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1. PREFACE

This thesis considers various aspects of black holes, which are objects
whose mass is compressed to an extremely small volume. Their distin-
guishing feature is that nothing, not even light, can escape from within
a certain vicinity of this heavy object. Since we cannot look beyond the
boundary of this vicinity, it is appropriately called the “horizon”. The
extraordinary features of black holes raise a variety of puzzles in physics.
The puzzles studied in this thesis appear in the analogy of black hole
physics with another branch of physics, namely the physics of heat pro-
cesses or thermodynamics. This analogy strongly suggests that a black
hole can be made out of smaller constituents in a large number of ways.
This number is called the “degeneracy” of the black hole and is related
to the size of the horizon. The understanding of the constituents and the
degeneracies have improved tremendously in the last decades. Partition
functions enumerate the degeneracies and are therefore useful tools to
determine them.

Many branches of physics come together in the proper description of
black holes. The attractive force of black holes on other objects ranges
typically over macroscopic, and even astronomical, length scales. There-
fore, the classical subjects of physics like mechanics, gravity, electromag-
netism and thermodynamics are relevant. However, since the mass is
confined to an extraordinary small volume, a proper understanding of
black holes requires a framework which consistently combines physics of
large and small length scales. Such a framework is not fully achieved yet;
the most promising candidates are presently string theory and M-theory.
Black holes are great (theoretical) laboratories for these theories. This
first chapter explains in some more detail the context of the study of black
holes and their partition functions.

Black holes and thermodynamics
The first notion of a black hole appeared in a letter by Michell in 1784 to
Cavendish, as an object from which nothing, not even light, can escape.
In 1795, Laplace suggested independently the existence of black holes.
Although the name “black hole” seems very accurate for such an object
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which does not emit light, it was not introduced until 1967 by Wheeler.

The notion of black hole could be made much more precise when gen-
eral relativity superseded Newtonian gravity in 1915-16. General relativ-
ity was developed by Einstein and provides a revolutionary new vision on
gravity. Space and time are no longer a static reference frame, but are de-
formed by the presence of massive objects. The attractive force between
massive objects is a consequence of the deformation of space-time. The
precise deformation of space-time is described by the so-called Einstein
equations; every space-time must be a solution of them. The first black
hole solution was established by Schwarzschild in 1915. In this solution,
all mass of the universe is concentrated in a point, which is surrounded
by a horizon. General relativity predicts that the horizon area of a black
hole with the mass of the earth is 1 cm2. Another interesting quantity is
the surface gravity, which is the strength of the gravitational force at the
horizon.

Soon, more complicated black hole geometries were obtained, for ex-
ample, solutions of a theory which captures both general relativity and
electromagnetism. The black holes of this Einstein-Maxwell theory can
also carry electromagnetic charges and were first described by Reissner
in 1916 and Nordström in 1918. It turns out that the mass of these black
holes must be larger then a certain minimum value which is determined
by the charge. At the minimum value, the surface gravity vanishes. Such
“extremal” black holes are considered in this thesis for reasons to be
explained later.

During the 1970’s, Bardeen, Bekenstein, Carter, Hawking and others
studied the laws which are satisfied by black hole quantities, such as the
mass, horizon area and surface gravity. Interestingly, these studies re-
vealed a close resemblance with the laws of thermodynamics. In fact, the
three laws of thermodynamics could naturally be extended to incorporate
general relativity. The first law of thermodynamics states the conserva-
tion of energy in a closed system. In relativity, mass is also a manifes-
tation of energy and must therefore be included in this conservation law.
The second law of thermodynamics is a statement about entropy, which
is a quantity introduced by Clausius in 1865 to explain the fact that heat
always flows from a warm object to a cooler object. The second law
states that the entropy of a closed system always increases. Finally, the
third law says that the entropy approaches a minimum if the temperature
approaches absolute zero. The analogy of black hole physics with ther-
modynamics suggests that the horizon area should be understood as an
entropy and surface gravity as a temperature. With these identifications,
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the three laws of thermodynamics also hold for black holes. In 1975,
Hawking performed a semi-classical calculation which revealed that black
holes radiate as objects with a certain temperature. This calculation de-
termined some unspecified constants, and gave further evidence that the
analogy with thermodynamics is fundamental.

If thermodynamics had ceased developing after Clausius, this might
have been the end of the story. However, Boltzmann claimed in 1877
that the energy spectrum of particles could be discrete, and that entropy
should be understood as a measure of the number of microscopic degen-
eracies of a macroscopic system. His claims were based on the ancient
Greek belief that all macroscopic objects are built out of microscopic, in-
divisible entities (atoms). A macroscopic state can be arranged in many
different microscopic ways, which explains the entropy. This elucidates
the mysterious second law of thermodynamics: the increase of entropy of
a system is now understood as the evolution of the system towards its
most probable macroscopic state. Entropy can be accurately calculated
for many systems if the constituents are known, for example, mixtures
of gasses, or lattices of spins. These microscopic considerations stood at
the beginning of one of the biggest revolutions in physics: the invention
of quantum mechanics. In this theory, a physical quantity, like energy
or momentum, is essentially discrete and is called a quantum number. A
quantum mechanical system can realize a given set of quantum numbers
only in a finite number of ways (the degeneracy). A specific realization
is referred to as a “state”.

The discovery of quantum mechanics was soon followed by quantum
field theory, which also incorporates special relativity. Quantum field the-
ory is able to unify three of the four fundamental interactions of Nature,
namely electromagnetism, the weak interactions and the strong interac-
tions. A fully satisfactory unification of quantum theory with the fourth
interaction, which is gravity, has not been discovered yet.

If the analogy of black hole physics and thermodynamics is funda-
mental, the microscopic understanding of entropy should extend to black
holes. However, candidate constituents of a black hole were not known
for a long time. The black hole constituents are supposed to be particles
of a theory which unifies all four forces of nature. The discovery of such a
theory has challenged many theoretical physicists. As mentioned before,
string and M-theory are currently the most promising candidates. In fact,
black hole entropy can be explained within these theories.

To determine the entropy of a (quantum mechanical) system, partition
functions are very useful. Before explaining their use in the context of
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black holes, two simple examples are given here to give a flavour of what
partition functions are. The first example is a function for enumerating
the number of ways a throw with two dice can give a certain number.
This function is given by t2 +2t3 +3t4 +4t5 +5t6 +6t7 +5t8 +4t9 +3t10 +
2t11 + t12. The number in front of tk in the function is the number of
ways one can obtain k. The second and almost archetypical example, is
the function, which enumerates the number of ways a certain number can
written as a sum of smaller numbers. Such a sum is called a partition. For
example, the partitions of 3 are : 3, 2+1 and 1+1+1. The corresponding
partition function is given by

∏∞
n=1(1− tn)−1 = 1 + 2t2 + 3t3 + 5t4 + . . . .

In quantum theory, a partition function enumerates the degeneracies of
states of a system with given quantum numbers. The exponent of t is then
interpreted as a quantum number, for example the energy. The entropy
can be directly determined from the coefficients of the partition function.
The next section, explains this in some detail for black holes. First a
brief introduction is given on how the black holes can be incorporated in
a quantum theory, namely in string theory.

A quantum theory of black holes
In string theory, the point like particles of quantum field theory are re-
placed by little strings, which can be open like ∼, or closed like©. These
strings are however so small that a possibly stringy nature of particles
cannot be determined with current technology. However, the stringy na-
ture of the particles does spread their interactions in space and time. In
this way string theory manages to avoid the singular behavior which arises
often in quantum field theory. Originally, string theory was invented in
the 70’s to solve problems in the theory of strong interactions. Quarks,
which interact with each other by the strong force, would be the endpoints
of the strings and the string would explain their interaction. The scien-
tific interest of this model decreased when quantum chromodynamics, a
specific form of quantum field theory, was able to accurately describe the
strong forces. Around 1984, string theory revived when people realized
that string theory can possibly capture all the interactions between par-
ticles including gravity. An important calculation by Green and Schwarz
showed that string theory correctly cancels an “anomaly”, which is a
certain unwanted deviation of quantum theory from the classical theory.
Another great discovery of the 80’s is the discovery of the heterotic string,
which seemed very promising to describe the four fundamental interac-
tions in the way we experience them. A second “revolution” of string
theory happened from 1994-1998. In this era, several different string the-
ories got unified in M-theory. Moreover, D-branes were discovered as the
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surfaces on which open strings can end. The D-branes and strings appear
in M-theory as M-branes. These developments were essential for the first
account of black hole entropy in 1996 by Strominger and Vafa.

Another influential development was induced by Maldacena’s conjec-
ture in 1997, which relates the fundamental physics of Anti-de Sitter
space (including gravity) with a conformal field theory without gravity.
An Anti-de Sitter (AdS) space is a space-time with a negative curvature.
One of its special properties is its (conformal) boundary. Maldacena and
others conjectured in 1997 that string/M-theory on such a space-time is
dual to a conformal field theory (CFT) on the boundary. This means that
to every state in the AdS-theory corresponds a dual state in the boundary
theory. Therefore, the partition functions are expected to be equal. This
correspondence is remarkable since the theory in AdS incorporates grav-
ity, and the boundary CFT does not. It has initiated many developments
in the study of gravity and improved our understanding considerably.

String and M-theory have several properties which turned out to be
essential for the microscopic account of black hole entropy. One of these
properties is the necessity of higher dimensions. String theory is a theory
in ten dimensions and M-theory in eleven. At first sight, this might seem
to contradict directly with our four-dimensional universe. However, some
dimensions can be compactified to “invisibly” small length scales. This
can be done in many different ways, which result in equally many different
four-dimensional theories.

Another important feature, which arises naturally in string theory is
supersymmetry. It was originally discovered as a symmetry between two
kinds of particles, bosons and fermions, of the quantum theory on the
string world sheet. Currently, various supersymmetric field theories are
studied in different dimensions, for example supersymmetric gauge the-
ories and supergravities. No experimental evidence of supersymmetry is
available yet, but it has certain appealing consequences. For example, it
improves the unification of electromagnetism and the weak/strong forces
since the coupling constants approach each other at a high energy scale.
Another advantage is that some quantities in a supersymmetric theory do
not change if the coupling constants are varied. An example is the Wit-
ten index, which is a measure of the number of supersymmetric states
of the theory. This is actually one of the main ingredients for the mi-
croscopic calculation of the entropy. The extremal black holes studied in
later chapters are supersymmetric solutions of supergravity. Although the
(generalized) Witten index is hard to determine in this regime, the cou-
pling constants can be changed to a regime where the calculation can be
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done. By supersymmetry, this still provides the correct black hole degen-
eracy. Four-dimensional (N = 2) supersymmetric theories of gravity can
obtained as a compactification of M-theory. The total 11-dimensional
geometry decomposes as: R3,1 × S1

M × X, where R3,1 represents four-
dimensional space-time, S1

M a circle and X a compact six-dimensional
manifold.

The last essential ingredient are the branes of string and M-theory.
D-branes in string theory are objects on which open strings can end. The
D-branes can have various dimensions and source electromagnetic fields
in space-time. Naively, one can see the D-branes as some kind of carpets,
which float around in space-time. In the low energy limit, the excitations
on the branes form a Yang-Mills theory, which is a quantum field theory
(without gravity). The elementary objects of M-theory are the three-
dimensional M2-brane and six-dimensional M5-brane. They unify the
strings and D-branes of string theory.

Now we are ready to explain a black hole in M-theory. It is a bound
state of M2- and M5-branes, which reside completely inside the compact
dimensions. The M5-branes wrap a four-dimensional manifold in X and
S1

M. A crucial part of the entropy calculations is the reduction of the
M5-brane degrees of freedom to two-dimensions: time and S1

M, which in
the Euclidean signature becomes a torus. Such a reduction of the degrees
of freedom to a two-dimensional CFT on a torus, appears frequently in
entropy calculations of black objects. This is a consequence of the distin-
guished properties of conformal field theories, which ultimately enables
the determination of the black hole degeneracies. The most important
property of a CFT is that its interactions do not depend on the length
scale. The theory is even invariant under all transformations which leave
the metric invariant up to a scale; these transformations form an infinite
dimensional group in two dimensions.

To determine the entropy of the supersymmetric black holes, a spe-
cial partition function of the CFT is considered. This partition is the
so-called elliptic genus, and is a generalized Witten index. The special
property of the elliptic genus is that it enumerates supersymmetric states
as a function of their electric charges. Because of the conformal sym-
metry, the partition function does only depend on the shape of the torus
(parametrized by τ) and possibly potentials, an observation due to Cardy
in 1986. Moreover, the elliptic genus is supposed to be invariant under
large coordinate transformations of the torus, which correspond to the
modular transformations: τ → aτ+b

cτ+d , ad− cd = 1. This invariance brings
the elliptic genus in contact with modular invariant functions, which ap-
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pear often in counting problems and number theory. By modular in-
variance, the Cardy formula can be derived, which provides the leading
behavior of the degeneracies. That this agrees with the entropy calculated
in supergravity, is one of the important successes of string theory.

Results of the thesis
The results of this thesis are important for two conjectures related to
black hole state counting. The first conjecture is the correspondence
between fundamental physics in Anti-de Sitter spaces and the conformal
field theory on its boundary. A three-dimensional AdS-space appears
naturally in the study of the four-dimensional black holes. The CFT
at the boundary is the CFT which is obtained by the reduction of the
M5-brane degrees of freedom.

A confirmation of the AdS3/CFT2 correspondence would be a proof
of the equivalence of the CFT and the gravity partition function, which
naturally involves a sum over geometries. Dijkgraaf, Maldacena, Moore
and Verlinde suggested in 2000 that CFT partition functions can be re-
lated to a Poincaré series, which consecutively can be interpreted as a
sum over semi-classical saddle points of AdS3-gravity. Poincaré series are
sums over a coset of the modular group such that a function becomes
modular invariant. This thesis improves on the Poincaré series proposed
by Dijkgraaf et al. for CFT partition functions using the work of Niebur.
It is shown how the CFT partition function itself can be rewritten as a
Poincaré series, giving evidence that the partition functions on both sides
of the correspondence are indeed equal.

The second conjecture, which motivates our study of black hole par-
tition functions, is due to Ooguri, Strominger and Vafa. Based on cor-
rections to the leading black hole entropy, they suggested in 2004 that
the black hole partition function is equal to the square of the topological
string partition function. Topological string theory is a simplified version
of string theory, such that many quantities can actually be calculated, al-
though the necessary mathematical techniques might be quite elaborate.
Chapter 5 explains that this conjecture must be viewed as a statement
about the corrections to the leading saddle point of the partition function.
Moreover, the conjecture is only valid in a certain regime of charges.

While studying the partition functions, also interesting aspects were
learned, which were not directly relevant to elucidate the two conjectures.
Most interesting are the constraints on the “polar” spectrum of the theory
by modular invariance. These constraints are shown to be very powerful
for partition functions of topologically twisted Yang-Mills theory, which
are closely related to the elliptic genera for black holes. The case of gauge
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theory on CP2 is analyzed in some detail. Based on the constraints, a
generating function is proposed for the Euler number of moduli spaces of
SU(3) instantons on the four-manifold CP2.

Outline
Chapter 2 continues with the introduction of the subject and the problems
in more detail. Three motivations are given for the study of black hole
partition functions, namely a microscopic account of the leading black
hole entropy, the connection with topological strings and the AdS3/CFT2

correspondence. The discussions in this chapter are mainly phenomeno-
logical, not much reference is made to higher dimensional string or M-
theories. In Chapter 3, the four-dimensional black holes are placed in
the more fundamental 11-dimensional M-theory. The degrees of free-
dom on M5-branes wrapped on Calabi-Yau four-cycles are discussed, and
their reduction to two dimensions. In addition, the black hole partition
function is defined and the leading black hole entropy is microscopically
explained. An important aspect of the partition functions is their con-
nection with vector-valued modular forms. Chapter 4 is devoted to a
mathematical analysis of these forms, which is necessary to address the
motivations in Chapter 5. It derives a (regularized) Poincaré series for
these forms and the space of these forms is discussed. The reader which
is mainly interested in the physical implications, might initially postpone
reading of this chapter. Chapter 5 interprets the Poincaré series from the
point of view of AdS3-supergravity. Also the connection with topological
strings is elucidated. The last section of Chapter 5 applies some addi-
tional results obtained in Chapter 4 to gauge theory partition functions
on four-manifolds.



2. MOTIVATIONS FOR BLACK HOLE PARTITION
FUNCTIONS

This chapter explains three important motivations for the systematic
study of black hole partition functions in later chapters of the thesis.
The first motivation for the analysis of black hole partition functions is
to account microscopically for the macroscopic black hole entropy [1].
Subsecs. 2.1.1 and 2.1.2 introduce black holes and the notion of black
hole entropy. The black holes studied in this thesis are solutions of four-
dimensional N = 2 supergravity [2]. The entropy of a large class of such
black holes was explained in Ref. [3], following the seminal work on the
microscopic entropy of D1-D5-brane black holes by Ref. [4]. The second
motivation is the conjectured connection between black hole entropy and
the topological string free energy [5] and is reviewed in Subsec. 2.1.3.

The third motivation of black hole partition functions is to test the
correspondence between fundamental physics in Anti-de Sitter space and
a dual conformal field theory [3, 6, 7, 8]. The original conjecture by
Maldacena [3] arose historically from the large scientific effort to find a
microscopic explanation of black hole entropy in string theory. This third
motivation is therefore not completely independent from the first moti-
vation. Sec. 2.2 explains the AdS/CFT correspondence in the context,
which is relevant for the later studied black holes. This implies that the
AdS-space is three-dimensional and the dual CFT is two-dimensional.
AdS3 is in fact part of the near-horizon geometry of a black string in a
five-dimensional M-theory compactification. This black string is massive
and sources the four-dimensional black hole. The CFT is the field theory
which resides on the black string [3]. The AdS3/CFT2 duality motivates
a study of AdS3-gravity in Subsec. 2.2.2. In later chapters, the black hole
partition functions are shown to be susceptible of a natural interpretation
from the point of view of the AdS3/CFT2 correspondence.

The approach in this chapter is phenomenological. The emphasis is
on effective field theory in a low number of dimensions, three, four or five.
In some cases, for example the explanation of the black hole/topological
strings connection and of the AdS3/CFT2 correspondence, reference is
made to the higher dimensional string- and M-theory. Because of the
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vast subjects involved, this chapter with motivations cannot possibly be
self-contained. Some knowledge of (super)gravity and string theory is
assumed. More details about string and M-theory can be found in the
textbooks [9, 10] and [11, 12].

2.1 Four-dimensional black holes

This section introduces the four-dimensional black holes whose partition
function is analyzed in later chapters. The notion of black hole entropy is
introduced in the context of Reissner-Nordström solutions. Subsequently,
black hole solutions in N = 2 supergravity are discussed. This discussion
leads to the connection between topological strings and black holes.

2.1.1 Reissner-Nordström black holes

The Reissner-Nordström black hole solution is a generalization of the
Schwarzschild solution to a black hole with electro-magnetic charges.
The metric of a charged black hole is not a solution of the vacuum
Einstein equations since the electro-magnetic field Fµν gives rise to an
additional energy density. The equations of motion of the metric and
electro-magnetic field are derived in this case from the Einstein-Maxwell
action [13]

IEM =
1

16πG4

∫
d4x
√
|g| (R− FµνFµν) , (2.1)

where G4 is the four-dimensional gravitational constant, |g| is the deter-
minant of the metric gµν and R is the Riemann curvature. The adopted
units are such that the velocity of light c is equal to one. Also G4 is taken
to be one unless otherwise specified. The metric of a black hole with mass
M , electric charge q and magnetic charge p is

ds2 = −
(

1− 2M
r

+
q2 + p2

r2

)
dt2 +

(
1− 2M

r
+
q2 + p2

r2

)−1

dr2

+r2(dθ2 + sin2 θdϕ2). (2.2)

The electric and magnetic field strength are respectively Ftr = q/r2 and
Fθϕ = p sin θ/r2. Since q and p appear at many places as q2 + p2, we
define Z = q + ip such that q2 + p2 = |Z|2. Note that gtt vanishes at two
values of r. The black hole has therefore two horizons, with horizon radii
r+ and r−

r± = M ±
√
M2 − |Z|2. (2.3)
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The conserved charges M , q and p can be determined from the asymp-
totics of the metric for r → ∞ by the ADM-method [13]. These quanti-
ties obey relations known as black hole mechanics [14, 1]. The first law
of black hole mechanics for Reissner-Nordström black holes reads

δM =
κ

2π
1
4
δA+ µqδq + µpδp, (2.4)

where A is the horizon area of the outer horizon A = 4πr2
+. µq and µp

are respectively µq = q/r+ and µp = p/r+, κ is the surface gravity at the
outer horizon

κ =

√
M2 − |Z|2

2M(M +
√
M2 − |Z|2)− |Z|2

. (2.5)

Remarkably, the laws of black hole mechanics show a close resem-
blance with the classical equations of thermodynamics. Eq. (2.4) should
be compared with the first law of thermodynamics

δE = TδS + µδN + . . . . (2.6)

The term with δA in (2.4) is written in the specific form since a semi-
classical calculation by Hawking [15] shows that it is natural to view κ/2π
as the temperature TBH of the black hole. Correspondingly, the black hole
entropy is given by SBH = A/4. This relation is known as the Bekenstein-
Hawking area law. The second and third law of thermodynamics have
analogues as well in general relativity [14, 1]. A microscopic explanation
of this macroscopic entropy, in a similar spirit as Boltzmann did in 1877
for classical thermodynamics, is one of the major goals in theoretical
physics for the last decades. The exponential growth of the number of
microstates Nmicro is given by

log(Nmicro) ∼ SBH

kB
=

A

4G4~
, (2.7)

where the dependence on relevant physical constants is included. One
would like to explain this leading behavior of the microstates microscop-
ically.

The geometry of the black hole depends on the value of M with re-
spect to |Z|2. The two horizons of the charged black hole coincide for
M = |Z|. The metric contains a naked singularity when M < |Z|. Such
solutions are excluded by the cosmic censorship hypothesis. Therefore,
M is bounded from below by

M ≥ |Z|. (2.8)
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The black holes with mass M = |Z| are called extremal.
A similar bound as (2.8) has been derived in the connection with

dyons in non-abelian gauge theory in the absence of the coupling to grav-
ity by Prasad and Sommerfield [16] and Bogomolny [17]. A bound as (2.8)
is therefore known as the Bogomolny-Prasad-Sommerfield (BPS) bound.
Ref. [17] establishes the stability of such a state against the emission of
vector mesons. Ref. [18] studied the stability of such dyons and proved
that the class of dyons studied in [16] saturating the bound M = |Z| are
stable against perturbations. The extremal Reissner-Nordström solutions
are also expected to be stable. Since their temperature TBH = κ/2π van-
ishes, they do not lose energy by thermal radiation. The next subsection
shows that black holes which preserve some supersymmetry satisfy the
BPS-bound.

Eq. (2.4) shows that the black hole entropy is a function of the massM
and the charges q and p. In the extremal limit M → |Z|, TBH vanishes but
SBH has a well-defined and non-vanishing limit. The explicit dependence
of SBH(M, q, p) on M disappears. The dependence of the entropy on G4 in
the extremal limit is also of interest. We assume that the only significant
length scale in the theory is

√
G4. The dependence of the metric (2.2) on√

G4 is made manifest by replacing M by
√
G4M and r by r/

√
G4. Then

one finds that the entropy is

SBH(q, p) = π|Z|2, (2.9)

which is interestingly independent of G4 ! This will turn out to be a
convenient property of extremal black holes because one can adjust the
strength of gravity without changing the number of states of the black
hole. Therefore, it is this “extremal” entropy which we account for mi-
croscopically in the following chapters. Since the temperature vanishes
in the extremal limit, the entropy could strictly speaking jump between
TBH = 0 and TBH > 0. This is assumed not to be case.

The near horizon geometry of the extremal black hole has a universal
structure. After a coordinate transformation r → r + |Z| and the limit
r → 0 one finds the metric

ds2 = − r2

|Z|2
dt2 +

|Z|2

r2
dr2 + |Z|2(dθ2 + sin2 θdϕ2), (2.10)

This metric describes a product of two spaces. The coordinates t and r
are coordinates of two-dimensional Anti-de Sitter space, θ and ϕ are the
coordinates of a two-sphere. More details about AdS-spaces are given in
Subsec. 2.2.2.
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At first sight, the first law of black hole mechanics (2.4) might appear
rather accidentally. Could one derive a first law of black hole mechanics
for a more general Lagrangian as (2.1)? The answer to this question is yes.
Wald has derived in Ref. [19] the first law for a general diffeomorphism
invariant Lagrangian. The equations of motion of the Lagrangian must
allow for stationary geometries with a Killing horizon and well-defined
conserved charges at infinity. The entropy is derived as a Noether charge
and results in the following expression

SBH = −2π
∫

Σ

√
|g|εµνερσ ∂L

∂Rµνρσ
dΩ, (2.11)

if the action does not involve any derivatives of the Riemann tensor. The
integration domain, Σ, is an arbitrary spatial cross-section. Evaluation
of this integral leads to SBH = A

4 for the Reissner-Nordström solutions.
Subsec. 2.1.3 deals with black holes in the presence of R2-corrections.
Then the black hole entropy no longer satisfies the Bekenstein-Hawking
area law, but nevertheless a well-defined entropy is associated with a black
hole solution.

2.1.2 Black holes in N = 2 supergravity

The Einstein-Maxwell theory discussed in the previous subsection can be
extended to a supersymmetric theory of gravity (supergravity). Super-
gravity contains black hole solutions which are similar to the Reissner-
Nordström solutions. The class of solutions which preserve part of the
supersymmetry is particularly interesting, these are analogues of extremal
black holes in Einstein-Maxwell theory. In the first part of this subsection,
the BPS-bound is derived from the supersymmetry algebra. The second
part describes black holes in N = 2 supergravity and the evaluation of
their entropy.

Relevant concepts of supersymmetry are briefly introduced now, see
for more information [20, 21]. Supersymmetry is an anti-commuting sym-
metry first observed as a symmetry of the worldsheet theory of a funda-
mental string [22]. The generators of the symmetry are the spinors QAα
and Q̄Aα̇ in the notation of [20]. The bar denotes Hermitean conjuga-
tion. The generators transform bosonic fields into fermionic fields and
vice versa. The index A takes values from 1 . . .N . The supersymmetry
is called “extended” when N > 1. The algebra of the supersymmetry
generators is given by

{QIα, Q̄Jβ̇} = 2σµ
αβ̇
Pµδ

IJ , (2.12)

{QIα,QJβ} = 2εαβZIJ ,
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where Pµ is the momentum operator, ZIJ is a complex anti-symmetric
tensor and σµ

αβ̇
are the Pauli matrices. For our case of interest, N = 2,

ZIJ has only one complex component, the central charge Z. The reason
for using the same symbol Z to denote the central charge and q + ip will
become clear shortly.

The implications of the supersymmetry algebra (2.12) are most easily
derived in the rest frame of the black hole

{QIα,
(
QJβ
)†
} = 2Mδαβδ

IJ , (2.13)

{QIα,QJβ} = 2εαβZIJ .

We can directly deduce from this that for a unitary theory M ≥ 0. In
fact, one can derive a stronger bound for the mass of a state |M,Z〉 which
has mass M and central charge Z. To show this we define the operators
aα, bα by

aα =
1√
2

(
Q1
α + εαβ

(
Q2
β

)†)
, bα =

1√
2

(
Q1
α − εαβ

(
Q2
β

)†)
, (2.14)

And the 2× 2 matrix of anti-commutators

M =

〈
M,Z

∣∣∣∣∣
(
{aα, a†α} {aα, b†α}
{bα, a†α} {bα, b†α}

)∣∣∣∣∣M,Z

〉
, (2.15)

where the index α is not summed over. Since the matrix of commutators
is Hermitian, M is positive semidefinite. Because the determinant of M
is 4M2 − 4|Z|2, we find that

M ≥ |Z| (2.16)

in a unitary theory. This is reminiscent of the BPS bound (2.8) with
Z = q + ip. These results are due to [23], where also is shown that
the mass of a state which saturates the bound M = |Z| is not affected
by quantum corrections. A state |M,Z〉 which saturates the bound pre-
serves part of the supersymmetry and forms a short representation of the
supersymmetry algebra.

Similarly to the discussion in the previous subsection, one would like to
determine the dependence of Z on electro-magnetic charges. To explain
this dependence some more concepts of supergravity are needed. The
field content of N = 2 supergravity consists of the metric, gauge fields,
scalars and fermions. The supersymmetry algebra groups the different
fields in multiplets. The fields in a multiplet transform among each other
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under the supersymmetries. Several kinds of multiplets exist which each
have a different field content; examples are supergravity, vector, chiral
and hyper multiplets. Multiplets are nicely understood in the framework
of superfields [20]. The number of multiplets and their content have a
beautiful interpretation from the point of view of a compactification of
higher dimensional string theory [12].

The building stone of a Poincaré supergravity theory is the N = 2
supergravity multiplet, which contains the graviton, a gauge field (the
graviphoton), gravitini and auxiliary fields [24]. Poincaré supergravity
can be obtained by gauge fixing of superconformal gravity. The Weyl mul-
tiplet W of superconformal gravity is the main ingredient for the Poincaré
supergravity multiplet. The lowest component in the superfield expan-
sion of the Weyl multiplet is an auxiliary anti-self-dual anti-symmetric
tensor T IJµν = T−, which appears in the supersymmetry transformation
of the gravitino

δψIµ = 2DµεI −
1
8
γργσT

ρσIJγµεJ , (2.17)

where Dµ is some covariant derivative and γµ are the Dirac matrices.
The charge related to T− determines the central charge Z in the algebra
since T− appears in the supersymmetry transformation of the gravitino.
The equations of motion determine that T IJµν is equal to the anti-self-dual
part of the graviphoton field strength. The graviphoton field strength
is in turn determined by the equations of motions to be a linear com-
bination of vector multiplet field strengths F aµν . A vector multiplet Xa

contains besides the gauge field a complex scalar Xa, which is the low-
est component of the multiplet. These scalars describe the geometry of
the compactification manifold from the point of view of string theory.
They are therefore often referred to as “moduli”. The number of vector
multiplets is represented by nV. The supergravity multiplet contains an
“auxiliary” vector multiplet. The gauge field of this vector multiplet is
the graviphoton field strength. The expectation value of the auxiliary
vector multiplet scalar is fixed in terms of the dynamical vector multiplet
scalars, analogous to the fixing of the graviphoton field strength. The
degrees of freedom are conveniently parametrized by nV + 1 scalars XA

and gauge fields FAµν with A = 0 . . . nV.
The gauge fields FAµν are sourced by objects with charges qA and pA.

The black holes of our interest have vanishing p0-charge. The remain-
ing magnetic charges pa take values in the magnetic lattice Λ. The
Dirac-Schwinger-Zwanziger quantization [25, 26, 27, 28] of electromag-
netic charges requires that paqa = p · q ∈ Z. This implies that the electric
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charges would take values in the dual lattice Λ∗ of Λ. Presently, we are
interested in black holes which are described in M-theory. Witten has
shown that anomaly cancellation on the M2-brane worldvolume requires
that qa− dabp

b

2 ∈ Λ∗ [29, 30], with dab the quadratic form of the magnetic
lattice Λ. The anomaly is known as the Freed-Witten anomaly [31].

The different kinds of multiplets can be used as building blocks of
a supersymmetric action. These actions are generically intricate expres-
sions, see for example [20, 2, 24]. However the black hole entropy does not
depend on all fields in the Lagrangian but only on the gravity multiplet
and the vector multiplets. The dependence on other multiplets disap-
pears. The relevant bosonic part of the action contains the metric, nV +1
gauge fields and nV scalars

I =
1

16πG4

∫
d4x
√
|g|
(
R+ 2gab(z, z̄)∂µza∂µz̄b (2.18)

+
i

4
(
NABF+A ∧ F+B − N̄ABF−A ∧ F−B )

)
,

The indices a and b run over the number nV of vector multiplets 1 . . . nV.
F−A and F+B are respectively the anti-self-dual and self-dual part of the
gauge field FA.1

The nV scalars za parametrize the moduli space which is Kähler. The
nV scalars za are conveniently parametrized in terms of the nV +1 scalars
XA(za) satisfying the constraint

NABX
AX̄B = −e−K(X,X̄) = − 1

G4
, (2.19)

where K(X, X̄) is the Kähler potential.
This is known as conformal gauge or D-gauge [2], it breaks the con-

formal invariance in superconformal gravity. The kinetic term for the
scalars, gab(z, z̄)∂µza∂µz̄b, is equivalent to MAB(X, X̄)∂µXA∂µX̄

B with
the constraint (2.19). The metric MAB(X, X̄) is given by

MAB(X, X̄) = NAB +NACX̄
CNBDX

D. (2.20)

The couplingsNAB and the matrix NAB can be expressed in terms of a
projective covariantly holomorphic section (XA, FA(X)) of an Sp(2n+2)-
vector bundle over the moduli space parametrized by za. The inhomo-
geneous coordinates (“special coordinates”) tA = XA/X0 are also often

1 ∗2 = −1 in a Lorentzian space, therefore we adopt the definition ∗F+ = −iF+ and
∗F− = iF− for a self-dual two-form F+ and anti-self-dual two-form F− respectively.
F± = 1

2
(F ± i ∗ F ) and such that F = F+ + F−.
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applied in the literature. The geometry of the moduli space of super-
gravity and the corresponding vector bundle are generically referred to as
“special geometry”. Special geometry can be understood in a beautiful
geometric way in type IIB string theory [32]. An Sp(2n+2)-rotation of the
symplectic section (XA, FA) to a section (X̃A, F̃A) leaves the equations of
motions invariant. The electric and magnetic charges need to be rotated
correspondingly. These transformations generalize the electric-magnetic
duality transformations of Maxwell theory [33].

The section can often be described in terms of a covariantly holomor-
phic function F (X). This function carries the name prepotential. We
adopt the notation

FA = ∂AF (X), FAB = ∂A∂BF (X). (2.21)

Then NAB and NAB are given by [24]

NAB = 2ImFAB, (2.22)

NAB = F̄AB + i
NACX

CNBDX
D

XKNKLXL
. (2.23)

Note that K(X, X̄) = 0 by the D-gauge (2.19).
The superconformal symmetry, which is present before gauge fixing

to Poincaré supergravity, requires that the prepotential F (X) is homoge-
neous of degree 2. This means that

F (λX) = λ2F (X). (2.24)

Differentiating both sides to λ and to XA, we find the following useful
identities

XAFA(X) = 2F (X), XAFAB = FB, XAFABC = 0. (2.25)

The tree-level prepotential is given by

F (X) =
DabcX

aXbXc

X0
. (2.26)

Dabc is equal to −1
6dabc with dabc the intersection matrix of four-cycles

of the compactification manifold [34]. The prepotential receives quan-
tum corrections and instanton corrections. This is discussed in the next
section. The action for the vector multiplets can be expressed as a super-
space integral of F (X)

Ivect = Im
[∫

d4xd4θF (X)
]
. (2.27)
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The above brief exposition of N = 2 supergravity introduced the el-
ements appearing in the expression for the central charge. The central
charge Z associated with a black hole with electric charges qA and mag-
netic charges pA is [35]

Z = eK(XA,X̄A)/2
(
XAqA − FApA

)
. (2.28)

We observe that Z depends in this situation continuously on the scalars
XA. The scalars can depend on the radius r in the black hole geome-
try. The black hole mass M is determined at infinity M = |Z|r=∞ as
in the case of the Reissner-Nordström solution. For given charges and
moduli at infinity, solutions can be constructed which differ considerably
for r < ∞. The possibility of non-vanishing gradients for the scalar
fields complicates the supergravity solutions considerably. In addition,
supersymmetric solutions do exist with multiple black hole singularities
[36, 37]. The existence of some solutions depends on the values of the
moduli at infinity. Regardless of the variety of solutions, the geometry
near the horizon of a singularity is universal and equivalent to the near-
horizon geometry of the extremal Reissner-Nordström black hole (2.10).
Its geometry is a product of AdS2 × S2

ds2 = − r2

|Z|2
dt2 +

|Z|2

r2
dr2 + |Z|2(dθ2 + sin2 θ dϕ2). (2.29)

The horizon area of the black hole is A = 4π|Z|2 and the black hole
entropy is again

SBH(q, p) = π|Z|2. (2.30)

The near-horizon metric (2.29) should be complemented with the expres-
sions for the gauge and scalar fields at the horizon. The field strengths
have the generic 1/r2-behavior. Interestingly, the scalars are fixed at the
horizon by the charges

qA = 2Re
[
iZ̄eK/2FA

]
, pA = 2Re

[
iZ̄eK/2XA

]
. (2.31)

These equations are known as the “attractor equations”. They can be
derived by the gravitino supersymmetry transformations [38, 39]. When
the attractor equations are satisfied, N = 2 supersymmetry is restored at
the horizon. The attractor equations can also be derived by an extrem-
ization of the horizon area [39]. Some references, for example [24, 40],
refer to the attractor equations (2.31) as “stabilization equations” since
the moduli generically tend to singular values at the horizon. Solutions
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with constant values of the moduli in the black hole geometry are known
as “double extreme” black holes. These solutions contain only a single
singularity.

The attractor equations play a crucial role in the context of black hole
entropy. The microscopic entropy is in essence a discrete quantity since
it represents the number of microstates. The black hole entropy is at first
sight however a continuous function of the moduli by (2.28). The attrac-
tor mechanism determines the moduli in terms of the charges such that
the entropy depends solely on the discrete charges and is therefore a dis-
crete quantity. The entropy can have a discontinuous dependence on the
moduli [41, 37], the discontinuous dependence is however exponentially
small compared to the leading entropy.

In some cases, the attractor equations can be solved explicitly for
the prepotential (2.26). The form of the prepotential suggests that the
scalar X0 and the charges q0 and p0 are distinguished from the charges
qa and pa. The relevant black holes have vanishing p0-charge. A change
of variables to Y A = Z̄eK/2XA is particularly convenient [42]. In terms
of these variables, |Z|2 reads

|Z|2 = Y AqA − FA(Y )pA. (2.32)

Since |Z|2 is invariant under symplectic transformations, we only need to
solve the attractor equations for a black hole with charges (0, pa, 0, q̂0).
The simultaneous symplectic transformations of the moduli

Y 0 −→ Y 0,
Y a −→ Y a − kaY 0,

(2.33)

and the charges

q0 −→ q0 + kaqa − 3Dabck
akbpc,

qa −→ qa − 6Dabck
bpc,

(2.34)

leave |Z|2 invariant. In addition, the transformations of the charges (2.34)
leave the combination q̂0 = q0 − 1

2q
2 invariant. The attractor equations

(2.31) are easily solved when qa = 0. One finds for the moduli Y 0 and
Y a

Y 0 =
1
2

√
D

q̂0
, Y a = −1

2
ipa. (2.35)

The transformations (2.33) and (2.34) imply that the quantity |Z|2, of a
black hole with charges (0, pa, qa, q0), is only a function of pa and q̂0 = q0−
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1
2q

2 with q2 = dabqaqb = −(6Dabcp
c)−1qaqb. The entropy SBH = π|Z|2,

expressed solely as a function of the charges, reads [40]

SBH(q, p) = 2π
√
Dq̂0 = 2π

√
D

(
q0 −

1
2
q2

)
, (2.36)

where D = Dabcp
apbpc. Note that D < 0 and that consequently q̂0 < 0

also. The D4-branes form thus bound states with anti-D0-branes [34],
which is also natural from a geometric point of view [43, 37]. We define
the anti-D0 brane charge q0̄ = −q0. Similarly, the quantity q̂0̄ is defined
as q̂0̄ = −q̂0 = q0̄ + 1

2q
2. Then SBH is given by

SBH(q, p) = π

√
2
3
p3q̂0̄. (2.37)

2.1.3 A black hole partition function and a Legendre transformation

Classical entropy can generically be obtained by a Legendre transforma-
tion of a free energy. The free energy is in many cases determined from
a microscopic partition function. In the present context of black hole
entropy, Legendre transformations will also proof useful.

A partition function generically treats some quantum numbers in a
microcanonical ensemble and some in a (grand) canonical ensemble. For
the black holes of interest with p0 = 0, several motivations can be given
for the choice of a microcanonical ensemble for the magnetic charges pA

and a canonical ensemble for the electric charges qA. A first heuristic
motivation is the asymmetry between the electric and magnetic charges
in the construction of the Dirac monopole. There the magnetic charge
leads to a semi-infinite singular string in the electro-magnetic potential,
whereas the electric charges do not lead to such non-local effects. The
presence of a magnetic charge determines that the U(1)-bundle is non-
trivial. Therefore, it seems reasonable to keep the magnetic charge fixed
and introduce potentials φA = φĀ for the electric charges. The partial
Legendre transformation has the form

SBH(q, p) = F(φ, p)− φĀ∂F(φ, p)
∂φĀ

, (2.38)

with

qĀ = −qA = − 1
π

∂F(φ, p)
∂φA

. (2.39)
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A second motivation is the growth of the entropy (2.36) as a function

of q̂0̄ and p. Since the growth of SBH(q, p) = π
√

2
3p

3q̂0̄ as a function of q̂0̄

is ∼ q̂1/2

0̄
, the quantity

F(φ, p) = SBH(q, p)− πφĀqĀ (2.40)

is < ∞ for positive potentials φĀ and has a maximum. If we use that
F(φ, p) is invariant under the symplectic transformations, then F(φ, p)→
−∞ for q̂0̄ →∞. A generalization of F(φ, p) to a function with potentials
for the magnetic charges would not have these properties since SBH(q, p)
as a function of p grows as ∼ p3/2.

A third motivation is that F(φ, p) can be expressed as a simple func-
tion of the prepotential F (Y ) as shown originally by Ooguri, Strominger
and Vafa [5]. One finds that

F(φ, p) = 4πImF (Y ) = πImF (2Y ), (2.41)

with the identification

Y A =
1
2

(φA − ipA). (2.42)

This result is a consequence of the form of the entropy (2.30), the attractor
equations (2.31) and the homogeneity properties of F (Y ) (2.25).

The partial Legendre transformation leads us to a black hole partition
function of the form

ZBH(φ, p) =
∑
qA

cp(q)eπφ
AqA = expF(φ, p), (2.43)

cp(q) is the number of microstates of a black hole with charges qA and pA.
The microcanonical entropy is given by SBH(q, p) = ln cp(q). Note that
this partition function is not expected to be convergent, since the sum is
over positive and negative charges. The second motivation for the partial
Legendre transform implies however the possibility that ZBH(φ, p) is re-
lated to a convergent generating function. The next chapter discusses a
convergent partition function which is related to ZBH by simple parameter
transformations. 2 To this end, q̂0̄ must be bounded from below.

2 In theories with a large amount of supersymmetry, the symmetry between electric
and magnetic charges is restored with respect to the black hole entropy. Convergent
partition functions with a canonical ensemble for both electric and magnetic charges
do exist in that case [44].
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The maximum value of SBH(q, p) − φĀqĀ in the sum is well approx-
imated by F(φ, p) if the charges are large. Contributions from other
states to F(φ, p) are exponentially suppressed and at most equal to 1.
Therefore the Legendre transformation is a good approximation to the
microcanonical entropy SBH(q, p) in the classical limit.

A partition function like (2.43) is also natural from the point of view
of microscopic counting of states in string- or M-theory. In that approach
the microstates are viewed as states of a D-brane or M-brane system. The
magnetic charge p defines in a sense the field theory on the brane, p is
analogous to the N of an SU(N) gauge theory. In the two-dimensional
SCFT, p determines to a large extent the field content and correspond-
ingly the central charge. The electric charge q on the other hand can vary
between the states of the theory. This picture therefore naturally leads
to a partition function as (2.43).

The connection between the prepotential F (X) and F(φ, p) is a sign of
a more fundamental relation. The remaining part of the section explains
that the relation (2.41) survives the addition of perturbative and non-
perturbative (instanton) corrections. N = 2 supergravity is generically
not renormalizable. A given action must be considered in the Wilsonian
sense, it is only valid up to a given energy scale. Corrections to the
classical action involving more derivatives can be calculated in the more
fundamental string theory. The prepotential can acquire in this way a
dependence on the supergravity multiplet which results in the appearance
of R2-terms in the action. The precise form of such terms is constrained
by supersymmetry. A consequence of these terms are corrections to the
black hole entropy which invalidate the Bekenstein-Hawking area law. We
first discuss the corrections to the macroscopic entropy and then explain
the relation with topological strings.

The dependence of the prepotential on the supergravity multiplet is
usually denoted by the field Â. Since the superfield Â is the square of
the Weyl superfield W from superconformal gravity, Â is given by the
square of the anti-self-dual auxiliary field T−

Â = (T−)2, (2.44)

and therefore is itself an auxiliary field. The dependence of F (X, Â) on Â
changes the identities (2.25). The superconformal symmetry determines
in the current situation

XAFA(X, Â) + 2ÂFÂ(X, Â) = 2F (X, Â), (2.45)

where FÂ(X, Â) = ∂F (X, Â)/∂Â. Using the homogeneity of F (X, Â),
the quantity Υ in F (Y,Υ) is given by Υ = Z̄2eKÂ.
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The vector multiplet action is again calculated as an integral over
superspace

Ivect = Im
[∫

d4xd4θF (X,W2)
]
. (2.46)

This leads to terms in the action, which are second order in the Riemann
tensor [45]

L =
1

16π
e−K(X,X̄)R− 1

16π

(
iFÂĈ + h.c.

)
, (2.47)

with Ĉ = 64C−µνρσC−µνρσ. The Weyl tensor Cµνρσ is the traceless part of
the Riemann tensor, C−µνρσ is anti-self-dual in both pairs µν and ρσ. Eq.
(2.47) implies the following terms in the Lagrangian

∞∑
g=1

∫
d4xFg(X)(C−)2(T−)2g−2 + · · ·+ c.c. (2.48)

where the FÂ(X, Â) is expanded in Â as

FÂ(X, Â) =
∞∑
g=1

Fg(X)Âg−1. (2.49)

The terms Fg(X)(C−)2(T−)2g−2 represent the scattering of two gravitons
with 2g − 2 quanta of the auxiliary field.

The R2-dependence of the Lagrangian changes the area law for the
black hole entropy. The entropy is properly calculated by Wald’s formal-
ism [19] with Eq. (2.11). One finds for the entropy of the supersymmetric
black holes [34, 45, 46]

SBH(q, p) = π|Z|2 − 256πIm
[
FÂ(X, Â)

]
, (2.50)

Â is at the horizon equal to −64Z̄−2e−K . The entropy can be written as
an expansion in |Z|−2

SBH(q, p) = π

∞∑
g=0

ag|Z|2−2g. (2.51)

The first correction to the tree-level prepotential (2.26) is a one-loop
effect. The corrected prepotential F (Y,Υ) is

F (Y,Υ) =
DabcY

aY bY c

Y 0
+Da

Y a

Y 0
Υ, (2.52)
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where Da = − 1
24

1
64c2a(X) [34] with c2(X) the second Chern class of the

Calabi-Yau X. See for more details Sec. 3.1. At the horizon, the Y -
variables are fixed by their attractor values and Υ = −64. The entropy
for black holes with p0 = 0 can again be expressed in terms of the charges
[34, 45, 46]

SBH(q, p) = π

√
2
3

(p3 + c2 · p) q̂0̄. (2.53)

This expression for the entropy departs already from the Bekenstein-
Hawking area law. This was established by Ref. [47] in a first attempt
to find agreement between corrections to the leading microscopic entropy
derived in [3] and corrections to the horizon area. This entropy will be
obtained from an analysis of the partition function in Chapter 3.

The corrected entropy in Eq. (2.50) should have an interpretation
as a Legendre transform since it is a classical entropy. Interestingly, the
relevant function F(φ, p) is again the (now corrected) prepotential. One
needs now Eq. (2.49) to show

F(φ, p) = 4πImF (Y ) = πImF (2Y ). (2.54)

The corrections to the low energy effective supergravity action can
be calculated in string theory [48, 49]. Calculation of these corrections
is a major topic in string theory and is known as “topological strings”.
Topological strings are also useful as a substitute toy model for physical
string theory since many interesting quantities are explicitly calculable.
We suffice with a couple remarks about topological strings since a proper
review would lead us too far from our topic. Topological strings were first
introduced by Witten in [50]. A major work in the development of the
subject is [48]. Recent reviews are [51, 52, 53]. Topological string theory
considers maps of a string worldsheet Σ into the Calabi-Yau X. One can
show that the amplitudes are independent of the Calabi-Yau metric after
a “twisting” of the fields. The relevant twist in our context is the so-called
A-twist. The A-twisted theory counts the number of holomorphic maps
from the Riemann surface into the Calabi-Yau.

The topological string free energy has a genus expansion

Ftop(t, λ) =
∞∑
g=0

λ2g−2Ftop,g(t), (2.55)

with λ the topological string coupling constant and t the complexified
Kähler moduli t = B + iJ . The topological string partition function is
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invariant under translations t→ t+ 1. The topological string free energy
Fg(t) is a generating function of the Gromov-Witten invariants N q

g

Ftop,g(t) =
∑

q∈H2(X,Z)

N q
g e
−2πit·q. (2.56)

The invariants N q
g generically take values in Q and count maps of genus

g Riemann surfaces into the Calabi-Yau.
The topological string free energy Ftop(λ, t) and the prepotential are

related. The Kähler moduli are given in terms of the projective coordi-
nates by

tA =
XA

X0
. (2.57)

The lowest terms in the expansions of Ftop(t, λ) are [54, 48] 3

Ftop(t, λ) =
(−2πi)3

6
dabct

atbtc

λ2
+
−2πi

24
c2at

a + · · · (2.58)

The first term is the contribution from the constant maps and gives the
volume the Calabi-Yau. This has to be compared with the expansion of
the prepotential at the attractor point

F (Y,Υ)|atr. = −1
6
dabcY

aY bY c

Y 0
+

1
24
c2a

Y a

Y 0
+ . . . (2.59)

We observe from the one-loop contribution that Ftop(t, λ) = −2πiF (Y,Υ)
if we make the identification ta = Y a

Y 0 and λ = ± 2π
Y 0 . The variables Y A

are at their attractor values, therefore λ is determined in terms of the
charges as ±4π

√
6q̂0̄/p

3.
Now the relation between the prepotential and the topological string

free energy is derived, F(φ, p) can be expressed in terms of Ftop

F(φ, p) = Ftop(t, λ) + Ftop(t, λ). (2.60)

This equation is the basis of the conjecture by Ooguri, Strominger and
Vafa [5] that the black hole partition function ZBH is related to the topo-
logical string partition function Ztop = exp(Ftop) by

ZBH = |Ztop|2 , (2.61)

with the proper identification of variables. The function Ztop is expected
to be divergent which is consistent with ZBH being divergent.

3 The coefficient of F1 is taken from Ref. [48]; that coefficient differs by a factor of
two from the erroneous coefficient in Ref. [54].
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Much effort has been put in the recent years to test this conjecture
and place it on a firmer footing. Some references are [55, 56, 57, 58, 37],
but this list is by no means exhaustive. The conjecture was also one of the
motivations for the research presented in [59], which is one of underlying
papers for this thesis. In the subsequent chapters, we will perform an
analysis of ZBH and give an interpretation of (2.61). The supergravity
approximation of the black hole entropy by a Legendre transform must
break down at some point. The instanton corrections of the topological
strings might be in some parameter areas of the same order of magnitude
as the errors due to the Legendre transform.

The discussion about black holes and their partition functions in this
section is led from a (semi)-classical prospective. Since the (super)gravity
solution for given charges is essentially unique, (super)gravity does not
seem to capture a vast number of degeneracies to explain SBH(q, p) micro-
scopically. To explain the entropy, one would like to relate supergravity to
a quantum theory with a Hilbert space such that we can count the degen-
eracies of states with given charges. However, the quantization of gravity
is notoriously difficult. The gravity coupling constant has a positive mass
dimension and conventional renormalization methods by counter terms
are not applicable. Also the idea of quantizing the Lorentzian metric
leads to conceptual issues, for example about causality. Therefore, we
do not attempt to find the black hole microstates in four-dimensional su-
pergravity. Instead, we will show in later chapters how the microstates
can be identified in 11-dimensional M-theory, a theory proposed in 1995
[60, 61, 62, 63]. Already in the next section, where we review AdS3/CFT2,
we will get a flavor how extra dimensions can help us to find the micro-
scopic entropy.

Interestingly, a lot of progress has been made in the recent past to
identify the black hole entropy by microstates in the supergravity. These
developments started were initiated by the fuzzball proposal which states
that every microstate corresponds to a horizon-free non-singular super-
gravity solution [64]. Finding the microstate solutions is a vast subject
by itself which in the rest of the thesis will not be touched upon. See for a
recent review [65]. Refs. [66, 67] adapt this approach to four-dimensional
N = 2 black holes.

2.2 The AdS3/CFT2 correspondence

The previous section motivated the analysis of the black hole partition
function Z(φ, p) by black hole entropy. This section gives a second moti-
vation, namely the AdS/CFT correspondence [68, 6, 7, 8], which suggests
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that Z(φ, p), as a CFT2 partition function, equals the partition function
of M-theory on AdS3. This section reviews the AdS3/CFT2 correspon-
dence in the context of supersymmetric black holes. The second part of
the section studies gravity in AdS3 to learn which features one expects of
an AdS3-gravity path integral.

The AdS/CFT correspondence, as proposed by [68], is not the first
connection between AdS3 and CFT2 but it is the strongest and has been
tested intensively over the last decade. Ref. [69] recognized already more
than two decades ago that the algebra of asymptotic symmetries of AdS3

is a Virasoro algebra, which is familiar from two-dimensional conformal
field theories. The value of the central charge of the dual theory can be
obtained by study of the asymptotic symmetries and the entropy of black
holes in AdS3 can then be calculated by the Cardy formula. Another
relation between AdS3-gravity and conformal field theory is described
in [70, 71]. These references describe how gravity in three dimensions
is related to topological gauge theory (Chern-Simons theory) and how
Chern-Simons theory is related to conformal field theory.

2.2.1 The correspondence

To realize the connection between the supersymmetric black holes and
AdS3, one needs to describe the black holes in M-theory. Four-dimensional
N = 2 supergravity can be obtained as a reduction of M-theory on a six-
dimensional Calabi-Yau X times a circle S1

M. A Calabi-Yau is a compact
manifold with two, three and four dimensional cycles, more details of
Calabi-Yau manifolds are given in Chapter 3. The fundamental objects
of M-theory are a two-dimensional M2-brane and a five-dimensional M5-
brane. The worldvolume theory of the M2-brane contains 8 scalars which
represents the position of the brane. The most important field of the
M5-brane worldvolume theory is a self-dual gauge field H.

The massless bosonic fields in 11 dimensions are the metric gµν and a
three-form potential A3 which is sourced by the M-branes. The various
massless fields in four dimensions can be obtained from a reduction of
the 11-dimensional fields [72, 73, 74]. For example, the gauge fields F aµν
are the four-form fields strengths F4 reduced on a two-cycle Aa in the
Calabi-Yau. The moduli Xa can be obtained similarly by reductions of
the gauge field and metric. The gauge field F 0

µν and modulus X0 are
related to the compactification circle S1

M.
The electric qA and magnetic charges pA have a beautiful interpreta-

tion in the M-theory picture [3]. The black hole is sourced by a stack of
M5-branes which wrap both a four-cycle in the Calabi-Yau and the circle.
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The wrapping number of the four-cycles are pa, a = 1 . . . dimH2(X,Z). A
non-zero flux of H generates the M2-brane charges qa in the non-compact
dimensions. See Chapter 3 for some more explanation. The charge q0 is
related to the momentum around S1

M. The black hole entropy is asso-
ciated with the microstates of the field theory on the M5-brane. The
number of microstates of the M5-brane theory is most easily analyzed af-
ter a reduction of the M5-brane degrees of freedom to the two dimensions
given by time and the circle S1

M.
To rely on the low energy limit of M-theory, the radius R of the circle

and the size of the Calabi-Yau VX must be parametrically larger than the
11-dimensional Planck length `P. The size of the X is not determined by

the attractor mechanism. Instead one can show that q̂0̄/p ∼ V
2
3
XR

2/`6P.
Therefore, q̂3

0̄
� p3 for the low energy approximation to M-theory to make

sense [68].
A reduction to five dimensions instead of four dimensions is valid when

the magnitude of the Calabi-Yau is much smaller than the radius R of
S1

M, thus R6 � VX , and we are interested in length scales smaller than
R. For the discussion in this section, we consider R/`P → ∞ such that
effectively five dimensions are non-compact. Moreover, it is assumed that
the four-dimensional black hole is represented by a single infinite black
string formed by M5-branes. In general we can write for the action of
this system

I = Ibulk + Istring + Iint, (2.62)

where Ibulk describes the physics in the five non-compact dimensions,
Istring the physics on the black string and Iint the interactions between
these two systems. The bulk action for the metric and the gauge field is

Sbulk =
1

16πG5

∫
d5x
√
|g|(R− FµνFµν). (2.63)

The theory on the black string can be shown to be a two-dimensional
conformal field theory

We will take the low energy limit in two different regimes of the param-
eters, this limit is known as the decoupling limit. A comparison between
the two limits leads us then to the AdS/CFT-correspondence. Invariance
of the black string metric under part of the supersymmetry is essential
for a valid comparison between the two limits. As in the four-dimensional
case, a supersymmetric black object is also extremal. As a consequence,
its entropy is determined in terms of its charges and does not depend on
G5. Deformations of the parameters therefore do not change the (leading)
number of states.
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The low energy limit is the limit where the Planck length `P ap-
proaches 0. To determine the effect of this limit on the action and the
metric, one needs to know the dependence of the five-dimensional New-
ton’s constant G5 and electro-magnetic coupling µ5 on the Planck length
`P and size of the Calabi-Yau VCY. This can be derived from the 11-
dimensional parameters G11 and µ11. Since G11 ∼ `9P, G5 is given by
G5 ∼ `9P/VX . Since the two-form potential Fµν in Eq. (2.63) descends
from the four-form potential F4 by integrating over a two-cycle in the
Calabi-Yau, µ11

∫
d3xA3 = µ5

∫
dxA. This quantity is dimensionless,

such that µ5 scales as V
1
3
X l
−3
P . The relevant low energy limit `P → 0 is

supplemented with the requirement that VX/`6P = v is fixed.
The first regime, G5 � 0, is where the infinite string is so massive

that it is a black string. The metric for the corresponding geometry is
given by

ds2 = f(r)−1(−dt2 + dz2) + f(r)2(dr2 + r2dθ2 + r2 sin2θdϕ2), (2.64)

with f(r) qualitatively

f(r) = 1 +
l3PV

− 1
3

X p

r
, (2.65)

where p is a measure for the number of black strings. We have only
expressed the r-dependence important in the different limits. See for the
correct expression of the metric for example [75].

An observer at infinity can detect low energy modes from two different
sources, namely low energy modes in the bulk but also higher energetic
modes originating from the throat of the geometry. These modes are
redshifted and will be detected with a lower energy by the observer. The
detected energy E is given in terms of the original energy Ep by E =
f(r)−

1
2Ep. The redshift factor for modes originating from deep in the

throat is (UV
1
6
X /p)Ep with U2 = r

`3P
. Therefore, to analyze modes at a

fixed energy E in terms of the compactification scale V
1
6 , one needs to

keep U fixed. This limit transforms the metric to AdS3 × S2

ds2

`2P
=

[
U2v

1
3

p

(
−dt2 + dz2

)
+

4p

v
1
3

dU2

U2
+
p2

v
2
3

(dθ2 + sin2θdϕ2)

]
. (2.66)

The radius ` of AdS3 is equal to 2`Pp/v1/3, which is equal to twice the
radius of the sphere.
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The supergravity approximation is only valid if the curvature radii
of AdS3 and S2 are parametrically larger than the Planck length. This
translates into the condition

`2Pp

V
1
3
X

=
p

v
1
3

� 1. (2.67)

The next subsection introduces the concept of a central charge cL for
AdS3, this quantity is given by (3`/2G3) which becomes for the present
situation ∼ `3/G5 ∼ p3. This will be confirmed in Chapter 3 from the
CFT point of view. In that chapter is also shown that the classical entropy
is an accurate estimate of the microcanonical entropy in this limit.

The important feature of this specific low energy limit is the decou-
pling of the bulk low energy modes and the modes which originate in
the throat. The geometry corresponding to the modes of the throat is
AdS3×S2. We will see a similar decoupling when we take the low energy
limit in the second regime.

Next, we take the low energy limit is the opposite regime of Eq. (2.67),
p/v

1
3 � 1. In this regime, the back reaction of the string on the geometry

disappears. The space is flat. The interaction Lagrangian Iint has an
expansion in positive powers of G5 ∼ `9P/VX . The low energy limit will
therefore result in the vanishing of Iint. Consequently, the limit again
decouples two systems, in this case the bulk theory and the brane theory.
Since the bulk theories are equal in both regimes p/v

1
3 � 1 and p/v

1
3 � 1,

Maldacena conjectured in Ref. [68] that the theory on the black string
must be dual to the fundamental theory of physics on AdS3 × S2×CY.
This duality is known as the AdS/CFT duality. “Dual” implies that every
state in the CFT corresponds to a state in (super)gravity. In many cases
correlation functions on one side of the correspondence can be obtained
by calculations on the other side of the correspondence [6].

Many subtleties are omitted in the above discussion. An example is
the role played by the moduli in five dimensions. These scalars are fixed
at the horizon, similar to the moduli in four dimensions. However, the
number of states can depend discontinuously on the asymptotic moduli.
This dependence on the asymptotic moduli is attributed to the Coulomb
branch of the theory [5]. The precise mechanism is however still subject
of studies, see for example [37, 66].

Soon after the original proposal, the AdS/CFT conjecture was more
formalized. Especially the presence of a boundary of AdS-spaces played
an important role to make the correspondence more precise. The dual
brane theory is a conformal field theory which resides on the boundary of
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AdSp. The boundary conditions of the gravity fields are sources for the
fields in the conformal field theory [7]. The AdS/CFT correspondence
is supposed to be an identity at the level of partition functions. The
partition function of string theory or M-theory on AdSp times a compact
manifold with boundary conditions [φ0] is dual to a conformal field theory
on ∂AdS with sources φ0

ZM−theory([φ0]) = ZCFT(φ0) (2.68)

or ∫
φ0

Dφ e−S(φ) =
〈
e
R
∂AdSOφ0

〉
CFT

. (2.69)

In Chap. 3, the partition function is calculated on the CFT side of
the correspondence. This CFT partition function is shown to admit an
interpretation as a gravity partition function. In the next subsection,
gravity in AdS3 is studied. This will give us an idea what to expect of a
partition function of gravity in AdS3.

2.2.2 Gravity in asymptotic AdS3

In this section we introduce gravity in three dimensions. More specifi-
cally we will study three-dimensional metrics which are asymptotically
AdS-spaces. We consider various metrics of AdS3, which have different
physical interpretations. The evaluation of the action of a metric is dis-
cussed, which is relevant for a semi-classical analysis later. Black hole
thermodynamics in three dimensions is reviewed and we comment on a
chiral action of general relativity.

We consider metrics with Lorentzian signature. Lorentzian AdS3 is
the Lorentzian analogue of three dimensional hyperbolic space. The cur-
vature of hyperbolic space is constant and negative and so is the curvature
of AdS. AdS3 can be represented as a Lorentzian hyperboloid, which are
the points in R2,2 satisfying

X2
0 +X2

1 −X2
2 −X2

3 = `2. (2.70)

` is a measure of the “size” of AdS3. The isometry group of the hyper-
boloid is SO(2, 2). A solution to Eq. (2.70) is given by

X0 = ` cosh ρ cos t/`, X1 = ` cosh ρ sin t/`,
X2 = ` sinh ρ cosϕ, X3 = ` sinh ρ sinϕ.

(2.71)

The domains of ρ, t and ϕ are respectively [0,∞), [0, 2π`) and [0, 2π).
This coordinate system is known as the global coordinate system. We
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can “unwrap” the domain of t to (−∞,∞), the resulting space-time is
causal. The metric of R2,2

ds2 = −dX2
0 − dX2

1 + dX2
2 + dX2

3 , (2.72)

induces a metric on AdS3 given by

ds2 = − cosh2ρ dt2 + `2dρ2 + `2 sinh2ρ dϕ2. (2.73)

Another solution of the hyperboloid equation (2.70) is

X0 = (r/`)t, X1 =
(
`2 + (r/`)2(x2 − t2 + `2)

)
/2r,

X2 = (r/`)x, X3 =
(
`2 + (r/`)2(x2 − t2 − `2)

)
/2r.

(2.74)

This solution leads to the metric

ds2 =
`2

r2
dr2 +

r2

`2
(
−dt2 + dx2

)
, (2.75)

where r is the radial coordinate with domain (0,∞), t is again the time
coordinate and x is a spatial coordinate. These coordinates are called
Poincaré coordinates, they cover only half of the hyperboloid. This form
of the AdS-metric also appeared in the near-horizon geometry of black
holes (2.10) and black strings (2.66).

An important feature of AdS-spaces is the presence of a boundary.
The boundary of AdS3 is not apparent in the global coordinate system.
To make the boundary of AdS3 manifest we change coordinates by tan θ =
sinh ρ, 0 ≤ θ < π

2 . The metric becomes

ds2 =
`2

cos2θ

(
−dt2/`2 + dθ2 + + sin2θ dϕ2

)
. (2.76)

This form of the metric suggests a “conformal compactification”, an over-
all rescaling of the metric by (`2/ cos2θ)−1. Such a rescaling does not
change the causal structure of the space. The coordinates of θ, t and ϕ
describe a solid cylinder, which has a natural boundary, represented in
this case by the coordinates t

and ϕ. We usually write that the space with metric (2.73) has a
boundary at ρ =∞, with boundary coordinates t and ϕ. In terms of the
Poincaré coordinates (2.75), the boundary is situated at r =∞.

Now we have seen a view features of AdS3, we will discuss some rele-
vant physical aspects. The metrics (2.73) and (2.75) are solutions of the
vacuum Einstein equations with a cosmological constant Λ = − 1

`2

Rµν −
1
2
gµνR+ Λgµν = 0. (2.77)
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Since AdS3 is a maximally symmetric space, the Riemann curvature ten-
sor is given by

Rµνρσ = − 1
`2

(gµρgνσ − gµσgνρ) . (2.78)

The Ricci scalar R of AdS3 is constant and equal to − 6
`2

.
The equations of motion (2.77) can be derived from an action. An ac-

tion principle is particularly useful for the transition from classical physics
to quantum physics by the path integral approach. A satisfactory quan-
tum theory of gravity is not yet established but we will see that the action
principle is useful for a semi-classical analysis of gravity. The action for
gravity in AdS3 is the Einstein-Hilbert action with a cosmological con-
stant

Ibulk =
1

16πG3

∫
AdS

d3x
√
|g| (R− 2Λ) , (2.79)

where G3 is the gravitational constant in three dimensions, g is the de-
terminant of the metric gµν . The action has the subscript “bulk” since
the presence of a boundary needs the addition of a term Iboundary. This
is necessary since variation of R with respect to gµν results in a total
derivative. The boundary term ensures proper transformation proper-
ties. The boundary term is an integral of the extrinsic curvature K over
the boundary

Iboundary =
1

16πG3

∫
∂AdS

d2x
√
|h|K, (2.80)

where hµν is the induced metric from gµν on the boundary: hµν = gµν −
nµnν , with nµ an orthonormal vector to the boundary. K is given in
terms of hµν and nµ by hµν∇µnν . The sum I(gµν) = Ibulk + Iboundary has
proper transformation properties and Eq. (2.77) can be derived.

An action principle for gravity provides a way to determine the rela-
tive probability of different metrics. Gravity in three dimensions is distin-
guished from gravity in higher dimensions since topologically equivalent
solutions are related by coordinate transformations. In other words grav-
ity in three dimensions does not have local degrees of freedom. This
can simply be seen by a count of the parameters in the Hamiltonian
approach. Space time is decomposed in this context in space-like hyper-
planes together with a time parameter t describing time-evolution. In
a d-dimensional space time, the metric of the space-like hyperplane pro-
vides us d(d− 1)/2 fields, which together with their d(d− 1)/2 momenta
add up to d(d− 1) degrees of freedom. These d(d− 1) d.o.f. are reduced
by d(d − 1)/2 initial value conditions and d coordinate transformations.
So we end up with a total of d(d− 3)/2 degrees of freedom, which indeed
vanishes for d = 3. As a consequence, gravity waves do not exist in three
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dimensions and all AdS3-spaces are locally equivalent. The geometries
are not necessarily globally equivalent, a fact we will explore shortly.

The metric known as “thermal AdS3” is obtained by introducing a
radial coordinate r = ` sinh ρ in Eq. (2.73). The metric is given by

ds2 = −r
2 + `2

`2
dt2 +

`2

r2 + `2
dr2 + r2dϕ2. (2.81)

We note that in the limit r → ∞, this metric reduces to AdS3 metric in
Poincaré coordinates (2.75).

We are interested in a path integral approach to quantum gravity,
that is in a sum over geometries weighted by the exponent of the action
[76]. As in quantum field theory, the path integral is better behaved after
a Wick rotation to Euclidean time tE = −it. The Euclidean form of the
metric in Eq. (2.81) is

ds2
E =

r2 + `2

`2
dt2E +

`2

r2 + `2
dr2 + r2dϕ2. (2.82)

A finite temperature in Lorentzian space translates to a periodic time
after rotation to Euclidean space. We give tE a periodicity by identifying
tE with tE + 2πτ2`. The temperature is related to the “length” of time
T−1 = 2πτ2`. We introduce a more general periodicity by combining the
translation in tE by a translation of ϕ

(tE, ϕ) ∼ (tE + 2πτ2`, ϕ+ 2πτ1). (2.83)

This identification and the original periodicity in ϕ can be summarized
by the complex coordinate z = (ϕ+ itE/`)/2π

z ∼ z +mτ + n, (m,n) ∈ Z. (2.84)

Compactification of the time coordinate transforms the infinite cylinder
into a torus, which is conveniently parametrized as a lattice in the complex
plane. The complex structure parameter is given by τ with Re(τ) = τ1

and Im(τ) = τ2. Taking r → 0 shows that the one-cycle of the torus
parametrized by ϕ is contractible in the solid torus, whereas the one-
cycle parametrized by t is not contractible. We will refer to the metric
Eq. (2.82) as the Euclidean metric of thermal AdS3.

The identification (2.83) is complex in Lorentzian signature. This
suggests that we should also take a complex identification for ϕ. We
define

(t, ϕ) ∼ (t+ 2πiτ̃2`, ϕ+ 2πiτ̃1), (2.85)
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with τ1 = iτ̃1 and τ2 = τ̃2.
To make a step towards a quantum theory of gravity, we would like to

evaluate the Euclidean action IE(gµν) explicitly, such that we can compare
exp(−IE(gµν)) for different metrics gµν . Naive evaluation of the integrals
leads however to divergences, since asymptotically AdS3-spaces are non-
compact. A well-known regularization procedure exists [77, 78, 79] to
subtract the infinities. Application of this procedure to thermal AdS3 is
straightforward. We make a coordinate transformation (note that this ρ
is different from the one appearing in Eq. (2.73))

ρ =
`

r +
√
r2 + `2

, (2.86)

such that the boundary of the solid torus is at ρ = 0 and the center of the
interior at ρ = 1. This transformation brings the metric in Fefferman-
Graham [80] form

ds2 =
`2

4
dρ2

ρ2
+ ρ−1gijdx

idxj , (2.87)

where the indices (i, j) are indices of the boundary coordinates, in this
case t and ϕ. The metric gij can be expanded as a function of ρ. We
obtain in this case

gtt =
1
4

(ρ+ 1)2, gϕϕ =
`2

4
(ρ− 1)2. (2.88)

The regularization is now performed by replacing the boundary at ρ = 0
by ρ = ε. The infinities are in this way easily identified and can be
subtracted in a covariant way. For the action of thermal AdS3, we obtain

IE,thermal = −π`τ2

4G3
=

2πi
24

(cLτ − cRτ̄), (2.89)

with cL = cR = 3`
2G3

. The expression of IE,thermal in terms of cL, cR and τ
is suggested by the close connection between AdS3 gravity and conformal
field theory. The obtained value for cL and cR confirms the value found
earlier by the analysis of asymptotic charges [69].

Another important metric in AdS3 is the rotating black hole metric
found by Bañados, Teitelboom and Zanelli [81] and is given by

ds2 = −
(r2 − r2

+)(r2 − r2
−)

`2r2
dt2 +

`2r2

(r2 − r2
+)(r2 − r2

−)
dr2

+r2

(
dϕ+

r+r−
r2

dt

`

)2

, (2.90)
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where r+ and r− are respectively the radii of the outer horizon and the
inner horizon. Note that rotation to Euclidean signature t→ −it makes
the metric complex. This is however not harmful, see for example [82].
The limit r → r+ shows that in the black hole space-time the thermal
circle is contractible and the circle parametrized by ϕ is non-contractible.

The three-dimensional black hole (2.90) satisfies a first law of black
hole mechanics similar to (2.4) for four-dimensional charged black holes.
The BTZ black hole carries angular momentum J instead of the electro-
magnetic charges q and p of the Reissner-Nordström solutions. The mass
M and the angular momentum J are determined at infinity by the ADM
method [13]. M and J are given by M =

r2
++r2

−
8G3`2

and the angular momen-
tum J = − r−r+

4G3`2
. The horizon length, surface gravity and angular velocity

are determined at the horizon. The horizon length given by L = 2πr+,

the surface gravity at the horizon by κ =
r2
+−r2

−
G3r+`2

and the angular velocity
at the horizon by ΩH = − r−

r+
. The first law reads in this case

δM =
1

2π
κ

1
4
δA+ ΩHδJ, (2.91)

The second and third law of black hole mechanics [14, 1] are also applica-
ble in three dimensions. The temperature is again related to the surface
gravity by TBH = κ/2π. The entropy of the three-dimensional black hole
is correspondingly L/4G3 = πr+/2G3. This value of the entropy agrees
with the Cardy formula and the central charge obtained by studying the
asymptotic symmetries. The Cardy formula expresses the leading entropy
in terms of the central charge, see for more details Sec. 3.3.2.

Since there are no degrees of freedom in three dimensions, the black
hole metric (2.90) can be obtained by a coordinate transformation from
the thermal metric (2.81). The following change of variables transforms
the thermal AdS metric to the black hole metric

t→ i
r−
`
t+ ir+ϕ, ϕ→ i

r+

`

t

`
+ i

r−
`
ϕ, r2 → `2

r2 − r2
+

r2
+ − r2

−
. (2.92)

Similarly as in the case of thermal AdS3, a finite temperature is equal
to a complex periodicity. The periodicities of the rotating black hole are
[83]

t ∼ t+
2πir+`

2

r2
+ − r2

−
, ϕ ∼ ϕ− 2πir−`

r2
+ − r2

−
. (2.93)

The black hole has the same periodicities (2.83) as thermal AdS3 if we
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express r+ and r− in terms of τ̃1 and τ̃2 by

r+ =
τ̃2`

τ̃2
2 − τ̃2

1

, r− =
−τ̃1`

τ̃2
2 − τ̃2

1

. (2.94)

In terms of the Euclidean coordinates tE and τ , the coordinate transfor-
mation (2.92) is

z → −z
τ
. (2.95)

This shows that the black hole and thermal geometry are related by a
modular transformation τ → −1/τ . As in the case of thermal AdS3, we
can evaluate the Einstein-Hilbert action. After renormalization we find

SE,BTZ = −πr+

4G3
, (2.96)

With the given values for τ , this can be written as

SE,BTZ =
2πi
24

(
−cL

1
τ

+ cR
1
τ̄

)
. (2.97)

This is of course not unexpected, since (2.95) shows that the geometries
are simply related by a modular transformation τ → −1/τ .

One of the distinguishing features of three dimensional gravity is that
diffeomorphism invariance and Lorentz invariance can be seen as gauge
invariance of a proper gauge theory [84, 70]. The gauge fields are respec-
tively the vielbein eaµ and the spin connection ωabµ. We will view these
as one forms ea and ωab. We define moreover ωa = 1

2ε
c

ab ω
b
c. The gauge

group of the gauge theory is naturally SL(2,R)+⊗SL(2,R)−. The gauge
fields read in terms of ea and ωa

Aa± = ωa ± 1
`
ea. (2.98)

The Einstein-Hilbert action (2.79) can be written as the difference of the
SL(2,R)+ and SL(2,R)− Chern-Simons action (up to a boundary term)

Ibulk =
4
`

∫
Aa+dAa+ +

2
3
εabcA

a+Ab+Ac+ (2.99)

−4
`

∫
Aa−dAa− +

2
3
εabcA

a−Ab−Ac−,

where the product is the wedge product.
Our interest in later sections will be in theories which contain besides

the Einstein-Hilbert term more fields and interactions in the Lagrangian.
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Especially we will be concerned with supersymmetric theories and their
supersymmetric states. The symmetry group of AdS3 is SO(2, 2) which
is locally equal to SL(2,R)+ ⊗ SL(2,R)−. The symmetry groups are
extended to supergroups in a supersymmetric theory. States can be de-
composed into representations of the supergroups. To preserve supersym-
metries we require that the theory resides in its ground state with respect
one chirality. This would imply that the partition function is independent
of τ̄ and thus holomorphic.

A second possibility for a holomorphic action of τ is a chiral version
of pure gravity. The connection between three-dimensional gravity and
Chern-Simons theory suggests a natural candidate for such a theory. The
Chern-Simons action ICS(A+) of SL(2,R)+ is in terms of the familiar
gravity quantities [70]

ICS(A+) =
2
`
Ibulk + ICS(ω) (2.100)

+
∫

AdS

1
`
eadea +

2
`2
εabcω

aebec +
1
`

∫
∂AdS

eaωa,

ICS(ω) is known as a gravitational Chern-Simons term. Addition of such
a term to the action was first studied in [85] and is known as topologically
massive gravity.

The vielbeins of the BTZ black hole are given by (with f2(r) = (r2−
r2

+)(r2 − r2
−)/r2`2)

e1 = f(r)dt, e2 = f−1(r)dr, e3 = r(dϕ− ir+r−
r2

dt). (2.101)

They determine the spin connections to be

ω1
2 =

(
f(r)f ′(r) +

r2
+r

2
−

r3`2

)
dt+

ir+r−
r`

dϕ =
r

`2
dt+

ir+r−
r`

dϕ,

ω1
3 =

ir+r−
r2`

f−1(r)dr, (2.102)

ω2
3 = −f(r)dϕ.

It is suggestive that an evaluation of Eq. (2.100) with the given ex-
pressions of the vielbein (2.101) and spin connection (2.102) will lead to
a holomorphic action in τ . This hypothesis suggests that the action of
the black hole is given by

IE,BTZ =
2πi
24

cL

(
−1
τ

)
= − π

4G3
(r+ + ir−) . (2.103)
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Refs. [86, 87] study the contribution of the Chern-Simons term to the two-
dimensional energy-momentum tensor by a gravity computation. This
does agree with the expectations.

A variant of the Chern-Simons action as a function of ω, is the Chern-
Simons action as a function of Γσµν . The difference between the two actions
is that Lorentz invariance is broken in case of the spin connection and
diffeomorphism invariance is broken in case of the Christoffel symbols.
The theory gained a degree of freedom which is massive [85], see also
[88].

At the classical level, gravity and Chern-Simons gauge theory seem
equivalent. However if one quantizes Chern-Simons theory as an attempt
to quantize gravity, one encounters the problem that the phase spaces can
not be equivalent. Namely, a vanishing expectation value of the gauge
field is a valid field configuration in the gauge theory. This would however
correspond to a singular configuration from the point of gravity. Asserting
that such states have to be allowed is problematic.

Around Eq. (2.95), we have seen that thermal AdS3 and the BTZ
black hole are related by the modular transformation τ → −1/τ . We
show now that by such modular transformations a much larger class of
AdS3-geometries is related to each other. All these geometries are asymp-
totically equivalent. They would therefore be relevant for the gravity path
integral of AdS3 in the spirit of Eq. (2.68).

As a start, consider a Lorentzian AdS3 geometry with periodicities of
(t, ϕ)

(t, ϕ) ∼ (t, ϕ+ 2π) ∼ (t+ 2πiτ̃2, ϕ+ 2πiτ̃1), (2.104)

where the complex identification is the “thermal identification”. This
identification is naturally related to an Euclidean geometry with identifi-
cations

(tE, ϕ) ∼ (tE, ϕ+ 2π) ∼ (tE + 2πτ2, ϕ+ 2πτ1), (2.105)

The holomorphic one form of the Euclidean geometry is 2πdz = dϕ +
idtE/`. The identifications (2.105) suggest a basis of one cycles given by
(α, β) such that ∫

α
dz = τ,

∫
β
dz = 1. (2.106)

The two cycles have unit intersection α ∩ β = 1 and α ∩ α = β ∩ β = 0.
AdS3 can be viewed topologically as a solid torus. A solid torus

contains a contractible cycle. Generically, neither α nor β is contractible.
Therefore, it is more convenient to use a basis (A,B) (with A∩B = 1 and
A∩A = 0 = B∩B = 0), where A is chosen to be the primitive contractible
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cycle. A can be written in terms of the basis (α, β) as A = cα+ dβ. The
integers (c, d) are relatively prime. Then the intersection A ∩ B = 1
determines that B = aα + bβ such that ad − bc = 1. Since A ∩ A = 0,
choices of B which differ by a multiple of A are equivalent.

The condition ad− bc = 1 shows that the two bases are related by an

element γ =
(
a b
c d

)
of Γ := SL(2,Z). And the equivalence of choices

of B determines that the geometries are in one-to-one correspondence
with the left coset Γ∞\Γ. The group Γ∞ is the parabolic subgroup of

translations and is generated by
(

1 1
0 1

)
. Elements of the coset are

determined by the pair of relative prime integers (c, d) = 1. The cor-
respondence with the coset is due to [89], earlier was a relation with Γ
suggested [90].

The cycle A determines the physics of the geometry. For example,
the thermal AdS3-geometry has a spatial contractible cycle A : ϕ+ itE ∼
ϕ + itE + 2π. In terms of the basis (α, β), A is given by (0, 1). In
the BTZ black hole geometry, the time-circle is contractible A : ϕ +
itE ∼ ϕ + itE + 2πτ1 + 2πiτ2, A is thus (1, 0). Therefore, all geometries
correspond to Euclidean black hole geometries except for the geometry
with (c, d) = (0, 1). Fig. 2.1 demonstrates the contractability of the
different geometries.

t
E

t
E t

E

(1,0)(0,1) (1,1)

Fig. 2.1: From the left to the right: thermal AdS3 with the β-cycle being con-
tractible, the BTZ black hole geometry with the α-cycle being con-
tractible, and the geometry with with the α+β cycle being contractible.

A geometry with contractible cycle A = cα+dβ can be transformed to
the thermal AdS3-geometry. This involves the transformation z → z

cτ+d

and correspondingly τ → aτ+b
cτ+d . The Einstein-Hilbert action of these

geometries is therefore

IE(γ) =
2πi
24

(
cL
aτ + b

cτ + d
− cR

aτ̄ + b

cτ̄ + d

)
, (2.107)
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with cL = cR = 3`/2G3.
As remarked earlier, our interest in later sections will be in AdS3-

supergravity . We argued that the evaluation of such an action for a black
hole solution would be a holomorphic function of τ . The gravitational
part of such an action would therefore be

IE,hol(γ) =
2πicL

24
aτ + b

cτ + d
. (2.108)

The geometries given by (c, d) = 1 should naturally be included in the
gravity path integral. The naive Ansatz for such a path integral is

ZAdS(τ) =
∑

Γ∞\Γ

e−
2πicL

24
aτ+b
cτ+d . (2.109)

Whether these are all geometries which should be included in the sum
is a priori not sure. Other geometries exist with equivalent asymptotic
behavior, for example the cusp geometries. An argument not to include
these geometries in the sum is that their volume is finite and does not
need to be renormalized as we did for the other geometries. A later
analysis will show that the CFT partition function can be rewritten in a
form which closely resembles Eq. (2.109).

The path integral (2.109) is unfortunately divergent and a regular-
ization is required. One can determine the divergence and subtract that
from the path integral. To this end, rewrite the exponent for c 6= 0 as

e
−2πi

„
cL
24

a
c
−

cL
24

c(cτ+d)

«
= e(−2πi

cL
24

a
c )


∞∑
l=0

(
2πi

cL
24

c(cτ+d)

)l
l!

 . (2.110)

Convergence of the sum over (c, d) can be shown for all but the term with
l = 0. Thus, this term has to be subtracted from the sum. We arrive at

ZAdS(τ) =
∑

Γ∞\Γ

e−
2πicL

24
(aτ+b
cτ+d

) − r(a, c), (2.111)

with

r(a, c) =

{
e−

2πicL
24

a
c , c 6= 0,

0, c = 0.

This is the regularization suggested in Ref. [91] for the partition function
of pure gravity in AdS3. In case of negative integer weight more terms
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need to be subtracted. This was proposed earlier in Ref. [37]. We propose
that this is the proper way to regularize the gravity path integral in
AdS3, since the degeneracies are not changed with respect to the CFT
partition function ZCFT(τ) and it holds for general weights depending
on the matter content of the theory. These assertions will be further
explained in Chap. 4. Another (erroneous) regularization was earlier
proposed in [89].

Note that the Laurent series of the series (2.111) must contain a prin-
cipal part, since the element (c, d) = (0, 1) leads to a pole for τ → i∞.
When cL/24 ∈ N, the regularized series is related to the modular invari-
ant J-function. If cL/24 = 1, the series is equal to 2J(τ) + 24, with
J(τ) = q−1 + 196884q + . . . . The term q−1 is referred to as a polar
term. Polynomials in J(τ) are suggested in [92] as the holomorphic square
root of partition functions of pure gravity. The corresponding CFT for
cL/24 = 1 is constructed by Frenkel, Lepowski and Meurman in [93] has
partition function |J(τ)|2. Therefore, this CFT is conjectured to be the
dual of pure gravity with cL/24 = 1.

A series as (2.109) is known as a Poincaré series. In mathematics, the
Poincaré series generically have no principal part and a positive weight
≥ 2, since the exponent is multiplied by (cτ + d)−k. The series with the
regularization proposed above are referred to as a regularized Poincaré
series. The weight 0 regularization is in Chapter 4 generalized to non-
positive weight modular forms. This is essential to rewrite more general
CFT partition functions as a sum over geometries. Such Poincaré series
referred to in the physics literature as a Farey tail expansion [89], due
to the connection with Farey fractions, see Chap. 4 for more on this
connection.

One attractive feature of the Poincaré series (2.109) is that it is well-
suited to deduce phase transitions between different AdS3 geometries [89].
Such phase transitions were first described in four dimensions by Hawking
and Page [94] and interpreted in the AdS/CFT context by Witten [95].
We can understand the phase transformations by determining which term
in the sum (2.109) contributes most to the partition function. We have

|ZAdS(τ)| ≤
∑

Γ∞\Γ

e
2πcL

24
Im(τ)

|cτ+d|2 . (2.112)

So the combination of (c, d) which maximizes Im(τ)
|cτ+d|2 determines the term

which contributes most to the path integral. This (c, d) describes the
dominant classical geometry. Phase transitions occur between geometries
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by variation of τ . The regularization in (2.111) does not change this
interpretation since its magnitude is always equal to unity.





3. BLACK HOLES IN M-THEORY

In the previous chapter, two main motivations were given for the study of
black hole partition functions. The aim of this chapter is to explain the
solution to the first motivating problem, the microscopic explanation of
the leading black hole entropy in N = 2 supergravity. This is possible in
the setting of 11-dimensional M-theory. The discussion of the AdS/CFT-
correspondence showed briefly how the black holes are described in M-
theory. Seven dimensions are compactified to a six-dimensional Calabi-
Yau manifold X times the “M-theory circle” S1

M. In Euclidean signature,
the time-direction of four-dimensional space-time is the circle S1

t . The
total 11-dimensional geometry is therefore R3 ⊗ T 2 ⊗X, where the torus
T 2 is a product of S1

t and S1
M. The extra dimensions are crucial for the

explanation of black hole entropy, since they can accommodate branes
whose degrees of freedom account for the black hole entropy.

The black holes are sourced by M5-branes, which wrap T 2 and a four-
cycle P inside the Calabi-Yau X. It is assumed that the M5-branes wrap
a single Calabi-Yau, such that an appropriate scaling of the parameters
results in a single AdS3-throat in the geometry. Sec. 3.1 studies the
low energy worldvolume theory of the M5-branes and the way electric
charges arise by fluxes on the M5-brane. The worldvolume theory is a
scale invariant theory with N = (2, 0) supersymmetry. In the limit where
the typical length scale of X is much smaller than that of T 2, the low
energy degrees of freedom of the M5-brane can be reduced to the T 2.
There, they form a two-dimensional N = (4, 0) SCFT, also known as
Maldacena-Strominger-Witten (MSW) CFT. 1 The degrees of freedom of
this CFT account for the entropy of the single centered black holes. Sec.
3.3 defines a partition function for this two-dimensional superconformal
field theory and studies some of its properties. Sec. 3.1 reviews the M5-
brane worldvolume theory. Subsequently, it determines the number of
degrees of freedom on T 2 after the reduction. Sec. 3.2 studies BPS states
in the SCFT. The partition function and the microscopic account of SBH

1 Ref. [3] uses the convention that the supersymmetric side is anti-holomorphic such
that the CFT has (0, 4) supersymmetry. Here the other convention is used since this
is more natural from the point of view of the signature of the charge lattice.
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are described in Sec. 3.3.

3.1 M5-branes on Calabi-Yau manifolds

The low energy limit of M-theory is 11-dimensional supergravity with 32
supersymmetries. Eleven is the maximum number of dimensions where
a supermultiplet does not contain fields with spin > 2. The presence
of an M5-brane breaks half of the supersymmetries. Therefore, only 16
supersymmetries are realized on the M5-brane. One can show that these
16 supersymmetries all have the same chirality such that the theory has
N = (2, 0) supersymmetry [96, 97, 12]. The fundamental worldvolume
theory is a non-critical string theory in six dimensions. This is natural
from the M2-brane point of view. The M5-branes are associated with the
boundaries of M2-branes, analogous to the way D-branes are associated
with the boundaries (endpoints) of strings [98, 61, 99]. The zero modes of
this theory are five scalars, a self-dual three-form field strengthH and four
chiral fermions. The five scalars are the coordinates Xi in the orthogonal
directions to the M5-brane. The self-dual field strength and the fermions
form with the scalars a (2, 0) tensor multiplet. The full six-dimensional
field theory is scale invariant.

Four-dimensional supergravity is obtained by a compactification on a
Calabi-Yau manifold X times a circle S1

M. In the Euclidean signature, the
time dimension is compactified as a circle S1

t . The two circles combine
to the torus T 2. Since the holonomy group of X is SU(3) (see next
subsection), 1

4 of the original supersymmetry is preserved. Therefore,
eight supersymmetries remain in four dimensions which is equivalent to
N = 2. The electric and magnetic charges in supergravity are naturally
associated to M2-branes wrapping two-dimensional surfaces in X and M5-
branes wrapping four-dimensional surfaces in X and S1

M. The surfaces
are non-contractible (cycles) in X, which guarantees the stability of the
charges.

The black holes are bound states of magnetic and electric charges.
The M2-branes are embedded in the M5-brane as a non-zero flux of the
self-dual gauge field H. The electric charges qa are generated by this flux.
These notions are explained in some more detail in subsection 3.1.3. The
surface wrapped by the M5-brane has (complex) codimension one, which
is why they are often referred to as “divisor” of X. The next subsection
explains the relation between the magnetic charges pa and the divisor P .

To count the number of states of the M5-brane theory, it is conve-
nient to reduce the low energy degrees of freedom on T 2⊗P to T 2. Some
requirements need to be satisfied for this reduction to be valid. The low
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energy approximation to the M5-brane d.o.f. requires that the M5-branes
are scarce in X. This translates to the requirement that p3 � v. Note
that this is the second regime of the discussion on the AdS/CFT corre-
spondence and is opposite to the limit (2.67) where supergravity is valid.
Of course, also the typical length scale of X needs to be much smaller
than the length scale of T 2. We assume that the order of magnitude of the
BPS degeneracies does not vary between these regimes. The leading en-
tropy will be determined by an index, which is invariant under continuous
variations of variables which preserve the supersymmetry.

The reduction of the M5-brane worldvolume theory leads to a variety
of fields on T 2. The precise number of fields depends on the topological
structure of P . Scalars arise on T 2 by two effects: deformations of the
divisor in X, and the reduction of the three-form field strength H on two-
cycles of P . The number of fermions is similarly related to the geometry
of P . All these degrees of freedom together account for the black hole
entropy in four dimensions! After a short introduction to Calabi-Yau
manifolds, we will perform the reduction and determine the number of
modes on T 2. This analysis is due to Ref. [3].

3.1.1 Calabi-Yau manifolds

We introduce complex three-dimensional Calabi-Yau manifolds and sev-
eral of its properties, see for more details for example [10, 12, 100] and
references therein. The complex three-dimensional Calabi-Yau X is a
compact Kähler manifold with the additional constraint that its Ricci
curvature vanishes. This statement is equivalent to saying that the first
Chern class of the tangent bundle vanishes: c1(TX) = 0. As a conse-
quence, the canonical bundle KX of X (the line bundle, given by the
highest exterior power of the holomorphic cotangent bundle) is also triv-
ial, and therefore a global nowhere vanishing holomorphic (3, 0)-form Ω
does exist. This form is unique up to multiplication by a scalar. The
Calabi-Yau condition can be formulated equivalently as the statement
that a Kähler metric for X exists, which has holonomy group SU(3).
The holonomy group is the group of vector displacements under parallel
transport of the vector around closed loops. This shows that X contains
a covariantly constant spinor, since the generic holonomy group for six-
manifolds is SO(6) ∼= SU(4). The existence of this covariantly constant
spinor leads to the presence of N = 2 supersymmetry in the resulting
supergravity.

If the holonomy group of X is a subgroup of SU(3), then the super-
gravity contains more supersymmetry. Therefore, we make the restriction
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that Calabi-Yau threefolds have proper SU(3) holonomy. This is equiv-
alent to the statement that X does not admit holomorphic (n, 0)-forms
for 0 < n < dimX = 3. Or yet another formulation is that the Čech co-
homology groups Hn(X,OX) = are trivial for 0 < n < 3; here OX is the
sheaf of holomorphic functions on X. This definition excludes Abelian
varieties, and products of a K3 manifold and an elliptic curve as Calabi-
Yau threefolds. This more restrictive definition is also more common in
the mathematical literature.

The cohomology groups Hp,q(X) form the Dolbeault cohomology (∂̄-
cohomology) of (p, q)-forms on X. The spaces Hp,q(X) are complex.
Dolbeault cohomology on Kähler manifolds is a refinement of de Rham
cohomology

Hr(X,C) = ⊕p+q=rHp,q(X). (3.1)

One of the basic characteristics of a compact Kähler manifold is the
Hodge diamond, which presents the Hodge numbers hp,q. These are the
complex dimensions of Dolbault cohomology groups hp,q = dimHp,q(X).
The Betti numbers br are the real dimensions of the de Rham coho-
mology groups Hr(M,R), they equal the sum of the Hodge numbers
br =

∑
p+q=r h

p,q. The *-operator on Hp,q(X) and complex conjuga-
tion impose relations among the Hodge numbers [101]. In addition, the
Calabi-Yau condition states that h3,0 = 1 and h2,0 = h1,0 = 0. The Hodge
diamond is then given by

h3,3

h3,2 h2,3

h3,1 h2,2 h1,3

h3,0 h2,1 h1,2 h0,3

h2,0 h1,1 h0,2

h1,0 h0,1

h0,0

=

1
0 0

0 h2,2 0
1 h2,1 h1,2 1

0 h1,1 0
0 0

1

.

Poincaré duality states that the de Rham cohomology group Hn(X,Z)
is isomorphic with the homology groupH6−n(X,Z). Therefore, the Hodge
diamond provides us also the number of independent n-cycles of X, for
example dimH4(X) = h1,1. The homology class of the divisor P wrapped
by the M5-brane can be expanded in a set of basis elements {Aa} of
H4(X,Z) as paAa with pa the wrapping numbers. The Poincaré dual
two-form of Aa is denoted by αa. The Poincaré dual of the divisor is then
paαa ∈ H2(X,Z). We usually refer to the two-form paαa by P , the same
symbol as for the divisor. A four-cycle P = paAa might self-intersect
in points, where locally three components of P meet. The intersection
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number is given by
∫
X P

3 = dabcp
apbpc = p3 where

dabc =
∫
X
αa ∧ αb ∧ αc. (3.2)

As we can see from the macrocoscopic entropy formula (2.36), a non-zero
self-intersection of the divisor P is crucial for describing a blackhole with
a non-zero entropy.

3.1.2 Electromagnetic charges and their lattices

The electromagnetic charges q and p take values in the lattices Λ∗ + p/2
and Λ, as is argued in section 2.1 from the supergravity perspective.
For the following discussion, the shift of Λ∗ by p/2 is not crucial and
therefore we will ignore it. From the M-theory point of view, q and p
naively correspond to elements of the homology groups H2(X,Z) and
H4(X,Z), respectively. A closer inspection shows that the charges are
more accurately described by K-theory [102]. This thesis will nevertheless
treat the charges in the naive picture. Although, a pairing exists between
H2(X,Z) and H4(X,Z) (the intersection number), appropriate quadratic
forms for H2(X,Z) are not directly available. We will explain in the
following paragraphs how a divisor P leads to natural quadratic forms
for charges ka ∈ H4(X,Z) and qa ∈ H2(X,Z).

First, we consider the magnetic charges. The homology groupH4(X,Z)
is isomorphic to the cohomology groupH2(X,Z) by Poincaré duality. The
inclusion map i : P ↪→ X induces a pull back map i∗

i∗ : Hr(X,Q)→ Hr(P,Q), (3.3)

from r-forms on X to r-forms on P . The Lefschetz hyperplane theo-
rem [101] states that for positive divisors of a complex three-dimensional
manifold X, the map (3.3) is an isomorphism for r ≤ 1 and injective
for r = 2. This implies that dimH1(P ) is zero-dimensional, and con-
sequently that P does not contain any one-cycles. On the other hand,
the map H2(X,Q) → H2(P,Q) is injective: H2(X,Q) ⊆ H2(P,Q). In
the next section we will see that for “black hole divisors” dimH2(P ) �
dimH2(X).

Since the degree of the forms in H2(P ) is half the real dimension of
P , the following inner product on H2(P ) exists

Q : H2(P )⊗H2(P )→ C, Q(αP , βP ) =
∫
P
αP ∧ βP , (3.4)
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where we gave the forms the subscript P to denote that they are two-
forms on P . This inner product is non-degenerate and symmetric. When
one chooses a basis of H2(P ) in H2(P,Z), Q can be written as an integral
unimodular matrix, detQ = ±1. It is integral since it can be related to
the intersection matrix of two-cycles of P by Poincaré duality. Since,
H2(P,Z) is also the dual space of H2(P,Z), Q must be unimodular [103].

The quadratic form for H2(P,Z) naturally provides us an integral
quadratic form D for H4(X,Z) by the pull back (3.3) on the Poincaré
dual forms in H2(X,Z). The map D : H2(X)⊗H2(X)→ C is given by

D(α, β) =
∫
P
i∗α ∧ i∗β =

∫
X
α ∧ β ∧ P. (3.5)

The quadratic form, written as a matrix, is dab = dabcp
c with dabc the

earlier used triple intersection number of four-cycles (3.2). We have thus
established a lattice Λ for the magnetic charges k ∈ H4(X,Z). The lattice
Λ is

Λ = i∗H2(X,Z) ⊂ H2(P,Z). (3.6)

Having determined the lattice Λ as the lattice of magnetic charges k,
the electric charges q naturally take values in the dual lattice Λ∗ since
q · p ∈ Z. The quadratic form on Λ∗ is dab = (dab)−1 and takes values
in Q. On the other hand, M2-brane charges are generated by flux of the
self-dual field H on the M5-brane through two-cycles of P . This is a
consequence of the coupling of H to the space-time three-form potential
C in its low energy effective action∫

Σ×t
C +

∫
P×S1

M×t
H ∧ C, (3.7)

where Σ is a two-cycle. The part of H on P is valued in H2(P,Z) which
would naively lead to charges in H2(P,Z). We take {αP,j} as a basis for
H2(P,Z). The field strength H can be expanded in this basis as

H = dz ∧ h+ · αP + dz̄ ∧ h− · αP . (3.8)

The momentum of the scalar on the torus is h+ + h− and the winding
numbers are h+ − h−. The naive charge generated by this flux would be

qP =
∫

ΣP×S1
M

h+ · αP + h− · αP , (3.9)

where ΣP is some two-cycle in P .
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That H takes values in H2(P,Z) seems at odds with the earlier state-
ment that the electric charges are valued in Λ∗. For example, the dimen-
sion of H2(P ) might be much larger than dim Λ∗. The solution to the
mismatch between H2(X) and H2(P ) was solved in [3] by realizing that
charges in R3,1 corresponding to fluxes which do not lie in i∗H2(X,Z),
are unstable. Fluxes of H which are exact on X are not conserved since
they might decay by instanton effects [3, 104].

The space spanned by the lattice H2(P,Z) can be decomposed in the
spaces spanned by Λ and its orthogonal complement Λ⊥. The sum of
these lattices forms a sublattice in H2(P,Z)

Λ⊕ Λ⊥ ⊂ H2(P,Z). (3.10)

An element of kP ∈ H2(P,Z) can be decomposed in a parallel and or-
thogonal part to Λ

kP = q + q⊥. (3.11)

The vectors q and q⊥ lie respectively in the spaces spanned by Λ and Λ⊥.
However generically, they are not elements of these lattices but take their
values in the dual lattices Λ∗ and Λ∗⊥. The group Λ∗/Λ is called the glue
group of Λ in this context and its elements are gluing vectors [105]. The
glue vectors are chosen such that they have minimal length in the coset.
Thus, we have the following decomposition of an element kP ∈ H2(P,Z):

kP = k + k⊥ + µP , (3.12)

where k ∈ Λ, K⊥ ∈ Λ⊥, µP ∈ Λ∗⊕Λ∗⊥. Projecting the fluxes in H2(P,Z)
to H2(X,Q) leads to charges q ∈ Λ∗. The embedding of i∗H2(X,Z) in
H2(P,Z) is a primitive embedding [106]. For such an embedding, the
discriminant group H2(P,Z)/(Λ ⊕ Λ⊥) ⊂ Λ∗/Λ ⊕ Λ∗⊥/Λ⊥ and Λ∗/Λ ∼=
Λ∗⊥/Λ⊥. Ref. [37] claims that H2(P,Z)/(Λ ⊕ Λ⊥) ∼= Λ∗/Λ follows from
the Nikulin embedding theorem [106].

At this point we would like to comment on the relation between the
two-cycles in P and X. Taking the dual of (3.10) gives

Λ∗ ⊕ Λ∗⊥ ⊃ H2(P,Z)∗ = H2(P,Z). (3.13)

Therefore the map fromH2(P,Z) toH2(X,Z) is not surjective. We denote
a two-cycle in P which also lies in X by K (its Poincaré dual two-form
in P is also denoted by K). The two-cycles in P are given by a vector
ka = dabck

bpc, with respect to the chosen basis of H2(X,Z).
From the Euler characteristic χ(K) of K, we will now deduce that

k2 + k · p ∈ 2Z, which makes p a so-called characteristic vector of Λ. To
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calculate χ(K), one has to integrate the first Chern class of the tangent
bundle c1(TK) over K. After Eq. (3.28) is shown how c1(TP ) and
c2(TP ) can be calculated using the adjunction formula [101]. Similarly
one can show that k∗c(TP ) = 1 + k∗c1(TP ) = c(TK)(1 + K), with
k∗ the pull back of the inclusion map k : K ↪→ P . As a consequence,
c1(TK) = −(K + k∗c1(TP )). Integration of c1(TK) over K gives

χ(K) =
∫
K
c1(TK) = −

∫
X
PK(K + P ) = −k2 − k · p, (3.14)

where Poincaré duality is applied. We can assume that K is a Riemann
surface without boundaries if X is a smooth Calabi-Yau threefold. There-
fore, we have χ(K) = 2 − 2g ∈ 2Z, with g the genus of K and it follows
that k2 + k · p ∈ 2Z as claimed.

Another important issue is the signature of the matrix dab. This
is the number of its positive eigenvalues minus the number of negative
eigenvalues. The decomposition of the lattice in its positive and negative
subspaces will play a significant role in the analysis of the black hole
partition function. The signature σ(S) of the intersection matrix of a
surface S is called the index or Hirzebruch signature. It can be evaluated
by the index theorem [101], which can be derived using the Lefschetz
decomposition of the cohomology. One finds that

σ(S) =
∑

p+q=0(2)

(−1)php,q. (3.15)

Since the pairing between H2,0(S) and H0,2(S) is positive, it follows that
the intersection matrix restricted to H1,1(S) has only one positive eigen-
value and therefore its signature is (1, h1,1 − 1). We are interested in the
signature of the inner product of two-forms on P which are also two-forms
on X. Since h2,0(X) = h0,2(X) = 0, these forms are in H1,1(P ) and the
signature of dab is (1, b2 − 1). This result is known as the (Hodge) index
theorem.

The projection of a non-zero vector q to the positive respectively neg-
ative definite sublattice is given by q+ and q− with q2

+ > 0 and q2
− < 0.

The positive direction in the magnetic lattice is given by the magnetic
charge vector pa since p3 = dabcp

apbpc > 0. The projection of qa to Λ∗+ is
(p · q/p3)dabcpbpc.

3.1.3 Reduction of M5-branes

This subsection reduces the low energy degrees of freedom of the M5-
brane worldvolume theory to the torus T 2 formed by S1

t and S1
M. The
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compactification on X preserves 1
4 of the supersymmetry since X has

SU(3)-holonomy. The original N = (2, 0) M5-brane theory in six dimen-
sions reduces to an N = (4, 0) SCFT. By an analysis of the divisor, we
can determine the number of degrees of freedom on T 2. This provides us
the magnitude of the central charges cL and cR, which are crucial in the
account of the black hole entropy for large charges by the Cardy formula
in Sec. 3.3.2.

The degrees of freedom on T 2 arise from basically four different phe-
nomena:

- space-time momenta,

- moduli of the divisor,

- reduction of H on two cycles,

- fermions.

In the following, we will address the reduction of these different modes.

Space-time momentum
The coordinates of the black hole in R3 contribute three continuous

bosonic degrees of freedom ~p to the holomorphic and anti-holomorphic
sector of the SCFT.

Moduli of the divisor
The embedding of P in X can vary from point to point on T 2. There-

fore, the variables determining P (moduli) arise as scalar degrees of free-
dom on T 2. To determine the number of moduli, we need to describe
the divisor in a more formal way. A divisor is a sum of codimension 1
subvarieties Vi of X

P =
∑
i

niVi, (3.16)

where ni is the multiplicity of Vi in P . The set of non-zero ni is finite.
The divisor is called effective if ni ≥ 0 for all i. In that case, we write
P ≥ 0. Effective divisors are the relevant divisors for us, since ni < 0
would indicate the presence of anti-M5-branes which would break all the
supersymmetry. Note that the hypersurfaces Vi, situated at different
places in X, might nevertheless be in the same homology class. Therefore,
the expansion (3.16) is in terms of the numbers ni, instead of pa, which
denote the homology class of the divisor in a certain basis of H4(X,Z).

The degrees of freedom associated to P become more manifest if P is
locally considered as the zeros (or poles) of some (meromorphic) function
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hP,α : Uα → C, where the Uα form an open cover of X. The multiplicity
of a zero of hP,α is given by ni > 0. The function diverges for ni < 0,
then |ni| is the order of the pole. An effective divisor can be described
locally by holomorphic functions. The functions hP,α are determined up
to multiplication by non-zero holomorphic functions g ∈ O∗(Uα). Heuris-
tically, the divisor moduli are related to variations of the divisor P → P ′,
such that the homology class of P ′ is equal to the one of P and P ′ is also
effective. This gives a lot of freedom to choose the functions hP,α.

The homology class of the divisor is not changed if the defining func-
tions hP,α are multiplied by a global meromorphic function f ∈ M(X).
In that case the divisor changes to P ′ = P + (f). The divisor (f) of a
meromorphic function is called a principal divisor. Divisors which differ
from each other by a principal divisor are said to be linearly equivalent.
All linearly equivalent divisors form naturally an equivalence class. We
are interested in the linearly equivalent divisors, which are also effective

P ′ = P + (f) ≥ 0. (3.17)

The space of all effective divisors, which are linearly equivalent to P , is
called a (complete) linear system |P |.

We define the space L(P ) as

L(P ) = {f ∈M(X) : f = 0, or P + (f) ≥ 0} , (3.18)

where M(X) is the space of meromorphic functions on X. This is a
vector space. Since multiplication by a constant does not change the zero
locus of a function, the moduli space of the divisor is the projective space
P(L(P )). The dimension of |P | is thus given by

dim |P | = dimL(P )− 1 (3.19)

To calculate dimL(P ), we use the connection between divisors and
line bundles. The local functions hP,α can be extended to a global mero-
morphic section sP of a holomorphic line bundle P → X. The transition
functions tP,αβ on Uα ∩ Uβ are given by hP,α/hP,β. The sheaf of holo-
morphic sections of P is denoted by O(P). An effective divisor is the
zero locus of a global holomorphic section sP ∈ H0(X,O(P)), where H0

is the zeroth Čech cohomology group. The divisor defines in this way
the line bundle P up to isomorphism. In fact, a bijection exists between
the linear equivalence classes of divisors and the isomorphism classes of
line bundles. Line bundles, which belong to the same isomorphism class,
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have equal first Chern class c1(P). Moreover, c1(P) is the Poincaré dual
two-form of the divisor

c1(P) = P = paαa. (3.20)

Therefore, linearly equivalent divisors lie in the same homology class.
The connection between line bundles and divisors shows that there

is a correspondence between L(P ) and H0(X,O(P)). Therefore, we can
also express the linear system as |P | = P(H0(X,O(P))). A calculation of
dimH0(X,O(P)) is generically not possible. However, the Hirzebruch-
Riemann-Roch theorem provides us the alternating sum

3∑
i=0

(−1)i dimH i(X,O(P)) =
∫
X

ch(P) Td(TX). (3.21)

The conditions that the long wave length approximation to M-theory
is valid, ensure that the divisor P is very ample [3], which means that
the linear system defines an embedding into projective space. For a very
ample divisor H i(X,O(P)) = 0 for i > 0 (page 228 in [107]), and therefore
the index gives us dimH0(X,O(P)).

The Todd class Td(TX) of a Calabi-Yau manifold is given by

Td(TX) = 1 +
1
12
c2(X). (3.22)

The Calabi-Yau condition c1(X) = 0 implies that Td3(TX) = 0. The
Chern character of the line bundle P is ec1(P). As a result we find

dimH0(X,O(P)) =
1
6
p3 +

1
12
c2 · p. (3.23)

The real dimension of the linear system |P | is therefore

dimR |P | =
1
3
p3 +

1
6
c2 · p− 2, (3.24)

which is the number of non-chiral scalars on the torus.

Gauge field scalars
The self-dual three-form H reduced on a two-cycle in P becomes a

scalar on the torus. The self-duality of H under the Hodge ∗-operation
combined with the (anti-)self-duality of harmonic two-forms on P , shows
that these scalars are either holomorphic or anti-holomorphic. A proper
understanding of the space of two-forms on P is therefore indispensable
to determine the number and chiralities of the scalars in the SCFT.
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The number of independent (anti-)self-dual harmonic two-forms is
given by b+2 (P ) (b−2 (P )). By Hodge’s theorem, Harm(P ) ∼= H2(P ), we
know that b+2 (P ) + b−2 (P ) = b2(P ). The index or Hirzebruch signature
σ(P ) [101, 100] is

σ(P ) = b+2 (P )− b−2 (P ). (3.25)

The difference σ(P ) arises also as the signature of the non-degenerate
inner product Q (3.4), which exists on the space of two-forms H2(P ).
The index σ(P ) is equal to the number of positive eigenvalues b+2 (P ) of
Q minus the number of negative eigenvalues b−2 (P ).

To determine the number of (anti)-chiral scalars on the torus, we
decompose H as

H = dφj(z, z̄) ∧ αP,j , (3.26)

where {αP,j} is a basis of harmonic two-forms for H2(P ).
We define the differentials dzL = dx + dt and dz̄L = dx − dt on S1

M

times Lorentzian time. The Hodge ∗-operator in Lorentzian Rt⊗S1
M acts

on these differentials by

∗dzL = dzL, ∗dz̄L = −dz̄L. (3.27)

The self-duality H = ∗H combined with the (anti)-self-duality of the two-
forms αP,j determines that the CFT on the torus contains b+2 (P ) left-
moving scalars and b−2 (P ) right-moving scalars. After a Wick rotation
to Euclidean time, zL becomes the familiar complex coordinate on the
torus. Consequently, we obtain b+2 (P ) holomorphic scalars and b−2 (P )
anti-holomorphic scalars.

By the Lefschetz hyperplane theorem, P does not contain any one- and
three-cycles. Therefore, the numbers b+2 (P ) and b−2 (P ) can be obtained
by a calculation of the Euler characteristic χ(P ) =

∑4
i=0(−1)ibi(P ) =

2 + b2(P ) and the index σ(P ) of P . In the following calculation of these
numbers is assumed that the divisor is smooth. The Euler characteristic
is the integral over the second Chern class c2(TP )

χ(P ) =
∫
P
e(TP ) =

∫
P
c2(TP ). (3.28)

To determine c2(TP ), we consider the tangent space TPp of P at a
given point p. This space TPp is a subspace of the tangent space of X at
the point p, TXp. The orthogonal complement of TPp in TXp is denoted
by TNp. The bundle TN is the normal bundle of P . The tangent bundle
of X restricted to P , TX|P , is simply the sum of TP and TN :

TX|P = TP ⊕ TN. (3.29)
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The total Chern class of a sum of bundles is given by the product of the
Chern classes, thus

i∗c(TX) = c(TN) c(TP ), (3.30)

where i∗ is the pull back of the inclusion map i : P ↪→ X. Since X is
a Calabi-Yau manifold c1(TX) = 0. The adjunction formula states that
the conormal bundle TN∗ is equal to P∗|P , which is the restriction of the
dual line bundle of P to the divisor P . The transition functions of the
dual line bundle P∗ are just the inverse of those of P (P∗ = [−P ] in the
notation of [101]). From the adjunction formula, we find for the Chern
class of the normal bundle c(TN) = i∗c(P). Since P is a line bundle,
ci(P) = 0 for i > 1. Therefore Eq. (3.30) becomes

1 + i∗c2(TX) + . . . =(1 + i∗c1(P))(1 + c1(TP ) + c2(TP ) + . . . )
=1 + i∗c1(P) + c1(TP ) (3.31)

+ i∗c1(P) c1(TP ) + c2(TP ) + . . .

By comparing the first Chern classes on the left and right hand side
we find i∗c1(P) = −c1(TP ) and similarly i∗c2(TX) = i∗c1(P) c1(TP ) +
c2(TP ). This gives us finally for c2(TP ):

c2(TP ) = i∗c2
1(P) + i∗c2(TX). (3.32)

After substitution of this formula in the integral (3.28), we find

χ(P ) =
∫
P
i∗P 2 + i∗c2(TX) =

∫
X
P 3 + c2(TX)P = p3 + c2 · p. (3.33)

The signature σ(P ) is given by the index theorem as the integral over
the L-genus, which in the current case becomes an integral over the first
Pontryagin class:

σ(P ) = b+2 (P )− b−2 (P ) =
∫
P
L =

∫
P

1
3
p1(TP ). (3.34)

Since p1(TP ) = c2
1(TP )− 2c2(TP ), we obtain

σ(P ) = −2
3
χ(P ) +

1
3

∫
P
c1(TP )2

= −1
3
p3 − 2

3
c2 · p. (3.35)

Combining (3.33) and (3.35), b+2 (P ) and b−2 (P ) can be evaluated to be

b+2 (P ) =
1
3
p3 +

1
6
c2 · p− 1, (3.36)

b−2 (P ) =
2
3
p3 +

5
6
c2 · p− 1. (3.37)
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This provides us the number of holomorphic and (anti-)holomorphic scalars
on T 2 due to the reduction of H on P .

Fermions
After the discussion of the bosonic degrees of freedom, we now ana-

lyze the fermions. Supersymmetry in the left-moving sector suggests an
equal number of bosons and fermions, which will be confirmed by the
calculation of the number of fermions based on the cohomology of P .
We briefly review the connection between fermions and the cohomology
of the compactification manifold. The algebra of Dirac matrices on a
Kähler manifold is given by

{Γa,Γb̄} = 2gab̄, {Γa,Γb} = 0, {Γā,Γb̄} = 0, (3.38)

where a, ā are indices of the complex coordinates za and z̄ā. The algebra
(3.38) resembles a fermionic creation-annihilation algebra [10]. If | Ω 〉
is a covariantly constant spinor on P , then one can find new spinors by
acting with the creation operator Γā,

| Ωā 〉 = Γā | Ω 〉 , | Ωāb̄ 〉 = ΓāΓb̄ | Ω 〉 . (3.39)

This suggests an identification of the fermions on P with the cohomology
groups H0,i(P ). The chirality operator anti-commutes with Γā. There-
fore, the cohomology group with i even leads to holomorphic fermions and
analogously i odd to anti-holomorphic fermions. Since b1(P ) = b3(P ) = 0,
the reduction gives only rise to h0,0(P ) + h0,2(P ) holomorphic fermions,
which can be evaluated in terms of p to be

h0,0(P ) + h0,2(P ) =
1
6
p3 +

1
12
c2 · p. (3.40)

Since only holomorphic fermions arise by the reduction, only the holomor-
phic sector will be supersymmetric. The U(2)-holonomy on P leaves only
two components from the original eight components invariant. The origi-
nal M5-brane symmetry is N = (2, 0), therefore the number of fermionic
d.o.f. on T 2 is 4(h0,0(P )+h2,0(P )). This is indeed equal to sum of scalars
due to space-time momenta, divisor moduli and gauge field reduction.

3.2 The N = (4, 0) superconformal algebra

Section 2.1 explained that the charges of supersymmetric black holes were
subject to a symplectic symmetry. In addition the black hole is a half-BPS
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state of N = 2 supergravity and preserves four space-time supersymme-
tries. We expect to find analogues of these phenomena in the N = (4, 0)
SCFT. This section explains how symplectic invariance is manifested as
spectral flow of the SCFT and how the black hole state can preserve four
fermionic symmetries by the presence of fermionic zero-modes. We as-
sume in the following that the reader is familiar with (super)conformal
algebras. More details can be found in [9, 10, 11, 12, 108].

We are interested in N = (4, 0) superconformal field theory. The
Hamiltonian is given by

H = L0 + L̄0 −
cL + cR

24
, (3.41)

where L0 and L̄0 are Virasoro operators. The numbers cL and cR are
the central charges of the holomorphic and anti-holomorphic sector of
the theory. Since we know the number of degrees of freedom after the
analysis in section 3.1, cL and cR can be calculated. A boson contributes
1 to the central charge whereas a fermion contributes 1

2 . After adding up
all contributions, we find

cL = p3 +
1
2
c2 · p, cR = p3 + c2 · p. (3.42)

These values of the central charges confirm the value of 3`/2G3 obtained
from three-dimensional supergravity below Eq. (2.67) since for cL, cR �
1 the linear contribution in p can be neglected.

The difference of the Virasoro generators is the momentum, q0, around
the M-theory circle

q0 = L0 − L̄0 −
cL − cR

24
. (3.43)

This is the q0-charge from supergravity. The other electric charges are
eigenvalues of the U(1)-generators J0,a.

The structure of the CFT will teach us many properties of the parti-
tion function in the next section. An important symmetry of the present
N = (4, 0) conformal algebra is “spectral flow”. 2 This symmetry relates
states with different eigenvalues of L0, L̄0 and J0,a. We have seen that
the lattice of the charges of J0,a is not definite, one direction is positive
and the others negative. The commutation relations of the Virasoro and

2 A famous example of spectral flow is the symmetry relating the Ramond en Neveu-
Schwarz sector in N = 1 SCFT [12].
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U(1)-generators are

[Lm, Ln] = (m− n)Lm+n +
cL
12

(m3 −m)δm,−n,

[Jm,a, Jn,b] = mdabδm,−n, (3.44)
[Lm, (Jn,a)+] = −m(Jm+n,a)+,[
L̄m, (Jn,a)−

]
= −m(Jm+n,a)−,

The spectral flow symmetry leaves the above algebra invariant. It is given
by

Lm − L̄m → Lm − L̄m + kaJm,a +
1
2
dabk

akbδm,0,

Lm + L̄m → Lm + L̄m + gabkaJm,b +
1
2
gabk

akbδm,0, (3.45)

Jm,a → Jm,a + dabk
bδm,0.

The metric gab is positive definite and is related to dab by changing the
negative signs of dab, thus gabkakb = k2

+ − k2
−. It can be written in terms

of the two-forms αa as

gab =
∫
P
i∗αa ∧ ∗ i∗αb. (3.46)

Spectral flow maps a state with charge q ∈ p/2+Λ∗ to another state with
charge in p/2 + Λ∗ if the flow variable ka lies in the magnetic lattice Λ.
Therefore, spectral flow with k ∈ Λ is a symmetry of the spectrum. The
quantity

L0 − L̄0 −
1
2
dabJ0,aJ0,b (3.47)

is left invariant by spectral flow. With q0 given by (3.43), this translates
to the statement that q̂0 = q0 − 1

2q
2 is invariant. The charge q̂0 appeared

below Eq. (2.34) in the discussion about symplectic invariance in super-
gravity. We therefore find here that spectral flow is the CFT analogue of
symplectic invariance in supergravity.

The black hole states in theN = (4, 0) superconformal field theory are
expected to preserve four supersymmetries. Naively, this seems to require
black hole states to be supersymmetric ground states of the SCFT, since
the ground states preserve four supersymmetries. However, the SCFT
actually contains large N = 4 supersymmetry [109, 110], which allows
also excited states to be invariant under four fermionic symmetries. The
minimal N = 4 superconformal algebra can be derived from a theory with
four bosonic currents and four fermionic currents. The bosonic currents
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are the energy momentum tensor and an SU(2) current algebra which
provides three other bosonic currents. We give this SU(2) the superscript
+. The SU(2)+ current algebra is

[
T+i
m , T+i

n

]
= εijkT+k

m+n −
1
2
k+mδm+nδij , (3.48)

with i, j = 1 . . . 3, k+ is the level of the SU(2)+ algebra and is proportional
to the central charge cL = 6k+, m and n take values in Z. The fermionic
currents Ga(z), a = 1 . . . 4 satisfy an anti-commuting algebra with r, s
either integral (Ramond sector) or half-integral (Neveu-Schwarz sector).
We are mainly interested in the Ramond sector. The modes with r = s =
0 are the supersymmetry generators. Some of these leave a BPS-state
invariant.

The minimal N = 4 algebra can be enlarged with an additional
SU(2)− ⊕ U(1) current algebra. This gives four more bosonic currents
T−i, i = 1..3 and U which are completed by four fermionic currents Qa

to form an N = 4 algebra. It is this extended N = 4 algebra which arises
in the N = (4, 0) SCFT. The total algebra has one free parameter γ,
determining the SU(2)-levels k+ and k− in terms of the central charge
k+ = cL/6γ and k− = cL/6(1 − γ). The anti-commutation relations of
the fermionic generators are [109]

{Ga0, Gb0} = 2δab
(
L0 − cL

24

)
,

{Qa0, Qb0} = − cL
12γ(1−γ)δ

ab, (3.49)

{Qa0, Gb0} = 2
(
α+i
abT

+i
0 − α

−i
abT

−i
0

)
+ δabU0,

where α±iab = ±δi[a δ
4
b] +

1
2εiab. Note that in a unitary theory, the operators

Ga0 are Hermitian. The Qa0 are anti-Hermitian operators, Qa†0 = −Qa0 by
the minus sign in the commutator.

We are interested in the number of supersymmetries of an excited
state |u, l+, l−〉, where u, l+ and l− are respectively the eigenvalues of
U , T+3

0 and T−3
0 . The only non-vanishing eigenvalues of the SU(2)±-

generators are the eigenvalues corresponding to T±3
0 . As in Sec. 2.1, we

have to determine the zero eigenvalues of the Hermitian (8 × 8)-matrix
M

M =
〈
u, l+, l−

∣∣( {Ga0, Gb0} {Ga†0 , Qb0}
{Qa†0 , Gb0} {Qa0, Qb0}

)∣∣u, l+, l−〉 , (3.50)
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We can find the off-diagonal elements of M using

{Qa0, Gb0} =


U −T+3

0 + T−3
0 0 0

T+3
0 − T−3

0 U 0 0
0 0 U −T+3

0 − T−3
0

0 0 T+3
0 + T−3

0 U

 .

The eigenvalues of M can now easily be calculated. The characteristic
polynomial reads[(

2L0 −
cL
12
− λ

)(
− cL

12γ(1− γ)
− λ
)

+
(
u2 +

(
l+ − l−

)2)]2

×[(
2L0 −

cL
12
− λ
)(
− cL

12γ(1− γ)
− λ
)

+
(
u2 +

(
l+ + l−

)2)]2

.

Zero eigenvalues (λ = 0) of M exist if

L0 −
cL
24

=
1
2
u2 + (l+ ± l−)2

c
12γ(1−γ)

. (3.51)

The two possibilities, + and −, have both a degeneracy of two. If l+ = 0
or l− = 0, λ = 0 has degeneracy four and thus four supersymmetries are
preserved.

This algebra can be interpreted in terms of the N = (4, 0) M5-brane
SCFT. The three non-compact dimensions of space-time and the single
right-moving U(1)-charge q+ form the SU(2)− ⊕ U(1) current algebra.
This is a “decompactified” version of the algebra because the level k− is
taken to ∞, which has the consequence that SU(2)− ⊕ U(1) → U(1)4

[110]. The limit k− → ∞ is equivalent to γ → 1. The currents T−i, Qa

and U are rescaled by
√

12(1−γ)
cL

. The limit γ → 1 is then taken with the
requirement that the rescaled operators remain finite. This removes the
SU(2)+-charges. The characteristic polynomial becomes[(

2L0 −
cL
12
− λ

)
(−1− λ) +

(
u2 + (l−)2

)]4
. (3.52)

For a five-brane state |M,Z〉, the eigenvalue u is the positive direction of
the electric charges u = q+ and (l−)2 = ~p2. So we find that there exists
a zero eigenvalue with degeneracy four if L0 − cL

24 satisfies [110]

L0 −
cL
24

=
1
2
q2

+ +
1
2
~p2. (3.53)
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3.3 An elliptic genus for black holes

This section introduces a partition function for the N = (4, 0) SCFT,
which therefore also counts the degeneracies of the black holes. The
elliptic genus for (4, 0) SCFT’s appeared in a series of papers in 2006
[111, 112, 59, 55]. Ref. [37] performs a similar analysis which results in
the same partition function from the point of view of IIA string theory.
The external parameters, where the CFT depends on, are geometric data
of the torus and the coupling to the space-time three form C. The de-
pendence on C will be represented by the parameters ta. The torus is
conveniently represented as the quotient of the complex plane by a lat-
tice L, spanned by generators ~α and ~β. The complex structure τ can be
expressed in terms of these vectors as τ =

(
~α · ~β + i|~α× ~β|

)
/|~α|2. Note

that τ takes values in the upper half-plane H : Im(τ) > 0. Since the CFT
does not depend on the size or on any absolute direction of the lattice
vectors, the only torus data the CFT depends on is τ [113, 108].

The previous section explained that the black hole states are half-BPS
states of the holomorphic sector. To count these states, we would like to
perform a trace over the Hilbert space restricted to the half-BPS states,
for example

Tr 1
2

BPS q
L0−

cL
24 q̄L̄0−

cR
24 yJ0 , (3.54)

where q = e(τ), q̄ = e(−τ̄) and yJ0 = e(z·J0). The vector za are potentials
for the electric charges. A canonical way exists to project a sum over a
Hilbert space to supersymmetric states. The projection is obtained by
the insertion of (−1)F in the trace, with F the fermion number. For
example, for a N = 1 supersymmetric system one can evaluate the trace

Tr (−1)F e−βH , (3.55)

where β is the inverse temperature andH is the Hamiltonian. It calculates
the ground states of the theory with a ±-sign depending on its fermion
number. Massive states always come in pairs in a supersymmetric theory.
Therefore, the contributions of these states cancel out and the trace is
independent of β. This trace is the celebrated Witten index [114]. It is
protected against continuous changes of the parameters, which preserve
the supersymmetry. Such a deformation of the theory could lift some of
the ground states to massive states. However, since the contribution from
massive states vanishes, this would not change the value of the index.

The index does not count the absolute number of states, but the index
and the number of states are expected to have the same order of magni-
tude. A simple example of this phenomena is the same order of magnitude
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of b2+(P ) − b2−(P ) and b2(P ). The fact that such a partition function is
protected against continuous changes of the parameters is convenient for
us, since the supergravity and M5-brane approximation require different
regimes of the parameters. Because the index is protected, we can trust
the extrapolation of the M5-brane calculation to the black hole regime.

As explained in the previous section, we are not interested in the
holomorphic ground states but in half-BPS excited states. To count the
half-BPS states we have to change our trace slightly. In fact, a trace
with (−1)F vanishes in the presence of N = (4, 0) supersymmetry, by
the presence of fermionic zero-modes. The half-BPS states lie in short
multiplets, and are counted by a trace with insertion of 1

2F
2(−1)F [110,

115]. The fermion number is given by F = T+3
0 in terms of the above

(4, 0) algebra.
The insertion of (−1)F is necessary when the trace is over a Hilbert

space with periodic fermions (Ramond sector). The insertion ensures the
anti-commutating property of the fermions in the trace. The Ramond-
Ramond boundary conditions are preserved under large reparametriza-
tions of the torus. See also the next subsection.

A related issue is the fact that bosonic states might not be invariant
under monodromies on the torus. This is related to the phenomenon that
the shifted electric charges q − p/2 take values in Λ∗ due to the Freed-
Witten anomaly. A state with charge q can be represented in the CFT
by a vertex operator Vq(x) (with x the coordinate on T 2)

Vq(x) = eiq·φ(x). (3.56)

One can consider the operator product expansion (OPE) of a vertex op-
erator Vk(x) and Vq(0) with k ∈ Λ and q ∈ Λ∗ + p/2. One finds

Vk(x)Vq(0) ∼ xk·qVk+q(0). (3.57)

Under a monodromy, x→ e2πix, the OPE will pick up a phase e (k · q) =
(−1)k·p. Locality of the OPE requires projection onto states with even
k · p. Therefore, the elliptic genus will contain a factor e(p · k/2) for it
to be modular invariant. For convenience, a term (−1)p·q will instead
be inserted. This can be interpret as a half-integral contribution to the
fermion number.

After insertion of the factors 1
2F

2(−1)F and (−1)p·q, we find that the
partition function (3.54) takes the form

χ(τ, τ̄ , z) = TrR
1
2
F 2(−1)F+p·J0qL0−

cL
24 q̄L̄0−

cR
24 yJ0 . (3.58)
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The subscript R indicates that the trace is taken in the Ramond sector.
Eq. (3.58) can be obtained by differentiating

TrR q
L0−

cL
24 q̄L̄0−

cR
24 e2πiv(F+p·J0)yJ0 , (3.59)

two times to v and then set v = 1
2 .

Eq. (3.58) is known as the N = (4, 0) elliptic genus and is the ana-
logue of the elliptic genus for N = (2, 2) SCFT’s. An elliptic genus is a
refinement of a field theory index, it is a “character valued” index. When
the SCFT is a sigma model, the elliptic genus can be specialized to topo-
logical quantities as the Euler number, Hirzebruch genus and Â-genus of
the target manifold [116, 117]. The elliptic genus has had various ap-
plications in the counting of BPS states including the black hole state
counting by Strominger and Vafa [4].

The form of χ(τ, τ̄ , z) suggests an integer expansion in terms of q, q̄
and y from which we can deduce the black hole degeneracies. Our aim is
to relate χ(τ, τ̄ , z) to ZBH (Eq. (2.43)). However, the integer expansion is
obstructed in two ways. The first obstruction is the presence of the three
space-time momenta, which lead to a term ~p2 in the Hamiltonian. They
can simply be integrated over and we find an overall factor (2τ2)−

3
2 .

Second, the regularization of the path integral leads to an overall
factor

exp
(
πz2

2τ2

)
, (3.60)

and is known as the Quillen anomaly [118, 119, 120]. This can be viewed
as a shift in the zero point energies. We find that χ(τ, τ̄ , z) can be written
as

χ(τ, τ̄ , z) =
1

(2τ2)
3
2

exp
(
πz2

2τ2

)
ZCFT(τ, τ̄ , z), (3.61)

where ZCFT(τ, τ̄ , z) has an expansion in terms of integers c(q0̄, qa)

ZCFT(τ, τ̄ , z) =
∑
q0̄,qa

c(q0̄, qa)q̄
q0̄yq(qq̄)

1
2
q2
+ . (3.62)

The eigenvalues of L0− cL
24 and L̄0− cR

24 are expressed in terms of q0̄ and q+.
The degeneracies c(q0̄, qa) are denoted in (2.43) by cp(q). Since the mag-
netic charge p does not vary within a given CFT, the dependence of the
degeneracies on p is omitted here. The value of c(0, 0) is (−1)χ(|P |)χ(|P |),
where χ(|P |) = 1

6p
3 + 1

12c2 · p is the Euler number of the linear system
|P | [37]. We hope that the different uses of the symbol q will not confuse
the reader.
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The generating function ZCFT is related to ZBH (for the black holes
which correspond to a single AdS3-throat in five dimensions). However,
ZCFT is a more refined generating function than ZBH, since the Hamilto-
nian H appears also as a quantum number in the expansion, in contrast
to ZBH. The dependence on H easily disappears by setting τ2 = 0. This
has the consequence that ZCFT(τ, τ̄ , z) is no longer convergent. The other
identifications of variables are

τ1 = −1
2
iφ0, τ2 = 0, za = −1

2
iφa, (3.63)

The connection between the topological string partition function and
ZCFT(τ, τ̄ , z) is further discussed in Chap. 5. When the context is clear,
we will omit the subscript CFT in the following from ZCFT.

3.3.1 Modular properties of the elliptic genus

In this section, we analyze symmetries of the partition function. This
is very instructive and lets us evaluate ultimately the leading behavior
of the entropy for large charges. The most important symmetry of the
SCFT partition function is modular invariance. Modular invariance of the
partition function is a consequence of the reparametrization invariance of
the SCFT. A transformation of

τ → γ(τ) =
aτ + b

cτ + d
, γ ∈ Γ =

{(
a b
c d

)
: a, b, c, d ∈ Z, ad− bc = 1

}
,

(3.64)
leaves the lattice invariant up to a rescaling. Such a transformation acts
on v and za by

γ(v) =
v

cτ + d
, γ(za) = γ(za+) + γ(za−) =

za+
cτ + d

+
za−

cτ̄ + d
. (3.65)

The original trace (3.59), being a trace in the R-R sector, should be
invariant under these transformations. This means among others that its
weight is (0, 0) 3. Invariance of Z(τ, τ̄) does not need to be checked for
every element in Γ, since Γ is generated by the elements S and T :

S =
(

0 −1
1 0

)
, T =

(
1 1
0 1

)
. (3.66)

3 A function f(τ, τ̄) has weight (k, k̄) when it transforms as f(γ(τ), γ(τ̄)) = (cτ +

d)k(cτ̄+d)k̄f(τ, τ̄) under Γ. The “slash operator” |(k,k̄)γ acts on a function by f |(k,k̄)γ =

(cτ + d)−k(cτ̄ + d)−k̄f(γ(τ), γ(τ̄)).
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Modular invariance might actually be broken by the presence of a global
gravitational anomaly [12]. In that case, Z(τ, τ̄ , t) is invariant under
γ ∈ Γ up to a phase ε(γ). Thus, in case of the T -transformation

T : Z(τ + 1, τ̄ + 1, z) = ε(T )Z(τ, τ̄ , z). (3.67)

The phase ε(T ) depends on the central charges and the zero-point ener-
gies. These work out such that

L0 − L̄0 −
cL − cR

24
=
p3

8
+
cR
24

mod Z. (3.68)

Using that the expression in (3.23) must be an integer, we deduce that
ε(T ) = e

(
− c2·p

24

)
. The anomaly is thus really a quantum effect, since c2

arose as the first quantum correction to the prepotential in Chap. 2. Con-
sistency of modular transformations requires that the S-transformation
is also accompanied by a unitary prefactor ε(S). Since both (ST )3 = −1
and S2 = −1 leave τ invariant, ε(S) = ε(T )−3. The phases for general γ
are denoted by ε(γ).

The transformation properties of the generating function Z(τ, τ̄ , z)
can be deduced from the invariance of (3.59). To this end, we first realize
that the weight of χ(τ, τ̄ , z) is (2, 0) since it is obtained from (3.59) by
a second derivative to v. After taking into account the transformation
properties of the multiplying factor in (3.61) we find

Z|( 1
2
,− 3

2)S = ε(S) e
(
z2

+

2τ
+
z2
−

2τ̄

)
Z, (3.69)

Z|( 1
2
,− 3

2)T = ε(T )Z. (3.70)

In addition to these modular transformations, χ(τ, τ̄ , z) transforms
nicely under shifts of z. The behavior under a shift z → z + l with l ∈ Λ
can be determined straightforwardly. The transformation rule for the
shift z → z + τk+ + τ̄ k− with k ∈ Λ is a consequence of the the spectral
flow symmetry (3.45). One finds that

χ(τ, τ̄ , z + τk+ + τ̄ k− + l) = (−1)p·(k+l)q−
1
2
k2

+ q̄−
1
2
k2
−y−kχ(τ, τ̄ , z). (3.71)

The transformations (3.69) and (3.71) are very similar to the transforma-
tions of Jacobi forms described in detail in [121]. We will generalize some
of the techniques of [121] to the present case of interest.

Spectral flow, q → q + k with k ∈ Λ, determines an equivalence
class for the charges q ∈ p/2 + Λ∗. The sum of all coset representatives
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forms the discriminant group Λ∗/Λ, which is finite and abelian. Its order
|Λ∗/Λ| divides d = det dab. The representatives µ are chosen such that
they have minimal length. They are the projection of µP in Eq. (3.12)
to Λ∗. Spectral flow as a symmetry of the spectrum, determines that the
coefficients c(q0̄, qa) in (3.62) depend only on the equivalence class of qa in
Λ∗/Λ+p/2 and q̂0̄ = q0̄ + 1

2q
2 = n−∆µ, with ∆µ defined as the minimum

value of q̂0̄ for given q = µ mod Λ. We thus have

c(q0̄, qa) = cµ(n). (3.72)

Since the Fourier coefficients are given by c̃µ(n) and L0 − cL
24 = 1

2q
2
+,

we can decompose χ(τ, τ̄ , z) as

Z(τ, τ̄ , z) =
∑

µ∈Λ∗/Λ

hµ(τ)Θµ(τ, τ̄ , z), (3.73)

where hµ(τ) and Θµ(τ, τ̄ , z) have the expansions

hµ(τ) =
∑

q̂0̄≥−
cR
24

cµ(q0̄, qa)q
q̂0̄ =

∞∑
n=0

cµ(n)qn−∆µ , (3.74)

Θµ(τ, τ̄ , z) =
∑

k∈Λ+p/2

(−1)p·(k+µ) (3.75)

×e
(
τ(k + µ)2

+/2 + τ̄(k + µ)2
−/2 + (k + µ) · z

)
.

Note that all the τ and z-dependence of Z(τ, τ̄ , z) is captured by Θµ(τ, τ̄ , z).
Moreover, all the information of the index is captured by the functions
hµ(τ). From the CFT point of view, the decomposition (3.73) can be
understood by the Sugawara construction. This construction identifies
the part due to the currents of the energy-momentum tensor. This ex-
plains also the lower bound on q̂0̄: the contribution to the weight of the
remaining part of L̄0 can not be negative in a unitary CFT. Therefore,
q̂0̄ ≥ −cR/24, and ∆µ is given by

∆µ =
cR
24
−
(
µ2 + p · µ

2
−
⌊
µ2 + p · µ

2

⌋)
. (3.76)

A more natural decomposition from the point of view of the Sugawara
construction might be Θµ(τ, τ̄ , z)/η(τ̄)b2−1 as in [122] for N = (2, 2) el-
liptic genera. Since the above decomposition provides us a generating
function with the black hole degeneracies, this will be used in the rest of
the thesis.
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This decomposition has an interpretation in AdS3-gravity also. Eq.
(3.73) is then a manifestation of the singleton spectrum. The singleton
modes are pure gauge in the bulk of AdS3, however the presence of the
boundary makes them dynamical degrees of freedom. The U(1) degrees of
freedom cannot be dynamical in the bulk, since the boundary theory sug-
gests that they would be free. However, the U(1)-fields would necessarily
couple to gravity in the bulk, and thus not be free. Ref. [123] studied
the singleton sector from a topological perspective. That the singleton
sector is manifested by the decomposition of the partition function was
conjectured in [124] and [125]. Ref. [59] gives an interpretation of these
large gauge transformation as the nucleation of M5 and anti-M5-branes.

The Laurent expansion of the functions hµ(τ) contains a principal
part (the part where q̂0̄ < 0). The principal part leads to a pole in hµ(τ)
in the limit τ → i∞. The functions hµ(τ) are thus meromorphic as
function of τ . The limit τ → i∞ is under Γ-transformations equivalent
to the limit τ → Q. The partition function can not have other poles than
these, which can be rephrased by saying that hµ(τ) only admits poles
at the cusps but not in the upper half-plane H. We define the “polar
spectrum” as the spectrum which corresponds to the principal part of
hµ(τ). Chapter 4 explains that the degeneracies of the polar spectrum
determine the partition function completely. Importantly, modularity
imposes in general additional constraints on the polar degeneracies.

Fig. 3.1 presents the polar and non-polar spectrum for the SCFT,
which corresponds to one M5-brane on the quintic, i.e. the degree five
hypersurface in CP4. The elliptic genus of this SCFT is analyzed in [111].
The lattice Λ is one-dimensional in this case, since b2 = 1. The triple
intersection number of the hyperplane of the quintic is 5 and c2(X) = 10.
For one M5-brane, p = 1, the central charge cR is 55 and |Λ∗/Λ| = 5.
With (5.2), one can determine that ∆0 = 55

24 , ∆1 = ∆−1 = 55
24 −

3
5 and

∆2 = ∆−2 = 55
24 −

2
5 . Using these data, it is straightforward to construct

Fig. 3.1.
The theta functions transform among each other under modular trans-

formations. They transform under S and T by

S : Θµ

(
−1
τ
,
−1
τ̄
,
z+

τ
+
z−
τ̄

)
=

1√
|Λ∗/Λ|

(−iτ)b
+
2 /2(iτ̄)b

−
2 /2

×e
(
z2

+

2τ
+
z2
−

2τ̄

)
e

(
−p

2

4

) ∑
δ∈Λ∗/Λ

e(−δ · µ)Θδ(τ, τ̄ , z),

T : Θµ(τ + 1, τ̄ + 1, z) = e

(
(µ+ p/2)2

2

)
Θµ(τ, τ̄ , z). (3.77)
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Fig. 3.1: The lowest part of the spectrum for one M5-brane on the quintic. The
black-filled circles represent states in the non-polar spectrum. The
grey-filled circles correspond to states in the polar spectrum. By mod-
ularity, the degeneracies of the states, corresponding to the circles with
a light grey filling, are determined by their mirror images with respect
to the vertical axis (whose grey filling is darker). No states correspond
to the non-filled circles.
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Note that p2 is actually p3 in (3.77), since the inner product is given by
dabcp

c. However, since we are working here with quadratic forms, we use
the notation p2. The weight of the theta functions is (1

2 ,
b2−1

2 ), which
is generically half-integral. We must therefore choose a branch of the
logarithm for consistent modular transformations [126], which we take to
be log z := log |z| + i arg z with −π < arg z ≤ π. The transformation
properties of the theta functions provides a representation of the Abelian
group Λ∗/Λ, known as the Weil representation [127].

This works out nicely with the meromorphicity of the functions hµ(τ).
They have weight (− b2

2 − 1, 0) and transform under S and T as

S : hµ

(
−1
τ

)
= − 1√

|Λ∗/Λ|
(−iτ)−b2/2−1ε(S)∗e

(
−p

2

4

)
×

∑
δ∈Λ∗/Λ

e(−δ · µ)hδ(τ), (3.78)

T : hµ(τ + 1) = ε(T )∗e
(

(µ+ p/2)2

2

)
hµ(τ).

The additional −-sign, appearing in the S-transformation, is a conse-
quence of the unitary factor in (3.77). Such a set of modular forms,
which transform among each other under Γ, is known as a vector-valued
modular form. In a given hµ(τ), q̂0̄ takes values in c2·p

24 + 1
2(µ + p/2)2

mod Z. The vector hµ(τ) has length |Λ∗/Λ|. Some elements of the vec-
tor are however related. This is a consequence of the transformation of
Z(τ, τ̄ , z) under S2 = −1

Z(τ, τ̄ ,−z) = ε(S)2Z(τ, τ̄ , z). (3.79)

Moreover, −1 acts on Θµ(τ, τ̄ , z) by

Θµ(τ, τ̄ ,−z) = (−1)p
2
Θν(τ, τ̄ , z), ν = −µ mod Λ. (3.80)

Since −1 acts trivially on hµ(τ), these equations determine that

hµ(τ) = hν(τ), ν = −µ mod Λ. (3.81)

Thus the length d of the vector hµ(τ) can be reduced to the order of
the group Λ∗/Λ ⊗ R, where R is the reflection group of Λ∗. For a one-
dimensional lattice with inner product `, d = 1

2`+ 1 for ` even, and d =
1
2(`+ 1) if ` is odd. This is depicted in Fig. 3.1. The degeneracies of the
states with negative µ (light grey filling), are equal to the corresponding
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degeneracies of states with positive µ (dark grey filling). Therefore, there
are seven independent polar degeneracies.

The T -transformation of hµ(τ) shows that an integer m exists, such
that hµ(τ+4m) = hµ(τ) for every µ ∈ Λ∗/Λ. Using the S-transformation
and (3.81), one can show that for this m,

hµ

(
τ

4mτ + 1

)
= (4mτ + 1)−b2/2−1hµ(τ). (3.82)

Therefore, the forms hµ(τ) are modular forms of the principal congruence
subgroup Γ(4m) of level 4m when b2 is even. If b2 is odd, the square root
requires the introduction of the group Γ(4m)∗, see the next chapter for
more details. The group Γ(N) is given by

Γ(N) =
{(

a b
c d

)
∈ Γ,

(
a b
c d

)
=
(

1 0
0 1

)
mod N

}
. (3.83)

The observation that all elements of hµ(τ) are modular forms of some
Γ(4m) will be important to determine the dimension of the space of such
vector-valued forms in Sec. 4.3.

3.3.2 The microscopic account of black hole entropy

The previous subsection derived a generating function for the degeneracies
of supergravity black holes. It is a meromorphic vector-valued modular
form with a negative weight. Modular covariance puts constraints on
the behavior of the Fourier coefficients and therefore on the spectra of
conformal field theories [113]. We now derive the leading order behavior of
the Fourier coefficients for large q̂0̄ and confirm the supergravity entropy.

Black hole entropies, or equivalently the coefficients c(q0̄, qa), are de-
termined by the integral

eSBH(q,p) = c(q0̄, qa) =
∫
C
dq̄ dyZ(τ, τ̄ , z) q̄−q0̄−1y−q−1. (3.84)

The integration over y projects to hµ(τ) with q = µ mod Λ. Since our
current aim is an estimate of only the leading behavior of the entropy,
we will ignore the index µ. An upper bound for the Fourier coefficients
is found by estimating an upper bound of the integrand

c(q0̄, qa) ≤
∫ 1

0
dτ1

∣∣∣q−q̂0̄h(τ)
∣∣∣ (3.85)

=
∫ 1

0
dτ1

∣∣∣∣q−q̂0̄h(aτ + b

cτ + d

)∣∣∣∣ .



3.3. An elliptic genus for black holes 73

The non-principal part of h(τ) is suppressed with aτ+b
cτ+d ∈ H,

∣∣∣h(aτ+b
cτ+d)

∣∣∣
is therefore well approximated by e

(
− cR

24
aτ+b
cτ+d

)
. The maximum of the

integrand is found by the saddle point method at cτ + d = i
√

cR
24 q̂0̄

. Note

that the saddle point approximation is more accurate for q̂0̄ � cR. This
is a stronger condition than the condition q̂0̄ � p in section 2.2 for a
reliable low energy approximation of M-theory. Substituting the saddle
point value for (cτ + d) in (3.85), we obtain

c(q0̄, qa) ≤ exp

(
4π
c

√
cR q̂0̄

24

)
≤ exp

(
4π

√
cR q̂0̄

24

)
. (3.86)

This result is known as the Cardy formula. After expressing cR in terms
of p, we find

SBH(q, p) = π

√
2
3

(p3 + c2 · p)q̂0̄, (3.87)

which equals (2.53). Thus we have shown that the M5-brane degrees of
freedom indeed account for the black hole entropy! In the next chapter, a
more accurate calculation will be performed which determines the Fourier
coefficients with an arbitrary accuracy.





4. VECTOR-VALUED MODULAR FORMS

The previous chapter showed the relevance of vector-valued modular
forms for black hole partition functions. This chapter is devoted to a
closer study of such modular forms. A couple important results are de-
rived. Sec. 4.1 deduces an expression for the Fourier coefficients, with
which they can be determined with an arbitrary accuracy. This is of
course useful for more precise studies of black hole entropy. Using this
expression, we are able to rewrite the vector-valued form as a (regular-
ized) Poincaré series in Sec. 4.2. This makes the erroneous “Farey Tail
transform”, introduced by [89], superfluous. In the last part of the chap-
ter, we discuss the space of relevant meromorphic vector-valued modular
forms. This chapter takes a more mathematical approach, although at
some places we refer to the relevance of the material for previous or future
chapters. The reader who is more interested in the physical implications
than in the derivations, might postpone reading of this chapter, and pro-
ceed directly to Chap. 5, which interprets and applies the results of this
chapter in the physical context.

As a start, we state the properties of the vector-valued modular forms
hµ(τ) more systematically. In this chapter, the index µ = 1, . . . , d is only
used as a label, in contrast to the previous chapter where they represented
elements in Λ∗/Λ. Since the weight of the modular forms is half-integer
in general, non-trivial unitary prefactors arise under Γ-transformations.
A proper description of transformation properties of such modular forms
requires the introduction of the metaplectic group Γ̃, which is a double
cover of Γ. An element γ̃ ∈ Γ̃ is represented by

γ̃ =
(
γ, ε
√
j(γ, τ)

)
, γ ∈ Γ, ε = ±1, (4.1)

where we have defined j(γ, τ) = cτ + d. The branch of the square root is
chosen such that z ∈ C always has −π < arg z < π. Generically, elements
of Γ̃ are denoted with a tilde; in case the tilde is omitted ε is taken to be
one. The factor j(γ, τ) satisfies the identity

j(γγ′, τ) = j(γ, γ′(τ))j(γ′, τ). (4.2)
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The product of two elements γ̃, γ̃′ ∈ Γ̃ is defined by(
γ, ε
√
j(γ, τ)

)
·
(
γ′, ε′

√
j(γ′, τ)

)
=
(
γγ′, εε′

√
j(γ, γ′(τ))

√
j(γ′, τ)

)
.

Generators of Γ̃ are S̃ =
((

0 −1
1 0

)
,
√
τ

)
and T̃ =

((
1 1
0 1

)
, 1
)

.

We define the slash operator |wγ̃ with γ̃ ∈ Γ̃ acting on a modular form
h(τ) of (possibly half-integer) weight w, by

h|wγ̃ = ε−2wj(γ, τ)−wh (γ(τ)) . (4.3)

In the previous chapter, we observed that hµ(τ) is a modular form of
Γ(4m) if w ∈ Z. To treat the cases with w ∈ Z + 1

2 half-integer, we define
the group Γ(4m)∗ ∈ Γ̃ as

Γ(4m)∗ =
{
γ̃ =

(
γ,
( c
d

)
ε−1
d j(γ, τ)

1
2

)∣∣∣ γ ∈ Γ(4m)
}
, (4.4)

where
(
c
d

)
is the extended Legendre symbol [126] and εd =

√(−1
d

)
,

εd =
{

1, d = 1 mod 4,
i, d = 3 mod 4.

(4.5)

Eq. (4.4) gives an explicit expression for ε in Eq. (4.1). This expression
is derived from the transformation properties of the weight 1

2 theta func-
tion Θ(τ) =

∑
n∈Z q

n2
under Γ0(4), and is therefore consistent with the

transformations of half-integer weight forms [126]. Since this expression
for ε takes values in (±1,±i), Θ(τ), the metaplectic group is actually a
four-sheeted cover of Γ. If w ∈ Z + 1

2 , the hµ(τ) transform diagonally
under Γ(4m)∗

hµ|wγ̃ = hµ, γ̃ ∈ Γ(4m)∗. (4.6)

Note that in case w ∈ Z, an element γ̃ ∈ Γ(4m)∗ acts on hµ(τ) as an
element γ ∈ Γ(4m).

Using the slash operator, we can state the transformation of a vector-
valued modular form hµ(τ) in matrix notation as

h1|wγ̃
h2|wγ̃
. . .
. . .

hd|wγ̃

 = M(γ̃)


h1

h2

. . .

. . .
hd

 for γ̃ ∈ Γ̃. (4.7)
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Boldface notation is used to denote matrices. The matrices M(γ̃) with
γ̃ ∈ Γ(4m)∗ are the identity matrix. Therefore, they form a representa-
tion of the finite group Γ̃/Γ(4m)∗. This representation is denoted by M.
Consistency of modular transformations requires that

ε2w3 Mν
µ(γ̃3)(c3τ + d3)w = ε2w1 ε2w2 Mσ

µ(γ̃1)Mν
σ(γ̃2) (4.8)

×(c1γ2(τ) + d1)w(c2τ + d2)w,

for γ3 = γ1γ2. The sum over σ is implicit.
The functions hµ(τ) can be written as a Laurent expansion

hµ(τ) =
∞∑
n=0

cµ(n)qn−∆µ , (4.9)

where n takes values in Z but ∆µ is generically valued in Q. The expan-
sion contains a principal part, namely the part with n−∆µ < 0. The next
section shows that the coefficients cµ(n) with n−∆µ ≥ 0 can be expressed
in terms of those with n−∆µ < 0. The coefficients cµ(n), n−∆µ < 0 are
called the polar coefficients. Note that for transformations γn(τ) = τ +n,
M(γ)νµ is given by δνµe(−∆µn).

We define the space Aw,M(Γ(4m)∗,∆) as the space of meromorphic
vector-valued modular forms from H → C:

- which transform under Γ̃ according to the representation M and
have weight w,

- whose components are meromorphic modular forms of the subgroup
Γ(4m)∗ ∈ Γ̃,

- and whose only possible poles are for τ → i∞ ∪ Q; the maximum
order of the pole is ∆.

The maximum order ∆ is equal to max ∆µ, which is given by cR/24 in
the context of the N = (4, 0) CFT. The number of polar coefficients is
therefore finite. The relevant weight w in (3.78) is ≤ −3

2 . Most of our
discussion is valid for weight w ≤ 0.

4.1 Fourier coefficients by the Rademacher circle method

The Fourier coefficients cµ(m) in (4.9) are determined by the integral

cµ(m) =
∫ 1

0
dτ1 hµ(τ)q−m+∆µ . (4.10)
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In Sec. 3.3.2, a saddle point method was used to obtain the leading
behavior of the coefficients. However, by a clever choice of integration
contour, one can determine the Fourier coefficients exactly. This method
is known as the Rademacher circle method [128] and is beautifully applied
to 1/η(τ) in Ref. [129]. It is generalized to vector-valued modular forms
in Ref. [89]. The right contour is given by Ford circles which are based
on Farey fractions.

Farey fractions and Ford circles
A Farey sequence FN is a set of irreducible rational numbers (Farey frac-
tions) k/c such that 0 ≤ k ≤ c ≤ N and their greatest common divisor is
equal to one: (c, k) = 1. They are arranged in increasing order. The first
three are given by

F1 =
{

0
1
,
1
1

}
,

F2 =
{

0
1
,
1
2
,
1
1

}
, (4.11)

F3 =
{

0
1
,
1
3
,
1
2
,
2
3
,
1
1

}
.

A Farey fraction k
c defines a Ford circle C(k, c) in C. Its center is given

by k
c + i 1

2c2
and its radius is 1

2c2
. Two Ford circles C(a, b) and C(c, d) are

tangent whenever ad− bc = ±1. This is the case for Ford circles related
to consecutive Farey fractions in a sequence FN . Fig. 4.1 shows the Ford
circles for F4. The points of tangency of three circles related to three
consecutive Farey fractions k1

c1
< k

c <
k2
c2

are given by

α1(k, c) =
k

c
− c1

c(c2 + c2
1)

+
i

c2 + c2
1

, α2(k, c) =
k

c
+

c2

c(c2 + c2
2)

+
i

c2 + c2
2

.

After this short digression, we can explain how a Farey sequence FN
provides us a contour of integration for (4.10). The contour starts at
τ = i and follows the circle belonging to 0

1 until the point where this
circle is tangent to the circle corresponding to the next fraction in the
Farey sequence. Proceeding in this way, the integration is along a part of
every Ford circle corresponding to FN . Fig. 4.2 shows the path for F3.
The integral over such a contour reads
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1/4 1/21/3 2/3 3/40 1

i

Fig. 4.1: Ford circles for F4.

1/3 1/2 2/3

i

0 1

Fig. 4.2: Rademacher contour for F3.
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cµ(m) =
∫ i+1

i
dτ q−m+∆µhµ(τ) (4.12)

=
1

2πi

N∑
c=1

∑
0≤k≤c
(c,k)=1

∫
β(k,c)

dq hµ(τ)q−m+∆µ−1,

where β(k, c) is the arc on C(k, c) from α1(k, c) to α2(k, c). The integral
over β(k, c) can be mapped by a coordinate transformation to a line
element of a “standard” circle Cs. This is the circle centered at (1

2 , 0)
with radius 1

2 . It is parametrized by 1
2 + 1

2 cos θ+ i
2 sin θ with 0 ≤ θ < 2π.

The transformation from C(k, c) to this circle is given by z = −ic2(τ − k
c )

and its inverse is τ = k
c + iz

c2
. The points of tangency are mapped to

z1(k, c) =
c2

c2 + c2
1

+
icc1

c2 + c2
1

, z2(k, c) =
c2

c2 + c2
2

− icc2

c2 + c2
2

. (4.13)

The starting point i of the integration contour on the 0
1 -circle and the

end point 1 + i on the 1
1 -circle are both mapped to one. The two arcs

of the 0
1 - and 1

1 -circle can be combined into an integral along Cs from
z1(1, 1) = N2

N2+1
+ iN

N2+1
to z2(1, 1) = N2

N2+1
− iN

N2+1
. Fig. 4.3 shows for F3,

the image of β(1, 3) on Cs with z1(1, 3) and z2(1, 3)). The integral (4.12)
is transformed to

cµ(m) =
N∑
c=1

i

c2

∑
0<k≤c
(k,c)=1

∫ z2(k,c)

z1(k,c)
dz hµ

(
k

c
+
iz

c2

)
(4.14)

×e
(

(−m+ ∆µ)
(
k

c
+
iz

c2

))
.

Note that gcd(c, k) = (c, k) is defined for k = 0 by (c, 0) = |c|, thus 0
is included in the sum only when c = 1. Like in the case of the Cardy
formula, we will now rewrite the partition function using a modular trans-
formation γ ∈ Γ as hµ(τ) = j(γ, τ)−wM−1(γ)νµhν (γ(τ)). In this section,
the factor ε in (4.3) is taken to be 1, therefore we omit the tildes from the
equations. The modular transformation depends on the Farey fraction; γ
is given by

γ =
(
a −ka+1

c
c −k

)
=
(
a b
c d

)
∈ Γ, (4.15)

with ka = −1 mod c and we have defined the integers b and d. This
transforms τ = k

c + iz
c2

to γ(τ) = a
c + i

z , and hµ
(
k
c + iz

c2

)
can be rewritten

to

hµ

(
−d
c

+
iz

c2

)
=
(
iz

c

)−w
M−1(γ)νµhν

(
a

c
+
i

z

)
. (4.16)
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The contour integral becomes

cµ(m) =
N∑
c=1

∑
−c≤d<0
(c,d)=1

i1−w

c2−wM−1(γ)νµ (4.17)

×
∫ z2(−d,c)

z1(−d,c)
dz z−whν

(
a

c
+
i

z

)
e

(
(−m+ ∆µ)

(
−d
c

+
iz

c2

))
.

1z

2z

1/2O 1

Fig. 4.3: The “standard” circle Cs with the image of β(1, 3) derived from F3.

What rests is to estimate different parts of the integral and to take
eventually the limit N → ∞. We first split hµ(τ) in its principal and
non-principal part

h−µ (τ) =
∑

n−∆µ<0

cµ(n)qn−∆µ , h+
µ (τ) =

∑
n−∆µ≥0

cµ(n)qn−∆µ . (4.18)

The two integrals to estimate are I+(−d, c) and I−(−d, c)

I±(−d, c) =
∫ z2(−d,c)

z1(−d,c)
dz z−wh±ν

(
a

c
+
i

z

)
e

(
(−m+ ∆µ)

(
−d
c

+
iz

c2

))
.

We first determine an upperbound for I+. Fig. 4.3 shows the standard
circle together with the images of the tangent points of the circle corre-
sponding to 1

3 in F3. The structure of the figure is however more generally
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valid. We are free to change the integration along the circle to the straight
line connecting z1 and z2. At any point on this straight line, z satisfies
|z| ≤

√
2c
N . Moreover the length of the line is always ≤ 2

√
2c
N . For the

integrand we find the upperbound∣∣∣∣z−wh+
ν

(
a

c
+
i

z

)
e

(
(−m+ ∆µ)

(
−d
c

+
iz

c2

))∣∣∣∣
= |z|−w exp

(
2π(m−∆µ)

(
Re(z)
c2

))

×

∣∣∣∣∣∣
∑

n−∆ν≥0

cν(n)e
(

(n−∆ν)
(
a

c
+
i

z

))∣∣∣∣∣∣
≤ C1

( c
N

)−w
,

where C1 is some constant. Multiplying this by the maximal length of
the line, 2

√
2c
N , gives us as upperbound for the integral∣∣I+(−d, c)

∣∣ ≤ C2

( c
N

)1−w
, (4.19)

where C2 = 2
√

2C1. An upperbound for the sums over c and d of
I+(−d, c) is∣∣∣∣∣∣∣

N∑
c=1

∑
−c≤d<0
(c,d)=1

i1−w

c2−w I
+(−d, c)

∣∣∣∣∣∣∣ ≤
N∑
c=1

∑
−c≤d<0
(c,d)=1

C2
1
c

(
1
N

)1−w

≤ C2

N∑
c=1

(
1
N

)1−w
= C2N

w.

Thus in the limit N → ∞ the contribution of the non-principal part
of hµ(τ) vanishes for w < 0. A more accurate estimate shows that the
contribution from the non-principal part h+

µ (τ) vanishes also when w = 0
[130].

Since the contribution from h+
µ (τ) vanishes, the integral over the polar

coefficients must provide us the Fourier coefficients. Indeed, h−µ (τ) is not
suppressed by Im(τ) and the integral does not vanish. We will show
now that if we replace the integration from z1(−d, c) to z2(−d, c) by the
integral along the whole circle Cs, the errors will again vanish in the limit
N →∞. The integral along the arc

∫ z2
z1

equals∫ z2

z1

=
∫
C
−
∫ z1

0
−
∫ 0

z2

= I−Cs − I
−
1 − I

−
2 . (4.20)
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Re(1/z) on the circle is equal to 1. Consequently, an upperbound for the
integrand of I−1 is∣∣∣∣z−wh−ν (ac +

i

z

)
e

(
(−m+ ∆µ)

(
−d
c

+
iz

c2

))∣∣∣∣
≤ |z|−w exp

(
2π(m−∆µ)

(
Re(z)
c2

)) ∑
n−∆ν≤0

cν(n) exp (−2π(n−∆ν))

≤ C
( c
N

)−w
, (4.21)

for some constant C. The length of the path of integration on the circle
from 0 to z1 is always smaller than π|z1(a, b)| < π

√
2 b
N . Multiplying

the upperbounds on the integrand and the path of integration gives us
I−1 < π

√
2CNw. Therefore, I−1 vanishes for N → ∞ and w < 0. The

vanishing of I−2 is shown analogously.
Finally, we come to the integral which does not vanish I−Cs . We obtain

after taking the limit N →∞

cµ(m) =
∞∑
c=1

∑
−c≤d<0
(c,d)=1

i1−w

c2−wM−1(γ)νµ
∑

n−∆ν<0

cν(n)

×
∫
Cs
dz z−we

(
(n−∆ν)

(
a

c
+
i

z

)
+ (−m+ ∆µ)

(
−d
c

+
iz

c2

))
=

∞∑
c=1

i

c2−w

∑
−c≤d<0
(c,d)=1

K(γ,m−∆µ, n−∆ν)
∑

n−∆ν<0

cν(n)

×
∫
Cs
dz z−we

(
(n−∆ν)

i

z
+ (−m+ ∆µ)

iz

c2

)
, (4.22)

where we have defined

K(γ,m−∆µ, n−∆ν) = (4.23)

i−wM−1(γ)νµe
(

(n−∆ν)
a

c
+ (m−∆µ)

d

c

)
.

The unitary prefactor M(γ) for the function η(τ)−1 (which are both
scalars) is M(γ) = (−i)

1
2 e
(
−(a+d

24c + s(−d, c)/2)
)
, where s(k, l) is a so-

called Dedekind sum [129]. Substituting this in (4.23) gives

Kη−1

(
γ,m− 1

24
,− 1

24

)
= e

(
m
d

c
+ s(−d, c)/2

)
, (4.24)
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which is in agreement with [129].
The sum of K(γ,m−∆µ, n−∆ν) over c and d is a generalized Kloost-

erman sum Kc(m−∆µ, n−∆ν)

Kc(m−∆µ, n−∆ν) := (4.25)

i−w
∑

d mod c
(c,d)=1

M−1(γ)νµe
(

(n−∆ν)
a

c
+ (m−∆µ)

d

c

)
,

The dependence on a in the exponent and in M−1(γ)νµ via γ combine such
that the product with the generalized Kloosterman sum is independent of
a. The factor of i−w in front of the sum is a consequence of the definition
of M(γ)νµ in Eq. (4.7).

The (scalar) Kloosterman sum Kc(m,n) [131] is originally defined as

Kc(m,n) =
∑

d∈(Z/cZ)∗

e

(
(md+ nd̄)

c

)
, (4.26)

where d̄d = 1 mod c [129]. This “scalar” Kloosterman sum appears in
the expansion when the unitary prefactor is equal to one and the modular
vector has length one. In that case

Kc(m,n) =
∑

d mod c
(c,d)=1

K(γ,m, n). (4.27)

Because the determinant of M(γ) is a root of unity, the generalized
Kloosterman sum is bounded above by the Euler totient function φ(c) ≤ c.
For later use, we need an estimate for the magnitude of the generalized
Kloosterman sum. By the (twisted) multiplicity property of Kloosterman
sums, it suffices to show the bound for the case that c is equal to a prime
number p. Weil has derived a particularly strong bound for |Kp(m,n)|,
if m,n ∈ Z and with a trivial multiplier system [132]. He derived that
|Kp(m,n)| ≤ 2

√
p using knowledge of elliptic curves over finite fields.

This has as a consequence that |Kc(m,n)| is of order O(c
1
2

+ε).
Using more elementary methods, Kloosterman had shown earlier a

weaker upperbound [133]. His estimate goes as follows. First, one notices
that Kc(m,n) = Kc(am, ān) for (a, c) = 1. Therefore, we have S =∑p−1

r=0

∑p−1
r=0 |Kp(r, s)|4 ≥ (p−1) |Kp(m,n)|4. One can rearrange the sums,

and perform first the sums over r and s. These are easily evaluated using

p−1∑
r=0

e

(
rA

p

)
=
{

0 if p|A,
p if p 6 |A. (4.28)
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This leads straightforwardly to the estimate Kp(m,n) < 3
1
4 p

3
4 . We will

need a mild generalization of these estimates to the case of non-trivial
multiplier systems. A bound as weak as O(c1−ε) with ε > 0 on |Kc(m,n)|
will suffice. We will not attempt to establish such bound here.

After a coordinate transformation t = 2π(∆ν − n)1
z in Eq. (4.22), we

recognize the integral representation of the modified Bessel functions of
the first kind Iν(z). The integral representation of Iν(z) is given by

Iν(z) =

(
1
2z
)ν

2πi

∫ α+i∞

α−i∞
t−ν−1et+

z2

4t dt (for α > 0,Re(ν) > 0). (4.29)

The coordinate transformation changes the integration contour in Eq.
(4.22) to α− i∞ < t < α+ i∞ with α = 2π(∆ν −n). The integral in Eq.
(4.22) is thus equal to

− (2π(∆ν − n))1−w
∫ α+i∞

α−i∞
tw−2 exp

(
t+

4π2(m−∆µ) |n−∆ν |
c2t

)
= −2πic1−w

(
|n−∆ν |
m−∆µ

)(w−1)/2

I1−w

(
4π
c

√
(m−∆µ) |n−∆ν |

)
,

where we substituted the Bessel function for the integral. Inserting this
into our series (4.22), we obtain our final exact result for the Fourier
coefficients

cµ(m) = 2π
∑
ν

∞∑
c=1

1
c
Kc(m−∆µ, n−∆ν)νµ

∑
n−∆ν<0

cν(n) (4.30)

×
(
|n−∆ν |
m−∆µ

)(1−w)/2

I1−w

(
4π
c

√
(m−∆µ) |n−∆ν |

)
.

Remarkably, Eq. (4.30) determines all coefficients cµ(m), m ≥ 0 in terms
of the polar coefficients cµ(m), m < 0. This fact will be important in
later discussions. If m−∆µ = 0 we should take a limit as m−∆µ → 0.

Eq. (4.30) is a major improvement over the estimate by the saddle
point method (3.86). It provides us a way to calculate the black hole
degeneracies with an arbitrary precision. The asymptotic behavior of
the sum is governed by the Bessel functions. In the limit limz→∞, Iν(z)
behaves as 1√

2πz
ez. Corrections to this leading behavior can be calculated

as a perturbative expansion in 1
z . Neglecting a contribution proportional
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to e−z we find for ν half-integer

lim
z→∞

Iν(z) ∼ ez√
2πz

ν−1/2∑
k=0

Γ(ν + 1
2 + k)

k!Γ(ν + 1
2 − k)

(−1)k

(2z)k
(4.31)

=
ez√
2πz

1 +
ν−1/2∑
k=1

(−1)k

k!(8z)k

k∏
l=0

(
(2ν)2 − (2k + 1)2

) .

Notice that this expansion is finite. Refs. [134, 135] are useful for deriving
the above expansion.

We observe that the magnitude of the coefficients is dominated by
the term c = 1 and and n = 0 in (4.30). The corrections to the entropy
by the Bessel function are polynomially 1/m. The sums over c, n and
µ give exponentially small contributions to the entropy. Using the weak
bound on the Kloosterman sum, we see that for large charges, cµ(m) is
estimated by

cµ(m) ∼ 1√
2

∞∑
c=1

∑
ν

∑
n−∆ν<0

cν(n) |n−∆ν |
1
4
−w/2 (m−∆µ)w/2−

3
4

× cε exp
(

4π
c

√
(m−∆µ) |n−∆ν |

)
(1 +O((m−∆µ)−1/2)).

We directly observe consistency with our earlier estimate Eq. (3.86).
Moreover, two additional sums appear, one over c and another one over
n−∆ν < 0.

4.2 A regularized Poincaré series for hµ(τ)

This section derives an expansion for hµ(τ), which is similar to a Poincaré
series. This will be interpreted in Chap. 5 as a manifestation of grav-
ity in the CFT partition function. The derivation given here appeared
earlier in the appendix of [136]. It is in some sense a reversed version
of the analysis in Ref. [137]. We start with the vector-valued modular
form hµ(τ), and derive the series based on its Fourier coefficients (4.30).
Whereas Ref. [137] basically starts at the other end, and determines its
Fourier coefficients together with its transformation properties. We take
the opportunity to generalize the result to vector-valued modular forms.

Our strategy to derive the Poincaré series is fairly straightforward.
We substitute the expression for the Fourier coefficients in the Fourier
series for the non-polar part of hµ(τ). Then we use the infinite sum
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representation of the Bessel function (4.32) and the Lipschitz summation
formula (4.34) to rewrite hµ(τ) as a Poincaré series.

The Bessel function Iν(z), appearing in the expression for cµ(m)
(4.30), admits a representation as an infinite sum [134]

Iν(z) =
(z

2

)ν ∞∑
k=0

(
1
4z

2
)k

k!Γ(ν + k + 1)
. (4.32)

We substitute this sum in (4.30) and subsequently substitute (4.30) in
h+
µ (τ). We obtain

h+
µ (τ) =

∑
m−∆µ≥0

cµ(m)qm−∆µ (4.33)

=
∑

n−∆ν<0

∞∑
c=1

∑
−c≤d<0
(c,d)=1

∞∑
k=0

i−wM−1(γ)νµcν(n)
(

2π
c

)2k+2−w

× |n−∆ν |k+1−w

Γ(k + 2− w)
e
(

(n−∆ν)
a

c

)
×

∑
m−∆µ≥0

(m−∆µ)k

k!
e

(
(m−∆µ)

(
τ +

d

c

))
,

where we interchanged the sum over m with the other four sums and
grouped the terms dependent on m.

Lipschitz summation formula
At this point, we have to digress and introduce the Lipschitz summation
formula, which is a crucial ingredient for the derivation. Let τ ∈ H,
N ∈ N, 0 ≤ α < 1, p ≥ 1, then

N∑
l=−N

e(−lα)
(τ + l)p

=
(−2πi)p

Γ(p)

∞∑
m=0

(m+ α)p−1qm+α + E(τ, p,Q), (4.34)

where Q = N + 1
2 and E(τ, p,Q) is an error term and given by

E(τ, p,Q) = (iQ)1−p
∫ ∞
−∞

h(x− i)− h(x+ i)
1 + exp(2πxQ)

dx, (4.35)

where

h(x) =
exp(2πxQα)

(x+ τ
iQ)p

.
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The error tends to 0 for Q → ∞, except for the case p = 1, α = 0; then
we obtain limQ→∞E(τ, 1, Q) = πi. The case p = 1, α = 0 gives the two
well known infinite sums for cotπτ

1
τ

+
∞∑
l=1

(
1

τ − l
+

1
τ + l

)
= π cotπτ = πi− 2πi

∞∑
m=0

qm, (4.36)

which can also be proved by using sinπτ = πτ
∏∞
n=1(1− τ2/n2).

The proof of Eq. (4.34) uses the function f(z) = e((z+τ)α)/(iz)p(e(z+
τ) − 1). This function has poles at z = −τ − l, l ∈ Z with residues
(2πi)−1e(−lα)/(−iτ − il)p. The right hand side is obtained by integrat-
ing along the boundary of the rectangle −Re(τ) ±Q ± iM , which is slit
along the positive imaginary axis to avoid a branch cut of (iz)p. The
main contribution to the integral comes from this part of the contour. It
can be calculated using the Hankel contour integral 1

Γ(p) = 1
2πi

∫
C e

tt−pdt

[134], where C is the contour which begins at −∞− i0+, circles the origin
in the counterclockwise direction and ends at −∞+ i0+. The horizontal
sides do not contribute when M →∞, the error is accordingly calculated
by the integral along the vertical segments.

We apply the Lipschitz summation formula (4.34) in (4.33) to the
sum over m, the new summation variable will be denoted by l. The error
term E(τ, k+ 1, N + 1

2) vanishes in the limit N →∞, except when k = 0
and ∆µ ∈ N. When the error term does not vanish, we get an additional
constant. This constant is equal to 1

2cµ(∆µ) and is given by

1
2
cµ(∆µ) = (4.37) π
∑

n−∆ν<0
(2π|n−∆ν |)1−w

Γ(2−w) cν(n)
∞∑
c=1

cw−2Kc(0µ, n−∆ν), ∆µ ∈ N,

0, ∆µ 6∈ N,

where 0µ is a vector all of whose components are zero. The fact that the
right hand side of Eq. (4.37) is equal to 1

2cµ(∆µ) can be shown for example
by Eq. (4.30) for cµ(∆µ) and the limiting behavior of the Bessel function
for z → 0: limz→0 Iν(z) =

(
z
2

)ν 1
Γ(ν+1) . We get after interchanging the
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sum over k and l

h+
µ (τ) =

1
2
cµ(∆µ) +

∑
n−∆ν<0

∞∑
c=1

∑
−c≤d<0
(c,d)=1

lim
N→∞

N∑
l=−N

(4.38)

M−1(γ)νµcν(n)e
(

(n−∆ν)
a

c

) 1
(cτ + d+ cl)w

e(∆µl)

×
∞∑
k=0

1
Γ(k + 2− w)

(
2πi|n−∆ν |
c(cτ + d+ cl)

)k+1−w
.

The exchange of the sum over k and l is allowed because the sums are
absolutely convergent for k > 0. In case k = 0, the sum over l in the limit
N → ∞ is as well convergent. This is shown using the weak bound on
the Kloosterman sum, to which we referred earlier.

The sums over c and d can be such that they have an equal upper-
bound. This is clear for k > 0, but to show it for k = 0 is slightly subtle.
First, we incorporate the sum over l in the sum over d. Since the sum over
l and d is convergent for finite c, we can choose for |d| an upperbound N
for which we take the limit N →∞. We thus get a sum of the form

∞∑
c=1

lim
N→∞

∑
|d|≤N
(c,d)=1

M−1(γ)νµ
e((n−∆ν)ac )
c1−w(cτ + d)

, (4.39)

where we used that e(∆µl)δνµ = M−1(γl)νµ and Eq. (4.8) to include e(∆µl)
in M−1(γ)νµ. Ref. [138] shows that

lim
K→∞

K∑
c=1

lim
N→∞

∑
K<|d|≤N
(c,d)=1

M−1(γ)νµ
e((n−∆ν)ac )
c1−w(cτ + d)

= 0, (4.40)

in case M(γ) = 1 and (n − ∆ν) = −1. We can show in a similar way
that the generalization holds as well. To this end, define the matrix g(d)νµ
(with −δν = n−∆ν)

g(d)νµ =
{

M−1(γ)νµe(−δν ac ), for (c, d) = 1,
0, otherwise.

(4.41)

Using that M(γl)νµ = δνµe(−δν l) (where δνµ should not be confused with
δν), we observe that e(−δµ dc )g(d)νµ is periodic in d modulo c. Therefore,
e(−δµ dc )g(d)νµ has a Fourier expansion, and we find for g(d)νµ

g(d)νµ =
c∑
j=1

(Bj,c)
ν
µ e

(
(j + δµ)

d

c

)
, (4.42)
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with

(Bj,c)
ν
µ =

1
c

c∑
d′=1

(c,d′)=1

M−1(γ)νµe
(
−δν

a

c
− (j + δµ)

d′

c

)
. (4.43)

Bj,c contains a Kloosterman sum, and with the weak bound on the vector-
valued Kloosterman sums (see the discussion below Eq. (4.25)), we obtain
O(c−ε) as a bound for Bj,c. The left-hand side of Eq. (4.40) can be written
as

lim
K→∞

K∑
c=1

1
c1−w

c∑
j=1

(Bj,c)
ν
µ

∞∑
|d|=K+1

e((j + δν)dc )
(cτ + d)

. (4.44)

Ref. [138] gives estimates for the sum over d which continue to hold for the
generalization after minor modifications. We find that in case (j+δν)/c ∈
Z for some j, the sum over d has an upperbound given by O

(
c log(K)

K

)
,

otherwise the upperbound is O
(
K−1

)
. The estimates for Eq. (4.40)

become respectively, limK→∞O (Kw−ε log(K)) and limK→∞O (Kw−ε),
which are indeed zero for w ≤ 0. We therefore have shown that Eq.
(4.39) is equal to

lim
K→∞

K∑
c=1

∑
|d|≤K
(c,d)=1

M−1(γ)νµ
e((n−∆ν)ac )
c1−w(cτ + d)

. (4.45)

The sum over k in Eq. (4.38) is equal to an exponent minus the first
terms of the Fourier expansion:

∑∞
k=0

zk+1−w

Γ(k+2−w) = ez−
∑|w|

k=0 z
k/k!, when

w is a negative integer. We recognize the regularization of Eq. (2.111) for
w = 0. However, we want to obtain a closed form for general non-positive
weight. This can be obtained using the equality

f(z) =
∞∑
k=0

zk+1−w

Γ(k + 2− w)
= ez

(
1− 1

Γ(1− w)

∫ ∞
z

e−tt−wdt

)
=

ez

Γ(1− w)

∫ z

0
e−tt−wdt, (4.46)

which is valid for general w < 1. One can establish Eq. (4.46) by devel-
oping the second integral expression in series using successive integration
by parts, or by considering the differential equation satisfied by f(z).
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We define R(z) = e−zf(z). Inserting this and the equal upperbound
for c and d in Eq. (4.38), we obtain

h+
µ (τ) =

1
2
cµ(∆µ) +

∑
n−∆ν<0

lim
K→∞

K∑
c=1

∑
|d|≤K
(c,d)=1

M−1(γ)νµcν(n)
(cτ + d)w

× e ((n−∆ν)γ(τ))R(x), (4.47)

where x = 2πi|n−∆ν |
c(cτ+d) . The summand is invariant under γ → −γ or equiv-

alently (c, d) → (−c,−d). We can extend therefore the sum over c to
0 < |c| ≤ K, and divide by two. The principal part can be included by
extending the sum with c = 0. Note that gcd(0, d) = |d|, thus c = 0 adds
(c, d) = (0, 1) and (c, d) = (0,−1) to the sum, which works out nicely
with the overall factor of 1

2 . We obtain finally

hµ(τ) =
1
2
cµ(∆µ) +

1
2

∑
n−∆ν<0

lim
K→∞

∑
γ∈(Γ∞\Γ)K

j(γ, τ)−wM−1(γ)νµcν(n)

×e ((n−∆ν)γ(τ))R(x), (4.48)

where we have defined
∑
|c|≤K

∑
|d|≤K
(c,d)=1

=
∑

γ∈(Γ∞\Γ)K
. This is our ana-

logue of the series in Eq. (2.111) for the scalar modular form with weight
zero. The regularization is taken care of by the factor R(x), which reduces
for weight zero to the regularization in (2.111). One can say heuristically
that R(x) determines how much the exponent e((n−∆ν)γ(τ)) contributes
to hµ(τ). Fig. 4.4 presents R(x) as a function of x for real x. We ob-
serve that the least polar terms contribute less if the absolute weight |w|
increases. Eq. (4.48) will be applied in Chapter 5 to write ZCFT as a
Poincaré series, which has the claimed interpretation in the spirit of the
AdS3/CFT2 correspondence.

4.3 The space of meromorphic forms

This section studies the space of the vector-valued modular forms. This
space is denoted by Aw,M(Γ(4m)∗,∆), as explained in the introduction
to this chapter. We have seen that an element of Aw,M(Γ(4m)∗,∆) is de-
termined by its polar coefficients for w ≤ 0 and how it can be constructed
by a regularized Poincaré series. This is an interesting result since the
polar coefficients might be determined by physics, see Chapter 5. The
maximal dimension of Aw,M(Γc,∆) is therefore p(M,∆), the number of
polar terms with exponents ≥ −∆. Generically, the dimension is actually
smaller, as explained in this section.
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Fig. 4.4: R(x) as function of x for x real.

That the dimension of Aw,M(Γ(4m)∗,∆) is generically smaller than
p(M,∆) can be viewed as a manifestation of the Mittag-Leffler prob-
lem [101], which is the problem of finding a meromorphic section with
prescribed singularities of a line bundle L over a manifold X. The
space of obstructions to find such a section is given by H1(X,O(L)),
where O(L) is the sheaf of holomorphic sections of L. Since the modular
curve H/Γ is one-dimensional, H1(X,O(L)) is by Serre duality related
to H0(X,O(K ⊗ L∗)), with K the canonical bundle. In the present dis-
cussion, sections of L have weight w and therefore sections of L∗ have
weight −w. Since holomorphic sections of K are cusp forms of weight
two, this suggests the appearance of cusp forms of weight 2 − w as ob-
structions to the construction of meromorphic forms of weight w. Ref.
[139] generalizes these considerations to the vector-valued case and proofs
that the obstruction space for vector-valued modular forms hµ(τ) is given
by the vector-valued cusp forms gµ(τ) of weight 2− w and transforming
with the matrices M̄. We denote this space by S2−w,M̄(Γ(4m)∗). We
will comment in the end of this section on the magnitude of p(M,∆) and
dimS2−w,M̄(Γ(4m)∗).

This section shows that one encounters the presence of constraints
on the polar coefficients when one attempts to obtain a negative weight
modular form with a prescribed set of polar coefficients by a sum over
Γ/Γ∞ [137, 136]. As in the previous section, such a sum naively com-
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pletes a function which is not modular covariant to a modular covariant
object. However, it is shown that the function generically transforms
anomalously. This is a consequence of the regularization of the divergent
Poincaré series. In many cases, a proper choice of the polar coefficients
avoids the anomalous modular behavior.

To proceed, we define hµ(τ) by the expression given in Eq. (4.48), with
a general set of polar coefficients, and consequently deduce its transforma-
tion properties in Sec. 4.3.1. Some relevant properties of period functions
are reviewed first. Many intermediate steps are given without rigorous
proofs, these can be found in Ref. [137]. We discuss the case of scalar
modular forms; at the end we simply state the straightforward generaliza-
tion to vector-valued modular forms. Sec. 4.3.2 explains how the number
of constraints can be determined using the Selberg trace formula.

4.3.1 Transformation properties of hµ(τ)

For simplicity of exposition we discuss the case of scalar modular forms.
We start by explaining what a period function of a cusp form g(z) is. The
form g(z) transforms as g(γ(z)) = M−1(γ)(cz + d)2−wg(z) under γ ∈ Γ.
The period function of g(z), p(τ, ȳ, g) is defined by

p(τ, ȳ, g) =
1

Γ(1− w)

∫ −i∞
ȳ

g(z)(z̄−τ)−wdz̄, y ∈ H∪Q∪i∞. (4.49)

Note that in case −w ∈ N, this expression is a polynomial in τ . Also note
that the expression p(τ, ȳ, g) makes sense for any function g(z) that de-
cays sufficiently rapidly at infinity, e.g. g(z1 + iz2) ∼z2→+∞ Czα2 e

−Az2

for A > 0 will suffice (C and α are undetermined constants). The
constituents of the integrand satisfy simple transformation properties:
γ(z̄) − γ(τ) = z̄−τ

j(γ,z̄)j(γ,τ) and dγ(z) = dz
j(γ,z)2 . Using these equations we

obtain for p(γ(τ), γ(ȳ), g(z)) the transformation rule

p(γ(τ), γ(ȳ), g) = j(γ, τ)wM(γ)
[
p(τ, ȳ, g)− p(τ, γ−1(∞), g)

]
, (4.50)

where we have used the fact that M(γ) is unitary.
If we choose a constant δ > 0 we can try to construct a cusp form

g(δ)(z) of weight 2− w by the Poincaré series

g(δ)(z) =
1
2

∑
γ∈Γ∞\Γ

M(γ)(−2πiδ)1−we(δγ(z))
j(γ, z)2−w :=

1
2

∑
γ∈Γ∞\Γ

g(δ)
γ (z),

where we defined g
(δ)
γ (z) by the second equality. The prefactor is chosen

for later convenience. We will sometimes drop the superscript δ when the
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context is clear. For w < 0 the series is convergent, although it might
vanish. The Poincaré series span the space of cusp forms [140].

The period functions are relevant for the transformation properties of
regularized Poincaré series, see the next subsection. In that discussion,
we make use of the function tγ(τ) defined by

tγ(τ) := p(τ, γ−1(i∞), gγ).

Using the above identities and Eq. (4.2) one can check that tγ(τ) satisfies
the transformation rule with γ̃ ∈ Γ

tγ(γ̃(τ)) = j(γ̃, τ)wM(γ̃)
[
tγγ̃(τ)− p(τ, γ̃−1(i∞), gγγ̃)

]
, (4.51)

Note that tγ(τ) can be rewritten as

tγ(τ) =
−1

Γ(1− w)
j(γ, τ)−wM−1(γ)e(−δγ(τ))

∫ ∞
x

e−zz−wdz, (4.52)

with x = 2πiδ
cj(γ,τ) where c is the 21 matrix element of γ. The steps involved

are first a transformation of z̄ to γ−1(z̄), then rewriting of the integrand
using its modular properties and at last another redefinition of z̄.

We study first the transformation properties of a (scalar) modular
form with a single polar term q−δ (δ > 0) for a clear exposition. Eventu-
ally we will deduce the transformation law for general hµ(τ). We define
the function sγ(τ) = j(γ, τ)−wM−1(γ)e(−δγ(τ)) and use tγ(τ) as in Eq.
(4.52). Eq. (4.48) is in this case given by

h(−δ)(τ) =
1
2
c(δ) +

1
2

lim
K→∞

∑
γ∈(Γ∞\Γ)K

sγ(τ) + tγ(τ). (4.53)

sγ(τ) satisfies sγ(γ̃(τ)) = j(γ̃, τ)wM(γ̃)sγγ̃(τ). We obtain with Eq. (4.51)

h(−δ)(γ̃(τ)) =
1
2
c(δ) +

1
2
M(γ̃)(c̃τ + d̃)w (4.54)

× lim
K→∞

∑
γ∈(Γ∞\Γ)K

sγγ̃(τ) + tγγ̃(τ)− p(τ, γ̃−1(−i∞), gγγ̃).

The invariance under T = γ1 is obvious from the Fourier expansion and
Eq. (4.38). We therefore only need to check the invariance under the

other generator of Γ, S =
(

0 −1
1 0

)
. The set of elements (Γ∞\Γ)K

is however left invariant under right multiplication of S. Therefore,∑
γ∈(Γ∞\Γ)K

sγS(τ) + tγS(τ) =
∑

γ∈(Γ∞\Γ)K
sγ(τ) + tγ(τ) holds.
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The anomalous terms compared to the usual transformation rule of
modular forms are the constant term 1

2c(δ) and the subtraction of period
integrals. A careful study of the limit K → ∞ and the period integrals
is needed. Lemma 4.4 of Ref. [137] shows that for y ∈ H

lim
K→∞

∑
γ∈(Γ∞\Γ)K

p(τ, ȳ, g(δ)
γ ) = p(τ, ȳ, g(δ))− c(δ), (4.55)

thus the limit K → ∞ and the integral do not commute. This comes
about as follows. Calculation of the Fourier coefficients of g(δ) gives an
error term by the Lipschitz summation formula. This error term tends
to zero, however the period integral over the error does not vanish and
provides us with the offset.

In Eq. (4.54), we however have y 6∈ H but y = γ̃−1(i∞) ∈ Q. In this
case we obtain with Corollary 4.5 of Ref. [137]

lim
K→∞

∑
γ∈(Γ∞\Γ)K

p(τ, γ̃−1(i∞), g(δ)
γ ) = p(τ, γ̃−1(i∞), g(δ)) (4.56)

+c(δ)
(
M−1(γ̃)(c̃τ + d̃)−w − 1

)
.

Inserting this result in Eq. (4.54) we find the transformation of h(−δ)(τ)
under γ

h(−δ)(γ(τ)) = j(γ, τ)wM(γ)
[
h(−δ)(τ)− p(τ, γ−1(i∞), g(δ))

]
. (4.57)

Note that in special cases g is zero. This is for example the case for
δ ∈ N and w = 0,−2,−4,−6,−8 and −12 [141]. A cusp form with weight
12 = 2−w of Γ exists, which explains that in case w = −10, we will find
a transformation with a non-zero shift.

Extending the above to the case of vector-valued modular forms with
multiple polar terms is straightforward. The period function should van-
ish of course in this case. For a general choice of ∆µ and polar coefficients
cµ(n), we obtain the transformation

hµ(γ(τ)) = (cτ + d)wM(γ)νµ
[
hν(τ)− p(τ, γ−1(−i∞), gν)

]
. (4.58)

with

gµ(z)=
1
2

∑
n−∆ν<0

∑
γ∈Γ∞\Γ

M−1(γ)νµ
(2πi(n−∆ν))1−wcν(n)e(|n−∆ν |γ(z))

(cz + d)2−w .

We observe that transformations of hµ(τ) with generic polar coefficients
involve a shift by a period function. Therefore, an hµ(τ) constructed by
the regularized Poincaré series transforms generically anomalously com-
pared to Eq. (4.7).
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4.3.2 The number of constraints

This subsection determines the number of constraints and the dimension
of space of potential partition functions. The analysis appeared earlier in
[142].

Since the integration over independent cusp forms gµ(τ) results in in-
dependent vector-valued functions, the space of obstructions to the con-
struction of proper hµ(τ) is S2−w,M̄(Γc). In other words, we have the
following exact sequence

0→ Aw,M(Γ(4m)∗,∆)→ P (M,∆)→ S2−w,M̄(Γ(4m)∗)→ 0, (4.59)

where P (M,∆) is the space of polar terms, which has dimension p(M,∆).
The dimension of Aw,M(Γ(4m)∗,∆) is therefore calculated as the number
of polar terms p(M,∆) minus dimS2−w,M̄(Γ(4m)∗):

dimAw,M(Γ(4m)∗,∆) = p(M,∆)− dimS2−w,M̄(Γ(4m)∗). (4.60)

First the number of polar terms p(M,∆) is determined. The number of
polar terms is given by

p(M,∆) =
d∑

µ=1

d∆µe = −1
2
S(M) +

d∑
µ=1

{
∆µ − ((∆µ)) +

1
2

}
, (4.61)

where d·e is the ceiling function. In addition, S(M) is the number of ∆µ

which take values in Z and ((x)) is an arithmetic function, which is given
in terms of the floor and ceiling function by

((x)) = x− dxe+ bxc
2

=
{
ξ − 1

2 , if x = ξ + Z, 0 < ξ < 1,
0, if x ∈ Z. (4.62)

The next step is to determine dimS2−w,M̄(Γ(4m)∗). For this calcu-
lation, we will mainly rely on the methods of Ref. [143]. Dimension
formulas for vector-valued modular forms are also mentioned in [139],
[144] and [145]. Ref. [136] constructs Jacobi forms from a Poincaré series
on the principal part of hµ(τ).

The basic ingredients for the calculation of dimS2−w,M̄(Γ(4m)∗) are
the orthogonality relations for irreducible characters of finite groups and
the Selberg trace formula. The relevant finite group appeared in the be-
ginning of the chapter, namely Γ̃/Γ(4m)∗. The transformation properties
of gµ(τ) provide a d-dimensional representation M̄ in terms of the ma-
trices M̄(γ). We define a character of the representation M in the usual
way by

χM(γ) = Tr(M(γ)). (4.63)
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We label the set of irreducible representations by Ri. The orthogonality
relations for characters of finite groups read in this case

1
|Γ̃/Γ(4m)∗|

∑
γ∈Γ̃/Γ(4m)∗

χRi(γ)χRj (γ) = δij . (4.64)

The multiplicities mi of the irreducible representations Ri in M are given
by

mi =
1

|Γ̃/Γ(4m)∗|

∑
γ∈Γ̃/Γ(4m)∗

χM̄(γ)χRj (γ). (4.65)

The individual vector elements gµ(τ) transform covariantly under
Γ(4m)∗. Therefore they lie in the space of weight 2 − w cusp forms
of Γ(4m)∗, which is denoted by S2−w(Γ(4m)∗). The space S2−w(Γ(4m)∗)
is closed under transformations of γ ∈ Γ̃; such transformations rotate
a chosen set of basis elements of S2−w(Γ(4m)∗) among each other. As a
consequence, S2−w(Γ(4m)∗) defines a dimS2−w(Γ(4m)∗)-dimensional rep-
resentation of Γ̃/Γ(4m)∗, which can similarly be decomposed into the ir-
reducible representations. When the multiplicities of Ri in S2−w(Γ(4m)∗)
are si, then dimS2−w,M̄(Γ(4m)∗) =

∑
imisi. The character of the ele-

ment γ in the S2−w(Γ(4m)∗)-representation is denoted by

Tr [γ, S2−w(Γ(4m)∗)] . (4.66)

In terms of the characters , dimS2−w,M̄(Γ(4m)∗) is now expressed by

dimS2−w,M̄(Γ(4m)∗) =
1

|Γ̃/Γ(4m)∗|
(4.67)

×
∑

γ∈Γ̃/Γ(4m)∗

χM̄(γ)Tr [γ, S2−w(Γ(4m)∗)].

The Selberg trace formula provides a way to determine traces as in
Eq. (4.66), for example Tr [γ, S2−w(Γ(4m)∗] − Tr

[
γ−1,Mw(Γ(4m)∗

]
can

be calculated. The space Mw(Γ(4m)∗) is the space of holomorphic mod-
ular forms of Γ(4m)∗ with weight w. This is applied by Theorem 5.1
of Ref. [143] to calculate the dimension of the space of a vector-valued
cusp forms, with weight 2− w and whose transformation matrices M(γ)
form a representation of the finite group Γ̃/Γ(4m)∗. It is a sum, of three
(generically fractional) contributions

dimS2−w,M̄(Γ(4m)∗)− dimMw,M(Γ(4m)∗) = As +Ae +Ap, (4.68)
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where the subscripts “s”, “e” and “p” refer respectively to “scalar”, “el-
liptic” and “parabolic”. This terminology appears naturally in the deriva-
tion of the Selberg trace formula, see for example [146]. The three con-
tributions are given by [143, 144]

As =
1− w

12
χM̄(1), (4.69)

Ae = −1
4

Re
[
e
(
−w

4

)
χM̄ (S)

]
+

2
3
√

3
Re
[
e

(
5− 2w

12

)
χM̄ (ST )

]
,

Ap = −1
2
S(M)−

d∑
µ=1

((λµ)).

The quantity S(M) is defined by the number of terms equal to 1 in
χM̄(Tn) for general n. Note that this definition gives the same number
as the definition of S(M) given above (4.62). The numbers λµ are the
fractional numbers appearing in χM̄(Tn) =

∑
µ e(λµn). These λµ are

equal to ∆µ mod Z. The number of polar terms, (4.61), contains thus a
term Ap. The trace of the identity matrix χM̄(1) is the dimension d of
the representation M. Eqs. (4.68) and (4.69) lead to simpler dimension
formulas than for scalar modular of congruence subgroups Γ(N). This
suggests that vector-valued modular forms might be more fundamental
as forms of congruence subgroups.

Eq. (4.68) provides us dimS2−w,M̄(Γ(4m)∗), since holomorphic mod-
ular forms with negative weight do not exist, such that the dimension
of M−w,M(Γ(4m)∗) is 0. To calculate dimS2−w,M̄(Γ(4m)∗), one needs to
evaluate χM̄(γ) for the relevant γ’s and substitute in Eq. (4.69). An
equation for dimAw,M(Γ(4m)∗,∆) can now be given. One finds

dimAw,M(Γ(4m)∗,∆) =
d∑

µ=1

∆µ +
w + 5

12
d+Ae. (4.70)

The first term is generically polynomially in d and |Ae| < 1. The calcula-
tion of the dimension for the CFT partition functions will be performed
in the next chapter.



5. INTERPRETATIONS AND APPLICATIONS

The first chapter motivated the study of black hole partition functions
and left us with three main problems. The first problem was to confirm
the black hole entropy from a microscopic point of view. This is achieved
in the end of Chap. 3, following the original work [3]. The other two main
problems are to clarify the connection between black holes and topological
strings (Subsec. 2.1.3), and to find manifestations of an AdS3-gravity
partition function in the CFT partition function (Subsec. 2.2.2).

This chapter revisits the motivations and analyzes the two remaining
problems using the technical results of the previous chapter. In contrast
to the first chapter, first the AdS3-interpretation is discussed and subse-
quently the connection with Ztop. The results of Chapter 4 proof also
useful in other places where vector-valued modular forms appear. As an
application of this, the partition functions of four-dimensional N = 4
supersymmetric twisted Yang-Mills are discussed in Sec. 5.3.

5.1 The AdS3/CFT2 correspondence

Subsec. 2.2.2 discusses heuristically pure (chiral) AdS3 partition func-
tions. The semi-classical path integral of pure gravity is a regularized sum
over a set of smooth Euclidean geometries. The sum resembles a Poincaré
series, which are sums over Γ/Γ∞. On the other hand, a CFT partition
function is a modular invariant and can be rewritten using Poincaré se-
ries. Unfortunately, the discussion in Chapter 2 is not fully satisfactory.
Examples of problematic issues are the holomorphic factorization and the
appearance of a double sum for pure gravity.

Nevertheless, this section again attempts to write ZCFT as a Poincaré
series with the interpretation of a semi-classical sum over geometries. The
presence of supersymmetry in the M-theory setup makes the prospects
for an accurate semi-classical analysis much more promising. Based on
the results of Sec. 4.2, ZCFT can indeed be written as a Poincaré series.
Subsec. 5.1.2 discusses the series from the physical point of view. Some
extra attention is paid to the regularization and anomaly cancellation.
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5.1.1 ZCFT as a Poincaré series

Using the regularized Poincaré series derived in Sec. 4.2, a Poincaré series
for ZCFT(τ, τ̄ , z) is readily written down. Using (4.48), ZCFT(τ, τ̄ , z) can
be expressed as

ZCFT(τ, τ̄ , z)= 1
2

∑
µ∈Λ∗/Λ

cµ(∆µ)Θµ(τ, τ̄ , z) (5.1)

+ 1
2

∑
Γ∞/Γ

ε−1(γ)j(γ, τ)−
1
2 j(γ, τ̄)

3
2 e

(
−
cz2

+/2
cτ + d

−
cz2
−/2

cτ̄ + d

)

×
∑

n−∆µ<0

cµ(n)R
(

2πi(n−∆µ)
c(cτ̄ + d)

)
× e ((n−∆µ)γ(τ̄)) Θµ(γ(τ), γ(τ̄), γ(z)),

where ∆µ is given by

∆µ =
cR
24
−
(
µ2 + p · µ

2
−
⌊
µ2 + p · µ

2

⌋)
. (5.2)

Furthermore, n−∆µ is equal to q̂0̄ = q0̄ + 1
2q

2 with q = µ+ p/2 mod Λ.
The regularizing factor R(x) is given before in Eq. (4.47).

We see that in the present case of a partition function of BPS states,
the semi-classical expansion is remarkably accurate. The function is writ-
ten as a single sum over Γ/Γ∞. The series in Eq. (5.1) is however more
involved than the gravity path integral described in Sect. 2.2. The elliptic
genus contains a theta function which captures the dependence on τ and
z. In addition, the principal part can possibly consist of many terms. The
remaining part of the section gives an interpretation to the ingredients of
(5.1). The interpretation is due to [89]. The improved regularization of
[136] gives rises to some new insights.

The dependence on za in Eq. (5.1) is a consequence of the fact that
we are not dealing with pure gravity but with a reduction of M-theory
to AdS3. The parameters za are the boundary conditions for gauge fields
on the boundary T 2 [112]. The flat gauge fields lead to a singular line γ
in the interior of the solid torus. They correspond to Wilson lines [89].
The theta function arises from the singleton modes [125] and adds the
contributions of U(1) degrees of freedom to the spectrum. These are pure
gauge in the bulk but dynamical on the boundary. As mentioned earlier,
they can be seen as the nucleation of M5-branes [59]. .

Another important difference between (2.111) and (5.1) is the sum
over q0̄ + 1

2q
2 < 0. Eq. (5.1) therefore contains many polar terms whereas
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(2.111) contains only one. These terms are quantum corrections to the
classical action. Although every single term is a non-perturbative cor-
rection, the whole sum captures both perturbative and non-perturbative
corrections to the supergravity action. The contribution of these polar
states to the full elliptic genus, is given by

ZCFT(τ, τ̄ , z)− =
∑

µ∈Λ∗/Λ
q0̄+ 1

2 q
2<0

cµ

(
q0̄ +

1
2
q2

)
q̄q0̄+ 1

2
q2

Θµ(τ, τ̄ , z). (5.3)

These states are interpreted as “light” excitations of thermal AdS3. They
are typically Kaluza-Klein modes or (charged) point particles. The charged
point particles can be branes wrapping cycles in an orthogonal compact
manifold, see the next section for more details on this higher dimensional
interpretation of the AdS3 degrees of freedom. The Wilson lines are
the worldlines of the (virtual) particles. The contribution of the gas of
virtual particles can be determined by a Schwinger calculation. Such a
calculation is carried out in the next section. The negative energy of the
AdS3-geometry allows a certain amount of particles to be present without
a gravitational collapse. However when the energy surpasses the cosmic
censorship bound a black hole will form through a Hawking-Page phase
transition. In the case of AdS3/CFT2 correspondence, such an interpre-
tation was first proposed in Ref. [147]. The states without gravitational
collapse satisfy in this case M− 1

2g
abJ0,aJ0,b < 0 with M = L0+L̄0− cL+cR

24
[148]. Since M = q0̄ + q2

+, the bound corresponds to q0̄ + 1
2q

2 < 0. The
polar states (counted by (5.3)) are thus exactly the states which do not
collapse into a black hole in thermal AdS3.

The polar regime is the regime where counting of the degeneracies in
supergravity could be reliable. For cases with higher supersymmetry,N =
(4, 4) and “large” N = (4, 4), such a comparison between supergravity
and CFT side is carried out by Refs. [149, 110]. After a spectral flow
transformation to the Neveu-Schwarz sector, they have shown that the
supergravity degeneracies indeed match with the CFT degeneracies for
negative eigenvalues of (L0 − cL

24 )NS. The computations on either side of
the correspondence do not match for states with a higher energy. This
suggests that gravitational degrees of freedom start contributing at this
level, which is in agreement with the Hawking-Page phase transition.
Since nNS = 0 is the smallest value of nNS which satisfies the cosmic
censorship bound this is not surprising [89]. Ref. [112] determines the
supergravity modes for the current case of interest: AdS3 arising by an
M-theory compactification on X × S2.
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The Poincaré series for the elliptic genus (5.1) has the following phys-
ical interpretation. It is is a sum of the polar spectrum over all the black
hole geometries. Higher excitations would collapse into the black hole and
are therefore excluded, since those states are counted by another classical
black hole geometry in the sum.

5.1.2 Regularization and anomaly cancellation

An indispensable ingredient in (5.1) is the convergence factor R
(

2πiq̂0̄
c(cτ̄+d)

)
,

where R(z) = 1
Γ(1−w)

∫ z
0 e
−tt−wdt with w = −b2/2 − 1. The presence of

this factor is the main novel ingredient compared to the original discussion
in [89]. The consequences of this factor are described here in some detail.

First, we check that the factor does not change one of the attractive
properties of the series in (2.111) and [89], namely the manifestation of
Hawking-Page phase transitions. To see that this is the case, we estimate∣∣∣R(2πi(n−∆ν)

c(cτ̄+d)

)
− 1
∣∣∣:

∣∣∣∣R(2πi(n−∆ν)
c(cτ̄ + d)

)
− 1
∣∣∣∣ ≤ e

−2π
cR
24

Im(τ)

|cτ+d|2

Γ(1− w)

(
2π cR24

|c(cτ̄ + d)|

)w−1

, (5.4)

where we assumed that 2π|n−∆ν |
|c(cτ̄+d)| � 1. We observe that the correction is

typically exponentially smaller than the exponent of the classical action,
and therefore (5.1) predicts phase transitions parametrized by Γ∞\Γ. Fig.
4.4 shows that R(z) is indeed exponentially close to one for z ∈ R and
z � 1 and how its behavior near z = 0 depends on the weight w.

The absolute value |R(z)| takes its values between 0 and 1. Therefore,
the factor R

(
2πiq̂0̄
c(cτ̄+d)

)
can be understood heuristically as the “fraction”

of light excitations, with a given value of q̂0̄ in thermal AdS3, which
contributes to the states of a black hole geometry given by (c, d). This
fraction represents stable states in the black hole geometry, whereas the
other states are unstable and will collapse into the black hole. From this
viewpoint, R(z) can be seen as a smooth cut-off on the contributions
of the light excitations in thermal AdS3 to the geometries with c 6= 0,
since R

(
2πiq̂0̄
c(cτ̄+d)

)
is exponentially close to 1 for q̂0̄ � 1, and is zero for

q̂0̄ = 0. The geometries with complicated topologies (c and/or d � 1)
are similarly cut-off. Note that R(z) is in general complex, so such an
interpretation is heuristic, at best.

In a similar way, the anomalous appearance of the states with q̂0̄ = 0
in the elliptic genus can be explained. Half of these states are counted by
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the term ∑
µ∈Λ∗/Λ

1
2
cµ(0)Θµ(τ, τ̄ , z),

which appears separately in Eq. (5.1). Comparison with the Fourier
series of the elliptic genus, Eqs. (3.62) and (3.73), shows that the sum
over Γ∞\Γ contains an equal term. This suggests that half of the states
at q̂0̄ = 0 correspond to black holes, whereas the other half are stable
states in thermal AdS3. Since these stable states in thermal AdS3 do
not contribute to the black hole states, their interpretation is more subtle
than the states with q̂0̄ < 0. The way the states at the threshold appear
in the partition function leads us to suggest that these excitations are
so close to a collapse in thermal AdS3, that they would collapse into the
black hole when added to a black hole geometry. A more quantitative
description of these phenomena is highly desirable.

Sec. 4.3 explained the transformation properties of hµ(τ) for a general
set of polar coefficients. The regularization by R(z) led to an interesting
anomaly. The transformation (4.58) determines the following transfor-
mation for Z

Z| ( 1
2
,− 3

2)γ −Z = (5.5)

− ε(γ)
Γ(2 + b2/2)

∑
µ∈Λ∗/Λ

Θµ(τ, τ̄ , z)
∫ i∞

γ−1(∞)
gµ(t)(t− τ̄)

b2
2

+1dt,

where gµ(τ) is a vector-valued cusp form determined by the polar coeffi-
cients and the integral is a period function. The shift in the transforma-
tion of Z compared to Eq. (3.69) represents an anomaly under modular
transformations. This is a familiar situation in quantum field theory: a
divergent quantity is formally invariant, the regularized quantity breaks
the invariance, but in a controlled way. Thus the problem of constructing
Z is a kind of anomaly cancellation problem: one must choose the polar
coefficients, such that gµ(τ) = 0.

In fact, the analogy goes deeper, since the anomaly is related to co-
homology theories. As explained in Sect. 4.3, the obstructions are given
by H1(XO(L)), where L is the bundle determined by the singularities of
hµ(τ). In addition to this, there is the relation with the cohomology the-
ory known as Eichler cohomology. This theory defines a cohomology on
the space of functions with at most polynomial growth. The transforma-
tion properties of these functions are derived from the period functions.
We refer to references [141, 150, 151] for more details.
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An interesting question is if and how the anomaly can be canceled.
Two different possibilities exist to cancel the anomaly:

1. If the number of polar coefficients is larger than the number of
obstructions, the polar coefficients can be chosen such that the
anomaly cancels. This possibility is most common in physical situ-
ations.

2. The anomaly can be canceled by the addition of a non-holomorphic
term to hµ(τ), which grows at most polynomially with τ2.

The first possibility has the advantage that meromorphicity is pre-
served. To determine how many polar coefficients can be freely spec-
ified, one needs to compare the number of polar terms p(M, cR24 ) and
the constraints dimS3+b2/2,M̄

(Γ(4m)∗), where M is the representation of
Γ̃/Γ(4m)∗ determined by the transformation properties of hµ(τ). The di-
mension d of M is the order of the group Λ∗/Λ⊗R, with R the reflection
group of Λ∗. This quantity is roughly given by 1

|R| |Λ
∗/Λ|. The num-

ber of polar terms p(M,∆) can be calculated by (4.61), with ∆µ given
by (5.2). On the other hand, the number of constraints is calculated
by Eqs. (4.68) and (4.69). In the context of AdS3-gravity, cR is typi-
cally large. In this situation, p(M, cR24 ) grows approximately as cR

24 d, and
dimS3+b2/2,M̄

(Γ(4m)∗) as 4+b2
24 d. We observe that the ratio between the

numbers of polar terms and constraints grows linearly with the central
charge. This property is also valid for N = (2, 2) elliptic genera [142]. A
general and precise analysis can in principle be carried out. To this end,
the traces χM̄(S) and χM̄(ST ) need to be calculated. Currently, this is
only established for some one-dimensional lattices [142]. Secs. 5.2 and
5.3 calculate the number of polar coefficients and constraints for a view
specific cases.

Note that the form of ∆µ in (5.2) makes it suggestive to write hµ(τ) as
fµ(τ)/η(τ)cR . The dimension of the space of meromorphic hµ(τ) can then
be calculated as the space of holomorphic fµ(τ) by (4.68), if cR ≥ b2 + 2.
These fµ(τ) might capture interesting data as in the case of SU(2) N = 4
Yang-Mills theory on CP2, see Sec. 5.3 for more details.

The second way to cancel the anomaly is required if the space of con-
straints is larger or equal to the number of polar terms. Also, physics
might prescribe a set of polar degeneracies, which can not be consistently
extended to a holomorphic modular form with the required transforma-
tion properties. In such cases, the modular anomaly must be treated for
a holomorphic anomaly, since diffeomorphism invariance is more funda-
mental than meromorphy. Eq. (4.50) shows that a non-holomorphic term
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can be added to hµ(τ), based on the period function (4.49), such that

Zc(τ, τ̄ , z) = Z(τ, τ̄ , z)−
∑

µ∈Λ∗/Λ

Θµ(τ, τ̄ , z)p(τ, τ̄ , gµ) (5.6)

transforms covariantly. To study its properties more precisely, we rewrite
p(τ, τ̄ , gµ) as

1
Γ(2 + b2/2)

∫ i∞

τ
gµ(z)(z − τ̄)1+b2/2dz = (5.7)

(2iτ2)2+b2/2

Γ(2 + b2/2)

∫ ∞
1

gµ(τ̄ + 2uiτ2)u1+b2/2du.

From the first expression it is clear that hµ,c(τ, τ̄) = hµ(τ) − p(τ, τ̄ , gµ)
satisfies the holomorphic anomaly equation

∂

∂τ̄
hµ,c(τ, τ̄) =

(−2iτ2)1+b2/2

Γ(2 + b2/2)
gµ(τ). (5.8)

Of course, such a non-holomorphic correction is far from being unique!
The above choice is distinguished by the fact that hµ,c(τ, τ̄) is annihilated
by a Laplacian given by ∆ = ∂

∂τ τ
−1−b2/2
2

∂
∂τ̄ . Note that (5.7) also reduces

to a polynomial in τ and τ̄ for b2 even.
The holomorphic anomaly described here is similar to the one appear-

ing for weight 3
2 modular forms discussed in [152, 153]. In physics, such

holomorphic anomalies arise in the partition function of N = 4 topolog-
ically twisted Yang-Mills theory on CP2 with gauge group SO(3) [154],
and also in the context of Donaldson invariants [155]. This suggests that
holomorphic anomalies might appear as well in the (4, 0) elliptic genus.1

Sec. 5.3 discusses the holomorphic anomaly for N = 4 Yang-Mills in
some detail.

Finally, we comment on an ambiguity related to the Poincaré series.
We have argued that the states counted by the theta function are pure
gauge in the bulk and only dynamical on the boundary. Therefore, these
states should not be summed over all different bulk geometries. This inter-
pretation implies that all non-polar states are black hole states. The valid-
ity of this statement might be questioned for two reasons. First, the sin-
gleton degrees of freedom are not just Θµ(τ, τ̄ , z) but Θµ(τ, τ̄ , z)/η(τ̄)b2+2

[124]. Here, the descendants of the primaries given by the lattice and
also those due to ~p are included. These descendants are also excitations

1 Exactly this suggestion has been made previously by D. Gaiotto in a seminar at
Princeton, Oct. 13 2006.
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on the boundary, and not to be summed over all geometries. From this
point of view, the following composition is natural

Z =
∑

µ∈Λ∗/Λ

fµ(τ)
Θµ(τ, τ̄ , z)
η(τ̄)b2+2

. (5.9)

The weight 0 vector-valued modular form fµ(τ) will be written as a
Poincaré series to write it as a gravity partition function.

The next reason to question the statement that all non-polar states
are black hole states is that in general the descendants of primaries should
not be considered as black hole states [92]. The black hole states are the
primaries. The contributions of the descendants can be calculated in (su-
per)gravity by higher loop corrections [156]. Since the descendants are
not black hole states, one should sum these descendants over all geome-
tries. In other words, in the Poincaré series for fµ(τ) one wants to remove
the condition n−∆µ < 0 and include also the descendants of the polar pri-
maries. Interestingly, these requests are allowed for the decomposition as
in Eq. (5.9). Generically, the non-polar terms would lead to obstruction
forms with a polar part. In the current case, the period function vanishes
since the non-polar obstruction forms can be written as the derivative of
a weight zero form. Constraints on the polar terms of fµ(τ) might still
exist since cusp forms of weight two do exist for congruence subgroups
in general. The inclusion of these modes in the sum does not change the
degeneracies of the non-polar states.

5.2 Four-dimensional black holes

The previous section explained how to interpret the series (5.1) from an
AdS3 point of view. Roughly speaking, it is a sum over all geometries
of the light excitations in thermal AdS3. In this section, we connect
the AdS3 discussion to the four dimensional black holes an M-theory
and explain how the Poincaré series quite naturally connect ZBH and
Ztop. The light AdS3 excitations include massless supergravity modes as
well as M2-branes and anti-M2-branes [57]. In addition, there are other
exotica such as M5-black rings, Zr quotients of AdS3×S2 and even more
complicated geometries. These are all expected to be dual to the multi-
centered D6 anti-D6 configurations that played a crucial role in Ref. [37].

The next subsection considers the relation between ZBH and Ztop in
the regime with strong topological string coupling λ ∼

√
q̂0̄/p

3 � 1. This
is also the regime which is required for low energy M-theory to be valid.
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In Sec. 5.2.2, the opposite regime with a weak coupling is analyzed. In
this regime, we will find deviations from the conjecture (2.61).

5.2.1 Strong topological string coupling

The Poincaré series for the N = (4, 0) elliptic genus can be used to
elucidate the OSV conjecture [5, 59, 37]. To relate ZCFT with ZBH, we
made the identification of parameters given in (3.63). This determines
among others that τ = τ̄ . In the regime of a strong topological string
coupling τ ∼ i

√
p3/q̂0̄. The leading behavior of the partition function

can be determined, by the saddle point method. This will identify the
perturbative part of the black hole action. Since τ is small, the most
contributing geometry is given by the pair (c, d) = (1, 0). In this regime,
Re(x) → ∞ in the argument of R(x). Thus the regularization factor
introduces only exponentially small corrections. In this way the artificial
restriction to b2(X) even, imposed in Ref. [37], may be removed. By the
saddle point technique, we find the following perturbative action

2πi
(
z2

2τ
+
p3 + c2 · p

24τ
+
q2

2τ
+
q · z
τ

)
= (5.10)

2πi
6τ
(
(1

2p+ q + z)3 + 1
4c2 · (1

2p+ q + z)
)

+
2πi
6τ
(
(1

2p− q − z)
3 + 1

4c2 · (1
2p− q − z)

)
,

where we used on the left hand side dab to define the quadratic terms,
while the cubic terms on the right hand side are defined with the help
of dabc. Here we recognize precisely the perturbative genus zero and
genus one piece of the topological string partition function, clearly giving
evidence for (2.61). The elliptic genus is roughly a sum over k and Γ/Γ∞
of |Ztop|2. Heuristically, the sum over k in the theta function and the
sum over Γ/Γ∞ make the total expression both spectral flow and modular
invariant.

We would like to take into account also non-perturbative corrections
to the perturbative part. To this end, we would like to integrate out the
lightest degrees of freedom, since they have the largest contribution to
the effective action. The ratio of the masses of M5-branes and M2-branes
wrapped on the Calabi-Yau is V

1
3

CYR/`
3
P, which is proportional to

√
q̂0̄/p.

Since the parameter range for a valid use of low energy M-theory is q̂0̄/p�
1 (Sec. 2.2), the M2-branes are the light degrees of freedom. Although the
previous section mainly emphasized the excitations in AdS3, the analysis
here is performed in AdS2⊗S2. The M2-branes become then BPS bound
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states of D0- and D2-branes. These particles can be integrated out by the
calculation of pair creation in a constant magnetic field, which is known as
a Schwinger calculation [157]. For a supergravity theory, the pair creation
in a background magnetic field should be extended with pair creation
in a background metric field. However, the presence of supersymmetry
reduces the calculation to the familiar field theory computation. The
gauge field is the anti-self-dual field T−. The calculation is carried out
by Gopakumar and Vafa in [158, 159] with background geometry R4.

First pair creation of charged scalar field quanta is considered in a
constant background field T−. The scalar field is considered as a probe
field, the back reaction of the geometry is not taken into account. The
charge of the scalar field is n = nIX

I , by supersymmetry |n| is equal to
the mass m of the scalar field. The AdS2⊗S2 metric (2.29) is rotated to
Euclidean signature. Then we can introduce the dimensionless complex
coordinates z1 = (tE + i|Z|2/r)/`P (`P = 1 in the following) for the AdS2

part, and the Fubini-Study metric in terms of z2 for the S2 part. The
metric in terms of these coordinates is

ds2 = |Z|2
(
dz1dz̄1

(Im z1)2
+

4dz2dz̄2

(1 + |z2|2)2

)
. (5.11)

The Laplacian ∇2 = 1√
g∂µ
√
ggµν∂ν takes a particularly simple form for

this metric

∇2 =
1

√
gAdS2

(
∂1∂̄1 + ∂̄1∂1

)
+

1
√
gS2

(
∂2∂̄2 + ∂̄2∂2

)
, (5.12)

where
√
gAdS = |Z|2/(Im z1)2 and

√
gS2 = 4|Z|2/(1 + |z2|2)2. The anti-

self-dual gauge field in this geometry is

T− = Z

(
dz1dz̄1

(Im z1)2
− 4dz2dz̄2

(1 + |z2|2)2

)
. (5.13)

The corresponding potential in holomorphic gauge, ∂A− = 0, is

A− = Z

(
−2idz1

Im z1
+

4z̄2dz2

1 + |z2|2

)
. (5.14)

The minimal coupling of the scalar field to the gauge field amounts to
changing ∂ to ∂ − n̄A−. This transforms the Laplacian to

∇2
A = 1√

gAdS2

((
∂1 + 2in̄Z

Im z1

)
∂̄1 + ∂̄1

(
∂1 + 2in̄Z

Im z1

))
+ (5.15)

1√
gS2

((
∂2 − 4n̄Zz̄2dz2

1+|z2|2

)
∂̄2 + ∂̄2

(
∂2 − 4n̄Zz̄2dz2

1+|z2|2

))
.
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The Hamiltonian of a massive charged scalar with |n| = m is then

H = ∇2
A + |n|2. (5.16)

To perform the one-loop calculation, we introduce two sets of raising
and lowering operators. The appearance of a double harmonic oscillator
is due to the fact that a self-dual gauge field is present. The operators
are given by

a = ∂̄1, a† =
(
∂1 +

2in̄Z
Im(z1)

)
, (5.17)

b = ∂̄2, b† =
(
∂2 −

4n̄Zz̄2

1 + |z2|2

)
.

The commutation relations read

[a, a†] =
n̄

Z̄

√
gAdS2 , (5.18)

[b, b†] =
n̄

Z̄

√
gS2 .

The Hamiltonian can be written in terms of these operators as

H =
∑
n0,na

1
√
gAdS2

a†a+
1
√
gS2

b†b+
n̄

Z̄
+ |n|2, (5.19)

where the sum over n0, na is over both positive and negative charges.
The energy level of the two harmonic oscillators are denoted by l1 and
l2. These are the Landau levels of the charged particles in the magnetic
field. Note that the number of ground states are given by the number of
holomorphic sections of the line bundle. For a line bundle over S2, this
number is equal to the degree plus one.

The contribution to FS by the one-loop computation is calculated as

FS(X) =
∑
n0,na

ln det
(
∇2
A + |n|2

)
= Tr ln

(
∇2
A + |n|2

)
, (5.20)

where is used det eA = eTrA. Up to a constant, dependent on ε, ln a is
equal to

ln(a) =
∫ ∞
ε

ds

s
e−sa. (5.21)

Thus we write for lnH

FS(X) = Tr
∫ ∞
ε

ds

s
e−Hs. (5.22)



110 5. Interpretations and Applications

Performing the sum over the excited states of the oscillators, one
obtains

∞∑
l1,l2=0

∫ ∞
ε

ds

s
e−(|n|2+(l1+l2+1) n̄

Z̄
)s =

1
4

∫ ∞
ε

ds

s

e−ns

sinh2 s
2Z̄

(5.23)

The central charge n of the particles is given by n0X
0 + naX

a. If we
make this substitution in the integral and use that

∑
n0∈Z e

2πisn0 =∑
k∈Z δ (s− k). Then the integral reduces to

−1
4

∑
k>0

1
k

e2πiknata

sin2(πk/X0Z̄)
, (5.24)

where is used that the ratio Xa/X0 is equal to the Kähler modulus ta

of the Calabi-Yau. In the following, 2π
X0Z̄

= 2π
Y 0 is denoted by λ. Shortly

will be explained that this combination is indeed naturally identified as
the topological string coupling constant λ as below Eq. (2.59)

The D0-D2-brane bound states can carry higher spins. This does not
change the calculation qualitatively. One only needs to change ∇2

A− to
[157, 159]

∇2
A− − n̄JR · T

−, (5.25)

where JR is the operator for the momentum in the SU(2)R of the SO(4) =
SU(2)L ⊗ SU(2)R. The free energy then reads

FS(X) = −1
4

∑
na

∫ ∞
ε

ds

s

e−nsTr
[
(−)F e−2 s

Z̄
JR
]

sinh2 s
2Z̄

, (5.26)

where also a grading (−)F is inserted, to ensure the projection to su-
persymmetric states. The spin representation in the super multiplet is
given by

[(
1
2

)
+ 2 (0)

]
⊗
[(

1
2

)
+ 2 (0)

]r. The first term is always present
by supersymmetry. The representation is related to the Lefschetz action
on the moduli space [159]. An evaluation of the trace under the integral
gives Tr

[
(−)F e−2 s

Z̄
JR
]

= (−4)r sinh2r
(
s

2Z̄

)
. Therefore, the integral gives

now the following sum over k

−
∑
k>0

1
k

[
2 sin

(
kλ

2

)]2r−2

e2πiknata . (5.27)

For a given D2-brane charge na, the representation r might appear with
a certain multiplicity. These multiplicities are denoted by αnar and carry
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the name Gopakumar-Vafa invariants. These are either positive or nega-
tive integers and imply non-trivial integrality properties for the Gromov-
Witten invariants. We will not enter into the subject of how to compute
these integers, since this is outside the scope of thesis. See for example
[159, 160]. The total FS(X) is conveniently written as

FS(X) = FGV(t, λ) + FGV(t, λ) (5.28)

with

FGV(t, λ) = −
∑
na≥0

∑
k>0,r≥0

αnar
1
k

[
2 sin

(
kλ

2

)]2r−2

e2πiknata , (5.29)

where is used that ta is completely imaginary for a black hole with D4-
and D0-brane charges.

Eq. (5.28) is very similar to (2.60). Indeed, Gopakumar and Vafa
argued in [158, 159] that the effective action obtained by integrating out
the D0-D2-brane states in R4, reproduces the topological string parti-
tion function. The dependence on λ here and in [158, 159] is identical.
Therefore, the identification of λ as 2π/Y 0 is confirmed here from the
non-perturbative part of the topological string partition function. How-
ever, the degeneracies of the D0-D2-brane bound states in AdS2 ⊗ S2

might be different compared to the states in R4. A possible sign of this
are the different number of ground states on S2 and R2.

The equality between the supersymmetric D0-D2-brane partition func-
tion and Ftop is not unconceivable, since both systems are in essence the
holomorphic embedding of a Riemann surface in a Calabi-Yau X. This
correspondence can be understood in some more detail by an uplift to
M-theory, where fundamental strings and D2-branes are both described
as M2-branes. A fundamental string corresponds to an M2-brane which
wraps S1

M and a D2-brane is an M2-brane which does not wrap S1
M. A

topological string is a fundamental instanton string and wraps a holo-
morphic surface in X. This corresponds in M-theory to an instanton
M2-brane, which wraps S1

M in addition to the surface in X . In the Eu-
clidean context, the time circle S1

t and S1
M appear on an equal footing

and their role might be interchanged. This would exchange instanton
M2-branes and non-instanton M2-branes. If M-theory is compactified
on S1

t instead of S1
M, the original topological string is related to a D0-

D2-brane state. The topological string partition function captures thus
information about the BPS-sector of IIA string theory and M-theory. In
a similar way, topological strings and six-dimensional U(1) gauge theory
(Donaldson-Thomas theory) can be related to each other [161].
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The relation between the ZBH and |Ztop|2 has now become less mys-
terious. The topological strings calculate the effective action, which is
equivalently obtained by integrating out the D0-D2-branes from the ac-
tion. The leading contribution at a given saddle point is therefore domi-
nated by |Ztop|2. The full black hole partition function takes into account
all states in the near-horizon geometry and sums over all the saddle points.

ZBH ∼
∑
k∈Λ

∑
Γ/Γ∞

(−1)p·ke
(
− cz

2/2
cτ + d

)
× (5.30)

Ztop

(
γ(τ),

1
2p+ k + z

cτ + d

)
Ztop

(
γ(τ),

1
2p− k − z
cτ + d

)

This suggests that ZBH is well approximated by a double sum over the
topological string partition function. The sum over k is the sum over
spectral flow images, and the sum Γ/Γ∞ is the sum over geometries. In
the sum, appropriate weight factors, unitary factors and possibly modular
forms might appear in a precise version of this formula. If one considers
the geometries given by (c, d) = (1, d) [59, 37], then the black hole de-
generacy can be written as an inverse Laplace transform, as suggested by
the original conjecture [5].

Generically, Ztop is divergent and the parameter identification in (3.63)
does not make it a convergent quantity. Therefore, the expansion of Ztop

must be cut off appropriately in a precise version of (5.30). The reg-
ularization by R(z) cuts off the function smoothly. The cut off can be
understood nicely in the AdS3×S2 geometry. The cut off is a consequence
of the finite number of Landau levels on S2. A charged, supersymmet-
ric state at the north pole represents as many supersymmetries as an
oppositely charged state located at the south pole. This explains the
appearance of |Ztop|2 naturally as the contributions of the membranes
and anti-membranes to the partition function [57]. If one start filling the
Landau levels centered around the north and south pole, they eventually
will start to overlap. The cut off on Ztop is then necessary to avoid double
counting.

An interesting property of FGV(t, λ) is that it can be rewritten as a
product formula. To this end, we define y = e2πita , q = eiλ. Eq. (5.27)
now reads

FGV(t, λ) =
∑

na≥0,r≥0,k>0

αn
a

r

1
k

(−1)r(qk/2 − q−k/2)2r−2ykn. (5.31)
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We split the sum into r = 0 and r > 0. For the sum over r we find∑
r≥0

αn
a

r (−1)r(yk/2 − y−k/2)2r−2 =

αn
a

0 (yk/2 − y−k/2)−2 +
∑
r>0

αn
a

r (−1)r(yk/2 − y−k/2)2r−2 =

αn
a

0

∑
l>0

lykl −
∑
r≥0

αn
a

r+1(−1)r
2r∑
l=0

(
2r
l

)
(−1)lyk(l−r) =

αn
a

0

∑
l≥0

lykl −
∑
r≥0

αn
a

r+1

r∑
l=−r

(
2r
l + r

)
(−1)lykl

where
(

2r
l+r

)
= 0 for l + r > 2r and l + r < 0.

The sum over k, r with na = 0 can be rewritten as the −α0
0 times the

logarithm of the (non-convergent) McMahon function M(q) =
∏
l>0(1−

ql)l. This is the generating function for three-dimensional partitions.
The part of the sum with r 6= 0 can similarly be rewritten to a product
formula. As a result, we find for Ztop

Ztop = M(q)−α
0
0

∏
r≥0,na>0,l

(
1− qlyn

)(−1)l( 2r
l+r)αn

a
r
. (5.32)

The appearance of such a product formula for the modes in the near
horizon geometry was shown in [57].

The part of the product with na = 0 represents the D0-brane states in
IIA string theory and the constant maps in topological string theory. One
can determine that α0

0 = χ(X)/2 by the constant part of the prepotential.
Therefore, a term M(q)−χ(X) appears in the black hole partition function.
The D0-branes can be viewed as pointlike instantons of a six-dimensional
U(1) gauge theory on X. Göttsche has calculated in [162] the partition
function of such instantons in U(1) gauge theory on a four-manifold M to
be η(τ)−χ(M). More recently, the appearance of the McMahon function
for six-manifolds is more mathematically derived in [163]. Remarkably,
the η(τ)−1 and M(q)−1 respectively calculate two- and three-dimensional
partition functions. Thus, a natural structure seems to exist for the
counting of U(1) instantons on manifolds with different dimensions. The
theory of partitions plays an important role herein.

5.2.2 Weak topological string coupling

The previous section explained to what extend |Ztop|2 approximates ZBH

in the regime of strong topological string coupling constant. In this
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regime, the effects of R(x) could be neglected. On the other hand, in
the opposite regime of weak topological string coupling, p3 � q̂0̄ the
value of x goes to zero for the c = ±1, d = 0 terms in the Poincaré se-
ries and the effects of our regularization become significant, introducing
further corrections to the OSV formula in this regime.

An interesting phenomenon described in Ref. [37, 164] is the “en-
tropy enigma.” This refers to the fact that for charges corresponding to
weak topological string coupling, semi-classical multi-centered states ex-
ist which contribute to the “large radius BPS degeneracies” cµ(q̂0̄) with
entropies which grow exponentially in p3 for p→∞. In particular, they
dominate the single centered entropy, the latter growing like

√
q̂0̄p

3. A
growth of log |cµ(q̂0̄)| ∼ p3 for p → ∞ would be a sharp counterexample
to the OSV conjecture, and would have other interesting implications. As
discussed at length in Ref. [37, 165], since cµ(q̂0̄) is an index it is con-
ceivable that the exponentially large contributions might cancel, leaving
asymptotics log |cµ(q̂0̄)| ∼

√
q̂0̄p

3. Ref. [37] argued that such cancella-
tions are unlikely, but left this central question unanswered.

It is interesting to consider this central question in the light of the
present paper. The limit of weak topological string coupling can inter-
fere with the parameter regime for a valid use of low-energy M-theory.
Nevertheless, the SCFT degeneracies of the charges in this regime can
be analyzed. These degeneracies are the “barely polar degeneracies,”
that is, the coefficients cµ(q̂0̄) for q̂0̄ of order 1 or smaller (compared to
p3). The entropy enigma suggests that these barely polar degeneracies
grow like exp(kp3) as p → ∞ for some constant k. We are thus led to
ask what constraints are imposed by modular invariance on polar degen-
eracies, and whether the existence of terms with large poles ∼ q−p

3/24

implies, through anomaly cancellation, that the coefficients of terms with
small or order one poles ∼ q−1/p, · · · , q−1, · · · , q−2, . . . are large. The
Fourier coefficients g(n) of cusp forms (for Γ, with trivial multiplier sys-
tem) of weight k grow as nk/2. Although modular invariance therefore
bounds the growth of the polar degeneracies, a lot of freedom remains
for these degeneracies. From these heuristic arguments, it is clear that
we must look elsewhere for an explanation of exponentially large barely
polar degeneracies.

In the following, we will refine a suggestion made in Ref. [37], p. 117.
We make a toy model of the polar terms of the N = (4, 0) elliptic genus
by considering a modular form for Γ with trivial multiplier system (for
simplicity) and considering the polar terms of the negative weight form
Φ(τ)/η(τ)cR where cR = p3 +c2(X) ·p and Φ(τ) is a non-singular modular
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form for Γ of positive weight wΦ = 1
2cR−1− 1

2b2. As we remarked above,
the leading coefficient cµ=0(0) is, up to a sign ∼ p3/6 and therefore in
our toy model Φ(τ) will have a nonzero Petersson inner product with the
Eisenstein series.

To begin, let us sharpen the comments made in [37] about the barely
polar degeneracies of η(τ)−cR for large cR. For simplicity we assume that
cR is a positive integer divisible by 24. Let us define Fourier coefficients
by

η(τ)−cR = q−cR/24
∞∑
n=0

pcR(n)qn. (5.33)

We are considering degeneracies for n = cR
24 + ` with ` fixed as cR →

∞ (and of either sign) so the usual Hardy-Ramanujan analysis (“Cardy
formula”) is slightly altered. A naive saddle-point analysis proceeds by
writing

pcR(n) =
∫ τ0+1

τ0

e−2πi(n−cR/24)τ 1
η(τ)cR

dτ (5.34)

∼=
∫ τ0+1

τ0

e−2πi(n−cR/24)τ+
cR
2

log(−iτ)+
iπcR
12τ dτ.

In contrast to the usual estimate, it is now the second and third terms in
the exponential which dominate the saddle point. In this way we estimate

pcR

(cR
24

+ `
)
∼cR→∞ C · c−1/2

R exp
(
cR
2

(
1 + log

π

6

)
+
π2

3
`

)
, (5.35)

for some constant C. This agrees very well with a numerical analysis
of log pcR(cR/24) in Ref. [37] (p.117). Moreover, we see that although
the degeneracies grow exponentially with `, the proportionality between
pcR

(
cR
24 + `

)
and pcR

(
cR
24 + `+ 1

)
is not exponential in cR. This agrees

with the earlier statement that the anomaly cancellation bounds the
growth of the polar degeneracies. It is interesting to compare with the
Rademacher formula for pcR(cR/24):

pcR

(cR
24

)
= 2π

∑
0≤n< cR

24

pcR(n)

(
2π|n− cR

24 |
)1+cR/2

Γ(2 + cR/2)
(5.36)

×
∞∑
c=1

c−2−cR/2Kc

(
0, n− cR

24

)
.
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We can use a beautiful formula of Ramanujan: 2

∞∑
c=1

c−sKc(0, n) =
σ1−s(n)
ζ(s)

, (5.37)

to simplify our formula to:

pcR

(cR
24

)
= 2π

∑
0≤n< cR

24

pcR(n)

(
2π|n− cR

24 |
)1+cR/2

Γ(2 + cR/2)
σ−1−cR/2( cR24 − n)
ζ(2 + cR/2)

.

(5.38)
Now, note for large cR there is a very large denominator from the Gamma
function. The factor

(
2π|n− cR

24 |
)1+cR/2 starts very large for n = 0 and

falls exponentially rapidly. Meanwhile, notice that since the index on the
divisor sum is negative the factor σ−1−cR/2( cR24 − n) is a slowly varying
function of n, and strictly smaller than cR

24−n. Thus, the sum is dominated
by the terms n = 0. Using Stirling’s formula we find that the contribution
of the n = 0 term is

σ−1−cR/2

(cR
24

)
× C · c−1/2

R exp
(cR

2

(
1 + log

π

6

))
. (5.39)

in agreement with the naive evaluation. Thus we learn that the contribu-
tion of the extreme polar states in the Rademacher expansion gives the
dominant contribution to the constant term.

Now let us turn to the numerator Φ. A similar discussion applies
to the contributions of Φ to the barely polar degeneracies. If Φ is a
nonsingular modular form of weight w with Φ(τ) =

∑
n≥0 φ̂(n)qn then a

naive saddle point evaluation of the Fourier coefficients φ̂(n) gives

φ̂(n) ∼ ± φ̂(0)√
2π
w−w+ 1

2 ew(1+log(2π))nw−1
(

1 +O(e−4π2n/w)
)

(5.40)

(Although this is naive, numerical checks indicate it is valid.) To estimate
the biggest contribution of the Fourier coefficients of Φ to the constant
term in η−cRΦ we apply this to w = wΦ = 1

2cR −
1
2b2 − 1 and n = cR

24
yielding, remarkably,

C · c−1/2
R exp

[cR
2

(
1 + log

π

6

)]
(5.41)

2 To show this we first relate the relevant Kloosterman sum to the Möbius function
µ(n):

Pc
a=1

(a,c)=1
e(na

c
) =

P
m|(c,n) µ( c

m
)m (See page 160/161 of Ref. [166]). We substi-

tute this identity in the left hand side of Eq. (5.37). Application of ζ(s)
P∞
n=1

µ(n)
ns = 1

leads then to the claimed identity.
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having the same order of exponential growth as the barely polar terms of
η−cR . Thus, in our model for polar degeneracies the barely polar degen-
eracies are indeed expected to grow exponentially in cR. It is conceivable
that this kind of estimate could be rigorously applied to estimate the
coefficients near the cosmic censorship bound in the (4, 0) elliptic genus,
and it would be very interesting to do so.

In the above, we studied the leading contributions to the partition
function. In a few cases, one can go beyond this and determine the full
partition function by specifying the polar coefficients. Often, too many
polar coefficients are present to be able to determine all of them. However,
[111, 167] are able to determine them for a few cases with b2 = 1 by an
analysis of the bound states of D4-D0-branes and also of the chiral ring in
the CFT. An example of a manifold with b2 = 1 is the quintic, for several
quantities were given in Sec. 3.3. It was found that p(M, 55

24) = 7. The
polar and non-polar spectrum of this SCFT are shown in Fig. 3.1. To
calculate the number of constraints, As, Ae and Ap can be evaluated to
be 5

8 , −1
4 and −3

8 . Therefore, no constraints are present in this case and
one needs to specify seven polar coefficients. Then the full elliptic genus
is determined, which can be found in [111]. If p is increased to 2, d = 6
and the number of polar terms becomes 36. In this case, the ingredients
for the number of constraints are As = 11

4 , Ae = 0 and Ap = −1
4 . Thus,

one finds one constraint and 35 coefficients must be specified to determine
the full elliptic genus.

Ref. [167] determines the elliptic genus for some other cases where an
M5-brane wraps a hypersurface in a Calabi-Yau with b2 = 1. Interest-
ingly, for an M5-brane wrapping the hyperplane section of the bi-cubic
in CP5 is reported that six basis elements suffice to determine the elliptic
genus, whereas the number of polar coefficients is seven. Indeed, one can
show that one constraint is present for this example. In agreement with
[167], no constraints are found in the other examples worked out there.

The next section studies generating functions of the Euler number
of instanton moduli spaces. In this case, the contribution of the triple
intersection number vanishes which results in viewer polar coefficients.
Therefore, modularity is more powerful in that situation.

5.3 Application to partition functions of N = 4 Yang-Mills

In this final section of the chapter, we study the partition functions of
twisted supersymmetric N = 4 Yang-Mills on a four-manifold M with
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gauge group G. The gauge field F appears in the Lagrangian as

1
g2

TrF ∧ ∗F +
iθ

8π2
TrF ∧ F, (5.42)

where g is the gauge coupling constant. The θ-angle measures the instan-
ton number of a solution. The constants g and θ naturally combine to
the complex parameter τ = θ

2π + 4πi
g2 . This supersymmetric field theory is

invariant under a strong-weak coupling duality known as S-duality [168],
except that its gauge group G is exchanged with the magnetic dual group
Ĝ [169]. S-duality extends to the action of the full modular group Γ on
τ , and manifests itself as modular covariance of the partition function of
the twisted theory [154]. Remarkably, the transformation properties of
the M5-brane elliptic genera closely resemble the transformation proper-
ties of partition functions of twisted N = 4 supersymmetric Yang-Mills
theory on a four-manifold M . Before we start a closer analysis of the par-
tition functions, we briefly review the field content and twisting of N = 4
Yang-Mills.

The field content of N = 4 Yang-Mills consists of a gauge field Aµ,
six scalars φi, i = 1 . . . 6 and eight fermions ψ±Iα , ψ±Iα̇ , I = 1, 2. The
Lorentz group is SO(4) = SU(2)L ⊗ SU(2)R and the R-symmetry group
is SU(4). The gauge field, scalars and fermions transform under these
symmetries as (2, 2, 1), (1, 1, 6) and (2, 1, 4̄) ⊕ (1, 2, 4). The R-symmetry
group can be decomposed as SU(4) = SU(2) ⊗ SU(2) ⊗ U(1). The
four dimensional representations transform under this decomposition as
4 = (2, 1)1 ⊕ (1, 2)−1 and 4̄ = (2, 1)−1 ⊕ (1, 2)1, where the superscript
denotes the U(1)-charge. The six-dimensional representation of SU(4)
decomposes as 6 = 4∧4 = (2, 2)0⊕(1, 1)2⊕(1, 1)−2. The supersymmetries
transform in the same way as the fermions. Table 5.1 summarizes the field
content.

Tab. 5.1: Fields and the way they transform under SO(4) × SU(4), i = 1 . . . 6
and I = 1, 2, the superscript indicates the U(1)-charge.

Field Representation
Aµ (2, 2, 1, 1)0

φi (1, 1, 2, 2)0 ⊕ (1, 1, 1, 1)2 ⊕ (1, 1, 1, 1)−2

ψ±Iα (2, 1, 2, 1)−1 ⊕ (2, 1, 1, 2)1

ψ±Iα̇ (1, 2, 2, 1)1 ⊕ (1, 2, 1, 2)−1

Instead of SO(4), a different subgroup of SO(4)⊗ SU(4) can be cho-
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sen as Lorentz group. This procedure is called “twisting”, and is most
interesting if the new Lorentz group is chosen such it leaves some com-
ponents of the supersymmetry generators invariant. Restricting physical
states to lie in the cohomology of these invariant generators makes the
theory essentially topological. Three different twistings are possible for
N = 4 Yang-Mills [170], of which only the Vafa-Witten twist is relevant
here [154]. This twist replaces the SU(2)R of the Lorentz group with
the diagonal of SU(2)R and the two SU(2)’s of SU(4). The new SU(2)R
representation is the product of these three representations. This twist
commutes not only with the U(1) of the original SU(4), but in fact with
an SU(2) = F subgroup of SU(4), which exchanges the original two
SU(2)’s. For the SU(2)L⊗SU(2)R⊗F representations of the gauge fields,
scalars and fermions, one finds respectively (2, 2, 1), (1, 3, 1)⊕(1, 1, 3) and
(2, 2, 2)⊕ (1, 3, 2)⊕ (1, 1, 2). Thus, indeed two components of the super-
symmetry generators are invariant under the new Lorentz group.

Ref. [154] shows that if certain conditions are satisfied, the partition
function of the topologically twisted theory is the generating function for
the Euler numbers of instanton moduli spaces. In addition is shown that
the partition functions are modular forms. For example, if the gauge
group is SU(N)/ZN , with different ’t Hooft fluxes valued in Z/ZN , then
the partition is a vector-valued modular form with weight −χ(M)/2. The
partition function of SU(N) is given by the one of Z/ZN with trivial ’t
Hooft flux, multiplied by N−1+b1 (with b1 the first Betti number of M).
Interestingly, the transformation properties (3.78) are compatible with
those of the partition functions of the field theory. This suggests that
BPS-states of the gauge theory on M , can be calculated by considering
M5-branes wrapping T 2 ×M . For small T 2, we would expect that the
partition function of the M5-branes is given by the gauge theory compact-
ifications. On the other hand, in the limit where the Kähler class of the
T 2 is much larger than those of M , and M is embedded as a rigid divisor
in a Calabi-Yau, the conformal field theory analysis should be applicable.
Later in this section, we comment in some more detail on this duality.
Whether this is true or not, the resemblance shows that the SU(N)/ZN
partition functions can be combined into a single partition function by
adding U(1) degrees of freedom. This gives the partition function of the
theory with gauge group U(N), whose magnetic group is U(N) as well.

The space of constraints is more restrictive in this situation than for
the N = (4, 0) SCFT’s arising in the context of M-theory black holes.
This is caused by the reduced number of polar degeneracies now the con-
tribution to the central charge of the triple intersection number vanishes.
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As an illustration, we calculate the number of polar terms and obstruc-
tions for the U(N) theory on CP2. Since b2 = 1, the lattice Λ is one-
dimensional and the theta function is holomorphic in τ . Consequently,
hµ(τ) has weight −3

2 . The second Chern class of CP2 is 3J2, with J the
hyperplane class. The central charge cR from the SCFT reduces to the
combination χ(CP2)N = 3N . The unitary factor ε(T ) is then given by
ε(T ) = e(N8 + cR

24 ) = e(N4 ). Note that the index formula cannot be used in
this situation, and that therefore ε(T ) 6= e(− c2·N

24 ). The theta functions
ΘN,µ are given by

ΘN,µ(τ, z) =
∑
k∈Z

e

(
τ

2N

(
N

2
+ µ+ kN

)2

+
(
N

2
+ µ+ kN

)
(z + 1

2)

)
,

From the transformation properties of ΘN,µ follows that hµ(τ) transforms
as

S : hµ

(
−1
τ

)
= − 1√

N
(−iτ)−

3
2 e

(
N

2

) ∑
ν mod N

e
(
−µν
N

)
hν(τ),

T : hµ(τ + 1) = e

(
−N

4
+

1
2N

(
µ+

N

2

)2
)
hµ(τ). (5.43)

The functions satisfy moreover ΘN,µ(τ,−z) = (−)NΘN,−µ(τ, z) and hµ(τ) =
h−µ(τ), such that hµ(τ) can be reduced to a vector of length N

2 + 1 if N
is even and N+1

2 if N is odd. The elements hµ(τ) are forms of Γ(2N) for
N even and otherwise Γ(8N). The number of polar terms p(N) is given
by

p(N) =
∑
µ

⌈
N

8
−
(
µ2

2N
+
µ

2
−
⌊
µ2

2N
+
µ

2

⌋)⌉
. (5.44)

One can straightforwardly determine the properties of the obstruction
forms gµ(τ). They have weight 31

2 , we denote their representation again
by M.

For large N , p(N) grows as 1
16N

2 and the number of constraints as
5
48N . Evaluation of Eq. (4.70) gives a closed expression for the dimension
of the space of forms which satisfy the required properties for hµ(τ). A
tedious part is the calculation of Ae. One needs to determine the d × d
matrices M(S) and M(ST ) from (5.43), and then their traces. If N is
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even, N = 2m, χM(S) can be evaluated to

χM(S) =
1√
−2mi

1− e
(m

2

)
+

m∑
µ=1

e

(
µ2

2m

)
+ e

(
− µ

2

2m

)
=

{
e
(

1
8

)
m = 0 mod 2,

0 m = 1 mod 2,
(5.45)

where the quadratic sums in the first line are evaluated using the Gauss
sums

∑m
µ=1 e

(
µ2

m

)
[166]. Similarly, one finds

χM(ST ) =


e
(

1
12

)
m = 0 mod 3,

e
(

1
4

)
m = 1 mod 3,

0 m = 2 mod 3,
(5.46)

Evaluating (5.43) gives then

dim A− 3
2
,M

(
Γ(4m)∗,

m

4

)
= (5.47)

6m2 + 13m+ 7
24

−
m∑
µ=0

(
µ

2
+
µ2

4m
−
⌊
µ

2
+
µ2

4m

⌋)

−1
4

{
1 m = 0 mod 2,
0 m = 1 mod 2,

− 1
3


0 m = 0 mod 3,
1 m = 1 mod 3,
0 m = 2 mod 3.

A similar formula can be derived for the case when N is odd. Table
5.2 presents the number of polar coefficients p(N) and constraints on
the polar spectrum for N = 1 . . . 10. The table confirms earlier results for
N = 1 and N = 2, which are derived using the Weil conjectures [162, 171].
For N = 1, the space of potential partition functions is one-dimensional,
therefore, h0(τ) must be proportional to η(τ)−3. This agrees with the
computation in Ref. [162].

About N = 2 is a lot more to say. The dimension of the modular
vector is now 2, and the table teaches us that it contains one polar term.
The multiplier system M(γ) is generated from

M(T ) =
(
e(−1/4) 0

0 −1

)
, M(S) = e(−1/8)

1√
2

(
1 1
1 −1

)
. (5.48)

Interestingly, an obstruction cusp form does exist, and is given by

η(τ)6

(
θ3(2τ)
θ2(2τ)

)
. (5.49)
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Tab. 5.2: For U(N) gauge theory on CP2, the number of polar coefficients p(N)
and constraints on the polar spectrum dimS3 1

2 ,M
are listed for N =

1 . . . 10.

N 1 2 3 4 5 6 7 8 9 10
p(N) 1 1 1 1 3 4 4 5 7 8
dimS3 1

2
,M 0 1 0 0 1 1 0 0 1 2

Since this form does exist, a modular meromorphic partition function for
N = 2 does not exist. This is consistent with the known generating func-
tion for the Betti numbers of the compactified moduli space calculated
in [171]. This generating function can be specialized to a give the Euler
numbers of the moduli space. One finds for this generating function

h̃1(τ) =
∞∑
n=1

cµ(n)qn−
1
2 (5.50)

=

∑
n,m≥0(4n− 2m+ 1)qm(m+2(n+1))+n+ 3

4

θ3(2τ)η(τ)6
,

where cµ(n) = χ(M(c1, c2)) under the identification µ = c1 and n =
4c2− c2

1 andM(c1, c2) is moduli space of rank two bundle over CP2 with
Chern class c1 and c2. Twisting of a vector bundle by a line bundle
E ⊗O(k) gives an isomorphism between M(c1, c2) and M(c1 + 2k, c2 +
kc1 + k2). This is the gauge theory analogue of the spectral flow in the
N = (4, 0) SCFT. The moduli spaces of bundles with equal discriminant
−n = c2

1 − 4c2 and c1 mod 2 are equal. Stable bundles have positive n.
The numbers in (5.50) are thus calculated for the case with non-trivial
’t Hooft flux, or more mathematically said, non-trivial second Stiefel-
Whitney class. The Fourier coefficients of (5.50) capture interesting data,
since 1

3 h̃1(τ)
∏∞
`=1(1−q`)6 is the generating function of the class numbers

∞∑
n=1

H(4n− 1)qn. (5.51)

A class number H(n) is the number of equivalence classes of quadratic
forms

αu2 + βuv + γv2 = 0, β2 − 4αγ = −n ≤ 0, (α, β, γ) ∈ Z. (5.52)

Those (α, β, γ) which are related by the transformation
(
u
v

)
→ γ

(
u
v

)
, γ ∈ Γ

are equivalent. H(0) = − 1
12 by definition. Quadratic forms which are
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multiples of u2 + v2 are counted by 1
2 , multiples of u2 + uv + v2 by 1

3 .
The numbers H(n) are only non-zero for n = 0, 1 mod 4. Class numbers
appeared earlier as the Euler numbers of the uncompactified moduli space
of rank two bundles over CP2 [172].

The function h̃1(τ) is not a modular form, which we already deduced
from Table 5.2. However, it is close to a modular form. One can show
that it transforms together with h̃0(τ) as

h̃µ

∣∣∣
− 3

2

γ = M(γ)νµ (5.53)

×

[
h̃ν(τ) +

3e(−1
8)

2
√

2π η(τ)6
p
(
τ, γ−1(−i∞), θ3−ν(2 ·)

)]
.

This non-modular behavior can be understood by the observation that
the class numbers are Fourier coefficients of Eisenstein series with weight
3
2 [152, 153]. Such Eisenstein series are divergent and need to be reg-
ularized similarly to the discussion on divergent Poincaré series. The
regularization spoils the modular invariance. As in Sec. 5.1, this can be
cured by a non-holomorphic addition to h̃(τ) [152, 153]. The holomorphic
anomaly reads in this case [154]

∂

∂τ̄
hµ(τ, τ̄) =

3

16πiτ3/2
2

1
η(τ)6

θ3−µ(2τ), (5.54)

where θ3−µ(τ) =
∑

n∈Z+µ
2
qn

2
for µ = 0, 1; these are standard Jacobi theta

functions. If we include the U(1)-degrees of freedom (or c1 dependence),
we obtain for the partition function of the U(2)-theory

Z(τ, τ̄ , z) = h0(τ, τ̄)θ2(2τ, 2z)− h1(τ, τ̄)θ3(2τ, 2z). (5.55)

Note that µ is 0 when the second Stiefel-Whitney class w2 of the SO(3)
bundle is trivial, and equal to 1 when w2 is non-trivial.

Let us contrast these formulas with what would be expected from
the viewpoint of a sum over AdS3-geometries. To this end, consider
two M5-branes on a rigid divisor equal to CP2 in a suitable Calabi-Yau
(e.g. the Calabi-Yau elliptic fibration over CP2). We might expect to
be able to construct the partition function – in the AdS3 regime – from
a Poincaré series based on its principal part. A priori, this partition
function does not need to equal Z(τ, τ̄ , z̄) since we might not be able to
rely on modular invariance and/or holomorphy. Therefore, we distinguish
the AdS3 partition function and denote it by ZA(τ, τ̄ , z̄). The comparison
reduces now to a comparison of the holomorphic part of hµ(τ, τ̄), h̃µ(τ),
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with the vector-valued modular form constructed by the Poincaré series.
We label the constructed vector-valued modular form by “A”: h̃A

µ (τ). The
principal part of h̃A

µ (τ) is equal to the principal part of h̃µ(τ), if we assume
that the polar part is not renormalized as we continue to the AdS3 regime.
h̃0(τ) has a polar term equal to −1

4q
− 1

4 while h̃1(τ) does not contain a
polar term. Therefore, we attempt to construct with the Poincaré series
a modular form of weight −3/2, with multiplier system as in [154] and
the given polar term. This construction is bound to fail, since the space
of obstruction cusp forms is one-dimensional. The constructed function
transform as

h̃A(γ(τ))|− 3
2
γ = M(γ)νµ (5.56)

×
[
h̃A
ν (τ) +

1
4
p
(
τ, γ−1(−i∞), η6 θ3−ν(2 ·)

)]
.

The factor 1
4 in front of the period function is a consequence of the coef-

ficient of the polar term.
A simple check whether the Poincaré series can reproduce the gauge

theory partition function is a comparison of the anomalies under mod-
ular transformations. Even without a detailed analysis, we can observe
qualitative differences between the shifts. An important difference is the
behavior for Im(τ) → ∞. In this limit the shift in Eq. (5.53) grows
exponentially whereas the period function in Eq. (5.56) vanishes. This
shows clearly that the holomorphic Poincaré series does not equal the
generating function of the Euler numbers of instanton moduli spaces. As
a consequence of the different modular anomalies, the associated holo-
morphic anomalies are different. The holomorphic anomaly given by Eq.
(5.54) is not annihilated by the Laplacian ∆. Another difference is that
for Im(τ) → ∞, the right hand side of Eq. (5.54) grows exponentially
(for µ = 0). This raises the question to what extent the N = (4, 0) SCFT
can calculate BPS quantities of the twisted theory. The results of this
section are clearly inconclusive.

For the cases N = 3 and N = 4, Table 5.2 shows that the partition
function exists and is unique up to an overall factor. One can show that
for N = 3, the hµ(τ) are given by

hµ(τ) =
1
2

θ5
2 Θ3,µ

[
1
2
0

]
(τ) + θ5

3 Θ3,µ

[
0
0

]
(τ) + θ5

4 Θ3,µ

[
0
1
2

]
(τ)

η(τ)9
, (5.57)
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where ΘN,µ

[
a
b

]
(τ) is defined by

ΘN,µ

[
a
b

]
(τ) =

∑
k∈Z

e
( τ

2N
(aN + µ+ kN)2 + (aN + µ+ kN) b

)
. (5.58)

The overall factor of 1
2 in (5.57) is such that the first coefficient of the ex-

pansion is one. For N = 4, hµ(τ) can be written in the form fµ(τ)/η(τ)12,
where fµ(τ) is a holomorphic vector-valued modular form. It would be
interesting to find out, whether the Fourier coefficients for N = 3 and
N = 4 capture any special information, as is the case for N = 2 where
they are class numbers. Naturally, an application of the described tech-
nique to N = 4 Yang-Mills theory on other manifolds is likely to suggest
more partition functions, which are currently unknown.





6. DISCUSSION AND CONCLUSION

We have come to the final chapter of the thesis. The first part of the
chapter recapitulates shortly the discussions of previous chapter, after
which some suggestions for further research are given. In Chapter 2, the
concept of black hole entropy was explained. In particular, the special
class of black holes was discussed, which played a central role in this thesis.
These are the charged supersymmetric black holes of four-dimensional
N = 2 supergravity; with one constraint on the magnetic charge, namely
p0 = 0. This condition needs to be imposed to account for its entropy by
an M-theory set-up as explained in [3]. An important ingredient for this
account is the counting of the degrees of freedom by a two-dimensional
superconformal field theory. This thesis concentrated on a special CFT
partition function, the elliptic genus, to learn about black hole entropy.
Three main motivations were given for this study:

- To explain microscopically the leading black hole entropy.

- To analyze to what extend the elliptic genus gives evidence for the
conjecture [5], which relates the black hole partition function ZBH

with the square of the topological string partition function |Ztop|2.
This conjecture arose by the analysis of quantum corrections to
the supergravity entropy. It showed that the attractor mechanism
suggests nicely that the black hole partition function considers the
electric charges in a canonical ensemble and the magnetic charges
in a microcanonical ensemble.

- To find evidence for the AdS3/CFT2 conjecture in the CFT parti-
tion function. Such evidence would be the discovery of a gravity
path integral in the CFT partition function. In AdS3, such a path
integral reduces to a discrete sum over geometries.

The subsequent chapters addressed these motivations. The answer to
the first motivation is due to [3] and reviewed in Chapter 3. The black
holes are described as a bound state of multiple M5-branes which wrap a
divisor P in a Calabi-Yau X times a circle S1

M. The low energy degrees
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of freedom of the M5-brane can be reduced to two-dimensions, where
they combine to a N = (4, 0) SCFT. A generalized elliptic genus can be
defined for this SCFT which enumerates the half-BPS states of the theory.
The symmetries of the theory determine that this function is similar to
a Jacobi form. Therefore, the elliptic genus can be decomposed into
a vector-valued modular form and theta functions. Using the modular
properties, the Cardy formula for the entropy can be derived, which agrees
with the supergravity entropy.

The third motivation could be addressed after the analysis of vector-
valued modular forms in Chapter 4. Inspired by Ref. [89], Chapter 5
explains that the elliptic genus can be written as a (regularized) Poincaré
series, which can be interpreted as a sum over geometries. The Poincaré
series are a sum over the coset Γ∞\Γ; and every term in the sum rep-
resents a semi-classical saddle point. This thesis improves the technique
of Poincaré series proposed in [89], such that the erroneous “Farey Tail
transform” has become obsolete. The main new ingredient is the regu-
larization. Generically, this leads to an anomaly, but that can often be
canceled by a proper choice of the polar degeneracies.

The sum over classical saddle points has also proven useful to elucidate
the connection between ZBH and |Ztop|2, i.e. the second motivation. In
a given geometry, |Ztop|2 arises as the partition function of M2- and anti-
M2-branes. It can be determined using a Schwinger calculation as in
[158, 159]. In the regime of strong topological string coupling constant λ,
only a single saddle point contributes, and the elliptic genus confirms the
OSV conjecture. The opposite regime of small λ, is more problematic for
the OSV conjecture, since then the entropy seems dominated by multi-
center black hole solutions. The microscopic entropy of these solutions is
also incorporated in the N = (4, 0) SCFT, but ZBH ∼ |Ztop|2 is no longer
accurate.

Suggestions for future work

The results of this thesis suggest further research in various directions.
The rest of the chapter comments on AdS3-gravity, partition functions of
D4-D2-D0-branes and partition functions of N = 4 gauge theory.

The Poincaré series are a suggestive connection between the (super-
symmetric) CFT partition function and gravity. Many issues are however
not fully understood. For example, why only these geometries appear in
the sum and the relation with Lorentzian space-times [173]. Also, the
appearance of a double sum over Γ∞\Γ for bosonic AdS3-gravities. This
might suggest a fundamental role for “chiral” gravity which is under cur-
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rent investigation, see e.g. [88, 174, 175], but certainly still needs a better
understanding.

Another aspect which deserves certainly more study is the relation be-
tween ZCFT and ZBH. This thesis required the restriction that the black
hole solution contains only a single AdS3 throat. Solutions with multi-
ple AdS3 throats [66] do exist however. The existence of these solutions
does depend on the moduli at infinity. This translates into discontinuous
changes of the degeneracies as a function of the moduli [37, 36]. It would
be interesting to understand the precise relation between ZCFT(tattractor)
and the general ZBH(t∞). Does the wall-crossing correspond to jumping
of hµ(τ) within the relevant space of vector-valued modular forms? Can
the CFT capture all wall-crossing phenomena? A clue to these puzzles
might be provided by a derivation of ZCFT from more fundamental prin-
ciples, as can be done for BPS states of N = 4 and N = 8 supergravity
[44, 176]. Also, the interpretation of attractor flow as renormalization
group flow [177] might provide insights into these problems.

As a last suggestion, I would like to advocate the described techniques
to determine the space of vector-valued modular forms. Such modular
forms appear at many places in physics, for example rational conformal
field theories and twisted N = 4 Yang-Mills theories. The techniques
proof very useful, if one wants to determine the full partition function on
the basis of only a small number of coefficients. An application of this to
Yang-Mills theory might lead to interesting results for the Euler numbers
of instanton moduli spaces of higher rank gauge groups.
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SUMMARY

Partition Functions for Supersymmetric Black Holes

This thesis presents a number of results on partition functions for four-
dimensional supersymmetric black holes. These partition functions are
important tools to explain the entropy of black holes from a microscopic
point of view. Such a microscopic explanation was desired after the asso-
ciation of a macroscopic entropy to black holes in the 70’s, based on the
analogies between black hole physics and thermodynamics. The correct
microscopic account of black hole entropy was achieved in string theory
and M-theory during the 90’s, and a crucial role is played by D-branes
and M-branes.

The black holes, which are studied in this thesis, are supersymmet-
ric solutions of four-dimensional N = 2 supergravity, which carry both
electric and magnetic charges. An important feature of the global geom-
etry is the the near-horizon geometry, which is AdS2 × S2 and where the
Kähler moduli are fixed at their attractor values. The horizon area of this
class of black holes is given by SBH = π|Z|2 = π

√
2
3p

3(q0̄ + 1
2q

2), where
pa and (q0̄, qa) are respectively the electric and magnetic charges, and Z
is the central charge. The combination q̂0̄ = q0̄ + 1

2q
2 is required to be

positive for black holes. The first motivation to introduce a black hole
partition function ZBH, is to explain SBH microscopically. An analysis of
the attractor equations suggest that ZBH is naturally expanded in q0̄ and
qa, while the pa are kept fixed. In other more physical words, the electric
charges are in a macrocanonical ensemble and the magnetic charges in a
microcanonical ensemble.

If higher derivative contributions are included in the supergravity ac-
tion, the entropy receives corrections. The form of these corrections sug-
gests that ZBH is well approximated by the square of the topological
string partition function |Ztop|2. Topological string theory is a simplified
version of string theory, which allows the computation of many quantities
using elaborate mathematical techniques, for example Ztop basically enu-
merates the holomorphic maps of a Riemann surface into a Calabi-Yau
threefold. The conjecture that ZBH = |Ztop|2, is the second motivation
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for this thesis.

The third motivation is the correspondence between a theory including
gravity in Anti-de Sitter (AdS) space and a conformal field theory (CFT)
on the boundary of the AdS-space. Part of the near-horizon geometry of
the black holes in the eleven dimensions is AdS3, whose boundary is a two-
dimensional torus. The correspondence suggests that the CFT2 partition
function equals the one of the theory in the bulk of AdS3. Therefore,
the CFT2 partition function should admit an expansion which is natural
for an AdS3-(super)gravity partition function. Dijkgraaf et al. proposed
in 2000 that an SCFT partition function can be rewritten as a Poincaré
series, which is a sum over the coset Γ∞\Γ. Every element in the coset
corresponds to a semi-classical saddle point geometry, providing therefore
evidence for the AdS/CFT correspondence. Chapter 2 explains these
notions rather heuristically in a bosonic setting, subsequent chapters are
more precise.

Chapter 3 explains how the black holes arise as a solution of 11-
dimensional M-theory, and how this can account for the entropy micro-
scopically. Four-dimensional supergravity appears in this context as the
reduction of M-theory on a six-dimensional Calabi-Yau X times a circle
S1

M. The heavy objects, which source the black holes, are M5-branes.
These correspond to the magnetic charges whereas the electric charges
are generated by fluxes on the worldvolume of the M5-brane and momen-
tum around S1

M. The six-dimensional M5-branes wrap a four-dimensional
divisor P of X together with S1

M and the Euclidean time circle S1
t . The

parameters of the theory can be chosen such that the low energy approxi-
mation to M-theory is valid. The M5-brane low energy degrees of freedom
can be reduced to the T 2, which is formed by the two circles. There, the
degrees of freedom combine to an N = (4, 0) superconformal field theory.
The central charges of the holomorphic and anti-holomorphic sector can
be determined using index formulas. The relevant partition function for
this SCFT is a (modified) elliptic genus. The symmetries of the theory
determine that the elliptic genus transforms covariantly under modular
transformations, which makes it possible to derive the Cardy formula for
the entropy. This gives the correct leading behavior of the entropy. For
a specific identification of the parameters, the CFT partition function is
equal to the (divergent) black hole partition function.

An important property of the elliptic genera is the decomposition into
theta functions and a vector-valued modular form. The principal part of
the Laurent expansion of the vector-valued modular form gives rise to the
definition of the “polar spectrum” of the SCFT. Chapter 4 is devoted to



147

an analysis of meromorphic vector-valued modular forms. It is shown how
the Fourier coefficients can be expressed as an infinite sum over the coset
Γ∞\Γ. If the polar degeneracies are known, the non-polar degeneracies
can be determined with an arbitrary accuracy, improving on the leading
order estimate by the Cardy formula. In addition is shown how the
vector-valued modular form can be written as a sum over Γ∞\Γ. The
sum is a regularized Poincaré series, and an improvement of the proposal
by Dijkgraaf et al.. The regularization leads in general to an anomaly,
which is canceled if the polar degeneracies satisfy a number of constraints.
This number can be determined using the Selberg trace formula. The
dimension of the space of vector-valued modular forms is simply given by
the number of polar terms minus the number of constraints.

With the results of Chapter 4, Chapter 5 revisits the motivations
of Chapter 2. The regularized Poincaré series confirms the AdS3/CFT2

correspondence, since the sum over Γ∞\Γ is suggestive of a semi-classical
sum over AdS3-geometries. If the complex structure τ is varied, the most
contributing geometry to ZBH might jump, which is a nice manifestation
of Hawking-Page phase transitions. The Poincaré series are essentially a
sum over Γ∞\Γ of the polar spectrum, which lies classically below the
cosmic censorship bound. Therefore, one can view the series heuristically
as a sum over all geometries (including black holes) of the states which
do not collapse into a black hole.

This is also how the connection between black holes and topological
strings can be understood. The degeneracies of charged BPS-particles
(M2-branes) in the near-horizon geometry are enumerated by |Ztop|2.
Therefore, |Ztop|2 appears for every saddle point geometry in ZBH. The
conjecture is now elucidated for strong topological string coupling con-
stant (q̂0̄ � p3), since then a single AdS3-geometry dominates the parti-
tion function. Also the case of weak topological string couple is discussed.
It is shown that for this part of the spectrum, the elliptic genus con-
firms the leading behavior of two-centered solutions. The approximation
ZBH ∼ |Ztop|2 is however no longer valid.

The constraints on the polar degeneracies by modularity are strongest
if the number of polar terms is small. This is generically not the case for
the black hole and AdS3 applications, which are discussed before. The
vector-valued modular forms appear however at many places in theo-
retical physics, for example rational conformal field theory and N = 4
supersymmetric gauge theory on a four-manifolds M . The partition func-
tions of such gauge theories with gauge group U(N) are closely related to
M5-brane elliptic genera. If certain conditions are satisfied, the partition
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function of this theory is the generating function of the Euler character-
istic of instanton moduli spaces. Section 5.3 performs an analysis of the
partition functions of the U(N) theories on CP2. This confirms the older
results in the literature for N = 1 and 2. A new generating function is
proposed for the Euler numbers of SU(3) moduli spaces.



SAMENVATTING

Partitiefuncties voor supersymmetrische zwarte gaten

Dit proefschrift presenteert een aantal resultaten voor partitiefuncties van
vierdimensionale zwarte gaten. Deze partitiefuncties zijn belangrijke in-
strumenten om de entropie van zwarte gaten verklaren op een micro-
scopisch niveau. Zo een microscopische verklaring was gewenst nadat
een macroscopische entropie was toegekend aand zwarte gaten in de 70’er
jaren, gebaseerd op de analogie tussen de fysica van zwarte gaten en ther-
modynamica. De correcte microscopische verklaring van de entropie van
zwarte gaten is bereikt in snaartheorie en M-theorie in de 90’er jaren, en
een cruciale rol wordt gespeeld door D-branen en M-branen.

De zwarte gaten, die bestudeerd worden in dit proefschrift, zijn super-
symmetrische oplossingen van vierdimensionale N = 2 supergravitatie,
die zowel elektrische als magnetische ladingen bevatten. Een belangrijk
kenmerk van zo’n oplossing is dat de meetkunde in de nabijheid van de
horizon wordt beschreven door de meetkunde van de productruimte van
een tweedimensionale Anti-de Sitter ruimte AdS2 en een tweedimension-
ale bol S2. De Kähler moduli zijn daar bovendien bepaald door hun zgn.
aantrekkingswaarden. Het horizonoppervlak van deze klasse zwarte gaten

wordt gegeven door SBH = π|Z|2 = π
√

2
3p

3(q0̄ + 1
2q

2), waar pa en (q0̄, qa)
respectievelijk de elektrische en magnetische ladingen zijn, en Z de cen-
trale lading is. De combinatie q̂0̄ = q0̄ + 1

2q
2 moet positief zijn voor zwarte

gaten. De eerste motivatie om een partitiefunctie voor zwarte gaten ZBH

te introduceren, is om SBH microscopisch te verklaren. Een analyse van
de aantrekkingsvergelijkingen suggereert dat ZBH op een natuurlijke wij-
ze wordt geëxpandeerd in q0̄ en qa, terwijl de pa constant blijven. Of in
andere woorden, de elektrische ladingen bevinden zich in een canoniek
ensemble en de magnetische ladingen in een microcanoniek ensemble.

Wanneer hogere afgeleide bijdragen worden toegevoegd aan de super-
gravitatie-actie, ontvangt de entropie correcties. De vorm van deze cor-
recties suggereert dat ZBH goed wordt benaderd door het kwadraat van
de partitiefunctie van topologische snaartheorie |Ztop|2. Topologische
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snaartheorie is een gesimplificeerde versie van snaartheorie, waarin de
berekening van veel grootheden mogelijk is door gebruik te maken van
verregaande wiskundige technieken, bijvoorbeeld Ztop somt de holomorfe
afbeeldingen van een Riemann oppervlak naar een Calabi-Yau drievoud
op. Het vermoeden dat ZBH = |Ztop|2, is de tweede motivatie voor dit
proefschrift.

De derde motivatie is de overeenkomst tussen een theorie, welke grav-
itatie bevat in een Anti-de Sitter (AdS) ruimte en een conforme velden-
theorie (CVT) op de rand van de AdS-ruimte. Een gedeelte van de
meetkunde in de nabijheid van de horizon van zwarte gaten in elf dimen-
sies is AdS3, welke een tweedimensionale rand heeft. De overeenkomst
suggereert dat de CVT2 partitiefunctie gelijk is aan die van de theorie
in het merendeel van AdS3. Daarom moet de CVT partitiefunctie een
expansie toelaten die natuurlijk is voor een partitiefunctie van AdS3-
(super)gravitatie. Dijkgraaf et al. stelde in 2000 voor dat een SCVT
partitiefunctie kan worden herschreven als een Poincaré reeks, welke een
som over de nevenklasse Γ∞\Γ is. Elk element in de nevenklasse komt
overeen met een semi-klassieke zadelpuntsruimte, en verschaft daarom een
bevestiging van de AdS/CVT overeenkomst. Hoofdstuk 2 legt deze be-
grippen enigszins heuristisch uit in een bosonische omgeving, de volgende
hoofdstukken zijn preciezer.

Hoofdstuk 3 legt uit hoe de zwarte gaten tevoorschijn komen als een
oplossing van elfdimensionale M-theorie, en hoe dit de entropie micro-
scopisch kan verklaren. Vierdimensionale supergravitatie verschijnt in
deze context als de reductie van M-theorie op een zesdimensionale Calabi-
Yau X keer een cirkel S1

M. De zware objecten, die de zwarte gaten voe-
den, zijn de M5-branen. Deze komen overeen met de magnetische ladin-
gen terwijl de elektrische ladingen gegenereert worden door fluxen op het
wereldvolume van de M5-braan en impuls rond S1

M. De zesdimensionale
M5-branen omwikkelen een vierdimensionale divisor P van X samen met
S1

M en de Euclidische tijdscirkel S1
t . De parameters van de theorie kunnen

zodanig worden gekozen dat de lage energie benadering voor M-theorie
toegestaan is. De lage energie vrijheidsgraden van de M5-braan kunnen
worden gereduceerd naar de torus T 2, die gevormd wordt door de twee
cirkels. Daar combineren de vrijheidsgraden tot een N = (4, 0) super-
conforme veldentheorie. De centrale ladingen van de holomorfe en anti-
holomorfe sector kunnen worden bepaald met behulp van indexformules.
De relevante partitiefunctie voor deze SCVT is een (gemodificeerde) el-
liptische genus. De symmetrieën van de theorie bepalen dat de elliptische
genus covariant transformeert onder modulaire transformaties, wat het
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mogelijk maakt om de Cardy formule voor de entropie af te leiden. Dit
geeft het juiste leidende gedrag voor de entropie. Voor een specifieke
identificatie van parameters is de CVT partitiefunctie gelijk aan de (di-
vergente) zwarte gat partitiefunctie.

Een belangrijke eigenschap van de elliptische genera is de decompositie
in thetafuncties en een vectorwaardige modulaire vorm. Het hoofdgedeelte
van de Laurentontwikkeling van de vectorwaardige modulaire vorm geeft
aanleiding tot de definitie van het “polaire spectrum” van de SCVT.
Hoofdstuk 4 is gewijd aan de analyse van meromorfe vectorwaardige mo-
dulaire vormen. Er wordt getoond hoe de Fourier coëfficiënten uitge-
drukt kunnen worden als een oneindige som over de nevenklasse Γ∞\Γ.
Wanneer de polaire degeneraties bekend zijn, kunnen de niet-polaire de-
generaties bepaald worden met een willekeurige nauwkeurigheid, wat een
verbetering is ten opzichte van de afschatting voor de leidende orde door
de Cardy formule. Aanvullend is laten zien hoe de vectorwaardige mo-
dulaire vorm geschreven kan worden als een som over Γ∞\Γ. De som is
een gereguleerde Poincaré reeks, en een verbetering van het voorstel door
Dijkgraaf et al.. De regularisatie leidt in het algemeen tot een anomalie,
die teniet gedaan wordt wanneer de polaire degeneraties aan een aantal
eisen voldoen. Dit aantal kan worden bepaald met behulp van de Selberg
spoorformule. De dimensie van de ruimte van vectorwaardige modulaire
vormen wordt simpelweg gegeven door het aantal polaire termen min het
aantal eisen.

Met de resultaten van Hoofdstuk 4, gaat Hoofdstuk 5 terug naar de
motivaties in Hoofdstuk 2. De geregulariseerde Poincaré reeks bevestigt
de AdS3/CVT2 overeenkomst, omdat de som over Γ∞\Γ suggestief is
voor een semi-klassieke som over AdS3-geometrieën. Wanneer de com-
plexe structuur τ gevarieerd wordt, kan de meest bijdragende meetkunde
aan ZBH verspringen, wat Hawking-Page fasetransformaties op een mooie
manier tot uiting brengt. De Poincaré reeks is in essentie een som over
Γ∞\Γ van het polaire spectrum, welke onder de kosmische censuur grens
ligt. Daarom kan men de reeks heuristisch zien als een som over alle
meetkundes (inclusief de zwarte gaten) van de toestanden die niet in-
storten tot een zwart gat.

Dit is tevens hoe de verbinding tussen zwarte gaten en topologische
snaren begrepen kan worden. De degeneraties van geladen BPS-deeltjes
(M2-branen) in de nabijheid van de horizon zijn opgesomd in |Ztop|2.
Daarom verschijnt |Ztop|2 voor elke zadelpuntsruimte in ZBH. Het ver-
moeden is nu verhelderd voor sterke topologische snaar koppelingscon-
stante (q̂0̄ � p3), omdat dan een enkele AdS3-meetkunde de partitiefunc-
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tie domineert. Ook de situatie van een zwakke topologische snaar koppel-
ingsconstante is besproken. Er wordt laten zien dat voor dit gedeelte van
het spectrum, de elliptische genus het leidende gedrag van oplossingen
met twee middelpunten bevestigt. De benadering ZBH ∼ |Ztop|2 is echter
niet langer accuraat.

De eisen aan de polaire degeneraties door modulariteit zijn het sterkst
wanneer het aantal polaire termen klein is. Dit is in het algemeen niet
het geval voor de toepassingen voor zwarte gaten en AdS3/CVT2, die
eerder besproken zijn. De vectorwaardige modulaire vormen verschijnen
echter op veel plekken in de theoretische natuurkunde, bijvoorbeeld ratio-
nale conforme veldentheorie en N = 4 supersymmetrische ijktheorie op
een vierdimensionale variëteit M . De partitiefuncties van zulke ijkthe-
orieën met ijkgroep U(N) zijn nauw verwant met elliptische genera van
M5-branen. Wanneer aan enige condities voldaan is, is de partitiefunc-
tie van deze theorie de genererende functie van de Euler karakteristiek
van instanton moduliruimtes. Paragraaf 5.3 voert een analyse uit van
de partitiefuncties van U(N) theorien̈ op CP2. Dit bevestigt de oudere
resultaten in de literatuur voor N = 1 en N = 2. Een nieuwe genererende
functie is voorgesteld voor de Euler getallen van SU(3) moduliruimtes.
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