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We present a precise definition of a conserved quantity from an arbitrary covariantly

conserved current available in a general curved space–time with Killing vectors. This
definition enables us to define energy and momentum for matter by the volume integral.

As a result we can compute charges of Schwarzschild and BTZ black holes by the volume

integration of a delta function singularity. Employing the definition we also compute the
total energy of a static compact star. It contains both the gravitational mass known

as the Misner–Sharp mass in the Oppenheimer–Volkoff equation and the gravitational

binding energy. We show that the gravitational binding energy has the negative contri-
bution at maximum by 68% of the gravitational mass in the case of a constant density.

We finally comment on a definition of generators associated with a vector field on a

general curved manifold.

Keywords: Field theory on curved space–time; conserved charge; black hole; general

relativity; energy–momentum tensor; compact star; Oppenheimer–Volkoff equation.

PACS numbers: 11.30.Cp, 11.30.Fs, 11.90.+t

1. Introduction

Since Einstein submitted papers on general relativity,1 classical or quantum field

theory on a curved space–time has extensively been investigated. When space–time
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is curved, the physical quantities defined on flat space–time are required to be

modified suitably in accordance with general covariance. For example, a conserved

current, which exists in the presence of global symmetry in the system,2 is modified

to be a covariantly conserved one on a general curved space–time.

However there has been no general argument to define a conserved charge from

a covariantly conserved current, which inevitably causes a problem to define energy

and momentum. Einstein originally argued that the conservation law of energy and

momentum for matter follows as long as they are combined with those for gravita-

tional field1 (see also Refs. 3–5). The corresponding energy–momentum tensor for

the gravitational field, however, is not covariant under general coordinate transfor-

mation. As a result the energy defined as in the case of flat space–time depends on

a coordinate system and conserves only in the particular frame.

One way to circumvent this issue is to define energy locally on the asymptotic

region of space–time called quasi-local energy. Initially the quasi-local energy and

momentum were studied on an asymptotically flat space–time by recasting gravity

system into the Hamiltonian dynamics known as the ADM formalism6,7 (see also

Ref. 8). They are defined by a surface integral in the asymptotic region, by which

the invariance under a class of general coordinate transformations preserving a

boundary condition was achieved. This result has been further extended for a more

general curved space–time with surface terms suitably incorporated.9–13 A caveat

in this extension is that boundary terms accompany with divergence even in the

flat space–time, so that one needs to subtract it by comparing a reference frame or

by adding local counterterms.

The authors of this paper investigated a property of a black hole holographically

realized by the flow equation method.14 In this study, we encountered a situation

to evaluate the energy of the total system with matter spread all over the space,

which is required to be evaluated by the volume integral of the energy density. We

reached a manifestly covariant definition of a conserved charge from a covariantly

conserved current in a general curved space–time, which extends the one in Ref. 15,

and improves the one given in Refs. 16 and 17 for special backgrounds. This allows

us to define energy and momentum for matter in a form of the volume integral at

an arbitrary time slice of a given curved space–time. A virtue is to enable one to

evaluate charges of black holes just like an electric charge of the electron in electro-

magnetism by the volume integral of an integrable singularity such as the delta

function. Furthermore, applying our definition to the energy of a compact star, we

discover a correction to the mass formula obtained from the Oppenheimer–Volkoff

equation, which represents a contribution from the gravitational interaction and

becomes 68% of the mass at the maximum for a constant density.

2. Conserved Charge from Covariantly Conserved Current

Consider any classical or quantum field theory on a general curved space–time.

Suppose there exists a covariantly conserved current Jµ, ∇µJµ = 0, where ∇µ
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is the covariant derivative for the metric gµν . Then we claim that the following

quantity is conserved under the given time evolution

Q(t) :=

∫
Mt

dd−1x
√
|g|J0(t, x) , (1)

where Mt represents a time slice of the space–time M at the time t, g denotes the

determinant of gµν , and d is the dimension of the space–time M . If there exists

boundary for Mt, we set the boundary condition for the fields to fall off sufficiently

fast at boundary of Mt for all t. We emphasize that g is the determinant of the

metric in the total space–time, which contains the time components.

To show this, we assume the space–time has the foliation structure for simplicity.

(The same argument is used in literature, for example, see Ref. 18.) Let us consider

the same quantity defined by (1) at another time slice with t′ greater than t, and

take a submanifold M ′ with the foliation structure whose boundary contains Mt

and Mt′ . Such a manifold may be written formally as M ′ =
∏
t≤s≤t′Ms. Under the

boundary condition, the difference between Q(t′) and Q(t) becomes

Q(t′)−Q(t) =

∫
M ′

ddx ∂µ
(√
|g|Jµ(t, x)

)
= 0 , (2)

where we used ∂µ
(√
|g|Jµ(t, x)

)
=
√
|g|∇µJµ(t, x) = 0. This proves that Q(t)

is independent of t. The charge Q is a scalar under the assumption, though the

generalization is straightforward. Note that Q is not a scalar if it is defined from a

higher rank tensor rather than the vector.

This formula can be applied to the computation of a conserved charge for any

gravitational systems with a Killing vector. A covariantly conserved current asso-

ciated with a Killing vector ξ can be constructed as

Jµ = Tµνξ
ν , (3)

where Tµν is the given energy–momentum tensor for matter. It can be easily shown

that this is covariantly conserved by using ∇µTµν = 0 and ∇µξν +∇νξµ = 0. Note

that the definition of a conserved charge using Eq. (3) in d = 4 appears in Refs. 15,

19 and 20, but the formula has been rarely used in literature as far as we know.

If ξµ is a Killing vector associated with the time translation, the conserved charge

becomes the total energy of the system

E =

∫
Mt

dd−1x
√
|g|T 0

µξ
µ , (4)

which agrees with the standard definition of the energy in the flat background

with ξµ = −δµ0 . In Sec. 3, we compute charges of several black holes by using this

formula.

3. Conserved Charges of Black Holes

In this section we compute a conserved charge for Schwarzschild and BTZ black

holes employing the presented formula.
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3.1. Schwarzschild black hole

In order to explain the key idea of the calculation we start with the simplest setup.

That is, we begin with the Einstein equation

Rµν −
1

2
gµνR+ Λgµν = 0 . (5)

This is satisfied by the Schwarzschild black hole solution:

ds2 = −f(r)
(
dx0
)2

+
1

f(r)
dr2 + r2g̃ij dx

i dxj , (6)

where r is the radial coordinate and the (d−2)-dimensional manifold fibered over the

cone is an Einstein manifold, whose Ricci tensor is given by (d−2)Rij = (d− 3)kg̃ij
with a constant k, and

f(r) =
−2Λr2

(d− 2)(d− 1)
+ k − 2GNM

rd−3
. (7)

Note that for a positive or nonpositive k the submanifold is compact or noncompact,

respectively.

Since this is a static solution, there exists a Killing vector with ξµ = −δµ0 , which

corresponds to the time translation. Thus the corresponding charge is the energy

of the system:

E =

∫
dd−1x

√
|g|
(
−T 0

0

)
, (8)

where the matter energy–momentum tensor is given by

Tµν =
1

8πGN

(
Rµν −

1

2
gµνR+ Λgµν

)
, (9)

with GN the Newton constant. According to the equation of motion (5) this energy–

momentum tensor seems to vanish on shell, but it does not. We emphasize that it

vanishes except a singularity located at r = 0. This singularity contributes to the

charge.

In order to evaluate the contribution, we first compute the energy by expanding

the energy–momentum tensor in terms of the weak field around r = ∞. That

is, we write f = f̄ + δf with δf = −2GNM/rd−3 and expand the stress tensor

perturbatively around f̄ to extract a pole. This can be done by separating the

metric into the regular part ḡµν and the singular part hµν , the latter of which is

given by

hµν dx
µ dxν = −δf

(
dx0
)2

+

(
1

f
− 1

f̄

)
dr2 . (10)
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At the leading order, we have

T 0
0 = −1

2

(
1√
|ḡ|
∂µ
(√
|ḡ|ḡµν∂νh0

0

)
− f̄−1f̄ ′2h0

0

)
+ ∇̄0∇̄σhσ0 − h0

0 −
1

2
∇̄µ∇̄σhσµ + · · · , (11)

where ∇̄µ is the covariant derivative with respect to the metric ḡµν , and the ellipsis

represents the higher-order terms with respect to h. This must vanish except at the

origin, and indeed this can be written as

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3δf

)
+ · · · , (12)

which has the desired property. Plugging this into (8) we can compute the charge as

E = −
∫
dd−1x

√
|g̃| d− 2

16πGN
∂r
(
rd−3δf

)
= ρVd−2 , (13)

where Vd−2 =
∫
dd−2x

√
|g̃| is the volume of the Einstein manifold with g̃ being

the determinant of g̃ij , and ρ = (d − 2)M/(8π) is the energy or mass density. To

evaluate r integral we employ the Stokes’ theorem. Note that the higher-order terms

do not contribute to the surface integral. Our result reproduces the known result

obtained by other methods (for example, see Eq. (2.5) in Ref. 11).

On the other hand, it is also possible to compute the contribution of the singu-

larity by the direct calculation of the Ricci tensor. From the direct calculation one

finds that the first term in Eq. (12) is indeed exact. More detailed results are as

follows:

R0
0 = − 1

2rd−2
∂r
(
rd−2∂rf(r)

)
= Rrr , (14)

Rij = δij

[
(d− 3)k

r2
− 1

rd−2
∂r
(
rd−3f(r)

)]
, (15)

which leads to a form of Tµν proportional to a delta function:

T 0
0 =

d− 2

16πGNrd−2
∂r
(
rd−3δf(r)θ(r)

)
= −ρ δ(r)

rd−2
= T rr ,

T ij = −δij
ρ

d− 2

r∂rδ(r)

rd−2
= δij

ρ

d− 2

δ(r)

rd−2
.

(16)

We here inserted the step function θ with θ(0) = 0 for the singular term in (7) to

explicitly extract the singular contribution, and used δ(r) = dθ(r)
dr . Writing δ(r) in

terms of δ(d)(x), this agrees with a result at d = 4 by distributional techniques.22

Thus the matter energy–momentum tensor Tµν for the Schwarzschild black hole

can be understood as a distribution.

Although we do not encounter any mathematical problem to derive this result,

one may wonder the physical validity to perform the volume integral of the constant
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x0 slice, which becomes timelike inside the horizon.a To clear up this subtlety, let

us consider a simplified situation where the cosmological constant vanishes with

k = 1. Then we can move to the Eddington–Finkelstein coordinates24,25

ds2 = −(1 + u)dτ2 − 2u dτ dr + (1− u)dr2 + r2g̃ij dx
i dxj , (17)

where u = −2GNM/rd−3 and we changed the time variable from x0 to τ = x0−g(r)

with dg(r)
dr = u

1+u . Then the unit normal vector to the constant τ slice defined

by nµ = − 1√
1−uδ

τ
µ is always well-defined and timelike for any nonzero r. The

conserved energy, which takes the same form due to its manifest general covariance,

is computed as

E = −
∫
Mτ

dd−1x
√
|g|T τ τ = ρVd−2 , (18)

which agrees with Eq. (13), where T τ τ = (d−2)
16πGN

∂r(rd−3u)
rd−2 .

3.2. Reissner Nordström black hole

In what follows, we perform the same computation of a mass of a charged black hole

in general d dimensions, for which the metric is given in the same form as (6) except

that f(r) is replaced by fq(r) = f(r)+ d−3
d−28πGNq

2r−2(d−3), together with the gauge

potential Aµ =
(
− q
rd−3 + q

rd−3
+

)
δ0
µ, where q, r+ are constants.21 This configuration

of gravitational and gauge fields satisfies the equations of motion given by

Gµν + Λgµν = 8πGN
(
TGµν + TAµν

)
, ∇µFµν = Jν , (19)

where Fµν := ∇µAν −∇νAµ and TAµν := Fµ
αFνα− 1

4gµνFαβF
αβ . Here, TGµν and Jν

explicitly represent the singular contributions of the metric and the gauge potential

at r = 0, respectively. Explicitly
(
TG +TA

)0
0 is given in (16) by replacing δf with

δfq = δf + d−3
d−28πGNq

2r−2(d−3). This also agrees with the distributional result at

d = 4.23

Since this metric is also static, the energy defined by (8) is conserved. However

this charge diverges, due to the contribution of the electromagnetic field. Physically,

this divergence can be interpreted as that of the self-energy for the charged point

particle. Indeed it remains even for the flat space–time with M = 0 and Λ = 0.

Therefore, classically, the charged black hole has the infinite energy due to the

infinite electromagnetic energy. Thus the renormalization as well as the quantization

of the gauge field on the curved space are needed to fix this problem, as is the case

on the flat space.

Fortunately, since∇µ
(
TG
)µ

0 = 0 (thus∇µ
(
TA
)µ

0 = 0), we can define an energy

from the covariantly conserved TG alone without electromagnetic energy as(
TG
)

0
0 = − (d− 2)

16πGdrd−2
∂r
(
rd−3δf(r)

)
, (20)

aWe would like to thank Profs. Sasaki, Shiromizu and Sugimoto for raising this question and for
discussion using the Penrose diagram.
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where δf is given before. We thus obtain

EG =

∫
dd−2x

∫
dr
√
|g|
(
TG
)

0
0ξ

0 = Vd−2ρ , (21)

which reproduces the result in Ref. 21 as a special case choosing a sphere as the

internal manifold.

This system allows another conserved quantity, thanks to the invariance under

the U(1) gauge transformation by δAµ = ∂µθ, which leads to

∂µj
µ = 0 , jµ = ∇ν

(√
|g|Fµν

)
(22)

without using the Maxwell equation. According to our prescription, Qc =∫
dd−2x

∫
dr
√
|g|J0 with J0 = j0/

√
|g| gives the conserved electric charge, which

is evaluated as Qc = Vd−2(d− 3)q. At d = 4 for k > 0, Qc = 4πq.

3.3. BTZ black hole

As a final example, we compute a charge different from a mass. To this end we

consider a BTZ black hole and compute its angular momentum.26,27 The metric

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2

(
dφ− ω(r)dt

)2
, (23)

where

f(r) =
r2

L2
− 2GNMθ(r) +

G2
NJ

2

4r2
, ω(r) =

GNJ

2r2
, (24)

with M , J are constants, satisfies the Einstein equation in three dimensions. We

insert the step function to the constant part to emphasize that this solution is valid

except the origin.

This BTZ black hole has not only a Killing vector with respect to the time

translation but also the one which rotates the system, ξµ = δµφ . As in the previous

cases the first one defines the mass, which can be similarly computed as E = M
4 .

On the other hand, the second Killing vector defines an angular momentum:

Pφ =

∫
d2x

√
|g|T 0

φ . (25)

T 0
φ is computed from the Einstein tensor as T 0

φ = − 1
16πGNr

∂r
(
r3ω′(r)

)
. Thus we

find Pφ = J
8 , which reproduces the known result.26,27

4. Mass of a Compact Star

In this section we apply a conserved charge to the computation of the total energy

of a static compact star setting k = 1 with d ≥ 3.
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4.1. Oppenheimer Volkoff equation

Let us consider a spherically symmetric system such that the metric is given by

ds2 = −f(r)
(
dx0
)2

+ h(r)dr2 + r2g̃ij dx
i dxj , (26)

and the matter energy–momentum tensor is described by the perfect fluid as

T 0
0 = −ρ(r) , T rr = P (r) , T ij = δijP (r) , (27)

where ρ(r) is the density and P (r) is the pressure. From the Einstein equation, we

can derive useful formulas

P (r) + ρ(r) =
(d− 2)

(
h′(r)
h(r) + f ′(r)

f(r)

)
16πGNrh(r)

, P ′(r) = − (P (r) + ρ(r))

2

f ′(r)

f(r)
. (28)

From these equations we can derive the Oppenheimer–Volkoff or TOV equation28,29

dP (r)

dr
= −GNρ(r)M(r)

rd−2

(
1 +

P (r)

ρ(r)

)
h(r)

×
{
d− 3 +

rd−1

(d− 2)M(r)

(
8πP (r)− 2Λ

(d− 1)GN

)}
, (29)

where

1

h(r)
:=

−2Λr2

(d− 2)(d− 1)
+ 1− 2GNM(r)

rd−3
, (30)

and

M(r) =
8π

d− 2

∫ r

0

ds sd−2ρ(s) . (31)

In order for this system to describe a static compact star we impose a boundary

condition such that the pressure vanishes and the energy–momentum tensor is co-

variantly conserved at the surface of the star. This makes the pressure and the

density vanish outside the star, so that the metric becomes the Schwarzschild out-

side the star, namely f(r) = 1/h(r) with M = M(R) in (6), where R is the radius

of the star. We here remark that this model does not admit the zero radius limit

with positive M(R) fixed, since the stress tensor of the Schwarzschild black hole

given by Eq. (16) is not the form of the perfect fluid, (27). This shows that there

needs to be a certain dynamical process for a star described by (26) and (27) to

collapse into the Schwarzschild black hole. We shall confirm this explicitly in the

analysis for constant density.
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4.2. Total energy with an equation of state

We define the total energy of this system by the conserved charge corresponding to

the Killing vector ξµ = −δµ0 .b Then it can be computed as

E = Vd−2

∫ R

0

dr
√
f(r)h(r)rd−2ρ(r) . (32)

Employing (28) and (31), we find

E =
(d− 2)Vd−2

8π
(M(R) + ∆M) , (33)

∆M = −8πGN
d− 2

∫ R

0

dr
√
f(r)h(r)3 rM(r){ρ(r) + P (r)} . (34)

The first leading term gives the gravitational mass of the star also called as the

Misner–Sharp mass,30 which is directly related to an actual observable quantity

appearing in the metric around the spacial infinity, while the second term is a devia-

tion from the gravitational mass, which corresponds to the gravitational binding

energy as we shall see.

In order to investigate the deviation term in more detail,c let us impose the

matter consisting of the star to satisfy an equation of state

P (r) = wρ(r) . (35)

Plugging this into (28) leads to f = ρ−
2w

(1+w) , where we fixed the integration constant

to satisfy f → 1 in the Newtonian limit w → 0.d Then the deviation term becomes

∆M = −8πGN (1 + w)

d− 2

∫ R

0

dr rρ
1

(1+w)
1(

−2Λr2

(d−1)(d−2) + 1− 2GNM(r)
rd−3

)3/2
M(r) . (36)

Let us expand this in terms of the cosmological constant and the Newton constant.

The leading and next-to-leading terms are given by

∆M1 = −8πGN (1 + w)

d− 2

∫ R

0

dr rρ
1

(1+w)M(r) , (37)

∆M2 = −24πGN (1 + w)

d− 2

∫ R

0

dr ρ
1

(1+w)

(
Λr3

(d− 1)(d− 2)
+
GNM(r)

rd−4

)
M(r) . (38)

bThere is a traditional argument for the definition of the total energy of a compact star and its
interpretation, which is different from our result presented below. Just for clarity and to avoid
confusion, we present our argument in main text and make the comparison to a traditional result
in App. A.
cWe would like to thank Profs. Shibata, Yamaguchi and Mukohyama to motivate us to study the

deviation from the Misner–Sharp mass.
dThis integration constant can be also absorbed by rescaling the time variable.
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Here ∆M1 represents the leading order of the gravitational self-interaction energy

of the matter inside the star obeying the equation of state (35). In particular, at

four dimensions in the Newtonian limit w → 0, this can be rewritten as

∆M1 = −GN
2

∫
d3x d3y

ρ(x)ρ(y)

|x − y|
, (39)

which is nothing but Newtonian gravitational energy inside the star including the

symmetric factor 1/2.

4.3. Estimation with constant density

In order to estimate the size of the correction ∆M , let us consider a case of constant

density ρ(r) = ρ0 and vanishing cosmological constant. In this case, we can compute

M(r) given in (31) as M(r) = 8πrd−1ρ0
(d−2)(d−1) , which leads to h(r)−1 = 1− r2

r20
with r0 =√

(d−2)(d−1)
16πGNρ0

. The TOV equation with the boundary condition is easily solved as

P (r) =
ρ0(d− 3)

(√
r2
0 − r2 −

√
r2
0 −R2

)
−(d− 3)

√
r2
0 − r2 + (d− 1)

√
r2
0 −R2

. (40)

For a stable star the pressure has to be finite for all r. This leads to an inequalitye

R <
2
√
d− 2

d− 1
r0 =: R∗ . (41)

∆M can be written as

∆M = − (d− 1)
√
r2
0 −R2

4GNr2
0

∫ R

0

dr
rd(

r2
0 − r2

)3/2 . (42)

At four dimensions, this is computed as

F (R) :=
∆M

M(R)
= − 3

8GNM(R)

(
−R

3

r2
0

+ 3R− 3
√
r2
0 −R2 arctan

(
R√

r2
0 −R2

))
,

(43)

where F (R) turns out to be a monotonically decreasing function from F (0) = 0 to

F (R∗) ' −0.68. Therefore the total energy E can be about one third of M(R) so

that the gravitational binding energy could be considerably large. In particular the

total energy of a static compact star becomes smaller than the gravitational mass

observed at spacial infinity due to the gravitational self-interaction.

eThis inequality leads to the lower bound for the radius of the star Rmin as Rd−3 ≥
(d−1)2

2(d−2)
GNM0 = Rd−3

min for keeping M(R) = M0 independent on R. This is consistent with the

previous argument that this system does not admit the zero size limit fixing a positiveM(R) = M0.
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5. Discussion

We have proposed a general definition of a conserved charge from any covariantly

conserved current, which requires no specific asymptotic behaviors/approximations

for the metric, or no subtraction of boundary contributions, as long as a Killing

vector exists. Our definition has reproduced the mass, electric charge and angular

momentum of black holes known in the literature. Since the presented formula

requires the matter energy–momentum tensor to define the mass, it is clear that

black holes inevitably have nonzero matter energy–momentum tensor at singularity

(see also Ref. 31 in the case of higher derivative gravity). One of the important

consequences in this paper is that any black hole is not a vacuum solution in

this treatment.f This is similar to an electron in electrodynamics: its electric charge

distribution is described by a delta function at its position and it is not regarded as a

vacuum solution. We have also demonstrated that the total energy of any spherically

symmetric compact star defined as the conserved charge cannot be written as a

surface term alone, and it contains the gravitational binding energy in addition to

the gravitational mass observed at the asymptotic spatial infinity.

Our definition of charges is formulated as a generalization of ones used in the

flat space–time to be available in a general curved space–time. This is achieved

to enjoy general covariance manifestly. Therefore our definition has clear physical

meaning and is of a generic use with precision compared to other definitions. We

discuss a difference of a couple of other approaches more in App. A.

In this paper we focused on a few well-known black holes such as the

Schwarzschild and BTZ ones to compute their charges. In these simple cases the

matter stress tensor is described by a delta function singularity at the origin. It

would be interesting to study a more intricate black hole whose singularity is not

pointlike any more. In such a case we expect that matter energy–momentum tensor

is still described by a certain integrable distribution and our definition of charges

is valid and useful also as numerical evaluation. (Distributional expressions for the

Kerr black hole can be found in Ref. 23.)

Our proposal is quite generic, so we expect plenty of applications in future. As

such a potential application, we consider a more general case where any Killing

vectors do not exist. We can still consider a charge or a generator associated with

a general vector field ξµ as

Q[ξ](t) =

∫
Mt

dd−1x
√
|g|T 0

νξ
ν . (44)

Using the similar argument before, we obtain

dQ[ξ]

dt
=

∫
Mt

dd−1x
√
|g|ρ(x) , ρ(x) :=

(
Gµν + Λgµν

)
16πGN

(
∇µξν +∇νξµ

)
, (45)

fTraditionally black holes including the ones dealt with in this paper may have been regarded
as vacuum solutions in space–time with their singularity deficient. The method presented in this

paper does not return inconsistent results with the traditional treatment, but is applicable to any

gravitational object on a general curved space–time such as a black hole and a compact star.
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where ρ = 0 if ξ is a Killing vector. A change of the charge Q[ξ] can be calculated

by the volume integral of ρ, expressed in terms of the gravitational field through the

Einstein equation with the manifest covariance being kept. Equation (45) may give

a hint for a general conservation equation in general relativity. Note that this does

not require any pseudo-tensor. This argument will hold not only for a Lorentzian

manifold but also for a more general one. We will return to this interesting problem

in future studies.
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Appendix A. Comparison with other Definitions

A.1. The Komar integral

In this appendix, we compare our results with those obtained by the Komar inte-

gral,16 defined as

EKomar(ξ) =
c

16πGN

∫
Mt

dd−1x
√
|g|∇µ∇[0ξµ]

=
c

16πGN

∫
∂Mt

[
dd−2x

]
µ

√
|g|∇[0ξµ] , (A.1)

where c is some constant, ∂Mt is the boundary of Mt and [dd−2x]µ is its (hyper-)

surface element normal to the µ direction. The second expression corresponds to

the quasi-local definition.

While our result (13) for the energy of the Schwarzschild black hole is indepen-

dent of Λ, the Komar energy (A.1) with the Killing vector diverges for Λ 6= 0. For

the vanishing cosmological constant, we obtain

EKomar(ξ) =
cVd−2(d− 3)M

8π
, (A.2)

which agrees with Eq. (13) at d > 3 if we take c = (d− 2)/(d− 3).
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The divergence in the energy of the charged black hole also appears in the Komar

energy if it is evaluated by the volume integral in the first expression of Eq. (A.1),

while such a divergent term vanishes in the Komar energy evaluated by the surface

integral in the second expression of Eq. (A.1). This explicitly demonstrates that the

Stokes’ theorem does not hold if the volume integral has divergence, which cannot

be detected by the surface integral, warning that some care is needed to make a

conclusion for conserved quantities by the quasi-local expression.

The Komar energy for the BTZ black hole diverges due to the nonzero cos-

mological constant, while the Komar angular momentum agrees with our result,

Pφ = J
8 , with c = 1 for a constant.

In the case of a compact star energy, the Komar energy at Λ = 0 (otherwise it

diverges) becomes a pure surface term contribution as

EKomar =
c(d− 3)Vd−2

8π
M(R) . (A.3)

Let us briefly mention some other evaluations. At Λ = 0, Ref. 9 gives the mass

of both neutral and charged black holes as EBY = Eours at d = 4 while the mass of

the compact star as EBY(R) = M(R) at d = 4. In the case of the AdS space with

Λ < 0, Ref. 12 gives

E =
M

4
, Pφ =

J

8
(A.4)

for the BTZ blackhole, EAdS4
= Eours at d = 4 and EAdS5

= Eours + 3π`2

32GN
at d = 5,

where ` is the radius of AdS5 related to the cosmological constant as Λ = − 6
`2 .

The deviation from our result appears after the divergence due to the cosmological

constant term is canceled by adding possible quasi-local counterterms. We also

mention that Ref. 13 gives the same result as ours for the neutral black hole based

on the surface integral using the “effective stress-energy tensor.”

We summarize the above comparisons in Table A.1.

Table A.1. A summary of comparisons, where Eours =
(d−2)Vd−2M

8π
, Eours(R) =

(d−2)Vd−2M(R)

8π
,

EKomar =
c(d−3)Vd−2M

8π
, EKomar(R) =

c(d−3)Vd−2M(R)

8π
, EBY = M , EBY(R) = M(R), and

δE = 3π`2

32GN
. In the case of the Komar energy, we set Λ = 0 except for the BTZ black hole,

otherwise it diverges. The Komar energy for the charged black hole is evaluated by volume integral
and by surface integral, where the latter is shown in the parenthesis.

Neutral BH Charged BH BTZ BH Compact star

Ours Eours Eours +∞ E = M
4 , Pφ = J

8 Eours(R) + ∆M

Komar (quasi-local) EKomar EKomar +∞ (EKomar) E =∞, Pφ = cJ
8 EKomar(R)

Ref. 9 (Λ = 0, d = 4) EBY EBY + 0 — EBY(R)

Ref. 12 (Λ < 0, q = 0) EAdS4
= Eours, EAdS5

= Eours + δE E = M
4 , Pφ = J

8 —

Ref. 13 (Λ < 0, q = 0) EAdS4
= Eours, EAdS5

= Eours — —
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A.2. The Misner Sharp mass

In this appendix, we compare our result with others on the total energy of a static

compact star at four dimensions and zero cosmological constant.

Our final result is given by (32). (This expression is also written in appendix

in Ref. 32.) On the other hand, a traditional argument written in standard text-

books33–37 is that the total energy of a static compact star is given only by the

gravitational mass known as the Misner–Sharp mass,30 denoted by M(R) in this

paper, and that the gravitational binding energy is included in the gravitational

mass even though M(R) does not have any nontrivial dependence on the metric as

seen from its expression (31).

According to the textbooks, to compute the gravitational potential energy, one

needs to subtract the sum of the static mass and the internal energy from the

Misner–Sharp mass:

Ω = M(R)− ε , (A.5)

where ε is the sum of the static mass and the internal energy. However two different

ways to compute ε are described in the textbooks. One way is to use the volume

form in the Cauchy surface,34–36 which can be written in our convention as

ε(1) =

∫ R

0

ρ
√
hg̃d3x . (A.6)

The other way is to use the volume form in the total space–time:33,37

ε(2) =

∫ R

0

ρ
√
|g|d3x . (A.7)

Note ε(2) = E (see Eq. (32)). What is unsatisfactory in the first method is

that it does not respect the general covariance any more. An unsatisfactory

point in the second method is that the resulting gravitational potential energy,

Ω(2) = M(R) − ε(2), becomes positive when the density is constant, because

Ω(2) = −∆M , where ∆M is negative for a constant density as shown in Sub-

sec. 4.3. For a generic nonconstant density, Ω(2) is positive while Ω(1) is negative in

the Newtonian limit.34–36 In addition what is unclear in common to both methods

is to argue that the Misner–Sharp mass, which is independent of the nontrivial

metric, contains gravitational binding energy. The result presented in this paper

has no such an unreasonable point.

It would be important to scrutinize these results including us from a different

perspective such as the tidal force, or the nonremovable gravitational force of any

extended object.
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