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Abstract

We discuss three instances where zero-energy or soft modes appear in quantum field
theory.

First, we examine massless fermions in a 2+1 dimensional system with a spatial
boundary, specifically graphene in half-space. Two boundary conditions and their
interplay with the discrete and continuous symmetries of the system are analyzed.
For doubled fermions, we identify a special case that respects CPT symmetry but
breaks Lorentz and conformal symmetry, featuring fermion zero mode edge states.
These edge states lead to unconventional representations of scale, phase, and trans-
lation symmetries, and enforcing symmetry constraints results in edge ferromag-
netism.

Second, we investigate the infrared structure of a massless scalar theory coupled
to fermions. We demonstrate the existence of a field theory containing massless
scalar particles that mirrors the infrared structure of quantum electrodynamics and
perturbative quantum gravity but lacks gauge invariance, internal symmetries, or
apparent asymptotic symmetry. Unlike soft photons and gravitons, soft scalars do
not decouple from dressed states and are generally produced during interactions of
hard dressed particles, though their entanglement is minimal.

Lastly, we develop a novel method to calculate changes in an operator’s expec-
tation value at asymptotic times, relevant to gravitational wave observations, by
exploiting its soft limit. We derive a formula for asymptotic in-in observables from
the soft limit of five-point amputated response functions. Using this, we re-derive
the KMOC formulas for linear impulse and radiated momentum during scattering
and provide an unambiguous calculation of radiated angular momentum at leading
order. We introduce a causal method of computing classical observables using the
Schwinger-Keldysh formalism.
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Lay Summary

Quantum field theory provides a powerful framework for describing elementary par-
ticles in nature. Among its many features, particles or excitations with zero energy
frequently arise. Although they may seem inconsequential, their presence challenges
many foundational aspects of the theory. Their presence also gives rise to physical
systems with unique properties. This thesis examines these zero-energy modes in
three different setups.
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Chapter 1

Introduction

Invitation

Quantum field theory (QFT) is a mathematical framework in which the fundamen-
tal objects are quantum fields and the particles can be thought of as various excita-
tions of the quantum fields. QFT was developed by Dirac, Pauli, Feynman, Dyson,
Schwinger, Tomonaga, Oppenheimer, and many others as a theory to describe the
interaction between light and matter. This theory, later known as Quantum Electro-
dynamics (QED), beautifully unifies the principles of special relativity with quan-
tum mechanics, revealing the intricate relativistic quantum nature of electrons and
photons.

Building on the extraordinary success of QED, the concept of elementary parti-
cles as excitations of quantum fields was expanded, leading to the formalism of the
Standard Model. This framework not only described all elementary particles but
also predicted the existence of several new fundamental particles, later confirmed
through experiments in particle colliders. Among these the most recent was the
Higgs boson, theoretically predicted [4] in 1964 and experimentally discovered [5, 6]
in 2012. Countless other checks have been performed at various particle colliders
solidifying QFT as the most successful theoretical framework of modern physics.

QFTs have also proven to be extremely successful in describing various con-
densed matter phenomena such as phase transitions, superconductivity, and non-
equilibrium dynamics. The basic idea is to treat particles and quasiparticles, such
as electrons and phonons, as excitations of quantum fields. Hence, QFTs are incred-
ibly successful in describing a wide range of phenomena across energy scales, from
the behavior of condensed matter systems (∼ eV) to the high-energy interactions in
particle colliders (∼ TeV).

In this thesis, we shall focus on a special corner of QFTs – the physics of the zero-
energy particles or the zero-energy excitations of quantum fields. At first glance,
this subject may appear unassuming, or even overly formal, as zero-energy particles
seem inconsequential due to their lack of energy to influence any system. However,
we shall try to convince the reader that that is not the case. Rather, these zero
energy excitations are enough to challenge some of the theoretical foundations of
QFT, have observational consequences, and help obtain classical results necessary
for useful for gravitational wave detectors.
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Chapter 1. Introduction

Effective field theories

An interesting aspect of our observable universe is the separation between low-energy
(large distances) and high-energy (small distances) phenomena. For instance, to
analyze the atomic spectra of the hydrogen atom, we can disregard gravitational
interactions between the electron and proton, even though gravity is inherently
present due to the mutual attraction of all massive particles. The reason for this
omission lies in the energy scale — gravitational effects become noticeable at much
higher energy levels than those relevant to atomic spectra. In this low-energy regime,
gravitational degrees of freedom effectively decouple from the system. In a similar
fashion, by identifying the energy scale relevant to a given problem, we can construct
a quantum field theory (QFT) tailored to that system. This QFT operates effectively
below a specific energy cutoff, denoted Λcut-off, where it provides a fully well-behaved
framework for making predictions about the system. However, beyond Λcut-off, the
QFT shows theoretical inconsistencies, signaling the emergence of new physics. A
QFT description, tailored to a system and valid within a particular energy range
using only the relevant degrees of freedom and interactions, is known as an effective
field theory (EFT).

Let us now talk about EFTs description of condensed matter systems. A con-
densed matter system is typically defined on a lattice (lattice constant a), making it
fundamentally different from the Lorentz invariant QFTs describing the fundamen-
tal particles where space is continuous. However, at distances significantly larger
than the lattice spacing, symmetries of continuum field theories, such as transla-
tion and rotation, emerge. Consequently, we can formulate EFTs (not necessarily
relativistic) valid below Λcut-off ∼ 1

a to describe such systems. Examples of many
such EFTs can be found in [7]. In this thesis, we will study a fermionic EFT that
describes graphene at low energies.

The cutoff dependence of EFTs should be contrasted with QFTs that are valid
at all energy scales—known as UV-complete QFTs. UV-complete QFTs are notori-
ously difficult to construct. A well-known example is the search for a UV-complete
quantum field theory of gravity, which remains a long-standing open problem in the-
oretical physics. Fortunately, for specific scenarios, an EFT description of certain
gravitational phenomena can be written down. One example is the emission of very
low-energy gravitational waves (GWs) by accelerating celestial objects. When the
wavelengths of such GWs are much larger than the size of the planets and stars,
those objects can be treated as point particles, and such interactions can be de-
scribed by an EFT of gravitons interacting with point masses. We will explore such
systems described by gravitational EFTs.

Zero modes

In this thesis, we will always assume that a QFT description of our system under
consideration is available in the sense of EFT. That is, the QFT description is strictly

2



Chapter 1. Introduction

valid below some high-energy cut-off scale Λcut-off. Once we have written down the
EFT, we can concentrate on the energy spectrum.

Zero modes are the particles or quasi-particles with zero energy. Although they
can appear in both bosonic and fermionic theories, fermionic zero modes are often
more interesting. The existence of zero modes in a system is non-trivial and often
requires a boundary or a defect. In a system with a boundary, they usually appear
as edge states that are localized close to the boundary. The presence of fermionic
zero modes in theory often points to the anomaly of the theory – a situation when
the quantum theory fails to respect some symmetries of the classical theory [8].

The zero modes also lead to surprising physical results. For example, they can
carry fractional charges [9]. They are particularly stable under local perturbations.
In fact, a major pursuit in condensed matter physics is the quest for Majorana zero
modes—unique states that act as their own antiparticles and appear at the ends of
one-dimensional topological superconducting wires. The stability of these Majorana
zero modes against local perturbation makes them ideal candidates for protecting
quantum information from noise. In this thesis, we find zero modes in a 2 + 1
dimensional fermionic system and discuss their physical significance.

Infrared divergence

Suppose we are interested in the following 2 → 2 scattering process where we send
in two electrons with momenta p1, p2, let them interact and finally measure the
amplitude where they end up with final momenta p′1, p

′
2.

e− + e− → e− + e−.

We can use QED to describe such processes. In particular, the transition amplitude
of the above process is given by the S matrix: S = ⟨p′1p′2| p1p2⟩ Various physical
quantities such as the probability of that event happening or the scattering cross-
section depend on the square of the modulus of the S matrix |S|2.

When computing a S matrix, the basic rule of QFT tells us to include processes
that correspond to the virtual exchanges i.e. the emissions and absorptions of vir-
tual particles. To be more precise, even though we are considering the scattering
of electrons, their interactions are mediated by photons – meaning that there are
virtual photons emitted and reabsorbed by the electrons, and their contributions
must be accounted for. The word virtual simply means that while the initial and
final electrons of mass me must obey the relativistic on-shell condition p2i = m2

e, the
intermediate photons do not need to be subjected to such on-shell constraints. In-
frared divergence is the fact that when a theory has massless particles, such as QED
with massless photon, the processes with virtual massless particle exchange give
rise to infinite results. These divergences are caused by zero-energy photons, also
known as soft photons. More precisely, at any finite order in perturbation theory,
one encounters integrals of the form

∫ Λcut-off

0 dω/ω which are divergent at the lower

3



Chapter 1. Introduction

limit of the integral. Moreover, when all these infinite results are summed over, the
full S matrix, which calculates the transition amplitudes between two processes at
all-orders in the perturbation constants, vanishes as S ∼ e−∞ = 0. This is true for
any process in QED. Does that mean that QED is ill-defined?

The issue with infrared divergences has been a known challenge since the for-
mulation of QED. There are two main prescriptions to address this issue. The first
modifies the problem by introducing an infrared cut-off in such a way that |S|2 is
infrared-finite when the cut-off is taken to zero, though the S-matrix itself remains
infrared divergence at this limit. The second prescription produces an infrared-finite
S-matrix but necessitates technical steps that deviate from the standard mathemat-
ical frameworks of QFT. A fully rigorous and mathematically sound infrared-finite
formulation of QFT remains an active area of research.

In addition to addressing the conventional challenges of resolving infrared diver-
gences in QFTs, one can explore intriguing questions about the quantum information
content of soft photons. These questions further differentiate the two approaches
and could lead to observable distinctions. Another avenue of inquiry involves un-
derstanding the physical origin of infrared divergence in a theory. Specifically, if a
theory exhibits infrared divergence, does this point to a profound underlying sym-
metry, or is it merely a consequence of the presence of a massless particle in the
spectrum? We will discuss some of these issues related to infrared divergence in this
thesis.

Classical observables from amplitudes

Einstein’s theory of general relativity predicts that accelerating masses produce grav-
itational waves, akin to how accelerating charges generate electromagnetic waves.
In 2015, the LIGO-Virgo collaborations achieved a groundbreaking milestone by
directly observing gravitational waves from the merger of two black holes[10]. How-
ever, extracting meaningful signals from the data collected by detectors, often buried
in noise [11], requires precise theoretical predictions. This necessity has sparked
renewed interest in calculating classical gravitational quantities relevant to gravita-
tional wave research. As the next generation of detectors emerges, the demand for
increasingly accurate predictions continues to grow.

It is natural to rely on general relativity for such calculations. Since our focus
is on a classical result—given that general relativity is devoid of any quantum as-
pects—the question arises: how does quantum field theory (QFT) come into play
in this context? We will address this question shortly. However, let us first remind
the reader that quantum field theory (QFT) offers a fine-grained description of na-
ture, enabling us, in principle, to recover any classical result through an appropriate
process of coarse graining.

In quantum mechanics, the reduced Planck’s constant, ℏ, defines the boundary
of the quantum domain. To transition from quantum to classical results, the ap-
propriate coarse graining involves taking the limit ℏ → 0, which we will refer to as

4



Chapter 1. Introduction

the classical limit. Consequently, there has been considerable effort in recent years
to compute classical gravitational observables from certain effective field theories
(EFTs) of gravity by applying this classical limit.

Given that the gravitational waves of interest are low-energy, with wavelengths
significantly larger (∼ 104 − 105 m) than the celestial bodies emitting them (∼
100 − 101 m), these bodies—such as black holes and neutron stars—can be effec-
tively modeled as point particles. This allows us to employ an effective field theory
(EFT) framework, describing point particles interacting through the exchange of
gravitons. This description has significant advantages over the general relativity-
based approaches. Since general relativity is highly non-linear, it is very hard to
use general relativity directly to perform the precision calculation we need. On the
other hand, such problems became computationally very demanding in numerical
relativity. Using the QFT-based methods, it is possible to do such computations
perturbatively in Newton’s constant G. This thesis will introduce a new method for
performing such calculations.

This thesis

This thesis explores three key aspects of zero-energy modes in quantum field theory.
First, we examine a condensed matter system with boundaries, where zero-energy
fermion edge states induce ferromagnetic behavior in the material. Next, we delve
into a scalar field theory to shed light on certain formal properties of infrared di-
vergences in quantum field theories. Finally, we demonstrate how the zero-energy
limit can be utilized to derive a specific class of classical observables from quantum
field theories. Through these discussions, we aim to highlight the intricate role of
zero-energy modes in both the theoretical and observational domains of QFT. The
organization of this thesis is as follows:

In Chapter 2, we first discuss how the low-energy behavior of graphene, a 2 + 1
dimensional form of carbon, is governed by a relativistic theory of massless fermions.
We then examine the boundary conditions for massless Dirac fermions in 2+1 di-
mensions, specifically in a half-plane geometry. Among the key results, we highlight
a boundary condition that gives rise to fermion zero-mode edge states. These edge
states reveal unique representations of scale, phase, and translation symmetries,
and by imposing symmetry requirements, we demonstrate how they lead to edge
ferromagnetism in the system. Furthermore, we show that these exotic ferromag-
netic representations are indeed associated with the ground states of the system
when perturbed by certain interaction Hamiltonians, including the non-relativistic
Coulomb interaction.

In Chapter 3, after presenting some general discussions on the infrared diver-
gence in QED and the quantum information content of zero-energy photons, we
discuss similar issues in a scalar field theory. We present a field theory containing
massless scalar particles with an infrared structure closely resembling those found in
quantum electrodynamics and perturbative quantum gravity. However, unlike these

5



Chapter 1. Introduction

theories, it lacks gauge invariance, internal symmetries, or any apparent asymptotic
symmetry. We explore the consequences of the reduced symmetry and find that
while the absence of gauge symmetries does not affect the infrared structure, it does
affect some aspects of the quantum information content.

In Chapter 4, we present a novel approach of calculating classical observables
within the quantum field theory (QFT) framework by utilizing the zero-energy limit.
This method is implemented through the “in-in” formalism, with all essential pre-
requisites discussed in the chapter. Our results demonstrate the effectiveness of
the zero-energy limit in deriving classical quantities from QFT. Furthermore, the
findings enrich existing literature on using QFT techniques to compute classical
quantities, addressing and resolving several technical challenges faced by current
methodologies.

In chapter 5, we conclude our work and comment on some future directions.

6



Chapter 2

Massless Fermions on
Semi-infinite Graphene

In this chapter, we will discuss a continuum field theory that describes the low-energy
physics of a semi-infinite sheet of graphene. We will find that this system has many
interesting properties in the presence of a boundary and allows for zero modes. In
the next section, we discuss some prerequisites for understanding the main contents
of this chapter. Throughout this chapter, we adopt the mostly positive signature
for the flat spacetime metric.

2.1 Background materials

Graphene is a two-dimensional single-layer allotrope of carbon. It is famous for
its unusual electronic properties [12]. In particular, graphene can be used as a
condensed matter system to simulate various QFT phenomena like anomalies [13–
15], as well as models of holographic systems [16]. In this section, we will discuss
the emergence of relativistic symmetry in graphene [17].

Let us start with the lattice description of graphene. The bonds that connect the
nearest C carbon atoms can be described by sp2 hybridization. Since the number of
valence electrons in carbon is four and three of them are connected to three other
carbon atoms, there is one free electron per carbon atom living in the pz orbital. As
a result, graphene has a hexagonal honeycomb lattice as shown in the figure 2.1.

The hexagonal lattice is comprised of two inequivalent sublattices A and B de-
picted by the circle and square in 2.1. Let’s take two basis vectors for the A sub-
lattice:

a⃗1 =
1

2
(3,

√
3)a, a⃗2 =

1

2
(3,−

√
3)a (2.1)

where a = 1.42Å is the lattice constant. Each A atom is connected to three B atoms
via vectors

δ⃗1 =
1

2
(1,

√
3)a, δ⃗2 =

1

2
(1,−

√
3)a, δ⃗3 = (−1, 0)a. (2.2)

The simplest Hamiltonian for the system is described by the tight-binding model. To
the first approximation, we only consider each electron can only hop to the nearest
neighbor atom. This gives the following Hamiltonian for graphene in terms of the
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2.1. Background materials

B

A

δ1

δ2

δ3

a

a1

a2

(a)

(b)

Figure 2.1: a) The hexagonal lattice structure of graphene is comprised of two
inequivalent sublattice atoms, denoted here by A and B. b) A choice of basis vector
for the A sublattice. Acting on by ma⃗1 + na⃗2 with m,n integers, it is possible to
move around between all A points.

fermionic annihilation and creation operators at sites A and B as

H =
3∑

i=1

∑
n,σ

[
ta†n,σbn+δi,σ + h.c.

]
; (2.3)

where |t| ≈ 2.8eV is the hopping parameter, σ = {↑, ↓} stands for the spin, and h.c
denotes Hermitian conjugation. The n sum runs over the position of all A atoms.
As an example, a†(3a1,2a2)↑ creates an electron with spin up at position (3a1, 2a2).

To further diagonalize the Hamiltonian, next we write the operators an,σ, bn,σ in
terms of Bloch waves by defining a column vector of Fourier transformation

ψn,σ ≡
[
an,σ
bn,σ

]
=

1√
N

3∑
j=1

∫
B
d2k

[
α
k⃗,σ
eik⃗·R⃗n

β
k⃗,σ
eik⃗·(R⃗n+δj)

]
, (2.4)

where R⃗n = n1a⃗1+n2a⃗2 is the position of an arbitrary lattice site A spanned by the
unit vectors, N is the number of unit cells and the k⃗ integrals are over the Brillouin
zone. The Fourier coefficients satisfy

{α†
k⃗,σ
, α

k⃗′,σ′} = δ2(k⃗ − k⃗′)δσσ′ = {β†
k⃗,σ
, β

k⃗′,σ′}

and all other anti-commutators are zero. The Hamiltonian takes the form

H =
∑
k⃗

[
α†
k⃗,σ

β†
k⃗,σ

] [ 0 ∆(k⃗)

∆∗(k⃗) 0

][
α
k⃗,σ

β
k⃗,σ

]
, ∆(k⃗) = t

3∑
j=1

eik⃗·δ⃗j . (2.5)
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2.1. Background materials

The energy eigenvalues E
k⃗
= ±|∆(k⃗)| represent two energy bands respectively.

So far our analysis have been exact. Now we will concentrate on the low energy
physics of the system. The zero of the energy can be found by solving the following
equation

E
k⃗
= 0

or, eik⃗·δ⃗1 + eik⃗·δ⃗2 + eik⃗·δ⃗3 = 0.

After some rearrangement we get,

1 + e−i
√
3kya + e−i 3

2
kxa−i

√
3

2
kya = 0 . (2.6)

The above equation has the following six solutions

(kx, ky) =
2π

3a

(
±1,± 1√

3

)
,
2π

3a

(
0,± 2√

3

)
. (2.7)

These six points where the top and bottom bands touch each other i.e the energy is
zero are called Dirac points. In fact, not all six points are independent. Only two
of them are independent. Let’s take them to be

(K) =
2π

3a

(
1,

1√
3

)
, (K ′) =

2π

3a

(
1,− 1√

3

)
. (2.8)

Indeed, if we define two reciprocal lattice vectors1

b⃗1 =
2π

3a

(
1,
√
3
)
, b⃗2 =

2π

3a

(
1,−

√
3
)
, (2.9)

then translating the independent points (K) and (K ′) by these vectors takes us to
the remaining Dirac points.

Since we are interested in the low energy excitation of the system, near the (K)
and (K ′) points, we have in the linear order in k⃗ :

∆(K)(K + k⃗) = −ie
2πi
3 vF (kx + iky)

∆(K′)(K ′ − k⃗) = −ie
2πi
3 vF (kx − iky),

where vF = 3at
2 . Ignoring the overall phase factor −ie

2πi
3 , the Hamiltonian near

these points takes the form

H(K + k⃗) = vF

[
0 kx − iky

kx + iky 0

]
H(K ′ + k⃗) = vF

[
0 kx + iky

kx − iky 0

]
.

(2.10)

1These are defined from the real space unit vectors a⃗i by a⃗i · b⃗i = 2πδij
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2.1. Background materials

These two points (K) and (K ′) are called valleys. As it can be seen from the above
expressions, the Hamiltonian is different in two valleys. However, from a practical
purpose, it is very convenient to use same Hamiltonian but assign the valley index
to the two-component spinor instead. The spinors in two valleys are defined as

ψ(K)
σ (k⃗) ≡

[
ασ(K + k⃗)

βσ(K + k⃗)

]
, ψ

(K′)
σ (k⃗) ≡

[
βσ(K

′ + k⃗)

ασ(K
′ + k⃗)

]
. (2.11)

Even though we are calling the above column vectors spinors, they have nothing to
do with the real spin of the electrons. In fact, the components of the spinor label
the wave functions at A and B valleys. The Hamiltonian describing the low-energy
effective action of the graphene is then

H = vF
∑
A,σ

∫
B
d2k ψ†(A)

σ (k⃗)

[
0 kx − iky

kx + iky 0

]
ψ(A)
σ (k⃗) , A ∈ {K,K ′} (2.12)

where we integrate over the modes that are in the first Brillouin zone. Taking the
inverse Fourier transform we can write the above equation in position space as

H = vF
∑
A,σ

∫
d2x ψ†(A)

σ (x)

[
0 ∂x + i∂y

∂x − i∂y 0

]
ψ(A)
σ (x). (2.13)

Cutting the graphene

Now we would like to consider a semi-infinite graphene sheet. There are two principal
ways of cutting the graphene. The resulting edge configurations are known as zigzag
or armchair edges (figure 2.2) The boundary of the zigzag edge is composed of just
one type of atom. Mathematically, that means one of the two components of the
spinor is zero at the edge. The zigzag edge allows for zero-energy edge states called
zero modes. Fermion zero modes give rise to a plethora of remarkable phenomena
in condensed matter physics, such as fractional charge [14, 18], topological order
[19], and various anomalies. In the context of graphene nano-ribbons, these edge-
zero modes have been predicted to show magnetic order when the electron-electron
interaction is taken into account [20, 21].

From lattice to continuum

Before discussing the main materials of this chapter, let us briefly discuss what to
expect when going from a lattice model to its low-energy field theory description,
as we have done above for graphene. To begin with, the symmetry group associated
with low-energy EFT is almost always larger than that of lattice theory. In the
above example, the lattice model has discreet translational symmetry, but contin-
uum theory has continuous translational as well as spatial rotational symmetry. In
fact, the free theory (2.13) has Lorentz as well as conformal symmetry. The latter
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2.1. Background materials

Figure 2.2: Two inequivalent ways of cutting the graphene sheet

is a symmetry group that includes the Lorentz group appended by scale invariance,
and another special symmetry transformation called special conformal transforma-
tion. All these symmetries that are present in the low energy description but not in
the lattice model are examples of emergent symmetries.

There are intriguing peculiarities that arise when transitioning from a lattice
framework to a continuum QFT description. One prominent example is the fracton
(see [22, 23] and references therein), where the lattice theories are well-defined, yet
the continuum QFT exhibits unusual properties not typically encountered in con-
ventional continuum QFTs. Another interesting question to consider is whether a
symmetry observed in a well-defined continuum QFT is also present in the corre-
sponding lattice model. If so, how is this symmetry realized in the lattice system?
Recent explorations of these questions have led to very unexpected and non-trivial
results [24, 25].

In this chapter, we will see that our low-energy QFT that describes graphene
on the semi-infinite plane also exhibits some unique and interesting properties. For
example, we will find a situation where we have a theory that breaks Lorentz and
conformal symmetry but retains scale invariance. We will find another instance,
where the continuum theory predicts two ferromagnetic ground states but the cor-
responding lattice theory only has one ferromagnetic ground state. Our system can
be regarded as yet another example where the transition from lattice to continuum
presents some surprises and opens up avenue for further research.
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2.2. Introduction

2.2 Introduction

One of the fascinating properties of the Dirac theory of fermions quantized in 2 +
1 spacetime dimensions is that the mass term in the Dirac equation can, and in
some cases must, break some of the discrete spacetime symmetries. For example,
for a single two-component Dirac spinor, the Dirac equation with a mass term,[
/∂ +m

]
ψ(x) = 0, while having the full Poincare symmetry expected of a relativistic

wave equation, necessarily violates both spacetime parity (P ) and time reversal (T )
invariance, although it does have good charge conjugation (C) symmetry, PT and
CPT .

Of course the P and T symmetries can be restored by doubling the fermions
so that the two species of fermions transform into each other under P or T , but
then the signs of the mass term for each of the two species must be different and
the mass terms break a global U(2) symmetry (or O(2) symmetry in the case of
Majorana fermions) which would rotate the two species into each other. One has
the statement that, even for the case of doubled fermions, they can have a mass
gap, but that gap must necessarily violate either P and T or an internal U(2) (or
O(2)) symmetry as U(2) → U(1)× U(1) or O(2) → Z2 × Z2

2.
In this chapter we wish to point out another fact, that even in the absence of

mass, a single species of Dirac fermion defined on a 2+1-dimensional spacetime with
a 1+1-dimensional boundary also violates the discrete spacetime symmetries P and
T through its boundary conditions. Like a mass term, it preserves PT . In addition,
like for a massive fermion, P and T can be restored by doubling the fermions, but
then the boundary condition will violate a U(2) symmetry. Note that we do not
include the Majorana option here, since, generically, there isn’t one. Unlike a mass
term, boundary conditions for a single massless fermion on a half-space generally
violate C. Here, and in the rest of this chapter, we will always take the boundary
to be as symmetric as possible, specifically, if xµ = (x0, x1, x2), are the Cartesian
coordinates of open, infinite Minkowski space, we will consider the half-space x1 > 0.

We will show that there is only one essentially unique special case of a boundary
condition where a single species of fermion can have C symmetry. That theory,
even though it violates P and T , has C and CPT invariance and it also preserves
the Poincare and conformal symmetry of the boundary. It has the only boundary
condition where a single species fermion can be a boundary conformal field theory.
In all other cases, a single fermion species violates C and CPT and, coincidentally,
it also violates the Lorentz and conformal symmetries of the boundary.

We will also find that when the fermions are doubled, this special, highly sym-
metric theory has C, P and T symmetries as well as the full conformal symmetry
of the boundary and, amongst all of the possibilities we consider, it is still the
unique one which is a boundary conformal field theory. It is the theory described
in equations (2.44)-(2.49) of section 2.4 below. We will refer to it as the BCFT. For

2We denote the symmetry breaking by the arrow
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2.2. Introduction

doubled fermions, we shall call the two species “the valleys”, after the terminology
used in graphene. This boundary conformal field theory is the low energy theory
that models clean graphene near charge neutrality and with an armchair boundary
[26, 27].

There is, for doubled fermions, a second boundary condition that preserves C
as well as P and T , distinct from the boundary conformal field theory described
above. The difference is that its C transformation, like P and T , interchanges the
two valleys, whereas in the BCFT it does not. Having C, P and T separately, it
has CPT symmetry but it is not Lorentz or conformal invariant. The Lorentz and
conformal symmetries are broken by the boundary condition and they cannot be
restored by doubling. This theory still has the residual translation symmetries and
the scale symmetry of the boundary and it is an example of a scale invariant but not
conformally invariant field theory. It is the one described in equations (2.50)-(2.55)
of section 2.4 and we shall refer to it as the “zig-zag theory” as it describes the
low energy limit of electrons near the charge neutral point in clean graphene with a
zig-zag edge. The interesting feature of the zig-zag theory is that it has the unique
boundary condition where the Dirac Hamiltonian can have static fermion zero mode
edge states. The existence of bound states in a scale invariant theory where there
are no dimensionful parameters is already unusual. In addition to that, fermion zero
modes have long been associated with exotic realizations of symmetries [14, 18] and
this zig-zag theory is no exception. In this case it is the representation of the scaling
symmetry which we shall find interesting.

We will show that the only populations of the zero mode edge states with
fermions which can be scale invariant are those where complete bands of the states
are either completely filled or completely empty. This fact, together with a require-
ment of U(1) (electric) charge neutrality will lead us to the valley ferromagnetic
states. Of course such states are only one or two of the enormous number of can-
didates amongst the degenerate ground states in a system with an infinite number
of fermion zero modes and, in the free fermion theory, there is little besides their
special symmetry property that distinguishes them. To improve on this situation,
we generalize an old argument, related to the Hund rules of atomic physics, and
previously applied to the quantum Hall ferromagnetism that is seen in graphene
[28] to prove that a perturbation of the free fermion theory by an instantaneous
Coulomb interaction actually favours these ferromagnetic states – in fact they are
the exact ground state if the Coulomb interaction is weak enough. This establishes
their importance and therefore the importance of scale invariant states.

Practically any discussion of massless relativistic fermions in 2+1-dimensions
should have applications to Dirac materials [29], examples of which are d-wave su-
perconductors, graphene, and topological insulators. Graphene has long been a
venue where field theoretical ideas about 2+1 dimensional Dirac fermions could find
application [13] and boundary conditions for the Dirac field corresponding to var-
ious boundaries have been found [30, 31] and are compatible with what we shall
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2.2. Introduction

find in this chapter. Moreover, the occurrence of edge states on zig-zag edges of
graphene [20, 32] was discussed years before graphene was readily available in the
laboratory and their fascinating properties have inspired literally thousands of re-
search papers. The edge states themselves are readily detected by experimental
techniques such as scanning tunnelling microscopy[33, 34], high resolution transmis-
sion electron microscopy [35] and atom-by-atom spectroscopy [36]. Most theoretical
modelling using a variety of techniques, mean field theory[20, 37, 38], density func-
tional theory[39, 40], numerics [41–43] and perturbation theory [21, 44], indicate
that the edge states favour taking up a ferromagnetic configuration, although this
has yet to be seen reliably in experiments. Such an edge ferromagnetic state is
expected to have important technological applications in spintronics [39, 40]. The
theoretical computations normally use the lattice tight binding model of graphene
and various types of interactions and mean field theory arguments. Our results are
confined to the scale invariant continuum theory that would describe the electrons
in a low energy, large wavelength limit of clean graphene near charge neutrality. In
that context, our proof that the scale invariant valley or spin ferromagnetic states
are actually the true ground states of such a system with a weak Coulomb inter-
action added is in line with other results in this vein. Affleck [21, 44] et.al. give
a strong argument that the ground state of charge neutral graphene with a weak
Hubbard interaction is edge ferromagnetic and they also argue, with somewhat less
rigour that the same should apply with the Coulomb interaction. Our work uses
a similar technique, is in agreement with them and, in addition, it solves the issue
of edge-bulk hybridization which they left as an open problem. It also treats the
Coulomb interaction directly and it is easily generalized to other interactions. Fi-
nally, we emphasize the tantalizing possibility that this edge state ferromagnetism
could be confirmed by experiment in the near future.

One interesting property of the valley ferromagnetic states of the system with
two species (two valleys and one spin polarization) that we find, and which we would
like to understand better, is an induced momentum density for momentum parallel
to the boundary (see equation (2.68),〈

T02(x)
〉
= ± 1

4π

1

x31

where Tµν(x) is the stress tensor and the sign on the right-hand-side depends on
the polarization of the valley ferromagnet. This equation is relevant to spin polar-
ized graphene. With two degenerate spin states, it can easily cancel between two
spin degrees of freedom. It can also easily be shown that this apparent buildup of
momentum density is not due to charge transport as the current vanishes,〈

J2(x)
〉
= 0

The remainder of this chapter is organized as follows. In section 2.3, we will
discuss the possible boundary conditions for the Dirac field. This includes a discus-
sion of both the discrete and continuous spacetime symmetries. It is where we show
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2.3. Single species of massless Dirac Fermion

that there is essentially one unique Lorentz and conformal invariant possibility. In
section 2.4, we look at the possibility of restoring the discrete spacetime symmetries
by doubling the number of fermions. We find and then we concentrate on two in-
teresting cases, which we will call the BCFT and the zigzag theories. In section 2.5,
we explore the zigzag theory in more detail by solving the Dirac equation explicitly
and then discussing the possible ground states of the quantum field theory. It is
there that we argue that scale invariance is closely tied to valley ferromagnetism.
In section 2.6, we prove that the ferromagnetic states are the ground state of the
zigzag theory deformed by a weak nonrelativistic Coulomb interaction. In section
2.7, we offer conclusions.

2.3 Single species of massless Dirac Fermion

Consider a single Dirac Fermion which obeys the massless Dirac equation

iγµ∂µψ(x) = 0 (2.14)

with the Dirac field obeying equal time anti-commutation relations{
ψ(x), ψ†(x′)

}
δ(x0 − x′

0
) = δ2(x− x′) (2.15)

and defined on the half-space (x0, x1, x2) with x1 > 0. The spinor field must also
obey a boundary condition which we will assume is linear and we will take as

lim
x1→0

(1−Π)ψ(x) = 0 (2.16)

where Π is a 2× 2 matrix. In the following we will discuss the possible forms of Π.
Note that the anti-commutator (2.15) is valid only in the region where x1, x′1 > 0.

We will consider linear boundary conditions where the Dirac Hamiltonian

H = iγ0γ⃗ · ∇⃗ (2.17)

defined on the space with a boundary is a self-adjoint differential operator. A nec-
essary condition is that the normal component of the fermion particle flux vanishes
there, that is,

−ψ†(x)γ0γ1ψ(x)
∣∣∣
x1=0

= 0 (2.18)

This requirement is satisfied by a two-parameter family of local, linear boundary
conditions of the sort in equation (2.16) where

Π = i coshχ cos θγ0 + coshχ sin θγ1 + i sinhχγ2 (2.19)

Here the parameter χ can be any real number and θ ∈ [−π, π]. A constraint on Π
that is solved by the ansatz (2.19) is simply that (1−Π) must be proportional to a
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2.3. Single species of massless Dirac Fermion

projection operator with rank one, so that, at the boundary, it constrains one of the
two degrees of freedom in the Dirac spinor ψ(x). In the next section, we shall see
that the boundary condition (2.16) with Π given in (2.19) generally violates both
discrete and continuous spacetime symmetries. Then we will focus on a few special
cases which can be more symmetric.

2.3.1 Discrete spacetime symmetries

To examine the discrete spacetime symmetries of the Dirac equation, it is useful to
observe that the Dirac matrices are 2×2 matrices which have a Majorana represen-
tation in which they are real,

γ0 = −iσ2 , γ1 = σ1 , γ2 = σ3 , γµ = γ∗µ (2.20)

where

σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
(2.21)

are the Pauli matrices. These matrices have the algebraic property

γµγν = ϵµνλγλ + ηµν (2.22)

where ϵµνλ is the totally anti-symmetric tensor with ϵ012 = 1 and ηµν = diag(−1, 1, 1)
is the metric of Minkowski spacetime.

When the Dirac matrices are in the Majorana representation (2.20) the discrete
spacetime symmetries, C, P and T of the Dirac equation are given by the transfor-
mations

C : ψ(x) = ψ∗(x) when γµ = γ∗µ (2.23)

P : ψ(x) = iγ2ψ(x′) x′ = (x0,−x1, x2) (2.24)

T : ψ(x) = T iγ0ψ(x̃) x̃ = (−x0, x1, x2) (2.25)

In equation (2.25), T is the complex conjugation operator. Here we have adjusted
the phases of the P and T transformation so that, when acting on fermions, P 2 =
−1, T 2 = −1 and (CPT )2 = −1, although this is not important for the current
discussion.

There is no choice of the parameters χ and θ for which the boundary condition
(which we recopy here for convenience)

lim
x1→0

(1−Π)ψ(x) = 0 (2.26)

Π = i coshχ cos θγ0 + coshχ sin θγ1 + i sinhχγ2 (2.27)

is compatible with either the P or the T transformation. All possible choices of the
linear boundary condition break both P symmetry and T symmetry. However, all
of the possible choices preserve the combined PT symmetry.
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2.3. Single species of massless Dirac Fermion

Since PT is a good symmetry, we could ask about CPT which would require
invariance under C. The C transformation is simple in the Majorana representation
where the Dirac operator /∂ is real. Invariance under C further requires that the
boundary condition is real. Of the family of conditions in equations (2.26) and
(2.27), there are only two essentially equivalent boundary conditions that preserve
C and therefore CPT . They are gotten from the choice of parameters χ = 0 and
θ = ±π

2 in Π above so that

Π = ±γ1 , lim
x1→0

(
1∓ γ1

)
ψ(x) = 0 (2.28)

Coincidentally, we will see shortly that these are also the unique choice of boundary
condition that preserves the Lorentz and conformal symmetry of the boundary. It
is interesting to find such a strong correlation between CPT and Lorentz invariance
in the context of a boundary field theory. The Dirac theory on a half-space with one
of the boundary conditions in equation (2.28) is the starting point for construction
of a boundary conformal field theory with fermion content.

Another special boundary condition that will be of interest to us is one which
allows edge states. These are zero energy eigenstates of the Dirac Hamiltonian
(2.17) which are localized at the boundary. In the family of boundary conditions in
equations (2.26) and (2.27) there is an essentially unique choice for which this can
occur, the choices χ = 0 and θ = ±π,

Π = ±iγ0 , lim
x1→0

(
1± iγ0

)
ψ(x) = 0 (2.29)

As we have already discussed, this boundary condition violates all of the C, P , T
and CPT symmetries and we will see shortly that it also violates the Lorentz and
conformal symmetry of the boundary. On the other hand, the edge states have
interesting implications for the physical properties of such a system. A discussion
of them and their properties will occupy most of the bulk of this chapter.

2.3.2 Continuous Spacetime symmetries

A continuous space-time symmetry is symmetry under an infinitesimal coordinate
transformation xµ → xµ + fµ(x) where the spinor field transforms as [45]

δfψ(x) =

[
fµ(x)∂µ +

1

4
ϵµνλ∂µfν(x)γλ +

1

3
∂µf

µ(x)

]
ψ(x) (2.30)

On infinite 2 + 1-dimensional spacetime – without the boundary – the above trans-
formation is a symmetry of the Dirac equation (2.14) and the symplectic structure
when fµ(x) is a conformal Killing vector of three-dimensional Minkowski space. A
conformal Killing vector obeys the conformal Killing equation

∂µfν(x) + ∂νfµ(x)−
2

3
ηµν∂λf

λ(x) = 0 (2.31)
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2.3. Single species of massless Dirac Fermion

The ten solutions of this equation are

fλ(x) =
{
aλ, ωλ

ρx
ρ, cxλ, xλb · x− bλx2/2

}
(2.32)

corresponding to translations δxλ = aλ, Lorentz transformations δxλ = ωλ
ρx

ρ where

ωµν = −ωνµ , dilatations δxλ = cxλ and conformal transformations δxλ = xλbνx
ν −

bλxνx
ν/2 with parameters bλ, respectively.

When the boundary is present, these symmetries are reduced to those which
preserve the geometry of the boundary and which also preserve the boundary condi-
tion. The symmetries which preserve the geometry of the boundary are just the
symmetry transformations of the boundary itself which in our case is the two-
dimensional Minkowski spacetime with coordinates xµ = (x0, 0, x2). The remaining
symmetries are then time translations and space translations along the boundary,
aµ = (a0, 0, a2), the Lorentz transformation along the boundary, with the only
nonzero components of ωλ

ρ being ω20 = −ω02, the dilatation symmetry with parame-
ter c and δxµ = c(x0, x1, x2) and the conformal transformations with bµ = (b0, 0, b2).
These transformations are generated by Noether currents related to the stress tensor
and Noether charges which generate the transformations, respectively

− i [Pµ, ψ(x)] = ∂µψ(x) , µ = 0, 2 (2.33)

− i [M, ψ(x)] =

(
x2∂0 − x0∂2 +

1

2
γ1
)
ψ(x) (2.34)

− i [∆, ψ(x)] = (xµ∂µ + 1) ψ(x) (2.35)

− i [Kλ, ψ(x)] =

{(
xλx

µ − x2

2
δµλ

)
∂µ +

1

2
ϵλρσx

ργσ + xλ

}
ψ(x), λ = 0, 2 (2.36)

Because of the presence of γ1 in the transformation, for generic values of χ and θ,
the boundary conditions in equations (2.26) and (2.27) are not invariant under the
Lorentz transformation generated by M in equation (2.34), nor are they invariant
under the conformal transformations generated by K0 or K2 in equation (2.36).
The transformation from the spin operators in both of those cases would not be
compatible with the boundary conditions. The generic boundary condition therefore
reduces the symmetry of the theory from the conformal symmetry of the boundary
to a subset consisting of time translations, spatial translations along the boundary
and dilatations. These symmetries are governed by the sub-algebra.generated by
P0, P2 and ∆ of the full conformal algebra.

There is one special case of the boundary conditions which is compatible with
the spin part of the transformation in M, K0 and K2. It is the case where χ = 0,
θ = ±π

2 and Π = ±γ1, where the boundary condition preserves the Lorentz and
conformal invariance. As we have discussed earlier in this section, this is also the
unique special case where the boundary condition preserves C and CPT symmetries.
The single relativistic fermion theory in that special case is a boundary conformal
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2.4. Doubled fermions

field theory and as such it is interesting in its own right. It would be very interesting
to study it further using conformal techniques. We do not have time or space to
do it justice here and we put it off for future work. Instead we will concentrate on
another special case.

2.4 Doubled fermions

In the previous section, we learned that P and T can never be good symmetries
of a single massless Dirac theory for any acceptable linear boundary condition. In
this section, we will double the degrees of freedom so that there are two species of
fermions, ψ(1)(x) and ψ(2)(x) satisfying identical massless Dirac equations

iγµ∂µψ
(1)(x) = 0 , iγµ∂µψ

(2)(x) = 0 (2.37)

and, as is common in the literature on Dirac materials like graphene, we will call the
two species the two “valleys”.3 Now, we can do one of two things. We could demand
that each valley has the same boundary condition. Then we would simply have two
identical copies of the P and T violating fermions that we studied in the previous
section. The system would have a “valley symmetry” under the transformation
ψ(A)(x) → UA

Bψ
(B)(x) where UA

B is a 2× 2 unitary matrix.
Alternatively, we could allow the valleys to transform into each other under P

and T . Cursory examination of the possibilities shows us that the following system
is P and T symmetric,

iγµ∂µψ
(1)(x) = 0 , iγµ∂µψ

(2)(x) = 0 (2.38){
ψ(A)(x), ψ(B)†(x′)

}
δ(x0 − x′

0
) = δABδ2(x− x′) (2.39)

ψ(1)(x)x1→0 = (i coshχ cos θγ0 + coshχ sin θγ1 + i sinhχγ2)ψ
(1)(x)x1→0 (2.40)

ψ(2)(x)x1→0 = (−i coshχ cos θγ0 − coshχ sin θγ1 + i sinhχγ2)ψ
(2)(x)x1→0 (2.41)

where T and P are

T :

{
ψ(1)(x) → T iγ0ψ(2)(x̃)

ψ(2)(x) → T iγ0ψ(1)(x̃)
(2.42)

P :

{
ψ(1)(x) → iγ2ψ(2)(x′)

ψ(2)(x) → iγ2ψ(1)(x′)
(2.43)

3We caution the reader that the valleys that we refer to can differ from the specific species
that are commonly referred to as valleys in graphene which are the individual sets of electronic
excitations near the two K-points. In our continuum approach we do not have information about
the identity of the K points. Instead we will chose a basis for our two species of fermions which
diagonalize the boundary conditions in equation (2.40) and (2.41). A more general choice would
have a Hermitian matrix with eigenvalues ±1 acting on the valley indices on the right-hand-side
of those equations. Our “valley” fermions are generally linear combinations of the usual graphene
valley electrons for the (BCFT) armchair edge, but they coincide with the usual definition for the
zig-zag edge.
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2.4. Doubled fermions

for any value of the parameters χ and θ. We thus have a large family of boundary
conditions which are compatible with P and T symmetry. We note that, on the
other hand, for any values of χ and θ, the boundary condition breaks the valley
symmetry – reducing U(2) to U(1)× U(1).

Now that, in equations (2.38)-(2.43), we have restored the P and T symmetries,
we can again ask whether any of the family of boundary conditions there is also
consistent with imposing a C symmetry. For this, there are only two possibilities.
In the first possibility, we assume that C does not interchange the valleys, that is
(1) → (1) and (2) → (2). Then it can be so only if χ = 0 and θ = ±π/2 and
(2.38)-(2.43) become

iγµ∂µψ
(1)(x) = 0 , iγµ∂µψ

(2)(x) = 0 (2.44){
ψ(A)(x), ψ(B)†(x′)

}
δ(x0 − x′

0
) = δABδ2(x− x′) (2.45)

[1− γ1]ψ
(1)(x)x1→0 = 0 , [1 + γ1]ψ

(2)(x)x1→0 = 0 (2.46)

where

T :

{
ψ(1)(x) → T iγ0ψ(2)(x̃)

ψ(2)(x) → T iγ0ψ(1)(x̃)
(2.47)

P :

{
ψ(1)(x) → iγ2ψ(2)(x′)

ψ(2)(x) → iγ2ψ(1)(x′)
(2.48)

C :

{
ψ(1)(x) → ψ(1)∗(x)

ψ(2)(x) → ψ(2)∗(x)
(2.49)

The above equations (2.44)-(2.49) now describe a C, P and T invariant boundary
conformal field theory which we refer to as BCFT. This theory describes the very
low energy limit of clean, charge neutral (spin polarized) graphene with an armchair
edge.

The other possibility for obtaining a C invariant theory is to let the C transfor-
mation interchange the valleys (1) ↔ (2). There is also a unique choice in equations
(2.38)-(2.43), which obtains C invariance with this interchange, where the parame-
ters are χ = 0 and θ = ±π, and (2.38)-(2.43) become

iγµ∂µψ
(1)(x) = 0 , iγµ∂µψ

(2)(x) = 0 (2.50){
ψ(A)(x), ψ(B)†(x′)

}
δ(x0 − x′

0
) = δABδ2(x− x′) (2.51)

[1 + iγ0]ψ
(1)(x)x1→0 = 0 , [1− iγ0]ψ

(2)(x)x1→0 = 0 (2.52)
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2.5. Edge states

where

T :

{
ψ(1)(x) → T iγ0ψ(2)(x̃)

ψ(2)(x) → T iγ0ψ(1)(x̃)
(2.53)

P :

{
ψ(1)(x) → iγ2ψ(2)(x′)

ψ(2)(x) → iγ2ψ(1)(x′)
(2.54)

C :

{
ψ(1)(x) → ψ(2)∗(x)

ψ(2)(x) → ψ(1)∗(x)
(2.55)

This theory is C, P and T invariant. We note and emphasize here that the doubling
of the fermion degrees of freedom cannot restore a continuous space-time symmetry
that is broken by boundary conditions. The system described by equations (2.50)-
(2.55) boundary conditions still violate the Lorentz and conformal symmetries of
the boundary so that its only continuous spacetime symmetries are under time
translation, space translation parallel to the boundary and scale transformations. It
is still, on the other hand, a doubled version of the unique boundary condition that
allows the Dirac equation to have zero energy edge state solutions. A discussion of
those solutions and their implications for the realization of the remaining symmetries
will occupy the rest of this chapter. This theory describes the very low energy limit
of clean, charge neutral (spin polarized) graphene with an zig-zag edge, as well as a
host of other possible edges that are related to the zig-zag [30, 31].

2.5 Edge states

Let us consider the zig-zag system described by the equations and boundary condi-
tions in equations (2.50)-(2.55). If we look for solutions of the Dirac equation of the

form ψ(A)(x) =

[
u(A)(x)

v(A)(x)

]
the equation and boundary condition become

[
∂y ∂x − ∂t

∂x + ∂t −∂y

] [
u(A)(t, x, y)

v(A)(t, x, y)

]
= 0

u(1)(t, 0, y) = −iv(1)(t, 0, y) , u(2)(t, 0, y) = iv(2)(t, 0, y) (2.56)

Note that, in this Majorana representation of the Dirac matrices, the Dirac equation
is real. However, the boundary conditions are not real, so the solutions which we
shall find are complex.

The equation and boundary conditions in (2.56) have the explicit solutions (with
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(x0, x1, x2) labeled (t, x, y))

ψ
(1)
k,ℓ±(x) =

e−iωt+iky

√
8πω2

[
(ik + ℓ+ ω)eiℓx + (−ik + ℓ− ω)e−iℓx

i(ik + ℓ− ω)eiℓx + i(−ik + ℓ+ ω)e−iℓx

]
(2.57)

ψ
(2)
k,ℓ±(x) =

e−iωt+iky

√
8πω2

[
(−ik + ℓ+ ω)eiℓx + (ik + ℓ− ω)e−iℓx

i(ik − ℓ+ ω)eiℓx + i(−ik − ℓ− ω)e−iℓx

]
(2.58)

ℓ ≥ 0, −∞ < k <∞,

ψ
(A)
k,ℓ+(x) has ω =

√
k2 + ℓ2; ψ

(A)
k,ℓ−(x) has ω = −

√
k2 + ℓ2

(2.59)

ψ
(1)
0,k(x) =

√
|k|
2π

eiky−kx

[
1
i

]
, k > 0, ω = 0 (2.60)

ψ
(2)
0,k(x) =

√
|k|
2π

eiky+kx

[
1
−i

]
, k < 0, ω = 0 (2.61)

The above solutions are Dirac spinors ψ
(1)
k,ℓ±(x) and ψ

(2)
k,ℓ±(x) which propagate in the

bulk of the half-space and we shall refer to them as “bulk states”. Their subscripts
± have two choices of sign, + corresponds to a positive energy solution and −
corresponds to a negative energy solution. Then, there are also the spinors ψ

(1)
0,k(x)

and ψ
(2)
0,k(x) which are localized near the edge of the half-plane at x1 = 0 and we

will refer to them as “edge states”. They have zero energy.
We have normalized the wave-functions and it is easy to check that they obey

the appropriate completeness relation – which indicates that the entire set of bulk
and edge states are required by the equal-time anti-commutation relation (2.15).
The energy of each of the single particle bulk states is given by its value of ω and,
for each valley (1) and (2), there is a band of positive energy bulk states and a band
of negative energy bulk states. As well, the infinite number of edge states all of
which have zero energy form what is sometimes called a “flat band”.

To find these solutions we have used the fact that the system is translation
invariant along the t = x0- and y = x2-directions, the latter being parallel to the
boundary. The eigenvalues of the energy and momentum operators which generates
translations in the t- and y-directions are the variables ω and k which appear in
the solutions. It is interesting that the edge states in a given valley, besides having
ω = 0, all have momenta with the same sign, either k > 0 in valley (1) or k < 0 in
valley (2).

We are interested in the states of this system near the Dirac vacuum where
all of the negative energy states are occupied and all of the positive energy states
are empty. This is clearly unambiguous for the bulk states where there is a clear
distinction between positive and negative energy states. We begin construction of
our candidate ground states for this system by assuming that all of the positive
energy bulk states are empty and all of the negative energy bulk states are filled.
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2.5. Edge states

There is an equivalent “second quantized” version of this statement – that we choose
the state that is the vacuum for both fermions and anti-fermions.

What is left to decide on is the distribution of fermions in the zero energy edge
states. There is clearly an enormous vacuum degeneracy since any such distribution
of fermions into the zero modes has the same energy as any other, no matter what the
number of particles or with which values of momenta or which valleys the particles
occupy. In the following, we will concentrate on finding special occupations of
the states which have certain symmetry properties, an important one being scale
invariance. Later on we will explain why we are particularly interested in scale
invariant states.

Let us ask what are the possible scale invariant states of the many-particle
system. A scale transformation, xµ → Λxµ acts on the positive, negative and zero
energy states as the transformation

ψ
(A)
k,ℓ ( x) → Λψ

(A)
k,ℓ±(Λx) = Λψ

(A)
Λk,Λℓ±(x) (2.62)

ψ
(A)
0,k (x) → Λψ

(A)
0,k (Λx) = Λ

1
2ψ

(A)
0,Λk(x) (2.63)

An orbit of the scaling transformations acting on a function is the set of all
functions that are generated from it by scale transformation with 0 < Λ < ∞. An
orbit of a particular bulk state is the infinite set of bulk states with all magnitudes
but the same signs of k and ω (remember that ℓ > 0 in the solutions (2.57)-(2.59)),

Orbit of scaling = {Λψ(A)
Λk,Λℓ±(x), ∀Λ ∈ (0,∞)}

In each valley the set of all bulk states thus divides into four subsets according to
the signs of k and ω, each subset being an orbit of scaling.

On the other hand, as can be seen by inspecting (2.60)-(2.61), the set of all of
the edge states in a given valley comprise a single orbit of scaling,

Orbit of scaling = {Λ
1
2ψ

(A)
0,Λk(x), ∀Λ ∈ (0,∞)}

A scale invariant state of the quantum field theory, that is, of this many-fermion
system should have every orbit of the scale transformations either completely filled
with fermions or completely empty. For the bulk states in a given valley, we see that
the negative energy states consist of two complete orbits, one with k > 0 and one
with k < 0, as do the positive energy states. Thus, completely filling the negative
energy bulk states and leaving the positive energy bulk states completely empty is
a scale invariant filling of the bulk states.

For occupations of the edge states, on the other hand, the only possibilities
are to either completely fill or leave completely empty the zero mode states in a
given valley. This leaves us with four possible scale invariant ground states. In
all four cases the positive energy bulk states are completely empty and negative
energy bulk states are completely filled. Then, either the edge states have both
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2.5. Edge states

valleys completely filled, or both valley’s completely empty, or the two possibilities
where one valley’s edge states are completely filled and the other valley’s edge states
are completely empty. Scale symmetry alone does not tell us which of these four
possibilities is the correct one. For that, we need more information.

The Dirac equation and boundary conditions in equation (2.50) has two U(1)
symmetries, and two conserved currents, ψ̄(1)(x)γµψ(1)(x) and ψ̄(2)(x)γµψ(2)(x), one
for each valley. We will call the sum of the Noether charges corresponding to those
two symmetries

Q =

∫
d2x

{
1

2

[
ψ(1)†(x), ψ(1)(x)

]
+

1

2

[
ψ(2)†(x), ψ(2)(x)

]}
(2.64)

the “electric charge”. In this vein, we will also assume that there is a background
charge density which is −1/2 unit per degree of freedom, so that many fermion
states with exactly half of the energy levels occupied are charge neutral. The Dirac
commutator prescription for ordering the operators in Q in equation (2.64) is one
way to take this neutralizing background charge density into account. As defined in
(2.64) it is easy to confirm that Q→ −Q under C and that it is invariant under P
and T .

Then, given the symmetry of the spectrum between positive and negative energy
bulk states we would conclude that, to achieve overall charge neutrality of the many-
fermion system when the bulk negative energy states are filled and positive energy
states empty, we would want to fill precisely half of the edge states. As we have
argued above, any partial filling of the edge states in a given valley will violate scale
invariance. Thus, if we require scale invariance and charge neutrality, there are two
candidate ground states, where the edge states of one valley are completely filled
and the edge states of the other valley are completely empty. These are “valley
ferromagnetic” states. It is interesting that we are led to this valley ferromagnetism
by symmetry considerations alone, even in the absence of interactions.

There is a third property of many particle states, which might be bothering the
reader at this point, and is worthy of comment. Each single particle state with wave-

function ψ
(A)
k,ℓ±(x) or ψ

(A)
0k (x) carries a linear momentum k along the direction parallel

to the boundary. Moreover, as we have already observed, all of the zero mode states
in a given valley have the same sign of k. The contribution of a given occupied single

particle state to the total momentum is kψ
(A)†
k,ℓ±(x)ψ

(A)
k,ℓ±(x) or kψ

(A)†
0k (x)ψ

(A)
0k (x). If

we add up the contribution of the occupied bulk states in a single valley it is∫ ∞

−∞
dk

∫ ∞

0
dℓ k ψ

(A)†
k,ℓ−(x)ψ

(A)
k,ℓ−(x) = lim

x′→x

1

i

d

dx2

∫ ∞

−∞
dk

∫ ∞

0
dℓψ

(A)†
k,ℓ−(x

′)ψ
(A)
k,ℓ−(x) .

(2.65)

We can use a particle-hole-symmetry identity, which we find in the next section in
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equation (2.76), to re-write the right-hand-side of the above equations as

lim
x′→x

1

i

d

dx2

∫ ∞

−∞
dk

∫ ∞

0
dℓ

1

2

{
ψ
(A)†
k,ℓ−(x

′)ψ
(A)
k,ℓ−(x) + ψ

(A)†
k,ℓ+(x

′)ψ
(A)
k,ℓ+(x)

}
. (2.66)

Then we can use completeness of the set of all wave-functions to rewrite the right-
hand-side of the above equation as

lim
x′→x

1

i

d

dx2

1

2

{
δ(x′ − x)−

∫
dkψ

(A)†
0,k (x′)ψ

(A)
0k (x)

}
= −1

2

∫
dk k ψ

(A)†
0,k (x)ψ

(A)
0k (x) ,

(2.67)

where we have taken the x′ → x limit and we have assumed that the delta function
(or some parity symmetric regularization of the delta function) obeys limx′→x

d
dx2

δ(x−
x′) = 0. We conclude that the bulk states have a deficit of momentum density that
can be compensated by the edge states. In some sense, for a given valley, it should
be half of the possible momentum that could be stored in the edge states.

Now, if we add the two valleys together, the deficit of bulk momentum cancels,
since the edge state contributions would have opposite signs. The Dirac vacuum for
the bulk states in the two-valley system contributes zero total momentum density.
Then, the momentum that is left is entirely due to the edge states and our valley
ferromagnetic configuration of the edge states carries a linear momentum density in
the direction parallel to the boundary. It is also easy find the integrated momentum
density, which is a component of the stress tensor as〈

T0y(t, x, y)
〉
=

∫
dk k ψ

(A)†
0k (x)ψ

(A)
0k (x) = ± 1

4π

1

x3
(2.68)

where the plus of minus sign depends on which valley edge states are filled and
which valley is empty. Remember that the integral over k should be over (0,∞) for
valley (1) and (−∞, 0) for valley (2). This is what leads to the plus or minus sign
on the right-hand-side of (2.68).

This induced momentum density should characterize our valley ferromagnetic
states. Its source definitely deserves further exploration. We can only comment
here that the current density, due to charge transport, by a similar argument to the
above is

⟨Jy(t, x, y)⟩ = −
∫
dk ψ

(A)†
0k (x)γ0γ2ψ

(A)
0k (x) = 0 (2.69)

This tells us that the induced momentum density that we found in equation (2.68)
is not associated with charge transport.

There is a consequence of this discussion if we consider the total momentum

P y =

∫
dxdy T0y(t, x, y)
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2.6. Resolution of the ground state degeneracy

and the generator ∆ of scale transformations and the total U(1) charge Q. What
we have found is that it is impossible to find a distribution of the fermions into edge
states so that our candidate ground state obeys all three of the following

∆|ψ⟩ = 0 , P y|ψ⟩ = 0 , Q|ψ⟩ = 0

It is possible to have two out of three in this system with two valleys of fermions.
Of course if we further double the fermion degrees of freedom, then it is possible

to have all three of the above. In graphene, where the electrons have spin, this
doubling is done for us, it is just the two spin states which to a good approximation
are degenerate there. Once we do this additional doubling of the fermions, we can
easily find states where all three of the above hold, the state is scale invariant, charge
neutral and has zero momentum density. The two possibilities are

1. Both valleys of one spin polarization are filled and both valleys of the other
spin polarization are empty. This is a spin ferromagnetic state.

2. For one spin polarization, valley (1) is filled and valley (2) is empty and for
the other spin state, valley (2) is filled and valley (1) is empty. This is a valley,
rather than spin ferromagnet.

These are the maximally symmetric states and they are ferromagnetic. It is
interesting that the valley ferromagnet competes with the spin ferromagnet. This is
a prediction of ours. In condensed matter studies it is usually found that the lowest
energy state is the spin ferromagnet. Those studies are usually done at the level of
the tight-binding lattice theory. The fact that our continuum theory sees an extra
state, the valley ferromagnet, is attributable to the fact that the extra state should
be there in the lattice theory too, but perhaps with a small energy, one which scales
to zero in the continuum limit. In that case, our prediction would be that, as well
as the spin ferromagnet which is widely predicted, there is a competing, metastable
valley ferromagnet.

In the next section, we will study the effect of introducing a weak repulsive
interaction for the fermions. We will see that our two ferromagnetic states, which
in this section we have identified by symmetry arguments alone, survive there and
are picked out by the interaction as the true ground states.

2.6 Resolution of the ground state degeneracy

Now we must address the question as to why we are so interested in states which are
scale invariant. Of course, at the level of the non-interacting theory, there is little
that distinguishes scale invariant or charge neutral states from other states that they
are degenerate with. The idea here is that, given the high degree of degeneracy, the
introduction of even an infinitesimally weak interaction could split the degeneracy
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and favour various states and often these are states which have a higher degree of
symmetry. We could, for example, introduce an instantaneous Coulomb interaction,

HI =

∫
d2xd2x′ ρ(x)

e2

8πϵ0|x⃗− x⃗′|
ρ(x′) . (2.70)

The fact that it is the Coulomb interaction is not overly important to us. Our ar-
guments in the following would be valid for any density-density interaction which is
repulsive at all scales, translation invariant and has a positive semi-definite interac-
tion Hamiltonian which depends quadratically on the fermion density as (2.70) does.
In the expression (2.70), ρ(x) is the (suitably operator ordered) density operator

ρ(x) =
1

2

[
ψ(1)†(x), ψ(1)(x)

]
+

1

2

[
ψ(2)†(x), ψ(2)(x)

]
. (2.71)

Since the boundary conditions already break Lorentz invariance we have no incentive
to make the interaction Lorentz invariant. In fact, in a realistic Dirac material, the
Coulomb interaction is often the most important one. Moreover, the speed of the
Dirac fermions is so much smaller than the speed of light that the electromagnetic
interactions are often well approximated by the instantaneous Coulomb interaction
contained in (2.70).

By its classical engineering dimension, the Coulomb interaction is a marginal
deformation of our theory – it contains no dimensionful parameters and it is scale
invariant at the classical level. However, it is also well known that, for this theory
without the boundary, quantum corrections in the form of renormalization of the
massless Dirac theory with this Coulomb interaction added violate scale invariance
in such a way that interaction becomes a marginally irrelevant perturbation [46, 47].
That means that the weak coupling limit is stable under the renormalization group
flow to the infrared and the fixed point is represented by the scale invariant free
field theory that we have been discussing. We expect that the Coulomb interaction
introduced to this theory with a boundary behaves in a similar way although the
fine details have yet to be explored. Here we will assume that it justifies studying
the weak coupling limit in order to resolve the vacuum degeneracy.

Let us consider an ansatz for the ground state which consists of the bulk states
having their negative energy levels completely filled and their positive energy levels
completely empty and, then, some filling of the edge states. We will study how the
Coulomb interaction prefers to fill the edge states. We will denote a state which is
such a bulk Dirac vacuum and some definite filling of edge states by the symbol |α⟩.
Without interactions, the energy of the fermion system does not depend on how the
edge states are filled. There is an enormous degeneracy of ground states in that all
states |α⟩ have the same leading order energy.

We shall assume that the interaction in equation (2.70) is sufficiently weak that
we can use first order perturbation theory. In the first order of degenerate pertur-
bation theory, we must resolve the ground state degeneracy by diagonalizing the
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matrix

δEαα′ = ⟨α|HI |α′⟩ (2.72)

where |α⟩, |α′⟩, . . . are amongst the degenerate ground states of the Hamiltonian in
the absence of the interaction.

We will not be able to solve this diagonalization problem in general. However, we
will be able to identify the lowest energy states. To do this we examine the operation
of the interaction Hamiltonian operator on a state with some definite filling of the
edge states. The key to understanding this interaction is to realize that the bulk
states in both |α⟩ and |α′⟩ are in the Dirac vacuum with all of the negative energy
states filled and positive energy states empty. There are three separate contributions
to the matrix element ⟨α|HI |α′⟩ in equation (2.72):

1. The interaction Hamiltonian can create and then re-annihilate a bulk fermion-
anti-fermion pair. This process is does not depend on the filling of the edge
states and its contribution to the ground state energy is

δE
(1)
αα′ = δEbulkδαα′ + . . . (2.73)

where

δEbulk =

∫
d2xd2x′

e2

8πϵ0|x− x′|
∑

A=1,2

∫ ∞

0
dℓdℓ′ ×

×
∫ ∞

−∞
dkdk′Tr

[
ψ
(A)
kℓ−(x)ψ

(A)†
kℓ− (x′) ψ

(A)
k′,ℓ′+(x

′)ψ
(A)†
k′,ℓ′+(x)

]
(2.74)

does not depend on the state |α⟩. This is the usual expression for the Coulomb
exchange energy which one would compute for the Dirac ground state if the
edge states were absent. Generally, this quantity scales like the volume of
space and it is ultraviolet divergent. We will assume that it can be defined
with a suitable ultraviolet cutoff, the details of which are of no importance
to us as this contribution to the matrix that we want to study is already
diagonal and it is proportional to the unit matrix, so it is of absolutely no
help in distinguishing preferred edge states.

Worthy of note is the fact that the Dirac commutator choice of ordering the
operators in the charge density in (2.71) automatically cancels the total charge
density of the bulk states when the bulk state is the Dirac vacuum. This
is the reason why there is no direct interaction accompanying the exchange
interaction in equation (2.75).

2. The interaction Hamiltonian can create and re-annihilate a bulk particle or a
bulk anti-particle. This will be accompanied by either annihilation and then
creation or creation and then annihilation of edge states, respectively. The
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latter processes can happen only when the edge state is suitably occupied or
unoccupied. The matrix elements for the two possible processes are∫

d2xd2x′
e2

8πϵ0|x− x′|

{ ∑
k,ℓ

A,k′ occupied

Tr
[
ψ
(A)
kℓ−(x)ψ

(A)†
kℓ− (x′) ψ

(A)
0,k′(x

′)ψ
(A)†
0,k′ (x)

]

+
∑
k,ℓ

A,k′ unoccupied

Tr
[
ψ
(A)
kℓ+(x)ψ

(A)†
kℓ+ (x′) ψ

(A)
0,k′(x

′)ψ
(A)†
0,k′ (x)

]}
, (2.75)

where we have taken into account the fact that the particle or hole which are
created and then destroyed must have the same k, ℓ quantum numbers and
then, that conservation of total x2-direction momentum requires that the k′’s
on the edge state wavefunctions are identical. The summation signs stand for
integrals over ℓ, k, k′ and the bulk wavefunctions in the first term have negative
energies whereas those in the second term have positive energies.

It is easy to see from the explicit solutions for the wave-functions that the
summations over negative and positive energy bulk states are related by

ψ
(A)
kℓ−(x)ψ

(A)†
kℓ− (x′) =

[
0 −i
i 0

]
ψ
(A)
kℓ+(x)ψ

(A)†
kℓ+ (x′)

[
0 −i
i 0

]
(2.76)

for any k, ℓ and that the matrix

[
0 −i
i 0

]
commutes with ψ

(A)
0,k′(x

′)ψ
(A)†
0,k′ (x) for

any value of k′. This allows us to write equation (2.75) as∫
d2xd2x′

e2

4πϵ0|x− x′|
∑
k,ℓ
A,k′

Trψ
(A)
kℓ+(x)ψ

(A)†
kℓ+ (x′)ψ

(A)
0,k′(x

′)ψ
(A)†
0,k′ (x) (2.77)

where the sum over k′ is now a sum over all of the edge states in valley A .
This sum clearly does not depend on the filling of the edge states. As a result

δE
(2)
αα′ = δEbulk↔edgeδαα′ + . . .

In this formula, δEbulk↔edge does not depend on the states |α⟩ or |α′⟩. This
second type of contribution also is insensitive to the structure of the edge
states.

3. Finally, there is a term where the interaction Hamiltonian acts only on the
edge states. To find its properties, we could restrict the charge densities ρ(x) to
operators which act on the edge states only. In second quantization, we could
do this by simply dropping all of the bulk state creation and annihilation
operators from the charge densities. The restricted charge density operator is
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Hermitian and the interaction Hamiltonian that is made from this restricted
operator is still a positive semi-definite Hermitian operator. Since it is non-
negative, a state in which the expectation value of this restricted interaction
Hamiltonian is equal to zero must be an eigenstate with zero eigenvalue and
it is thus a lowest energy eigenstate of the edge state restricted interaction
Hamiltonian. It is then also a minimal eigenstate of the matrix (2.72) and in
linear order of perturbation theory it would be the ground state. This ground
state could still have some residual degeneracy as one would expect to happen
in a symmetry breaking situation.

Now, it is easy to see that the only possible zero eigenstates of the restricted
charge density operator are the states where, for one valley, all of the edge
states are full and for the other valley, all of the edge states are empty. These
ground states are overall charge neutral, and the background charge implicit
in the commutator ordering prescription (2.71) cancels between the valleys.
The exchange energy is also zero for those states. This mechanism for finding
the lowest energy states is reminiscent of Hund’s rule for the population of
degenerate, or nearly degenerate atomic orbitals or arguments very similar to
the one that we have given here for quantum Hall ferromagnetism [28].

Thus we see that there are two degenerate valley ferromagnetic ground states at
this lowest order in perturbation theory. They happen to be identical to the charge
neutral and scale invariant states that we constructed in the previous section.

2.7 Discussions

In this chapter, we have done a survey of possible boundary conditions for the 2+1
dimensional Dirac theory defined on a half-space. We have focused on two interesting
cases, the BCFT which is a boundary conformal field theory and the zig-zag theory
which is not, but where the second is the unique example that supports edge states.
We went on to discuss this second example, which we called the zig-zag theory, in
some detail.

The boundary condition of the zig-zag theory violates Lorentz invariance and
also the special conformal invariance. The problem with these symmetries is the
action of the spin operator in their generators. That action is incompatible with the
boundary condition. On the other hand, the zig-zag does remain a scale invariant
theory and a translation invariant theory, assuming that the boundary of the half-
plane is scale and translation invariant, of course.

We found that, with two species of fermions, the only states of the zig-zag
theory which are scale invariant and charge neutral are valley ferromagnetic states.
In addition, we observed the puzzling fact that these valley ferromagnetic states
carry an anomalous linear momentum density. We observed that it is impossible to
simultaneously have a state which is scale invariant, charge neutral and vanishing
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momentum density.
Of course this does become possible if the fermion species are doubled, which is

exactly the case for graphene with spin. To a good approximation the low energy
electron dynamics there, the dynamics which is described by the Dirac theory, is
spin independent and spin can simply be thought of as an additional degeneracy. On
our zig-zag theory on the half-plane, this doubling allows us to find scale invariant,
charge neutral states which have vanishing momentum density. Those states are just
the edge spin ferromagnetic state which is widely predicted to occur in graphene with
a zig-zag edge and another one which is an edge spin neutral valley ferromagnet.
The fact that these states are degenerate in the continuum theory implies that
they should be almost degenerate at the lattice level where indications are that the
spin ferromagnet is favoured. It would be interesting to understand in more detail
whether this existence of the valley ferromagnet as a state competing with the spin
ferromagnet implies a competing metastable state at the lattice level. This could
have very interesting consequences for spintronics applications.

Finally, our proof that our edge ferromagnetic states actually minimize the
Coulomb interaction justifies our attention to them. The proof itself has some
novel aspects which are interesting could be of use in other applications.

It could be that, as techniques for producing clean Dirac semi-metals in the
laboratory evolve, that some of what we say here would be tested by experiments.
For a spin polarized case with the zigzag boundary condition, for example, the
anomalous momentum density should have some physical consequences which have
yet to be worked out.

There has recently been significant discussion of boundary conformal field theo-
ries in general [48] and specifically boundary conformal field theories with fermions
[49] , higher dimensional versions of the theory that we discuss here. It would be
very interesting to see if our some of our ideas generalize there. For example, the
existence of edge states of defects or edges of higher than just one dimension is easily
seen to occur. For example, it is easy to see that there are boundary conditions for
the four dimensional Dirac operator which, like the ones that we have discussed,
violate Lorentz and conformal symmetry, but preserve scale invariance and contain
edge states very similar to the zigzag theory that we have discussed there. Although
no applications to particle physics or cosmology come to mind, for sure three dimen-
sional Weyl semi-metals should have boundaries and this phenomenon would be a
possibility there.
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Chapter 3

Infrared Divergence of Soft
Scalars

In this chapter, we explore the intriguing issue of infrared divergence and its poten-
tial link to symmetries within the framework of a scalar model. To set the stage for
our discussion, the following section provides the necessary background material,
providing the contexts for the main contents of the chapter.

3.1 Background materials

Soft theorem

Infrared divergence occurs in a QFT when there is a massless particle in the spec-
trum. As a mass term is not allowed by gauge invariance, infrared divergence is
present in all gauge theories such as QED, QCD as well as quantum gravity. In such
theories, one can write down soft theorems. Let us begin by defining what we mean
by a soft particle. A soft particle is simply a massless particle with four momentum
qµ with q :=

√
q2 and lim q → 04. All particles whose momenta are not soft are

called hard particles. A massless particle is hard when its momentum is not soft.
The massive particles are always hard.

(a) (b)

Figure 3.1: In Fig (a) a soft particle is being emitted from an external hard line.
Fig. (b) is a typical diagram of virtual exchange of soft particles.

Soft theorem is a statement that a scattering amplitude with n+ 1 particles of
which one particle is soft with momentum q → 0 can be written as some function

4In this chapter, we are working with ηµν = (−+++).
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f(q) times the amplitude of n hard particles. Consider a case where we have an
infrared finite S matrix

S({p, k}; {p′, k′}). (3.1)

Here, in the notation {p , k} we include incoming massive hard particles with mo-
menta and helicities in a set {p} as well as incoming hard massless particles with
momenta and helicities {k}. The primed set {p′, k′} stands for outgoing hard mas-
sive and massless particles with momenta {p′} and {k′} respectively. We represent
such a S-matrix element by the blob. Consider the S-matrix element with an addi-
tional outgoing soft particle S({p, k}; {p′, k′, q}) with momentum {q}, emitted from
an external line as shown in Fig 3.1(a). Weinberg’s soft theorem is the following
statement [50]

lim
q→0

S({p, k}; {p′, k′, q}) =
[
O
(
1

q

)
+O

(
q0
)
+O (q) + ...

]
S({p, k}; {p′, k′}) (3.2)

An analogous formula can be derived for S(p, k, q; p′, k′) when the soft particle is
incoming. The S-matrix for an infrared divergent theory follows this general struc-
ture. Notably, the leading-order term in (3.2) can be obtained from the Feynman
rules governing propagators and the three-point vertex of the theory, along with the
on-shell condition of the hard particles. However, deriving the subleading terms is
more intricate and depends on the specific details of the theory. In particular, for
a gauge theory, the next-to-leading order O(q0) terms are fixed by gauge invariance
[51–53]. Finally, when a soft particle is emitted from an internal line, it does not
cause any infrared divergence.

When a soft particle emitted from an external line is reabsorbed by the same or
another external line, we get diagrams of the topology shown in Fig 3.1(b) These
diagrams calculate the radiative correction due to virtual soft particle exchanges.
The S-matrix elements, corresponding to these diagrams, lead to integrals of the
form ∫ Λ

0

dω

ωn
, n ≥ 1 (3.3)

where Λ is an upper energy cut-off. These integrals, as well as the correspond-
ing matrix elements, diverge in the lower limit of the integral leading to infrared
divergence in the theory. It was shown by Weinberg [54], these infrared divergent di-
agrams radiative corrections can be resummed and the resulting S-matrix elements,
upon taking into account all the radiative corrections due to infrared soft exchanges
is simply

S ∼ e−∞ = 0.

Therefore, in theories like QED or quantum gravity, all scattering processes vanish
formally. This is the famous infrared catastrophe in perturbative quantum field
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theory. It should be noted that although the full S-matrix is zero, this situation is
historically referred to as infrared divergence. That is because at any given order in
the perturbation constant, the corresponding Feynman integrals are infrared diver-
gent. We shall stick to the convention and call this situation infrared divergence.
Furthermore, a zero S-matrix is also problematic since it implies that there is no
unitary operator that takes us from the in/out Fock spaces before and after the
scattering.

Dealing with infrared divergence

Since, all observables are finite numbers we need a way to deal with the infrared di-
vergence. The first, known as the inclusive principle, is based on the observation that
although the elements of the S-matrix exhibit infrared divergence, physical observ-
ables – such as scattering cross-sections – are derived from the squared magnitude
of the S-matrix. In practice, any measurement has a finite sensitivity, meaning that
particles with energy E < Eres (where Eres represents the minimum energy reso-
lution of our equipment) remain undetectable. Therefore, we must account for the
real soft particle emissions (that are not reabsorbed like the virtual soft particles)
with energies below Eres. Incorporating these undetected soft particles results in an
infrared-finite |S|2 [55, 56], which suffices for all practical experimental scenarios in
particle colliders.

However, it is still unsatisfactory not to have a finite S-matrix but only to have
an infrared finite |S|2. It was shown first by Chung [57] and then improved by
Faddeev and Kulish [58] that one can indeed achieve an infrared finite S-matrix
by dressing the hard particles by a cloud of soft particles. These soft dressed are
analogous to coherent states in quantum mechanics. The S-matrix elements between
these dressed states can be shown to be infrared finite. However, a notable issue
with this approach is that these dressed states do not belong to the conventional
Fock space of quantum field theory (QFT). A rigorous mathematical framework for
understanding these states remains elusive and continues to be an active area of
research. For further details, see [59] and the references therein.

Infrared quantum information

As explained above, the inclusive prescription is based on the assumption that cer-
tain soft particles remain undetected. So, it is very natural to ask how much quan-
tum information these undetectable soft particles carry away. This can be quantified
by computing the von Neumann entropy of the outgoing states by being ignorant
about the soft particles in those outgoing states. Formally, this can be done by a
mathematical operation known as tracing out the undetectable soft particles. Al-
though inclusive principle was established in 1930s, this question has been asked
recently in [60]. Interestingly, the authors discovered that these unobservable soft
particles carry away a significant amount of quantum information – enough to cause
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decoherence in the states of the hard particles in momentum space. Such an effect
is absent for the dressing principle suggesting that dressing should be preferred over
the inclusive principle [61, 62]. In this chapter, we will go through the details of
these claims for a scalar model and the analysis for gauge theories such as QED or
gravity is identical.

Physics significance of infrared divergence

We have discussed the infrared divergences and the prescriptions of curing them.
Now, let us pose a different question. Is there a deep physical reason why a theory
has infrared divergence? Is it as simple as having a massless particle in the spectrum
or is there a deep physical reason? In particular, is there some sort of symmetry
associated with the issue of infrared divergence? The recent research on this subject
can be roughly divided into three categories.

1. A connection between gauge symmetry and infrared divergence has emerged
in recent years. We briefly review it here. For more details, the reader is
referred to [63]. Consider, electromagnetism where one has a vector field
Aµ(x) and the electromagnetic field tensor Fµν(x) = ∂µAν(x)− ∂νAµ(x). Our
theory is defined on a manifold M with boundary denoted by ∂M and x is
the coordinate of a point p of M. Here, M could be the ordinary Minkowski
spacetime and ∂M would be the conformal null boundaries of the Minkowski
space. The theory must be invariant under the gauge transformations

Aµ(x) → Aµ(x) + ∂µλ(x)

for any function λ(x). In general, for a well-defined theory we must specify the
boundary condition of Aµ(x), Fµν(x) on ∂M. We can have λ(x) that either
vanishes on ∂M or not. When λ(x) = 0 on ∂M, these gauge transformations
trivially preserve the boundary conditions on the fields and are referred to
as trivial gauge transformations, as they do not give rise to any conserved
charges associated with them. In this sense, the trivial gauge transformations
represent redundancies. However, there are gauge transformations, λ(x) that
do not vanish at the boundary while still preserving the boundary conditions
of the fields. These non-trivial or large gauge transformations are part of the
asymptotic symmetry group of large gauge transformations which is an infinite
dimensional group. It can be shown that the Noether charges associated with
these large gauge transformations constitute an infinite dimensional algebra
of conserved charges [64]. For a d dimensional manifold, these large gauge
transformations have support in the d − 2 coordinates xA. The story does
not end here and leads to an interesting subject called celestial holography.
The above discussion can readily by generalized for other gauge theories like
gravity and Yang-Mills theory.
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The connection to infrared divergence arises from the interpretation of soft
photons and gravitons as Goldstone modes associated with the broken sym-
metries of certain large gauge transformations. Specifically, the leading and
a few sub-leading terms of Weinberg’s soft theorem can be derived by com-
puting the commutators of the conserved charges associated with the large
gauge transformations with the S-matrix. This intriguing connection suggests
that infrared divergence stems from the existence of an infinite number of
symmetries within the theory.

2. The above analysis based on the asymptotic symmetry group is particular to
the gauge theories. But, what about the non-gauge theories such scalar fields
or Fermions? In [65] the authors considered a scalar field theory described by
the Lagrangian

L =
1

2
gIJ(ϕ)(∂µϕ)

I(∂µϕ)J − V (ϕ)

+ λIJKL(ϕ)(ϕ)(∂µϕ)
I(∂µϕ)J(ϕ)(∂νϕ)

K(∂νϕ)L + ... (3.4)

This theory is very general and devoid of any special symmetry apart from
the usual Poincare symmetry. Working on the field space geometry [66, 67],
the author showed that it is possible to write down certain soft theorems
called geometric soft theorems having analogous structure to the scattering
amplitude soft theorems. This picture has been extended for scalar theories
with fermions, and gauge bosons [68]. The physical interpretation of these
geometric soft theorems is that the soft limit is equivalent to an infinitesimal
shift of the vacuum expectation value of the corresponding field.

3. Finally, we discuss soft theorems from the point of algebraic quantum field
theory. In a QFT, there exists a well-defined algebra of in and out asymptotic
field operators defined at infinite past and infinite future respectively. All
the states that are acted on by the in and out algebra, live on the standard
Fock space. One assumes that the in and out algebras are unitarily equivalent
meaning that there is a unitary operator that maps one algebra to the other.
The the usual S-matrix is defined to be that unitary operator.

It is well established that, when there is a massless particle in the spectrum, the
leading order massless field at late times does not go back to its original value at
early times. This is goes by the name of memory effect [69–71]. In particular,
the relative separation between a collection of test particles that make up a
gravitational wave detector can permanently change due to the passage of
a gravitational wave. This phenomenon is known as the gravitational wave
memory effect [72]. It can be shown rigorously that in the usual Fock space
representation, the norm a state with memory diverges due to low frequency
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modes in a way akin to the infrared divergence [73, 74]∫ ∞

0

dω

ω
.

The relationship between infrared divergence and the memory effect has fur-
ther been strengthened in [75] by showing that the memory effect is simply a
Fourier transformation of the Weinberg’s soft theorem.

Since the states with memory has infinite norm, they do not belong to the
standard Fock space5. In a recent paper [76], it has been shown that the
infrared divergence problem occurs because given an in state, we are trying
to preselect an out state with memory that does not belong to an equivalent
Fock space. As a result, the S-matrix element that computes the transition
amplitude between the two specified states is divergent and ill-defined. This
is the physical origin of infrared divergence according to [76].

In the following chapters, we present a scalar field theory model that does not
have any special symmetry structure and investigate to what extent this theory
mimics the infrared structure of a gauge theory. Our findings are more aligned with
the last two groups discussed above.

3.2 Introduction

Infrared divergences [54–56] due to a massless real scalar field in four spacetime
dimensions can be, for the most part, structurally identical to those of the massless
photons of quantum electrodynamics or the massless gravitons in the perturbative
effective field theory of quantum gravity near a flat background. However, there
is a big difference between scalar fields and photons or gravitons in that massless
scalar fields can in principle occur in quantum field theories which do not exhibit
any gauge invariance or even continuous or discrete global symmetry and therefore
do not exhibit the asymptotic symmetries which seem intimately tied to the infrared
problem of photons and gravitons [63]. In this chapter, we shall study the infrared
divergences and their cure in such a scalar field theory and attempt to answer the
question as to what is different in that case.

What we will find, in the context of a very specific example, where there are
no obvious internal symmetries at all, is one big difference. In this model, one can
construct a dressed state of a hard particle where the hard particle is accompanied
by a cloud of soft scalars and the soft scalar content of the cloud is fine-tuned in
such a way that scattering amplitudes for these dressed particles are free of infrared
divergences. Of course such a dressing by soft photons or soft gravitons is already
well known, and is already proposed as a solution of the infrared problem of quantum

5This is similar to the Faddeev-Kulish dressed states
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electrodynamics [57, 58, 77] and perturbative quantum gravity [78]. In those cases,
once electrically and gravitationally charged particles are dressed, the dressing can
be further fine-tuned in such a way that the soft photons and soft gravitons decouple
completely. The S matrix factorizes into a hard sector and a soft sector. Corrections
to this factorization are suppressed by powers of an infrared cutoff, Eres.

For the soft scalar fields in our model, this is not the case. There is a residual
coupling of the scalar-dressed hard particles to soft scalars which is generically as
important as the coupling of the dressed hard particles with each other. There is
no way to adjust the dressing in order to remove this interaction. This means that
even once the hard particles are dressed with soft scalars, an interaction of the hard
particles will still produce more soft scalars.

We find that what does decouple is information. Like the case of photons and
gravitons, the interaction of undressed hard particles produces infinite numbers of
soft scalars. Moreover, the S matrix for scattering processes involving hard particles
is infrared divergent. We will confirm these facts in the context of our scalar model.
We will also confirm that, like photons and gravitons, the soft scalars which escape
detection in a scattering experiment carry away copious amounts of information to
the point that their entanglement entropy with the hard particles left behind is itself
infrared divergent. The result of this entanglement, like for photons and gravitons,
is decoherence of the final state of the hard particles and suppression of interference
phenomena [60–62].

When the hard particles are dressed with soft scalars, on the other hand, even
if they don’t decouple and their interaction still produces some soft scalars, the
entanglement between those scalars and the dressed hard particles is negligible,
suppressed by powers of the infrared cutoff Eres. Even when the soft scalars fly
away from a scattering event undetected, the loss of quantum information, which
would be manifest in decoherence, is negligible. In this sense it is information that
decouples.

The rest of this chapter is an exposition of the results described in the para-
graphs above. It is organized as follows. In section 3.3, we will discuss the details of
the scalar field theory model that we will use and we will give a derivation of the soft
scalar theorem. The soft scalar theorem will be used to study scattering amplitudes
in later sections. In section 3.4 we will confirm that, for undressed states, the struc-
ture of infrared divergences is practically identical to those of photons or gravitons.
We will discuss how the infrared problem is addressed using the Bloch-Nordseick
scheme of using inclusive probabilities and we will demonstrate that infrared di-
vergences indeed cancel for the questions that are traditionally asked by particle
physicists. Then we will show that some other questions about certain interference
phenomena or decoherence are still severely affected by the infrared divergences.

In section 3.5, we will construct dressed states of hard particles. There, we insist
that the dressing is added by a formally unitary transformation. This is important
since, in the infrared cutoff theory, this is a unitary transform, a simple change
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of basis in the Hilbert space. When the fundamental infrared cutoff is removed,
it becomes an improper unitary transformation. However, even in that case, if it
is formally unitary, it implements a canonical transformation between inequivalent
representations of the operator algebra of the quantum field theory. We also discuss
the Faddeev-Kulish modification of the S matrix that is to be computed to find
the scattering amplitudes for dressed particles. In section 3.6, we demonstrate that
the infrared singularities indeed cancel from those amplitudes. In section 3.7, we
establish that soft scalars do not decouple from the dressed states. In section 3.8,
we discuss the implications. We also argue that, even though soft scalars do not
decouple, they do not drive appreciable decoherence.

3.3 Soft Scalar Theorem

Consider a Majorana fermion of mass m coupled to a massless real scalar field ϕ via
a Yukawa coupling in four spacetime dimensions. The Lagrangian density is given
by

L = − i

2
ψ̄
[
/∂ +m− gϕ

]
ψ − 1

2
∂µϕ ∂

µϕ− V (ϕ) (3.5)

where ψ is the Majorana spinor field, g is the Yukawa coupling constant and ϕ is
the scalar field. Since the Yukawa coupling is marginal in four dimensions, g is
dimensionless. We will assume that we can always choose counter-terms so that
the scalar field tadpole ∼ ϕ, the scalar field mass term ∼ ϕ2 and the scalar field
trivalent coupling ∼ ϕ3 are all canceled exactly at each order of perturbation theory.
To make the Lehmann-Symanzik-Zimmermann (LSZ) reduction formulae simpler,
we will also assume that the subtraction scheme can be chosen so that the pole in the
scalar field propagator has unit residue, ∼ −i

q2−iϵ
+ . . .. We note that this quantum

field theory has no obvious internal symmetries at all. Fermion parity (−1)F can
be regarded as a space time symmetry since it is a rotation by 2π. Our use of the
Majorana fermion is not essential as results would be very similar for a complex
fermion, which would of course have at least one internal U(1) symmetry. Our use
of Majorana fermions is motivated by wanting a model with no internal symmetry at
all. We will study the infrared divergences which occur in the analysis of scattering
experiments involving the asymptotic particles of this quantum field theory. We will
assume that the coupling is weak so that the particle spectrum resembles the tree
level one, containing one Majorana fermion with massm and one massless real scalar
field. There has already been some discussion of soft scalar theorems [65], infrared
divergences and the possibility of asymptotic symmetries playing a role for scalar
fields [79–81]. The latter has been discussed in the context of a dual antisymmetric
tensor gauge field representation which, for a Yukawa coupling like we use here, is
not related to this theory by a local transformation. This is not the direction that
we will pursue here. Instead we will examine the behaviour of the scattering matrix
in the quantized theory corresponding to (3.5).
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A scattering experiment has an incoming state. We will use the notation |{p}{k}{q}⟩
for such a state, with fermions having momenta and helicity in a set {p}, hard scalars
with momenta {k} and soft scalars with momenta {q}. In the course of the scatter-
ing, an incoming state evolves to an outgoing state which is a quantum superposition
of the incoming states,

|{p}{k}{q}⟩ =⇒∑
{p′}{k′}{q′}

|{p′}{k′}{q′}⟩ S†({p′}{k′}{q′}; {p}{k}{q}) (3.6)

The coefficients in the superposition, S†({p′}{k′}{q′}; {p}{k}{q}), are elements of
the S matrix. The dagger in the above formula is there to match conventions,

Sλ({p}{k}{q}; {p′}{k′}{q′})
= ⟨{p}{k}{q}| Sλ |{p′}{k′}{q′}⟩ (3.7)

We have added a superscript λ to the S matrix to remind ourselves that its definition
requires a fundamental infrared cutoff. We will denote this fundamental cutoff by
λ.6 With the cutoff taken into account, the operator Sλ whose matrix elements
are discussed above is the Dyson S matrix which is computed using the usual LSZ
reduction formulae, time dependent perturbation theory and Feynman diagrams. In
the rest of this chapter, what we mean by an infrared finite quantity is that said
quantity remains finite as we take λ → 0. The matrix elements of Sλ in (3.7) are
generally not such a quantity.

Beyond the fundamental infrared cutoff λ, we shall also require a distinction
between hard and soft particles. Any particle which has energy above a threshold
Eres will be called a hard particle. Any particle which has energy less than Eres

will be called a soft particle. We shall call Eres the “detector resolution” . We will
require a hierarchy of scales

λ≪ Eres,Λ ≪ m, energies of hard particles (3.8)

where Λ is a third infrared cutoff, distinct from λ and Eres that we will introduce
shortly. Fermions are always hard particles. The massless scalar, on the other hand
can either be hard or soft, depending on its energy. The validity of the arguments
in the rest of this chapter will need the inequalities in equation (3.8).

Let us consider an amplitude for the scattering of some fermions and hard scalar
particles as well as the production of a soft scalar particle. Whenever this occurs,
there are some contributions to the amplitude which are singular as the momentum
of the soft scalar approaches zero. In direct analogy with the same phenomenon in
quantum electrodynamics, which is outlined in beautiful detail in Weinberg’s book

6An easy, Lorentz invariant way of introducing such a cutoff is to simply allow the scalar field
to have a small mass.
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[50], the most singular parts come from the emission of the soft scalar from external
lines of the amplitude. This singular part, ∼ 1

q for soft scalar with momentum q,
and the next-to leading behaviour due to a scalar emitted from an outgoing fermion
line with momentum p′, is gotten from the amplitude without the scalar emission
by making the replacement

ūr(p
′) → lim

q→0
ūr(p

′)(−g) −1

i/p′ + i/q +m− iϵ

= lim
q→0

ūr(p
′)

(
2gm

p′2 + 2p′ · q + q2 +m2 − iϵ

− g

−i/p′ − i/q +m− iϵ

)
=

(
gm

p′ · q − iϵ
− g

2m

)
ūr(p

′) +O(q) (3.9)

where ūr(p) is the momentum space spinor wave-function of the outgoing fermion
and we have used the fact that the spinor satisfies the Dirac equation ūr(p

′)(i/p′ +
m) = 0. Here, we note that the contribution to the next-to leading behaviour from
the external fermion line has a very simple form for a scalar field. Corrections to
this formula go to zero as q goes to zero.

Similarly, when the soft scalar emission is from an incoming fermion line, the
singular part and next-to-leading contribution is

ur(p) → ur(p)

(
gm

−p · q − iϵ
− g

2m

)
+O(q) (3.10)

Of course, soft emissions can also take place from internal lines in the Feynman
diagrams which contribute to the amplitude. The contribution of such processes
is not singular at small q, but it does compete with the next-to-leading terms in
(3.9) and (3.10). The effect of one soft emission from an internal line is the same
as adding a vertex, together with a vertex counter-term to each of the fermion
propagators inside the amputated correlation function that is used to form the S
matrix element Sλ({p}{k}; {p′}{k′}). We will denote this process by the symbol
−g∂̂m. We note that the operation ∂̂m is related to but not exactly the same as
taking the derivative of amputated correlation function by the renormalized fermion
massm. The discrepancy is due to the fact that we need a subtraction scheme where
some counter-terms are m-dependent in a way that does not preserve the m − gϕ
structure that appears in the Lagrangian (3.5). It is easy to see that even though
the m − gϕ structure can be maintained at the tree level, it is already violated at
the one-loop level.

Putting this together, and a similar one for soft scalar absorption, we have the
leading and next-to-leading soft scalar theorem
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3.3. Soft Scalar Theorem

Sλ({p}, {k}; {p′}{k′}, q′)

=

 ∑
pn∈{p}{p′}

(
ηngm

pn · q′ − iηnϵ
− g

2m

)
− g∂̂m


× Sλ({p}{k}; {p′}{k′}) +O(q′) (3.11)

Sλ({p}, {k}, q; {p′}{k′})

=

 ∑
pn∈{p}{p′}

(
ηngm

−pn · q − iηnϵ
− g

2m

)
− g∂̂m


× Sλ({p}{k}; {p′}{k′}) +O(q) (3.12)

where ηn = +1(−1) if pn is the momentum of an outgoing (incoming) line. Now let
us consider the amplitude for a process where an incoming state of hard particles
and M additional soft scalars |{p}{k}, q1, . . . , qM ⟩ evolves to another state of hard
particles but with N additional soft particles |{p′}{k′}, q′1, . . . , q′N ⟩. Using the lead-
ing parts of the soft scalar theorem in equations (3.11) and (3.12), it follows that
the most singular part of the S matrix element is given by7

Sλ({p}{k}, q1, . . . , qM ; {p′}{k′}, q′1, ...q′N )

= Sλ({p}{k}; {p′}{k′})
M∏
j=1

 ∑
pn∈{p}{p′}

ηngm

−pn · qj − iηnϵ


×

N∏
r=1

 ∑
pn∈{p}{p′}

ηngm

pn · q′r − iηnϵ

+ . . . (3.13)

where the ellipses denote terms less singular at small q or q′ than 1
qM

1
q′N

. The

remarkable fact about this soft theorem is that it gives us the most important part
of the soft scalar production amplitude for any process if we know the amplitude
of the process without the soft scalar production. What is more, it is practically
identical to the one for soft photons or gravitons where only the numerators in the
singular factors ( here it is gm) are slightly different.

7We have not attached momentum space wave-functions for the soft scalars. We will take the
convention of including them as the appropriate factors in the scalar states.
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3.4. Infrared divergence cancellation in the Bloch-Nordseick Scheme

3.4 Infrared divergence cancellation in the
Bloch-Nordseick Scheme

It is easy to see that, in direct parallel with quantum electrodynamics and perturba-
tive quantum gravity, the infrared divergences in the S matrix itself come from loop
integrals where both ends of a single scalar propagator in the loop end on external
fermion lines. Introduction of the fundamental infrared cutoff λ renders these loop
integrals finite and of order ∼ ln(λ).

We imagine that, in these loop integrals, the infrared cutoff λ could be replaced
by a more convenient one which we shall call Λ. This is a third infrared cutoff,
distinct from Eres and λ. with the assumption that it is much larger than the
fundamental cutoff, Λ ≫ λ, but it would still work as an infrared cutoff in that
Λ ≪ m and that Λ is much smaller than the momentum scales of any of the hard
particles. It is in the same interval of the hierarchy (3.8) as the detector resolution
Eres. Then with the new cutoff the logarithmically divergent integral goes as∼ ln(Λ)
and the original integral with cutoff λ goes like ∼ ln(λ) = ln(Λ) + ln(λ/Λ), the first
logarithm being produced by the integration over loop momenta from Λ to infinity
and the second being produced by the integration over loop momenta between λ
and Λ. Moreover, it is well known how to separate and sum up the latter, ln(λ/Λ)
contributions. We refer the reader to Weinberg’s book [50] for the details in the
case of photons and we note that, for massless scalars, the argument is practically
identical. The result is a relationship between the S matrix defined with the two
different infrared cutoffs

Sλ({p}{k}; {p′}{k′})

= SΛ({p}{k}; {p′}{k′})e−iΦ̄({p})−iΦ̄({p′})

× exp

{
−1

2

∫ Λ

λ

d3q

(2π)32|q⃗|
∑

pn∈{p}{p′}

gmηn
pn · q

∑
pm∈{p}{p′}

gmηm
pm · q

}
(3.14)

= SΛ({p}{k}; {p′}{k′})
(
λ

Λ

) 1
2
Ā({p},{p′})

e−iΦ̄({p})−iΦ̄({p′}) ; (3.15)

where Ā({p}, {p′}) = − 1

8π2

∑
pnpm∈{p}{p′}

g2m2ηnηm
γnm

ln

(
1 + ξnm
1− ξnm

)
,

Φ̄({p}) = 1

8π

∑
pmpn∈{p}

m ̸=n

g2m2

γnm
ln

Λ

λ
, (3.16)

ξnm =

√
1− m4

(pn · pm)2
, γnm = (pn · pm)

√
1− m4

(pn · pm)2
. (3.17)

To be clear, the beautiful formula (3.14) does not remove the fundamental in-
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3.4. Infrared divergence cancellation in the Bloch-Nordseick Scheme

frared cutoff. It simply gives us a relationship between S matrices computed with
different infrared cutoffs. Furthermore, it is strictly valid only when λ ≪ Λ ≪ m.
We note that the exponent, Ā({p}, {p′}), of the ratio of cutoffs contains data about
the incoming and outgoing fermions only. It is independent of the hard incoming
or outgoing scalar particles. The phases, Φ̄({p}), Φ̄({p′}) are separated into two
functions, one of incoming and one of outgoing fermion momenta. Notice that the
two functions have the same sign.

For reasons which will become clear shortly, it is useful to express the evolution
from the initial to final state in equation (3.6) in the language of density matrices
where a more general incoming state composed entirely of hard particles would be∑

{p}{k}
{p̃}{k̃}

|{p}{k}⟩ρ{p}{k}{p̃}{k̃}⟨{p̃}{k̃}|

with ρ{p}{k}{p̃}{k̃} an incoming density matrix. In the course of a scattering experi-
ment, this incoming density matrix evolves to an outgoing one where the evolution
is governed by the S matrix,

∑
{p}{k}
{p̃}{k̃}

|{p}{k}⟩ρ{p}{k};{p̃}{k̃}⟨{p̃}{k̃}|

=⇒
∑

{p}{k}
{p̃}{k̃}

ρ{p}{k}{p̃}{k̃}

∑
{p′}{k′}{q′}
{p̃′}{k̃′}{q̃′}

|{p′}{k′}{q′}⟩⟨{p̃′}{k̃′}{q̃′}|

× Sλ†({p′}{k′}{q′}; {p}{k}) Sλ({p̃}{k̃}; {p̃′}{k̃′}{q̃′}) . (3.18)

We have assumed that there are no soft particles in the incoming states. How-
ever, soft particles are produced when the hard particles interact and they must
appear in the final state density matrix. We remember that the S matrix elements
in the expression above are infrared divergent and they are defined with a funda-
mental infrared cutoff, λ. We will implement the Bloch-Nordsieck mechanism where
we make the assumption that, due to the limitations of detector resolution, the soft
particles which are produced by the scattering are unobservable. They fly away from
the scattering experiment undetected. What is left behind are the hard particles.
All of the experimentally accessible properties of the quantum state of the hard
particles which remain are embedded in the reduced density matrix that is gotten
from the final state density matrix in (3.18) by taking a trace over all of the soft
scalar states. The reduced density matrix of the final state is thus
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3.4. Infrared divergence cancellation in the Bloch-Nordseick Scheme

ρfinal =
∑

{p}{k}
{p̃}{k̃}

ρ{p}{k};{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟨{p̃′}{k̃′}|

×
∑
{q}

Sλ†({p′}{k′}{q}; {p}{k})Sλ({p̃}{k̃}; {p̃′}{k̃′}{q}) (3.19)

where
∑

{q} denotes integration and summation over all possible soft scalar states.
We can use the soft scalar theorem (3.13) to simplify equation (3.19). To take the
trace, we identify pairs of ingoing and outgoing q’s and we integrate each identified
pair over all values of q⃗ with λ < |q⃗| < Eres. Using the soft scalar theorem yields
the expression8∑

{q}

Sλ†({p′}{k′}{q}; {p}{k}) Sλ({p̃}{k̃}; {p̃′}{k̃′}{q})

=
∞∑

N=0

1

N !

∫ Eres

λ

d3q⃗1
(2π)32|q⃗1|

. . .
d3q⃗N

(2π)32|q⃗N |

×
N∏
r=1

 ∑
pn∈{p}{p′}

gmηn
pn · q

∑
pn∈{p}{p′}

gmηm
−pm · q


× Sλ†({p′}{k′}; {p}{k}) Sλ({p̃}{k̃}; {p̃′}{k̃′}) .

Notice that, in each factor in the product of integrals in the equation above,
the three dimensional integration over q⃗ is over a narrow shell with λ < |q⃗| < Eres

and the result would be small, ∼ E2
res, if it were not for the singular terms due

to soft scalar emission. It is those singular terms which allow the integrals to be
appreciable, in fact logarithmically infrared divergent ∼ lnEres/λ. Corrections to
the above formula due to the non-singular next-to-leading contributions to the soft
scalar theorem would be relatively suppressed by positive powers of Eres. The
summation in the equation above exponentiates and we find the expression for the
reduced final state density matrix

ρfinal =
∑

{p}{k}
{p̃}{k̃}

ρ{p}{k};{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟨{p̃′}{k̃′}|

× Sλ†({p′}{k′}; {p}{k})Sλ({p̃}{k̃}; {p̃′}{k̃′})

× exp

{∫ Eres

λ

d3q⃗

(2π)32|q⃗|
∑

pnin{p}{p′}

gmηn
pn · q

∑
pm∈{p̃}{p̃′}

gmηm
−pm · q

}
. (3.20)

8Since, once the scalar momenta q are on-shell, pn · q > 0 and we can drop the iϵ’s from the
denominators.
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3.4. Infrared divergence cancellation in the Bloch-Nordseick Scheme

Now, we must examine the infrared cutoff dependence of the S matrix elements
on the right-hand-side of equation (3.20). For this, we must use the λ-dependence
of the S matrix elements that is summarized in equation (3.14). We then get

ρfinal =
∑

{p}{k}
{p̃}{k̃}

ρ{p}{k}{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟨{p̃′}{k̃′}|

× SΛ†({p′}{k′}; {p}{k})SΛ({p̃}{k̃}; {p̃′}{k̃′})eiΦ̄({p})+iΦ̄({p′})−iΦ̄({p̃})−iΦ̄({p̃′})

× exp

{∫ Eres

λ

d3q⃗

(2π)32|q⃗|
∑

pn∈{p}{p′}

gmηn
pn · q

∑
pm∈{p̃}{p̃′}

gmηm
−pm · q

}

× exp

{
−
∫ Λ

λ

d3q

(2π)32|q⃗|

[
1

2

[ ∑
pn∈{p}{p′}

gmηn
pn · q

]2
+

1

2

[ ∑
pn∈{p̃}{p̃′}

gmηn
pn · q

]2]}
. (3.21)

Upon combining the exponentials in the last two lines, we can write the above
expression as

ρfinal =
∑

{p}{k}
{p̃}{k̃}

ρ{p}{k}{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟨{p̃′}{k̃′}|

× SΛ†({p′}{k′}; {p}{k})SΛ({p̃}{k̃}; {p̃′}{k̃′})eiΦ̄({p})+iΦ̄({p′})−iΦ̄({p̃})−iΦ̄({p̃′})

× exp

{∫ Eres

Λ

d3q⃗

(2π)32|q⃗|
∑

pn∈{p}{p′}

gmηn
pn · q

∑
pm∈{p̃}{p̃′}

gmηm
−pm · q

}

× exp

{
−1

2

∫ Λ

λ

d3q

(2π)32|q⃗|

[ ∑
pn∈{p}{p′}

gmηn
pn · q

−
∑

pm∈{p̃}{p̃′}

gmηm
pm · q

]2}
. (3.22)

Now we want to examine the right-hand-side of equation (3.22) as the funda-
mental infrared cutoff λ→ 0. The second line contains phases which are separately
infrared divergent and we reserve comment on them for later. The third line is λ-
independent and infrared finite. The fourth (last) line has a negative semi-definite
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exponent which can be written as

exp

{
−1

2

∫ Λ

λ

d3q

(2π)32|q⃗|

[ ∑
pn∈{p}{p′}

gmηn
pn · q

−
∑

pm∈{p̃}{p̃′}

gmηm
pm · q

]2}

= exp

{
− 1

32π3
ln

Λ

λ
·
∫
dq̂

[ ∑
pn∈{p}{p′}

gmηn
pn · v

−
∑

pm∈{p̃}{p̃′}

gmηm
pm · v

]2}
; vµ = (1, q̂) , q̂ ≡ q⃗/|q⃗| .

This exponent is either negative and logarithmically divergent or it vanishes. It can
vanish only if the integrand in the integration over unit vectors vanishes, that is, if∑

pn∈{p}{p̃′}

gm

pn · v
=

∑
pm∈{p′}{p̃}

gm

pm · v
. (3.23)

It is only in this case where the |{p′}{k′}⟩⟨{p̃′}{q̃′}| matrix element of the reduced
outgoing density matrix can be nonzero when the matrix element |{p}{k}⟩⟨{p̃}{q̃}|
of the incoming density matrix was nonzero.

Remember that the sums in (3.23) are over terms containing hard fermion mo-
menta only. Hard scalar momenta do not enter in these expressions. The above
equation must be so for all values of the null four-vector vµ = (1, q̂). If we Taylor
expand the above in powers off p⃗n√

p⃗2n+m2
< 1 and equate each order we see that

∑
pn∈{p}{p̃′}

(q̂ · p⃗n)ℓ

(
√
p⃗2n +m2)ℓ+1

=
∑

pn∈{p̃}{p′}

(q̂ · p⃗n)ℓ

(
√
p⃗2n +m2)ℓ+1

,

∀ℓ, ∀q̂ .

which implies that all multipole moments of the set of fermion momentum vectors
{p} ∪ {p̃′} are equal to all moments of the set {p′} ∪ {p̃} which can only be so if the
two sets of vectors are identical

{p} ∪ {p̃′} = {p′} ∪ {p̃} . (3.24)

Only those elements of the density matrix for which this criterion is satisfied survive
the limit λ→ 0.

Now, notice that, when the constraint (3.24) is obeyed, the phases in the third
line of equation (3.22) also cancel exactly. The result is, for evolutions from the
initial to the final state for which (3.24) holds, the final density matrix is free of
infrared divergences. Let us examine some of the consequences of this result.
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Since, by unitarity, both the incoming and reduced outgoing density matrices
must have unit trace, they both must have nonzero diagonal matrix elements. More-
over, a question about the evolution of a diagonal element of the density matrix
element to another diagonal element of the density matrix is unaffected by the con-
straint (3.24). This is due to the fact that, in such a case, {p} = {p′} and {p̃} = {p̃′}
and (3.24) is automatically satisfied. This is the question that is usually asked in
particle physics: what is the probability that the state |{p}{k}⟩⟨{p}{k}| will evolve
to the state |{p′}{k′}⟩⟨{p′}{k′}|? This quantity is finite in the limit λ→ 0 and it is
unconstrained by the condition (3.24). We have nothing new to say about it.

On the other hand, if we ask the questions which probe the off-diagonal elements
of the density matrix, the λ→ 0 limit can have drastic consequences. If we ask what
is the probability of the process

1√
2
(|{p1}{k1}⟩+ |{p2}{k2}⟩)×

1√
2
(⟨{p1}{k1}|+ ⟨{p2}{k2}|) =⇒ |{p′}{k′}⟩⟨{p′}{k′}| ,

we find that, unless {p1} = {p2}, it is

1

2
Prob. of |{p1}{k1}⟩⟨{p1}{k1}| =⇒ |{p′}{k′}⟩⟨{p′}{k′}|

+

1

2
Prob. of |{p2}{k2}⟩⟨{p2}{k2}| =⇒ |{p′}{k′}⟩⟨{p′}{k′}| .

There is no interference between the incoming states.
The probability for evolving to a superposition, on the other hand

|{p}{k}⟩⟨{p}{k}| =⇒ 1√
2

(
|{p′1}{k′1}⟩+ |{p′2}{k′2}⟩

)
× 1√

2

(
⟨{p′1}{k′1}|+ ⟨{p′2}{k′2}|

)
unless {p′1} = {p′2}, is simply the sum

1

2
Prob. of |{p}{k}⟩⟨{p}{k}| =⇒ |{p′1}{k′1}⟩⟨{p′1}{k′1}|

+

1

2
Prob. of |{p}{k}⟩⟨{p}{k}| =⇒ |{p′2}{k′2}⟩⟨{p′2}{k′2}| .

The state experiences complete decoherence.
In order to get the results outlined above, we reduced the final state density

matrix by tracing it over the Fock space states of the soft scalar fields. Of course,
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since we are tracing over this entire subspace of the total Hilbert space, tracing
over any redefinition of the Fock basis for soft scalars by a unitary transformation
must give the same answer. To find a result that is any different than what we have
obtained, one would have to use a redefinition of the basis that is not implemented by
a proper unitary transformation. Of course, it is easy to find such improper unitary
transformations in a Fock space. Here, the relevant one is the basis constructed
around certain coherent states which become improper coherent states when the
fundamental infrared cutoff is removed. Indeed, this redefinition of the basis for
soft scalar states is easily implemented and, when one subsequently traces in such
a basis, the reduced final state density matrix differs in ways that are physically
consequential. In that basis the evolution does not exhibit the severe decoherence
or suppression of interference that we found for the Fock state basis.

However, then we would be in a situation where the S matrix evolves an initial
soft scalar Fock vacuum to soft scalar coherent states which live in a different Hilbert
space and the S matrix itself is therefore not a proper unitary operator. The only
way to preserve unitarity of S in this context is to also use the coherent states as
incoming states, so that S evolves coherent states to coherent states in such a way
that it is unitary. This is the gist of what is done in the dressed state formalism
which we will discuss in the context of soft scalar fields in the next section. We
expect that the dressed states, in the limit where the cutoff is removed, will have
the same problems with violations of Lorentz invariance as photon and graviton
dressed states [82–84].

3.5 Soft Scalar Dressing

In quantum electrodynamics, a dressed state [57, 77] is a modification of the quan-
tum state of a charged hard particle which attaches a coherent state of soft photons
to it. As well, it must be accompanied by a singular redefinition of the phases of the
S matrix [58]. A similar idea can be used to obtain dressed states of gravitationally
charged particles in quantum gravity when that theory is written as an effective
field theory for perturbations of flat spacetime [78, 85]. In both electrodynamics
and gravity, the dressing of states can be done in such a way that the S matrix that
describes the scattering of hard dressed particles is infrared finite. In both cases, it
has been argued that the soft photons or gravitons simply decouple from the dressed
states [58, 86] in that their interactions are suppressed by factors of Eres/(hard par-
ticle scales) which can be very small. In the following, we will argue that the same
dressing procedure can be implemented for hard particles which interact with soft
scalar fields. In our simple model (3.5) it is a close parallel to the construction for
photons or gravitons. We will reserve the discussoin of decoupling or non-decoupling
for a later section.

Consider an incoming Fock space state of hard particles |{p}{k}⟩. We will con-
sider our quantum field theory with a fundamental infrared cutoff λ. Following

49



3.5. Soft Scalar Dressing

Chung and Faddeev and Kulish [57, 58], we define the dressed state, which we
denote by |{p}{k}⟩⟩, as

|{p}{k}⟩⟩ ≡ W ({p}) |{p}{k}⟩ (3.25)

where W ({p}) is the unitary operation implemented on an incoming state with
fermion quantum numbers {p} as

W ({p}) = exp (R({p})) (3.26)

R({p}) =
∫ Eres

λ

d3k√
(2π)32|⃗k|

{ ∑
pn∈{p}

f(k, pn)

 a†(k)
−

 ∑
pn∈{p}

f∗(k, pn)

 a(k)} (3.27)

f(k, p) =
gm

k · p
. (3.28)

Note that R({p}) is anti-Hermitian and W ({p}) is unitary. In this expression, λ is
a fundamental infrared cutoff, and Eres is a second cutoff analogous to the detector
resolution of the previous section, and we use the same symbol for it here 9.

Our normalization of the creation and annihilation operators is such that free
field is

ϕin(x) =

∫
d3k√

(2π)32|⃗k|

(
eikxa(k) + e−ikxa†(k)

)
(3.29)

and [
a(k), a†(k′)

]
= δ3(k⃗ − k⃗′) .

We have omitted the wave-function, 1√
(2π)32|⃗k|

, for the scalar fields from our ex-

pressions for the S matrix. This means that we must compensate by taking the
normalization integral for the states to be the Lorentz invariant measure

∫
d3k

(2π)32|⃗k|
when we finally sum over scalar field states.

In addition to the dressing of states described in equations (3.26)-(3.28), the S
matrix must be modified. As an operator on Fock space, the modified S matrix is
similar to the Dyson S matrix that is computed in Feynman-Dyson-Wick perturba-
tion theory and which we used in the previous sections, the only difference is that
it should be multiplied by some phases which take into account the infinite range of
interactions. If we consider the transition between a dressed state |{p}{k}⟩⟩ and a

9Note that f defined in (3.28) is real. Thus f∗ in (3.27) appears to over-complicate the expres-
sion. However, we prefer to write it this way to allow for any (possibly complex) subleading term
in the definition of the dressed states, should we require it.
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dressed state |{p′}{k′}⟩⟩, modified S matrix, which we shall denote by the symbol
S is defined by

S({p}{k}; {p′}{k′}) = ⟨⟨{p′}{k′}| S |{p}{k}⟩⟩ (3.30)

≡ eiΦ({p}) ⟨⟨{p′}{k′}| Sλ |{p}{k}⟩⟩ eiΦ({p′}) ; (3.31)

Φ({p}) = − 1

8π

∑
pn,pm∈{p}

m ̸=n

g2m2√
(pn · pm)2 −m4

ln
Eres

λ
. (3.32)

As we shall see, the infrared diverging phases serve to cancel the infrared diver-
gent parts of the phases due to infrared divergent loop integrals encountered in the
computation of Sλ.

3.6 Infrared Finiteness of the Dressed S Matrix

In this section, we shall show that matrix elements of the S matrix between dressed
states are free of infrared divergences. The proof is very similar to the analogous
one for quantum electrodynamics and for perturbative quantum gravity [57, 78].
Consider the Dyson S matrix operator Sλ computed in renormalized perturbation
theory and the dressed states defined in equations (3.25)-(3.28). The matrix element
of the S matrix between dressed states is given in equation (3.31) which we recopy
here for the reader’s convenience:

S({p}{k}; {p′}{k′})

= eiΦ({p}) ⟨⟨{p′}{k′}| Sλ |{p}{k}⟩⟩ eiΦ({p′}) . (3.33)

The superscript λ on Sλ indicates that the matrix elements on the right-hand-side
of the above equation are computed while using λ as a fundamental infrared cutoff.
The dressed states |{p}{k}⟩⟩ and the phases Φ({p}) are also defined with this cutoff.
Cancellation of this singular dependence on λ and finiteness as λ is put to zero on
the right-hand-side of equation (3.33) is the “infrared finiteness” that we are seeking
in this section.

We can use the Baker-Campbell-Hausdorff formula10 to rewrite the exponential
operators in the dressed states defined in equations (3.25)-(3.28) as

10For operators A and B with the properties [A, [A,B]] = 0 and [B, [A,B]] = 0, the Baker-
Campbell-Hausdorff formula is

eAeB = e
1
2
[A,B]eA+B = e[A,B]eBeA
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|{p′}{k′}⟩⟩

= exp

{∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

∣∣∣∣ ∑
p′nin{p′}

f(ℓ, p′n)

∣∣∣∣2
+

∑
p′nin{p′}

f(ℓ, p′n)a
†(ℓ)

]}
|{p′}{k′}⟩ , (3.34)

⟨⟨{p}{k}|

= ⟨{p}{k}| exp
{∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

×
[
−1

2

∣∣∣∣ ∑
pn∈{p}

f(ℓ, pn)

∣∣∣∣2 − ∑
pn∈{p}

f∗(ℓ, pn)a(ℓ)

]}
. (3.35)

Then, using these states, equation (3.33) becomes

S({p}{k}; {p′}{k′}) =

exp

{
iΦ({p}) + iΦ({p′}) +

∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

∣∣∣∣∣∣
∑

pnin{p}

f(ℓ, pn)

∣∣∣∣∣∣
2

− 1

2

∣∣∣∣∣∣
∑

p′nin{p′}

f(ℓ, p′n)

∣∣∣∣∣∣
2 ]}

× ⟨{p}{k}| exp
{
−
∫ Eres

λ

d3ℓ√
(2π)32|ℓ⃗|

∑
pn∈{p}

f∗(ℓ, pn)a(ℓ)

}
Sλ

× exp

{∫ Eres

λ

d3ℓ√
(2π)32|ℓ⃗|

∑
p′m∈{p′}

f(ℓ, p′m)a†(ℓ)

}
|{p′}{k′}⟩ . (3.36)

A compact form for the LSZ formula for the scalar field part of the Dyson S
matrix is obtained using a generating functional

Sλ = : e
∫
dzϕin(z)(−∂2) δ

δJ(z) : . . . T . . . ei
∫
Jϕ . . . . . .

∣∣∣
J=0

where ϕin(x) is the asymptotic free field as in equation (3.29) and : . . . : denotes the
normal ordering. With this formula, we can find the action of the dressing operator
on Sλ as

⟨{p}{k}|e
−

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
pn∈{p} f

∗(ℓ,pn)a(ℓ)

Sλe

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
p′m∈{p′} f(ℓ,p′m)a†(ℓ)

|{p′}{k′}⟩

= exp

{
−
∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

∑
pn∈{p}

f∗(ℓ, pn)
∑

p′m∈{p′}

f(ℓ, p′m)

}
exp

(∫
dzf(z)(−∂2) δ

δJ(z)

)
× ⟨{p}{k}| : e

∫
dzϕin(z)(−∂2) δ

δJ(z) : . . . T . . . ei
∫
Jϕ . . . . . . |{p′}{k′}⟩

∣∣∣
J=0
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In the above formula, we have used the equations

e
−

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
pn∈{p} f

∗(ℓ,pn)a(ℓ)

a†(k)

=

a†(k)− ∑
pn∈{p}

f∗(pn, k)

 e
−

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
pn∈{p} f∗(ℓ,pn)a(ℓ)

, (3.37)

a(k)e

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
p′m∈{p′} f(ℓ,p′m)a†(ℓ)

= e

∫ Eres
λ

d3ℓ√
(2π)32|ℓ⃗|

∑
p′m∈{p′} f(ℓ,p

′
m)a†(ℓ)

a(k) + ∑
p′n∈{p′}

f(k, p′n)

 , (3.38)

and the result is the classical scalar field,

f(z) =

∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

( ∑
p′n∈{p′}

f(ℓ, p′n)e
iℓz −

∑
pm∈{p}

f∗(ℓ, pm)e−iℓz

)
occurring in the exponential functional derivative operator in the second line,

exp

(∫
dzf(z)(−∂2) δ

δJ(z)

)
.

This operation inserts ingoing and outgoing soft scalars with wave-functions ∼
f,−f∗ into the S matrix element that it operates on. We can use the soft scalar
theorem (3.13) to re-write these as the S matrix element without the soft scalars
and with an exponential factor,

exp

{∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

 ∑
pn∈{p}

gm

pn · ℓ
−

∑
p′n∈{p′}

gm

p′n · ℓ

×

×

 ∑
pm∈{p}

f(ℓ, pm)−
∑

p′m∈{p′}

f∗(−ℓ, p′m)

}
which then leads us to

S({p}{k}; {p′}{k′}) = Sλ({p}{k}; {p′}{k′}) eiΦ({p})+iΦ({p′})

× exp

{∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

∣∣∣∣∣∣
∑

p′n∈{p}

f(ℓ, pn)

∣∣∣∣∣∣
2

− 1

2

∣∣∣∣∣∣
∑

p′n∈{p′}

f(ℓ, p′n)

∣∣∣∣∣∣
2

−
∑

pn∈{p}

f∗(ℓ, pn)
∑

p′m∈{p′}

f(ℓ, p′m)

+

[ ∑
pn∈{p}

gm

pn · ℓ
−

∑
p′n∈{p′}

gm

p′n · ℓ

][ ∑
pm∈{p}

f(ℓ, pm)−
∑

p′m∈{p′}

f∗(−ℓ, p′m)

]]}
(3.39)
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Then, we can use equations (3.14) to write the above equation as

Sλ({p}{k}; {p′}{k′}) = SΛ({p}{k}; {p′}{k′}) eiΦ({p})−iΦ̄({p})+iΦ({p′})−iΦ̄({p′})

× exp

{∫ Eres

λ

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

∣∣∣∣∣∣
∑

p′n∈{p}

f(ℓ, pn)

∣∣∣∣∣∣
2

− 1

2

∣∣∣∣∣∣
∑

p′n∈{p′}

f(ℓ, p′n)

∣∣∣∣∣∣
2

−
∑

pn∈{p}

f∗(ℓ, pn)
∑

p′m∈{p′}

f(ℓ, p′m)

+

[ ∑
pn∈{p}

gm

pn · ℓ
−

∑
p′n∈{p′}

gm

p′n · ℓ

][ ∑
pm∈{p}

f(ℓ, pm)−
∑

p′m∈{p′}

f∗(−ℓ, p′m)

]

+

∫ Λ

λ

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

 ∑
pn∈{p}

gm

pn · ℓ

2

− 1

2

 ∑
p′n∈{p′}

gm

p′n · ℓ

2

+
∑

pn∈{p}

gm

pn · ℓ
∑

p′m∈{p′}

gm

p′m · ℓ

]}
(3.40)

The first line in equation (3.40) contains the phases that come from the Faddeev-
Kulish prescription plus from the internal loop contributions to the infrared cutoff
Sλ. The logarithmic infrared divergences cancel in the combinations in which the
phases appear there, leaving behind finite parts which we will display shortly. The
second and third lines in equation (3.40) comes from the normalizations and overlaps
of the coherent states. The fourth line in equation (3.40) contains the result of
using the soft scalar theorem to take into account the soft scalars coming from the
coherent states. The last line in equation (3.40) is the contribution of internal loops
encountered in the computation of Sλ. It is easy to see that the λ-dependence of the
sum of all of these terms cancels when we put f(p, ℓ) = gm

p·ℓ . The latter exponential
factors simplify as

exp

{∫ Λ

Eres

d3ℓ

(2π)32|ℓ⃗|

[
−1

2

 ∑
pn∈{p}

gm

pn · ℓ

2

− 1

2

 ∑
p′n∈{p′}

gm

p′n · ℓ

2

+
∑

pn∈{p}

gm

pn · ℓ
∑

p′m∈{p′}

gm

p′m · ℓ

]}

=

(
Eres

Λ

)A({p}{p′})
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where

A({p}{p′}) = 1

8π2

∑
nm

g2m2ηmηn√
(pm · pn)2 −m4

[
i

(
1 + ηmηn

2

)

+ ln
1 +

√
1− m4

(pm·pn)2

1−
√
1− m4

(pm·pn)2

]
.

The final result for the element of the S matrix in dressed states is simply

S({p}{k}; {p′}{k′})

=

(
Eres

Λ

)A({p}{p′})
SΛ({p}{k}; {p′}{k′}) . (3.41)

The left-hand-side of the above formula (3.41) is the matrix element of the modified
S matrix, S, computed with dressed states. It is the amplitude for the transi-
tion from dressed state |{p}{k}⟩⟩ to dressed state |{p′}{k′}⟩⟩. The right-hand-side
simply contains the Dyson S matrix, Sλ, its matrix elements SΛ({p}{k}; {p′}{k′})
computed with undressed Fock space states and with an infrared cutoff Λ. It is mul-

tiplied the factor
(
Eres
Λ

)A({p}{p′})
made from the ratio of cutoffs raised to a complex,

momentum-dependent exponent. The right-hand-side does not depend on Λ in that
the Λ-dependence of SΛ is compensated by the Λ dependence of the factor. How-
ever, the right-hand-side does depend on the cutoff, Eres which is now a parameter
of the theory.

3.7 Non-decoupling of Soft Scalar Emission

Having constructed the infrared finite S matrix for dressed states, we are now in-
terested in computing the amplitude of emission of additional soft scalars beyond
those in the dressing. The vanishing of such amplitudes and the factorization of
the S matrix into hard and soft sectors for the scattering amplitudes of dressed
states is an already well-known feature of quantum electrodynamics and perturba-
tive quantum gravity [58, 61, 85, 86]. There, the factorization has to do with the fact
that one could correct the dressing factors to take into account the next-to-leading
contributions to the soft theorem. Then amplitude for the interaction of suitably
dressed states to emit or absorb an additional soft photon or soft graviton is indeed
suppressed by powers of the detector resolution cutoff Eres. This decoupling also
has sound physical reasoning. Photons or gravitons with wavelengths the size of the
solar system should have nothing to do with electrodynamic or gravitational physics
at a subatomic scale.

As we shall see, the case of the massless scalar field is a little different. We will
find that soft scalars do not decouple. A scattering event for hard dressed particles
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3.7. Non-decoupling of Soft Scalar Emission

can produce soft scalars with an amplitude of the same order as other radiative
corrections to the amplitude and at the same order as the interactions between the
hard particles themselves. We will outline the argument for this in the following.
Later, in the next section, we will examine the entanglement of the dressed hard
particles and the soft particles that are produced in the scattering of hard particles.

Let us consider an outgoing dressed state which contains an additional soft scalar

|{p′}{k′}q′⟩⟩ = eR({p′})a†(q′)|{p′}{k′}⟩ (3.42)

We would like to compute the dressed S matrix element S({p}{k}; {p′}{k′}q′)
which is defined as the quantity

S({p}{k}; {p′}{k′}q′) = eiΦ({p})×

⟨{p}{k}|W †({p})SλW ({p′})a†(q′)|{p′}{k′}⟩eiΦ({p′}) (3.43)

We can move the scalar creation operator past the operator W ({p′}) by using the
identity (3.37) to get

S({p}{k}; {p′}{k′}q′)

= eiΦ({p})+iΦ({p′})⟨{p}{k}|W †({p})Sλ

×

a†(q′)− ∑
p′n∈{p′}

f(p′n, q
′)

W ({p′}))|{p′}{k′}⟩ (3.44)

Then, the a†(q′) can either act on W †({p}), for which we use equation (3.38) or it
could be absorbed into the S matrix, in which case we can use the soft scalar theorem
(3.11), which we will keep to next-to-leading order. The result is a cancellation
between the singular factors and the f ’s, leaving only the contributions from the
next-to-leading soft scalar theorem,

S({p}{k}; {p′}{k′}q′) =
(
Eres

Λ

)A({p}{p′})

×

−
∑

pn∈{p}{p′}

( g

2m

)
− g∂̂m

SΛ({p}{k}; {p′}{k′}) (3.45)

where quantities on the right-had-side are defined in the discussions around equation
(3.11)-(3.12) and (3.41).

This equation is one of our central results. The right-hand-side, unlike what
occurs for photons or gravitons, cannot be written in a form that depends only on
the initial and final states in a way that its effect can be absorbed into W ({p′}) or
W †({p}). Even absorbing the first term with − g

2m for each external fermion would
modifyW in such a way that it is no longer unitary. It is easy to confirm by a simple
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tree level computation that −g∂̂m operating on an amputated correlation function
simply cannot in general be written as something that depends only on {p}{k} plus
something that depends only on {p′}{k′} and its action therefore cannot be absorbed
into the W ’s either. Our conclusion is that the soft scalars couple to the dressed
S matrix at order g in the coupling constant, which makes them just as coupled as
the other particles.

3.8 Discussions

We have shown that, in the context of our admittedly rather specialized model,
the infrared problem due to massless scalar fields is practically identical to that
for photons in quantum electrodynamics and for gravitons in perturbative quantum
gravity. This is in spite of the fact that there are no apparent internal symmetries,
either continuous or discrete, whatsoever. This means that there are no conserved
Noether currents beyond the energy-momentum tensor, no Ward-Takahashi identi-
ties and no apparent asymptotic symmetries. We have found what we conjecture is
different in the soft scalar theory. The difference lies in the next-to-leading soft scalar
theorem. Unlike the case of photons or gravitons where Ward-Takahashi identities
help to write those terms as referring only to the initial and final states [85], their
scalar analog cannot be written that way. Then, unlike for photons and gravitons,
the next-to-leading behaviour cannot be absorbed by modifying the hard particle
dressing. Soft scalars are still produced when dressed hard particles interact.

Now that we have demonstrated that soft scalars do not decouple from the in-
teractions of dressed states, we can revisit the question as to whether they carry any
significant amount of information. We still expect the scenario where the interac-
tions of hard particles in a scattering event also produces a cloud of soft particles and
those soft particles are undetectable. Our experimental resources only have access
to the dressed hard particles. To proceed, we could simply ask the same question
that we did for scattering of undressed hard particles. We consider an incoming
density matrix state ∑

{p}{k}
{p̃}{k̃}

|{p}{k}⟩⟩ρ{p}{k};{p̃}{k̃} ⟨⟨{p̃}{k̃}|

(3.46)

which should evolve to an outgoing density matrix∑
{p}{k}
{p̃}{k̃}

∑
{p′}{k′}{q′}
{p̃′}{k̃′}{q̃′}

|{p′}{k′}{q′}⟩⟩⟨⟨{p̃′}{k̃′}{q̃′}|

× S†({p′}{k′}{q}; {p}{k}) ρ{p}{k};{p̃}{k̃}
× S({p̃}{k̃}; {p̃′}{k̃′}{q′}) (3.47)
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which we now trace over the outgoing soft scalars to obtain a reduced density matrix
which describes all of the accessible physics of the hard particles in the outgoing
state,

ρfinal =
∑

{p}{k}
{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟩⟨⟨{p̃′}{k̃′}|

×
∑
{q}

S†({p′}{k′}{q}; {p}{k}) ρ{p}{k};{p̃}{k̃}

S({p̃}{k̃}; {p̃′}{k̃′}{q}) . (3.48)

Then, we observe that the trace over the soft scalars involves

∑
{q}

S†({p′}{k′}{q}; {p}{k}) ρ{p}{k};{p̃}{k̃} S({p̃}{k̃}; {p̃′}{k̃′}{q})

= S†({p′}{k′}; {p}{k}) ρ{p}{k};{p̃}{k̃} S({p̃}{k̃}; {p̃′}{k̃′})

+

∫ Eres

λ

d3q′

(2π)32|q⃗′|
S†({p′}{k′}q′; {p}{k}) ρ{p}{k};{p̃}{k̃} S({p̃}{k̃}; {p̃′}{k̃′}q′)

+ . . . (3.49)

Since the combination

S†({p′}{k′}q′; {p}{k})ρ{p}{k};{p̃}{k̃}S({p̃}{k̃}; {p̃
′}{k̃′}q′)

∼ (q′)0

is not singular as q → 0, it goes like a constant, the integration in the last line of the
above equation produces a factor of E2

res and the higher order terms represented by
the ellipses there have multiple volume integrals which produce higher orders of Eres.
All of these are suppressed. In the approximation where we neglect contributions
with positive powers of Eres, we neglect such terms. Then equation (3.48) becomes

ρfinal =
∑

{p}{k}
{p̃}{k̃}

∑
{p′}{k′}
{p̃′}{k̃′}

|{p′}{k′}⟩⟩⟨⟨{p̃′}{k̃′}|

× S†({p′}{k′}; {p}{k}) ρ{p}{k};{p̃}{k̃}
× S({p̃}{k̃}; {p̃′}{k̃′}) +O(E2

res) (3.50)

with no reference to soft particles at all. This is the sense in which the information
contained in the soft particles decouples. We could produce soft scalars in a scat-
tering experiment. However, if we do not have the detector resolution to see them
directly, we have no way of knowing that they are there. It will also be interesting
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to understand the implications of our result in the context of Hawking, Perry, and
Strominger’s proposal [87, 88] of the resolution of the black hole information para-
dox which has been heavily criticized based on the decoupling of soft gravitons in
the dressed formalism [86].

We should note that recent work on the memory effect [74] suggests that, as
well as the well-known cases of massless QED and Yang-Mills theory, Feddeev-
Kulish like dressings may not work for the full nonlinear diffeomorphism invariant
quantum gravity. Perhaps studying this issue in the simpler context of trivalently
coupled massless scalar fields could shed some light on these complex issues.
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Chapter 4

Classical Observables from
Causal response Functions

In this chapter, we will discuss how the soft limit can be used to calculate clas-
sical observables from a quantum field theory. The calculation of classical results
from quantum amplitudes has recently received a lot of attention in recent years,
particularly due to its application in gravitational wave astronomy. In section 4.1,
we review some background materials that would be helpful to understand a new
technique to calculate classical observables from causal response functions that is
presented in the subsequent sections.

4.1 Background materials

The first experimental detection of gravitational waveforms from the merger of two
black holes by LIGO-Virgo collaboration [10] in 2015 marks a new era of gravita-
tional wave (GW) astronomy. The output signal of a gravitational wave detector
s(t) is in the form [89]

s(t) = h(t,λ) + n(t) (4.1)

where h(t,λ) represents a deterministic gravitational wave (GW) signal, which de-
pends on various parameters of the source of the wave (such as the mass, spin, size
etc) collectively denoted by λ, and n(t) is noise. In general, the actual GW signal
h(t,λ) is buried deep in the noise and the first step of GW data analysis is to de-
termine whether there is any true GW signal is present in the observed data. To
do this, it is extremely essential to have a bank of templates, where each template
is a theoretical prediction of the waveform h(t,λi) with a set of parameters λi for
a potential source. The number of templates in the bank is chosen to ensure a suf-
ficiently dense coverage of the parameter space [89]. Having a bank of templates in
hand, one can then use various statistical methods to extract true GW information
from the observed data. To analyze the GW detector data, we must, therefore, have
a template or prediction for the waveform of the system.

Finding templates using GR

A typical gravitational waveform during a binary black hole or neutron star coa-
lescence is shown in Fig 4.1. To find the waveforms, we need to solve Einstein’s
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(Inspiral) (Merger) (Ringdown)

Figure 4.1: A typical shape of the gravitational waveform of a binary coalescence is
shown. The inspiral phase describes the stage where two compact objects, such as
black holes or neutron stars, orbit each other while steadily losing energy through the
emission of gravitational waves. As this energy loss causes the objects to spiral closer
together, they eventually enter the merger phase, where they combine. Following
the merger, the newly formed object dissipates the excess energy, a process known
as the ringdown phase.

equation

Rµν −
1

2
gµν =

8πG

c4
Tµν (4.2)

where gµν is the metric,Rµν is the Ricci tensor, and Tµν is the source. The grav-
itational waves are found by writing the metric as a perturbation around the flat
metric as

gµν = ηµν + hµν (4.3)

However, solving the Einstein’s equations directly to find the waveform for a binary
coalescence is an extremely hard problem and we must resort to some approximate
schemes. Common methods using classical general relativity (GR) to find classical
gravitational observables such as the waveform are the following.

1 Post-Newtonian (PN) method: In this method, one expands a gravitational

observable O such as the waveform in powers of v2

c2
where v is the relative

velocity of the binaries.

OPN = O
(
v2

c2

)
+O

(
v4

c4

)
+ ...

Additionally, this method assumes weak gravity.

2. Post-Minkowskian (PM) method: In this method, the expansion parameter is
the gravitational constant G, i.e.

OPM = O (G) +O
(
G2
)
+ ...

PM method also assumes weak gravity.
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3. Self-force (SF) method: Here one considers the expansion in terms of the mass
ratio mL/mH where mL and mH are the lighter and heavier objects of the
binary. In this method, one assumes that the lighter object moves in the
Schwartzchild metric sourced by the heavier object. This is one of the key
methods that is able to deal with strong gravity.

4. EOB method: The effective of body (EOB) approach [90] is an analytic method
that can be regarded as the relativistic generalization of mapping a two-body
problem to an one-body problem. This method is particularly successful in
describing various phases of the binary coalescence.

5. Numerical relativity (NR): This is the method of solving Einstein’s equation
numerically. This method is the most accurate method of computing gravita-
tional observables but it is computationally very expensive.

In describing the binary coalescence, the post-Newtonian (PN) method proves
highly effective during the early inspiral phase, as the velocity v remains relatively
low. However, as v increases, the PN approximation loses accuracy, and PM meth-
ods become more reliable. Despite this, both PN and PM assume the weak-field
limit, which breaks down as the two objects approach merger. At this stage, numer-
ical relativity (NR) is required, but NR simulations are computationally demanding
and require significant computational resources to cover the full range of source
parameters λ. Furthermore, in the ringdown phase black hole perturbation the-
ory is needed to be used. In practice, constructing a complete waveform template
necessitates combining multiple methods, leveraging their overlapping regions and
integrating hybrid and numerical approaches to achieve high precision.

The need for precision

All of the above analytical methods, including other hybrid analytic methods [90]
based on general relativity, are quite computationally involved. On the other hand,
the future GW detectors such as Einstein telescope [91], Cosmic explorer [92], LISA
[93] as well as the future runs of LIGO-Virgo-KARGA are expected to make mea-
surements within the next decade with at least two orders of magnitude in precision
compared to the current measurements. They will be capable of detecting binary
black hole systems with masses up to ∼ 1000M⊙ whereM⊙ is the solar mass. These
massive systems, currently beyond the reach of existing detectors, produce lower-
frequency gravitational waves during the inspiral phase. At the theoretical front,
this means that we need to significantly improve our ability to calculate gravitational
observables at all phases of the merger. For example, perturbative calculations in
G are expected to need to be improved by at least two orders compared to what
we currently have, which translates to the need for O(G6) − O(G7) results for the
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inspiral phase 11. At the same time, we need to develop novel methods to describe
various stages of coalescence where the conventional analytic methods fall short.

Gravitational wave physics from QFT amplitudes

In recent years, remarkable progress has been made in computing classical gravi-
tational observables using quantum field theory (QFT) methods. Before reviewing
some of these advancements, it is important to emphasize that our focus is on de-
riving classical observables from the effective field theory of gravity coupled with
matter fields. This puts us in a much more comfortable position, given that a fully
formulated quantum field theory of gravity remains elusive as discussed in Chap-
ter 1. We will explore QFT-based techniques that enable us to efficiently take the
classical limit when ℏ → 0, where quantum effects disappear, leaving behind purely
classical results. Compared to traditional general relativistic methods, these alter-
native approaches provide a more suitable framework for the precise computation
of gravitational observables.

The idea of calculating classical quantities from scattering amplitudes is a famil-
iar one. For example, the potential V (b) between two massive objects interacting
via a massless exchange (such as photon or graviton) with momentum qµ = (q0, q)
can be found from the Fourier transform of the 4-point tree amplitude

V (b) ∼
∫
d3qe−iq·b × q ∝ 1

b
(4.4)

where we assumed that the massless propagator is of the form q−2. It should be of
no surprise that the same calculation for two massive particles with mass m1,m2

interacting via graviton will give the Newton’s formula of gravitational potential

V (b) = −Gm1m2

b
.

In the above formula, G comes from two powers of the gravitational coupling con-
stant

√
16πG as required by the tree diagram. However, this formula receives cor-

rection in GR and take the form [94]

V (b) = −Gm1m2

b

(
1 + α

G(m1 +m2)

c2b

)
+O(G3) (4.5)

where α is a constant not important for our discussion. We again emphasize that
(4.5) is derived using general relativity and is a purely classical result.

Can we derive the O(G2) and possibly higher order terms in (4.5) from a classi-
cal limit of an EFT of gravity? In fact, can we develop a EFT approach the aligns

11An analogous calculation within an effective field theory (EFT) of gravity would involve eval-
uating five- and six-loop Feynman integrals with graviton interactions.
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with the PM results discussed earlier? In such an EFT, we do computations per-
turbatively in G so it seems plausible. However, at first glance, there seems to be
a problem, as O(G2) and higher terms would originate from loop diagrams. This
seems to contradict the common notion that “loops are quantum.” Nevertheless, a
careful analysis reveals a one-loop calculation in EFT gives [95]

V (b) = −Gm1m2

b

(
1 + α

G(m1 +m2)

c2b
+ β

Gℏ
c3b2

)
+O(G3) (4.6)

where β is a constant. Indeed (4.6) is equal to (4.5) in the ℏ → 0 limit.
The main takeaway here is that loop corrections contain classical pieces when

both massive and massless particles are involved12. Coming back to our the bi-
nary interaction problem, we need a method within perturbative quantum field
theory (QFT) that systematically separates classical and quantum contributions.
Indeed, tackling the classical relativistic two-body problem from the classical limit
of quantum field theory amplitudes has proven very effective [98–114] and com-
plemented classical field theory methods [90, 115, 116]. In a seminal paper [117],
Kosower, Maybee and O’Connell (KMOC) developed a formalism for computing
classical observables from quantum scattering amplitudes in the ℏ → 0 limit. The
main advantage of the scattering-amplitude-based method is that it can borrow var-
ious powerful tools like the double-copy [118, 119], unitarity methods [120, 121], and
modern techniques for computing Feynman integrals [122–126], originally developed
in the context of collider physics to compute classical gravitational quantities.

In the KMOC framework, one aims to compute various classical observables
such as linear and angular impulses of a particle, or the radiative waveform itself,
perturbatively in the gravitational coupling constant. Such classical observables are
defined from classical limits of changes in the expectation value of an operator O in
the quantum theory

∆O = ⟨in|Oout |in⟩ − ⟨in|Oin |in⟩ , (4.7)

where objects with in and out labels are defined at the asymptotic past and fu-
ture infinity respectively, and |in⟩ are two-particle states with classically-peaked
wavepackets. Such observables are in-in quantities by definition, but in the KMOC
framework these are expressed in terms of in-out scattering amplitudes, using the
relation

Oout −Oin = S†OinS −Oin = i[Oin, T ] + T †[Oin, T ] , (4.8)

where S = 1+ iT is the familiar unitary S-matrix. We review the KMOC formalism
in more detail later in the chapter.

Let us now understand why a clean separation of quantum and classical pieces
is possible for the two-body problem. We have two massive objects interacting via
graviton. There are three length scales in the problem (we are working in a unit
c = 1):

12This is a relatively old result, see [95–97]
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1. The Compton length lc =
ℏ
M , M ∼ (m1 +m2)

2. The Schwarzschild radius ls = GM

3. The impact parameter13 b =
√
−b2

We impose a hierarchy of scale

lc ≪ ls ≪ b . (4.9)

In this limit, the two particles remain sufficiently distant, ensuring that the ex-
changed gravitons are soft and quantum effects are effectively suppressed. This
also ensures that the wavepackets associated with the massive particles do not grow
sufficiently to affect the results [117]. Defining the conjugate momentum |q| such
that

|q| ∼ ℏ
|b|

we have,

q

M
≪ GMq

ℏ
≪ 1 (4.10)

In the limit q = ℏq̄ where q̄ is the wavenumber, factors of ℏq̄
m keeps track of the

quantum pieces of the amplitude. The factor GMq
ℏ = GMq̄ does not change the ℏ

scaling and keeps track of the perturbative corrections. In the computation of an
observable, the leading order classical results come from the tree amplitude which
is 1/q̄2. Then the one-loop, two-loop and higher order classical results are encoded
in 1/q̄, q̄ ln |q̄|, ... terms of the amplitudes. The analytic terms q̄n with n > 0
includes the quantum results 14. Moreover, one expands the matter propagators
according to the method of regions [127] and adopts the same ℏ scaling for the loop
momenta ℓ ∼ q for the massless particle (graviton). Then by power counting its a
simple exercise to show that the UV divergent diagrams, such as the self- energy
diagrams, vertex corrections are all quantum since they go like (ℏq̄)n, n > 0 and
therefore do not contribute in the classical limit ℏ → 0[103, 117]. Notice that it is
sufficient to keep track of q, so we set ℏ = 1 form now on. This analysis applies to
any theory where such a meaningful separation of scale exists such as scalar QED
where the scales are Compton wavelength of the massive particles, classical radius
of the electron, and the impact parameter. All the other conclusions in the above
discussion remain unchanged.

In this chapter, we develop a new method to compute classical observable form
QFT. The later sections of this chapter explore the motivation, outcomes, and ad-
vantages of this method over the KMOC approach.

13We are working in the mostly negative signature.
14Their Fourier transform in the b space gives delta function and its derivatives ensuring that

these are contact terms
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4.2 Introduction

In the KMOC formalism, the UV divergent amplitudes do not contribute to the
classical results. However, delicate manipulations are required to manifest the can-
cellation of infrared singular contributions in the classical limit between different
terms in Eq. (4.8) [103, 117]. Furthermore, despite classical observables being causal
quantities by definition, when expressed in terms of the in-out scattering amplitudes,
causality is hidden in the intermediate steps of the computation.

An alternative way of computing these observables is to directly use the in-in or
Schwinger-Keldysh formalism [128, 129], which is commonly utilized in worldline-
based approaches to the two-body problem [130–138]. In field theory, the relation
between asymptotic observables and generalized scattering amplitudes has been dis-
cussed recently in [139], where it was shown that a class of in-in response functions
[140, 141], computes KMOC-like expectation values such as the classical gravita-
tional waveform. In this chapter, we further explore this connection and show that
other observables can also be computed from appropriate soft limits of response
functions. We explain how the KMOC formula for other observables, such as the
linear impulse and radiated momentum, ∆P, can be derived from a causal response
function.

A particularly interesting classical gravitational observable is the angular mo-
mentum loss for the binary system, ∆J. A position space calculation by Damour
[142] showed that the angular momentum loss in General Relativity begins at
O
(
G2
)
, whereas the energy loss starts at O

(
G3
)
[102]. This result was reproduced

in momentum space using Weinberg’s soft theorem [143, 144]. However, the naive
application of the KMOC framework produces an ambiguous result, as it requires
the inclusion of a unitary cut involving an on-shell three-point amplitude, which is
zero for real kinematics, times the singular soft-limit of a five-point amplitude. In
this chapter, we will show that the soft limit of the response function unveils new
integration regions thereby enabling us to present an unambiguous calculation of
the radiated angular momentum, within the KMOC framework.

Response functions are causal observables. Does manifest causality simplify the
calculations of classical observables from amplitudes? In this chapter, we find an
affirmative answer to this question by computing classical observables using causal
Feynman rules, i.e., amplitudes with a retarded iϵ prescription, which appear natu-
rally within the in-in formalism in the so-called Keldysh basis [116, 141].

We show that the causal representation manifests various properties of certain
classical observables, such as the linear impulse, the scattering waveform and its
variance. In particular, we find that the retarded iϵ prescription ensures the manifest
cancellation of O(1/ℏn) terms within classical observables, as well as the vanishing
of the classical variance of the scattering waveform.

The organization of the reminder of this chapter is as follows. In Section 4.3, we
review causal response functions and discuss their computation using the Schwinger-
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Keldysh closed time contour. We also review the relation between amputated re-
sponse functions and the KMOC waveform from Ref. [139]. In Section 4.4, we
present a derivation of the KMOC formulas for the linear impulse and radiated mo-
mentum from response functions, and explain the subtle calculation of the angular
momentum loss. In Section 4.5, we revisit the calculation of impulse, waveform, and
variance up to one loop in the causal basis. Finally in Section 4.6, we summarize
our results.

For simplicity, we present example calculations in scalar QED, described by the
Lagrangian

L = −1

4
FµνF

µν +
∑
i=1,2

[
(DµΦi) (D

µΦi)
† −m2

iΦiΦ
†
i

]
(4.11)

where Dµ = ∂µ + ieQiAµ is the covariant derivative, Fµν = ∂µAν − ∂νAµ is the
photon field strength, Qi and mi are the charges and masses of the fields Φi, and e
is the gauge coupling. The generalization to the more interesting case of gravity is
straightforward.

4.3 Review: in-in formalism and asymptotic
observables

In this section, we review causal response functions which are familiar objects in non-
linear response theory. More details can be found in refs. [140, 141, 145–147]. We
present our discussion in terms of a generic field φ(x), as a stand-in for Φi and Aµ.
Then, we review the KMOC formula and its application for the scattering waveform
from Refs. [139, 148], as well as the connection of the latter with a five-point causal
response functions.

4.3.1 Local response functions and in-in formalism

Let us denote the expectation value of a local operator O(xi) at some time t = x0i by
⟨O(xi)⟩ = ⟨0| O(xi) |0⟩ where |0⟩ is the ground state of the theory. A perturbation
Hj =

∫
ddxφ(x)j(x) with source j(x) is added to the system and the expectation

value of the operator O(x) at t = x0 as a result of the perturbation is given by [141]

⟨Oj(x)⟩ = ⟨0| T̄ ei
∫
dDxφ(x)j(x)O(x)T e−i

∫
dDxφ(x)j(x) |0⟩ (4.12)

where the time integral is from x0i to x0, T (T̄ ) is the time ordering (anti-time-
ordering) symbol, and the operator O(x) is in the interaction picture. We shall
describe the path-integral computation of the above quantity momentarily. The
difference between ⟨Oj(x)⟩ and ⟨O(x)⟩ can be thought of as a measure of the response
of the system to the external perturbation sourced by j(x) [146]. The n + 1-point
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Figure 4.2: Closed-timed contour for computing in-in expectation values.

response function is defined as

Rn+1[O(x);φ(x1), φ(x2), · · · , φ(xn)] =
inδn

δj(x1) · · · δj(xn)
⟨Oj(x)⟩

=
∑
P

θ(x0 − x0P (1))θ(x
0
P (2) − x0P (2)) · · · θ(x

0
P (n−1) − x0P (n))

× ⟨0|
[[
· · ·
[[
O(x), φ(xP (1))

]
, φ(xP (2))

]
· · ·
]
, φ(xP (n))

]
|0⟩ , (4.13)

where the sum is over all permutations of (1, 2, · · · , n). The definition in Eq. (4.13)
is manifestly causal, and symmetric in x1, · · · , xn. In particular, for the retarded
2-point function of the field one has

R2[φ(x1);φ(x2)] = θ(x01 − x02) ⟨0| [φ(x1), φ(x2)] |0⟩ (4.14)

which is the usual retarded propagator. Now, let us take x0i → −∞, x0 → ∞
and discuss the computation of the path integral in Eq. (4.12). One can use a
single closed time contour as shown in Fig. 4.2 with Γ = γI ∪ γII that goes from
γI : −∞ → ∞ and back to γII : ∞ → −∞ along with two field variables φI, φII to
write the unitary time evolution operator and its conjugate as path-integrals. These
two fields are identified at x0 = ∞ i.e

φI − φII = 0, x0 = ∞. (4.15)

The full partition function in terms of the doubled fields is given by [141]

Z =

∫
DφIDφII ei

∫
(S[φI]−S[φII]) . (4.16)

Eq. (4.16) allows for the computation of contour-ordered correlation functions by
inserting fields with contour labels I, II on the path-integral in Eq. (4.16). For ex-
ample, an ordinary n-point time-ordered (or anti time-ordered) correlation function
can be computed by inserting n type I (or type II) fields in Eq. (4.16). It is useful to
adopt notation of [139] to denote the contour ordering of various fields: for a string
of operators OI,II

1 ,OI,II
2 ,OI,II

3 , · · · , the contour-ordering symbol C sorts all type II
fields to the left of type I fields and then time orders or anti-time orders the I and
II fields respectively. For example,

C
{
OII

1 OI
2ÔI

3OI
4OII

5

}
= T̄ {O1O5} T {O2O3O4} .
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The boundary condition in Eq. (4.15) implies that the correlation functions including
all difference fields vanishes identically

⟨0| C
{
(OI

1 −OII
1 )(OI

2 −OII
2 )(OI

3 −OII
3 ) · · ·

}
|0⟩ = 0 , (4.17)

which is known as the largest time equation. Finally, it can be shown that the
response function in Eq. (4.13) can be written as [140]

Rn+1[O(x);φ(x1), φ(x2), · · · , φ(xn)]

= ⟨0| C
{
1

2

(
OI(x) +OII(x)

)
(φI
(
x1)− φII(x1)

)
· · ·
(
φI(xn−1)− φII(xn)

)}
|0⟩

= ⟨0| C
{
OI(x)(φI

(
x1)− φII(x1)

)
· · ·
(
φI(xn−1)− φII(xn)

)}
|0⟩ , (4.18)

using the largest time equation in Eq. (4.17), and with the normalization condition
of theta functions

∑
P θ(x

0
P (1) − x0P (2)) · · · θ(x

0
P (n−1) − x0P (n)) = 1.

We conclude this section by describing the momentum space in-in Feynman rules
to compute correlation functions in Eq. (4.18) using the in-in path integral [139, 149]:

• Assign a label I to the response field O. The source fields φ should be assigned
all possible I/II labels. External points must be connected with the same type
of internal points.

• Include an additional minus sign for a type II vertex.

• For an internal line connecting two type II fields, insert a factor of i/(p2 −
m2 + iϵ), whereas for an internal line connecting two type I fields, insert a
factor of −i/(p2 −m2 − iϵ).

• Draw a positive energy cut for an internal line connecting a type I vertex to
a type II vertex. Include a factor of δ̂+(p

2 −m2) = θ(p0)δ̂(p2 −m2) for the
propagator.

4.3.2 Waveforms from KMOC and response functions

A systematic approach to computing classical observables from amplitudes was de-
veloped in [117, 148] in the context of 2 → 2 scattering. Suppose we are interested
in computing the change in expectation value of some classical observable O due
to the interaction between two massive objects mediated by some massless particle.
The change in the expectation value of O is defined as

∆O = ⟨in|Oout |in⟩ − ⟨in|Oin |in⟩ = ⟨in|S†OinS |in⟩ − ⟨in|Oin |in⟩ , (4.19)

where, Oout,Oin are O(t) at evaluated at t = ∞, t = −∞ respectively, S = 1+ iT is
the unitary S matrix. The two-particle states, |in⟩, are carefully chosen so that they
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correspond to two classical particles separated by impact parameter bµ = bµ1 − bµ2 in
the following way

|in⟩ =
∫ [∏

i,1,2

d4pi
(2π)4

δ̂+(p
2
i −m2

i )e
−ipibiΨi(pi)

]
|12⟩ , (4.20)

⟨in| =
∫ [∏

i,1,2

d4p′i
(2π)4

δ̂+(p
′2
i −m2

i )e
ip′ibiΨ∗

i (pi)
]
⟨1′2′| , (4.21)

where |ij⟩ = a†pia
†
pj |0⟩ is a two-particle state, δ̂+(p

2
i −m2

i ) = (2π)θ(p0i )δ(p
2
i −m2

i ) the
Lorentz invariant phase space measure, and Ψi(pi) are wavepackets sharply peaked
around the classical momenta pµi = miu

µ
i so that for any function f(pi),

f(pi)
∣∣
cl.

=

∫ [∏
i,1,2

d4p′i
(2π)4

δ̂+(p
′2
i −m2

i )
]
|Ψi(pi)|2f(pi) = f(miui) , (4.22)

where mi, ui are the masses and four velocities of the particles, and u2i = 1. Then,
the change in an observable during the two-particle-scattering process is given by

∆O = ⟨1′2′|Oout −Oin |12⟩
∣∣
cl.
, (4.23)

where ·
∣∣
cl.

denotes the integral against the classical wavefunctions as in Eq. (4.22),
with an appropriate impact parameter phase. KMOC then instruct us to write
Oout = S†OinS, and expand the S-matrix as S = 1 + iT , yielding

∆O = i ⟨1′2′| [Oin, T ] |12⟩+ ⟨1′2′|T †[Oin, T |12⟩]

= i ⟨1′2′| [Oin, T ] |12⟩+
∑
X

⟨1′2′|T † |X⟩ ⟨X| [Oin, T ] |12⟩ , (4.24)

upon the use of the unitarity of the S-matrix

SS† = 1 → i(T − T †) = T †T . (4.25)

and inserting a complete set of states
∑

X |X⟩ ⟨X|.
Perhaps the simplest example of such an observable is the classical spectral

waveform of the massless particle. This is defined as the change in expectation
value of the annihilation operator ah(k) of the photon with helicity h as

Wh
k = ⟨1′2′| ah out

k − ah in
k |12⟩

∣∣
cl.
. (4.26)

The absence of photons in the initial state, ah in
k |12⟩ = 0, simplifies the calculation

of the various terms

⟨1′2′| [ah in
k , T ] |12⟩ = ⟨1′2′| ah in

k T |12⟩ = ⟨1′2′k|T |12⟩ = A(12 → 1′2′k) . (4.27)
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The momentum conserving delta functions are implicit in the definition of the am-
plitude A. similarly,∑

X

⟨1′2′|T † |X⟩ ⟨X| ah in
k T |12⟩ =

∑
X

A(1, 2 → Xk)A∗(X → 1′2′) . (4.28)

Thus, by this procedure, we obtain a formula for the spectral waveform in terms of
the scattering amplitudes which was first derived in Ref. [150]

Wh
k =

∫ ∏
i=1,2

d̂4qi δ̂+
(
2p1 · qi + q2i

)
e−ibi·qi δ̂4(k + q1 + q2)

[
p2

p1 + q1p1

p2 + q2

k

iA (4.29)

+
∑
X

∫ ∏
i=1,2

d̂4ℓi δ̂+
(
2p1 · ℓi + ℓ2i

)
δ̂(ℓ1 + ℓ2 + rX)×

×

p1

p2

p1 + q1

p2 + q2

iA −iA∗

p1 + ℓ1

p2 + ℓ2

rX

k

]
.

Let us now review how this formula is derived from a local causal response function,
as explained in Ref. [139]. Consider the LSZ amputations

LSZout
x Φi(x) = +i

∫
d4xe+ipix

(
∂2 +m2

)
Φi(x) = aoutpi − ainpi (outgoing) ,

LSZin
x Φ†

i (x) = −i
∫
d4xe−ipix

(
∂2 +m2

)
Φ†
i (x) = a†outpi − a†inpi (incoming) . (4.30)

Similarly for the photon with helicity h

LSZout
x Ah(x) = +i

∫
d4ke+ikx

(
∂2 +m2

)
εh∗µ (k)Aµ(x) = ah out

k − ah in
k (outgoing) ,

LSZin
x Ah(x) = −i

∫
d4xe−ikx

(
∂2 +m2

)
εhµ(k)A

µ(x) = ah† out
k − ah† in

k (incoming) .

(4.31)

Then, by amputating the five-point response function we obtain the key relation

LSZout
x

∏
i=1,2

LSZout
x′
i

LSZin
xi
R5[A

h(x); Φ†
1(x1),Φ

†
2(x2),Φ1(x

′
1),Φ2(x

′
2)]

= ⟨0| C
{
(aIh out

k − aIh in
k )(aII in1′ − aI in1′ )(aII in2′ − aI in2′ )(aII †in1 − aI †in1 )(aII †in2 − aI †in1 )

}
|0⟩

= ⟨0| ain1′ain2′(ah out
k − ah in

k )ain†1 ain†2 |0⟩ = ⟨1′2′| ah out
k |12⟩ = Wh

k . (4.32)
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In the second line, we have adopted the contour ordering prescription in Eq. (4.18).
As a result of the boundary condition in Eq. (4.15), we obtain, for instance, from
the amputated heavy fields [139]

LSZout
x′
i

[
ΦI
i(x

′
i)− ΦII

i (x
′
i)
]
= aII inp′i

− aI inp′i
,

LSZin
xi

[
ΦI†
i (xi)− ΦII†

i (xi)
]
= aII in †

pi − aI in †
pi ,

and similarly for the photon. Using the Feynman rules to compute the response
functions outlined in Section 4.3.1, it is easy to see that indeed, upon amputation,
the five-point function reproduces precisely the KMOC formula for the spectral
waveform in Eq. (4.30). The first term Eq. (4.30) corresponds to diagrams with
only I fields and the cuts in the second term correspond to diagrams which connect
I and II fields.

4.4 KMOC formulas from causal response functions

In this section, we explain in detail the relationship between in-in expectation values
of more general (composite) operators and causal response functions. This was
briefly touched upon in [139], but here we further clarify the precise relationship and
explain various subtleties. In particular, we show that the change in the expectation
value of an observable O is given by a particular soft limit of a five-point response
function.

We shall consider observables, O which are integrals of a local density given by
an operator O(x)

O(t) =

∫
d3x O(t,x) . (4.33)

Indeed, such is the case for the linear impulse and radiated momentum, as well as the
radiated angular momentum loss, which are suitable integrals of the stress-energy
tensor, as we review below.

Just as for the waveform, following [139], we can write the expectation value the
local density O in terms of an amputated response function

⟨1′2′| O(x) |12⟩ = ⟨0| ain1′ain2′O(x)ain†1 ain†2 |0⟩

=
∏
i=1,2

LSZout
x′
i

LSZin
xi
R5[O(x); Φ†

1(x1),Φ
†
2(x2),Φ1(x

′
1),Φ2(x

′
2)] . (4.34)

Let us now define the Fourier transform of this expectation value

⟨O(ω,k)⟩ =
∫
d4xeiωt−ikx ⟨1′2′| O(t,x) |12⟩ , (4.35)
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with ω > 0, which at zero three-momentum, k, yields

lim
k→0

⟨O(ω,k)⟩ =
∫
dteiωt ⟨1′2′|O(t) |12⟩ . (4.36)

Finally, by taking the zero-frequency limit we obtain the change of the observable

− lim
ω→0

lim
k→0

iω ⟨O(ω,k)⟩ = lim
ω→0

∫
dt eiωt ⟨1′2′| ∂tO(t) |12⟩

= ⟨1′2′|Oout −Oin |12⟩ . (4.37)

where the first equality follows from integration by parts, which is carried out before
taking the ω → 0 limit.

Therefore, we find that the change of the observable between the in and out
states is simply given by the soft limit of an amputated five-point local response
function

⟨1′2′|Oout −Oin |12⟩ = − lim
ω→0

lim
k→0

iω

∫
d4x eiωt−ikx×

×
∏
i=1,2

LSZout
x′
i

LSZin
xi
R5[O(x); Φ†

1(x1),Φ
†
2(x2),Φ1(x

′
1),Φ2(x

′
2)] (4.38)

Eq. (4.38) is our key formula to compute the change in classical observables from
causal response functions. Next, we will explain how this soft limit does indeed
reproduce the KMOC formula for the linear impulse and reveals a subtlety in the
computation of the angular impulse.

4.4.1 Linear impulse

Let us first demonstrate how the KMOC formula for the impulse of a particle under-
going scattering follows from Eq. (4.38) using the in-in Feynman rules to compute
the response functions discussed in section 4.3.1. In the KMOC framework the im-
pulse is defined as the difference in expectation value of momentum of particle 1
defined at x0 → −∞ from its value at x0 → ∞, that is,

∆Pµ
1 = ⟨1′2′|Pµ out

1 − Pµ in
1 |12⟩

∣∣
cl.
, (4.39)

with

Pµ in
1 =

∫
d̂4p1 p

µ
1 δ̂(p

2
1 −m2

1)a
in†
p1 a

in
p1 , (4.40)

Pµ out
1 =

∫
d̂4p1 p

µ
1 δ̂(p

2
1 −m2

1)a
out†
p1 aoutp1 . (4.41)
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The KMOC impulse formula in terms of the in-out scattering amplitudes is [117]

∆Pµ
1 =

∫
d̂4q δ̂

(
2p1 · q + q2

)
δ̂
(
2p2 · q − q2

)
e−ib·q

[
qµ

p2

p1 + qp1

p2 − q

iA (4.42)

+
∑
X

∫ ∏
i=1,2

d̂4ℓi δ̂+
(
2p1 · ℓi + ℓ2i

)
δ̂(ℓ1 + ℓ2 + rX) ℓµ1×

×

p1

p2

p1 + q

p2 − q

iA −iA∗

p1 + ℓ1

p2 + ℓ2

rX

]
.

where the momentum transfer q is

qµ = p′µ1 − pµ1 = pµ2 − p′µ2 . (4.43)

and is taken to be small in the classical limit, q ≪ pi. We refer the reader to [117]
for a detailed derivation.

Next, we will derive this formula from amputated response functions. The rele-
vant local density for P1 is the momentum density

Pµ
1 (t) =

∫
d3xP1(t,x) =

∫
d3xT 0µ

1 (t,x) , (4.44)

given in terms of the stress-energy tensor of particle 1

Tµν
1 = 2∂µΦ1∂

νΦ†
1 − ηµν

(
∂ρΦ1∂

ρΦ†
1 −m2

1Φ1Φ
†
i

)
. (4.45)

Thus, to derive the linear impulse we consider the amputated response function

⟨Pµ
1 (ω,k)⟩ =

∫
d4xeiωt−ikx ⟨1′2′|T 0µ

1 (t,x) |12⟩ . (4.46)

The Feynman rule corresponding to the heavy-scalar stress-tensor insertion can be
easily obtained

p1 + k p1

k

= (p1 + k)(0p
µ)
1 = 2p01p

µ
1 +O(k) , (4.47)
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p1

k
I
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p1 + q

p2 − q
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I I

I I

p1

p2

p1 + q

k
I

p2 − q
iA

I I

I I

iA iA

ℓ

k
I

I I

I I

(a) Operator insertions on uncut diagrams

p1

k
I

p2

p1 + q

p2 − q
iA −iA∗

p1 + ℓ1

p2 + ℓ2

rX

I II

I IIIII

III
p1

p2

p1 + q

p2 − q
iA −iA∗

p1 + ℓ1

p2 + ℓ2

rX

k
I

I II

I IIIII

III

(b) Cut diagrams with operator insertions

Figure 4.3: Two different types of diagrams with the momentum operator insertions
are shown. We have taken p1, p2 to be incoming and p1+q, p2−q, k to be outgoing.

where we used an unnormalized symmetrization symbol A(µBν) = AµBν + AνBµ

and on the second equality we show the terms which are relevant in the soft limit
k → 0. Importantly, the energy of the scalar legs is conserved only up to ω = k0.

In writing the diagrams for this response function we assign a type I vertex for
the operator insertion with energy ω flowing out of the diagrams and all possible
assignments of I/II vertices for the remaining vertices. The in-in Feynman rules lead
to various classes diagrams with all type I fields as well as cut diagrams involving
type I and type II fields as shown in Fig. 4.3. Consider the types of diagrams in
Fig. 4.3a where O is inserted on the external legs. The first diagram corresponds to
multiplying four-point the amplitude iA without the soft operator insertion by an
additional propagator. Taking the soft limit we find

lim
ω→0

(−2iωp01p
µ
1 )

i

(ω − p01)
2 − p2

1 −m2
1 + iϵ

= lim
ω→0

2ωp01p
µ
1

−2p0ω + ω2 + iϵ
= −pµ1 , (4.48)

where in the second line we have used the on-shell condition p21 = m2
1. Similarly,

the second diagram with the momentum operator inserted on the outgoing external
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iA iA
I

I I

I III

I

I

I

(a)

iA −iA∗I
I II

I IIII

II

I

I

(b)

Figure 4.4: Two types of diagrams contributing to the causal response function for
the photon stress tensor.

line produces a factor of pµ1 + qµ. These two classes of diagrams combined yield

− lim
ω→0

lim
k→0

iø

[ k

iA +

k

iA

]
= qµ

p2

p1 + qp1

p2 − q

iA .

(4.49)
which reproduces the first term in the KMOC formula in Eq. (4.43). The uncut
diagram on the right of Fig. 4.3a, which features the operator inserted on an internal
line with momentum ℓ does not contribute in the soft limit due to the identity

lim
ω→0

2iωℓ0ℓµ(
(ω + ℓ0)2 − ℓ2 −m2

1 + iϵ
) (
ℓ2 −m2

1 + iϵ
) = 0 (4.50)

Finally, let us consider the cut diagrams obtained by connecting a type I vertex with
a type II vertex in Fig. 4.3b. The stability condition, which requires the vanishing
of the three-particle cuts, and the positivity of energy flow along the cuts guarantee
that only the unitarity cuts survive as depicted in Fig. 4.3. Using the identity in
Eq. 4.49 on the left-hand side of the cut one easily finds that these two classes of
diagrams combined give the cut term in the second line of Eq. (4.43). All together,
we have reproduced the KMOC formula for the linear impulse from the soft limit
of a causal response function of the stress tensor.

4.4.2 Radiated linear momentum

It is easy to generalize the above discussion to give a formula for the radiated
momentum, which is carried away by the photons:

∆Pµ
γ = ⟨1′2′|Pµ out

γ − Pµ in
γ |12⟩

∣∣
cl.

= ⟨1′2′|Pµ out
γ |12⟩

∣∣
cl.
, (4.51)
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where we used the absence of photons in the initial state to set Pµ in
γ |12⟩ = 0 and

Pµ out
γ =

∑
h

∫
d̂4p pµδ̂(p2)ah out†

p ah out
p . (4.52)

This can be written in terms of the local density

Pµ
γ(t) =

∫
d3xPµ

γ (t,x) =

∫
d3xT 0µ

γ (t,x) , (4.53)

where the stress energy tensor of the photon is

Tµν
γ = FµρF ν

ρ − 1

4
ηννF ρσFρσ . (4.54)

The Feynman rule corresponding to the insertion of this operator is

α β

ℓ+ k ℓ

k

= (ℓ+ k)αℓ(µη0)β + ℓβηα(µ(ℓ+ k)0)

− ηα(µη0)βℓ · (ℓ+ k)− ηαβℓ(µ(ℓ+ k)0) . (4.55)

This simplifies considerably when one of the legs is put on-shell and contracted with
a transverse polarization

α

ℓ+ k ℓ

k

= −2ℓ0ℓµεα + ℓαε(µℓ0) +O(k) , (4.56)

where we only display terms that remain in the soft limit k → 0.
The absence of photons in the initial state implies that the only classes of dia-

grams that can contribute to the response function of the photon stress tensor are
those in Fig. 4.4. The diagrams with only I or II fields in Fig. 4.4a vanish in the
soft limit by a manipulation analogous to Eq. (4.50). On the other hand, the dia-
gram with both I or II fields yields the cut diagrams of the form of Fig. 4.4a where
on the support of the on-shell delta function for the photon, δ(ℓ2), we can use the

completeness relation ηβδ =
∑

h ϵ
β
hϵ

∗ δ
h , which holds up to terms that vanish due to

the Ward-Takahashi identity. In the soft limit these diagrams produce terms on the
form

lim
ω→0

(−iω)Aα
−i(−2ℓ0ℓµεα + ℓαε(µℓ 0))

(ω + ℓ0)2 − ℓ2 + iϵ
= lim

ω→0
Aαε

α 2ωℓ0ℓµ

2ωℓ0 + ω2 + iϵ
= ℓµA , (4.57)
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where A = εαAα denotes the amplitude on the left of the cut, and we used its
on-shell Ward identity, ℓαAα = 0. Thus, from the soft limit of the causal response
function we obtain the KMOC formula for the radiated momentum

∆Pµ
γ =

∫
d̂4q δ̂

(
2p1 · q + q2

)
δ̂
(
2p2 · q − q2

)
e−ib·q

[
(4.58)

∑
X

∫ ∏
i=1,2

d̂4ℓi δ̂+
(
2p1 · ℓi + ℓ2i

)
δ̂(ℓ1 + ℓ2 + rX) rµX×

×

p1

p2

p1 + q

p2 − q

iA −iA∗

p1 + ℓ1

p2 + ℓ2

rX

]
.

where we recall that rX =
∑

a ℓa is the sum over the momenta of all photons in the
cut.

Finally, we note that in deriving the above results, we assumed ω ≪ ℓ, and
expanded the Feynman rules and propagators using the method of regions [127]. For
the linear impulse and momentum loss there are no other regions in the expansion
that contribute, but we will see next that this is not true when considering the
angular momentum loss.

4.4.3 Radiated angular momentum

In this section, we compute angular momentum loss in the form of photons during
scattering, from a response function. A key difference between this calculation and
that of the linear impulse or energy loss is that the soft limit ω → 0 of the response
function is subtle.

We take the canonical definition of the angular momentum operator for a massive
or massless particle as an integral of the corresponding density

Jijγ (t) =
∫
d3xJ ij(t,x) =

∫
d3xx[iT 0j]

γ (x) =

∫
d3x (xiT 0j

γ (x)− xjT 0i
γ (x)) ,

(4.59)

where Tµν is the appropriate energy-momentum tensor, and i, j are spatial indices.
Thus we conclude that the angular impulse is given as the soft limit of a derivative
of the same amputated causal response function

∆Jijγ = − lim
ω→0

lim
k→0

iω ⟨J ij
γ (ω,k)⟩

∣∣
cl.

= − lim
ω→0

lim
k→0

ω ∂
[i
k⟨P

j]
γ (ω,k)⟩

∣∣
cl.
. (4.60)

Naively, for this computation, we can simply consider the diagrams in Fig. 4.4
and compute the appropriate derivatives and soft limit as prescribed in Eq. (4.60).

78



4.4. KMOC formulas from causal response functions

Figure 4.5: Diagrams relevant for the computation of the angular momentum loss.

But the set of diagrams that contribute will be slightly different. In the calculation of
the radiated momentum ∆Pγ we tacitly discarded the diagrams in Fig. ??, because
in the soft limit, they yield an on-shell three-point amplitude, which vanishes for
real kinematics. However, to reach this conclusion we expanded the integrand in
the limit ω ≪ ℓ, which implicitly assumes that there are no relevant regions in
which the loop momentum is or order ℓ ∼ ω. This assumption is valid for the
class of diagrams without cut propagators in Fig. 4.5(a), which indeed vanish; but
it fails when considering the diagrams in Fig. 4.5(b). The region ℓ ∼ ω of the loop
integration in these diagrams in fact completely captures the leading contribution
to the angular momentum loss. The mechanism for this is that the integrals develop
a pole in ω in the soft limit, thanks to the cut photon propagator

lim
k→0

δ̂+(ℓ
2)δ̂
(
(p1 − k − ℓ)2 −m2

1

)
(ℓ+ k)2 + iϵ

=
δ̂+(ℓ

2)δ̂
(
2p1 · ℓ− 2p01ω

)
2ℓ0ω + ω2 + iϵ

.

In the region ω ∼ ℓ, one must not drop the p01ω term in the delta function, and power-
counting the measure as d4ℓ ∼ ω4 we find that the result is indeed of order 1/ω. The
shift in the on-shell delta function for the massive particle can be interpreted as it
being off-shell by an infinitesimal amount of O(ω). We will see momentaritly that
this off-shell-ness makes the evaluation of related integrals completely unambiguous.
Furthermore, since we are interested in small ø ∼ ℓ we can write (q2 − ℓ)2 ∼ q22,
so the amplitude on the other side of the cut effectively becomes a contact term,
as it cannot be resolved by waves with small frequency of O(ω). In hindsight, this
justifies the calculations of the angular momentum loss in refs. [143, 144] using
Weinberg’s soft theorem. Let us now compute this quantity at leading order in
electromagnetism. The leading diagrams we can draw are the cut diagrams shown
in Fig. 4.6. These can be straightforwardly computed using the Feynman rule in
Eq. (4.55). Although the latter looks rather complicated, the calculation simplifies
greatly by using power counting to read off the contributing terms after applying the
derivatives. For more details, we refer the reader to Appendix B where we present
the calculation in detail for a scalar toy model. In electromagnetism, summing up
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p1 p1 + q1

p2 p2 + q2

k

ℓ
ℓ

q2

(a) (b) (c)

Figure 4.6: Three diagrams contributing to the angular impulse are shown. We take
the p1, p2 incoming and p1 + q1, p2 + q2, k outgoing.

the diagrams in Fig. 4.6 we get

J ij
ph,1 =

ie4

4
lim
ω→0

e4Q1Q2 p1 · p2
∫
d̂4q

q2
eib·q δ̂ (p1 · q) δ̂ (p2 · q)×

× p
[i
1

[
Q1Q2

(
4p1 · p2Kj]

12 + 2I12qj]
)
−Q2

1

(
4m2

1K
j]
11 + 2I11qj]

)]
, (4.61)

where we have defined the following integrals

Kµ
ab =

∫
d̂4ℓ

δ̂+(ℓ
2)δ̂′(paℓ− p01ω) q · ℓ

(pbℓ+ iϵ)2
ℓµ , (4.62)

Iab =
∫
d̂4ℓ

δ̂+(ℓ
2)δ̂(paℓ− p0aω)

(pbℓ+ iϵ)
+

∫
d̂4ℓ

δ̂+(ℓ
2)δ̂′(paℓ− p0aω)(pa · ℓ)

(pbℓ+ iϵ)
. (4.63)

These can be computed by using integration by parts identities (IBP) [151, 152]
to reduce them to a basis of master integrals

Ia =

∫
d̂4ℓδ̂+(ℓ

2)δ̂(pa · ℓ− p0aω) , (4.64)

Iab =

∫
d̂4ℓ

δ̂+(ℓ
2)δ̂(pa · ℓ− p0aω)

pb · ℓ+ iϵ
, (4.65)

which can be unambiguously evaluated. For instance, the first master integral yields

I1 =

∫
d̂4ℓδ̂+(ℓ

2)δ̂(p1 · ℓ− p01ω) =
1

4π2m1

∫ ∞

0

d3ℓ

2|ℓ|
δ(|ℓ| − ω) =

ω

2πm1
. (4.66)

More details about the integration are given in Appendix A. Here we quote the
results:

I12 =
1

πm1m2

cosh−1 γ√
γ2 − 1

, I11 =
1

πm2
1

, (4.67)

Kµ
12 =

qµ

2πm2
1m

2
2

[
1

γ2 − 1
− γ cosh−1 γ

(γ2 − 1)3/2

]
, Kµ

11 = − qµ

6πm4
1

. (4.68)
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where γ = p1 · p2/m1m2 is the relative Lorentz factor of the particles.
There are three additional diagrams shown below that can be evaluated by sim-

ply changing labels 1 ↔ 2:

J ij
γ,2 =

+ +

= J ij
γ,1 (1 ↔ 2) . (4.69)

Furthermore, simple power counting in ω shows that the triangle diagrams do not
contribute to angular impulse. Finally, using the expression for the leading order
electromagnetic linear impulse of the heavy particle 1 [117]

∆Pi
1 = −∆Pi

2 = ie2Q1Q2p1 · p2
∫
d̂4q

q2
δ̂ (p1 · q) δ̂ (p2 · q) qie−iq·b

= −e
2Q1Q2

2π

γ√
γ2 − 1

bi

b2
, (4.70)

we find the leading order electromagnetic angular momentum loss

∆Jijγ = J ij
γ,1 + J ij

γ,2

=
e2

2π

[
− 2Q2

1

3m2
1

+
Q1Q2

m1m2

(
γ

γ2 − 1
− cosh−1 γ

(γ2 − 1)3/2

)]
p
[i
1 ∆Pj]

1 + (1 ↔ 2). (4.71)

which agrees with [153].

4.5 Classical observables in the causal basis

In this section, we will present examples of classical observables computed using
manifestly causal diagrams, and point out the various simplifications that this
method provides.

4.5.1 Amputated response functions in causal basis

Since we are interested in causal observables, we shall now choose a basis in the in-
in path integral in which the causal structure of these quantities becomes manifest.
This basis, called the Keldysh basis or r/a basis, is defined via a rotation of the I/II
basis in the path integral in Eq. (4.16) as

φr =
1

2
(φI + φII) , φa = φI − φII , (4.72)
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and for a generic operator, O, we also define

Or =
1

2
(OI +OII), Oa = OI −OII. (4.73)

The response function in Eq. (4.18) takes a simple form in this basis

Rn+1[O(x);φ(x1), · · · , φ(xn)] = ⟨C {Or(x)φa(x1) · · ·φa(xn)}⟩. (4.74)

More generally, one can insert nr number of r-type fields and n − nr number of
a-type fields to construct general n-point causal response function

Rn[Or(x1), · · · ,Or(xnr);φ
a(xnr+1), · · · , φa(xn)] (4.75)

= ⟨C {Or(x1) · · · Or(xnr)φ
a(xnr+1) · · ·φa(xn)}⟩ .

The boundary condition in Eq. (4.15) becomes φa(t = +∞) = 0 in the causal basis.
Thanks to this, the largest time equation in Eq. (4.17) simply becomes the vanishing
of correlation functions of all a fields.

The r/a basis serves as a natural basis for taking the semi-classical limit. One
can think of the difference in the fields along two contours to be much smaller
compared to their sum i.e. φa = (φI −φII) ≪ 1

2

(
φI + φII

)
= φr in this limit. Thus,

the action can be expanded in small φa

S[φI]− S[φII] =
δS[φ]

δφ

∣∣∣
φ=φr

φa +
δ3S[φ]

δφ3

∣∣∣
φ=φr

φ3
a + · · · . (4.76)

At the leading order in φa, we have∫
DφrDφa e

i
δS[φ]
δφ

∣∣
φ=φr

φa
. (4.77)

The path integral over φa can be performed exactly and it imposes the equation
of motion for φr. For this reason, we will refer to all vertices linear in a fields
as classical vertices. Since the exponent in Eq. (4.16) has to be odd in φa, the
next-order term is cubic in φa, etc, which we will call quantum vertices.

The free-field propagators in the causal basis are [154](
Grr(p) Gra(p)
Gar(p) Gaa(p)

)
=

(
1
2 δ̂(p

2 −m2
i )

i
p2−m2

i+iϵp0

i
p2−m2

i−iϵp0
0

)
. (4.78)

The vanishing of the Gaa propagator follows non-perturbatively from the largest
time equation. Note the appearance of causal, that is, advanced and retarded,
propagators

GR(p) = GA(−p) = ▶
p

=
i

p2 −m2
i + iϵp0

, (4.79)
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which make the causal properties of the amplitude manifest, as well as the “cut”
(or Hadamard) propagator

Grr(p) = ◀ ▶ =
1

2
δ̂(p2 −m2

i ) , (4.80)

which we note does not include a positive-energy condition.
We are interested in momentum-space n-point amputated causal amplitudes

with nr number of r-type external fields, which can be computed using the following
diagrammatic rules: On each diagram,

• Put r, a labels to the r or a-type external fields. The internal lines should be
dressed with all possible assignments of r/a labels.

• Draw arrows such that all the causal flows are from a to r. In doing so, Grr

propagators can be treated as sources for the arrows.

• Align the directions of momenta of the heavy lines with the directions of the
particle flow unless otherwise specified. Amputate the external lines.

For the case of electrodynamics, the corresponding Feynman rules are given in
Fig. 4.7.

The calculation of the observables in the r/a basis is simplified by a very useful
counting rule derived in [141] which we quote without proof: for a n-point L-loop
diagram with nr number of r-type external legs, let us denote the number of rr
propagators by Prr, and the number of additional a-type fields at the internal ver-
tices by na (which is zero for the classical vertex, and always even for the quantum
ones). These are related by [141]

L+ nr − 1 = Prr + na . (4.81)

Crucially, the above counting only depends on the number of a and r-type fields, but
not on their species (i.e whether they come from massive or massless fields in our
context). It was argued in [141] using Eq. (4.81) that a n-point response function
does not receive any contribution from the quantum vertices up to one loop. Indeed,
inserting a cubic all-a vertex in a 1-loop diagram results in a closed loop of retarded
propagators which vanishes due to causality. Thus, for the causal amplitudes with
nr = 1, Eq. (4.81) implies that the tree amplitudes are connected and the one-loop
amplitudes have a single cut. More generally, it implies that diagrams with na = 0,
that is, those which only feature the classical vertex (i.e., the vertex linear in φa) in
Eq. (4.77), have at least one cut propagator per loop.

Finally, let us comment on the iϵ prescription of the causal massive propagators.
A crucial feature of the computations in the classical limit is the soft expansion of
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4.5. Classical observables in the causal basis

Figure 4.7: Feynman rules for scalar QED are shown above. The arrow on the
retarded propagators GR corresponds to the direction of the causal flow. The Grr

type propagators are represented by cuts. The a and r-type fields in the vertices
are represented by outgoing and incoming arrows respectively. The directions of
momenta going in or out of the vertices are aligned with the directions of particle
flows shown by the thin arrows. The quantum vertices get an additional factor of 1

4
owing to two additional a fields.
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4.5. Classical observables in the causal basis

the matter propagators [103, 155] in the soft limit ℓ ∼ q ∼ ℏ ≪ pi, with ℓ being a
loop momentum. For a massive retarded propagator we get

1

(pi + ℓ− q)2 −m2
i + iϵ(p0i + ℓ0 − q0)

=
1

2pi · ℓ+ iϵ p0i
+ · · · . (4.82)

The key observation is that in the soft limit, the sign of (p0i+ℓ
0+q0) is determined

by the sign of the massive particle energy, p0i , since ℓ0, q0 ≪ p0i . Thus, the iϵ
prescription for the massive propagator is fixed by the causal flow of the heavy
particle in the classical limit.

4.5.2 Linear impulse

In this section, we compute the impulse of particle 1 in the r/a basis. Let us begin
by stating the Feynman rules for inserting the momentum operator into the internal
and external lines in Fig. 4.8.

p1 p1 − k▶ ◀

k

= −pµ1 p1 + k p1▶ ◀

k

= pµ1

(a) Operator insertion on the external lines

ℓ+ k ℓ▶ ◀

k

= ℓµδ̂
(
ℓ2 −m2

1

) ℓ+ k ▶ ◀ ℓ▶

k

= ℓµ

2 δ̂
(
ℓ2 −m2

1

) ℓ+ k◀ ℓ▶ ◀

k

= − ℓµ

2 δ̂
(
ℓ2 −m2

1

)
(b) Operator insertion on an internal line

Figure 4.8: Five possible cases are shown when the momentum vertex is inserted on
the external and internal lines. The directions of momenta of the heavy lines are
denoted by the thin arrows. We take kµ = (ω,0) outgoing.

The derivation of these rules is similar to the ones described in sec 4.4. Notice,
that the operator, represented by a double line, is r-type since causal arrows flow
towards it. According to Eq. (4.81), we have single-cut diagrams at one-loop one
external r leg. The simplest are the triangle diagrams

▶ ▶ ◀

▶ ▲

◀ ▶▶ ◀

▶ ◀ ◀

▶ ▲

◀ ▶▶ ◀

ℓ ℓ+ = 4ie4Q2
1Q

2
2p

2
1

∫
d̂4ℓ

δ̂(2p2 · ℓ)qµ

ℓ2(ℓ− q)2
.

(4.83)
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We have dropped the iϵ for the photon propagators since they can not go on-shell
at one-loop. For the same reason, we do not need to consider the diagrams where
the photon propagators are cut. The inverted triangle can be found by replacing
1 ↔ 2. However, for the inverted diagram, we have two additional diagrams that
sum to zero:

▶ ◀ ▶ ◀ ◀

▼ ▶

▶ ◀

▶ ▶ ◀ ▶ ◀

▲ ◀

▶ ◀

ℓ ℓ+ = 0, (4.84)

thanks to the last two Feynman rules in Fig. 4.8b. Next, we consider the box and
crossed-box diagrams. When the operator is inserted on the external lines, we have

▲▼

◀▶ ▶ ▶◀

▶ ◀▶

▶▼
◀▶ ▶ ▶◀

▶ ◀◀

▼▲

▶◀ ◀ ▶ ◀

▶ ◀◀

◀▲
▶◀ ◀ ▶ ◀

▶ ◀▶

ℓ + ℓ + ℓ + ℓ

= −iN
∫
d̂4ℓ

δ̂(2p1 · ℓ)
ℓ2(ℓ− q)2

[
(p1 + q)µ2q · ℓ
(2p2 · ℓ− iϵ)2

− pµ12q · ℓ
(2p2 · ℓ+ iϵ)2

]
, (4.85)

with N = 8e4Q2
1Q

2
2(p1 · p2)2. Notice that leading-order terms from the expansion

of the propagators cancel automatically due to the causal iϵ prescription. We have
also dropped all the scaleless integrals from the expansion for simplicity. Similarly,

▶ ▶ ▶ ◀

▲▲

◀ ▶▶ ◀

▶ ▶ ▶ ◀
▶▲

◀ ▶▶ ◀

▶ ◀ ◀ ◀

▲▲

◀ ▶▶ ◀

▶ ◀ ◀ ◀
▶▲

◀ ▶▶ ◀

ℓ + ℓ + ℓ + ℓ

= −N
∫
d̂4ℓ

δ̂(2p2 · ℓ)
ℓ2(ℓ− q)2

[
δ̂(2p1 · ℓ)(2pµ1 + qµ) + i

(
(p1 + q)µ2q · ℓ
(2p1 · ℓ− iϵ)2

− pµ12q · ℓ
(2p1 · ℓ+ iϵ)2

)]
,

(4.86)

where we have used the distributional identity

1

x− iϵ
− 1

x+ iϵ
= iδ̂(x) . (4.87)
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Next, we have diagrams from inserting the momentum operator on the internal lines:

▲▼

◀▶ ▶◀◀

▶ ◀▶

▶▼
◀▶ ▶◀◀

▶ ◀◀

▼▲

▶ ▶◀ ▶◀

▶ ◀◀

◀▲
▶ ▶◀ ▶◀

▶ ◀▶

ℓ + ℓ + ℓ + ℓ

= N
∫
d̂4ℓ

δ̂(2p1 · ℓ)
ℓ2(ℓ− q)2

δ̂′(2p2 · ℓ)(2q · ℓ)(pµ1 + ℓµ) , (4.88)

where we have used
i

(x− iϵ)2
− i

(x+ iϵ)2
= iδ̂′(x) . (4.89)

Notice that the leading-order terms cancel similar to Eq. (4.85). Finally, we have

▶ ◀ ▶ ◀

▲▲

◀ ▶▶ ◀

▶ ◀ ▶ ◀
▶▲

◀ ▶▶ ◀

ℓ + ℓ (4.90)

= N
∫
d̂4ℓ

δ̂(2p2 · ℓ)
ℓ2(ℓ− q)2

[
δ̂(2p1 · ℓ)(2p1 + q)µ + δ̂′(2p1 · ℓ)(p1 + q − ℓ)µ(2q · ℓ)

]
.

Adding all the contributions together, we see that the super-classical terms cancel
manifestly. The sub-leading terms give the next to leading-order impulse

∆Pµ
1,NLO =

ie4

2
Q2

1Q
2
2

∫
d̂4ℓ

ℓ2(ℓ− q)2
d̂4q δ̂ (u1 · q) δ̂ (u2 · q) e−ib·q×

×

[
qµ

(
δ̂ (u1 · ℓ)
m1

+
δ̂ (u2 · ℓ)
m2

− γ2
(
δ̂ (u2 · ℓ)
m1

q · ℓ
(u1 · ℓ+ iϵ)2

+
δ̂ (u1 · ℓ)
m2

q · ℓ
(u2 · ℓ− iϵ)2

))

+ iγ2ℓµ q · ℓ

(
δ̂′ (u1 · ℓ) (u2 · ℓ)

m1
− δ̂′ (u2 · ℓ) (u1 · ℓ)

m2

)]
, (4.91)

which agrees with [117] modulo scaleless integrals.

4.5.3 Waveform and its variance

In this section, we will discuss the leading order waveform and its variance in the
causal basis. As discussed in 4.3.2, the waveform is given by the amputated five-
point response function in Eq. (4.32). The leading-order waveform in the III basis
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involves O
(
q−3
)
super-classical terms upon the expansion of the massive propaga-

tors, the cancellation of which formally requires including a cut with a three-particle
amplitude: where we have used the on-shell condition 2p1 · q = 2p1 · k+O

(
q2
)
, and

Eq. (4.87). The analogous calculation in the r/a basis is given by the five-point
amputated response function of one r-type photon field and four a− type heavy
fields

Wh
k = LSZout

x

∏
i=1,2

LSZout
x′
i

LSZin
xi
R5[A

r h(x); Φa†
1 (x1),Φ

a†(x2)
2 ,Φa

1(x
′
1),Φ

a
2(x

′
2)].

(4.92)

At the leading order, we have the following diagrams

Wh
k (q, k) =

▶
p2

◀

p1 + q − k

▼

p1

▲
p2 − q

▲
k

=

▶ ◀▶

▶

▶ ◀

▲

▶ ◀◀

▶

▶ ◀

▲

▶ ◀

▶

▶ ◀

▲+ +

+ (1 ↔ 2) .
(4.93)

The O
(
q−3
)
terms in Eq. (4.93) are

−8ie3Q2
1Q2

(p1 · p2)(p1 · εh)
q2

[
1

2p1 · q + iϵ
+

1

−2p1 · k − iϵ

]
= 0. (4.94)

where we have used the on-shell condition 2p1 · q = 2p1 · k +O
(
q2
)
. Similar to the

computation of the linear impulse in the causal basis, the O
(
q−3
)
terms, which are

singular as ℏ → 0, manifestly cancel, thanks to the causal iϵ prescription. We have
also verified that the subleading terms of these diagrams in the soft expansion of
the waveform yield precisely the classical answer.

So far we have considered causal response functions with one r type field. How-
ever, correlation functions with multiple r-type insertions which measure correla-
tions between different measurements after a system is perturbed, are also familiar
objects in non-linear response theory. The simplest of them in our context is the
six-point amputated response function with two on-shell r-type photon fields and
four a-type massive fields. Explicitly, we want to compute

⟨1′2′| ah1 out
k1

ah2 out
k2

|12⟩

=

2∏
i=1

LSZin
x′
i

2∏
j=1

LSZout
xj

2∏
k=1

LSZout
zk
R6

[
Arh1(z1), A

rh2(z2); Φ
a†
1 (x1),Φ

a†
2 (x2),Φ

a
1(x

′
1),Φ

a
2(x

′
2)
]
.

(4.95)

88



4.5. Classical observables in the causal basis

The expectation value in Eq. (4.95) is used to compute the variance of the waveform
in [150] which can be defined as

V(k1, k2) = ⟨1′2′| ah1 out
k1

ah2 out
k2

|12⟩
∣∣
cl.

− ⟨1′2′| ah1 out
k1

|12⟩
∣∣
cl.
⟨1′2′| ah2 out

k2
|12⟩

∣∣
cl.
.

(4.96)

appropriately integrated against classical wavepackets for the heavy particles. We
refer the reader to [150] for details. Here, we concentrate on the properties of the
six-point amputated response function in Eq. (4.95) in the classical limit. It was
shown in [150] that at the tree-level the expectation value in Eq. (4.96) is quantum.
More specifically, working in a gauge

p1 · ϵhi(ki) = 0, i = 1, 2. (4.97)

it was shown that the O
(
q−4
)
, O

(
q−3
)
diagrams in the six-point tree amplitudes

cancel, and the leading order six-point connected tree amplitude is, in fact, O
(
q−2
)
.

The particular gauge choice was crucial to simplify the analysis in [150].
In this section, we demonstrate the advantage of the causal r/a basis for the

calculation of the variance. We will present our result in full generality without
adopting any particular gauge. The counting rule in Eq. (4.81) for nr = 2 and
na = 0 gives Prr = 1 at the tree level. Therefore, at leading order one can only
draw various single-cut diagrams that isolate a three-point on-shell amplitude or
diagrams with horizontal cuts as shown below. When the external photons are on-
shell, the diagrams with three-particle cuts vanish due to the stability condition. As
the t-channel is spacelike in the classical limit, the diagrams with horizontal cuts do
not contribute to the classical results. Thus, the connected part in Eq. (4.13) at the
leading order is entirely quantum. Notice that the configurations in which external
photons are emitted from the quartic vertex in QED (or a cubic graviton vertex in
gravity) are prohibited by the Feynman rules in the r/a basis. This is because such
emissions must originate from quantum vertices, which cannot contribute at tree
level as shown by the counting rule in Eq. (4.81). In the usual in-out formalism,
one must include such diagrams. This analysis is rather involved in the I/II basis
since we need to involve various cut diagrams. For instance, at leading order in
the classical expansion, the following diagrams, which include a Compton scattering
sub-process, must cancel among themselves

At one-loop we can either have diagrams with Prr = 2, na = 0 or Prr = 0, na =
2. The combination of these diagrams leaves behind factorized six-point diagrams in
the classical limit. We discuss one such example and leave the rest as an exercise for
the reader. Consider the box topology with two photon emissions. The cut diagram
at the leading order is where the outgoing heavy momenta are p1 + q − k1 − k2
and p2 − q. The ellipses include various cut diagrams such as cross-boxes and the
photon emission from various internal and external lines. In the classical limit,
this becomes a convolution of two leading-order waveforms, thereby demonstrating
the classical factorization of such an observable after Fourier transform to impact

89



4.6. Discussions

parameter space and the time domain. Finally, we have two diagrams of the same
topology involving quantum vertices

▶◀

k1
▶

k2
▶

▶ ◀ ◀

▲▼

▶ ▶ ◀

▶◀

k1
▶

k2
▶

▶ ◀ ◀

▶▼

▶ ◀ ◀

ℓ ℓ+

The leading order terms in the classical limit cancel due to the causal iϵ prescription.
To see this, notice the two diagrams only differ by the bottom matter propagator

1

(p2 + ℓ)2 −m2
2 + iϵ

+
1

(ℓ+ q − p2)2 −m2
2 − iϵ

= O(q0, ℓ0) . (4.98)

Therefore, the connected diagrams with quantum vertices are subleading compared
to the diagram involving only classical vertices.

4.6 Discussions

In this chapter, we have explained how to compute the change in the expectation
value of a generic asymptotic observable O during a scattering process from an
amputated causal response function of its local density O(x), computed using the
in-in formalism. For instance, the soft limit of a five-point response function of the
stress-energy tensor of a particle i with four amputated legs computes the linear
impulse ∆Pi of particle i during scattering with an initial two-particle state. We
demonstrate that this procedure is exactly equivalent to the KMOC formalism, thus
generalizing the findings of Ref. [139].

Although our formalism is general, we have applied it to the computation of
classical observables. We find that the soft limit acts as a useful regulator which
carefully parameterizes the approach to the asymptotic past and future. This be-
comes particularly important for certain observables, such as the angular momentum
loss, which receive contribution from the long-range interactions present in theories
with massless particles. As an example, we computed the angular momentum loss
in scalar QED, for which the soft frequency unveils a new region in the loop in-
tegration that yields unambiguously the leading contribution to this quantity. It
would be interesting to use our method to reproduce the angular momentum loss in
gravity at O

(
G3
)
from [143], and produce new results beyond this order. Further-

more, we expect that similar considerations will be important to understand other
phenomena related to long-range forces, such as violation of peeling [70, 156] from
the perspective of scattering amplitudes.
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We also have initiated a study of classical observables from amplitudes with
retarded propagators within the Schwinger-Keldysh formalism. This approach en-
sures that causality is manifest at every step of the calculation, setting it apart from
the conventional method of computing classical observables from in-out scattering
amplitudes with Feynman propagators. We find that doing the calculations in this
way, terms which are singular as ℏ → 0 cancel manifestly for the linear impulse
at one-loop, and for waveform and its variance at tree-level. In particular, for the
variance, the classical vertices naturally give rise to factorized diagrams as expected
for a classical quantity. It would be interesting to extend our analysis beyond one
loop. In particular, starting at two loops, both classical and quantum vertices con-
tribute. We expect the contributions from the diagrams with quantum vertices to
be q ∼ ℏ suppressed compared to those with classical vertices at all loops. We leave
the explicit checks of this statement for future work.
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Chapter 5

Conclusion

In this thesis, we discussed three instances of zero modes or soft modes which are the
zero-energy excitations in quantum field theory. We discussed a condensed matter
system, infrared divergence in a scalar field theory, and finally we discussed how soft
modes encode the classical physics within quantum field theories.

In chapter 2, we discussed a continuum boundary quantum field theory that de-
scribes a semi-infinite graphene sheet. We discussed the linear boundary conditions
that can be imposed on the field and analyzed the compatibility of the boundary
conditions with the discrete symmetries of the system. Notably, under a specific
boundary condition involving zigzag states, the system exhibits scale invariance
while allowing for zero-energy states localized at the edge, leading to significant
ground-state degeneracy. By leveraging this scale invariance, we identified two dis-
tinct ground states that suggest a ferromagnetic edge. One of these states is well
established in the lattice model, while our analysis predicts the existence of an
additional state, which we refer to as the valley ferromagnetic state.

In chapter 3, we first discuss various issues with infrared divergence in QFTs
and its possible connections with symmetries. Then, we presented a scalar model
that mimics the infrared structure of gauge theories such as QED and quantum
gravity. This example illustrates that having an infrared divergence in a theory
does not point to any special symmetry structure of the theory. However, we iden-
tified where the scalar theory differs from the gauge theories. In contrast with the
gauge theories, the soft scalars remain coupled to dressed states and are inevitably
generated during interactions involving hard dressed particles. However, we found
that the entanglement between the hard particles and the resulting soft particles is
negligibly small.

In chapter 4, we developed a new technique to compute classical observables from
amputated response functions. Our new method supplements the existing literature
of computing classical observables from the classical limit of quantum field theories.
We showed that such computations can be performed by exploiting the soft-limit of a
generally off-shell local operator inserted on an amputated causal response function.
Using this method, we compute the classical angular momentum carried away by the
radiated photon in electromagnetism during a binary interaction of point charges.
We also employed a manifestly causal basis to perform such classical calculations in
the quantum field theory setup. We established that our method overcomes various
shortcomings of the existing methods.

In this thesis, we have examined the physics of soft modes in three distinct con-
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texts that initially seem unrelated. To conclude, we comment on some potential
connections between the discussions in Chapters 3 and 4, specifically concerning
infrared divergences and the computation of classical observables from quantum
field theory. The dressed states proposed by Faddeev and Kulish [58] ensure a
well-defined, finite S-matrix. However, this requires introducing infrared-divergent
phase factors and adopting a modified definition of the S-matrix. To the best of the
author’s knowledge, no existing framework naturally incorporates these divergent
phase integrals into the definition of hard dressing. Interestingly, these integrals
arise naturally when the classical wave packets in (4.20) exchange one soft particle
in a 2 → 2 tree-level amplitude involving four of these dressed particles. A more
in-depth investigation may lead to a dressing principle for hard particles that ex-
tends the Faddeev-Kulish approach, providing a resolution to infrared divergences
in both magnitude and phase. We also anticipate the correspondence to be bidirec-
tional—suggesting that Faddeev-Kulish-like dressed states should naturally serve as
candidates for computing classical observables. This is because they incorporate a
cloud of soft particles and soft particles are known to determine the classical physics
within scattering amplitudes15. A closer exploration of these aspects is left for future
investigation.

15We direct the reader to equation (4) of [157] where the state closely resembles a Faddeev-Kulish
dressed state.
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Appendix A

Integrals

The integrals appearing in section 4.4.3 and Appendix B all belong to the integral
family

Ia1,a2,a3,a4 =

∫
d̂Dℓ

1

(pa · ℓ− p0aω ± iϵ)a1 (pb · ℓ± iϵ)a2 (ℓ2) ((q + ℓ)2)a4
. (A.1)

It is important to note that IBP relations are insensitive to the iϵ prescriptions of the
integrals. In particular, the delta function and its derivative appearing in various
integrals that we are interested in can be reduced to the above form by using the
distributional identity

2πi

(−1)nn!
δ(n)(x) =

1

(x− iϵ)n+1
− 1

(x+ iϵ)n+1
.

Using LiteRed [158], we find two master integrals

I1,0,1,0 ≡ Ia, I1,1,1,0 ≡ Iab , a, bin{1, 2}. (A.2)

To evaluate Iab, we work in the rest frame of a specified by pµa = ma(1,0), pµb =
γmb(1,v)

Iab =

∫
d̂4ℓ

δ̂+(ℓ
2)δ̂(pa · ℓ− p0aω)

p2 · ℓ± iϵ
=

∫
d̂3ℓ

2|ℓ|
δ̂
(
p0a(|ℓ| − ω)− p1 · ℓ

)(
p0b |ℓ| − pb · ℓ

)
=

1

8π2γmamb

∫ ∞

0
d|ℓ|δ(|ℓ| − ω)

∫
dΩ

1− v cos θ

=
1

2πmambγv
cosh−1 γ =

1

2πmamb

cosh−1 γ√
γ2 − 1

. (A.3)

Iaa is given by the γ → 1 limit of Eq. (A.3)

Iaa =
1

2πm2
a

. (A.4)

Now we discuss the integrals appearing in the calculation of the angular impulse.
We start with the evaluation of I12, which upon IBP reduction yields

I12 = 2I12 =
1

πm1m2

cosh−1 γ√
γ2 − 1

. (A.5)
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Appendix A. Integrals

Next, we have

Kµ
ab =

∫
d̂4ℓ

δ̂+(ℓ
2)δ̂′(pa · ℓ− p0aω) q · ℓ

(pb · ℓ± iϵ)2
ℓµ = Apµa +Bpµb + Cqµ . (A.6)

The coefficients A,B,C can be expressed in terms of scalar integrals pa · Kab, pb ·
Kab, q ·Kab. The scalar integrals can be IBP reduced in terms of the master integrals
which gives

pa · Kab = pb · Kab = 0. (A.7)

Taking into account pa · q = 0 = pb · q, we obtain A = B = 0 and

C =
1

4q2
(
I2,2,1,−2 − 2q2I2,2,1,−1 + q4I2,2,1,0

)
=

1

2πm2
am

2
b

[
1

γ2 − 1
− γ cosh−1 γ

(γ2 − 1)3/2

]
(A.8)

Finally, Kµ
aa is found by taking the γ → 1 limit of Kµ

ab.
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Appendix B

Radiated scalar angular
momentum

In this section, we compute angular momentum loss at one-loop in a simple model
of real massive scalars Φi interacting with a real massless scalar field ϕ described by
the Lagrangian

L =
1

2
∂µϕ∂

µϕ+
∑
i=1,2

[
1

2
∂µΦi∂

µΦi −m2
iΦ

2 +
gi
2
Φ2
iϕ

]
. (B.1)

We take the canonical definition of the stress-energy tensor for the massless scalar
ϕ. The Feynman rule corresponding to the insertion of the stress-energy tensor of
the massless scalar is the same as Eq. (4.47). The relevant diagrams are shown in
Fig. B.1 where we have represented the massless scalar propagator by a dotted line.
The first diagram gives

Figure B.1: The diagrams contributing to the scalar angular momentum loss are
shown. We label the momenta as in fig 4.6.
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Appendix B. Radiated scalar angular momentum

Ja = ig21g
2
2 lim
ω→0

lim
k→0

∂
[i
k

[ ∫
d̂4q1d̂

4q2δ̂
(
2p1 · q1 + q21

)
δ̂
(
2p2 · q2 + q22

)
e−ib1·q1−ib2·q2

×
∫
d̂4ℓ

2ωℓ0δ̂+(ℓ
2)δ̂(2p1 · ℓ+ 2k · (p1 − ℓ) + k2) ℓj]

(2ℓ · k + k2 + iϵ) (2p2 · ℓ− iϵ) ((q2 − ℓ)2 − iϵ)
× δ̂4(k + q1 + q2)

]
.

(B.2)

In evaluating Eq. (B.2), we need to be careful since the k derivative hits the delta
function and one must integrate by parts before imposing the momentum conserva-
tion. Taking the soft limits and adding all the diagrams in Fig. B.1, we obtain the
angular impulse of the massless scalar field

∆Jijϕ = − lim
ω→0

ig1g2
16

[∫
d̂4q

q2
e−ib1·q δ̂ (p1 · q) δ̂ (p2 · q) p[i1

[
g1g2 Kj]

12 − g21K
j]
11

]

=
1

8π

[
g21
3m4

1

+
g1g2
m2

1m
2
2

(
1

γ2 − 1
− γ cosh−1 γ

(γ2 − 1)3/2

)]
p
[i
1 ∆p

j]
1 + (1 ↔ 2) , (B.3)

where we have used the on-shell conditions 2pi · qi + q2i = 0. We have also defined
the leading order linear impulse of the heavy particle 1:

∆pi1 = − ig1g2
4

∫
d̂4q

q2
δ̂ (p2 · q) δ̂ (p1 · q) qie−iq·b. (B.4)

This agrees with the small-deflection limit of the result in [144].
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