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Abstract: We introduce and examine three subclasses of the family of quantum no-
signalling (QNS) correlations introduced by Duan and Winter: quantum commuting,
quantum and local. We formalise the notion of a universal TRO of a block operator
isometry, define an operator system, universal for stochastic operator matrices, and re-
alise it as a quotient of a matrix algebra. We describe the classes of QNS correlations in
terms of states on the tensor products of two copies of the universal operator system and
specialise the correlation classes and their representations to classical-to-quantum cor-
relations. We study various quantum versions of synchronous no-signalling correlations
and show that they possess invariance properties for suitable sets of states. We introduce
quantum non-local games as a generalisation of non-local games. We define the opera-
tion of quantum game composition and show that the perfect strategies belonging to a
certain class are closed under channel composition. We specialise to the case of graph
colourings, where we exhibit quantum versions of the orthogonal rank of a graph as the
optimal output dimension for which perfect classical-to-quantum strategies of the graph
colouring game exist, as well as to non-commutative graph homomorphisms, where we
identify quantum versions of non-commutative graph homomorphisms introduced by
Stahlke.
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1. Introduction

Non-local games [19] have in the past decade acquired significant prominence, demon-
strating both the power and limitations of quantum entanglement. These are cooperative
games, played by two players, Alice and Bob, against a verifier, in each round of which
the verifier feeds in as an input a pair (x, y), selected from the Cartesian product X x Y
of two finite sets, and the players produce as an output a pair (a, b) from a Cartesian
product A x B. The combinations (x, y, a, b) that yield a win are determined by a
predicate function L : X x Y x A x B — {0, 1}. A probabilistic strategy is a family
p = {(p(a,blx, y))(@a,peaxp : (x,y) € X x Y} of probability distributions, one for
each input pair (x, y), where the value p(a, b|x, y) denotes the probability that the play-
ers spit out the output (a, b) given they have received the input (x, y). Such families p
are in addition required to satisfy a no-signalling condition, which ensures no commu-
nication between the players takes place during the course of the game, and are hence
called no-signalling (NS) correlations.

In pseudo-telepathy games [11], no deterministic perfect (that is, winning) strategies
exist, while shared entanglement can produce perfect guantum strategies. Such strate-
gies consist of two parts: a unit vector £ in the tensor product H4 ® Hp of two finite
dimensional Hilbert spaces (representing the joint physical system of the players), and
local measurement operators (Ey ) ,q (for Alice) and (F) 5)y,» (for Bob), leading to the
probabilities p(a, b|x, y) = ((Ex,qa ® Fyp)§, ). Employing the commuting model of
quantum mechanics leads, on the other hand, to the broader set of quantum commuting
strategies, whose underlying no-signalling correlations arise from mutually commuting
measurement operators (that is, Ex . Fy » = Fy » Ex ) acting on a single Hilbert space.
This viewpoint leads to the following chain of classes of no-signalling correlations:

Cloc < Cq < an < ch C Cus. (L.D)

The class Cg, of approximately quantum correlations is the closure of the quantum class
Cq—known, due to the work of Slofstra [69] (see also [23]) to be strictly larger than
Cq—and Cys is the class of all no-signalling correlations, playing a fundamental role
in generalised probabilistic theories [3,4]. The long-standing question of whether Cq,
coincides with the class Cy of all quantum commuting correlations, known as Tsirelson’s
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problem, was recently settled in the negative in [38]. Due to the works [39] and [57],
this also resolved the fundamental Connes embedding problem [65].

In this paper, we propose a quantisation of the chain of inclusions (1.1). Our motiva-
tion is twofold. Firstly, the resolution of the Connes embedding problem in [38] follows
complexity theory routes, and it remains of great interest if an operator algebraic ap-
proach is within reach. The classes of correlations we introduce are wider and hence
may offer more flexibility in looking for counterexamples.

Our second source of motivation is the development of non-local games with quan-
tum inputs and quantum outputs. A number of versions of quantum games have already
been examined. In [20], the authors studied the computability and the parallel repeti-
tion behaviour of the entangled value of a rank one quantum game, where the players
receive quantum inputs from the verifier, but a measurement is taken against a rank
one projection to determine the likelihood of winning. In [31], the focus is on multiple
round quantum strategies that are available to players with quantum memory, while the
quantum-classical and extended non-local games considered in [66] both have classical
outputs (see also [15]). Here, we propose a framework for quantum-to-quantum non-
local games, which generalises directly (classical) non-local games. This allows us to
define a quantum version of the graph homomorphism game (see [23,51,52,62]), and
leads to notions of quantum homomorphisms between (the widely studied at present
[7,8,21,22,46,70]) non-commutative graphs.

Our starting point is the definition of quantum no-signalling correlations given by
Duan and Winter in [22]. Note that no-signalling (NS) correlations correspond precisely
to (bipartite) classical information channels from X x Y to A x B with well-defined
marginals. In [22], quantum no-signalling (ONS) correlations are thus defined as quan-
tum channels Myxy — Myxp (here Mz denotes the space of all Z x Z complex
matrices) whose marginal channels are well-defined. In Sect.4, we define the quantum
versions of the classes in (1.1), arriving at an analogous chain

Qloc C Qq - Qqa - Qqc C Ops. (1.2)

The base for our definitions is a quantisation of positive operator valued measures,
which we develop in Sect. 3. The stochastic operator matrices defined therein replace
the families (Ey 4)xex,aca Of measurement operators that play a crucial role in the
definitions of the classical classes (1.1). In Sect. 5, we define a universal operator system
Tx. 4, whose concrete representations on Hilbert spaces are precisely determined by
stochastic operator matrices. Our route passes through the definition of a universal ternary
ring of operators Vx 4 of a given A x X-block operator isometry, which is a generalisation
of the Brown algebra of a unitary matrix [12] (see also [30]). We describe 7x 4 as a
quotient of a full matrix algebra (Corollary 5.6); this is a quantum version of a previous
known result in the classical case [27]. We show that any such quotient possesses the
local lifting property [44]. This unifies a number of results in the literature, implying in
particular [36, Theorem 4.9].

In Sect. 6, we provide operator theoretic descriptions of the classes Qjoc, Qga> Dge
and Qy, establishing a perfect correspondence between the elements of these classes
and states on operator system tensor products. We see that, similarly to the case of
classical NS correlations [49], each QNS correlation of the class Qg arises from a state
on the commuting tensor product 7x 4 ®c 7y, g, and that similar descriptions hold for
the rest of the aforementioned classes. Along with the hierarchy (1.2), we introduce an
intermediate chain

CQloc CQq - CQqa - CQqc C CQns, (1.3)
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lying between (1.1) and (1.2), whose terms are classes of classical-to-quantum no-
signalling (CONS) correlations. We define their universal operator system, and provide
analogous characterisations in terms of states on its tensor products; this is achieved in
Sect. 7. In Sect. 8, we point out the canonical surjections Qy — CQx — Cx (where x
denotes any specific correlation class from the set {loc, q, qa, qc, ns}). Combined with
the separation results at each term, known for (1.1), this implies that the inclusions in
(1.2) and (1.3) are proper.

The class Qjoc at the ground level of the chain (1.2) is in fact well-known: its elements
are precisely the local operations and shared randomness (LOSR) channels (see e.g. [72,
p. 358]). Thus, the channels from Q can be thought of as entanglement assisted LOSR
transformations, and a similar interpretation can be adopted for the higher terms of (1.2).

The notion of a synchronous NS correlation [61] is of crucial importance when
correlations are employed as strategies of non-local games. Here, we assume that X = Y
and A = B. These correlations were characterised in [61] as arising from traces on
a universal C*-algebra Ay s—the free product of |X| copies of the |A|-dimensional
abelian C*-algebra. In Sect. 9, we propose two quantum versions of synchronicity. Fair
correlations are defined in operational terms, but display a lower level of relevance than
tracial correlations, which are defined operator algebraically, via traces on the universal
C*-algebra of a stochastic operator matrix. Tracial QNS correlations are closely related
to factorisable channels [1] which have been used to produce counterexamples to the
asymptotic Birkhoff conjecture [32]. More precisely, if one restricts attention to QNS
correlations that arise from the Brown algebra as opposed to the ternary ring of operators
Vx. A, then the tracial QNS correlations are precisely the couplings of a pair of factorisable
channels with equal terms.

Restricted to CQNS and NS correlations, traciality produces classes of correlations
that strictly contain synchronous NS correlations. The difference between synchronous
and tracial NS correlations can be heuristically compared to that between projection and
positive operator valued measures. The operational significance of tracial QNS, tracial
CQNS and tracial NS correlations arises from the preservation of appropriate classes
of states, which quantise the symmetry possessed by the classical pure states supported
on the diagonal of a matrix algebra. The ground class, of locally reciprocal states, turns
out to be a twisted version of de Finetti states [18]. Thus, the higher classes of quantum
reciprocal and C*-reciprocal states can be thought of as an entanglement assisted and
a commuting model version, respectively, of de Finetti states.

In Sect. 10, we point out how QNS and CQNS correlations can be used as strategies
for quantum-to-quantum and classical-to-quantum non-local games. This is not an ex-
haustive treatment, and is rather intended to summarise several directions and provide a
general context that we hope to investigate subsequently. Employing the CQNS classes,
we define new versions of quantum chromatic numbers of a classical graph G. The class
C Qloc yields the well-known orthogonal rank & (G) of G [67]; thus, the chromatic num-
bers £,(G) and £4.(G), arising from CQq and CQyqc, respectively, can be thought of as
entanglement assisted and commuting model versions of this classical graph parameter.

In Sect. 10.2, we define a non-commutative version of the graph homomorphism
game [51]. We show that its perfect strategies from the class Qjoc correspond precisely
to non-commutative graph homomorphisms in the sense of Stahlke [70]. Thus, the perfect
strategies from the larger classes in (1.2) can be thought of as quantum non-commutative
graph homomorphisms. We note that special cases have been previously considered in
[8] and [56], and that a different perspective, motivated by non-commutative topol-
ogy, has been studied in [55]. The treatment in the latter papers was restricted to non-
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commutative graph isomorphisms, and the suggested approach was operator-algebraic.
We remedy this by suggesting, up to our knowledge, the first operational approach to
non-commutative graph homomorphisms, thus aligning the non-commutative case with
the case of quantum homomorphisms between classical graphs [51].

Finally, in Sect. 10.3, we introduce a quantum version of non-local games that contains
as a special case the games considered in the previous subsections. To this end, we
view the rule predicate as a map between the projection lattices of algebras of diagonal
matrices. We define game composition, show that the perfect strategies from a fixed class
x € {loc, q, qa, qc, ns} are closed under channel composition, and prove that channel
composition preserves traciality. Some of these results extend results previously proved
in [58] in the case of classical no-signalling strategies.

2. Preliminaries

All inner products appearing in the paper will be assumed linear in the first variable. Let
H be a Hilbert space. We denote by B(H) the space of all bounded linear operators on
H and often write L(H) if H is finite dimensional. If £, n € H, we write £n* for the
rank one operator given by (§1n*)(¢) = (¢, n)&. In addition to inner products, (-, -) will
denote bilinear dualities between a vector space and its dual. We write B(H)* for the
cone of positive operators in B(H), denote by 7 (H) its ideal of trace class operators,
and by Tr—the trace functional on 7 (H).

An operator system is a self-adjoint subspace S of B(H) for some Hilbert space H,
containing the identity operator /g . The linear space M,,(S) of all n by n matrices with
entries in S can be canonically identified with a subspace of 5(H"), where H" is the
direct sum of n-copies of H; we set M, (S)* = M,,(S) N B(H")* and write Sj, for the
real vector space of all hermitian elements of S. If K is a Hilbert space, 7 € B(K) is
an operator system and ¢ : S — 7 is a linear map, we let ¢ : M, (S) — M, (T)
be the (linear) map given by o™ ((xi,j)i,j) = (¢(xi,j))i,j- The map ¢ is called positive
(resp. unital) if ¢(S*) € T+ (resp. ¢(Iy) = Ix), and completely positive if ¢ is
positive for every n € N. We call ¢ a complete order embedding if it is injective and
¢’1|¢(3) : ¢(S) — S is completely positive; we write S Ccoi. 7. We note that C
is an operator system in a canonical way; a state of S is a unital positive (linear) map
¢ : S — C. We denote by S(S) the (convex) set of all states of S. We note that every
operator system is an operator space in a canonical fashion, and denote by S9 the dual
Banach space of S, equipped with its canonical matrix order structure. Operator systems
can be described abstractly via a set of axioms [59]; we refer the reader to [24,59,64]
for details and for further background on operator space theory.

We denote by | X| the cardinality of a finite set X, let HX = @,cx H and denote by
My the space of all complex matrices of size |X| x |X|; we identify Mx with £(C¥X)
and write Iy = Icx. Forn € N, we set [n] = {1,...,n} and M, = M|,;. We write
(ex)xex for the canonical orthonormal basis of C¥X, denote by Dy the subalgebra of My
of all diagonal, with respect to the basis (ey ) cx, matrices, and let Ax : Mx — Dy be
the corresponding conditional expectation.

When w is a linear functional on Mx, we often write w = wy. The canonical complete
order isomorphism from My onto M ;i( maps an element w € My to the linear functional
fo 1 Mx — C given by f,,(T) = Tr(Tw") (here, and in the sequel, o' denotes the
transpose of w in the canonical basis); see e.g. [63, Theorem 6.2]. We will thus consider
My as self-dual space with pairing

(p, ) = (p, w) :=Tr(pw"). 2.1)
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On the other hand, note that the Banach space predual B(H ). can be canonically identi-
fied with 7 (H); every normal functional ¢ : B(H) — C thus corresponds to a (unique)
operator Sy € 7 (H) such that ¢(T) = Tr(T'Sy), T € B(H). In the case where X is a
fixed finite set (which will sometimes come in the form of a direct product), we will use
a mixture of the two dualities just discussed: if w, p € Mx, S € T(H) and T € B(H),
it will be convenient to continue writing

T, w® S) = Tr(po)Tr(TS).

If X and Y are finite sets, we identify My ® My with My «y and write Mxy in its
place. Similarly, we set Dyy = Dx ® Dy. Here, and in the sequel, we use the symbol
® to denote the algebraic tensor product of vector spaces. For an element wy € Mx
and a Hilbert space H, we let Ly, : Mx @ B(H) — B(H) be the linear map given
by Lpy(S®T) = (S,0x)T.If H = CY and wy € My, we thus have linear maps
Loy : Mxy — My and L, : Mxy — Mx; note that

(Lwy (R), py) = (R, wx ® py), R € Mxy, py € My,

and a similar formula holds for L, . We let Trx : Mxy — My (resp. Try : Mxy —
M) be the partial trace, thatis, Try = Ly, (resp. Try = Ly,).

Let X and A be finite sets. A classical information channel from X to A is a positive
trace preserving linear map A/ : Dx — Dg. It is clear that if N : Dy — Dy is a
classical channel, then p(-|x) := N (eye}) is a probability distribution over A, and that
N is completely determined by the family {(p(a|x))qea : x € X}.

A quantum channel from My into M 4 is a completely positive trace preserving map
O : My — Mpy; such a @ will be called (X, A)-classical if ® = Ay o ® o Ax. A
classical channel N : Dy — Dy gives rise to a (X, A)-classical (quantum) channel
Dpr 0 Mx — My by letting ®pr = N o Ay. Conversely, a quantum channel @ :
Myx — M, induces a classical channel Ng : Dx — Dy by letting No = Ay o D|p,.
Note that N, = N for every classical channel V.

Let X, Y, A and B be finite sets. A quantum correlation over (X, Y, A, B) (or simply
a quantum correlation if the sets are understood from the context) is a quantum channel
I' : Mxy — Mup. Such a I is called a quantum no-signalling (QNS) correlation [22]
if

Tral'(ox ® py) = 0 whenever Tr(pyx) = 0 2.2)
and
Trgl (ox ® py) = 0 whenever Tr(py) = 0. (2.3)

We denote by Qs the set of all QNS correlations; it is clear that Qys is a closed convex
subset of the cone CP(Mxy, M 4p) of all completely positive maps from My into M4 p.

Remark 2.1. A quantum channel I : Myy — M 4p is a QNS correlation if and only if
Tral'(p") =0 and TrgI'(p”) =0

provided o', p” € My are such that Trx p’ = 0 and Try p” = 0. Indeed, suppose that I"

isaQNS correlationand p’ € Mxy, Trxp’ = 0.Writing o' = 3", ./ v pl, Yy €€ ®

eyey,, we have that 3.y p ,=0forally,y" €Y.

/
XX, Y, Y

Thus Tr (erx p)’c’qu,y/exej) = 0, and hence

xeX
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Since Trexe}, = &y, we also have Tral'(eye}, ® eye;f,) = 0if x # x/, for all
v,y € Y.Itfollows that Tr4T'(p") = 0. The second property is verified similarly, while
the converse direction of the statement is trivial.

A classical correlation over (X, Y, A, B) is a family

p = {(pa,blx, ) @meaxp : (x,y) € X x Y},

where (p(a, blx, y))@.p)eaxB s a probability distribution for each (x,y) € X x Y;
classical correlations p thus correspond precisely to classical channels NV, : Dxy —
Dag- A classical no-signalling correlation (or simply a no-signalling (NS) correlation)
is a correlation p = ((p(a, b|x, y))a,»)x,y that satisfies the conditions

Z pla, blx,y) = Z p,blx',y), x,xeX,yeY beB, (2.4)

a'eA a'eA

and
Z pla,b|x,y) = Z pla,b|x,y), xeX,y,yeYacA.  (2.5)
b'eB b'eB
We denote by Cp the set of all NS correlations and identify its elements with classical
channels from Dxy to D4p. Given a classical correlation p, we write I', = ® N thus,
Iy : Mxy — Map isthe (X x Y, A x B)-classical channel given by

Cop)= Y. D plablx,y(plec®ey) ex ey)eacs @epes.  (2.6)
xeX,yeY acA,beB

Remark 2.2. If p is a classical correlation over (X, Y, A, B), then p is an NS correlation
precisely when I', is a QNS correlation. Indeed, if Trpox = 0 and p satisfies (2.4) and
(2.5), then

Tral'p(ox ® py)
= Z Z p(a,blx,y) (pxex, ex) (prey. ey) epey;

xeX,yeY acA,beB

- Z Z (Z Z pla,blx, y) (pxex, ex)> (orey. ey)evef; = 0;

yeY beB \xeX acA

(2.3) is checked similarly. Conversely, assuming that I, satisfies (2.2) and (2.3), the
relations (2.4) and (2.5) are obtained by substituting in (2.6) p = exef Qe e; —eyvey ®
eye; and p = ee} ®eye;‘, —exel ®ey/e;f,. It follows thatif "isa (X x Y, A x B)-classical
QNS correlation, then I' = I', for some NS correlation p.

Let Hy, ..., H, be Hilbert spaces, at most one of which is infinite dimensional,
T € B(H ®---® H,) and f be a bounded functional on B(H;, ® - -- ® H;,), where
k < nandiy,...,Ii are distinct elements of [n] (not necessarily in increasing order).

We will use the expression L ¢(T'), or (T, f) (in the case k = n), without mentioning
explicitly that a suitable permutation of the tensor factors has been applied before the
action of f. We note that if g is a bounded functional on B(H;, ® --- ® H},), where
[ < n and the subset {1, ..., j;} does not intersect {iy, ..., ix}, then

LyL,=LgLy. 2.7
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Considering an element w € My as a functional on My via (2.1), we have that if
E = (Ex,x’)x,x/ € Mx ® B(H), then

Lo (E) = Ey vy x,x € X, (2.8)

3. Stochastic Operator Matrices

Let X, Y, A and B be finite sets. A stochastic operator matrix over (X, A) is a positive
operator E € Mx ® M4 ® B(H) for some Hilbert space H such that

TraE =1x ®Iy. 3.1)

We say that E acts on H. This terminology becomes natural after noting that the operator
stochastic matrices E € Dy ® D4 ® B(C) coincide, after the natural identification of
Dx ® D4 with the space of all | X| x | A| matrices, with the row-stochastic scalar-valued
matrices.

Let E € Mx ® M4 ® B(H) be a stochastic operator matrix and E, 4 o € B(H),
x,x" € X,a,a’ € A, be the operators such that

E = Z Z exe;:/ & eaEZ/ & Ex,x’,a,a’;
x,x'eXa,a €A
we write E = (Ey v/ .4.a’)x.x",a,a’- NOte that
Exx.aa = Lecer,eqe, (E), x,x' € X,a,d € A.
Set
Ea,a/ = (Ex,x’,a,a/)x,x/ex e My @ B(H);

thus, E, o = L, (E), a,a’ € A, and hence E,, € (Mx ® B(H))*, a € A. By
Choi’s Theorem, stochastic operator matrices E are precisely the Choi matrices of unital
completely positive maps ®g : My — My ® B(H) defined by

Qp(eqe)) =Eqq, a,d €A. (3.2)

Recall that a positive operator-valued measure (POVM) on a Hilbert space H ,indexed
by A, is a family (E,),ca of positive operators on H, such that ZaeA E,=1g.ItE,
is a projection for each a € A, the family (E,;)qe4 is called a projection valued measure
(PVM).

Theorem 3.1. Let H be a Hilbert space and E € (Mx @ M4 ® B(H))*. The following
are equivalent:

(1) E is a stochastic operator matrix;
(i1) (Eq.a)aca isa POVM in Mx @ B(H);
(iii) Tra Loy (E) = I, for all states wx € Myx;
(iv) TraLyy (E) = Tr(wx) Iy, forall ox € My;
(v) there exists a Hilbert space K and operators V, , : H - K, x € X, a € A, such
that (Vg x)a.x € B(HX, K*) is an isometry and

Eyyiaa =V Vax, x.x' €X,a,d €A (3.3)
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In particular, if E is a stochastic operator matrix, then (Ey x a4.a)aca is a POVM for
every x € X.

Proof. (1)<-(ii) and (iv)=>(iii) are trivial, while (i)=-(iii) is immediate from (2.7).
(iii)=(iv) By assumption, Tra L, (E) = Tr(w)Iy for every state w € My. Write
w= Z?Zl Miw;, where w; is a statein My and A; € C,i =1, 2, 3, 4. Then,

4 4
TrsLy(E) = inTrALm,. (E) = ZWH = Tr(w)ly.
i=1 i=1

(iii)=(i) By (2.7), for all wx € S(Mx) and all normal states T on B(H), we have

(Ix ® In,wx ® 1) = 1 = (TraLoy (E), T) = (Lwy Tra(E), 7)
= (Tra(E), ox @ 7).

By polarisation and linearity,
(Tra(E), o) = {Ix ® Iy, 0)

forallo € (Mx ® B(H))., and hence Tra(E) = Ix ® Iy.

(1))=(v) Let ® = &g be the unital completely posmve map given by (3.2). By
Stinespring’s dilation theorem, there exist a Hilbert space K ,anisometry V : CXQH —
K and a unital * -homomorphism My — B(K) such that ®(T) = V*z(T)V,
T € M. Up to unitary equivalence, K = C4 ® K for some Hilbert space K and
a(T)=TQ@Ig, T €¢ My. Write V, , : H— K,a € A, x € X, for the entries of V,
when V is considered as a block operator matrix. For&,n € H, x, x’ € Xanda,a € A,
we have

(Evvaa )= (Lewer, (Eaa)6 1) = Tr (Leyer, (@eai D 1))
= Tr (P (eqe)((evel) @ (En*)))
=Tr (V*((eae) ® Ix)V(ex ®&)(ex ® n)*)
= (V*((eae)) ® Ix)V(ex ® ), ex ® )
(((ealt) @ IK)V (e ®E), V(ex @ 1))
= (((eat)) ® Ix)((ewr€l) ® I)V (ex ® £), ((eae))) ® Ix)V (ex @ 1))
= (Vo Vaun) = (Vi Var vk ).

(V=) LetE =) cx D pcnex Qe ®Ex g, Whereéy , € H,x € X,a € A. Using
(3.3), we have

EE E Z Z Var X! é;:x’ as Va,xéx,a) =

x.x'eXa,a' €A

2
Z Z Va,xgx,a

xeX aceA

’

and thus FE is positive. Since V is an isometry, we have

ZExx aa—Z ax—sxx’IH

acA acA
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Let (Ex,a)aca be a POVM on a Hilbert space H for every x € X. A stochastic
operator matrix of the form

E = Z Zexej; ®eqe; @ Ex 4 (3.4)
xeX acA
will be called classical. A general stochastic operator matrix can thus be thought of as
a coordinate-free version of a finite family of POVM’s.
Remarks. (i) In view of Theorem 3.1, stochastic operator matrices are precisely the
positive completions E of partially defined diagonal block matrices D = (E4 4)aca
with entries in My ® B(H) and Tra (D) = 1.

(ii) The following generalisation of Naimark’s dilation Theorem was proved in [60]:
if (Ex 4)aca € B(H), x € X, are POVM’s, then there exist a Hilbert space ﬁ, a PVM
(Ea)aeA - B(I:I) and isometries V, : H — H, x € X, with orthogonal ranges such
that

Eva=V'E,Vy, acA xeX. (3.5)

This can be seen as a corollary of Theorem 3.1: given POVM’s (Ey 4)aca € B(H),
x € X, let E be the stochastic operator matrix defined by (3.4) and let V.= (V, x)4.x be

the isometry from Theorem 3.1. Set Ea =eqe; ® Iy, a € A, and let V, be the column
isometry (Vg x)gea : H — K4, x € X. Then, (E;)aca is a PVM fulfilling (3.5).

Let E € My ® M4 ® B(H) be a stochastic operator matrix and ® = ® g be given
by (3.2). Recall that the predual @, : Mx ® 7(H) — My of ® is the completely
positive map satisfying (O, (p), ) = (p, ®(w)), p € Mx ® T(H), w € My. For a
state 0 € 7 (H), set

Ieo(px) = Pu(px ®0), px € Mx;

then 'g o : Mx — M4 is a quantum channel. We have
Ieo(ox) = Loyeo(E), px € Mx; (3.6)
indeed, if a, a’ € A, then
(TEo(exel), eacl) = (Pilexel ® 0), eqel) = (exel @ o, leqely))
= (exe} ® 0, Eqw) = (0, Ex v aa)
= <Lexej;,®a(E), eae;"/>;
(3.6) now follows by linearity. By Choi’s Theorem, every quantum channel ® : My —

M 4 has the form I'g ; for some stochastic operator matrix £ € Mx ® M4.

Remark 3.2. Let H be a Hilbert space and E € My ® M4 ® B(H) be a stochastic
operator matrix. The following are equivalent:

(1) E is classical;
(ii) for each state o € 7 (H), the quantum channel I'g , : Mx — M4 is (X, A)-
classical.

Proof. The channel I'g , is (X, A)-classical if and only if I' E,g(exe;’;,) = 0 whenever
x # x' and
(TE.o(exe}), eqels) = 0 whenevera # a'.

The latter equality holds for every o if and only if E, ,+ , »~ = 0 whenever x # x” and
E, v.a.«r = 0 whenever a # a’, that is, if and only if E is classical.
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4. Three Subclasses of QNS Correlations

In this section, we introduce several classes of QNS correlations, which generalise cor-
responding classes of NS correlations studied in the literature (see e.g. [49]).

4.1. Quantum commuting QNS correlations. Let H be a Hilbert space, and E € Mx ®
Ma®B(H)and F € My ® Mp® B(H) be stochastic operator matrices. The pair (E, F)
will be called commuting if L ygw, (E) and Ly, gw; (F) commute for all wx € My,
wy € My, wa € My and wp € Mp. Writing E = (Ey v/ 4.0 )x.x'aar a0d F =
(Fy.y.b.0')y,y b1/ » We have that (E, F') is commuting if and only if

ExvaaFyypry =FyybpyExxaa x.x €X,y,y €Y,a,a € A,b,b € B.

Proposition 4.1. Let H be a Hilbert space and E € Mx @ My @ B(H), F € My ®
Mp ® B(H) form a commuting pair of stochastic operator matrices. There exists a
unique operator E - F € Mxy @ Map ® B(H) such that

(E-F,px ® py ® pa ® pp ® 0) = (Lpyeps (E)Lpyep, (F),0). 4.1)
forall px € Mx, py € My, ps € My, pp € Mp and o € T (H). Moreover,

(i) E - F is a stochastic operator matrix;
) E-FlI < IENNFI;
(iii) If o € T (H) is a state, then I'g.r » is a QNS correlation.

Proof. Let
E-F:= (Ex,x’,a,a’ y,y’,b,b/) € Myy ® Map ® B(H).

Denote by A (resp. B) the C*-algebra, generated by E v/ 4.0/, X,x' € X, a,a’ € A
(resp. Fy y p1, ¥, Y € Y,b,b' € B); by assumption, B € A'. Let w4 : Mxa(A) —
Mxyap(B(H)) (resp. mg : Myp(B) — Mxyap(B(H))) be the *-representation given
by mA(S) = S ® Iyp (resp. ig(T) = T ® Ix4). Then, the ranges of 74 and g
commute and hence the pair (7 4, ) gives rise to a *-representation 77 : Mx 4 (A) ®max
Myp(B) — Mxyap(B(H)) with n(S ® T) = mA(S)np(T), S € Mxa(A), T €
Myp(B). Thus, E - F = n(E ® F) € Mxyap(B(H))*. Inequality (ii) now follows
from the contractivity of *-representations. In addition,

Trag(E-F) = Y (ExxaaFsynb) gy
acA beB

= (8x,x’8y,y’1)x’x/’y’y/ = IXY ® IHv

that is, E - F is a stochastic operator matrix. For x,x" € X, y,y € Y, a,d’ € A,
b,b' € Bando € 7 (H), we have

<E -F,ecel ® eye;/ ®Q eqel @ epeyy ® a) 4.2)
= (Ex,x/,a,a’Fy,y/,b,b’a 6) = <Lexe:,®eae;", (E)Leye’;/@ehez/ (F), U> s

and (4.1) follows by linearity.
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To show (iii), let ¢ € 7 (H) be a state. Suppose that pxy € My is traceless and
py € My. For every tp € Mp, by (4.1) and Theorem 3.1, we have

(TraTe.r.o(px ® py), t8) = (TE.F.o (px ® py), 14 ® T)
=(E-F,pxQ@py®I4Q13Q0)
= (TraLpy (E)Lpy@r, (F), ) = 0.

Thus, (2.2) is satisfied; by symmetry, so is (2.3). O
If £ is a unit vector in H, we set for brevity I'e ¢ = I'g.p e+

Definition 4.2. A QNS correlation of the form I'g r ¢, where (E, F) is a commuting
pair of stochastic operator matrices acting on a Hilbert space H, and £ € H is a unit
vector, will be called quantum commuting.

We denote by Qg the set of all quantum commuting QNS correlations.

Proposition 4.3. In Definition 4.2 one can assume, without gain of generality, that o is
an arbitrary state.

Proof. Suppose that H is a Hilbert space and £ € Mx ® Ms @ B(H), F € My ®
Mp @ B(H) form a commuting pair of stochastic operator matrices. Let o be a state
in T7(H) and write 0 = ) 72, A;&&F, where (§)72, is sequence of unit vectors and
A >0,i e Naresuchthat Y%° A, = 1.Set H = H® ? and & = Y 0, /Ai&i @ e;;
then, £ is a unit vector in H and (§£*, T ® Ip)=(0,T), T € B(H).

Let E=E® 1> and F=FQ®I 2; thus, E and F are stochastic operator matrices

acting on H that form a commuting pair. Moreover, if py € Mx, py € My, o4 € My
and op € Mp, then

<Fﬁ,ﬁ,g(px ® py), o4 ®"B> = (E F.px®pr @04 @05 ®$§*>
- <LPX®0A(E)LPY®JB (F)’ s%-*) = ((LPX®UA (E)LPX®UA (F)) ® 1[»2’ éé*)
= (LPX®UA (E)Lpyoo, (F), O) = (FE'F’U(’OX ® pr), o4 ® UB>'
O

Remark 4.4. Recall that a classical NS correlation p over (X, Y, A, B) is called quantum
commuting [61,62] if there exist a Hilbert space H, POVM’s (Ey 4)qca, X € X, and
(Fyp)bep,y € Y,on H with Ey ,Fy, = Fy yEy 4 for all x, y, a, b, and a unit vector
& € H, such that

P(a»b|x,)’)=<Ex,aFy,b§’§>7 XEX,yeyyaEA’b€B~

Suppose that the stochastic operator matrices £ € My ® My ® B(H) and F €
My @ Mp @ B(H) are classical, and correspond to the families (Ey 4)qea, X € X,
and (Fy )peB, y € Y, respectively, as in (3.4). It is clear that pair (E, F) is commuting
and E - F is classical. We have that I') = I'g p¢. Indeed, by Remark 3.2, the QNS
correlation I'g F ¢ is classical; by Remark 2.2, I'g g ¢ = I'y for some NS correlation
p’. Tt is now straightforward that p’ = p.
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4.2. Quantum QNS correlations. Let Hy and Hp be Hilbert spaces, and E € Mx ®
My ® B(Hp) and F € My @ Mp @ B(Hp) be stochastic operator matrices; then

EQFeMxy®MyQB(Hy) @ My @ Mg @ B(Hp).

Reshuffling the terms of the tensor product, we consider E ® F as an element of Mxy ®
Mg ® B(Hs ® Hp); to underline this distinction, the latter element will henceforth be
denoted by E ® F. Note that if

E~'=E®1HB€Mx®MA®B(HA®HB)
and
F=F®Iy, € My ® Mp ® B(Hs ® Hp)

(where the last containment is up to a suitable permutation of the tensor factors), then
(E,F)is a commuting pair of stochastic operator matrices, and £ O F = E-F.
By Proposition 4.1, E © F is a stochastic operator matrix on H4 ® Hp and, if 0 €
T (H4 ® Hp) is a state, then, by Proposition 4.1, ' r » is a QNS correlation.

Remark 4.5. 1t is straightforward to check thatif o = 04 ® o, where 64 € 7 (Hy) and
op € T(Hp) are states, then ' o, ® 'r.oy = T'EoF.04005-

Definition 4.6. (i) A QNS correlation I' : Mxy — Mup is called quantum if there
exist finite dimensional Hilbert spaces H4 and Hp, stochastic operator matrices E €
My ® Mgy @ L(Hg) and F € My @ Mp ® L(Hp) and a pure state 0 € L(Hy ® Hp)
suchthatI' = N'gor.o-

(i) A QNS correlation will be called approximately quantum if it is the limit of a
sequence of quantum QNS correlations.

We denote by Qg (resp. Qqa) the set of all quantum (resp. approximately quantum)
QNS correlations. It is clear from the definitions that Q4 € Qgc. It will be shown later
that Q. is closed, and hence contains Qg;.

Similarly to Proposition 4.3, it can be shown that quantum QNS correlations can
equivalently be defined using arbitrary, as opposed to pure, states.

Remark 4.7. Recall that a classical NS correlation p over (X, Y, A, B) is called quantum
if there exist finite dimensional Hilbert spaces H4 and Hg, POVM’s (Ey 4)aca,On Hy,
x € X, (Fyp)bea on Hp, y € Y, and a unit vector § € Hy ® Hp, such that

pla,blx,y) = ((Exa ® Fyp)E,&), xeX,yeY,acAbeB. (43)

It is easy to verify that if the stochastic operator matrices £ € My @ Ms ® B(Ha)
and F € My ® Mp ® B(Hp) are classical, and determined by the families (Ex 4)aeca,
x € X,and (Fyp)pep, y € Y, then E © F is classical and determined by the family
{(Ex,a @ Fyp)@apyeaxp : (x,y) € X x Y}. As in Remark 4.4, it is easy to see that
Fp = FE,F,S-

Proposition 4.8. The sets Qy and Qqa are convex.
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Proof. LetE; € Mx @ Ma ® L(K1 ;) (resp. F; € My ® Mp ® L(K>,;)) be a stochastic
operator matrix over (X, A) (resp. (Y, B)) and 0; = n; 17;‘ be a pure state on K1 ; ® Ko ;,
i=1,...,n.FixX; >0,i = ],...,n,Wich?zl)»i = 1.Let K} = 69:.1:1](/”',]{ =
1,2, E=@!_|E;, F=@&!_F,,andn = &"_,/Ain; € K| ® K3, viewed as supported
onthe (i,i)-terms of K| ® Kp = ?,jlelvi ® K7, ;. Set o = nn*. Using distributivity,
we consider E (resp. F') as a stochastic operator matrix in My ® M4 ® L(K) (resp.
My ® Mp ® L(K>)). A direct verification shows that

n
ZAiFEi@E,gi =TEkoF,0;

i=1

thus, Q is convex, and the convexity of Qg, follows from the fact that Qg, = Q_q. |

4.3. Local QNS correlations. 1tis clear thatif ® : My — M4 and ¥ : My — Mp are
quantum channels, then the quantum channel I' := & ® W is a QNS correlation.

Definition 4.9. A QNS correlation I' : Mxy — Mup is called local if it is a convex
combination of quantum channels of the form ® ® W, where ® : My — M4 and
W : My — Mp are quantum channels.

We denote by Q)¢ the set of all local QNS correlations. The elements of Q. are
precisely the maps that arise via local operations and shared randomness (LOSR) (see
e.g. [72, p. 358)).

Remark 4.10. We have that Qjq is a closed convex subset of Q.
Proof. Let ® : Mx — M and ¥ : My — Mp be quantum channels and E €

Mx @ Mg and F € My ® Mp be the Choi matrices of ® and W, respectively. By
Remark 4.5,

PRV =T 1®r1 =TEor1

and hence ® ® W € Q.

Let (Tx)ken € Qloc be asequence withlimitI' € Q5. Note that 'y all are elements of
areal vector space of dimension 2| X |*|Y |*|A|?|B|*>. Let L = 2|X|*|Y|*|A|?|B|>+1.By
Carathéodory’s theorem, I'y = ZIL:I Al(k) <I>l(k) ® \Ill(k) as a convex combination. By com-
pactness, we may assume, by passing to subsequences as necessary, that <I>l(k) — k00
Dy, \I’l(k) —r—o0o ¥ and Al(k) —>k—oo M. Thus, I' = Zf:l M ® ) as a convex
combination, that is, I' € Qjec, showing that Q). is closed. |
Remark 4.11. Recall that a classical NS correlation p over (X, Y, A, B) is called lo-
cal if there exist families of probability distributions {(p,l (alx))aea : x € X} and
{(p,%(b|y))b53 1y € Y} and positive scalars A, k = 1, ..., m, such that ZZ;I Mo=1
and

m
pla,blx,y) = Z,\kp,i(mx)p,%(my), xeX,yeY,ae A, beB.
k=1

It is clear that if ®j (resp. Wy) is the (X, A)-classical (resp. (Y, B)-classical) channel
corresponding to p’l‘ (resp. plz‘), then T, = Y} | M Pr ® Wx and hence '), € Qyoc.

If needed, we specify the dependence of Oy on the sets X, Y, A and B by using the
notation Ox (X, Y, A, B), for x € {loc, q, qa, qc, ns}.
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5. The Operator System of a Stochastic Operator Matrix

Recall [37,73] that a ternary ring is a complex vector space V, equipped with a ternary
operation [-,-,-] : ¥V x V x V — V), linear on the outer variables and conjugate linear
in the middle variable, such that

[s, ¢, [u, v, w]] =I[s, [v, u, t], w] = [[s, t, u], v, w], s,t,u,v,w e .

A ternary representation of V is a linear map 6 : V — B(H, K), for some Hilbert
spaces H and K, such that

0 ([u,v,w]) =0 0(w), u,v,w e .

We call 6 non-degenerate if span{6(u)*n : u € V,n € K} is dense in H. A concrete
ternary ring of operators (TRO) [73] is a subspace U C B(H, K) for some Hilbert
spaces H and K such that S, 7, R € U implies ST*R € U.

Let X and A be finite sets, and Vg)(’ 4 be the ternary ring, generated by elements v,
x € X, a € A, satisfying the relations

/ " "
E [vu”,x”’va,X3va,x/] :(sx,x/l}a//’x//, X, X, X € X,a e A. (51)
acA

Note that (5.1) implies

Z[u, Vax: Va,v] = 8y vu, x,x" € X,u e V§ 4. (5.2)

acA

Indeed, suppose that (5.2) holds for u = u;,i = 1, 2, 3. Then,

D Mt uz. w3, Vaxs V] =Y w1, 2, (U3, Vax. Va1l = Sy o lur, uz, u3;
acA acA

(5.2) now follows by induction.
Let9 : Vg)( Fme B(H, K) be anon-degenerate ternary representation. Setting V,, , =
O0(vax), x € X,a € A, (5.2) implies

ZV:’xVa’X/ =8, v In, x,x €X; (5.3)

acA

conversely, afamily {V, , : x € X, a € A} C B(H, K) satisfying (5.3) clearly gives rise
to a non-degenerate ternary representation 6 : Vg)(’ 4 — B(H, K). We therefore call such
a family a representation of the relations (5.1). We note that the set of representations
of (5.1) is non-empty. Indeed, consider isometries Vy, x € X, with orthogonal ranges
on some Hilbert space H, i.e. V'V, = 8, vIp, x,x' € X.Fixap € Aand let V, , =
Sa.apVx- Then, Y- A Vi Voo = ViV =8, vln.

We note that (5.3) implies ||V, || < I, x € X, a € A. We identify the family {V, , :
a € A,x € X} with the isometry V = (V, x)q.x and write Hy = H, Ky = K and
Oy = 6. Two representations V = (V; x)a.x and W = (W, x)4.x are called equivalent
if there exist unitary operators Uy : Hy — Hw and Ux : Ky — Ky such that
Wa,xUH = UKVa,x,x € X,ae A.

Write § = @y by, where the direct sum is taken over all equivalence classes of
representations of the relations (5.1), where the cardinality of the underlying Hilbert
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spaces are bounded by that of V?( 4 Foru € Vg)( Ao let fullo := ||é(u)||. As flugxll <1
andvg)( 4 isgeneratedby v, x,a € A,x € X, wehavethat|luo < coforeveryu € Vg)( A

It is also clear that || - ||g is a semi-norm on Vg)( 4-Set N = Hu € V?( 4 o = O}.

We have that N is a ternary ideal of V%A, that is, [uy, uo, u3] € N if u; € N for some
i € {1,2,3}. The ternary product of Vg)(, 4 thus induces a ternary product on Vg)(’ 4/N,
and 6 induces a ternary representation of Vg)(’ 4/ N that will be denoted in the same way.
Letting ||| := [|0(w)||,u € V§ , /N, wehave that | - || is a norm on VY , /N, and hence
V%A/N is a ternary pre-C*-ring (see [73]). We let Vx 4 be the completion of V?{,A/N;
thus, Vx 4 is a ternary C*-ring [73]. Note that 6 extends to a ternary representation of

Vx 4 (denoted in the same way) onto a concrete TRO, and the equality |lu|| = ||é )|l
continues to hold for every u € Vx 4. We thus have that Vx 4 is a TRO in a canonical
fashion. It is clear that each 6y induces a ternary representation of Vx 4 onto a TRO,
which will be denoted in the same way.

Let Cx,a be the right C*-algebra of Vx 4; if Vx 4 is represented faithfully as a
concrete ternary ring of operators in B(H, K) for some Hilbert spaces H and K (that
is, Vx,AV;‘(,AVXA C Vx.4), the C*-algebra Cx 4 may be defined by letting

Cx. a=span{S*T : S, T € Vx a}.

Each representation V = (V, x)q.x of the relations (5.1) gives rise [35] to a unital
*-representation wy of Cx 4 on Hy by letting

Ty (S*T) =0y (S)*Ov(T), S,T € Vx 4.

Lemma 5.1. The following hold true:

(i) Every non-degenerate ternary representation of Vx a has the form 6y, for some
representation V of the relations (5.1);
(i1) 6 isa JSaithful ternary representation of Vx a;
(iii) Every unital *-representation w of Cx a has the form wy, for some representation
V of the relations (5.1).

Proof. (i) Suppose that 6 is a non-degenerate ternary representation of Vy 4. Letting
q: V% 4 —> Vx.a be the quotient map, write 6y = 6 o g; thus, & is a non-degenerate
ternary representation of Vg)(‘ 4~ Letting V be the representation of the relations (5.1)
such that 6y = 0y, we have that 6 = Oy .

(i1) follows from the fact that |6 (1) || = ||u|l, u € Vx 4.

(iii) Let w : Cx,o — B(H) be a unital *-representation. Then, there exists a ternary
representation 6 : Vx 4 — B(H, K) such that 7(S*T) = 0(S5)*0(T), S. T € Vx.a
(see e.g. [5, Theorem 3.4] and [25, p. 1636]). Since 7 is unital, 6 is non-degenerate. By
(i), there exists a representation V of the relations (5.1) such that 6 = 6y, and hence

T =Ty. O
Set ex v aa = Vi Vv € Cxa, x,x' € X, a,a’ € A. We call the operator
subsystem

Tx.a :=span{e, v g0 :x,x € X,a,d’ € A}
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of Cx 4 the Brown-Cuntz operator system. Note that relations (5.1) imply

Zex,x/,a,a = Oy, 1, x,x € X. (5.4)

acA

Theorem 5.2. Let H be a Hilbert space and ¢ : Tx o — B(H) be a linear map. The
Jfollowing are equivalent:

(1) @ is a unital completely positive map;
(i) (qb (ex,x/,a,ar))x ' a.q 18 @ stochastic operator matrix;
(iii) there exists a *-representation w : Cx 4 — B(H) such that ¢ = 7|, ,.

Moreover, if(Ex)x/)a,a/)x ' a.q IS @ stochastic operator matrix acting on a Hilbert space
H, then there exists a (unique) unital completely positive map ¢ : Tx o — B(H) such
that p(ex v g.ar) = Ex y g0 forallx,x',a,d’.

Proof. (1)=(ii) By Arveson’s extension theorem and Stinespring’s theorem, there exist
a Hilbert space K, a *-representation 7 : Cx 4 — B(K) and anisometry W € B(H, K),
suchthat¢ (u) = W*n(u)W,u € Tx a.ByLemma5.1, 7 = my for some representation
V = (Va,x)a,x of the relations (5.1). By the proof of Theorem 3.1, E := (7 (ex v ,a,a')) €
(Mx @ My ® B(K))", and hence

(Plexvaa) =Ux@Ia@W)*E(Ix ® 4@ W) € (Mx @ My ® B(H))".

By (5.4) and Theorem 3.1, (¢ (€x v'.a.a')), ./ , v IS & Stochastic operator matrix.

(ii)=(iii) By Theorem 3.1, there exist a Hilbert space K and an isometry V =
(Vax)ax € B(HX, K*) such that

/ ’
¢(ex,x’,a,a/)= Va*,xva’,x/» x,x € X,a,a € A.

The *-representation y of Cx 4 is an extension of ¢.

(iii)=-(i) is trivial.

Suppose that £ = (E X, X/,a,a/)x ' a.q 18 @ stochastic operator matrix acting on H.
Letting V be the isometry, associated with E via Theorem 3.1 ,wehavethat¢ := my |7y ,
satisfies the required conditions. O

Let S be an operator system. Recall that the pair (C;;(S), ) is called a universal
C*-cover of S, if C;i(S) is a unital C*-algebra, ¢t : S — C;i(S) is a unital complete
order embedding, and whenever H is a Hilbert space and ¢ : S — B(H) is a unital
completely positive map, there exists a *-representation 7y : C;;(S) — B(H) such that
7y ot = ¢. Itis clear that the universal C*-cover is unique up to a *-isomorphism. The
following corollary is immediate from Theorem 5.2.

Corollary 5.3. The pair (Cx 4, t), where v is the inclusion map of Tx 4 into Cx 4, is the
universal C*-cover of Tx 4.

We will need the following slight extension of the equivalence (i)<>(ii) of Theorem
5.2.

Proposition 5.4. Let H be a Hilbert space and ¢ : Tx o — B(H) be a linear map. The
following are equivalent:

(i) @ is a completely positive map;
(11) (‘p(ex,x’,a,a’))xﬁx/’a’a/ € (MX ® MA & B(H))+
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Proof. (1)=(ii) It follows from Theorem 3.1 and Lemma 5.1 (iii), with ry a faithful
*-representation of Cx 4, that (ey v 4.a') € (Mx ® Ma ® Cx 4)*. Since Tx 4 € Cx 4
as an operator subsystem, we have

(ex,x’,a,a’)x,x’,u,a’ € (MX ® MA & TX,A)+ (55)

and (ii) follows.
(i1)= (1) Write E = (qb(ex,x/,a,a/))x’x,’a’a, andlet7 = ¢(1).Sincel = ZaeA €x.x.a.a
(where x is any element of X), we have that T > 0. Note also that if x, x" € X and

x # x', then
Z Ex,x’,a,a = ¢ (Z ex,x’,a,a) =0. (56)

acA acA
Assume first that T is invertible. Let ¥ : 7x 4 — B(H) be the map given by

Yw) =T ow)T V2, ueTxa. (5.7)

Setting F = (¥ (ex.v'.a.a))), o, o» W€ have that
F=(lxa@T ") E(Ixa®T ) 20,
Let w = (wy ) € Mx and o be a state in 7 (H). Using (5.6), we have

(TraLlo(F),0) =(F,0o® Iy ® o)
= <(IXA ® T_l/z) E <IXA ® T_l/z) ,w® Iy ®G>

= <E, o®IxQ T71/20T71/2>

Z Z Ox x/ <Ex,x’,a,a, T_l/zaT_1/2>

x,x'eX acA

= Z Z Wy, x <Ex,x,a,a’ T_l/zaT_l/2>
xeX acA

= Z Wy x <T, T_l/zaT_1/2> = Z wx x = Tr(w).
xeX xeX

By Theorem 3.1, F is a stochastic operator matrix; by Theorem 5.2, v is completely
positive. Since ¢ (-) = T124 (T2 s0is ¢.

Now relax the assumption that 7' be invertible. For every € > 0, let ¢ : Tx 4 —
B(H) be the map, given by ¢.(u) = ¢(u) + €l. By the previous paragraph, ¢, is
completely positive. Since ¢ = lim,_,( ¢, in the point-norm topology, ¢ is completely
positive. O

Let

Lxa=10xvaa) €Mxa:IceCSLY Ayvaa=0dxpc, x,x € X} ;

acA

we consider Ly 4 as an operator subsystem of My 4. For the next proposition, note
that, by [17, Corollary 4.5], if 7 is a finite dimensional operator system than its (matrix
ordered) dual 7¢ is an operator system, when equipped with any faithful state of 7 as an
Archimedean order unit. It is straightforward to verify that, in this case, 7" dd >~ o T
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Proposition 5.5. The linear map A : T)‘({A — Lx A, given by

A@) = (Derwaa)), vexaaen (5.8)
is a well-defined complete order isomorphism.

Proof. By Proposition 54, if ¢ € 7Txa — C is a positive functional, then
+
(¢>(ex)x/’a,a/))x v aa €Lx 4 Thus, the map A : (’T)?’A) — L% 4 given by

M) = (perwaa),yar 9 (Ta)

is well-defined. It is clear that A, is additive and
N
AGD) =1049). 120, ¢ e (TH,)

Supppse that ¢ e 7, )?’ 4 is a hermitian functional. If ¢ = ¢ — ¢», where ¢ and ¢, are
positive functionals on 7y 4, set

Ap(9) = Ar(P1) — As(¢2).

The map Ay : (Tx,A): — Lx 4 is well-defined: if ¢1 — ¢» = Y1 — Y2, where ¢y,
¢, Y1 and Y, are positive functionals then, by the additivity of A, we have that

Ar(@D)+ A (Y2) = A (Y1) + As(2), thatis, Av(P1) — As(P2) = A (Y1) — Ar(¥2).
It is straightforward that the map Ay, is R-linear, and thus it extends to a (C-)linear map

A T}?’A — Lx.A.
+

Suppose that (qb,-,j);f'j:] e M, (T)?’A) ; thus, the map & : Tx 4 — M,,, given by
D(u) = (¢, (u))i."j:1 , is completely positive. By Proposition 5.4, (¢;, j(ex x' a,a’))i,j €
(Mxa ® M,,)*. This shows that A is completely positive.

If A(¢) = 0, then ¢p(ey v 4.a) = O forall x,x’ € X and all a,a’ € A, implying
¢ = 0; thus, A isinjective. Since Lx_4 is an operator subsystem of Mx 4, it is spanned by
the positive matrices it contains. Using Theorem 5.2, we see that every positive element
of Lx 4 is in the range of A; it follows that A is surjective.

Finally, suppose that ¢; ; € 7}1’ 4> i, j = 1,...,m, are such that the matrix
(A(d’i’f))rj:l is a positive element of M, (Lx 4). Let ® : Tx 4 — M,, be given
by ®(u) = (¢i,;(@)";_,. Then, (P(ex v aa)) € Mp (Lx, 4)". By Proposition 5.4,

+
Z’jzl € M, (T}?’A) . Thus, A~! is completely
positive, and the proof is complete. O

@ is completely positive, that is, (¢;,;)

Let S be an operator system. A kernel in S [44] is a linear subspace J € S, for which
there exists an operator system 7 and a unital completely positive map ¥ : & — 7T
such that J = ker(y). If J is a kernel in S, the quotient space S/J can be equipped
with a unique operator system structure with the property that whenever 7 is an operator
system and ¢ : S — 7 is a completely positive map annihilating J, the induced map
$ : S/J — T is completely positive. If 7 is an operator system, a surjective map
¢ : S — T is called complete quotient, if the map ¢ is a complete order isomorphism.
‘We refer the reader to [44] for further details.
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Let

/
JX,A = {(//Lx,x’,a,a’) € Mxa : Mx x' a,a = 0 and Mx x" .a,a = Mx,x",a',a'» @ 7& a,

and Yy aa=0.a € A}
xeX

Corollary 5.6. The space Jx a is a kernel in Mxa and the operator system Tx 4 is
completely order isomorphic to the quotient Mxa/Jx A.

Proof. By Proposition 5.5, the map A : 7, )?’ 4 —> Mxa is a complete order embedding.
By [29, Proposition 1.8], the dual A* : M;i( 4 = Tx 4 of A is a complete quotient map.
Identifying M;l( 4 With My 4 canonically, for an element f € Mf( 4» We have

A*(f) =0 (A*(f).¢)=0 forall ¢ € Tx 4
< (f, A(¢)) =0 forall p € Tx 4
< (f,T)=0 forall T € Lx a
<:>f€.]x’A.

Thus, ker(A*) = Jx 4. O

6. Descriptions via Tensor Products

In this section, we provide a description of the classes of QNS correlations, introduced in
Sect. 4, analogous to the description of the classes of NS correlations given in [49] (see
also [27] and [62]). We will use the tensor theory of operator systems developed in [43].
If S and 7 are operator systems, S ®min 7 denotes the minimal tensor product of S and
T if A and B are unital C*-algebras, A ®min B is the spatial tensor product of A and B,
and S Ceoi. Aand 7T Ceoi. B, then S Qmin 7 Cc.o.i. A ®min B. The commuting tensor
product S ®. 7 sits completely order isomorphically in the maximal tensor product
C(S) ®max C;;(T) of the universal C*-covers of S and 7, while the maximal tensor
product S ®max 7 is characterised by the property that it linearises jointly completely
positive maps 6 : S x 7 — B(H). We refer the reader to [43] for more details and
further background.

Let X, Y, A and B be finite sets. As in Sect. 5, we write e, 4.4/, X, X' € X,a,d’ € A,
for the canonical generators of 7x 4. Similarly, we write Sy b ¥ y eY,b,b €B,
for the canonical generators of 7y, g. Given a linear functional s : Tx 4 ® 7y, g — C (or
a linear functional s : Cx 4 ® Cy.p — C), welet I's : Mxy — M 4p be the linear map
given by

Do(eeh @eve)) = Y Y s (erwaa ® fryow) ey @eveyy.  (6.1)
a,a’'€eAb,b'eB

Remark 6.1. The correspondence s — Ty is a linear map from the dual (7x 4 ® 7y, B)Cl
of Tx 4o ® Ty, p into the space L(Mxy, M 4p) of all linear transformations from Mxy
into M4p.

Theorem 6.2. Let X, Y, A, B be finite sets and I : Mxy — Map be a linear map. The
following are equivalent:

(1) T is a ONS correlation;
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(ii) there exists a state s : Tx A ®max Ty, — C such thatT' = T.

Proof. (1))=(ii) LetT" : Mxy — M p be a QNS correlation and write

F( ®€ e}”) = Z Z C;;/gg/ eae / ®ebeZH

a,a'€eAb,beB

for some cx ’fgb,y eCx,xeX,y,y eY,a,a €A,b,b e B.Itfollows from (2.2)

and (2.3) that the Choi matrix C := (C;C;,, ,by ’g,,) of I satisfies the following conditions
(see also [22]):

(@) C e M3y p:

(b) there exists cZ Z, € Csuch that )", , C;C;l’)yl;,y =4, x/cg’z/, v,y €Y,b,b € B,
(c) there exists dj;;c, € Csuchthat )", p C;; ’gb =3, y/d ,,x x' € X,a,a € A.
By condition (b), L, (C) € Lx 4 for every wyp € Myp, while by condition (c),
Lyy,(C) € Ly,p forevery wxa € Mx 4. Thus,

C e (Lx,a®Lyp)NMyyag;

by the injectivity of the minimal operator system tensor product, C € (ﬁ X.A ®min Ly, B)+-
By [29, Proposition 1.9] and Proposition 5.5,

d ~
(7x,4 ®@max Tr,B)" Zc.oi. L£x,4 Omin Ly, B, (6.2)

via the identification A given by (5.8). The state s of 7x 4 ®max Zy,p corresponding to
C via (6.2) satisfies

C;Z:gg,/ =y (ex’x/’a,a/ ® fy,y’,h,b’) , x,x €eX,y,y eY,a,ad €A, b,b cB.
6.3)
Thus, I = T'.
(ii)=(i) Let s be a state of Ty 4 ®max Ty, s, and define C;: ;, g,f, via (6.3); thus, C is

the Choi matrix of I'y. By (5.5) and the definition of the maximal tensor product,
(ex.vaa’ ® fyy bi) € Mxyas (Tx,a ®max TY,B)+ ,

and hence the matrix C := (C ;Cj,/ ' z ,by/’> is positive; by Choi’s Theorem, I'y is completely
positive. Relations (5.4) imply that ' is trace preserving and that conditions (b) and (c)
hold. Suppose that px = (ox x)x.x» € My has zero trace and py = (,oy'y,)y,y/ € My.

We have
Z Z Z Z C:f;byb% px,ﬂpy’y,ebe;

x,x'eX y,yeY bb'eBacA
*
- <Z 'Ox’x) Z Z p* Chy iy ebeb’ =0,
xeX y,Y'eY b,b'eB

that is, (2.2) holds; similarly, (c) implies (2.3). |
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Theorem 6.3. Let X, Y, A, B be finite sets and I : Mxy — Map be a linear map. The
following are equivalent:

(1) I is a quantum commuting QNS correlation;
(ii) there exists a state s : Tx s ®c Ty g — Csuch that T = T'y;
(iii) there exists a state s : Cx A ®max Cy,p — C such that " = T's.

Proof. (i)=(iii) Let H beaHilbertspace, E € MxQMAQB(H),F € My@MpQB(H)
form a commuting pair of stochastic operator matrices, and T € 7 (H)" be such that
I' = I'e.F,r. By Theorem 5.2, there exist representations wx and wy of Cx 4 and Cy 3,
respectively, such that Ey y 4 o0 = 7Tx(€x x/,a,0’) and Fy yv p pr = 7wy (ey, y ppr) for all
x,x' € X,y,y € Y,a,a" € A, b,b' € B. Since Cx 4 (resp. Cy,p) is generated by
the elements e, v/ 4 o, X, X" € X, a,a’ € A (vesp. fy ypp, v,y €Y, b, b € B),
mx and my have commuting ranges. Let mx X my be the (unique) *-representation
Cx.A ®max Cy,p — B(H) such that (my x ny)(u @ v) = wxW)my(v), u € Cx,a,
(NS CY,B~ By 4.2),

(FE.F,T(exe; ® eye;/), ealy ® ebez,)
= <Ex,x’,a,a’ v,y.b,b s f) = <(7TX X nY)(ex,x/,a,u/ 02y fy,y’,b,b/): T>~

Letting s(w) = ((rx x 7y)(w), 7), w € Cx A ®max Cy,p, we have I' = T';.

(iii))=(i) Let s be a state on Cx, 4 ®max Cy, p and write s and &; for the corresponding
GNS representation of Cx 4 ®max Cy,p and for its cyclic vector, respectively. Then,
E = (ms(ex ' a0 @ )y v a,e and F := (w(1 ® fy.y/.5.5')y,y b, Torm a commuting
pair of stochastic operator matrices; moreover, for x,x’ € X, y,y € Y,a,a’ € A and
b, b’ € B, we have

<Fs (exey ®eyey), eqey ® ebe}f/> = s(exx'aa ® fy.y.bb)

= (”S(ex,x/,a,a’ ® fy,y’,b,b/)és, &)
= x,x",a,a’ 'y, y' ,b,b'Sss Ss
=(E F. &s, &s)

= <FE,F,EX (exel ® eye;k,/), eals ® ebez,>.

(if)<(iii) By Corollary 5.3 and [43, Theorem 6.4], 7x 4 ®. 7y, p sits completely
order isomorphically in Cx 4 ®max Cy,p; thus the states of Tx 4 ®. Ty p are precisely
the restrictions of the states of Cx 4 ®max Cy. 5. |

Corollary 6.4. The set Qqc is closed and convex.

Proof. By Theorem 6.3 and Remark 6.1, the map s — I’y is an affine bijection from the
state space of Ty 4 ®. 7Ty, onto Qqc. It is straightforward that it is also a homeomor-
phism, when its domain is equipped with the weak* topology. Since the state space of
Tx.a Q¢ Ty p is weak* compact, its range is (convex and) closed. m]

Theorem 6.5. Let X, Y, A, B be finite sets and I : Mxy — Map be a linear map. The
following are equivalent:

(1) T is an approximately quantum QNS correlation;
(ii) there exists a state s : Tx_ A ®min Ty.8 — C such that T = Iy,
(iii) there exists a state s : Cx A ®min Cy.p — C such that ' = Ty.
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Proof. The proof is along the lines of the proof of [62, Theorem 2.8]; we include the
details for the convenience of the reader.

(iii)=(@{) Let rx : Cx.a — B(Hx) and my : Cy,pg — DB(Hy) be faithful *-
representations. Then, 7y ® my : Cx.4 ®min Cy.p — B(Hx ® Hy) is a faithful *-
representation of Cxy 4 ®min Cy p. Let s be a state satisfying (iii). By [40, Corollary
4.3.10], s can be approximated in the weak* topology by elements of the convex hull of
vector states on (mx ® 7y )(Cx. 4 ®min Cy,B); thus, given & > 0, there exist unit vectors
&1,...,&, € Hx ® Hy and positive scalars A, ..., A, with Z?:l X; = 1 such that

n
S(ex,x’,a,a’ ® fy,y’,b,b’) - Z)‘i <(7TX(€x,x/,a,a’) ® nY(fy,y’,b,b’)) &, gl) <ég,

i=1

forallx,x" € X,y,y € Y,a,a’ € Aandb,b" € B.Let§ = @/_/1;& € C"®(Hx ®
Hy); then, [|§]| = 1. Set Ex v g0 = In ® wx(€x x' a,a’) and Fyybpy = nY(fy,y’,b,b’)-
Then, (Ex ya,a)xx'a.ar ®€SP. (Fy v p.1/)y,y bp) 18 @ stochastic operator matrix on
C" ® Hx (resp. Hy), and

|S (ex,x’,a,a’ & fy,y’,b,b’) - (Ex,x’a,a’ ® Fy,y’,b,b’g’ §>| <é.

It follows that I'y is in the closure of the set of correlations of the form I'ggr g,
where E and F act on, possibly infinite dimensional, Hilbert spaces H and K. Given
such a correlation ' F g, let (Py)y (resp. (Qp)pg) be a net of finite rank projections on
H (resp. K) such that P, —4 Iy (resp. Qg —p Ig) in the strong operator topology.
Set Hy = PyH (resp. Kg = 0pK), Eq = (Ix ® 4 ® Py)E(Ix ® 14 ® Py) (resp.
Fg=(Iy ® Iy ® Qp)Fly ® Ip ® Qp)). and §up = [rpggmey (Pa ® Qp)§ (note
that &, g is eventually well-defined). Then, E, (resp. Fj) is a stochastic operator matrix
acting on Hy (resp. Kp), and I'g,0F;.6,5 — (@) I'Eor.¢ along the product net. It
follows that I'y € Qga.

(1)=(iii) Given ¢ > 0, let E and F be stochastic operator matrices acting on finite
dimensional Hilbert spaces Hy and Hy, respectively, and & € Hx ® Hy be a unit vector,
such that

‘<F(€x€:, ® eye;/)v egq @ ebe;> - <(Ex,x’,a,a’ ® Fy,y/,b,b/) g, S)‘ <é,
forall x,x" € X,y,y € Y,a,a’ € Aand b,b’ € B. By Lemma 5.1, there exists a *-
representation x (resp. wy) of Cx, 4 (resp. Cy,g) on Hx (resp. Hy)suchthat E, v 4 o =
wx(ex ' aar) (1€Sp. Fy v by =y (fy,y p0)), X, X" € X,a,a" € A(resp.y,y €7,
b,b" € B). Let s be the state on Cx, 4 ®min Cy,p given by
se @) = {(wx () @ ry (v)) §, §) ,

and s be a cluster point of the sequence {s1,,}, in the weak* topology. Then,

s (ex,x’,a,a’ 0 fy,y’,b,b’) = ngngo S1/n (ex,x’,a,a’ by fy,y’,b,b’)

<F(exe;k, ® eye;‘,,), eqly @ e;,eZ,) ,

giving I' = T.
(i) (iii) follows from the fact that Ty 4 ®min Z7y.B Zc.0.i Cx.4 ®min Cy.B- o
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Recall [63] that, given any Archimedean ordered unit (AOU) space V, there exists a
(unique) operator system OMIN(V') (resp. OMAX(V)) with underlying space V, called
the minimal operator system (resp. the maximal operator system) of V that has the
property that every positive map from an operator system 7 into V (resp. from V into an
operator system 7") is automatically completely positive as a map from 7 into OMIN(V)
(resp. from OMAX(V) into 7). If V is in addition an operator system, we denote by
OMIN(V) (resp. OMAX(V)) the minimal (resp. maximal) operator system of the AOU
space, underlying V.

Lemma 6.6. Let V and W be finite dimensional AOU spaces with units e and f, re-
spectively. An element u € OMAX(V) ®max OMAX(W) is positive if and only if
U= Zle v; ® w;, for somev; € VY, w; e WHi=1,... k.

Proof. Let D be the set of all sums of elementary tensors v ® w with v € V* and
w € W*. We claim that if, for every € > 0, there exists u, € D such that ||uc|| —¢—0 0
and u + uc € D for every € > 0, then u € D. Assume, without loss of generality,

that ||uc|| < 1 forall ¢ > 0. Set L = 2dim(V) dim(W) + 1 and, using Carathéodory’s
theorem, write

L
U+tUe = ZUEE) ® wﬁg),
j=l1
(€) + . (€) + ey, _ (€) P
where v, € \% s w; € W™ and ||vj I = ||wj || forall j = 1,...,L and all

e > 0. Since v'9 ® w}e) < u+ucand |lu+ucl < |lul +1 forall ¢ > 0, we have

1SN < VTulT+T and [lw\” | < /Tul+1, j = 1,..., L. By compactness, we may
(€) (€)

assume that Vj es0 V) and Wi e W) forall j = 1,..., L. It follows that
u:ZjL-zlvj(@wj e D.
Let
1 r
so=2a,,®v,, and T0=qu®wq, (6.4)
p=1 q=1
forsome a, € My, v, € Vi, p=1,....l,and by € M, w, € W, q=1,...,r. If

o € My nm, then

I r
a(So ® To)a™ = Z Z (aap ® by)a®) v, ® wy € D.
p=1gq=1

Suppose that S € M,(OMAX(V))* and @ € M| ;. By the definition of the maximal
tensor product [43], if € > 0, then S + €1,, has the form of Sy in (6.4). Hence

a(S@Ta*+ea (1, Ty a* =a ((S+€l,) @ Ty) a* € D.
Since « (1, ® To) @* € D, the previous paragraph shows that
a(S® Ty a* eD.
Now let T € M,,(OMAX(W))*, and write T +¢€1,, in the form of T in (6.4). Then,
aSRTa*"+ea (SR 1)a*"=a (SR (T +€l,)a™ e D.
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By the previous paragraph, « (S ® 1,,) @* € D; by the first paragraph, « (S ® T) a* €
D.

Let u € (OMAX(V) ®max OMAX(W))*. By the definition of the maximal tensor
product [43], for every € > O, there exist n,m € N, § € M,(OMAX(V)*, T €
M, (OMAX(W))* and & € M, such that u + €1 = o (S ® T) &*. By the previous
and the first paragraph, u € D. O

Theorem 6.7. Let X, Y, A, B be finite sets and I : Mxy — Map be a linear map. The
following are equivalent:

(1) T is a local QNS correlation;
(ii) there exists a state s : OMIN(7x 4) Qmin OMIN(Zy ) — C such that T = T;.

Proof. (i))=(i) Lets : OMIN(7x, 4) ®minOMIN(Zy ) — Cbeastate. Using [41, The-
orem 9.9] and [29, Proposition 1.9], we can identify s with an element of (OMAX(T )?’ )

+
Qmax OMAX(TQB))Jr. By Lemma 6.6, there exist states ¢; € (’Z}?’A) and ¢; €

+
(T£B> , and non-negative scalars A;,i = 1, ..., m,suchthats = ) /' | A;¢; ® ;. Set

E; = (di(exx'.aa))xx a0 (€8P Fi = (il fy,y p.6/))y,y bp), and let &; @ My —
My (resp. V; : My — Mp) be the quantum channel with Choi matrix E; (resp. F;),
i=1,...,m.Then, I'y = Z:’;l Lid; @ ;.

()=(ii) Write ' = /" ; 1;®; ® W; as a convex combination of quantum channels
O, My - Mg and V; : My — Mp,i = 1,...,m, and let s be a functional on
Tx.a® 7Ty psuchthatl =Ts.Let E; € (Mx @ Ma)™ (resp. F; € (My ® Mp)*) be the
Choi matrix of ®; (resp. V;); thus, E; (resp. F;) is a stochastic operator matrix acting on
C. By Theorem 5.2, there exist positive functionals ¢; : Ty 4 — Cand ¢; : Ty g — C
such that (¢; (ex ' o/.a))x .5 ,a. = Ei and (Yi (fy vy o' ) yy by = Fisi =1,...,m. It
is now straightforward to see that s is the functional corresponding to > i- | Ai¢; ® Vi
and is hence, by Lemma 6.6, a state on OMIN(7x 4) ®min OMIN(Zy p). O

7. Classical-to-Quantum No-signalling Correlations

In this section, we consider the set of classical-to-quantum no-signalling correlations,
and provide descriptions of its various subclasses in terms of canonical operator systems.

7.1. Definition and subclasses. Let X, Y, A and B be finite sets and H be a Hilbert
space.

Definition 7.1. A family © = (0y,y)xex,yey Of states in Mp is called a classical-to-
quantum no-signalling (CONS) correlation if

Traoy,y = Traoyr y and Trgoy v = Trpoy 7, (7.1)
forall x,x’,x” € X and all y, y’, y" €Y.
A stochastic operator matrix £ € My @ M4 ® B(H) will be called semi-classical
if L, .+ (E) = 0 whenever x # x’, that is, if

E: Zexe;®Exs

xeX
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for some Ex € (M4 ® B(H))* with TrpuE, = Iy, x € X. We write E = (E}) ex;
note that, in its own right, E is a stochastic operator matrix in £(C) @ M4 ® B(H),
x € X.

Suppose that £ = (Ey)xex and F' = (Fy)yey form a commuting pair of semi-
classical stochastic operator matrices, acting on a Hilbert space H and o is a vector state
on B(H). The family formed by the states

oxy=Lo(Ex-Fy), xeX,yeY, (7.2)

is a CQNS correlation; indeed, by Proposition 4.1, Traoy,y = Lo (Fy) and Trpoy y =
Ly (Ey) for all x, y. We call the CQNS correlations of this form quantum commuting.
Similarly, if (Ex)xex (resp. (Fy)yey) is a semi-classical stochastic operator matrix on
Hy (resp. Hp) and o is a vector state on L(Hy ® Hp), the family formed by

Oxy=Lo(Ex O Fy), xeX,yeY,

will be called a quantum CQNS correlation. A CQNS correlation ©® = (0y,y)xex,yey
will be called approximately quantum if there exist quantum CQNS correlations ®, =

(O)Sq)z)XEX,yE) ,n € I]’ SuCh that
(1) N )< Y
O)C‘ n—soo Ox Vs X € , ¥ S .

Finally, ® will be called local if there exist states oif‘x (resp. afy) in My (resp. Mp) and
scalars A; > 0,7 = 1, ..., m, such that '

m
A B
Ox,y = Z)\[Ui‘x ®Ui,y xeX,yeY.
i=1

If £ : Dxy — Myp is a (classical-to-quantum) channel, we set ['c = £ o Ayxy;
thus, I'¢ is a (quantum) channel from Mxy to Mp. Given a CQNS correlation ® =

(GXJ’)xex,er’ we let Eg : Dxy — M 4p be the channel given by

Eo (exe; ®eye;> =0y, xeX,yeY,

and I'e = TI'g,. In the sequel, we will often identify ® with the channel £g. For
x € {loc, q, qa, qc, ns}, we write CQyx for the set of all CQNS correlations of class x;
thus, the elements of CQy will often be considered as channels from Dyy to Myp.
Similarly to the proof of Proposition 4.3, it can be shown that quantum and quantum
commuting CQNS correlations can be defined using normal (not necessarily vector)
states.

In the next lemma, for (finite) sets X and A and a Hilbert space H, we let for brevity

Ax = Ax ®ids ®idgp) : Mx ® My @ B(H) — Dx ® M4 ® B(H)
and

AX,A =Ax QAL Qidpw) : Mx @ Mg @ B(H) — Dx ® Dy ® B(H).
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Lemma 7.2. Let H be a Hilbert space, E ENMX RQMsR® B(H)Nbe a stochastic operator
matrixand o € T (H) be a state. Set E' = Ax(E) and E” = Ax A(E). Then, E’ (resp.
E") is a semi-classical (resp. classical) stochastic operator matrix,

FEocoAx =Tps and AjoTEgqs0Ax =Tgr 4. (7.3)

Moreover, if F € My @ Mp ® B(H) is a stochastic operator matrix that forms a
commuting pair with E, then

Axy(E - F) = Ax(E) - Ay(F). (7.4)
Proof. Notethatif E =) /x> wecaex€l ®eqel @ Ex v q.a» then

AX(E) = Z Z exe; ® eueZ/ ® Ex‘x,a,a’-

xeXa,a'eA

‘We now have

<FE,0(AX(exe:/))s eae:;/) = 5x,x’<Ex,x’,a,a’v o) = (FE’,a(exe:/)v eae:;/)

forallx, x’ € X andalla, a’ € A.The second identity in (7.3) is equally straightforward.
Finally, for (7.4), notice that if £ = (Ex,x/,a,a/) and F = (Fy,y’,b,b/)a then both sides of
the identity are equal to

* * *k *
Z Z Z Z exe, @eye, ®eqe, Qepey @ ExxaaFyybb-

xeX yeY a,a€eAb,beB
O

Theorem 7.3. Fixx € {loc, q, qa, qc, ns}. If I € Qx, then T'|p,, € CQx; conversely, if

E € CQy, then T'g € Qx. Moreover, for a channel £ : Dxy — M ap, we have that

(i) & € CQqc ifand only if Te = T'p.po, where (E, F) is a commuting pair of semi-
classical stochastic operator matrices, acting on a Hilbert spaces H, and o is a
normal state on B(H);

(ii) £ € CQq ifand only if T's¢ = I'goF,o, where E and F are semi-classical stochastic
operator matrices, acting on finite dimensional Hilbert spaces Hs and Hp, respec-
tively, and o is a state on L(H4 ® Hp).

Proof. 1t is trivial that if I' € Qps, then I'|p,, € CQps. Conversely, suppose that
E € CQys, and let py € My and py € My be states, with Tr(px) = 0. By (7.1),

Trale (px ® py) = Y Y (pxex, ex)(pyey, e,)Traoy, =0
xeX yeY

and, by symmetry, I'e € Q.
LetEe Mx @ My ® B(H) and F € My ® Mp ® B(H) form a commuting pair of
stochastic operator matrices and o € 7 (H) be a state. It follows from Lemma 7.2 that

PeFolDyy = TaxyE-F).olDyy = CaxE)-ay(F),olDyy € CQqe-

Conversely, suppose that £g € CQqc, Where © = (0, y)xex, yey is a CQNS correlation.
Let H, o, E and F be such that (7.2) holds; then, 'e¢ = I'e.F 5. A similar argument
applies in the case X = q, and the case x = qa follows from the fact that the map
E — & o Ayxy, from L(Dyxy, Mp) into L(Mxy, Map), is continuous. Finally, if
Oyx,y =0y ® 07, where o, € My (resp. 0¥ € Mp)is astate, x € X (resp. y € Y), and
D : My — My (resp. V : My — Mp) is the channel given by CD(exe;,) = 0y x'Ox
(resp. \If(eye;,) =8, 0”),thenT¢ = & ® ¥, and the case x = loc follows. |
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7.2. Description in terms of states. We next introduce an operator system, universal for
classical-to-quantum no-signalling correlations in a similar manner that 7y _4 is universal
for the (fully) quantum correlations, and describe the subclasses of CQNS correlations
via states on tensor products of its copies.

Let

Bxa=Mpxy---%1 Mg,
—_————

|X| times

a free product, amalgamated over the unit. For each x € X, write {ey .o : a,a’ € A}
for the canonical matrix unit system of the x-th copy of M4, and let

Rx.a =span{ey g0 :x € X,a,a’ € A},

considered as an operator subsystem of By 4.

Given operator systems Sy, ..., Sy, their coproduct S = §; &1 --- &1 Sy is an
operator system, equipped with complete order embeddings ¢; : S; — &, characterised
by the universal property that whenever R is an operator system and ¢; : S; — R is
a unital completely positive map, i = 1, ..., n, there exists a unique unital completely
positive map ¢ : S — R suchthat ¢ o; = ¢, i = 1,2, ..., n. We refer the reader to
[42, Section 8] for a detailed account of the coproduct of operator systems.

Remark 7.4. Let A;,i =1, ..., n,beunital C*-algebrasand S = span{a; : a; € A;,i =
1,...,n}, considered as an operator subsystem of the free product A; *; --- %1 A,,
amalgamated over the unit. It was shown in [28, Theorem 5.2] that S =.,;. A; D
-+ @1 A,. In particular, we have

RxA=Ms®1---®1 My (7.5)

|X| times

An application of [62, Lemma 2.8] now shows that
Rx.A ®c Ry,B Scoi. Bx,a ®max By, 5. (7.6)

Theorem 7.5. Let H be a Hilbert space and ¢ : Rx o — B(H) be a linear map. The
following are equivalent:

(i) ¢ is a unital completely positive map;

(>i1) ((¢ (exsa»a/))a,a’eA)xex is a semi-classical stochastic operator matrix.

Proof. (1)=(ii) The restriction ¢, of ¢ to the x-th copy of M4 is a unital completely

positive map. By Choi’s Theorem, (¢x (ex,a,a/))a o 18 @ stochastic operator matrix in

MA®B(H) forevery x € X;thus, ((qﬁ (ex.aa)), a,eA) . is a semi-classical stochastic
’ Xe
operator matrix.

(i))=() For each x € X, let ¢, : My — B(H) be the linear map defined by letting
b« (eae;‘,) = ¢(ex q.a’). By Choi’s Theorem, ¢y is a (unital) completely positive map.
By the universal property of the coproduct, there exists a (unique) unital completely
positive map ¥ : Rx a4 — B(H) whose restriction to the x-th copy of M4 coincides
with ¢,. It follows that ¢ = ¢, and hence ¢ is completely positive. O
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Remark 7.6. By [28, Theorem 5.1], Rx 4 is an operator system quotient of Mx 4. Now
[29, Proposition 1.8] shows that if

Ox A =1{DBrexTy € BDrexMa:3ceCst. TrTy =c,x € X},

then the linear map Acq : Rgl{’ 4 — Qx.4, given by

Acq(¢) = @Brex (¢ (ex,a,a’))a,a/ s
is a well-defined unital complete order isomorphism.

We denote the canonical generators of Ry g by fy 54,y € Y, b, b’ € B. Given a
functional r : Ry 4 ® Ry p — C, welet& : Dxy — Map be the linear map defined
by

b(aiead)= Y Y tlevan ® frow) s Sench.
a,a’'eAb,b'eB

We note that 1 — & is a linear map from (Rx, 4 ® Ry, p)* into L(Dxy, Map).
Theorem 7.5 and the universal property of the coproduct imply the existence of a
unital completely positive map Bx 4 : Rx.4 — Zx 4 such that

ﬁX,A(ex,a,a/) = €x x,aa, XE X, a, a e€A.

Similarly, the matrix (8 €y 4.4')x x".a.a’ 15 stochastic, and Theorem 5.2 implies the
existence of a unital completely positive map g% , : Tx,4 — Rx, such that

ﬂg(,A(ex,x’,a,a/) = Sx,x/ex,a,a” X, x' e X, a, a € A.
It is clear that
, .
ﬂX’A o IBX,A = ldT\’,X.A'

Theorem 7.7. The map t — &; is an affine isomorphism

(1) from the state space of Rx A ®max Ry,p onto CQys;
(ii) from the state space of Rx A ®c Ry,p onto CQqc;
(iil) from the state space of Rx, A @min Ry, onto CQga;
(iv) from the state space of OMIN (RX, A) Qmin OMIN (Ry, B) onto CQjpc.

Proof. 1t is clear that the map + — & is bijective. It is also straightforward to see
that, for a linear functional s : 7x 4 ® Ty,p — C, we have I'y|p,, = &;, where
t=so0 (/3X’A ® ,BY,B). The claims now follow from Theorems 6.2, 6.3, 6.5, 6.7, 7.3 and
the functoriality of the involved tensor products. O

As a consequence of Theorem 7.7, we see that the sets CQqc and CQjoc are closed
(as are C Qs and CQga).
Remark. As in Theorems 6.3 and 6.5, the classes CQqc and C Qqa can be equivalently
described via states on the C*-algebraic tensor products Bx, 4 ®max By, s and Bx, 4 ®min
By, g, respectively. For the class CQga, this is a direct consequence of the injectivity of
the minimal tensor product in the operator system category, while for the class CQqc,
this is a consequence of Remark 7.4.
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8. Classical Reduction and Separation
Let X and A be finite sets. We let

AX’A ZE? (o BRI 3 | E%O,
— ——
|X| times

where the free product is amalgamated over the unit, and

Sxa =43 @1 D1 LT,
N ————’
|X| times

the operator system coproduct of | X | copies of £°. Note that, by [28, Theorem 5.2] (see
Remark 7.4), Sx, 4 is an operator subsystem of Ax 4. We let (ex 4)qea be the canonical
basis of the x-th copy of Eio inside Sx_4; thus, Sx 4 is generated, as a vector space, by
{ex.qa : x € X, a € A}, and the relations

Zex,a =1, xeX,

acA

are satisfied. Note that, by the universal property of the operator system coproduct,
Sx. 4 is characterised by the following property: whenever H is a Hilbert space and
{Exqs : x € X,a € A} is a family of positive operators on H such that (Ey ;)sca
is a POVM for every x € X, there exists a (unique) unital completely positive map
¢ :Sx.a — B(H)suchthat ¢(ey ) = Ex 4, x € X,a € A.

We denote by € the map sending a quantum channel I' : Myy — Mg to I'|p,,
(and recall that 91 stands for the map sending I" to N = Asp o I'|py,); Remark 8.1
below justifies calling € and I classical reduction maps. The forward implications all
follow similarly to the one in (ii), which was shown in Theorem 7.3, while the reverse
ones can be seen after an application of Lemma 7.2. We recall that we identify C,s with
the set {\V,, : p an NS correlation}.

Remark 8.1. Let X, Y, A and B be finite sets, x € {loc, q, qa, qc,ns}, p € Cx and
& € CQx. The following hold:

Dpelie&elCe&l,ely
(i) £ € COx & I'e € Q.

Moreover, the maps € : Qx — COx and N : CQx — Cx are well-defined and surjective.

We identify an element A of Cx with the corresponding classical-to-quantum channel
from Dyy into M 4 g, and an element £ of C Qy with the corresponding quantum channel
from Myy into M,p. The subsequent table summarises the inclusions between the
various classes of correlations:

Cl()c C Cq C an C ch C Cng

N N n N N
CQloc CCQq CCQqa CCQqe C Chs
N N N N N

Qloc C Qq - Qqa C Qqc C Ons.

By Bell’s Theorem, Cjoc # Cq for all subsets X, Y, A, B of cardinality at least 2. By
Remark 8.1, we have that CQjoc # CQq and Qjoc # Qq. By [69], Cq # Cqa for some
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finite sets X, Y, A and B (see also [23]) and hence CQqy # CQqa and Qq # Qqa for
a suitable choice of sets. The inequality Cqc 7# Cys is well-known (it follows e.g. from
[27, Theorem 7.11]), implying that CQqc # CQys and Qgc 7# Ohs.

It was recently shown [38] that the inequality Cqa 7 Cqc also holds true for suitable
sets X, Y, A and B, thus resolving the long-standing Tsirelson problem and, by [39] and
[57], the Connes embedding problem, in the negative. It thus follows from Remark 8.1
that, for this choice of sets, CQga # CQqc and Qqa # Qqc. We next strengthen these
inequalities.

Lemma 8.2. Let X; and A; be finite sets, i = 1,2, with X1 C X5 and A1 C A». There
exist unital completely positive maps 11 : Sx, A, = Sx,.A, and 12 : Sx,. 4, = Sx,.A,
such that 1y o 11 = id.

Proof. Denote the canonical generators of Sy, 4, by ey 4, and of Sx, a4,—by fy 4. By
induction, it suffices to prove the claim in two cases.
Casel. X1 = Xpand Ay = Ay U {ay}, where ar & Aj.

Let a; € A. Define the maps ¢; and ¢, by setting

fx,a ifa e Ay \ {a1},
fx,al + fx,az a=dai,

ti(ex,a) = {

and
€x.a ifae A\ {a1},
L =
Z(fx,a) { %ex,al a € {ay, az}.
Case 2. A> = A1 and X = X1 U {x2}, where x» ¢ X;.
Letx; € X1. Define 1 (ex,4) = fr.a»x € X1,a € Ay, and

e ifx € Xy,
aea) ={ &0 TS,
1 = X2.

By the universal property of the operator systems Sx_ 4, ¢ and ¢ are unital completely
positive maps, and the condition t7 o ¢ = id is readily verified. m]

Theorem 8.3. For all finite sets X, Y, A and B of sufficiently large cardinality, the
following hold true:
(1) Qqa(X, Y, A, B) # Qqc(X, Y, A, B);
(i) CQqa(X, Y, A, B) # CQqC(X, Y, A, B),
(iii) 7x, 4 ®min 7v,B # Tx. A ®c Ty,B;
(iv) Rx.A ®min Ry,B # Rx.A ®c Ry.B;
(v) Bx,A ®min By,B # Bx A ®max By, B,
(vi) Cx, A ®min Cy,B # Cx,A ®max Cy, 5.

Proof. By [38], there exist (finite) sets Xg, Yo, Ap and By and an NS correlation
p € Cqe(Xo, Yo, Ao, Bo) \ Cqa(Xo, Yo, Ao, Bo)-
Using [49, Corollary 3.2], let s be a state on Sx,, 4, ®c Sy, B, such that
pla,blx,y) = s(ex.a ® ey p) (8.1)

forallx € Xg,y € Yp,a € Agand b € By. Assume that Xo C X, Yy C Y, A9g C A
and By € B. Write LI-A (resp. LlB ), i = 1,2, for the maps arising from Lemma 8.2 for
the operator systems Sx, 4, and Sx, 4 (resp. Sy,, B, and Sy,g). By the functoriality of
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the commuting tensor product, the map 7 := s o (Lf ® Lf ) is a state on Sy 4 ®c Sy, B.
The NS correlation g € Cqe(X, Y, A, B) arising from ¢ as in (8.1) does not belong to the
class Cqa. Indeed, if ¢ € Cg, then, by [49, Corollary 3.3], # is a state on Sx, 4 ®min Sy, B,
and hence s =t o (tf‘ ® Lf) (see Lemma 8.2) is a state on Sx,, 4) ®min Sy, B, Which, in
view of [49, Corollary 3.3], contradicts the fact that p is not approximately quantum.
It follows that Cga (X, Y, A, B) # Cqc(X, Y, A, B) for all sets X, Y, A and B of
sufficiently large cardinality. Parts (i) and (ii) now follow from Remark 8.1. Claim (iii)
follows from Theorems 6.3 and 6.5, while (iv)—from (ii) and Theorem 7.7. Finally, (v)
follows from (iv) and Remark 7.4, and (vi) follows from (iii), Corollary 5.3 and [43,
Theorem 6.4]. a

Recall that an operator system S is said to possess the operator system local lifting
property (OSLLP) [44] if, whenever A is a unital C*-algebra, Z C A is a two-sided
ideal, 7 C S is a finite dimensional operator subsystem and ¢ : 7 — A/Z is a unital
completely positive map, there exists a unital completely positive map ¥ : 7 — A such
that p = g o (here g : A — A/Z denotes the quotient map). We conclude this section
with showing that the operator systems we introduced possess OSLPP.

Proposition 8.4. Let S be an operator system quotient of My, for some k € N, and H
be a Hilbert space. Then, S Qmin B(H) Zcoi. S ®max B(H), and hence S possesses
OSLLP.

Proof. LetJ C My be akernel suchthat S = My /J; write g : My — S for the quotient
map. By [29, Proposition 1.8], the dual ¢* : S¢ — M ,f is a complete order embedding.

Fix u € M, (S ®min B(H))"; after a canonical identification, we consider u as an
element of (S ®min M,, (B(H)))*. Let {S1, ..., S,} be a basis of S, and write u =
Z;"Zl S; ® T;, for some T; € M,, (B(H)),i =1, ..., m. By [42, Proposition 6.1], the
map ¢, : S4 — M, (B(H)), given by ¢,,(f) = Yot f(S)T;, is completely positive.
By Arveson’s extension theorem, there exists a completely positive map ¢ : M,f —
M, (B(H)) with ¥ 0 g* = ¢,. Let S| € My be such that¢(S)) = S;,i =1,...,m, and
let {S]:i=m+1, ..., k*} be abasis of J. Then, {S/, ..., Sps Shts s SI’CQ}isabasis
of My. Let

k2
v = ZS{@T/ € My @ M,, (B(H))

i=1

be an element such that
k2
Y(g) =) g(SPT/. g e M
i=1

by [42, Proposition 6.1], v € (M} ®min M, (B(H)))*. Since M}, is nuclear, v belongs
t0 (My ®max M, (B(H)))*. Let w = (¢ ® id)(v); by the functoriality of the maximal
tensor product, w € (S ®max M, (B(H)))*. We have

k2 m
w=> qgSHRT/ =) SeT.
i=1 i=1
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Forall f € SY, we have

m k2 m
Y FGHT =) g (HSHT =@ () = du(f) =) F(SHT:.
i=1

i=1 i=1

Itfollowsthat 7; = T/,i =1, ..., m,andhenceu = w.Thus,u € M, (S ®max B(H))",
and it follows from [44, Theorem 8.6] that S possesses OSLLP. |

Proposition 8.4, combined with Corollary 5.6 and Remark 7.6, yields the following
corollary.

Corollary 8.5. Let X and A be finite sets. Then, Tx s and Rx s possess OSLPP.

Remark. It is worth noting the different nature of the C*-algebras Ax 4 and Bx 4 on
one hand, and Cx 4 on the other. This is best seen in the special case where | X| = 1,
when Ax 4 E Dy, Bx.a EMsandCx 4 = C:(MA).

9. Quantum Versions of Synchronicity

Let X and A be finite sets, ¥ = X and B = A. We will often distinguish the notation
for X vs. Y (resp. A vs. B) although they coincide, in order to make clear with respect
to which term in a tensor product a partial trace is taken. An NS correlation p =
{(p(a, Dlx, ¥))apea X,y € X} is called synchronous [61] if

pla,blx,x) =0 x € X,a,be A,a #b.

In this section, we examine possible quantum versions of the notion of synchronicity.
Our main motivation is the following result, which was proved in [61].

Theorem 9.1. Let p be an NS correlation. Then,

(1) p is synchronous and quantum commuting if and only if there exists a trace T :
Ax o — C such that

pla,blx,y)=rt (ex,aeyyb), x,ye X,a,beA, 9.1

(i) p is synchronous and quantum if and only if there exist a finite dimensional C*-
algebra A, atrace T4 on A and a *-homomorphism w : Ax o — A such that (9.1)
holds for the trace Tt = tqom;

(iii) p is synchronous and local if and only if there exist an abelian C*-algebra A, a
trace T4 on A and a *-homomorphism w : Ax o — A such that (9.1) holds for
the tracet = T4 0.

9.1. Fair correlations. If A is a unital C*-algebra, we write A°P for the opposite C*-
algebra of A; recall that AP has the same underlying set (whose elements will be denoted
by u°P, for u € A), the same involution, linear structure and norm, and multiplication
given by u°Pv°P = (vu)°P, u, v € A. For asubset S C A, we let S°P = {u°? : u € S}.
For a Hilbert space H, we denote by HY its Banach space dual; if K is a(nother)
Hilbert space and T € B(H, K), we denote by T its adjoint, acting from K¢ into HY.

We note the relation
(T = (TY*, T € B(H, K). 9.2)
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It is straightforward to see that if A is a C*-algebra and 7 : A — B(H) is a (faith-
ful) *-representation, then the map 7 : A% — B(HY), given by 7°P(u°P)
7(w)d, is a (faithful) *-representation. Note that the transposition map u — (u’)Op
is a *-isomorphism between My and M°p It was shown in [45] that there exists a

isomorphism 94 : Ax 4o — .AXA such that 0 4(ex.q) = expa, x € X,a € A. The
following analogous statements forC x.4 and By 4 will be needed later.

Lemma 9.2. Let X and A be finite sets.

(i) There exists a *-isomorphism 9 : Cx o — C’;p 4 Such that

op / /
3(ex,x’,a,a’):ex/xaraa x,x € X,a,a € A.

(ii) There exists a *-isomorphism 0 : Bx 4 — B;p 4 Such that

op i
8B(€x,a,a’) = ex,a/,a’ xeX,a,a €A.

Proof. (i) Let m : Cx, 4 — B(H) be a faithful *-representation. Write Ey v/ 4.0 =
w(exx'.aa) X, X' € X, a,a’ € A. Using Theorem 3.1, let K be a Hilbert space and
(Vax)ax : HX — K be an isometry such that Ey v 00 = Vi Vo v, x,x € X,

a,a’ € A. Let Wox = (V3,)": thus, Wax € B(HY, K%, x € X, a € A. Using (9.2),
we have

Z Wa*,x’ ax — Z Vad,x’ (Va*,x)d = Z (Va*,x Va,x’)d = 5x,x’1d§

acA acA acA

thus, ( ' x) is an isometry. By Theorem 3.1, if Fy v/ 400 = WS Wy v, x,x" € X,

a,a’ €A, then ( Y.xl.a.a ) Yo is a stochastic operator matrix. Note that

d (yd \* * d_
Fx’x”a,a’ == Va,x (Va/’x/) == (Va/,x/Va,x> - E)C x,aa

By the universal property of Cy, 4, there exists a *-homomorphism 7’ : 7 (Cx,4) —
B (Hd) such that
' (Ex,x/,a,a/) ES,

i /
o %X € X,a,a €A.

By the paragraph before Lemma 9.2, 7’ o 7 can be regarded as a *-homo-morphism
from Cx 4 into CX 4» Which maps ey 7 4.4’ tO ex, r.a'.q- The claim follows by symmetry.

(i) The words of the form e, ,, d) - Cxap.d) span a dense *-subalgebra of By 4.
As u — (u")°P is a *-isomorphism from M4 to M that maps the matrix unit e,e’, to
(ea/ea) , the universal property of the free product implies that the map dg given by

op op

on(e /L..e 1) =
B( X1,a1,d) xk’ak'ak) x1,d},a Xk\ @y ag

extends to the desired *-isomorphism. O
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If U is a subspace of a C*-algebra A, we call a linear functional s : :f  UP — C
fair if
su®1)=s(1®u°) forallu € Y. (9.3)

It will be convenient to write ¢y for the transpose map on My. A state p € Myy
will be called fair if Trx ((id ® ty)(p)) = Try ((d @ ty)(p)). We write Ty = {p €
M7, : p afair state}, and observe that an element p = (o v,y /) € My, belongs to
Y x precisely when

* *
E E Px x,y,y'€y €y = E E Px,x',y,y€x €5

xeX y,y'eY x,x'eX yeY
that is, when
/
Z Px,x,z,7 = Z Ioz’,z,y,y, 2,7 € X. (94)
xeX yeX

We let Eg(l = Xx N Dxy; thus, a state p = (ox,y)x,y € D}Y is in Z‘;(l precisely when

Do pra=) puy z€X (9.5)

xeX yeX
It follows from (9.4) and (9.5) that
Axy(Sx) = =%. (9.6)

Definition 9.3. A QNS correlation I' : Mxy — Myp (resp. a CQNS correlation & :
Dxy — Mg, an NS correlation N : Dyy — Dyp) is called fair if ' (Zx) € T4
(resp. £ (2) € T4, N (ZF) € =9.

Theorem 9.4. Let I be a QNS correlation.

() T is fair if and only if there exists a state s : Tx A @max Tx.o — Csuchthat" = I’y

and the state s o (id ® 9) ! is fair;

(ii) T is fair and belongs to Qg if and only if there exists a state s : Ty A ®c Tx o — C
such that T' = Ty and the state s o (id ® 8)~! is fair;

(i) T is fair and belongs to Qg if and only if there exists a state s : Tx AQminTx, 4 — C
such that T = Ty and the state s o (id ® 9)~! is fair;

(iv) T is fair and belongs to Qi if and only if there exists a state s : OMIN(Tx 4) Qmin
OMIN(Zy,g) — C such that T' = I's and the state s o (id ® 8)~ 1 is fair.

Proof. We only show (i); the proofs of (ii)-(iv) are similar. Let I" be a QNS correlation.
By Theorem 6.2, there exists a state s € Tx 4 ®max 7x,4 — C such that I' = I'. The
condition

Tra ((d @ 13)(I'(p)) = Trp ((id ® 15)(I" (p))

is equivalent to

D (@[T (p)ea ® ey, eq ®ep) = ) ((d® 15T (p)ey ® eqs eh @ €a)
acA acA

9.7)
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b, b’ € B. Note that

¢ ¢
I'(p) = Z Z Z Z px,x/,y,y/s(ex,x/‘a,a/ ®ey,y/,b,b’)eaea' & epeyy

a,ad€AbbeAx,x'eXy,yeX

and hence

(id®1p)(I'(p) = Z Z Z Z px,x’,y,y’s(ex,x’,a,a/ ® ey,y’,b,b’)eae; ® eb/ez-

a,a’€eAbbeAx x'eX yyeX

Thus, letting M;Dy, = D rex Prx.x,y,y'» We have that the left hand side of (9.7) coincides
with

Do 2 X preys(envaa®eryi)

acAx,x'eX y,yeX

§ E Px . x',y,y'S § :ex,x’,a,a ® ey y.b'b

x,x'eX y,yeX acA
= Z ’ %) /S(1®€ //)—S 1® (1)6 Y
= E : Px,x',y,y Ox,x ».y\b'b) = E My v €y.y' b b
x,x'eX y,yeX y,y'eX

=so(d®d'|1® Z “;{)y’e;?,y,b,b/

y,y'eX

Similarly, letting '“)(523:’ = Y ,ex Px.x',y,y» We have that the right hand side of (9.7)

coincides with
E E E Px,x",y,y'S (ex,x/,b,b/ ®ey,y/,a,a)

acAx,x'eX y,yeX

E E Pxx'y.y'S | exx' by @ Zey,y/,a,a

x,x'eX y,yeXx acA
= E E px,x’,y,y’sy,y’s (ex,x’,b,h/ & 1)
x,x'eXy,yeX

2
=S Z H«i,l/ex,x/,b,b’ ®1],

x,x'eX

that is, with

. _ 2
so(id®ad) ! Z M;/?yey/,y,b,b’ ®1
y,y'eX

M _

.y

Letnowp € ¥x.By(9.4),u
that is, I" is fair.

u;%)y. Hence, if so(id®d) ! is fair, then ' (p) € =4,
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Conversely, assuming that I' is fair, the previous paragraph shows that
s0(d®) ' w®1) =s0(d®d) ' (1®uP) (9.8)

for any u of the form u = Zy,y’EX(Zx Px.x,y,y )€y, by With p € Xx. Letting p =
ecel ® exel € Yy we conclude that (9.8) holds for u = ey 4, x € X, b, b € A.
Letting p = 1 @ o' + © ® 1, where = a(eze} + eyel) + Pezel + ,Bez/e;k, 7 # 7,
with & > |B|, we obtain that (9.8) holds for u = a(2)_ cx ey ypp + |Xle, pp +
|Xley i) + BlX ey 2 pp + ,3_|X|ez,z/,b,b/. From this we deduce that (9.8) holds for
anyu =ey 5,5,y €X,b, b € A O

Let S € B(K) be an operator system. We let S = {u¢ : u € S}, considered as
an operator subsystem of B(K 4). Note that S° is well-defined: if ¢ : S — B(K) is a
unital complete isometry, then the map é: S — B(K9), given by dw) = pu)d, is
also unital and completely isometric. We thus write #°? = u9 in the (abstract) operator
system S°P.

For a linear map @ : My — Ma, let &7 : My — My be the linear map given by
P (w) = P(wh).

Lemma 9.5. Let S be an operator system.

G) If ¢ : S — B(H) be a unital completely positive map, then the map ¢°P : S°P —
B(HY), given by $°P(u°P) = ¢ (u)Y, is unital and completely positive.
(ii) Up to a canonical *-isomorphism, C;i(S°P) = C;(S)°P.
(iii) If ® : Mx — My is a completely positive map, then so is ®F.

Proof. (i) Represent S € B(K) as a concrete operator system. Then, S® C B(KY).
Suppose that u; ; € S, i, j = 1,...,n, are such that (ng)i,j € Mn(B(Kd))+. Then,

(uji)ij = (ufl )i € My(B(K))* and hence (¢(u;.i)i,j € My(B(H))*. Thus,

+

(oraih), = (swin?), e (Bur®)

(ii) Suppose that ¢ : S°° — B(H) is a unital completely positive map. By (i),
Yo . S — B(HY) is (unital and) completely positive. By the universal property of the
maximal C*-cover, there exists a *-homomorphism 7 : C;(S) — B(H 4y extending
YOoP. It follows that 7° : C(S)°P — B(H) is a *-homomorphism that extends .
Thus, C;(S)°P satisfies the universal property of the C*-cover of S°P.

(iii) The transposition is a (unital) complete order isomorphism from My onto M;p.
The statement follows after observing that, under the latter identification, ®* coincides

with ®°P. |
Corollary 9.6. A local QNS correlation T is fair if and only if T = Y /L L ®; @ V;
for some quantum channels ®;, V; : Mx — My and scalars A; > 0,i = 1,...,m,

YLy Ai = 1, such that

m m
Yo=Y awl 9.9)
i=1 i=1
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Proof. Suppose that I" is fair and, using Theorem 9.4, write I' = I'y, where s is a state
on OMIN(7x_4) ®min OMIN(Zy p) such that s o (id ® 8)_1 is fair. As in the proof of
Theorem 6.7, identify s with a convex combination ) /L, Aj¢; ® ¥, where ¢; and V;
are states on 7x 4,1 = 1, ..., m; then, the fairness condition is equivalent to

Do) =D M@ @), u e Txa. 9.10)
i=1

i=1

Let ®; and W; be the quantum channels from My to M4, corresponding to ¢; and ;,
respectively; then, I' = > /" | 4;®; @ W;. Let ¥; : u Vi (@~ o)), u € Tx.4. By
Lemma 9.2, &,- is a state. Moreover,

(Wi (eve®), eqels) = (Wi(ewed), eqels) = (Wi(epel), epel)

—1, 0 7
= Yilex xaa) = Vi@ (€ 4 o)) = Vilex v aa);

that is, the quantum channel \I/j.i corresponds to ;. Identity (9.9) now follows from
(9.10). The converse implication follows by reversing the previous steps.

Corollary 9.7. (i) A CONS correlation £ is fair if and only if there is a state t :
Rx.A Omax Rx.a — C such that t o (id ® ag) ! is fair and £ = &. Similar
descriptions hold for fair correlations in the classes CQqc, CQqa and C Qjqoc.

(ii) An NS correlation p is fair if and only if there is a state t : Sx A @max Sx.a — C
suchthatt(u ®@ 1) =t(1 @u), u € Sx 4, and

pla,blx,y) =t(exa®eyyp), x,ye€X,a,becA.
Similar descriptions hold for fair correlations in the classes Cqc, Cqa and Cioc.

Proof. We only give details for (i). Let £ : Dxy — M4p be a fair CQNS correlation.
By (9.6), £ o Axy : Mxy — Mup is a fair QNS correlation. By Theorem 9.4 (i),
€ o Axy = I, for some state s on Tx 4 ®max Zx, 4 such that s o (id ® 9~ is fair. It
follows that £ = &, where 1 := s o (Bx,.4 ® Bx.4) is a state on Rx 4 ®max Rx.4 and
to(id ® 9g)~" is fair. Conversely, if £ = & for some state 7 on Rx.A ®max Rx, 4 such
that # o (id® dg) ! is fair, then I's = Iy, where s := ro (B A ®,33(’A) andso(id®3d)~!
is fair. By Theorem 9.4 (i), I'¢ is fair, and hence so is £. The statements regarding C Qqc,
CQqa and C Q) follow after a straightforward modification of the argument.

Remark. It follows from Theorems 9.1, 9.4 and Corollary 9.7 that fair correlations can be
viewed as a non-commutative, and less restrictive, version of synchronous correlations.

9.2. Tracial QNS correlations. Let A be a unital C*-algebra, 7 : 4 — C be a state and
A°P be the opposite C*-algebra of .A. By the paragraph before Theorem 6.2.7 in [13],
the linear functional s; : A Q®max AP — C, given by s; (1 ® v°P) = t(uv), is a state.

A positive element £ € My ® My ® A will be called a stochastic A-matrix if
(id ®id ® ) (E) is a stochastic operator matrix for some faithful *-representation of A.
Such an E will be called semi-classical if it belongs to Dy ® M, ® A.

Let E = (8x.x'.a.a')x.x".a.c’ D€ @ stochastic A-matrix, and set

EP = (gop ’ )x,x’,a,u’ EMx @My ®A0p;

x',x,a’a
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Lemma 9.2 shows that E°P is a stochastic .A°P-matrix. Thus, after a permutation of the
tensor factors, we can consider EQ E°P asanelementof (Mx 4 @ Mx4 ® (A @max AP).
By Theorem 5.2, there exists a *-homomorphism g : Cx,4 — A,suchthatwg(ey ' q4.4/) =
8x.x.a.a forallx, x’, a, a’. By Corollary 5.3 and Lemma 9.5, C;; (T;})A) = C;I?A; thus,

op op
TX,A Q¢ TX,A Ceod. CX,A O max CX,A'

Write
fer=sr0@E®@mY) o (id® d); (9.11)

we have that fg ; is a state on Ty 4 ®. x4, and

/ ’ ’ ’
fE,t(ex,x’,u,a/ ® ey,y’,b,b/) = f(gx,x’,a,a’gy/,y,b’,b)s x,x,y,y eX,a,a, b,b e A.

In the sequel, we write I'g ; = 'y . ; by Theorem 6.3, I'g ¢ € Qqc. By Theorem 5.2,
we may assume, without loss of generality, that A = Cx 4 and E = (€x v/ q.a/)x.x".a.a'-
In this case, we will abbreviate ' ; to I';.

Definition 9.8. A QNS correlation I' is called

(1) tracial if ' = T';, where t : Cx 4 — C s a trace;
(i) quantum tracial if there exists a finite dimensional C*-algebra A, a trace 74 on A
and a *-homomorphism 7 : Cx 4 — Asuchthat " = I jons
(iii) locally tracial if there exists an abelian C*-algebra A, a state 74 on 4 and a *-
homomorphism 77 : Cx 4 — AsuchthatT ="y ,or.

Theorem 9.9. Let X and A be finite sets.

(i) If T is a quantum tracial QNS correlation, then T € Qg;
(i) A ONS correlation T : Mxx — May is locally tracial if and only if there exists
quantum channels ®; : Mx — My, j =1,...,k, such that

k
r=Y 100 9.12)
j=1

as a convex combination. In particular, if T is a locally tracial QNS correlation, then
I' € Qoc.

Proof. (i) Suppose that H is a finite dimensional Hilbert space on which 4 acts faithfully
and let m : Cx,4 — A be as in Definition 9.8 (ii). Let Ey v/ 4. = mw(exy 4.o’) and

E = (Ex,x/,a,a/)x’x,’a’a,. By the proof of Lemma 9.2, E°P := <Ed

is a
x'x,a’ ,a) , ,

x,x",a,a
stochastic operator matrix. Let o be any positive functional on £(H ® H?) that extends
the state s; , which, by nuclearity, may be considered as a state on A Qmin A°P. Then,
I't = 'geEw,s and, by the paragraph before Remark 4.7, I'; € Q4.

(ii) Suppose that ®; : My — My, j =1, ..., k, are quantum channels and I is the
convex combination (9.12). Letting (Ai’i, ; a,) = @, (exe’), x,x' € X, we have
l 2 U, a’al

that the matrix C; = (A(j )

Y xa a,) . isastochastic C-matrix. By Theorem 5.2, there
o x,x',a,a
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. . *_ . . ) , )
exists a (unique) *-representation 77; : Cx 4 — C such that 7j(ex v/ 4,0) = AX Yad

x,x' € X,a,a’" € A.Letm : Cx 4 — Dy be the *-representation given by

k
() = erj () eje}k», ueCx.a,
Jj=1

and let t; : Dy — C be the state defined by 7 ((,uj)ljzl) = Zﬁ:] Ajij. We have

* k
Ion (exex/ ® eyey/)

= Z Z (tx o 7T)(ex,x’,a,a’ey’,y,b’,b)eae?;/ ® €b€Z,

a,a'€eAb,b'eB
k
_ * * *
= Z Z Tk Z’Tj (exx'aa'€y yb'.b)ej€] | €aty ® epey
a,a’eAb,b'eB j=1
_ () ) * *
= Z)L Z Z Axx aak) b pealal ® epeyy
j=1 a,a’'eAb,b'eB
k
_ . ) *
= ZA] Z Ax Y a.a€aly ® Z )Ly Vb, bebeb/
j=1 a,a’'eA b,b’'eB
k
* it
= Z)”jcbj (exex/) ® P} (eye;/) .
Jj=1

Conversely, let A be a unital abelian C*-algebra, 74 : A — C a state, and 7 :
Cx,a — A a *-homomorphism such that I' = I't ;.. Without loss of generality,
assume that A = C(2), where Q2 is a compact Hausdorff topological space, and u is a
Borel probability measure on €2 such that T 4(f) = fQ fdu, f e A Sethy y g0 =
w(exx'aa) X, x' € X,a,a’ € A.Foreachs € Q, let ®(s) : Mx — My be the
quantum channel given by ®(s) (exe®) = (hx’x/’a,a/(s))a’a,. We have

r (exe;, ® eye;,>
= Z Z (/ x,x',a g’(s)h)/ .0/ b(S)d/,L(S)) ea ® ebeb,

a,a’eAb,b'eA

fCD(s)(ex )®c1>(s)ﬁ(ey )d,u(s).

It follows that I is in the closed hull of the set of all correlations of the form (9.12). An
argument using Carathéodory’s theorem, similar to the one in the proof of Remark 4.10,
shows that I has the form (9.12).

Remark 9.10. (i) Every tracial QNS correlation I' = I'g ; is fair. Indeed, writing £ =
(8x.x".a.a’)> We have

JE-0(d® a)_l(ex,x’,a,a’ ®1) = 1(gx, v a,a’)
fETo(ld®8)7 (1 ® e®P

x,x! aa/)
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It can be seen from Corollary 9.6 and Theorem 9.9 (see the closing remarks of this
section) that the converse does not hold true.

(i) The set of all tracial (resp. quantum tracial, locally tracial) QNS correlations over
(X, A) is convex. Indeed, suppose that A (resp. B) is a unital C*-algebra, 4 (resp. 75)
a trace on A and E (resp. F') a stochastic A-matrix (resp. a stochastic 3-matrix). Let
A€ (0,1),C=AdB,t:C— Chbegivenby t(u ® v) = Atgq(u) + (1 — 2)15(V),
and G = E @ F, considered as an element of My ® M4 ® C. Then, G is a stochastic
C-matrix and

ACE +(1 =Ml p s =Gz

(i) Itis straightforward from Theorem 9.1 thatif p € Cqc (resp. p € Cq, p € Cioc) is
synchronous, then I', is a tracial (resp. quantum tracial, locally tracial) QNS correlation.
By [23, Theorem 4.2], the set Cs of synchronous quantum NS correlations is not closed
if | X|] =5and [A] =2.Let p € CS\CS Then, p is a synchronous NS correlation and
does not lie in Cq. Assume that "), 1s quantum tracial. By Theorem 9.9, I', € Q4 and
hence, by Remark 8.1, p € Cq, a contradiction. It follows that the set of quantum tracial
NS correlations is not closed.

(iv) The set of all tracial QNS correlations is closed; this can be seen via a standard
argument (seee.g. [54]): Assuming that (I';,),en is a sequence of tracial QNS correlations
converging to the QNS correlation T, let .4, be a unital C*-algebra with a trace t,,, and

E, = (g)(cn;, 4.« ) be astochastic A, -matrix such that I, = I'g, o, Let A be the tracial
ultraproduct of the family {(A,, 7,)}sen With respect to a non-trivial ultrafilter u [34,
Section 4]. Write t for the trace on A and E = (g v 4.«’) for the class of @,cNE), in

A. Then,
* * * *\ _1: (n) (n)
<l"(exex/ & eyey,), eqe, & ebeb/> = nlglgo Ty (gx ¥oaa' 8y oy b)

=T (gx,x/,u,a/gy/,y,b’,b) :

We next show that the class of all tracial QNS correlations, as well as each of the
subclasses of quantum tracial and locally tracial QNS correlations, have natural classes
of invariant states. Given a unital C*-algebra A, a trace T : A — C and a stochastic

A-matrix E = (g, ), € L) @Mz ® A, let o7 = (wf;) € Mz be defined
by

E,t

, _ , ,
wz,z’,u,u’ - t(gz,z’gu’,u), 2,7, u,u € 7.

Equivalently, let E°P be the stochastic A°P-matrix (g,j? u), and recall that s; : A ®max

AP — C is the state given by s;(u ® vP) = t(uv). Then, 0" = L;, (E ® EP),
where

Ly, : Mz7 ® (A ®max AP) — Mz

is the corresponding slice. It follows that %7 is a state.
Definition 9.11. Let Z be a finite set. A state w € My is called

(i) C*-reciprocal if there exists a unital C*-algebra A, a trace T on .4 and a stochastic
A-matrix E € Mz ® A such that o = o®7;
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(i) quantum reciprocal if it is C*-reciprocal, and the C*-algebra A from (i) can be
chosen to be finite dimensional;

(iii) locally reciprocal if it is C*-reciprocal, and the C*-algebra .4 from (i) can be chosen
to be abelian.

We will denote by Y (Z) (resp. Yq(Z), Yioc(Z£)) the set of all C*-reciprocal (resp.
quantum reciprocal, locally reciprocal) states in Mz .

Theorem 9.12. Let T" be a QNS correlation.

(1) If T is tracial, then T (Y (X)) C Y (A),
(1) If T is quantum tracial, then T’ (Tq(X)) C Y4(A);
@ii) If T is locally tracial, then T (Y1oc (X)) € Yioc(A).

Proof. (i) Let t be a trace on Cx_ 4, A be a C*-algebra, 74 be a trace on A, and E =
(8x.)xw € Mx ® A be a stochastic A-matrix. Set @ = I'y (of74) and write w =
(@asar b.b') g o - Let B = A®max Cx,4 and 15 = 74 ® 7 be the product trace on B
[13, Proposmon 3.4.7]. Set

/ .
ha,a/ = E gxx' ® €y aa, a,a € A;

x,x'eX

thus, F 1= (hg.q)a.a0 € Ma ® B. Moreover,

TraF = Zha,a = Z 8x,x' ® (Z ex,x/,a,a>

acA x,x'eX acA
= Z 8x,x! ® ‘Sx,x’l = ng,x ®1= 13-
x,x'eX xeX

To see that F is positive, we assume that A and Cx 4 are faithfully represented and
let V, and V, . be operators such that (Vy)y is a row isometry, (V, x)q.x 1S an isom-
etry, g = ViVe and ey v aa = Vi Vo, x,x" € X, a,a" € A. Letting W =
(er x Vi ® Vg, x)a A’ considered as row operator, we have that ¥ = W*W. Hence, F
is a stochastic B-matrix. In addition, for a, a’, b, b’ € A we have

B ( a, a/hb’ Z Z TA gx x' 8y’ y) (ex,x/,a,a/ey/,y,b’,b) = Wq.,a',b,b»
x,x'eXy,yeXx

implying that w = /5.
(ii) and (iii) follow from the fact that if the C*-algebra A is finite dimensional (resp.
abelian) and t factors through a finite-dimensional (resp. abelian) C*-algebra, then so

does 5.

Remark 9.13. (i) The state
Theorem 9.12 that

| X‘2 Ixx is locally reciprocal, and hence it follows from

1
Yioc(A) = { XP I'(Ixx) : X finite, I loc. tracial QNS correlatlon}

={I'(1): T : C — Mx4 loc. tracial QNS correlation} . (9.13)
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Similar descriptions hold for Yy (A) and Y (A). Remark 9.10 thus implies that the sets
T(A), Yq(A) and Yioc(A) are convex and the sets YT (A) and Yioc(A) are closed.

(ii) Recall that a state p € My is called de Finetti [ 18] if there exist states w; € My,
i=1,...,k,suchthat p = Z];ZI Ajwj ® wj as a convex combination. By (9.13) and
Theorem 9.9,

Tioc(X) = conv {w ® ' : w astate in My} .

Thus, the locally reciprocal states can be viewed as twisted de Finetti states. The presence
of the transposition in our case is required in view of the necessity to employ opposite
C#*-algebras. Thus, quantum reciprocal states can be viewed as an entanglement assisted
version of (twisted) de Finetti states, while C*-reciprocal states—as their commuting
model version.

(ili) C*-reciprocal states are closely related to factorisable channels introduced in
[1] (see also [33,53], to which we refer the reader for the definition used here). Indeed,
factorisable channels have Choi matrices of the form 7(gy Ay y)x v/ y,y, Where T is
a faithful normal trace on a von Neumann algebra A, and (gy )y and (hy )y
are matrix unit systems—a special type of stochastic .4-matrices (see [53, Proposition
3.1]). Equivalently, the Choi matrices of factorisable channels ® : My — My can be
described [33, Definition 3.1] as the matrices of the form (r(v;’ V', x/))x o a.q Where
V = (Wax)ax € Mx(A) is a unitary matrix. Note that if E is the stochastic operator
matrix corresponding to V, then the QNS correlation I' = I'g ; has marginal channels
F'ra()=T'(®I)and I'g(-) = I'({ ® -) that coincide with ®. We can thus view tracial
QNS correlations as generalised couplings of factorisable channels. Here, by a coupling
of the pair (&, V) of channels, we mean a channel I' with 'y = ® and ' = V—a
generalisation of classical coupling of probability distributions in the sense of optimal
transport [71].

9.3. Tracial CONS correlations. In this subsection, we define a tracial version of CQNS
correlations. Let A be a unital C*-algebra, t : A — Cbeatraceand E € Dy @M Q A
be a semi-classical stochastic .A-matrix. Write E = (gy.4.4/)x.a.a’; thus, (8x.a.a')a.a’ €
(Mp Q@A) and 3,4 gr.aa = 1, for each x € X. Set E® = (gx a/a)xaa“ thus,
E°? ¢ Dx @ M4 ® A°P and Lemma 9.2 shows that E°P is a semi-classical stochastic
A°P-matrix. Let ¢ : Ma — A be the unital completely positive map given by
¢>E,x(eae2,) = gx.a.«’- By Boca’s Theorem [6], there exists a unital completely positive

map ¢g : Bx.a — .Asuchthatd:E(exaa/) = graa-* € X,a,d € A Letd)0

BX 4 — A°P be the map given by b9 B PuP) = ¢g(u)°P, which is completely positive
by Lemma 9.5. Write

fEx =500 (e ®d}) o (id ® Ip);
thus, by (7.6) fE, ; is a state on Rx 4 ®c Rx, 4. Note that
fEx (exaa ®eypp) =T (8raa8ybb) Xy € X, a,d' ,b,b € A.
In the sequel, we write g ¢ = Ef;; .3 by Theorem 7.7, £ » € CQqc.
Definition 9.14. A CQNS correlation & is called

(i) tracial if £ = Eg ., where E € Dx ® M4 ® A is a semi-classical stochastic
A-matrix for some unital C*-algebra A and t : A — C is a trace;
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(i1) quantum tracial if it is tracial and the C*-algebra as in (i) can be chosen to be finite
dimensional;

(iii) locally tracial if it it is tracial and the C*-algebra as in (i) can be chosen to be
abelian.

Proposition 9.15. Let £ : Dxx — Maa be a CONS correlation.

(i) If € is quantum tracial, then & € CQyq;
(ii) & is locally tracial if and only if there exist channels £; : Dx — Ma, j =1,...,k,
such that

k
=) 1;&®E (9.14)
j=1
In particular, if £ is locally tracial, then £ € CQjoc.

Proof. (i) Suppose that £ is quantum tracial and write £ = Eg ;,where E = (gy.4.0/)x.a.a’
€ Dx ® My ® A is a semi-classical stochastic A-matrix for some finite dimensional
C*-algebra A and a trace t : A — C. The matrix £ = (8x,x/gx,a,ar)x e 1S
stochastic matrix in My ® M 4 ® A and hence gives rise, via Theorem 5.2, to a canonical
*-homomorphism 7z : Cx 4 — A. Letting T = 7 o 7, we have that 7 is a trace on
Cx,aand I'e =I'z. Thus, I'g € Q4. By Remark 8.1, £ € CQy4.

(ii) We fix A, 7 and E as in (i), with A abelian. The trace 7, defined in the proof
of (i), now factors through an abelian C*-algebra, and hence I'¢ is locally tracial. By
Theorem 9.9, there exists quantum channels ®; : My — My, j = 1,..., k, such that
e = Z’;zl ;i ® <I>:/t. as a convex combination. Letting £; = ®jlp,, j =1,...,k,
we see that £ has the form (9.14).

Conversely, suppose that £ has the form (9.14). By Theorem 9.9, there exists an
abelian C*-algebra A, a *-representation 7w : Cx 4 — A and a trace T on A such that
I's = I'tor. The stochastic operator matrix E = (”(em»a’ﬂ/))x,a,a’ is semi-classical
and & = &g ;.

We now specialise Definition 9.11 to states in Dy, that is, bipartite probability
distributions. A probability distribution g = (g (x, y))x,yex on X x X will be called C*-
reciprocal if there exists a C*-algebra A, a POVM (gy)yex in Aand atracet : 4 — C
such that g(x, y) = 7(gxgy), X,y € X. If A can be chosen to be finite dimensional
(resp. abelian), we call g quantum reciprocal (resp. locally reciprocal). We denote by
TCI(X ) (resp. Tgl(X ), Tlcolc(X )) the (convex) set of all C*-reciprocal (resp. quantum
reciprocal, locally reciprocal) probability distributions on X x X.

It can be seen as in Remark 9.13 that the class of locally reciprocal probability distri-
butions coincides with the well-known class of exchangeable probability distributions,
that is, the convex combinations of the form

n

g, y) =Y riqi(X)qi(y), x.y€X,

i=1
where ¢g; is a probability distribution on X, i = 1,...,n. Thus, C*-reciprocal and
quantum reciprocal probability distributions can be viewed as quantum versions of ex-
changeable distributions.
It is straightforward to see that, writing A = Axy, we have
AT (X)) = TX), A(T(X)) = TH(X) and A(Viee(X)) = T (X).

loc
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These relations, combined with Theorem 9.12, easily yield the following proposition,
whose proof is omitted.
Proposition 9.16. Let £ : Dxx — Maa be a CONS correlation.
@) If € is tracial, then € (TCI(X)) C Y(A),
(ii) If € is quantum tracial, then £ (TSI(X )) C Yq(A);
(iii) If € is locally tracial, then £ (TCI (X)) C Yioc(A).

loc

9.4. Tracial NS correlations. The correlation classes introduced in Sects.9.2 and 9.3
have a natural NS counterpart. For a C*-algebra A, equipped with a trace 7, and a
classical stochastic A-matrix E € Dy ® Da ® A, say, E = (gx.q4)x.q (sothat g, , € A*
forallx € Xandalla € Aand ), 4 &x.a = 1, x € X), write

PE<(a,blx,y) = t(gx.a8y.p), *x,y € X,a,b € A.
Similar arguments to the ones in Sects. 9.2 and 9.3 show that pg ; € Cqc.

Definition 9.17. An NS correlation p is called

(1) tracial if it is of the form pg -, where E is a classical stochastic .A-matrix for some
unital C*-algebra 4 and 7 : A — C s a trace;
(i1) quantum tracial if it is tracial and the C*-algebra A in (i) can be chosen to be finite
dimensional;
(iii) locally tracial if it it is tracial and the C*-algebra A in (i) can be chosen to be
abelian.

The next two propositions are analogous to Theorem 9.9 and 9.12, respectively, and
their proofs are omitted.

Proposition 9.18. Let p be an NS correlation.

@) If p is quantum tracial, then p € Cq;

(i1) pislocally tracial ifand only if p = Z];=1 Ajqj®qj, whereqj = {q;(-|x) : x € X},
is a family of probability distributions, j = 1, ..., k. In particular, if p is locally
tracial, then p € Coc.

Proposition 9.19. Let N : Dxx — Daa be an NS correlation.

(i) If N is tracial, then N (Y1(X)) € TI(A).
(ii) If N is quantum tracial, then N (TSI(X )) - Tgl(A).
(iii) If N is locally tracial, then N (YL (X)) € YEL(A).

loc

9.5. Reduction for tracial correlations. We next specialise the statements contained in
Remark 8.1 to tracial correlations.

Theorem 9.20. Let X and A be finite sets, p be an NS correlation and £ be a CONS
correlation. The following hold:

(i) p is tracial (resp. quantum tracial, locally tracial, fair) if and only if £, is tra-
cial (resp. quantum tracial, locally tracial, fair), if and only if T, is tracial (resp.
quantum tracial, locally tracial, fair);
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(ii) &€ is tracial (resp. quantum tracial, locally tracial, fair) if and only if U¢ is tracial
(resp. quantum tracial, locally tracial, fair).

Moreover,

(iii) the map N is a surjection from the class of all tracial (resp. quantum tracial, locally
tracial, fair) CONS correlations onto the class of all tracial (resp. quantum tracial,
locally tracial) NS correlations;

(iv) the map € is a surjection from the class of all tracial (resp. quantum tracial, locally
tracial, fair) QNS correlations onto the class of all tracial (resp. quantum tracial,
locally tracial, fair) CONS correlations.

Proof. We prove first the statements about tracial correlations.

(i) Suppose that the NS correlation p is tracial, and write p(a, b|x, y) = T(gx,a&y.b),
x,y € X, a,b € A, for some trace T on a unital C*-algebra A and matrix F =
(8x.a)x.a € Px @Dy @ AF with D", 8xa = 1, x € X. The matrix F' = (5«
8x.a)xaa € Dx ® My ® A is a semi-classical stochastic A-matrix and, trivially,
Ep = Ep ;. Similarly, the family F” = (84,4'8x,x'8x.a)x.x'.a.a’ € Mx ® My @ Ais a
stochastic A-matrix and T'), = Tpr ;.

Conversely, suppose that I', = I'g ¢, where E = (g v/ ,a,a’)x,x’,a,a’ 1S & stochastic
A-matrix and 7 is a trace on the unital C*-algebra A. Then, E' := (gy x.a.a')x.a.a’ (r€SP.
E" := (gx.x.a.a)x.a) is a semi-classical (resp. classical) stochastic .A-matrix such that
Ep = Ep o (tesp. p = ppr o).

(i1) is similar to (i).

(iii) follows from the fact that if E is a stochastic .A-matrix and t is a trace on A such
that I' = I'g ¢, then &(I") = Egr ;, where E’ is given as in the second paragraph of the
proof.

(iv) is similar to (iii). All remaining statements about quantum tracial and locally
tracial correlations are analogous.

Turning to the case of fair correlations, (ii) follows from the equivalence

E(Z) C Ty = Te(Bx) = E(Ax.y(Zx)).

For (i), observe that £, = Ay p o £, and hence
E(ZH Cop = £,(29) =Y = N, (=) € =¢,

showing that p is fair if and only if so is £,. As I'), = I'g,, the equivalence with fairness
of I, follows from (ii).

We conclude this section with a comparison between the different classes of corre-
lations of synchronous type. Note first that if p is a synchronous quantum commuting
NS correlations, then, by Theorem 9.1, N, p is a tracial NS correlation. In fact, the syn-
chronous quantum commuting NS correlations arise precisely from classical stochastic
A-matrices (gx.4)x.a» Where each (gx.a)aca is @ PVM, as opposed to POVM. Theo-
rem 9.4 implies that tracial QNS correlations are necessarily fair. We summarise these
inclusions below:

synch. Cjoc C loc. tr. NS C loc. tr. CQNS C loc. tr. QNS
N n N n
synch.Cq C q.t. NS C q.tr. CQNS C q.tr. QNS
N N N N
synch. Cqc C tracial NS C tracial CQNS C tracial QNS
n N N
fair NS C fair CQNS C fair QNS
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The inclusions in the table are all strict. Indeed, for the first column this follows
from [23]. It can be shown, using results on the completely positive semidefinite cone of
matrices [14,46] that Tfolc * Tgl [2]. The properness of the first inclusion in the second
column now follows from Remark 9.13. The properness of the second inclusion in the
second column was pointed out in Remark 9.10 (iii), and Theorem 9.20 implies that the
first and the second inclusions in the third and the fourth column are proper.

Let p = {p(-|x) : x € X} and g = {¢(:]x) : x € X} be families of distributions
so that, for some x € X, we have that suppp(-|x) N suppg(-|x) = @. Then, p =
1/2(p ® g +q ® p) is a fair NS correlation. However, p is not tracial; indeed, assuming
the contrary, we have that p = Z’/": | Ajpj®p; asaconvex combination, where { p; }’]’.1=1

consists of families of probability distributions indexed by X. Since
. 1
pla.alx, x) = 5(plalx)q(alx) +q(alx)plalx)) = 0, ac€A,

we have Z;":l )Ljpj(alx)2 = 0, and hence p;(alx) = 0, foralla € A and all j, a
contradiction. Thus, the last inclusion in the second column is strict, and by Theorem
9.20 so are the last inclusions in the third and the fourth column.

Using Theorem 9.9 and Proposition 9.15, one can easily see that the second and third
inclusion on the first row are strict, and hence these inclusions are strict on all other
rows as well. Any NS correlation of the form ¢ ® g, where ¢ = {g(-|x) : x € X}isa
family of probability distributions with at least one x having [suppg(:|x)| > 1, is not
synchronous, but is locally tracial; thus, the first inclusion in the first, second and third
rows are strict.

10. Correlations as Strategies for Non-local Games

In this section, we discuss how QNS correlations can be viewed as perfect strategies
for quantum non-local games, extending the analogous viewpoint on NS correlations to
the quantum case. Let X, Y, A and B be finite sets. A non-local game on (X, Y, A, B)
is a cooperative game, played by two players against a verifier, determined by a rule
function (which will often be identified with the game) A : X x Y x A x B — {0, 1}.
The set X (resp. Y) is interpreted as a set of questions to, while the set A (resp. B) as
a set of answers of, player Alice (resp. Bob). In a single round of the game, the verifier
feeds in a pair (x, y) € X x Y and the players produce a pair (a, b) € A x B; they win
the round if and only if A(x, y,a, b) = 1. An NS correlation pon X x Y X A x B is
called a perfect strategy for the game A if

Ax,y,a,b) =0 = p(a,blx,y)=0.

The terminology is motivated by the fact that if, given a pair (x, y) of questions, the
players choose their answers according to the probability distribution p(-, -|x, y), they
will win every round of the game.

10.1. Quantum graph colourings. Let G be a simple graph on a finite set X. For x, y €
X, we write x ~ y if {x, y} is an edge of G. By assumption, x ~ y implies x # y; we
write x >~ y if x ~ y or x = y. A classical colouring of G isamap f : X — A, where
A is a finite set, such that

x~y = fx)#fO.
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The chromatic number x (G) of G is the minimal cardinality |A| of a set A for which a
classical colouring f : X — A of G exists.
The graph colouring game for G (called henceforth the G-colouring game) [16] is

the non-local game with Y = X, B = A, and rules

) x=y = a=b;

i) x ~y = a#b.
Thus, an NS correlation p = {(p(a, b|x,y))abea 1 X,y € X} is a perfect strategy of
the G-colouring game if

(S) p is synchronous;
P) x~y = pla,alx,y) =0forall a.

It is easy to see that if p is a perfect strategy of the G-colouring game from the class
Cloc, then G possesses a classical colouring from the set A. Thus, the perfect strategies
for the G-colouring game from Cy, where x € {loc, q, qc} can be thought of as classical
x-colourings of G. The x-chromatic number of G is the parameter

xx(G) = min {|A]| : G has a classical x-colouring by A} ;

in particular, x1oc(G = x(G) (see [16,50,62] and the references therein).
We call p a G-proper correlation if condition (P) is satisfied. For a finite set A, we
let 24 be the non-normalised maximally entangled matrix in M 44, namely,

Qu = Z eqe; ® eqep.
a,beA

Remark 10.1. Let G be a graph with vertex set X. An NS correlation p over (X, X, A, A)
is G-proper if and only

X~y = <€p (exej’; ® eye;) , QA) =0.
Proof. The claim is immediate from the fact that

<8p (exe; ® eye;> , QA>

= Z Z p(a,blx, y)(eqe) @ epey, exe)y ® exeyy)
a,beAa’ b'eA

Z Z p(a,blx, y) (eqe), exe)s)eve), eae)y)

a,beAa’' b'eA

=Y plalx,y).

acA

Remark 10.1 allows to generalise the classical x-colourings of a graph G to the
quantum setting as follows.

Definition 10.2. Let G be a graph with vertex set X. A CQNS correlation £ : Dxy —
M 4 4 is called G-proper if

X~y = <€(exe; ® eyey), QA> =0.

A G-proper CQNS correlation £ is called
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(i) a quantum loc-colouring of G by A if & is locally tracial;
(i) a quantum q-colouring of G by A if £ is quantum tracial;
(iii) a quantum qc-colouring of G by A if € is tracial.

For x € {loc, q, qc}, let
£x(G) =min {|A| : 3 aquantum x — colouring of G by A}

be the quantum x-chromatic number of G.
Remark. The complete quantum graph on n vertices was introduced in [70] as the
subspace Q, = {Q,}*, where Q, is the maximally entangled state in C" @ C". In
view of Definition 10.8 below, we see that the existence of a G-proper correlation
& :Dxx — M, of aspecified type t is equivalent to the existence of a homomorphism
of type t from the quantisation (10.10) of G into Q,,.

Recall [67] that an orthogonal representation of a graph G with vertex set X is a
family (§;)xecx of unit vectors in C* such that

X~y = <§x’§y>:0~
The orthogonal rank £(G) of G is given by

£(G) = min {k : 3 an orthogonal representation of G in (Ck} .

Proposition 10.3. Let G be a graph with vertex set X. The following are equivalent:

(i) the graph G has an orthogonal representation in Ck;
(ii) there exists a quantum loc-colouring of G by a set A with |A| = k.

Proof. (1)=(ii) Suppose that (£,)cex < CF is an orthogonal representation of G. Let
& : Dx — M4 be the quantum channel given by

50(6,‘6;) = Ex%_:v x € X,

andset & =& ® &k by Proposition 9.15, £ is locally tracial. If x ~ y, then

> <sxs;‘ ® (sys;f)t Leae) ® eae;>

<5(exe;k ® eyey), QA>

a,beA

= ¥ 1r((ee) () ) T ((657) eaei)')
a,beA

= 2 Tr((6:87) (eved)) Tr ((6,67) (eac))
a,beA

= Y (£ ea) (en. ) €y en){ear &)
a,beA

= (Z (Exs €a) ear sy)> (Z (& ev) (eb, sx>>

acA beA
= (& §y>|2 =0

thus, £ is a quantum loc-colouring of G.
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(ii)=(i) Suppose that £ : Dxx — Ma4 is a quantum loc-colouring of G, and
write £ = Zl;zl A& ® 5? as a convex combination with positive coefficients, where
SJ- Dy — Myisa quantlim channel, j =1, ..., k. Suppose that x ~ y. Then,

k
Z)“j <(5j ®5§.I) (exei ®eye;) , QA> =0
j=l1
and hence, by the non-negativity of each of the terms of the sum,
(E1(eren) @ Eferep), 24) = 0. (10.1)

Let &, be a unit eigenvector of £ (exe}), corresponding to a positive eigenvalue, x € X.
t

Condition (10.1) implies that <f;‘x§; ® (syg;:) , Q24 ) = 0, which in turn means, by the

arguments in the previous paragraph, that (£, &) = 0.

By Proposition 10.3, &1oc(G) = &(G). Thus, the parameters &, and & can be viewed
as quantum versions of the orthogonal rank.

Proposition 10.4. Let G be a graph. Then,

(i) %-qc(G) = Eq(G) < &1oc(G), and
(it) §x(G) = xx(G) for x € {loc, q, qc}.

Proof. (i) The inequalities follow from the fact that C Qjoc € CQq € CQqc.
(ii) Let p be a synchronous NS correlation that is an x-colouring of G by a set A. By
Theorem 9.20, £, € CQx. By Remark 10.1, £, is G-proper. Thus, & (G) < xx(G).

Remarks. (i) There exist graphs G for which £(G) < x (G) (see e.g. [67]). By Propo-
sition 10.3, for such G we have a strict inequality in Proposition 10.4 (ii) in the case
x = loc. In [52], an example of a graph G on 13 vertices was exhibited with the property
that §(G) < xq(G). By Proposition 10.4 (i), for this graph G, we have a strict inequality
in Proposition 10.4 (ii) in the case x = q. We do not know if a strict inequality can occur
in the case x = qc.

(ii) It was shown in [52] that there exists a graph G such that xq(G) < &(G). By
Proposition 10.4 (ii), this implies &,(G) < &(G). We do not whether &,.(G) can be
strictly smaller than &;(G).

‘We point out that there is another natural family of quantum orthogonal ranks, defined
as follows. Call a CQNS correlation £ : Dxx — Maa genuinely tracial if there exist a
unital C*-algebra A, a trace v : A — C and a *-homomorphism 7 : Bx 4 — A such
that

Eerer ® eye;k,) = Z T(T(exa,aex,b,b))eall Qepey, x,y € X. (10.2)
a,a’,b,b’

We call a genuinely tracial CQNS correlation £ a genuine quantum qc-colouring of G if
& is G-proper. In addition, we call £ a genuine quantum q-colouring of G if the algebra
A for which (10.2) holds can be chosen to be finite dimensional, and £ is G-proper. Set

£.(G) = min{|A| : 3 a genuine quantum x — colouring of G by A}.

We have the inequalities £&x(G) < &;(G), and we do not know if equality holds.
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We exhibit a lower bound on éc’lC(G) in terms of the Lovasz number 6(G) of G. We
refer the reader to [48] for the definition and properties of the latter parameter. We denote
by K4 the complete graph on d vertices. We will need some notation, which will also
be essential in Sect. 10.2. If « C X x X, let

S = span {exe;f ((x,y) € K} ;

thus, S is a linear subspace of Mx which is a bimodule over the diagonal algebra Dy .
We write

EG)={(x,y)e X x X:x~y}land Eo(G) ={(x,y) e X x X : x ~ y},
and let Sg := Sg(g) be the graph operator system of G [21], and Sg = SE,(G) be the
graph operator anti-system of G [70] (here we use the terminology of [7]).

Proposition 10.5. Let G be a graph with vertex set X. Then, éc/lc (G) > gl(LGl). Moreover,

%(Kdz) == g(iC(Kdz) == d

Proof. Suppose that £ : Dyx — My4 is a genuine quantum qc-colouring of G and
write wy y = E(exef ® eye;‘,), x,y € X. We may assume that, in the definition of the
correlation £, we have that A = By 4 and 7 is the identity representation. Let H be a
Hilbert space, £ € H a unit vector and (Ey 4 4/)4,o’ Matrix unit systems in B(H) such
that if p : Bx 4 — B(H) is the *-representation given by p(ex 4.0/) = Exq.a’, X € X,
a,a’ € A, then

T(w) = (pw)é, &), u € Bxa.
Setérga = Exqaé.x € X,a,a’ € A; then

Y braa=6 xeX. (10.3)

acA

In addition, if x ~ y, then

Z <éj-x,a,b’ Sy,a,b) = Z (wx,yv eaez ® ean) = <wx,y’ QA) =0. (10.4)
a,beA a,beA

Let
Qa,a’,h,h’ = ((gx,a,a’a gy*b’b/>)x,yeX , 4a, a/’ b, b e A,

and note that the matrix (Qa,a/, b, b’)a o+ by 18 positive. In addition, being a Gram matrix,
Qu.b.a.b 1s positive for all a, b € A. Write Q = Za pea Qab,ap- By (10.4),

X~y = (Qex,ey>=0.

By Theorem 3.1, there exist operators V, , such that (V, ), x is an isometry and
Evaa =V Vax.x €X,a,a €A Thus,if x € X, then

(Qer ex) = Z (gx,a,bv gx,a,b) = Z “Ex,a,bgnz

a,beA a,beA
N A S I/
a,beA acA beA

=AY (Vo Vork) = |A| <Z V;va,xs,s> = |Al.

beA beA
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Write Q = D + T, where D is diagonal and T L Si. We have shown that D < |A|ly;
thus |[A|Ix + T € M. It follows that

101 = AlIx + T
< max {|||A|IX +S||:S € S(J;‘, |[AlIx + S € M;}} = |A|0(G). (10.5)
Let (E4 b)a,bea be a matrix unit system on H and U, be a unitary, such that
Exap= U:Ea’hUx, xeX

(such unitaries exist because every two matrix unitsystems on H are unitarily equivalent).
Letn = (Ay)xex € CX. We have

(On,n) = Z Z (Ex,a,byéy,a,b)@kx

x,yeX a,beA

= 2 " (Exanki Ay Eyask)

x,yeX a,beA

> <Z AxExa b, nyEy,u,bg> Y

2
Z )LxEx,a,b'i:

a,beA \xeX veX a,beA llxeX
2 1 2

> > Y MUFE.LUE| = o (Z Y MUSEqd Uik )

acA llxeX acA llxeX

| 2 2
= > U (Z E) Uit = D aUFULE

xeX acA xeX
2

1 1
= —= D Mk = — Uxn.m),

Al Z); = Al

where J X € My is the matrix all of whose entries are equal to 1. It follows that IT}\ Jx <

0; thus, |A| < ||Q]l- Together with (10.5), this implies ‘\)fi\‘ < |A|6(G), completing the
proof of the inequality.

Realise A=7Z4=1{0,1,...,d — 1} andlet X = A x A. Let ¢ be a primitive |A|-th
root of unity. For x = (¢’,b’) and y = (a”,D") € X, let

d—1
b// " _ b// b/ l
Ery = T: W=Dl @ €1y
=0
and write oy y = &x y& . We have
d—1
b"—b")(I—n * *
Ox,y = 2 Z C( )t )elen ® Cl—a'+a"Cp_g'1q"
1,n=0
d—1

1 4 /
b —b")(I—
~d D s e ey ® elare,
1,n=0
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Note that if @ = (0 y)x,y, then £ := Eg is a CQNS correlation; indeed,

1 d—1 1 d—1
Traoy,y = 7 Zel+a”€7+a~ =—Iy=- Zelm/el*m, = Trpoy,y

=0 d d =0

for all x, y € X. Since

1 1INy
Z <ax’)” eae; ® e“eZ> = 2 Z 6”/*””{(}7 Pia=b) — d‘sa/,a”fsb/,b”,
a,beA a,beA

we have that £ is K j2-proper.
We claim that £ is genuinely tracial. To see this, let

Exzy = é'(Z/_Z)b/ez—a/ef’ r € E((CA)» x=( b)eX z,7 €A,

Z—a
and note that, for each x € X, the family {Ey , » : z, 2’ € A} is a matrix unit system.
Forx = (d/,0)),y=(a",b") € X and z, 7/, w, w’ € A we have

Tr (Ex,..2 Ey ww)

=Tr (é‘ @=2)b C(w_w )b (ez_a/e;(,_a/)(ew/_aue:;_a//))
e

= 51’7a’,w’fa”8zfa’,w7
d—1
b’ —b")(l—
= Z g( y(=m <ez’v en+a’> (ew’, en+ar) (€lrar ez) (€14a”, €w)
[,n=0

d—1
b’ —b")(1—
= Z g( )(t=n) <(el+a’€:+a/)€z’ ® (el+a”€:+a”)ew” e ® ew)
1[,n=0

= d <Ox,y(ez/ ® ew/), €z ® ew) .

Therefore, £ is genuinely quantum tracial. It follows that éé(K 42) =< d; On the other
hand, 6(K;2) = 1 and hence Ecllc(Kdz) > d. Thus, Ec’lc(Kdz) = Eé(KdZ) =d.

10.2. Graph homomorphisms. In this subsection, we consider a quantum version of the
graph homomorphism game first studied in [S1]. Let G and H be graphs with vertex
sets X and A, respectively. Recall that the homomorphism game G — H has Y = X,
B = A, and A(x, y,a,b) = 0 if and only if, either x = y and a # b, or x ~ y and
a % b. A synchronous NS correlation p = {(p(a, blx, ¥y pea i X,y € X} is thus
called a perfect x-strategy for the game G — H if p € Cx and

x~y,a®»b = pa,blx,y)=0.
For a subset k C X x X, let P, : Mx — My be the map given by
P(T)= Y (exe})T(eye}), T € My.
(x,y)ex

Thus, Py is the Schur projection onto S ; it can be canonically identified with the
(positive) element Z(x'y)e,((exej;) ® (eyeﬁ) of Dxx. We set (P,)] = Pyc. For a graph
G, we write for brevity P = Pgy ).
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Proposition 10.6. Let G (resp. H) be a graph with vertex set X (resp. A), and p =
{(p(a, blx,¥)apea i X,y € X} be a synchronous NS correlation. The following are
equivalent:

(i) p is a perfect strategy for the homomorphism game G — H;
(ii) (N (PG), (Pr)1) = 0.

Proof. (1)=>(i1)) We have
Wp (P6), (Pr) 1)

= <Np (Z exey ® eye;> LY el ® eh/ez,>

X~y a' b

= Z Z Z pla, blx, y) (eae;‘ Q epeyy, eqe ® eb/eZ,>

X~y a,beA a'4b'
= Z Z Z p(a,blx, y) (eae;‘ Q epe)y, eqel ® eb/ez,) =0.

X~y a~ba' #b'

(i)=@{) If x ~ yanda # b, then e,ef ® eye;", < Pg and eqe}; ® epej; < (Py) L. By
the monotonicity of the pairing,

p(a,blx,y) = <Np (exei ® eye;k,) ,eqls ® ebez> < (Np(Pg). (Pr)L)=0.

General operator systems in My were considered in [21] as a quantum versions of
graphs (noting that Sg is an operator system), while operator anti-systems (that is, self-
adjoint subspaces of My each of whose elements has trace zero [7]) were proposed as
such a quantum version in [70] (noting that Sg is an operator anti-system). Note that one
can pass from any of the two notions to the other by taking orthogonal complements.
Due to the specific definition of QNS correlations in [22], employed also here, it will be
convenient to use a slightly different perspective on non-commutative graphs, which we
now describe. Let Z be a finite set, H = CZ%, HY be its dual space andd : H — HY be
the map given by d(§)(n) = (n, &); we write g4 = d(&). Note that if T € L(H), then

T4 = (%)Y, T e L(H). (10.6)
Letd: H® H — L(HY, H) be the linear map given by

0E @Y = (& ¢, ¢eH.

By (10.6),
O(S®T))=TO()SY, ¢t e H®H, S, T € L(H). (10.7)

We denote by m : H ® H — C the map given by

m(é“)=<§szez®ez>, {€eH®H.

zeZ

Letalsof: H® H — H ® H be the flip operator given by f(§ ® n) = n ® &£. Note that
if§,n,¢1, 6 € H, then

OE @M D), &8) = (€1, 0¢E @ Es) = (41, (&, n) = (&, E) (&1, )
= & e, = (L med, o)
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and hence

deEem*d el =d (L mEYD = (i, a)E =0 @) (¢D);
thus,
d'o0() 0d ' =®of)(), ¢€H®H. (10.8)

In addition,

D (BE®@nd(er)), ec) = Y (€ e, ec) = m(E @),

zeZ zeZ

and hence
m(¢) = Z((G(C) od)(ez),e;), {€H®H. (10.9)
zeZ
Definition 10.7. A linear subspace Y € H ® H is called skew if m(@U{) = {0} and
symmetric if f(U) = U.

Suppose that ¢/ is a symmetric skew subspace of H ® H. Let Sy = 6(U); by (10.8)
and (10.9), the subspace Sy of L(HY, H) satisfies

° TGS]/{:>(1_10T*od_1 € Sy, and
e T eSy— ZzeZ«T od)(e;),e;) =0.

We call a subspace of £L(HY, H) satisfying these properties a twisted operator anti-
system. Conversely, given a twisted operator anti-system S € L(H d H ), (10.8) and
(10.9) imply that the subspace Us = 0~ (S) of H ® H is symmetric and skew. Given
a graph G, let

U = spanfex @ ey 1 x ~ y}; (10.10)
itis clear that U is a symmetric skew subspace of CX @ CX. We thus consider symmetric
skew subspaces of CX ® CX as a non-commutative version of graphs. We note that if
d : HY — H is the unitary operator given on the standard basis {e.}.cz in H by
B(eg) —e,,7€ Z,thenS C L(HY, H) is a twisted operator anti-system if and only if
the subspace S 9~ C L(H) is closed under transposition and traceless, see [10, p. 36].

We write Py, for the orthogonal projection from CX ® C¥ onto U. Let U, C
(CX ®CX )d be the annihilator of ¢/ and write Py, € L (((CX ® CX )d) for the or-
thogonal projection onto 2/, . Observe that ¢9 € U/, if and only if ¢ belongs to the
orthogonal complement U/ of U/ in CX ® CX. Thus, for ¢ € H ® H we have

Puct=¢t o Pp) =¢ o (P, Y =1
S (6 (P =1 e (Pt = ¢,
and hence
Py, = (P (10.11)

Let A be a finite set and w € M 4. Writing f,, for the functional on M4 given by
fw(p) = Tr(pw'), we have that the map w — f,, is a complete order isomorphism from
M 4 onto Mg (see e.g. [63, Theorem 6.2]). On the other hand, the map ol > wlisa

*-isomorphism from £ (((CA)d) onto M 4. The composition of these maps, @9 > fy, is
thus a complete order isomorphism from £ (((CA)d) onto Mf‘. In the sequel, we identify
these two spaces; note that, via this identification,

(p, 0% = (p, ') = Tr(pw), p,we My. (10.12)
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Definition 10.8. Let X and A be finite sets and 4 € CX ® CX,V € CA ® C4 be
symmetric skew subspaces. A QNS correlation I' : Myy — M a4 is called

(1) a quantum commuting homomorphism from U to VV (denoted U % V) if T is tracial
and

(L (Py), Py,)=0. (10.13)

(i1) a quantum homomorphism from U to V (denoted U 4 V) if T is quantum tracial
and (10.13) holds;

(>iii) a local homomorphism from U to V (denoted U log V) if T is locally tracial and
(10.13) holds.

Given operator anti-systems S € My and 7 C My, Stahlke [70] defines a non-
commutative graph homomorphism from S to 7 to be a quantum channel ® : My —
M 4 with family {M;}7. | of Kraus operators, such that MiSM;f C7T,i,j=1,...,m;
if such @ exists, he writes S — 7. The appropriate version of this notion for twisted
operator anti-systems—directly modelled on Stahlke’s definition—is as follows. For
T € Mz, we write T = T*' for the conjugated matrix of T'.

Definition 10.9. Let X and A be finite sets,and S C £ (((CX)d, (CX) and7T C E((CA)d,

(CA) be twisted operator anti-systems. A homomorphism from S into 7 is a quantum
channel

m
d: My - My, O(T) = ZMiTMI-*,
i=l1

such that
M;SM{CT, i,j=1,....m.

If S and 7 are twisted operator anti-systems, we write S — 7 as in [70] to denote
the existence of a homomorphism from S to 7.

Proposition 10.10. Let X and A be finite sets and U € CX ® CX, V € C* ® C* be
symmetric skew spaces. Then, U Jog V if and only if Syy — Sy.

Proof. Suppose that U Jog V and let I be a locally tracial QNS correlation for which
(10.13) holds. By Theorem 9.9, there exist quantum channels ®; : Mx — Mg, j =

1,...,k,suchthat I' = lezl AP ® cl)g. as a convex combination. We have

ih <(<I>j ® <I>§) (Pu) Pm) = (I (Pu), Py, ) =0;
j=1

since each of the terms in the sum on the left hand side is non-negative, selecting j with
Aj > 0 and setting ® = &, we have

(@ ® @) (Py), Py,)=0. (10.14)
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Let ®(w) = szzl M,-le.*, w € My, be a Kraus representation of ®. For w € My,
we have

m

Y (w) = Z (Mo M) Z(M YoM = iﬁiwﬁf.

i=1 i=1

It follows that

(@ ® ) (p) = Z(M ®Mpo(M; @ M))*, p e Mxx. (10.15)
i,j=1

Let £ € U and n € V* be unit vectors; then, ££* < Py;. In addition, nd = Py, nd
and hence (nn*)4 = nd(n9)* < Py ; thus, (10.14) implies

(@@ @%) (g£7), (™)) =0
By (10.15) and positivity,
(o @ W e My © M ™, (o)) =0, i j=1....om,
which, by (10.12), means that
(Mi@MjéE n)=0, i,j=1,....m.
Thus, (M; ® M ;)& € V for every & € U and, by (10.7),
M0EM =0(M; @ M))E) € Sy, &€l
that is, Syy — Sy.
Conversely, suppose that ® : Mx — M, is a quantum channel with a family of

Kraus operators (Mi);”:l - £((CX, (CA) such that MjSuMid CSy,i,j=1,....m
The previous paragraphs show that

(@ ® &%)EE"), (")) = Tr(@ ® V9 EE)(m™) = 0
for all unit vectors & € U, n € V1. It follows that

(@ ® DY) (EE™) = (™) (P @ DF)(EE") (™) T,

for all unit vectors € V. Taking infimum over all such 7, we obtain

(@ D) (EE™) = Py(® ® F)(EE%) Py,
for all unit vectors & € . Thus, by (10.12) and (10.11),

Tr (0 ® ) (66" Py ) = (@ @ D) (66™), Py, ) =0,

for all unit vectors & € U. Writing Py = Zé:] & l.*, where (e,%,-)ﬁz1 is an orthonormal
basis of U, we obtain ((® ® ®*)(Py), Py,)=0.
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For graphs G and H, write G — H if there exists a homomorphism from G to
H . The next corollary justifies viewing the symmetric skew spaces as non-commutative
graphs.

Corollary 10.11. Let G and H be graphs. We have that G — H if and only ifUg log Uy.

Proof. Write X and A for the vertex sets of G and H, respectively. Assume that G — H.
By [70], Sg — 821. Write {M;}"_, for the set of Kraus operators such that Mng M;“ -

SY.i,j=1,...,m. Let Jy : C¥ — C¥ be the map given by Jx(n) = 7. Then,
Olex ®ey) = Jxoeyefo d~!, x, y € X. Therefore,

(JaoMioJx)(Jx oSG od ) (doMiod™) S JyoS)od™,

loc

implying MiSuG M;.i C Sy,;; by Proposition 10.10, U — Up. The converse follows
after reversing the arguments.

10.3. General quantum non-local games. We write P4 for the projection lattice of a
von Neumann algebra M, and denote as usual by V (resp. A) the join (resp. the wedge)
operation in Pa4; thus, for Pj, P, € Py, the projection Py vV Py (resp. Pi A P»)
has range the closed span (resp. the intersection) of the ranges of P; and P,. If M
and N are von Neumann algebras, a map ¢ : Pyq — Py is called join continuous
it o (VietPi) = Viero(P;) for any family {P;};e1 € Prq. Note that if M is finite
dimensional, then join continuity is equivalent to the preservation of finite joins.

Let H be a Hilbert space and P be an orthogonal projection on H with range /. As
in Sect. 10.2, we denote by /| the annihilator of / in the space H¢, and by P, —the
orthogonal projection on H¢ with range U/ .

Definition 10.12. Let X, Y, A and B be finite sets.

(i) Amap ¢ : Puyy = Pumyp @esp. ¢ : Pp,, = Puyg. ¢ : Py, — Pp,,) is called
a quantum non-local game (resp. a classical-to-quantum non-local game, a classical
non-local game) if ¢ is join continuous and ¢(0) = 0. We say that such ¢ is a game
from XY to AB.

(i1) A QNS (resp. CQNS, NS) correlation A is called a perfect strategy for the quantum
(resp. classical-to-quantum, classical) non-local game ¢ if

(A(P),p(P)1) =0, P €Pyy, (resp. P € Ppy,). (10.16)

Remark 10.13. (i) Join continuous zero-preserving maps ¢ : Pguy — Ppk), where
H and K are Hilbert spaces, were first considered by J. A. Erdos in [26]. They are
equivalent to bilattices introduced in [68]—that is, subsets B € Ppy) x Ppk) such
that (P, 0), (0, Q) € B forall P € Pgny, O € Psk), and (P, Q1), (P2, Q2) € B
= (P1V Py, 01 ANQ2) €Band (P A P2, Q1 vV Q2) € B. Thus, quantum non-local
games (resp. classical-to-quantum non-local games, classical non-local games) can be
alternatively defined as bilattices; we have chosen to use maps instead because they are
more convenient to work with when compositions are considered (see Definition 10.15).

Conditions (10.16) are reminiscent of J. A. Erdos’ characterisation [26] of reflexive
spaces of operators, introduced by L. N. Loginov and V. S. Shulman in [47]. As shown in
[26],asubspace S € B(H, K) (H and K being Hilbert spaces) is reflexive in the sense of
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[47]if and only if there exists a join continuous zero-preservingmap ¢ : Py — Ppx)
such that S coincides with the space

Op(g) = {T e B(H,K): p(P)*TP =0, forall P e PB(H)} .

(ii) The quantum (resp. classical-to-quantum, classical) non-local game ¢ with
@(P) = Iap for every nonzero P € Py, (resp. P € Pp,,) will be referred to as
the empty game. It is clear that the set of perfect strategies for the empty game coincides
with the class of all no-signalling correlations.

(iii) Let G be a graph with vertex set X and A be a finite set. The quantum graph
colouring game considered in Sect. 10.1 is the classical-to-quantum non-local game
¢ : Ppyy = Pu,,, given by

4l ifx~y
* *Y _ ) |A|"FA
plexey @eyey) = I otherwise.

Similarly, letting i/ € CX ® CX and V € C4 ® CA be symmetric skew spaces, we
define the homomorphism game ¢/ — V to be the quantum non-local game ¥, given by
Py if0#P <Py
I  otherwise.

For x € {loc, q, qc}, we have that ¢/ 5 Vifand only if the game ¢/ — V has a perfect
strategy of class Ox.

Let (X, Y, A, B, 1) be a non-local game. For a subsete € X x Y, let P, € Pp,,
be the projection with range span{e; ® ey : (x, y) € a}. For (x,y) € X x Y, let

Bxy(A) ={(a,b) e Ax B :A(x,y,a,b) =1}.

We associate with A the (unique) classical non-local game ¢;, : Pp,, — Pp,, deter-
mined by the requirement

@1 (Peyn) = Py (X)) € X x Y.

Proposition 10.14. An NS correlation p is a perfect strategy for the non-local game
(with rule function) A if and only if N, is a perfect strategy for ;..

Proof. Note that if (x,y) € X x Y, then (P;;X‘v(,\))L has range span{e,e} ® epe} :
AMx,y,a,b) = 0}. As in Proposition 10.6, it is thus easily seen that p is a perfect
strategy for A if and only if

(N5 (Pueon) - (Payo) ) =0, (e e X x ¥,

Assume that p is a perfect strategy for A. For a projection P € Dyxy, write P =
V{Pix,y)) : Plex ® ey) = ex @ ey}; then,
v(P) = V{Pﬂx,y()\) 1 P(ex Qey) =ex Qeyl.
Thus, (N, (Pi(x,y))), ¢2(P) 1) = 0 forall pairs (x, y) with P(ex ®ey) = ey Qey. Taking

the join over all those (x, y), we conclude that (N »(P), ¢3.(P) L) = 0. The converse is
direct from the first paragraph.
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Definition 10.15. Let X, Y, A, B, Z and W be finite sets and ¢; (resp. ¢») be a game
from XY to AB (resp. from AB to ZW). The composition of ¢; and ¢; is the game
@ o ¢ from XY to ZW.

It is clear that ¢; o ¢ is well-defined in all cases except when ¢ is a quantum game,
while ¢ is a classical-to-quantum game.

Lemma 10.16. Let X, A and Z be finite sets, H and K be Hilbert spaces and E €
Mx @ My @ B(H)and F € Mg @ Mz ® B(K) be stochastic operator matrices. Set

/ /
Gy = E Foa 20 ® Exxaa, X, X €X,2,2 €Z.

a,a’'€eA
Then, G = (Gx x' z.7)x.x'.z.7 IS a stochastic operator matrixin Mx @ M7z @ B(K @ H).

Proof. Let V = (V,.x)a.x (tesp. W = (W, 4);.4) be an isometry from HX (resp. K4
to H4 (resp. K%) for some Hilbert space H (resp. K), such that

Ex vaa = V:,x Vo x and Fy g o = Wz*,a Wy o
forallx,x’ € X,a,a’ € Aand z,7 € Z. Set

Ux =) Wea®Vayr, xeX,2€Z.

acA

For x, x’ € X, we have

Z UZ*,X Uy = Z <Z Wz*,a ® Va*,x) (Z Wea ® Va’,x’)

z€Z z€Z \a€A a’'eA
* *
= Z Z WeaWea ® Vo Vo w
z€Za,a'€A
* *
=3 (Z WW> ® Vi Varw
a,a'eA \zeZ
* *
= Z 5a,a’[K ® Va,xVa’,x’ = Z]K & Va,x a,x’
a,a’'eA acA
= sx,x’IK ® In;

thus, (U; x);.x is an isometry from (K ® H)X into (K ® H)Z. In addition, for x, x’ € X
and z, 7/ € Z, we have

Ur Uy = <Z Wi, ® V;,x) (Z W ® Va/,x’>

acA a'eA

E Fa,a/,z,z/ ® Ex,x’,a,a’ = Gx,x’,z,z"

a,a’ €A
By Theorem 3.1, G is a stochastic operator matrix actingon K ® H.

We call the stochastic operator matrix G from Lemma 10.16 the composition of F
and E and denote it by F o E.
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Theorem 10.17. Let ¢ (resp. ¢2) be a quantum game from XY to AB (resp. from AB

to ZW) and x € {loc, q, qa, qc, ns}.

(i) If T'; is a perfect strategy for ¢; from the class Qx, i = 1,2, then Ty o 'y is a perfect
strategy for @ o @1 from the class Qx.

(ii) Assume that X =Y, A = B and Z = W. If I'; is a perfect tracial (resp. quantum
tracial, locally tracial) strategy for @i, i = 1,2, then I'> o I'y is a perfect tracial
(resp. quantum tracial, locally tracial) strategy for ¢ o ¢y.

Proof. First note that if I'; is a QNS correlation, then so is I'; o I'1. Indeed, suppose that
p € Mxy is such that Trxp = 0. By Remark 2.1, Tr4I'1 (p) = 0, and hence, again by
Remark 2.1, Trz(I'2(I"1 (p)) = 0.

Suppose that I'; € Qqe, i = 1,2. Let (E®, F)) be a commuting pair of stochastic
operator matrices acting on a Hilbert space H;, and o; be a normal state on B(H;),

such that Ty = T'po.po g0 i = 1,2 Write EO = (ED, ), FO = (F),, ),
2 2
E®@ = (E;BZ - and F® = (Fé;,ww) Set H = H® Hi, o = 03 ® oy,

E=EDPcED and F = F® o FO: note that, by Lemma 10.16, E and F are
stochastic operator matrices. It is straightforward that (E, F') is a commuting pair. Write
E = (Exx ;) and F = (Fy y ). Note that

(1) (1) ) 2)
Z (Exx aaFyx bb” ><Eaa zthh’ww”Uz)
a,a’,b,b’

_ 2 (€] (2 (€))
= Z <<Eaazz/®Exxaa)(be’ww’®F /bb/)702®al>
a,a’,b,b’

= <Ex,x/,z,z’Fy,y’,w,w” 0>’

and hence
Ty 0oTY) (exej, ® eye*,/)

- (Y] )
- Z <Ex x'a,a’ Fy v.,b,b" Ul> F2 (eae:/ ® €b€Z/)

(1) (1 2 2) * *
Z Z Exx a,a’toy,y, hb”al)(Eaa zzbe/ww”GZ)eZez’@ewew’

2,7/, w,w’ a,a’,b,b’

* *
E (Ex,x/,z.,z/Fy,y/,w,w/v U)ezez/ & ewe,;

7,z w,w’

thus, T2 o'y =Tg.Fo.

If I' € Q¢, i = 1,2, then the arguments in the previous paragraph—replacing
operator products by tensor products as necessary—show that I'; o I'y € Q4. By the
continuity of the composition, the assumptions I'; € Qga,i = 1,2, imply that oIy €
Qga. Finally, assume that I'; € Qjoc, i = 1,2, and write I'; = )»(l)d>(l) ® ‘I/,?) as
a convex combination, where CD,(CZ) : Mx — My and \I’,El) : My — Mp are quantum
channels, i = 1, 2. Then,

myp my

Mol =Y Y i"? (o7 o 0f") & (v o w")

k=1 I=1
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as a convex combination, and hence 'y o I'} € Qjoc.

Suppose that I'; is a tracial QNS correlation; thus, there exist unital C*-algebras .4
and Ay, traces 7; and 7, on A; and A, respectively, and stochastic matrices E(1 e
My @ My ® A and E® € My @ Mz ® Ay, such that Ty = Ty . i = 1,2. The
arguments given for (i) show that

20Tl =Tp@opm ner

where 1) ® 71 is the product trace on Ay Qmin A1; E @6 EW is considered as a stochastic
A2 ®min Aj-matrix (note that we identify (E @6 E (1))0p with E@0oP o E(DoP ip the
natural way).

It remains to show that if I'; is a perfect strategy for ¢;, i = 1,2, then I'y o 'y
is a perfect strategy for ¢, o ¢1. Let P € Pyy, and o be a pure state with w <
P. Then, I'1(w) = ¢1(P)'1(w)p1(P) and hence I'1 (w) < ¢1(P). Similarly, for any
pure state o with o < @1(P) we have ['2(c) = @2(¢1(P))T2(0)@2(p1(P)), giving
((T2(0), (92 0 91)(P) L) = 0. In particular,

(I o ') (w), (92 091)(P)1) =0.

As in the proof of Proposition 10.10, this yields

((T20T')(P), (p2091)(P)1L) =0,
establishing the claim. O

Suppose that p; (resp. p2) is an NS correlation from XY to AB (resp. from AB to
ZW). Itis straightforward to verify that the correlation p with NV}, = N}, o N/)y, is given
by

pGwlx.y) =YY pa(z. wla. b)pi(a. blx, y):;

acA beB

we write p = p> o p1. Such compositions were first studied in [58]. For a non-local
game from XY to AB (resp. from AB to ZW) with rule function A (resp. Ap), let
Aok 1 X XY xZx W — {0, 1} be given by

XoA)(x,y,z,w)=1<3(a,b)st.r(x,y,a,b) = r(a,b,z,w) = 1.

Combining Theorem 10.17 with classical reduction and Proposition 10.14, we obtain
the following perfect strategy version of [58, Proposition 3.5], which simultaneously
extends the graph homomorphism transitivity results contained in [58, Theorem 3.7].

Corollary 10.18. Let A1 (resp. A2) be the rule functions of non-local games from XY to
AB (resp. from AB to ZW ) and x € {loc, q, qa, qc, ns}. If p; is a perfect strategy for X;
Sfrom the class Cx, i = 1,2, then py o py is a perfect strategy for Ay o A| from the class
Cx.

Combining Theorem 10.17 with Remark 10.13 (iii) yields the following transitivity
result; in view of Proposition 10.10, it extends [70, Proposition 9].
Corollary 10.19. Let X, A and Z be finite sets, U € CX @ CX, V € C4 ® CA and
W C CZQC% be symmetric skew spaces, and x € {loc, q, qc}. IfU S Vandv > W,
thenUd > W.
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