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ABSTRACT

This dissertation discusses the theoretical methods for quantum scattering in the context

of x-ray scattering from electrons and classical scattering in the context of collisions between

Rydberg atoms.

A method for describing non-relativistic x-ray scattering from bound electrons is pre-

sented. The approach described incorporates the full spatial dependence of the incident

x-ray field and is non-perturbative in the incident x-ray field. The x-ray scattering probabil-

ity obtained by numerical solution for the case of free-electrons is bench-marked with well

known analytical free-electron results.

A recent investigation by Fuchs et al. [Nat. Phys. 11, 964 (2015)] revealed an anomalous

frequency shift of at least 800 eV in non-linear Compton scattering of high-intensity x-rays

by electrons in solid beryllium. The x-ray scattering approach described is used to explore

the role of binding energy, band structure, electron-electron correlation and a semi-Compton

channel in the frequency shift of scattered x-rays for different scattered angles. The results

of the calculation do not exhibit an additional redshift for the scattered x-rays beyond the

non-linear Compton shift predicted by the free-electron model.

The interference between Compton scattering and nonlinear Compton scattering from

a two-color field in the x-ray regime is theoretically analyzed for bound electrons. A dis-

cussion of the underlying phase shifts and the dependence of the interference effect on the

polarizations of the incident and outgoing fields are presented.

The problem of using x-ray scattering to image the dynamics of an electron in a bound

system is examined. Previous work on imaging electronic wave-packet dynamics with x-

ray scattering revealed that the scattering patterns deviate substantially from the notion

of instantaneous momentum density of the wave packet. Here we show that the scattering

patterns can provide clear insights into the electronic wave packet dynamics if the final state

of the scattered electron and the scattered photon momentum are determined simultaneously.

The scattering probability is shown to be proportional to the modulus square of the Fourier

transform of the instantaneous electronic spatial wave function weighted by the final state

of the electron.
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Collisional ionization between Rydberg atoms is examined. The dependence of the ion-

ization cross section on the magnitude and the direction of orbital angular momentum of

the electrons and the direction of the Laplace-Runge-Lenz vector of the electrons is studied.

The case of exchange ionization is examined and its dependence on the magnitude of angular

momentum of the electrons is discussed.
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1. INTRODUCTION

The chapters are based on work that has been published. This chapter is designed to

give a brief overview of the problems discussed in this thesis. Chapter  2 contains a discussion

of some of the essential concepts implicitly used in the following chapters. The chapters  3 ,

 4 ,  5 and  6 are self-contained with sections of introduction and conclusion. In Chapter  7 , a

summary is presented.

1.1 X-ray scattering

X-rays, since their discovery in 1895, have played an important role in the development

of modern quantum theory of matter and radiation. Lawrence Bragg’s investigation (1913)

of x-ray diffraction from solids [  1 ] led to the discovery of crystal structure and revealed

that x-rays are a useful probe at the atomic scale. This was followed by the discovery of

Compton scattering (1923) using x-rays by Arthur Compton [ 2 ] which for the first time

clearly demonstrated the quantum nature of light. The low interaction cross section of x-

rays with matter means that as x-rays travel through a sample, the likelihood of rescattering

after the first scattering event is minimal. This makes them an excellent probe. Their short

wavelength which is comparable to the size of the atoms means that they can be valuable

tools to study electronic structure. These properties have continued to make x-rays a source

and probe of interesting physics. In general when x-rays interact with matter, a wide variety

of x-ray scattering processes are possible including resonant x-ray scattering processes such as

x-ray photo-ionization, resonant excitation, etc and non-resonant x-ray scattering processes

such as Compton scattering, Bragg scattering, etc. This thesis primarily focuses on non-

resonant x-ray scattering effects.

In Compton scattering, a single incoming photon inelastically scatters off an electron

leading to one outgoing photon. The frequency of the scattered photon can be obtained

by solving the equations of conservation of momentum and energy for the electron-photon

interaction. The probability for an electron to Compton scatter a photon scales linearly with

the intensity of the incoming electromagnetic field. Klein and Nishina [  3 ] derived the angular

dependence of the differential cross section; many advanced quantum mechanics textbooks [  4 ]

16



give their analytic differential cross section. Over the years, the study of Compton scattering

has yielded many applications. By examining the Compton scattered photon, it is possible

to obtain the momentum distribution of the electron before the photon scattered off the

electron. This is known as the Compton profile. Compton profiles can shed light into the

nature of the electronic states [  5 ,  6 ]. Compton profiles can also be used as an experimental

check on the theoretically calculated wave function for the electron.

While the arrival of the laser in the 1960s made it possible to probe light-matter in-

teraction at high intensities, the advent of x-ray free electron lasers (XFELs) has brought

intensities of ∼ 1020 W/cm2 within reach of experiments [  7 – 10 ]. These ultrafast high in-

tensity sources allow for the study of several nonlinear phenomenon such as high harmonic

generation [  11 ], multi-photon ionization [ 12 ], Breit-Wheeler processes [  13 ], and nonlinear

Compton scattering. The term nonlinear Compton scattering has been used to describe a

variety of multi-photon processes [  14 ,  15 ]. In this work, nonlinear Compton scattering refers

to a process where two incoming photons inelastically scatter off an electron to give one

outgoing photon. The scattering probability for nonlinear Compton scattering scales with

the square of the incoming field intensity.

Nonlinear Compton scattering was first described for a free electron by Brown and Kib-

ble [  16 ] in 1964. They showed that, the scattered photon frequency for the non-relativistic

case can be obtained from the Compton expression provided one replaces the frequency of

the incoming photon with twice its value. Their derivation included shifts due to the in-

tensity of the x-rays which arise due to ponderomotive energy shifts; the usual Compton

shift only depends on the wavelength of the photon and has no intensity dependence be-

cause of a low-intensity approximation. They also derived an analytic expression for the

differential cross section for a more general case of the nonlinear Compton scattering where

n incoming photons scatter off a free electron leading to one outgoing photon. It should

be noted that the differential cross section for Compton scattering which is given by the

Klein-Nishina formula [  3 ] has notable differences with the differential cross section derived

by Brown and Kibble [  16 ] for nonlinear Compton scattering. Nonlinear Compton scattering

was first experimentally confirmed for the case of free electrons in 1996 [  17 ].
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Chapter  3 details a non-relativistic theoretical approach to x-ray nonlinear Compton

scattering from bound electrons. A recent experiment [  18 ] involving nonlinear Compton

scattering from a bound electron revealed an anomalous frequency shift of at least 800 eV in

the scattered photon frequency from a bound electron. The bound nature of the electron was

hypothesized in Ref. [  18 ] as a possible source for the anomalous frequency shift. While the

results of Brown and Kibble [  16 ] pertain to nonlinear Compton scattering from a free elec-

tron, this chapter analyzes different aspects of nonlinear Compton scattering from a bound

electron. Before applying the method to bound electrons, the theoretical method described

is benchmarked against the free electron results of Klein-Nishina for Compton scattering

and Brown and Kibble for nonlinear Compton scattering. Then, the scattering profile and

the differential cross section for a bound electron is calculated and their dependence on the

binding energy of the bound electron is examined.

In Chapter  4 , the toolkit developed in Chapter  3 is expanded to study interference

between the scattered photons from nonlinear Compton and Compton scattering when a two-

color field is used. The two colour field consists of an ωin field and a 2ωin field with an external

phase shift being imposed on the 2ωin field. For a given scattering angle, the Compton

scattered photons from the 2ωin field are of the same frequency (∼ 2ωin) as the nonlinear

Compton scattered photons from the ωin field. These two processes can give rise to scattered

photons with the same momentum and polarization, thus making interference possible. Two

aspects of the interference are discussed in detail: first, the intrinsic phase difference between

Compton scattered waves and nonlinear Compton scattered waves; second, the dependence

of the interference on different cases of polarization of the incoming fields.

Let the intensities of the ωin and the 2ωin fields be denoted by Iωin and I2ωin respectively.

Within the perturbative limits (see Sec.  4.3.1 ), the Compton scattering signal scales ∝ I2ωin ,

the nonlinear Compton scattering signal scales ∝ I2
ωin , and the interference term scales ∝ Iωin

√
I2ωin .

There are a couple of motivations to study this interference. Even with XFELs offering

incoming fields of high intensities (∼ 1020 W/cm2), the nonlinear Compton scattering signal

in experiments can still be quite small relative to the Compton scattering signal from the

same incoming field. The calculations in Chapter  3 , reveal that the nonlinear Compton signal
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can be about six orders of magnitude less than the Compton signal for an incoming x-ray field

of intensity ∼ 1020 W/cm2 and incoming photon energy ∼ 9.25 keV. This makes it difficult to

study nonlinear Compton scattering experimentally. Using XFELs poses another challenge,

the field provided by the XFEL does not strictly contain just the fundamental harmonic ωin

but also tends to have a small amount of the second harmonic (2ωin) associated with the

field. The second harmonic noise from the XFEL (2ωin) can undergo Compton scattering

and can interfere with the nonlinear Compton scattering signal from the fundamental (ωin)

of the XFEL.

The study of interference between Compton scattering from the 2ωin field and nonlinear

Compton scattering from the ωin field is thus not only relevant but can also provide some

insight into addressing these challenges. By measuring the difference in intensity between

the constructively and the destructively interfered scattered waves along with pure Compton

scattering measurements, one can estimate the amount of nonlinear Compton scattering

without having to measure the small signal directly. For example, if the nonlinear Compton

scattering is six orders of magnitude smaller than the Compton scattering signal, then the

interference term would be 3 orders of magnitude smaller than Compton scattering. When

the noise from the second harmonic of XFEL is an issue, the study offers some insight to

minimize or eliminate the interference from the second harmonic of the XFEL.

In Chapter  5 , x-ray scattering is used to image the dynamics of an electronic wave

packet. X-rays have been historically used to successfully image the momentum density

of an electron in a stationary state [ 5 ]. For an electron in a stationary state, the spatial

probability density does not vary with time. However for an electron that is in a superposition

of states of different energies (a wave-packet state), the spatial probability density oscillates

with time. Imaging the time-dependent dynamics of the electronic charge density in a

system can provide valuable information about bond-formation, bond-breaking, etc and

allow the construction of molecular movies [  19 – 23 ]. This has widespread implications in

helping understand chemical reaction mechanisms. It should be noted that to image the

dynamics at the electronic time-scale which is typically of the order of femtoseconds, one

needs a probe pulse whose pulse duration is smaller. The currently available XFELs can

generate ultrafast pulses in this desired parameter range.
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The problem of imaging the dynamics of an electronic wave packet using x-ray scattering

has been examined for at least two decades. It was assumed that the time-dependent x-ray

scattering pattern reflects the instantaneous momentum density of the electron. In a seminal

work by Dixit et al. [  24 ] in 2012, it was shown that the dependence of the x-ray scattering

pattern on the instantaneous spatial electronic wave function was non-trivial. Since the probe

pulse has a pulse duration that is shorter than the oscillation time-period of the electronic

wave packet, Fourier reasons dictate that it have a larger energy bandwidth than the elec-

tronic wave packet. This can cause the x-ray pulse to drive transitions from the wave packet

states to states energetically outside the wave packet. Therefore the scattering probability

involves a summation over all possible final states. Dixit et al. showed that this summation

over final states causes the x-ray scattering pattern to look substantially different from the

modulus square of Fourier transform of the instantaneous charge density. This makes any

meaningful interpretation of the x-ray scattering profile difficult. In Chapter  5 , it is shown

that if the final state(s) after the x-ray scattering from the wave-packet is known, then the

differential scattering probability reflects the modulus square of transition charge density of

the electronic wave packet. Two approaches are discussed for determining the final state(s)

after scattering. First, the case of a direct coincidental measurement of the final state(s)

along with the scattered photon momentum and polarization is presented. This approach

while experimentally difficult can be used to understand the physics of the scattering pro-

file. Then an alternative approach to coincidental measurement is presented. This involves

using a precise measurement of the scattered photon energy to indirectly determine the final

state(s) of the electron. This is possible because the scattered photon and the scattering

electron are quantum mechanically entangled. The approach is illustrated through several

simple examples using electronic wave packets in a hydrogen atom. However, it should be

noted that the x-ray imaging approach presented in this work is quite general and not specific

to an atom or molecule.
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1.2 Rydberg-Rydberg scattering

A Rydberg atom is an atom with a valence electron in a highly excited state characterized

by a large principal quantum number n. Rydberg atoms have long been a source of study

for their interesting properties [ 25 ]. These properties include strong interaction with electric

and magnetic fields, long range interaction between Rydberg atoms, and classical behavior of

the valence electrons [ 26 ]. Given these properties, Rydberg atoms have recently even become

a candidate as neutral qubits for quantum computing [  27 ].

The size of Rydberg atoms scale ∝ n2, the time scales involving Rydberg states scale

∝ n3 and the average velocities of the valence electron in these states scale ∝ 1/n. The

large n of these electrons means that the states in the neighbourhood of n form a near

continuum. A quantum treatment of Rydberg states in Rydberg-Rydberg interactions may

require calculations on a very large Hilbert space and can be difficult. In particular, it should

be noted that a quantum treatment of the problem discussed in Chapter  6 would require

calculations on a Hilbert space that is beyond the presently available computing power.

However, many problems involving Rydberg atoms including the one presented in Chapter  6 

consist of classically allowed transformations and substantial averaging over final states and,

therefore, a classical approach usually leads to accurate values for measurable quantities like

ionization cross sections (see Sec.  6.2 ).

The highly excited nature of the valence electron in these atoms makes them susceptible

to ionization due to either blackbody radiation [  28 ] or Penning ionization as a result of

collisions between them. Penning ionization refers to a process in which two highly excited

atoms collide to yield an ion, an electron, and the other atom ending up with lower energy.

If both the atoms are initially in a state with principal quantum number n for the valence

electrons and there is no energy transferred to the electrons from the translational energy of

the atoms, then it can be shown that the non-ionized atom should end up with a principal

quantum number n′ < n/
√

2.

Penning ionization can occur even when Rydberg atoms are at rest due to their strong

interaction [  29 ]. These interactions can be due to van der Waals forces, dipole-dipole in-

teraction or other higher-order multipole moments depending on the distance of separation
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and the nature of their electronic states [  30 ]. The thermal energies of Rydberg atoms can

also lead to collisional ionization [ 31 ]. Effectively, collisional ionizations can lead to loss of

prepared Rydberg atoms and can be a cause for concern in experiments.

In Chapter  6 , the collisional ionization between Rydberg atoms in relative motion is

examined using a classical approach. The classical approach is justified because of reasons

stated in Sec.  6.2 and the experimental evidence [  31 – 34 ]. The dependence of the ionization

cross section on the orientation of Rydberg atoms is examined. The angular momentum

vector L and the Laplace-Runge-Lenz vector A are used to characterize the orientation

of each Rydberg atom. The magnitude and the direction of the angular momentum and

the direction of the Laplace-Runge-Lenz vector are varied in a systematic way for a few

orientations to study their impact on the ionization cross section. Only symmetric collisions

i.e. collisions in which both the colliding atoms have the same L and A are studied. This

was done to resemble the experimental arrangement from a recent experiment on collisional

ionization of Rydberg atoms [  31 ]. The aim of this investigation is to understand the role of

orientation in the collisional ionization and, if possible, to arrive at ways to minimize the

collisional ionization.
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2. SOME ESSENTIAL CONCEPTS

In this chapter, a brief discussion of some of the essential concepts that feature in the

subsequent chapters is provided. Only those concepts which are not directly discussed in

the other chapters are presented here. The sections presented here will not be explicitly

referenced later.

2.1 Atomic units

In Atomic units (sometimes called Hartree atomic units), the fundamental constants in

physics can be summarised as follows.

~ = e = me = 1; ε0 = 1
4π

(2.1)

where ~, e, me, and ε0 refer to reduced Planck constant, elementary charge, rest mass of the

electron, and the permittivity of vacuum, respectively. Some other constants are summarized

below,

a0 = 1; c = 1
α

(2.2)

where a0, α, and c refer to Bohr radius, fine structure constant, and the speed of light in

vacuum respectively. To provide an idea of the atomic scale, approximately 1 a.u. of energy

corresponds to 27.2 eV and 1 a.u. of time corresponds to 24.2 attoseconds.

2.2 Derivation of x-ray scattering probability amplitude

A description of x-ray scattering from bound electrons and the derivation of the scattering

probability amplitude is contained in Chapter.  3 . However, in this section, the derivation is

presented with some additional detail. Some of this derivation has appeared in Ref. [  35 ].

The total vector potential of the x-ray field Â is modeled by treating the incoming

electromagnetic (EM) wave AC classically and quantizing the scattered wave ÂQ [ 36 ]:

Â = AC + ÂQ. (2.3)
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This can be understood with the following reasoning: in the strong field x-ray regime ex-

amined in this work, there is an enormous amount of incident photons on a given atom (or

molecule). This makes keeping track of the state of the incident photons less useful. Also

if the incident field is an ideal laser field then the incident photons are in a coherent state.

In the Fock basis, this means that there is a significant population in several Fock states.

Therefore, it is reasonable to treat the incident field as a classical field. In an actual experi-

ment, the x-ray pulse is provided by an XFEL. These XFEL pulses can have a lot of noise

and exhibit high shot-to-shot variation. This experimental aspect provides another justifi-

cation for treating the incident field classically. However, such a treatment is not reasonable

for the outgoing x-ray as the scattering cross sections are extremely low which results in a

tiny number of scattered photons. Also, the states of these scattered photons are entangled

with the scattering electron which allows for experimental measurement. For instance in the

case of Compton scattering from a free electron, the scattered photon momentum can be

determined from the final momentum of the scattered electron given their initial momenta.

Therefore, to capture the physics of the x-ray scattered photons, the scattered field has to

be quantized.

The explicit space and time dependence of the incoming classical field AC is given below,

AC = E

ωin
cos(ωint− kin · r) exp

−(2 ln 2)(t− k̂in·r
c

)2

t2wid

εin, (2.4)

where the quantities E, ωin, kin, twid, and εin refer to the incoming electric field amplitude,

angular frequency, momentum, the full width at half maximum (FWHM) of the pulse in-

tensity, and polarization direction respectively. Note that the quantity k̂in refers to a unit

vector in the direction of kin.

The quantized vector potential ÂQ is given by [  36 ]

ÂQ =
√

2π

V

∑
k,ε

1
√
ωk

[
εeik·râk,ε + ε∗e−ik·râ†

k,ε

]
. (2.5)

The symbols ε and k refer to the unit polarization vector and wave vector of the photon,

respectively, with k · ε = 0. Here, ωk = |k| c. The operators â†
k,ε and âk,ε can create or
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annihilate a photon in mode (k, ε), respectively. The V in the pre-factor refers to the volume

of the region used to quantize the electromagnetic field modes. The quantity r is the position

vector and c is the speed of light in vacuum, which is approximately 137.036 a.u. While the

modes inside the sum [Eq. (  2.5 )] depend on the quantization volume V , the final results are

independent of the quantization volume. The reason here is that a limit of an infinite volume

is considered.

For the light-matter interaction, the Hamiltonian [  37 ] is

Ĥ = (P̂ + Â)2

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε. (2.6)

The wave function is expanded in the Fock basis based on the number of scattered photons.

Therefore, our wave function ansatz is as follows,

|ψtotal〉 = ψ(0)(r, t) |0〉 +
∑
k,ε

ψ
(1)
k,ε(r, t)e−iωktâ†

k,ε |0〉 (2.7)

where |0〉 refers to the vacuum state of the photon in Fock space. The ansatz is adequate

because the first term describes an electron interacting with a classical EM field without

any scattered photons. The wave function of this electron is given by ψ(0)(r, t). The second

term describes the presence of a scattered photon. The quantity ψ(1)
k,ε(r, t) is the probability

amplitude at time t, for a photon to scatter into momentum k and polarization ε and the

electron to be found at position r.

Using Eqs. (  2.3 ) and (  2.6 ) the total Hamiltonian takes the form,

Ĥ = (P̂ + AC)2

2 + (P̂ + AC) · ÂQ +
Â2

Q

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε. (2.8)

In the chapters that follow, we only retain the terms of first order in ÂQ. At first glance, in

the interested parameter regime we expect the quantity Â2
Q to be smaller than ÂQ. Upon

inspection, it can be seen that the quantity Â2
Q contains two kinds of terms which introduce

two different types of processes. The terms such as â†
k1,ε1

â†
k2,ε2

give rise to two scattered

photons. Since in the following chapters we are concerned with x-ray scattering processes
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that results in only one outgoing photon, neglecting these is justified. The terms such as

âk1,ε1 â
†
k2,ε2

give rise to the Lamb shift which diverges if renormalization is not taken into

account which is beyond the scope of this thesis.

In the above Hamiltonian [Eq. (  2.8 )], we can separate out the terms with and without

ÂQ. The terms with ÂQ can be treated as a perturbative correction. The unperturbed

Hamiltonian is

Ĥ(0) = (P̂ + AC)2

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε. (2.9)

The perturbation term is

Ĥ(1) = (P̂ + AC) · ÂQ. (2.10)

Given the total Hamiltonian (Ĥ(0) + Ĥ(1)) and the wave function ansatz [Eq. (  2.7 )], the

time-dependent Schrödinger equation for the x-ray scattering problem is

i∂ |ψtotal〉
∂t

= (Ĥ(0) + Ĥ(1)) |ψtotal〉 . (2.11)

The left hand side is

i∂ |ψtotal〉
∂t

= i∂ψ
(0)

∂t
|0〉 + i

∑
k,ε

∂ψ
(1)
k,ε(r, t)
∂t

e−iωkt |1k,ε〉 +
∑
k,ε

ψ
(1)
k,ε(r, t)ωke−iωkt |1k,ε〉 . (2.12)

The right-hand side is

Ĥ |ψtotal〉 =(Ĥ(0) + Ĥ(1))
[
ψ(0) |0〉 +

∑
k,ε

ψ
(1)
k,εe−iωktâ†

k,ε |0〉
]

=Ĥ(0)ψ(0) |0〉 +
∑
k,ε

[
(P̂ + AC)2

2 + V (r) + ωk

]
ψ

(1)
k,εe−iωkt |1k,ε〉

+ (P̂ + AC) ·
√

2π

V

∑
k,ε

1
√
ωk

ε∗e−ik·rψ(0) |1k,ε〉 .

(2.13)
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Note that only first order terms in the scattered field is retained in the above perturbative

expansion. Equating the two sides [Eqs. (  2.12 ) and ( 2.13 )] and comparing the terms that

correspond to the same Fock state. For no scattered photons,

i∂ψ
(0)

∂t
− ĤCψ

(0) = 0 (2.14)

where

ĤC = Ĥ(0) −
∑
k,ε

ωkâ
†
k,εâk,ε. (2.15)

Note that the appearance of ĤC in Eq. ( 2.14 ) is consistent with the our initial definition of

ψ(0). Remember that ψ(0) is defined as the wave function of an electron interacting with a

classical EM field. For 1 scattered photon we get,

i
∂ψ

(1)
k,ε

∂t
− ĤCψ

(1)
k,ε =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ + AC)W (t)ψ(0)

(2.16)

where

W (t) = e−( t
τ

)8 (2.17)

is a windowing function, introduced as a numerical device to speed convergence by restricting

the range of times for which the wave function needs to be solved. Note that the choice of

τ in Eq. (  2.17 ) is determined by the duration of the pulse. The x-ray scattering probability

amplitude can be obtained by solving the two-coupled differential equations [Eqs. ( 2.14 ) and

( 2.16 )].

The windowing function, W (t), assumes a value of 1 when the pulse is turned on and is

zero when the pulse is turned off. A windowing function is required in Eq. (  2.16 ) for several

reasons. First, it is used to turn on the in-homogeneous term in Eq. (  2.16 ) only for the

duration of the incident laser pulse. In the absence of a windowing function, the P̂ψ(0) source

term gives rise to non-zero scattering probability amplitudes even when there is no incident

pulse. This results in unphysical scattering cross sections. Introducing a windowing function

that adiabatically turns on the source terms solves this problem and also helps in calculating
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the ground state of the electron-photon coupled system. The windowing function needs to

be smooth to avoid encountering the Gibbs phenomenon [ 38 ]. Given these conditions for the

windowing function, the results for the scattering probability amplitude are independent of

the choice of the windowing function. Note that this is only true if Eq. ( 2.16 ) is used to

obtain the scattering probability amplitudes after the pulse is turned off. For intermediate

times when the incident pulse is active, Eq. (  2.16 ) can give scattering probability amplitudes

which may depend on the choice of windowing function.

2.3 Second-order central difference and its effects

Since the numerical calculations are carried out in a grid of points, the effect of grid-

spacing needs to be carefully understood. Consider a free-electron, its Hamiltonian in posi-

tion space is given by

Ĥ = −1
2∇2. (2.18)

For example, for a one-dimensional grid, the Hamiltonian can be approximated by a finite-

difference scheme. Here a second-order central difference scheme is used as it preserves the

Hermiticity of the Hamiltonian. The grid points are described by positions x1,x2,... xN and

the grid-spacing is ∆x. Then,

Ĥψj = −1
2

[
ψj+1 − 2ψj + ψj−1

]
∆x2 . (2.19)

Because of the finite grid, there exists a maximum energy for the electron. The maximum

energy of an electron in this grid can be calculated by assuming a plane wave solution

ψ = Aeikx with some normalization constant A in the finite grid.

Ĥψj = −A

2

[
eik(xj+∆x) − 2eikxj + eik(xj−∆x)

]
∆x2

= − A

2∆x2 eikxj
[
2 (cos k∆x− 1)

]
.

(2.20)
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Using the time-independent Schrödinger equation,

E = 1
2

(
2

∆x2

)[
(1 − cos k∆x)

]
. (2.21)

The maximum energy is achieved when k∆x = π. This corresponds to the case when there

exists a maximum difference in the wave function amplitude between points x and x+ ∆x.

This occurs when the wave function changes sign between the two grid points. Hence, the

maximum energy Emax possible for the grid is

Emax = 2
∆x2 . (2.22)

The error dependence from the central difference on the grid spacing can be understood

by Taylor expansion in Eq. (  2.21 ),

E = 1
2

(
2

∆x2

)[
(1 −

(
1 − k2∆x2

2! + k4∆x4

4! − ...

)]

= k2

2

[
1 + 2

(
− k2∆x2

4! + k4∆x4

6!

)]
.

(2.23)

The energy of the free electron in a grid deviates quadratically with the grid-spacing from

the analytical free electron expression in the lowest order approximation. Therefore, the grid

spacing should be chosen such that k∆x � 1. Note that this is much lower than the k that

corresponds to the maximum energy in the grid Emax. In order for the grid to describe a

physically realistic electron, k∆x � 1. For the calculations in this thesis, the grid-spacing is

chosen such that this condition is satisfied. It is worth mentioning here that for Compton and

nonlinear Compton scattering scenarios discussed in this thesis, k imparted to the electron

is small compared to say photoionization. This implies that for studying Compton and

nonlinear Compton scattering one does not need as small a grid-spacing (∆x) as that which

is needed for studying photoionization.
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2.4 Overview of leap-frog method

The leap-frog method is used to solve the time-dependent Schrödinger equation (TDSE)

in Chapters  3 ,  4 , and  5 . In this section, a brief overview of the leap-frog method is provided.

Let the initial state be described by |ψ(0)〉. Given the state at time t, the leap frog method

involves using the time-derivative at time t+ ∆t to calculate the state at |ψ(t+ 2∆t)〉.

|ψ(t+ 2∆t)〉 = |ψ(t)〉 + 2∆t |ψ̇(t+ ∆t)〉 (2.24)

where

|ψ̇(t)〉 = −iĤ |ψ(t)〉 . (2.25)

The slope at mid-time is required by leap-frog to propagate the state. However, the initial

condition only provides the state at the initial time t = 0. To resolve this issue, first Euler

method is used with half the time-step. That is,

|ψ
(∆t

2
)
〉 = |ψ(0)〉 + ∆t

2 |ψ̇(0)〉 . (2.26)

Then leap-frog is used to obtain |ψ(∆t)〉.

|ψ(∆t)〉 = |ψ(0)〉 + ∆t |ψ̇
(∆t

2
)
〉 . (2.27)

Now that the state is known at times t and t+ ∆t, leap-frog can be used to obtain the wave

function at all time-steps up to some desired final time tf inal. Note that instead of Eqs. ( 2.26 )

and (  2.27 ), one could directly use the second-order Runge-Kutta method to obtain |ψ(∆t)〉.

Both approaches result in identical final expressions for |ψ(∆t)〉.

For the unitarity of the state vector to be preserved during the propagation of the TDSE

using leap-frog, the time-step should satisfy ∆tEmax < 1. Here Emax is the maximum

energy of the energy eigenstates that constitute the state |ψ(t)〉. The local truncation error

in a leap-frog step scales with ∆t3. Therefore, error can accumulate during propagation

with each time-step. For a given tf inal, the global truncation error can be estimated by

multiplying the local truncation error with the total number of time-steps involved. Hence,
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the global truncation error scales with ∆t2. The time-step error is usually quite small

because ∆t < 1/Emax and the Emax is usually much larger than the energy scale (Escale) of

the wave function. Thus, the global truncation error is usually of the order (Escale/Emax)2.

For example, in the calculations in Sec.  3.3.2 , the expected maximum energy for a nonlinear

Compton scattered photoelectron would be roughly 74 a.u. (2 keV). For the chosen 3D

grid of grid-spacing 0.07 a.u., Emax ∼ 1225 a.u. Therefore the size of the error would be

(74/1225)2 ∼ 3.6 × 10−3

2.5 Richardson extrapolation

In numerical calculations, the accuracy of an evaluated quantity is often constrained by

the grid-spacing of the numerical grid and it may be computationally difficult to do the

same calculations in a finer grid. In these scenarios, Richardson extrapolation can offer a

remedy. Richardson extrapolation is a powerful technique which allows one to improve the

accuracy of a numerically obtained quantity over what was directly possible given a grid-

spacing, provided the quantity is numerically convergent with grid-spacing. This technique

is illustrated below with an example.

Let p be a quantity that is evaluated numerically from a grid. Let p scale quadratically

with the grid spacing ∆x. For a grid with a step-size ∆x, p takes the following form:

p(∆x) = p0 + C1∆x2 +O(∆x4). (2.28)

Here C1 is some constant and p0 is the true value of p, that is

p0 = lim
∆x→0

p(∆x). (2.29)

If one evaluates p in a numerical grid of spacing ∆x/2, then

p

(
∆x
2

)
= p0 + C1

4 ∆x2 +O(∆x4). (2.30)
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The two simultaneous equations Eqs. ( 2.28 ) and ( 2.30 ) can be used to estimate p0 in the

lowest order approximation,

1
3

[
4 p
(

∆x
2

)
− p(∆x)

]
= p0 +O(∆x4). (2.31)

An important observation here is that the above estimate for p0 is better than p(∆x) or

p(∆x/2). The method can also be used to eliminate the error from higher order terms.

For example, one can solve three simultaneous equations obtained from three different grid-

spacings instead of the two used here [Eqs. (  2.28 ) and ( 2.30 )]. This helps eliminate the error

in p0 from terms of order ∆x4. In this way, the method allows one to obtain significantly

more accurate results than a direct numerical calculation from a computationally feasible

grid.

2.6 Calculating non-dipole matrix elements

In Chapter  5 , while calculating the weighted Fourier transform of the instantaneous

spatial wave function [Eq. ( 5.13 )], one needs to calculate matrix elements of the form

〈ψn′l′m′ | e−iQ·r |ψnlm〉. In the x-ray regime, a dipole approximation of the plane wave does

not fully capture the x-ray scattering. A full multipole expansion of the exponent is

e−iQ·r = 4π

∞∑
l2=0

m2=l2∑
m2=−l2

(−i)l2jl2(Qr)Y m2
l2

∗(θQ,ΦQ)Y m2
l2 (θ,Φ). (2.32)

Here θQ and ΦQ are the polar and azimuthal angles respectively subtended by Q and similarly

θ and Φ are the angles subtended by r. The matrix element calculated in position space is

given by

∫
ψ∗

n′l′m′(r) e−iQ·rψnlm(r)d3r = 4π

∫
R∗

n′l′Y
m′

l′
∗ ∞∑

l2=0

m2=l2∑
m2=−l2

(−i)l2jl2(Qr)Y m2
l2

∗(θQ,ΦQ)

× Y m2
l2 RnlY

m
l r2drdΩ.

(2.33)
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Using the properties of spherical harmonics and using the result,

∫
Y m1

l1 Y m2
l2 Y m3

l3 dΩ =
√

(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π

×

l1 l2 l3

0 0 0


 l1 l2 l3

m1 m2 m3

 , (2.34)

one can integrate Eq. ( 2.33 ) to obtain,

∫
ψ∗

n′l′m′(r) e−iQ·rψnlm(r)d3r =
∞∑

l2=0

m2=l2∑
m2=−l2

(−i)l2(−1)m′
√

4π(2l′ + 1)(2l2 + 1)(2l + 1)

× Y m2
l2

∗(θQ,ΦQ)

l′ l2 l

0 0 0


 l′ l2 l

−m′ m2 m


×
∫
r2Rn′l′(r) jl2(Qr)Rnl(r)dr.

(2.35)

Note that quantities of the form

l′ l2 l

0 0 0

 refer to 3j symbols. For the calculations in

Chapter  5 , the radial integral in Eq. (  2.35 ) is evaluated numerically using a radial grid of

points.

2.7 Classical trajectory Monte-Carlo approach

Here, some of the additional details that went into the Monte-Carlo approach in Chapter  6 

is presented. The Monte-Carlo approach employed in Chapter  6 involves randomization of

the initial conditions using a pseudo-random number generator. For the pseudo-random

number generator, an implementation of Mersenne Twister engine in C++ is used. For

every successful run, there are only two possible outcomes, either ionization exists or it does

not. This results in a binomial distribution of outcomes. The number of ionization events

recorded in the simulation corresponds to the average in this binomial distribution. If the
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number of ionizations recorded is Ni and the total number of Monte-Carlo runs is N . Then

probability of ionization,

p = Ni

N
. (2.36)

The standard deviation for the binomial distribution is

σN =
√
Np (1 − p). (2.37)

This standard deviation serves as a metric of the error in the number of ionization events

recorded in the simulation. The standard deviation in the probability of ionization is given

by

σ =
√
p (1 − p)

N
. (2.38)

It should be noted here that the error in the ionization probability and the error in the

ionization cross section scales with 1/
√
N .
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3. NONLINEAR COMPTON SCATTERING FROM BOUND

ELECTRONS

The contents of this chapter were published as Venkatesh, A., & Robicheaux, F. (2020).
Simulation of nonlinear Compton scattering from bound electrons. Physical Review A, 101,
013409. The calculations included in Sec.  3.3.5 were performed after the publication of the
work.

3.1 Introduction

Since, the discovery of Compton scattering 90 years ago, various measurements have been

carried out to confirm the results to a higher accuracy and to probe the finer details of the

Compton spectrum [ 39 ,  40 ]. This has given rise to the study of Compton profiles which

provide extensive information about the momentum distribution of the electrons involved in

the scattering [ 5 ,  6 ]. Compton profiles have also proven useful as an experimental check on

the accuracy of the ground state wave function of electrons in momentum space obtained

through theoretical methods. A number of applications in areas from material science to

astrophysics have been born out of these studies [  41 ,  42 ].

In this paper, non-linear Compton scattering refers to the process where two incoming

photons interact with an electron leading to one outgoing photon. Non-linear Compton

scattering was first described by Brown and Kibble [  16 ] in 1964 where they developed an

analytical QED framework to model the non-linear scattering [  43 ] of photons by a free

electron. In their work, they showed that when non-linear Compton scattering occurs, for

the non-relativistic case, the frequency of the scattered photon can be obtained by the

usual Compton expression, provided, one replaces the incoming frequency by twice that

value. Including relativistic effects in the calculation gives rise to ponderomotive forces

on the electron. At extremely high intensities (electric field >10000 a.u. for x-rays), the

ponderomotive effects lead to the electron behaving as if it had a smaller mass and thus

producing a bigger redshift for the scattered photons. It was more than two decades before

experiments could study non-linear x-ray-matter interactions, but the arrival of x-ray free-

electron lasers [  7 ,  8 ] has made considerable progress [  9 ,  10 ] possible.
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More recently, Fuchs et al. [  18 ] carried out an experiment to investigate non-linear x-ray

matter interactions with the Linac Coherent Light Source at the SLAC National Accelerator

Laboratory. They used a high-intensity x-ray free-electron laser to study non-linear scatter-

ing from solid beryllium. While non-linear Compton scattering had been earlier observed [  17 ],

Fuchs et al. [  18 ] found a non-linear Compton signal that was substantially redshifted from

the value predicted by Brown and Kibble [  16 ]. To explain this additional redshift(∼800 eV),

they proposed that the bound nature of the beryllium electrons could be responsible. This

argument was analyzed by Krebs et al. [  44 ]. They solved the time-dependent Schrödinger

equation (TDSE) to simulate the non-linear x-ray scattering, with the bound electrons being

modeled by a potential based on the Hartree-Fock-Slater model. Their calculations did not

reveal any anomalies with respect to the free-electron results.

In this paper, we re-examine the additional frequency shift in Fuchs et al. [ 18 ]. We use

a numerical approach different from that of Ref. [  44 ] and study the effect of binding energy,

electron-electron correlation, and photo-ionization on the non-linear Compton spectrum. We

were able to obtain convergent results for both the differential cross section and the average

scattered photon momentum for both linear Compton and non-linear Compton scattering.

While we mainly agree with the results of Krebs et al. [  44 ], our calculations reveal a small

blue-shift in the frequency of the scattered photon with respect to the free-electron results.

Following this, we explore two possible alternate causes for the redshift. First, we consider

the role of electron-electron correlation effects on the scattering profile. Second, we examine

the possibility of a semi-Compton process to give rise to the anomalous redshift.

For free-electrons, we performed calculations where the electron part of the wave function

was restricted to 2D but for most of the bound electron calculations, the electron was fully

3D. For a given number of dimensions, the calculations for a bound electron involves less

time and space computationally than its free-electron counterpart. It should be noted that

a 2D model is quite adequate to describe both linear and non-linear Compton scattering but

the exact factors required to calculate the differential cross length is not well defined. The

3D simulations lead to results with no adjustable parameters.

The model’s validity is demonstrated by reproducing the differential cross length of x-ray

scattering from a free-electron from a QED-2+1 scheme, which is a 2D analog of the Klein-

36



Nishina formula [ 3 ,  45 ]. Another way the validity of the model is tested is by comparing

it with the non-linear Compton differential cross section of Brown and Kibble [ 16 ] for

small binding energy. Finally the model is applied to the x-ray scattering scenario in Fuchs

et al. [  18 ] to study both the Compton and non-linear Compton scattering from a bound

electron. In our calculations, we consider a range of binding energies for the bound electron

from 0.4 a.u. to 6 a.u. This range of binding energies is relevant for Be because, the atomic

Be has an ionization potential of 0.34 a.u. and that of Be2+ is 5.6 a.u.

Unless otherwise stated, atomic units will be used throughout this paper.

3.2 Methods and modeling

The first step in our approach is to model the initial state of the electron. For the

free-electron case, we use a Gaussian wave-packet as the initial state. Recently, Pan and

Gover [  46 ] while analyzing spontaneous and stimulated emissions found that the size of

the initial wave packet has non-trivial effects on the spectrum of the outgoing photons.

These effects appear when the outgoing photons are in a coherent state and not a Fock

state. However for the scattering problem under consideration, the size of the Gaussian

wave packet is not significant.

For the bound electron case, we treat the electron as an atomic single electron and model

the rest of the atom with an effective time-independent, local potential. We solve the time-

independent Schrödinger equation to obtain the ground-state spatial wave function. For

this, we use the relaxation method, propagating the Schrödinger equation in imaginary time

until only the ground state remains. The ground-state wave function, thus obtained, was

the initial state of the bound electrons in our calculations.

With the appropriate initial wave function, we can compute the time-dependent wave

function for the electron in a classical field by numerically solving the TDSE. To model the

scattered photon, we employ lowest order perturbation theory and solve for the case of a

single outgoing photon. We obtain the scattering probability for different angles, which is

used to calculate the differential cross section as a function of angle.
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The non-relativistic treatment of the electron implied by the TDSE should be accurate

enough for the conditions below. Consider the case of non-linear Compton scattering of a

photon of w = 340 a.u. from a free electron. Even for the case of back scattering, the

electron would at most gain approximately 1.2 keV of energy from the photon [Eq. (  3.22 )].

From the experiment by Fuchs et al. [  18 ], we expect an additional kinetic energy gain of

approximately 1 keV. Together, that would still give a Lorentz factor(γ) of only 1.004 which

is well within the non-relativistic regime. As a check on the approximation, we consider the

lowest order relativistic correction to the Schrödinger equation in Sec.  3.2.2 and demonstrate

that it hardly changes the overall results.

3.2.1 Deriving the non-homogeneous Schrödinger equation

We model the vector potential by treating the incoming electromagnetic (EM) wave

classically and quantizing the scattered wave [ 36 ]:

Â = AC + ÂQ. (3.1)

Here, Â is the total vector potential. The quantities AC and ÂQ refer to the classical vector

potential and the quantized vector potential respectively. The quantized vector potential is

given by [ 36 ],

ÂQ =
√

2π

V

∑
k,ε

1
√
ωk

[
εeik·râk,ε + ε∗e−ik·râ†

k,ε

]
(3.2)

The symbols ε and k refer to the unit polarization vector and wave vector of the photon,

respectively, with k · ε = 0. Here, ωk = |k| c. The operators â†
k,ε and âk,ε can create or

annihilate a photon in mode (k, ε), respectively. The V in the pre-factor refers to the volume

of the region used to quantize the electromagnetic field modes. The quantity r is the position

vector and c is the speed of light in vacuum, which is approximately 137.036 a.u. It is to

be noted that the final results are independent of the quantization volume V , because we

consider the limit of an infinite volume.
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The classical vector potential is modeled as a laser pulse with linear polarization. We

choose the coordinate system such that the electric field only has a y-component and the

x-ray pulse propagates in the x-direction. Our choice for this is given by the vector potential,

AC = EC

ωin
cos

[
ωin(t− x

c
)
]

exp
(−2 ln 2(t− x

c
)2)

t2wid

ŷ (3.3)

Here EC and ωin, refer to the amplitude and the angular frequency of the incoming electric

field respectively and twid indicates the full width at half maximum (FWHM) of the pulse

intensity. It is to be noted that AC is a function of x and t only.

For the light-matter interaction, the Hamiltonian [  37 ] is,

Ĥ = (P̂ + Â)2

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε (3.4)

Note that the exact form of the potential energy V (x̂) is discussed in Sec.  3.3 . We use

Eqs. (  3.1 ), (  3.2 ) and (  3.4 ) and separate out the terms with and without ÂQ. The terms with

ÂQ are part of the perturbative correction. In this paper, we retain only the terms of first

order in ÂQ. One reason for this is that the higher order terms, give rise to two scattered

photons and the Lamb shift, both of which are beyond the scope of this paper. Thus, our

unperturbed Hamiltonian is,

Ĥ(0) = (P̂ + AC)2

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε (3.5)

The perturbation term is,

Ĥ(1) = (P̂ + AC) · ÂQ (3.6)

The wave function is expanded in the Fock basis based on the number of scattered photons.

Therefore our wave function ansatz is as follows,

|ψtotal〉 = ψ(0)(r, t) |0〉 +
∑
k,ε

ψ
(1)
k,ε(r, t)e−iωktâ†

k,ε |0〉 (3.7)
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where |0〉 refers to the vacuum state of the photon in Fock space. The ansatz is adequate

because the first term describes an electron interacting with a classical EM field without

any scattered photons. The wave function of this electron is given by ψ(0)(r, t). The second

term describes the presence of a scattered photon. The quantity ψ(1)
k,ε(r, t) is the probability

amplitude at time t, for a photon to scatter into momentum k and polarization ε and the

electron to be found at position r.

Given the Hamiltonian and the wave function ansatz, we proceed with the TDSE retain-

ing only the terms up to first order in perturbation and separating out the equations based

on the number of scattered photons. For no scattered photons,

i∂ψ
(0)

∂t
− ĤCψ

(0) = 0 (3.8)

where,

ĤC = Ĥ(0) −
∑
k,ε

ωkâ
†
k,εâk,ε (3.9)

Note that ĤC appears in Eq. (  3.8 ) because ψ(0) is defined as the wave function of an electron

interacting with a classical EM field. For 1 scattered photon we get,

i
∂ψ

(1)
k,ε

∂t
− ĤCψ

(1)
k,ε =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ + AC)W (t)ψ(0)

(3.10)

where,

W (t) = e−( t
τ

)8 (3.11)

The windowing function, W(t), adiabatically turns on the in-homogeneous term in Eq. (  3.10 )

only for the duration of the incident laser pulse, twid. This is done to find the ground

state of the electron-photon coupled system. This also prevents the unphysical emission of

photons, that would occur if the interaction between the electron and quantized photons was

instantaneously turned on. Note that the function should be smooth to avoid encountering

the Gibbs phenomenon [ 38 ]. The choice of τ is determined by the duration of the pulse.

The results of the calculation do not depend on τ as long as τ > 3.2 twid approximately.
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Another competing consideration is that, τ should be as small as possible to ensure that we

only need to solve the TDSE for a short duration. In our calculations we chose τ ∼ 3.2 twid.

The results do not depend on the specific choice of the windowing function as long as it is a

smooth function which attains a value of 1, only during the duration of the incoming pulse.

A modification of the procedure developed in this subsection is considered in Sec.  3.3.3 

where the results of a two-electron calculation are discussed to probe electron-electron cor-

relation effects in 2D.

3.2.2 Relativistic correction - (P + A)4 terms

Here, we demonstrate how a relativistic correction may be implemented. We do this

by considering the next higher order term in mechanical momentum and re-deriving the

expressions in Eqs. ( 3.8 ) and (  3.10 ). A careful consideration of the non-commuting terms in

(P̂ + Â)4 is required to derive the new equations. For no scattered photons,

i∂ψ
(0)

∂t
− ĤCψ

(0) = − 1
8c2 (P̂ + AC)4ψ(0) (3.12)

For 1 scattered photon,

i
∂ψ

(1)
k,ε

∂t
− ĤCψ

(1)
k,ε = − 1

8c2 (P̂ + AC)4ψ
(1)
k,ε

+
√

2π

V ωk

ε∗ ·
[
e−ik·reiωkt(P̂ + AC)

− 1
2c2 eiωktĜ

]
ψ(0)

(3.13)

where,

Ĝ =
[
e−ik·r(P̂ + AC)3

]
+
[
(P̂ + AC)3e−ik·r

]
+
[
(P̂ + AC)2e−ik·r(P̂ + AC)

]
+
[
(P̂ + AC)e−ik·r(P̂ + AC)2

]
(3.14)
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The above equations are a simple way in which relativistic corrections can be imple-

mented. An alternative, more sophisticated approach would be to use the relativistic Schrödinger

equation [ 47 ]. However, there is no need for such an approach given the results in Sec.  3.3.1 .

If the fields were a few orders of magnitude higher, there would be a need for a more sophis-

ticated treatment of relativistic corrections [ 48 ].

3.2.3 Differential cross section

The probability for a photon to scatter with momentum k and polarization ε is

Pk,ε =
∫

v
ψ

(1)
k,ε

∗
ψ

(1)
k,εd

nr (3.15)

Here dnr refers to the volume element in n dimensions.

The method described in Sec.  3.2.1 automatically leads to a spread in the scattered

photon momentum because the incoming field is not strictly monochromatic but rather a

pulse. The amount of the spread in scattered photon momentum is determined by the

width of the chosen laser pulse. Since there is a momentum spread in the scattered x-ray,

the differential cross section for a given scattering angle is a summation over all possible

magnitudes of scattered photon momentum. The total 1-photon cross section in 3D is given

by,

σ(1) =
∑
k,ε

Pk,ε

(number of photons/area) (3.16)

where [ 36 ] , ∑
k

−→ V

(2π)3

∫
d3k (3.17)

and,
number of photons

area =
∫
Idt

ωin
(3.18)
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Here I refers to the intensity of the incoming field. It is to be noted that the incoming pulse

is assumed to be quasi-monochromatic. This leads to the definition of the differential cross

section:
dσ
dΩ

(1)
= V ωin

(2π)3

∫ ∑
ε
Pk,εk

2dk∫
Idt

(3.19)

Here V is the quantization volume. There exists a factor of 1/V in Pk,ε which cancels out the

V in the numerator. Note that ωin refers to the angular frequency of the incoming electric

field [Eq. (  3.3 )].

The 2-photon cross section in 3D has been defined in multiple ways [ 49 ,  50 ]. Here we

define it so that the SI units would be m2/(W/m2).

σ(2) = ωin

∑
k,ε
Pk,ε∫
I2dt

(3.20)

Therefore the differential cross section would be,

dσ
dΩ

(2)
= V ωin

(2π)3

∫ ∑
ε
Pk,εk

2dk∫
I2dt

(3.21)

In both the 1-photon and 2-photon differential cross-sections, we calculate these integrals

with respect to k2dk by doing a Gaussian fit for the plots of Pk,ε vs k and then performing

an integral of the Gaussian function. The differential cross sections obtained from the 3D

calculations do not have any adjustable parameters.

The exact factors to obtain the differential cross length from the scattering probability

in 2D are not well defined. Therefore, we obtain this factor by scaling our differential cross

sections to get an overall fit with the analytical free electron results [  16 ,  45 ].

3.2.4 Solving the TDSE

We solve the TDSE using a Cartesian co-ordinate system with the wave function rep-

resented on a grid of points. The values of the grid parameters are specified in Sec.  3.2.5 .

For the kinetic energy operator in the Hamiltonian, we use a three-point central difference

formula. The TDSE for ψ(0)(r, t) [Eq. ( 3.8 )] is solved using the leap-frog method [  51 ]. We
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Figure 3.1. Scattering probability Pk,ε as a function of scattered photon mo-
mentum k for non-linear Compton calculations in 2D for an angle of 120° and
150° respectively for a free-electron. The red points indicate the results of the
numerical calculation and the blue line indicates a Gaussian fit. The calcula-
tions were performed over an equal number of k values on either side of the
theoretical value. Note that the peaks are at the expected non-linear Compton
momentum [Eq. ( 3.22 )]. This calculations was done with EC = 107 a.u. , ωin
= 340 a.u. and twid = 0.125 a.u.
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choose the leap-frog method for two reasons: first, it preserves unitarity and second, it leads

to converged results which is discussed in detail in Sec.  3.2.5 . The leap-frog method involves

computing the wave function which is two time-steps ahead of the current wave function,

using the wave function at the current time-step and the wave function at the intermediate

time. The second order Runge-Kutta method is used to obtain the value of the wave function

at the first time-step which is required for the leap-frog approach. At every time instance, we

simultaneously solve for ψ(1)
k,ε(r, t) for a range of scattered photon momenta centered around

the Compton momentum or the Brown and Kibble prediction [Eq. ( 3.22 )] for the linear

Compton or non-linear Compton respectively. The plot of Pk,ε [Eq. (  3.15 )] as a function of

scattered photon momentum k is a Gaussian curve (see Fig.  3.1 ) to a good approximation.

In all our calculations unless otherwise stated, we use electric field EC = 107 a.u. and

angular frequency ωin = 340 a.u. for the incident laser pulse. In SI units, these values

correspond to an electric field of ∼ 5 x 1013 V/m and an intensity of ∼ 3 x 1024 W/m2.

The chosen angular frequency corresponds to an incoming photon energy of about 9.25 keV.

These values belong to the range used in the experiment by Fuchs et al. [ 18 ].

3.2.5 Grid and other numerical parameters

In our calculations, convergence is measured in two ways, by calculating the area under

Pk,ε vs k plots and by calculating the change in the peak position of the scattering probability.

For all the calculations except in Sec.  3.3.3 , the change in this area with respect to change

in grid-spacing or grid-size was under 2%. The change in the peak position of scattering

probability with respect to change in grid-spacing or grid-size was under 0.5% .

For the 2D free-electron calculations, a grid size of 400 X 400 with a grid-spacing of 0.1

a.u. in both x,y directions resulted in converged results. For the 3D calculations with Z=1,

and 2 a grid range of 400 x 400 x 400 with a grid spacing of 0.1 a.u. resulted in converged

results. For Z=4 a grid range of 229 X 229 X 229 with a grid-spacing of 0.07 units resulted

in converged results.

The primary source of error in scattered photon momentum arises from the kinetic energy

operator. The leading order error term is proportional to the square of the grid-spacing. For
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the case of non-linear Compton scattering from a bound electron at an angle of 130° and for

a grid-spacing of 0.07 a.u., the error is of the size of about 3% of the non-linear Compton

shift. This error is much smaller than the size of the anomalous shift observed in Ref. [  18 ]

which is about 100% of the Compton shift. In Sec.  3.3.2 , we take our estimate for scattered

photon momentum, k below this 3% error by using Richardson’s extrapolation to eliminate

the leading order error term.

For twid, we use a range of 0.1 - 1 a.u. which corresponds to a pulse of duration ∼

10−18s. The use of such a short pulse is justified because the results for the differential cross

section are found to be independent of the choice of twid. A small change in peak scattered

momentum is observed for different pulse widths. The magnitude of this change is less than

about 1% of the momentum shift observed by Fuchs et al. [  18 ]. Also, for the chosen range

of twid, there is no reflection of the wave function from the walls, as the distance traveled by

the wave packet of the electron is much smaller than the size of the grid.

3.3 Application

3.3.1 Free-electron case

We apply the method developed in Sec.  3.2 , to a free electron interacting with a laser

pulse in 2D and compare the results of our calculation with the equivalent of the Klein-

Nishina formula in 2D [ 45 ]. Note that the Klein-Nishina formula and its analog in 2D are

derived for monochromatic radiation. Since we employ a pulse, we evaluate the integral

D =
∫ ∑

ε
Pk,εkdk to find a quantity proportional to the differential cross length for a given

intensity and incoming frequency. We compute this quantity D for different angles and

compare this with the differential cross length from the QED-2+1 scheme [  45 ] and the

differential cross section from Brown and Kibble [ 16 ]. From this point in our discussions,

we will refer to D as the differential cross length for convenience keeping in mind that the

calculation has been scaled to match the analytical result.

We plot the differential cross length we obtained for linear Compton as a function of

angle and the results from QED-2+1 [ 45 ] in Fig.  3.2 . Upon comparison, we find that our

calculated differential cross length agrees well with the free-electron analytical results.
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Figure 3.2. Comparison of differential cross length as a function of angle
subtended by the detector with the analog of Klein-Nishina formula for 2D [  45 ]
for linear Compton scattering. The red points are the results of the numerical
calculation and the blue line represents the results from the analytical expres-
sion [  45 ]. The results of the numerical calculations in 2D were scaled by a
single factor. This factor was chosen such that, overall, the numerical results
fit well with the analytical results. The above calculations were done with the
same parameters as Fig.  3.1 .

Next, we compare the calculated 2D differential cross length (see Fig.  3.3 ) for non-linear

Compton scattering with the analytical expression from Brown and Kibble [ 16 ]. We also

evaluate the differential cross lengths using the relativistic corrections developed in Sec.  3.2.2 

for comparison. The procedure for scaling the differential cross length used previously,

is employed here as well. According to Brown and Kibble [  16 ], for non-linear Compton

scattering, the frequency of the scattered photon using a non-relativistic approximation is

given by,

ω = nωin

1 + nα2ωin(1 − cosθ) (3.22)

Here, n determines the order of the process, for example n = 1 for Compton scattering. The

discussions in this paper are restricted to processes where n ≤ 2. The symbols ω and ωin

refers to the angular frequency of the scattered photon and incoming photon, respectively,

and α is the fine-structure constant.

47



0.0

0.5

1.0

1.5

2.0

2.5

3.0

 0  30  60  90  120  150  180

d
σ

(2
) /d

Ω
 (

1
0

−
1
9
 a

.u
.)

θ (degrees)

Figure 3.3. Comparison of differential cross sections(lengths) as a function
of scattering angle in 2D with the results of Brown and Kibble for non-linear
Compton scattering. The blue points indicate the non-relativistic results ob-
tained using Eqs. ( 3.8 ) and (  3.10 ). The black squares were obtained using the
approach from Sec.  3.2.2 . The orange line indicates the result from Brown and
Kibble. The results of the numerical calculations in 2D were scaled by a single
factor. This factor was chosen such that overall the numerical results fit well
with the analytical results. The above calculations were done with the same
parameters as Fig.  3.1 .

It is important to note that the expression for the differential cross section by Brown and

Kibble was derived in 3D, but our calculations are for the differential cross length in 2D.

Upon comparison, we find that that our results are in good agreement with the Brown and

Kibble results up to a constant factor. There is also no significant change (see Fig.  3.3 ) in

the agreement with Brown and Kibble’s result because of the relativistic correction discussed

in Sec.  3.2.2 . Brown and Kibble had arrived at their results by solving the Dirac equation

but our agreement with their results justifies the approximation with the TDSE.

It was found that the scattering probability for non-linear Compton exhibits a second-

order dependence on the intensity of the incoming EM field as expected and the scattering

probability for Compton scattering exhibits a first-order dependence on the intensity of the

incoming EM field. This behavior was observed over at least 3 orders of magnitude (up to

1000 a.u.) in the electric field.
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3.3.2 Bound-electron case

Here we consider the case of bound electrons because of its relevance to Fuchs et al. [ 18 ].

Unlike the calculations for a free electron, here we adopt a 3D approach for the most part.

It is to be noted that a 3D calculation can be done with relative ease for the case of a

bound electron, as the grid needed for convergent solutions is smaller. Hence, it involves less

memory and time computationally when compared to the case of a free electron.

While the method developed in Sec.  3.2 allows for flexibility with respect to the choice

of potential, to keep things simple a softcore Coulombic potential of the following form is

chosen:

V (r) = −Z√
x2 + y2 + z2 + a

(3.23)

Here, Z is equal to the effective nuclear charge seen by the electron in atomic units. By vary-

ing this, we can model the scattering from bound electrons of different BE. The parameter a

is included to avoid the singularity [  52 – 55 ] at the origin. While it is preferable to minimize

the value of this parameter, there are constraints that arise from the grid-spacing.

With this potential, we proceed as per Sec.  3.2 and obtain the scattering probability, Pk,ε

(see Figs.  3.4 to  3.7 ).

From the scattering probability calculations for non-linear Compton scattering for differ-

ent bound state parameters, two things should be noted. First, there is a momentum shift,

albeit an insignificant one when compared to the shift measured by Fuchs et al [ 18 ]. Second,

Ref. [ 18 ] measured a redshift while the simulations show a blue-shift. While the additional

shift in Compton wavelength has been well documented and studied [ 56 ,  57 ], interestingly

we find that a similar shift occurs in non-linear Compton as well.

We calculate the differential cross section for Compton and non-linear Compton as a

function of angle for a bound electron. When we compare the calculated linear Compton

differential cross section with the Klein-Nishina formula [  3 ], we find excellent agreement

(see Fig.  3.8 ) despite it being a bound electron. Upon comparing the non-linear Compton

differential cross section with Brown and Kibble’s result [  16 ], we find a general agreement

(see Fig.  3.9 ). However, the calculated differential cross section for angles between 120° and

150° exhibits about 10% discrepancy. A part of this discrepancy arises from the fact that
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Figure 3.4. The above plot was computed by solving the problem in 2D for
Z = 4, a = 0.1 a.u., with a binding energy(BE) of 5.9593 a.u. at an angle of
130° and twid = 1. It reveals the Compton defect in linear Compton scattering.
The red vertical line and the blue vertical line indicates the expected peak
(non-relativistic) and the actual peak respectively in the scattered photon
momentum k. The red points indicate the results of the numerical calculation
and the blue curve indicates a Gaussian fit.
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Figure 3.5. The above plot was computed by solving the problem in 2D
at an angle of 130° for Z = 4, a = 0.1 a.u. leading to a binding energy of
5.9593 a.u. The red points indicate the results of the numerical calculation and
the blue curve indicates a Gaussian fit. It reveals an analog of the Compton
defect in non-linear Compton scattering. The red vertical line and the blue
vertical line indicates the expected peak (non-relativistic) and the actual peak
respectively in the scattered photon momentum k. Here, twid = 1 .

50



 0

 2

 4

 6

 8

10

12

14

 2.1  2.2  2.3  2.4  2.5  2.6  2.7  2.8

1
0

5
 P

k
,ε

k (a.u.)

Figure 3.6. Scattering profile for Compton scattering for a bound electron
in 3D at an angle of 60° with twid = 0.1. The bound state of the electron is
characterised by parameters Z = 4, a = 0.1 a.u. leading to a BE of 3.9496
a.u. The red points indicate the results of the numerical calculation and the
blue line indicates a Gaussian fit.
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Figure 3.7. Scattering profile for non-linear Compton scattering for a bound
electron in 3D at an angle of 120° with twid = 0.1. The figure contains the
Gaussian fits from bound states characterised by Z=1, 2, 3, 4 with binding
energies (a.u.) 0.4037, 1.322, 2.5345, and 3.9449 respectively. Here a = 0.1,
EC = 107 a.u., ωin = 340 a.u. In the experiment in Ref. [  18 ], the peak was
observed at a k value of ∼ 4.5 a.u. , but from the calculations, the bound
nature of the electron does not appear to have altered the peak scattered
momentum from the free electron value.
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Figure 3.8. Comparison of the differential cross section for Compton scat-
tering from a bound electron as a function of scattering angle with the results
of the Klein-Nishina formula. The red points indicate the results of the nu-
merical calculation and the blue line indicates the results of the Klein-Nishina
formula. The above calculations were done with the same parameters as in
Fig.  3.6 . All numerical calculations in 3D were done with no adjustable pa-
rameters.

the Brown and Kibble formula used was non-relativistic and therefore is missing factors of

( ωk

ωin
). The differential cross section for Compton scattering from Kibble and Brown is also

missing these factors which were included in the Klein-Nishina formula. Therefore, it is

difficult to determine the amount of error that originates from the numerical calculation and

the amount that originates from the electrons being bound. These calculations were done

for a range of values for Z and a and the results were found to be approximately the same.

It is to be noted that the results of Krebs et al. [  44 ] are in terms of the double differential

cross section and their double differential cross section has an extra frequency factor. Upon

finding the area under their curve for double differential cross section by approximating it as

a Gaussian and after accounting for differences in frequency, we find that our results are of

the same order as theirs and agree to within a factor of ∼2. This comparison is approximate

because the estimate for the area is crude due to the limited number of data points in the

results of Ref. [ 44 ].
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Figure 3.9. Comparison of the differential cross section as a function of scat-
tering angle for non-linear Compton scattering from bound electrons with the
Brown and Kibble’s free-electron result. The bound electron is characterised
by parameters Z = 4 and a = 0.1 a.u. with a BE of 3.9496. The red points
are a result of the numerical calculations in 3D while the blue line indicates
the results of Brown and Kibble. The above calculations were done with the
same parameters as Fig.  3.7 . All numerical calculations in 3D were done with
no adjustable parameters.

For all the calculations, the polarization of the scattered photon was in the same plane

as that of the plane of polarization of the incoming photons. When the polarization of the

scattered photon was chosen to be perpendicular to the plane of polarization of the incoming

photons, the scattering probabilities were found to be more than 6 orders of magnitude

smaller, for the case of non-linear Compton scattering.

For calculating the additional shifts(defect) in k, we first numerically calculate the average

k instead of obtaining the peak momentum from the Gaussian fit. When the polarization of

the scattered photon is in the plane of polarization of the incoming photons,

kavg =

∑
k
kPk∑

k
Pk

(3.24)

Here kavg is the estimate for the scattered photon momentum that we use to calculate the

defect, with respect to the theoretical non-relativistic free electron prediction for both linear
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and non-linear Compton scattering. Because the x-rays in the calculation have a Gaussian

time dependence, the final momentum distribution is the convolution of the infinite resolu-

tion distribution with a Gaussian. The average of the final k is unchanged by the convolution

because the Gaussian is a symmetric function while the peak value does slightly shift with the

twid. In the calculations here, the scattering probability falls off slower than a Gaussian dis-

tribution for k values far from that for free electron linear and non-linear Compton scattering

which leads to small shifts. The underlying cause for this lies in the nature of the Compton

profile of the bound electron. Following this, Richardson’s extrapolation method [ 51 ] is used

to obtain an estimate for the defect in scattered photon momentum after accounting for the

numerical error from the grid-spacing to the leading order. For the cases of Z = 1, 2, 3, and

4 with a = 0.1, the defects were found to be of the size of ∼ 10−3 a.u. in k which corresponds

to an energy of about a few eV. It was found that the size of the defect increases with the

binding energy of the electron. The defect was also found to be independent of the incident

field over the range 1-110 a.u. of electric field amplitude.

Let kf inal and kinitial be the peak scattered momentum of the outgoing x-ray photon and

the peak momentum of the incoming x-ray photons respectively. For the case of non-linear

Compton scattering from a free electron at an angle of 120°, kf inal − kinitial ∼ - 0.25 a.u.

From the experiment [  18 ], kf inal − kinitial ∼ - 0.5 a.u. From our bound electron calculations,

we find that kf inal − kinitial ∼ - 0.25 a.u. but there is a small blueshift correction to this

which is of the size ∼ + 10−3 a.u. From these results, it is evident that the bound nature of

the electron cannot explain the anomalous shift observed in Ref. [ 18 ].

3.3.3 Electron-electron correlation effects

We examine if electron-electron interaction effects could contribute to the redshift in the

non-linear Compton scattering. This can be done by a simple extension of the procedure

developed in Sec.  3.2 . The Hamiltonian is modified to include the mechanical momentum

from each electron and an interaction potential is introduced.
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Figure 3.10. Scattering profile for non-linear Compton scattering for an
angle of 130°. The curves represent Gaussian fits while the points are the
result of the numerical calculation. The dark green points and the green curve
represent the case with the electron-electron interaction turned off and the
brown points and the brown dotted line indicate the case with the interaction
turned on. Here Z = 4, a = 0.1, EC = 107 a.u., ωin = 340 a.u., twid = 0.1 a.u.

The modified Hamiltonian is given by,

Ĥ =(P̂1 + Â(r1))2

2 + (P̂2 + Â(r2))2

2 + V (r1) + V (r2)

+ 1√
(x1 − x2)2 + (y1 − y2)2 + a

+
∑
k,ε

ωkâ
†
k,εâk,ε

(3.25)

Here r1 and r2 refer to the position vectors of the electrons and V (r1) and V (r2) are the

2D equivalents of the expression in Eq. ( 3.23 ). The wave function ansatz remains the same

except that the quantities ψ(0) and ψ(1)
k,ε are now functions of both r1 and r2 along with time

t.

With this approach, the calculations have to be restricted to 2D because of the time and

space required to handle the problem computationally. Restricting the calculation to 2D is
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reasonable given that there was not any significant difference in the 2D and 3D results from

Sec.  3.3.1 and Sec.  3.3.2 respectively.

The same numerical procedure discussed in Sec.  3.2.4 is used to obtain the scattering

probability Pk,ε as a function of scattered photon momentum k. A comparison of the cal-

culation with and without the electron-electron interaction does not indicate any significant

change (Fig.  3.10 ).

This calculation is performed with a grid-spacing of 0.14 a.u. and therefore it is not

converged to the same extent as the previous calculations. In single bound electron cal-

culations in 2D and 3D, there is no substantial change in the nature of our results as the

grid-spacing is decreased from 0.2 to 0.07 a.u. We extrapolate from this trend and argue that

the electron-electron correlation effects are unlikely to be the cause of the redshift observed

in the experiment by Fuchs et al. [  18 ].

3.3.4 Semi-Compton process

We consider a process where a bound electron absorbs an incoming photon and the now-

ionised electron scatters another incoming photon inelastically to give rise to a photon of

frequency ∼ 2ωin. The electron ends up being re-captured by the atom during the process.

This process should manifest itself in the calculations if the grid-spacing was decreased

enough to access the energy range in the continuum of the ionised electron. When the

bound electron absorbs a photon, it gains a momentum of ∼ 26 a.u. This would not be

represented in a grid with a spacing of 0.1 a.u., hence we consider a grid-spacing of 0.02 a.u.

We resort to a 2D calculation to probe such a fine grid. The calculations do not reveal

any significant difference in the scattering profile. We also consider the effect of binding

energy on this scattering profile by decreasing the parameter a in the potential. We do not

find any significant effect beyond the Compton defect discussed in Sec.  3.3.2 which is at least

2 orders of magnitude smaller than the shift observed by Fuchs et al. [ 18 ].
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3.3.5 Effect of electronic band structure on nonlinear Compton

In this section, we model an electron in a crystal lattice and examine nonlinear Compton

scattering from it. For an electron in a crystalline solid, because of the periodic potential

and Bloch’s theorem, there exists an effective mass for the electron that can be different

from its rest mass. This can be observed from the dispersion relation of the electron. Here,

we examine if nonlinear Compton scattering can depend on the effective mass of the electron

in a solid. There are two motivations for this investigation: First, the experiment by Fuchs

et al. involves an x-ray pulse that is incident on solid beryllium in which the electrons

reside in a periodic potential. Second, it appears that an electron with an effective mass

that is different from the rest mass me could perhaps give rise to a Compton and nonlinear

Compton shift that is different from the rest mass case. Remember that the Compton and

nonlinear Compton shift depends on the mass of the charged particle that scatters the x-

ray. We investigate this using a 2D calculation to keep it computationally simple. For the

discussions on the validity of a 2D calculation, refer to Sec.  3.3.1 .

The electron is initially modelled in a 2D infinite square lattice with the potential mod-

elled by Gaussian wells. This is used to estimate the dispersion relation for the electron in

a band. The lattice potential is described by four parameters: the peak of the potential,

the full width at half-maximum, and the lattice separation in x and y-direction. For a given

crystal momentum, we solve for the ground state eigenfunction for an electron in a unit

cell. The wave function at points outside of the unit cell can be obtained using the Bloch

condition. The dispersion relation is obtained by plotting the calculated ground-state energy

as a function of the crystal momentum. The effective mass for the electron is calculated by

examining the dispersion in the neighbourhood of k → 0. Different values of the effective

mass can be achieved by varying the parameters of the lattice.

Given the form of the differential equations that describe x-ray scattering [Eq. (  3.8 ) and

( 3.10 )], it is more straightforward to solve the problem in a finite lattice than an infinite

lattice. The reason being that in an infinite lattice, the differential equations for the scat-

tering probability [Eq. ( 3.8 ) and ( 3.10 )] would have to be recast into the frequency domain

instead of time domain. This process can be non-trivial. Instead, to simulate an infinite
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lattice, an N ×N array of Gaussian potential wells is used with only a single electron in the

entire lattice. By increasing the number of Gaussian wells (N) and examining the scattering

profile, the effect of the finiteness of the system can be reduced.

The eigenfunction of the electron calculated for an infinite lattice is spatially delocalised.

For a bound state in a finite lattice, the probability density should fall to zero as one ap-

proaches the boundaries of the lattice. To achieve this, the zero crystal momentum eigen-

function from the infinite lattice, is modified for a finite lattice by multiplying a masking

function. The masking function is chosen such that that the probability density decreases to

zero smoothly towards the boundaries of the finite lattice. The wave function thus obtained

is used as the starting wave function in the relaxation approach (Sec.  3.2 ) to obtain the

ground state eigenfunction in a finite lattice.

Using the above finite lattice eigenfunction, one can follow the procedure in Sec.  3.2 , to

obtain the Compton and nonlinear Compton scattering probability as a function of scattered

photon momentum. The calculations do not reveal a significant shift in the peak scattered

photon momentum as the effective mass is varied from 1.0 − 2.3 a.u. The calculations were

repeated for an array of 6×6, 8×8, and 10×10 Gaussian wells with no noticeable difference

in the scattering profile. We also find that the scattering profile for the electron in a finite

lattice resembles the scattering profile of an atomic electron of comparable binding energy.

The fact that this scattering profile is largely independent of the effective mass can be

understood in the following manner: for the electron in the band, the binding energy is

of the size of several eV. This is extremely small compared to the energy of the scattered

electron. An estimate for the energy of the scattered electron is given by the maximum

Compton shift (∼ 320 eV ) and nonlinear Compton shift (∼ 1.2 keV ) associated with an

incident photon of energy 9.25 keV . After the scattering of the x-ray, the electron ionizes

and departs the crystal solid with an enormous kinetic energy relative to its initial binding

energy. There is very little propagation of the electron inside the crystal. Therefore, the

band structure of the electron plays very little role given the highly inelastic nature of the

scattering process.
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3.4 Conclusion and summary

We described a method to numerically calculate the linear and non-linear Compton

effect for free or bound electrons. The results from the calculation can be used to determine

whether the bound nature of the electrons caused the anomalous frequency shift observed

in the experiment by Fuchs et al. [ 18 ]. To justify the approximations we compared our

free-electron results with the analytical expressions available for differential cross sections of

Compton [ 3 ,  45 ] and non-linear Compton scattering [ 16 ]. We found excellent agreement in

those cases.

We employed a Coulombic interaction potential to model bound electrons and obtained

their differential cross sections for Compton and non-linear Compton scattering. Despite

the electrons being bound, the calculations for the differential cross section agreed with the

Brown and Kibble results. The calculations did not exhibit a redshift in the wavelength of

the scattered photon, in disagreement with the experiment [  18 ] but in agreement with the

calculations of Krebs et al. [  44 ]. For bound electrons, we also found the small expected blue

shift in the case of Compton scattering and interestingly a blue shift in the case of non-linear

Compton scattering as well. The role of the band structure of the electron in a crystal in

nonlinear Compton scattering was examined. The effective mass of the electron was found

to not play a role in the anomalous shift in Fuchs et al. [  18 ]. Our calculations support the

conclusion in Ref.[  44 ] that it is not the bound character of the electron that is causing the

anomalous frequency shift seen in Fuchs et al. [  18 ].

The role of electron-electron correlation effects on the redshift was explored by doing a

two-electron calculation in 2D. The results of the calculation did not indicate the presence of

the redshift in Ref. [  18 ]. Following this, we considered the case of a semi-Compton process

where linear Compton-scattering occurs off of an ionised electron with the electron getting

re-captured. This could give rise to a photon of frequency of ∼ 2ωin. A calculation accounting

for this process, did not exhibit a redshift similar to the one observed in the experiment by

Fuchs et al. [ 18 ]. No reproducible calculations have yet been able to reproduce the shift

observed in Ref. [  18 ].
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4. INTERFERENCE IN NONLINEAR COMPTON

SCATTERING

The contents of this chapter were published as Venkatesh, A., & Robicheaux, F. (2021).
Interference in nonlinear Compton scattering using a Schrödinger’s equation approach. Phys-
ical Review A, 103, 013111.

4.1 Introduction

The advent of high-intensity sources of light has made it possible to probe a wide range

of non-linear phenomenon ranging from multi-photon absorption [ 12 ,  58 ] to higher harmonic

generation [  11 ,  59 – 61 ]. The progress in x-ray free-electron laser (XFEL) technology [  62 ,  63 ] in

particular has enabled the study of nonlinear Compton scattering. Nonlinear Compton scat-

tering is a term that has been used to refer to several multi-photon scattering processes [  14 ,

 15 ]. In this paper, we restrict our discussions of nonlinear Compton scattering to a process

where two incoming photons scatter from a free or a bound electron into one outgoing pho-

ton. First theoretically described by Brown and Kibble for free electrons in 1964 [  16 ], it

wasn’t until 1996 that it could be experimentally confirmed [  64 ]. For an incoming photon of

frequency ωin, Brown and Kibble [ 16 ] showed that the frequency of the nonlinear Compton

scattered photon can be obtained approximately using the Compton expression [  2 ], provided

one uses 2ωin for the incoming photon frequency. The scattering angle dependence of the

differential cross section for nonlinear Compton scattering [  16 ] substantially differs from that

of Compton scattering [  3 ].

Despite the emergence of XFELs, experimental analysis of nonlinear Compton scattering

has been challenging. One reason for this difficulty is the small size of the nonlinear Compton

signal, even with incident field intensities as high as ∼ 1020 W/cm2 (E = 107 a.u.). In this

intensity regime, the nonlinear Compton signal can be six orders of magnitude smaller than

the size of the corresponding Compton signal for the same field [ 65 ,  66 ]. The relatively few

experiments that have studied nonlinear Compton scattering reflects the difficulty. Another

major challenge in such an experiment can be the noise from the XFEL itself [  67 ,  68 ]. The

second harmonic from the XFEL can undergo Compton scattering and add to the noise in
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the already small nonlinear Compton signal. Both these challenges were discussed in a recent

experiment by Fuchs et al. [  18 ].

Figure 4.1. A schematic diagram of the interference between Compton
and nonlinear Compton scattering from a bound electron using a two-color
field. Here kin refers to the momentum of an incoming photon in the case of
nonlinear Compton scattering and k refer to the momentum of an outgoing
photon.

In this paper, we study the interference in Compton scattering when using a two-color

field of frequency ωin and 2ωin with a phase difference. The interference is between the

Compton scattered photons of the 2ωin field and nonlinear Compton scattered photons of

the ωin field (see Fig.  4.1 ). Let the intensities of the ωin field and the 2ωin field be Iωin

and I2ωin respectively. In general, the nonlinear Compton signal scales with the square of

the incoming field intensity (∝ I2
ωin) and the Compton signal scales linearly with intensity

(∝ I2ωin), for intensities that are within the limits stated in Sec.  4.3.1 . The interference

term scales as ∝ Iωin

√
I2ωin . Interference is possible since it cannot be deduced whether the

photon came from Compton scattering of the 2ωin field or nonlinear Compton scattering of

the ωin field.

This study suggests techniques to overcome two challenges involved in nonlinear Compton

scattering experiments. First, the difference in the intensity between the constructively

and the destructively interfered scattered waves, combined with pure Compton scattering

measurements can help in determining the extent of nonlinear Compton scattering without

having to measure the small signal directly. For example, if the nonlinear Compton signal

is 6 orders of magnitude smaller than the Compton signal, then the interference would be

3 orders of magnitude smaller. Second, the noise from the second-harmonic of the XFEL

61



can be determined by examining the interference between Compton and nonlinear Compton

scattering. For this, consider the ωin field to be the XFEL fundamental. It gives rise to the

desired nonlinear Compton signal at ∼ 2ωin frequency. The second harmonic of the XFEL

is the 2ωin field and the Compton scattered photons from this field is the noise at ∼ 2ωin

frequency. Introducing a phase factor (φ) to the ωin field (or the 2ωin field) and examining

the interference can help in identifying the noise.

Several papers in the last few decades, have examined interference effects in multi-photon

processes when there occurs an overlap in the initial and final states [  69 – 71 ]. Using two-

color fields to analyze interference effects is also not uncommon. For instance, Yin et al. [ 69 ]

examined the interference in the angular distribution of photo-electrons from single and

double-photon ionization from a two-color field. Their experiment revealed an interesting

asymmetry in the angular distribution despite the initial state of the atom being spherically

symmetric.

The few research works on interference effects involving nonlinear Compton scattering [ 72 ,

 73 ] have focused on high-energy electrons where, the frequencies of the incident electromag-

netic waves are around the visible region. These works have also relied on a field-theoretic

approach. Unlike the previous work, here we focus on the case of x-ray scattering from

bound and non-relativistic free electrons and examine the interference using a Schrodinger

equation approach. To understand the interference between Compton and nonlinear Comp-

ton scattered wave functions, we use a perturbative approach. We study the dependence of

the phase shifts on the frequencies of the incoming field and the binding energy (BE) of the

electron. This analysis is performed over a range of frequencies from 50 a.u. (1.3 keV) to

680 a.u. (18.5 keV). This choice for the frequency is motivated by the typical frequencies

accessible from the XFELs [  62 ,  63 ] in use and in particular, a recent experiment on nonlinear

Compton scattering at the Linac Coherent Light Source at the SLAC National Accelerator

Laboratory [  18 ].

This paper is organized as follows: In Sec.  4.2 , we discuss the theoretical approach to

describe Compton and nonlinear Compton scattering both non-perturbatively and pertur-

batively in the incoming classical field in the limit of non-relativistic electrons. Then, the

procedure for studying the interference using them is described. In Sec.  4.3 , the validity of
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the perturbative approach is demonstrated. Then the case of interference from a two-color

field is discussed.

Unless otherwise stated, atomic units will be used throughout this paper.

4.2 Methods and modeling

4.2.1 Non-perturbative treatment in the classical field

We use a time-dependent Schrödinger equation approach to study nonlinear Compton

scattering [  65 ]. The approach is the one described previously [ 66 ]. This non-relativistic

treatment is well justified [  66 ] in the regime of nonlinear Compton scattering studied in this

paper. This section briefly describes the method; see Ref. [  66 ] for a detailed discussion of

the derivation.

The Hamiltonian that describes the laser-electron interaction is given by

Ĥ = (P̂ + Â)2

2 + V (x̂) +
∑
k,ε

ωkâ
†
k,εâk,ε (4.1)

where, P̂ and V (x̂) refer to the momentum operator and the atomic potential experienced by

the electron. The quantity ωk refers to the angular frequency of the scattered photon. The

operators â†
k,ε and âk,ε can create or annihilate respectively a photon in the mode (k, ε). Here

k and ε refer to the momentum and the polarization of the scattered photon respectively.

The vector potential Â is written as the sum of the incoming and scattered EM waves. The

incoming wave is treated classically while the outgoing wave is quantized [ 16 ,  36 ]. One can

then derive the homogeneous Schrödinger equation for the electron in a classical EM-field

and the non-homogeneous Schrödinger equation for the scattering probability amplitude.

The equations are derived by only considering terms up to the first order in the quantized

field.

The homogeneous Schrödinger equation describing the wave function of an electron in a

classical EM field with no outgoing photons is given by

i∂ψ
(0)

∂t
− ĤCψ

(0) = 0 (4.2)
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where,

ĤC = (P̂ + AC)2

2 + V (x̂). (4.3)

The quantity AC refers to the vector potential of the incoming laser pulse. Note that we

do not restrict ourselves to the dipole approximation and therefore we include the full space

and time dependence for the vector potential. The explicit space and time dependence (r,

t) is given by,

AC = E

ωin
cos

[
(ωint− kin · r)

]

× exp
(−(2 ln 2)(t− k̂in·r

c
)2)

t2wid

εin

(4.4)

where the quantities E, ωin, kin, twid and εin refer to the incoming electric field amplitude,

angular frequency, momentum, the full width at half maximum (FWHM) of the pulse in-

tensity and polarization direction respectively. Note that the quantity k̂in refers to a unit

vector in the direction of kin.

The non-homogeneous Schrödinger equation describes the electron part of the wave func-

tion after scattering a photon. It is given by,

i
∂ψ

(1)
k,ε

∂t
− ĤCψ

(1)
k,ε =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ + AC)W (t)ψ(0).

(4.5)

Here, V refers to the quantization volume that comes from quantizing the outgoing field [ 36 ].

The final results for the differential cross section are independent of the quantization volume.

The quantity ψ
(1)
k,ε(r, t) refers to the probability amplitude for a scattered photon to be of

momentum k and polarization ε and the electron to be found at position r at time t. The

quantity W(t), is a windowing function that is used to turn on the source term adiabatically

only for the duration of the incoming laser pulse. The reason for W(t) is twofold: First,

to prevent the unphysical emission of photons. Second, to find the ground-state of the

electron-photon coupled system.

For the atomic potential, we choose the following:
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V (r) = −Z
2
√
r2 + a

[
1 + exp(−r)

]
. (4.6)

Here a is a small parameter used to avoid the singularity at the origin. A value of a =

0.05 a.u. is used for all the calculations. The quantity Z, characterizes the effective nuclear

charge, which is varied to model a range of binding energies (BE) for the electron. This

potential was not chosen to reproduce any atomic orbitals but was chosen to give a range of

binding energy, confinement distance, and nuclear charge.

These two equations [Eqs. (  4.2 ) and ( 4.5 )] are solved numerically in a Cartesian grid of

points to obtain the scattering probability (Pk,ε) which is the probability density in k-space

for a photon to scatter with momentum k and polarization ε. The Pk,ε is defined as,

Pk,ε =
∫

v
ψ

(1)
k,ε

∗
ψ

(1)
k,εd

3r. (4.7)

4.2.2 Perturbative approach in the classical field

To understand the phase shifts involved in the interference between Compton and non-

linear Compton scattering, a perturbative approach in the classical field is used. We begin

by expanding the wave function perturbatively in powers of the incoming classical field:

ψ(0) = ψ
(0)
0 + ψ

(0)
1 + ψ

(0)
2 + ... (4.8)

The subscript refers to the order of the incoming classical field and the superscript refers to

the order of the outgoing quantized field. For example, the quantity ψ(0)
1 refers to the term

that is zeroth order in the quantized field but first order in the classical field.

One can then substitute Eq. (  4.8 ) in the homogeneous Schrödinger equation [Eq.( 4.2 )].

Separating out the terms based on the order of the classical field, the equations for the

corresponding wave functions can be derived. The equations for the wave function that is

zeroth, first and second order in the classical field respectively are given by:

i∂ψ
(0)
0
∂t

− Ĥaψ
(0)
0 = 0 (4.9)
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i∂ψ
(0)
1
∂t

− Ĥaψ
(0)
1 = P̂ · AC ψ

(0)
0 (4.10)

i∂ψ
(0)
2
∂t

− Ĥaψ
(0)
2 = (P̂ · AC) ψ(0)

1 + A2
C

2 ψ
(0)
0 (4.11)

where,

Ĥa = P̂ 2

2 + V (x̂). (4.12)

The quantity ψ(0)
0 refers to the electronic wave function that does not depend on the external

field. ψ
(0)
1 and ψ

(0)
2 are the probability amplitudes for the electron to absorb one and two

photons respectively.

Similarly, the first order wave function in the quantized field ψ
(1)
k,ε, can also be expanded

in a perturbative power series in the classical field:

ψ(1) = ψ
(1)
0 + ψ

(1)
1 + ψ

(1)
2 + ... (4.13)

Note that, the subscripts k, ε have been dropped from ψ(1) to reduce clutter in the notation.

But one has to keep in mind that every term that is first order in the quantized field will

depend on these quantities.

Substituting Eq.(  4.13 ) in the non-homogeneous Schrödinger equation [Eq. ( 4.5 )] and

separating out the terms based on the order of the classical field yields the following equations

for the wave function that is zeroth, first, and second order in the classical field respectively:

i∂ψ
(1)
0
∂t

− Ĥaψ
(1)
0 =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · P̂ ψ
(0)
0 W (t)

(4.14)

i∂ψ
(1)
1
∂t

− Ĥaψ
(1)
1 =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ ψ
(0)
1 + AC ψ

(0)
0 ) W (t)

+ (AC · P̂ )ψ(1)
0

(4.15)
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i∂ψ
(1)
2
∂t

− Ĥaψ
(1)
2 =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ ψ
(0)
2 + AC ψ

(0)
1 ) W (t)

+ (AC · P̂ ) ψ(1)
1 + A2

C

2 ψ
(1)
0

(4.16)

Here, ψ(1)
0 describes the probability amplitude of having one outgoing photon of momentum

k and polarization ε when there is no incoming field and the electron to be in position r at

time t. Similarly, ψ(1)
1 is the probability amplitude for the case with one outgoing photon and

one incoming photon being absorbed and ψ
(1)
2 refers to the case with one outgoing photon

but with two incoming photons being absorbed. A detailed analysis of the source terms can

be found in Sec.  4.3.2 .

These perturbative equations [Eq. (  4.9 ) - ( 4.16 )] are solved simultaneously using the same

numerical framework that was developed in Ref. [  66 ] to solve the equations summarized in

Sec.  4.2.1 .

4.2.3 Two-color field

To study the interference, we replace the single incoming laser pulse with two pulses

of different frequencies. For the case where one of the incoming pulses has a frequency

twice that of the other, the dominant interference pattern would consists of linear Compton

photons from the 2ωin field and nonlinear Compton photons from the ωin field.

The effect of the two-color pulse is examined both non-perturbatively as well as perturba-

tively. In the non-perturbative treatment (Sec.  4.2.1 ), this is simulated by simply choosing

the incoming vector potential as the resultant of the two vector potentials from each in-

coming pulse. In the perturbative treatment (Sec.  4.2.2 ), each incoming pulse is treated

perturbatively and the results for ψ(1) from each pulse is superposed to obtain the total

scattering probability.

We choose the full width at half maximum of the pulse intensity (twid) of the 2ωin field

to be 1/
√

2 of that of the ωin field. This is motivated by a preference for a large overlap for
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the scattering probability in k-space between Compton and nonlinear Compton scattered

photons. The pulse widths are chosen in this manner since, it is the second order wave

function (ψ(1)
2 ) that matters for nonlinear Compton and A2

C effectively would have 1/
√

2 of

the pulse width of AC .

4.2.4 Convergence

The amount of convergence is determined in the interference calculations by examining

the relative change in the total differential cross section. For the calculations in Fig.  4.2 ,

the difference in the differential cross section between a grid size of 24 a.u. and 16 a.u. was

under 10−3%. The difference in the differential cross section between a grid spacing of 0.1

a.u. and 0.07 a.u. was below 0.8%. In Fig.  4.3 , for Z=4 and a scattering angle of 135°, the

difference in the calculated differential cross section between a grid size of 24 a.u. and 16

a.u. was under 10−9%. The difference in the differential cross section between a grid spacing

of 0.1 a.u. and 0.07 a.u. was below 0.08%. For the calculations in Fig.  4.6 , the difference in

the differential cross section between a grid size of 30 a.u. and 40 a.u. is under 10−9%. The

difference in the differential cross section between a grid spacing of 0.1 a.u. and 0.07 a.u.

was below 0.09%. For a discussion on the choice of other parameters, see Sec.  4.3 .

4.3 Applications

4.3.1 Perturbative vs non-perturbative

The region of interest involves incoming x-rays with frequencies (ωin) between 50 a.u. and

680 a.u. and electric field amplitudes (E) up to a few hundred atomic units which is typical of

XFELs in use [  62 ,  63 ]. In this regime, we find that for the case of linear Compton scattering,

a perturbative treatment in the first order in the classical field [Eqs. ( 4.9 ), ( 4.10 ), ( 4.14 ) and

( 4.15 )] is adequate to describe the problem both for free electrons as well as bound electrons.

Nonlinear Compton scattering however, requires a second-order perturbative calculation in

the classical field [Eqs. (  4.9 ) - (  4.16 )].

For the case of nonlinear Compton scattering, the results for the scattering probability

obtained from the second order perturbative calculations reveal an excellent agreement with
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Figure 4.2. Comparison of the results of the non-perturbative treatment
and a second-order perturbative calculation in the classical field for the case
of nonlinear Compton scattering. The results show a good agreement between
the two in the chosen regime. Here ωin = 50 a.u., E = 502.9 a.u., twid = 0.5
a.u., θ = 135° , Z = 4 and a = 0.05 with a binding energy (BE) of 3.306 a.u.

the non-perturbative calculations (Fig.  4.2 ). Note that the validity of the perturbative

expansion depends on the magnitude of AC (∼ E/ωin). For ωin=50 a.u. and electric

fields (E) below ∼ 600 a.u. we find that the scattering probability for nonlinear Compton

scattering scales with the square of the intensity of the incident wave. As the electric field is

increased beyond E ∼ 600 a.u. (with the other parameters fixed), the scattering probability

starts exhibiting non-perturbative behavior.

It is to be noted that in this regime, Compton scattering adheres to first order pertur-

bative behavior in the classical field as well as the quantized field.

4.3.2 Interference between Compton and nonlinear Compton

We now examine the interference effect in the scattered photons when the incoming field

consist of two different frequencies with one being twice that of the other and with a phase

shift (φ) imposed on the 2ωin field.

To understand how the phase difference in the incoming field affects the scattering prob-

ability, we use the perturbative framework developed in Sec.  4.2.2 . The interference between
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the Compton scattered photons and nonlinear Compton scattered photons from the two in-

coming fields can be understood as the superposition of the scattering probability amplitudes

from each field alone. For Compton scattering from the 2ωin field, a first order perturbative

calculation in the classical field is used to obtain the scattering probability amplitude. For

nonlinear Compton scattering from the ωin field, a second order perturbative calculation is

needed.

The resultant scattering probability amplitude leading to photons with momentum ∼ 2kin

is given by,

ψ
(1)
total = ψ

(1)
1,2ωin(φ) + ψ

(1)
2,ωin (4.17)

where the first term on the right-hand side (ψ(1)
1,2ωin(φ)) is the Compton scattering probability

amplitude from the 2ωin field which is first order in the classical field. The second term (ψ(1)
2,ωin

) is the nonlinear Compton scattering probability amplitude from the ωin field that is second

order in the classical field. Here ψ1,2ωin depends on the phase shift φ. Also, only the two

terms that are in Eq. (  4.17 ) are relevant because the frequency bandwidth of the incoming

field is small compared to the frequency ωin so that the peaks in the scattering probabilities

[Eq. (  4.7 )] are localized in k-space.

In Eq. ( 4.17 ), the phase dependence of ψ(1)
1,2ωin(φ) can be determined by examining the

three source terms in the first order non-homogeneous differential equation [Eq. (  4.15 ) ].

The first source term (S1) determined by P̂ ψ
(0)
1 , is due to photo-absorption, the second

source term (S2) determined by AC ψ
(0)
0 , is due to pure Compton scattering, the third

(S3) determined by AC · P̂ψ
(1)
0 , describes the laser-dressing of virtual photon emission.

Note that all three terms depend on AC . The AC being real contains terms of the form

ei(2kin·r−2ωint+φ) and e−i(2kin·r−2ωint+φ), where 2ωin and 2kin refers to the angular frequency

and momentum respectively of the incoming field. One can then employ the rotating wave

approximation, which would result in only the term with ei(2kin·r−2ωint+φ) surviving. This

leads to the phase factor (eiφ) appearing in every source term (S1, S2 and S3) and hence the

final wave function (ψ(1)
1 ) for that field. Therefore Eq. (  4.17 ) becomes,
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ψ
(1)
total = ψ

(1)
1,2ωin(0) eiφ + ψ

(1)
2,ωin (4.18)

where ψ(1)
1,2ωin(0) is calculated at φ = 0.

The contribution from the three source terms to ψ(1)
1,2ωin are not of the same size. Given

that the incoming EM waves are in the x-ray regime, the photo-absorption term (S1) is small

with respect to the Compton term (S2) [ 74 ,  75 ]. Also, the contribution from the terms S1

and S3 appear to be of comparable size to each other, but they appear to have a phase factor

between them. Their combined scattering probability amplitude is found to be an order of

magnitude lower than each of them individually.

As an added check on the approximations made so far, we compared our results from both

the non-perturbative and perturbative approaches and they showed an excellent agreement

within the perturbative regime.

From the total scattered wave function, ψ(1)
total, the total scattering probability PT ot can

be obtained.

PT ot =
∫

v
|ψ(1)

1,2ωin|2 d3r +
∫

v
|ψ(1)

2,ωin|2 d3r

+
∫

v

(
e−iφψ

(1) ∗
1,2ωin ψ

(1)
2,ωin

+ eiφψ
(1)
1,2ωin ψ

(1) ∗
2,ωin

)
d3r

(4.19)

Of the 4 terms on the right-hand side, the first term represents the Compton scattering prob-

ability and scales linearly with intensity (∝ I2ωin). The second term represents the nonlinear

Compton scattering probability and scales quadratically with the intensity(∝ I2
ωin). The

third and fourth terms together gives rise to the interference. Both the third and the fourth

terms are ∝ Iωin

√
I2ωin . To illustrate this dependence, consider the case when scattering

probability for nonlinear Compton is 1% of that of Compton. Then, the interference term

can be as large as ∼20% of the Compton scattering probability.

We choose the two incoming fields to be of equal electric field amplitude with E = 107

a.u., with polarizations in the same direction and frequency ωin = 170 a.u. The scattered
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photon momentum and its polarization are both chosen to be in the same plane as the

incoming fields and a range of scattering angles (θ) from 0° to 180° are considered. Other

cases for these quantities are explored after that.

We evaluate the differential cross section from the total scattering probability [Eq. (  4.19 )]

using the expression for one-photon differential cross section from Ref. [  66 ]. The differential

cross section is then given by,

dσ
dΩ

(1)
= 2V ωin

(2π)3

∫ ∑
ε
PT otk

2dk∫
I2ωindt

. (4.20)

Note that we use the Compton differential cross section expression even though the total

scattered wave function is the result of interference between Compton and nonlinear Comp-

ton. For the intensities chosen (E = 107 a.u. for both), this is reasonable since the Compton

scattering probability is at least 3 orders of magnitude more than the nonlinear Compton

scattering probability. As a reminder, for the case of free-electrons, the differential cross

section for Compton scattering is given by the Klein-Nishina formula [ 3 ] and for nonlinear

Compton scattering is described by Brown and Kibble [  16 ].

In the case of interference between linear and nonlinear Compton scattering, from Eqs. ( 4.19 )

and (  4.20 ), we expect the differential cross section to be of the following form:

dσ
dΩ = C +D cos(φ− δ). (4.21)

Here C is the Klein-Nishina differential cross section for Compton scattering when the scat-

tering probability for non-linear Compton is much smaller than that of linear Compton.

D arises from the interference term in Eq. (  4.19 ) and is proportional to Iωin/
√
I2ωin . The

quantity δ is the intrinsic phase shift between the probability amplitude of Compton and

nonlinear Compton scattering.

The results of the calculation are shown in Fig.  4.3 (θ = 135°) and Fig.  4.4 (θ = 84°).

The results are consistent with the dependence expected [Eq. (  4.21 )]. The plot (Fig.  4.3 )

shows that the intrinsic phase difference (δ) between the scattering probability amplitude of

Compton and nonlinear Compton to be zero for θ = 135°. Further investigation reveals that
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Figure 4.3. The figure shows the differential cross section computed using
the interfered wave functions from Compton and nonlinear Compton scattering
as a function of the imposed phase difference φ on the 2ωin field for a scattering
angle of 135°. The dotted line is a curve fit of the form C + D cos φ. The
plot reveals that there is no intrinsic phase difference between the Compton
and nonlinear Compton scattered wave functions. It is clear, there is almost
no effect of the binding energy (BE) on the interference pattern in the chosen
parameter regime. Here ωin = 170 a.u. , E = 107 a.u. , twid = 0.1 a.u. for
the ωin field. Both initial and final polarizations are in the scattering plane.
The BE for Z = 2 and Z = 4 are 0.8744 a.u. and 3.306 a.u. respectively. The
parameter a remains the same for both with a = 0.05 a.u.

the intrinsic phase difference δ depends on the scattering angle θ (see Fig.  4.5 ). It is zero

for scattering angles between θ = 0 and θ ∼ 75° which is a zero of the nonlinear Compton

differential cross section. If the scattering angle is increased beyond this value (θ ∼ 75°), the

intrinsic phase difference (δ) jumps to a value of π (Fig.  4.4 ) and it drops back to zero if you

increase θ beyond 90°. It is evident that the intrinsic phase difference switches between a

value of 0 or π every time the scattering angle crosses a zero of the differential cross section of

Compton or nonlinear Compton scattering [  16 ]. This is confirmed if one chooses a negative

scattering angle. For θ = −30°, the intrinsic phase difference is π because there lies a zero

of the differential cross section for nonlinear Compton scattering at θ = 0°. Note that the

Compton scattering differential cross section [ 3 ] given by the Klein-Nishina formula does not
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Figure 4.4. The figure shows the differential cross section computed using
the interfered wave functions from Compton and nonlinear Compton scattering
as a function of the imposed phase difference φ on the 2ωin field for a scattering
angle of 84°. The dotted line is curve fit of the form C + D cos φ. The plot
reveals that there is a intrinsic phase difference of π between the Compton
and nonlinear Compton scattered wave functions. Here Z= 4 with the other
parameters remaining the same as in Fig.  4.3 .

have a zero but rather a minimum at θ ∼ 90°. But, for our non-relativistic calculation the

differential cross section appears to go to zero in the absence of the Compton profile.

A comparison of the scattering angle dependence of C and the Klein-Nishina formula

gave a good agreement. The quantities C and D also exhibit a dependence on the incoming

frequencies similar to the one expected based on the Klein-Nishina formula [  3 ] and the

differential cross section from Brown and Kibble [  16 ]. Also it is evident from Fig.  4.3 , that

the binding energy(BE) of the ground state of the electron does not have a significant effect

on the interference between Compton and nonlinear Compton scattering.

We examine if the intrinsic phase difference (δ) depends on the pulse width (twid). We

increase the twid to 3 a.u., which is 30 times the pulse width used in Fig.  4.3 . There are com-

putational challenges associated with this long calculation, so a 2D calculation is performed

instead. For a detailed discussion on a 2D treatment of nonlinear Compton scattering, see

Ref. [ 66 ]. For this calculation, fields with different intensities are chosen to illustrate the

difference in their scattering profile. The electric field amplitudes for ωin field (Eωin) and
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Figure 4.5. The figure shows the dependence of the intrinsic phase difference
δ (black dots) versus the scattering angle θ. The blue solid line indicates the
zeroes in the differential cross section of Brown and Kibble [ 16 ]. The red dotted
line indicates the zeroes in the differential cross section of Compton scattering.
The calculation reveals a discontinuous jump in the intrinsic phase difference
(δ) at scattering angles which are zeroes of the differential cross section for
Compton or nonlinear Compton scattering [  16 ]. Here Z= 4 with the other
parameters remaining the same as in Fig.  4.3 

2ωin field (E2ωin), are chosen to be 10.7 a.u. and 0.535 a.u. respectively. The results of the

2D calculation reveal an intrinsic phase difference (δ) that is 0 or π depending on the scat-

tering angle. Increasing the pulse width decreases the bandwidth of the incoming pulse. The

shorter bandwidth reveals two scattering mechanisms for the incoming photons (see Fig.  4.6 

). In Fig.  4.6 , the first peak k ∼ 2.41 a.u. centered around the Compton scattered momen-

tum for the 2ωin field, arises from the inelastic scattering of the incoming photons by the

electron. The second peak k ∼ 2.48 a.u., sharply centered around the incoming wavenumber

of the 2ωin field, arises from the elastic scattering of the incoming photons by the electron,

leaving the electron in the ground state. Note that the contribution of this elastic scattering

peak to the overall area under the curve is small (see Fig.  4.6 ). The figure (Fig.  4.6 ) shows

that the intrinsic phase difference between the Compton and non-linear Compton scattering

is the same for the elastic and the inelastic process.
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Figure 4.6. The results of a 2D calculation for the total scattering probabil-
ity as a function of scattered photon momentum for the interference between
Compton and nonlinear Compton scattering from a two-color field. The two
curves correspond to the cases when the imposed phase difference (φ) is 0°
(constructive) and 180° (destructive). The curve corresponding to φ = 180°
has been scaled by a constant factor to make it coincide with the φ = 0° curve
at the first peak. The first peak (k ∼ 2.41 a.u.) describes the case of inelas-
tic scattering of the incoming photons from the electron and the second peak
(k ∼ 2.48 a.u.) describes elastic scattering. The coincidence of the two curves
( φ = 0° and φ = 180°) reveals that the elastic and the inelastic scattering
processes have the same relative phase. Here ωin = 170 a.u. , Eωin = 10.7 a.u.
, E2ωin = 0.535 a.u. , twid = 3 a.u. , Z = 4 and a = 0.1 a.u. with BE = 4.805
a.u.

The effect of polarization directions can be interesting. For a single incoming field, there

are 4 possible orientations based on the direction of the incoming field’s polarization(εin) and

momentum(kin) and the polarization (ε) and the momentum (k) of the outgoing fields. We

choose the 4 cases in the following manner:

(i) Case 1: εin = ŷ, kin = x̂, ε = −x̂ sin θ + ŷ cos θ and k = x̂ cos θ + ŷ sin θ ; i.e. the

initial and final polarizations in the scattering plane.

(ii) Case 2: εin = ŷ, kin = x̂, ε = ẑ and k = x̂ cos θ+ ŷ sin θ ; i.e. the initial polarization

in the scattering plane but the final polarization perpendicular to the scattering plane.
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(iii) Case 3: εin = ẑ, kin = x̂, ε = −x̂ sin θ + ŷ cos θ and k = x̂ cos θ + ŷ sin θ ; i.e. the

initial polarization perpendicular to the scattering plane but the final polarization in

the scattering plane.

(iv) Case 4: εin = ẑ, kin = x̂, ε = ẑ and k = x̂ cos θ + ŷ sin θ ; i.e. the initial and final

polarizations perpendicular to the scattering plane.

Note that for interference to be possible, the scattered photons from both Compton and

nonlinear Compton should have the same final polarization and momentum vector. Also, for

nonlinear Compton scattering, from Ref. [  16 ] only Case 1 and Case 3 are expected to yield

non-zero scattering probabilities (more on this point later). Therefore based on these two

requirements, only the interference cases with Compton scattering corresponding to Case 1

or Case 3 and nonlinear Compton scattering pertaining to Case 1 or Case 3 are significant.

The results presented so far (Figs.  4.3 -  4.6 ) correspond to Case 1 for both linear and

nonlinear Compton scattering. While we expect this to be the dominant case from Ref. [  3 ]

and Ref. [  16 ], the other cases become relevant when one considers the interference effects

from crossed polarizations or from unpolarized photons. From here on, a short-hand notation

of say Case 1 - Case 3 refers to the interference when the Compton scattering pertains to

Case 1 and nonlinear Compton scattering pertains to Case 3.

The nonlinear Compton scattering probability pertaining to Case 3, is expected to be

approximately the same size as Case 1 from Ref. [ 16 ]. For θ ∈ [0, 180] the differential cross

section for Case 1 has zeroes at θ = 0°, ∼ 75° and 180° but Case 3 has zeroes only at

θ = 0° and 180°. We examine Case 1 - Case 3 interference for the same set of parameters

as Fig.  4.5 . The intrinsic phase difference δ is found to have a similar dependence on the

scattering angle to that of Case 1 - Case 1 interference in that, it switches between 0 or π

every time the scattering angle crosses a zero of the differential cross section of Compton or

nonlinear Compton scattering [ 16 ]. For a given scattering angle, the calculations with Z = 2

and Z = 4 show a small difference in the differential cross sections of about ∼ 0.014 %. But,

they both still have the same intrinsic phase δ.

The polarization directions are chosen to be Case 3 for Compton scattering and Case 1 for

nonlinear Compton scattering. This is an interesting case because for such an arrangement
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we expect the nonlinear Compton signal to be comparable to the Compton signal. This

arises out of the interplay of two factors. First, for the chosen intensity (E = 107 a.u.)

nonlinear Compton signal from the incoming field is less than that of the Compton signal.

Second, the Compton scattering for this arrangement is suppressed because of the choice of

polarization (Case 3). The results of the calculation reveal that the size of the Compton

scattered wave function (ψ(1)
1,2ωin) is in fact comparable to that from nonlinear Compton

scattering (ψ(1)
2,ωin). However, no interference occurs because the scattered wave function for

Compton scattering and that for nonlinear Compton scattering are found to be orthogonal

to each other. This is found to be a consequence of the fact that the Compton scattered

wave function is anti-symmetric in the ẑ direction but the nonlinear Compton scattered wave

function is symmetric along the same direction. These symmetries can be deduced from the

form of the perturbation equations.

Consider the equations from the perturbative approach (Sec.  4.2.2 ) keeping in mind our

choice of Case 3 for Compton scattering and Case 1 for nonlinear Compton scattering. The

symmetric or the anti-symmetric nature of the scattered wave function can be understood

by tracking the effect of the source terms involved. The Hamiltonian for the atomic electron

(Ha) is parity-symmetric and the starting wave function (ψ(0)
0 ) being the ground state of

the electron is symmetric. The source terms in all the equations from Eq. ( 4.9 ) - (  4.11 )

and from Eq. ( 4.14 ) - (  4.16 ), have definite parity in the z-direction. Therefore, the wave

functions of different perturbative order also have definite parity in the z-direction, since

the homogeneous part of the equations preserves parity. One can track the changes in the

parity of the ground state wave function of the electron (ψ(0)
0 ) from each source term in the

first order perturbative treatment for Compton scattering and the second order treatment

for nonlinear Compton scattering respectively. Such an analysis can be used to determine

that the scattered wave function for Compton scattering (ψ(1)
1,2ωin) is anti-symmetric in the

z-direction for Case 3 and the scattered wave function for nonlinear Compton scattering

(ψ(1)
2,ωin) is symmetric in the z-direction for Case 1.

For the scenario, when Compton scattering corresponds to Case 3 and nonlinear Comp-

ton scattering corresponds to Case 3, we find that similar to the previous case there is no

interference. Again, one can use a similar approach using perturbative equations to deduce
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that the Compton scattered wave function for Case 3 is anti-symmetric and the nonlinear

Compton scattered wave function for Case 3 is symmetric in z.

Upon exploring other cases for polarization, we find that for some cases we expect a

zero scattering probability for nonlinear Compton scattering. Consider the case when the

polarization of the scattered photons for nonlinear Compton pertains to Case 4. From

Ref. [  16 ], one would expect a zero scattering probability. The calculations however reveal a

non-zero but small scattering probability. It is small when compared to nonlinear Compton

scattering of Case 1. This expectation of zero scattering probability is a consequence of the

assumption [  16 ] that the electron is initially at rest. In our calculations, this is not the case

because of the Compton profile of the ground state electron. The effect of the Compton

profile on the nonlinear Compton scattering probability can be studied by examining the

scattering from a free electron modeled by a Gaussian wave packet. Changing the spatial

width of the initial free electron wave packet (ψ(0)
0 ) along the z-direction is found to change

the scattering probability for nonlinear Compton scattering for Case 4. This confirms that

the non-zero scattering probability for nonlinear Compton scattering for Case 4 is the effect

of the Compton profile.

4.4 Conclusion and summary

The interference between Compton scattering and nonlinear Compton scattering from

two incoming fields was examined. To understand the phase shifts involved, a first order

perturbative approach in the incoming classical field was used to describe Compton scattering

and a second order perturbative approach was used to describe nonlinear Compton scattering.

The regimes where the approach is valid was analyzed by comparing it with a previously

developed approach that was non-perturbative in the classical field [ 66 ]. For interference to

exist, the scattered wave vector and polarization of the scattered wave for both Compton

scattering and nonlinear Compton scattering have to be the same.

When both Compton scattering and nonlinear Compton scattering pertain to Case 1, the

results of the numerical calculation shows that the phase shift between Compton scattering

and nonlinear Compton scattering was either 0 or π, switching between the two, every time
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the scattering angle crosses a zero in the differential cross section of Compton or nonlinear

Compton scattering [  16 ]. A similar behaviour for the intrinsic phase difference is found for

Case 1 - Case 3 interference.

For both Case 3 - Case 1 interference and Case 3 - Case 3 interference, it was found that

the scattered wave functions for Compton and nonlinear Compton scattering were orthogonal

to each other. Therefore, no interference was found to exist.

These results can help with two common experimental challenges in nonlinear Compton

scattering. First, the interference could be used to detect the small nonlinear Compton

scattering signal. Second, the interference could be used to distinguish the Compton scat-

tering noise originating from the second-harmonic of the XFEL and the nonlinear Compton

scattering signal from the fundamental harmonic of the XFEL.
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5. X-RAY IMAGING OF WAVE-PACKET DYNAMICS

The contents of this chapter were published as Venkatesh, A., &; Robicheaux, F. (2022).
Simulations for x-ray imaging of wave-packet dynamics. Physical Review A, 106, 033125.

5.1 Introduction

Since the discovery of Bragg diffraction [ 1 ] and Compton scattering [ 2 ] over a century

ago, x-rays have been used as a probe at the subatomic scale [  76 – 79 ]. X-rays generally

exhibit a low scattering cross section with matter. Therefore, as x-rays travel through a

sample, the likelihood of re-scattering after the first scattering event is minimal, making

them a useful probing tool. For decades, the scattering of x-rays from an electron in a sta-

tionary state has been used to map the momentum density of the electron, also known as

the Compton profile [ 5 ,  6 ,  80 ,  81 ]. Such measurements on a system in a stationary state

are independent of time. However, measurements on a system described by a wave packet,

which is a superposition of stationary states, will generally depend on time. To study the

time dynamics of electronic wave packets, one requires pulses that have a pulse duration

comparable to the oscillatory timescale of the wave packet. In the last two decades, the

advent of x-ray free-electron lasers (XFEL) [  7 ,  82 – 87 ] that generate pulses in the femtosec-

ond and now attosecond timescales has made this possible. Pump-probe experiments at

the attosecond timescale outside the x-ray regime have been previously shown to be quite

effective in studying both atomic and molecular wave packets [ 88 – 90 ]. The measurement

of time-dependent electron density in molecules can be used to construct molecular movies

that offer insight into molecular processes such as bond formation and breaking [  19 – 23 ].

While x-ray scattering from an electronic stationary state can be used to access the mo-

mentum density of the electron, the results for x-ray scattering from a wave packet was shown

to have non-trivial dependence on the instantaneous charge density of the electron [  24 ]. In

2012, Dixit et al. [ 24 ] showed that when x-rays scatter from an electron in a wave packet state,

the incident x-ray field can inelastically scatter, causing transitions from the wave packet

state to several final states which depend on the bandwidth of the x-ray pulse. This leads

to scattering patterns that deviate substantially from the Fourier transform of the instanta-
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neous charge density of the wave packet. Some of the works that have followed Ref. [  24 ] have

offered alternative techniques to extract information about the instantaneous charge density

of the wave packet [  91 – 93 ]. For instance, in Ref. [ 91 ], Dixit et al. describe a phase contrast

imaging technique by examining the interference between the incident and scattered field to

obtain the Laplacian of the projected instantaneous charge density. However, this approach

requires the placement of detectors in the near field regime which may be experimentally

challenging. Recently, Grosser et al. [ 93 ] showed that using inelastic Compton scattering, one

can achieve x-ray imaging of electron wave packet dynamics provided the scattered electron

ends up in a continuum state.

It should be noted that theoretical descriptions of time-resolved x-ray scattering have

existed prior to Ref. [ 24 ] and the first fully-quantized description of this problem can be

attributed to Henriksen and Møller [  94 ]. A detailed overview of the history of the theoretical

descriptions can be found in Ref. [  95 ]. In this paper, we derive the double differential

scattering probability for x-rays to scatter from an electron in a non-stationary state into

a specified final state (or states) resulting in an expression which is related to the ones

in Ref. [  24 ,  94 – 96 ]. We show that if the final state of the electron after scattering can be

detected, it is possible to obtain meaningful information about the dynamics of the electronic

wave packet. The scattering profile is shown to reveal the modulus square of the Fourier

transform of the instantaneous transition charge density of the electron.

The paper is organized in the following manner: In Sec.  5.2 , the double differential

scattering probability for x-ray scattering from an electron wave packet is derived and the

expression is tailored for the special case of an electron wave packet made of two eigenstates.

In Sec.  5.3 , the imaging technique is illustrated using several examples. In Sec.  5.4 , the

conclusions and a summary of the paper are presented.

Unless otherwise stated, atomic units will be used throughout this work.
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5.2 Methods and modeling

5.2.1 Deriving the double differential scattering probability

The approach we use to model x-ray scattering from electrons involves treating the in-

coming field classically and quantizing the outgoing field [  16 ]. Since the problem is non-

relativistic for the parameter regime explored, a time-dependent Schrödinger equation ap-

proach is adequate. One-photon scattering processes in the parameter regime studied in this

paper were shown in Ref. [  97 ] to be adequately described by the first order perturbative

treatment of the incoming field. For a complete description of this approach and its validity,

see Ref. [  97 ]. Using this approach, the scattering probability amplitude for the process ψ(1)
k,ε

can be obtained from the following equation:

i
∂ψ

(1)
k,ε

∂t
− Ĥaψ

(1)
k,ε =

√
2π

V ωk

e−ik·reiωkt

× ε∗ · (P̂ ψ
(0)
1 + AC ψ

(0)
0 ) W (t)

+ (AC · P̂ )ψ(1)
0 .

(5.1)

The quantity ψ(j)
i refers to the scattering probability amplitude for a process that is of order

i in the incoming classical field and order j in the outgoing quantized field. Note that the

quantity ψ
(1)
k,ε in Eq. ( 5.1 ) corresponds to ψ(1)

1 in this notation [  97 ]. In Eq. (  5.1 ), Ĥa is the

Hamiltonian for an electron in the absence of the incident x-ray field, V is the quantization

volume, and k and ωk are the scattered photon momentum and angular frequency respec-

tively. ε denotes the scattered photon polarization. Here, k · ε = 0 and ωk = |k|c with c

being the speed of light in vacuum (∼137.036 a.u.). P̂ is the canonical momentum operator

for the electron, AC is the vector potential for the classical incoming field, r refers to the po-

sition vector associated with the electron and t refers to time. W (t) is a windowing function

which turns the source terms on only for the duration of the incident x-ray pulse. The final

results are independent of the choice of the windowing function provided it is sufficiently

smooth. [  66 ,  97 ]
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For the parameter regime explored, the only source term in Eq. ( 5.1 ) that contributes

to the scattering probability is the Compton scattering term ACψ
(0)
0 [ 97 ]. This term is

sometimes referred to as the off-resonant contribution in x-ray scattering [  92 ,  98 ] and this step

is analogous to neglecting the dispersive correction term in Ref. [  24 ]. The time dependence of

ψ
(0)
0 is dictated by the time-dependent Schrödinger equation with the field-free Hamiltonian

Ĥa. The vector potential of the incoming pulse AC is chosen to be the following:

AC = E

ωin
cos

[
(ωint− kin · r)

]

× exp
(−(2 ln 2)(t− k̂in·r

c
)2)

t2wid

εin,

(5.2)

where E, ωin, kin, twid, and εin refer to the incoming electric field amplitude, angular fre-

quency, momentum, the full width at half maximum (FWHM) of the pulse intensity, and

polarization of the incoming field respectively. The interaction between the electron and

the incident x-ray field is modelled by considering the full space and time dependence of

the vector potential because in the studied parameter regime the dipole approximation has

limitations [  99 ]. Using Eq. (  5.2 ) and applying the rotating-wave approximation to Eq. (  5.1 )

yields

i
∂ψ

(1)
k,ε

∂t
− Ĥaψ

(1)
k,ε =

√
2π

V ωk

1
2
E

ωin
ε∗ · εin

× exp
(−(2 ln 2)(t− k̂in·r

c
)2)

t2wid


× ei(kin−k)·rei(ωk−ωin)t ψ

(0)
0 .

(5.3)

The scattering probability amplitude in the bra-ket notation can be expanded in an

eigenbasis of electronic bound states and continuum states of the field-free Hamiltonian Ĥa:

|ψ(1)
k,ε(t)〉 =

∑
n

Cn,kε(t)e−iEnt |ψn〉 . (5.4)

Here {n} includes the set of all bound and continuum states and En denotes the correspond-

ing eigenenergies.
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Substituting Eq. ( 5.4 ) in Eq. (  5.3 ), one obtains the following expression for Cn,kε in the

bra-ket notation after integrating over t ∈ (−∞,∞),

lim
t→∞

Cn,kε(t) = − i
√

2π

V ωk

1
2
E

ωin
ε∗ · εin

∫ ∞

−∞
dt 〈ψn| eiEnt

× exp
(−(2 ln 2)(t− k̂in·r

c
)2)

t2wid


× ei(kin−k)·rei(ωk−ωin)t |ψ(0)

0 〉 .

(5.5)

In this paper, the initial state of the electron (|ψ(0)
0 〉) is described by a wave packet. The

wave packet can be expanded in the same basis as Eq. ( 5.4 ),

|ψ(0)
0 (t)〉 =

∑
n′′
an′′ e−iEn′′ t |ψn′′〉 . (5.6)

Here, an′′ is the probability amplitude associated with state |ψn′′〉 at t = 0. The envelope

function of the incoming classical field [Eq. (  5.2 )] can be approximated as a pure Gaussian

since k̂in · r/c << twid. Then, Eq. (  5.5 ) after integration over time is

lim
t→∞

Cn,kε(t) = − i
√

2π

V ωk

1
2
E

ωin
twid

√
π

2 ln 2ε∗ · εin

×
∑
n′′
an′′e−

(
En−En′′ +ωk−ωin

)2
t2
wid

8 ln 2

× 〈ψn| ei(kin−k)·r |ψn′′〉 .

(5.7)

Given that the scattered electron is in the state |ψf〉, the double differential scattering prob-

ability is given by the modulus square of the corresponding scattering probability amplitude

Cf,kε.
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∂2Pf (Q)
∂Ω ∂ωk

= 2π

V ωk

1
4
E2

ω2
in
t2wid

π

2 ln 2 |ε∗ · εin|2

×
∑

n′,n′′
a∗

n′an′′ 〈ψn′ | e−iQ·r |ψf〉

× e−
[

(εf −En′ )2+(εf −En′′ )2
]

t2
wid

8 ln 2

× 〈ψf | eiQ·r |ψn′′〉 ,

(5.8)

where εf = Ef + ωk − ωin and Q = kin − k. Here the quantity Ef denotes the energy of the

stationary state |ψf〉

It is useful to examine Eq. (  5.8 ) for the case of a free electron starting in a momentum

eigenstate, the quantity inside the summation on the right hand side of Eq. (  5.8 ) is unity

only when |ψf〉 is the corresponding momentum eigenstate that is allowed by momentum

and energy conservation after the momentum kick from the x-ray photon. In all other cases,

the summation results in zero. Therefore, the free electron double differential scattering

probability is given by

∂2Pf (Q,pi)
∂Ω ∂ωk

= ∂2Pe

∂Ω ∂ωk

δ(pf − pi − Q), (5.9)

where pf and pi are the momentums that correspond to the final and initial electron mo-

mentum eigenstates respectively and ∂2Pe
∂Ω ∂ωk

is defined as

∂2Pe

∂Ω ∂ωk

= 2π

V ωk

1
4
E2

ω2
in
t2wid

π

2 ln 2 |ε∗ · εin|2. (5.10)

To understand how Eq. (  5.8 ) describes the wave packet dynamics, recall that the quantity

an was defined to be the probability amplitude at t = 0 and the incident x-ray pulse attained

its peak intensity at t = 0. For convenience, the peak intensity of the x-ray pulse is now

shifted to a later time t0 (delay time) by carrying out t → t−t0. Then, the double differential

scattering probability for a bound electron as a function of the delay time can be written as
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∂2Pf (Q, t0)
∂Ω ∂ωk

= ∂2Pe

∂Ω ∂ωk

∑
n′,n′′

a∗
n′an′′ ei(En′ −En′′ )t0

× 〈ψn′ | e−iQ·r |ψf〉

× e−
[

(εf −En′ )2+(εf −En′′ )2
]

t2
wid

8 ln 2

× 〈ψf | eiQ·r |ψn′′〉 .

(5.11)

Note that Eq. (  5.11 ) does not depend explicitly on the electric field amplitude or the polar-

ization of the incoming or outgoing field. The dependence on the polarization and electric

field is however implicitly contained in ∂2Pe
∂Ω∂ωk

. Therefore, it is convenient to scale Eq. (  5.11 )

by ∂2Pe
∂Ω∂ωk

to obtain the scaled double differential probability. The results from the final

expression in Eq. (  5.11 ) has been evaluated and bench marked with the results of the non-

perturbative Schrödinger equation from Ref. [  66 ,  97 ]. They show excellent agreement for the

parameter regime discussed in the manuscript thus validating the approximations involved.

While expressions similar to Eq. ( 5.11 ) have been derived previously [  24 ,  95 ,  96 ], we have

included a detailed derivation in this work to provide clarity and to discuss the different

stages in the derivation where approximations are used. Equation ( 5.11 ) differs from the

expression given by Dixit et al. [  24 ] in two aspects. First, instead of the mean energy of the

wave packet, the individual energies of the constituent stationary states (En) appear. This

difference is only introduced towards the end of the derivation in Ref. [ 24 ] and is a valid

approximation if the x-ray pulse width is much shorter than the oscillation period of the

wave packet. Second, instead of a summation over all possible final states for the scattered

electron, the final state is selected to be |ψf〉. In Ref. [  24 ] and other previous works [ 95 ,

 96 ], it is the summation over all the final scattered electron states that makes it difficult

to access the information about the instantaneous charge density of the wave packet. The

lack of summation in Eq. ( 5.11 ) allows one to extract the Fourier transform of the weighted

probability amplitude of the instantaneous wave packet. This is similar to the idea implicit

in Grosser et al. [ 93 ] where the final state of the electron was assumed to be a plane wave.

The approach described in this paper however is not restricted to the case of a continuum
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state for the scattered electron but rather on the principle that determining the final state

of the electron simultaneously with the scattered photon momentum allows access to the

momentum density of the electron wave packet.

5.2.2 Two-state wave packet

While Eq. (  5.11 ) is valid for an arbitrary electronic wave packet, for simplicity we have

used wave packets consisting of two eigen states for the derivation and examples below.

There is no fundamental requirement for two states. The basic features are unchanged as

long as the time scale of the wave packet is longer than that of the incident x-ray pulse.

Let the wave packet consisting of two eigenstates be,

|ψ(t0)〉 = aα |ψα〉 + aβeiφ(t0) |ψβ〉 . (5.12)

The instantaneous phase φ(t0) satisfies φ(t0) = (Eα − Eβ) ∗ t0, where Eα and Eβ are the

eigenenergies corresponding to the eigenstates |ψα〉 and |ψβ〉 respectively. For such a wave

packet one can then simplify Eq. (  5.11 ) by imposing a condition on the energy of the scattered

photons (ωk). The condition is that the energy difference between scattered and incident

xray, ωk −ωin, corresponds to the average transition energy between the stationary states in

the wave packet and the final state of the electron (ψf ). Then using Eq. ( 5.11 ) the scaled

double differential scattering probability can be written as

(
∂2Pf (Q, t0)
∂Ω ∂ωk

)
sc

= e
−∆E2t2

wid
16 ln 2

×
∣∣∣∣∣
∫
ψ∗

f (r) ψ(r, t0)eiQ·rd3r

∣∣∣∣∣
2

,

(5.13)

where ∆E is the energy difference between the two stationary states that constitute the wave

packet [Eq. ( 5.12 )]. The term ψf (r) is the probability amplitude in position space of the final

state of the electron. The quantity ψ(r, t0) refers to the instantaneous probability amplitude

of the wave packet in the absence of the incident x-ray field. It is evident from Eq. ( 5.13 ) that

the scaled double differential scattering probability is proportional to the Fourier transform
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of the instantaneous wave function of the electron weighted by the electron’s final state wave

function. Given the constraint on the scattered photon frequency, note that Eq. (  5.13 ) is

identical to Eq. (  5.11 ) for a wave packet made of two eigenstates. It is worth pointing out

that in some communities [  100 – 103 ] what we call as the weighted probability amplitude

of the instantaneous wave packet in Eq. (  5.13 ), that is ψ∗
f (r)ψ(r, t0), is referred to as the

transition charge density [  100 ].

The result in Eq. (  5.13 ) is suitable for the ideal case where the detector resolution is

assumed to be much smaller than the bandwidth of the x-ray pulse. Experimentally in cases

with limited detector resolution, one might be interested to integrate Eq. (  5.13 ) over a range

of scattered photon energies over which the detector is sensitive, to obtain the differential

scattering probability. A discussion of the energy-integrated double differential scattering

probability and its implications are presented in Sec.  5.3.3 .

5.2.3 Convergence

To evaluate the double differential scattering probability, the relevant matrix elements in

Eq. (  5.11 ) were calculated numerically on a grid in spherical coordinates. The convergence is

determined by calculating the change in the scaled double differential scattering probability.

The only convergence parameters that give rise to a measurable difference in the final results

for the scaled differential probability are the radial grid spacing and the radial grid size.

For the results in Fig.  5.1 , a grid spacing of 0.1 and 0.05 a.u. leads to a difference of

0.81% in the scaled double differential scattering probability. A grid size of 86 a.u. and 121

a.u. leads to difference of 10−6 %. For the results in Fig.  5.2 , a grid spacing of 0.025 and

0.05 a.u. gives a difference of 0.28 % when the final state is 2s and 0.03 % when the final

state is 2p (summed over all m) respectively. The grid size parameters for Fig.  5.2 exhibit

the same convergence behaviour as that of Fig.  5.1 for both 2s and 2p final states.

5.3 Applications

For the example calculations below, the wave packet is probed using an x-ray pulse with

a mean photon energy of 147 a.u. (4 keV) and a pulse duration (twid) of 41.34 a.u. (1 fs).
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The incoming field is chosen to be propagating in the ŷ direction with its polarization in

the ẑ direction. It should be noted that Eq. (  5.11 ) does not make assumptions whether the

system under study consists of atoms or molecules. However for a simple illustration of the

method, we choose a wave packet that consist of two eigenstates of hydrogen.
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Figure 5.1. The plots show the scaled double differential scattering prob-
ability vs momentum transferred to the electron in hydrogen calculated at
different propagation times for the wave packet. The initial wave packet con-
sists of equal probabilities of 3d and 4f, m=0 states. The different phase angles
specified at the top of each tile correspond to different delay times [Eq. (  5.12 )]
for the probe pulse. The final state of the scattered electron has been chosen
to be 2s. The scaled double differential scattering probability is proportional
to the modulus square of the Fourier transform of the instantaneous transition
charge density [Eq. (  5.13 )]. Here, ωin = 147 a.u.(4 keV), twid = 41.34 a.u. (1
fs).

5.3.1 Fixing the final state up to a given l

To illustrate this method, first we consider the case (Fig.  5.1 ) when the initial wave packet

consist of equal weights of 3d and 4f m = 0 states of hydrogen. There exist several experi-
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mental techniques for preparing electronic wave packets (see Ref. [ 104 ,  105 ] and references

therein). In this paper, we begin our discussions by assuming that there exists a prepared

electronic wave packet. This case corresponds to an instantaneous wave packet [Eq. (  5.12 )]

where |ψα〉 = |3, 2, 0〉, |ψβ〉 = |4, 3, 0〉 and aα = aβ = 1√
2 . Here |n, l,m〉 refers to a state

described by the usual atomic quantum numbers n, l, and m respectively.

In Fig.  5.1 , the scaled double differential scattering probability is studied as the compo-

nents of Q (Qx andQz only) are varied independently. It should be noted that the component

Qy is determined for a given Qx and Qz because of conservation of energy and momentum.

The final state of the electron is chosen to be 2s. This is an ideal case when a final state with

quantum numbers described by n and l can be precisely selected. This ideal case serves to

provide a simple conceptual demonstration of the imaging technique. A similar example of

an electronic wave packet in hydrogen has been discussed previously in Ref. [  24 ,  96 ] however

in those previous works, the scattering pattern is the result of a summation over all possible

final states and not for the case of a given final state. In this work, a numerical approach is

used and convergent results have been obtained (see Sec.  5.2.3 ) for scattering probabilities.

Note that it has been shown by Ref. [  96 ] that for the case of hydrogenic wave packets it is

possible to obtain analytic solutions if one employs parabolic coordinates.

A qualitative understanding of the scattering profile (Fig.  5.1 ) can be obtained by looking

at the different terms that contribute to the double differential scattering probability.

(
∂2Pf (Q, t0)
∂Ω ∂ωk

)
sc

= e
−∆E2t2

wid
16 ln 2

 ∣∣∣∣∣aα 〈ψf | eiQ·r |ψα〉
∣∣∣∣∣
2

+
∣∣∣∣∣aβ 〈ψf | eiQ·r |ψβ〉

∣∣∣∣∣
2

+ 2Re
(
a∗

α 〈ψf | eiQ·r |ψα〉∗

× eiφ(t0)aβ 〈ψf | eiQ·r |ψβ〉
) .

(5.14)

The phase dependence in Fig.  5.1 originates from the interference terms in Eq.(  5.14 ). It is

evident from the interference term in Eq. (  5.14 ) that when aα and aβ are real, φ = 0 and

φ = π cases depend on the real part of 〈ψf | eiQ·r |ψα〉∗ 〈ψf | eiQ·r |ψβ〉 and the cases φ = π/2
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and φ = 3π/2 depend on the imaginary part of this product. For the case in Fig.  5.1 , from

parity arguments 〈ψf | eiQ·r |ψα〉 is real while 〈ψf | eiQ·r |ψβ〉 is imaginary. This leads to the

product of the matrix elements being purely imaginary when φ = 0 and φ = π thus making

the φ = 0 and φ = π plots in Fig.  5.1 look identical. The overall shape of the plot (Fig.  5.1 )

however is largely determined by the non-interfering terms in Eq.(  5.14 ). One can expand the

matrix elements that appear in these non-interfering terms, in a series of spherical harmonics

Y m′
l′ (Q̂). For example for the parameters in Fig.  5.1 , only the coefficients of Y 0

2 (Q̂) and

Y 0
3 (Q̂) are non-zero because of the rules associated with the addition of angular momentum.

The coefficients of Y 0
2 (Q̂) and Y 0

3 (Q̂) involve an integral that depends on the radial part of

the wave functions present and the spherical Bessel function j2(Qr) and j3(Qr) respectively

which gives rise to the regions of minimum scattering probability seen in Fig.  5.1 . These

together give an idea of the shape of the plot in Fig.  5.1 .

5.3.2 Selecting the final state based on energy

Experimentally it might be reasonable to expect that the final states of the electron can

only be broadly distinguished by their energies. Then, this would result in an incoherent

sum of the scaled double differential scattering probability [Eq. ( 5.13 )] over all the nearly-

degenerate final states of the electron (sum over all possible l and m for a given n). The

results shown in Fig.  5.2 involve a summation over the degenerate final states 2s, 2p−1,

2p0, and 2p1. Note that this is an incoherent sum over |ψf〉 as it involves the sum of the

probabilities and not probability amplitudes. This is similar to the sum that appears in

Ref. [  96 ], except here the summation is only over the nearly-degenerate final states. It is

evident from Fig.  5.2 , that such a summation still preserves the dynamical phase information

of the instantaneous wave packet.

Since coincidental measurement of the final state of the electron and the momentum of

the scattered photon have challenges, we discuss an alternative approach. If the scattered

photons that correspond to the resonant transition to a specific final state of the electron

can be precisely selected, then it would no longer be required to select the final state of the

electron. The idea of using energy-resolved measurements was discussed by Bennet et al. [  102 ]
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Figure 5.2. The results for the scaled double differential scattering probabil-
ity vs momentum transferred to the electron calculated at different propagation
times for the wave packet. The parameters are the same as that of Fig.  5.1 ,
except here the results are summed over the electron final states 2s and 2p for
all possible values of m. Even when the final state of the scattered electron
can only be distinguished broadly based on the energy, dynamical phase infor-
mation of the wave packet is still preserved.

to broadly distinguish between elastic and inelastic transitions. In this case, we discuss

energy-resolved measurements as a way to precisely narrow down the scattered electron to a

specific final state(s). As an extreme example, the average of the transition energy between

3d →1s and 4f →1s is ∼ 0.457 a.u. (12.44 eV) and the bandwidth of the incoming x-ray

pulse (1 fs) is ∼ 0.055 a.u. (1.5 eV). If only those scattered photons with energy between

147.457 ± 0.028 a.u. are selected, then this effectively fixes the final state of the electron to

be the 1s state. The reason being that the transitions to other final states are unlikely given

the limited bandwidth for the given scattered photon energy. This expectation is supported

by calculations which show that the scaled double differential scattering probability for
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transitions to other final electron states are several orders of magnitude smaller than for

the case of 1s. A detailed discussion of the energy-integrated double differential scattering

probability is presented in the next section (Sec.  5.3.3 ). This approach is especially useful

for selecting those final states which have a large energy separation from the wave packet

constituent states and other neighbouring eigenstates. This technique can be exploited for

several final states by choosing x-ray pulses with appropriate bandwidths. As an example,

increasing the bandwidth of the x-ray pulse to 1.5 fs allows one to narrow the final state of

the electron to be 2s or one of the 2p states without the need to detect it.

5.3.3 Integrating the double differential scattering probability over the resolu-
tion of detector

In this section, we discuss the effect of integrating the double differential scattering

probability over the energy range of the detector. Typically, if the integration is performed

over all possible energies, then it is referred to as the differential scattering probability.

Consider Eq. (  5.11 ), for a desired electronic final state |ψf〉, the detector is tuned to

detect scattered photons centred around the frequency,

ωkd = ωin − Ef + Ewpkt. (5.15)

Here Ewpkt refers to the mean energy of the wave packet. The detector resolution is chosen

to be δ.

∂Pf (Q, t0, ωkd)
∂Ω = V

(2π)3

∫ ωkd+δ

ωkd−δ
dωk ω

2
k

∂2Pf (Q, t0)
∂Ω ∂ωk

. (5.16)

It should be noted that in the above expression we have assumed for simplicity that the

detector window behaves like a step-function by only detecting the photons in the energy

range ωk ∈ [ωkd − δ, ωkd + δ].

First, the implications of the energy-integrated double differential scattering probability

are discussed analytically with approximations. Then the integration is discussed numerically

with an example. To proceed with the integration, the Waller-Hartree approximation [  106 ] is
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applied to Eq. ( 5.16 ) which refers to the assumption, ωk ≈ ωin and Q is largely independent

of ωk, Eq. ( 5.16 ). This approximation is valid as long as the energy transferred by the x-ray

probe photon to the scattered electron is small compared to ωin [ 96 ]. This leads to,

∂Pf (Q, t0, ωkd)
∂Ω =V ω2

in
(2π)3

∂2Pe

∂Ω ∂ωk

×
∑

n′,n′′
a∗

n′an′′ ei(En′ −En′′ )t0

× 〈ψn′ | e−iQ·r |ψf〉 〈ψf | eiQ·r |ψn′′〉

×
∫ ωkd+δ

ωkd−δ
dωke−

[
(εf −En′ )2+(εf −En′′ )2

]
t2
wid

8 ln 2

(5.17)

Examining Eq. (  5.17 ) for the case of a two-state wave packet, there are two integrals from

the non-interference terms and an integral that arises from the interference term.

(
∂Pf (Q, t0, ωkd)

∂Ω

)
sc

=
I1

∣∣∣∣∣aα 〈ψf | eiQ·r |ψα〉
∣∣∣∣∣
2

+ I2

∣∣∣∣∣aβ 〈ψf | eiQ·r |ψβ〉
∣∣∣∣∣
2

+ 2I3 Re
(
a∗

α 〈ψf | eiQ·r |ψα〉∗

× eiφ(t0)aβ 〈ψf | eiQ·r |ψβ〉
) .

(5.18)

where I1 and I2 are the integrals that arise for the non-interference terms and I3 is the

integral for the interference term. In the left hand side of the above equation [Eq. (  5.18 )],

the energy-integrated double differential scattering probability has been scaled by the free

electron expression similar to the earlier convention for double differential scattering proba-

bility [Eq. (  5.14 )].
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I1 =
∫ ωkd+δ

ωkd−δ
dωke−

[
(Ef +ωk−ωin−Eα)2

]
2τ

= 1
2

√
π

2τ

erf
(√

2τ
[

1
2(Eα − Eβ) + δ

])

− erf
(√

2τ
[

1
2(Eα − Eβ) − δ

]).
(5.19)

I2 =
∫ ωkd+δ

ωkd−δ
dωke−

[
(Ef +ωk−ωin−Eβ)2

]
2τ

= 1
2

√
π

2τ

erf
(√

2τ
[

1
2(Eβ − Eα) + δ

])

− erf
(√

2τ
[

1
2(Eβ − Eα) − δ

]).
(5.20)

I3 =
∫ ωkd+δ

ωkd−δ
dωk exp

− τ

[
(Ef + ωk − ωin − Eα)2

+ (Ef + ωk − ωin − Eβ)2
]

= 1
2

√
π

2τ e−τ
2 (Eβ−Eα)2

erf
(√

2τδ
)

− erf
(

−
√

2τδ
).

(5.21)

In the above equations, we have used ωkd = ωin −
(
Ef − 1

2(Eα +Eβ)
)
. The quantity τ = t2

wid
8 ln 2 .

A comparison of the integrals (see Fig.  5.3 ) from Eqs. ( 5.19 ), (  5.20 ), and ( 5.21 ) shows

that I1 = I2. The integrals I1 and I3 agree for small detector resolutions (δ) and are nearly

equal (to within a few percent) for detector resolutions (δ) that are as high as ten times

the bandwidth of the pulse. This implies that the energy -integrated double differential

scattering probability [Eq. ( 5.18 )] is still nearly proportional to the double differential scat-
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Figure 5.3. The plots show the integrals in Eqs. ( 5.19 ) - (  5.21 ) as a function
of detector resolution δ which is expressed in multiples of x-ray probe pulse
energy bandwidth. It is evident that the integrals that come from integrat-
ing the non-interference terms I1 amd I2 are equal. Also, the integral I3 that
arises from integrating the interference term of the double differential scat-
tering probability is nearly equal to I1 even for large detector resolutions (δ).
Therefore, the energy-integrated double differential scattering probability is
still nearly proportional to the double differential scattering probability. The
parameters used are the same as that of Fig.  5.1 except here the final state is
chosen to 1s.

tering probability [Eq. (  5.14 )]. It should be noted that the effect of integrating the double

differential scattering probability can be precisely broken down. That is the non-interference

terms reveal the effects of I1 and I2 and the interference terms reveal the effects of I3. Re-

member that the interference term depends on the probe-delay time [Eq. (  5.14 )] while the

non-interference terms do not. Therefore, the effect of these integrals can be extracted ex-

perimentally in principle by examining the interference and the non-interference terms of the

energy-integrated double differential scattering probability.

Independent of the analytic discussion, we now calculate the energy-integrated double

differential scattering probability [Eq. (  5.16 )] numerically for the case discussed in Sec.  5.3.2 

that is when |ψf〉 = 1s. For this case, ωkd = 147.457 a.u. Let δ = 0.22 a.u. (6 eV).

This corresponds to a detector resolution that is eight times the bandwidth of the pulse.
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To calculate the energy-integrated double differential scattering probability numerically, it is

assumed that ωk ≈ ωin in the ω2
k term on the right-hand side of Eq. (  5.16 ). However unlike in

the analytic discussion, for the integration, Q in ∂2Pf (Q,t0)
∂Ω ∂ωk

is not assumed to be independent

of ωk. Despite this, we find that

∂Pf (Q, t0, ωkd, δ)
∂Ω ∝ ∂2Pf (Q, t0)

∂Ω ∂ωk

. (5.22)

Here the double differential scattering probability was evaluated at ωk = ωkd. while vary-

ing Q and t0. The deviation from the above proportionality (∼ 2%) is lower than what is

expected from Fig.  5.3 . The reason is the double differential scattering probability is sup-

pressed by orders of magnitude when ωk is far from ωkd, so these values don’t contribute to

the energy-integrated expression as much. Given the proportionality, the double differential

scattering probability can be used directly instead of the energy-integrated double differential

scattering probability to understand the dynamics of the wave packet.

It should be noted that in the above example, the chosen resolution of the detector (eight

times the bandwidth of the pulse) is much less stringent than the typical resolutions used for

the same problem previously [  24 ,  96 ]. For instance in Ref.[  96 ] a detector energy resolution

of 0.25 eV which is 1/3 of the pulse energy bandwidth is used. The reason we don’t require

such high resolutions is because in the examples we discussed, the scattering has more

inelastic character than the transitions examined in Ref. [  24 ,  96 ]. This is an important

point, because it is this inelastic behaviour which allows us to select the final state(s). Hence

making it possible to interpret the dynamics from the scattering signal which was found to

be difficult in Ref. [ 24 ]. However, there is a trade-off in that inelastic transitions have a

lower overall probability than elastic ones, thus leading to a lower signal strength than in

the previous cases. For comparison, the peak of the signal in the case of transition to 1s

(ωk = 147.457 ± 0.22 a.u.) is more than two orders of magnitude smaller than the peak

of the elastic signal (ωk = 147 ± 0.0092 a.u.). However, if we consider the same detector

resolution as that of Ref. [  24 ,  96 ], there is a more interesting case. The inelastic transition

where the final state is either 2s or 2p (ωk = 147.082±0.0092 a.u.) gives a peak signal which

is only an order of magnitude smaller than the elastic signal (ωk = 147 ± 0.0092 a.u.). Here,
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the inelastic transition to 2s or 2p constitutes roughly 90% of the signal. Therefore, in this

case the scattering pattern can be interpreted to reveal the instantaneous transition charge

density which would have been difficult in the elastic case examined in Refs. [  24 ,  96 ] and

this is achieved by a mere detuning of the detector.

If one needs to access the instantaneous transition charge density from the x-ray scattering

profile using Eq. (  5.13 ), either one has to have a detector resolution in the range discussed

above or one can resort to coincidental measurement wherein the final state of the scattered

electron is fixed and the scattered photon momentum is measured simultaneously. However,

the use of coincidental measurements offers much more flexibility with detector resolution.

For instance when the final state of the electron is 1s, most of the transition probability is

captured by the scattered photons that are within a couple of bandwidths from ωkd. If the

scattered photons that are far away in energy from ωkd are detected, in an ideal coincidental

measurement only photons that are coming from the electronic transition to final state 1s

are counted. Effectively, in the case of coincidental measurements, one has a chance to

trade-off accuracy in the detector resolution of the scattered photon energy, with accuracy

in the coincidental measurement of the final state of the electron. As a limiting case, one

can think of the converse scenario where a highly accurate measurement of the final state

of the electron can be substituted for any measurement of the scattered photon energy but

note that the direction and the scattered photon count are still required.

So far the discussions have focused around a two-state wave packet but the main results

presented in this work are valid for an arbitrary wave packet. In this spirit, we perform

calculations for the case of a wave packet consisting of a superposition of three eigenstates.

The wave packet was chosen to consist of equal probabilities of 3d, 4f and 5p. When the

final state of the electron is fixed to be 1s, unsurprisingly it was found that Eq. (  5.22 ) still

holds true for similar detector resolutions.

5.3.4 Case of a partially known wave packet

As a final example, the case of a wave packet [Eq. (  5.12 )] which is largely made up of a

known eigenstate |ψβ〉 with aβ ' 1 and a small amount aα of an unknown eigenstate |ψα〉
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is explored. We offer a method using the approach described in Sec.  5.2 to determine the

unknown eigenstate.

In the previous examples, the time-dependence of the scattering profile was presented

and could be seen to originate from the time-dependent interference terms. In this case, we

present the time-independent amplitude of the interference terms which reveals properties

of the unknown eigenstate. This quantity can be calculated by examining the terms in

Eq. (  5.14 ). The first term can be neglected given that aα is small. The second term in

Eq. (  5.14 ) is a known quantity. The interference (third) term before evaluating the real part

can be written as χei(φ(t0)−δ) for some real χ and intrinsic phase δ which depend on the matrix

elements. For a given Q, the amplitude of the interference term (χ) can be calculated from

Eq. (  5.14 ) by varying φ(t) to obtain the maximum value. Algebraically one can show

χ(Q) = 2e
−∆E2t2

wid
16 ln 2

∣∣∣∣∣∣aα 〈ψf | eiQ·r |ψα〉

× aβ 〈ψf | eiQ·r |ψβ〉

∣∣∣∣∣∣.
(5.23)

The amplitude of the interference term along with the intrinsic phase (δ) serve as a fingerprint

of the eigenstates in the initial wave packet (Figs.  5.4 and  5.5 ). The amplitude plots alone

shown in Fig.  5.4 and Fig.  5.5 (a) reveal substantial qualitative differences which can be used

to uniquely identify the unknown state up to a given |m| value. To distinguish between the

different signs of the magnetic quantum number m for the unknown state, one can examine

the plots in Fig.  5.5 describing the dependence of the intrinsic phase (δ) on Q.

In principle, experimentally one can estimate the unknown eigenstate using the following

steps. First, the energy of the unknown eigenstate can be determined from the time period

of oscillation of the wave packet. This can be measured from the x-ray scattering profile by

varying the delay time t0 with no measurement of the final state of the electron required.

Recall that the time period of oscillation of the wave packet is 2π/|Eα − Eβ|. Given the

energy of the unknown eigenstate in the wave packet, one can extract the amplitude (χ) of

the interference term by making successive measurements of the scaled double differential

scattering probability at different delay times t0 for the wave packet ψ(r, t0). For a given
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Q, the delay time that results in the largest magnitude of the interference term can be used

to obtain the intrinsic phase. The amplitude (χ) of the interference term and the intrinsic

phase (δ) profile (see Figs.  5.4 and  5.5 ) can then be used to identify the unknown state from

a set of eigenstates of the system.

For the examples discussed in Figs.  5.4 and  5.5 the choice for the final state of the electron

to be 1s may appear to be challenging because of it being the ground state. However, if one

follows the approach discussed in Sec.  5.3.2 one needs to measure only the scattered pho-

ton momentum precisely to obtain the scattering profiles without any need for coincidental

measurements of the final state of the electron .

5.4 Conclusion and summary

Previous research on x-ray scattering from a wave packet revealed that the scattering

patterns have a non-trivial dependence on the instantaneous probability density of the wave

packet [  24 ]. In this work, we discussed how coincidentally selecting the final state of the

scattered electron and the momentum of the scattered photon allows one to extract infor-

mation about the instantaneous probability density of the wave packet from the scattering

signal. The double differential scattering probability from the wave packet was found to be

proportional to the modulus square of the Fourier transform of the instantaneous transition

charge density. An alternative method which only requires a measurement of the scattered

photon momentum without the need to simultaneously measure the final state of the elec-

tron was also presented. It was shown to be applicable in cases where the scattered photon

energy can be measured precisely enough such that only the transition from the wave packet

states to the desired final state(s) occurs. The effect of the energy resolution of the photon

detector on the scattering probability was presented. Several examples were discussed with

an emphasis on cases that might be more experimentally favourable. Finally, the case of

x-ray scattering from a wave packet which is largely (e.g. 95% probability) made of a known

eigenstate and has a small amount (5%) of an unknown eigenstate is discussed. The ampli-

tude of the interference term in the double differential scattering probability and its intrinsic

phase can be used to identify the unknown eigenstate.
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It is worth pointing out that for all of the examples explored in this work, strong incident

fields while not necessary (Intensity ∼ 1020 W/cm2) can be used to obtain a larger absolute

differential scattering probability if desired. From a theoretical perspective, Eq. ( 5.11 ) is

valid even for x-ray intensities ∼ 1020 W/cm2. A more detailed discussion on the validity

of the perturbative approach in the strong field regime can be found in Ref. [  97 ]. From an

experimental perspective, it should be noted that the currently available XFELs [  18 ,  85 – 87 ,

 107 – 110 ] are capable of generating x-rays in the discussed parameter regime.
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Figure 5.4. The results for the amplitude of the interference term [Eq. (  5.23 )]
vs momentum transferred to the electron. Here the final state of the electron
is chosen to be 1s. The initial wave packet consists of 95% of |ψβ〉 = |3d0〉 and
5% probability of an unknown eigenstate |ψα〉. Different cases for the unknown
state |ψα〉 are explored with (a) 4s (b) 4p0, (c)4d0, and (d) 4f0. It is evident
that the choice of the initial wave packet leaves a finger print on the x-ray scat-
tering profile. This can be used to uniquely identify the unknown eigenstate
in the initial wave packet. The other parameters are the same as Fig.  5.1 . A
qualitative way to understand the decreasing spread in momentum space from
plots (a)-(d) is from the uncertainty principle. The amplitude plotted involves
matrix elements using the state |ψα〉 whose uncertainty in position increases
from plots (a)-(d) as the orbital angular momentum l increases for a given
principal quantum number n.
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Figure 5.5. The effect of the magnetic quantum number m of the eigenstates
in the wave packet on the amplitude and the intrinsic phase of the interference
term. Plot (a) contains the amplitude of the interference term [Eq. (  5.23 )] vs
momentum transferred to the electron. The initial wave packet consist of 3d
and 4p1 states with all the other parameters being the same as Fig.  5.4 . Note
that the amplitude of the interference term is only sensitive to the absolute
value of the magnetic quantum number |m| of the eigenstates in the initial wave
packet (compare with Fig.  5.4 (b) ). Plots (b) - (d) reveal the dependence of
the intrinsic phase δ (in degrees) of the interference term on the momentum
transferred to the electron. The unknown eigenstate |ψα〉 is chosen to be (b)
4p−1, (c) 4p0, and (d) 4p1.
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6. EFFECT OF ORIENTATION OF RYDBERG ATOMS ON

THEIR COLLISIONAL IONIZATION CROSS SECTION

The contents of this chapter were published as Venkatesh, A., &; Robicheaux, F. (2020).
Effect of the orientation of Rydberg atoms on their collisional ionization cross section. Phys-
ical Review A, 102, 032819.

6.1 Introduction

The study of Rydberg atoms has seen considerable progress in the past few decades [  25 ].

The highly excited state of the electrons in these Rydberg atoms gives rise to many interesting

properties such as controllable long range interactions [ 111 ], a strong response to electric and

magnetic fields [ 112 ,  113 ] and classical behavior of valence electrons, all of which have seen

considerable analysis [ 26 ]. Their manipulable interactions have enabled the study of quantum

entanglement effects across multiple atoms and by extension brought about the pursuit for

robust qubits built from neutral atoms [ 27 ].

The highly excited nature of the valence electron in Rydberg atoms, makes them sus-

ceptible to ionization due to either collisions involving Rydberg atoms or interaction with

blackbody radiation [ 28 ]. In this paper, we focus exclusively on collisions between Rydberg

atoms that can lead to one of the atoms becoming ionized through Penning ionization. In

Penning ionization, two highly excited atoms with principal quantum number n, collide to

give a positive ion, a free electron and the other atom with its valence electron having a

principal quantum number n′. If there is no energy transferred to the electrons from the

translational kinetic energy of the atoms, it can be shown that n′ < n/
√

2 for the process to

conserve energy.

Rydberg atoms experience considerable separation when they are prepared because of

Rydberg blockade effects [ 114 ,  115 ]. However, collisions between Rydberg atoms can still

occur because of their strong interaction. These atoms interact due to van der Waals forces,

dipole-dipole forces or other higher multi-pole moments depending on the distance of sep-

aration and the nature of the electronic states. Even if these atoms were initially at rest,

these interactions could lead to their eventual collisional ionization [  29 ]. More recently,

105



the effect of van der Waals and dipole-dipole forces on the collisional cross section between

Rydberg atoms was examined [  30 ] theoretically and was shown to agree reasonably well with

experiment.

The thermal energies of Rydberg atoms can also lead to collisional ionization. The recent

work by Fields et al. [  31 ] not only provided an idea of the scale and the physics of destruction

of Rydberg atoms from collisional ionization but also verified experimentally once again the

results of a classical trajectory Monte Carlo approach for collision between two Rydberg

atoms. They concluded that these collisional cross sections were significant and comparable

to that of collisions between hard spheres of size comparable to the Rydberg orbit. These

collisions can also be a source of transition from Rydberg atoms to ultra-cold plasma [ 116 ,

 117 ]. Effectively, these collisions can lead to a significant loss of the prepared Rydberg atoms

and can be a cause for concern in experiments.

Inspired by the recent results by Fields et al. [ 31 ], here we try to answer the next relevant

question i.e. the effect of orientation of Rydberg atoms on their collisional ionization cross

section. Two quantities that should adequately characterize the orientation of the colliding

Rydberg atoms are the direction of angular momentum and the direction of the Laplace-

Runge-Lenz vector. The research until this point, has been carried out either by assuming

some arbitrary choice for the direction and magnitude of angular momentum and the direc-

tion of the Laplace-Runge-Lenz vector (see Figs.  6.1 and  6.2 ) or by averaging the results over

them. In this paper we vary these parameters in a systematic way for a couple of orientations

to begin understand their impact on the ionization cross section. There is a wide variety of

combination of parameters that could be explored; only a few cases are investigated to limit

the size of this study. One restriction on the calculation was determined by the experimental

arrangement in Ref. [  31 ]: We have the two atoms excited to the same state and interacting

through the difference in their thermal, center of mass velocities.

The ionization cross section in general is expected to have some dependence on the

magnitude of the angular momentum as it determines the eccentricity of the orbit of the

electron. Our investigations of the effect of orientation reveal that for a given magnitude of

angular momentum, there can exist a difference of a factor of ∼ 2.5 in the ionization cross

section between the orientations with the highest and the lowest cross sections. This can
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Figure 6.1. Schematic diagram of the two Rydberg atoms for the initial ori-
entation of type-Frisbees. The Red circle on the edge of each ellipse represents
an electron and the black circle at the focus of each ellipse represents an ion.
The angular momentum vector L, the Laplace-Runge-Lenz vector A and VCM

are properties of each atom when the separation vector R goes to infinity. To
emulate recent experiments [ 31 ], all calculations are performed with L1 = L2,
A1 = A2 and VCM = 10−4 a.u. Note that the orbits of the electrons are in
a plane parallel to the x-y plane and Lsep is measured along the x-axis.

be relevant because the currently proposed methods [  31 ] to decrease the collisional loss of

Rydberg atoms is either to lower the temperature to increase the timescale for collisional

destruction or to create the Rydberg atoms in a spaced-out manner, both of which could be

difficult to implement. The results in this paper can provide an additional perspective into

the physics of collisional ionization with possible insights to minimize it. However, note that

our results are not well-suited for application in ultra-cold Rydberg gas experiments such as

Ref. [  118 ] as they operate in a parameter regime which is outside the scope of this paper.

Following this, we briefly consider the case of exchange ionization and study its depen-

dence on the magnitude of angular momentum. By exchange ionization we refer to a scenario

where one of the approaching Rydberg atoms loses its electron but captures the electron from

the other atom leaving the other atom effectively ionized.

One may also be interested in studying the cross sections for a double ionization process

in which both the colliding atoms end up being ionized, but the calculations reveal that in

order for double ionization to be of significance the velocities have to be much higher and of

the same order as the orbital velocity of the electrons [ 119 ].
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Figure 6.2. Schematic diagram of the two Rydberg atoms for the initial
orientation of type-Cymbals. The notation is the same as in Fig.  6.1 . Note
that the orbits of the electrons are in a plane parallel to the y-z plane.

On the experimental side, Rydberg atoms are usually synthesised with the valence elec-

tron being in a state with low orbital angular momentum l. Over the past three decades,

there have been several theoretical proposals to obtain high l circular states and high m

states which have been followed up by successful experiments [ 120 – 127 ]. Given the experi-

mental progress, we believe that the manipulations proposed in this paper are within reach

of current experimental techniques.

This paper is organized as follows. In Sec.  6.2 , we describe the approach to analyse

collisional ionization. A discussion of the numerical method used and convergence is included.

In Sec.  6.3 , we apply the method described in Sec.  6.2 to different orientation of the two

Rydberg atoms and study its effect on the ionization cross section. We summarize in Sec.  6.4 .

Unless otherwise stated, atomic units will be used throughout this paper.

6.2 Methods and modeling

A classical approach is used to model the pair of Rydberg atoms and their scattering.

This can be justified in three ways. First, this is reasonable from the classical correspondence

principle given the large principal quantum number n of the Rydberg atoms. Second, we
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are interested in the ionization cross section with little focus on the nature of the final state

of the other electron. Therefore a classical treatment of ionization is desirable as it yields a

good approximation of the ionization cross section with an averaging over all possible final

states (n,l, and m) of the electrons involved. Third, the final state of each electron will be

in energy states which are well above the ones where quantum effects are important. Under

these conditions, there is strong experimental support for such a classical approach [  31 – 34 ].

Each Rydberg atom is modeled as having a nucleus with a unit charge and an electron in

a classical Keplerian orbit [  128 ] around the center of mass of the atom with the interaction

being purely Coulombic. The initial state of the electron in each atom up to an orbital

phase angle, is characterised by its energy, angular momentum and Laplace-Runge-Lenz

vector. The energy chosen, corresponds to a Bohr orbit of principal quantum number n.

The particular choice of n is not important as the classical results for the collisional cross

section scale with n4, provided the velocity of the atoms is scaled by 1/n. For our calculations,

we choose rubidium-85 with n = 60. The orbital angular momentum l is chosen to have

a value in the range of (0,n]. The case of l = n corresponds to the special case of Bohr

orbits which are ideally circular. Decreasing l below n increases the eccentricity of the orbit.

Therefore, the chosen range of angular momentum covers the entire range of eccentricities

for the electron’s orbit. The direction of the Laplace-Runge-Lenz vector is varied during

the course of the calculations to study its effect on the ionization cross section. The initial

position and velocity of the electron are determined up to an orbital phase angle which is

randomized.

The force exerted by particle j on particle i is given by,

Fij = qiqj

|ri − rj|3
(ri − rj) (6.1)

Here, the indices i, j ∈ {1,2,3,4} and i 6= j. The quantity qi refers to the charge of particle i

and the quantity ri refers to the position vector of particle i. The equations of motion can

then be obtained by solving the two equations.

dvi

dt =
∑

j Fij

mi
(6.2)
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dri

dt = vi (6.3)

where, the terms vi, ri and mi denote the velocity, position and mass of the ith particle,

respectively.

The two atoms start with a separation of Lsep, measured along the x-axis (see Fig.  6.1 ).

The value for Lsep is motivated by the minimum Lsep required for convergence (refer Sec.

 6.2.2 ) of the cross section. There still remains 2 degrees of freedom for the position of center

of mass (CM) of each atom. The y and z coordinates of the center of mass of atom 1 are

randomly (uniform) placed inside a disk of radius 0.5 bmax centered on the x-axis and is

parallel to the y-z plane (refer Sec.  6.2.2 for bmax). The CM of atom 2 is positioned such

that the total center of mass of the two atoms lies at the origin.

At the initial time, the CM of the first atom is imparted a net velocity in the positive

x-direction and the CM of the second atom in the negative x-direction. As the two Rydberg

atoms drift towards each other, one of them may ionize depending on the initial conditions. In

our calculations, we consider the electron to be ionized if the distance to any of the electrons

from the origin of the coordinate system is greater than the initial length of separation

between the two Rydberg atoms, Lsep.

We define two quantities which serve as a convenient time scale and length scale in the

problem. TRyd = 2πn3 is the time period of a Bohr orbit for the chosen principal quantum

number n and RRyd = n2 is the radius of the same Bohr orbit. The aim is to study the

ionization cross section as a function of the direction and magnitude of the orbital angular

momentum and the direction of the Laplace-Runge-Lenz vector of the electron. In order

to determine the cross section, we resort to a Monte Carlo approach. We estimate the

cross section by first calculating the probability of ionization from a set of 10,000 Monte

Carlo runs by randomly varying the initial orbital phase angle of both the electrons and

the impact parameter. The randomized initial conditions form the population of a micro-

canonical statistical distribution of the phase space [  129 ] with an additional requirement that

the orbital angular momentum of the electrons remain fixed. The initial values for the VCM
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of the atoms, the energy of each electron, and the direction and magnitude of the angular

momentum of each electron all remain the same during each set.

The orbital phase angle of the electron in the first atom is randomized by allowing the

electron to dynamically evolve with time in the absence of the second atom for a random

duration between 0 and TRyd. To randomize the orbital phase angle of the second electron,

a small distance which randomly varies between 0 and VCMTRyd is added to the length of

the separation, Lsep.

The cross section is typically calculated using the expression
∫

2πbP (b)db where, the

probability of ionization as a function of the impact parameter P (b) is integrated over all

possible impact parameters [  31 ]. Here using Monte Carlo sampling described below Eq. (  6.3 ),

the total probability of ionization Pion, can be calculated by determining the fraction of total

runs that result in ionization and using the expression for the cross section σ:

σ = πb2
maxPion (6.4)

where, bmax is the maximum value of the impact parameter that results in ionization. Note

that it is convenient to scale the ionization cross section by π(2RRyd)2, given that RRyd is

the radius of the Rydberg atom. We define the scaled cross section σscal as,

σscal = σ

π(2RRyd)2 (6.5)

We restrict our discussion to symmetric collisions in which the two colliding Rydberg

atoms have the same n value and both electrons have the same orbital angular momentum L

and the Laplace-Runge-Lenz vector A [ 31 ]. One may refer to Refs. [  130 ,  131 ] for discussions

pertaining to asymmetric collisions. Here, the Laplace-Runge-Lenz vector A is defined as,

A = p × L − r̂ (6.6)

where p and L indicates the linear momentum and the angular momentum of the electron

with respect to the nucleus, respectively. The quantity r̂ indicates the unit position vector

of the electron measured with the nucleus as the origin. The magnitude of the Laplace-
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Runge-Lenz vector is proportional to the eccentricity of the orbit. It should be noted that

the magnitude of the Laplace-Runge-Lenz vector of the electron is proportional to the energy

in the linear Stark shift and can be accessed by exciting Stark states.

The minor changes required in the procedure to calculate the cross section associated

with exchange ionization are discussed in Sec.  6.3.3 .

6.2.1 Numerical method

The classical equations of motion [Eqs. (  6.2 ) and ( 6.3 )] are solved numerically using the

sixth-order Runge-Kutta (RK6) method with an adaptive step-size [  51 ]. The RK6 method

does not conserve the phase space volume. Therefore, the total energy of the system which

ideally should be conserved will either increase or decrease with time. For a given time-step,

the larger the acceleration of the particle, the larger the error in the velocity and position.

At every instance of time, the step size is varied based on the acceleration experienced by

the particles, so the error is below an acceptable threshold (see Sec.  6.2.2 ). For every Monte

Carlo run, the aim is to carry out these calculations until an ionization is detected or until

the Rydberg atoms pass each other.

The expression in Eq. ( 6.1 ) being a purely Coulombic potential can lead to singularities

in acceleration during a trajectory. This will cause the adaptive step size algorithm to

yield a time-step which can be quite small, thus resulting in runs that may not be feasible

computationally. To handle this issue, we override this very small time-step with a threshold

value and proceed with the RK6 method directly for the next time-step only. If this process

gets repeated, this may lead to a buildup of errors in the total energy with time. If the error

in the total energy exceeds 0.1% of the initial total energy, the run is classified as a failed

run and not used in the cross section calculations. The number of failed runs is kept well

under 3% of the total number of Monte Carlo runs for all the scenarios discussed in this

paper, except for the case of l = 0.2n in Fig.  6.6 for which the number of failed runs is closer

to 6%. Note that there exists a trade-off between using a purely Coulombic potential and

dealing with failed runs or resorting to a softcore Coulombic potential with no failed runs

but having to accept less realistic results.
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6.2.2 Convergence

Here we briefly discuss the choice of various parameters defined in the preceding section.

We find that the probability of ionization Pion depends on the distance of separation be-

tween the two atoms Lsep for Lsep < 60 ·RRyd. However, for Lsep > 60 ·RRyd, the probability

of ionization Pion and hence the ionization cross section does not change beyond statisti-

cal fluctuations associated with the Monte Carlo approach. Note that this factor of 60 is

independent of n and is obtained by numerical experimentation.

We probe the convergence of the cross section with respect to the maximum impact

parameter bmax by restricting our atoms to be exactly on the circle of radius 0.5 · bmax.

Then, we search for a threshold value for the radius bmax beyond which strictly no case of

ionization occurs from an entire set of runs. Upon varying the radius bmax, we find that for

bmax > 5 ·RRyd, no case of ionization is reported for the chosen VCM (refer to Sec.  6.3.2 ).

For a given successful run, either ionization occurs or it does not. Thus, the Monte Carlo

runs form the population of a binomial distribution. For 10,000 runs, the standard deviation

in the distribution is under 5% of the mean of the distribution for the case with the lowest

cross section.

6.3 Applications

6.3.1 LRL scalar

Before we apply the procedure developed in Sec.  6.2 to study the ionization cross sections,

we briefly discuss a quantity which is an approximate constant of motion for large atom

separations. For a given set of initial conditions, let the Laplace-Runge-Lenz (LRL) vector

for each electron be A1 and A2 respectively.

The Laplace-Runge-Lenz vector is a constant of motion for a central inverse square

force [ 132 ]. Given the interaction of other charges on a single electron and the motion

of the nucleus, the Laplace-Runge-Lenz vector will deviate from its initial value with time.

If the atoms are far apart, the Laplace-Runge-Lenz vector precesses with the components

of the vector simply oscillating about a mean value. However, as the atoms approach each
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other and the interaction strength between the two atoms grows, the components of the

Laplace-Runge-Lenz vector will start to deviate from the initial value.

We define a quantity LRL scalar Γ as,

Γ = A1 · A2 − 3(R̂ · A1)(R̂ · A2) (6.7)

where, R̂ denotes a unit vector from the nucleus of atom 2 to the nucleus of atom 1. An

underlying motivation for this definition arises from quantum mechanics. In a quantum

mechanical system, this quantity commutes with the Hamiltonian within the n-manifold if

the interaction between the two atoms is approximated as a dipole-dipole interaction [ 133 ].

Also note that in quantum mechanics, the definition of the Laplace Runge Lenz vector is

modified to account for the non-commutation of p and L by using the symmetric form (p×L

- L × p)/2 [ 134 ]. The LRL scalar [Eq. (  6.7 )] is non-zero only for a pair of Rydberg atoms

in elliptical orbits since for circular orbits, the Laplace-Runge-Lenz vectors of both atoms

vanish.

If two atoms which are at rest are placed relatively close to each other (Lsep = 8 ·RRyd),

we find that the LRL scalar Γ, which resembles the dipole-dipole interaction energy oscillates

significantly less than the individual components of the Laplace-Runge-Lenz vector. How-

ever, note that this quantity does not remain constant when the atoms are close enough to

each other such that the dipole approximation breaks down. The LRL scalar is proportional

to the electric dipole-dipole interaction energy between the two Rydberg atoms for a given

principal quantum number n as the individual Laplace-Runge-Lenz vectors are proportional

to the electric dipole moment of each atom [ 133 ]. We examine if the initial LRL scalar of

the two atoms when they are far away can be used to effectively characterize their ionization

tendencies as they approach each other. We do this (refer to Sec.  6.3.2 ) by analyzing the

correlations between Γ and the ionization cross section of the Rydberg atoms.

It should be noted that Γ changes slightly between Monte Carlo runs. While A1 and

A2 remain constant for a given set of runs, the position of each atom and hence R̂ changes

slightly with every run. This is because the randomization of the initial conditions for the

114



Monte Carlo approach, involves a change in the impact parameter (not bmax) and a small

change in the Lsep (refer to Sec.  6.2 ).

6.3.2 Ionization cross section

Here, we investigate how the ionization cross section depends on the magnitude and the

direction of the orbital angular momentum of the electron and the direction of the Laplace-

Runge-Lenz vector. In our calculations, VCM = 10−4 a.u. which corresponds to the rms

speed at a temperature of ∼150 K. The chosen VCM is similar to the values observed in the

experiment by Fields et al. [  31 ]. The results of our calculation are relatively unchanged for a

range of velocities between 7 x 10−5 to 2 x 10−4 a.u which corresponds to the kinetic energies

associated with a temperature range of approximately 80-650 K. A more detailed analysis of

the dependence of the ionization cross section on the relative velocity of the Rydberg atoms

can be found in Ref. [  119 ].

While the trajectories of the particles including the relative motion of the two nuclei are

not assumed to be straight lines, the calculations indicate little deviation from the straight-

line trajectory for the two nuclei. This is partly because of their large mass. In order for

the collision energy of nuclei to become comparable to their interaction energy and their

trajectories to deviate from a straight line, the thermal velocities of the atoms should be

smaller by about two orders of magnitude from the chosen value (VCM = 10−4 a.u.).

Varying the direction of the angular momentum

We explore the effect of varying the direction of the angular momentum of the electrons

L1 and L2 on the ionization cross section. Here, we preserve the direction of the Laplace-

Runge-Lenz vectors A1 = A2 while we change the direction of the angular momentum

vectors, L1 = L2. Based on the discussion in Sec.  6.2 , we consider two possible initial

orientations, Frisbees (see Fig.  6.1 ) and Cymbals (see Fig.  6.2 ).

For the initial orientation of type-Frisbees, the direction of angular momentum can be

changed by rotating each atom about their respective Laplace-Runge-Lenz vector and hence
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Figure 6.3. Plot of scaled ionization cross section as a function of rotation
angle about the x-axis, for the initial orientation of type-Frisbees. Each point
is a result of 10,000 Monte Carlo runs. The error bars indicate the standard
deviation in the cross section. Here, rotation about the x-axis changes the
direction of angular momentum but preserves the direction of the Laplace-
Runge-Lenz vectors. The points with the same initial angular momentum l,
have been connected to serve as a visual cue. For a given l, the ionization cross
section does not change with θx. This is expected from rotational symmetry.
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Figure 6.4. Plot of the scaled ionization cross section as a function of
rotation angle about the z-axis, for the initial orientation of type-Cymbals.
Each point is a result of 10,000 Monte Carlo runs. The error bars indicate the
standard deviation in the cross section. Here, rotation about the z-axis changes
the direction of angular momentum but preserves the direction of the Laplace-
Runge-Lenz vectors. The points with the same initial angular momentum l
have been connected to serve as a visual cue.
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the x-axis. This ensures that A1 and A2 are invariant. Therefore, the quantity Γ [Eq. (  6.7 )]

remains invariant during this rotation.

For the initial orientation of type-Cymbals, the direction of the angular momentum can

be changed by rotation of the atoms about the z-axis. This ensures that A1 and A2 remain

the same. Again, Γ remains invariant during the rotation for a given Monte Carlo run but

varies slightly between runs for reasons discussed in Sec.  6.3.1 .

It should be noted that for type-Frisbees, for the entire range of the rotation angle, the

initial orientation of the two atoms remains as type-Frisbees. However, for type-Cymbals,

during the rotation about the z-axis, the orientation changes from type-Cymbals to type-

Frisbees at an angle of 90°.

For each orientation of the angular momentum, the ionization cross section is calculated

using the procedure developed in Sec.  6.2 . Given the direction of the Laplace-Runge-Lenz

vector, a rotation angle range of 0-180° exhaustively covers all possible relative orientations

between the two atoms for the angular momentum. These calculations are performed for

different magnitudes of the angular momentum (see Figs.  6.3 and  6.4 ).

For type-Frisbees (Fig.  6.3 ), we find that the ionization cross section is independent of

the rotation angle about the x-axis for a given angular momentum magnitude, l. This is

expected from the rotational symmetry as the angle between the angular momentum vector

and R̂ remains the same throughout the rotation given the direction of the Laplace Runge

Lenz vector (Fig.  6.1 ). Upon increasing l, we find that the cross section decreases. This

indicates that an electron in a circular orbit is more difficult to ionize than an electron in a

highly elliptical orbit. This becomes clear if we examine the outer turning point radius rout

for elliptical orbits, which is given by [  135 ],

rout

RRyd

= 1 +

√√√√1 −
(
l

n

)2

. (6.8)

So, for an orbit with l = 0.2n the outer turning point distance from the nucleus is approx-

imately twice as large when compared to a circular orbit (l = n) of the same energy (n).

Thus making it likely that the electron will venture into regions of stronger field from the

other atom.
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Figure 6.5. Plot of the z-component of the Laplace-Runge-Lenz vector of
each electron as a function of time for a typical non-ionizing run, for the initial
orientation of type-Cymbals (θz = 0° in Fig.  6.4 ). The bottom pair of curves
is for the case of l = 0.6n, with the blue solid and the orange dotted lines
representing electron 1 and electron 2 respectively. The top pair of curves is
for the case of l = n (circular orbits) with the magenta line (starts at the
bottom) and green line (starts at the top) representing electron 1 and electron
2 respectively. Note that, these two lines mirror each other. The black dotted
line between the top pair and the bottom pair separates the y-axis of the two
plots. From the bottom pair of curves, it is evident that the elliptical case
lacks the stabilizing oscillations seen in the circular case.

118



For type-Cymbals (Fig.  6.4 ), for small magnitudes of angular momentum we find that the

cross section does not appear to change with θz. As the l value increases, the cross section

peaks at a rotation angle of θz = 90◦. The physics behind this can be understood in the

following manner: Consider the case of two circular (l = n) Rydberg atoms of type-Cymbals

(Fig.  6.2 ) approaching each other, the electrons in these atoms tend to push each other to

the opposite extremes of their orbits. This results in the atoms becoming more elliptical

as they approach each other or in other terms, A1 and A2 start building up from zero

in opposite directions. This can help in minimizing the interaction energy, thus lowering

the ionization cross section effectively. This is evident from the calculations for a single

collisional run (Fig.  6.5 ) that does not result in an ionization. These calculations show that

as the two circular Rydberg atoms of type-Cymbals approach each other their respective

Laplace-Runge-Lenz vectors start building up in opposite directions and exhibit oscillatory

behavior.

This effect is less likely to occur as you make the orbits elliptical (decrease l). The

reason is that if the Laplace-Runge-Lenz vectors were already non-zero and equal to each

other in the beginning, as they approach each other it becomes more difficult to get them

to orient in opposite directions given the symmetric nature of the two atoms. This is also

evident from the calculations for a single collisional run (Fig.  6.5 ) which shows the difficulty

in achieving similar stable oscillatory behavior found in the circular case. The z-component

of the Laplace-Runge-Lenz vector has been chosen to illustrate how the non-zero value in

the elliptical case hinders this oscillatory behavior. Note that the other components of the

Laplace-Runge-Lenz vector exhibit similar behavior for the circular case. In the elliptical

case, there is a lack of this type of oscillatory behavior in all three components of the

Laplace-Runge-Lenz vector.

For the case of type-Frisbees (Fig.  6.1 ), this effect will not manifest. The nature of the

orientation offers significantly less amount of time for A1 and A2 to gradually buildup in

opposite directions. Single collisional run calculations for Rydberg collisions of type-Frisbees

consistently show the absence of the anti-parallel oscillatory behavior of A1 and A2 found

in the case of type-Cymbals (Fig.  6.5 ). This effect offers some insight into why ionization
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cross section from Fig.  6.4 for type-Cymbals is lower by a factor of ∼ 2 − 3 than that for

type-Frisbees.

Although a rotation angle of θz = 90◦ corresponds to a orientation of type-Frisbees, the

results from Fig.  6.4 should not be compared to Fig.  6.3 . The reason for this is because, in

Fig.  6.3 , the Laplace-Runge-Lenz vector is chosen to be along the x-axis but the Laplace-

Runge-Lenz vector in Fig.  6.4 for θz = 90◦ is along the negative z-axis. However for the

special case of l = n, the Laplace-Runge-Lenz vector is zero and a comparison of the two

figures at θz = 90◦ reveals good agreement. In the next section, we discuss cases where the

Laplace-Runge-Lenz vector is varied. One may then compare the results of Fig.  6.4 with

Fig.  6.6 for the value of θz = 90◦ in both figures. This comparison shows good agreement.

Varying the LRL scalar

We explore the dependence of the ionization cross section on Γ. We vary Γ by changing

the direction of Laplace-Runge-Lenz vectors A1 and A2 but preserving the direction of the

angular momentums L1 and L2. We do this by rotating each atom about their respective

angular momentum vectors. This is equivalent to rotation about the z-axis and x-axis for

the initial orientation of type-Frisbees (Fig.  6.1 ) and type-Cymbals (Fig.  6.2 ) respectively.

Note that this rotation only changes the LRL scalar for type-Frisbees and not type-Cymbals

as the angle between the Laplace-Runge-Lenz vector of each atom and R̂ remains relatively

unchanged for type-Cymbals.

We calculate the ionization cross section, average initial Γ, and standard deviation in the

initial Γ for a given angle of rotation, from a set of Monte Carlo runs. Note that the average

Γ and the standard deviation in Γ change with rotation angle and l. Again, we repeat

these calculations for different angles of rotation and different magnitudes of the angular

momentums |L1| and |L2|.

Consider the initial configuration of type-Frisbees (see Fig.  6.6 ), for l = 0.2n, the average

value of the LRL scalar increases from −1.910 ± 0.005 a.u. at 0° to a maximum value of

0.955 ± 0.005 a.u. at 90°, only to revert to the value of −1.910 ± 0.005 a.u. at 180°. There

appears to be a positive correlation between the ionization cross section and the modulus
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Figure 6.6. Plot of scaled ionization cross section as a function of rotation
angle about the z-axis, for the initial orientation of type-Frisbees. Each point
is a result of 10,000 Monte Carlo runs. The error bars indicate the standard
deviation in the cross section. Here, the rotation about the z-axis changes the
direction of Laplace-Runge-Lenz vectors but preserves the direction of angular
momentum. This changes the value of the LRL scalar Γ. The points with the
same initial angular momentum l, have been connected to serve as a visual
cue.
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Figure 6.7. Plot of calculation analogous to Fig.  6.6 , for the case where the
direction of angular momentum has been inverted (l = −0.6n). For compari-
son, the case of l = 0.6n is plotted after reflection about 90°. In simpler terms,
for the case of l = 0.6n, an angle of 30° in Fig.  6.6 corresponds to an angle
of 150° here. A comparison of the two cases l = −0.6n and 180 − θz, l = 0.6n
reveals very good agreement. This clearly indicates that the direction of an-
gular momentum plays a role in the asymmetry.
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Figure 6.8. Plot of the scaled ionization cross section as a function of
rotation angle about the x-axis, for the initial orientation of type-Cymbals.
Each point is a result of 10,000 Monte Carlo runs. The error bars indicate
the standard deviation in the cross section. Here, the rotation about the x-
axis changes the direction of Laplace-Runge-Lenz vectors but preserves the
direction of angular momentum. It should be noted that this rotation does
not appreciably change the LRL scalar Γ because for this configuration R̂
remains largely perpendicular to A1 and A2. The points with the same initial
angular momentum l, have been connected to serve as a visual cue.
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of the LRL scalar, Γ. The average LRL scalar exhibits similar behavior for other l values,

except that the average LRL scalar decreases with an increase in l.

This observed positive correlation should be expected because the quantity LRL scalar Γ

is proportional to the electric dipole-dipole interaction energy (refer to Sec.  6.3.1 ). A large

absolute initial value for Γ implies a large interaction energy between the two atoms when

they are far apart. If Γ is an adiabatic invariant until the atoms get close to each other (see

Sec.  6.3.1 ), then a large initial interaction energy implies a large interaction energy when

they are relatively close and thus consequentially one might expect a large ionization cross

section.

An interesting observation from Fig.  6.6 is that there exists an asymmetry about θz =

90° for intermediate values of angular momentum. This is easily noticeable for l = 0.6n.

Intuitively, one might expect a symmetry because of how the relative orientations of the

Laplace-Runge-Lenz vectors between the two atoms remain unchanged for the two rotation

angles θz and 180 − θz. A supporting argument for this expectation is the fact that the LRL

scalar Γ is found to be symmetric about 90°. However, a careful analysis reveals that this

symmetry is broken by the direction of the angular momentum. A calculation identical to the

one in Fig.  6.6 for l = 0.6n but with the direction of angular momentum reversed verifies this

(see Fig.  6.7 ). Interestingly, a similar asymmetry was found to exist in ion-Rydberg-atom

collisions [  136 ].

For the initial configuration of type-Cymbals, the rotation about the x-axis changes the

direction of the Laplace-Runge-Lenz vectors. However, it does not change the value of the

LRL scalar Γ. The results from the calculation (see Fig.  6.8 ) for the ionization cross section

indicate that for a given magnitude of angular momentum l, the cross section remains a

constant with this rotation. This is expected because of symmetry as the rotation still

preserves the relative orientation of the two atoms and is equivalent to merely observing the

collision from a different viewing angle. This result is consistent with the earlier observation

that the ionization cross section is positively correlated with the modulus of the LRL scalar

Γ.
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6.3.3 Exchange ionization

Here we focus exclusively on exchange ionization which is distinct from simple ionization.

By simple ionization, we refer to those collisions in which the atom that loses the electron

finally ends up being ionized after they pass each other. This is different from exchange

ionization where, atom 1 (2) initially loses its electron but captures the electron from atom

2 (1) and atom 2 (1) ends up being ionized. Atom 1 (2) however departs with electron 2

(1). Note that the procedure described in Sec.  6.2 counts all possible ionizations including

exchange ionizations.

Exchange ionizations can be exclusively counted by running every Monte Carlo run until

the Rydberg atoms pass each other and then classifying the ionization that may occur as

an exchange ionization if the distance between the nucleus of atom 1 (2) and electron 2

(1) is within 2RRyd. This restriction has been chosen by measuring the final distances

between the exchanged electron and the nucleus across multiple runs and ensuring that all

exchanges are included. We can calculate the exchange ionization cross section from the

corresponding probability by using the same equation used to determine the total ionization

cross section [Eq. (  6.4 )].

These calculations reveal the following: for the initial orientation of type-Frisbees with

l = n, we get a scaled exchange ionization cross section of 1.16 ± 0.02. For reference, the

scaled total ionization cross section for the same case is 2.23 ± 0.03. This indicates that

exchange ionization contributes to as much as 50% of the total ionizations. The calculations

show that the exchange ionization also increases with a decrease in the magnitude of the

orbital angular momentum of the electrons analogous to the total ionization cross section.

This can be interpreted using the same argument for why circular orbits are more stable (see

Sec.  6.3.2 ). As the orbits become more elliptical their outer turning point distances increase

and consequentially they can be more easily captured by the other atom and also are more

likely to be the reason for the ionization of the other electron. This is supported by the fact

that single collisional run calculations indicate that the capture and the ionization occur

relatively at the same time.
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While the identical nature of electrons makes it difficult to study exchange ionization

experimentally, one way it can be studied is by creating atom 1 with the valence electron in

a state of spin-up and atom 2 with the valence electron in a state of spin-down. This way

we have effectively labeled the electrons and can in principle track their final states.

6.4 Conclusion and summary

We defined a quantity called the LRL scalar Γ and discussed how the fluctuations in this

quantity were much lower than the fluctuations in the individual Laplace-Runge-Lenz vectors

A1 and A2 of the electrons. We studied the dependence of the ionization cross section on

the direction and the magnitude of the orbital angular momentum of the electron and the

direction of the Laplace-Runge-Lenz vectors of the electrons.

These calculations revealed the following: First, the ionization cross sections exhibited

positive correlations with the modulus of the LRL scalar [Eq. (  6.7 )]. The underlying reason

is that the electric dipole-dipole interaction energy is proportional to the LRL scalar at

large atom separations and therefore the ionization cross section would increase with the

interaction. Second, the Rydberg atoms with highly elliptical orbits (small l) had higher

ionization cross sections relative to Rydberg atoms with circular orbits (l = n) implying

that circular orbits were significantly more stable to collisional ionization. Third, as the

magnitude of the angular momentum was increased (l → n), the initial configuration of

type-Cymbals for the atoms exhibited significantly lower ionization cross sections (lower by

a factor of ∼ 2−3 for l = n) than that of type-Frisbees. This was interpreted in terms of the

tendency of the Laplace-Runge-Lenz vectors to become anti-parallel as the atoms approach

each other.

Finally, exchange ionization was studied and its dependence on the magnitude of angu-

lar momentum was found to be similar to that of the total ionization cross section. The

calculations indicated that the exchange ionizations contributed to about 50% of the total

ionizations.
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These results indicate several ways in which the stability of Rydberg atoms against

collisional ionization can be significantly improved. The lowest ionization cross section is

achieved for the case of circular orbits and when the relative orientation of the two atoms is

of type-Cymbals.
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7. SUMMARY

This dissertation discussed the investigations into non-relativistic x-ray scattering (Chap-

ters  3 ,  4 and  5 ) and Rydberg-Rydberg scattering(Chapter  6 ).

Chapter  3 described a method to model x-ray scattering from bound electrons. The

method was benchmarked by comparing it with the analytical expressions for differential

cross section for Compton scattering and nonlinear Compton scattering from a free electron.

The investigations using this approach ruled out the bound nature of the electrons being the

cause of the anomalous shift in the experiment by Fuchs et al. [  18 ]. Three other possible

causes for the shift were explored and ruled out to be the cause of this shift. This work was

published in Ref. [ 66 ].

Chapter  4 analyzed the interference between Compton scattering and nonlinear Compton

scattering from a two-color x-ray field. The effect of polarization of the two fields on the

interference was also investigated. The intrinsic phase difference between the Compton

scattered wave function and nonlinear Compton scattered wave function was found to be 0

or π when interference occurred. This work was published in Ref. [ 97 ].

Chapter  5 examined the problem with imaging an electronic wave packet using x-ray

scattering. It was shown that if the final state after x-ray scattering from an electron can be

determined, then the differential scattering probability is proportional to the modulus square

of the weighted Fourier transform of the instantaneous electronic spatial wave function. This

work was published in Ref. [  137 ].

Chapter  6 dealt with the collisional ionization of Rydberg atoms. The effect of orientation

of Rydberg atoms on their collisional ionization cross section was studied classically. A dif-

ference in the ionization cross section of a factor of ∼ 2-3 was found between the orientations

with the highest and the lowest cross sections. This work was published in Ref. [  138 ].

The approach developed in this work to describe non-relativistic x-ray scattering is fairly

general in its scope. It does not assume the electron is free or resides in an atom, molecule,

or crystal lattice. The formalism fully captures beyond-dipole effects in the scattering and

is non-perturbative in the incident field. The method is also suitable for describing pulse-

envelope effects such as strong-field displacement ionization which are sometimes neglected in
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theoretical x-ray scattering methods. This approach can be used to describe x-ray scattering

with strong laser fields with intensities as high as 1022 W/cm2. In conclusion, the approach

described in this work is well suited for ultrafast x-ray scattering in a wide-range of systems

using XFELs currently in use.
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