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ABSTRACT 

This exper iment m e a s u r e d the differential c r o s s section for 
e las t ic sca t te r ing of negative π mesons from protons at incident pion 
kinetic energ ies of 550, 600, 720, 900, and 1020 Mev. Pions were 
produced when the Bevatron circulat ing proton beam s t ruck a copper 
t a rge t . Pions of the requ is i t e momentum were brought to a focus at 
a liquid hydrogen scat ter ing ta rge t by a magnet ic system for beam 
opt ics . Elas t ic sca t ter ing events were selected from a background of 
inelastic events by demanding coincidences between pairs of 
scintillation counters that were placed at the proper kinematical angles to 
count e las t ica l ly sca t t e red pions and their corresponding recoi l p ro tons . 

The resul t ing angular -d is t r ibu t ion curves were l e a s t - s q u a r e s 
fitted with a cosine power s e r i e s . A study of the coefficients of the 
power s e r i e s allows us to make cer ta in inferences about the angular 
momentum s ta tes contributing to the second and thi rd max ima in the 
total π--p c r o s s section which occur at 600 and 900 Mev, respec t ive ly . 
The 600-Mev peak appears to be due to a D s ta te , with a total J value 
of 3/2 r a the r than 5/2. 

The data at 900 Mev cannot be well explained by a single ( F 5 / 2 ) 
state in r e sonance , but r a the r the re is strong evidence for at l eas t D 
and F waves in superposi t ion. The forward "diffraction" peaking of 
the angular dis t r ibut ion indicates that absorpt ive p r o c e s s e s may be 
predominant . 
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I. INTRODUCTION 

Ear ly m e a s u r e m e n t s of π--p total c r o s s sect ions1 showed the 
well-known P3/2,3/2 resonance at about 200 Mev labora tory kinetic 
energy,2 , 3 and a broad maximum at about 900 Mev. Later 
measurements resolved the higher maximum into two separa te peaks 
occurring at 600 and 900 Mev, respect ively . 4 - 8 Corresponding peaks a lso 
occur in pion photoproduction at energies of about 750 Mev and 1050 
Mev.9-18 The energy difference between the peaks occurring in 
photoproduction and in scattering experiments arises because an incident 
gamma ray mus t supply the r e s t m a s s energy of a pion in addition to 
the energy of the resonant final s t a tes . 

Although the 200-Mev peak has been c lear ly shown to be due to 
a single state in resonance,2,3' the 600- and 900-Mev peaks have not 
been established as pure resonant states. Nevertheless, they are 
usually r e f e r r e d to a s " r e s o n a n c e s , " despite the fact that the forward-
diffraction peaking in the angular distr ibution for e las t ic sca t te r ing 
c lea r ly suggests a strong contribution from nonresonant s t a t e s . If we 
a s s u m e that each peak in the total c r o s s section is due to a resonant 
s ta te added to a nonresonant background, we can ass ign orbital and 
angular momentum quantum number s (l and J, respect ively) to these 
s t a t e s . The isotopic spin quantum number is readi ly fixed at Τ = 1/2, 
since the peaks do not appear in the π+-p c r o s s section, which is a 
pure Τ = 3/2 s ta te . 

Ea r ly in the h i s to ry of π--p scat ter ing s tudies , when the second 
and third maxima had not yet been resolved, Dyson19 proposed a model 
to account for the broad "second maximum" at about 900 Mev. He felt 
it unlikely that the phenomenon could be due to a single resonant s tate 
because that state would have to have a value for the total angular 
momentum of at least 11/2. The mechanism he proposes so that several 
Τ = l / 2 s ta tes can give a maximum c r o s s section at 900 Mev involves 
a resonant π-π state at a re la t ive momentum of 250 Mev/c . If this 
π-π resonance were in a T = 0 s ta te , it would contribute nothing to 
π+-p sca t te r ing . In addition, the excess inelast ic π--p sca t te r ing 
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would come from the interact ion of the incoming pion with a loosely 
bound cloud meson so that both pions escape from the proton. 

Although the accumulation of exper imenta l evidence, including 
the resolut ion of the broad peak into two sharper max ima at 600 and 
900 Mev, has not borne out all the predict ions of Dyson's ea r ly model , 
it is in teres t ing to note that the idea that a π-π interact ion is 
responsible for the h igh-energy phenomena still actively occupies the thinking 
of many theorists20 who are trying to explain the mechanisms of π-p 
scattering. 

T h e r e is a vast a r r a y of s t range pa r t i c l e s with in teres t ing 
interact ions between them and the nonstrange pa r t i c l e s ( e . g . , 
resonances a r e a l so - s een in π-hyperon 2 1 and K-nucleon2 2 sca t ter ing) , 
and it is felt that there a r e genera l p r inc ip les 2 3 underlying the 
interactions of the strongly interact ing pa r t i c l e s which can bes t be 
understood by attacking f i rs t the problem of understanding the interact ion 
between pions and nucleons,24 the particles about which the most is 
already known. Thus, a complete description of pion-nucleon 
scattering is very desirable from a theoretical point of view. 

The descr ip t ion of the P3/2,3/2 resonance is quite complete , 
and was made in terms of phase shifts and partial waves.25 At the 
energies of this experiment, however, we must include orbital angular 
momentum s ta tes at l eas t through F waves , which means that at l ea s t 
28 p a r a m e t e r s mus t be de termined to give a complete phenomenological 
descr ipt ion of π + -p sca t te r ing , i. e . , two spin or ientat ions for each 
angular momentum state (except l = 0), the r ea l and imaginary pa r t s 
of the phase shifts for each par t ia l wave (see Appendix A), and in 
addition, two poss ib i l i t ies for the value of the isotopic spin of each 
wave. With so many free p a r a m e t e r s to de te rmine , it is doubtful that 
a pa r t i a l -wave analys is can be very useful in analyzing the data. Indeed, 
it is poss ib le to fit a given angular distr ibution curve with var ious se t s 
of choices for the values of the p a r a m e t e r s , because the problem is not 
uniquely de termined by angular distr ibution data alone. Other kinds of 
data, such as charge-exchange scat ter ing, or m e a s u r e m e n t of the 
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polar izat ion of the recoi l proton, a r e needed before the problem can 
be r ega rded as uniquely determined in a mathemat ica l sense . Even 
then a par t i a l -wave analysis may not prove to be the best approach to 
complete understanding, because of the l a rge number of p a r a m e t e r s 
involved. 

Elas t ic scat ter ing exper iments have been done in the energy 
region of the higher peaks, 2 6 - 4 0 but most of them have a re la t ively 
low s ta t i s t ica l accuracy , The exper iment descr ibed here in provides 
more accura te angular dis t r ibut ions (2 to 4% s ta t i s t ics) in the energy 
region of the higher " r e sonances " than have previously been known. 
This exper iment a lso gives angular dis t r ibut ions at energ ies where no 
s imi la r exper iments have been done. 

On the basis of pion photoproduction data, including 
measurement of the polarization of the recoil proton, Peierls suggested that the 
lower peak was a D3/2 state.41 He also suggested a possibility of F5/2 
for the higher peak, including π-nucleon interactions in his 

considerations.42 The assignment of quantum states on the basis of previous 
experimental evidence, and the data of this experiment, is discussed 

in m o r e detail in Sec. V of this thes i s . 
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II. APPARATUS AND PROCEDURE 

A . General Descript ion of the Exper iment 

The elast ic sca t ter ing of pions by hydrogen was m e a s u r e d by 
comparing the difference in scat ter ing by a full and an empty liquid 
hydrogen ta rge t . This p rocedure c o r r e c t s automatical ly for spurious 
scat ter ing from the t a rge t walls or other ma te r i a l in the beam. 

Pions from a copper t a rge t inside the Bevatron were brought 
to a hydrogen ta rge t by a magnetic beam optical sys tem, and e las t ic 
sca t te r ing events the re were detected by a number of scinti l lat ion 
counters placed about the t a rge t . 

F igure 1 shows the kinetic energies used in this exper iment 
with r e spec t to the total π--p c r o s s section; they a r e 550, 600, 720, 
900, and 1020 Mev. 

F igure 2 is a plan view of the exper iment , and F ig . 3 shows the 
a r r angemen t of the scinti l lat ion counters about the hydrogen ta rge t . 
For each pion counter in Fig. 3 there is a corresponding proton 
counter, placed at the correct kinematical angle to detect the recoil proton 
in coincidence with the e las t ica l ly sca t te red pion. 

Inelast ic events that could appear as e last ic sca t te r ing were 
co r r ec t ed for by determining the dis tr ibut ion of inelas t ic events for 
p a i r s of counters that did not have an e las t ic k inemat ica l re la t ionship , 
and then interpolating to obtain a value for the background due to 
inelastic events in the region of elastic events. This background was 
then subt rac ted from the raw data to yield the c o r r e c t number of 
e las t ic events . 

We m e a s u r e d the number of pa r t i c l e s in the pion beam with a 
coincidence a r r angemen t between two scinti l lat ion counte rs : one counter 
was placed at the ape r tu r e of a quadrupole and was made l a rge enough 
to count all the p a r t i c l e s in the beam; the second was placed jus t before 
the hydrogen ta rge t , and was made smal l enough to count only those 
pa r t i c l e s that should pass through the liquid hydrogen ta rge t vesse l 
without s t r iking the side walls unless sca t te red out of the beam. In 
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Fig. 1. Total cross sections for π+-p scattering, showing the 
energies at which angular distributions were measured in 
this experiment. 
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F i g . 2. Plan view of the exper imenta l a r r angement , showing the c e n t r a l - r a y orbit for a 720-Mev 
pion. The p r i m a r y Cu t a rge t and the liquid hydrogen ta rge t a r e not drawn to sca l e . 
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Fig. 3. Arrangement of the scintillation counters about the hydrogen 
target. The small numbers indicate pairs of counters placed at 
the correct kinematical angles to detect both particles resulting 
from an elastic scattering event. 



- 8 -

order to correct the beam monitor for spurious counts caused by 
particles other than pions, we measured the composition of the secondary-
beam with a gas Cerenkov counter . 

B. Exper imenta l Details 
1. Pion Source 

Pions were produced inside the Bevatron by coll is ions between 
the circulat ing proton beam and a copper " t a rge t . " In Appendix Β 
we d i scuss the c r i t e r i a we cons idered in choosing a Bevatron ta rge t . 
The "target" was a collection of three separate targets that 
could be raised independently from the floor of the vacuum tank. There 
were three target positions contributing to the five energies of the 
experiment. Figure 4 shows the central-ray orbits for negatively charged 
pa r t i c l e s of momenta 690, 743, 864, 1045, and 1166 Mev/c . The smal l 
take-off angle was chosen to maximize the pion flux at the hydrogen 
ta rge t , as the pions a r e strongly peaked forward in the l abora to ry s y s t e m . 

The ta rge t had the following d imensions : 3 in. along the beam 
l ine; l / 2 in. wide, and taper ing from l /2-in.height at the inner r a d i u s to 
l /4- in . height at the outer r ad iu s . Since the c i rcula t ing proton beam 
s t r ikes the ta rge t f i r s t at its outer r ad ius , we felt that a l / 4 - i n . t a rge t 
would give us a sha rpe r object in the ver t ica l d i rect ion, but at the same 
t ime we wanted the l a r g e r dimension at the inner rad ius to be able to 
use those pa r t i c l e s that did not l ie in the median plane of the Bevatron. 

a. Beam Spill Effects. This exper iment was run s imultaneously 
with a bubble chamber exper iment . For the g r e a t e r pa r t of the running 
we used a l t e rna te pu lses as well as a pa r t of each bubble chamber pu l se . 
The mos t des i rab le beam spill for bubble chamber work is a " sp ike" in 
t ime , so that all the pa r t i c l e s entering the chamber do so s imultaneously 
(i . e . , pa r t i c l e s produced inside the Bevatron should all come from the 
same point in t ime) . The best beam for a counter exper iment , on the 
other hand, is spread out in the t ime as much as possible to reduce the 
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Fig. 4. Central-ray orbits for particles of various momenta, 
produced in the primary target inside the Bevatron. The 
numbers associated with the orbits indicate the momentum 
in the units of Mev/c. 
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instantaneous counting r a t e . The two kinds of beam spill a r e shown in 
F ig . 5. 

Fig . 5. Beam Spill 

The t racking appara tus of the Bevatron apparent ly could not 
give both types of spill consis tent ly and sti l l optimize the mos t 
desirable aspects of each, because a great deal of rf structure was 
apparent in the counter spill, from time to time. The amount of this rf 
s t ruc tu re var ied over a wide range of va lues , as de termined from an 
osci l loscope that was t r iggered on a signal from the induction e lec t rode 
and whose input was from a single scinti l lation counter placed in the 
pion beam. Fo r further d iscuss ion of rf s t ruc tu re , see Sec. I I I -B-8 
(Beam Composi t ion-Normal iza t ion) of this t he s i s . 
2. Magnet System and Beam Optics 

The magnet sys tem shown in F ig . 6 contained: a 12×24- in . 
bending magnet C; th ree 8-in. -bore focusing quadrupole t r ip le t s 
(Q1, Q2, Q 3 ) ; and an 18 × 36-in. bending magnet H. 
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F i g . 6. Magnet beam optical sys tem showing ex t r eme rays of the pion b e a m . The dotted lines 
in the plan view a r e for pa r t i c l e s of momentum differing by 1% from the c o r r e c t 
momentum. The horizontal scale is greatly compressed with respect to the vertical. 
The targets are not drawn to scale. 
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As Fig . 4 shows, beams of different momenta enter C at 
different angles . The field in C was adjusted to guide pa r t i c l e s of 
the des i r ed momentum down the establ ished beam l ine. 

The effective solid angle from the copper ta rge t , as seen by 
Q 1 , was about 1 m s r . 

Q1 brought r ays of the c o r r e c t momentum to a hor izonta l focus 
between Q1 and H. Rays of slightly different momenta were deflected 
a g r ea t e r or l e s s amount by the Bevatron s main field and by the field 
in C, and hence were brought to a focus to one side or the other of the 
main beam l ine. The momentum spread of the pion beam (±2%) was 
de te rmined by placing a coll imating slit at the position of this focus. 
The momentum dispers ion of the pions at the sli t , due to bending in 
the Bevatron and C, was la rge ly compensated for by the bending in H. 
In Fig . 6 the solid l ines r e p r e s e n t the ex t reme r ays for pa r t i c l e s of 
the c o r r e c t momentum, and the dashed l ines r e p r e s e n t the ex t reme 
r ays for pa r t i c l e s whose momentum differs from the c o r r e c t momentum 
by 1%. As Fig. 6 also shows, there is a momentum focus at the 
hydrogen target. 

Because of the focal p rope r t i e s of the magnet ic field of the 
Bevatron in the horizontal plane, the pion source appeared as a slightly 
b lu r r ed and d is tor ted vi r tual object near infinity, but the re was a lmos t 
no dis tor t ion of the source in the ver t i ca l plane. Thus, the image of 
the pion beam at the liquid hydrogen target was smeared out 
horizontally, so that the beam intensity fell off by only a factor of two at a 
hor izontal dis tance of 2 inches from the beam center l ine, but was 
down by a factor of two at a dis tance of only 1 inch ver t i ca l ly from the 
center l ine . 

Q 2 , operated a s a field lens between Q1 and Q 3 , i nc reased 
the flux at the hydrogen ta rge t by about a factor of two. 

The deflection of the beam through H, the final momentum 
selec tor for the sys tem, was m e a s u r e d with the magnet in place by 
wire orbiting before and after the exper iment . These m e a s u r e m e n t s 
agreed to within ±0.5%. The angle of bend was 35 deg. The horizontal 
focusing effect of bending magnets was el iminated by orienting H so 
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that the beam center line made equal entrance and exit angles with 
r e spec t to the field. Ver t ica l focusing effects were compensated for 
by the action of Q 3 , s ince the ver t ica l and horizontal focal lengths of 
a quadrupole can be var ied independently. 

The cu r r en t s in the quadrupoles were determined before the 
exper iment by means of an IBM 650 computer p rog ram. 4 3 During the 
exper iment , the magnet system was tuned up to maximize the flux of 
particles incident on the hydrogen target. The magnet current values 
determined by the tune-up were within 2% of the calculated values. 

Figure 7 is a photograph of Q2, H, and Q3, and in the 
background shows the concrete shielding house that was built around the 
hydrogen ta rge t . 
3. Hydrogen Target 

With the exception of the t a rge t ves se l , the hydrogen ta rge t 
used in this exper iment was the same as the one descr ibed in Ref. 44. 

T h e t a rge t ves se l was a 0.0075-in. -thick Mylar r ight cylinder 
4 in. long and 2 in. in d iamete r . A s ta in less s teel ring about the 
vesse l contained the fittings for the fill and empty tubes . Eight l a y e r s 
of 0.00025-in. a luminized-Mylar heat shielding were wrapped around 
the vesse l and placed inside the vacuum chamber wall . Small holes 
were cut in the heat shielding to allow visual positioning of the t a rge t . 
The amount of Mylar in g/cm2 traversed by the beam was about 
one-eighth the amount of liquid hydrogen traversed by the beam when the 
vesse l was filled. 

The vacuum chamber was designed so that there were no 
obstructions around the vessel within an angular range of 2 70 deg in θ 
and 18 deg in ø (see Sec. II-4, Scintillation Counters , for a definition 
of these angles) . The wall of the chamber consisted of two l a y e r s of 
0 .010- in . Mylar . 

F i g u r e 8 shows a plan view and Fig . 9 an elevation view of the 
hydrogen ta rge t vesse l and surrounding vacuum chamber . The vesse l 
was emptied by closing a valve on the tube marked "To boiloff" in 
Fig . 9. Then, as the liquid hydrogen in the flask boiled, the expanding 
gas forced the liquid down into the tube leading to the r e s e r v o i r . 
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Fig. 7. Picture of magnets Q2, H, and Q3 taken while field 
measurements were being made in Q3. 
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Fig. 8. Plan view of the liquid hydrogen target vessel. All plumbing 
and supports are positioned to provide a 270-deg unobstructed region 
for the detection of the sca t t e red p a r t i c l e s . 
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Fig. 9. Elevation view of the hydrogen target vessel looking upstream 
along the beam line. 
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The target was filled by opening the same valve, which was solenoid-
operated so that the target could be filled and emptied by r emote 
control from the counting a r ea , as a safety precaut ion. 

The target vesse l was m e a s u r e d with m i c r o m e t e r ca l ipe r s 
while it was full of N2 at a positive pressure of 1 atmos. The 
measurement, repeated several times, had an error of one part in 4000. 
4. Scintillation Counters 

The scinti l lation counters were made of a solid solution of 
terphenyl in polys tyrene , and were shaped to approximate sections on 
the surface of a sphere centered at the hydrogen target. 
Photomultiplier tubes (RCA 6810A) were used to view the scintillators through 
lucite light p ipes . Ex t ra -h igh-capac i tance tube bases were used on all 
counters that were exposed to the main pion beam, because of the high 
singles counting r a t e . High-capaci tance bases were used on all the 
other scinti l lat ion counte rs . 

We used the following spher ica l coordinate sys tem to desc r ibe 
the posit ion of the scinti l lat ion counters with r e spec t to the hydrogen 
ta rge t , whose center was the origin: R was the rad ius vector to the 
center of a counter; θ was the angle between R and the polar ax is , 
which coincided with the cen t ra l r ay of the pion beam; Φ was the 
azimuthal angle between the direct ion of the sca t t e red pion and the 
horizontal plane which contained the polar axis ; θ3 and θ4 were the 
angles of sca t te r of the pion and proton, respec t ive ly , in the l abora to ry 
system (see Fig . 10, below). 

F ig . 10. Coordinate system used to desc r ibe sca t te r ing 
events . 
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In selecting e las t ic events , coplanari ty was de te rmined by 
ΔΦ = ±9 deg for all channels . The solid angle for any given channel 
was de termined by the pion counter π i , the proton counter pi being 
made la rge enough to count all poss ible recoi l protons for a given θ3  

and ∆θ3, and being placed at the corresponding θ 4 . 
Table I l i s t s the following for all th i r teen π i : R, θ3, the 

counter width Δ θ 3 , and the c e n t e r - o f - m a s s solid angle subtended at 
each of the five energ ies of the exper iment . Because of the small 
dimensions of the t a rge t as compared with the distance from it to any 
scinti l lat ion counter , a pa r t i c le sca t ter ing in the front or back of the 
t a rge t vesse l saw a lmos t exactly the same solid angle as a pa r t i c l e 
sca t ter ing in the cen te r . Therefore , the solid angle was calculated 
from the center of the hydrogen ta rge t , and contained a probable e r r o r 
of l e s s than 1% for pa r t i c l e s sca t te r ing in different p a r t s of the t a rge t . 

Figure 11 is a photograph of the cou ter a r r a n g e m e n t showing 
the pion counters to the r ight , and the proton counters to the left, of 
the beam l ine . 

Counters M1 and M2 moni tored the pion beam incident on 
the hydrogen ta rge t . Counter M1 was l a rge enough to count all the 
pions in the beam, whereas M 2 , a l - l / 2 - i n . - d i a m counter , was 
posit ioned before the hydrogen t a rge t in such a way as to el iminate 
from considerat ion any par t i c le that might sc rape the side walls of the 
t a rge t ve s se l . 

S0 was placed close to the t a rge t and out of the main beam, and 
between the hydrogen ta rge t and the pion coun te r s . This was to ensure 
that all the acceptable scat ter ing events originated at the hydrogen 
ta rge t , and to reduce background. 
The pion and proton counters were timed by placing both 
counters of the ith channel in the direct pion beam, and by taking delay 
curves between them and the monitor sys tem. While the counters were 
yet in the pion beam, voltage pla teaus were de termined by adjusting 
the tube voltage to produce -4-v output pulses, as seen on a Tektronix 
517A cathode-ray oscilloscope.45 After the timing and plateauing of the 
counters was accomplished, we moved the counters to their final 
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Table I. Posit ion, angular width, and c . m . solid angle 
as a function of energy, for each of the 13 channels 
used in the angular dis tr ibut ion m e a s u r e m e n t . 

Counter c . m . solid angle (msr ) 
Channel Posi t ion 

θ 3  
(deg) 

Width 
∆θ3 

(deg) 
Τπ 

(Mev) = 
550 600 720 900 1020 

1 22 3.00 13.9 14.3 15.5 17.1 18.1 
2 34 3.00 18.1 18.6 19.7 21.1 24.7 
3 38 3.00 18.9 19.4 20.7 24.5 28.9 
4 46 3.24 22.9 26.0 29.7 32.1 36.8 
5 56 3.76 29.4 30.7 30.3 32.6 34.9 
6 63 4.04 25.3 25.3 25.3 25.6 25.6 
7 70 4.26 24.8 24.7 24.4 23.8 23.3 
8 78 4.44 23.6 23.3 22.7 21.7 21.1 
9 91 4.54 20.0 19.7 18.8 17.6 16.8 

10 109 8.56 27.7 26.9 25.2 23.0 21.8 
11 122 7.68 19.0 18.4 17.0 15.4 14.4 
12 135 6.42 11.7 11.3 10.4 9.27 8.65 
13 150 5.00 5.75 5.53 5.06 4.49 4.17 

posi t ions (Fig . 3) and inser ted appropr ia te delays into the signal output 
cable . All these delays were of the o rder of 2 n s e c . 
5. Cerenkov Counter 

We m e a s u r e d the contamination of the pion beam with a gas 
Cerenkov counter,46 using sulfur hexafluoride (SF6) gas. 
Measurements were taken twice during the experiment; once with the Cerenkov 
counter placed behind the hydrogen target position before the target 
itself was put in place, and later with the counter placed in front of the 
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Fig. 11. Picture of the scintillation counters and the Cerenkov 
counter in place about the hydrogen target position. The hydrogen 
t a rge t is not in p lace . 
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ta rge t . F igure 11 shows the Cerenkov counter in place behind the 
hydrogen ta rge t position, and Fig . 12 is a schemat ic drawing of the 
counter . 

Two smal l scinti l lat ion counters , placed before and after the 
Cerenkov counter , were used to monitor the beam. F igure 13 is a 
schematic d iagram of the counter a r r angemen t and the e lec t ronics 
used in making these m e a s u r e m e n t s . 

a. P r e s s u r e cu rves . A typical p r e s s u r e curve , taken with 
the counter in posit ion behind the ta rge t , is given in F ig . 14. The 
monitor counters were 1 in. and 2 in. in d iameter and were labeled 
T1 and T 2 , r espec t ive ly . The Cerenkov counter was operated at a 
potential of 2050 volts, which gave rise to a 2 to 10% accidental 
background due to the large number of random noise pulses, which in turn 
appears as sca t te r of the data points . 

We lowered the tube voltage on the Cerenkov counter to 1650 
volts for running in front of the t a rge t . The effect of the lower voltage 
is to s m e a r out the cutoff region where pions just stop radiat ing (the 
effect is the same for muons and electrons). The reason for the 
smearing is that a lower voltage on the phototube produces a smaller output 
pu lse . There fore , some r e a l pulses a r e not counted because they fall 
jus t below the d i sc r imina tor level of the e lec t ron ics . To c o r r e c t for 
this smear ing to some extent, the voltage was r a i s ed to 1750 vol ts . 
Although the effect was not entirely eliminated, the accidental 
background was reduced to less than 1% at all pressures and all energies. 
The monitor counters h e r e were 3 in. and 1-1/2 in. in d i ame te r , and 
were labeled M0 and M 2 , r espec t ive ly . 

T h e e r r o r Δ assoc ia ted with a given data point was calculated 
from the formula 

Δ = √c(l - c/m) , (1) Δ = 
M 

, (1) 

which is der ived in Appendix C Here we have C = number of " t r i p l e s " 
and M = the number of "doubles" (see Fig. 13). Equation (1) is 
normalized by dividing Eq. (C-10) by M. 
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Fig . 12. Cerenkov counter . 
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Fig. 13. Schematic diagram of the experimental arrangement 
and electronic components used to measure beam 
composition. ΗΡΑ and HPB are Hewlett-Packard amplifiers, 
type A and B, respectively. The D a re Perez-Mendez-type 
discriminators. 
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Fig . 14. Typical p r e s s u r e curve taken with the Cerenkov counter 
behind the hydrogen t a rge t posi t ion. The tube voltage was 
2050 vo l t s . 
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The s ta t is t ica l accuracy of the points taken at this forward 
position was to l e s s than 1/2% in all regions of all the cu rves , except 
at the lowest p r e s s u r e s (lower than thir ty psig), where it inc reased to 
nea r ly 1%. Fo r this r eason , no e r r o r b a r s a r e shown in F igs , 15 and 
16, which a r e typical curves taken with the counter tube voltage at 
1650 and 1750 volts , respec t ive ly . 
6. E lec t ron ics 

F igure 17 is a block diagram of the e lec t ron ics . There were 
th i r teen se ts of coincidence channels , exactly like those shown, for 
measur ing the c r o s s sect ion. In addition, there were seven ext ra 
coincidence channels that were used to monitor inelast ic and accidental 
events . To m e a s u r e accidenta ls , a spa re coincidence c i rcui t was used 
with one input delayed, as shown in Fig . 17. For inelast ic events , the 
inputs were taken from the monitor and from two counters that had no 
e las t ic kinematical re la t ion between them (see Sec. I I I -B-2 , Inelas t ics) . 
The resolving t ime of the coincidence c i rcu i t s was de termined by the 
length of the "clipping l ine" that was used. The monitor coincidence 
c i rcu i t s were fitted with 20-in. l ines , and the Wenzel c i rcu i t s used for 
measur ing e las t ic events , acc identa ls , e t c . , were given 100-in. clip 
l ines . The resolving tiroes were thus 4 nsec and 20 nsec , respec t ive ly . 
The shor t resolving t imes were requ i red of the monitor sys tem to 
decrease the dead time of the circuit, because the instantaneous counting 
rate in the pion beam was high. 

All coincidence c i rcu i t s were of the Wenzel type.4 7 The 
discriminators showing both a fast and a slow output were of the 
Swift-Perez-Mendez type.48 The d i s c r i m i n a t o r s were used to give a slow 
output pulse for use in the monitor scaler, and to give a faster, shaped 
pulse for use in coincidence with the elastic pion-proton counter pulses. 
The dis t r ibuted ampl i f ie rs were Hewle t t -Packard models 460A and 460B. The ampl i f i e r s , and the t r ans i s to r i zed d i s c r imina to r s and scalers, are described in the Lawrence Radiation Laboratory Counting Handbook.45 

Figure 13 is a schematic diagram of the electronics used for 
measuring beam contamination with the Cerenkov counter. 
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Fig. 15. Typical pressure curve taken with the Cerenkov 
counter in front of the hydrogen target. The tube voltage 
was 1650 vol t s . 
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Fig. 16. Typical pressure curve taken with the Cerenkov 
counter in front of the hydrogen target. The tube voltage 
was 1750 vo l t s . 
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F i g . 17. Elec t ronics block d iagram. Boxes with th ree dots inside r ep resen t coincidence c i r c u i t s . 
ΗΡΑ and HPB stand for Hewle t t -Packard ampl i f ie rs , type A and B, respect ive ly . D stands 
for d i s c r imina to r . 
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Figure 18 shows Dr. Burton J. Moyer and Dr. Victor 
Perez-Mendez with part of the electronics in the racks. 
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Fig . 18. Dr. Burton J. Moyer and Dr. Victor Pe rez -Mendez , 
standing with p a r t of the e lect ronic equipment in r a c k s . 
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III. ANALYSIS OF THE DATA 

A. General Stat is t ical Trea tment 

F o r a given channel, le t us define the following quant i t ies : 
πi = number of e last ic coincidence counts during the ith 

run (the subscript i is previously used in this thesis 
as the channel variable), 

Mi = number of counts in the pion beam moni tor , and 
Ri = π i / Μ i , the ra t io of counts to monitor . 

Then the average value of Ri, averaged over all the runs of a given 
type, such as target full or target empty, is 

= 
n πi/ 

n 

M i . (2) = Σ πi/ Σ M i . (2) = 
i= l πi/ i= l 

M i . (2) 

The e r r o r s assoc ia ted with and with Ri a r e 

∆ = [ 

n ] 1 / 2 

, (3) ∆ = [ 

Σ Mi (Ri- )2 
] 1 / 2 

, (3) ∆ = [ i=1 

] 1 / 2 

, (3) ∆ = [ n 

] 1 / 2 

, (3) ∆ = [ 

Σ Mi (n-2) 

] 1 / 2 

, (3) ∆ = [ 

i=l 

] 1 / 2 

, (3) 

and 

∆R = [πi ( 1 - π i / Μ i ] 1 / 2 / Μ i , (4) 

respec t ive ly . Equation (4) is der ived in Appendix C as the probable 
deviation in πi for πi = C (cf. Eq. C-10). To obtain the probable 
deviation in R i , Eq. C-10 mus t be divided by M i . Equation (4) is 
exact for πi ≈ Mi, but for this experiment πi is less than Mi by 
about six orders of magnitude, so that we can use the expression 

∆Ri = [ π i ] 1 / 2 / M i . (5) 
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However, for πi/Mi << 1 and πi ≈ 1, a more correct 
expression to use would be 

ΔRi = [πi + l ] 1 / 2 / M i . (6) 

The differential cross section is given in terms of the 
experimentally determined quantities by 

dσ 
= 

1 
[ f u l l - e m p t y ] · , dΩ* = nxΩ* [ f u l l - e m p t y ] · , 

where n = number of nuclei per unit volume, x = t a rge t length, and 
Ω* = the c e n t e r - o f - m a s s solid angle of the channel. Correc t ions to 
this express ion a r e d i scussed in subsequent sec t ions . 

The s ta t i s t ica l e r r o r assoc ia ted with da /dΩ* is 

(8) 

in analogy to Eq. (5), and where 

C = l / n x Ω * . (9) 

The e r r o r based upon the reproducibi l i ty of repea ted runs is 
given by 

D = C [∆ full
2 + ∆ empty

2]1/2. (10) 

The res idue is 

Res i = Ri - . (11) 
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Only internal ly consistent R i ' s were combined to derive the 
differential c r o s s section. To tes t consis tency, we used a c r i t e r ion 
s imi la r to the s ta t is t ica l c r i t e r ion of Rossini and Deming,49 who 
require that the plot of each point plus two standard deviations overlap 
the plot of the mean plus two standard deviations of the mean. 
Since a heavily weighted run lying far from the mean could 
greatly influence the mean and move the two close together, we defined 
the following quant i t ies: 

j = Σ πi/ Σ Μ i , (12) j = 
i≠j 

πi/ 

i≠j 

Μ i , (12) 

the average ra t io of counts - to -moni tor , without the run in question; 
and 

∆ j = [ 
Σ M i(R i- j)2 

] 1 / 2 

, (13) ∆ j = [ i≠j 

M i(R i- j)2 
] 1 / 2 

, (13) ∆ j = [ Σ M i(n-2) 

] 1 / 2 

, (13) ∆ j = [ 

i≠j 
M i(n-2) 

] 1 / 2 

, (13) 

the e r r o r assoc ia ted with j; and 

Res j = Rj - j, (14) 

the r e s idue , where the mean is not now influeced by the run in question. 
We now use 

| Res j | > 3(∆Rj + ∆ j) (15) 

as the c r i t e r ion for reject ing inconsis tent r u n s . The ∆Rj used in 
Eq. (15) is the one defined in Eq. (6). 

L e s s than 1% of the data was re jec ted on the bas i s of this 
c r i t e r ion . 



- 3 4 -

B. Correc t ions to the Data 

1. Accidentals 
Accidentals due to the ambient background of pa r t i c l e s inside 

the concrete shielding house were measured and found to give a 
correction to the data of less than 0.1%. 

If two beam pa r t i c l e s came down the channel together in t ime 
(i. e . , within the resolving t ime of the monitor coincidence c i rcui t ) , 
our beam monitor would not separa te them, but the probabil i ty of an 
e las t ic sca t te r would be doubled, and the re would also be a g r ea t e r 
possibi l i ty that an inelast ic event would appearing as an e las t ic one. 
This type of accidental event was not detectable by our monitor sys tem, 
but would have an effect on the normalizat ion ' of the c r o s s section. 

The probabil i ty of two beam pa r t i c l e s appearing together in 
t ime i n c r e a s e s with the rf s t ruc tu re from the Bevatron. We d iscuss 
this further in Sec. I II-B-8 (Normalizat ion) . 
2. Ine las t ics 

This c o r r e c t i o n is made by a simple subtract ion from the 
m e a s u r e d e las t ic c r o s s sect ion. Expre s sed mathemat ica l ly , we have 

dσ = C(A - B), dΩ* = C(A - B), (16) 

where C is the constant defined in Eq. (9), A is equal to the average 
ra t io of counts - to -moni tor , t a rge t full minus ta rge t empty, and Β is 
the ine las t ics cor rec t ion . If we use this notation, we could wr i te Eq. 
(7) as 

dσ = CA. 
dΩ* 

= CA. (17) 

The r e s t of this section is concerned with the determinat ion of Β in 
Eq. (16). 
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Figure 19 shows a plot of proton angle vs pion angle in the 
labora tory sys tem at 900 Mev. Other energ ies a r e s imi l a r . The heavy 
solid line r e p r e s e n t s e last ic events , and the a r e a between the heavy 
dashed l ines r e p r e s e n t s e last ic events as seen by p a i r s of counters 
having finite angular width. The combination of a pion and proton 
counte r in coincidence is r ep re sen ted by a single point on this graph. 
The solid and dashed fine l ines r e p r e s e n t " r e v e r s e e las t i c" events in 
which the pion r e g i s t e r s in the proton counter and vice ve r sa ; these 
events a r e d iscussed in detail in the next section. Inelast ic events 
were m e a s u r e d by selecting counter p a i r s whose points l ie outside the 
region of e las t ic and r e v e r s e e las t ic events in this f igure. 

If the value for the ine las t ics de te rmined by such a pair were 
plotted as the height above this graph at that point, the background of 
ine las t ics would appear as a th ree -d imens iona l surface lying above the 
plane of the f igure. This surface will peak m o r e toward small angles 
for both kinds of pa r t i c l e s at success ive ly higher ene rg ie s . 

The problem of determining the ine las t ics background may then 
be thought of as the problem of mapping this surface . Interpolation 
along the surface gives the value for the background cor rec t ion in the 
region of e las t ic events . A s t ra igh t - l ine interpolation was made because 
the dis tr ibut ion of inelast ic events was not sufficiently well de termined 
in this exper iment to wa r r an t the use of a l e s s simple function. 

Because the inelastics cor rec t ion is not well known, we have 
neglected the correlation between particles in inelastic events. Also, 
because of this uncertainty, the errors on the points of the differential 
c r o s s section curve were increased by at l eas t a factor of 10% in every 
case , and by as much as a factor of four in the region of ve ry smal l 
e las t ic c r o s s section. However, because the g rea tes t uncer ta inty occurs 
for very small values of the c r o s s section, the shape of the differential 
curves is not ma te r i a l ly changed. 
3. Reve r se E las t i c s 

In F ig . 19, the r e v e r s e e las t ic events a r e r ep resen ted by the 
solid and dashed fine lines. Only a few channels are affected by the 
presence of reverse elastics. 
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Fig. 19. Pion lab angle vs proton lab angle at 900 Mev. The 
heavy solid line represents the kinematical combinations of 
angles for elastic events. The area between the heavy dashed 
lines represents elastic events as seen by counters having 
finite angular width. The solid and dashed fine lines 
represent "reverse elastic" events in which the pion registers in the 
proton counter and vice versa. 
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If we call the r e v e r s e e las t ics cor rec t ion E, we can wri te 

dσ = C E ( A - B ) , dΩ* = C E ( A - B ) , (18) 

to rep lace Eq. (16). 
This correction is twofold: first, a simple geometrical 

correction; and second, a time-of-flight correction because the pion and proton 
counters were not the same distance from the hydrogen target, and 
because the two kinds of particles have different velocities. When the 
pion counts in the proton counter and vice v e r s a , we have a situation in 
which the faster pa r t i c l e (pion) t r ave l s about one-half as far and the 
slower pa r t i c l e (proton) about twice as far, as they would in the planned 
situation for t rue e las t ic events . This means that the counter pu l ses , 
which would have a r r i v e d at the coincidence c i rcui t at the same t ime , 
are instead shifted apart in time, affecting the efficiency of the 
coincidence circuit according to the deviation from the timing curve for "real" 
elastics. This latter correction introduced essentially all the 
uncertainty in the reverse elastics correction. 

Channels 2 through 5 were the ones general ly affected by this 
cor rec t ion , and so the e r r o r s on the points in this region a r e much 
l a r g e r than those due to s ta t i s t i cs a lone. The constant Ε in Eq. (18) 
ranged in value from 0.64 to 0.99. 
4. Beam Composition 

The th ree main const i tuents of the negative beam were e lec t rons , 
muons , and pions . 

a. Pions , Muons, and E lec t rons . F igu re s 20 and 21 show the 
muon and e lec t ron contamination of the pion beam as a function of energy, 
for the Cerenkov counter a r r angemen t behind and in front of the hydrogen 
ta rge t , respec t ive ly . The l a rge e r r o r s in these f igures r e su l t mainly 
from the uncer ta inty in determining the p r e c i s e value for the muon and 
e lec t ron " p l a t e a u s . " 
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Fig . 20. Muon and e lec t ron contamination of the pion beam as 
a function of energy, m e a s u r e d downstream from the hydrogen 
t a rge t posi t ion. 
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Fig . 2 1 . Muon and e lec t ron contamination of the pion beam as 
a function of energy, m e a s u r e d ups t r eam from the hydrogen 
t a rge t . 
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To de termine the amount of muon contamination at the hydrogen 
target position, we made a linear interpolation between the values 
obtained in the two positions of the Cerenkov counter. The value of the 
muon contamination is higher downstream because muons are 
constantly-being added to the beam from pion decays, so that the numbers of both pions 
and muons are continually changing as the beam moves along. 
The electron contamination did not vary appreciably from one position to the 
other , since the main source of e lec t rons is the p r i m a r y ta rge t inside 
the Bevatron, so we used, as the values at the hydrogen ta rge t , the 
values obtained from the forward position of the Cerenkov counter , 
which had a higher s ta t i s t ica l accuracy assoc ia ted with them. 

The l a rge number of e lec t rons was p r e sen t because the pions 
were produced in the Bevatron ta rge t at angles of l e s s than 4 deg with 
r e spec t to the direct ion of the ci rculat ing proton beam, so that decay γ  
r a y s from the π0 mesons produced near the front of the ta rge t had to 
p a s s through about th ree radiat ion lengths of copper before emerging 
from the t a rge t m a t e r i a l . Hence many gammas were converted to 
e lec t ron-pos i t ron p a i r s , in which the e lect ron had the r ight momentum 
to p a s s through our magnet sys tem and be counted in the moni tor sys t em. 

Since nei ther e lec t rons nor muons in te rac t s trongly with the target nucleons, their sole effect is contained in the over-all normalization of the differential cross-section angular distribution curves.50 

b . Other P a r t i c l e s . The p r e s e n c e in the beam of negatively 
charged p a r t i c l e s of m a s s g r e a t e r than that of the pion can be neglected. 
In the energy region of this experiment, the cross sections for 
producing Κ- particles, antiprotons, and π-'s in the primary target were 
in the ra t io of (0.74 - 0.87) × 1 0 - 3 / ( 0 . 6 4 - 1) × 1 0 - 5 / 1 , r e s p e c t i v e l y . 5 1 

The th ree main const i tuents of the negative beam were therefore 
e l ec t rons , muons , and pions . 
5. Coulomb Scatter ing 

The mean sca t te r ing angle for mult iple Coulomb sca t te r ing in 
the wors t case was 0.16 deg as compared with about 1 deg for the 
angular divergence of the beam at the hydrogen ta rge t . The channel 
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n e a r e s t to the beam was at 22 deg in the labora tory sys tem, so no 
Coulomb cor rec t ion was n e c e s s a r y . 
6. Angular Width of the Scintillation Counters 

The effect of finite counter width need be considered only in 
the regions of the differential c r o s s - s e c t i o n curve where the second 
derivat ive of the curve is l a r g e . In this exper iment this cor rec t ion 
is quite smal l , being of the o rder of 0.1% to 1.0%. 
7. Pa r t i c l e Resca t te r ing 

This effect is very small except in the region where the 
scattered particles have very low energy. For protons scattered near 90 
deg from the incident beam direct ion, the energy is so low that many 
of them cannot escape the hydrogen ta rge t . In all such ca se s , the 
point in question was el iminated from the differential c r o s s - s e c t i o n 
curve . For example, at 600 Mev, channel 1, for which the proton 
counter was placed at an angle θ = 71 deg in the l abora to ry system, 
was not used in determining the angular dis tr ibut ion. 
8. Normal izat ion 

Because we were unable to de te rmine an absolute normal iza t ion 
for the data of this exper iment , we normal ized the data to the total 
e las t ic c r o s s sect ions as de termined by many worke r s and summar ized 
by Brisson et al.7 and Shonle.29 Figure 22 shows their data and the 
curve we drew and used for the normalization. 

In normal iz ing our data, we t rea ted the d i spers ion re la t ions 
point at cos θ3* =1.0 as a known, fixed point and varied the 
experimental points together to arrive at the desired value of the total elastic 
c r o s s sect ion. The point at cos θ3* = 1 . 0 and l i s ted in Table II for the 
five energies of this exper iment was de termined from d ispers ion 
relations and the optical theorem,52 using Devlin's final total cross 
section data8 for the imaginary part of the dispersion integral. 
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Fig . 22. Total c r o s s sect ion for e las t ic π--p sca t te r ing as a 
function of incident pion kinetic energy. The numbers on the 
graph cor respond to numbers in the re fe rence sect ion of this 
t h e s i s . 
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Table II. Value of the differential c r o s s section at cos θ3* = 1.0 
a s de termined from dispers ion re la t ions and the optical 
theorem, at the five energies of this exper iment . 

Energy 
(Mev) 

dσ (0) Energy 
(Mev) 

dΩ* 
(0) Energy 

(Mev) ( m b / s r ) 
Energy 
(Mev) ( m b / s r ) 

550 5.37±0.21 
600 7.05±0.26 
720 6.74±0.24 
900 17.83±0.52 

1020 13.16±0.38 

There a r e severa l phenomena that could be respons ib le for the 
normal iza t ion difficulties: 

(a) The Swif t -Perez-Mendez d i s c r imina to r s were ra ted at 10 
Mc for evenly spaced pulses . 4 8 This means that the re is a dead t ime 
of 10-7 sec assoc ia ted with each signal pulse handled by the 
discriminator. Our average counting r a t e was often as high a s 5×10 4 pions 
per 100-msec pulse , or 5×10 5 pions per second. Therefore , for 5% 
of the t ime , the d i sc r imina to r was unable to handle any pu l se s . F o r 
pu lses randomly dis t r ibuted in t ime, this means that about 5% of them 
will not be counted. If the rat ing of the d i s c r imina to r s is good to within 
a factor of two, then the uncertainty in the normalization from this 
source will be about 5%. 

(b) Any bunching of the rf s t ruc tu re in the beam spill would 
i nc r ea se the uncer ta inty mentioned above by increas ing the instantaneous 
counting r a t e . As we mentioned in Sec. I I - B - 1 - a (Pion Source-Beam 
Spill Effects), the re was considerable rf s t ruc tu re apparent in the pion 
beam, from t ime to t ime . The amount of rf was not constant in t ime , 
so its contribution to the uncertainty could not be uniquely de termined 
although it could have been as high a s a factor of six or seven. 
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The shape of the angular distr ibution curves was reproducible , 
but the normal iza t ion of the curves var ied by as much as 50% when the 
dis t r ibut ion at a given energy was m e a s u r e d at different t imes during 
the exper iment . 

There is another phenomenon that should be mentioned h e r e . 
We used two banks of e lec t ronics in the differential c r o s s - s e c t i o n 
m e a s u r e m e n t . Bank A contained the e lec t ronics for the f i rs t seven 
e las t ic channels , and Bank Β contained the e lec t ronics for the l a t t e r 
six channels . Each bank had i ts own monitor sca ler that r eco rded the 
number of pa r t i c l e s sca t t e red from the t a rge t and which was fed by the 
slow output of a Swif t -Perez-Mendez d i sc r imina tor (see F ig . 18 and 
Sec. I I -B-6) . Monitor A consistent ly counted 3 to 10% higher than 
Monitor B. In our normal iza t ion, we normal ized the e las t ic channels 
in Bank A to Monitor A and those in Bank Β to Monitor B. 
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IV. EXPERIMENTAL RESULTS 

A. Data 

The differential c r o s s sect ions determined by this exper iment 
for e las t ic π--p scat ter ing at 550, 600, 720, 900, and 1020 Mev a r e 
l i s ted in Table III and plotted in F i g s . 23 through 27. These curves 
include all the important co r rec t ions d iscussed in the preceding sec t ions . 
The points at cos θ 3 * = 1.0 were de termined from dispers ion re la t ions 
(see Table II). 

B. Curve Fit t ing 
We made a l e a s t - s q u a r e s fit of a cosine power s e r i e s to the 

differential c r o s s section data of this exper iment : 

dσ 

= 
n 

a k c o s k θ 3 * . (19) dσ 

= 

Σ a k c o s k θ 3 * . (19) dΩ* 

= 

Σ a k c o s k θ 3 * . (19) dΩ* 

= 

k=0 
a k c o s k θ 3 * . (19) 

On the basis of a chi-squared test,53 we were able to select the 
following possibilities for the n which would give the best fit: at 550 Mev, 
n could be 3 or 5; at 600 Mev, n could be 2 or 3; at 720 Mev, n is 5; 
a t 900 Mev, n i s again 5; and at 1020 Mev, n could be e i ther 5 or 6. 
Figure 28 shows a plot of the goodness-of-fit parameter [X2/d']1/2. 
Here d' is equal to the number of degrees of freedom: 

d' = p - ( n + 1 ) - 1, (20) 

where p is the number of data points, n + 1 is the number of 
coefficients determined in an nth order fit, and the final 1 comes from 
the fact that we used the d i spers ion re la t ions point at ze ro degrees to 
obtain our normal iza t ion (see Sec. I I I -B-8 , Normal izat ion) and in the 
curve fitting, but did not de te rmine it in this exper iment . 
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Table III. Di f fe ren t i a l c r o s s s e c t i o n for π-+p→ π - + p a s a funct ion of the c o s i n e of the 
pion s c a t t e r i n g ang le in the c . m . s y s t e m at inc iden t p ion k ine t i c e n e r g i e s of 550, 
600, 720, 900 , and 1020 Mev . 

Τ = 550 Mev Τ = 600 Mev T = 720 Mev T = 900 Mev Τ = 1020 Mev 
C o s θ 3 * d σ / d Ω * 

( m b / s r ) 
C o s θ 3 * dσ/dΩ* 

( m b / s r ) 
C o s θ 3 * d σ / d Ω * 

( m b / s r ) 
C o s θ 3 * d σ / d Ω * 

( m b / s r ) 
C o s θ 3 * d σ / d Ω * 

( m b / s r ) 

1.00G 5 . 3 7 ± 0 . 2 1 1.000 7 . 0 5 ± 0 . 2 6 1.000 6 . 7 4 ± 0 . 2 4 1.000 1 7 . 8 3 ± 0 . 5 2 1.000 1 3 . 1 6 ± 0 . 3 8 

0.621 2 . 6 2 ± 0 . 2 0 0.608 3 . 0 9 ± 0 . 1 1 0.577 1.329±0.086 0.782 4 .633±0.068 0.766 3 . 5 4 6 ± 0 . 0 8 7 

0.542 2 . 1 5 ± 0 . 1 4 0.527 2.625±0.089 0.492 1.058±0.075 0.534 0 .345±0.034 0.506 0 . 2 5 4 ± 0 . 0 3 8 

0.377 1 .59±0.19 0.359 1 .43±0 .33 0.318 0 . 5 8 ± 0 . 2 2 0.443 0.104±0.039 0.412 0 . 0 9 8 ± 0 . 0 4 9 

0.168 0 . 9 1 ± 0 . 2 3 0.148 0 . 6 5 ± 0 . 1 5 0.102 0 . 5 3 ± 0 . 1 0 0.260 0.099±0.079 0.224 0 . 0 8 6 ± 0 . 0 6 0 

0.027 0 .497±0 .098 0.006 0 .268±0 .071 -0 .041 0 .212±0.071 0.039 0.144±0.036 0.001 0 . 2 1 0 ± 0 . 0 3 7 

-0 .107 0 .203±0 .098 -0 .128 0 .067±0.071 - 0 . 1 7 4 0 .219±0.071 - 0 . 1 0 3 0.228±0.042 -0 .141 0 . 2 2 1 ± 0 . 0 6 4 

-0 .249 0 .070±0 .097 -0 .269 0 .015±0.081 -0 .312 0.332±0.082 -0 .234 0 .369±0.041 -0 .270 0 . 2 8 5 ± 0 . 0 5 7 

-0 .451 0 .142±0 .091 -0 .467 0.1 84±0.072 - 0 . 5 0 3 0.701±0.069 -0 .367 0 .697±0.043 -0 .400 0 . 3 4 3 ± 0 . 0 5 9 

-0 .669 0 .602±0 .094 - 0 . 6 8 1 0 .702±0.085 -0 .705 1.061±0.063 -0 .549 1.548±0.050 -0 ,575 0 . 7 6 6 ± 0 . 0 5 9 

-0 .787 1.136±0.C87 -0 .795 1.017±0.082 -0 .812 1.045±0.053 -0 .735 2 .367±0.053 -0 .752 1 .41 ±0 .15 

-0 .876 1 .458±0.084 -0 .880 1 .40±0 .13 - 0 . 8 9 1 0.963±0.052 -0 .832 2.346±0.060 - 0 . 8 4 3 1 .181±0 .057 

- 0 . 9 4 6 1 .63±0 .16 -0 .948 1 .538±0.096 - 0 . 9 5 3 0 .554±0.067 - 0 . 9 0 3 1.924±0.059 -0 .910 0 . 9 4 0 ± 0 . 0 5 7 

-0 .958 0.958±0.060 -0 .961 0 . 3 7 6 ± 0 . 0 5 1 
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F i g s . 23-27 . Differential c r o s s sect ion for π-+p→ π-+p as a 
function of the cosine of the pion scattering angle in the 
center-of-mass system at an incident pion kinetic energy of 550 Mev 
(Fig . 23); of 600 Mev (Fig . 24); of 720 Mev (Fig . 25); of 900 Mev 
(F ig .26) ; and of 1020 Mev (F ig .27 ) . The e r r o r b a r s assoc ia ted 
with the data points include sys temat ic as well as s ta t i s t i ca l e r r o r s . 
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Fig. 28. Goodness-of-fit parameter as a function of the order of 
the fit. 
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To remove the ambiguity as to which n gives the bes t fit at 
550, 600, and 1020 Mev, we applied a F i s h e r test ,5 3 which t e s t s the 
probabil i ty that the coefficient an ≠ 0, for success ive values of n. 
On the bas i s of both t e s t s used together , we were able to fix the best 
fit n a s : 5 for 550 Mev; 3 for 600 Mev; and 6 for 1020 Mev. The 
Fisher test corroborates the selection of 5 as the value of n for a 
best fit at 720 and 900 Mev. 

Table IV gives the values of ak a s de termined by fitting these 
data, as well as those determined by others,26,29,33,54 in the energy 
range 230 through 1300 Mev. The ak appear plotted in Figs. 29 
through 31. 

In the next section I d i scuss the behavior of the coefficients 
ak as a function of energy, and the poss ible pa r t i a l waves contributing 
to the " r e sonance" phenomena. 

In making the X2 and F i s h e r t e s t s , only random e r r o r s were 
used with the data. The curve fitting was done using the same data, 
but with l a r g e r e r r o r s , combining sys temat ic e r r o r s with the random 
errors. This was done because the X2 test measures the probability 
that a purely random distribution gives no better fit, and the Fisher 

tes t depends upon the values of X2. 
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T a b l e IV. Coeff ic ien ts ak f r o m the e x p a n s i o n of the di f ferent ia l c r o s s s e c t i o n a n g u l a r 
d i s t r i b u t i o n s m a c o s i n e p o w e r s e r i e s . 

Τπ  
(Mev) 

Coef f i c i en t s ( m b / s r ) Τπ  
(Mev) a0 

a1 a 2 a 3 a 4 a 5 a 6 

230 a 0 . 9 1 ± 0 . 0 4 0 . 5 5 ± 0 . 1 4 2 . 6 3 ± 0 . 3 6 - 0 . 0 2 ± 0 . 2 5 - 0 . 6 6 ± 0 . 4 5 - -

2 9 0 a 0 . 7 6 ± 0 . 0 3 0 . 8 4 ± 0 . 0 9 0 . 7 2 ± 0 . 2 1 - 0 . 6 9 ± 0 . 1 6 0 . 4 7 ± 0 . 2 7 - -

3 7 0 a 0 . 6 6 ± 0 . 0 3 1 . 0 3 ± 0 . 1 1 0 . 8 9 ± 0 . 2 5 - 1 . 5 6 ± 0 . 5 1 - 0 . 4 5 ± 0 . 3 2 0 . 8 1 ± 0 . 5 2 -

4 2 7 a , c 0 . 7 5 ± 0 . 0 6 1 . 6 2 ± 0 . 2 2 0 . 8 4 ± 0 . 4 0 - 3 . 0 2 ± 0 . 7 4 0 . 0 5 ± 0 . 4 4 1 .91±0 .63 -

5 5 0 b 0 . 4 3 ± 0 . 0 7 2 . 3 8 ± 0 . 3 2 2 . 7 1 ± 0 . 4 4 - 2 . 9 1 ± 1 . 3 3 0 . 4 5 ± 0 . 4 5 2 . 3 2 ± 1.12 -

6 0 0 b 0 . 2 6 ± 0 . 0 4 1 . 9 5 ± 0 . 1 3 4 . 1 9 ± 0 . 1 3 0 . 6 8 ± 0 . 2 2 - - -

610c 0 . 2 6 ± 0 . 0 5 1 . 8 3 ± 0 . 3 2 3 . 9 2 ± 0 . 6 7 0 . 3 1 ± 0 . 5 2 - 1 . 1 2 ± 0 . 7 8 - -

6 5 5 c 0 . 2 6 ± 0 . 0 4 1 . 4 8 ± 0 . 2 0 4 . 3 1 ± 0 . 5 0 0 . 3 7 ± 0 . 3 5 - 2 . 2 9 ± 0 . 5 6 - -

7 2 0 b 0 . 3 0 ± 0 . 0 5 0 . 7 7 ± 0 . 2 3 1 .95±0 .32 - 2 . 7 0 ± 0 . 9 2 1 . 2 1 ± 0 . 3 3 5 . 2 0 ± 0 . 7 5 -

750c 0 . 2 7 ± 0 . 0 5 0 . 7 7 ± 0 . 2 0 2 . 0 9 ± 0 . 4 7 - 3 . 7 3 ± 1 . 0 6 1 .02±0 .73 6 . 4 8 ± 1 . 3 1 -

9 0 0 b 0 . 1 8 ± 0 . 0 3 - 0 . 1 9 ± 0 . 1 1 0 . 1 0 ± 0 . 2 0 - 7 . 7 8 ± 0 . 5 3 8 . 8 0 ± 0 . 3 0 1 6 . 9 7 ± 0 . 5 5 -

9 1 5 d 0 . 2 1 ± 0 . 0 4 0.7 1 ± 0 . 1 8 0 . 4 0 ± 0 . 3 5 - 3 . 0 7 ± 0 . 9 7 6 . 1 0 ± 0 . 4 4 1 0 . 3 5 ± 0 . 9 5 -

1020b 0 . 2 2 ± 0 . 0 3 - 0 . 1 9 ± 0 . 1 3 - 1 . 9 1 ± 0 . 3 8 - 2 . 9 8 ± 0 . 6 3 1 1 . 4 6 ± 1 . 2 1 9 . 8 7 ± 0 . 6 5 - 3 . 2 8 ± 0 . 9 5 

1300e 0 . 2 4 ± 0 . 0 6 - 0 . 5 8 ± 0 . 2 2 - 0 . 9 5 ± 0 . 4 9 1 . 0 5 ± 1 . 1 4 4 . 4 2 ± 0 . 7 6 2 . 8 6 ± 1 . 3 0 -

a L e s t e r K. Goodwin (Ref. 54). c John I. Shonle (Ref. 29) . eM. C h r e t i e n e t a l . (Ref.37) . 

b Data of t h i s e x p e r i m e n t . dS. B e r g i a e t al. (Ref. 33). 
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F ig . 29. Coefficients a 0 , a 1 , a 2 , a3, in the cosine power s e r i e s 
expansion of the angular dis tr ibut ion from π -+p→π -+p as a 
function of incident pion kinetic energy. 
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Fig . 30. Coefficient a4 in the cosine power s e r i e s expansion of 
the angular distr ibution from π -+p→π -+p as a function of incident 
pion kinetic energy. 
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F i g . 31 . Coefficients a5 and a6 in the cosine power s e r i e s 
expansion of the angular dis tr ibut ion from π-+p→π-+p as 
a function of incident pion kinet ic energy . 
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V. DISCUSSION 

As an h i s t o r i c a l b a c k g r o u n d to the d i s c u s s i o n of m y da t a , I 
p r e s e n t h e r e a b r i e f r e s u m e of the th ink ing of s o m e p r e v i o u s a u t h o r s 
c o n c e r n i n g the n a t u r e of the h i g h e r r e s o n a n c e s . 

B e c a u s e the a s s i g n m e n t of s t a t e s a p p e a r s to be l e s s a m b i g u o u s 
for the p h o t o p r o d u c t i o n than for the s c a t t e r i n g of p i o n s a t the h i g h e r 
e n e r g i e s , I c o n s i d e r i t en l igh ten ing to r e v i e w h e r e the a r g u m e n t s of 

Peierls55 that lead to an assignment of states on the basis of 
photoproduction data alone. His paper gives references to the development 
of p h o t o p r o d u c t i o n da t a and the t h e o r e t i c a l th ink ing about the h i g h e r 
r e s o n a n c e s . 

By c o n s i d e r i n g the t r a n s i t i o n m a t r i x for t h e p r o c e s s w r i t t e n a s 
a s u m of c o n t r i b u t i o n s f r o m a l l p o s s i b l e m u l t i p o l e t r a n s i t i o n s , P e i e r l s 
p r e d i c t s the a n g u l a r d e p e n d e n c e of the d i s t r i b u t i o n of p i o n s and the 
p o l a r i z a t i o n of r e c o i l p r o t o n s for t h e f i r s t t e n m u l t i p o l e t r a n s i t i o n s , 
and for c e r t a i n c o m b i n a t i o n s t he reo f . He then e x a m i n e s the d a t a by 
m a k i n g c e r t a i n a s s u m p t i o n s about the s t a t e s p r e s e n t and then c o m p a r e s 
the d a t a wi th the p r e d i c t i o n s . 

He a s s u m e s f i r s t t ha t , a s i d e f r o m the s t a t e s known to be p r e s e n t 
f r o m l o w - e n e r g y da t a , the h i g h e r r e s o n a n c e p h e n o m e n a a r e due only to 
two new states, Β and C, whose magnitudes |MB| and |Mc| have 
maxima as functions of energy near the 750- and 1050-Mev peaks in the 
to t a l c r o s s s e c t i o n , r e s p e c t i v e l y . The s e c o n d a s s u m p t i o n i s tha t e a c h 
of the peaks in σtot is due mainly to the single state to which it 
corresponds. He labels the 3, 3 resonant states A. 

In ident i fy ing the s t a t e s Β and C, he d e t e r m i n e s five q u a n t u m 
n u m b e r s , def ined a s f o l l ows : J , the to t a l a n g u l a r m o m e n t u m ; l, the 
o r b i t a l a n g u l a r m o m e n t u m ; ω, the p a r i t y ; T, t he i s o t o p i c sp in ; and 
the s ign of the a m p l i t u d e s , λ = M + / | M + | . 

If t he s t a t e s a r e a s s u m e d to be spec i f i c e i g e n s t a t e s of Τ and 
not m i x t u r e s , Τ i s a s s i g n e d a va lue of l / 2 , b e c a u s e the c o n t r i b u t i o n 
of t h e s e s t a t e s Β and C to π+ p r o d u c t i o n i s m u c h l a r g e r t han the 
c o n t r i b u t i o n to π0 p r o d u c t i o n . 
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He then ass igns values for l and J by examining the angular 
distr ibution data near each peak, where the corresponding state should 
predomina te . For the production of π0's near 750 Mev, the 
distribution is ve ry like (5 - 3x2), which cor responds to a t rans i t ion with 
l = 1 and J = 3/2, where x = cos θ. At 1000 Mev, he examines the 

π+ distribution and concludes that l = 2 and J = 5/2 there. 
P e i e r l s ' ass ignment of the par i ty quantum number s is based par t ly on a study of the polar izat ion of the recoi l proton observed at 700 Mev (for x = 0), which implies a strong in ter ference between s ta tes of opposite parity. If the interfering states in question are A and B, then ωB = -1. That C could be a main contributor to this interference is ruled out on severa l grounds. F i r s t , the lack of evidence for appreciable t e r m s in x4 in the angular dis t r ibut ions below 800 Mev impl ies that at 700 Mev |M C | 2 is much smal le r than |M A | 2 + |MC| 2 . Second, the s t range r i s e of a2

+ for π+ production near 500 Mev must be explained. The a2
+,0' is a coefficient in the power series expansion of the angular distribution for π+,0' production, 

dσ+,0 

= 

n 

ak
+,0 xk, (21) dσ+,0 

= Σ ak
+,0 xk, (21) dΩ = Σ ak
+,0 xk, (21) dΩ = 

k=0 

ak
+,0 xk, (21) 

where x = cosθ. Fo r ωB = - 1 , this comes from in ter ference 
between Β and the pure e lec t r ic dipole, J = l / 2 production (S), and this 
in te r ference is of the form ( 3 x 2 - 1 ) . If this is the case , then λ B =+ 1 
is determined, also. On the other hand, for ωB= +1 and ωC= -1, then 
neither the interference of Β with S (which is odd) or of C with S 
(which is isotropic) can explain this behavior . The in ter ference of C 
with R (production from all poss ible t rans i t ions) can contr ibute to a2

+, 
but th i s , together with the observed di rec t ion of the polar iza t ion, 
imposes r e q u i r e m e n t s on λB and λC that would also imply a small 
a1

+, which is not observed. Hence, we have ωB = - 1. This assignment 
correctly predicts the sign of the polarization. 
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To determine ωC and λC, Peierls observes that a3
+- is 

already appreciable near 700 Mev and presumably is due to interference 
of C with the predominant t e r m s at this energy. This can only happen 
for ωC = + 1. The sign of a3

+ gives the result λC = + 1. The 
polarization has been measured in the region where interference between Β 
and C might be expected, but it is smal l there because the ra t io of 

|MC| to |MB| is small, and in fact the sien is uncertain. "It is 
interesting to note that only the large size of the 33 resonance compared with 
B, together with the change from a T= 3/2 to a T = l / 2 s ta te , allows 
the energy at which | M A | = |MB| to be close to the peak of Β and the 
energy where δA-δB = 90 deg." 

Table V s u m m a r i z e s Pe i e r l s ' ass ignment of quantum numbers 
descr ib ing the second and third photoproduction r e s o n a n c e s . The l 
r e f e r s to the angular momentum of the initial s ta te , γ + p . 

Table V. Quantum numbers descr ibing the second 
and thi rd photoproduction resonances 

Level l J ω λ Τ 
A 0 3 /2 + - 3 /2 

Β 1 3/2 - + 1/2 
C 2 5 /2 + + 1/2 

After looking carefully at the picture presented by pion 
photoproduction, Peierls examines π-nucleon scattering and concludes, on 
the bas i s of the data then avai lable, that sca t te r ing r e su l t s cannot be 
ent i re ly explained by the two Τ = 1/2 r e s o n a n c e s . Never the less , he 
p roposes a model for the existence of s ta tes Β and C by assuming that 
the peak in the total c r o s s sect ion is due p r i m a r i l y to inelas t ic p r o c e s s e s 
and only appears as a consequence in the e las t ic c r o s s sect ion. This 
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m o d e l and a s i m i l a r m o d e l by C a r r u t h e r s and B e t h e 5 6 u t i l i z e the 
finalstate 3, 3 i s o b a r and π - π i n t e r a c t i o n s to infer the i m p o r t a n c e of 
D3/2 and F5/2 s t a t e s in the 6 0 0 - M e v and 9 0 0 - M e v r e s o n a n c e s . 
These models also require absorption processes to be prominent. 

Several other theoretical models have been proposed to explain 
the mechanism of the upper resonances. Wilson proposed a new 
isobaric s t a t e of the n u c l e o n , s i m i l a r to the P3/2,3/2 i s o b a r , 1 8 bu t p - p 
s c a t t e r i n g e x p e r i m e n t s gave no i n d i c a t i o n of i s o b a r s wi th m a s s e s 

corresponding to the Τ = l / 2 p e a k s , a l t hough they did show the 3, 3 
isobar.57 Wong and R o s s c o n c e i v e d of s u c c e s s i v e r e s c a t t e r i n g of two 
p i o n s wi th the n u c l e o n and c o m p u t e d the r e c o u p l i n g a m p l i t u d e s for 
rescatters.58 L a n d o v i t z and M a r s h a l l p r o p o s e d a m o d e l of p i o n - n u c l e o n 
i s o b a r s , t o g e t h e r wi th a π - π , t = 1 s t a t e i n t e r a c t i o n ( exc lud ing t = 0 , 2 ) , 
a l though they did no t p r e c l u d e o t h e r p r o c e s s e s . 5 9 C a r r u t h e r s saw the 
s h o u l d e r a t abou t 850 Mev in the π+-p c r o s s s e c t i o n a s be ing due to a 
D3/2,3/2 s t a t e t ha t cou ld in f luence the π--p c r o s s s e c t i o n , s i n c e the 
l a t t e r i s a m i x e d s t a t e of Τ = l / 2 and 3 / 2 . 6 0 P e i e r l s , c o m m e n t i n g on 
the D3/2 p r o p o s a l of C a r r u t h e r s , p r o p o s e d a c o m b i n a t i o n f rom the 
fol lowing f i n a l - s t a t e i n t e r a c t i o n s : t he s e c o n d p ion i n t e r a c t s in a 
t = j = 1 s t a t e wi th the f i r s t p ion , and the s e c o n d p ion i n t e r a c t s wi th the 
n u c l e o n in the 3-3 i s o b a r . 4 2 He fel t t ha t a d i r e c t π - π ( 1 , 1) i n t e r a c t i o n 
a r i s i n g f r o m o n e - p i o n e x c h a n g e did no t c o r r e l a t e wi th e x p e r i m e n t . 
P i c k u p , A y e r , and Sa lan t gave e v i d e n c e of the π - π i n t e r a c t i o n ; 6 1 Mun i r 
et al.62 gave data that seemed to contradict the model of Carruthers 
and Bethe.57 More recently, Carruthers has proposed a 
one-pion-exchange i n t e r a c t i o n l i ke t h a t of P e i e r l s , t o g e t h e r wi th a r e s c a t t e r i n g 
of one pion from the nucleon.63 Most of these models also stress the 
importance of inelastic phenomena. 

Da ta f r o m p r e v i o u s s c a t t e r i n g e x p e r i m e n t s h a v e i n d i c a t e d 
several p o s s i b i l i t i e s for the r e s p o n s i b l e q u a n t u m s t a t e s . E r w i n and Kopp3 4 

found tha t e i t h e r Ρ and D, o r D and F w a v e s fit the b a c k w a r d h u m p in 
t h e i r 9 5 0 - M e v a n g u l a r d i s t r i b u t i o n . Walker , H u s h f a r , and S h e p a r d 3 2 

felt that a D state, coupled with a π-π interaction, was responsible 
for the enhancement of the total cross section near 900 Mev. Feld, 
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Maglic, and Diffey,39 using emuls ions , found bet ter fits to their data 
with D3/2 - F5/2 than with a P3/2 - F5/2 ass ignment for the second 
and thi rd peaks , respec t ive ly . Shonle29 found ei ther P3/2 - D5/2 or  
D3/2 - F5/2 to be consis tent with his data. Br i s son et a l . ass igned 
J = 5/2 or 7/2 to the third peak on the bas i s of the height of the 
" r e sonance" above a nonresonant background. 

We now consider the data of this exper iment . There a r e severa l 
in teres t ing features to notice in the di f ferent ia l -scat ter ing c r o s s - s e c t i o n 
curves as we inc rease the incident pion kinetic energy (F igs . 23 through 
27). 

The backward hump in the distr ibution, which appea r s s tr ikingly 
at 720 Mev, builds to an appreciable value at 900 Mev and dies down at 
1020 Mev. This peaking of the hump is accompanied by a suppress ion 
of the c r o s s section at 180 deg. Data on the angular dis tr ibut ion at 1.3 
Bev37 shows that the backward hump has essent ia l ly d i sappeared and 
that the value at 180 deg is definitely nonzero. This phenomenon of the 
backward hump arises from a contribution of the spin-flip scattering 
amplitudes (see Appendix A). 

Data in the energy region below 550 Mev26 do not show much 
forward peaking, whereas at 550 Mev we see the beginnings of very 
s t rong forward peaking, which is pa r t i cu la r ly evident at 900 Mev. The 
behavior of this peaking is indicated by the var ia t ion with energy of the 
d ispers ion re la t ions point at 0 deg (see Table II). This s trong forward 
peaking fits a diffraction model with an interact ion volume of rad ius 
about 1.2 fermi, indicating that the incident pion interacts strongly with 
the meson cloud of the proton. 

We notice that much of P e i e r l s ' a rgument 5 5 involves a study of 
the coefficients of the cosine power s e r i e s expansion of the photopion 
angular distr ibution data. It is from such a study of the coefficients 
obtained from scattering data that we draw such conclusions as we feel 
are warranted by the data of this and previous experiments. 

As seen from F i g s . 29 through 31, the sca t te r ing at 600 Mev 
s e e m s to be dominated by x and x2 t e r m s . If the sca t te r ing were due 
to a D3/2 state without any D5/2 present, we would expect no x4 term; 
but we would expect the D3/2 and P3/2 amplitudes to interfere to 
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3 
produce an x3 t e r m , which is thus conspicuous by i ts absence . 
However, if the D and Ρ waves were to occur in the correct phase 
relationship, the x3 term could disappear. 

That a3 bu i lds up to a l a rge value below 600 Mev indicates 
that there is a superposition of Ρ and D waves below 600. The 
absence of a4 indicates that the D-wave interaction is probably in a 
J = 3/2 state r a the r than J = 5/2 . 

A reasonable conclusion, then, is that D3/2 ampli tudes a r e 
p r e sen t as we approach 600 Mev incident-pion kinetic energy and that 
the energy-dependent behavior of a3 comes from the in te r ference of 
the P3/2 ampli tude from the h igh-energy tail of the 200-Mev resonance , 
with the developing D3/2 ampli tude, and it is a fortuitous a r r angemen t 
of the phase re la t ion between the two that b r ings a3 to ze ro nea r 600 
Mev. 

That a4 and a5 r i s e rapidly from 700 Mev to maxima at 900 
Mev impl ies a s t rong superposi t ion of F and D waves . The a3 a l so 
has a negative maximum at 900 Mev, which may be due to the D-F 
in ter ference and could indicate the p r e s e n c e of F - or P-wave 
interference with the D state. Since terms beyond x55 are not required at 
900 Mev, we infer that F5/2 is probably the highest-order amplitude 
p r e sen t t he r e , although there is a possibi l i ty of some F7/2 above 900 
Mev, as indicated by the appearance of a smal l a6 a t 1020 Mev. 
Interestingly, the re is no need of x6 t e r m s to fit the dis tr ibut ion obtained 
at 1300 Mev, although this may be due pa r t ly to the l a rge e r r o r s 
associated with the data points at that energy.37 At any rate the x5 term 
does require D and F interference. 

The backward hump in the angular distr ibut ion, which r e a c h e s 
a maximum near 900 Mev, together with the complete lack of sca t ter ing 
at 180 deg, r e q u i r e s a superposi t ion of spin-flip ampli tudes through F 
waves . The evidence s e e m s to exclude an explanation of the 900-Mev 
resonance on the bas i s of a single ( F 5 / 2 ) state in r esonance , for at 
l eas t D and F waves in strong superposi t ion a r e r equ i red and, in 
view of the forward "diffraction" peaking of the angular distributions, 
absorptive processes may play a dominant role. 
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As Moyer64 has mentioned, the D-F in ter ference cal ls to mind 
the shoulder in the π+-p total c r o s s section, and the proposal of 

Carruthers60 that it might be due to a D3/2,3/2 state. Since π--p 
scattering is a mixture of Τ = l/2 and 3/2 states in the proportion 
l /3 (T 3 / 2 ) + 2 / 3 ( T 1 / 2 ) , we might expect to see some manifestat ion of 
the D3/2,3/2 s tate in π--p sca t te r ing , although its effect is not seen 
in the π--p total c r o s s section in this energy region. If this 850-Mev 
phenomenon were indeed a D-s ta te interact ion, it would help to account 
for the strong D-F in ter ference in the 720- to 1020-Mev region. 

In summary , the data of this exper iment a r e compatible with the 
models of Peierls55 and Carruthers and Bethe,56 which consider a π-N 
isobar and π-π interaction to infer the importance of D3/2 and F5/2 

states at 600- and 900 Mev, respectively. The prominence of 
absorptive processes, as required in these models, is clearly indicated by the 
na ture of the scat ter ing angular d is t r ibut ions . 

Hence, we a r e led to abandon the simple p ic ture of single s ta tes 
in resonance, which was so successful around 200 Mev, as an 
explanation of the higher-energy phenomena. 
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APPENDICES 

A. Partial Waves 

We give here a brief description of π--p scattering in terms 
of phase shifts δ and scattering amplitudes f. The derivation of 
these formulae is straightforward and has been discussed, for example, 
by Bethe.25 By way of notation, we write l± for the orbital angular 
momentum belonging to the total angular momentum states J = l ± l/2. 

The non-spin-flip and the spin-flip amplitudes can be written as 

fα(l) = 
λ 

n 

{(l + 1)(ηl
+ - 1) +l(ηl

- - 1)} P l
0 (x) , ( A - l ) fα(l) = 

λ Σ {(l + 1)(ηl
+ - 1) +l(ηl

- - 1)} P l
0 (x) , ( A - l ) fα(l) = 2i Σ {(l + 1)(ηl

+ - 1) +l(ηl
- - 1)} P l

0 (x) , ( A - l ) fα(l) = 2i l = 0 
{(l + 1)(ηl

+ - 1) +l(ηl
- - 1)} P l

0 (x) , ( A - l ) 

and 

fβ(l) = 
n 

(ηl
+ - ηl

-) Pl
1(x), (A-2) fβ(l) = Σ (ηl

+ - ηl
-) Pl

1(x), (A-2) fβ(l) = 2i Σ (ηl
+ - ηl

-) Pl
1(x), (A-2) fβ(l) = 2i l = 0 

(ηl
+ - ηl

-) Pl
1(x), (A-2) 

respectively. In these two equations, Pl
0(x) is the lth Legendre polynomial, and Pl

1(x) is the associated Legendre function, both of which are functions of x, where x = cosθ3*, the cosine of the scattering angle in the center-of-mass system. The ηl
± is associated with the phase shift δl

± by the relation 

ηl
± = e2iδ±l . (A-3) 

In terms of these amplitudes, the differential cross section is 
written 

dσ = |fα |2+|fβ |2. (Α-4) 
dΩ* 

= |fα |2+|fβ |2. (Α-4) 

In the energy region of this experiment, absorptive processes 
are important and can be described by introducing imaginary phase 
shifts, in analogy to the interaction of light in an absorptive medium. 



- 64 -

Hence we wri te 

δl
± = αl

± + iβl
±, (Α-5) 

which we combine with Eq. (A-3) to obtain 

η l
± = e - 2 β ± l e 2 i α ± l 

= bl
± e29α±l, (A-6) 

where bl
± is the absorpt ion coefficient with the l imi t s 0≤ bl

± ≤ l. 
The bl

± = 1 cor responds to no absorpt ion of the lth wave. Thus we 
see that at higher energ ies we mus t consider not only higher l values 
and the resul t ing inc rease in the number of p a r a m e t e r s n e c e s s a r y to 
de te rmine the problem, but a lso that the inc reased number of 
parameters is itself doubled if we want to consider absorption in a precise 
way. 

The polar iza t ion Ρ is wri t ten 6 5 

Ρ ≡ (I+ - I - ) / ( I + + I - ) , (A-7) 

where 

I±= |fα ifβ|2 

= (|fα |2 + | f β | 2 ± l m f α * f β ) . (A-8) 

Combining Eqs . (A-4), (A-7), and (A-8), we get 

Ρ = 2 Im fα* fβ/( dσ ) . (Α-9) Ρ = 2 Im fα* fβ/( dΩ* ) . (Α-9) 

F r o m the definitions of fα and fβ (Eqs . A - l and A-2), and 
r e m e m b e r i n g that Pl

1 is obtained by multiplying sin x t imes the f i rs t 

der ivat ive of Pl
0(x) with r e spec t to x, 
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Ρ l
1 (x ) = s in x d 

[Ρl
0(x)], Ρ l

1 (x ) = s in x dx [Ρl
0(x)], (A-10) 

we can readi ly see that a polar izat ion exper iment de te rmines one l e s s 
parameter for a given lmax than does a differential-cross-section 
measurement. Also, because Ρl

1(x) contains the only sine terms in 
the express ion for the angular distr ibut ion, any backward hump in that 
distr ibution mus t be due to the influence of fβ, the "spin-f l ip" t e r m . 

Β. Cr i t e r i a for Bevatron Targe t s 

One would like to have a smal l Bevatron ta rge t , approaching a 
point source , for the beam optical sys tem. At the same t ime , a counter 
exper iment general ly r equ i r e s that the flux of secondary pa r t i c l e s be 
maximized. In addition, one would generally like to minimize the 
production of electrons, although this may not always be important to a 
given exper iment . 

The re la t ion between secondary par t i c le flux and ta rge t s ize is 
given by 

R = nxσ, ( Β - 1 ) 
R0 

= nxσ, ( Β - 1 ) 

where R0 is the number of pa r t i c l e s incident on the ta rge t , R is the 
number of pa r t i c l e s interact ing to produce the secondary beam, σ is 
the c r o s s section per nucleon, x is the ta rge t length, and n is the 
effective number of nucleons per cc . 

If we a s sume that σ is a constant, we mus t choose an x that 
i s as l a rge as possible consis tent with the beam optical sys tem, and 
we should maximize n if we a r e to maximize R. 

We mus t f i r s t der ive an express ion for n. Let A be the total 
number of nucleons per atom, then 

A = Ν + Ζ, (Β-2) 
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where N is the number of neut rons , and Ζ the number of pro tons , 
per atom. A is then also defined as the number of g r ams per mole . 

If we consider the "shadowing" effect of nucleons in a complex 
nucleus , the effective number of nucleons per atom is A 2 / 3 . This 
c l a s s i ca l approximation is p re t ty good for e lements above beryl l ium 
(A = 9.013, Ζ = 4). The NA is Avogadro's number, the number of 
atoms per mole, and ρ is the density in grams per cc. Then 

n = A2/3 NA ρ n = A2/3 NA A 
(B-3) 

= N A 
ρ . 

= N A 
A 1 / 3 

. 

Figure 32 is a plot of n as a function of Ζ for mos t of the 
e lements that might be used as Bevatron t a r g e t s . Table VI l i s t s these 
e lements alphabetical ly, giving the chemical symbol, and Z, A, ρ,66 

and n for each l is ted element . In addition to pure e l ements , one 
might consider the use of alloys or compounds, such as alumina, as 
Bevatron targets. 

To minimize e lec t ron production in the ta rge t , one should select 
his target from among the elements with relatively low Z. The target 
selected for use in this experiment was a 3-in. copper target. 
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Fig . 32. Effective number of nucleons η as a function of Z . 
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Table VI. Table of e lements that might be used as Bevatron 
t a rge t s , l ist ing for each the chemical symbol, and Z, 
Α, ρ in g / cc , and n, the effective number of nucleons 
per cc . 

Element Symbol Ζ A ρ (g/cc) 
n(x1023) 
(cc-1) 

Aluminum Al 13 26.98 2.699 5.42 
Antimony Sb 51 121.76 6.618 8.04 
Arsenic A s 33 74.91 5.73 8.19 
Bar ium Ba 56 137.36 3.78 4.41 
Beryl l ium Be 4 9.013 1.84 5.33 
Bismuth B i 83 209.00 9.747 9.89 

(crys ta l ) 
Boron 

(amorphous) 
Β 5 10.82 

3.33 

2.34 

9.07 

6.37 
Cadmium Cd 48 112.41 8.648 10.79 
Calcium Ca 20 40.08 1.54 2.71 

( c ry s t a l ) 
Carbon 

(graphi te ) 
C 6 12.010 

3.52 

2.25 

9.26 

5.92 
Cer ium Ce 58 140.13 6.79 7.87 
Chromium Cr 24 52.01 6.92 11.17 
Cobalt Co 27 58.94 8.9 13.77 
Copper Cu 29 63.54 8.9 13.43 
Germanium Ge 32 72.60 5.46 7.88 
Gold Au 79 197.2 19.3 19.97 
Hydrogen(liquid) H 1 1.0080 0.07095 0.426 
Indium In 49 114.76 7.28 9.02 
Ir idium I r 77 193.1 22.42 23.36 
Iodine I 53 126.91 4.94 5.92 
Iron F e 26 55.85 7.87 12.40 
Lead P b 82 207.21 11.005 11.20 
Lithium Li 3 6.940 0.534 1.69 
Magnesium Mg 12 24.32 1.741 3.62 
Manganese Mn 25 54.93 7.42 11.76 
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Table VI. (Continued) 

Element Symbol Ζ A 
ρ 
(g/cc) 

n(x1023) 
( c c - 1 ) 

Mercury Hg 80 200.61 13.546 13.94 
Molybdenum Mo 42 95.95 9.01 11.85 
Nickel Ni 28 58.69 8.75 13.56 
Osmium Os 76 190.2 22.5 23.56 
Pal ladium P d 46 106.7 12.16 15.44 
Phosphorus Ρ 15 30.975 2.34 4.49 
Plat inum P t 78 195.23 21.37 22.19 
Potass ium Κ 19 39.100 0.87 1.54 
Rhodium Rh 45 102.91 12.44 15.99 
Rubidium Rb 37 85.48 1.532 2.10 
Ruthenium Ru 44 101.7 12.06 15.56 
Selenium Se 34 78.96 4.55 6.39 
Silicon Si 14 28.09 2.35 4.66 
Silver Ag 47 107.88 10.6 13.41 
Sodium Na 11 22.997 0.971 2.06 
Sulfur S 16 32.066 2.05 3.89 
Tantalum T a 73 180.88 16.6 17.68 
Tel lur ium Te 52 127.61 6.25 7.48 
T i n Sn 50 118.70 7.29 8.93 
Titanium Ti 22 47.90 4.5 7.46 
Tungsten W 74 183.92 18.85 19.96 
Uranium U 92 238.07 18.7 18.17 
Vanadium V 23 50.95 5.96 9.68 
Yttrium Y 39 88.92 3.80 5.13 
Zinc Zn 30 65.38 7.10 10.61 
Zirconium Zr 40 91.22 6.44 8.62 
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C . Derivation of the Stat is t ical Deviation 

We der ive he re the probable deviation σ in the number of counts registered in the Cerenkov counter for a given number of monitor counts.67 

The probabil i ty that C pa r t i c l e s will rad ia te for M incident 
pa r t i c l e s is simply 

pCq M-C, ( C - l ) 

where p = the probabil i ty that a beam par t i c l e will emit Cerenkov 
radiat ion, q = the probabil i ty of no radiat ion, M = the number of 
counts in the pion beam monitor (i . e . , the number of pa r t i c l e s pass ing 
through the Cerenkov counter) , C = the number of counts from the 
t r ip le coincidence M + C (i. e . , the number of pa r t i c l e s that rad ia te ) , 
and p = lim C/M (note: p + q = 1). 
M → ∞ 

There a r e ( M 
) ( C ) ways of selecting C pa r t i c l e s from M p a r -

t i c les , where 
( 

M 
) ( C ) 

a r e the binomial coefficients, so the probabil i ty 
becomes 

wM(C) = ( 
M ) p C ( l - p ) M - C ( C - 2 ) wM(C) = ( C ) p C ( l - p ) M - C ( C - 2 ) 

(note: 
M 

w M ( C ) = l ) . (note: Σ w M ( C ) = l ) . (note: 
C=0 

w M ( C ) = l ) . 

Let us examine the identity 

(py + q)M = 
M 

( 
M 
C ) pCyCqm-c = 

M 
w M ( C ) y C . (C-3) (py + q)M = Σ ( 

M 
C ) pCyCqm-c = 

Σ 
w M ( C ) y C . (C-3) (py + q)M = Σ ( ) pCyCqm-c = 

Σ 
w M ( C ) y C . (C-3) (py + q)M = 

C=0 
( ) pCyCqm-c = 

C=0 
w M ( C ) y C . (C-3) 
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Differentiate Eq. (C-3) once with respec t to y to get 

Mp(py+q)M-1 = 
M 

C w M ( C ) y ( C - 1 ) , ( C - 4 ) Mp(py+q)M-1 = Σ C w M ( C ) y ( C - 1 ) , ( C - 4 ) Mp(py+q)M-1 = 
C=0 

C w M ( C ) y ( C - 1 ) , ( C - 4 ) 

and a second t ime with r e spec t to y to get 

M ( M - 1 ) p 2 ( p y + q ) M - 2 = 
M 

C ( C - 1 ) w M ( C ) y C - 2 . (C-5) M ( M - 1 ) p 2 ( p y + q ) M - 2 = Σ C ( C - 1 ) w M ( C ) y C - 2 . (C-5) M ( M - 1 ) p 2 ( p y + q ) M - 2 = 
C=0 

C ( C - 1 ) w M ( C ) y C - 2 . (C-5) 

We now let y→ 1 and see that 

Mp = , (C-6) 

and that 

M(M-1)p 2 = - . (C-7) 

If we combine Eqs . (C-6) and C-7), r emember ing that the 

d ispers ion σ2 = - , we find that 

σ 2 = M p ( l - p ) . (C-8) 

Hence, the probable deviation in C is given by 

σ = √Mpq (C-9) 

- √ C ( 1 - C / M ) . (C-10) 
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