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We present a general theory of potentials that support bound states at positive energies
(bound states in the continuum). On the theoretical side, we prove that, for systems de-
scribed by nonlocal potentials of the form V' (r, i), bound states at positive energies are as
common as those at negative energies. At the same time, we show that a local potential of
the form V' (r) rarely supports a positive-energy bound state. On the practical side, we show
how to construct a (naturally nonlocal) potential that supports an arbitrary normalizable
state at an arbitrary positive energy. We demonstrate our theory with numerical examples
both in momentum and coordinate spaces with emphasis on the important role played by
nonlocal potentials. Finally, we discuss how to observe bound states at positive energies,
and where to search for nonlocal potentials that may support them.

Subject Index A64, D00, D06, D13, D14

1. Introduction

Since the pioneering work of von Neumann and Wigner [1], a lot of attempts have been made
both theoretically and experimentally in search of bound states at positive energies, or equiv-
alently bound states in the continuum (BICs) in quantum systems. Theoretically, the BIC has
been described as a resonance with vanishing width that occurs only accidentally [2-4]. On the
experimental side, however, no clear BIC has been observed experimentally in quantum sys-
tems, while many BICs have been found in a broad range of classical and semiclassical systems
[5,6].

In this situation, we present a general theory of the potential that supports a BIC via a sim-
ple one-body Schrodinger equation.! We express a Hermitian potential as V' = Vg + V3, which
we call SB-decomposition [7], where Vs and Vg operate on the spaces of scattering and bound
states, respectively. Then, by examining transformations of Vs and Vg separately, we show how
to design a Hermitian potential that describes an arbitrary normalizable state as a BIC at an
arbitrary positive energy. Conversely, any Hermitian potential supporting a BIC can be de-
scribed by the present theory. In other words, we explicitly present a general solution to the
inverse problem for an arbitrary BIC.

We develop the theory in momentum space, i.e., we construct a BIC-supporting potential in
the form of (k|V'|k’) where k and k' are the relative momenta for a fixed angular momentum.

'In this work, we are concerned with localized potentials with which we are familiar in nuclear and
atomic physics. Therefore, the Anderson localization in solid state physics, for instance, is not relevant in
the present work though it gives a localized state at a positive energy. This is because it requires a random
potential that is not localized but exists all over the system.
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By taking its Fourier transform, we obtain a BIC-supporting potential V' (r, #') = (r|V |/} in
coordinate space that generally depends on » and 7’ separately, and is therefore nonlocal. In
the present work, it is important to distinguish between a familiar “local” potential V' (r) and a
general “nonlocal” potential V' (r, ').?

The plan of this paper is as follows. In Section 2, we briefly explain the general theory to de-
sign a Hermitian potential V" using the SB-decomposition. Then, in Section 3, we present two
designs of BIC-supporting potentials. One design requires specification of both Vs and V3, and
is most general but demands sizable calculations. The other uses transformation of V3 only, and
is quite simple and numerically feasible without complicated calculations. In Sections4 and 5,
we show numerical results that demonstrate our designs of BIC-supporting potentials in both
momentum and coordinate spaces. Here, we shall realize the important role played by the non-
locality of the potential to support a BIC. In Section 6, we discuss the BIC from the viewpoint
of familiar local potentials, and prove that, for a local potential V() to describe a bound state
wave function ¢(r) as a BIC, both V' (r) and ¢(r) must be oscillating functions that decay very
slowly as r — oo. Therefore, a local potential can rarely support a BIC. In Sections 7 and 8, we
discuss the BIC using nonlocal potentials on the basis of both the Schrodinger equation for
a bound state and the structure of the group of all Hermitian potentials with a bound state.
Surprisingly enough, the present theory clarifies that, in systems described by Hermitian non-
local potentials in general, positive-energy bound states (BICs) are as common a phenomenon
as negative-energy bound states. To find a BIC, therefore, it is crucial to examine systems with
nonlocal potentials. In Section 9, we show how we can observe a BIC, if it exists, on the basis of
Levinson’s theorem and (k|Vg|k') both theoretically and experimentally. Then, in Section 10,
we discuss how and where to search for a BIC in practice. Here, facing the problem of nonlocal
potentials, which are not commonplace in many fields of physics, we present possible scenarios
to look for a BIC in real physical systems. Finally, in Section 11, we summarize the present
work.

2. General design of the potential
We consider a spinless particle of mass m described by the Hamiltonian:

H==Hy+V, (1)

where H is the kinetic energy and V' is the potential energy of the particle with a fixed force
center.

In the following, we briefly explain our method to construct a potential V' in three steps (i),
(i1), and (iii) in a way that clarifies its relation to the bound and scattering states. Our method is
based on the SB-decomposition of a Hermitian potential V', which derives from the generalized
optical theorem for the half-on-shell T-matrix [7]. In what follows, we assume a rotationally
invariant system for simplicity, and work in the space of a fixed partial wave.

2A Hermitian potential is generally a nonlocal potential V' (r, ') = (r|V|r’) in the coordinate represen-
o0
tation. A nonlocal potential V' (r, ') enters the Schrodinger equation for ¢(r) as / P2dr V (r, ¥ )p(r) as

0
in Eq. (35), while a local potential V' (r) shows up in the form of V' (r)¢(r) as in Eq. (36). Note that a local
3(r—r)

potential V' (r) can be expressed as a nonlocal potential as V' (r, ) = V(r), meaning that a local

potential is a special case of a nonlocal potential. As a simple example of the nonlocal potential, one
may think of the Fock potential in the Hartree—Fock theory.
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i B
First, in the whole Hilbert space #, we specify an N-dimensional subspace B that is to
be spanned by N bound states that we are going to fix below. Naturally, its orthogonal
complement S is to be spanned by as-yet-unknown scattering states. With knowledge of
the subspace B, we can define the projection operators Pg onto 3° and Ps = 1 — P onto
S. Then, we decompose the Hermitian potential ' that we are going to construct as

V =Vs+ Vs, (2

where we have used abbreviations V' Ps — Vs and V' Pg — V3. In the following, Eq. (2) is
referred to as the SB-decomposition of V" for obvious reasons.

i) Vs
Second, for the fixed subspace B, the generalized optical theorem states the following [7—
9]: a function (k| T'|k) of two variables k" and k is physically acceptable as a half-on-shell
T-matrix,* i.e., it has an underlying Hermitian potential V" if and only if it satisfies the
following conditions (A) and (B):

TQL — HoPs = Q. T' — PyH,, (A)

QLT =T, (B)
where €, is the Moller wave operator that transforms a plane wave state |k) into its
corresponding scattering state |k), = €, |k) with the outgoing wave boundary condition
[10,11].> There are many 7’s that satisfy conditions (A) and (B) for the fixed subspace 3.
Therefore, we arbitrarily single out a 7 from them, which in turn defines its corresponding
Vs as
prdp 1
(2m)3 —k* —
Then, it is easy to show that Vs of Eq. (3) describes our scatterlng states {|k), = Q. |k)}
via the following Schrédinger equation:

(Ho + V)lk) = (Hy + Vs)lk)y = k*|k)y. (4)

(K'|Vslk) = (K'|Tk) + (K'T1p ) <p|TT|k) 3)

(iii) V3
Third, we arbitrarily specify an orthonormal set of bound states {|¢;),i=1,2,---, N}
that span the subspace B, i.e., B = Span {|¢;)}. Furthermore, we arbitrarily allot the
eigenenergy E; to |¢;). Then, it is straightforward to show that®

(K |Vslk) = Z(E K2 | i) (il k) (3)

30nce the N-dimensional subspace B is fixed, any orthonormal set {|x,),i = 1,2, ---, N} satisfying
B = Span {|x;)} expresses the projection operator Pg as Pg = Y _; | x:) (xil.
4The half-on-shell T-matrix (k’|T|k) is defined via the Lippmann-Schwinger equation [10,11],

2
, o pdp .,
(K'\Tlk) = (K'|V1k) + ar ) (K'IVp)

1 .
SR —— (pIT |k). Note that we adopt the usual unit system

where h = 2m = 1.

Qn)}
pk
tions (A) and (B) compose a coupled set of equations for (p|T'|k), a function of two variables p and &,

to be compatible with the given Pg.
®As in the standard notation, (k|¢) = ¢(k) is the wave function in momentum space.

Q. is defined in terms of T as (p|Q|k) =

1
8(p—k)+ k2—17—2+i77<p| T|k). Therefore, condi-
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describes our bound states {|¢;)} via the Schrodinger equation

(Ho + V)lgi) = (Ho + V)loi) = Eil¢i). (6)

Here, conditions (A) and (B) of the generalized optical theorem guarantee that, for Vs of Eq. (3)
and Vg of Eq. (5), VV of Eq. (2) is Hermitian [7]. Conversely, any Hermitian potential }J” can be
uniquely SB-decomposed into the form of Eq. (2). To summarize, the above steps (i), (ii), and
(iii) compose a general method to design a Hermitian potential J” while keeping its eigenstates
{lk), k*} and {|¢;), E;} under control.”

We stress that, once the subspace B is fixed in step (i), the SB-decomposition determines Vs
and Vg quite independently via steps (ii) and (iii), respectively. This is because Vs and Vg depend
on the bound states in different ways; Vg of Eq. (5) demands all bound states {|¢;)} and their
energies {E;} for its description. On the other hand, Vs of Eq. (3), which expresses Vs in terms
of T, requires the subspace BB only, i.e., it does not demand further information on bound states
for its description.® As we shall see, the above feature of the SB-decomposition suits the study
of BICs.

3. Potential with a BIC

Using the three steps in Section 2, we explain how to construct a BIC-supporting potential.
After giving an explanation of the most general method in Section 3.1, we present a simple and
practical method in Section 3.2.

3.1.  General method. Specification of Vs and V3

Let us note that the SB-decomposition in Section 2 does not require E; to be negative in step
(iii). This implies that we already have a general design of the potential supporting a BIC; by
giving a positive value to E; in step (iii), our potential ' of Eq. (2) describes the bound state
|¢;) as a BIC. Therefore, via steps (i), (ii), and (ii1) in Section 2, we can construct a potential that
supports an arbitrary normalizable state |¢) as a BIC at an arbitrary positive energy. Conversely,
because of the uniqueness of the SB-decomposition, any Hermitian potential supporting a BIC
can surely be expressed uniquely by Egs. (2), (3), and (5).

3.2.  Simple method: Transformation of Vg

In the general method in Section 3.1, we can arbitrarily specify the wave function and the
eigenenergy of the BIC in steps (i) and (iii). In trade for these degrees of freedom, however,
we have to look for a solution (k| T'|k) to the set of Egs. (A) and (B) in step (ii), which is some-
times inconvenient. In this section, therefore, we show a simple version of the general method,
which does not require an explicit solution to Eqs. (A) and (B). We shall find that the present
method is quite useful not only practically but also theoretically.’

"For convenience, we present the eigenstate |¢;) and its eigenenergy E; in a single pair of braces.

$This is because bound states constrain 7 (and therefore Vs) through conditions (A) and (B) that utilize
the information of bound states via Pg only.

9We shall make use of the present simple method not only in actual calculations in Section 4 but also
in theoretical arguments in Section 7.1.
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3.2.1.  Derivation. Here, we start with an arbitrary Hermitian potential V} that supports, for
simplicity, a single bound state |¢) at a negative energy £ = —yozz

(Ho + Vo)) = ~7;19). (7)
In the following, we derive a potential I with a BIC by establishing a transformation Vy — V
using the three steps in Section 2, which we shall find quite simple and feasible.

(i) We adopt |¢) of Eq. (7) as the wave function of the BIC; instead of giving arbitrarily a
wave function of the BIC, we give arbitrarily a Hermitian potential V) and then adopt
its bound state |¢) as the BIC of the as-yet-unknown potential ' that describes |¢) via

(Ho+V)l¢) = El@), ®)

with a positive E. The present choice of the BIC means that 3 = Span {|¢)} of V is the
same as for V5. Therefore, their SB-decompositions, V' = Vs + Vg and Vy = Vs + Vo s,
are defined in terms of the same projection operators Pg and Ps.

(i) Let 7" and Tj be the half-on-shell T-matrices of V" and Vj, respectively. Because B of V'
is the same as for V), conditions (A) and (B) for T" are the same as for 7. We can choose,
therefore, a trivial solution of Egs. (A) and (B) without solving them for 7', i.e., T = Ty,
yielding Vs = Vs via Eq. (3). Then, because the SB-decomposition of V} gives V)  as

(K Voslk) = (=73 —k7) (€181 @1k, ©)
it immediately yields Vs = Vo s = Vo — Vo as
(K Vslk) = (K Valk) + (3 + &) (K19) (91K). (10)

(iii) We allot a positive energy E = K2 to |¢), to which I} assigned the negative energy —yoz
in Eq. (7). Then, Eq. (5) immediately expresses the desired Vg as

K |Valk) = (K> — k) (K |¢) (1K)
= (=18 = K7) KIg)@lk) + (K> + 1) (K19} (1K)
= (K'|Voslk) + (K'|AV3|k), (11)
where we have defined
AV =Ty~ Vop = (K> +75) [9)(¢]- (12)

Note that ATy of Eq. (12) is an energy-shift operator, i.c., it shifts the eigenenergy —y02
of |¢) to K>. To be precise, Hy + V = Hy + Vo + AV has the same set of eigenstates
{Ik)y, |¢)} as Hy + V;, but assigns a shifted eigenenergy K to |¢).

With Vs of Eq. (10) and Vg of Eq. (11), we define V' by Eq. (2), which gives
(K'|V k) = (K'|Volk) + (K'|AVg|k)
= (K'Volk) + (K> + v) (K'|9) (1K) (13)
It is then easy to confirm the Schrodinger equation (8) with (k'|V' k) of Eq. (13), which now

reads

2 Prdp _ 2
B+ [ L GV o) = Kotk (14

in the same way as Eq. (6) in the general theory. To summarize, Eq. (13) defines the desired
transformation V) — V =V + AVg, where V' describes the bound state |¢) as a BIC at the
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positive energy E = K2.!° It is straightforward to generalize the above method to the most
general case with several bound states, some of which are at positive energies and others at
negative energies.

The present transformation Vo) — V' =V, + AVp is “minimal” in the sense that it only
changes the eigenenergy of |¢) as —y02 — K?, while leaving all the eigenstates, |¢) and {|k),},
untouched. Correspondingly, the SB-decomposition of the transformation is summarized by
Vo — Ve = Vop + AVp and Vs = V5. We say also that the present method is “simple” be-
cause we can immediately write down the right-hand side of Eq. (13) without complicated
numerical calculations. So follows the title of the present Section 3.2.

3.2.2.  Comment. If our goal were just to derive Eq. (13), the easiest way would be the fol-
lowing. By definition, we can express Hy + Vy and Hy + V' as

k>dk
(27 )}

Hy+ Vo= Kk)s okl — vold) (ol (15)

k*dk 5
Ho+V = [ 55 Rk + K219) 0. (16)
(2m)
Then, the difference between Eqgs. (16) and (15) gives
V=T = (K +13) 19)(9l, (17)

which immediately leads to Eq. (13). However, the above derivation does not SB-decompose V/

of Eq. (13) into Vs of Eq. (10) and Vg of Eq. (11). It would not allow, therefore, the detailed
study of (kK'|V'|k) in the following sections, where we will make full use of the SB-decomposition.

4. Numerical example I

In this section, we explicitly construct a Hermitian potential supporting a BIC. We use the
simple method in Section 3.2 rather than the general method in Section 3.1, because the minimal
nature of its transformation Vy — V = Vj + AVp is suitable to vary the eigenenergy of a fixed
bound state continuously without changing scattering states. In the following, we work in the
S-wave channel for simplicity.

4.1. Step (i): Gaussian potential V;
Here, we adopt the following local Gaussian potential for V; in step (i) of Section 3.2:!!

2
Vo(r) = A exp(—%), A =—-30.0fm2, »=0.5fm, (18)
which is given in momentum space as
kk'b? K2+ k)b
(K'|Volk) = 471 (by/T)? jo (—i 7 ) eXP(—%) . (19)

10T he present method can also be used to change the eigenenergy —y02 of |¢) to another negative value
—y12; we just need to replace K2 with —y;% in Eq. (13).

Tn the calculations below, 7 stands for the proton—neutron reduced mass, M oM, /(M,+ M,). Then,
our unit system, i =2m = 1, gives 1 = h%/(2m) = 41.47 MeV fm?. Therefore, A = —30.0 fm > corre-
sponds to —30.0 fm > x 41.47 MeV fm? = —1244 MeV.

6/30
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bound state wave function bound state wave function
1n momentum space

in coordinate space

o(k) [fm™?]

7 [fm] K [fm™!]

Fig. 1. Wave function ¢(r) of the bound state at —y; = —5.373 fm~? (= —222.8 MeV) in coordinate
space (left panel) and ¢ (k) in momentum space (right panel) of the Gaussian potential in Eq. (18). See
the text.

(K|To|ky [fm] phase shift
0 L 600 4 " T T T
9 - 500 35
8L - 400 3
7L o 300
_ 200 = 25F
6 = 3
g 5L i (1)00 5 ol
4 1100 M
8T 7| B 200 1
2 - = R
300 050
1rF = -400
0 ISR oo - 500 0 5 n 1
01 2 3 45 6 7 8 910 0 -1 6 8 0
1 k [fm™]
k [fm™]

Fig. 2. Half-on-shell T-matrix (k| Ty|k) (left panel, contour map of the real part) and phase shift §(k)
(right panel) of the Gaussian potential }{ in Eq. (18). See the text.

sinx . . . . .
where jo(x) = —— 1is the spherical Bessel function of zeroth order. It is straightforward to
X

show numerically that the above V} supports a single bound state |¢) at —)/02 = —5373fm % (=
—222.8 MeV), of which the wave function ¢(r) in coordinate space and ¢(k) in momentum
space are respectively shown in the left and right panels in Fig. 1. For later convenience, we
also show in Fig. 2 the half-on-shell T-matrix (k’|Ty|k) and the phase shift §(k) of V.

4.2. Step (ii): Vs = Vo.s

Now we make the SB-decomposition of (k| Vp|k) in Eq. (19), to arrive at the results shown in
Fig. 3. In the right panel, we display (k'|Vy|k) of Eq. (19), which is decomposed into (k'|Vp g|k)
of Eq. (9) and (K'|Vy slk) = (K'|Volk) — (K'| Vo slk) shown in the middle and left panels, respec-
tively.!> Then, following step (ii) in Section 3.2, we define Vs by (K'|Vs|k) = (kK'|Vo s|k).

We now examine Fig. 3 before going to step (iii). First, let us look into (k'|V; glk) in the
middle panel. Then, Eq. (9) explains its behavior as follows: the k-dependence of (k'|V} g|k) is
given by ¢(k) in Fig. 1. On the other hand, its &’-dependence is given by (—)/02 — Kk,
which is negative and extends to a higher-momentum region than ¢(k). Thus the product

12In the general method in Section 3.1, we would have to calculate (k'|V; s|k) via Eq. (3) in terms of
(k'| Tylk) in Fig. 2. In the present “simple” method in Section 3.2, on the other hand, we can immediately
write down (k'|V} s|k) without the knowledge of (K'|Tp|k).
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1
1
K [fm’]
o = N W H OO N O O O
T
1

K|Vyslky [fm]

K|Voplk) [fm]

K|Volk) [fm]

R e AR 600
- - 500
E - 400
300
200
100

E B 500
L _ 400
300
200
100

B 500
- 400
300
200
100

-100
-200
A = -300
il B -400
-500

-100
-200
= -300
= -400
-500

-100
-200
-300
-400
-500

K [fm’]
o = N W S, OO N 0O O O
T
1
1
k' [fm ]
o = N W A OO N O O O

L L L L
01 2 3 4
k [fm™!

Fig. 3. SB-decomposition Vy s + Vo g = Vo of the Gaussian potential Vj in Eq. (19), which has the bound
state at £ = —y02 = —5373fm % (= —222.8 MeV). Left: contour map of (k'|Vy s|k). Middle: contour
map of (k'|Vp slk). Right: contour map of (K'|Vyl|k) = (K'|Voslk) + (K'|Voslk). See the text.

of these two factors clearly explains (k'|V g|k) in the middle panel. Second, let us turn to
(K'|Voslk) in the left panel of Fig. 3. We can see that, because the range of ¢(k) is ap-

1
proximately ~ 5= 2.0fm™ !, (K'|Vo.s|k) is highly repulsive for & < 2.0 fm~! to guarantee the

orthogonality of {|k),, k < 2.0 fm ™!} to |¢). We also realize that, because Vo.sl¢) = 0 by defini-

tion, (kK'|V) s|k) becomes slightly negative in the large-k region for each value of k' to guarantee
2

, Ckedk
(KVosle) = /(271)3

(K'|Vo.Blk) and (K'| Vo s|k), and therefore of (k'|V|k), shown in Fig. 3.

(K'|Vo.slk) ¢(k) = 0. The above observations explain the main features of

4.3. Step (iii): Transformation V3 — V3

Now, we implement step (iii) of Section 3.2, i.e., we transform (k’|Vp glk) of Eq. (9) into
(K'|Vglk) of Eq. (11). For later convenience, we replace K> in (k'|V|k) of Eq. (11) with the
energy variable E, to express (k'|Vp|k) as a function of E as

(K| Valk) = (E — K2)(K'19) (1K) (20)

4.4.  Numerical results for Vs + Vg = V in momentum space

We are now ready to investigate the transformed potential in Eq. (13). For each value of eigenen-
ergy E of the fixed bound state |¢), (k'|Vs|k) of Eq. (20), together with (k| Vs|k) = (K'| Vo s|k)
of Eq. (10), makes its corresponding (k'|Vs|k) 4+ (K'|Vg|k) = (K'|V|k), which is expressed in the
form of Eq. (13) as

(K'|VIk)y = (K'|Volk) + (E + v5) (K'|l9)(plk), (21)

where we have replaced K2 with E asin Eq. (20).'* Here we examine how the SB-decomposition
(K'|[Voslk) + (K'|Voslk) = (K'|Volk) in Fig. 3 changes as we continuously vary the eigenenergy
E. In actual calculations, we have varied E = —y§ = —5.373 fm =2 for V, (Fig. 3) to —4.0 fm >
(Fig. 4), —1.0 fm ™~ (Fig. 5), 0.0 fm 2 (Fig. 6), 1.0 fm 2 (Fig. 7), and 4.0 fm > (Fig. 8), in order.'*
We emphasize that the potentials in Figs. 7 and 8 describe the bound state |¢) as a BIC at

B(k'|V |k) of Eq. (21) reduces to (k'|Vy|k) of Eq. (13) for E = —y = —5.373fm™>.
“Note that each potential (k'|V|k) in Figs. 4-8 generally represents a nonlocal potential in coordinate
space, while (kK'|Vy|k) in Fig. 3 stands for the local Gaussian potential V(r) of Eq. (18).
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K|Vglk) [fm] K| Vg|k) [fm] K|V k) [fm]
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0123456 7 8 910 0123456 78 910 0123456 78 910

k [fm™] k[fm™] k[fm™]

Fig. 4. SB-decomposition Vs + Vg =V of V that gives the same (k'|T|k) and |¢) as those given by
(K'|Volk) of Fig. 3. (K'|Vs|k) is the same as (k'|V s|k) in Fig. 3. In the expression (20) for (k'|V|k), the
eigenenergy E of |¢) is chosen to be E = —4.0fm > (= —165.9 MeV). Other notation is the same as for
Fig. 3. See the text.
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1 -400 1 -400 1 -400
0 -500 0 -500 0 -500
01 23456 7 8 910 01234567 8 910 01 23456 7 8 910

kfm™ K [fm™] k [fm™]

Fig. 5. SB-decomposition Vs + Vg = V. The eigenenergy of |¢) is E = —1.0fm > (= —41.47 MeV).
Other notation is the same as for Fig. 4. See the text.
(K|Vg|ky [fm]

K|Vl [fm] K|V |k) [fm]

10 600 10 600 10 600
9 500 9 500 9 500
s 400 s 400 8 400
; 300 ; 300 . 300
— 200 _ 200 — 200
Es ;oo Es ;oo g s ;oo
<4 400 <4 400 <4 -100
3 -200 3 -200 3 -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
0 -500 0 -500 0 -500
01 23456 7 8 910 01234567 8 910 01 23456 7 8 9 10

& [fm™] k [fm™ k[fm™]

Fig. 6. SB-decomposition Vs + Vg = V. The eigenenergy of |¢) is E = 0.0 fm > (= 0.0 MeV), i.e., |§) is
a zero-energy bound state. Other notation is the same as for Fig. 4. See the text.

positive energies E = 1.0 fm ™2 and 4.0 fm ™2, respectively.!® In the following, we make several
points using Figs. 3-8.

First, in going from Fig.3 to Fig. 8, we have only varied (k'|Vglk) keeping (kK'|Vslk) =
(K'|Vhs|k) untouched, i.e., we have used the same (k'|Tplk) in Eq. (3) for every (k'|Vs|k)

I5(k'|V |k) in Fig. 6 describes the bound state |¢) at zero energy. This might sound strange because it
is well known that a local potential does not support a zero-energy bound state in the S-wave channel
[10,11]. Note, however, that the argument does not apply to nonlocal potentials [12,13], and that (k'|V |k)
in Fig. 6 is generally nonlocal, as shall soon be shown by Eq. (295).
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Fig. 7. SB-decomposition Vs + V5 = V. The (positive) eigenenergy of |¢) is E = K2 = 1.0fm (=
41.47 MeV). Other notation is the same as for Fig. 4. See the text.

(K|Vglk) [fm] K| Vg|k) [fm] K|V k) [fm]
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2 -300 2 -300 2 r -300
1 ‘ -400 1h -400 1 -400
0 — -500 0 I -500 0 500
01234586 78 910 0123454678 910
k[fm™] k [fm™]

165.9 MeV). Other notation is the same as for Fig. 4. See the text.

in Figs. 3-8 as explained in step (ii) in Section 3.2. Conversely, therefore, each (k'|V|k) =
(K'|Vslk) + (K'|Vslk) in Figs. 3-8 yields the same half-on-shell T-matrix (K'|T |k) = (k| Ty|k),
and therefore the same phase shift §(k). Note also that (K'|V|k) = (K'|Vs|k) + (k'|V|k) in each
figure is obviously Hermitian as pointed out in Section 2.

Second, as E increases from negative to positive values, it is visible that the strong attraction
of (K'|Vgl|k) around the origin (k = k' = 0) in Figs.3 and 4 gradually turns into the strong
repulsion in Fig. 8. We can explain the above observation simply by noting that (k'|Vg|k) of
Eq. (20) can be approximated by E(0]¢){¢|0) around the origin. This in turn means that a
positive (0[V]0) is a clear indication of a BIC.'® Because (k’|Vs|k) is the same in Figs. 3-8,
the above behavior of (k'|Vg|k) also explains how (k'|V|k) around the origin changes with
increasing E.

Third, in order to examine in detail how the k- and k’-dependences of (k'|Vg|k) change with
increasing E, let us look into Eq. (20). As in the discussion for (k'|V} g|k) in Section 4.2, we can
see that the k-dependence of (k| Vg|k) is given by ¢ (k) in Fig. 1, which is independent of E and
is the same in Figs. 3-8. On the other hand, its k¥’-dependence is given by (E — k'*)¢ (k') and
varies with E. For a negative energy E = —y?, the factor E — kK?* = —y2 =K s negative for
any k’. On the other hand, for a positive energy £ = K, the factor E — k? =K — k' changes

16See also the discussion in Section 9.1.
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its sign at k' = K, Therefore, because ¢(k) in Fig. 1 is nodeless, (k'|Vg|k) of Eq. (20) changes
its sign only once at k' = K as a function of k’; it is visible that (k'|Vg|k) changes its sign at
k' =1.0fm™! for each k in Fig. 7, and at K’ = 2.0fm ™" in Fig. 8. We stress that the above sign
change of (k'|V|k) is a clear criterion of a BIC.

Fourth, let us compare the potentials in Figs. 5 and 7, which describe the same state |¢) as a
negative-energy eigenstate (E = —1.0fm2) and a BIC (E = 1.0 fm?), respectively. If we look
into (kK'|V'|k)’s only, we cannot realize that one of them supports a BIC while the other does
not. Only by the investigation of (k’'|Vg|k) as in the above do we understand whether a given
potential supports a BIC or not.!’

To summarize, by using the simple method in Section 3.2, we have explicitly constructed
potentials that support a BIC, which are shown in Figs. 7 and 8. Further, we have explained
major features of these potentials using the SB-decomposition in Section 2, and have shown a
criterion to judge whether a given potential has a BIC or not.

4.5.  Numerical results for Vs + Vg = V' in coordinate space
In order to obtain a better insight into BIC-supporting potentials, we now cast the results in
Section 4.4 into coordinate space.

First, let us note that the Fourier transform of (k'|Vy|k) of Eq. (19) is given by

/de/
(27 )3

_ 5(}‘/ /_ l") VO(r)’ (22)
rr

(Vlr) = Jolk'r) / Sy b tker) (VA1)

where V;(r) is the Gaussian potential of Eq. (18). Second, we can easily Fourier transform
numerically (k'|Vs|k) = (k'|Vy.s|k) in Eq. (10) and (K'|Vs|k) in Eq. (11) to obtain (+'|Vs|r) and
(¥|Vg|r), which now read'?

("' |Vslr) = (FVoslr) = (' [Volr) — (¥ Volr)

o 12 377
=2y — [ otk /

4 jokr) (v = k) (K )p(k)

Gy Gy
- %Vo(n — (2 + VR0 (3)
k*dk’ k>dk
01V = [y o) [ 55 ) (2 = KK )0

= (E + V7))o (r). (24)

7In the search for a BIC, we only have to look for a sign change of (k'|Vg|k) as a function of k. We
observe the sign change in Fig. 7 at k¥’ = 1.0 fm ™", while we do not in Fig. 5. We can conclude, therefore,
that (k'|V']k) in Fig. 7 supports a BIC at £ = k' = 1.0fm™2, while (k'|V|k) in Fig. 5 does not. In the
above discussion, we have assumed a system with a single bound state. For a general case with several
bound states, see Section 9.2.

8 Here, we have replaced K> with E as in Eq. (20).
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Fig. 9. SB-decomposition Vy s + Vo = V) in the first line of Eq. (25) with the eigenenergy of ¢(r) be-
ing E = —yj =-5373 fm~? (= —222.8 MeV), which corresponds to Fig. 3 in momentum space. Left:

8 —
(1 Vslr) = (7 |Vo.slr). Middle: (7| Vo.plr). Right: (| Volr) = (r/ ") (). which is shown by a thick
black line along i’ = r. Note the same thick black line in the left panel. See the text.
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Fig. 10. SB-decomposition Vs + Vg = V in coordinate space that corresponds to Fig. 4. The eigenenergy
of |¢p)is E = —1.0 fm > (= —165.9 MeV). The diagonal solid lines along " = r in the left and right panels

8(r —
represent the original local potential (#'|Vy|r) = v - r) Vo(r) in Fig. 9. Other notation is the same as
rr
for Fig. 9. See the text.
. /2 d2 2 d .
Here, we have used the notation V'* = KPE + = P Then, by adding Egs. (23) and (24), we can
7 r dr

express the Fourier transform of Eq. (21) as
(' \Vslry + (/' 1Vglr)y = (/'[Vr)
= ('[Volr) — (¥ [Volr) + (| Velr) = (7' [Volr) + (/| AV]r)
8(r' —r) ,
= V() + (E +5) 619 (1), (25)
The first line of Eq. (25), with (#'|Vs|r) and (#/|Vg|r) being given by Egs. (23) and (24) respec-
tively, represents the SB-decomposition of (#'|V'|r) that supports the bound state ¢(r) at energy
E . The third line represents the Fourier transform of Eq. (13) for (k'|V'|k), and gives the energy-
shift operator AVy of Eq. (12) in coordinate space:

(r'|AVsIr) = (Vs = Voslr) = (E + 1) o0 (r). (26)
It is notable here that (| Vg|r) of Eq. (24) is purely nonlocal and separable, and so is (*'|AVg|r)
of Eq. (26).
In Figs. 9-14, we present the first line of Eq. (25), the SB-decomposition of (#'|V|r), corre-
sponding to Figs. 3-8 in momentum space.
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Fig. 11. SB-decomposition Vs + Vg = V in coordinate space that corresponds to Fig. 5. The eigenenergy
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of |[p)is E =—1.0 fm 2 (= —41.47 MeV). Other notation is the same as for Fig. 9. See the text.
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Fig. 12. SB-decomposition Vs + Vg = V in coordinate space that corresponds to Fig. 6. The eigenenergy
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of |¢) is E = 0.0 fm 2 (= 0.0 MeV). Other notation is the same as for Fig. 9. See the text.
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Fig. 13. SB-decomposition Vs + Vg = V in coordinate space that corresponds to Fig. 7. The eigenenergy
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of |p) is E = K2 = 1.0fm™> (= 41.47 MeV). Other notation is the same as for Fig. 9. See the text.
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Fig. 14. SB-decomposition Vs + Vg = V in coordinate space that corresponds to Fig. 8. The eigenenergy
of |¢) is E = K? = 4.0fm ™ (= —165.9 MeV). Other notation is the same as for Fig. 9. See the text.
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r—dependence r" — dependence

E=40fm2 —— |
E=0.0fm?2 — |
-180 ‘ E= -yg
P 0 05

1 15 2
¥ [fm]

r [fm]

Fig. 15. r- and r'-dependences of (/| Vs|r) and (¥'|Vg|r). Left: ¢(r) representing the r-dependence of both
(r'|Vs|ry for ¥ # r and (#/|Vg|r). Right: (E + V/z)qb(r’) representing the r’-dependence of (+'|Vg|r) for
several values of E(4.0fm ™2, 0.0fm 2, —y? = —5.373fm " ?). The curve E = — gives (the minus of)
the #'-dependence of (| Vs|r) = (| Vo.s|r). The curve for E = 0 shows V24(r'). See the text.

First of all, the transformation Vy — V' = Vy 4+ A3 in the last line of Eq. (25) shows that

the right panels in Figs. 10-14 represent, apart from the diagonal thick black lines represent-
8(r' —r)

/

Vo(r), the energy-shift operator (r'|AVg|r) of Eq. (26). For E = —yoz,
(r'| AVg|r) vanishes by definition, and V" of Eq. (25) reduces to ¥V}, to give
8(r' —r)

r'r

ing (F'[Volr) =

(' Vo slr) + (Vo slr) = Vo(r), 27)

showing that (¥'|Vy s|r) and (| Vy g|r) cancel each other exactly for # # r, as can be confirmed
in Fig. 9.

Now, we examine the r- and r’-dependences of (| Vs|r) and (+'|Vg|r) in these figures. For this
purpose, we plot ¢(r) and (E + V'*)¢(r’) respectively in the left and right panels of Fig. 15.19
We understand the curves in the right panel in the following manner. First, let us note that
V’2¢>(r/), which is given by the curve £ = 0, has a shorter range than ¢(r) in the left panel, and
has anode at ' = 0.67 fm.?° The node appears for £ > —)/02, and moves inward with increasing
E2

Let us start with (| Vs|r), which is independent of E and therefore is common in Figs. 9-14.
For v # r, (r'|Vs|r) reduces to — (| Vo glr) = (v§ — V') ()¢ (r), which is the second term of
the right-hand side of Eq. (23). Its r- and r’-dependences are respectively given by ¢(r) in the
left panel and by (—)/02 + V/z)qb(r/) in the right panel of Fig. 15. We see that (| Vs|r) for ¥ # r
has no node and that its extension is longer in the r-direction than in the /-direction, which is
explained by the above observations on Fig. 15.

Y% (r) has already been shown in Fig. 1. For convenience, however, we plot it here again.

200bserve that V/2¢(r) is the Fourier transform of k2¢(k’) in Eq. (23) that has a longer rage in mo-
mentum space than ¢(k’). Therefore, V'>¢(') has a shorter range than ¢ () in coordinate space. Note
also that V’2¢>(r’), mostly the second derivative of ¢ (i) in the left panel, naturally has a node.

2Lp(r') decays as exp(—yor’) for ¥ — 0o, and so does V/?¢ (). Further, the Schrodinger equation for
¢(r") shows that (—)/02 + V)p(r) = Vo(r )¢ (') decays faster than exp(—yor’), showing that leading (ex-
ponentially decaying) parts of —yZ¢(r') and V"2¢(r’) cancel each other exactly for ¥ — oo. Therefore,
¢(r) in the left panel and V?2¢() in the right panel (indicated by E = 0) explain that (£ + V')
shows up with a node for E > —y¢ while it is nodeless for E < —y2.
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Now we turn to (#'|Vg|r) of Eq. (24). Its r-dependence is independent of E, and is given simply
by ¢(r) in the same way as (| Vs|r) for i’ # r. Its ’-dependence, on the other hand, is dependent
on E, and is given by (E + V'2)é(r) in the right panel of Fig. 15; for E > —y;, it has a node
that moves inward as E increases, i.e., the node is located at ' ~ 0.67 fm for E = 0.0 fm 2, and
¥ ~ 0.54 fm for E = 4.0 fm 2. We can thus explain the #/-dependence of (r|Vs|r) in Figs. 9-14;
(r'|Vg|r) has a node in the r'-direction for £ > —yoz, which is visible at 7 ~ 0.67 fm in Fig. 10 for
E = 0.0fm™2, and goes downward as E increases to 7/ ~ 0.54 fm in Fig. 14 for E = —4.0 fm 2.

To summarize, we have understood the main behaviors of (/| Vs|r) and (#'|Vg|r), and therefore
of (#/|Vr) in Figs.9-14. Note that the present results imply the importance of the nonlocal
potential in the physics of BIC; in order to realize a BIC in a given system with a negative-
energy bound state, it is crucial to introduce the nonlocal perturbation (¥'| AVg|r) to the system.
We shall soon find a rigorous proof of this observation in Section 8.

5. Numerical example II: General method
In this section, we briefly demonstrate that steps (i)—(iii) of the general method in Section 3.1
are really implementable.

In step (i) of Section 3.1, we arbitrarily adopt the bound state |¢) in Fig. 1 for simplicity.??

In step (ii), with Py = |¢) (@], we solve the coupled set of Eqgs. (A) and (B) for T'. Because we
find infinitely many solutions, we arbitrarily choose (k| T'|k) in the left panel of Fig. 16, which
in turn gives the phase shift §(k) in the right panel. Note that they are different from those in
Fig. 2. Therefore, the corresponding (k'|Vs|k) calculated via Eq. (3), which is shown in the left
panels of Figs. 17-21, is different from (k'|Vp s|k) in Figs. 4-8.

In step (iii), we make (k'|Vg|k) in the same way as in Section 4; we consider five differ-
ent eigenenergies of |¢), E = —4.0 fm=2, —1.0fm™2, 0.0 fm™2, 1.0 fm 2, and 4.0 fm~2, each of
which gives (k’|Vg|k) in Figs. 4-8 in order.

Finally, by adding (k'|Vs|k) to each (k’'|Vs|k) in Figs. 4-8, we obtain its corresponding
(K'\Vslk) + (K'|Vglk) = (K'|V|k) in Figs. 17-21.

(K|T |k [fm] phase shift
10 | 600 4 ' ' ' ‘
9L - W 500 35
sl | ™ 400 N
2L . H 300
— 6l | 200 = 25
—‘E 5 100 sg 2l
=57 1o =
X 4+ - -100 w 15
3 7 By -200 Tr
2k 7 W -300 051
1 - M -400
0 il i il s s -500 00 2 4 6 8 10
01 23 4586 7 8 910 k [fm™"]
k [fm ]

-1

Fig. 16. Arbitrarily chosen solution (k| T'|k) to Egs. (A) and (B) (contour map of the real part, left panel)
and its corresponding phase shift §(k) (right panel). Notation is the same as for Fig. 2. See the text.

220f course, we could have chosen a different bound state. For the sake of comparison with the results
in Section 4, however, we have chosen the same bound state |¢) as in Section 4. We stress that we do not
need knowledge of the Gaussian potential of Eq. (18) in carrying out the general method here, while we
used it in implementing the simple method in Section 4.
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K|Vglk) [fm] K|VIK) [fm]
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; | M 300 , 300 ; 300
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£ . (1)00 5 s ;oo g 5 (1)00
=4 400 <4 400 <4 -100
3 -200 3 -200 3 -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
o 1 -500 0 -500 0 -500
01234586 7 8 910 0123452678 910 01234586 7 8 910

k [fm ™ K [fm™] k[fm™]

Fig. 17. SB-decomposition Vs + Vg = V of V. (K'|Vs|k) is calculated via Eq. (3) using (k'| T'|k) in Fig. 16.
(K'|V|k) is taken from Fig. 4 corresponding to E = —4.0 fm 2. Other notation is the same as for Fig. 4.
See the text.

K|Vglk) [fm] W\Vglk) [fm]

K|V|ky [fm]

10 . m 600 10 600 10 600
9 | ¥ 500 9 500 9 500
8 | 400 8 400 8 400
; -~ HE 300 , 300 ; 300
—% 200 6 200 ¢ 200
35 . (1)00 E s :Joo g . (1)00
=4 400 <4 400 <4 100
3 -200 3 -200 3 -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
0 g -500 0 -500 0 500
012345678910 01234526 7 8 910 01234586 78 910

k[fm™] k [fm™] k[fm™]

Fig. 18. (K'|V;|k) is taken from Fig. 5 corresponding to E = —1.0 fm 2. Other notation is the same as
for Fig. 17. See the text.

K|Vglk) [fm] ®|Vglk) [fm]

K|V|ky [fm]

10 . m 600 10 600 10 600
9 | B 500 9 500 9 500
8 | ® 400 8 400 8 400
. 300 ; 300 . 300
—s 200 —6 200 ¢ 200
£s (1)00 Es ;oo £s (1)00
x4 00 <4 00 <4 -100
3 -200 3 -200 3 -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
0 y -500 0 -500 0 -500
0123 45867 8910 0123 458678910 0123 456 7 8 9 10

k [fm ™ K [fm™] k[fm™]

Fig. 19. (k'|Vs|k) is taken from Fig. 6 corresponding to E = 0.0 fm~2. Other notation is the same as for
Fig. 17. See the text.

Let us note the following: the (k'|V'|k)’s in Figs. 8 and 21, for instance, share the same BIC |¢)
at the same energy (E = 4.0 fm ) because they share the same (k'|V|k). On the other hand,
they give different (k'|T'|k)’s because their (k| Vs|k)’s are different. The same argument applies
to each pair of Figs. 4 and 17, Figs. 5 and 18, Figs. 6 and 19, and Figs. 7 and 20. In other
words, for each (k| T |k) that is compatible with the given bound state |¢),>* we can construct a
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(K|Vg|k) [fm]
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K|VIky [fm]
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w4 400 <4 400 %4 -100
3 -200 3 -200 3 -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
0 -500 ol— -500 0 -500

5
01 2 3 45 6 7 8 9 10
k [fm™]

01 2 3 45 6 7 8 9 10
k [fm™]

Fig. 20. (k'|Vg|k) is taken from Fig. 7 corresponding to £ = 1.0 fm~2. Other notation is the same as for

Fig. 17. See the text.

(K|Vg|k) [fm]

K|Vlky [fm]

(K|V|k) [fm]

10 600 10 600 10 600
9 500 9 500 9 500
s 400 8 400 8 400
. 300 ; ,,,,,,,,,,, 300 . 300
—s 200 | 20 g 200
Zs ;oo £s :)oo E . (1)00
=4 400 <4 400 %4 100
3 -200 3f -200 3t -200
2 -300 2 -300 2 -300
1 -400 1 -400 1 -400
0 i -500 0 -500 0 -500

01 2 3 4 5 6 7 8 9 10
k [fm™]

Fig. 21. (k'|Vg|k) is taken from Fig. 8 corresponding to E = 4.0 fm 2. Other notation is the same as for
Fig. 17. See the text.

Hermitian potential that supports |¢) at any (positive or negative) eigenenergy as we like. The
above observation suggests that BICs are as common as negative-energy bound states if we
look into all Hermitian potentials.?*

6. Discussion on local potentials

In this and following sections, we give some discussions. First, in this section, we examine local
potentials in connection with the BIC. It is known that a local potential V' (r), which is con-
tinuous except at a finite number of finite discontinuities, gives the usual scattering theory if it
satisfies [10,11]%

I. V(r)=0@G"3"¢), asr — oo (somee > 0). (28)

II. V(r)=0@#"*), asr — 0 (somee > 0). (29)
In Section 6.1, we shall see that if a local potential V' (r) supports a BIC, it cannot satisfy condi-
tion I, and the BIC wave function ¢(r) must have an oscillatory structure. Then in Section 6.2,
we show such an example; we explain the only local potential that we know that supports a
BIC, i.e., the von Neumann and Wigner potential.

23This means that (k'| T'|k) is a solution to the coupled set of Eqgs. (A) and (B) that are fixed by the given
bound state |¢) only, irrespective of its eigenenergy E being negative or positive.

24We shall soon give a rigorous proof of this statement in Section 7.1.

2The notation ¥ (r) = O(”) means that |V (r)| < c|r|? for some constant c.
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6.1. Rarity of BIC for local potentials
Here we show the following two points.

(1) If alocal potential V' (r) supports a BIC ¢(r), V' (r) does not satisfy condition I of Eq. (28),
and ¢(r) is an oscillating function with an infinite number of zeros. Accordingly, V' (r) is
also an oscillating function.

(i1) If a BIC wave function ¢(r) has at most a finite number of zeros, the potential V' of
the system cannot be local but must be nonlocal, i.e., {(+'|V|r) cannot be proportional to
8(r —r).

Let us start with point (i). First, we examine a case where a local potential V' (r) satisfying

conditions I and II supports a BIC wave function ¢(r) at a positive energy E = k? via
(V2 + V(r)p(r) = I (r). (30)

Now we make an assumption that ¢(r) has only a finite number of zeros. Then, because of
condition I for V' (r), we can choose R in such a way that ¢(r) has no zeros for r > R and
V (r)¢(r) can be neglected there compared to k2¢(r) with any desired accuracy. This means
that the solution ¢(r) of Eq. (30) for » > R can be approximated by jo(kr + «), with « being an
appropriate phase. However, because jo(kr 4+ «) has an infinite number of zeros in the range
r > R, the above solution jy(kr 4+ «) contradicts our choice of R. By reduction to absurdity,
therefore, we can conclude that our assumption is false, i.e., ¢(r) is an oscillating function with
an infinite number of zeros, leading to the second half of point (i).

Second, taking into account the above observation, let us express ¢(r) of Eq. (30) as ¢(r) =
Jo(kr + a) f(r) with f(r) being an unknown envelope function that guarantees the normaliz-
ability of ¢(r). Then, it is easy to see”®

) ) djolkr + @) df (r) /() 2d/()
—V() =ke) -2 dr dr dr? rodr G
Now we suppose that f(r) = O(r~") with some n > 1 for r — 00.?’ This means that the leading
contribution on the right-hand side as r — oo comes from the second term:
_ydjolkr + ) df(r)
dr dr

Then, by comparing Egs. (30) and (31), we realize that V' (r) = O(r~') as r — oo. The above
observation shows the first half, to complete a proof of point (i).

It is now easy to show point (ii) as a contraposition to point (i). We can thus prove
both points (i) and (ii). Note that point (i) suggests that a BIC can rarely occur in a local
potential.?

Jolkr + ) — Jo(kr + o)

= 0", asr— oc. (32)

6.2. Existing theory: von Neumann and Wigner potential

In Ref.[1], von Neumann and Wigner first showed that a BIC is possible by deriving a local po-
tential V' (r) that conforms to point (i) in Section 6.1. As briefly explained in Appendix A.1, their
potential V' (r) in the S-wave channel describes ¢(r) = jo(kr) f(r), the spherical Bessel function

2 2d
26N0te that V2 = p + —d—.
r rdr
"It can be easily shown [2] that an exponentially decaying f(r) is not consistent with the Schrodinger
equation (30).

28This point shall be proven later in a definite manner.
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Jjo(kr) in an envelope f(r), as a BIC at a positive energy E = k>. Comparing our theory to
theirs, we realize the following.

e The wave function of their BIC is tailored from the oscillating plane wave state jo(kr). Cor-
respondingly, their potential also has an oscillatory structure,

in 2k
V() o m 2 s = oo, (33)
2kr

which does not satisfy condition I of Eq. (28) in accordance with point (i) in Section 6.1,
leading to a destructive interference that allows for the existence of the BIC. In our theory,
on the other hand, we can choose any normalizable wave function for the BIC. Correspond-
ingly, our BIC-supporting potential is not necessarily of an oscillatory structure, which can
be confirmed clearly by Eq. (25).

* The eigenenergy of their BIC, ¢(r) = jo(kr)f(r), is fixed at E = k*. In our theory, on the
other hand, we can assign any eigenenergy E to our bound state.

« Except for the BIC ¢(r) = jo(kr) f(r) at E = k?, their theory does not give any information
on scattering states and other possible bound states.”” On the other hand, as explained in
Section 2, our theory keeps all eigenstates of the system under control by construction.

From the above observation, we realize that the local potential of von Neumann and Wigner
is a very special case that cannot be generalized to other BICs. Further, because their BIC is
vulnerable to any local perturbation [3,4], we conclude that their BIC is an exceptional phe-
nomenon in the group of all local potentials, which might accord with our intuition. In the
following, however, we shall see that the present theory predicts the opposite if we survey the
group of all Hermitian potentials.

7. Discussion on general nonlocal potentials
In this section, we discuss various aspects of the present theory that treats general nonlocal
potentials.

7.1, Generality of BIC

In Section 4.3, we examined the transformation of (k'|Vylk) = (K'|Voslk) + (K'|Voslk) into
(K'\V\k) = (K'|Vhslk) + (K'|VBlk), which is controlled by the single variable E assigned to the
normalizable state ¢ (k). Depending on E being negative or positive, (kK'|V|k) describes ¢ (k)
as a negative- or positive-energy bound state. Therefore, starting from (k'|Vylk) = (K'|Voslk) +
(kK'|Vp Blk) at hand, we can make as many potentials that present ¢(k) as a BIC as those that
describe ¢ (k) as a negative-energy bound state.

To be precise, let V(Tp, ¢) be a group of all Hermitian potentials that share the half-on-shell
T-matrix (k'|Tylk) and the single bound state |¢). We distinguish each V' € V(Ty, ¢) by the
eigenenergy E of |¢).>* Then, the above argument shows that half elements of V(7;, ¢) support
|¢) at positive energies, and the other half at negative energies. Now, let V represent the group
of all Hermitian potentials that have a single bound state. Obviously, V is a direct sum of all
possible subgroups defined similarly to V(7p, ¢) in terms of a half-on-shell T-matrix and a

2Note that, because their potential does not satisfy condition I of Eq. (28), we cannot even expect the
usual description of scattering states.

3n the group V(Tp, ¢), (K'|Vslk) = (k'|Vo.s|k) is fixed, and (k'|Vg|k) of Eq. (20) alone varies with E.
Note that V) in Eq. (19) is an element of V(7j, ¢) specified by £ = —7/02 = —5.373fm 2.
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bound state wave function, i.e.,!

V=V(Ty,¢) oV (T1, ) ®V(T2, 0) @ - -
&V(T3.0) @V (T ¢) 0V (11 4) & -
oV (TON’ ¢//) @YV (Tl//’ ¢//) @V (Tz//» ¢//) D---. (34)

In exactly the same way as V(7p, ¢), each subgroup on the right-hand side of Eq. (34) contains
as many potentials with a BIC as those without a BIC, so does V on the left-hand side. The
above argument can be easily generalized to systems with two or more bound states, which im-
mediately leads us to the following conclusion: if we examine all Hermitian potentials, most of
which are nonlocal, we would find as many BICs as negative-energy bound states. Surprisingly
enough, in the group of all possible Hermitian potentials, the BIC is not at all an exceptional
phenomenon as predicted by local potentials in Section 6.

7.2.  Coexistence of BIC and scattering state

Using the method in Section 3.2, let us prepare a potential (k'|V'|k) that supports a BIC |¢) at
E = K. Then, the scattering state |K), and the BIC |¢) are degenerate at £ = K? in our sys-
tem.3? This means that the Schrodinger equation in coordinate space corresponding to Eq. (14),

which is the following integro-differential equation for the S-wave channel,?
d2 2 d OO 2 3./ / / 2
55 g )00+ [PV = K, (39)

has two different solutions that are regular at the origin; one is the BIC ¢(r), and the other is
the scattering state w}j)(r) = (r|K), with the outgoing boundary condition. This degeneracy
implies the existence of a nontrivial solution y (r) to Eq. (35) that satisfies x(0) = x'(0) =0

where x'(r) = - x(r) [12-14].3% Therefore, the conclusion in Section 7.1 means that, for an
r
arbitrary ¢(r) at an arbitrary positive energy E = K2, there is a nonlocal potential V' (r, ) that
allows a solution ¢(r) = x(r) to Eq. (35) satisfying x(0) = x'(0) = 0.
In a system described by a local potential V' (r), however, the situation is different. Here, the
Schrédinger equation in coordinate space is given by the second-order differential equation:

2 2d
(<5 25 ) 60+ V000) = K60, (36)

It is straightforward to show that, using an argument of the uniqueness of solution for an ordi-
nary differential equation, Eq. (36) with the initial condition ¢(0) = ¢’(0) = 0 would generally
yield the unique solution ¢(r) = 0. In other words, a local potential V' (r) would not generally

3n Eq. (34), the half-on-shell T-matrices {7y, T;, T, - - -} are “compatible” with the bound state
|p), i.e., they are solutions to the coupled set of Egs.(A) and (B) for the given bound state |¢), and
{T,, T/, T,, - - -} are “compatible” with another bound state |¢’), and so on.

32The original potential V; describes the scattering state |K), at E = K> and the bound state |¢) at
E = —yoz, which are of course mutually orthogonal. The transformed potential J” describes the scattering
state |K); in exactly the same way as V; by construction. At the same time, it supports |¢) at E = K> as
explained in Section 3.2. Therefore, |K), and |¢) are eigenstates of Hj + } with the same eigenenergy,
E =K.

B3(r|V |y = V(r, ¥) is generally nonlocal. See Eq. (25).

34In fact, we can prepare such a solution y (r) as an appropriate linear combination of ¢(r) of the BIC
and 1ﬂ1(<+)(”) for our BIC-supporting potential.
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allow the degeneracy of the scattering state w1(<+)(r) = (r|K), and the BIC ¢(r) at E = K?, which
in turn means that the BIC is a rare phenomenon for local potentials.

Summarizing the above, nonlocal potentials easily allow the coexistence of the scattering
state g//§<+)(r) and the BIC ¢(r) at the same energy E = K2, while local potentials rarely do.
Consequently, BIC is a commonplace event in the group of all Hermitian potentials, most of
which are nonlocal, while it is not the case in its subgroup composed of local potentials only.

8. Local versus nonlocal potentials

In Section 7.2, we have seen the difference of the Schrodinger equation between local and non-
local potentials in connection with the BIC. Here we compare local and nonlocal potentials
in terms of the SB-decomposition of Section 2, which will show the importance of nonlocal
potentials in the study of BIC from another point of view.

8.1.  Potential group V(t, ¢)
Let us specify the group of potentials that we are going to examine.

¢ We choose an on-shell T-matrix

|
(k) = ———e®®sin §(k), (37)
TT P

by arbitrarily giving a phase shift (k) that is in accordance with Levinson’s theorem.>”

« We fix a single bound state |¢) in such a way that it behaves as’¢

¢(r) o exp(—yr), asr — oo. (38)

Now we define a group V(¢, ¢); this is a group of all Hermitian potentials that share the on-shell
T-matrix 7(k) of Eq. (37) and the single bound state |¢) satisfying Eq. (38). Note that V(z, ¢)
is the group of all solutions to the inverse scattering problem for #(k) with the bound state |¢).
In the following, we examine V(z, ¢) in terms of the SB-decomposition of Section 2.

First, for any value of the eigenenergy E of |¢), Eq. (20) gives its corresponding Vg(¢, E
We therefore define

)_37

Ve(¢) = {Va(¢, E)} (39)

as a group composed of Vp(¢, E)’s. Note that, because E is a continuous parameter, Vg(¢)
contains an infinite number of elements.

Second, for the fixed Pg = |¢) (@], let us take a solution T of Eqgs. (A) and (B) with the bound-
ary condition (k|T'|k) being equal to #(k) of Eq. (37), which in turn gives its corresponding
Vs(T, ¢) via Eq. (3).3® Then we define

Vs(t, ¢) = {Vs(T, ¢)} (40)

35

Ok is the density of states.

“ 2@y
3This choice of |¢) excludes the von Neumann and Wigner potential in Section 6.2.
37The present notation Vg(¢, E) explicitly shows that Vg is determined by ¢ and E.
38The notation Vs(T, ¢) shows explicitly that Vs is determined by 7" and ¢.
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s(t,¢) = {Vb T,¢) V(o) = {VB(@E)}

V\\
- ' ‘VB(O! 7”2)

Fig. 22. Schematic expression for Eq. (42). Vg(¢) is denoted by a single line showing that it is a group
with a single parameter £. The only local potential in V(z, ¢), given by Eq. (43), is indicated in the figure.
See the text.

as a group of all possible Vs(T, ¢)’s thus obtained.’ Since an infinite number of 7’s would
satisfy Egs. (A) and (B) with the boundary condition (k|T'|k) = t(k), Vs(¢, ¢) would contain
infinitely many elements [7].4

Finally, the SB-decomposition expresses each potential in V(¢, ¢) uniquely as

Correspondingly, V(¢, ¢) is a direct sum of Vg(¢, ¢) and Vg(¢), i.c.,
V(t, ¢) = Vs(t, ) @ Vi(9), (42)

as shown in Fig. 22.4! In the following, we look for local and nonlocal potentials in V(z, ¢) of
Eq. (42).

8.2.  Local potentials

Here, we study a possible local potential in V(z, ¢). In the group of all local potentials, one
can rarely find a BIC-supporting potential as explained from the viewpoint of the differential
equation in Section 7.2.*> Here, we explain the above situation from another point of view; we
shall see that there is no BIC-supporting local potential in V(¢, ¢).

First, we start with the group Vg(¢) of Eq. (39). For a local potential satisfying condition I
of Eq. (28), Eq. (38) means that ¢(r) has the eigenenergy E = —y2, and therefore that ¢(r) is
not a BIC. Then, Eq. (20) uniquely picks up an element Vg(¢, —y?) € Vp(¢).

Second, we turn to the group Vs(z, ¢) of Eq. (40). Let us recall the well-known result of
the inverse scattering problem for local potentials [10,15]; there is only a single local so-
lution V'°°(¢, ¢, —y?; r) to the inverse scattering problem for a given set of {t, ¢, —y2}.%
Therefore, the only local potential V'°°(¢, ¢, —y?) uniquely chooses its corresponding element

¥Different elements of Vg(z, ¢) are distinguished by different 7’s that share the on-shell T-
matrix (k|T|k) = t(k). By writing such 7’s as Ti, 15, ---, we can express the group as Vs(z, ¢) =
Vs(T1, 9), Vs(T, §), - .

“01n the space orthogonal to |¢), there are an infinite number of different complete orthonormal sets
that share the same asymptotic behaviors (or 7(k)). Therefore, because knowledge of T is equivalent to
that of a complete orthonormal set {|k); } of scattering states, we can find infinitely many 7"’s satisfying
Egs. (A) and (B).

“'Note that V(¢, ¢) of Eq. (42) is much larger than V(7 ¢) introduced in Section 7.1; by choosing a
single Vs(T, ¢) € Vg(t, ¢) in Eq. (42), the group V(z, ¢) reduces to V(T, ¢).

#In fact, we know only a single BIC-supporting local potential, the von Neumann and Wigner poten-
tial in Section 6.2, the bound state of which does not satisfy the assumption of an exponentially damping
wave function in Eq. (38).

To be precise, the existence of the solution requires the phase shift to be “reasonable” [10].
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Vs(T'¢, ¢) € Vs(t, $),* to compose V'(¢, ¢, —y?) in the form of Eq. (41) as

VIt ¢, —y?) = Vs(T". ) + Vi(9. —7°). (43)
For the sake of clarity, we have embedded Eq. (43) in Fig.22 for Eq. (42). Each element
V(T, ¢, E) € V(t, ¢) corresponds to a specific choice of Vs(T, ¢) € Vs(z, ¢) and Vg(¢, E) €
Vg(¢), where both Vg(z, ¢) and Vg(¢) contain an infinite number of elements. Among all these
combinations in Fig. 22, only a single choice, Vs(T'¢, ¢) € Vs(z, ¢) and Vi(¢, —y>) € Vp(¢),
makes the only local potential in V(z, ¢).
To summarize, with condition I of Eq. (28) for the potential and the assumption of an ex-
ponentially damping wave function in Eq. (38), V''°°(¢, ¢, —y?) of Eq. (43) is the only local
potential in V(¢, ¢), and its bound state |¢) is not a BIC.

8.3.  Nonlocal potentials
Here, we turn to nonlocal potentials in V(¢, ¢). Note that all elements of V(z,¢) but
Viee(t, ¢, —y?) of Eq. (43) are nonlocal potentials.

Let us arbitrarily choose two elements, Vs(7T, ¢) € Vs(¢, ¢) and Vi(¢, E) € Vg(¢), to com-
pose V(T, ¢, E) € V(t,¢) of Eq. (41). Then, depending on E < 0 or E > 0, our potential
V(T, ¢, E) describes |¢) as a negative- or positive-energy bound state, irrespective of the choice
of Vs(T, ¢) € Vs(¢, ¢). We can conclude, therefore, that half elements of V(z, ¢) carry positive
E and describe |¢) as a BIC,* and they are all nonlocal potentials.

8.4. Importance of nonlocal potential
Let V represent the group of all Hermitian potentials with a single bound state.*® Then, V is a
direct sum of all subgroups defined similarly to V(z, ¢) of Eq. (42), i.e.,

V=V, ¢)®V(t1,0) B V(t2, ) B - - -
®V(t, )@V, ¢)® V(2,9 D - -

® V1, ¢") & V(11, ") O V(12,9 B -+ - . (44)
In Section 8.2, we have seen that there is at most a single local potential in each subgroup on the
right-hand side of Eq. (44),*” and it does not support a BIC. On the other hand, in Section 8.3,
we have shown that half elements of each subgroup, which are all nonlocal potentials, support
a BIC. In the search for BIC, therefore, we have to examine nonlocal potentials.

9. Observing BIC

Here we discuss how we can observe a BIC or confirm its existence in a system described by a
nonlocal potential.

To begin with, let us note the difficulty of observing a BIC directly. On the experimental side,
we can observe a BIC only via its interaction with some other systems. On the other hand,
however, the interaction necessarily gives a finite width to the BIC, which would inevitably

4 Tc is the half-on-shell T-matrix corresponding to V1°¢(¢, ¢, —y?).

4 This is another way to confirm the results of Section 7.1, the generality of BICs.

46We assume condition I of Eq. (28) and an exponentially damping wave function of the bound state
as in Eq. (38).

4TPotentials in V(¢y, ¢) and V(t, ¢’) carry the same on-shell T-matrix #,. However, they cannot share
the same half-on-shell T-matrix; each potential in V(#y, ¢) requires a half-on-shell T-matrix satisfying
Egs. (A) and (B) with Pg = |¢)(¢|, while V(¢y, ¢") corresponds to different Py = |¢’)(¢'].
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obscure the BIC to make its empirical identification difficult. On the theoretical side, we note
that knowledge of (k’| T'|k) alone does not give any information on a possible BIC of the system.
We can easily prepare two different systems with the same (k'|T'|k), one of which supports
a bound state |¢) as a BIC at a positive energy £ = K2, and the other at a negative energy
E = —y?.* Naturally, we cannot distinguish between these two systems from their common
(K'|T|k) only.*’ Therefore, if we look into the scattering data only, we cannot recognize the BIC
or its precursor theoretically.
This is not, however, the whole story, as we explain below.

9.1. Finding N,

It is known that Levinson’s theorem, §(0) — §(c0) = N7, holds not only for local but also for
nonlocal potentials [15,16], where N is the number of normalizable eigenstates of the system.
Letus express N as N = N_ + N, where N_ is the number of negative-energy bound states and
N, is the number of BICs. Then, as we show below, N and N_ are accessible both theoretically
and experimentally, and sois N, = N — N_.

First, we explain the experimental observation of N, using an example. Suppose that, for a
given system, we have observed experimentally the phase shift §(k) in Fig. 2 that shows N =1,
and also that we do not find a negative-energy bound state, i.e., N_ = 0. Then, we can con-
firm experimentally that N, = N — N_ = 1, and therefore conclude that the system supports
a single BIC.

Second, let us turn to the theoretical observation of N, . Here, the problem is how to deter-
mine N, of a system of which the potential is known. To be concrete, we consider a system
with (K'|V'|k) in Fig. 8. Then, we can easily calculate its phase shift §(k) in Fig. 2, which in turn
gives N = 1 via Levinson’s theorem. At the same time, we can confirm N_ = 0 by diagonal-
izing the Hamiltonian of Eq. (1) in momentum space. We can thus obtain Ny = N — N_ =1
theoretically, and conclude that the system under consideration supports a single BIC.>

To summarize the above, by making use not only of the scattering data §(k), but also of the
number N_ of negative-energy bound states that we can observe easily both experimentally and
theoretically, we can obtain, by virtue of Levinson’s theorem, the number N, of BICs in the
system.

9.2. Finding ¢(k) and K>

The method in Section 9.1 gives N, (and N_) in a simple manner. However, it does not yield
either the wave function or the eigenenergy of the BIC.>! In the following, therefore, we explain

4 An example of a pair of such systems can be found in Section 4.4; the potentials in Figs. 4 and 8
yield the same (k| T'|k) but give the common bound state |¢) at different energies £ = —4.0 fm~2 and
4.0 fm~2. In the SB-decomposition, these potentials have the same Vg but differ from each other in Vg.
Generally, such a pair of systems can be prepared easily by the method in Section 3.2.

“Their common T determines their common Vs only, leaving V3, and therefore V' = Vs + Vg of the
system, undetermined.

SWhen N = 1, we can easily distinguish the N, = 1 and N_ = 1 cases by looking into the sign of
(01¥]0) only. For a given (k'|V'|k), we can easily calculate (k'|T|k) and therefore (k'|Vs|k), which in
turn gives (K'|Vglk) = (K'|V|k) — (K'|Vs|k). Then, noting that (0|V|0) = E|(0|¢)|*, which is shown by
Eq. (20), has the same sign as the eigenenergy E, we realize that (0]V3]0) > 0 means N, = 1, and that
(0]¥]0) < 0 implies N_ = 1. The above criterion can be easily confirmed in e.g. Figs. 17, 18, 20, and 21.

SIFor example, suppose that we know N, = 1 and the phase shift §(k) in Fig. 2. Then, (K'|V|k) in
Fig. 7 and that in Fig. 8 are equally possible as a potential of the system. However the former gives the
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a theoretical access to the BIC wave function ¢(k) and its eigenenergy K for a given potential
(K'|V |k).>?

Let us start with a system with N, = 1 and N_ = 0. First, using the given potential (k'|V |k),
we calculate (kK'|T'|k) by the Lippmann—Schwinger equation, which in turn gives (kK'|Vs|k) by
Eq. (3). Then, with knowledge of (K'|Vg|k) = (K'|V |k) — (k'|Vs|k), which we know has the form
of Eq. (20), we can easily identify the eigenenergy E = K and the wave function ¢(k) of the
BIC.

Next, let us turn to general systems with N, = 1. Obviously, we can easily obtain (k'|V3|k)
as in the above. Then, it is convenient to split (kK'|Vg|k) of Eq. (5) as

(K'|Valk) = (K'|V+|k) + (K'|VB-|k)

Ny N
=S (R =K) Witk + > (=P —K7) Wiepailh),  @5)

i=1 J=Ny+1
with an obvious notation, where V3, and V3_ represent contributions of positive- and negative-
energy bound states, respectively. Because we can easily obtain N_ negative-energy bound states
{lo), —yjz; j=N,+1,---N}, we can calculate their contribution (k'|Vg_|k) in Eq. (45) to
isolate the BIC contribution (k'|Vg|k). Then, because (k'| Vg, |k) has the expression given by
the first term in the second line of Eq. (45), it is straightforward numerically to obtain N, BICs
and their energies, {¢;(k), K?; i =1, --- N, }. We stress that the above analysis is feasible and
clearly shows the usefulness of the SB-decomposition in Section 2.

In the end, let us note that the above problem has been studied in coordinate space [12,13],
to give a theoretical route to BICs, {¢;(r), K?*; i =1, --- N, }.>} However, we believe that our
analysis in momentum space via the SB-decomposition is much simpler and more feasible to
investigate BICs.

10. Search for BIC

Having established a general theory of BIC-supporting potentials, we now discuss how and
where we should search for a BIC in practice. Let us recall the generality of BICs explained
in Section 7.1; if we could examine all Hermitian potentials, most of which are nonlocal, we
would find as many BICs as negative-energy bound states. Despite great efforts, however, we
have not yet discovered a single BIC to date.>* We believe, however, that the present theory
provides us with a good chance to find a BIC in practice.

eigenenergy K2 = 1.0 fm 2 of the BIC and the latter gives K2 = 4.0 fm >, showing that we cannot obtain
the eigenenergy K from §(k) and N, only.

320ne might expect that one could easily obtain ¢ (k) and K? by numerically diagonalizing the Hamil-
tonian H = Hy + V' in momentum space. This is not, however, true; the eigenvectors that one would get
are linear combinations of |¢) and |K),, which are embedded in scattering states.

>3Here, one transforms the Schrodinger equation (35) in coordinate space into integral equations that
incorporate boundary conditions for the physical and regular solutions. Then, by looking for the zeros
of the Fredholm determinants of these integral equations, one can derive the eigenenergies {E; = K?} of
the BICs. In the same way, by looking for the null space of the integral kernels of these equations, one
can obtain the BIC wave functions {¢;(r)}.

*In condensed matter physics, quasi-bound states in the continuum (QBICs) can occur with a finite
measure and can therefore be observed [17]. This is in contrast to the BICs in Section 6, which are zero-
measure phenomena. In Ref. [17], one can find discussions on the relation between the BIC and the
QBIC.
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10.1.  How to search for BIC

Here, we outline a possible prescription for how to search for a BIC in practice. Given a poten-
tial V', we can SB-decompose it as V' = Vs + Vg and explain the behaviors of Vs and Vg both
in momentum (Section 4.4) and coordinate (Section 4.5) spaces. Here, Vg has the information
on the bound state, and therefore on the BIC, while Vs does not. We examine, therefore, V'3
in momentum and coordinate spaces. For simplicity, we consider systems with a single bound
state only.

10.1.1.  Search in momentum space. In momentum space, the k’-dependence of (k'|Vg|k)
clearly shows whether the system supports a BIC or not, as explained in Sections 4.4 and 9.2.5°
In coordinate space, on the other hand, we cannot realize the existence of a BIC so clearly as in
momentum space. We have seen that a node of (/| Vg|r) along the #'-axis moves as the eigenen-
ergy E of the bound state |¢) varies. However, the above shift of the node does not give a clear
criterion of the BIC.

To summarize, we should choose the momentum space to look for theoretical evidence of a
BIC in a given potential V, i.e., we had better examine (k'|Vg|k) rather than (| Vg|r).

10.1.2.  Search in coordinate space. Asshown in Sections 6 and 7, we have to examine nonlocal
potentials to find a BIC. Because the nonlocality is defined in coordinate space,®
it under better control in coordinate space than in momentum space.’’

First, let us start from a system with a (generally nonlocal) potential Vin; (¥, r) supporting
a bound state ¢(r) at a negative energy —y>. By introducing a nonlocal perturbation (E +

2o (r' )¢ (r), we obtain a system with the following potential:
V', r) = Vi, r) + (E+y2)p()d(r). (46)
Using the argument leading to Eq. (25), we can show that V' (/, r) of Eq. (46) now describes ¢(r)
as a BIC at the positive energy E. In other words, only by introducing a nonlocal perturbation
proportional to ¢(')¢(r), we can transform the negative-energy bound state ¢(r) into a BIC.
The SB-decomposition explains that the opposite is also true; any BIC-supporting potential

can be obtained in this way from a potential without a BIC.%®
Second, let us note the following; the generality of BIC in Section 7.1 means that BICs
are robust against perturbations.” This means that, if a potential ¥ (+, r) supports a BIC, its

we can keep

33We can easily identify the existence of a BIC simply by looking into the sign of (k’|Vg|k) at the origin
(K" = k = 0). If (0]V]0) is positive, the system has a BIC. Further, a node k¥’ = K of (k’|Vs|k) along the
k'-axis gives the (positive) eigenenergy E = K2 of the BIC.

SWe use “local” and “nonlocal” in coordinate space only.

>7As an example, let us consider V; in Section 4.1; its expression (18) in coordinate space is obviously
local, being proportional to §(' — r), while Eq. (19) in momentum space is not proportional to §(k’ —
k). Therefore, it is straightforward to distinguish “local” potentials from “nonlocal” ones in coordinate
space, while this is not the case in momentum space. This implies that the coordinate space is more
suitable than the momentum space to control the nonlocality of a potential.

8 Any BIC-supporting potential can be uniquely expressed as V' = Vs + Vg, where Vp is given by
(K'|Vglk) = (E — k’z)(k’|¢)(¢|k) of Eq. (20) with £ > 0. By replacing the positive £ by a negative one,
we can relate the potential with a BIC to a potential without a BIC in a unique fashion.

FThis is true in the group of all Hermitian nonlocal potentials. If we restrict ourselves to its subgroup
of Hermitian local potentials only, the situation is different; it has been shown that the BIC of the von
Neumann and Wigner (local) potential is vulnerable to any local perturbation [3,4].
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neighboring potential V' (¢, r) + 8§V (¢, r), where V' (+', r) is an arbitrary small deviation, would
also support a BIC. In other words, for V' (+', r) of Eq. (46) to support a BIC, the perturbation
on the right-hand side only needs to behave “roughly” as (E + y2)¢(r' )¢ (r).

We summarize the present section as follows: if we are going to find a BIC in the neigh-
borhood of a system with Vi, (+, r) supporting a negative-energy bound state, it is absolutely
necessary to introduce a “nonlocal” perturbation, which is roughly separable as ¢(')¢(r), to
the system. For this purpose, we had better work in coordinate space where “nonlocality” is
apparent.

10.1.3.  Combined search. Let us combine the findings in Sections 10.1.1 and 10.1.2 to devise
a possible scenario for the search for a BIC.

We first work in coordinate space; we look into every nonlocal potential V' (+/, r) that is real-
izable experimentally. Then, if we find a potential V' (+/, r) that can be put as

V', r)y = Vo', r) + AV (Y, r), 47)

in such a way (i) that Vy(+/, r) supports a bound state, and (ii) that AV (+/, r) is separable, we
regard the potential V' (, r) at hand as a good candidate for a BIC-supporting potential.

Next, we bring the above candidate V' into momentum space; we calculate its SB-
decomposition V' = Vs + Vg and look into the sign of (k'|Vg|k) at the origin (k' = k = 0). If we
find that it is positive, we can conclude that the candidate } at hand is truly a BIC-supporting
potential.

10.2.  Where to search for BIC
Finally, we dare to make a conjecture, on the basis of the result in Section 10.1.3, where we
should search for a BIC.

Suppose that we have a system with Vy(#, r) of Eq. (47) that supports a bound state at E < 0.
Then, the occurrence of a BIC depends crucially on the introduction of a nonlocal separable
perturbation AV (¢, r). This is, however, admittedly difficult, because fundamental interparticle
interactions are described mostly by local potentials. Nonlocal interactions usually come about
as an “effective” interaction that incorporates effects of antisymmetrization or some degrees
of freedom outside the model space under consideration [12]. We expect, therefore, that the
following two scenarios might be possible.

(i) First, we consider the possibility of simulating the above AV (i, r) by a change of the
Fock potential of a many-body system. Here, we choose a system that is described as
a single particle state ¢(r) on top of a core.®” We suppose that the core gives a mean
(generally nonlocal) potential ¥ (+, r) that describes ¢ (r) at a negative energy —y2.%! Now,
we introduce a nonlocal perturbation to AV (¥, r) by changing the core. One way might be
to remove or excite a particle from the core.® If the nonlocal perturbation thus introduced
has a sufficient overlap with ¢(r")¢(r), the resultant system might support a BIC.

89Take a *!Ca nucleus as an example, which is described mostly as a single neutron in a 0f7> orbit on
top of a *°Ca core.

I Here, we imagine that the Hartree—Fock mean field Vg (#/, r) plays the role of our Vy(#, r) in Eq. (47).

2By removing a particle in a state ¢(r) in the core, for instance, we change the nonlocal Fock potential
by o(')v(’, r)¢(r) in the standard notation.
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(i1) Second, we may use a nonlocal effective interaction to generate the above AV (¥, r). In
nuclear physics, for example, we naturally expect that AN effective interaction is mostly
nonlocal.®® This implies that we may introduce a highly nonlocal perturbation into a nu-
cleus by replacing a nucleon with a A particle. We expect, therefore, that A-hypernuclei
may be a promising field which to search for a BIC.%*

We admit that the above scenarios are far from being well designed. However, we hope that
they serve as a starting point to set out on a search for a BIC.

11. Summary

In this work, we have presented a general theory to construct a potential that supports a bound
state at a positive energy, i.e., a bound state in the continuum (BIC), with numerical examples.
Our theory is based on the SB-decomposition of a Hermitian potential, and is able to express
any potential supporting a BIC. The present theory has clarified (i) that the BIC is a rare phe-
nomenon if we look into local potentials only, and, astonishingly enough, (ii) that BICs are
as common as negative-energy bound states if we look into all Hermitian potentials, most of
which are nonlocal. Accordingly, all BIC-supporting potentials in the present theory are nonlo-
cal. In all investigations in search of a BIC, therefore, it is crucial to devise and examine systems
with nonlocal potentials. Finally, we have proposed some scenarios to search for a BIC in real
systems with possible nonlocal potentials. We believe that the present theory will boost research
activities on nonlocal potentials and the BIC in various quantum systems.

A. Existing theories of BIC-supporting potential
In this appendix, we briefly explain two well-known potentials that support a BIC, the von
Neumann and Wigner potential and the separable potential.

A.1. von Neumann and Wigner potential

We outline the method of von Neumann and Wigner [1] following Ref. [2]. We consider a local
potential V' (r) in the S-wave channel, for which the Schrédinger equation in coordinate space
reads

(=V2+V()p(r) = E¢(r), (AT)
2 2
where V? = a2 + PP Now we look for V'(r) that gives a normalizable ¢(r) at a positive
r rdr
energy E via Eq. (Al).
Let us solve Eq. (A1) for V (r):
V2o (r)
V(r)=E + : (A2)
¢(r)

which explicitly shows that, to obtain a smooth V' (r), each zero of ¢(r) must be canceled by
vanishing V2¢(r). We note that the free state ¢(r) = jo(kr) with E = k? naturally gives V' (r) = 0
by Eq. (A2). Therefore, we look for a BIC solution ¢(r) by modulating the free state jo(kr) as

o(r) = jolkr) f(r), (A3)

93The effective interaction between A and the nucleon does not originate from a one-pion-exchange
process because of the isospin conservation. It necessarily requires at least a two-pion-exchange process
that naturally induces a nonlocal potential.

%For A and A-hypernuclei, see Refs.[18,19].
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where the envelope f(r) is a smooth function without a zero. Here, we have to require that f(r)
be chosen in such a way (i) that f(r) guarantees ¢(r) be normalizable, and (ii) that each zero of
¢(r) be canceled by vanishing V2¢(r) in the right-hand side of Eq. (A2). By substituting ¢(r)
of Eq. (A3) into Eq. (A2), we obtain

Sy S

V(r) = E — k? + 2k cot(kr) 0 + 0 (A4)
Then, we see that the above condition (ii) of ¢(r) has been translated into a condition of f(r),
i.e., (i) that ?((:)) =0atkr=nm, n=0,1,---. We can ensure condition (ii") by choosing f'(r)
to be a smooth function of ‘
R =4k / ) dr’ sin’(kr') = 2kr — sin(2kr). (AS)
In Ref. [1], taking condition (i) intooaccount, they chose
= (A6)

where A( 0) is an arbitrary constant. Note also that, for V' (r) of Eq. (A4) to tend to zero as
r — oo, we must have £ = k. Summarizing the above, Eq. (A4) gives

128 42k2 sin* (kr) 96k2 sin*(kr) — 16k2(2kr — sin(2kr)) sin(2kr)
(A2 + (2kr — sin(2kr))?)? A2 + (2kr — sin(2kr))?
which behaves as

V()= - (AD)

sin 2kr

2kr
The above method of von Neumann and Wigner explicitly constructs the local potential V' (r)

of Eq. (A7) that describes ¢(r) of Eq. (A3) as a BIC at E = k2.

V(r)o«rt, (r—0), V() (r - o0). (A8)

A.2. Separable potential
It is well known that a separable potential can be tuned to support a BIC[15]. Here, we consider
the following separable potential in momentum space in the S-wave channel:
(K'V k) = rg(K')g(k), (A9)
where A is a real coupling strength, and g(k) is a real function.
Let us assume a BIC ¢(k) at a positive energy E = K>. Then, the Schrodinger equation (14)
takes on the following form:

2d
Ro) + k) [ S (o) = Kol (A10)
which directly yields ¢(p) as
¢(p) =N %, (All)

where N is a normalization constant. By substituting Eq. (A11) into the Schrodinger equa-
tion (A10), we immediately arrive at

p'dp repy _

o 1. Al2
@r) K= 7 (A1

Finally, for ¢(p) of Eq. (A11) to be normalizable, we have to require
g(K)=0. (A13)

The above observation shows that a BIC is a solution to the set of Egs. (A12) and (A13), which
can be found in the following manner. First, we fix K arbitrarily, and then choose a function
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g(k) that vanishes at k = K so that Eq. (A13) is satisfied. Second, by varying the coupling
strength X, we can find A = A, that satisfies Eq. (A12). The above procedure shows that, for any
g(k) with a node at k = K, we can always tune the coupling strength A in such a way that the
potential describes ¢ (k) of Eq. (A11) as a BIC at E = K?. Conversely, for a fixed g(k) with a
node, the BIC only appears at a special value A = A of the coupling strength, i.e., the BIC is a
rare phenomenon for a system described by a separable potential.
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