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Abstract

Conformal mappings between Riemannian spaces Ry and Ry are defined by the explicit
transformation of the metric tensor of the space Ry to the metric tensor of the space
Ry. Geodesic mapping between these two Riemannian spaces is a transformation that
transforms any geodesic line of the space Ry to a geodesic line of the space Ry. In this
research, we defined an m-conformal line of a Riemannian space, which is geodesic if
m = 0. Based on this definition, we involved the concept of (7, m)-conformal mapping
as a transformation Ry — Ry in which any 7ii-conformal line of the space Ry transforms
to an m-conformal line of the space Ry . The result of this research is the establishment of
three invariants for these mappings. At the end of this research, we gave an example of a
scalar geometrical object which may be used in physics.

Keywords: mapping; Riemannian space; invariant; variation

MSC: 53B20; 53B50

1. Introduction

The theory of Riemannian spaces was given by L. P. Eisenhart [1]. Based on his
research, this theory was developed to such a degree that it can be studied as a theoretical
concept or a tool for applications in physics.

Many authors have developed the theory of mappings between Riemannian spaces.
Some of them include J. Mikes, with his research group [2-6], N. S. Sinyukov [7-9], U. C.
De [10,11], among many others.

Motivated by Eisenhart’s definition of a generalized Riemannian space, the theory of
mappings of generalized Riemannian spaces has been developed. The most significant
researchers in of subject are M. S. Stankovi¢ [12-16], M. Lj. Zlatanovi¢ [17-19], Lj. S.
Velimirovié [16,20], among many others.

An article [21] by N. Vesi¢ developed the well known methodology for obtaining
invariants of geometric mappings. In many later papers, like in this research paper, the
article [15] and the methodology presented in [21] are applied, and the result is at least one
new invariant for the analyzed mapping. In this research, we will review the results of
Vesi¢’s article and apply them to obtain invariants for a special mapping of a Riemannian
space, which will be defined.
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Conformal transformations are important for different applications in physics [22].
The Weyl tensor is composed by itself for generating the integrand for Einstein—Hilbert
action. But this integrand leads the study of R2-cosmology. We are interested in finding
invariants for mappings which stay within the valid research topic of R'-cosmology.

The integrand in Einstein—Hilbert action in [23] is very similar to invariants which
Vesi¢ obtained in [21]. In this research, we will study the Einstein—Hilbert action generated
by Vesi¢’s invariants.

In this manuscript, we aim to generalize the concept of conformal mappings by
transforming the basic equation of conformal mapping between two Riemannian spaces.
These results will provide different opportunities for theoretical research into this new class
of mappings, and for its applications in cosmology as well.

1.1. Tensors as Indexed Geometrical Objects
An indexed magmtude X/5 /3 , le,/%]- = 0,...,N — 1, presented in the Cartesian

,xN=1), is a tensor of the type (p,q) if under a change of
, x/N*l)

coordinate system (O, xY,
coordinate system to (0’, x”°, , where the value Xgizz transforms as [2,9]

oty By /3'1 p---p
X,1 i —xa1 xapxﬁ, .. ﬁqxﬁl---ﬁq’

o X% g 9xPi L . .
where x,| = F X ﬂ{ = W, and Einstein’s Summation Convention is used for repeated
i i x'Pi
indices. Scalar functlons are tensors of the type (0,0).
From the last definition, we conclude that a partial derivative of a tensor of the type
(0,0) forms a tensor of the type (0,1). Partial derivatives of a tensor of any another type do

not form tensors.

1.2. Riemannian Spaces
An N-dimensional manifold M = M(u?,...,uN"1) equipped with a symmetric
metric tensor gy, §uv = vy is the Riemannian space Ry (see [2,9]). The Greek indices y, v,
..take values of 0,..., N — 1.

Remark 1. For studies in physics, especially in cosmology, it is important to make a distinction
between indices which denote time and indices which denote space. It is standardized in physics
that the Greek indices present both time and space, but Latin indices correspond to space. In our
study, we will not make such a distinction, but for possibly easier applications, we will use the
Greek indices.

We assume that the matrix [g;,] is non-singular, i.e., det [g,v] # 0. Hence, the

contravariant metric tensor is defined as [¢"'] = [guv] ~!. This means that g#*g,, = ..
Christoffel symbols of the second kind,

1
ng = Egmx (gytx,v — Suva T gva,y)/

where a comma denotes partial differentiation, are the affine connection coefficients of the
space Ry.
The Christoffel symbols are not tensors because they change as

!
I, =xy "x

W ,XV/T}W—}-JC xy vl

H

%X

Where x}‘ v = W
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The Christoffel symbols I'], and their traces I', = I'},, are not tensors.

1.3. Geodesic Lines of Riemannian Spaces
A curve ¢ = ({"') = £(t) in Riemannian space Ry is geodesic if its tangential vector

AR = I satisfies the forthcoming system of differential equations

% + rgﬁ/\“)\ﬁ = pAH, 1)
where p is a scalar function. In one paper (Mikes et al. [2], pp. 88-89), the definition of
geodesics is discussed.

In spaces with a positive definite metric, the geodesic line is the shortest line between
two points on manifolds by the path in it. The FLRW metric is not a positive definite one;
light (the fastest unit in cosmology) moves along geodesic lines.

We are interested in obtaining some new invariants for a special geometric mapping
and to present the corresponding action in four-dimensional cosmology.

1.4. Motivation

In cosmology, a geodesic line is defined in the case of homogeneous Equation (1),
ie., in the case of p = 0 (see [24], page 30, Equation (2.18)). For geodesics defined in
such a way, we will prove that a geometrical object which determines a transformation of
Christoffel symbols under geodesic mapping vanishes, (for the concrete methodology, see
the sections on geodesic mappings in [2,9]).

After connecting the invariance of the Ricci tensor under geodesic mappings, we find

1
that the standard Einstein—Hilbert action [24] S = o [ d*x,/=gR is nothing more than

action for the Lagrangian which is equal to the invariant R, composed by ¢*F, and for
topological invariance multiplied by /—g.

Perturbations in cosmology are nothing more than summing the Friedmann-Lemaitre—
Robertson-Walker metric g, with a tensor dg,, (named perturbation). In this way, any
geodesic line of the initial space equipped with the FLRW metric transforms to a curve of
perturbed space (equipped with metric ¢,y = v + dguv)-

Geodesics are defined by the non-homogeneous Equation (1) [1,2,9]. All special curves
(F-planar, almost geodesic, ...[2,9]) are generalizations of geodesics.

Until 2020, all invariants for mappings (Weyl projective tensor, Weyl conformal tensor,
Weyl F-plannar tensor,...) were created in such a way that their traces by contravariant
and covariant indices vanish. In (Vesi¢, 2020 [21]), the methodology for obtaining another
invariant (whose traces do not vanish) was presented.

This other invariant, which does not lose the Ricci tensor after contraction, motivated
us to pursue this research. The other motivation for our research is the significance of the
conformal mappings of Riemannian spaces presented in [22]. The Lagrangian of Einstein—
Hilbert action studied in [23] is very similar to the invariants for mappings obtained in [21],
which is another motivation for our research, presented below.

This manuscript is organized as follows:

1.  We will review the preferred methodology for obtaining invariants of geometric
mappings from [15,21]. In this review, we will present the corresponding invariants
for geodesic and conformal mappings of an N-dimensional Riemannian space.

2. Inthe next section, we will generalize the concept of conformal mapping by defining
a special curve of a Riemannian space. A mapping from which any geodesic line from
an initial space transforms to a curve of this special class of the deformed space will
be the subject of our research.
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3. We will obtain the basic equations for mappings mentioned in previous studies. After
that, we will obtain the invariants for this mapping.

4. At the end of this paper, we will present the cosmology which corresponds to one of
the invariants obtained herein and present the corresponding Einstein equations.

2. Review of Invariants for Geometric Mappings

In this section, we will review the process for obtaining invariants of mappings defined
on N-dimensional Riemannian spaces [15,21]
Let f : Ry — Ry be a mapping whose basic equation is

Thy =T + 9oy + 9o + wppy, — @iy, )

After contracting this equation by 77 and v, we obtain Ty = T, + (N 4+ 1)¢, + wy — @y,
ie.,
Yo = o (T — ) — < (T — ). ®)
FON+1IVE TR NIV T

With respect to (3), the basic Equation (2) is transformed to

_ 1
Th =Th +wiy + = (6, Tv +6,Ty) —

1
N+1 N1 G T o)

(4)

- 1 = = 1 - -
— @y, — N+l (64 Ty +6,Ty) + N+l (65 wy + 6 op).
The basic Equation (4) is expressed in the form ']}, = T}, +dJj, — d_;fv, where

1 1
diy = Wity + 5577 (5 Tv + 67 Tw) = 557 (G wv + 6 wy),

W N4+1 N +
o _ _ 1 ] ]

The basic invariants for the mapping f of the Thomas and Weyl type are 7,7 = I'7, —dJj,

. = AT
and Wy, = Rjje — d;fv‘g + d;lTU'U + dj, 4%, — djsd5,, and the corresponding 7,7 and W,

The invariants 7,/ and W, are directly expressed as

1 1
Tiv =T =@l = N 77 1 (6, Ty +0)Ty) + N1 (65 wy + 6 wp), (5)
Wihe = Rive = 1o + Wiy + Wiy Wi — @yewyy
1
- (N + 1)2517/1((1\,"_ 1)(Fy\0 — Wylg t+ wﬁa(rtx - wﬂé)) + (Fy - wy) (Fa - w(r)) (6)
1
+ (N + 1)25177T<(N+ 1)<Fmv — Wyly +wﬁv(rtx - Wrx)) + (ry - wy) (rv - a)v)>/

and the corresponding 7_;{5 and W;,TW.
The equality 0 = Wy, — Wie is equivalent to the equality

Wy|g = Woly = Wy|lg ~ Dglfys

which proves that the anti-symmetric part of w

mapping f.
The equivalent forms of invariants, Wy, and ng are

ulv by p and v is an invariant for the

T _ 7T 7T 7T o w o 7T 7T 7T
Wive = Ruye = W0 + Wy + Wiy Wag = W@y + 05 Xyw — 05 Xpu,
W _ pr - - 7T -0~ 7T - =TT T T
Wiwe = Rijve = @10 + @y + Opu@ao — Oe@gy + 0y Xyo — O Xy,
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where

1 1
T N (qu — wypy + Wy (Ta = wa)) - W(Fu —wp) (Tv —wy),

_ 1 /. . w e 1 oL
Ko =~ 577 (T = @t + 5 (T = @) = gy (T = @) (B = @),

The invariance W[, = W;,TW is equivalent to the equality 0 = W[, — WZW’ ie.,

0= (R;‘TVV B RPT![VV) o (w;ttvltr B (D;IUHU) + (w;fa\v - aj;faﬂv) + (wﬁvwga - wva;ta)

(ot o) 57 (o~ Far) & (X~ o). 7
After contracting (7) by 7t and v, one obtains
% 1 1 " & o Lt
Xyoe — Xpo = _mRW + N_1 (wmg — Wyl — WypWon + wwwa) ©
+ Nl_ Ry — Nl_ = (@ — Do — @8 Db + ).
If we substitute (8) into (7), we will obtain the relation 0 = W;fw - Wﬁw, for
Wive = Rjive — N_1 (00 Ry = 87 Ryv) — wiyjo + Wi, + Wiy — Wiigwyy
b O (@ — Wy — Wb+ o) ©)
o O (@ — @y — @b+ W),
Wik = Ry — 1 (07 Ryo — O Ry) — @+ @, + @@y — o,

1 B
N =10 (@l — oo — D@ + @)

1 N ~ - a -
+ =797 @l — T — Dlop @l + D @a)-

The traces of invariant W/, are

N-2
Wave = _m(wv\a - wa\v)r Wﬁaa - - ;If(m =0.

The next theorem was proven above.

Theorem 1. Let f : Ry — Ry be a mapping between Riemannian spaces Ry and Ry. The
geometrical objects T, and Wi, given by (5) and (6) are the basic invariants of the Thomas and
Weyl type for the mapping f. The geometrical object Wy, given by (9) is the derived invariant
of the Weyl type for the mapping f. The geometrical object w,, — w,, is an invariant for the

mapping f.

2.1. Review of Geodesic and Conformal Mappings

In this section, we will review the necessary results presented in [2,9] about geodesic
and conformal mappings and their preferment with respect to the methodology for ob-
taining invariants of geometric mappings presented in [21], and its form, presented in [15],
necessary for this research.

A mapping f : Ry — Ry in which any geodesic line of the space Ry transforms to a
geodesic line of the space Ry is geodesic. The basic equation of mapping f is
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I7, = T, + .07 + 907,

In comparison with (4), we conclude that wy;, = 0 and @}, = 0. That means that for
geodesic mappings, the equalities w, = 0 and @, = 0 are satisfied. Hence, the invariants
for geodesic mapping f are

T =T — ﬁ(&;}rv +07Ty), (10)

Wie = Riiye — (1\1—1—11)25‘7’1 (FMU + T T0) + M&g (FW, +TuTy), (11)

Wik = Riuo = x5 (07 Rur — 63 Rp0). (12)

For the Weyl projective tensor W;fw, the next identities are satisfied W§,, = 0,
Wiae =0, Wity = 0, but Wiye =0, Wjiye = — Wiy = Ry — (NN+_11)2 (Tyje +Tule) #0.

The basic equation of conformal mapping f : Ry — Ry is
I, = 1";; + Puy + Yudy — Guwg”™ Pu- (13)

After contracting (13) by 7t and v, we obtain

1 1.

Substituting (14) into the basic Equation (13), one can transform it to the form

- 1 1 _ _ _
I, =I5+ N((S;}FV + 60Ty — g™ Ta) — N(&;}rv + 6, Ty — g™ Ta).
This relation is equivalent to
T T T 7T 1 e 1 5 S5TTAT
Liy =T + 0, + 67y — N8 Iy + N8 Iy. (15)

It is well known that the mapping f : Ry — Ry is conformal if and only if the

Christoffel symbols f;fv and 1";},/ satisfy (13). It is not hard to prove that the relation (13)
1

1.
is identically satisfied for ¢, = NFV — NF,,. Moreover, (15) is equivalent to (2) for

1 1 _
Wiy = —Ng;wg””‘l"a and @y, = —ﬁgwg”“ra.
Hence, the corresponding basic invariants of the Thomas and Weyl type, and the
derived invariant of the Weyl type for conformal mapping, f are

1 1 1
7;475 = r;[v - N(s;frv + N&Z,Trl/l + Ng}u/gntxru,
1 1
Wiie = Riiye + mgwg"“ (NTyjo + Talo) — mgwgm" (NTy, + Tal'y)
1
— ﬁéff (NT e + Tl — 8uog” " Tal'y)

1
+ 2207 (NI, + Tl = g™ "Tul'y ),
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1
Wive = Rive = 57— (0 Ryo = 05 Ryw)
L 1 .

+ mguvg (erx\a + rlXFO’) - Wg,wg (erx\v + Farv)
1

+ m&f} (NFMV —Tulo — gueg™” (me - I’,XF,Y))
1 . o

B W—l)é‘f (Nrﬂlv =l — gug (erx\'y — T,ﬂ”ﬁ).

2.2. What Is Given byVesi¢’s Method [21]

If f: Ry — Ry is a mapping between Riemannian spaces Ry and Ry, whose
deformation tensor is Pjf, = I'], — l:;fv, the transformation rule of the curvature tensor R;}W
to R7},, of the spaces Ry and Ry is

R;}VU' = R;[VU'+ }71/”7 7P],74TU’HV+P5UPB7CTU'7P§U'P£/' (16)

If the mapping f is geodesic, then it is Pj;, = 07 + ;7. After substituting this

relation into (16), we will obtain [2,9]

R;Tva = R;[va + 5;7;[(1101/“0 - lpal\v) + 517/1 (¢y|\a - 'JJFIP‘T) - (SZTT ('ijl\v - 1/]}41/]1/)' 17)

When one contracts (17) by 7 and p, and by 7t and v, the next relations will be obtained
l)[JVHU' - lp(rHv = _m (Rgva - ngr) =0,
1 1
ll].””” - lpﬂlp” = N — 1RW’ - N — 1RHU‘
The last two equalities, together with (17), give

~ 1
R;IIU(T = R;ltw + N-—-1 (égRP“T - 517TTRP“/) -

1

m (5171_{”(7 - 5;[1{”1/) .

From the last equality, the invariance of Weyl projective tensor W, given by (12) is
confirmed. Because Wy, = 0, Wy, = 0,and Wy, = 0, we are not able to obtain an another
invariant for the mapping f which contains R, as a variable of a monic polynomial.

Vesi¢’s approach [21] gives the significance. Namely, if I'}, = f;}v +dj, — d_;fv,
tensors dj, e_md d_;fv of the type (1,2), and symmetric by u a{1d v, it was directly concluded
that 7,7, = 7,7, for T, = I'}}, — djj, and the corresponding 7,7}

In the next step, the following relation was analyzed:

for

NT . T T-7T -0 T F0 T _ T us T ® T s
W;wa T 7;41/,0 - 7;40,1/ + 7;1/7;40 - 7;07;41/ - 7;!1/,0' - 7;0,1/ + 7;41/7;@ - 7;4(77;1/ _ W;wa'

The last equality is equivalent to W;fw = Wiie, where Wi, = R, — d;fv‘a + d;fa‘v +
dy Ao — djipdgy, and the corresponding Wi,
1
In the case of geodesic mapping f, the tensor dfj, is dj, = —— (5;} T, +6)T,). In

) N+1
the case of a conformal mapping, the tensor dyj,, is dj, = N (5;}1} + 07 Ty).

The corresponding basic invariants W, are not trace-free, nor is the Ricci-tensor
vanished in their trace. The same holds for any of the above obtained basic invariants. That
will help us to create an R!-cosmological model as an example in this manuscript.

Furthermore, the invariance W;}W = Wi gives us the chance to obtain an another
invariant for analyzed mapping as a monic polynomial of curvature tensor R}j,,. The Weyl
projective and Weyl conformal tensors are examples of these other invariants.
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Hence, by the methodology presented by H. Weyl, we are able to obtain only trace-free
invariants for mappings. By Vesi¢’s methodology, we obtained a novel invariant which
makes it possible for linear cosmological models to be created from these invariants. Both
of these invariants will present some significant magnitudes in physics, but we will not
talk about these details in this paper.

3. Generalized Concept of Conformal Mappings

In this section, we are ready to define a curve of new kind in space Ry. An m-
conformal line of space Ry is a curve ¢ = /(t) whose tangential vector (A") satisfies the
system of differential equations

dAk
o+ TiAAP = oA 4 mgapgh T THA*AP,
where p and m are scalar functions. The function m is the conformality coefficient.
A 0-conformal line of space Ry is a geodesic line of this space.
1
A (- N 3
A (0,0)-conformal mapping f : Ry — Ry is geodesic mapping.

—%)—conformal mapping f : Ry — Ry is the conformal mapping of space Ry.

3.1. Invariants for (1, m)-Conformal Mappings

A mapping f : Ry — Ry in which any 7ii-conformal line of space Ry transforms to
an m-conformal line of space Ry is the (i, m)-conformal mapping.

The (0, m)-conformal mapping f : Ry — Ry transmits any geodesic line of space
Ry to an m-conformal line of space Ry. The (i, 0)-conformal mapping f : Ry — Ry
transforms any i-conformal line of space Ry to a geodesic line of the space Ry.

Let us consider an ri-conformal line of the space Ry and an m-conformal mapping of
the space Ry,

M _ -

:?t +TIpAAP = pAF + Mo T T AAP, )
M

% +TPgAAP = pAF + mgupgt T4 A% AP,

Based on the expressions p = psA%, p = P A%, AF = SEAY, from system (18), one obtains

(Tl —T0) - %(Po«(%‘ +ppdk) + %(ME +ppol) — (mgapg" Ty — g1 T4) ) A*AP = 0.
The next lemma was proven above.
Lemma 1. A mapping f : Ry — Ry is an (1, m)-conformal one if and only if
Ty =Ty + 00w + 07y + mguug™ To — MZug™ T, (19)
where m is a scalar function and ¢y, is a 1-form.

3.2. Invariants for (1, m)-Conformal Mappings

Let f : Ry — Ry be an (i1, m)-conformal mapping. After contracting its basic
Equation (19) by 7 and v, we obtain

m—1 m—1_

=——— Ty — ——Tp. 2
RN RN (20)
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After substituting (20) into the basic Equation (19), we obtain

= m —

o =T = N1 (5nrv +0Ty) + mgug™ T o1
~ 21
m =
NI (5”1‘V +6)Ty) —mguwg ™ Ta.

(21) is equivalent to the equality 7,7}, = 7,7, for

T = F —mguug T N N T (5”1",/ 67 Ty), (22)

and the corresponding 77]5
From the basic Equation (21) of (1, m)-mapping f : Ry — Ry, one obtains

m

a5, = Nﬂ(mwm + Mg, o
- m—
v =~N11 (‘er +07Ty) + Mg ™ T
Remark 2. From (23) we have w = ¢wQ™ T, and w = M, 3™T,, but it will be more
= 88" Eu&
simple to use the equality Wi, , = R;}W dW'U + dWIV + d“ vy — dgd,.
For d ", given by (23), and with respect to T’ uly = Tyju, one obtains
1 1 ﬂ
1
N+ 1571 (Cumy + (m = 1)y, ) = 8™ Ta (8o — guoty)
—mg’" (guvra|a - gwraw)f
d;ivdga - dﬁadfu = ngmra (8yvrrf - gWFV)
1
Syl ((N+1)m(m = 1)guog" TuTy = (m —1)°T, Ty )
R Es Y ((N 4+ 1)m(m = 1)g8" Taly — (m = 1)2T,T, ),
and the corresponding differences —d”* wlle T dWH and d,, dj, — dj,,d7,.
Hence, we obtain the following geometrical objects
W;Tw = R;[I/(?' — 8™ Ty (gyvmtf = 8uoMy — m? (gyvra - g;ml"v)>
1
—mg™ (gIWrDéIU - glwrth/) N+ 1‘5y (rvmlf r(fml/)
1 (24)
e ey ((N+1)(m = 1) (T + MU0 TaTy) + Tyt — (m — 1)2rﬂr(,)
1
R CE ((N+1)(m = 1) (T, + mgyug I Taly) + Ty — (m = 1)2T,Ty ),
Wlirwr = R;}vv - gnafw <gVV"_1tT - g}lvﬁlv - mZ (gyvfo - g_yafv)>
1 L
—mg" ( Wru\la ]Wrzxnv) N+ 15;7 (vaa - anv)
1 _ . _ (25)
ey ((N+1)(71 = 1) (T o + 1200 Taly) + Tty — (11— 12T, T )

- meéT((N +1)(m = 1) (T + Mg Tuly) + Ty — (1 — 1)2fyfv).



Axioms 2025, 14, 652 10 of 15

The traces of the geometrical objects W, and V_V;fw from Equations (24) and (25) by

N - N _
7T and Y are W;CI/O' = _m (rvmo- — Tgmv) and ngg = _m (r]/n_’lg — rgn_’lv).
The traces of these geometrical objects by 77 and v are

2m+ N —1 2 N-1
Wiao = Rye = =537 Lo + m8eg™ Lajy = (N 1" NT 1>gwgmfarw
N2+N+2 , 2N-2 N-1
- r,r “rp
(CRrr " e Tl s T
1 N?+1
— Tty — Ty,
N+1 7T Ny v
_ _ 2m+N—1_ o ar 2 N-1\_ o=
Wino = Rur = =Tl + 188" Ty = <N 1"t N 1)gwgmfarv
N2+N+2 , 2N-2 N—-1 \. - _
7 n— T.To + §ueg" ' Tarm
+< NDZ TN T Nz e T 8ked ey
. N?+1 _

- —TI ey — ——=1um,.
N+1 777 (N+1)2 H°
Because W[, = — W/, and W}, = =W, the traces of W[, and W], by 7w and
oare Wy, = =Wy, and Wy, = =Wy,
After substituting the previously obtained geometrical objects necessary for the de-
rived invariant W/, we get

1
Wik = Ry = 1 (07 Ry — 7 R) ™ (g — )
—mg™ (gﬂvrtx\a - g]wra\v) + ngmxrrx (gyvra - g;ml"v)
1 (26)
+ 5O (Mo + Ty = LT = grg™ (g, + Tamty = mPLaly) )
1
— m&f} (mI"MV +Tymy — mZFyI}, — g8 (mF,m + Ty, — mZI’,XIIY)),

and the corresponding W/,
The traces Wye = Wy, and Wye = Wi, of the invariant W/, given by (26) are

H
N-2
WVU' = _m (rymg — rg-mv) and WHU- =0.

The next theorem was proven above.

Theorem 2. Let f : Ry — Ry be an (11, m)-mapping. The geometrical object T,y given by (22)
is the basic invariant for mapping f of the Thomas type. The geometrical object Wy, given by (24)
is the basic invariant for mapping f of the Weyl type. The geometrical object W, given by (26) is
the derived invariant for mapping f of the Weyl type.

3.3. Lagrangian Caused by (111, m)-Conformal Mappings
In [23], the Lagrangian is taken to be

1
EN = \/jgg}ll/ (sz,a + 7]\] 1 G;(FGEV — Ggngv)r

1
The value G, is similar to the Thomas projective parameter (10). As we mentioned
above, the basic invariant W, = W, for the geodesic mapping given by (11) reduces to
the Ricci tensor Ry;.
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We obtained the basic invariant Wy, for an (i, m)-conformal mapping. In this
example, we will study the transformation of F” to I'7, such that any ri-conformal line of
an N-dimensional Riemannian space Ry equlpped Wlth an FLRW-metric whose square
form is ds?> = —dt? + a? (dx12 +...+ de_lz), where a = a(t) is the scale factor, transforms
to an m-conformal line of the perturbed space.

To simplify our computing, we will start from the basic equation of the form
Ih, =T, +df, —d],

v jivs Where

m—1
diy =~ OiTy +07T) + mgyug™ T,

_ m—1 _ _ _
dr, = . (5;1} + 67T y) + g™ Ta.

is given by (23).
The corresponding basic invariant of the Weyl type in the perturbed space is

Wio = Wi = Ruo — dyo +d% +d%gdby — d%,d.

pole

The corresponding Einstein—Hilbert action is

2kSg§ :/de\/—gg”‘ﬁW,xg,

ie.,

_ [N N N
2KS+—/d xy/— R—/d x\/—gg*Pd, |ﬁ+/d xy/— g”‘ﬁdzm7
+/de~/ 2Pl dl, /de\/ gghdlyd,

(27)

Because I'y, = (In\/—g) .=

For this reason, if 7" is a tensor of the type (1,0), we obtain

VT = VR VTR = R VR = (V)

Because 6g"Y = 0 at the border of integration, and based on the Stokes Theorem,

we conclude that the variation ¢ ( f aN ijgdf‘a) vanishes. For this reason, and because
g"Pdyp = ((fg"‘ﬁal,x)“5 and g""gdzﬁw = (g"‘ﬁdzﬁ)h, the variations of the second and third
integral of (27) are equal to zero.

The variation of the scalar curvature R is

OR = 68" Ry + g ((0T%,) , — (OT%,)  + OTjaT%5 + Tyl — 8T%, Ty — I, 0T,
= (OTul) )y = (T30 ) -

For this reason, because 6,/—g = —%‘ /—868"" ¢uv, and with respect to the Stokes

Theorem, we obtain

5(/de\/?gR) - /de\/?gég””(Ryv - %ng).

Because 777 and m are scalars, the variation ém = m — 1 is a scalar too. With respect to
the tensor 0" of the type (0,2), and the quotient rule, there exists a tensor My, of the type
(0,2) such that dm = M,,,6g"".
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Because 0 = (5(5%) =0(8"7gp,y) = 68"78py + 8"70gp,, We conclude that
08ps = —08"78apgye-

The variation of the vector I'y = FS 8 is

1 1 1
OTu = 50(87 (Sups — Suep + 8pon)) = 5087 8psn + 587 (08p5) ,
1 1
= §5gﬁ§g‘8(5,u¢ - Egeg <5gﬁ§g/3€g5€.),a
1 s 1 Bs 1 Bo 1 po 1 po
= 5088500 — 5(08™) 885 — 5087 gpin — 308%gpsn = —5 (087 850) -

For djj, given by (23), the following equalities hold:

o = - <N(2N++N1)—22m2 N 2(1\(1;111\11); 2) it (I\I;’;r% >g T,
o (S e,
Hence, the difference | = g*fd); d" - g“ﬁcﬂ d., between the last two integrands in
7) is i i
I=- <N(z\r++1\]1)_22m2 - B(I\(JNJ:LI\l,); s N )g faly

The variation of term /—gI is
1 N2+ N -2 3(N2+ N -2) N+5
5(\/ —gl) = E\/ —gég””gw< (N_|_1)2 mz_ (N+1)2 m+ (N+1)2>g’wr“r7
N +N-2 , 3(N*4+N-2) N+5
_ r,r
v =80g" ( T Ntz "TiNanE) e

N2+ N -2
— (I\[T \/ — (5gﬂ MVV (27’” 3)8“71-'&1—")/

— (N2 +N-2 3(N2+ N —2) N+5 )
* ( (N+1)? m’ - (N+1)2 m+(N+1)2>g"‘7ru(‘58”gw),7

The following equality is satisfied

N24+N-2 , 3(N>+N-2) N+5 \ 4 o
V‘g<<N+1>2’” T2 m+(N+1)2>g el0s"gm),,

_ N2+N-2 , 3(N?>+N-2) N+5 N\ ayr o
_<V_g< N+1DZ " T T (N2 m+(N+1)2>g ffg g””),7
N24+N-2 , 3(N>+N-2) N+5 o ay
_V_g< (N+12 " T T (N+1)2 m+(N+1)2>5g g Tuly

N?24+N-2

~ V8 08" g(2m = 3)g" Ty

N24+N-2 , 3(N24+N-2) N45
—\/?g< (N +1) " (N+1)2 m+(N+1)2)5gwgwgm(rav_rarv)'
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Finally, the variation of Einstein-Hilbert action (27) vanishes if and only if

1 N2+N-2 , 3(N2+N-2) N+5
=Ry — =Rgyy — - r,r
0= Ry = 3Rgw < Ntz " (N+1)2 er(N+1)2> plv
1/N?+N-2 , 3(N>?+N-2) N+5 wy
- - r,r
2< (N+1)2 " (N+1z " (N+1)2>g”“g “
N2+ N-2
- (N+1)2 (2m — 3)g" "o (M T'y + gty
N2+N-2 , 3(N2+N-2) N+5 wy
— — T, — Tals).
(o= et oy o™ (g = L0

The corresponding energy—momentum tensor is

1 N24+N-2 , 3(N>?+N-2) N+5
Ty = Ry — S Rgyy — - r,r
po = Ry = 5 R8w ( N1z " Ntz "Nz
1/N>?+N-2 , 3(N>+N-2) N+5 .
- - T, T
2( N+1)2 " Ntz TNz 88 el 8)
N2+N—22 T (MoT
T (Nt 1)2 (2m —3)g" To (M Ty + gy
N2+N-2 , 3(N>?+N-2) N+5 N
- - 7Ty — Taly).
< Ntz T T (N2 m+(N+1)2>g"“g (Tagy = Tal)

If the scalar functions m and 7 are equal, which means that is 6m = 0, the energy—
momentum tensor T, given by (28) reduces to

Ty = Ry — %ng - (1\](2;+I\]1)_22m2 - 3(1\(];#\1]); Din+ (1\17115)2)””
- % (wmz - 3(1\(];11\13; o+ (zlv\] i f)z)gwg”rafv
- W(Zm —3)8" Taguumy
- <I\](2I\;L+I\]1)_22m2 - 3@\(];\111\1]); 2 " (1\1\71:15)2 >8;wgm (Tajy = TaTy).

If m and m are equal numbers, which means M, = 0 and m,, = 71, = 0, the energy-
momentum tensor T, given by (28) reduces to

1 N24+N-2 , 3(N>+N-2) N+5

T’”_RW_zRgW—( NFiz T TNt e
1/N?+N-2 , 3(N>+N-2) N+5 .
— 2 S m? — T, T
2( . (N+1)2 m+(N+1)2>g””g oty
N2+N-2 , 3(N>+N-2) N+5 N

— — 7Ty — Taly).
< Y A (N m+(N+1)2>gwg (Taiy = Tala)

The free parameters M,,, m, and m make possible some cosmological measuring
to be presented exactly by the model. In this way, the problems with Einstein’s model
of cosmology that makes relatively high numerical errors in some experiments may be
attempted to be solved.
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4. Conclusions

In this paper we reviewed the methodology for obtaining invariants of geomet-
ric mappings, already published by Vesi¢ [21] and developed by Vesi¢, Stankovi¢, and
Mihajlovié¢ [15]. We also defined the m-conformal line of a Riemannian space. The con-
formal mappings of Riemannian spaces are generalized to (77, m)-conformal mappings.
This represents a completely new approach in the field of conformal mappings that is very
important, especially from an application perspective.

At the end of this research, we introduced one example from cosmology that illustrates
how the results can be applied in further physical research.

In future research, we will determine the general equations of motion for various
cosmological models defined in Riemannian spaces of different dimensions. In the simplest
case, these general equations of motion will reduce to those obtained in classical mechanics.
Furthermore, since the geometric mappings transform all curves of a given class in the
initial Riemannian space into curves of a corresponding class in the deformed space, and
since the transformation laws for the Christoffel symbols and the associated invariants are
determined based on this, we will use these transformed curves to identify the correspond-
ing mechanical properties of a particle moving along such a curve. A special case will be
the Navier-Stokes equations, when the moving particle is considered to be a fluid particle.
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