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Abstract

In this paper we consider classical effects in a model for a scalar field incorporating Lorentz symmetry
breaking due to the presence of a single background vector v# coupled to its derivative. We investigate of the
interaction energy between stationary steady sources concentrated along parallel branes with an arbitrary
number of dimensions, and derive from this study some physical consequences. For the case of the scalar
dipole we show the emergence of a nontrivial torque, which is a distinctive sign of the Lorentz violation.
We also investigate a similar model in the presence of a semi-transparent mirror. For a general relative
orientation between the mirror and the v¥, we are able to perform calculations perturbatively in v¥ up to
second order, and we also present exact results specific cases. For all these configurations, the propagator
for the scalar field and the interaction force between the mirror and a point-like field source are computed.
It is shown that the image method is valid in our model for the Dirichlet’s boundary condition, and we
argue that this is a non-trivial result. We also show the emergence of a torque on the mirror depending on
its orientation with respect to the Lorentz violating background: this is a new effect with no counterpart in
theories with Lorentz symmetry in the presence of mirrors.
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1. Introduction

Lorentz symmetry violating (LV) field theories received substantial attention as a possible
signature for underlying new physics arising from the Planck scale. The search for Lorentz vi-
olation effects have been developed in several branches of physics mainly in the framework of
the Standard Model Extension (SME) [1-4]: we mention, for instance, QED effects [5—13], ra-
diative corrections [14—16], the study of Lorentz symmetry violation with boundary conditions
[17], effects in classical electrodynamics [18-24], Casimir effect [25-27], and effects in the hy-
drogen atom [28], among many others. Models which exhibit Lorentz symmetry breaking and
higher order derivatives have also been studied [29-35]. In particular, scalar fields are especially
interesting for exploring the fundamental theoretical properties of field theories with Lorentz
violation [36—47] and, for the case of the Higgs fields, also for phenomenology [48,49].

Some recent works [50,51] considered a model composed by a massive real scalar field with
an aether-like CPT-even Lorentz symmetry breaking term, which is a coupling between the
derivative of the scalar field and a constant background vector v*, and studying the Casimir effect
both for zero [50] and finite temperature [51]. Inspired by these works, also using a scalar field
as the theoretical setup, one of the most fundamental questions one can ask concerns the phys-
ical phenomena produced by the presence of point-like sources, mainly the possible emergence
of phenomena with no counterpart in the Lorentz invariant case. A related question concerns the
modifications the Lorentz violating scalar field propagator undergoes due to the presence of a sin-
gle semi-transparent-mirror, and its influence on static point-like field sources. These questions
deserve investigations not only for their theoretical aspects, but also because of their possible
relevance in the search for Lorentz symmetry breaking.

In this work, starting from the model studied in [50,51], we consider stationary delta-like
currents which are taken to be distributed along parallel D-branes, and calculate exactly their
interaction energy, deriving from it some interesting particular cases. The same analysis is per-
formed for a distribution of scalar dipoles. Finally, we investigate some consequences in our
Lorentz violating model due to the presence of a two dimensional semi-transparent mirror in a
3+ 1 dimensional spacetime. The calculations can be performed perturbatively for a general ori-
entation of the mirror and the background vector. Exact results are also obtained for two special
cases: when the LV vector has only components parallel to the mirror, and when it has a single
component perpendicular to the mirror. For all these configurations, we obtain the propagator
for the scalar field and the interaction force between the plate and a point-like field source. We
also compare the interaction forces with the ones obtained in the free theory (without the mir-
ror) and we verify that the image method is valid in all the situations considered, for Dirichlet’s
boundary condition. This is a nontrivial result since, even if LV in this model clearly preserves
the linearity of the equations of motion, the image method is also dependent of the symmetries
of the problem, which are modified by the presence of the LV background. We show that a new
effect arises when a point-like source is placed in the vicinity of the mirror, namely the existence
of a small torque on the mirror, depending on its position relative to the background vector. This
is an effect due to the Lorentz symmetry breaking, with no counterpart in standard scalar field
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theory. Finally, we argue that, when we have the presence of the mirror, the LV term cannot be
eliminated with a coordinates change.

The paper is organized as follows: in Section 2, we develop a general setup considering effects
of the presence of N stationary field sources (scalar charges and dipoles distributions) concen-
trated at distinct regions of space, for arbitrary dimensions. In Section 3, where we have the main
results of the paper, we compute, in a 3 4 1 spacetime, the propagator for the scalar field in the
presence of a semi-transparent mirror considering different configurations for the background
vector. We use these results to study the interaction energy between a point-like scalar charge
and the mirror in Section 4. We obtain some new results, particularly a spontaneous torque act-
ing on a setup where the distance between the charge and the mirror is kept fixed. Section 5 is
dedicated to the conclusions and final remarks.

2. Interaction between external sources

In this section we shall deal with a model in D + D, + 1 spacetime dimensions, where D
will denote the dimensionality of the sources considered, D will be the number of orthogo-
nal space directions, and the remaining coordinate x° represents time. It will be convenient to
denote by x| and x| the space directions perpendicular and parallel to the sources, so that the
position four-vector is given by x* = (xo, X, X||). We shall also use similar notations for the
momenta p*, as well as for any other four-vector whenever necessary. The spacetime metric is
n* = diag(+1, —1, —1, ..., —1). We shall be dealing with sources represented by delta func-
tions of different dimensions (or derivatives of those), representing charges evenly distributed on
D dimensional branes, in the most general sense. Some particular cases will be considered after
general results are obtained. To avoid the problematic case of coinciding sources, we shall always
consider that D| = 1,2, 3, ..., while D can be any integer, including zero, which corresponds to
point-like sources.

Let us consider a massive real scalar field ¢ in a Lorentz-symmetry breaking scenario, defined
by the following Lagrangian density [50,51],

L= %awpa“q& - %mquz + %v”v"aﬂqbauqb +Jé, (1)
where m stands for the scalar field mass, J is the external source and v* is the Lorentz violating
background vector which is a dimensionless quantity, assumedly very small.

The scalar model considered by us can be related (in the massless case) with the LV modifica-
tion of electrodynamics studied in [18]: the two bosonic degrees of freedom of the electromag-
netic field have essentially the same dynamics as described by the massless limit of Eq. (1), so we
will be able to reproduce some of the results presented in [18]. The choice of the simplified scalar
model we consider allows to obtain more general, and even some exact, results, at the price of not
being directly comparable with experiments. The Lorentz violating background is parametrized
by a single vector coefficient v*, which justify the denomination of “aether-like” scalar model
used for example in [50,51]. A general parametrization for LV in a single scalar field theory have
recently been proposed in [47], and the model studied by us can be seen as a particular case of
the minimal (involving only operators of mass dimension not greater than four), CPT-even LV
operator involving the Klein-Gordon field denoted as

1
Lry = Eké“’amautﬁ , 2
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where k" can be considered to be traceless, since its trace corresponds to a Lorentz invariant
correction to the kinetic term, which can be eliminated via a redefinition of the field and the
parameters of the theory. Our model corresponds to the particular choice k2" = v*v”. Notice
that the tracelessness condition of k- Y in our particular case, is equivalent to v = vy, =0,
which is a condition we can impose without actually modifying any of the results we will present,
except for the calculation presented in the Appendix.

It is known that in a single-field theory, the LV contained in Eq. (2) can actually be eliminated
by means of a coordinate choice, absorbing kXY in the spacetime metric itself [52,53]. However,
in a general scenario, involving different fields and interactions among them, this can be done for
only one field at a time. Also, the presence of the mirror, which by itself already breaks Lorentz
invariance, precludes the elimination of the LV by a coordinate redefinition. This is why it is still
important to investigate the consequences of the LV described by Eq. (2), since we can always
imagine the scalar field as belonging to a more complicated theory, where we are actually not
allowed, or it is not preferred to use this freedom to eliminate k" from the theory. We can still
use this freedom, however, to check the validity of one of our results, as we will comment shortly.

The free propagator G (x, y) is the inverse of the kinetic operator O,

O=0+m"+@v-9)*, 3)
which can be calculated by standard field theory methods. In the Fourier representation, we can
write
dD+DL+1p eir-x—y)
Qm)PHPL 2+ (p-v)® —m?]
This propagator is the basic ingredient we need to obtain several physical quantities. For example,

since the theory is quadratic in the field variables ¢, it can be shown that the contribution of the
source J (x) to the vacuum energy of the system is given by [54,55]

1

E=__ // dPHPLH L gPHPLTLy 1 (x) Go (x, 1) T (3) (5)

where T — oo, T being the time coordinate.

Go (x,y) = “4)

2.1. Charges distributions

As discussed in [54,55], a stationary and uniform scalar charge distribution lying along D-
dimensional parallel branes can be described by the external source

N
Jrx) =Y ot (xp —ay) 6)
k=1
where ag, k =1,..., N, are N fixed D -dimensional spatial vectors describing the position of

the branes in the transversal space, and the parameters oy are the coupling constants between
the field and the delta functions, playing the physical role of generalized charge densities on the
branes. Substituting (6) into (5), discarding the self-interacting energies, we have

| NN
Er= ﬁZZUkUI(l — 8k1)

k=11=1

X // dPHDLHly gDFDLFLy §DL (x| —ay) Go (x, y) 8P4 (y1L —ay) , 7
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where §y; is the Kronecker delta. This expression can be simplified by using Eq. (4) and com-
puting the integrals in the following order, dPix, dDiy 1L dx0, de“, then introducing the
Fourier representation for the Dirac delta function and integrating in dp®, d° p||, identifying the
time interval as 7 = [ dy®, and LP = [ dPx; as being the volume of a given brane. After these
manipulations, we obtain

e~ Pl Ak
gl__ __ZZakal(l—skl)/(z N [pJ_ 27’ ®)

=1 1= (vi-p1)* +m?]

where ay; = a; — a; and we have defined &; as the energy per unit of D-brane volume.
In order to calculate the remaining integral in (8), we proceed as in [17,38] and take into

account the relative orientation of the vector p; = ( Pl pDL) and the spatial components
perpendicular to the sources of the Lorentz violating vector, i.e., vi = (v, ..., vP%), hence we
split p into two parts, one parallel and the other normal to v, , namely p; =p1, +pLp, where
Vi-PL V1i-PL
Pip=Vil—= ) PLn=PL—VL ) )
Vi Vi
so that p, - v = 0 by construction. Now we define the vector q; = (ql, ey qu) as follows,

qL=PLla+Pip/1—V]. (10)

With these definitions one may write

vi(vi-qu) vi(vi-qu)
pr—— s Pln=qL— ————, (11)
l,/1 —vL \n
leading to
(Vi-qu)ve 1
PL=qL+ 5 -11, (12)
vi 1-v3

and

qi =pi — (vi-pL)*. (13)

Another definition which will be useful in what follows is

1—/1-v3 ) /v
LA
by = ay + ( >— | VL, 14

2
J1I-v] Vi
such that
pL-ay=by-q.. (15)
Finally, the Jacobian of the transformation from p to q can be calculated from (11), resulting in
0 1

dt[a“} . (16)

2

qL 1—v§
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Putting all the previous expressions together, we end up with

N N D —iq.-b
1 oxor (1 =6) [ d¥tqL e™'ILPH
Er Z_EZZ /(2 )%J_ 2 27 a7
k=11=1 1=V} T qp+m
and now the integral can be solved exactly [54], leading to
g o Lm? 1 iiaa (1 = 81) (mbyy)' =P/ K (mbiq)
I 2 2n)Dil2 P kOl ki ki (D1/2)—1 ki)
— Vi k=11=1
(18)
where K, (x) stands for the K-Bessel function [56], and
(v. -ag)?
by =|by |= |a, + ———— (19)

2
1 —vi

Expression (18) is an exact result, which gives the interaction energy per unit of D-brane
volume between N D-dimensional steady and uniform field sources for the model. As expected,
for v* = 0 or v = 0 expression (18) reduces to the standard Lorentz invariant result obtained in
[54]. In the final result, the presence of the LV amounts to the dependence of the energy not only
on the perpendicular distance between the sources, ay;, but also on the orientation of the sources
relative to the LV vector v .

It is interesting to notice that the possibility of removing the LV from the theory via a coordi-
nate choice allows us to find an alternative derivation of this result, which serves as a consistency
check. If we consider the coordinate change

1
P — x*=xt — 5 (v”xv) !, (20)

we can rewrite our model as a scalar theory living in a spacetime with a modified metric given
by,

gl =" — oY, (21

in the first nontrivial order of v. Clearly, this metric effectively absorbs the LV term present in
Eq. (1), so our theory is actually equivalent to the Lorentz invariant model given by

S[g, J] =/d4x V=gLo (.30, ), (22)

where L corresponds to Eq. (1) with v = 0, and we have dropped the primes on the new
coordinates. The determinant of the modified metric can be shown to be, in the first order,
V=g = /1 —v2, where we are not considering v> = 0 for reasons that will be clear shortly.
The determinant factor in Eq. (22) can be absorbed by the rescaling

<l—v2)l/4¢—>¢>,(1—v2)1/4J—>J. (23)
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The end result is a model identical to the one considered in [54], where LV have disappeared
completely. The resulting energy can be read from that reference, being given by

1 mPi2 L

GmbPiR DY owor (1= 8u) (maw)' P2 Kp, j2)-1 (may) - (24)

Err=—=
2 Qn k=1 1=1

We can re-obtain (at the leading order) the result of the LV case, Eq. (18), by applying the
inverse of the coordinate choice (20). One subtle point, however, is the following: in deriving the
energy density, we integrate over delta functions of the form 8 (p®) and §° (p; ), which ends up
eliminating all the dependency on the temporal and parallel parts of v*. As a result, in order to
obtain our result, we have to set v* — v . Therefore, we consider the inverse coordinate choice
as

x| > x=x + Evivixi (25

where the sum over repeated Latin indices is implied. Applying this transformation to the sepa-
ration vector ay;, we obtain for the modulus of a;d,

ap =+Jak, + (v -ap)?, (26)

where terms of higher order in v were discarded. This reproduces Eq. (19), in the leading order.
Finally, the inverse of the rescaling (23) is

5\ 174 ,\ 174
o= (1+07) g (1407) T, @7)
and, noticing that +/1 + v2 — /1 — Vi, we obtain the (l - Vi)fl/2 factor present in Eq. (18).
In order to gain insight into our results, we will now discuss some particular cases. For the
massless case, we have to consider separately D =2 and D # 2. Taking m =0 in (17), the
relevant integral is written as

1N N 1—s
51(m=0)=_5220k01( )

2 K
k=ti=1 1=V} @u)Ps g

and for D # 2 we may directly integrate this expression, by analytic continuation [54], obtain-
ing

dPirq, e '41bu

(28)

2D1/D-3 D, NN
E1m=0.DL #) =~ Z-pp == F(T - 1) > oo (1—bu)
-vi k=11=1
,71-(D1/2)
V] -4
x |:a%1 + Vo -a)” IL kzl) :| . (29)

with I" (x) standing for the Gamma Euler function. For the specific case of D = 2, this last
expression is divergent, so a different regularization of the integral (28) is needed. We proceed
as in [18,54,55], introducing a mass regulator M, as follows

N N 2 —iq.b
1 oxor (1 —8p) . d°qL e™'4LPu
51(m=O,Dl=2)=—§§ Y ————" lim (30)

k=11=1 /1—=v} M=0) Q2m)* ¢f +M?’
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so that we can use the integral [54]

quJ_ e~ 1aLbu
— = —Ko(Mby) , 31
@ €+ M2 2m o (Mby;) 3D

as well as the asymptotic expression of the Bessel function for small arguments,

Mby
—Ko (Mby;) =In — +v, (32)
b
=In <ﬂ) —In2+y +In(Mayp) , (33)
ap

where y is the Euler constant and ag is an arbitrary constant length scale. Terms that not depend
on the distances ai; do not contribute to the force between the point-like currents, so they can be
discarded. We therefore arrive at

1 VY b
81(m=0,DJ_=2)=4ZZUk01(1—5k1)ln(a—];l) . (34)

4 /1 — vi k=11=1

Notice that in these manipulations, we exchanged the dependence on the arbitrary regulating
mass M for a regulating length ag. Despite explicitly appearing in Eq. (34) to keep the argument
of the logarithm dimensionless, ap does not appear in derivatives of the energy, so it will not have
any physical impacts.

In order to clarify the effects of the anisotropies generated by the Lorentz-symmetry breaking,
we will now consider some examples derived from our general calculations. So, from now on we
fix the dimensionality of spacetime to be 3 4 1, and the number of sources to be N =2. When
D) =3, D =0 we have two point-like sources in 3 + 1 dimensions, and the energy (18) becomes

£1(DL=3,D=0,N=2)=——"12 e (35)
RN
where we discarded the sub-index ;| for simplicity, and
(v-ap)® (v-a)®
b:blzzbzlz\/a%z—i—ﬁ: a+ 5 (36)

If v = 0, the expression (35) reduces to the well-known Yukawa potential, otherwise the factor
proportional to (v - a)? in the definition of b in (36) implies in a dependence of the energy on the
relative orientation of the two charges and the LV background. As a noteworthy particular case,
if the distance vector a is perpendicular to the background vector v, Eq. (35) becomes

ooy emal

41 —v2 |a]

In this case the coefficient 1/4/1 — v2 can be absorbed into the definition of the coupling con-
stants o and o7, and Eq. (37) reduces to the standard Yukawa potential.
Another interesting limit is the massless one, when we obtain

0102 |: 5 (V.a)2j|1/2
a .
/1 =2 1—v?

E (DL =3,D=0,N=2,v-a=0)=— (37)

SI(DJ_=3,D=0,N=2,m=0)=—

(38)
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This result can be directly compared with the one obtained in the corresponding LV electrody-
namics (EM) model studied in [18]. Equation (16) of [ 18] presents the interaction energy between
two point-like charges in electrodynamics as

o1 V1 —=v2[ 5,  (v-a)? -2
I 1107 [ 1oV } -
Besides the expected minus sign relating the scalar and EM result, one notices that the EM case
depends on the temporal component v°, which decouples in the scalar model. Indeed, making
v0 = 0, the result presented in Eq. (39) reproduces that of Eq. (38), with a minus sign. In general,
the same happens for other quantities that we will calculate in the massless case, enabling us to
reobtain the results presented in [18] as particular cases of the calculations presented in this case.

The force between two point-like scalar charges can be calculated from Egs. (35) and (36),
resulting in

Eem =+

(39)

F, (D, =3,D=0,N=2)=—V& (D, =3,D=0,N =2)
S Y ST, R
= —-———— m —_— S — s
41T —v2 b2 b V1 —v?

which depends on the direction of the background vector. When m = 0, the interaction force can
be written in the following way

o100 (1 =vH)a+ (v-a)v
4ma’ [1 -2 4 (v.a2]*

where a is an unit vector which points on the direction of the distance vector a.

Notice that (41) is an anisotropic force that decays with the inverse square of the distance.
In the special situation where v and a are perpendicular to each other, the force (41) becomes a
Coulombian-like interaction with effective coupling constants o — o (1 — v2)~ /4. Since v is a
small quantity, it is relevant to expand expression (41) in the lowest order in v¥,

F; (D, =3,D=0,N=2,m=0)=

(41)

1 1, 3
F,(Di:3,D=O,N=2,m=0);—%;[(1+§v2—§(v~&)2>&+(v~&)v}.

(42)

The first term inside the brackets is proportional to @, is a force in the same direction of the
Lorentz invariant case, but modulated by a function of the angle between a and v, the second
term, however, is a new contribution proportional to the LV vector v itself.

An interesting consequence of the anisotropy in the interaction energy (35) is the emergence
of an spontaneous torque on a scalar dipole, depending on its orientation relative to the LV
background. To see this, we consider a typical scalar dipole composed by two opposite coupling
constants 01 = —o3 = o, placed at positions a; = R + % anda) =R — %, A taken to be a fixed
vector. From Eq. (35), we obtain

2 mIALf©)

dipole o
ghirle (p —3 D=0,N=2)= ,
! dr/1—v2 |A]f(O)

(43)

where

2
O = /1+L‘“’2(9)’ (44)
1—v2
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and 0 < 0 < & stands for the angle between A and the background vector v. This interaction

energy leads to an spontaneous torque on the dipole as follows,

dipole
ipole & D, =3,D=0,N=2
T;llp()lc(Dl=3,D=0,N=2)=— 1 (DL )

20
0’2 V2 1 1
=" — )i —ml|Alf©)
=3 A (1 ~ v2)3/2 20 <m [A] +f(9)> sin(260)e . (45)

This spontaneous torque on the scalar dipole is an exclusive effect due to the Lorentz violating
background. If v* = 0 (or, more specifically, v, = 0), the torque vanishes, as it should, as well
as for the specific configurations 0 = 0, /2, 7. For the massless case the torque becomes

22

dipole ~ o
T D, =3,D=0,N=2,m=0)=—
I (D1 m ) 87 [A|
which exhibits a maximum value at & = 7 /4. A similar effect was also described in [18,57].
One interesting question regards possible phenomenological implications of the presence of
this LV induced torque on a dipole. Clearly, the scalar model cannot be directly applied to any
low energy experiments, but as we mentioned, the results for the more realistic EM case are very

sin(26) , (46)

similar, and indeed this spontaneous torque of order ~ §’n2—|fs2| was also found in the EM calculation
presented in [18]. The most obvious candidate for an experiment measuring such kind of torque
would be some kind of torsion pendulum, where sensibilities for torques of order 10~ 1°Nm (or
10726 x 1/£p in natural units, £p being the Planck length) are possible [58]. However, this is
still far from the order of magnitude of these induced torques, which for a dipole of centimeter
size, and with charge of n, times the electron charge, would be of order

ty ~vin2 x 10737 x 1/¢p . (47)

Since v? should be certainly many orders of magnitude smaller than unity, it is hard to imagine
that 77y could be measured with current technology.

The final examples we consider involve one and two dimensional sources, i.e., strings and
planes. For D; =2, D =1 and N = 2 we have two delta-like scalar charges distributions con-
centrated along two different parallel strings placed at a distance a from each other. In this case,
from Eq. (18) the energy per string length reads

0102

Er(D =2,D=1,N=2)=— Ko (mb) (48)
2 1—V2L
which is reduced, in the case m =0, to
b
5,(DL=2,D=1,N=2,m=0)=—%ln(—), (49)
ap

2
2w,/ 1 —v]
where we used (34).

Finally, for D} =1, D =2 and N = 2, corresponding to two delta currents concentrated on
parallel planes, we have

0102

/ 2
2m,/1—v|

& DL =1,D=2,N=2)=— e (50)
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or, in the massless limit,

0102 At -a)?
a —

2
2/1-v2 I=vi

E(D.=1,D=2N=2,m=0)= (51)

2.2. Point-like dipoles

The technique developed in this section can be applied to other interesting systems, such as
dipole distributions, when the relevant currents involve derivatives of delta functions. In this sub-
section we provide some results in the case of two steady point-like dipoles placed at fixed points
in 3 4+ 1 dimensions. This setup can be described by external sources given by the directional
derivatives of the Dirac delta function [54], as follows

2
=Y V- V[ x-a0)] . (52)
k=1

where V'(‘k) designates the dipole moments 1 and 2, taken to be fixed in the reference frame in
which we are performing the calculations. Following the same steps presented in the previous
section, we obtain for the interaction energy between the two dipoles,

[ dp1 o-ibLa (Vayr -p1) (Voo -pL)
(2m)3 [p7 — (v-pL)* +m?]
where a=a; —ar = a».
Performing the same change in the integration variables as used in the previous section, and
adopted in [17,38], using the definition (14), we end up with

Ej=

(53)

1 e—mb { [(mb)? +3 (mb + 1)]
Ej=

(VayL-a) (VoL -a)
s f1-v2 P b? [
(v-a)
1V_ 32 [(Vayr-a) (Vo -v) + (Voo -a) (VoL -v)]
2
+ (:_—32> (VL v) (VoL - V)}

(Vayr -v) (Voyr V)i” . (54)

+

—(mb+1) |:(V(1)J_ Vo) + 1—v2

In the massless case, we can use (14) and write

1 w22 w-a2]"
M 2 ’ 2 ’
E”(Wl—())—4nm|:a +1—V2:| {3|:a +1—V2:|

X [(Vun -a) (Vo a)+ l(v_ 2 [(Vars-a) (Ve -v) + (Vor-a) (V- v)]

. 2 Vit -v) (Vi -
+<1V_32> (VayL-v) (V(zu-v)} —(V(l)J_'V(2)J_)—( Q- IV)_(VZ(z)L V)} (55)
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For the case where v = 0 or v =0, we have the well-known result obtained in standard scalar
field theory [54],

0102 (VayL -a) (Voo - a)
3
7 lal? a2

Different particular cases can be analyzed, and torques depending on the orientation of the
dipoles relative to the LV background can be deduced. Since these results follow directly from
the approach outlined in the previous subsection, we will not quote the explicit expressions here.

Efpm=v=0)= 1 —(Vaye 'V(z)L)i| . (56)

3. The propagator in the presence of a semi-transparent mirror

In this section we compute the propagator for the model (1) in the presence of a two-
dimensional semi-transparent mirror. We keep spacetime 3 + 1 dimensional hereafter, and take a
coordinate system where the mirror is perpendicular to the x> axis, located on the plane x> = 0.
This configuration is described by the potential %8 (x?), where u > 0 is a coupling constant with
appropriate dimension, establishing the degree of transparency of the mirror: the limit © — oo
corresponds to a perfect mirror [59,60]. Therefore, the Lagrangian density is given by

1 1 1 1
L= 0,00") - zmz¢2 +5 3p)* — zua(ﬁ)qﬂ +Jo. (57)

Here some comments are in order. The external delta-like potential in the Lagrangian (57) can
be interpreted as a semi-transparent mirror for the scalar field due to the following reasons: we
can show that the limit & — oo of this coupling is equivalent to imposing Dirichlet boundary
conditions on the scalar field on the x> =0 plane; besides, there is a close connection between
the scalar field with Dirichlet boundary conditions and the electromagnetic field in the presence
of a conducting plate, where the name mirror is more appropriate. In fact, a model for a semi-
transparent mirror with delta-like potentials can also be established for the electromagnetic field
[61,62]. Finally, the presence of the delta function potential precludes the elimination of the LV
by means of a coordinate choice, since while the (v - 3¢)? term can be absorbed by the kinetic
term with the redefinition of the metric, the LV parameter v#* will reappear in the argument of
the delta function potential that represents the mirror. Actually, the x> = 0 plane in the original
coordinates will be in general mapped to a new plane in 3 + 1 spacetime, with v dependent
orientation.

The propagator G (x, y) for this theory satisfies the differential equation

[D—}-mz—i-(v-8)2+M8(x3)]G(x,y)=—84(x —y), (58)

and also a kind of Bethe-Salpeter equation

Gx.y) = Golx. ) + /d4z G(x, Dus(HGo(z, y) | (59)

where Go(x, y) is the free propagator given by the Eq. (4), which solves (58) without the po-
tential. From now on, we define x,’f = (xo, x!, xz) and pﬁ = (po, pl, pz) as the coordinates and
momentum parallel to the mirror, respectively.

In order to solve Eq. (58), it is convenient to write G (x, y) and Go(x, y) as Fourier transforms
in the parallel coordinates, as follows,
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d3 .
Gx.y) = ﬁe”’p'“p—yﬂg(pp; FEROR (602)
3
G — d p_p "Pp'(xpfyp)g( - y3 3) (60b)
O(X,)’) (27T)3e O pp3x ’y )

where G(pp; x3, y3) and Go(pp; x3, y3 ) stand for the reduced Green’s functions [59,60]. Substi-
tuting (60) in (59) and performing some manipulations we arrive at

G(pp; x>, ¥%) = Go(pp: 3, ¥*) + 1G(pp; 13, 0)G0(pp: 0, y%) . (61)

Setting y3 =0 in (61), we can obtain G(pp: x3,0) strictly in terms of Go(pp; x3,0). Using
the result back again in Eq. (61), we obtain

1Go(pp; x3,00Go(pp; 0, y*)

G(pp: ¥,y =Go(pp: x°. y) + (62)
Pp: XY Pps Xy 1 — uGo(pp; 0,0)
Substituting (62) in equation (60) leads to
G(x,y)=Go(x,y) +G(x,y), (63)
where
3 .3 . 3
G(x,y) _ d’pp eipp-(xp—yp)ug()(pp’x 70)90(1717,0,)’ ) . (64)

(2m)3 1 —uGo(pp;0,0)

The propagator (63) is composed of the sum of the free propagator (4) with the correction
(64), which accounts for the presence of the semi-transparent mirror. Taking the limit 4 — oo in
(62) and evaluating the resulting expression for x> = 0, we can show that

Go(pp: 0.00G0(pp: 0.5%) _
Go(pp:0.0)

so the Green’s function of the model satisfies the Dirichlet boundary condition on the plane
x3 =0 in the limit © — oo. In this sense, we can interpret the delta-like external potential in (57)
as a kind of mirror, with degree of transparency given by .

From now on, we will calculate G (x, y) for different configurations of the mirror with respect
to the background vector.

Jim G(pp;x* =0, y%) =Go(pp; 0,y%) - 0. (65)

3.1. The propagator in the lowest order in v

Since v# is assumedly a very small parameter, we will perform the calculations perturbatively
up to the second order in v*, which is the lowest order in which the background vector appears
non-trivially. Expanding the propagator (4), we obtain

d4p elrx—y) (p-v)?
Go(x, y) = P [1 P .

et =md) | T =D (66)

Splitting Go(x, y) into parallel and perpendicular coordinates with respect to the mirror, we have

&pp dp? =P’ (p-v)*
G , = 2P Lipp-(xp—yp) /_7 1— =L 7 , 67
otx. ) /(2n)3e [ 2 (p*—m?) (p? —m?) 7
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where p> stands for the momentum perpendicular to the mirror. From Eq. (60), we identify the
term between brackets on the right hand side of Eq. (67) as being Go(p); x3, ).
The fact that [59]

dp3 e=ir* =y e M=y
/— =— , (68)

2r (p? —m?) 21

where A = /m? — p%,, leads to,
=Ry 1 (pp-vp)
L3 3¢ _Pp”p)< 3.3
Go(ppix',y") === {1+2[—Xz et =y7)
—2iv® (x3 —y3) (pp - vp) + (072 (1 a3 yB |)“ : (69)

with vZ = @Y v!, v?) and v? standing for the background vector parallel and perpendicular to
the mirror, respectively. Substitution of this last expression into Eq. (64), and taking into account
contributions up to second order in v*, provides

- py vp)? [ (4
Gr,y) = —””e’f’f"<xP-YP>{1+(p" p) [( +“’)+x<|x3|+|y3|>}

27)3 22 2+
i3 =y + () o 118
Ywr- )= I\ Y
—x(x3 413
B (70)
220+ )

As expected in this perturbative result, the limit v/ — 0 correctly reproduces the standard result
for the scalar field theory in the presence of a semi-transparent mirror [59].

3.2. Exact propagators

There are two special cases for which we carry out the calculations without the necessity
of treating the background vector perturbatively, corresponding to the spacial part of v* being
parallel and perpendicular to the mirror. In this subsection we present the exact propagator in the
presence of a semi-transparent mirror in these cases.

When the component of the background vector perpendicular to the mirror is equal to zero
(v3 = 0), we have (see the Appendix)

s 3 e~ LI =y’
Go(pp; x°,y7)=— 7L , (71)
where L = \/mz - [p%, + (pp - vp)z]. Substituting (71) in (64), we arrive at
3 , —L(x*1+1y*)
G(x’ y) = d’pp elpp'(Xﬂ_yp)lwi ) (72)

(2r)3 2LQ2L + )
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On the other hand, when v/ » =0and v3 # 0, we can write (see the Appendix)

(V@) ey

L3 3¢
go(p[?ax 7y )_ 1_(v3)2 ’ (73)

what leads to
-1
“A(V1I=32) 3+
G(X — d pp lpp (xp—yp) e ( )
y) - 2 3 .
(2) 20/ T= 032 (20 T= (097 + 1o

It is easy to see that these expressions reproduce the result previously obtained when expanded
up to the second order in v*.

(74)

4. Charge-mirror interaction

Having calculated the relevant propagator in the previous section, here we consider the inter-
action energy between a point-like current and the semi-transparent mirror, which is given by
[59]

= LT //d4x d*y J(x)G(x, y)J () . (75)

Without loss of generality (due to translation invariance in the directions parallel to the mirror)
and for simplicity, we choose a point-like scalar charge placed at a = (0, 0, a), corresponding to
the source J(x) = 083 (x — a). Again, we will present a result perturbative in v for the general
case, and also exact results for particular cases.

4.1. Perturbative results

Expanding the expressions up to second order of v, following the same steps presented in the
previous sections, we obtain

2
no 2

by vo)* | (Y52 +10)
e | g )
(3)2 ( /p +m? +,u)
+U2 (/o3 +m2+ )_zam
R
e )

where a > 0 is the distance between the mirror and the charge. The sub-index M C means that
we have the interaction energy between the mirror and the charge.

Equation (76) can be simplified by using polar coordinates, integrating out in the solid angle
and performing the change of integration variable p — y = 2,/ p? 4+ m? where | p,, |= p,

(76)
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po’ e 2L (P O\ (@t w
Evyc=—— | dy 1+vp—2 — —m ——— +ay
16712 (y+mw yo\4 y+mw
m

G (<2y +w ay)
2 N+ '

The relevant integrals can be found in [63],

/°°d T g (1 2ma  pa)
y =e i(1,2ma 4+ pa) ,
y+mw
2m
o ay 2 V] ) 1
e y 2 y+u ap:
dy ———— (— —-m )<7+ay) = —eMEi(1,2ma + pa) ,
/ Y2+ \ 4 O+ 2
2m
and
[ e @yt
e y+u .
dy ( —ay):Z (na+ 1) e" Ei(1,2ma + pa)
/ G+ \ +w

_ (m +M) emea
2m + ) ’

where Ei (u, s) is the exponential integral function [56] defined by

—ts
Ei(n,s):/e dt H(s)>0,n=0,1,2,---,

tn
1

which can be extended by analytic continuation as follows

Ei(n,s)=s""'T(1 —n,s),

I" (m, s) being the incomplete Gamma function.
As aresult, the interaction energy reads

o’

167

2
v
Eyc = {e“aEi(l,Zma—i—ua)—i—%e““Ei(lﬂma—i—ua)

342 na s _ (m 4 ) —2ma
+ (v7) I:(ua+l)e Ei(1,2ma + pa) 7(2m+u)e i|}

(77)

(78)

(79)

(80)

81

(82)

(83)

This is a perturbative result and gives the interaction energy between a point-like scalar charge
and a semi-transparent mirror in the massive case. The first term on the right hand side reproduces
the result of the standard (Lorentz invariant) scalar field [59], the remaining terms are corrections

due to the Lorentz symmetry breaking.

From the energy (83), we derive two kinds of physical phenomena. The first one is a force

between the mirror and the charge,
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dEpmc o’ \r:
Fyc =— =— 1+ 717 naeEi (1,2ma + pa) — e 2ma (84)

da 16a

+ (v ((2 + pa)pae Ei (1, 2ma + pa)

— (pa+ e ma 4 Zm—wmaez’”“)] : (85)
2m + u

which is always attractive, provided that v%,, (1}3)2 << 1.
Let us define the following dimensionless functions,

Fpx,y) = % [e*%’ —xe"Ei(1,2y + x)] , (86)
_ 72); X e (y +-x) —Zy
Fx,y)=x|(x+De ™ —x+2)xe*Ei(l,y+x)—2—ye , 87)
2y +x)
and rewrite the force (84) in the form
02 1 —2ma ar:
Fyec=—— ua(e — pae* El(l,2ma+ua)>
167 a2
i 32
+ jfp(ua,ma) + (v)“ F3(na, ma) |, (88)

where we have a Coulombian behavior modulated by the expression inside brackets. The correc-
tion due to the Lorentz symmetry breaking is given by the functions F, and F3, the first one is
associated with the components of the background vector parallel to the mirror and the second
one, with the component perpendicular to the mirror. ), is positive in its domain and J3 assume
positive and negative values, as shown in Fig. 1 and 2. Both functions vanish in the limit u =0,
where we have no mirror present.

The second phenomena is obtained when we fix the distance between the charge and the
mirror and vary the orientation of the whole system with respect to the background vector. In
this case, we can show that a torque emerges on the system. In order to calculate this torque, we
define as 0 < o < 7 the angle between the normal to the mirror (£3) and the background vector,
in such a way that

(v3)2 =v? cos2(a) , V?, =v? sinz(oc) s (89)

then the torque can be computed from Eq. (83) as follows,

dEpc
™MC=——
oo
nov? 1 (m+p) _,
= tn sin(2er) [(Ma + 5) e Ei(1,2ma + pa) — me_ ’"“} . 90)
Equation (90) is a new effect, which disappears in the v = 0 limit. Defining the function
(y+x) _2y < 1) . :|
Tx,y)=x|—=——e —|x+=)'Ei(1,2y+x) |, 91
(x,y) [(2y+x) 5 1,2y +x) oD
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Mﬁ——m

MM

Fig. 1. Function ), appearing in the force described in Eq. (88), where the vertical axis is in arbitrary units.

Fig. 2. Function F3, appearing in the force described in Eq. (88), where the vertical axis is in arbitrary units.

we can write Eq. (90) in the form

22

1
e = ovZ sin(2a)T (na, ma) . 92)
167 a

In Fig. 3, we show the behavior of 7 in terms of na and ma. The function is positive except in
a very small region around pa = ma = 0, and goes to zero if ma is large or pa approaches zero.



L.H.C. Borges et al. / Nuclear Physics B 954 (2020) 114974 19

Fig. 3. Function 7 of Eq. (91), where the vertical axis is in arbitrary units.

0.04 s
0.03 1 s
0.02 Ve a

0.01 S

N 0.1 -~ 02 0.3 0.4 0.5
4~ .

-0.014 a

-0.0294 -

Fig. 4. Graph of the function 7 for ma = 0 (dash-point), ma = 0.1 (dash) and ma = 0.2 (solid) as a function of ua,
where the vertical axis is in arbitrary units.

This behavior can also be seen in Fig. 4, where we have three plots, with three different values
for the mass, in the vicinity of na = 0. In the limit ua — 0, the result in Eq. (91) vanishes,
as expected. This torque and the force modulation contained in Eq. (88) are phenomenological
signatures of the Lorentz violation introduced by the v*, and might be relevant in experimental
setups involving mirrors.
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For the massless case, the energy (83) becomes

2 2
Eyc (m=0)= %{ Ha g (1, pa) + %’e““Ei (1, na)
+ W) [(na + 1) " Ei (1, pa) — 1]]. (93)

The limit © — oo is interesting, corresponding physically to the field subjected to Dirichlet
boundary conditions in the plane. In this limit, we have a perfect two-dimensional mirror and,
from Eq. (83), we obtain

02 e—2ma V2
Eye (u— 00) = — 14+ -2 —ma(?)?) . (94)
167 a 2

The first term on the right hand side is the three-dimensional Yukawa potential between two
charges at a distance 2a apart. The second and third terms are corrections due to the Lorentz
symmetry breaking up to second order in v*. The corresponding interaction force between the
point-like charge and the perfect mirror is given by

0Epc (u— 00)
da

2 ,—2ma V2 1
- g_,,e y {(1 + 7”) (m + %> —mza(v3)2:| . (95)

In Eq. (40) we have the interaction force between two point-like scalar charges for the model
(1). Expanding this expression up to second order in v/, we can obtain the interaction force for
the special case where we have two opposite point-like charges, o1 = ¢ and o7 = —0, placed at
a distance 2a apart. In this specific situation, this force turns out to be equivalent to Eq. (95). The
interesting conclusion is that the image method is valid for the Lorentz violation theory (1) up to
second order in v* for the Dirichlet boundary condition.

Taking the limit when p — oo in Eq. (93) or equivalently putting m = 0 in (94), we obtain
the interaction energy between a point charge and a perfect mirror for the massless scalar field,
and consequently the interaction force,

Fyc (u— 00)=—

o2 V%,
FMC(M%OO,m=O)=W 1+7 s (96)

which is the usual Coulombian force with an overall minus sign between the scalar charge and
its image, placed at a distance 2a apart. With the same analysis, one can argue that Eq. (96) is
in agreement with Eq. (42), and again the validity of the image method is verified. In the same
limit, from Eq. (90), we have

OFE ,m=0 2y?
_dBmc(u—>0om=0) _ 0N o ony. 97)
a

ol 32
When o =0, /2, m, corresponding to the mirror being parallel, perpendicular or antiparallel to
the background vector v, the torque (97) vanishes. The configurations o = 0, 7 are stable equilib-
rium situations, while for « = /2 we have an unstable equilibrium point. When o = /4, 37 /4,
the torque (97) exhibits its maximum and minimum values, respectively. The equilibrium situa-
tion is attained when the mirror is parallel or antiparallel to the background vector.

e (n—>00,m=0)=
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4.2. Exact results

The first case in which we can provide exact results is when v* = UZ' , what leads to
2
2 _2“ p2—(pp-vp) +m?

2\/pp Py Vp) m? <2\/p,, P‘Vp)2+m2+ﬂ>

Performing a change in the integration variables similar to the one we have made in the Appendix,
and then using polar coordinates, we have

Eyc = (98)

;,LUZ e~ 2ay/q>+m?
Eye=——=[4dqq . 99)
dm J1—v3 ) 2\/q2+m2(2\/q2+m2+u>
Now, carrying out the change of integration variable y = 2./g2 + m?2, we obtain
2
Emc=—"0  ¢MEi(1,2ma + pa) . (100)

167 /l—V%

Equation (100) gives the exact expression for the interaction energy between a point-like current
and a semi-transparent mirror for the special case where the background vector has only the
parallel components to the mirror. We notice that (100) is the usual result found in standard

—1/4
scalar field theory with an effective coupling constant 0 — o (1 - v%) . Taking the limit

u — oo in Eq. (100) and computing the interaction force, we arrive at

0_2 emea 1
Fuc (U — 00) = (Zm + —) , (101)
lom /1 —v2 ¢ a

which is the interaction force characterized by the Dirichlet’s boundary condition.

In Eq. (40) we have the exact interaction force between two point-like currents. For the special
situation where v =0, 0] = 0,02 = —o and a — 2a, this result turns out to be equivalent to
Eq. (101). Thus, we again verify that for this special case, (v> = 0), the image method is valid.

The second exact case we discuss is when only v3 is nonzero, what leads to the result

2 _ _
EMczl‘;—n[l_‘(‘T)z]ew[l—w})Z] 'Ei <l,2ma [1—(v3)2] 1+ua[l—(v3)2] 1) .
(102)
Eq. (102) is equivalent to the result obtained in standard scalar field theory with an effec-
tive mass m — m [1 — (113)2]_1 and an effective degree of transparency of the mirror u —
wll - (v3)2]_1. From Eq. (102) we can compute the interaction force in the limit u — oo,
resulting in

(72 e—2m[l—(v3)2]_la 1 309 1
Fyc(u—oo)y=—% = —+2m[1—(v)] . (103)
167 a a
For the massless case, the interaction force (103) becomes the corresponding Coulombian in-
teraction between two charges at a distance 2a apart with an overall minus sign. Thus, in this
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particular scenario, Lorentz violation effects disappear from the end result. As before, taking
Vg =0,01 =0,00 = —0 and a — 2a in Eq. (40), we reproduce the result in Eq. (103). Thus,
the image method is also valid for the case where v* = (0, 0,0, v3).

It is important to mention that the validity of the image method in a Lorentz-violating scenario
is a non-trivial result, since the presence of the LV background reduces the symmetry of the
problem, which is a key element in the application of the method. This suggests that the presence
of mirrors in Lorentz-violating scenarios is a subject which deserves more investigation.

5. Final remarks

In this paper, we investigated the interactions between external sources for a massive real
scalar field in the presence of an aether-like CPT-even Lorentz symmetry breaking term. First
we performed an analysis in D + D + 1 dimensions where we considered steady field sources
concentrated along parallel D-branes, without recourse to any approximation schemes. We dis-
cussed some particular instances of our general results and observed effects with no counterpart
in the standard (Lorentz invariant) scalar field theory. For example, we have shown the emer-
gence of an spontaneous torque on a classical scalar dipole which is an exclusive effect due to
the Lorentz symmetry breaking, agreeing with results obtained in different, more complicated
models such as [57].

Afterwards, some consequences of the Lorentz violation theory (1) due to the presence of a
semi-transparent mirror were studied in 34- 1 dimensions. We considered different configurations
of the background vector, starting by taking into account all the components of the background
vector, and treating it perturbatively up to second order. Next, we provided exact results for
two special cases, specifically when the background vector has only components parallel and
perpendicular to the mirror. For all these configurations of the background vector, we obtained
the propagator for the scalar field and the interaction force between the mirror and a point-
like current. We showed that the image method is valid in the considered theory for Dirichlet
boundary condition. We also showed that a new effect arises from the obtained results, a torque
acting on the mirror according to its positioning with respect to the background vector.

These results suggest that the extension of these studies to more general LV models is a very
interesting prospect. Despite not being directly applicable to the phenomenological search of
Lorentz violation established within the formalism of the Standard Model extension [1-4], the
scalar field can still be explored as a prototype, establishing interesting effects of LV yet to be
explored. A first natural extension of our results would be to more general LV backgrounds
as described by Eq. (2). The extension of these studies for non-minimal (higher-derivative) LV
models would also be of interest.
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Appendix A. The Eqs. (71) and (73)

In this appendix we provide additional details on the computation of Egs. (71) and (73). We
note that in some of the intermediate expressions that follow, the condition v2 = 0 cannot be
imposed to ensure the tracelessness of the LV coefficient k*¥ defined in Eq. (2); however, this
condition can be safely imposed in the final result, from which one can obtain, in the proper
limiting cases, the perturbative results previously obtained, thus ensuring the consistency of the
calculation.

Starting from Eq. (4), in order to put Go (x, y) in an appropriated form, we have to carry out
a change of the integration variables similar to the ones employed in references [17,38]. We split
the four-vector momentum p* into two parts, one parallel, pga, and the other normal, p#o, to the
Lorentz violation parameter v¥,

vep vep
P" = Pho+ Pha > p=(7)v“, p,’:,,=p"—(v—2)v“, (A1)
where pp,-v=0and (p-v)> = p,zm v2. Now, we define the four-vector g*

g" = plly + PV T+ 02 = ph + ( B) /1402 — ot (A2)

With definitions (A.1) and (A.2), we have
M—(U'q)L no_ M_(U'Q)vu

Ppa =2 Vit? Pno =4 v2 ’ (a3)
(v-q) ( 1
Pt =gh + — 1)k,
v \V1+02
and
@ =p+ v (A4)
With the aid of the definition
/ 2
bﬂ:(x“—y“)jt(l:/ll_tv )(””;”)w, (A5)
+v v
and Eq. (A.3), we obtain
p-(x=y)=b-q. (A.6)
The Jacobian of the transformation from p* to ¢g* can be calculated from Eq. (A.3)
aph 1
det —. AT
¢ |: gy i| V1+v? A7)
Using these results, we obtain
Jiba
Go(x,y) = /
Y Vi1 02 ) @en)t (gF—m?)
333
1 gy etbr-ar / dg’ e . (A.8)
Vitz) @m) 21 (g% —m?)
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The first integral in Eq. (A.8) is given by

3 3
/ é CI)PS eibpvqp —— /N1 + v[27 / (dz_p)pS eipp'(xp_yp) s (A9)
T 4

where we used the Egs. (A.6) and (A.7), while the last integral is given by

dq3 e—iq3b3 e—L\b3\
/E(qZ—mZ)z_ 2L

(A.10)

where L = /m? — g2 or, from Eq. (A4), L = \/mz - [p?, +(pp - vp)z], and b3 is found by
taking u = 3 in (A.5), as follows,

() 4 (o) (a0 (A11)
=(x y N 2 . .
Collecting terms, we write
dp, 1 [T+ 02 LIl
G y) = P oipp(xp=yp) | __ P A.12
o= [ S5 NTTE T (A.12)

Finally, taking v = 0 in the term between brackets on the right-hand side of the Eq. (A.12), we
obtain the Eq. (71). In the same way, taking vf,f =0, we obtain Eq. (73).
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