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Abstract. We study the evolution of quantum correlations in a lepton-antineutrino pair, as
produced in weak interactions (e.g. pion decay). Assuming an inital state entangled in the
spins of the two particles, we show that both chiral and flavor (neutrino) oscillations affect spin
correlations. Such corrections are relevant in the non-relativistic regime. In the second part we
focused our attention on the weak process n + ve — p + e in which the results found in the
previous sections could be observed.

1. Introduction

A remarkable property of (charged) weak interactions is their parity violating character: this is
mathematically accounted for by the presence of chiral projectors in the interaction term, which
allow only left handed fermion field components to interact with W bosons [1,2]. On the other
hand, weak charged currents are also characterized by the fact that only fields with definite
flavors enter in the vertex. As a consequence of these facts, a fermion generated in a charged
weak interaction process will have definite flavor and chirality.

States with definite chirality and finite mass undergo chiral oscillations. In fact, the Dirac
equation, describing the temporal evolution of a massive fermion, includes a term which couples
left and right-handed components of the bispinor, which yields chirality oscillations [3, 4],
characterized by the ratio between the momentum and the mass. Chiral oscillations have been
studied recently [5-7] in connection with their possible relevance for relic neutrinos of the CvB
background [8] and more in general in the non-relativistic regime. In particular, the effects of
chiral oscillations on the spin-spin correlations of a lepton-antineutrino pair has been investigated
in Ref. [9].

In this paper we extend the analysis of Ref. [9], by taking into account also flavor oscillations
for the (anti)neutrino involved in the considered process. Thus, the initial entanglement encoded
only in the spins is redistributed, during time evolution, due to the chiral and flavor oscillations
which occur with their characteristic time and energy scales. The result is a hyperentangled state
of the system at a later time. The spin correlations display a dependence on such oscillations,
thus offering a possible way for detecting them.
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2. Chiral oscillations
In relativistic quantum mechanics the free evolution of a fermion is described by a wave function
¥ whose evolution is given by the Dirac equation (in natural units i =c=1)

(10 —m)¥(z) =0 (1)

where the 4# matrices satisfy the anticommutation relations {4#,4”} = 2n*” with n* =
diag{1,—1,—1,—1}. The solution ¥(z) is a 4—component spinor called Dirac bispinor which
has two intrinsic degrees of freedom: spin and chirality. From a group theory point of view this
is due to the fact that the Dirac bispinors belong to irreducible representations of the complete
Lorentz group [11].

The chiral matrix is defined by

Y5 = 150717273 (2)

and its expectation value (\I/]’yff\\ll), the chirality of a state, is not a conserved quantity due to
the presence of the mass term in the Dirac equation Eq.(1), which can be recast in the form

Hp V) = (p-&+mp)|¥) =0, |T) (3)

with p = (p1, P2, P3) = —i(Du1, Oua, Ou3), & = (A, &1, 63) = (oA, 7092, J073) and = 4°, with
{6, a5} = 26,14 and {&;, 5} = 0. In terms of the d&;, the chiral operator becomes

Y5 = —idGadis, (4)
which commutes only with the first term in Hp. The mass term does not commute with 40:
[3°, Hp] = ~2impB5° (5)

Thus, a state with a definite chirality whose dynamics is described by the Dirac equation
will undergo chiral oscillations. We can further appreciate this fact by considering chiral
representation of the Dirac matrices in which [10]

. e 0] 4 [0 L] . [I 0
O"_[o @}’5—{5 0]’75_[0 —fJ‘ (6)

In this representation the chiral operator is diagonal with two double degenerate eigenvalues
+1. Any Dirac bispinor can be decomposed into left and right-handed components

ER)
Uy = 7
) = & ™
such that the Dirac equation can be rewritten as a the set of coupled equations
PG |¢r) +m[EL) = i0[ER) —p -6 |¢) +m[r) = i0;[EL) (8)

Note the mass term mixes the left and chiral part which allows the chiral oscillations for a state
initially with a definite chirality.

In order to describe the dynamics of a given initial bispinor, we adopt the standard procedure
and divide a solution of the Dirac equation into positive and negative energy solutions given by

) = e FP Juy(p,m)) _) = eHETP o (p,m)) (9)
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where s represent the spin polarization of the particle, E and p are the energy and the momentum
with E? = p?+m? with p = |p|. Following Ref. [5], the solutions of the Dirac equation appearing
in (9) are given in terms of the bispinors

_ | f4 ns(p)) _ [+ ns(p))
s, m)) = N [fj \ns(p)J  felpm)y =X [—;— Ins(p)J (10)
with
p-o E+m

fi:fi(pvm)zli N:N(pam):

11
1B (11)
In the above equations |ns(p)) is a two-component spinor encoding the polarization of the
particle.

Following the scheme adopted by [7] we take |ns(p)) as eigenstates of the helicity operator

E+m’

N>
h= - (12)
where .
=% 5 (13)
are the generalized Pauli matrices. Since [iL, H p|] = 0, helicity is conserved during the free

evolution. Taking also the momentum along the z axis, p = pé,, the bispinors us and vs become

usoo) =N [FEE] L postmomy = x| R 14

where |+) (|—)) is the state |1)(]})) with positive (negative) projection of the spin along z
(eigenstates of s, ).
In [7] it is shown that starting with an initial state at ¢ = 0 with both negative chirality and
negative helicity
|9(0)) = [0,0,0,1)" (15)

using the orthonormality relations
(us(p, m)|vy (—p,m)) =0, (us(p, m)|uy (P, m)) = (vs(p, m)|vs (P, Mm)) = 65 5/ (16)
we can write
#0) = 3 (0o ) . m) + (B (—pym)) los(-pom)) ) (17
S=+,—

and hence the time evolution is given by
(W) = e P W(0)) = N(fre ™ [u_(p,m)) — [P Jo_(—p,m))). (18)

Since helicity is a conserved quantity, the probability that the particle does not change its
chirality is given by
2
m= .
P=[(UO)(H) P =1~ T sin*(BH) (19)

which goes to one in the limit 2 — ooc.
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3. Lepton-antineutrino entanglement and chiral oscillations

Weak interactions produce particles with a well definite chirality (left-chiral for leptons and
right chiral for antileptons). If the momenta of the emitted particles are comparable with
their mass, according to the time evolution of Dirac bispinors, chiral oscillations occur, as we
discussed briefly in the last Section. In [9] the possibility to observe indirectly the effects of
chiral oscillations has been investigated for a lepton-antineutrino pair produced by a pion decay.

The pion can decay in

T = AUy, T —e + U (20)
with probability 99,9877% and 0,0123%, respectively.

In the rest frame of the pion the two particles are emitted along opposite directions and
with a well defined chirality that is right chiral for the antineutrino and left chiral for the
lepton [2]. Furthermore, conservation of angular momentum imples that the total spin of the
emitted particles has to vanish. Assuming that the lepton, with mass my;, has a momentum
—pé,, and the antineutrino, with mass my, has momentum pé,, we can take the initial state in

the form

_ oy mp)) @ fuy(=p,mu)) — |vy(p, M) @ |ur(=p, mu))
V2

which is an entangled state in the spin. Since the two particles emitted in the decay have a well

definite chirality, we have to project the state (21) in their respective chirality eigenstates and

to normalize it, that is

|©) (21)

1% ® 1T, | )

(O)) = —RZL 22
O g e g -
where the chirality projectors are given by
e I+ ’Aya
R/L = 2 : (23)
with a = [, D.
After some algebraic manipulations, the state (22) can be written in the form [9]
(W (0)) = Alp, mu, mz) [74(0)) @ [1,.(0)) — B(p, mu, mp) [7,(0)) @ [14(0)) (24)
with 0
_ T 0
oo =) ooy =0, )
and
A NN v el 1 p2 _% B NN, vl 1 p2 _%
(p,my, mp) = NiNp fY f2 [2 - m] ; (p,mi, mp) = NN f¥ fL [2 - 2EZE7:|

(26)
with the short notation ff_‘(_) = fr)(p,ma) for a =1, v.

Note that in the relativistic limit, for the antineutrino p > mjp and we have f” — 0:
hence A > B and only the first term in (24) contributes to the state. Time evolution of
the superposition is obtained by writing explicitly |¥(¢)) in terms of the bispinors (10), which
are the plane wave solutions of the Dirac equation. This gives

(W (t)) = Alp, mu, mp) |71 (2)) © [, (1)) — B(p, mu, mp) [74(t)) @ |14(2)) (27)
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with
r(8)) = Nole P L fur(p, mp)) + € 2 Jup(—p,my))] (28)
() = Nole P f2 fuy(p,ma)) + B0 o (—p,ma))] (29)
(®) = Nile L fug(—p,ma)) — L o (p,mu))] (30)
L) = Nile L uy (=p,ma)) — €L oy ()] (31)

In [9] it has been shown that the quantum entanglement initially encoded only between
the spins is redistributed by chiral oscillations to other partitions of the system. Such effects
become relevant when the mass of the neutrino is comparable with its momentum. To compute
the temporal evolution of the spin-spin entanglement we first obtain the spin density matrix by
tracing out the chiralities

P05, (1) = Trcyc, [p(0)] = Trey,c [ 19(®) ((1)] | (32)

The negativity for the spin part is [9]

N [psi (8] = 1165, o OI] = 1= N |ps;, ()] (1) (33)
with ) )
r0) = [1- Lyt - 12 [ Lo o +12] = oy 39
and 2
(W) (8) = —1+ 7 —5 1= cos(2E1)| (35)

At t = 0, the negativity between the spins reads
N[pShSD (0)] = 2|AB‘ = Q‘A(p, my, mﬁ)B(pa my, mﬁ)’ (36)
Also it has been shown in [9] that the trace of the squared density operator is

Nps, 5 (0
e, o (] =1 - W(l ~T(1)). (37)

4. Flavor and chirality in a lepton-antineutrino entangled pair

The results in [9] revised in the previous section do not include flavor oscillations. Flavor
is another intrinsic degree of freedom for the neutrino. Charged weak interactions produce
neutrinos with a well defined flavor, which is not conserved during free evolution; therefore we
expect that, as for the chirality, flavor oscillations will also redistribute the initial entanglement
between spins. Let us consider only two flavor oscillations (electronic neutrino e and muonic
neutrino p) and suppose to start with an electronic neutrino. The free time evolution is given

by [5]:
71(t)) = (cos? 0 |Tm14 (1)) + sin? 0 | Dot (1)) @ |Ze) + sin 6 cos (| T4 (1)) — |Tmar (1)) @ |7,) (38)

7,()) = (c08” 0 [Pra1y (£)) + 80”0 [Prazy (1)) @ |Pe) + sin 0 cos O(|Pmay () — [Py () @ [72) (39)
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Figure 1: Tr[pg, ¢ ] as a function of time for mLDl =0.1;1;10. We used the values m—TZ = 0,001

with Am? =m2, —m2, and miull = 100. Also we take sin?# = 0,306 in a) for flavor mixing.

Defining the left-(right-)chiral part by |Cir 1(_1)>, renaming the coefficients (11) as fi“(_) =
f$1(—1) and the bispinors (10) as |uq) = [+1a), |va) = |—14) for both spin up and spin down
and both flavors a = 1,1 , Egs. (28)-(31) become

(1)) = Ny Y e B 1 |dyp(dp)) () = Ny Y e 7 dys (dp)) - (40)
d=+1 d=+1

() = Ny D e B f|dy(—dp)) , () = Ni Y e L |dy(—dp)) . (41)
d=+1 d==1

By taking into account flavor oscillations!, the state (27) acquires the form

T(t) =" <vl<c, ¢)|CE) @ [15) @ [7e) ® |CF) @ 1) + 72(c, ¢) [CE) @ [10) @ [7,) @ |CF) @ | da)

—3(e, @) |C) @ Wa) ® |7e) @ 1CF) ® 1) — (e, €) 1C5) ® o) ® [7) @ |CF ) © [1) ) (42)
with ¢, ¢ = +1. The coefficients are given by
y(c,d) = A(w%l)(c, ) cos? 6 + wgl) (c,c)sin® ), Ya(c,d) = Aw® (¢, ) sin O cos b,

y3(e, c) = B(wf’) (c,)cos® 6 + wgg) (c,c)sin®0), v4(c,d) = BwW(c, ) sinfcosh  (43)

1 Note that the flavor oscillations here considered take into account also the non-standard oscillation term also
found in QFT [12,13].
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Figure 2: Concurrence C as a function of time for mL_ = 0.1;1;10. Values of the parameters are
71
the same of Fig.1.

where A and B are given by the (26) and

wgl) (07 C/) _ <Z l/ l/1 7’LdEl,1 ) <Zdl 2 /7f_d/fd’ e Zd’Elt>

@Waw:=(Zﬁ%c«%ﬂk“%ﬂ(wa%%ﬁuﬂﬁ“”Q
d ’

w(2)(C, c/) — I:Z <N2 Cll/1 d —’idEﬁl N2 c 2 52 d —idEy2t>:| X

d

(ot

fd/ 1€ _Zd,Elt> (44)

and

wPe,d) = —ed(wi(e.d))s wfl(e.d) = —ed(wi(e, ), w(e ) = —ed(@P(e, )" (45)
with the notation 7; = v, for ¢+ =1, 2.

We note that the state of the lepton-antineutrino system (42) at time t is in fact a
hyperentangled state [14], since entanglement in the flavor degrees of freedom adds up to the
initial entanglement in the spins (helicity).

In the spirit of Ref. [9], we want to investigate the effects of both chiral and flavor
oscillations on the spin correlations. In order to do this, we trace out flavor and chirality
from p(t) = |¥(t)) (¥ ()| to obtain the reduced density operator for the spin part. After some
algebra, we get
A% pro

(46)
P12 B 2

PSSy =

with
P12 = AB{COS4 e(hlhﬂl + 919171) + SiIl4 e(hlhﬁz + glgﬁz) + Sin2 0 COS2 e[hl(hm + h172) + gl(gﬁl + 9172)]

+icos? O(gihs, — go,h1) + isin® 0(gihs, — goyhy) + isin® 0 cos® O[gy(ho, + hoy) — hi(gs, + 952)]}(47)
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and
2

2p= . .
hi=1- EZ? sin2(Ejt), g = % sin(2E;t) (48)
for i =1, vy, Us.

Now it is possible to calculate the purity for the spin part and the result is

T 2 N[p%"j*sl (O)] FQ 8 9F2 -8 9F2 s 02 0 2 0 4 91’12
r[pspysl )] = 1- — 1T {cos 5, +sin® 0I';, + 2sin” 6 cos [2 cos” OI';,

+2sin* 02, + sin? 0 cos? (%, +T,) + 2(ho, b, + 95,97 )| }) (49)
with

and i = [, 1, Us.

As a check, we observe that when flavor mixing is absent (§ = 0), the above expression
reduces to N2 ()]

Ps, 0
T, o (0] = 1- — 5 (1- 12, ) (50)
v,S] 2 1

which coincides with Eq.(33) as we expected.

The plot of the quantity in (49) as function of time is given in Fig.1 for different values of

the ratio %: we see that the purity of the reduced density operator decreases in the case of

p >~ myp and hence the redistribution of the entanglement between the spins is maximal in this
case. This resonance effect has been noticed also in [9]. In the present, more general case, we can
also see that the entanglement redistribution of the spins is modulated by the flavor oscillations
of the antineutrino which are slower than the chiral oscillations.

It is also interesting to look how the concurrence related to the entanglement between the
spins evolves in time. It is given by [15]

C = maX{O, )\1 — )\2 — )\3 — )\4} (51)

where \; are the squared roots of the eigenvalues (in decreasing order) of the operator pp where
p = oy Royp* oy, ® oy is the spin flipped density operator p. In our case the plots of concurrence
are given in Fig.2. At ¢t = 0 we have C(0) = 2|AB| = N(0).

As expected, the concurrence decreases if the ratio % increases since the coefficients A and B
become more different from each other and B — 0 when % — 00. Furthermore the concurrence
is also modulated by both the flavor and the chiral oscillations. The effect is more relevant in
the case p = my, as noticed also in [9].

4.1. General case
In the previous Sections we have seen that entanglement between spins in a lepton-antineutrino
pair is redistributed by both chiral and flavor oscillations during the free time evolution.
Nevertheless, this scheme can be used only as a toy model because the momentum p of the
two particles has been taken as a free parameter and the effects of the chiral oscillations on the
entanglement between spins are relevant only in the non-relativistic limit for both particles.
Since the neutrino is much lighter than the electron (my, ~ 2-107%m,) and the non-relativistic
limit is reached in the case mig < 1, this cannot happen in the case of the pion decay, because
the momentum p is fixed by the relativistic conservation laws. Indeed, in the rest frame of the
pion we have
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mZ =m? + p} + m2, + p,
Ozpl+pl71

which gives p; = py, = p and

AM?
p=—" (52)
with AM2 = m2 — m} — m,%l. In the case that the emitted particle is a muon, since

my, =~ 105.6MeV, m;, =~ 1leV and m, =~ 139.6MeV, we obtain p?> ~ 17MeV: thus the
antineutrino is always relativistic and the entanglement between the spins goes to zero since
the coefficient (36) also goes to zero because B — 0.

To avoid this situation, let us consider a generalization of the above toy model with two initial
particles a and b with masses m,, m; and momenta p,, p; colliding. Suppose they emit two
particles c and d with masses m., mg and momenta p,., p; and that we consider only the particles
emitted on the same direction of that formed by p, and p;,. In this case the conservation laws
give

m2 + p2 +m2 + p2 = m2 + p2 +m3 + p?
Pa — Pb = Pc + Pd

with p,p) = ]pa(b) |. Therefore the momenta of the emitted particles along the initial momentum
direction become

Pa — Db £ /AM? + (pg — pp)?
9

where AM? = mZ+m?—(m2+m?). Note that the process is possible only if mZ+m?2-+(p,—pp)? >
mg + m%.

Therefore, by changing the momentum of the initial particle p,, we can search for a regime
in which both particles are non-relativistic (i.e. p. ~ m. and pg ~ mg ) and the effects of
chiral oscillations on the redistribution of the entanglement between the spins are significant.
We assume an initial entangled state for the spin part of the form

Pe,d = (53)

@) = [01(pe; me)) @ |uy(pa, ma)) — v (pe, me)) @ |[ur(pa, ma))

V2

that is the analogous of Eq.(21). The system state at ¢ = 0 is obtained by the application of
chirality projectors which gives

(54)

(W(0)) = A(pe; pd> me, ma) [c4(0)) @ |d)(0)) — B(pe, pa, me; ma) e (0)) @ [d(0))  (55)
where

. \/if-‘rCf—d . . \/if—cf—i-d
A(p67pd7m07md) - NcNd(f_%_cfEd‘i‘fch_%_d)’ B(p07pd7m67md) - NcNd(f_%_cfzd"i_fchid) <56)

Note that in this case, if p. > m. we have f_. — 0 and hence B — 0, while in the case pg > my
we have f_; — 0 and hence A — 0. The concurrence for the spin part is still given by Eq.(51)
and at t = 0 (where it reaches its maximum value) it is

Clps,,s.(0)] = 2|AB| = 2| A(py, e, M, Me) B(pb, Pe, M, Me)| (57)

which vanishes in both limit cases.
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Figure 3: Concurrence shared between spins of the emitted particles as a function of time for
two differents time scales for the weak process n + v, — p + e, supposing that the initial and
final total spins of the particle is zero and that the emitted particle are entangled in the spin
at ¢ = 0. In this case, both particle are non-relativistic and hence the entanglement is non-
negligible. The values for parameters are (in unit of me) p, = 2700 and the real masses of the
particles m,, = 1879, m, = 1876, m, = 1.

In the case of pion decay with momentum p, = p, we obtain

pr £ /AMZ + p2
5 .

Ped = (58)
If we look for a value of the momentum p, of the pion such that both emitted particles are
non-relativistic, so that the entanglement between the spins becomes non-negligible, we see that
in this case this is not allowed due to the smallness of the neutrino mass.

If we renounce to observe the effects of flavor oscillations and focus only on the chiral
oscillations, we can consider another kind of decay, that is

n+ve—>pte (59)

Neglecting flavor mixing, we see in Fig.3 that the concurrence is non-negligible for some values
of the initial parameters and hence the effects of chiral oscillations on the entanglement between
spins could in principle be observed.

5. Conclusions

In this paper, we have studied the evolution in time of spin correlations in an initially entangled
state for a lepton-antineutrino system produced in a weak interaction process. In the non-
relativistic regime, both chiral and flavor (neutrino) oscillations take place and affect spin
correlations.

The present work represents a generalization of Ref. [9], with the addition of flavor oscillations:
this makes the dynamics of oscillations much richer due to the appearance of different oscillation
lengths and indeed the state of the system at time ¢ becomes hyperentangled.

Finally, we investigated the possibility of observing the effects of chiral oscillations by looking
at the entanglement between proton and electron spins produced in the process n+ v, — p+e.
We found that in this case, it is indeed possible to have both the final particles in the non-
relativistic regime and thus oscillations in the spin correlations due to chiral oscillations can be
relevant.

10
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