

certifier value, however this is not necessarily the case for time or phase dependent pro-

cesses. The free evolution is achieved by varying the phase applied to sideband pulses in

the mapping operation, with the phase and frequency set by the AWG. Each point in a

scan is therefore of the same duration, and any error is not dependent on the magnitude

of the applied shift. Implementation of the correct phase advancement is seen by the

expected periodicity of the scans, and is verified independently. Furthermore any periodic

drift is converted into white noise by randomising the order in which points are taken.

Each plotted point in fig. 5.2.4 is composed of 4 scans of 100 shots, with the point order

randomised on each scan.

Systematic miscalibration of experimental parameters, such as Stark shift compensation
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Figure 5.2.5: Mechanisms which reduce the maximum value that can be returned by the certifier. For
the 3-coherent state contour plots (a) and (b) show the sensitivty of the certifier value to detuning errors
for Rabi frequencies of 30 and 80 kHz. The red lines show the region above the 3-coherent threshold of
1.25. (c) Increasing the Rabi frequency however increases off-resonant excitation of the carrier, which
reduces the certifier value. (d) An additional contribution to the reduction in the obtained value of C is
the starting thermal state, simulated data from Jake Lishman. (e) The total time taken to complete the
creation and mapping pulses is shown as a function of the carrier Rabi frequency. This highlights how
much longer the 4-coherent verification sequence is. (f) Estimation of the certifier is also dependent on
the statistical properties of the data. 400 shots are more than sufficient to give a reasonable error bound
for the certifier. This plot shows the measured values of a certification phase scan. The effects shown
in plots (a)-(d) combine to reduce the certifier value further than each acting independently, however as
parameters drift over the course of an experiment, it is hard to predict an expected certifier value.
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pulses or calibration of π times, can lead to an additional phase dependence of the mea-

surement sequence. The calibration is checked by observing full visibility oscillations when

driving the red and blue sidebands from |↑, 0〉 and |↓, 0〉 with the compensation pulses. It

is also observed that any miscalibration tends to rapidly reduce the visibility of an inter-

ference pattern, and the certifier quickly drops below the target threshold. Drift of the

carrier frequency requires constant recalibration, however it does mean that any coherent

off-resonant processes, which contribute to the spikiness of fig. 5.2.5 (c), will be averaged

out.

The certifier C uses low order moments, and therefore requires the probability to be

sampled at fewer phase values than for higher order moments. Incomplete statistics can

still alter the value of the certifier, which is reflected in the uncertainty of the measurement.

A simple triangular integration of the moments will cause a systematic bias upwards, and

this is addressed in ref [122]. As seen in fig. 5.2.5 (f), taking 400 shots gives a small error

relative to the spacing of threshold values.

5.2.4 Conclusions

With this work the authors have shown that interference pattern experiments which extend

the famous Ramsey experiment can verify the level of coherence present in the state of a

quantum system. The technique is valid even if the measurement is performed on a basis

that is coupled to the coherent basis of interest, enabling insight into systems that cannot

otherwise be observed. This is the case for the harmonic motion of a trapped ion, which

is coupled to the electronic qubit used to measure the state of the system. The ability

to create higher order superpositions in the motion and to entangle qubits via shared

modes is what enables an advantage in quantum technologies. This technique now allows

critical information, the number of motional states that are coherently superimposed, to

be extracted from the system using the most straightforward operations.

The main limitation in this particular experiment is from the fidelity of first order sideband

rotations, which causes a build up of phase errors over time. These are increased further by

drift in the carrier frequency over the experiment, as the laser used to address the optical

qubit is locked to an external cavity. These are not fundamental limits in a trapped ion

system, where single qubit gate errors of 1× 10−6 are reported, and coherence times of

50 s [128]. Additionally a Raman qubit is far less subject to drift as the qubit frequency
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is derived from a frequency shift applied by an AOM, which is very stable. It is therefore

conceivable that much higher levels of coherence can be created and certified in the motion

of trapped ions, and this work presents the initial proof of principle. The technique is also

applicable to other quantum systems where the state is not accessible to measurement

fields, such as in cavity optomechanics, and is therefore of wider utility. A final advantage

is that the method is robust in the face of imperfect implementation, and is therefore well

suited to current noisy intermediate scale devices.
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Chapter 6

Outlook

This thesis has described the initial development of a new ion trapping system, which

has replaced the Imperial Penning trap after many years of reliable operation. The first

experiment in the rf trap was presented in the previous chapter, and shows a high level

of control over the motional states of a single ion. This concludes the first phase of the

project, and attention can now be turned to characterising and reducing the remaining

sources of noise, discussed in section 6.1, and to the main focus of the project. This is,

initially, to show proof-of-principle improvements in the fidelity of two-qubit gates outside

the Lamb–Dicke regime, and a brief discussion of further experimental requirements is

given in section 6.2.

6.1 Linear Paul Trap Development

Establishing the new ion trap initially required the design of electrodes and vacuum sys-

tem, which maintains the UHV regime. In addition to this the laser optical systems and

experimental control were replaced, which enable complex experiments to be built with

simple scripts. This provides a good platform for further development of the experimental

apparatus in order to engineer more exotic interactions. Much work can be done on the

stabilisation of laser, electric, and magnetic fields, which limit the fidelity of state prepa-

ration, readout, and qubit manipulation to the 99% level. Further development in the

control of laser fields can also help to suppress an array of environmental noise sources,

and is a useful area to investigate for the control of noisy quantum systems.
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Laser Power Stabilisation

The power of any laser at the ion is affected by both drift in the absolute power and the

polarisation, which is converted into power noise by polarising optics. The power and

polarisation fluctuate primarily due to thermal expansion of the fibres, and is minimised

by aligning the laser field and polarisation-maintaining fibre axes. There is still however

a slow drift observed on the photodiode monitoring the spectroscopy laser, which could

be fed back to the amplitude of the rf signal sent to the AOM in order to stabilise the

laser on medium to long timescales. A function running on the FPGA would be able to

correct for any power drift between points, and potentially between shots. Continuous

power stabilisation is only possible before the AOM, and therefore before a second fibre,

but would reduce faster noise.

Laser Frequency Stabilisation

A limiting factor in the ability to perform repeated operations with high fidelity is the

drift of the spectroscopy laser cavity, which means transitions are driven off-resonantly.

The time needed for calibration of the carrier frequency could be reduced from ≈ 1 min

by extracting the same information from fewer shots, in order to be used during scans.

Estimation of the excitation probability with Wilson’s modification gives more accurate

results from less data, and it would be interesting to investigate the minimum number of

points required to define the peak at the sub-kHz level. This laser is required for state

readout, whatever operations are performed, and drift will limit the fidelity of ion shelving.

A separate concern are the servo bumps, seen in the locking signal in fig. 4.1.4, which

implies the laser includes frequency components at this position. This is seen by excita-

tion of the ion at the frequency of the servo bumps, typically 400 to 700 kHz, and this

unaccounted for excitation limits the fidelity of logic pulses.

Electromagnetic Field Stabilisation

The dc electric fields used in axial trapping and radial compensation are passively filtered,

and no significant drift is observed in the magnitude of the applied voltages. The axial

voltage is produced by a high stability power supply, however the dynamic potential

applied to two of the radial blades leads to rf pickup on the other electrodes. Although
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these are rf grounded, oscillation is observed in the voltage at endcap electrodes, and this

may be a cause of axial motional heating.

Noise in the quantisation field at the ion is the leading cause of optical decoherence, as the

coherence time is shown to be reduced in qubits that are more sensitive to the magnitude

of the field through Zeeman splitting. This is a fundamental limitation of this isotope

of calcium, as the frequency separation of the states in both optical and Raman qubits

depend linearly on the magnetic field magnitude. Without the ability to make the ion less

sensitive to the environment, a key area of investigation is the fast magnetic field noise

which leads to decoherence. Drift of the magnetic field over the mains period at 50 Hz is

observed through its effect on the qubit carrier frequency, and the development of passive

or active cancellation could reduce this measurable shift. However as this process does not

randomise the additional phase gained in the interaction, in theory this is not the leading

cause of optical decoherence.

Arbitrary Control Fields

The high frequency off-resonant excitation of the carrier during first order red and blue

sideband pulses can mean the desired qubit rotation is not achieved. By ramping the power

of the interaction laser up and down, whilst fixing the pulse area, off-resonant effects are

suppressed at the start and end of pulses, and the pulse area can be more accurately

enclosed. In the coherence experiments presented in chapter 5, this pulse shaping did not

reliably increase the certifier values obtained. However, while beyond the scope of this

thesis, the ability to arbitrarily control the power, frequency components, and phase of

the laser field using the AWG can account for any number of known sources of error, and

will hopefully lead to exciting developments in the control of quantum systems.

6.2 Towards Robust Two-qubit Gates

All two qubit gates that are implemented in trapped ions require cooling of the bus mode

that mediates the entanglement into the Lamb–Dicke (LD) regime. This results in sim-

plified dynamics, meaning, for example, that the Mølmer–Sørensen entangling interaction

can be engineered by a driving field with two frequency components at a fixed detuning

from the red and blue sidebands. The higher order terms in the qubit motional cou-

pling outside the LD regime reduce the fidelity of the gate as they are not accounted for,
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and gates are therefore driven weakly to preserve the validity of the LD approximation.

In a recent proposal [46], it has been shown that high fidelity entangling gates can be

achieved outside the LD regime, where the coupling between qubit and motional states

is far stronger. This means gates can potentially be performed faster, and with motional

states of the ion obtained after Doppler cooling. The higher order effects outside the LD

regime are compensated by adding frequency components to the driving field detuned

from the second order red and blue sidebands, which squeeze the motional state in phase

space. This is again possible by the design of arbitrary laser fields with the AWG.

To show this experimentally it is necessary to increase the relative coupling strength of

the ions to their shared motion. The strength of motional sidebands relative to the carrier

transition is characterised by the LD parameter. This is dependent on the trap frequency

ω and the wavevector k of the interaction laser,

η = k cos(θ)

√
~

2NMω
, (6.2.1)

for N ions. The angle θ = 0 is fixed by the requirement of projecting onto only the

axial motion, limiting our interaction with the noisier radial motion, and maximising η.

The scaling of the LD parameter for the optical qubit used in the multi-level coherence

experiments is shown in fig. 6.2.1 (left), giving η ≈ 0.1 for a mode frequency of 1 MHz with

1 ion. There is a limit to how far the trap frequency can be reduced to increase the LD

parameter, however it is possible to increase the magnitude of the k-vector by reducing

the wavelength of the light.

6.2.1 A Raman Qubit

The lower energy photons which excite the optical qubit are not well suited to investigating

the strong coupling regime. A Raman interaction however imparts more momentum to the

ion with high energy blue photons, as shown in fig. 6.2.1 (right), where the qubit states are

mapped onto the two ground states S1/2,±1/2. These are coupled by two beams, derived

from the same laser, which stimulate a two-photon transition between the ground state

qubit levels if δ1 = δ2. This implies the frequency difference ν1−ν2 is equal to the spacing

between qubit levels. In the process a photon from the first laser field virtually excites the

ion, and is emitted into the second laser field, with the magnitude of the detunings large
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Figure 6.2.1: Scaling of the LD parameter with harmonic oscillator frequency ω (left). The Raman qubit
(blue) has a larger η than the optical qubit (red) at the same trapping frequency, as more momentum is
transferred to the ion on excitation of the qubit. The scaling is also shown for 1 (dashed) and 2 (solid)
ions, where more ions reduces η. (right) Definition of parameters in Raman scheme. The laser wavevectors
are viewed from the same angle as fig. 4.1.1, with the two Raman beams entering from the South–East
and North–East viewports, and the effective wavevector aligned with the z-axis of the trap z (whereas z′

is the quantisation axis).

such that the excited state |e〉 is not populated. The effective wavevector is given by the

difference between absorbed and emitted wavevectors

∆k = k1 − k2. (6.2.2)

This further increases η, which means stronger coupling between qubit and motion.

Another benefit of the Raman qubit is that the interaction frequency is derived by shifting

one component of the same laser with an AOM. As the rf frequency applied is very stable,

drift in the carrier transition can only be caused by the magnetic field.

6.2.2 Multiple Ions

Experiments with more than a single ion have not been presented in this thesis, and

working with multiple ions will require modification to laser cooling and state manipulation

techniques. Additionally, the same amount of information is obtained from the imaging

camera and the number of PMT counts when measuring the state of a single ion; was it

bright or not? With two ions, it is only possible to discriminate between zero, one, or two

bright ions using the PMT, and so using the imaging camera is necessary to determine

which of the ions was bright.
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Appendix A

Table of Parts

A large amount of new equipment has been purchased since the last Imperial Ion Trapping

thesis. The following, whilst not exclusive, is an attempt to document the most significant

items.

Part Supplier Model

Vacuum System

Chamber Kimball/Scanwel MCF600-SphOct-F2C8
Side viewporti Lewvac FSVP-UV-40CF
Re-entrant viewportii Lewvac FSVP-UV-100CFRE
Base flange (fig. B.3) Lewvac FL-100CFL, FHP1-C8-W
Rf feedthrough Lewvac FHP5-50C4-40CF
Tee pieces Lewvac FL-T40CF
All metal valve Lewvac AVM40CF
Ion gauge filament Agilent 9715014
Ion gauge controller Agilent XGS600H1M0C0
Ion pump SAES NEXTorr z100 5H0211
Ion pump power supply SAES NEXTorr 3B0408

iAnti-reflection coated on both sides [⊥ : per surface, R < 0.25% @ 397 nm; ≈ 6.5% above 700 nm].
iiAR coated on vacuum side. Modification shown in fig. B.4.
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https://www.kimballphysics.com/mcf600-sphoct-f2c8
https://www.lewvac.co.uk/product/fused-silica-viewports-uv-grade/
https://www.lewvac.co.uk/product/re-entrant-fused-silica-viewports/
https://www.lewvac.co.uk/product/dn100cf-flanges-152mm-6-od-flanges/
https://www.lewvac.co.uk/product/500-1000v-25a-2-8-pins/
https://www.lewvac.co.uk/product/5000v-50a-1-12-pins/
https://www.lewvac.co.uk/product/tees/
https://www.lewvac.co.uk/product/metal-angle-valves-manually-actuated/
https://www.agilent.com/store/en_US/Prod-9715014/9715014
https://www.agilent.com/store/en_US/Prod-XGS600H1M0C0/XGS600H1M0C0
https://www.saesgetters.com/sites/default/files/NEXTorr%20Z.pdf
https://www.saesgetters.com/sites/default/files/NEXTorr%20Z.pdf


Part Supplier Model

Power Supplies

Endcaps BK Precision BK9185B
Compensation electrodes RS RS-3005P
Rf amplifier ENI 325LA
Main coil TTi PL303QMD
Shim coils Tenma 72-2550

Laser Systems

Wavemeter HighFinesse WS8-10
PI laser controller Tui Optics DC 100
375 laser/diode Tui Optics/Nichia DL 100, NDU4116
423 laser/diode Tui Optics/Nichia DL 100, NDV4A16
Diode laser controller Toptica DLC pro+
397 lasers Toptica DL pro HP 397
854, 866 lasers Toptica DL pro 850
AOM1,AOM2 G&H/pro-lite AOMO 3080-120
AOM3 G&H/pro-lite AOMO 3080-122
729 laser Toptica DL pro 729
729 locking electronics Toptica FALC 110
729 EOM Photonics Technologies EOM-02-25-V
Tapered amplifier (TA) Moglabs MOAL-002
AOM4 AA Opto-Electronics MT200-B100A0,5-800
AWG Keysight P9336A

Imaging System

EMCCD camera Andor iXon Ultra 897
PMT Hamamatsu H11870-01

Experimental Control Hardware

FPGA Sinara Kasli
DDS Sinara Urukul
DIO Sinara
AIO Sinara

Table A.1: List of parts.
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http://www.farnell.com/datasheets/2228184.pdf
https://www.highfinesse.com/en/wavelengthmeter/wavelengthmeter-ws-8-10.html
https://www.nichia.co.jp/specification/products/ld/NDU4116-E.pdf
https://www.nichia.co.jp/specification/products/ld/NDV4A16-E.pdf
https://www.toptica.com/products/tunable-diode-lasers/laser-driving-electronics/dlc-pro/
https://www.toptica.com/products/tunable-diode-lasers/ecdl-dfb-lasers/dl-pro/
https://www.toptica.com/products/tunable-diode-lasers/ecdl-dfb-lasers/dl-pro/
https://gandh.com/wp-content/pdfs/3080_120_99_48201_11rF.pdf
https://gandh.com/wp-content/pdfs/3080_122_97_01280_01rD.pdf
https://www.toptica.com/products/tunable-diode-lasers/ecdl-dfb-lasers/dl-pro/
https://www.toptica.com/products/tunable-diode-lasers/laser-locking-electronics/falc-110-mfalc-110-fast-pid/
https://www.photonicstechnologies.com/product/eom-02-10-u-10mhz-ar-400nm-to-700nm/
https://www.moglabs.com/products/optical-amplifiers/moa
http://www.aaoptoelectronic.com/wp-content/uploads/2018/08/MT200-A0.5-xx-ed1-18.pdf
https://www.keysight.com/gb/en/product/P9336A/streamline-series-usb-i-q-arbitrary-waveform-generator.html
https://andor.oxinst.com/products/ixon-emccd-camera-series/ixon-ultra-897
https://www.hamamatsu.com/eu/en/product/type/H11870-01.html
https://github.com/sinara-hw/Kasli/wiki
https://github.com/sinara-hw/Urukul/wiki


Appendix B

Technical Drawings

This appendix is intended to give sufficient detail for future modification of the trap and

vacuum system, and other significant parts. A large number of components have been

manufactured by Brian over the course of this project. Additionally several commercial

items have been modified by the manufacturer to our specifications. All parts are shown

in-situ in the SolidWorks assemblies, with technical drawings of the trap shown here.
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Figure B.1: Technical drawing of trap assembly. Units in mm.
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Figure B.3: Modified base flange FL-100CFL, with FHP1-C8-W dc feedthroughs (A and B) and tapped
holes for attaching trap support and ovens. Drawing provided to manufacturer. Units in mm. The
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Figure B.4: Modified re-entrant viewport FSVP-UV-100CFRE. Drawing provided by manufacturer, depth
(dimension c in part drawing) modified to 20 mm. Units in inches.
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Appendix C

Line Trigger Circuit Diagram

The circuit diagram of the line trigger is shown in fig. C.1. The voltage is dropped down by

a transformer. Due to forward biasing, the voltage after the diode is only positive, leading

to a series of peaks at the mains frequency. The potential divider drops the amplitude of

these peaks for input to the Schmitt-trigger, which gives a pulsed output whenever the

voltage crosses a threshold. A part of the mains voltage is converted into a stable dc

supply at 5 V which powers the Schmitt-trigger.
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250 V

50 Hz

R1

R2 = R1/3

12 V rms 17 V

4.25 V
vout

regulator

7V dc 5V dc

Figure C.1: Line trigger circuit diagram. The mains voltage is stepped down to 12 V rms, with a maximum
amplitude of 17 V. This is reduced to a safe level for the Schmitt-trigger by a potential divider. The
Schmitt-trigger produces a 5 V ttl pulse vout on the rising edge of the mains cycle. The chip is also
powered by the mains voltage with an ac-dc converter.
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Appendix D

Code

D.1 Script for Plotting and Fitting Frequency Spectra

Listing D.1: Python code for fitting sideband cooled spectra with interaction model.

1 import numpy as np

2 import matp lo t l ib . pyplot as p l t

3 import s c ipy . opt imize as opt

4 import s c ipy . s t a t s

5

6 from impor t l i b import reload

7 import s ideband model v2 as sm

8 reload (sm)

9

10 from p l o t f u n c t i o n s v 2 import p l o t f r e q

11

12 from datetime import datetime

13

14

15 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

16 #−−−−−−−−−−−−−−−−−−−− IMPORT DATA

17 ”””

18 DATA RIDS

19

20 13826 − rsb

21 13827 − bsb

22 13828 − c a r r i e r

23 13829 − f u l l spec

24 ”””

25

26

27 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
28 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
29

30 r i d s = [13829 , 13826 , 13827 , 13828]

31

32 f r eq s , probs , e r ro r s , params = p l o t f r e q ( r i d s [ 0 ] , 20)

33 f r e q s r s b , probs rsb , e r r o r s r s b , = p l o t f r e q ( r i d s [ 1 ] , 20)

34 f r eq s bsb , probs bsb , e r ro r s b sb , = p l o t f r e q ( r i d s [ 2 ] , 20)

35 f r e q s c a r , probs car , e r r o r s c a r , = p l o t f r e q ( r i d s [ 3 ] , 20)

36

37 f s a r r a y = np . concatenate ( ( f r e q s [ 3 : 5 0 ] , f r e q s [60 : −3 ] , f r e q s r s b , f r eq s bsb , f r e q s c a r ) )

38 ps ar ray = np . concatenate ( ( probs [ 3 : 5 0 ] , probs [60 : −3 ] , probs rsb , probs bsb , probs car ) )

39 e s a r r ay = np . concatenate ( ( e r r o r s [ 3 : 5 0 ] , e r r o r s [60 : −3 ] , e r r o r s r s b , e r ro r s b sb , e r r o r s c a r ) )

40

41 print ( f ’ i m p o r t e d RID ( s ): { r i d s }. ’ )

42

43

44 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
45 #−−−−−−−−−−−−−−−−−−− MODEL CLASS − Set Rabi , trap freq , and nbar

46 #−−−−−−−−−−−−−−−−−−− Debug p l o t s thermal d i s t and sb s t r eng th s

47 s t a r t t = datet ime . now ( )

48 cur r ent t ime = s t a r t t . s t r f t i m e ( " % H :% M :% S " )
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49 print ( " S t a r t t i m e : " , cu r r ent t ime )

50

51 Rabi = 2∗np . p i ∗36 e3

52 trap = 2∗np . p i ∗1 .08 e6

53 nbar = 0.02

54

55 mod = sm . I n t e r a c t i o n ( trap , nbar , Rabi , nmax=20,debug=False )

56

57 mod t = datet ime . now ( ) − s t a r t t

58 cur r ent t ime = mod t . t o t a l s e c o n d s ( )

59 print ( f " I n t e r a c t i o n m o d e l c r e a t e d : " , current t ime , " s " )

60

61

62 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
63 #−−−−−−−−−−−−−−−−−−−− TEST SPECTRUM FROM MODEL

64

65 f s = np . l i n s p a c e (−1.2∗(2∗np . p i )∗1 e6 , 1 .2∗ (2∗ np . p i )∗1 e6 , 5001)

66 probe = 145e−6

67 x o f f = 0

68 y o f f = 0.003

69 s p e c s t a r t = datet ime . now ( )

70

71 probs = mod . ex spec ( f s , probe , x o f f , y o f f )

72

73 spec t ime = datetime . now ( ) − s p e c s t a r t

74 cur r ent t ime = spec t ime . t o t a l s e c o n d s ( )

75 print ( " S p e c t r u m c r e a t e d : " , current t ime , " s " )

76

77

78 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

79 #−−−−−−−−−−−−−−−−−−−− FITTED MODEL

80

81 def f i t mod ( f , x o f f , y o f f , nbar , Rabi , trap ) :

82 #t from t h i s data s e t

83 t = 145e−6

84 f mod = sm . I n t e r a c t i o n ( trap , nbar , Rabi )

85 return f mod . ex spec ( f , t , x o f f , y o f f )

86

87 p0 = [0 , 0 , nbar , Rabi , trap ]

88 bounds = [[−1 e5 , 0 , 0 , Rabi ∗0 .1 , trap ∗0 . 9 9 ] ,

89 [ 1 e5 , 0 . 1 , 5 , Rabi ∗10 , trap ∗ 1 . 0 1 ] ]

90

91 popt , pcov = opt . c u r v e f i t ( f i t mod , f s a r r a y ∗2∗np . pi , ps array , p0=p0 , bounds=bounds ,

92 sigma=es ar ray , abso lute s igma=True )

93 perr = np . sq r t (np . diag ( pcov ) )

94

95 print ( f ”””\
96 FIT RESULTS

97 f0 : {round ( popt [ 0 ] / ( 2 ∗ np . p i ) )/1 e3} ({ round ( perr [ 0 ] / ( 2 ∗ np . p i ) )/1 e3 }) kHz

98 background : {round ( popt [ 1 ] , 3 ) } ({ round ( perr [ 1 ] , 3 ) } )

99 nbar : {round ( popt [ 2 ] , 3 ) } ({ round ( perr [ 2 ] , 3 ) } )

100 Om : {round ( popt [ 3 ] / ( 2 ∗ np . p i ) )/1 e3} ({ round ( perr [ 3 ] / ( 2 ∗ np . p i ) )/1 e3 }) kHz

101 om : {round ( popt [ 4 ] / ( 2 ∗ np . p i ) )/1 e3} ({ round ( perr [ 4 ] / ( 2 ∗ np . p i ) )/1 e3 }) kHz””” )

102

103 #np . save ( ’ s b c f i t ’ , popt )

104 #np . save ( ’ s b c f i t e r r o r s ’ , per r )

105

106

107 #−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
108 #−−−−−−−−−−−−−−−−−−−− PLOT FITTED SPECTRUM

109 sm . I n t e r a c t i o n ( popt [ 4 ] , popt [ 2 ] , popt [ 3 ] , nmax=20,debug=False )

110

111 f i g f = p l t . f i g u r e ( con s t r a i n ed l ayou t=True )

112 gs = f i g f . add gr idspec (4 , 1 )

113

114 cs = [ ’ g r e y ’ , ’ c r i m s o n ’ , ’ k ’ , ’ s t e e l b l u e ’ ]

115 for i in range ( 4 ) :

116

117 ax f = f i g f . add subplot ( gs [ i , 0 ] )

118 ax f . e r r o rba r ( f s a r r a y /1e3 , ps array , ye r r=es ar ray , fmt=’ x ’ , c o l o r=’ k ’ ,ms=4,mew=0.5 ,

119 e l i n ew id th =0.5 , c ap s i z e =1, zorder =0)

120 ax f . p l o t ( f s /(2∗np . p i )/1 e3 , f i t mod ( f s ,∗ popt ) , c=cs [ i ] , l i n ew idth =0.7)

121

122 ax f . s e t y l im (0 ,1 )

123 ax f . s e t y t i c k s ( [ 0 , 0 . 5 , 1 ] )

124

125 i f i == 0 :

126 ax f . s e t x l im (−1200 ,1200)

127

128 e l i f i == 1 :

129 ax f . s e t x l im (−1105 ,−1050)

130 ax f . s e t x t i c k s ([−1100 ,−1080 ,−1060])

142



131 ax f . s e t y l im (0 , 0 . 0 5 )

132 ax f . s e t y t i c k s ( [ 0 , 0 . 0 5 ] )

133

134 e l i f i == 2 :

135 ax f . s e t x l im (−100 ,100)

136 ax f . s e t x t i c k s ( [−100 ,−50 ,0 ,50 ,100])

137

138 e l i f i == 3 :

139 ax f . s e t x l im (1050 ,1105)

140 ax f . s e t x t i c k s ( [ 1060 , 1080 , 1100 ] )

141

142 ax f . minor t i cks on ( )

143

144 f i g f . supx labe l ( ’ D e t u n i n g f r o m C a r r i e r ( kHz ) ’ )

145 f i g f . supy labe l ( ’ P r o b a b i l i t y of E x c i t a t i o n ’ )

146

147 #f i g f . s a v e f i g ( ’ sbc spectrum . pdf ’ )

148 p l t . show ( )

D.2 Interaction Model Class

Listing D.2: Python class for interaction model used in data fitting.

1 import numpy as np

2 import s c ipy . s p e c i a l as sp

3 import matp lo t l ib . pyplot as p l t

4 from matp lo t l ib . o f f s e t b o x import AnchoredText

5

6 hbar = 1.055 e−34

7

8 class I n t e r a c t i o n :

9 ”””

10 Class f o r model l ing qubit−−motion i n t e r a c t i o n dynamics .

11 ”””

12 def i n i t ( s e l f , om, nbar ,Om0, theta =0,k=1,nmax=250 ,debug=False ) :

13 ”””

14 om: trap frequency ( angular )

15 Om0: base rab i f r e q ( angular )

16

17 nbar : nbar

18 nmax : sum over thermal d i s t nbar from n=0 to n=nmax .

19

20 theta : ang le between k−vector and motional ax i s .

21

22 k : Number o f s idebands to precompute normal i sed Rabi f r e q u e n c i e s .

23 k = 0 : c a r r i e r only

24 k = 1 : c a r r i e r and f i r s t order sbs

25 k = 2 : c a r r i e r , f i r s t , and second order sbs

26

27 debug : Plot s ideband s t r eng th s from n to nmax f o r k s idebands .

28 Plot thermal d i s t r i b u t i o n nbar .

29 ”””

30 s e l f . debug = debug

31 s e l f . om = om

32 s e l f . e t a = s e l f . get LDpar ( theta=theta )

33 s e l f . k = k

34 s e l f . Om0 = Om0

35 s e l f . nbar = nbar

36 s e l f . nmax = nmax

37

38 #c a l c u l a t e coup l ing s t r eng th s as func t i on o f i n i t i a l n s t a t e f o r k sbs .

39 #precomputation mass ive ly speeds up c l a s s c r e a t i on .

40 #de f i n e empty ar rays

41 s e l f . c a r r i e r r a b i n = np . z e ro s ( s e l f . nmax )

42 s e l f . r e d r a b i n = np . z e ro s ( s e l f . nmax )
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43 s e l f . b l u e r a b i n = np . z e ro s ( s e l f . nmax )

44 s e l f . r ed2 r ab i n = np . z e ro s ( s e l f . nmax )

45 s e l f . b l u e2 r ab i n = np . z e ro s ( s e l f . nmax )

46

47 s e l f . t h e rma l d i s t n = np . z e ro s ( s e l f . nmax )

48

49 for n in range ( s e l f . nmax ) :

50 s e l f . c a r r i e r r a b i n [ n ] = s e l f . Om n m(n , 0 )

51 s e l f . t h e rma l d i s t n [ n ] = s e l f . g e t th e rm d i s t (n)

52

53 i f s e l f . k == 1 :

54 for n in range ( s e l f . nmax ) :

55 s e l f . r e d r a b i n [ n ] = s e l f . Om n m(n,−1)

56 s e l f . b l u e r a b i n [ n ] = s e l f . Om n m(n , 1 )

57

58 i f s e l f . k == 2 :

59 for n in range ( s e l f . nmax ) :

60 s e l f . r e d r a b i n [ n ] = s e l f . Om n m(n,−1)

61 s e l f . b l u e r a b i n [ n ] = s e l f . Om n m(n , 1 )

62 s e l f . r ed2 r ab i n [ n ] = s e l f . Om n m(n,−2)

63 s e l f . b l u e2 r ab i n [ n ] = s e l f . Om n m(n , 2 )

64

65 i f s e l f . debug == True :

66

67 l a b e l = AnchoredText ( f ’ ’ ’

68 Om0: {round ( s e l f . Om0/(2∗np . p i ) )/1 e3} kHz

69 om: {round ( s e l f . om/(2∗np . p i ) )/1 e3} kHz

70 nbar : {round ( s e l f . nbar , 3 )}
71

72 eta : {round ( s e l f . e ta , 3 )}
73 ’ ’ ’ , l o c =1)

74

75 f i g 0 = p l t . f i g u r e ( )

76 ax0 = f i g 0 . add subplot (111)

77

78 ax0 . p l o t ( s e l f . c a r r i e r r a b i n / s e l f . Om0 , ’k - ’ )

79 ax0 . p l o t ( s e l f . r e d r a b i n / s e l f . Om0 , ’r - ’ )

80 ax0 . p l o t ( s e l f . b l u e r a b i n / s e l f . Om0 , ’b - ’ )

81 ax0 . bar (np . arange (0 ,nmax , 1 ) , s e l f . the rma l d i s t n , c o l o r=’ g r e y ’ )

82

83 ax0 . s e t x l a b e l ( ’ n ’ )

84 ax0 . s e t y l a b e l ( ’ n o r m a l i s e d s t r e n g t h ’ )

85

86 ax0 . a d d a r t i s t ( l a b e l )

87 p l t . show ( block=False )

88

89 def Om n m( s e l f , n ,m) :

90 ”””

91 Cac l cu la te modi f ied rab i f r e q between s t a t e n and n+m

92

93 t1 : expˆ−eta ˆ2/2

94 t2 : eta ˆabs (m)

95 t3 : sq r t [ min (n , n+m) ! /max(n , n+m) ! ]

96 t4 : Laguerre ( eta ˆ2 ,min (n , n+m) , abs (m) )

97 ”””

98 t1 = np . exp(− s e l f . e t a ∗∗2/2)

99 t2 = s e l f . e t a ∗∗np . abs (m)

100

101 #sp . f a c t o r i a l i s very slow and l im i t ed to 170 !

102 #c o n d i t i o n a l statements enable much f a s t e r computation o f t3 f o r |m| < 3

103 i f m >= 0:

104 i f m == 0:
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105 t3a = 1

106 e l i f m == 1:

107 t3a = np . sq r t (1/( n+1))

108 e l i f m == 2:

109 t3a = np . sq r t ( 1/ ( ( n+1)∗(n+2)))

110 e l i f m > 2 and n < 150 :

111 nf = sp . f a c t o r i a l (n)

112 nmf = sp . f a c t o r i a l (n+m)

113 t3a = np . sq r t ( nf /nmf)

114 else :

115 raise ValueError ( ’ sum is l i m i t e d to 150 for | m | > 2 ’ )

116

117 t3 = t3a

118 t4 = np . abs ( sp . a s s o c l a g u e r r e ( s e l f . e t a ∗∗2 ,n , np . abs (m) ) )

119

120 else :

121 i f m == −1:

122 i f n == 0 :

123 t3a = 1

124 else :

125 t3a = np . sq r t (1/n)

126 e l i f m == −2:

127 i f n == 0 or n == 1 :

128 t3a = 1

129 else :

130 t3a = np . sq r t (1/( n∗(n−1)))

131 e l i f m < −2 & n < 150 :

132 nf = sp . f a c t o r i a l (n)

133 nmf = sp . f a c t o r i a l (n+m)

134 t3a = np . sq r t (nmf/ nf )

135 else :

136 raise ValueError ( ’ sum is l i m i t e d to 150 for | m | > 2 ’ )

137

138 t3 = t3a

139 t4 = np . abs ( sp . a s s o c l a g u e r r e ( s e l f . e t a ∗∗2 ,n+m, np . abs (m) ) )

140

141 return s e l f . Om0∗ t1 ∗ t2 ∗ t3 ∗ t4

142

143 def get LDpar ( s e l f , lam=729e−9, theta =0,m=6.655e−26):

144 ”””

145 Cac l cu la te LD param from motional f r e q and photon wavelength

146 om: angular trap frequency

147 lam : i n t e r a c t i o n l a s e r wavelength

148 theta : ang le between l a s e r and o s c i l l a t i o n ax i s

149 ”””

150 k = 2∗np . p i /lam ∗np . cos ( theta )

151 return k∗np . sq r t ( hbar /(2∗m∗ s e l f . om ) )

152

153 def ge t th e rm d i s t ( s e l f , n ) :

154 ”””

155 Return occupat ion p r o b a b i l i t y o f s t a t e n f o r thermal d i s t , nbar .

156 ”””

157 therm rat io = s e l f . nbar /( s e l f . nbar+1)

158 return the rm rat io ∗∗n/( s e l f . nbar+1)

159

160 def prob ex m ( s e l f ,m, t , d e l t a ) :

161 ”””

162 p r o b a b i l i t y o f e x c i t a t i o n on sb m

163 takes probe time t and detuning de l t a

164

165 l im i t ed to |m| < 3

166 ”””
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167

168 prob = 0

169

170 for n in range ( s e l f . nmax ) :

171 i f m == 0:

172 Om = s e l f . c a r r i e r r a b i n [ n ]

173 e l i f m == −1:

174 Om = s e l f . r e d r a b i n [ n ]

175 e l i f m == 1:

176 Om = s e l f . b l u e r a b i n [ n ]

177 e l i f m == −2:

178 Om = s e l f . r ed2 r ab i n [ n ]

179 e l i f m == 2:

180 Om = s e l f . b l u e2 r ab i n [ n ]

181 else :

182 print ( ’ m = -2 , -1 ,0 ,1 ,2 ’ )

183

184 therm weight = s e l f . t h e rma l d i s t n [ n ]

185

186 Om s = Om∗∗2

187 Om delta s = Om s + de l t a ∗∗2

188 Om ratio = Om s / Om delta s

189

190 Om r = np . where (np . i snan ( Om ratio ) , 1 , Om ratio )

191

192 p e sq = therm weight ∗ Om r ∗ np . s i n (np . sq r t ( Om delta s )/2∗ t )∗∗2

193 prob += p e sq

194

195 return prob

196

197 def ex spec ( s e l f , f , t , x o f f , y o f f ) :

198 ”””

199 Returns e x c i t a t i o n spectrum over k order sidebands , range f s

200 func t i on o f probe time , t

201 order o f s idebands , k −−− d e f a u l t = 1 ( r , c , b )

202 k = 2 −−− ( r2 , r , c , b , b2 )

203 ”””

204

205 f r e q = f − x o f f

206

207 c a r r i e r p r o b = s e l f . prob ex m (0 , t , f r e q )

208 red prob = s e l f . prob ex m (−1 , t , f r e q+s e l f . om)

209 blue prob = s e l f . prob ex m (1 , t , f req−s e l f . om)

210 probs = c a r r i e r p r o b + red prob + blue prob

211

212 i f s e l f . k == 2 :

213 red2 prob = s e l f . prob ex m (−2 , t , f r e q +2∗ s e l f . om)

214 blue2 prob = s e l f . prob ex m (2 , t , f req −2∗ s e l f . om)

215

216 probs += red2 prob + blue2 prob

217

218

219

220

221 probs = (1− y o f f ) ∗ ( probs + y o f f )

222

223 return probs

224

225

226 def probe m ( s e l f ,m, t l im=1e−3, npo ints =1001):

227 ”””

228 Returns time scan on sideband m
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229

230 ”””

231 times = np . l i n s p a c e (0 , t l im , npoints )

232 probs = np . z e ro s ( npo ints )

233 for t in range ( npo ints ) :

234 probs [ t ] = s e l f . prob ex m (m, t imes [ t ] , 0 )

235

236 return times , probs

D.3 Data Plotting Functions

Listing D.3: Python functions for plotting data files.

1 from l oad h5 import l oad h5

2 import numpy as np

3 import matp lo t l ib . pyplot as p l t

4

5

6

7 def p lo t t ime ( r id , th r e sho ld =−1):

8 ’ ’ ’ load time scan ’ ’ ’

9

10 data , metadata = load h5 ( r i d )

11

12 params = metadata [ ’ p a r a m s ’ ]

13 time = data [ ’ s c a n . t i m e ’ ]

14

15 #counts a f t e r probe

16 countsA = data [ ’ s c a n . c o u n t s A ’ ]

17 #counts during coo l

18 countsB = data [ ’ s c a n . c o u n t s B ’ ]

19

20 nsteps = sum(np . i s f i n i t e ( time ) )

21 nruns = countsA . shape [ 1 ]

22

23 i f th r e sho ld == −1:

24 t count = params [ ’ t h r e s h o l d ’ ]

25

26 else :

27 t count = thre sho ld

28

29 n br i ght = np .sum( countsA [ : nsteps , : ] > t count , 1 )

30 n dark = np .sum( countsA [ : nsteps , : ] <= t count , 1 )

31

32 #se t coo l i ng thre sho ld , p rob br ight during coo l > 0 .11

33 pr br B = np .sum( countsB [ : nsteps , : ] <= t count , 1 ) / nruns

34 n br i ght [ np . where ( pr br B > 0 . 15 ) [ 0 ] ] = 0

35 n dark [ np . where ( pr br B > 0 . 15 ) [ 0 ] ] = 0

36

37

38 #normal approximation

39 #p ex = n dark /nruns

40

41 #normal 95% con f idence i n t e r v a l

42 z = 1.96

43 #e r r o r = z/nruns ∗ np . sq r t ( n dark ∗ n br i ght /nruns )

44

45 #wi l son s co r e

46 p ex = ( n dark + 0.5∗ z ∗∗2)/( nruns + z ∗∗2)

47
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48 e r r o r s = z /( nruns + z ∗∗2) ∗ np . sq r t ( n dark ∗ n br i ght /nruns + z ∗∗4/4)

49

50

51

52 times = time [ : len ( p ex ) ]

53 probs = p ex

54

55

56

57 return times , probs , e r ro r s , params

58

59 def p lo t phase ( r id , th r e sho ld =−1):

60 ’ ’ ’ load phase scan ’ ’ ’

61

62 data , metadata = load h5 ( r i d )

63

64 params = metadata [ ’ p a r a m s ’ ]

65 phase = −1∗data [ ’ s c a n . p h a s e ’ ]

66

67 #counts a f t e r probe

68 countsA = data [ ’ s c a n . c o u n t s A ’ ]

69 #counts during coo l

70 countsB = data [ ’ s c a n . c o u n t s B ’ ]

71

72 nsteps = sum(np . i s f i n i t e ( time ) )

73 nruns = countsA . shape [ 1 ]

74

75 i f th r e sho ld == −1:

76 t count = params [ ’ t h r e s h o l d ’ ]

77

78 else :

79 t count = thre sho ld

80

81 n br i ght = np .sum( countsA [ : nsteps , : ] > t count , 1 )

82 n dark = np .sum( countsA [ : nsteps , : ] <= t count , 1 )

83

84 #se t coo l i ng thre sho ld , p rob br ight during coo l > 0 .11

85 pr br B = np .sum( countsB [ : nsteps , : ] <= t count , 1 ) / nruns

86 n br i ght [ np . where ( pr br B > 0 . 11 ) [ 0 ] ] = 0

87 n dark [ np . where ( pr br B > 0 . 11 ) [ 0 ] ] = 0

88

89

90 #normal approximation

91 #p ex = n dark /nruns

92

93 #normal 95% con f idence i n t e r v a l

94 z = 1.96

95 #e r r o r = z/nruns ∗ np . sq r t ( n dark ∗ n br i ght /nruns )

96

97 #wi l son s co r e

98 p ex = ( n dark + 0.5∗ z ∗∗2)/( nruns + z ∗∗2)

99

100 e r r o r s = z /( nruns + z ∗∗2) ∗ np . sq r t ( n dark ∗ n br i ght /nruns + z ∗∗4/4)

101

102

103

104 phases = phase [ : len ( p ex ) ]

105 probs = p ex

106

107

108

109 return phases , probs , e r ro r s , params
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110

111

112 def p l o t f r e q ( r id , th r e sho ld=−1, n o r m a l i s e f r e q s = True ) :

113 ’ ’ ’ load frequency scan ’ ’ ’

114

115 data , metadata = load h5 ( r i d )

116

117 params = metadata [ ’ p a r a m s ’ ]

118 f r e q = data [ ’ s c a n . f r e q ’ ]

119

120 i f n o r m a l i s e f r e q s == True :

121 c a r b a s e f r e q = params [ ’ c a r _ f r e q ’ ]

122 f r e q = −1 ∗ ( f r e q − c a r b a s e f r e q )

123

124 #counts a f t e r probe

125 countsA = data [ ’ s c a n . c o u n t s A ’ ]

126 #counts during coo l

127 countsB = data [ ’ s c a n . c o u n t s B ’ ]

128

129 nsteps = sum(np . i s f i n i t e ( f r e q ) )

130 nruns = countsA . shape [ 1 ]

131

132 i f th r e sho ld == −1:

133 t count = params [ ’ t h r e s h o l d ’ ]

134

135 else :

136 t count = thre sho ld

137

138

139 n br i ght = np .sum( countsA [ : nsteps , : ] > t count , 1 )

140 n dark = np .sum( countsA [ : nsteps , : ] <= t count , 1 )

141

142 #se t coo l i ng thre sho ld , p rob br ight during coo l > 0 .11

143 pr br B = np .sum( countsB [ : nsteps , : ] <= t count , 1 ) / nruns

144 n br i ght [ np . where ( pr br B > 0 . 11 ) [ 0 ] ] = 0

145 n dark [ np . where ( pr br B > 0 . 11 ) [ 0 ] ] = 0

146

147

148 #normal approximation

149 #p ex = n dark /nruns

150

151 #normal 95% con f idence i n t e r v a l

152 z = 1.96

153 #e r r o r = z/nruns ∗ np . sq r t ( n dark ∗ n br i ght /nruns )

154

155 #wi l son s co r e

156 p ex = ( n dark + 0.5∗ z ∗∗2)/( nruns + z ∗∗2)

157

158 e r r o r = z /( nruns + z ∗∗2) ∗ np . sq r t ( n dark ∗ n br i ght /nruns + z ∗∗4/4)

159

160

161

162 f r e q s = f r e q [ : len ( p ex ) ]

163 probs = p ex

164

165 return f r eq s , probs , e r ror , params

166

167 def p lo t 397 ( r i d ) :

168 ’ ’ ’ load 397 scan ’ ’ ’

169

170 data , metadata = load h5 ( r i d )

171
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172 f r e q s = data [ ’ f l _ s c a n . l a s e r _ f r e q ’ ]

173 counts = data [ ’ f l _ s c a n . c o u n t s ’ ]

174 e r r o r s = 1/np . sq r t ( counts )

175

176 nsteps = sum(np . i s f i n i t e ( f r e q s ) )

177

178 return f r e q s [ : ns teps ] , counts [ : ns teps ] , e r r o r s [ : ns teps ]

179

180 def p lo t 866 ( r i d ) :

181 ’ ’ ’ load 866 scan ’ ’ ’

182

183 data , metadata = load h5 ( r i d )

184

185 f r e q s = data [ ’ f l _ s c a n . l a s e r _ f r e q ’ ]

186 counts = data [ ’ f l _ s c a n . c o u n t s A ’ ]

187 e r r o r s = 1/np . sq r t ( counts )

188

189 nsteps = sum(np . i s f i n i t e ( f r e q s ) )

190

191 return f r e q s [ : ns teps ] , counts [ : ns teps ] , e r r o r s [ : ns teps ]

192

193

194 def plot comp ( r i d ) :

195 ’ ’ ’ load compensation scan ’ ’ ’

196

197 data , metadata = load h5 ( r i d )

198

199 return data , metadata
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