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Abstract

Topological superconductors have become a subject of intense research due to their potential
use for technical applications in device fabrication and quantum information. Besides fully
gapped superconductors, unconventional superconductors with point or line nodes in their
order parameter can also exhibit nontrivial topological characteristics. This article reviews
recent progress in the theoretical understanding of nodal topological superconductors, with a
focus on Weyl and noncentrosymmetric superconductors and their protected surface states.
Using selected examples, we review the bulk topological properties of these systems, study

different types of topological surface states, and examine their unusual properties.
Furthermore, we survey some candidate materials for topological superconductivity and
discuss different experimental signatures of topological surface states.

Keywords: unconventional superconductor, topology, surface states, Berry phase, tunelling

phenomena

(Some figures may appear in colour only in the online journal)

1. Introduction

The discovery that gapped electronic systems can possess
nontrivial topology has sparked a revolution in condensed
matter physics [1-8]. Such topological systems are
characterized by a Z or Z, topological number, and display
topologically protected surface states due to the so-called
bulk-boundary correspondence. Two types of such systems
can be discerned: topological insulators and superconductors.
While there are now many examples of topological insulators,
topological superconductors have proved to be much rarer.
This is due to the unconventional pairing symmetries required
for a topological state. In contrast to the familiar s-wave
spin-singlet pairing in conventional superconductors, such
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pairing states appear to require a particular constellation of
pairing interactions and electronic structure, and are not robust
to disorder. Topological superconductors are nevertheless
of great interest due to the existence of protected Majorana
surface states, which arise as a consequence of a nontrivial
topology of the bulk quasiparticle wavefunctions. These
surface states may have important applications in quantum
information technology, and have motivated an intense effort
to ‘engineer’ a topological superconducting state from more
prosaic components [9—12]. While there are many such
proposals, at present the most promising is to proximity-induce
p-wave superconductivity in a semiconductor with strong spin-
orbit coupling (SOC) [13-17].

Although superconductors with unconventional pairing
symmetries are not uncommon, they rather typically display
points or lines on the Fermi surface where the superconducting
gap vanishes, so-called ‘nodes’. As such, they are not
covered by the ‘ten fold way’ classification of the topology

© 2015 IOP Publishing Ltd  Printed in the UK
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of fully gapped electronic systems [1-4]. Nevertheless,
such systems can display interesting topological properties,
and possess topologically protected edge states, although the
protection is weaker than for fully gapped systems [18-32].
Although global topological invariants cannot be defined
for gapless systems, it is nevertheless possible to classify
the rich topological structure of nodal superconductors in
terms of momentum dependent topological numbers. This
has revealed that many nodal topological superconductors
and superfluids have nontrivial topology, e.g. the high-T,
d,>_>-wave superconductors [33-36], the heavy Fermion
systems CeColns [37-40] and URu,Si, [41-44], nodal
noncentrosymmetric superconductors [20-24, 45, 46], Weyl
superconductors [47-50], oxide interfaces [51], and the A
phase of superfluid 3He [25-28, 52]. Similar to fully gapped
topological superconductors, the topological characteristics of
nodal superconducting states reveal themselves at the surface
in the form of Majorana cone states, Majorana flat-band states,
or arc surface states [22].

Our aim in this review is to provide a thorough introduction
to the field of nodal topological superconductors, acting as a
manual and reference for both theorists and experimentalists.
We do not wish to deliver an exhaustive overview of all nodal
superconductors, however, but rather to show via selected
examples the different topological structures which can be
realized and what type of unconventional properties these
materials exhibit. While the concepts that we discuss can
be generally applied to all nodal topological systems, our
focus shall be upon systems where the superconductivity
is an intrinsic property, as opposed to engineered nodal
superconducting states in heterostructures.

We give a brief outline of the review here. We commence
in section 2 by introducing our two model systems: Weyl
superconductors and noncentrosymmetric superconductors,
which are prototypes for topological superconductors with
point and line nodes, respectively. In section 3 we set out
the topological classification of the nodal states in terms of
a ‘periodic table’ of the nodal structure, and apply this to
our canonical examples. The topologically protected surface
states are studied in section 4 using a quasiclassical method,
which forms a useful basis for understanding the experimental
signatures of the topological surface states in section 5.
We survey candidate nodal topological superconductors in
section 6, before concluding with a brief outlook for the field.

2. Phenomenological models

While there are a plethora of nodal superconductors with
nontrivial topology, it is convenient to illustrate our discussion
with straightforward but physically relevant phenomenological
models. Here we introduce three such systems: the p-wave
Weyl superconductor, the d-wave Weyl superconductor,
and noncentrosymmetric superconductors. Our choice is
motivated by a desire to exemplify line and point nodal
structures, and we therefore take the simplest normal-
state electronic Hamiltonian consistent with the symmetries.
Although for realistic systems one must often consider more
complicated models, e.g. including multiorbital effects, these

nonuniversal considerations obscure the topological properties
of the gap functions. We shall return to these model systems
throughout the review.

2.1. Topological superconductors with point nodes

We consider two different phenomenological models of
superconductors/superfluids with point nodes. The first one is
the Anderson-Brinkman-Morel (ABM) state [52-54], which
is believed to occur in the A phase of superfluid *He as well as
in cold atomic and polar molecular gases [55]. The ABM
state is a three-dimensional superfluid of spinless (or fully
spin-polarized) fermions with (p, & ip,)-wave pairing and is
described by the Bogoliubov-de Gennes (BdG) Hamiltonian
H =13 o HK)Px with

AV « .
HKk) = h(k)T, + k—k (@1 + 61y, (1)
F

where ¢y = (¢, cf{)T and clt(ck) is the creation (annihilation)
operator of spinless fermions with momentum k. Here, 7;
denotes the three Pauli matrices which act in particle-hole
space, h(K) is the normal-state dispersion, kp is the Fermi wave
vector, and A denotes the amplitude of the superconducting
order parameter. The direction of the orbital momentum of the
Cooper pair is defined by I = &, x &. In the following we
assume a spherical Fermi surface centered at the I" point and a
momentum independent vector 1 pointing along the k. axis in
the Brillouin zone. Thus, the eigenvalues of Hamiltonian (1)

are £A(K) = £ J[hIOP + (Bo/ke)* (G + ), and the
spectrum A (k) exhibits two Weyl nodes at the north and south
poles of the Fermi sphere K1 = (0, 0, &kg). The low-energy

physics in the vicinity of the point nodes K. can be captured
by the anisotropic Weyl Hamiltonian

Hi(p) = (Ao/kp)(pxTx + pyTy) £ hVEP. T, @

where p = k — K. and vg = hkg/m denotes the Fermi
velocity. Hence, equation (1) defines the simplest version
of a Weyl superconductor with two point nodes. We note
that, in contrast to ordinary point nodes, the bands crossing
at a Weyl node are individually nondegenerate. Moreover,
Weyl nodes are impossible to gap out, since there exists no
‘fourth Pauli matrix’ that anticommutes with the three Pauli
matrices t; of equation (2). The dispersion close to the Weyl
points is linear in all three directions, leading to a density of
states that increases quadratically with energy. As opposed to
Weyl points in semimetals, the particle-hole symmetry dictates
that the point nodes K1 remain pinned at zero energy even
as the chemical potential is varied. Each Weyl node can be
characterized in terms of a chirality index, which measures
the relative handedness of the three momenta p with respect
to the Pauli matrices in equation (2). For Hamiltonian H (p)
the chirality of the Weyl point is £1. We note that while
arbitrary (small) perturbations of Hamiltonian (2) in general
lead to a shift of the point nodes, they cannot open up a gap in
the spectrum. We will see in section 3.3.1 that the stability of
the Weyl nodes is protected by a Chern number (or Skyrmion
number), which takes on the values +1.
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As a second example of a superconductor with point
nodes, we consider the three-dimensional spin-singlet chiral
(dy2—y2 & id,y)-wave state, which is likely realized in the
heavy fermion system URu,Si, [41-44] and the pnictide
material SrPtAs [47,48]. The BdG Hamiltonian of this chiral
superconducting phase is given by H = %Zk QIT(H(k)@k,
with

Ay

MO = hW)z.+ 23 (02 D +2kk]  G)
F

and the Nambu spinor @ = (cky, cik ¢)T, where c:m (cko)
represents the electron creation (annihilation) operator with
momentum k and spin o. Observe that for this pairing
symmetry the orbital angular momentum projected along
the k; axis is £2, whereas for the (p, % ip,)-wave state
discussed above it is 1. Similar to equation (1), we find
that for a spherical Fermi surface centered at the I' point,
Hamiltonian (3) exhibits two point nodes located at K; =
(0, 0, &kp), which are double Weyl points pinned at zero
energy by the particle-hole symmetry. Expanding equation (3)
around K. to second order in the momentum, we obtain the
following low-energy description of the double Weyl nodes

A
Hi(p) = k—zo [(P} = P3)Tc +2p2pyTy ]
F
oo,
+| — Ipl” £ hvpp; | T, “)
2m
where p = k — Ki. Hence, the low-energy nodal

quasiparticles near K. exhibit linear and quadratic dispersions
along the p. direction and in the p, p, plane, respectively.
All in all, this anisotropic dispersion leads to a density of
states which increases linearly with energy. As explained in
section 3.3.2, the double Weyl points (4) are protected against
gap opening by the conservation of a Chern or Skyrmion
number that takes on the values £2.

2.2. Topological superconductors with line nodes

The prototype of a topological superconductor with line
nodes are time-reversal-symmetric three-dimensional noncen-
trosymmetric superconductors (NCS). In these systems, the
crystal structure breaks inversion symmetry leading to strong
electric field gradients within the unit cell, which in turn gener-
ates strong SOC. Furthermore, the absence of inversion sym-
metry means that parity is no longer a good quantum number,
and so a mixed pairing state with both singlet and triplet gaps
is possible.

The minimal description for such a system has the BdG
Hamiltonian H = 1 3, ¥, H(K) ¥, with

AK)
—h" (=k)

h(k
o = (1)

and Y = (€. €y € ppr €y )T, Where ¢, (c,,) denotes
the electron creation (annihilation) operator with momentum
k and spin o. The normal-state dispersion of the electrons in
the spin basis is given by

&)

h(k) = ekoo + 8k - 0, (6)

where g is the nonmagnetic dispersion while gy denotes
the SOC potential. o = (ox, 0y, 0;) denotes the vector
of the Pauli matrices, while oy stands for the 2 x 2 unit
matrix. By time-reversal symmetry, we require that e and
gk are symmetric and antisymmetric in K, respectively. The
normal-state Hamiltonian (6) is diagonalized in the so-called
helicity basis, taking the form fz(k) = diag(§}, &), where
Elf = gk % |gk/| is the dispersion of the positive-helicity and
negative-helicity bands, respectively.

The superconducting gap contains both even-parity spin-
singlet and odd-parity spin-triplet pairing potentials

AK) = (koo +dy - o) (ioy) , @)

where ¥ and di represent the spin-singlet and spin-triplet
components, respectively. In a time-reversal-symmetric
system they have the same global phase, and without loss
of generality we assume them to be real. It is well known
that in the absence of interband pairing, the superconducting
transition temperature is maximized when the spin-triplet
pairing vector d is aligned with the polarization vector gk of
the SOC [56]. This implies that there is only pairing between
states on the same helicity Fermi surface, with positive and
negative helicity gaps Af = Yk £ |dx|. Assuming an s-
wave like order parameter for the singlet pairing, we observe
that while the positive-helicity Fermi surface is fully gapped,
the negative-helicity gap may possess nodes. We parametrize
the singlet and triplet components of the superconducting gap
function as

Yk = Ay =7 Ay, (®)

di = Al = (1 —7) Ao, ®

where lx =gx/A, with A the SOC strength. Here, r
parametrizes the mixed pairing state, tuning the system
between purely triplet (r = 0) and purely singlet (r = 1) gaps.

3. Topological classification of nodal
superconductors

The topological properties of nodal superconductors (and
semimetals) can be classified in a similar manner as those of
fully gapped superconductors (and insulators) [1-3]. A nodal
point or nodal line in a superconductor is topologically stable
if there does not exist any symmetry preserving mass term that
opens up a full gap in the spectrum. The topological stability
of these point or line nodes is guaranteed by the conservation
of a topological charge (i.e. a topological invariant), which is
defined in terms of an integral along a contour that encloses
(encircles) the point node (line node). These topological
invariants can be either Chern or winding numbers, referred
to as ‘Z invariants’ (or ‘27Z invariants’), or binary invariants,
referred to as ‘Z, numbers’. In this section we briefly review
the ten-fold classification of nodal topological superconductors
(and semimetals) [57-61]. This scheme classifies point
and line nodes in nodal superconductors (Fermi points and
Fermi lines in semimetals) in terms of global symmetries,
i.e. nonspatial symmetries that act locally in position
space, namely, time-reversal symmetry (TRS), particle-hole
symmetry (PHS), and chiral or sublattice symmetry (SLS).
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Table 1. Ten-fold classification of nodal points/lines and Fermi surfaces in superconductors and semimetals, respectively [57-59, 61]. The
first and second rows indicate the codimension p = dgz — d, of the nodal lines at high-symmetry points and away from high-symmetry
points of the Brillouin zone, respectively. The first column lists the ten symmetry classes (using the ‘Cartan nomenclature’ [3]), which are
distinguished by the presence or absence of TRS (7"), PHS (C), and chiral symmetry (S). The second and third columns indicate the sign of
the squared symmetry operators T2 and C?, respectively. The absence of symmetries is denoted by ‘0. The presence of chiral symmetry S

is denoted by ‘1°.

At high-sym. point T C S p=8 p=1 p=2 p=3 p=4 p=5 p=6 p=7
Off high-sym. point p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=1
A 0 0 0 0 z 0 zZ 0 zZ 0 y/
AllI 0o 0 1 Z 0 Z 0 Z 0 Z 0

Al +1 0 0 0 0 0 27, 0 /A /- /
BDI #1411 Z 0 0 0 27, 0 A/
D 0 +1 0 Z,* Z 0 0 0 27 0 VA
DIII -1 o+ 1 Zy oz 0 0 0 27 0
All -1 0 0 0 Z4° 74" 7 0 0 0 27
cl -1 -1 1 2z 0 /A /s / 0 0 0

C 0 -1 0 0 27, 0 /A /R / 0 0

CI +#1 -1 1 0 0 27, 0 7y 7y oz 0

# Z, numbers only protect nodal lines of dimension zero (d, = 0) at high-symmetry points of the Brillouin zone.
® Nodal lines of any dimension d,, located away from high symmetry points of the Brillouin zone cannot be
protected by a Z, number. However, the Z, topological invariant can lead to the appearance of protected
zero-energy surface states at time-reversal invariant momenta of the surface Brillouin zone.

In momentum space, TRS and PHS act on the BdG (or
Bloch) Hamiltonian H(K) as

T'"M(—K)T = +H(k) and C 'H(-k)C = —H(K), (10)

respectively, where T = KUr and C = KU are antiunitary
operators and K denotes the complex conjugation operator.
Chiral symmetry, however, is implemented in terms of an
anticommutation relation

ST'HEK)S = —H(K), (11)

where S is aunitary operator. Chiral symmetry S can be viewed
as a combination of time-reversal and particle-hole symmetry,
i.e. § o« TC. There are three different possibilities for how a
given BdG (or Bloch) Hamiltonian H (k) can transform under
TRS (or PHS): (i) H (k) is not symmetric under TRS (or PHS),
which is denoted by ‘0’ in table 1; (ii) H (k) is invariant under
TRS (or PHS) and T (or C) squares to +1, which is denoted
by ‘+1’ in table 1; and (iii) H(k) is symmetric under TRS
(or PHS) and T (or C) squares to —1, which is denoted by
‘—1’ in table 1. Hence, there are 3 x 3 = 9 possibilities
for how a Hamiltonian can transform under both TRS and
PHS. For eight of these cases, the presence or absence of
SLS is fully determined by how H (k) transforms under TRS
and PHS. However, when both time-reversal and particle-hole
symmetry are absent, there exists the extra possibility that
the combined symmetry S o« 7T'C is still present. Hence,
altogether there are ten cases that fully exhaust all the possible
transformation properties of a given Hamiltonian H (k) under
global symmetries. These ten cases, each of which defines
a symmetry class, are listed in the first column of table 1.
We note that these ten symmetry classes are closely related to
the ten classes of random matrices introduced by Altland and
Zirnbauer [62,63].

Now, the ten-fold classification of nodal superconductors
(and semimetals) does not only depend on the symmetry

properties of H (k) but also on the codimension

p=dpz —dy (12)
of the nodal structure, i.e. on the difference between the
dimension dgz of the Brillouin zone and the dimension d,
of the superconducting node. Furthermore, it depends on
how the superconducting nodes transform under the nonspatial
symmetries [57,61]. Two different situations have to be
distinguished: (i) Each point node or line node is left invariant
by nonspatial symmetries and (ii) different point nodes or line
nodes are pairwise related to each other by global symmetry
operations. In case (i) the superconducting nodes are located
at high-symmetry points of the Brillouin zone, i.e. at time-
reversal invariant momenta, whereas in case (ii) the point or
line nodes are positioned away from high-symmetry points of
the Brillouin zone.

3.1. Nodes at high-symmetry points

Let us start by discussing the ten-fold classification of
superconducting nodes located at high symmetry points of
the Brillouin zone [57-61]. For this case the classification
of point nodes can be derived in a heuristic manner from
the ten-fold classification of fully gapped superconductors
through a dimensional reduction procedure [57]. That is, the
surface state of a fully gapped dpz-dimensional topological
superconductor realizes a topologically stable point node in
dpz — 1 dimensions. Indeed, the bulk topological invariant of
the dpz-dimensional fully gapped superconductor is directly
related to the topological charge of the nodal point at the
boundary [60, 64]. From these observations it follows that the
classification of global-symmetry-invariant nodal points with
d, = 0 is obtained from the original ten-fold classification
of fully gapped superconductors by the dimensional shift
dgz — dpz — 1. This reasoning also holds for nodal structures
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(a) £ (b)

Figure 1. Energy spectrum of the three different types of topological subgap states that can exist at the surface of nodal noncentrosymmetric
superconductors: (a) helical Majorana cone, (b) arc surface state, and (c) flat-band surface state. Figure adapted from [66].

with codimension p < dpz (i.e. d, > 0), provided that they
are protected by a Z invariant or 2Z invariant. Z, numbers,
on the other hand, guarantee only the stability of nodes with
d, = 0, i.e. point nodes. These findings are confirmed by
more rigorous derivations based on K theory [58-60] and
minimal Dirac Hamiltonians [61]. The latter approach uses
Clifford algebra to classify all possible symmetry-preserving
mass terms that can be added to the Hamiltonian. The
classification of global-symmetry-invariant nodal structures
(and Fermi surfaces) is summarized in table 1, where the first
row indicates the codimension p of the superconducting nodes.
For any codimension p there are three symmetry classes for
which stable superconducting nodes (or Fermi surfaces) exist
that are protected by a Z invariant or 27 invariant, where the
prefix ‘2’ indicates that the topological number only takes on
even values. Furthermore, in each spatial dimension dg7 there
exist two symmetry classes that allow for topologically stable
point nodes (Fermi points) which are protected by a binary Z,
number.

3.2. Nodes off high-symmetry points

Second, we review the topological -classification of
superconductors with nodes that are located away from high-
symmetry points of the Brillouin zone [57,61]. These point
or line nodes are pairwise mapped onto each other by the
global antiunitary symmetries, which relate k to —k. An
analysis based on the minimal-Dirac-Hamiltonian method [61]
shows that only Z-type invariants can guarantee the stability of
superconducting nodes off high-symmetry points, whereas Z,
numbers do not lead to stable nodes. However, as illustrated
in terms of the example of section 3.3.3, Z, numbers may
nevertheless give rise to zero-energy surface states at time-
reversal-invariant momenta of the surface Brillouin zone.
The complete classification of superconducting nodes that
are located away from high-symmetry points is presented in
table 1, where the second row gives the codimension p of
the superconducting node. Observe that this classification
scheme is related to the ten-fold classification of fully gapped
superconductors and insulators by the dimensional shiftdgz; —
dgz + 1.

3.3. Examples

For the phenomenological model Hamiltonians given in
section 2, we derive in this subsection explicit expressions
for the topological invariants that protect the superconducting
nodes against gap opening. We also use these examples to
illustrate the bulk-boundary correspondence [64,65], which
links the topological characteristics of the nodal gap structure
to the appearance of zero-energy states at the boundary.
Depending on the case, these zero-energy surface states are
either linearly dispersing Majorana cones, Majorana flat bands,
or arc surface states (see figure 1). We note that in real
superconducting materials the gap nodes are usually positioned
away from the high-symmetry points of the Brillouin zone.
Indeed, this is the case for the three examples of section 2,
which are therefore classified according to section 3.2.
Note that the topological invariants introduced here can be
straightforwardly generalized to more complicated systems.

3.3.1. The A phase of 3He. The A phase of 3He is
phenomenologically described by Hamiltonian (1), which
satisfies particle-hole symmetry C~'"H(—k)C = —H (k) with
C = Krt,. Time-reversal symmetry, however, is broken,
because the superconducting order parameter of equation (1) is
complex. Hence, since C? = +1, Hamiltonian (1) belongs to
symmetry class D. We infer from table 1 that the Weyl nodes of
the Hamiltonian (1), which have codimension p = 3 and occur
off high symmetry points, are protected by a Z topological
number. In order to derive a formula for this topological
number it is convenient to rewrite Hamiltonian (1) as

H(k) =N(k) -, (13)
i.e. a dot product between the pseudospin vector N(k) =
(Aokx / kg, Aok, / kg, h(k)) and the vector of Pauli matrices
T = (Tx, Ty, T;). The unit vector field ny = N(k)/[N(K)|
exhibits singular points at the Weyl nodes Ky of H(k).
These point singularities realize (anti)hedgehog defects in
momentum space and are characterized by the Chern number
[25-28]

1

NC = — dzﬁ ng - [aklnk X Bkznk] ,

4 Je (14
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where C denotes a two-dimensional surface parametrized by
k = (ki, k»), which encloses one of the two Weyl nodes.
Choosing C to be a sphere S? centered at one of the two Weyl
points, the integral (14) can be straightforwardly evaluated.
The nodes at Ky = (0,0, £kr) have topological charge
Ng: = £1. We note that ny restricted to the sphere S? in
momentum space defines a map from k € S? to the space
ni € S2. The Chern number Ny, equation (14), distinguishes
between different homotopy classes of these maps [67]. Since
the homotopy group 7,(S?) equals the group of the integer
numbers Z, there is an infinite number of homotopy classes of
maps k € S? — ny and Ny can in general take on any integer
value.

Alternatively, instead of considering a sphere S? one can
take C to be a plane perpendicular to the k, axis in the Brillouin
zone. This yields Ny, = +1 for |k;| < kp and zero otherwise.
That is, the unit vector nk for fixed |k,| < kr possesses a unit
skyrmion texture in momentum space and N, measures its
skyrmion number. In this picture, we can give the topological
invariant (14) a more physical meaning by reexpressing it in
terms of the Berry curvature F(k) = Vi x A(k), i.e.

Ni. = L/dkxdkv F, (k). (15)
- )

Here, A(k) = i(u_(k)| Vk|u_(k)) denotes the Berry

connection (also known as Berry vector potential), which is

obtained from the negative-energy wavefunctions u_ (k) of the

BdG Hamiltonian. For Hamiltonian (1), the three components

of the Berry curvature are given by

A2k k
F. (k) = O F* < -,
2[ 2 _p2y2 4 B51222 4 12y ]2
M [(k k2) +M2kF(kx+ky)]
A2k, k
Fy(k) = e 5 (16)
- 5
2|0 =i + i + k)|
o = AUR(KR2 — K2 — K2 — kD)

(SIS

22 [(k2 — k2% + B2 + kg)]

The Berry curvature is plotted in figure 2(a). We observe from
equation (16) that the Weyl nodes are sources and drains of
Berry flux. That is, they act as unit (anti-)monopoles of the
Berry curvature F(k) and there is a Berry flux of 27 flowing
from one Weyl node to the other along the z direction. Along
the x and y directions, on the other hand, the Berry flux is
vanishing since F)(,)(K) is odd in k, (k,) and k.. We also note
that the Berry curvature is sharply peaked within a shell of
width Aq about the Fermi surface.

Due to the bulk-boundary correspondence, the band
topology of Weyl superconductors gives rise to arc surface
states. Consider for example Hamiltonian (1) in a three-
dimensional slab geometry with a (1 00) surface. Because of
translation invariance along the surface, the three-dimensional
(100) slab can be decomposed into a family of two-
dimensional (1 0) ribbons parametrized by k.. Ribbons with a
k. in between the pair of Weyl nodes have a non-zero Chern
number, i.e. Ny, = +1 for |k;| < kg, while for |k;| > kg

0.0 0.2 0.4 0.6 0.8 1.0
—wave d—wave
= T T e -
[P) SHEEEE AR S R 1.5 BNty L R I A
,,,,, S e e~ v e
LOJSR ., . 3 L[ . .
05 S AR p 1 CUEEA U 0.5 A7 7 AT f U « TR s A
2, T Y rarEy (R N e, N B R R
bl Y vBE 7 FANEEEERY 1 SHR Y = F VANERY KON YRR 1
~ 0.0 ~ 0.0 1
) i Y Y YARREEERT f aEeY W ) N VEEERY W ‘I' | ' TR ¥
el AR MR b —05 R VL IR CEE /
R s R | § _AEEEF A Boa o UL W A s s
_1OE S A TR RRae . s B e My pat e e
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BEl O ERSN _15 Bermr AR x>~ S
£ 4. by . - £ 4.4 dih o hah oy
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Figure 2. Berry curvature in (a) the (p, +ip,)-wave and (b) the
(dy2_,2 +id,y)-wave Weyl superconductor in the k,-k; plane. The
arrows indicate the direction of F(k) while the colour scale gives

% arctan(|F(k)|). We choose Ay = 0.5u; realistic values of

Ay < p give a curvature which is much more sharply peaked at the
Fermi surface.

the topology is trivial. Each ribbon with |k,| < kg can be
interpreted as a two-dimensional fully gapped (p, +ip,)-wave
superconductor with a chiral Majorana edge mode. Hence,
the Majorana surface states of the Weyl superconductor form
a one-dimensional open arc in the surface Brillouin zone,
connecting the projected Weyl nodes of the bulk gap. (See
figure 4(a) and section 4.2). These chiral surface states give
rise to anomalous spin and thermal Hall effects which are
proportional to the separation of the Weyl nodes in momentum
space. (see section 5.2).

3.32. Chiral (d.._, = id,,)-wave superconductor. The
spin-singlet chiral (d,>_,» % id,,)-wave superconductor (3)
satisfies both particle-hole symmetry and SU (2) spin-rotation
symmetry and therefore belongs to symmetry class C in table 1
(or alternatively to class A if one considers only a U (1)
part of the spin-rotation symmetry). Hence, as indicated by
the classification table, the Weyl nodes of Hamiltonian (3)
(which occur off high symmetry points) are protected by a 27
invariant, which takes on only even values. This topological
number is given by the same expression as equation (14)
but with N(k) = (Ao(kﬁ — kf)/k%, 2Aokyky/ K, h(k)). As
opposed to the previous example, the unit vector ngx =
N()/IN(k)| for fixed |k,| < kg now describes a double
Skyrmion texture with Ny, = =£2. That is, the double
Weyl points at K. = (0,0, £kg) correspond to double
(anti-)monopoles of the Berry curvature F(k), which is given
by [44]

DAk k. (K2 + K2
Fu(k) = ol AL
A 2
[0 =+ 22+ k2]
DAk k. (K2 + K2)
Fy(k) = ., (17)
A 2
2 [ — )2+ w2+ k)2
DA — K2 (K2 + K2
Fz(k) — 0( z F)( X })

(Y[

2|0 =+ 202+ k2]

The Berry curvature is plotted in figure 2(b). As a result of the
topological non-triviality, the d-wave Weyl superconductor (3)
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supports two spin-degenerate, chirally dispersing arc surface
states. (See figure 4(b). These surface states carry anomalous
spin and thermal Hall currents.

3.3.3. Nodal noncentrosymmetric superconductor. Nodal
NCSs defined by the BAG Hamiltonian H (k) in equation (5)
satisfy time-reversal symmetry T~ '"H(—k)T = +H(k), with
T = K19 ® ioy, and particle-hole symmetry C~'H(—k)C =
—H(Kk), with C = K1, ® 09. Here, 7; and o; are the Pauli
matrices operating in particle-hole and spin space, respectively.
Since T? = —1 and C? = +1, Hamiltonian (5) belongs to
symmetry class DIII. According to table 1, the topological
properties of class DIII Hamiltonians are characterized by
Z topological numbers. While these binary invariants can
give rise to protected Majorana cone surface states or arc
surface states, they do not guarantee the stability of the
superconducting nodes [61]. Hence, one might conclude
that the superconducting nodes of the NCS (5) are unstable
against gap opening. In addition to TRS and PHS, however,
H(k) in Equation (5) also possesses the chiral symmetry
ST'HEK)S = —H(K), with § = —1, ® oy. Therefore,
‘H (k) can be viewed as a member of symmetry class AIIl and,
as indicated by table 1, its line nodes are protected by a Z
invariant, i.e. a winding number.

The Z, and Z invariants of symmetry class DIII and
AlIl, respectively, can be conveniently expressed in terms
of the off-diagonal block ¢(k) of the spectral projector.
For Hamiltonian (5), the matrix g(k) takes the following
form [21,22]

1 . _
= (AkBk — A Ay |lk|) %0
k

_ Ix
+(AF AL k] — A Bk)m -o—}. (18)
Kk
In equation (18) we have introduced the short-hand notation
Ak =i+ iA,, Bk = & + iAS, and Alf = Al,k + A2,k’ where

Ak =+/(&)+ (A1) and Agx=+/(50) +(a))

19)

are the positive eigenvalues of H(k). The unitary matrix
q(k) € U(2) is constrained by time-reversal symmetry as
ioyqT(—k) = g(K)io,.

Winding number. The stability of the line nodes of NCS (5)
is ensured by the conservation of the winding number [19, 21,
57,68, 69]

1
We = i f dk; Trlg " (k)dx, g (K)], (20)
Tl Jp

where L is a closed one-dimensional contour parametrized by
k;, whichinterlinks with aline node. Mathematically speaking,
equation (20) labels the homotopy classes of mappings from
L~ 8" — q(k) € U(2). Since the first homotopy group
of U(2) equals the group of the integer numbers Z [67], i.e.
m1[U(2)] = Z, the winding number W, can in principle take

2D surface
Brillouin zone

3D Brillouin zone

non-trivial = +/-1

1D class Alll Hamiltonian
trivial = 0

Figure 3. The relationship of the bulk gap structure to the surface
states of a nodal topological superconductor. The left part of the
figure shows the surface Brillouin zone with the projected Fermi
surface indicated in black. Flat-band surface states occur within the
two regions bounded by the projected nodal lines (dark blue and
light gray areas). Within these two regions the winding number (23)
takes on the values W = %1, while outside these regions it is zero;
the bulk Hamiltonians restricted to a surface momentum in these
regions (red lines in 3D Brillouin zone) belong to symmetry class
AlII and are topologically trivial and nontrivial, respectively. The
right part of the figure shows the three-dimensional bulk Brillouin
zone with a spherical Fermi surface (black ellipse) and two nodal
rings (solid and dashed blue ellipses).

on any integer value. Using equation (18), we find that W, for
the BAG Hamiltonian (5) can be rewritten in the simpler form

we = 2 ko [ (5 i) wars 5 +i0)]. @
L

Assuming that the superconducting gaps Alf of Hamilto-
nian (5) are nonzero only in the vicinity of the Fermi surfaces
(which is the case for weak-pairing superconductors), equa-
tion (21) can be further simplified to [22]

1
WE = —z Z Z sgn (3k1‘§l:|k=ko) sgn (AKO) ’

v==+ k()ESZ

(22)

The second sum in equation (22) is over the set of points S,
given by the intersection of the v-helicity Fermi surface with
the one-dimensional contour £. Equation (22) demonstrates
that for a weak-pairing nodal superconductor of the form (5),
the topological characteristics of the nodal structure is entirely
determined by the phases of the gaps in the neighborhood of
the positive- and negative-helicity Fermi surfaces. This is in
complete agreement with the discussion of section 4.3.

By the bulk-boundary correspondence [64], a non-zero
value of W, signals the appearance of zero-energy states at the
surface of the NCS. To make this more explicit, let us consider
a contour £ along a line parallel to the (Imn) direction in the
bulk Brillouin zone. (See figure 3). With this choice we obtain
for equation (22)

Wimny (K)) = —% Z [sgn (AKU) — sgn <AK,)] ,
v=dt

where k| denotes the momentum perpendicular to the (Imn)
direction, and ki = (kj,k.+) and Ky = (kj, k| )

(23)
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are momenta on the positive- and negative-helicity Fermi
surfaces which project onto kj, where k; 1 and k' , have
opposite signs. With this, it follows from the bulk-boundary
correspondence that zero-energy states appear at the (Imn)
face of the NCS whenever W,y (kj) # 0. This corresponds
to regions of the surface Brillouin zone that are bounded by
the projected nodal rings of the bulk gap. (See figure 3). In
other words, the non-trivial topology of the nodal rings in the
bulk leads to protected flat-band surface states (see figure 1(c)
and section 4.3.3).

Z, topological invariant. The one-dimensional (two-
dimensional) Z, invariant of symmetry class DIII is given by
[4,20,21,70,71]

Pf [ioyg"(K)]
Kez /det [ioygT(K)] ’

where Pf is the Pfaffian and the product is over the two (four)
time-reversal invariant momenta K of the one-dimensional
(two-dimensional) centrosymmetric contour £. In order
for N to be well defined, the contour £ needs to be
centrosymmetric (i.e. mapped onto itself under k — —k)
and must not intersect with the nodes of H(k). Inspection
of equation (24) reveals that N can only take on the values
+1, where —1 (+1) indicates a topologically nontrivial (trivial)
character. For weak-pairing superconductors the gaps Af are
non-zero only in a small neighborhood of the Fermi surface
and hence equation (24) can be simplified to [22]

N = (24)

Ny =sgn (A})sgn (A7), (25)
where sgn (Af) represents the sign of the gap at the
intersection of £ with the positive/negative helicity Fermi
surface. By the bulk-boundary correspondence [65], N, =
—1 for a one-dimensional contour £ indicates the appearance
of a helical Majorana cone at a surface of the NCS. (See
figure 1(a)). Similarly, for a two-dimensional contour L,
N, = —1 gives rise to an arc surface state. (See figure 1(b).

3.4. Crystalline topological nodal superconductors

In the previous subsections we have discussed the topological
classification of nodal superconductors in terms of internal
symmetries, i.e. global symmetries that act locally in
position space (see table 1). Recently it became apparent
that besides global symmetries, crystal symmetries which
operate non-locally in position space can also lead to the
protection of superconducting nodes [60, 61, 72-75]. Indeed,
a complete topological classification of reflection-symmetry-
protected nodal superconductors was recently obtained in [61].
Moreover, it has been argued that the heavy fermion
superconductor UPt; can be viewed as a crystalline topological
nodal superconductor, since its topological surface states are
protected by mirror symmetry [76].

4. Bound state wavefunctions

In this section we construct the wavefunctions of the
surface states of a topological superconductor within an
approximate low-energy effective theory. Such so-called
‘quasiclassical’ methods are a standard technique in the study
of inhomogeneous superconductivity [77-80]. The focus here
is to demonstrate how this approach can be used to explore the
surface physics of topological superconductors.

4.1. Deriving the low-energy theory

We consider the surface of a topological superconductor, with
normal defining the axis r,. The superconductor is assumed
to occupy the half-space r; > 0, and translational invariance
parallel to the surface ensures that the transverse momentum
k; is a good quantum number. Our aim is to solve the BdG
equation

HY (k7)) = EW(k; 7)) (26)

for states with energy comparable to the superconducting gap.
The Hamiltonian H (kj) appearing here is related to the bulk
Hamiltonian H (k) by

7 / dk, ik, r
Hk) = | =——Hk)ye™"™ . 27
2

The BdAG equations can be solved numerically, e.g. by exact
diagonalization of a lattice regularization of the Hamiltonian.
Superconductivity is a low-energy phenomenon, however,
where the characteristic energy scale of the gap A is
typically much smaller than the Fermi energy Ef, and it
is at such low energy scales that the surface states exist.
Not only is it computationally advantageous to restrict our
solution of equation (26) to the low-energy sector, but it
also permits at least semi-analytic solutions which provide a
more transparent understanding of the physics. This is the
motivation for the quasiclassical theory of superconductivity.
A full development of this theory, in particular the construction
of the quasiclassical Green’s function and the self-consistent
determination of the pairing potential, is rather involved and
beyond the scope of this review. We therefore sketch the theory
below, and refer interested readers to the extensive literature
on the subject, e.g. [77-81].

The first step in constructing an effective theory is to bring
the noninteracting Hamiltonian A (k) into a diagonal form.
The low-energy quasiparticle excitations in the superconductor
occur within a narrow momentum shell about the normal-state
Fermi surface of width ~ A /h|vg| <« |kg| where vg is the
Fermi velocity. The Fermi velocity is regarded as constant
across this momentum shell, which allows us to linearize the
low-energy Hamiltonian [A(K)]y.o & 7VE 4 - (K — Kp o) where
Kg o lies on the Fermi surface of the o« band. We now examine
the pairing matrix A(K). The superconducting gap is taken to
be constant along the direction of the Fermi velocity at each
point on the Fermi surface, i.e. A(k) ~ A(kp,a). The solution
of the low-energy effective theory is therefore only sensitive to
the value of the superconducting gap in the immediate vicinity
of the Fermi surface. Pairing between states on nondegenerate
Fermi surfaces is not considered.
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An appropriate ansatz for an eigenstate of the low-energy
Hamiltonian is

Vk;n) =) a (:’) e ¢2)
. J
J

where the sum j is over all scattering channels, a; are C-
number coefficients, the vector k; = (Kj, k;) lies on the Fermi
surface, [8k;| < |k;| is a small energy-dependent deviation
from the Fermi wavevector k;, and the multi-component BCS
coherence factors u; and v; are functions only of k; and the
energy. The coefficients a; in equation (28) are determined
by imposing boundary conditions on the wavefunction at
the surface, which can in principle be derived from the
underlying microscopic theory. This presents the greatest
challenge faced by the low-energy effective theory, as there is
no general prescription of how this should be done, especially
for multiband systems or those with strong spin-orbital mixing.
In order to avoid this complication, in the following we
restrict our attention to a commonly-used microscopic model
of the normal state where boundary conditions can be explicitly
and easily derived [1, 14, 15, 22,23, 31, 34,45, 78, 80, 82-88].
Specifically, we adopt the noninteracting Hamiltonian

hZ
h(k) = <2—|k|2 - M) G0+ Mk -6 + Voo ®(r1)  (29)
m

This describes a free electron gas, including antisymmetric
SOC of strength A so as to model both centrosymmetric (A = 0)
and noncentrosymmetric (A # 0) systems. In the latter case,
the spin—orbit vector Iy has the following continuum-limit
representations for the different point groups

(arks + ack))x + (ask, + asky)y + ask.z, Cy
kyx —kyy,
L = | ke (1 + gk} + k2D)x
+ky (1 + go[k2 + K21y + k. (1 + go[k2 + ki])z, o
k(2 — IDx+ k(K2 — KDy + k(&2 — KDz, Ty
(30

The coefficients a;—; s and g, appearing in the expressions
for the C, and O point groups are arbitrary. Our Hamiltonian
also includes a confining potential Vi, for the surface which
we identify with the work function. For our low-energy theory
it is reasonable to take the limit Vi, — o0, and so we
implicitly include this potential as the boundary condition that
the wavefunctions vanish at the surface.

4.2. Bound states of Weyl superconductors

As an illustration of the quasiclassical method, we consider
the subgap bound states appearing at the (1 00) surface of the
Weyl superconductor models introduced in section 2.1. Take
apointk; = (ky, k;) in the two-dimensional surface Brillouin
zone that lies within the projection of the Fermi surface, i.e.
|k | < kg. This surface wavevector corresponds to two points
on the Fermi surface p = (k,, k) and p’ = (—k,, k|), where

k, = \/k& — |kj|2. The bound state wavefunction is then a

T
E/A -1 -0.5 0 0.5 1

p—wave

d—wave

1.0

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
(a) kylkp (b) ky/kp

Figure 4. Topological surface states in Weyl superconductors. The
surface bound-state spectra are plotted as a function of the (1 00)
surface momentum (k,, k.) for (a) the (p, +ip,)-wave and (b) the
(d,2_y2 +id,y)-wave Weyl superconductor. The energy of the bound
states is indicated by the color scale, where the jump from cyan to
magenta occurs at zero energy; light grey indicates the absence of a
surface state. The thick black line shows the projection of the Fermi
surface.

superposition of evanescent states at these momenta

Y(k;r) = {ap ( ! ) edbe—rx 4 g ( ! ) e“"”"v’)x} ek
Yp 143

(€19}

where ay are C-number coefficients, and the coherence factors
1k and inverse decay length ky are defined

1
Y = ™~ [E —isgn(k,)v/|Ag|> — Ez] , (32)
2 _ 2
o = MBI = B (33)

12 ks |

The ansatz equation (31) satisfies the criteria that the
wavefunction vanishes in the bulk. The requirement that the
wavefunction also vanishes at the surface leads to the condition
on the coherence factors

Yo — Vp = 0. (34)

This can be analytically solved for the surface bound state
energies of the p-wave and d-wave Weyl superconductor:

N2
Ao 1—k§) k,
Ao 1—123) (1—|12H|2—/2§)
xsgn(Ey)

Px t ipy

Ek)) = (35)

de_y +idy,

where IEM = k,/kr. The bound state spectrum is plotted in
figure 4. In both cases, we observe zero-energy arc surface
states running between the nodes at the north and south poles
of the Fermi surface. Whereas there is only a single such arc
state in the p-wave Weyl superconductor, there are two arc
states in the d-wave Weyl superconductor, consistent with the
Chern numbers equation (15) of Ny, = 1 and N, = 2 for
|k.| < kg, respectively.
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Figure 5. Helical Majorana and arc states in NCS. The surface bound-state spectra are plotted as a function of surface momentum k| for: (a)
(110) face of C; NCS withr = 0.4 and a,—;,_5s = 1; (b) (100) face of C4, NCS with r = 0.25; (c) (1 00) face of O NCS withr = 0.1 and
g = —1.5;(d) (110) face of T, NCS with r = 0.2. The energy of the bound states is indicated by the color scale, where black corresponds
to zero energy and yellow to the maximum energy Ey.,y; light grey indicates the absence of a surface state. The light green line shows the

projection of the Fermi surface. As discussed in the text, in each case the zero-energy state at k; = 0 is a topological helical Majorana. The

C, and Cy4, NCS also display topologically-protected arc states.

4.3. Bound states of NCS

We now turn our attention to the surface bound states of a
NCS. We restrict ourselves to the limit Er >> A max{|lx|} >
|Al, so that we can ignore the spin-splitting of the Fermi
surfaces in the low-energy theory, but the triplet d-vector is still
constrained to be parallel to the SOC vector, i.e. dx = A/,
and hence the physical description outlined in section 2.2 is
still applicable. This is a common approximation [22, 23,
80, 88-93] as accounting for the spin-orbit splitting of the
Fermi surfaces complicates the analysis but generally only
quantitatively modifies the surface state spectra.

A similar (but more involved) argument to that for the Weyl
superconductors above gives the implicit equation [22,23, 80]
for the bound states energies

0= 0 = )0y = v Uplilyl =Ty - Ty)

+ (0 — )y — v ) Ul | +1p - 1), (36)
where
)f=zgh—m@wmm»|MV—W} (37
k

where v | (K) is the component of the Fermi velocity in the
direction normal to the boundary. Bound-state energies must
lie within the minimum gap, i.e. |E| < min{|Aij|, |A;,t,|}.
Although the general solution must be obtained numerically,
analytic conditions can be derived for the existence of
zero-energy states. Substituting the zero-energy form of
ylf —isgn(vg, l(k)A]f) into equation (36) we obtain five
conditions for zero-energy states in terms of the SOC vector
and the gap signs [22]:

(a) The spin-orbit vectors 1, and ly are parallel, and the
gap signs satisfy sgn(A;) = sgn(A,) # sgn(Ag,) =
sgn(Ay).

(b) The spin-orbit vectors 1, and 1, are antiparallel, and the
gap signs satisfy sgn(A[) = sgn(Ay) # sgn(A,) =
sgn(Ay).

(c) The gap signs satisfy sgn(Ap)
sgn(A;,) * sgn(A;).

sgn(A;;,) and

(d) The gap signs satisfy sgn(Ap) #
sgn(A;,) = sgn(A;).

(e) The gap signs satisfy sgn(A;;) + sgn(A;/), sgn(Ay) #
sgn(Ay), sgn(Ay) # sgn(Ap), and sgn(Ap) #
sgn(Ay).

sgn(A;;,) and

These five conditions for a zero-energy state include the
topological criteria defined in section 3.3.3. Only a state
satisfying the first condition is not topological: It cannot be
a Kramers-degenerate Majorana mode as the antisymmetric
spin-orbit vectors at p and p’ are not parallel if k; lies at a
time-reversal invariant point in the surface Brillouin zone; It
also cannot be an arc surface state protected by a Z, number,
since the condition on the gap signs requires that there be a
node in the plane defined by p and p’. On the other hand, since
condition (b) requires different sign of the positive and negative
helicity gaps, it is clearly consistent with the definition of the
topological number equation (25) for both these topological
states. It also describes nontopological states, however, as
these conditions are not sufficiently restrictive. The conditions
(c)—(e) exclusively describe flat band states with nontrivial
winding number, and they are equivalent to the topological
criteria equation (23). Specifically, conditions (c) and (d),
which correspond to a situation where only one of the helical
gaps has a sign change between the two sides of the Fermi
surface, describe topologically protected nondegenerate zero-
energy states with winding number W,y = £1. In contrast,
(e) requires sign changes of both helical gaps and gives doubly
degenerate states of winding number W,y = £2.

4.3.1. Helical Majorana. Helical Majorana states appearing at
the centre of the surface Brillouin zone (k; = 0) are relatively
common for majority-triplet NCS at high-symmetry surfaces.
In each of the examples shown in figure 5 the zero-energy state
at the zone centre has this topological protection. The other
zero-energy states that are present elsewhere in the surface
Brillouin zone in each of these examples, on the other hand,
do not satisfy the necessary criterion.
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Figure 6. Topological flat-band states in nodal NCS. In the top row we plot the surface bound-state spectrum as a function of surface

momentum k; for (a) the (100) surface of a C, NCS with r = 0.25 and g,

s =1, (b) the (101) face of a C4, NCS with r = 0.25, (c) the

(111) face of O NCS with r = 0.25 and g, = —1.5, (d) and the (1 1 1) face of T, NCS with r = 0.15. The colour scale is the same as in
figure 5. In the bottom row we plot the corresponding variation of the W, (k). Dark blue (gray) corresponds to W, (k) = +1 (—1),
while light blue represents. W, (k) = 0. Figures (a)-(c) adapted from [85].

4.3.2. Arc states. Topologically protected arc states are
rare, as the condition that Iy be symmetric upon reflection
about some plane places severe constraints on the point group
symmetry. There are two examples in figure 5: portions of
the arc states at the (1 10) surface of the C,, NCS shown in
panel (a), and the entire line of zero energy states connecting
the projection of the nodal rings at the (1 0 0) surface of the Cy,
NCS inpanel (b). In contrast, the arc states at the (1 1 0) surface
of the T; NCS (panel (d)) do not have topological protection, as
the topological condition only holds for planes which intersect
gap nodes.

4.3.3. Flat-band states. Flat-band states are the most generic
topological surface state of nodal NCSs, appearing at any
surface where the projections of the nodal rings enclose a finite
area and do not exactly lie on top of another. We illustrate
this with an example from each point group in figure 6. In
the top row we plot the spectrum in the surface Brillouin
zone, while in the bottom row we show the corresponding
variation of the winding number W, (k). The regions
where the topological number evaluates to £1 are bounded
by the projected line nodes of the gap, and exactly matches
the location of the zero-energy flat bands in the surface
spectrum. By the bulk-boundary correspondence this ensures
the topological protection of the zero-energy flat bands and
implies that these states are nondegenerate.

4.3.4. Spin polarisation of surface states. The surface bound
states of NCSs typically display a strong spin polarization,

which is a consequence of the broken inversion symmetry.
The p-component of the spin polarization of a bound state at
transverse momentum k| and energy E is defined [85] as the
expectation value

00 A 0
P“(E, k) = /0 dr Wi (ks rp) <GO B [6“]*> W(ky;ry)

(38)

where W (K; r1) is the wavefunction. Due to the symmetries
of the Hamiltonian (time-reversal, particle-hole, and chiral),
the polarization of the edge states is even in energy and odd
in the surface momentum, i.e. p*(E,K|) = p"(—E, k) =
—p*(E, —kj), and there is no spin accumulation at the
surface. The spin polarization is sometimes defined only
with reference to the electron-like components of the
wavefunction [86, 89, 90], but the definition equation (38) is
more reasonable as this quantity couples to an applied Zeeman
field.

The spin polarization of the edge states at the (101)
surfaces of a C4,, NCS is shown in figure 7. Both the dispersing
and the flat-band edge states display a pronounced spin texture.
The spin polarization does not follow from the topology,
however, but rather arises from the unequal contribution of
positive- and negative-helicity states to the wavefunction. The
spin polarization of the surface states must match that of
the continuum states where the two intersect, in particular
at the bounding nodes of the flat band states. Despite its
nontopological origin, the spin polarization of the topological
flat-band states is exploited in several proposed experimental
tests of their existence.
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Figure 7. Spin polarization of the surface states at the (10 1) surface
of a Cy, point group NCS with » = 0.25. Panels (a) and (b) show
the spin polarization along the x- and y- axes of the crystal,
respectively. The z-spin polarization is vanishing. The energy of the
states is shown in figure 6(b). Figure adapted from [85].

5. Experimental signatures of topological surface
states

Directly detecting the surface states of a topological
superconductor requires measurement techniques sensitive to
the surface properties. This is a much greater experimental
challenge than demonstrating the existence of gap nodes in the
bulk, as it generally requires the preparation of high-quality
surfaces or the incorporation of the topological superconductor
into a heterostructure device. These hurdles are not
insurmountable, however, as evidenced by the observation of
surface states in unconventional superconductors such as the
cuprates [94-96] and Sr,RuOy [97]. In this section we examine
different experimental signatures of topological surface
states.

5.1. Tunneling conductance

Conductance spectroscopy experiments represent the domi-
nant approach to probing the surface states of unconventional
superconductors [78,98,99]. Since the conductance is sen-
sitive to the surface density of states of the superconductor, it
can provide direct evidence of surface states. A number of au-
thors have studied the conductance signatures of topologically
protected surface states of NCS [22-24, 31, 45, 80, 84, 85, 91,
100-103].
The simplest model of a conductance experiment consists
of a junction between a topological superconductor and a
normal metal with an insulating barrier at their interface.
The conductance og(E) at zero temperature is given by
a generalization of the familiar Blonder—Tinkham—Klapwijk
formula [101, 104],
} . (39

|

where al‘:’”, and b]‘;"”/ are the Andreev and normal reflection
coefficients, respectively, for spin-o electrons injected into the
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Figure 8. Tunneling-conductance spectra at the (100) and (101)
interfaces of a Cy,, NCS with tunneling barrier strength Z = 4. The
results are normalized by the normal state conductance oy in the
absence of superconductivity. In both panels the singlet-triplet
parameter 7 is tuned from r = O (purely triplet) at the top tor = 1
(purely singlet) at the bottom in steps of 0.05. The curves at r = 0,
0.25,0.5,0.75, and 1 are highlighted in black. The conductance
spectra are offset by 0.2 for clarity.

superconductor at interface momentum K. In the presence of
SOC, both spin-preserving (¢’ = o) and spin-flip (¢’ = —0)
Andreev and normal reflection coefficients are included. The
scattering coefficients are determined by solution of the BdG
equation for an electron at bias energy E = eV injected into the
superconductor from the normal lead. The insulating tunneling
barrier is commonly modeled as a é-function with strength
U = ZEg/kg [78]. The value of the dimensionless barrier
parameter Z defines different experimental regimes: small
values of Z < 1 are least sensitive to surface states, and are
typically used to model point contact Andreev spectroscopy
experiments [105]; larger values Z 2 1 give clear signatures
of the surface states and are characteristic of tunnel junctions
and scanning tunneling microscopy. We will concentrate upon
the latter regime.

Tunneling conductance spectra at the (100) and (101)
interfaces of a C4, NCS are shown in figure 8. While the
majority-singlet cases (r > 0.5) show a clear gap feature,
majority-triplet pairing (r < 0.5) is characterized by substantial
subgap conductance due to resonant tunneling through the
surface states. At the (10 0) interface, the dispersing arc states
give a broad feature centred at zero bias which completely fills
the gap. This is also present at the (10 1) interface, but here
the most striking aspect is the sharp zero-bias conductance
peak due to tunneling into the zero-energy flat-band states

[78]. The sharp zero-bias peak is a robust indicator of
the flat-bands, as it arises from their singular contribution
to the surface density of states. On the other hand, fine
structures in the dispersing states give rise to a much richer
variation in their contribution to the conductance, and there is
no universal signature [23, 80]. In particular, there is no way
to distinguish the dispersing surface states of a NCS from those
of a Weyl superconductor using simple tunneling conductance
measurements.
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Figure 9. Layer-resolved local density of states p; of a

(dyy + p)-wave NCS in a ribbon geometry with (0 1) edges, which
displays zero-energy flat bands. Panel (a) corresponds to a dirty
NCS with non-magnetic Gaussian disorder in the outermost layer of
strength yimp = 200A,, while panel (b) represents a clean NCS. In
the former, the outermost layer is ‘dead’ and the topologically
protected edge states develop in the second layer. Figure adapted
from [113].

Many variations on the basic junction geometry are
possible, e.g. replacing the normal lead by a metallic
ferromagnet [93, 103, 106], or assuming a spin-active barrier
[85]. This allows conductance measurements to probe the
spin structure and, indirectly, the degeneracy of the surface
states. Applying a Zeeman field to the sample is predicted
to shift the spin-polarized flat bands away from zero energy,
thus splitting the zero-bias peak [24,57,107]. The absence
of splitting for certain field orientations would strongly
suggest nondegenerate bands, as doubly-degenerate bands are
expected to be spin degenerate and split for any orientation of
the applied field [108]. On the other hand, the stability of
nodal NCSs in such Zeeman fields is uncertain [109, 110].
A less invasive variation on this approach is to replace
the insulating tunneling barrier with a ferromagnetic
insulator [85, 108].

The topological classification of nodal superconductors is
only approximately valid in the presence of disorder. Even for
a pristine bulk system, however, disorder at the surface or at the
interface in a tunneling junction is inevitable. So long as the
disorder is not too strong the conductance features discussed
above remain detectable, although they are broadened by the
finite lifetime of the quasiparticles [31, 111-114]. Extremely
disordered surfaces produce ‘dead’ insulating layers, which
redefine the edge of a superconductor [113-115]. This is
illustrated in figures 9(a) and 9(b), which show the layer-
resolved density of states of a (d., + p)-wave NCS [45] on
a square lattice in the presence and absence of strong edge
disorder, respectively. For very strong edge impurities, the
states in the outermost layer are almost fully localized, while
in the second and third inward layers new weakly disordered
states reemerge.

5.2. Surface currents

A key signature of the chiral surface states of Weyl
superconductors is that they show anomalous spin and thermal
Hall conductance in the direction of their propagation [49,
116]. Although the zero-temperature Hall conductances are
directly related to the Chern number, they also depend upon

the number of chiral edge modes in the system, and so they are
proportional to the separation of the Weyl points in momentum
space. This is in contrast to the universal quantization in
a fully-gapped time-reversal-symmetry breaking topological
superconductor [117-119].  Furthermore, the spin Hall
conductance in the triplet Weyl superconductor depends on
the orientation of the magnetic field with respect to the
d-vector, as not all spin directions are conserved [119]. While
the measurement of the anomalous spin Hall conductance is
likely to be very difficult [117], the anomalous thermal Hall
conductance is predicted to be experimentally accessible for
realistic materials [44, 120].

The chiral surface states may also carry a surface charge
current, but it is not topologically protected since charge
is not conserved in a superconductor. In particular, its
detection is extremely difficult as it will be compensated for
by Meissner screening currents [121]. While the current
carried by the bound states is localized within a few coherence
lengths & of the surface, however, the screening currents
build up on the scale of the penetration depth A, and so
in extreme type-II superconductors a finite surface current
density is expected. Precision magnetometry has so far
failed to detect surface charge currents in Sr,RuQOy4 [122],
despite otherwise compelling evidence that this is a chiral
p-wave superconductor [123,124]. The charge current is
not universally related to the Chern number, however, and
even ignoring the Meissner effect, it depends sensitively upon
microscopic details of the superconductor [125, 126].

Surface currents might also arise in time-reversal invariant
NCS. Ignoring SOC, the simplest model of a majority-triplet
C4y NCS is a superconducting analogue of the quantum spin
Hall insulator [20], and the helical edge states therefore carry
a surface spin current [86,90,127]. On the other hand, a
surface spin current carried by states above the gap is present
in the nontopological phase [89], and the spin current is
strongly suppressed by the SOC [90]. Charge currents are
also predicted to arise at the interface between NCSs and
ferromagnets [83,128,129]. In particular, at surfaces with
spin-polarized flat bands, the coupling to the exchange field of
the ferromagnet generates a chiral electronic structure at the
interface. The resulting charge current is very pronounced at
low temperatures and shows nonanalytic dependence on the
exchange field strength [83, 128].

5.3. Other proposals

There are a number of proposals for evidencing chiral
or helical edge states based upon interference effects in
the magnetoconductance of superconductor loops [130,
131], or nonlocal conductance at domain walls in Weyl
superconductors [132]. Although such experiments could give
unambiguous demonstration of the edge states, these proposals
assume a fully-gapped pairing state, so it is unclear if they
would apply to a nodal system.

The electromagnetic response of surface states may differ
significantly from the bulk, which can be exploited as an
experimental test of their existence. In particular, the flat
bands at the (110) surface of the cuprate superconductors
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Figure 10. Fourier-transformed quasiparticle interference patterns
for arc states at the (0 1 0) surface of a Cy, point group NCS. Results
for (a) nonmagnetic scatterers and (b) magnetic scatterers with
impurity moment along the x-axis. The weak and diffuse features in
(a) reflect the suppression of backscattering due to the
spin-polarization of the edge states. Backscattering occurs for
magnetic scattering, giving rise to the much stronger and sharper
features in (b). Figure adapted from [66].

show a paramagnetic response [133] to an applied magnetic
field, which has been detected in tunneling [134] and
penetration depth [135, 136] measurements. Although there
is also a bulk contribution to this so-called nonlinear Meissner
effect from the nodal quasiparticles [137], this has a very
different temperature dependence compared to the surface state
contribution [138], and recent experiments have been able to
distinguish the two [139]. The nonlinear Meissner effect may
therefore be a useful probe of the surface physics of other nodal
topological superconductors.

The surface states of a topological superconductor could
be more directly demonstrated using quasiparticle interference
spectroscopy [66, 140], which has already been successfully
used to evidence topological insulator surface states [141].
This can probe the spin character of the surface states, as
scattering between states with opposite spin polarization (i.e.
backscattering processes) are suppressed, unless the scattering
is by magnetic impurities. Predictions [66] for NCS arc states
are shown in figure 10: whereas nonmagnetic scattering gives
a weak and diffuse signal (panel (a)), magnetic scattering
produces a strong and well-defined image of the arc states
(panel (b)).

6. Survey of candidate materials for nodal
topological superconductivity

In certain materials with strong electronic correlations,
topological superconductivity can occur naturally due to
unconventional [142], i.e. non-phonon-mediated, pairing
interactions. These unconventional pairing mechanisms (e.g.
due to spin fluctuations) are in general quite anisotropic and
hence give rise to nodal structures of the superconducting gap.
As a consequence, topological superconductors with nodes
are far more common than those with a full excitation gap.
An important exception to this rule is the fully gapped spin-
triplet superconductor Sr,RuQOy4 [123,124]. In this section
we give a brief overview of candidate materials for nodal
topological superconductivity with either spin-triplet or spin-
singlet pairing, which we list in tables 2 and 3, respectively.

We note that due to strong atomic SOC in many of these
materials, the spin symmetry of the Cooper pairs is determined
by the pseudospins of quasiparticles with opposite momenta,
rather than by the real spins of electrons. Thus, the pairing
symmetries may be better distinguished in terms of the parity of
the orbital pair wavefunction. For simplicity, we nevertheless
refer to odd- and even-parity states as spin triplet and singlet,
respectively.

6.1. Nodal superconductors with spin-triplet pairing

A nodal spin-triplet pairing state has been established
unambiguously in superfluid *He [52, 54]. That s, the A phase
of He is known to be described by the Anderson-Brinkman-
Morel (ABM) state [53], a three-dimensional superfluid with
nodal points at the north and south poles of the Fermi sphere.
The ABM state is a member of symmetry class D with
codimension p = 3 (see section 3.3.1). Hence, according
to the classification of table 1, the point nodes of 3He-A are
topologically stable and protected by a two-dimensional Chern
number [25-28].

Here, however, we want to focus on nodal topological
superconductors rather than superfluids. A very promising
group of materials for nodal topological superconductivity are
the noncentrosymmetric superconductors (NCSs) [143, 144].
These systems have extremely diverse properties, however,
as they are defined by their crystal structure as opposed
to chemical composition. In particular, the parity-mixing
of the gap depends upon microscopic details. The most
interesting case for us is when the spin-triplet and spin-
singlet components are comparable in magnitude, which
generically leads to a nodal superconducting state as discussed
in section 3. Sizable spin-triplet pairing components can
be expected to occur in strongly correlated NCSs where the
onsite Coulomb repulsion suppresses the spin-singlet s-wave
channel, and where there are strong noncentrosymmetric spin
fluctuations [145-147]. These conditions are believed to
hold in the heavy fermion Cy4, point group NCS CePt;Si
[148], leading to an (s + p)-wave state [146]. Indeed, there
is significant evidence of line nodes and an unconventional
spin pairing state in this material [149-152]. A similar
pairing state seems to be realized in CelrSi; [153, 154] and
CeRhSis [155], which are also heavy fermion NCS with
Cy4, point group. Not all NCS with a sizable spin-triplet
gap are so strongly correlated: Replacing Pd by Pt in the O
point group NCS Li,(Pd;_,Pt,)B appears to tune the system
from a conventional s-wave superconductor to a nodal triplet
superconductor [156—158], but there is no evidence that the
correlation strength is dramatically altered by this substitution.
The gap structure of LaNiC, (C,, point group) is controversial
[159-161]. Muon spin rotation experiments evidence time-
reversal-symmetry breaking in LaNiC, [159] and the related
(centrosymmetric) LaNiGa, [162], suggesting nonunitary
triplet pairing.

A number of Uranium-based heavy fermion compounds
show strong evidence of unconventional triplet pairing states
with nontrivial topological properties [175-178]. Among
them, UPt; is probably the most promising candidate for
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Table 2. List of candidate materials for nodal topological superconductivity with (majority) spin-triplet pairing. Note that in some materials
the evidence is contradictory. NCS: Noncentrosymmetric superconductor. HF: Heavy fermion superconductor. FM: Ferromagnetic
superconductor. NMR: Nuclear magnetic resonance. SH: Specific heat. UA: Ultrasound attenuation. TC: Thermal conductivity. PD:

London penetration depth. H.,: Upper critical field.

Material Type Evidence for Evidence for nodes Probable pair-
triplet pairing ing symmetry
A phase of *He  Superfluid NMR, magnetiz. [54] SH [52] chiral
CePt3Si NCS, HF indirect PD, NMR, etc [149-152] (s + p)-wave
CelrSi;* NCS, HF NMR [153, 154] NMR [153, 154] (s + p)-wave
CeRhSijz* NCS, HF H., [155] ?
Li,Pt;B NCS NMR [157] PD, NMR, SH [156-158] (s + p)-wave
LaNiC, NCS Indirect [159] PD [160] Nonunitary
LaNiGa, Centro. Indirect [162] Nonunitary
URhGe FM, HF Indirect [163] SH [164] p-wave
UCoGe FM, HF NMR [165] Indirect [166] p-wave
UGe,* FM, HF H. [167,168] NMR [169] p-wave
UPts HF NMR [170] SH, UA, TC [171] Chiral f-wave
UBey3 HF NMR [172] SH, NMR [173, 174] Nodal

# Superconducting under pressure

spin-triplet superconductivity, and has received much attention

[171]. This material has three different nodal superconducting
phases, and there is strong evidence that one of these
realizes a time-reversal-symmetry breaking chiral f-wave
state, which is predicted to show Weyl nodes [120,179].
The superconductivity of UBe;; is less well-understood,
but evidence of surface states has been reported [180].
Intriguingly, some of these systems, in particular URhGe,
UCoGe, and UGe;, show an apparently cooperative
coexistence of ferromagnetism and superconductivity [175,
178]. That is, close to a ferromagnetic quantum critical point
ferromagnetic spin fluctuations mediate spin-triplet pairing.
The natural pairing state for such systems would involve equal-
spin-pairing |11) and || | ) on the majority- and minority-spin
Fermi surfaces, respectively. The crystal space group of most
ferromagnetic superconductors is of low symmetry, which
results in strong anisotropies of the magnetic fluctuations,
favourable to the observed nodal pairing states. Topological
properties of these systems are largely uninvestigated, although
the existence of arc states connected with Weyl nodes has been
proposed [140].

The relative rarity of intrinsic spin-triplet superconduc-
tors has led to a number of proposals to engineer such
states in heterostructures involving spin-singlet superconduc-
tors [49,50,82,181,182]. A key to these proposals is the
presence of strong SOC, which, under appropriate conditions,
can accomplish a change in parity of the Cooper pairs, re-
sulting in a sizable proximity-induced spin-triplet gap. For
example, superlattices of topological insulators and s-wave
superconductors are proposed to realize a p-wave Weyl super-
conductor [49,50]. Incorporating high-temperature super-
conductors into such devices has the great advantage that
the engineered spin-triplet superconductor could be realized
at much higher temperatures than their intrinsic counter-
parts [82,181,182]. Particularly interesting is proximity-
induced pairing in the surface states of a topological insula-
tor [13,181]. Recently, cuprate superconductor-topological

insulator devices have been fabricated [183,184]. How-
ever, the proximity-induced gap in these devices appears to
be nodeless.

6.2. Nodal superconductors with spin-singlet pairing

High-temperature cuprate superconductors are probably
the most extensively studied unconventional superconduc-
tors [142]. While there is no common consensus on the pairing
mechanism, it is by now generally accepted that the pairing
symmetry in the cuprates is of a d,>_,>-wave form [35, 36].
That is, the superconducting gap changes sign along the Fermi
surface, giving rise to four topologically protected point nodes.
The superconducting state of the cuprates belongs to symme-
try class CII in table 1, since it preserves both time-reversal
and SU(2) spin-rotation symmetry. Hence, it follows from
the classification of table 1, that the point nodes are protected
by a 27Z topological number, i.e. by a winding number which
takes on the values +2. Due to the bulk-boundary correspon-
dence, the topological characteristics of these point nodes lead
to the appearance of doubly degenerate (i.e. spin-degenerate)
flat band edge states [33,34]. These zero-energy edge modes
have been observed in tunneling experiments on the cuprate
material YBa,Cu30¢_, [94-96].

A superconducting gap with d-wave symmetry also
occurs in the Cerium-based heavy fermion compounds
CeCu,Si, [191] and CeXlIns, where X is a transition
metal (Co, Ir, Rh) [37,38]. In all these materials
superconductivity appears close to an antiferromagnetic
quantum critical point and is believed to be mediated by spin
fluctuations [142,177,178]. In contrast to the ferromagnetic
superconductors, however, magnetic order in the Cerium
compounds competes with superconductivity. NMR
measurements indicate spin-singlet pairing and in combination
with specific heat and thermal conductivity measurements
yield evidence for line nodes in the superconducting gap.
Therefore, it seems likely that the order parameter symmetry
in these heavy fermion superconductors is of a d-wave form.
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Table 3. List of candidate materials for nodal topological superconductivity with (majority) spin-singlet pairing. HF: Heavy fermion
superconductor. SL: Superlattice. ARPES: Angle-resolved photoemission spectroscopy. STM: Scanning tunneling microscopy. NMR:
Nuclear magnetic resonance. PD: London penetration depth. SH: Specific heat. TC: Thermal conductivity. MT: Magnetic torque. PKE:

Polar Kerr effect. £SR: Muon spin rotation.

Material Type Time-reversal Evidence for nodes Probable pair-
symmetry ing symmetry
YBa,Cu304,.,, High-temp. ARPES, STM,
La,_,Sr,CuQy, etc Supercond.  Yes NMR, PD, etc [35, 36] d,2_2-wave
CeCu,Si, HF Yes Indirect [185] d-wave
CeColns HF Yes SH, TC, NMR, deo_ y2-wave
STM [37-40, 186]
Celrlns HF Yes SH, TC, NMR [38,186] d-wave
CeRhlns 2 HF Yes SH [187] d-wave
URu,Si, HF No (MT [43], PKE [188]) SH, NMR, TC [41,42] (d £ id)-wave
SrPtAs Pnictide No (uSR [47]) Indirect [48] (d £ id)-wave
CeColns/YbColns SL Indirect [189] Likely d-wave
Cu, (PbSe)s(BirSe3)s SL SH [190] line node

* Superconducting under pressure.

This has been confirmed for CeColns by a careful analysis
of the quasiparticle interference patterns observed in scanning
tunneling spectroscopy [39, 40].

The table 3 lists two compounds which show signs of
unconventional spin-singlet superconductivity with broken
time-reversal symmetry. The first one is URu,Si; [192],
in which superconductivity emerges out of a somewhat
mysterious ‘hidden order phase’. Recently, a polar Kerr
effect has been observed, which appears with the onset of
superconductivity [188]. Together with specific heat [42] and
thermal conductivity measurements [41], this suggests that
URu,Sij, is a chiral d-wave superconductor, which breaks time-
reversal symmetry. Such a state can support Weyl nodes [44].
The second candidate for time-reversal symmetry breaking
superconductivity is the pnictide material SrPtAs. Muon spin-
rotation measurements on SrPtAs have revealed time-reversal-
symmetry breaking in the superconducting state [47]. This
material is also predicted to realize a chiral d-wave state with
Weyl nodes [48].

Artificial superconducting structures also hold much
promise in realizing gapless topological singlet superconduc-
tors. Recently, superlattices of the d,_,2-wave superconduc-
tor CeColns and the non-superconducting metal YbColns have
been grown, such that inversion symmetry is broken in the
CeColns layers [189]. This material is predicted to realize
a nodal NCS with nondegenerate flat bands [45,102]. An-
other intriguing compound is Cu, (PbSe)s(Bi,Ses)s, where the
doped topological insulator Cu,Bi;Se; is combined with the
topologically trivial insulator PbSe [190]. Cu,Bi;Se; has
attracted much attention as a candidate topological supercon-
ductor with a full (odd-parity) gap [193-195]. Surprisingly,
specific heat measurements appear to indicate that the super-
conducting gap in Cu,(PbSe)s(BiySes)q has line nodes. Note
that we have conservatively classified the pairing as spin sin-
glet, although the upper critical field hints at a more exotic gap
symmetry. More speculatively, s-wave singlet superconduc-
tivity in doped Weyl semimetals is predicted to realize a Weyl
superconductor [196], which may possess exotic crossed arc
surface states [197].

7. Summary and outlook

In this review we have presented an introduction to the
topological properties of nodal superconductors. Although the
topology is less robust than in fully-gapped superconductors,
nodal superconductors are more common than unconventional
fully-gapped superconductors, and so this theory will likely
find much application. In addressing this subject, we
have introduced two important examples: time-reversal-
symmetry-breaking Weyl superconductors (section 2.1), and
time-reversal-invariant noncentrosymmetric superconductors
(section 2.2), which can be regarded as prototypes of
superconductors with topologically nontrivial point and line
nodes, respectively.

At the heart of the review is section 3, and more specif-
ically the topological classification of nodal superconductors
summarized in table 1. We have organized our review around
this classification scheme, since: (i) It brings order to the grow-
ing zoo of unconventional superconductors; (ii) it gives guid-
ance for the search and design of new topological states; and
(iii) it links the properties of the surface states to the bulk nodal
structure and the symmetries of the order parameter. Point (iii)
is particularly exciting, as it means that the pairing symmetry
of an unconventional superconductor can be identified solely
by means of surface measurements. Accurate modelling of the
surface state spectrum is therefore an important aspect of the
theory. This is discussed from the point of view of the popular
quasiclassical approximation in section 4. While the theory
agrees perfectly with the topological arguments, it also gives
us access to physics beyond table 1, e.g. edge states without
topological protection, and the physical attributes of all types
of surface states. The latter is very useful input for designing
experimental probes of the surface.

In section 6 we briefly surveyed a number of materials
for which there is strong evidence of a nodal superconducting
state with nontrivial topology. Demonstrating the existence
of the topologically protected edge states, however, will be
a significant experimental challenge. As we have discussed
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in section 5, there have been many theoretical studies of the
possible signatures of topological edge states, but only a few
materials have been practically studied. While some systems
are likely less suitable for such studies than others due to
material-specific difficulties, the large number and diversity
of candidate superconductors gives hope that direct detection
of edge states is feasible. In this regards, proposals to realize
a topological nodal superconducting state in heterostructures
are very attractive, due to the fine experimental control over
such systems. We expect this to be a major direction for
both theoretical and experimental work. Another promising
avenue for future research is to utilize the edge states of
topological superconductors to design novel quantum devices,
which might find technological applications in spin-eletronics
and the development of new low-power electronics. A crucial
first step towards the realization of such devices is the ability
to control and manipulate the edge states using, for example,
magnetic fields [83, 128, 181], electric fields [198, 199], or
mechanical strain.

A significant omission in our discussion is the
effect of interactions beyond their role in generating the
superconducting gap. The BdG Hamiltonian, on which
the topological classification is based, is a single-particle
theory of the gapped state. Nevertheless, many candidate
topological superconductors are strongly correlated materials,
where interactions may exert a profound influence over the low
temperature physics. The topological properties of interacting
systems are of much interest, but remain poorly understood
[200-203]. A complete classification of interacting systems in
one dimension has been obtained using matrix product states
[204-207], but such a classification is currently missing for
higher dimensions. Although BdG theory generally gives a
good description of unconventional superconductors (at least at
aphenomenological level), interactions could still qualitatively
alter the edge physics: For example, residual interactions may
cause an instability of the surface states, in particular the flat
bands with their divergent density of states. So far, attention
has focused mainly on instabilities of the surface states of
d-wave superconductors [111, 133, 208-210], although the
instability of flat bands of spinless superconductors has also
been studied [211].

To conclude, the discovery that electronic systems can
have nontrivial topology has opened a new perspective on
the fundamentals of condensed matter physics. Our review
highlights the large changes wrought by this revolution in
the subfield of nodal superconductivity, producing a new
classification of this disparate class of materials by topological
features of their gap structure. This does not supersede
previous classifications, but rather complements them, and
indeed it is already expected that workers in this field pay
attention to topological properties. We can only see this trend
continuing, and that it will not be long before consideration of
topological aspects will become ubiquitous and unremarkable
in the study of unconventional superconductivity.
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