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Searches for axionlike particles (ALPs) with masses in the GeV range are a central objective of present
and future intensity-frontier experiments. Interpreting these searches demands a reliable description of ALP
production and decay. The prescription currently adopted by the community depends on unphysical chiral-
rotation parameters, wrongly describes the mass scaling of the ALP flux, and ignores mixing with heavy
pseudoscalar resonances. We introduce the framework that treats GeV-scale ALP interactions self-
consistently, includes their mixing with heavier excitations πð1300Þ, ηð1295Þ, and ηð1440Þ, and properly
describes production channels. When applying our description to proton beam experiments, we find that
existing bounds and projected sensitivities shift by up to an order of magnitude relative to earlier estimates.
We further delineate the dominant theoretical uncertainties, which originate from the still-incomplete
experimental knowledge of the light-meson spectrum.

DOI: 10.1103/568p-d1ls

I. INTRODUCTION

Axionlike particles (ALPs) a are hypothetical pseudo-
scalars inspired by the QCD axion [1–3]. Their interaction
Lagrangian, defined at some scale Λ > ΛEW, often includes
the terms

La ⊂ cG
αs
4π

a
fa

GμνG̃μν þ
∂μa

fa

X
F

cFF̄γμγ5F; ð1Þ

where cG=fa and cF are the interaction constants, αs is the
QCD running coupling, Gμν and G̃μν are the gluon field
strength and its dual, respectively, and F are fermion fields.
The ALPs with mass in the GeV range naturally appear

in various extensions of the Standard Model [4–7] and may
have a relation to various cosmological phenomena, being,
for example, a portal to light dark matter [8–11]. Because of
this, they are subject of extensive phenomenological studies
[12–24], while ALP searches are among the most important
goals in the physics program of accelerator experiments. In
particular, the models with cG ¼ 1, cF ¼ 0 and cG ¼ 0,
cF ¼ 1 at the scale Λ ¼ 1 TeV (further denoted by gluonic
and fermionic ALPs, respectively) are considered as the

FIG. 1. The parameter space of fermionic (top panel) and
gluonic ALPs (bottom panel). We show the constraints and
sensitivities of CHARM [38], NuCal [39], BEBC [40], and NA62
[27] experiments (collectively marked as Beam dumpspast) and
future DarkQuest [41] and SHiP [31,32] searches. The solid lines
depict the parameter space computed using the ALP phenom-
enology described in this work, with shaded regions estimating
the theoretical uncertainties in the ALP production, while the
dashed lines correspond to the approach of Refs. [12–14]. The
constraints and sensitivities have been computed using SensCalc
[36] (see Refs. [42,43] for the details of the calculation).
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benchmark models to compare the reach of various experi-
ments [25,26].
The ALPs are searched for at currently running [23,27–

30], approved [31–33], and proposed lifetime frontier
experiments [17,25,26,34]. In particular, in the future
SHiP experiment, ALPs may be copiously produced in
collisions of a very intense proton beam with a thick target.
Reconstructing their decay in a displaced decay volume
allows for differentiating between the a particles with
different coupling patterns [35]. Thus, it is essential to
understand the phenomenology of the GeV-scale ALPs at
accelerator experiments.
The descriptions of the ALP production at proton

accelerators and their decay modes from Refs. [12–14]
are incorporated in the event generators [13,36,37] and
widely adopted by the community [26]. However, they
suffer from inconsistencies and miss important interactions.
In this study, we address these issues, providing for the first
time the description that (i) is independent of the unphys-
ical chiral rotation eliminating the gluon coupling in
Eq. (1), (ii) properly describes the ALP production modes
in deep inelastic collisions, and (iii) incorporates the ALP
mixing with heavy pseudoscalar excitations π0ð1300Þ,
ηð1295Þ, and ηð1440Þ. Using the obtained results, we
refine the ALP parameter space (see Fig. 1), highlighting
changes in the probed couplings compared to the previous
description by up to an order of magnitude.

II. PHENOMENOLOGY OF ALPS:
STATE OF THE ART

For the ALP masses ma ≲ 1 GeV, the description of
their hadronic interactions in terms of quarks and gluons
breaks down; instead, one needs to know how the a
particles interact with various bound states, such as mesons
and baryons. For the light ALPs ma ≲mπ , these inter-
actions may be obtained by matching the operator (1) and a
modified chiral perturbation theory (ChPT) describing the
interaction of ALPs with the pseudoscalar octet P8 ¼ π, K,
η. To do this, one may first perform the chiral rotation of the
quark fields:

q → exp

�
−iγ5cGκq

a
fa

�
q; ð2Þ

where κq is a matrix satisfying the condition Tr½κq� ¼ 1,
chosen to be diagonal. This rotation converts the gluon
coupling into the derivative coupling to the quark axial-
vector current [44] (and also modifies the quark mass term),
which can be translated to ChPT [18,45].
The resulting ChPTþ ALP Lagrangian has quadratic

nondiagonal terms between a and P0 ¼ π0; η; i.e., there is a
P0 − a mixing. The Lagrangian can be diagonalized by the
linear transformation

P0 ≈ P0
mass þ θP0aðmaÞaþ � � � ; ð3Þ

where the modulus of the mixing angle jθP0aðmaÞj ≪ 1
everywhere except for the domain ma ≃mP0 , where it gets
resonantly enhanced.
The crucial next step is to perform backward matching—

ensure that the hadronic interactions at the level of mesons
smoothly repeat those described by the Lagrangian (1). In
particular, the hadronic decay width of ALPs calculated
exclusively using the interactions with mesons must sat-
urate the perturbative QCD prediction obtained by calcu-
lating the width into two gluons.
The matching is performed at mass ma ≳ 1 GeV.

Relying solely on the pure ChPT is insufficient. First,
ALPs have mixing with the pseudoscalar singlet η0, heavier
excitations P0

h ¼ π0ð1300Þ; ηð1295Þ; ηð1440Þ;…, and
axial-vector mesons A0 ¼ a01, f1ð1285Þ, and f1ð1415Þ. It
may heavily enhance the ALP widths around the masses of
these excitations. Second, various other mesons (such as
vector, scalar, and tensor resonances) may contribute to the
interactions in this mass range [46]. Therefore, one has to
include the interactions of awith these particles as well. An
essential property of the resulting description is that it must
predict the observables that are independent of the chiral
rotation κq (modulo the unambiguous contribution Tr½κq�).
This is achieved by summing the two κq-dependent con-
tributions: from the diagonalization of the ALP-meson
quadratic Lagrangian (see Fig. 2) and from the ALP-meson
operators being cubic and quartic in fields.
To the best of our knowledge, no existing

study addresses all these issues. On the one hand,
Refs. [19,20,33,45,47,48] formulated the ALP interactions
in a κq-invariant way. However, they considered only pure
ChPT and the anomalous coupling of ALPs to photons. On
the other hand, Refs. [12,14,49] added the phenomeno-
logical interactions of ALPs with vector, scalar, and tensor
mesons and performed the matching of the ALP decay
modes. However, in the case of nonzero cG, the added
interactions produced κq-dependent results: The contribu-
tion from higher-power operators was not included.

FIG. 2. Practical realization of the independence of the ALP
production and decay rates of the unphysical chiral rotation (2)
parametrized by the matrix κq. In the matrix element of an
arbitrary process, the κq-dependent summands coming from n-
field operators n > 3 (the left diagram) cancel the terms origi-
nating from the quadratic Lagrangian. The latter are induced by
the mixing between a and pseudoscalar mesons P0 ¼
π0; η; η0; π0ð1300Þ;… and are parametrized by the mixing angles
θP0a (the right diagram).
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In addition, they miss the mixing of ALPs with P0
h and A0.

These resonances are typically narrow and do not overlap,
questioning the Oð1Þ estimate of the uncertainty of the
approach from Ref. [12], which is based on the Uð3Þ
symmetry restoration of the ALP representation in the mass
range 1 GeV≲ma ≲ 2 GeV.
Let us now consider the production of ALPs at proton

accelerator experiments. The state-of-the-art approach from
Ref. [13] describes the ALP production in deep inelastic
scatterings and decays of light mesons by the product of the
fluxes of π0, η, and η0 mesons times the corresponding
squared mixing angles jθP0aj2. It has been consequently
incorporated in the event generators with long-lived par-
ticles (LLPs) [26,36,37]. Such a description is not only κq
dependent—it also wrongly describes how the flux of ALPs
depends on the ALP mass. In addition, it does not account
for the theoretical uncertainty coming from different
production modes.1

III. OUR APPROACH

The method we develop2 combines the self-consistent,
κq-independent approach with the data-driven description
of interactions of various mesons. Its technical details are
summarized in Appendix B, while below we provide a
summary.
We include the light pseudoscalar and scalar mesons,

vector, and tensor mesons, similarly to how it is done in
Refs. [12,49], and then extend the meson sector by adding
the axial-vector A and heavy pseudoscalar mesons Ph
(details are summarized in Sec. III A below).
Here and below, we consider the three-flavor setup,

incorporating the η0 meson in the pseudoscalar nonet matrix
as in Refs. [12,47]. We calculate all the quantities in the

order OðδÞ, where δ≡ ðmd −muÞ=ðmd þmuÞ is the iso-
spin parameter, and OðϵÞ, where ϵ≡ fπ=fa ≪ 1 is the
ALP dimensionless coupling, with fπ ≈ 93 MeV being the
pion decay constant. We incorporate the renormalization
group flow from Ref. [19], describing the evolution of the
fermionic coupling cFðQ;ΛÞ from the scale Λ, defining the
Lagrangian (1), down to the scale of interest Q ≃ 2 GeV.
To find the mixing (3) between the ALPs and mesons, we

first diagonalize the quadratic part of the ALP-meson
interactions; derivations and expressions for the mixing
angles θP0a, θA0a, and θP0

ha
may be found in Appendixes B 2

and B 5 b.
Let us now formulate the ALP interactions with various

mesons in κq-independent fashion. The effective descrip-
tion of Standard Model interactions of such mesons is
discussed in Refs. [51,52] (vector mesons and anomalous
photon vertex), [53] (light scalar sector), [52] (tensor
mesons), and [54–56] (vector, axial-vector, and heavy
pseudoscalar excitations). On top of that, we will also
need the s → d operator induced by the octet operator from
[21] to describe the decays of kaons into ALPs.
The interactions are given in terms of either the man-

ifestly Uð3Þ covariant objects Σ ¼ exp½2iP=fπ� or just P,
where P ¼ P

P tPP is the matrix of the pseudoscalar
meson nonet. To ensure the κq-invariant results, we replace
the Σ matrix with its transformed version

Σ → exp

�
−icGκq

a
fa

�
· Σ · exp

�
−icGκq

a
fa

�
ð4Þ

and then expand the resulting Lagrangian in the powers of
P and a.3 As for the interactions written in terms of P, let
us utilize the Baker-Campbell-Hausdorff formula:

exp

�
−icGκq

a
fa

�
· Σ · exp

�
−icGκq

a
fa

�
→ exp

�
i
2

fπ
ðPðxÞ − ϵcGκqaÞ þOðϵ2Þ

�
: ð5Þ

To maintain the κq invariance, we have to replace (note the
sign change)

P → P þ ϵcGκqa: ð6Þ
The resulting Lagrangian, formulated in terms of (5), (6),

and the diagonalization (3), provides κq-invariant descrip-
tion of all ALP interactions in the OðϵÞ limit, thanks to the
cancellation depicted in Fig. 2.

Importantly, using the “rotated” matrices (4) and (6) not
only ensures the κq independence of the observables, but
also induces the additional terms with the unambiguous
part Tr½κq� ¼ 1; therefore, it may lead to the cancellation or
enhancement of the κq-independent piece.
The main limitation of our study is that we do not include

the effects of higher-order ChPT terms on the ALP
phenomenology. These effects may induce < Oð1Þ cor-
rections to θP0a [57,58], but the precise calculation of their
impact is limited in light of undetermined parameters of the
higher-order expansions. This error, however, is much

1Reference [33] has partially disentangled different production
mechanisms, leaving, however, unexplored theoretical uncertain-
ties and important production modes such as the production in
fragmentation.

2The approach is implemented in the Mathematica notebook
from Ref. [14] and available online [50].

3A similar procedure has been adopted for the s → d and
anomalous interactions with photons in [20,33] and for the
Wess-Zumino-Witten terms in [24,33].
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smaller than the effect of the ALP interaction with
heavy pseudoscalar excitations and subsequent potential
uncertainty. We leave the detailed incorporation of the
higher-order corrections for future work, stressing that
the higher-order operators may be included within our
approach similarly to other terms.

A. Heavy pseudoscalar excitations

The properties of heavy pseudoscalar excitations accord-
ing to PDG [59] are summarized in Table I.
As we can see, the decay widths of most of them are

comparable to or smaller than the width of the ρ meson. As
a result, the resonances are not overlapping, and their
effects must be incorporated into the ALP phenomenology
explicitly. In contrast, the past studies, following Ref. [12],
used the monotonic form factor entering any process with
the ALP, claiming an Oð1Þ uncertainty in the resulting
description.
To describe the interactions of heavy mesons, we utilize

the extended linear sigma model (ELSM) framework from
Ref. [55], which includes the following particles that have
mixing with the ALPs: neutral pseudoscalar

P0
h ¼ π0ð1300Þ; ηð1295Þ; ηð1440Þ ð7Þ

and axial-vector mesons

A0 ¼ a01; f1ð1285Þ; f1ð1415Þ: ð8Þ

More details may be found in Appendix B 5. The mixing
with A0’s, however, is not resonant, which follows from the
structure of the mixing operator, ∂μa · A0

μ [see Eq. (B40) in
Appendix B), and their effect may be neglected.

Reference [55] considered a generic expansion in terms
of light pseudoscalar and heavy mesons matrices preserv-
ing the SULð3Þ ⊗ SURð3Þ symmetry, then dropped some
of the operators for the sake of simplicity, and then fixed the
expansion coefficients by requiring to recover the observ-
able parameters such as masses and decay widths. An
important point is that the ALP-P0

h mixing is very sensitive
to the presence of the dropped operators; we will come back
to this later.

IV. ALP PRODUCTION

We consider the following ALP production modes: the
proton bremsstrahlung (approximating the initial state
radiation production), quark fragmentation, two- and
three-body decays of light mesons (η, η0, KS, Kþ, ρ0,
ω), the Drell-Yan process, and decays of B mesons. The
diagrams of these production processes are summarized
in Fig. 3.
Decays of ρ0 and ω within the three-flavor case are

considered for the first time; we discuss their description in
more detail in Appendix C 1.
For the description of the bremsstrahlung, we follow

the quasireal approximation from Refs. [60–62]. We
adopt the ALP-nucleon form factor, needed for accoun-
ting for the non-point-like structure of the proton, from
[33]. We also incorporate the intrinsic theoretical uncer-
tainty of the quasireal approximation—the hard scale
defining the allowed ranges of the proton virtuality; see
Refs. [42,62,63]. For the Drell-Yan production, we follow
Ref. [14]; in particular, we accommodate the theoretical
uncertainties by varying factorization and renormalization
scales of the hard process GG → a. They are sizable
because the production vertex scales with αs.
Qualitatively, the production in the fragmentation chain

occurs when, because of the mixing, each P0 appearing at
the end of the fragmentation is “replaced” by the ALP with
a tiny probability [42]. The probability is given in terms of
“generalized” mixing angles, including the contributions
from both the ALP-meson mixing and the multifield
operators to account for the cancellation of the unphysical
dependence on the chiral rotation (2); see Appendix C 2.
This process is attractive because of a relatively small
uncertainty compared to the proton bremsstrahlung for

TABLE I. Properties of heavy pseudoscalar excitations from
PDG [59]. Uncertainties are small for all the parameters except
for the decay width of π0ð1300Þ. The asterisk in ηð1405=1475Þ�
means that these two states may be equally well described as the
single state ηð1440Þ [56].
Resonance ηð1295Þ π0ð1300Þ ηð1405=1475Þ� π0ð1800Þ
Mass [GeV] 1.294 1.3 1.41=1.48 1.81
Width [MeV] 55 200–600 50=96 215

FIG. 3. Diagrams of the production of ALPs at proton accelerator experiments: decays of light mesons (a), initial state radiation known
as proton bremsstrahlung (b), final radiation processes in quark fragmentation (c), Drell-Yan process (d), and decays of Bmesons into an
ALP and a hadronic state including an s of d quark, Xs=d (e).
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masses ma ≲ 1 GeV. We incorporate the production in the
quark fragmentation via the mixing with light P0’s in
PYTHIA8 [64]; see Ref. [43].
The mixing with heavier resonances contributes to

bremsstrahlung and fragmentation. However, including
the contribution is a nontrivial task. In the bremsstrahlung
case, it requires knowing the axial-vector proton elastic form
factor in the timelike region, to which the heavy mesons
contribute. It may be parametrized in terms of the Breit-
Wigner contributions of various resonances (as is done, e.g.,
for dark photons in Ref. [63]). The coefficients in front of
these contributions cannot be all fixed without accounting
for the experimental data, which is very limited in the axial-
vector case. As for the production in fragmentation, it
requires knowing the fragmentation function into heavy
hadrons. The latter must be tuned on the experimental data
on the fluxes, which is lacking for heavy resonances.
Therefore, our results on these modes are conservative;
we leave studying these interesting questions to futurework.
The summed contribution of decays of light mesons, the

proton bremsstrahlung, and quark fragmentation replaces
the “flux-times-mixing-angle” approach of Ref. [13],
widely used in the literature [26]; see Appendix C.
The probabilities of all the production processes for the

beam and target setup corresponding to the SHiP experi-
ment for the gluonic ALPs are shown in Fig. 4 (top panel).
The uncertainty in the proton bremsstrahlung (a common
feature for the other LLPs; see Ref. [42]) and the Drell-Yan
process may reach 1–2 orders in magnitude. The produc-
tion in the fragmentation chain is one of the dominant
modes for gluonic ALPs, whereas decays of B mesons
become important for the fermionic ALPs.

V. ALP DECAY MODES

Similar to the previous studies [12,14,19,49], we con-
sider exclusive ALP decay modes a → 2γ, 3π, 2πγ, KKπ,
ηð0Þππ, 4π=2ρ0, 2ω, 3η, 2ηπ and perturbative decays
a → 2G; 2s. The heavy pseudoscalar excitations have the
same decay modes, so the ALP mixing with them reso-
nantly enhances the corresponding decay widths.
The total ALP hadronic decay widths for the models of

fermionic and gluonic ALPs are shown in Fig. 4 (bottom
panel). We include there two calculations: using our results
and utilizing the state-of-the-art approach similar to
[12,14], obtained in the κq-dependent way (for the coupling
solely to gluons) and dropping the mixing with heavy
pseudoscalar mesons. To fix the κq parameters, we adopt
the common choice κq ¼ m−1

q =Tr½m−1
q �, where mq is the

quark mass matrix.
In the mass range ma ≲ 2 GeV, the exclusive widths

differ by up to a few orders of magnitude. For the gluonic
ALPs, our prediction is much smaller than the state-of-the-
art results in the domain ma ≳ 1 GeV. It is caused by the
partial cancellation between the contributions coming from
the diagonalization (3) and the rotation (4), which reflects

the genuine property of the gluonic interaction in Eq. (1).
Because of the same cancellation, the mixing with heavy
pseudoscalar mesons does not contribute significantly.
These factors prevent making a matching of the exclusive
width with the perturbative width into gluons. The situation
is different for the ALPs universally coupled to fermions,
for which the heavy pseudoscalars increase the width by up
to 2 orders of magnitude.
The predictive power of our approach (and, in principle,

any ALP phenomenology study) is tied to the maturity of
the effective description of the Standard Model’s heavy
pseudoscalar sector encapsulated in Refs. [54,55]. First,
experimental information on many resonances is scarce,
resulting in sizable uncertainties on their partial widths
[59]. Second, the internal quark composition of some of the
heavy pseudoscalars remains unsettled [56]. Finally, for
simplicity, Ref. [55] (studying Ph resonances) omitted
several operators whose inclusion could materially alter
ALP observables; see Appendix B 7. However, including
them would require a full reanalysis and refit of the

FIG. 4. Phenomenology of ALPs. Top panel: probabilities of
various processes producing the gluonic ALPs (the yield of ALPs
per proton on target) assuming the setup of a 400 GeV proton
beam hitting the molybdenum target, corresponding to the SHiP
experiment [31]. The bands denote theoretical uncertainties.
Bottom panel: the total hadronic decay width of the gluonic
(the blue lines) and fermionic ALPs (the red lines). The dark solid
lines are obtained using the approach of our work, whereas the
dashed lines closely resemble the results of Refs. [12,14]. The
light color lines show the perturbative QCD hadronic decay
widths. The vertical bands denote the vicinities of π0, η, and η0
masses where the description of the ALP phenomenology based
on the mixing with mesons breaks down.
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operator expansion coefficients, a task that lies beyond the
scope of the present work. Nevertheless, our entire frame-
work is implemented in a publicMathematica notebook, so
additional operators can be incorporated straightforwardly.
Continued progress in light-meson spectroscopy—through
both new data and theoretical tools such as the ELSM and
the unitarization approach [59]—is therefore essential for
sharpening ALP phenomenology predictions.

VI. CONCLUSIONS

We have systematically explored the phenomenology of
the ALPs in the GeV mass range at accelerator experi-
ments. Our study has two main outcomes. First, the
approach we developed (Sec. III) is simultaneously free
from unphysical chiral rotation, Eq. (2), and includes the
ALP mixing with heavy meson resonances such as heavy
pseudoscalar mesons—the points that were missing in the
previous studies; see Sec. II. The heavy mesons have been
incorporated using the framework of the extended linear
sigma model; see Sec. III A. Incorporating these two
features changes the production probabilities of ALPs by
up to an order of magnitude and their decay widths by up to
2 orders of magnitude (see Fig. 5), especially in the mass
range 1 GeV≲ma ≲ 2 GeV.
However, the properties of the heavy resonances are not

well understood; see discussion in Secs. IV and V. This
ignorance translates into the unavoidable limitations of
understanding the ALP interactions. In light of this, our
framework may serve as the new state-of-the-art study of
the ALP phenomenology, with the possibility of easily
incorporating new interactions once the maturity of the
meson spectroscopy improves.
The revised ALP phenomenology has a significant

impact on the parameter space of ALPs, affecting the
scientific program of currently running and future experi-
ments (see Fig. 1).
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APPENDIX A: APPENDIXES

In this appendix, we describe the ALP interactions with
various mesons and nucleons following the self-consistent
approach presented in the paper. It is organized as follows.

Appendix B is devoted to the addition of ALPs to the
ChPT, describing the light pseudoscalar meson nonet and
incorporating interactions with various other mesons.
There, Appendix B 1 describes ChPT. In Appendix B 2,
we add ALPs, define the procedure of the diagonalization
of the quadratic part of the ALP-meson Lagrangian,
calculate the mixing angles, and outline our strategy to
incorporate other mesons in the interaction Lagrangian. In
Appendix B 3, we discuss the addition of light scalar,
vector, and tensor mesons. Appendix B 4 describes the
ALP-nucleon interaction. Appendix B 5 is devoted to the
description of the ALP interaction with axial-vector and
heavy pseudoscalar mesons. Appendix B 6 is devoted to
cross-checks of our approach. Finally, Appendix B 7 high-
lights the limitations of our approach, relating its maturity
to the incomplete knowledge of meson spectroscopy in the
mass range M < 2 GeV.
Appendix C uses the results of the previous section to

describe different ALP production mechanisms, including
decays of light mesons and the production in the quark
fragmentation. There, we also outline the problem of the
widely adopted description [13], approximating the flux of
ALPs by the flux of mesons P0 times the squared mixing
angle jθP0aj2.
Most of the results of these sections are obtained (unless

stated otherwise) using our Mathematica notebook where
we carefully implement the ALP phenomenology.4

APPENDIX B: MESON SPECTROSCOPY
AND ALP INTERACTIONS

1. Pure ChPT

The pure ChPT Lagrangian we will use in our studies is

LChPT;min ¼
f2π
2
B0Tr½Σm̂†

q þ m̂qΣ†�

þ Lanomaly þ
f2π
4
Tr½DμΣDμΣ†�: ðB1Þ

Here,
(i) B0 ¼ m2

π0
=ðmu þmdÞ and fπ ¼ 93 MeV is the pion

decay constant.
(ii) Σ is the matrix of the pseudoscalar mesons:

Σ¼ exp

�
2iP
fπ

�
;

P¼ 1ffiffiffi
2

p

0
BBB@

π0ffiffi
2

p þ ηffiffi
3

p þ η0ffiffi
6

p πþ Kþ

π− − π0ffiffi
2

p þ ηffiffi
3

p þ η0ffiffi
6

p K0

K− K̄0 − ηffiffi
3

p þ2 η0ffiffi
6

p

1
CCCA;

ðB2Þ

4Available online [50].
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while DμΣ ¼ ∂μΣþ ieAμΣ is the covariant deriva-
tive. Here, we have fixed the η − η0 mixing angle as
θηη0 ¼ arcsinð−1=3Þ, which provides a reasonable
agreement with the experimental data while
allowing us to provide the results in a simple analytic
form [12].

(iii) m̂q ¼ diagðmu;md;msÞ is the matrix of quark
masses.

(iv) Lanomaly is the QCD anomaly-breaking term of the
UAð1Þ symmetry:

Lanomaly ¼ −m2
0η

2
0=2; ðB3Þ

with η0 ¼ cosðθηη0 Þη0 − sinðθηη0 Þη being its Gold-
stone. The coefficient m0 is fixed in a way such that
after summing the ChPT mass term [coming from
the first summand in Eq. (B1)] and the m0 term,
there is no η − η0 mixing for the given θηη0 :

m2
0 ¼

3

2

m2
π0
ð2ms −mu −mdÞ
mu þmd

: ðB4Þ

The inclusion of η0 as in (B2) and the anomalous mass
term (B3) are consistent with large-Nc arguments and
SUð3ÞL ⊗ SUð3ÞR symmetry [66]. In particular, keeping
Nc arbitrary and expressing η0 in terms of Σ, the anoma-
lous mass term is proportional to −1=Nc lnðdet½Σ�Þ2∼
i=NcTr½P�2, which is demanded by the 1=Nc count-
ing rules.
Calculating the masses of η and η0, π0, and using the ex-

plicit form the isospin breaking parameter δ ¼ ðmd −muÞ=
ðmd þmuÞ, one may get the following consistency rela-
tions between quark and meson masses which we will use
below:

mu ¼ md
1 − δ

1þ δ
; md ¼ ð1þ δÞ m2

π0

2m2
η −m2

π0
ms;

m2
η0 ¼ 4m2

η − 3m2
π0
; m2

Kþ ¼ m2
η −

δm2
π0

2
: ðB5Þ

Here and below, wewill keep only the terms up to quartic
in meson fields. For these purposes, for example, in
Tr½DμΣDμΣ�, we have to expand Σ ¼ P

4
n¼0

1
n! ð2iPfπ Þn and

then drop all the terms with the dimensionality higher
than 4.

2. Adding ALPs to ChPT and strategy
of adding other excitations

Let us start with the interaction Lagrangian

La ¼ cG
a
fa

αs
4π

Ga
μνG̃

μν;a þ ∂μa

fa

X
q

cqq̄γμγ5q: ðB6Þ

Similarly to the studies [18,19], we assume that this
Lagrangian is defined at some scale Λ ≫ Λelectroweak.
The scales of interest are ΛQ ≃ma, and the Lagrangian
(B6) nontrivially evolves down to this scale: The flow
induces the couplings to quarks cqðΛQÞ ≠ cqðΛÞ. In
particular, even if cqðΛÞ ¼ 0, we end up with nonzero
cqðΛQÞ; for the choice Λ ¼ 1 TeV commonly used in the
literature, cq ≃ 10−2 [14,19].
The analog of the Lagrangian (B6) at the scale ΛQ can be

translated to the effective Lagrangian in terms of mesonic
degrees of freedom after performing the rotation

q → exp

�
−
icGa
fa

κ̂qγ5

�
q; Tr½κq� ¼ 1; ðB7Þ

eliminating the direct coupling to gluons. We parametrize
the κq matrix by

κ̂q ¼ diagðκu; κd; 1 − κu − κdÞ: ðB8Þ

The corresponding Lagrangian in terms of the mesons is
[12,18,33]

LChPT;min ¼
1

2
ð∂μaÞ2 −

m2
a

2
a2 þ f2π

2
B0Tr½Σm̂†

q þ m̂qΣ†�

þ Lanomaly þ
f2π
4
Tr½DμΣDμΣ†�

þ f2π
2

∂μa

f
Tr½ðĉq þ cGκqÞðΣDμΣ† − Σ†DμΣÞ�:

ðB9Þ

Here,
(i) ĉq ¼ diagðcu; cd; csÞ is the direct ALP coupling to

quarks. To shorten the expressions, below, we set
them to zero, although keeping in all numerical
calculations.

(ii) m̂q becomes modified by the chiral transformation:

m̂q ¼ exp

�
−icG

a
f
κq

�
mq exp

�
−icG

a
f
κq

�
: ðB10Þ

(iii) Lanomaly is still given by Eq. (B3), given that the
Lagrangian (B9) is written already after performing
the chiral rotation (B7). Before the rotation, it
would have been given in terms of ð2cGa=fa −
Tr½2P=fπ�Þ2 [Eq. (11) from [66] ], given that the
ALP serves as a spurion θðxÞ of the UAð1Þ trans-
formation.

The part of the Lagrangian (B9) quadratic in the ALP field
a and flavorless pseudoscalar mesons P0 ¼ η; η0; π0 has
the form
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LP0a;quad ¼
1

2
Kij∂μXi∂

μXj −
1

2
MijXiXj; ðB11Þ

where X ¼ ða; π0; η; η0Þ. The mass and kinetic matrices are, respectively,

K̂ ¼

0
BBBBBBBB@

1 ϵcGðκu − κdÞ
ffiffi
2
3

q
ϵcGð2κd þ 2κu − 1Þ − ϵcGðκdþκu−2Þffiffi

3
p

ϵcGðκu − κdÞ 1 0 0ffiffi
2
3

q
ϵcGð2κd þ 2κu − 1Þ 0 1 0

− ϵcGðκdþκu−2Þffiffi
3

p 0 0 1

1
CCCCCCCCA

ðB12Þ

and

M̂ ¼

0
BBBBBBBB@

m2
a Maπ0 Maη Maη0

Maπ0 m2
π −

ffiffi
2
3

q
δm2

π0
−

δm2

π0ffiffi
3

p

Maη −
ffiffi
2
3

q
δm2

π0
m2

η 0

Maη0 −
δm2

π0ffiffi
3

p 0 m2
η0

1
CCCCCCCCA
; ðB13Þ

where

Maπ0 ¼ −ϵcGm2
π0
ððδþ 1Þκd þ ðδ − 1ÞκuÞ; ðB14Þ

Maη ¼
ffiffiffi
2

3

r
ϵcGðm2

π0
ðδκd − δκu þ 1Þ þ 2m2

ηðκd þ κu − 1ÞÞ; ðB15Þ

Maη0 ¼
ϵcGðm2

π0
ððδþ 3Þκd − ðδ − 3Þκu − 2Þ − 4m2

ηðκd þ κu − 1ÞÞffiffiffi
3

p : ðB16Þ

For brevity, we have set here cq ¼ 0. However, including
the quark couplings would be straightforward. In Eq. (B13),
we used the relation for the u and d quark masses in terms
of δ and ms [see Eq. (B5)], a priori assuming that the shift
in the meson masses due to ALPs is negligibly small
(which is true as far as fπ=fa ≪ 1).
A generic transformation simultaneously diagonalizing

these matrices in the OðδÞ order is [12]

a ¼ aphys −
X

P0¼π0;η;η0
hðP0; mP0ÞP0

phys; ðB17Þ

P0 ¼ P0
phys −

X
P00≠P0

MP0P00

m2
P0 −m2

P00
þ hðP0; maÞaphys; ðB18Þ

where

hðP0; mXÞ ¼
1

m2
a −m2

P0

�
MaP0 −m2

XKaP0 þ
X

P00≠P0

MP0P00
MaP00 −m2

XKaP00

m2
X −m2

P00

�
: ðB19Þ

Below, we will drop the index “phys.”
Introducing the parameter ϵ ¼ fπ=fa, the mixing angles (the coefficients in the expansion of P0 in front of a) become

θπ0a ¼
1
3
ϵcGδm2

π0

�ð2m2
a−m2

η0−m
2

π0
Þ

ðm2
a−m2

η0 Þ
−

2ðm2
a−2m2

ηþm2

π0
Þ

ðm2
a−m2

ηÞ
�

m2
a −m2

π0
þ ϵcGðκd − κuÞ; ðB20Þ
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θηa ¼
ffiffi
2
3

q
ϵcGðm2

a þm2
π0
− 2m2

ηÞ
m2

a −m2
η

− 2

ffiffiffi
2

3

r
ϵcGðκd þ κuÞ; ðB21Þ

θη0a ¼ −
ϵcGð2m2

a −m2
η0 −m2

π0
Þffiffiffi

3
p ðm2

a −m2
η0 Þ

þ ϵcGðκd þ κuÞffiffiffi
3

p : ðB22Þ

If utilizing the relations (B5), the quadratic part of the
Lagrangian becomes diagonalized up to terms OðδÞ inclu-
sive. We note the presence of the pole terms from η; η0 in the
π0a mixing and, vice versa, θηa=η0a include pole from π0. It
is caused by the π0 − η=η0 mixing induced by the mass
matrix (B13).
The resonant enhancement is present independently of

the order of the chiral expansion, as it originates from a
phenomenological quadratic Lagrangian between ALPs
and P. The case ma → mP corresponds to the maximal
mixing between the ALP and the P states. Besides the fact
that such a large mixing would require a fine-tuning of the
mass parameters that is rather implausible, it would modify
the properties of the P in a way that is incompatible with
experimental findings (e.g., with the measured rate of the
π0 → γγ). In practice, we exclude the vicinity of the masses
of light excitations P0 from our analysis (see the vertical
bands in Figs. 1 and 4).
Let us now outline our strategy to add other mesons to

the ALP interaction. For this, we will utilize the trans-
formations of the Σ and P matrices under the quark chiral
rotation (B7) driven by κq:

Σ → exp

�
−icGκq

a
fa

�
Σ exp

�
−icGκq

a
fa

�
; ðB23Þ

P → P þ ϵcGκqa: ðB24Þ

κq-invariant interactions of ALPs with the other mesons can
be obtained with the help of the Lagrangian written in terms

of the objects (B23) and (B24), subsequently inserted linear
transformation (B18), and keeping onlyOðϵ; δ; ϵ · δÞ terms.
Having such a Lagrangian, we are ready to calculate the

ALP decay widths. To do this, we first compute the matrix
element of the given process and ensure that it is κq
independent. Then, following Ref. [12], we adopt the
phenomenological suppression factors FðmÞ for the whole
matrix element, accounting for the QCD sum rules. We
consider the limit OðδÞ everywhere except for the process
a → 3π, for which the squared matrix element is
already ∝ δ2.
Below, we describe how we add various excitations:

lightest scalar, vector, tensor, axial-vector, and heavy
pseudoscalar.
Regarding the sector of scalar, vector, and tensor mesons

(see Appendix B 3 for the detailed description), we mainly
follow Refs. [14,49]. They slightly refine the treatment of
these interactions in Ref. [12] but study only the ALPs
without the coupling to gluons. The refinements include
imposing unitarity constraints restricting the contribution of
certain excitations to various kinematic phase space of ALP
decays; including proper polarization sum of vector and
tensor mesons when treating them as intermediate states;
and the coupling of the tensor mesons to the stress-energy
tensor in terms of pseudoscalar mesons rather than just the
minimal coupling via the metrics. However, there is an
important difference between our present analysis and
Refs. [14,49] concerning the sector of scalar mesons in
our present analysis; it is discussed in Appendix B 3 a.
The addition of axial-vector and heavy pseudoscalar

mesons is the new result that we discuss in Appendix B 5. It
is based on the so-called extended linear sigma model from
Refs. [54–56].

3. Adding scalar, vector, and tensor resonances

a. Scalar mesons

We add the interactions with the lightest scalar mesons
following Refs. [53,67], which introduced SUð3Þ invariant
description in terms of the matrices Σ and the scalar nonet
matrix

S ¼

0
B@

a00 − σ sinðθsÞ þ f0ð980Þ cosðθsÞ
ffiffiffi
2

p
aþ0

ffiffiffi
2

p
κþffiffiffi

2
p

a−0 −a00 − σ sinðθsÞ þ f0ð980Þ cosðθsÞ
ffiffiffi
2

p
κffiffiffi

2
p

κ−
ffiffiffi
2

p
κ̄

ffiffiffi
2

p
σ cosðθsÞ þ

ffiffiffi
2

p
f0ð980Þ sinðθsÞ

1
CA;

ðB25Þ

with θs ¼ −21° being the scalar mixing angle and κ is also
known as K�

0ð700Þ. The interaction coefficients have been
fixed to describe the ππ and πK scattering data and also to
reproduce the decay η0 → ηππ.

These studies defined η and η0 in terms of the isoscalar
and singlet particles η8 and η0 in a different way compared
to the ALP studies. Namely, the mixing angle in [53] differs
from the angle θηη0 ¼ arcsinð−1=3Þ, commonly used when
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describing the mixing of ALPs with these mesons. Thus,
incorporating the interactions from [53,67] into the
ALP phenomenology “out of the box” would lead to
inconsistency.
To fix the problem, we start with Eq. (B.4) of [67]. It is

written in terms of phenomenological constants A, B, C,
and D and the matrix of the pseudoscalar nonet Σ (denoted
as ξ there). As usual, we replace it with Eq. (B23) and
perform the expansion in terms of P. The parameters A, B,
C, and D are fitted to the observational data—π and K
scattering for A and B and η0 decays for C and D. Because
of the different definition of η and η0 we use in our
expansion, the η; η0 couplings depend differently on C
and D than in the expansion (A.1) of Ref. [53], so we
cannot just use their reported values—it would destroy the
predictions on η0 → ηππ decay. Instead, we recompute the
couplings of scalar mesons to η; η0 in our expansion and set
their values to recover the width of the process η0 → η2π,
consistent with the experimental value [59].
We also utilize these couplings when adding the S-wave

amplitude to the ALP decays intoKKπ using the BABAR fit
from [49].

b. Vector mesons

The hidden local symmetry approach of including the
interaction of vector mesons adds the following Lagrangian
[51,52]:

Lvecþan ¼ −
3g2

8π2fπ
ϵμναβTr½PðxÞ∂μVνðxÞ∂αVβðxÞ�

þ 7

60π2f5π
ϵμναβTr½PðxÞ∂μP∂νP∂αP∂βP� ðB26Þ

þ 2f2πTr

����gVμ − eAμQ −
i

2f2π
½P; ∂μP�

����
2

: ðB27Þ

Here, g ≈mρ=
ffiffiffi
2

p
fπ , Q ¼ diagð2=3;−1=3;−1=3Þ is the

quark charge matrix, Vμ is the matrix of vector mesons,

Vμ ¼
1ffiffiffi
2

p

0
BB@

ρ0þωffiffi
2

p ρþ K�þ

ρ− −ρ0þωffiffi
2

p K�0

K�− K̄�0 ϕ;

1
CCA ðB28Þ

with K� being associated with K�ð892Þ, and Aμ is the EM
field. As discussed, to define the ALP interactions, we start
with the corresponding Lagrangian, replace the P matrix
with Eq. (6), and perform the diagonalization (3).
The Lagrangian induces the mixing between Aμ and ρ0,

ω, and ϕ, which effectively generates, e.g., electromagnetic
decays of P0. This way, it is responsible for all the vertices
of interactions, in particular, for the κq cancellation. In
particular, it includes the effect of the chiral rotation (B7)

coming from the noninvariance of the fermion path
integration measure, i.e., reproduces the chiral anomaly
at the language of the quark bound states rather than quarks
themselves.
Let us show how the κq dependence vanishes by

calculating the coupling of the ALPs to two photons.
Expanding Eq. (B27), for the aγγ piece, we get

Laγγ ¼
αEMϵ

πfπ
ceffγγ FμνF̃μν; ðB29Þ

where

ceffγγ ¼ 1

9
ð6cGð3κu þ 1Þ − 4

ffiffiffi
6

p
θηa − 7

ffiffiffi
3

p
θη0a − 9θπ0aÞ:

ðB30Þ

The κq dependence vanishes after inserting the expressions
(B20)–(B22). The first term has the same structure as the
term ∝ Tr½κqQ2�, which is explicitly added in the literature
[20] because of the path integral measure noninvariance
under the chiral rotation.
We perform two cross-checks. First, in the limit of the

“P0-like” ALP (i.e., setting θP00a ¼ δP00P0 and cG ¼ 0), the
Lagrangian (B29) predicts the decay widths of π0, η, and η0
mesons matching the observed data with ≃10% accuracy,
typical for the model of hidden local symmetry [46,51].
Second, let us consider the two-flavor limit. This is

achieved by setting θη=η0a → 0, dropping the π0-η=η0 mix-
ing terms in Eq. (B21), and assuming κu ¼ 1 − κd (this is
the relation between κu and κd in the case of the two-flavor
setup). Keeping now explicitly the ALP derivative coupling
to quarks L ∋ ∂μa=fa

P
q cqq̄γ

μγ5q, for the expression
(B30) we obtain

ceffγγ ¼ cG

�
−δ

m2
π0

m2
π0
−m2

a
−
5

3

	
−
m2

aðcu − cdÞ
m2

π0
−m2

a
; ðB31Þ

which exactly matches Eq. (92) in Ref. [18] (after taking
into account the relation cqq ≡ 2cq there).

c. s → d transition operator

Next, let us proceed to the processK → aπ, generated by
the s → d transition. The Standard Model analog of this
process, K → ππ, receives contributions from two oper-
ators [68] classified by the transformation properties of the
chiral operators—SUð3Þ octet and 27-plet. The coupling
constant in front of the latter is severely suppressed,
G27=G8 ≈ 0.05. Despite this, the Standard Model decay
is driven by G27, as the G8 contribution is proportional to
the tiny factor ðm2

πþ −m2
π0
Þ=m2

K. However, this is no longer
the case for ALPs, and the octet typically makes the main
contribution (see, e.g., [21]).
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We implement the octet operator; the implementation of the 27-plet may be, in principle, done analogously. The matrix
element of the process has the form

MKþ→πþa ¼
1

3
ifπG8½6ϵcGð−m2

að2κd þ κuÞ þm2
Kþðκd þ κuÞ þm2

πþκd þm2
a −m2

πþÞ
þ

ffiffiffi
3

p
θaη0 ðm2

a þ 2m2
Kþ − 3m2

πþÞ þ 2
ffiffiffi
6

p
θηaðm2

Kþ −m2
aÞ þ 3θπ0aðm2

a −m2
πþÞ�: ðB32Þ

Note that, unlike the work [20], we do not decouple the η0
meson, which leads to the qualitative difference in the
scaling of the matrix element with the ALP mass. Namely,
after inserting the explicit form of the mixing angles (which
identically cancels the κq dependence) and working in the
limit δ ¼ 0, we get

MKþ→πþa ≈ 8iϵcGfπG8

ðm2
Kþ −m2

πþÞ2
m2

a −m2
η0

: ðB33Þ

d. Tensor mesons

We add the following Lagrangian of the interaction of Ps
with the tensor meson f2 [52]:

LT ¼ −gT
f2π
4
Tr

��
∂
μΣ†

∂
νΣ −

1

2
gμν∂αΣ†

∂αΣ
	
f 2

�
f2μν;

ðB34Þ

where f 2 ¼ diagð1=2; 1=2; 0Þ is the SUð3Þ generator of the
tensor meson. The coupling gT ¼ 13.1 GeV−1 recovers the
decay widths of the f2 meson [49].
Here, we use the replacement (B23) to achieve the κq

independence. As an illustration, consider the vertex f2aη:

Vμν
f2aη

¼ 1

6
ϵgTð−gμνðpa · pηÞ þ pμ

apν
η þ pν

ap
μ
ηÞ

 ffiffiffi

2
p

θaη0

þ
ffiffiffi
6

p
cGðκd þ κuÞ þ 2θηa

� ðB35Þ

Inserting the explicit expressions (B21) and (B22) for the
cG-dependent piece of the coefficient in front of the tensor
structure, we get

cG
ðm2

η −m2
π0
Þðm2

a − 2m2
η þm2

π0
Þ

ðm2
a −m2

ηÞðm2
a − 4m2

η þ 3m2
π0
Þ : ðB36Þ

4. Interaction with nucleons

We follow Ref. [33] and consider the low-momentum
transfer ALP-nucleon interaction in the form

Lapp ¼ gapp∂μap̄γμγ5p: ðB37Þ

Here,

gapp ¼ ð4Ds þ 3D − FÞθaη0
2

ffiffiffi
3

p þ ϵcGðκdðF −DÞ þ 2FκuÞ

þ θηaðDs þ 2FÞffiffiffi
6

p þ 1

2
ðDþ FÞθπ0a ðB38Þ

is the ALP-nucleon coupling, with Ds, F, and D being
phenomenological constants. Using Eqs. (B20)–(B22) and
also the relation (B5), the explicit form of gapp becomes

gapp ¼ ϵcG
fπ

ðm2
π0
−m2

ηÞðm2
að3Ds þ 2DÞ − 2m2

ηð2Ds þDþ FÞ þm2
π0
ðDs þ 2FÞÞ

ðm2
a −m2

ηÞðm2
a −m2

η0 Þ

þ δ
ϵcG
fπ

m2
π0
ðDþ FÞðm2

π0
−m2

ηÞðm2
a − 2m2

η þm2
π0
Þ

ðm2
π0
−m2

aÞðm2
a −m2

ηÞðm2
a −m2

η0 Þ
: ðB39Þ

5. Adding axial-vector
and heavy pseudoscalar excitations

In the mass range ma ≳ 1 GeV, axial-vector mesons Aμ

and heavy pseudoscalar excitations Ph are essential to
describe the ALP interactions. The reason is that ALPs mix

with them. For excited pseudoscalar mesons, the mixing
structure is similar to the light pseudoscalar case discussed
in Appendix B 2: The chiral rotation modifies the meson
kinetic and mass terms, whereas the derivative coupling
translates to the analog of the last term in Eq. (B9). The
axial-vector sector generically adds the mixing terms
of the type L ∋ MAPAμ∂

μP, where MAP is the mixing
coefficient.
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It turns out that the A − a mixing is not as important as
the mixing with pseudoscalar mesons: Unlike the latter, it
does not get resonantly enhanced at the vicinity of the A
mass. To understand this feature, let us treat the Aμ∂

μa term
as the interaction term and use it as an internal vertex of
some matrix elementM of the ALP production or decay. It
has the form

M ∝ MA0ap
μ
aDA0

μνM̃
ν

¼ MA0a

ð1 − m2
a

m2

A0
Þ

m2
a −m2

A0 − iΓA0mA0

pνM̃ν

≡ θeffaA0pνM̃ν; ðB40Þ

where θeffaA0 is the mixing angle. We see that it vanishes at
ma ¼ mA0 and, hence, lacks the enhancement. Therefore,
compared to the mixing with the heavy pseudoscalar
mesons, it is expected to be subdominant. In addition,
incorporating them in a consistent way with the other
mesons that are already included in our approach is a
nontrivial task. For these two reasons, we will drop their
interactions with ALPs. We return to this question in
Appendix B 7.
Nevertheless, as we will see, the mixing between axial

vectors and light pseudoscalar mesons are important to

describe the interactions of pseudoscalar excitations with
vector and light pseudoscalar mesons. Therefore, we briefly
describe their phenomenology in Appendix B 5 a.
Our treatment of their interactions follows Refs. [54–56].

It utilizes the description of different vector, axial-vector,
heavy scalar, and pseudoscalar excitations using the SUð3Þ
symmetry, assuming that masses originate from a conden-
sate of the heavy scalar nonet, and fixing the interaction
couplings by matching the theoretical prediction of various
decay widths with experimentally observed data. This
model is called the extended linear sigma model. The
crucial point is that we turn off the contributions from axial-
vector and heavy pseudoscalar sectors for the scale
m≲ 1 GeV, which is explained by the incompleteness of
the ELSM in the meson spectrum mass range M < 1 GeV
(see Appendix B 7).
The mixing of ALPs with Ph contributes to all

“Ph-like” decay modes, including 3π, KKπ, η2π, and
many others.

a. Mixing of axial-vector and pseudoscalar mesons

In this section, we follow the approach of including the
axial-vector mesons presented in Ref. [54].
We start with the Lagrangian describing the sector of

axial-vector A, vector V, and pseudoscalar mesons P:

L0 ¼ Tr½ðDμΦÞ†ðDμΦÞ� −m2
0

�
G
G0

	
2

TrðΦ†ΦÞ − λ1½TrðΦ†ΦÞ�2 − λ2TrðΦ†ΦÞ2

−
1

4
TrðL2

μν þ R2
μνÞ þ Tr

���
G
G0

	
2m2

1

2
þ Δ

	
ðL2

μ þ R2
μÞ
�
þ Tr½HðΦþΦ†Þ� þ TrðΦ†ΦE0 þΦΦ†E0Þ

þ c1ðdetΦ − detΦ†Þ2 þ i
g2
2
ðTrfLμν½Lμ; Lν�g þ TrfRμν½Rμ; Rν�gÞ

þ h1
2
TrðΦ†ΦÞTrðL2

μ þ R2
μÞ þ h2Tr½jLμΦj2 þ jΦRμj2� þ 2h3TrðLμΦRμΦ†Þ

þ g3½TrðLμLνLμLνÞ þ TrðRμRνRμRνÞ� þ g4½TrðLμLμLνLνÞ þ TrðRμRμRνRνÞ�
þ g5TrðLμLμÞTrðRνRνÞ þ g6½TrðLμLμÞTrðLνLνÞ þ TrðRμRμÞTrðRνRνÞ�: ðB41Þ

Here,

ΦðxÞ ¼ hΦi þ Sh þ iPðxÞ ðB42Þ

is the (heavy scalar-)pseudoscalar nonet, with Sh being the
heavy scalar nonet, and

hΦi ¼ 1ffiffiffi
2

p diag

�
ϕNffiffiffi
2

p ;
ϕNffiffiffi
2

p ;ϕS

	
ðB43Þ

being the scalar condensate giving mass to the fields.

Lμ ¼ Vμ þ Aμ and Rμ ¼ Vμ − Aμ ðB44Þ

are, correspondingly, left and right axial and vector nonets,
with Vμ defined in Eq. (B28), and Aμ the axial-vector
nonet:

Aμ ¼
1ffiffiffi
2

p

0
BBB@

f1Nþa0
1ffiffi

2
p aþ1 Kþ

1

a−1
f1N−a01ffiffi

2
p K0

1

K−
1 K̄0

1 f1S

1
CCCA: ðB45Þ

f1N is associated to f1ð1285Þ, f1S to f1ð1415Þ, and K1 to
K1ð1270Þ. Lμν ¼ ∂μLν − ∂νRμ (and similarly Rμν) is the
field strength. Finally, DμΦ ¼ ∂μΦ − ig1ðLμΦ −ΦRμÞ is
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the covariant derivative, with g1 being an interaction
coupling.
The relevant values of the couplings entering Eq. (B41)

are summarized in Table III in Ref. [54]; the rest are set to
zero. Finally, the glueballG is set to its vacuum expectation
value G0, whereas E0 ¼ diagð0; 0; ϵSÞ.
We are interested in the mixing terms between A and P

particles. Let us, therefore, turn off vector and heavy
scalar fields Sh.

5 Thus, the matrix ΦðxÞ has the form
ΦðxÞ ¼ hΦi þ iPðxÞ. The quadratic part of the resulting
interaction is

Lð2Þ
VA ¼

X
A;X¼fP;ag

MAX

2
Aμ∂

μX: ðB46Þ

With this Lagrangian, we reproduce the Lagrangian of the
pure A-P mixing from Ref. [54].
It is possible to eliminate the mixing terms by perform-

ing the shift

Aμ → Aμ þMA0PZP∂
μP; P → ZPP; ðB47Þ

where ZP is the renormalization constant, which ensures
that the kinetic term for P has the canonical form after the
shift. In the ELSM, ZP enters the expressions of the P
masses in terms of the parameters of the model (B41), as
well as the P’s interactions with other mesons.
Our approach to treating this mixing is to assume that the

Lagrangian (B41) and the shift (B47) generate the ChPT

mass term (B1). In other words, in the sector of pseudo-
scalar mesons only, the ELSM predictions exactly match
the ChPT description. However, we will utilize it in the next
section, where we describe the interactions of heavy
pseudoscalar nonet.
For completeness, however, we provide the mixing

coefficients between the neutral A0 and ALPs which can
be obtained if including them in the same fashion as in the
other interactions:

Ma0
1
a ¼ g1ϕNðcGðκd − κuÞ − θπ0aÞ; ðB48Þ

Mf1ð1285Þa ¼ −
1

3
g1ϕNð

ffiffiffi
3

p
θη0a þ 3cGðκd þ κuÞ þ

ffiffiffi
6

p
θηaÞ;
ðB49Þ

Mf1ð1415Þa¼
1

3
g1ϕSð−2

ffiffiffi
3

p
θη0aþ6cGðκdþκu−1Þþ

ffiffiffi
6

p
θηaÞ:

ðB50Þ

As it should be, it is κq independent; it also does not vanish
in the limit cu;d;s → 0.

b. Heavy pseudoscalar sector

To describe the interactions of ALPs with heavy pseu-
doscalar mesons, we follow Ref. [55], which incorporated
them in the ELSM. The starting Lagrangian is

LPh
¼ Tr½ðDμΦhÞ†ðDμΦhÞ� þ αTr½ðDμΦhÞ†ðDμΦÞ þ ðDμΦÞ†ðDμΦhÞ�− ðm�

0Þ2
�
G
G0

	
2

TrðΦ†
hΦhÞ

− λ0

�
G
G0

	
2

TrðΦ†
hΦþΦ†ΦhÞ− λ�1TrðΦ†

hΦhÞTrðΦ†ΦÞ− λ�2TrðΦ†
hΦhΦ†ΦþΦhΦ

†
hΦΦ†Þ

− κ1TrðΦ†
hΦþΦ†ΦhÞTrðΦ†ΦÞ− κ2½TrðΦ†

hΦþΦ†ΦhÞ�2 − κ3TrðΦ†
hΦþΦ†ΦhÞTrðΦ†

hΦhÞ− κ4½TrðΦ†
hΦhÞ�2

− ξ1TrðΦ†
hΦΦ†ΦþΦhΦ†ΦΦ†Þ− ξ2TrðΦ†

hΦΦ†
hΦþΦ†ΦhΦ†ΦhÞ− ξ3TrðΦ†ΦhΦ†

hΦh þΦΦ†
hΦhΦ†

hÞ− ξ4TrðΦ†
hΦhÞ2

þTrðΦ†
hΦhE1 þΦhΦ

†
hE1Þ þ c�1½ðdetΦ− detΦ†

hÞ2 þ ðdetΦ† − detΦhÞ2� þ c�1EðdetΦh − detΦ†
hÞ2

þ h�1
2
TrðΦ†

hΦþΦ†ΦhÞTrðL2
μ þR2

μÞ þ
h�1E
2

TrðΦ†
hΦhÞTrðL2

μ þR2
μÞ

þ h�2TrðΦ†
hLμLμΦþΦ†LμLμΦh þRμΦ

†
hΦRμ þRμΦ†ΦhRμÞ þ h�2ETr½jLμΦhj2 þ jΦhRμj2�

þ 2h�3TrðLμΦhRμΦ† þLμΦRμΦ†
hÞ þ 2h�3ETrðLμΦhRμΦ†

hÞ: ðB51Þ
Here,

Φh ¼ Shh þ
iffiffiffi
2

p

0
BBB@

ηNþπ0Effiffi
2

p πþE Kþ
E

π−E
ηN−π0Effiffi

2
p K0

E

K−
E K̄0

E ηN

1
CCCA ðB52Þ

5We have a posteriori checked that their large mass, absence of mixing with ALPs, and presence of the lighter scalar nonet makes
their contribution to the processes with ALPs subdominant.
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is the excited scalar-pseudoscalar nonet, with Shh denoting
the second heavy scalar fields. Here, πE is associated to
πð1300Þ,KE toKð1460Þ, ηN to ηð1295Þ, and ηS to ηð1440Þ.
The association assumes that the mentioned states are two-
quark bound states, although there is ambiguity. As in the
axial-vector sector, the covariant derivative has the form
DμΦh ¼ ∂μΦh − g1EðLμΦh −ΦhRμÞ, and G ¼ G0.
Following Ref. [55], we drop the terms proportional to α,

λ�0, λ
�
1, ξ1, h

�
1, and κ1–4. It implies, in particular, the absence

of the mixing between the heavy and light pseudoscalar
mesons. We comment on its consequences in Appendix B
7. We also set Shh ¼ 0, as, similarly to the nonet Sh, they
are not expected to contribute sizably to the interactions.
The interactions ofΦh with vector and light pseudoscalar

mesons are obtained with the help of the transformation
(B47); it induces the vertices ΦhΦV and ΦhΦΦΦ, domi-
nating the decays of Φh and, hence, ALPs, due to the
mixing with heavy pseudoscalars.
After inserting the explicit form of Φ matrix, Eq. (B42),

one arrives at the following mass and kinetic matrices
between the ALP and the neutral mesons P0

h ¼ π0ð1300Þ;
ηð1295Þ; ηð1440Þ, similar to Eqs. (B12) and (B13):

M̂ ¼

0
BBBBBB@

m2
a Maπ0ð1300Þ Maηð1295Þ Maηð1440Þ

Maπ0ð1300Þ m2
π0ð1300Þ 0 0

Maηð1295Þ 0 m2
ηð1295Þ 0

Maηð1440Þ 0 0 m2
ηð1440Þ

1
CCCCCCA

ðB53Þ
with

Maπ0ð1300Þ ¼ −cG
fπ
2fa

ðκd − κuÞð2m�2
0 þ ðλ�2 − ξ2Þϕ2

NÞ;

ðB54Þ

Maηð1295Þ ¼ cG
fπ
2fa

ðκd þ κuÞð2m�2
0 þ ðλ�2 − ξ2Þϕ2

NÞ;

ðB55Þ

Maηð1440Þ ¼ −cG
fπ
fa

ffiffiffi
2

p
ðκd þ κu − 1Þ

× ðm�2
0 þ ðλ�2 − ξ2Þϕ2

S − 2ϵES Þ; ðB56Þ
and

K̂ ¼

0
BBBBBBBB@

1
fπðcGðκu−κdÞ−cdþcuÞ

fa
fπðcGðκdþκuÞþcdþcuÞ

fa

ffiffi
2

p
fπðcs−cGðκdþκu−1ÞÞ

fa

fπðcGðκu−κdÞ−cdþcuÞ
fa

1 0 0

fπðcGðκdþκuÞþcdþcuÞ
fa

0 1 0ffiffi
2

p
fπðcs−cGðκdþκu−1ÞÞ

fa
0 0 1

1
CCCCCCCCA
: ðB57Þ

Unlike the case of the light pseudoscalar sector, there is no
mixing between various mesons from the beginning—the
mixing is solely between P0

h and a. Utilizing the relation
between the parameters of the Lagrangian and the masses
of the heavy pseudoscalars [with the help of our Mathe-
matica notebook, we recovered Eqs. (21)–(27) in Ref. [55]],
for the resulting mixing angles, we get

θπ0ð1300Þa ¼ −
fπ
fa

�
cGðκu − κdÞ þ

m2
aðcu − cdÞ

m2
a −m2

π0ð1300Þ

	
; ðB58Þ

θηð1295Þa ¼ −
fπ
fa

�
cGðκd þ κuÞ þ

m2
aðcd þ cuÞ

m2
a −m2

ηð1295Þ

	
; ðB59Þ

θηð1440Þa ¼ −
ffiffiffi
2

p fπ
fa

�
cGð1 − κd − κuÞ þ

m2
acs

m2
a −m2

ηð1440Þ

	
:

ðB60Þ

Unlike the light pseudoscalars, heavy pseudoscalar mesons
have a non-negligible decay width, which smears the
resonant enhancement. To include this effect in practice,
we ensure that the κq dependence vanishes in the zero-width
limit, explicitly set κq ¼ 0, and replace the denominators of
the mixing angles: m2

a −m2
P0
h
→ m2

a −m2
P0
h
− iΓP0

h
mP0

h
.

c. How the cG-mediated contribution vanishes

Now, let us consider the contribution of the Lagrangian
(B51) to some processes. Choosing, for instance, the
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process að→ η�ð1440ÞÞ → KKπ, we get for the corresponding Lagrangian

La ¼
ifπ
2fa

aðxÞ∂μK−ðxÞK�þ
μ ðxÞh�3θK−

1
ð1270ÞK− ½

ffiffiffi
2

p
ðϕSðθηð1295Þa þ θπ0ð1300ÞaÞ − ϕNθηð1440ÞaÞ

þ 2cGðϕNðκd þ κu − 1Þ þ
ffiffiffi
2

p
ϕSκuÞ�: ðB61Þ

After using Eqs. (B58)–(B60), for the expression in the brackets, we get

2csϕN

m2
a −m2

ηð1440Þ
−

ffiffiffi
2

p
ϕSðcdðm2

ηð1295Þ −m2
π0ð1300ÞÞ þ cuð2m2

a −m2
ηð1295Þ −m2

π0ð1300ÞÞÞ
ðm2

a −m2
ηð1295ÞÞðm2

a −m2
π0ð1300ÞÞ

; ðB62Þ

i.e., whereas the cu;d;s terms obviously survive, the depend-
ence on cG vanishes identically. It happens because of the
simple structure of the interaction operators and the trivial
structure of heavy pseudoscalars utilized inRef. [55]:Unlike
the case of light pseudoscalars, ηð1295Þ and ηð1440Þ exactly
match the isoscalar and singlet components of the nonet;
also, there is no analog of the isospin breaking.
The same cancellation happens also for any other

interaction induced by the Lagrangian (B51). Therefore,
if dropping the terms proportional to α, λ�0, λ

�
1, ξ1, h

�
1, and

κ1–4 (as is done in [55]), the ALPs coupled to gluons can
experience these interactions only via tiny couplings cu;d;s
induced because of the renormalization flow of the ALP
gluonic operator from the scale Λ.

6. Cross-checks of our approach

We have validated our combined approach in various
independent ways:

(i) Comparing symbolic expressions for various quan-
tities with the literature. For instance, assuming the
two-flavor limit, we recovered the mass matrix
(B13), the ALP-photon coupling, and the ALP
decay width into three pions with the works
[15,18] (see also Appendix B 3 b). Next, we have
compared the expressions for the pure ChPT con-
tribution to the matrix elements of ALP decays to
Ref. [12] and mostly found the exact agreement. The
only exception concerns the κq-dependent piece,
which is absent for the a → ηππ matrix element in
[12]. For the added interactions with scalar, vector,
and tensor mesons (where we followed Ref. [49]),
we have found the agreement with [49] except for
the sector of the scalar mesons, modified by our
treatment (discussed in Appendix B 3 a).

(ii) Ensuring κq independence of various vertices and
matrix elements. When computing different quan-
tities, we insert an explicit form of the mixing angles
and calculate the κq-dependent pieces. They always
vanish.

(iii) Comparing the widths of the Standard Model
processes with their measured values. We consider
the processes η → πþπ−γ, η0 → η2π, η0 → 4π, and
π0=η=η0 → 2γ, which in the model we use goes via
the mixing of vector mesons with photons [51] and
intermediate vector and scalar excitations [52,53].
We find good agreement within 10%. This deviation
is subdominant compared to the other uncertainty
sources (highlighted in Appendix B 7) and also
uncertainties coming from the experimental setup
[which may include a cascade enhancement of the
ALP production in the thick target—already anOð1Þ
effect] and lack of knowledge about the meson’s
spectra. Regarding the newly added axial-vector and
heavy pseudoscalar sectors, we have recovered the
results of Refs. [54,55].

(iv) Reproducing the results of Ref. [14], which studied
the ALPs universally coupled to fermions, after
turning off the contributions from axial-vector and
heavy pseudoscalar mesons. For this setup, the
hadronic ALP widths differ within a factor of 1.5.
The discrepancy is caused by the improvement of
the sector of the interactions with the scalar mesons
made in the given paper (see Appendix B 3 a).

Let us finalize the discussion by comparing our calcu-
lation of the ALP decay width with the results of Ref. [12].
In Fig. 5, we show the result of our approach, the κ-
dependent approach without the inclusion of the mixing
with heavy excitations, and the total width from Fig. S1 of
[12]. For masses ma ≲ 0.5 GeV, the width from [12]
closely matches our results; at masses mη ≲ma ≲mη0 , it
deviates from both our curves (still being closer to the κ-
independent approach); whereas at higher masses, it is
much closer to the κ-dependent calculations. This behavior
is explained by the fact that, at low masses, the ALP width
is dominated by the decay into two photons a → γγ, for
which Ref. [12] used the κq-invariant description, manually
including the contribution from the chiral rotation (recall
the discussion in Appendix B 3). For higher masses,
hadronic decay modes (for which the κ-dependent
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approach has been used in [12]) become more and more
important, and the discrepancy quickly accumulates, reach-
ing 1–2 orders of magnitude.
The result of [12] is similar to our calculations obtained

within the κq-dependent approach [which does not utilize
the rotations (B24) and (B23)]. The discrepancy arises
mainly because of the differences in the treatment of light
resonances, which we described in Appendix B 2. In the
same figure (right panel), we compare the total decay
widths of ALPs that are universally coupled to fermions
and those coupling solely to gluons. In the fermionic case,
the effects of the heavy pseudoscalar resonances are much
stronger [see Eq. (B60)], leading to a significant enhance-
ment of the decay width.

7. Limitations of our approach

Our approach to ALP phenomenology, summarized in
Appendix B, has limitations intimately related to the
maturity of the frameworks describing effective inter-
actions of mesons. There are two major problems.
The first problem arises because there is no unique

comprehensive framework describing all the meson exci-
tations with masses below 2 GeV [56]. For instance, ELSM
is fitted to describe the main decays of some of the
pseudoscalar, scalar, vector, and tensor mesons. On the
other hand, it does not consistently incorporate the sectors

of light scalar nonet and pseudovector fields, as well as
anomalous interactions with vector mesons. The latter may
be essential for decays of light pseudoscalar mesons
[52,53]. Partially because of this, it does not fit the
experimental data on various subdominant decays of
mesons which are essential for describing the ALP decay
pattern, such as η → πþπ−γ or η0 → 4π. Because of this, we
use the hybrid framework, utilizing the ELSM to describe
the sector of heavy pseudoscalars.
Next, some heavy pseudoscalar excitations, such as

πð1800Þ, are not implemented as well. Because of the
resonantly enhanced mixing of such mesons with the
ALPs, it would severely influence theALP phenomenology.
One of the main reasons for this is the lack of robust

experimental data on these resonances [59], leading to huge
uncertainties in decay widths and masses of some reso-
nances. It leads to a complexity of interpreting various
meson states assigned in Appendix B 5 as two-quark bound
states may be four-quark bound states or an admixture
between two-quark and four-quark bound states [56]; the
latter would directly change the interaction operators of
mesons and, hence, the ALP phenomenology.
An independent problem concerns the ambiguity of the

phenomenological Lagrangians. For example, consider
again the interaction Lagrangian of heavy pseudoscalar
mesons Ph as defined in Ref. [55]:

Our approach
dependent approach

Perturbative width a GG
1811.03474

0.5 1.0 1.510 15

10 11

10 7

0.001

ma GeV

a
eV

fa 1 PeV, 1 TeV

cq 1, cG 0
cq 0, cG 1

0.5 1.0 1.510 15

10 12

10 9

10 6

0.001

1

ma GeV

a
eV

fa 1 PeV, 1 TeV

FIG. 5. Left panel: the comparison of the total ALP decay widths obtained in this work and in Ref. [12]. The meaning of the blue lines
and the dashed red line is the same as in Fig. 4 in the main text. Right panel: the comparison of the total decay widths of the fermionic
and gluonic ALPs. For the fermionic coupling case, the jump at ma ¼ 2mμ is caused by the turning on of the dimuon decay, which
dominates until the mass ma ≃mη0 .
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LPh
¼ Tr½ðDμΦhÞ†ðDμΦhÞ� þ αTr½ðDμΦhÞ†ðDμΦÞ þ ðDμΦÞ†ðDμΦhÞ�− ðm�

0Þ2
�
G
G0

	
2

TrðΦ†
hΦhÞ

− λ0

�
G
G0

	
2

TrðΦ†
hΦþΦ†ΦhÞ− λ�1TrðΦ†

hΦhÞTrðΦ†ΦÞ− λ�2TrðΦ†
hΦhΦ†ΦþΦhΦ

†
hΦΦ†Þ

− κ1TrðΦ†
hΦþΦ†ΦhÞTrðΦ†ΦÞ− κ2½TrðΦ†

hΦþΦ†ΦhÞ�2 − κ3TrðΦ†
hΦþΦ†ΦhÞTrðΦ†

hΦhÞ− κ4½TrðΦ†
hΦhÞ�2

− ξ1TrðΦ†
hΦΦ†ΦþΦhΦ†ΦΦ†Þ− ξ2TrðΦ†

hΦΦ†
hΦþΦ†ΦhΦ†ΦhÞ− ξ3TrðΦ†ΦhΦ

†
hΦh þΦΦ†

hΦhΦ
†
hÞ− ξ4TrðΦ†

hΦhÞ2
þTrðΦ†

hΦhE1 þΦhΦ
†
hE1Þ þ c�1½ðdetΦ− detΦ†

hÞ2 þ ðdetΦ† − detΦhÞ2� þ c�1EðdetΦh − detΦ†
hÞ2

þ h�1
2
TrðΦ†

hΦþΦ†ΦhÞTrðL2
μ þR2

μÞ þ
h�1E
2

TrðΦ†
hΦhÞTrðL2

μ þR2
μÞ

þ h�2TrðΦ†
hLμLμΦþΦ†LμLμΦh þRμΦ

†
hΦRμ þRμΦ†ΦhRμÞ þ h�2ETr½jLμΦhj2 þ jΦhRμj2�

þ 2h�3TrðLμΦhRμΦ† þLμΦRμΦ†
hÞ þ 2h�3ETrðLμΦhRμΦ†

hÞ: ðB63Þ

When fitting the coefficients of this Lagrangian to the data,
Ref. [55] dropped for simplicity the terms inducing the
mixing between light and heavy pseudoscalars. As we have
discussed in Appendix B 5 b, in this case, κq invariance also
leads to the cancellation of the κq-independent pieces in the

interaction between ALPs and Ph. On the other hand, the
dropped terms may be essential for the ALPs.
Indeed, let us consider the second term, which induces

such mixing, and perform the usual diagonalization (B18).
Among the other terms, it includes the ALP-meson mixing
which does not vanish in the limit cu;d;s → 0:

Lα ⊂ α
fπ
fa

cGaðxÞ
�
η1440ðxÞ

ffiffiffi
2

p ðm2
a −m2

π0
Þðm2

η −m2
η0 Þ

3ðm2
a −m2

ηÞðm2
a −m2

η0 Þ

− η1295ðxÞ
ðm2

aðm2
η0 þ 2m2

η − 3m2
π0
Þ þ 2m2

π0
m2

η0 þm2
ηðm2

π0
− 3m2

η0 ÞÞ
3ðm2

a −m2
ηÞðm2

a −m2
η0 Þ

�
: ðB64Þ

Treating it for the moment as the additional mixing, we see
that the cG-dependent piece involving the ALP-P0

h mixing
no longer vanishes [there is no corresponding “counter-
term” from the rotation (B24) and (B23)] and may sizably
contribute to the ALP decay widths. However, including
them would require a complete reanalysis of the whole
ELSM fit (as additional mixing between Ph and P may be
non-negligible), which goes beyond the scope of our study.
Therefore, we conclude that the robustness of the

description of the ALP phenomenology is significantly
limited. Nevertheless, incorporating the interactions in
Mathematica notebook, we provide a state-of-the-art

analysis that can be easily improved in the future once
the meson spectroscopy becomes more mature.

APPENDIX C: PRODUCTION OF ALPS

Below, we briefly discuss our method to describe the
production modes of ALPs (more details may be found
in Ref. [43]).
The commonly adopted approach to describe ALP

production [13,26] was to approximate the flux of ALPs
by the formula

d2Na

dϕadEa
¼

�
d2Na

dϕadEa

	
directþlight decays

þ
X
B;Xs=d

NB · BrðB → Xs=daÞ
dfðBÞa

dϕadEa
: ðC1Þ

Here, ϕ and E stay for the polar angle and energy correspondingly.

�
d2Na

dϕadEa

	
directþlight decays

¼
X
P0

jθP0aj2
d2NP0

dϕP0dEP0

����
ϕP0 ;EP0→ϕa;Ea

ðC2Þ
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describes the contribution of the ALPs produced by deep
inelastic scatterings and decays of light mesons, with
ϕP0 ; EP0 → ϕa; Ea being some transformation relating
meson’s kinematic to the ALP kinematics. The second
summand describes the production of the ALPs by decays
of B mesons, with NB being the total number of B mesons
of the given type produced in collisions, BrðB → Xs=daÞ
the branching ratio of the decay into an ALP and a hadronic

state containing an s=d quark, and fðBÞa the distribution in
polar angle and energy of the ALPs produced in this decay
(it is normalized by one).
The term (C2) literally means “the flux of ALPs is the

summed fluxes of mother mesons times the squared
mixing angle.”
This approximation has two problems. First, it explicitly

depends on unphysical κq parameters entering θP0a.
Second, it wrongly describes the mass dependence of
the ALP flux, in terms of both the integrated value and
the kinematics (the proposed ϕ; E transformation is
ambiguous and leads to unphysical bumps in the angular
distribution of ALPs at low center-of-mass frame collision
energy). A clear illustration is to consider the ALPs from
the mixing with pions; while ≃60%–70% of pions are
produced by decays of heavier mesons, this is not the case
of the ALPs with ma ≫ mπ0 .
As we have discussed in the main paper, we explicitly

decompose this production into separate modes: the ALP
production in the proton bremsstrahlung (the initial state
radiation process), quark fragmentation (mostly the final
state radiation process relevant for masses ma ≲ 2 GeV),
gluon fusion or Drell-Yan process (the final state radiation
relevant for heavier ALPs), and decays of light mesons (see
also Ref. [42] for the definition of the processes). The
descriptions of the proton bremsstrahlung and gluon fusion
processes may be found in Refs. [14,33,42], whereas below
we discuss the production in decays of mesons and the
quark fragmentation.

1. Decays of mesons

Let us now present the method to calculate the branching
ratios of various mesons, denoted by h, into ALPs. First,
using the Lagrangian with the ALP interactions, we
compute the matrix element of the process, M. Then,
we calculate the decay widths using the standard
formulas [59]:

Γ2-body
h→a ¼ jMj2

8π

jpj
m2

h

ðC3Þ

for two-body decays, where jpj is the momentum of the
decay product at the rest frame of the decaying h, and

Γ3-body
h→a ¼ Fs

1

ð2πÞ38mh

Z
dE1dE3jMj2; ðC4Þ

for three-body decays, where E1;3 are the energies of the
particles 1 and 3 in the process h → 1þ 2þ 3 at h’s rest
frame and Fs is the symmetry factor, being 1=n! if there are
n identical particles in the final state and 1 otherwise. We
will consider the following decay processes:

ρ� → π�a; η → πþπ−a; η → 2π0a;

KS → π0a; ω → πþπ−a; ω → aγ: ðC5Þ

As a cross-check, considering the “pionlike” ALP, we have
checked that, together with the production via fragmenta-
tion, decays of mesons accumulate ≃90% of the Standard
Model neutral pion production flux. The processes that we
drop are, e.g., Λ → pa and K� → aπ�. The first process
has too limited phase space and produces very soft ALPs
(as most of the momentum is carried away by the outgoing
proton). In their turn,K� are long-lived and typically do not
have time to decay before interacting with the infrastructure
surrounding the collision point (or target for beam dump
experiments). Given the complexity of describing its
decays, and also the suppression of the corresponding
event yield, it can be safely neglected.

2. Fragmentation

Qualitatively, the production in the quark fragmentation
effectively replaces a meson P0 occurring at the last stage
of the fragmentation chain with the ALP a.
To account for the proper ALP mass dependence of the

flux, we incorporate the production of ALPs via mixing
with P0 ¼ π0; η; η0 in PYTHIA8 [64]. The production of the
ALPs from the mixing with the given meson P0 is
described by P0’s fragmentation function, carefully tuned
to the data on the meson fluxes available at different
facilities and having at mostOð1Þ uncertainty. More details
can be found in Ref. [43].
The mixing with heavier mesons (axial-vector mesons A

and heavy pseudoscalars P0
h) cannot be properly accom-

modated, as PYTHIA8 misses these particles in the spectrum.
Even if including them, it would be unrealistic to properly
accommodate the contribution of these mesons because of
the complexity of properly tuning PYTHIA8 setup to
describe. Therefore, our estimate of the production in this
channel is conservative.
The rate of the replacement P0 → a cannot be given by

the mixing angle θP0a, as it is clearly κq dependent and
misses contributions from the direct operator (see Fig. 2).
Instead, we replace it with the “effective” rate ΘP0a, which
we define from some typical processes involving the P0a
mixing and then extrapolate on the whole fragmentation
process. Schematically, this rate has the form

ΘP0a ¼ θP0a þ � � � ; ðC6Þ
where � � � stays for the direct operator contribution and
other mixings.
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Specifically, to define Θ for the mixing with
P0 ¼ π0; η; η0, we consider, correspondingly, the following
processes:

π0π0 → π0a; π0η → π0a; π0η0 → π0a: ðC7Þ

The specific processes have been chosen because they are
the simplest scattering processes and because the P0a

mixing directly contributes to them. Namely, their matrix
elements have the form

Mπ0P0→π0a ¼ Θπ0a · M̃: ðC8Þ

Explicitly, we get

Θπ0a ¼ θπ0a þ cG½κu − κd − δðκd þ κuÞð
ffiffiffi
3

p
θπ0η0 þ

ffiffiffi
6

p
θπ0η þ 1Þ�

−
1

3
δð3θπ0η0 þ 3

ffiffiffi
2

p
θπ0η þ

ffiffiffi
3

p
Þθη0a −

1

3
δθηað3

ffiffiffi
2

p
θπ0η0 þ 6θπ0η þ

ffiffiffi
6

p
Þ; ðC9Þ

Θηa ¼ θηa þ
1

2
cG½κdðδð2

ffiffiffi
2

p
θπη0 þ θπη þ

ffiffiffi
6

p
Þ þ

ffiffiffi
6

p
Þ þ κuð

ffiffiffi
6

p
− δð2

ffiffiffi
2

p
θπη0 þ θπη þ

ffiffiffi
6

p
ÞÞ�

−
1

2
δθπ0að2

ffiffiffi
2

p
θπη0 þ θπη þ

ffiffiffi
6

p
Þ þ θη0affiffiffi

2
p ; ðC10Þ

Θη0a ¼ θη0a þ cG½κdðδð−θπ0η0 þ 2
ffiffiffi
2

p
θπ0η þ

ffiffiffi
3

p
Þ þ

ffiffiffi
3

p
Þ þ κuðδðθπ0η0 − 2

ffiffiffi
2

p
θπ0η −

ffiffiffi
3

p
Þ þ

ffiffiffi
3

p
Þ�

þ δ · θπ0aðθπ0η0 − 2
ffiffiffi
2

p
θπ0η −

ffiffiffi
3

p
Þ þ

ffiffiffi
2

p
θηa: ðC11Þ

Here,

θπ0η ¼ −

ffiffi
2
3

q
m2

π0

m2
η −m2

π0
; θπ0η0 ¼ −

m2
π0ffiffiffi

3
p ðm2

η0 −m2
π0
Þ ðC12Þ

are the mixing angles between π0 and η=η0 (modulus δ)
originating from the pure ChPT [see themassmatrix (B13)].

Inserting them and the ALP-P0 mixing angles (B20)–
(B22) in Eqs. (C9)–(C11), it can be seen that the κq
dependence drops out.
Note that using ΘP0a instead of θP0a is also

needed in the case of ALPs with the dominant coupling
to quarks.
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