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Abstract

Conformal mappings between Riemannian spaces R̄N and RN are defined by the explicit

transformation of the metric tensor of the space R̄N to the metric tensor of the space

RN . Geodesic mapping between these two Riemannian spaces is a transformation that

transforms any geodesic line of the space R̄N to a geodesic line of the space RN . In this

research, we defined an m-conformal line of a Riemannian space, which is geodesic if

m = 0. Based on this definition, we involved the concept of (m̄, m)-conformal mapping

as a transformation R̄N → RN in which any m̄-conformal line of the space R̄N transforms

to an m-conformal line of the space RN . The result of this research is the establishment of

three invariants for these mappings. At the end of this research, we gave an example of a

scalar geometrical object which may be used in physics.

Keywords: mapping; Riemannian space; invariant; variation

MSC: 53B20; 53B50

1. Introduction

The theory of Riemannian spaces was given by L. P. Eisenhart [1]. Based on his

research, this theory was developed to such a degree that it can be studied as a theoretical

concept or a tool for applications in physics.

Many authors have developed the theory of mappings between Riemannian spaces.

Some of them include J. Mikeš, with his research group [2–6], N. S. Sinyukov [7–9], U. C.

De [10,11], among many others.

Motivated by Eisenhart’s definition of a generalized Riemannian space, the theory of

mappings of generalized Riemannian spaces has been developed. The most significant

researchers in of subject are M. S. Stanković [12–16], M. Lj. Zlatanović [17–19], Lj. S.

Velimirović [16,20], among many others.

An article [21] by N. Vesić developed the well known methodology for obtaining

invariants of geometric mappings. In many later papers, like in this research paper, the

article [15] and the methodology presented in [21] are applied, and the result is at least one

new invariant for the analyzed mapping. In this research, we will review the results of

Vesić’s article and apply them to obtain invariants for a special mapping of a Riemannian

space, which will be defined.
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Conformal transformations are important for different applications in physics [22].

The Weyl tensor is composed by itself for generating the integrand for Einstein–Hilbert

action. But this integrand leads the study of R2-cosmology. We are interested in finding

invariants for mappings which stay within the valid research topic of R1-cosmology.

The integrand in Einstein–Hilbert action in [23] is very similar to invariants which

Vesić obtained in [21]. In this research, we will study the Einstein–Hilbert action generated

by Vesić’s invariants.

In this manuscript, we aim to generalize the concept of conformal mappings by

transforming the basic equation of conformal mapping between two Riemannian spaces.

These results will provide different opportunities for theoretical research into this new class

of mappings, and for its applications in cosmology as well.

1.1. Tensors as Indexed Geometrical Objects

An indexed magnitude X
α1 ...αp

β1 ...βq
, αi, β j = 0, . . . , N − 1, presented in the Cartesian

coordinate system (O, x0, . . . , xN−1), is a tensor of the type (p, q) if under a change of

coordinate system to (0′, x′0, . . . , x′N−1), where the value X
α1 ...αp

β1 ...βq
transforms as [2,9]

X
α′1 ...α′p
β′1 ...β′q

= x
α′1
α1

. . . x
α′p
αp x

β1

β′1
. . . x

βq

β′q
X

α1 ...αp

β1 ...βq
,

where x
α′i
αi
=

∂x′αi

∂xαi
, x

β j

β′j
=

∂xβ j

∂x′β j
, and Einstein’s Summation Convention is used for repeated

indices. Scalar functions are tensors of the type (0, 0).

From the last definition, we conclude that a partial derivative of a tensor of the type

(0, 0) forms a tensor of the type (0, 1). Partial derivatives of a tensor of any another type do

not form tensors.

1.2. Riemannian Spaces

An N-dimensional manifold M = M(u0, . . . , uN−1) equipped with a symmetric

metric tensor gµν, gµν = gνµ is the Riemannian space RN (see [2,9]). The Greek indices µ, ν,

. . . take values of 0,. . . , N − 1.

Remark 1. For studies in physics, especially in cosmology, it is important to make a distinction

between indices which denote time and indices which denote space. It is standardized in physics

that the Greek indices present both time and space, but Latin indices correspond to space. In our

study, we will not make such a distinction, but for possibly easier applications, we will use the

Greek indices.

We assume that the matrix
[

gµν

]

is non-singular, i.e., det
[

gµν

]

̸= 0. Hence, the

contravariant metric tensor is defined as
[

gµν
]

=
[

gµν

]−1
. This means that gµαgνα = δ

µ
ν .

Christoffel symbols of the second kind,

Γ
π
µν =

1

2
gπα

(

gµα,ν − gµν,α + gνα,µ
)

,

where a comma denotes partial differentiation, are the affine connection coefficients of the

space RN .

The Christoffel symbols are not tensors because they change as

Γ
π′
µ′ν′ = xπ′

π x
µ
µ′x

ν
ν′Γ

π
µν + xπ′

π xπ
µ′ν′ ,

where xπ
µ′ν′ =

∂2xπ

∂x′µ∂x′ν
.
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The Christoffel symbols Γ
π
µν and their traces Γµ = Γ

α
µα are not tensors.

1.3. Geodesic Lines of Riemannian Spaces

A curve ℓ = (ℓµ) = ℓ(t) in Riemannian space RN is geodesic if its tangential vector

λµ =
dℓµ

dt
satisfies the forthcoming system of differential equations

dλµ

dt
+ Γ

µ
αβλαλβ = ρλµ, (1)

where ρ is a scalar function. In one paper (Mikeš et al. [2], pp. 88–89), the definition of

geodesics is discussed.

In spaces with a positive definite metric, the geodesic line is the shortest line between

two points on manifolds by the path in it. The FLRW metric is not a positive definite one;

light (the fastest unit in cosmology) moves along geodesic lines.

We are interested in obtaining some new invariants for a special geometric mapping

and to present the corresponding action in four-dimensional cosmology.

1.4. Motivation

In cosmology, a geodesic line is defined in the case of homogeneous Equation (1),

i.e., in the case of ρ = 0 (see [24], page 30, Equation (2.18)). For geodesics defined in

such a way, we will prove that a geometrical object which determines a transformation of

Christoffel symbols under geodesic mapping vanishes, (for the concrete methodology, see

the sections on geodesic mappings in [2,9]).

After connecting the invariance of the Ricci tensor under geodesic mappings, we find

that the standard Einstein–Hilbert action [24] S =
1

2κ

∫

d4x
√−gR is nothing more than

action for the Lagrangian which is equal to the invariant Rαβ composed by gαβ, and for

topological invariance multiplied by
√−g.

Perturbations in cosmology are nothing more than summing the Friedmann–Lemaitre–

Robertson–Walker metric ḡµν with a tensor δgµν (named perturbation). In this way, any

geodesic line of the initial space equipped with the FLRW metric transforms to a curve of

perturbed space (equipped with metric gµν = ḡµν + δgµν).

Geodesics are defined by the non-homogeneous Equation (1) [1,2,9]. All special curves

(F-planar, almost geodesic, . . . [2,9]) are generalizations of geodesics.

Until 2020, all invariants for mappings (Weyl projective tensor, Weyl conformal tensor,

Weyl F-plannar tensor,. . . ) were created in such a way that their traces by contravariant

and covariant indices vanish. In (Vesić, 2020 [21]), the methodology for obtaining another

invariant (whose traces do not vanish) was presented.

This other invariant, which does not lose the Ricci tensor after contraction, motivated

us to pursue this research. The other motivation for our research is the significance of the

conformal mappings of Riemannian spaces presented in [22]. The Lagrangian of Einstein–

Hilbert action studied in [23] is very similar to the invariants for mappings obtained in [21],

which is another motivation for our research, presented below.

This manuscript is organized as follows:

1. We will review the preferred methodology for obtaining invariants of geometric

mappings from [15,21]. In this review, we will present the corresponding invariants

for geodesic and conformal mappings of an N-dimensional Riemannian space.

2. In the next section, we will generalize the concept of conformal mapping by defining

a special curve of a Riemannian space. A mapping from which any geodesic line from

an initial space transforms to a curve of this special class of the deformed space will

be the subject of our research.
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3. We will obtain the basic equations for mappings mentioned in previous studies. After

that, we will obtain the invariants for this mapping.

4. At the end of this paper, we will present the cosmology which corresponds to one of

the invariants obtained herein and present the corresponding Einstein equations.

2. Review of Invariants for Geometric Mappings

In this section, we will review the process for obtaining invariants of mappings defined

on N-dimensional Riemannian spaces [15,21]

Let f : R̄N → RN be a mapping whose basic equation is

Γ
π
µν = Γ̄

π
µν + ψνδπ

µ + ψµδπ
ν + ωπ

µν − ω̄π
µν. (2)

After contracting this equation by π and ν, we obtain Γµ = Γ̄µ + (N + 1)ψµ +ωµ − ω̄µ,

i.e.,

ψµ =
1

N + 1

(

Γµ − ωµ

)

− 1

N + 1

(

Γ̄µ − ω̄µ

)

. (3)

With respect to (3), the basic Equation (2) is transformed to

Γ
π
µν = Γ̄

π
µν + ωπ

µν +
1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

− 1

N + 1

(

δπ
µ ων + δπ

ν ωµ

)

− ω̄π
µν −

1

N + 1

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ

)

+
1

N + 1

(

δπ
µ ω̄ν + δπ

ν ω̄µ

)

.

(4)

The basic Equation (4) is expressed in the form Γ
π
µν = Γ̄

π
µν + dπ

µν − d̄π
µν, where

dπ
µν = ωπ

µν +
1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

− 1

N + 1

(

δπ
µ ων + δπ

ν ωµ

)

,

d̄π
µν = ω̄π

µν +
1

N + 1

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ

)

− 1

N + 1

(

δπ
µ ω̄ν + δπ

ν ω̄µ

)

.

The basic invariants for the mapping f of the Thomas and Weyl type are T π
µν = Γ

π
µν − dπ

µν

and Wπ
µνσ = Rπ

µνσ − dπ
µν|σ + dπ

µσ|ν + dα
µνdπ

ασ − dα
µσdπ

αν, and the corresponding T̄ π
µν and Wπ

µνσ.

The invariants T π
µν and Wπ

µνσ are directly expressed as

T π
µν = Γ

π
µν − ωπ

µν −
1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

+
1

N + 1

(

δπ
µ ων + δπ

ν ωµ

)

, (5)

Wπ
µνσ = Rπ

µνσ − ωπ
µν|σ + ωπ

µσ|ν + ωα
µνωπ

ασ − ωα
µσωπ

αν

− 1

(N + 1)2
δπ

ν

(

(N + 1)
(

Γµ|σ − ωµ|σ + ωα
µσ(Γα − ωα)

)

+
(

Γµ − ωµ

)(

Γσ − ωσ

)

)

+
1

(N + 1)2
δπ

σ

(

(N + 1)
(

Γµ|ν − ωµ|ν + ωα
µν(Γα − ωα)

)

+
(

Γµ − ωµ

)(

Γν − ων

)

)

,

(6)

and the corresponding T̄ π
µν and Wπ

µνσ.

The equality 0 = Wα
ανσ −Wα

ανσ is equivalent to the equality

ων|σ − ωσ|ν = ω̄ν∥σ − ω̄σ∥ν,

which proves that the anti-symmetric part of ωµ|ν by µ and ν is an invariant for the

mapping f .

The equivalent forms of invariants, Wπ
µνσ and Wπ

µνσ are







Wπ
µνσ = Rπ

µνσ − ωπ
µν|σ + ωπ

µσ|ν + ωα
µνωπ

ασ − ωα
µσωπ

αν + δπ
ν Xµσ − δπ

σ Xµν,

Wπ
µνσ = R̄π

µνσ − ω̄π
µν∥σ + ω̄π

µσ∥ν + ω̄α
µνω̄π

ασ − ω̄α
µσω̄π

αν + δπ
ν X̄µσ − δπ

σ X̄µν,
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where















Xµν = − 1

N + 1

(

Γµ|ν − ωµ|ν + ωα
µν

(

Γα − ωα

)

)

− 1

(N + 1)2

(

Γµ − ωµ

)(

Γν − ων

)

,

X̄µν = − 1

N + 1

(

Γ̄µ∥ν − ω̄µ∥ν + ω̄α
µν

(

Γ̄α − ω̄α

)

)

− 1

(N + 1)2

(

Γ̄µ − ω̄µ

)(

Γ̄ν − ω̄ν

)

.

The invariance Wπ
µνσ = Wπ

µνσ is equivalent to the equality 0 = Wπ
µνσ −Wπ

µνσ, i.e.,

0 =
(

Rπ
µνσ − R̄π

µνσ

)

−
(

ωπ
µν|σ − ω̄π

µν∥σ

)

+
(

ωπ
µσ|ν − ω̄π

µσ∥ν

)

+
(

ωα
µνωπ

ασ − ω̄α
µνω̄π

ασ

)

−
(

ωα
µσωα − ω̄α

µσω̄α

)

+ δπ
ν

(

Xµσ − X̄µσ

)

− δπ
σ

(

Xµν − X̄µν

)

.
(7)

After contracting (7) by π and ν, one obtains

Xµσ − X̄µσ = − 1

N − 1
Rµσ +

1

N − 1

(

ωµ|σ − ωα
µσ|α − ωα

µβω
β
σα + ωα

µσωα

)

+
1

N − 1
R̄µσ −

1

N − 1

(

ω̄µ∥σ − ω̄α
µσ∥α − ω̄α

µβω̄
β
σα + ω̄α

µσω̄α

)

.

(8)

If we substitute (8) into (7), we will obtain the relation 0 = Wπ
µνσ − W̄π

µνσ, for

Wπ
µνσ = Rπ

µνσ −
1

N − 1

(

δπ
ν Rµσ − δπ

σ Rµν

)

− ωπ
µν|σ + ωπ

µσ|ν + ωα
µνωπ

ασ − ωα
µσωπ

αν

+
1

N − 1
δπ

ν

(

ωµ|σ − ωα
µσ|α − ωα

µβω
β
σα + ωα

µσωα

)

+
1

N − 1
δπ

σ

(

ωµ|ν − ωα
µν|α − ωα

µβω
β
να + ωα

µνωα

)

,

(9)

W̄π
µνσ = R̄π

µνσ −
1

N − 1

(

δπ
ν R̄µσ − δπ

σ R̄µν

)

− ω̄π
µν∥σ + ω̄π

µσ∥ν + ω̄α
µνω̄π

ασ − ω̄α
µσω̄π

αν

+
1

N − 1
δπ

ν

(

ω̄µ∥σ − ω̄α
µσ∥α − ω̄α

µβω̄
β
σα + ω̄α

µσω̄α

)

+
1

N − 1
δπ

σ

(

ω̄µ∥ν − ω̄α
µν∥α − ω̄α

µβω̄
β
να + ω̄α

µνω̄α

)

.

The traces of invariant Wπ
µνσ are

Wα
ανσ = −N − 2

N − 1

(

ων|σ − ωσ|ν
)

, Wα
µασ = −Wα

µσα = 0.

The next theorem was proven above.

Theorem 1. Let f : R̄N → RN be a mapping between Riemannian spaces R̄N and RN . The

geometrical objects T π
µν and Wπ

µνσ given by (5) and (6) are the basic invariants of the Thomas and

Weyl type for the mapping f . The geometrical object Wπ
µνσ given by (9) is the derived invariant

of the Weyl type for the mapping f . The geometrical object ωµ|ν − ων|µ is an invariant for the

mapping f .

2.1. Review of Geodesic and Conformal Mappings

In this section, we will review the necessary results presented in [2,9] about geodesic

and conformal mappings and their preferment with respect to the methodology for ob-

taining invariants of geometric mappings presented in [21], and its form, presented in [15],

necessary for this research.

A mapping f : R̄N → RN in which any geodesic line of the space R̄N transforms to a

geodesic line of the space RN is geodesic. The basic equation of mapping f is
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Γ
π
µν = Γ̄

π
µν + ψνδπ

µ + ψµδπ
ν ,

In comparison with (4), we conclude that ωπ
µν = 0 and ω̄π

µν = 0. That means that for

geodesic mappings, the equalities ωµ = 0 and ω̄µ = 0 are satisfied. Hence, the invariants

for geodesic mapping f are

Tπ
µν = Γ

π
µν −

1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

, (10)

Wπ
µνσ = Rπ

µνσ −
1

(N + 1)2
δπ

ν

(

Γµ|σ + ΓµΓσ

)

+
1

(N + 1)2
δπ

σ

(

Γµ|ν + ΓµΓν

)

, (11)

Wπ
µνσ = Rπ

µνσ −
1

N − 1

(

δπ
ν Rµσ − δπ

σ Rµν

)

. (12)

For the Weyl projective tensor Wπ
µνσ, the next identities are satisfied Wα

ανσ ≡ 0,

Wα
µασ ≡ 0, Wα

µνα ≡ 0, but Wα
ανσ ≡ 0, Wα

µασ = −Wα
µσα = Rµσ −

N − 1

(N + 1)2

(

Γµ|σ + ΓµΓσ

)

̸≡ 0.

The basic equation of conformal mapping f : R̄N → RN is

Γ
π
µν = Γ̄

π
µν + ψνδπ

µ + ψµδπ
ν − gµνgπαψα. (13)

After contracting (13) by π and ν, we obtain

ψµ =
1

N
Γµ − 1

N
Γ̄µ. (14)

Substituting (14) into the basic Equation (13), one can transform it to the form

Γ
π
µν = Γ̄

π
µν +

1

N

(

δπ
µ Γν + δπ

ν Γµ − gµνgπα
Γα

)

− 1

N

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ − ḡµν ḡπα
Γ̄α

)

.

This relation is equivalent to

Γ
π
µν = Γ̄

π
µν + δπ

µ ψν + δπ
ν ψµ − 1

N
gµνgπα

Γα +
1

N
ḡµν ḡπα

Γ̄α. (15)

It is well known that the mapping f : R̄N → RN is conformal if and only if the

Christoffel symbols Γ̄
π
µν and Γ

π
µν satisfy (13). It is not hard to prove that the relation (13)

is identically satisfied for ψµ =
1

N
Γµ − 1

N
Γ̄µ. Moreover, (15) is equivalent to (2) for

ωπ
µν = − 1

N
gµνgπα

Γα and ω̄π
µν = − 1

N
ḡµν ḡπα

Γ̄α.

Hence, the corresponding basic invariants of the Thomas and Weyl type, and the

derived invariant of the Weyl type for conformal mapping, f are

T π
µν = Γ

π
µν −

1

N
δπ

µ Γν +
1

N
δπ

ν Γµ +
1

N
gµνgπα

Γα,

Wπ
µνσ = Rπ

µνσ +
1

N2
gµνgπα

(

NΓα|σ + ΓαΓσ

)

− 1

N2
gµσgπα

(

NΓα|ν + ΓαΓν

)

− 1

N2
δπ

ν

(

NΓµ|σ + ΓµΓσ − gµσgαγ
ΓαΓγ

)

+
1

N2
δπ

σ

(

NΓµ|ν + ΓµΓν − gµνgαγ
ΓαΓγ

)

,
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Wπ
µνσ = Rπ

µνσ −
1

N − 1

(

δπ
ν Rµσ − δπ

σ Rµν

)

+
1

N2
gµνgπα

(

NΓα|σ + ΓαΓσ

)

− 1

N2
gµσgπα

(

NΓα|ν + ΓαΓν

)

+
1

N2(N − 1)
δπ

ν

(

NΓµ|σ − ΓµΓσ − gµσgαγ
(

NΓα|γ − ΓαΓγ

)

)

− 1

N2(N − 1)
δπ

σ

(

NΓµ|ν − ΓµΓν − gµνgαγ
(

NΓα|γ − ΓαΓγ

)

)

.

2.2. What Is Given byVesić’s Method [21]

If f : R̄N → RN is a mapping between Riemannian spaces R̄N and RN , whose

deformation tensor is Pπ
µν = Γ

π
µν − Γ̄

π
µν, the transformation rule of the curvature tensor R̄π

µνσ

to R
π
µνσ of the spaces R̄N and RN is

Rπ
µνσ = R̄π

µνσ + Pπ
µν∥σ − Pπ

µσ∥ν + Pα
µνPπ

ασ − Pα
µσPπ

αν. (16)

If the mapping f is geodesic, then it is Pπ
µν = ψνδπ

µ + ψµδπ
ν . After substituting this

relation into (16), we will obtain [2,9]

Rπ
µνσ = R̄π

µνσ + δπ
µ

(

ψν∥σ − ψσ∥ν

)

+ δπ
ν

(

ψµ∥σ − ψµψσ

)

− δπ
σ

(

ψµ∥ν − ψµψν

)

. (17)

When one contracts (17) by π and µ, and by π and ν, the next relations will be obtained

ψν∥σ − ψσ∥ν = − 1

N + 1

(

Rα
ανσ − R̄α

ανσ

)

= 0,

ψµ∥σ − ψµψσ =
1

N − 1
Rµσ −

1

N − 1
R̄µσ.

The last two equalities, together with (17), give

Rπ
µνσ = R̄π

µνσ +
1

N − 1

(

δπ
ν Rµσ − δπ

σ Rµν

)

− 1

N − 1

(

δπ
ν R̄µσ − δπ

σ Rµν

)

.

From the last equality, the invariance of Weyl projective tensor Wπ
µνσ given by (12) is

confirmed. Because Wα
ανσ = 0, Wα

µασ = 0, and Wα
µνα = 0, we are not able to obtain an another

invariant for the mapping f which contains Rπ
µνσ as a variable of a monic polynomial.

Vesić’s approach [21] gives the significance. Namely, if Γ
π
µν = Γ̄

π
µν + dπ

µν − d̄π
µν, for

tensors dπ
µν and d̄π

µν of the type (1, 2), and symmetric by µ and ν, it was directly concluded

that T π
µν = T̄ π

µν for T π
µν = Γ

π
µν − dπ

µν and the corresponding T̄ π
µν.

In the next step, the following relation was analyzed:

W̄π
µνσ := T̄ π

µν,σ − T̄ π
µσ,ν + T̄ α

µνT̄ π
ασ − T̄ α

µσT̄ π
αν = T π

µν,σ − T π
µσ,ν + T α

µνT π
ασ − T α

µσT π
αν =: Wπ

µνσ.

The last equality is equivalent to W̄π
µνσ = Wπ

µνσ, where Wπ
µνσ = Rπ

µνσ − dπ
µν|σ + dπ

µσ|ν +

dα
µνdπ

ασ − dα
µσdπ

αν, and the corresponding W̄π
µνσ.

In the case of geodesic mapping f , the tensor dπ
µν is dπ

µν =
1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

. In

the case of a conformal mapping, the tensor dπ
µν is dπ

µν =
1

N

(

δπ
µ Γν + δπ

ν Γµ

)

.

The corresponding basic invariants Wπ
µνσ are not trace-free, nor is the Ricci-tensor

vanished in their trace. The same holds for any of the above obtained basic invariants. That

will help us to create an R1-cosmological model as an example in this manuscript.

Furthermore, the invariance W̄π
µνσ = Wπ

µνσ gives us the chance to obtain an another

invariant for analyzed mapping as a monic polynomial of curvature tensor Rπ
µνσ. The Weyl

projective and Weyl conformal tensors are examples of these other invariants.
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Hence, by the methodology presented by H. Weyl, we are able to obtain only trace-free

invariants for mappings. By Vesić’s methodology, we obtained a novel invariant which

makes it possible for linear cosmological models to be created from these invariants. Both

of these invariants will present some significant magnitudes in physics, but we will not

talk about these details in this paper.

3. Generalized Concept of Conformal Mappings

In this section, we are ready to define a curve of new kind in space RN . An m-

conformal line of space RN is a curve ℓ = ℓ(t) whose tangential vector (λµ) satisfies the

system of differential equations

dλµ

dt
+ Γ

µ
αβλαλβ = ρλµ + mgαβgµγ

Γγλαλβ,

where ρ and m are scalar functions. The function m is the conformality coefficient.

A 0-conformal line of space RN is a geodesic line of this space.

A (− 1

N
,− 1

N
)-conformal mapping f : R̄N → RN is the conformal mapping of space R̄N.

A (0, 0)-conformal mapping f : R̄N → RN is geodesic mapping.

3.1. Invariants for (m̄, m)-Conformal Mappings

A mapping f : R̄N → RN in which any m̄-conformal line of space R̄N transforms to

an m-conformal line of space RN is the (m̄, m)-conformal mapping.

The (0, m)-conformal mapping f : R̄N → RN transmits any geodesic line of space

R̄N to an m-conformal line of space RN . The (m̄, 0)-conformal mapping f : R̄N → RN

transforms any m̄-conformal line of space R̄N to a geodesic line of the space RN .

Let us consider an m̄-conformal line of the space R̄N and an m-conformal mapping of

the space RN ,










dλµ

dt
+ Γ̄

µ
αβλαλβ = ρ̄λµ + m̄ḡαβ ḡµγ

Γ̄γλαλβ,

dλµ

dt
+ Γ

µ
αβλαλβ = ρλµ + mgαβgµγ

Γγλαλβ.
(18)

Based on the expressions ρ = ραλα, ρ̄ = ρ̄αλα, λµ = δ
µ
α λα, from system (18), one obtains

(

(

Γ
µ
αβ − Γ̄

µ
αβ

)

− 1

2
(ραδ

µ
β + ρβδ

µ
α

)

+
1

2
(ρ̄αδ

µ
β + ρ̄βδ

µ
α

)

−
(

mgαβgµγ
Γγ − m̄ḡαβ ḡµγ

Γ̄γ

)

)

λαλβ = 0.

The next lemma was proven above.

Lemma 1. A mapping f : R̄N → RN is an (m̄, m)-conformal one if and only if

Γ
π
µν = Γ̄

π
µν + δπ

µ ψν + δπ
ν ψµ + mgµνgπα

Γα − m̄ḡµν ḡπα
Γ̄α, (19)

where m is a scalar function and ψµ is a 1-form.

3.2. Invariants for (m̄, m)-Conformal Mappings

Let f : R̄N → RN be an (m̄, m)-conformal mapping. After contracting its basic

Equation (19) by π and ν, we obtain

ψµ = −m − 1

N + 1
Γµ − m̄ − 1

N + 1
Γ̄µ. (20)
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After substituting (20) into the basic Equation (19), we obtain

Γ
π
µν = Γ̄

π
µν −

m − 1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

+ mgµνgπα
Γα

+
m̄ − 1

N + 1

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ

)

− m̄ḡµν ḡπα
Γ̄α.

(21)

(21) is equivalent to the equality T π
µν = T̄ π

µν, for

T π
µν = Γ

π
µν − mgµνgπα

Γα +
m − 1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

, (22)

and the corresponding T̄ π
µν.

From the basic Equation (21) of (m̄, m)-mapping f : R̄N → RN , one obtains











dπ
µν = −m − 1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

+ mgµνgπα
Γα,

d̄π
µν = − m̄ − 1

N + 1

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ

)

+ m̄ḡµν ḡπα
Γ̄α.

(23)

Remark 2. From (23) we have ωπ
µν = gµνgπα

Γα and ω̄π
µν = m̄ḡµν ḡπα

Γ̄α, but it will be more

simple to use the equality Wπ
µνσ = Rπ

µνσ − dπ
µν|σ + dπ

µσ|ν + dα
µνdπ

ασ − dα
µσdπ

αν.

For dπ
µν given by (23), and with respect to Γµ|ν = Γν|µ, one obtains

−dπ
µν|σ + dπ

µσ|ν =
1

N + 1
δπ

µ

(

Γνmσ − Γσmν

)

+
1

N + 1
δπ

ν

(

Γµmσ + (m − 1)Γµ|σ
)

− 1

N + 1
δπ

σ

(

Γµmν + (m − 1)Γµ|ν
)

− gπα
Γα

(

gµνmσ − gµσmν

)

− mgπα
(

gµνΓα|σ − gµσΓα|ν
)

,

dα
µνdπ

ασ − dα
µσdπ

αν = m2gπα
Γα

(

gµνΓσ − gµσΓν

)

+
1

(N + 1)2
δπ

ν

(

(N + 1)m(m − 1)gµσgαγ
ΓαΓγ − (m − 1)2

ΓµΓσ

)

− 1

(N + 1)2
δπ

σ

(

(N + 1)m(m − 1)gµνgαγ
ΓαΓγ − (m − 1)2

ΓµΓν

)

,

and the corresponding differences −d̄π
µν∥σ

+ d̄π
µσ∥ν

and d̄α
µνd̄π

ασ − d̄α
µσ d̄π

αν.

Hence, we obtain the following geometrical objects

Wπ
µνσ = Rπ

µνσ − gπα
Γα

(

gµνmσ − gµσmν − m2
(

gµνΓσ − gµσΓν
)

)

− mgπα
(

gµνΓα|σ − gµσΓα|ν
)

+
1

N + 1
δπ

µ

(

Γνmσ − Γσmν
)

+
1

(N + 1)2
δπ

ν

(

(N + 1)(m − 1)
(

Γµ|σ + mgµσgαγ
ΓαΓγ

)

+ Γµmσ − (m − 1)2
ΓµΓσ

)

− 1

(N + 1)2
δπ

σ

(

(N + 1)(m − 1)
(

Γµ|ν + mgµνgαγ
ΓαΓγ

)

+ Γµmν − (m − 1)2
ΓµΓν

)

,

(24)

W̄π
µνσ = R̄π

µνσ − ḡπα
Γ̄α

(

ḡµνm̄σ − ḡµσm̄ν − m̄2
(

ḡµνΓ̄σ − ḡµσΓ̄ν
)

)

− m̄ḡπα
(

ḡµνΓ̄α∥σ − ḡµσΓ̄α∥ν

)

+
1

N + 1
δπ

µ

(

Γ̄νm̄σ − Γ̄σm̄ν
)

+
1

(N + 1)2
δπ

ν

(

(N + 1)(m̄ − 1)
(

Γ̄µ∥σ + m̄ḡµσ ḡαγ
Γ̄αΓ̄γ

)

+ Γ̄µm̄σ − (m̄ − 1)2
Γ̄µΓ̄σ

)

− 1

(N + 1)2
δπ

σ

(

(N + 1)(m̄ − 1)
(

Γ̄µ∥ν + m̄ḡµν ḡαγ
Γ̄αΓ̄γ

)

+ Γ̄µm̄ν − (m̄ − 1)2
Γ̄µΓ̄ν

)

.

(25)
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The traces of the geometrical objects Wπ
µνσ and W̄π

µνσ from Equations (24) and (25) by

π and µ are Wα
ανσ = − N

(N + 1)2

(

Γνmσ − Γσmν

)

and W̄α
ανσ = − N

(N + 1)2

(

Γ̄νm̄σ − Γ̄σm̄ν

)

.

The traces of these geometrical objects by π and ν are

Wα
µασ = Rµσ −

2m + N − 1

N + 1
Γµ|σ + mgµσgαγ

Γα|γ −
(

2

N + 1
m +

N − 1

N + 1

)

gµσgαγ
ΓαΓγ

+

(

N2 + N + 2

(N + 1)2
m2 +

2N − 2

(N + 1)2
m − N − 1

(N + 1)2

)

ΓµΓσ + gµσgαγ
Γαmγ

− 1

N + 1
Γσmγ − N2 + 1

(N + 1)2
Γµmσ,

W̄α
µασ = R̄µσ −

2m̄ + N − 1

N + 1
Γ̄µ∥σ + m̄ḡµσ ḡαγ

Γ̄α∥γ −
(

2

N + 1
m̄ +

N − 1

N + 1

)

ḡµσ ḡαγ
Γ̄αΓ̄γ

+

(

N2 + N + 2

(N + 1)2
m̄2 +

2N − 2

(N + 1)2
m̄ − N − 1

(N + 1)2

)

Γ̄µΓ̄σ + ḡµσ ḡαγ
Γ̄αm̄γ

− 1

N + 1
Γ̄σm̄γ − N2 + 1

(N + 1)2
Γ̄µm̄σ.

Because Wπ
µνσ = −Wπ

µσν and W̄π
µνσ = −W̄π

µσν, the traces of Wπ
µνσ and W̄π

µνσ by π and

σ are Wα
µνα = −Wα

µαν and W̄α
µνα = −W̄α

µαν.

After substituting the previously obtained geometrical objects necessary for the de-

rived invariant Wπ
µνσ, we get

Wπ
µνσ = Rπ

µνσ −
1

N − 1

(

δπ
ν Rµσ − δπ

σ Rµν

)

− gπα
Γα

(

gµνmσ − gµσmν

)

− mgπα
(

gµνΓα|σ − gµσΓα|ν
)

+ m2gπα
Γα

(

gµνΓσ − gµσΓν

)

+
1

N − 1
δπ

ν

(

mΓµ|σ + Γµmσ − m2
ΓµΓσ − gµσgαγ

(

mΓα|γ + Γαmγ − m2
ΓαΓγ

)

)

− 1

N − 1
δπ

σ

(

mΓµ|ν + Γµmν − m2
ΓµΓν − gµνgαγ

(

mΓα|γ + Γαmγ − m2
ΓαΓγ

)

)

,

(26)

and the corresponding W̄π
µνσ.

The traces Wνσ = Wα
ανσ and Wµσ = Wα

µασ of the invariant Wπ
µνσ given by (26) are

Wνσ = −N − 2

N − 1

(

Γνmσ − Γσmν

)

and Wµσ = 0.

The next theorem was proven above.

Theorem 2. Let f : R̄N → RN be an (m̄, m)-mapping. The geometrical object T π
µν given by (22)

is the basic invariant for mapping f of the Thomas type. The geometrical object Wπ
µνσ given by (24)

is the basic invariant for mapping f of the Weyl type. The geometrical object Wπ
µνσ given by (26) is

the derived invariant for mapping f of the Weyl type.

3.3. Lagrangian Caused by (m̄, m)-Conformal Mappings

In [23], the Lagrangian is taken to be

LN =
√

−ggµν

(

Gα
µν,α +

1

N − 1
Gα

αµG
β
βν − Gα

βµG
β
αν

)

,

for Gπ
µν = Γ

π
µν −

1

2

(

δπ
µ Γν + δπ

ν Γµ

)

.

The value Gπ
µν is similar to the Thomas projective parameter (10). As we mentioned

above, the basic invariant Wµσ = Wα
µασ for the geodesic mapping given by (11) reduces to

the Ricci tensor Rµσ.
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We obtained the basic invariant Wπ
µνσ for an (m̄, m)-conformal mapping. In this

example, we will study the transformation of Γ̄
π
µν to Γ

π
µν such that any m̄-conformal line of

an N-dimensional Riemannian space R̄N equipped with an FLRW-metric whose square

form is ds2 = −dt2 + a2
(

dx12
+ . . .+ dxN−12)

, where a = a(t) is the scale factor, transforms

to an m-conformal line of the perturbed space.

To simplify our computing, we will start from the basic equation of the form

Γ
π
µν = Γ̄

π
µν + dπ

µν − d̄π
µν, where











dπ
µν = −m − 1

N + 1

(

δπ
µ Γν + δπ

ν Γµ

)

+ mgµνgπα
Γα,

d̄π
µν = − m̄ − 1

N + 1

(

δπ
µ Γ̄ν + δπ

ν Γ̄µ

)

+ m̄ḡµν ḡπα
Γ̄α.

is given by (23).

The corresponding basic invariant of the Weyl type in the perturbed space is

Wµσ = Wα
µασ = Rµσ − dµ|σ + dα

µσ|α + dα
µβd

β
σα − dα

µσdα.

The corresponding Einstein–Hilbert action is

2κS+
0 =

∫

dN x
√

−ggαβWαβ,

i.e.,

2κS+
0 =

∫

dN x
√

−gR −
∫

dN x
√

−ggαβdα|β +
∫

dN x
√

−ggαβd
γ
αβ|γ

+
∫

dN x
√

−ggαβd
γ
αδdδ

βγ −
∫

dN x
√

−ggαβd
γ
αβdγ.

(27)

Because Γµ =
(

ln
√−g

)

,µ
=

√−g,µ√−g
, we get

√−g,µ =
√−gΓµ.

For this reason, if τα is a tensor of the type (1, 0), we obtain

√

−gτα
|α =

√

−gτα
,α +

√

−gΓ
α
βατβ =

√

−gτα
,α +

√

−g,βτβ =
(√

−gτα
)

,α
.

Because δgµν = 0 at the border of integration, and based on the Stokes Theorem,

we conclude that the variation δ
(

∫

dN x
√−gdα

|α

)

vanishes. For this reason, and because

gαβdα|β =
(

gαβdα

)

|β and gαβd
γ
αβ|γ =

(

gαβd
γ
αβ

)

|γ, the variations of the second and third

integral of (27) are equal to zero.

The variation of the scalar curvature R is

δR = δgµνRµν + gµν
(

(δΓ
α
µα

)

,ν
−

(

δΓ
α
µν

)

,α
+ δΓ

β
µαΓ

α
νβ + Γ

β
µαδΓ

α
νβ − δΓ

α
µσΓα − Γ

α
µσδΓα

)

=
(

δΓµ|
)

|σ −
(

δΓ
α
µσ

)

|α.

For this reason, because δ
√−g = −1

2

√−gδgµνgµν, and with respect to the Stokes

Theorem, we obtain

δ

(

∫

dN x
√

−gR

)

=
∫

dN x
√

−gδgµν
(

Rµν −
1

2
Rgµν

)

.

Because m̄ and m are scalars, the variation δm = m − m̄ is a scalar too. With respect to

the tensor δgµν of the type (0, 2), and the quotient rule, there exists a tensor Mµν of the type

(0, 2) such that δm = Mµνδgµν.
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Because 0 = δ(δα
β) = δ(gαγgβγ) = δgαγgβγ + gαγδgβγ, we conclude that

δgβδ = −δgαγgαβgγδ.

The variation of the vector Γα = Γ
β
αβ is

δΓα =
1

2
δ
(

gβδ(gαβ,δ − gαδ,β + gβδ,α)
)

=
1

2
δgβδgβδ,α +

1

2
gβδ

(

δgβδ

)

,α

=
1

2
δgβδgβδ,α −

1

2
gϵζ

(

δgβδgβϵgδζ

)

,α

=
1

2
δgβδgβδ,α −

1

2

(

δgβδ
)

,α
gβδ −

1

2
δgβδgβδ,α −

1

2
δgβδgβδ,α = −1

2

(

δgβδgβδ

)

,α
.

For dπ
µν given by (23), the following equalities hold:

gαβd
γ
αδdδ

βγ = −
(

N2 + N − 2

(N + 1)2
m2 +

2(N2 + N − 2)

(N + 1)2
m +

N + 3

(N + 1)2

)

gαγ
ΓαΓγ,

gαβd
γ
αβdγ =

(

N2 + N − 2

(N + 1)2
m +

2

N + 1

)

gαγ
ΓαΓγ.

Hence, the difference I = gαβd
γ
αδdδ

βγ − gαβd
γ
αβdγ between the last two integrands in

(27) is

I = −
(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gαγ
ΓαΓγ.

The variation of term
√−gI is

δ
(√

−gI
)

=
1

2

√

−gδgµνgµν

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gαγ
ΓαΓγ

−
√

−gδgµν

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

ΓµΓν

− N2 + N − 2

(N + 1)2

√

−gδgµν Mµν(2m − 3)gαγ
ΓαΓγ

+
√

−g

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gαγ
Γα

(

δgµνgµν

)

,γ

The following equality is satisfied

√

−g

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gαγ
Γα

(

δgµνgµν

)

,γ

=

(

√

−g

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gαγ
Γαδgµνgµν

)

,γ

−
√

−g

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

δgµνgµνgαγ
ΓαΓγ

−
√

−g
N2 + N − 2

(N + 1)2
δgµνgµν(2m − 3)gαγ

Γαmγ

−
√

−g

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

δgµνgµνgαγ
(

Γα|γ − ΓαΓγ

)

.
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Finally, the variation of Einstein–Hilbert action (27) vanishes if and only if

0 = Rµν −
1

2
Rgνν −

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

ΓµΓν

− 1

2

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
ΓαΓγ

− N2 + N − 2

(N + 1)2
(2m − 3)gαγ

Γα

(

MµνΓγ + gµνmγ

)

−
(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
(

Γα|γ − ΓαΓγ

)

.

The corresponding energy–momentum tensor is

Tµν = Rµν −
1

2
Rgνν −

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

ΓµΓν

− 1

2

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
ΓαΓγ

− N2 + N − 2

(N + 1)2
(2m − 3)gαγ

Γα

(

MµνΓγ + gµνmγ

)

−
(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
(

Γα|γ − ΓαΓγ

)

.

(28)

If the scalar functions m and m̄ are equal, which means that is δm = 0, the energy–

momentum tensor Tµν given by (28) reduces to

Tµν = Rµν −
1

2
Rgνν −

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

ΓµΓν

− 1

2

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
ΓαΓγ

− N2 + N − 2

(N + 1)2
(2m − 3)gαγ

Γαgµνmγ

−
(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
(

Γα|γ − ΓαΓγ

)

.

If m and m̄ are equal numbers, which means Mµν = 0 and mµ = m̄µ = 0, the energy–

momentum tensor Tµν given by (28) reduces to

Tµν = Rµν −
1

2
Rgνν −

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

ΓµΓν

− 1

2

(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
ΓαΓγ

−
(

N2 + N − 2

(N + 1)2
m2 − 3(N2 + N − 2)

(N + 1)2
m +

N + 5

(N + 1)2

)

gµνgαγ
(

Γα|γ − ΓαΓγ

)

.

The free parameters Mµν, mµ and m make possible some cosmological measuring

to be presented exactly by the model. In this way, the problems with Einstein’s model

of cosmology that makes relatively high numerical errors in some experiments may be

attempted to be solved.
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4. Conclusions

In this paper we reviewed the methodology for obtaining invariants of geomet-

ric mappings, already published by Vesić [21] and developed by Vesić, Stanković, and

Mihajlović [15]. We also defined the m-conformal line of a Riemannian space. The con-

formal mappings of Riemannian spaces are generalized to (m̄, m)-conformal mappings.

This represents a completely new approach in the field of conformal mappings that is very

important, especially from an application perspective.

At the end of this research, we introduced one example from cosmology that illustrates

how the results can be applied in further physical research.

In future research, we will determine the general equations of motion for various

cosmological models defined in Riemannian spaces of different dimensions. In the simplest

case, these general equations of motion will reduce to those obtained in classical mechanics.

Furthermore, since the geometric mappings transform all curves of a given class in the

initial Riemannian space into curves of a corresponding class in the deformed space, and

since the transformation laws for the Christoffel symbols and the associated invariants are

determined based on this, we will use these transformed curves to identify the correspond-

ing mechanical properties of a particle moving along such a curve. A special case will be

the Navier–Stokes equations, when the moving particle is considered to be a fluid particle.

Author Contributions: Conceptualization, I.D. and N.O.V.; methodology, N.O.V.; software, D.J.S.;

validation, I.D.; formal analysis, N.O.V.; investigation, B.M.R.; resources, B.D.V.; data curation, D.J.S.;

writing—original draft preparation D.J.S.; writing—review and editing, B.M.R.; visualization, D.J.S.;

supervision, B.D.V.; project administration, B.M.R.; funding acquisition, B.D.V. All authors have read

and agreed to the published version of the manuscript.

Funding: This research was funded by the Ministry of Science, Innovations and Technological Devel-

opment of Serbia, through the grants 451-03-137/2025-03/200251 and 451-03-137/2025-03/200102,

and funded by the Faculty of Teacher Education, Leposavić, through grant IMP-003.
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19. Zlatanović, M.L.; Maksimović, M.D. Quarter-symmetric generalized metric connections on a generalized Riemannian manifold.

Filomat 2023, 37, 3927–3937. [CrossRef]

20. Najdanović, M.; Velimirović, L.; Vesić, N. Geodesic infinitesimal deformations of generalized Riemannian spaces. Mediterr. J.

Math. 2022, 19, 149. [CrossRef]
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