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Abstract: In this paper, we investigate time-dependent Kantowski-Sachs spherically sym-
metric teleparallel F(T) gravity with a scalar field source. We begin by setting the exact field
equations to be solved and solve conservation laws for possible scalar field potential, V(¢),
solutions. Then, we find new non-trivial teleparallel F(T) solutions by using power-law
and exponential ansatz for each potential case arising from conservation laws, such as
linear, quadratic, or logarithmic, to name a few. We find a general formula allowing us to
compute all possible new teleparallel F(T) solutions applicable for any scalar field potential
and ansatz. Then, we apply this formula and find a large number of exact and approximate
new teleparallel F(T) solutions for several types of cases. Some new F(T) solution classes
may be relevant for future cosmological applications, especially concerning dark matter,
dark energy quintessence, phantom energy leading to the Big Rip event, and quintom
models of physical processes.

Keywords: teleparallel gravity; field equations; Kantowski-Sachs spacetimes; scalar field
source solutions; frame-based approach; time-dependent spacetimes

1. Introduction

Teleparallel F(T) gravity is an alternative theory to General Relativity (GR) of the
frame-based type [1-7]. This theory is very promising and is in great expansion. It is
defined in terms of spacetime torsion tensor T and torsion scalar T, and its physical
quantities are all defined in terms of the coframe h” and the spin-connection wf . (and
their derivatives). This is in contrast to GR being defined in terms of the metric g;,, and
the spacetime curvature R e One of the features of teleparallel gravity and its frame-
based approach is the new possible spacetime symmetries, especially for non-trivial linear
isotropy groups, and its Lorentz-invariant geometries [8-10]. There is thus an approach
to determine these symmetries for any independent coframe/spin-connection pairs while
treating spacetime curvature and torsion as geometric objects [4,5,11]. From this point,
any geometry described by an even coframe/spin-connection whose curvature and non-
metricity are both zero (R“bw = 0 and Qguy = 0 conditions) is a teleparallel geometry.
Covariantly, this type of geometry is defined as being gauge invariant (valid for any g,;).
In the orthonormal gauge g,, = 1., = Diag[—1,1,1, 1], the relations to satisfy for such a
geometry are [11]:

Lxh® =A% h?, )
Lxwy, =0, 2

where h* is the orthonormal coframe basis, Lx is the Lie derivative in terms of Killing
Vectors (KV) X, and )\“h is the generator of the Lorentz transformations A”h. For a pure
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teleparallel geometry, one must also satisfy the zero Riemann curvature criterion (see
refs. [1-7] and references therein):

a _ a a a e a e _
Rbyv _al/lwbvfalfw berweyw bviwevwby =0,

= (Uahy - Aaca’,{AbC. (3)

The solution of Equation (3) leads to the teleparallel spin-connection defined in terms
of a Lorentz transformation A“. Note also that w“b’4 = 0 for all proper frames and that
wfy ” # 0 for all non-proper frames. Moreover, a proper frame can be defined in several
ways in terms of spin-connections; this can make it difficult to determine the symmetries.

There is a direct equivalent to GR defined under teleparallel gravity: the Teleparallel
Equivalent to General Relativity (TEGR or F(T) = T theory) [1]. However, TEGR easily
generalizes to teleparallel F(T) gravity, with F as a function of the scalar torsion T [12-14].
Teleparallel F(T) gravity is known to be locally invariant under the definition of covari-
ant Lorentz [7]. In addition to the teleparallel F(T)-type gravity, all the considerations
mentioned so far have been adapted for extended theories like New General Relativity
(NGR) (see refs. [15-17] and references therein) and symmetric teleparallel F(Q)-type
gravity (see refs. [18-21] and references therein), as well as several intermediate theories
like F(T, Q)-type, F(R, Q)-type, F(R, T)-type, and others (see refs. [22-28] and references
therein). Therefore, the best approach is to go with the teleparallel F(T) gravity for the
present approach.

There have been several works and papers on spherically symmetric spacetimes and
its solutions in teleparallel F(T) gravity using various approaches and for several types of
uses [29-50]. However, solving FEs in the orthonormal gauge has been favored for reasons
of determining coframe/spin-connection pairs and also to avoid the extra degrees of
freedom (DoF) problem associated with using proper frames to solve FEs (see refs. [44—47]
for detailed discussions). However, the symmetric FEs and their F(T) solutions will be
very similar between different gauges (orthonormal or not); this further confirms the gauge
invariance of general teleparallel F(T) gravity FEs. But by opting for the orthonormal gauge,
one will solve the non-trivial antisymmetric and symmetric parts of FEs covering all DoFs
for a diagonal coframe and a non-trivial spin-connection (see, for example, refs. [44-47]).
In the literature, many prefer to use tetrads e, instead of coframes h%, because they are
defined in an orthonormal gauge by default [29-43]. However, the tetrad approach prevents
the use of frames other than orthonormal, and this is the greatest weakness of the latter
approach. It is to avoid this type of limitation, to respect gauge invariance as well as to
work on any type of frame that is not necessarily orthonormal, that the coframe notation
h‘lﬂ will be used here and has been used in refs. [44-47].

One of the major scopes and aims in the study of teleparallel F(T) solutions concerns
the study of cosmological models involving the different forms of dark energy, such as
quintessence, phantom (or negative) energy, quintom, and also dark matter. To achieve
this aim, some recent studies in teleparallel F(T) gravity deal with Kantowski-Sachs (KS)
spacetimes and the possible F(T) solutions by using various ansatz [45-47,51,52]. This type
of spacetime is characterized by the radial derivative 9, as the fourth symmetry (KV), lead-
ing directly to the pure time dependence for coframes, spin-connections, and FEs [45-47].
Previously, there have been some detailed dynamical studies concerning the evolution

o
of critical points, boundary values, asymptotes, and R curvature in KS spacetimes under

the GR and/or the f(R) gravity frameworks [53-55]. Very similar studies using the same
types of dynamical methods for KS spacetimes and their generalizations have also been

o

carried out, not only in F(R) gravity but also in F(T, B)-type, LRS Bianchi III Universe,
F(T,R)-type, and F(Q)-type gravity theories [56—61]. Recent works on cosmological so-
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lutions in teleparallel KS spacetimes with a quantized scalar field source should also be
mentioned [62,63]. All these studies confirm the relevance and the accuracy of cosmological
KS spacetimes solutions, especially for models involving different forms of dark energy.

However, most of these previous studies were not carried out in terms of teleparallel
F(T) gravity and do not really provide new F(T) solutions. In particular, there has been a
recent study on perfect fluid KS teleparallel F(T) solutions, revealing relevant solutions
for the dark energy quintessence, but also for the phantom dark energy models [46].
It is briefly mentioned in this study that the different forms of dark energy mentioned
above are at the same time explainable by fundamental scalar fields. It is therefore quite
logical to study cosmological KS F(T) solutions for different types of scalar fields as a
logical follow-up to this last study. All this will allow one to not only confirm the F(T)
solutions obtained in this ref. [46] but also to better study the F(T) solutions and the
fundamental scalar fields associated with dark matter, dark energy quintessence, phantom
energy, and also quintom cosmological models using the teleparallel gravity framework
and without the quantization of the scalar field source. Most recently, this type of study
has been carried out for Teleparallel Robertson-Walker (TRW) spacetimes in F(T) and
F(T, B) gravity (spacetime geometry at six KVs instead of four) with various scalar field
sources [50,64]. Beyond spacetime and symmetry considerations, this type of study will
mainly serve purely physical motivations.

A significant physical motivation for this type of study concerns the dark energy
quintessence models [65-69]. This new type of model was first developed by Paul J. Stein-
hardt et al. in the late 1990s [65-67]. There have been various phenomenological studies
performed via the GR frameworks in order to obtain a model explaining the accelerating
universe expansion (see refs. [65-72] and several other ones). In these models, a perfect
linear fluid of negative pressure is assumed (P = ag p, where —1 < ag < —% models), sup-
ported and induced by a scalar field. From this starting point, there have been various
dynamical and other studies on the possibilities of scalar fields and possible potentials that
most faithfully describe the dark energy quintessence process and thus the accelerating uni-
verse expansion [69,70]. Even recently, there are increasingly advanced studies on this very
important subject in cosmology, specifically for observational constraints [71,72]. However,
several years before Paul Steinhardt’s works on quintessence processes, there had been
attempts at models of accelerated universe expansion through the use of scalar field-based
models and their symmetries explaining accelerating universe expansion [73,74]. The same
precursor models therefore allowed all of P. Steinhardt’s work on dark energy quintessence,
generalizations, and other subsequent studies to emerge and arrive at the current models.

Among the set of recent models are the teleparallel gravity-based dark energy
quintessence models and their extensions ( in particular, F(T)-type, F(T, B)-type, scalar-
torsion-based) [75-84]. However, these papers have mainly concentrated on dynamics
and especially on stability studies on FEs using simple and predefined F(T) and F(T, B)
functions as superpositions of power-law and/or logarithm terms. Even if these latter
types of function are often used in teleparallel cosmology, this somewhat simplistic ap-
proach does not truly and fundamentally solve the FEs of teleparallel F(T) gravity and/or
its extensions. These studies mainly only primarily study the impacts on some physical
parameters of teleparallel gravity. At the same time, this type of approach makes the
teleparallel F(T) exact, and correct solutions of FEs that can really model the dark energy
quintessence processes go under the radar. There is therefore room to go further by solving
the teleparallel F(T) gravity FEs for scalar field sources, as was the case in refs. [46,47]
for teleparallel F(T) solutions for perfect fluid sources. Most recently, there have been
detailed studies of Teleparallel Robertson-Walker (TRW) F(T) and F(T, B) solutions with
perfect fluids and scalar field sources, allowing a larger number of possible solutions for
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teleparallel dark energy quintessence models [49,64]. In this manner, we will find the
most fundamental solutions for teleparallel KS spacetimes, allowing us to study the best
and most fundamental possible models explaining dark energy quintessence by using the
frameworks and FEs of teleparallel F(T) gravity.

In addition, the first and primarily dark energy quintessence model studies also led
to the scenarios of cosmological models involving strong negative pressure dark energy
perfect fluids (where g < —1) [85,86]. This is also a new physical motivation for studying
more extreme scenarios of strong and fast accelerating universe expansion, such as phantom
(or negative) dark energy models [87-90]. Even in teleparallel gravity, some studies have
been considered in phantom dark energy models using the same approaches as for dark
energy quintessence processes studies [78,79,91-93]. These works still focus on dynamic
and stability studies using very specific teleparallel F(T) functions (and/or F(T, B)) to
study the evolution of some specific physical parameters without really directly solving
the FEs of teleparallel gravity. Obviously, there has been less work on this type of scenario,
because it is more hypothetical. This type of model often involves nonlinear fluids, but the
determining feature is mostly the energy condition violation of such a cosmological system
(i.e., P+ p # 0 situation), which makes that hypothetical. Recent works in teleparallel F(T)
and F(T, B) types of gravity for TRW spacetimes provide a larger amount of material and
new solutions to further study the phantom energy models in addition to quintessence
processes [49,64]. There is also a way and a reason here to go further by directly solving the
teleparallel F(T) gravity FEs with a scalar field source, especially for the KS spacetimes.

Furthermore, the works mentioned show the existence of at least three possible types of
dark energy: quintessence, cosmological constant, phantom energy. There are also the quin-
tom dark energy models defined as a mixture of quintessence dark energy (-1 < ag < — %)
and phantom dark energy (xg < —1), having as the intermediate limit the cosmological
constant [94-98]. This type of hybrid model is often defined by spacetime geometry and
two scalar fields: the first field can describe quintessence and the second phantom energy
or one field for the unified process and the other for coupling between the two types of dark
energy [94,95,98]. Some works specifically address this problem through the oscillation
between the quintessence and phantom states [96]. However, in teleparallel gravity there
have been very few works dealing with this type of more complex physical problem [99].
This is also an additional reason favoring the present approach to solve the teleparallel F(T)
gravity FEs with a scalar field source. The results arising from the current work will provide
significantly more materials and tools for better developing the teleparallel quintom dark
energy models in the future. There are also anisotropic cosmological models that can be
added to the list of possibilities emerging from the present approach [100]. There is no lack
of possibilities, but here we focus on the KS teleparallel F(T) solutions with scalar fields to
open up these possibilities for future development.

For this paper, we assume a time-coordinate dependent spherically symmetric telepar-
allel geometry, in particular Kantowski-Sachs teleparallel geometry, in an orthonormal
gauge as defined and used in refs. [45-47]. We will find F(T) solutions for a power-law
defined scalar field and then for an exponential scalar field source. After a summary of
the teleparallel FEs and Kantowski-Sachs class of geometries in Section 2, we will find
in Section 3 the power-law scalar field exact and approximated F(T) solutions. We then
repeat the exercise in Section 4 with an exponential scalar field source for exact and approx-
imated F(T) solutions. In both cases, we will use a power-law and an exponential coframe
component ansatz for a better comparison between F(T) solutions. We will finish the
investigation by discussing in Section 5 the other possible scalar field sources and solving
methods, especially by solving the special case of logarithmic source in Section 5.2. This
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paper also has common features, aims, and a similar structure to some recent papers on
perfect fluid teleparallel F(T) solutions (see refs. [44,46,47] for details).

The notation is defined as follows: coordinate indices y, v, .. ., tangent space indices
a,b, ... (seeref. [4]), spacetime coordinates x#, coframe h, or h?, vierbein hl' or h"y, metric
Suv, gauge metric g4, spin-connection wf = w, h¢, curvature tensor R, ;, torsion tensor
T",.. The derivatives with respect to (w.r.t.) t, F; = F’ (with a prime).

2. Summary of Teleparallel Gravity and Scalar Field Kantowski-Sachs
Field Equations

2.1. Teleparallel F(T) Gravity Theory
As in several recent works, the teleparallel F(T)-type gravity action integral is [1-5,44-47]:

h
SF(T) = / d*x |:2K F(T) + Lsource | 4)

where /1 is the coframe determinant and « is the coupling constant. We apply the least-
action principle to Equation (4), and we find the general FEs in terms of coframe and
spin-connection [1-5]:

E(T)
2
— Fr(T) ", 8,1, (5)

k@, " =h 1 Fr(T)0, (1S,") + Frr(T) 8" 0, + =2 b — Fr(T) T',,8,"

where @ay is the energy—momentum, T the torsion scalar, T? . the torsion tensor, h,zy
the coframe (or tetrad for orthonormal frames), w",, the spin-connection, and S,"" the
superpotential (torsion dependent). We can separate Equation (5) into the symmetric and
antisymmetric parts of FEs as [44—47]:

KOy = Fr(T)Ga+Frr(T)S } 8;,T+%[F(T)—TFT(T)], ©6)

0 Frr(T) S o 0T, @)

with C();ﬂb being the Einstein tensor and g,; the gauge metric. Equations (5)—(7) are valid
for any type of gauge (they satisfy the gauge invariance principle), coframe, and spin-
connection, including the orthonormal frames and gauges [3,5,45]. However, there are
some papers where the coframe 1, will be replaced for orthonormal frames by the tetrads
eay (see refs. [29-43]), but this last notation is not as general as the coframe h“y [5,45].

2.2. General Conservation Laws

The canonical energy—momentum and its conservation laws are obtained from the
L Matter term of Equation (4) as [1-3,44—47]:

Ho_ l(s‘c&mrce
h (5h”u ’

0, 8)

o

=V, (0") =0, ©)

o
with V,, being the covariant derivative and ®"" the conserved energy—momentum tensor.
Equation (9) is also the GR conservation of energy-momentum expression. The Equation (8)
antisymmetric and symmetric parts are [44—47]:

Oy =0, Oy = Tap, (10)
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where T, is the symmetric part of the energy—-momentum tensor. Equation (10) is valid
only when the matter field interacts with the metric g;,,, defined from the coframe h”u and
the gauge g5, and is not directly coupled to the F(T) gravity. Equation (9) also imposes
the symmetry of ®*" and hence the condition stated by Equations (10). All the previous
considerations are valid only when the hypermomentum is zero (i.e., T#¥ = 0), as discussed
in refs. [31,44,46,47]. The hypermomentum condition is defined from Equations (6) and (7)
as [31]:

o

Tap = KOy — Fr(T)Gay — Frr(T) S, 9T = £ [F(T) = TFr(T)] =0. (1)

Therefore, there exists a general non-zero hypermomentum (i.e., T # 0) conserva-
tion law condition for any teleparallel gravity theory which generalizes the Equation (9)
condition [31,101-103]. This general hypermomentum conservation law is trivially satisfied
for the T = 0 situation (the current situation and any GR solution).

2.3. Teleparallel Kantowski—-Sachs Coframe and Spin-Connection Solutions

The orthonormal time-dependent Kantowski—Sachs resulting vierbein in (¢,7,0, ¢)
coordinates is [45-47]:

1, = Diag[1, A (t), As(t), As(t) sin(6)], (12)

where we are able to choose new coordinates such that A;(t) = 1 without any loss of
generality. This will allow us to find cosmological-like solutions.

Another possible orthonormal coframe solution is taking the choice A3(t) = t and
then solve for Aq(t) and Ay (t) [47]:

i, = Diag[Av(t), As(t), t, t sin(6)). (13)

In refs. [45,46], we find that the pure vacuum KS coframe solution implies that
Asz = t. This is another justification for the Equation (13) coframe expression. However,

Equation (13) is not as practical and appropriate as Equation (12) for cosmological-like

a
K

only for orthonormal gauges. But the tetrad notation, as seen in the literature, limits the

solutions. Equations (12) and (13) can also be expressed in principle in terms of tetrads e

scope of the gauge choices for physical quantity expression. Because the teleparallel F(T)
gravity is gauge invariant and the FEs are defined for any gauge choice (gauge invariant), it
is preferable to express the frame components in terms of /1% instead of ¢ [3,5,45]. By using
the 1, coframe notation, we are able to make the right gauge choice, and we are only
limited to orthonormal gauges.

The spin-connection w,,, non-null components for time-dependent spacetimes are
expressed using the Equation (12) coframe components as wyp. = wype(P(t), x(t)), where
x and ¢ are arbitrary functions and a # b indexes (see refs. [45-47] for detailed discussion
and calculations). In refs. [45-47], we found from the antisymmetric part of the F(T) FEs
that the solutionis y = Oand x = J 37" is also a solution). In terms of spin-connection,
the only non-zero w,;,, components are [45-47]:

cos(0)

W34 = " Az sin(0) sin(6)’ (14)

Wo3g = —wyz =9,
where § = +1. Fundamentally, Equations (12) (or Equation (13)) and (14) are also the
solutions of Equations (1) and (2) using the Cartan—-Karlhede (CK) algorithm method and
also Equation (3) for zero curvature criteria (see refs. [4,5,45] for details and justifications).
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2.4. Scalar Field Source Conservation Laws

For the scalar field source action integral, the Lg,,,c term will be described by the
Lagrangian density [2,49,64,76,77,81,82]:

h o o
ESource = EV 1/(P VV(P —h V((P) (15)

We use, in Equation (16), the covariant derivative VO v for satisfying the GR conserva-
tion law defined by Equation (9).

For a time-dependent ¢ = ¢(t) scalar field source and a cosmological-like spacetime
(i.e., A; = 1), Equation (15) will be simplified as:

2
*cSource = h% —h V(‘P)/ (16)

where ¢’ = 0; ¢. By applying the least-action principle to Equation (16), we find that the
energy-momentum tensor Ty, is [44—47,104-106]:

Tap = (Pp + pp) ta tp + a Py, (17)

where 1, = (-1, 0, 0, 0) and Py and py are, respectively, the pressure and density equiva-
lent for the scalar field defined by [49]:

(PIZ 4)/2
By=L-—v(p) and pp=T-+V(0), (18)
where ¢’ = ¢y and V = V(¢) is the scalar field potential. Then, the conservation law
for scalar fields with density and pressure defined by Equations (18) for time-dependent
spacetimes is [45-47]:
¢’ (ln(Az A%))/ +¢" + Z; = 0. (19)
Equation (19) is the most general scalar field conservation law equation for any A; and
Ajz ansatz components with any ¢(t) scalar field expression. For the coming steps, we will
first solve Equation (19) for its possible potential for study in this investigation. Then, we
will solve the FEs to find the corresponding classes of teleparallel F(T) solutions for each
potential case satisfying Equation (19). We will do these derivation steps for power-law
and exponential scalar field ¢ () definitions. Equation (18) pressure and density definitions
allow us to use the perfect fluid energy—momentum equivalence, as seen in Equation (17),
for solving the FEs with a scalar field source. The Equations (17)—(19) also show that the
change from a pure linear perfect fluid of P = & p to a scalar field pressure Py and density
pg is clearly a natural and a straightforward generalization of the physical problem. This
transformation will allow us to more easily study the fundamental causes of the dark
energy physical processes by only using the mathematical analogy between the two types
of physical system.
To complete the discussion on physical implications from Equation (18) and to better
make the link with a linear perfect fluid EoS equivalent Py = agpy, we need to find the
dark energy coefficient index a (also called the quintessence coefficient) for making the
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2k V(¢(T))

parallel between ¢ and the dark energy processes. The ag index will be defined from
Equation (18) as [65-67,72]:

2¢/2
P +2V(¢)

B eR-2vie)

YT T 97 2v(p)

We can use this Equation (20) for the dark energy perfect fluid equivalent for every

(20)

new teleparallel F(T) solution, any potential V(¢), and any ansatz. But there are physical
and especially dark energy state significations for g, such as:

1. Quintessence—1 < ag < —%: This is the most relevant and possible dark energy
state explaining the controlled universe accelerating expansion by using an associated
scalar field ¢, called the quintessence scalar field [65-67,72].

2. Phantom Energy ag < —1: This case leads to phantom dark energy processes char-
acterized by an uncontrolled accelerating universe expansion going to the Big Rip
at the end of the physical process [87-89]. There is also a fundamental scalar field ¢
describing the phantom energy processes.

3. Cosmological constant ao = —1: This is the first and most fundamental dark energy
state. It is also the boundary between quintessence and phantom dark energy states.
A constant scalar field leads to the cosmological constant according to Equation (20),
a GR solution [64].

4. Quintom models: This is a mix of dark energy quintessence and phantom dark energy
physical processes and is usually described by a two-scalar-fields model [94-98].

This classification is also to express the new teleparallel F(T) solutions in terms of
dark energy quintessence and phantom and quintom processes.

2.5. Symmetric and Unified Field Equations

The torsion scalar and the symmetric FE components for the x = 7 (6 = +1) case in
Equation (14) are [45-47]:

T =2(In(43))'((In(43))’ +2(In(A2))’) - j% 1)
()
B =— (In(4,43)) + & 2, 22)
(%))
K¢ +2x V() = — F(T) +2<T+ ;) Fr(T), (23)
3

—x¢* = Fr(T), (24)

(In(A3))’ (B/ - (ln(iz>>/> + (In(A3))”

where Fr(T) # constant and B’ = 9;(In Fr(T)). Compared with the Kantowski-Sachs
F(T)-gravity FEs in the literature [51,52], the FEs are different. For the 6 = —1 FEs set,
there are some small minor differences for some terms in Equations (22)—(24), mainly some
different signs at very specific terms. For the rest, the general form of Equations (22)—(24)
remains identical, regardless of 6. However, we can simplify Equations (22)-(24) by adding
Equations (23) and (24) and then by substituting Equations (21) and (22):

3 2 (In(A3)) [ 1 A\ "
— F(T) + 5 <T+ 2) RS Sl ka7 VA (3 - (m(fé)) ) + (In(A3))" | Fr(T). (25)

A3

(n())
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Equation (25) will be the DE to solve for F(T). We will substitute the right ansatz and
again use Equation (21) as a characteristic equation, as in ref. [46]. In addition, we will have
to calculate for each used ansatz the corresponding V(¢(T)) by using Equation (19) for
conservation laws. The Equation (21) characteristic equation will also be useful for finding
the ¢(T) scalar field and then the V(¢(T)) functions in terms of T.

Another method based on Equation (25) consists of setting coframe components,
Equation (21) and a F(T) function ansatz to find the exact scalar field potential V(¢), and
then ¢(t) by using Equation (19). However, this method does not allow one to control the
source and/or to take into account the exact homogeneous parts of an F(T).

3. Power-Law Scalar Field Solutions

In this section, we will set a power-law scalar field ¢(t) = pg t¥, where py is a constant
and p is a real power. The conservation law defined by Equation (19) becomes, with field

. . ¢ 1/p
expression inversion as t(¢) = (%) :
av

1 "1 2 _
0=ppy'" (In(4243)) 67+ p(p =) 3 97 4+ T, (26)

where (In(A, A%))/ is dependent on ¢ and the used ansatz for A; and A3z components.
There are a number of possible ansatz:

1. Power-law: This is the most simple, used, and well-known ansatz. It is defined as [46]:

Ay =t" and A;=cotS, (27)

where ¢ is a constant. Then, we find that (In(A, A2))" = (btzr;)c) = (b+2c) P(l)/p p-1/r

and Equation (26) becomes:

AV
0=pp/” (b+20+p—1)4)1_2/’°+%,
P pa?
= V(¢) :¢0—T_Ol)(b+20+p—1)¢2_2/’”. (28)

The ag-index from Equation (20) is, by substituting Equation (28):

2 .2/p ,2-2/p
DCQ =—1 + FZ pzp/(; ;P ) . (29)
n-2E (s 5
There are special cases:
* p > 1: Equation (28) can be approximated as:
P2
V(9) ~ g0 — ¢ (30)
Then, Equation (29) will be, for this case:
2 42
r¢ 2p
pgrR -1+ ——ror—~ —-1— , (31)
4)0_?(42-6)4,2 b+2c

where we have the physical situations:

1< ﬁ < 0: dark energy quintessence process. If p > 0, then b+ 2c < 0.
ﬁ > 0: phantom energy process. If p > 0, then b 4 2c > 0.
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If b + 2c is not large, Equation (31) will rather be ag = —1+ (’;—;4>2, without any
constraint on b + 2c. This last result can be directly found by using Equation (30) and
then the Equation (20) ag definition.

e p = 1: Equation (28) is simplified and then becomes:

0=p3(b+2c)p '+ Z;,
= V(¢) = ¢o— pj (b+2c) In ¢. (32)

Then, Equation (20) is, by substituting Equation (32):

2
ao=—1+— Fo . (33)
B4 g —p3(b+2¢) In ¢
2. Exponential: This case is defined by [46]:
Az = €bt and A3 = Cp ECt. (34)

The Equation (34) form leads to (In(Az A2))’ = (b + 2¢), and Equation (26) becomes, in
this case:

1/ - 2/ _ dv
O:ppop(b—}—ZC)(pl 1/p+p(p—1)p0 p(pl 2/p+—d ,
2(b+2c 1/ _ 2 2/ _

Then, Equation (20) will be:

2/ _
pzpo P¢2 Z/P

«xQ:—l—f— ST v . (36)
(PO - p(z(pirl)C) pO i ¢2_l/p
The previous special cases become:
* p > 1: Equations (35) and (36) will be exactly Equations (30) and (31).
¢ p = 1: Equation (35) yields a linear potential:
av
prm— 2 _—
0 po(b+ C)+ d(PI
= V(¢) =¢o — po (b+2c) ¢, (37)
and then Equation (20) becomes, with the Equation (37) potential:
2
ao=—1+ Po (38)

. .
Bt po—po(b+20) ¢

We also note the scalar potential V(¢) solutions to Equation (26), obtained for a
power-law scalar field, confirm those found in one of the first studies on dark energy
quintessence [69]. This was just confirmed by the separate use of the Equations (27) and
(34) ansatzes, which shows the rightness and relevance of the potential solutions compared
to the first models studied in the past literature.
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3.1. Power-Law Ansatz Solutions

Equation (21), in terms of Equation (27), leads to the characteristic equation (see
ref. [46]):

2
0=2c(c+2b)t 2 — S+ *—T, (39)
o
where ¢ # 0 (c = 0 subcase leads to GR solutions). Then, Equation (25) becomes, under the

Equation (27) ansatz and by replacing V(¢(T)) = ¢o + V(T):

Ao+ 2k V(T) = — F(T) + ;T+(§>IZb2c;
CO —C

= — F(T) + A(T) Er(T), (40)

t72¢(T) | Fr(T),

where the function A(T) is defined as

3 (3b — 2¢)

—2c
=5 Wt (T), (41)

with #(T) as the Equation (39) solution and Ay = 2k ¢ as the cosmological constant. From
this Equation (39), there are several possible solutions to Equation (40) depending on the
values of ¢, as in ref. [46]. Each value of ¢ will lead to specific V(T) and A(T) functions,
and then we will solve Equation (40) with this form. In general, the Equation (40) solution
will be under the form:

P(T)_—A0+eprT I:ETT/,)}

where A(T) is Equation (41). Equation (42) is the general formula applicable for any

V(1) ar”
FO—I—ZK/TdT AT exp [—' . A(T”)H' (42)

subcases and will be used to find all new teleparallel F(T) solutions in the current paper.
The subcases are:

1. ¢ = —2b (b # 0): Equation (39) is simplified as [46]:

2 1/4b
H(T) =<2°<—T>> : (43)

Then, Equation (41) is simplified to A(T) = L. The scalar field will be ¢(T) =
p/4b

Po (2‘% (— T)) , and we will use this expression for the following subcases:

(a) General: Equation (28) for scalar field potential is:

V(T) = — 2 (-T2, (a4)

2,2 (4 _1_ _
where V, = Z(ﬂ’l)(fzi,m c(()p U/b We obtain that Vy =0for p =3b+1and V(T)

is undefined for p = 1. Then, by substituting the simplifed A(T) and Equations (43)
and (44) into Equation (42), the teleparallel F(T) solution will be:

61<pr

F(T):*AO*m

(-T2 4 Ry T, (45)

where F is an integration constant and p # 1 and p # 1 + 6b.
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(b) p > 1 case: By using the same scalar field ¢(T), Equation (30) yields as potential:

()

V(T) = 22 (TP, (46)

2 2 P/b
where Vo = £ 2’;0/;2 . Then, by using the same A(T) and Equations (43) and

(46), Equation (42) is:

b
6xbppicl’
/2b 3 00
S TP R T s -l

(-T)P'%, 47

where p —+ oo and T < 0 in some situations.
p = 1 case: By still using the same scalar field ¢(T), Equation (32) becomes:

- Sp%
V(T) = o —¢o + e In(-T), (48)

2 4b 2
where ¢g = ¢po + 3% In (pozco) . Then, Equation (42) becomes, by using the same
A(T) and Equations (43) and (48):

B 2 3 2
F(T) = —Ag — Fo _ 2KP3 1y

5 5 (-T)+F T3, (49)

where T < 0 and A = 2k ¢y is the modified cosmological constant.

By comparing Equations (45), (47), and (49), we see that the homogeneous parts are

very similar and their respective differences are only from the V(T) parts (particular

solution).

. ¢ = 1: Equation (39) becomes [46]:

o

0= <2(1 +2b) — 22> t2-T,

ST —— L (50)

2(1+2b— 3%
K

From Equation (50), we find, as Equation (41):

whereC:%—l- 5

BE (30— 2) _
A(T)_[2+2c%(b1)(1+2b052>]T - o

(3b—2)
2c3 (b—1) (1+2b—cy *)

. The scalar field for Equation (50) is:

/2
¢(T) = po2r/? (1 Yob— co—z)” T-P/2, (52)

The potential V(T) and F(T) solutions are, for the following subcases:

(a)

General: Equation (28) becomes:

V(T) = —% T'-?, (53)
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-1
where p £ 1and V, = £ (;0 - C(b+p41) (1+20—c; )p . Equation (53) will
be constant for b = _Z + ﬁ and b = —p — 1. By substituting Equations (51) and
0

(53) into Equation (42), we find, as a solution:

KV

F(T)=—=Ao+ =T P+ R{ TVC, (54)
(1+C(p-1))
where p # 1.
(b) Equation (30) potential: This equation, in terms of Equation (52), is (p > 1):
Voo
V(T) = — TP, (55)

where Voo = p? p3 27 (1 +2b— ) . By substituting Equations (51) and (55) into
O

Equation (42), we find as a solution:

Voo _
F(T) = — Ao+ FoTl/C+DK+wT Pa—Ng+ R TVC, (56)

(c) Equation (32) potential: This equation, in terms of Equation (52), is (p = 1):
V(T) = ¢0—¢0+ (b+2)1n( )- (57)

where b # —2and ¢g = o — (b +2) In [2;90 <1 +2b — )] . By substituting
Equations (51) and (57) into Equation (42), we find as a solution:

F(T)=—Ag+F TYC —xpZ (b+2)[In(T) + C]. (58)
3. ¢ = —1: Equation (39) becomes [46]:
2
T
0= t4+COTt2—c%(1—2b),

2

4

= 2(T) = [ T+061/T? +16(1 - 2b) ¢ } (59)

where 6; = £1. Equation (41) for Equation (59) is:

3 (3b +2) ) )
A =3T+ 3+ { T+ 64/ T? +16(1 - 2b) ¢
:(i C1>T+51 VT2 + Gy, (60)
(3b+2) . 2
where C; = Yy and C; = 16(1 — 2b) ¢, *. The scalar field for Equation (59) is
P p/2 p /2
C C P
cp(T):pgpo[—T—Hﬁ \/T2+16(1—2b)662} :p;—po[—T—i—él \/Tz—i—Cz} ,
P
c
= P00 (T2 (61)
where 1y (T) = —T + 61 /T? + C; (+ for 61 = +1 and — for §; = —1). The potential

V(T) and F(T) solutions are, for the following subcases:
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(©)

General: Equation (28) becomes:

V(T) = —% [us(T))P, (62)

where p # 1and V), = % (b + p — 3). Equation (62) will be constant for

b = 3 — p. By substituting Equations (60) and (62) into Equation (42), we find as a
solution:

2(3-2C;) 4C16

F(T) = — Ag + [T +2Cy 4 (T)] 050 [u_(T)]” %40 {Fo — 2V

2(3-2Cq) 4C1 5

/ AT’ [us(T")]P 7 [BT 4 2C; ug (T')] 305 ! [u(T’)]“‘*CO} (63)

Equation (63) is difficult to solve under this current form, but there are special case
solutions. For example, the C; =0 (b = % and C; = %) and 61 = —1 case where
u_(T) = —2T (and u4(T) = 0 for 6; = +1) yields:
3xVy(—2)7
(p—4)

The other C, # 0 possible cases are solved and presented in Appendix A.1.

F(T)=— Ao+ B T° — TP~ 1, (64)

Equation (30) potential: This equation, in terms of Equation (61), is (p > 1):

V(T) = == s (T)P, 69

where Vo = i ZO v . By substituting Equations (60) and (65) into Equation (42),

we find as a solution:

2(3-2C7) 416

F(T) = — Ag + BT + 2C; us (T)] 550 [u_(T)] -0 [FO — 2% Veo
2(3-2¢7) 4 4Cy 6y
/ dT' [us(T))7 [3T +2C; us(T)] -0 [u_(T)]30- | (66)

Once again, Equation (66) does not yield a general solution, but there are specific
cases leading to analytical F(T) solutions. For example, the C, = 0 (b = % and
C = %) and 6; = —1 case yields:

3k Voo (—2)P

F(T)=—-Ag+ B T° - )

TP. (67)

The other C, # 0 possible cases are also solved and presented in Appendix A.1.
Equation (32) potential: This equation, in terms of Equation (61), is (p = 1):

V(T) = o — g0 — @ (b—2) In[us(T)], (68)
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where b # 2 and §o = ¢ — p3 (b — 2) In [252]. By substituting Equations (60) and
(68) into Equation (42), we find as a solution:

2(3-2C¢) 4Cy6;

F(T) = — Ag + [3T +2C1 uy (T)]3C0 [u_(T)] szwn{aj—zxpow 2)

X /T dT In [ux(T)]) [3T +2C ux(T)] 340 [u_(T)]36E 0 |.

26-2¢)) 4 4045, } @)

There is no general solution for Equation (69), but only specific solutions. For ex-
ample, the C; =0 (b = % and C; = %) and J; = —1 case leads to:

5(b—2
F(T) = — Ao + Fo TO- 560 — % (4C; —3 —2In(-2T)).  (70)
All C; # 0 solvable cases are also presented in Appendix A.1.
4. ¢ = 2: Equation (39) becomes [46]:

2
T
0=t*-42(1+b)F2+ CO

(1+0b) +61 /(1 +b)2 71)

where §; = 1. Equation (41) for Equation (71) is:

3. 4(3b—4)(1+b)>
A(T) =T+ ®-2) [ 1+b
:(bl—z) —T+C1<1+c51\/ CT>
:(blz) [~T+ Crws(T)], (72)

where C; = (3b — 4)Cy, Cp = 8¢§(1 4 b)%, b # 2,and w(T) =146 /1 - & (+ for
41 = 1and — for 6; = —1). The scalar field for Equation (71) is:

_ Po —p/2

The potential V(T) and F(T) solutions are, for the following subcases:

(a) General: Equation (28) becomes:

\% -
V(T) = 22 o (D], 73
where p #land V, = % (b+ p+3)(1+ b)!P. Equation (74) will be

201 (p=1)
constant for b = —p — 3. By substltutlng Equations (72) and (74) into Equation (42),
we find as a solution:
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F(T) = = A+ [T + Cy(ws (1)) [y()] 165 2

4 (b-2)Cy

{ T+ (C —2C)(w+(T)) ]2(C1262> [F b/

T+ (C; —2C) (2 — w4 (T)) 0 —xVp(b—2)

b-2)¢

x [ AT s (T)] 7 (=T + Ci (s (T)] ) [y(1)] 76

|: T’+(C1*2C2)(wi('r/)) :|_;Eéi7§)ccz1)
T + (C1 — 2C2)(2 _ wi(T’)) ,

(75)

— =G T
~ G(G20)+G T
for the specific cases:

e Ci=0andé =1:

where y(T) There is no general solution for Equation (75), but

F(T) == Ao+ Fp (-=T)7)

-1 T

e (g =0andd; = -1

(b—2)(—2C,y)P1
(b—p-1)

2—p 1-— T
X 3F2<b—P—1/zp,zp;b—i’,Z—P;CZ) (77)

F(T) =—Ag+F (-T)?Y) —xv, (=T)'-?

¢ The C; = 2C; solutions are presented in Appendix A.2.
(b) Equation (30) potential: This equation, in terms of Equation (73), is (p > 1):

V(T) =~ fws(T)] 7, 78)

_ PPro4b)?
2we?
tion (42), we find as a solution:

where Vo . By substituting Equations (71), (72), and (78) into Equa-

F(T) = A+ [T+ Cy(as (1)) [y(T)26 0
[ T+ (G — 2G)) (w+(T)) ] ey
T+ (G —2G)(2—w+(T))

[FO CP2 Vi (b—2)

(0-2)¢

x [ AT [ws (1] 77 [=T'+ Ci (s ()] [y(1)] 7622

T + (Cl _2C2)(2 — wi(T’)) .

(79)

There is no general solution for Equation (79). There are solutions for the following
cases:



Universe 2025, 11, 26 17 of 52

e C;=0and 4 =1:

~_ _pye-b) Ve PPy, L
F(T)=~—No+ |Fo(=T) + o7 3F2<b 2,2,2,17 l,p,C2 . (80)
L4 C1 :Oand(51 = -1
— 14
F(T)~— Ao+ | F (J[)(Z—b) _ K Veo(=2G)" (b—2)(=T)F
b T
X 3Fé< P50 p,p,cz)]. (81)
(c) Equation (32) potential: This equation, in terms of Equation (73), is (p = 1):
- P2
V(T) = o~ go+ 5 (b+4) Infwe (T)], (82)

where b # —1, 4 and ¢ = ¢ — p3(b+4) In {2]/2;;701@} By substituting
Equations (71), (72), and (82) into Equation (42), we find as a solution:

(b-2)Cy
F(T) = = Ag+ [~ T+ Cy (ws (T))] P [y(T)] (0%
6 (-2)Cy
T+ (Cl — 2C2)(ZUi(T)) :| 2(C;-267) = C(Zfb)/Z
T+ (C; —2GCy) (2 — w(T)) 02

L KP4
G

2Dt fs (1] [T+ o (1) )
/ _z(gif)zcclz T+ (C; —2C) (w+(T")) _;%C(fj)cc;)
< [y(T] a7 [T’ T (G i2C2)?2 —jZEUi(T’))] '

(83)

There is no general solution for Equation (83), but only for C; # 0 cases, as
presented in Appendix A.2.
5. Late Cosmology ¢ — oo limit:
In this case, there are some subcases according to Equation (39), such as:

(@) ¢ > 1: The Equation (39) t(T) relation will be, for the following cases:

0~2c(c+2b)t2—T,
T

72 ~
=t~ 2c(c+2b)° (®4)

If t(T) — oo, we find from Equation (84) that T — 0. Then, Equation (41)
becomes:

(3b — 2¢) .
3 (b—c)(2c(c+2b)° '

3
A(T) 5T +

— gT when T — 0. (85)
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For any V(T) potential and by inserting Equations (84) and (85) into Equation (42),
we find, as the F(T) solution:

F(T) = — Ag + T3

a4¥§ /dTW4TUT’§1 (86)
T

The Equation (86) solutions for ¢(T) = po (2¢(c + 217))7”/2 T—P/2 are as follows:

* General: The V(T) is exactly as Equation (53), with V,, = p? p3 (bt2eip-1)

(r=1)
(2¢c(c +2b))P~! as the proportionality constant. Equation (86) will be:
—p#E
E(T) = — Ao+ Fo T — — 2% __11-p (87)
Y=
2 4k
F(T)=—Ao+ T3 |Fy— 3 In(T)|. (88)

e Equation (30) potential: The V(T) is exactly as Equation (55), with Vo =
p? p3 (2¢c(c + 2b))? as the proportionality constant. Equation (86) will be:

-p#-%
2 2x 'V,
F(T)=—Ag+F, T3 P_T-p, 89
(T) o+ h +(2+3p) (89)
2% V,
F(T) = — Ag+ T3 %—’;meﬂ. (90)

* Equation (32) potential: The V(T) is exactly V(T) = ¢g — o + %%(b +2¢) In(T),
a very similar form to Equation (57). Equation (86) will be (p = 1):

Pa):—AW+%T§—K%w+2q(muv+i) (91)
(b) ¢ = 1: The ¢(T) solution will be described by Equation (50), A(T) by Equation (51),
and F(T) by Equations (54), (56), and (58) under the f — oo limit.
() 0<c<1(c#0): Equation (39) leads to:

2
ORSt24+T,
o

N ‘ohw

=t2(T) =~ 2(-T). (92)

If t(T) — oo, we find that T — 0 from Equation (92). Equation (41) becomes:

2(c—b) T when T — 0, (93)
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where b # c. By inserting Equations (92) and (93) into Equation (42), we find as
the F(T) solution for any potential:

F(T) = — Ao+ T 7" ll—"o + w / T’ v(T)) T’Zbc%] )
T

The Equation (94) solutions for ¢(T) = po2P/% ¢, " /e (—T)~P/% are as follows:

* General: Equation (28) becomes:

V, _
V(1) = -2 (-T)", 95)
P r et 2 - -
where V), = (7=1) (b+2c+p—1)27 ¢, © ,and Equation (94) will be:
—p#1+2(b—c)
2(c-b) 2k (c = b))V, (1-p)
F(T) == Ao+ T — s — s (1) (96)
—-p=1+2(b—c)
o 2k (c—b) V,
F(T) = — Ag+ T2 |y = 20 oy | 97)

e Equation (30) potential: This equation, in terms of the ¢(T), is:

V(T) = — 22 (1) P, 98)

where Voo = p? p32P/¢ ¢, 2P/¢ and Equation (94) will be:
- p#2(b-c

220 2k (c—b) Voo

2(c-b) _r
- p=2(b-c)
F(T) = — Ag+ T2 [po _2(e=b) Vo - b) Veo ln(T)] . (100)
e Equation (32) potential: This equation, in terms of the ¢(T), is (p = 1):
- 3
V(T) = go—go+ 52 (b+2¢) In(=T), (101)
where ¢o = ¢o — p3 (b+2¢) In (po 21/2 cal/c), and Equation (94) will be:
F(T) = — &g+ Fp T2 — 570 (4 20 (in(-T) — & (102)
o c 2(b—c) )’

(d) ¢ < 0: By setting c = —|c| in Equations (39) and (41), we find Equations (92) and

2
(93) as exactly #2/(T) ~ %0 (=T) and A(T) =~ % T. We also find that, for
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T — —ocoand then A(T) — —oounder the t — oo limit. In this case, we will find
that all F(T) solutions are under the Equation (94) form, and we will recover the
Equations (96)-(102) teleparallel F(T) solutions by only performing the c = —|c|
transformation.

(e) c¢=—2b: We find that #(T) is Equation (43) and A(T) = I, leading to
Equations (45), (47), and (49) as F(T) solutions under the t — oo limit. We
can summarize the situation as follows:

e b>0:T - —o00, A(T) - —occand F(T) — —oo,
¢ b<0:T — Oy, A(T) — Oand F(T) — O.
6. Early Cosmology ¢t — 0 limit: For this limit, Equation (39) will lead to:

(@) ¢>1:t72°(T) and A(T) are, respectively, Equations (92) and (93), but t~2¢(T) —
oo and A(T) — cowhen T — —oo. We will then recover the same F(T) solution
expressions as Equations (94)-(102), but under the T — —oo limit.

(b) 0<c<1landc<O0:t2(T)and A(T) are, respectively, Equations (84) and (85),
but t2(T) — coand A(T) — co when T — co. We will then recover the same
F(T) solution expressions as Equations (86)—(91), but under the T — oo limit.

For other values of b, ¢, and/or subcases, most Equation (42) integral cases will not
lead to a closed and analytic F(T) solutions, as in ref. [46]. All the previous new teleparallel
F(T) solutions are new results, and some of those are comparable to several F(T) solutions
found in ref. [46] for some perfect fluid sources. Some ¢ = 1 and t — oo F(T) solutions
can also be compared to some TRW F(T) solutions found in refs. [49,50,64] for perfect fluid
and also scalar field sources, a typical case of isotropic cosmological spacetime. This last
limit is possible because of additional symmetries (six KVs for TRW spacetime instead of
four in a KS spacetime) from the linear isotropy group, as mentioned in Section 1.

3.2. Exponential Ansatz Solutions

Equation (21), in terms of Equation (34), leads to the characteristic equation:

2
e 2t X1y 1), (103)

where ¢ # 0 and Ty = 2¢(c + 2b) (c = 0 subcase leads to GR solutions). By substituting
Equation (103) into Equation (25), we find the Equation (40) DE form with

A(T) = Z(TC_C) {(3; - c) Ty — T} - 2(bc_ 5 (T, - T), (104)

where T7 = ¢ (3b — 2c)(c + 2b), and the solution is also described by Equation (42). The sub-
cases are:

1. ¢ = —2b: Ty = 0, and Equation (103) is simplified to:

2
N (1), (105)

where T < 0. Then, Equation (104) is simplified to A(T) =
2 p
be ¢(T) = (fﬁ <ln (CZO (T))) . The potential V(T) and F(T) solutions are, for the

following subcases:

; the scalar field will
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(a) General: Equation (35) becomes:

2p—1 2p-2
V(T) = % <1n<cz(2)(T)>> - % <ln<62% (T)>> : (106)

where Vi, = —— 27 __ and V,, = H By substitutin A(T) and
Ip = 202p—1)(4b)2 2 Ty &

Equation (106) into Equation (42), we find as a solution:

C2 C2
Vip Nop—1 <—2O/T> —Vop Nap2 (—20,7")1, (107)

2
where Fj is an integration constant, p # %, and N (620, T> is a new special

F(T)=— Ao+ FyT? +3xT?

function class defined as:
(In(B
Ni(By, x) / e 0 ) X)) (108)

Some simple values of Equation (108) are shown in the Table 1.

Table 1. Some values of Equation (108) N (By, x) special functions.

k Nk (B, x)
° s
! 3k [In(Ax) + ]
2 — 30 [ln (Ax)+3In(Ax) + ]
3 3x [l (Ax) + In? (AX)+%ln(Ax)+%]
4 3(x3 %) 9x3 [ln (Ax)+1n2(Ax) + %ln(Ax) +%]
5 —ﬁ [ln5(Ax) +%ln (Ax)} 27x3 {ln (Ax) +1n2(Ax) + 2In(Ax) + %}
6 — 3k [I(Ax) + 2105 (Ax) + Pt (A 0)]
—52% |In°(Ax) +1n*(Ax) + In(Ax) + %]

(b) Equation (30) potential: This equation, in terms of the Equation (105) scalar field,

is(p > 1):
2p
V(T) = —% (m(f (—T))) , (109)

where Voo = By substituting A(T) = % and (109) into Equation (42), we

(4b)2”
find as a solution:

2
F(T) =— Ao+ R T° =3k Ve TP N, (—CZO,T>, (110)

2
where A3, (— %0, T) is defined by Equation (108).
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(c) Equation (37) potential: This equation, in terms of the Equation (105) scalar field,
is(p=1)

. 303
V(T) = o = ¢o + -~ In(=T), (111)

~ 2 2
where ¢g = ¢o + 3% ln<C2°>. By substituting A(T) = % and (111) into

Equation (42), we find as a solution:

- 9% p2
F(T)=-Ao+Fk T3+%T3N1(—1,T), (112)

where N1(—1,T) is defined by Equation (108).
2. ¢ # —2b (General case): From Equation (103), we find that the scalar field is:

c2 P
¢(T) = (7’;00)}7 [m(zo(To—T)ﬂ . (113)

For potential V(T) and F(T) solutions, we find for the following subcases:

(a) General: Equation (35) becomes:

2p—1 2p—-2
_ "y g Vap g
here V4, = 22000429 ong v, — P B By substituting Equations (104
where Vi, = & =55 5ot and Vap = (572 By substituting quations (104)

and (114) into Equation (42), we find as a solution:

2k (c — D)

F(T) = — Ao+ Fo (T — Ty)270/¢ - (T — )2 b)/e

x [vl,, Q1 (CE,TO, T1,T> + V2 Qapa <c2(2) To, Th, Tﬂ (115)

where sz(Bl, By, B3, x) is defined as:
Qk(B1, B2, B3, x) = / dx (In(By (x — B2)))*(x — B3)*/“, (116)
Equation (116) is a generalization of the Equation (108) special function class. Some

values of Equation (116) are shown in the Table 2.
(b) Equation (30) potential: This equation, in terms of the Equation (113) scalar field,

is (p > 1):
2 2p
v(T) = -2 (D r-1) ]| , (117)
2 2
2 2
where Voo = (fg Cp)zp. By substituting Equations (104) and (117) into Equation (42),
we find as a solution:
—b) Voo z
F(T) = _ AO + (T o T])2(C—b)/c lFD _ M sz (—CZO, To, Tl/ T)], (118)

2
where sz ( — %0, Ty, Th, T) is defined by Equation (116).
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Table 2. Some values of Equation (116) for Q(By, By, B3, x) special functions.

k bl Qi (B1,By, B3, x)
0 al 2(17C;c) (x — B3)X0m9/e
1 0 TR {(3_335)) —1In(By (x — B3)) + % In(By (x — Bz))]
1 1 dzlog( X5y ) +In(By (x — By)) ln( — BB33)
13 (in(By (x — B2)) — 1)(x  B2)
1 2 (=P2) (B, — 2Bs + x) In(By (x — Ba)) — § — 252 + 2B3]
2 1 In(By (x — B,)) In( 55 ) +21In(By (x — By))polylog(2, 72572 )
—Zpolylog( , B;fg;)
2 3 (In(B1(x — B2))” — 2In(By (x — B)) +2) (x — Ba)
2 2 “*2732)[(32 —233+x)1n(31(x—Bz))2+(—x—3Bz+4B3)1n(Bl(x—Bz))}
+(x;Bz) [% 4 7B _433]
(c) Equation (37) potential: This equation, in terms of the Equation (113) scalar field,
is(p=1)
b+2c
V() = oot B2 wory o, 119)

F(T)

— Ag+ (T — Ty)2eb)/e ll—"o +

2
i (bﬂc) ln(czo). By substituting Equation (119) into

where ¢ =

¢o +

Equation (42), we find as a solution:

2k p3 (c — b) (b + 2¢)
2

Q1<_1r TO/ Tll T) ’ (120)

where Q1(—1, Ty, Ty, T) is defined by Equation (116).

3. Late Cosmology ¢ — oo limit:

(a)

¢ > 0: Equation (103) will lead to T = Tjy = constant under this limit, a GR solution
similar to a Teleparallel de Sitter (TdS) spacetime (c # —2b general case) [48].
For ¢ = —2b, we will find that T = 0, a null torsion scalar spacetime [107]. In the
previous situations, A(T) = constant according to Equation (104), and we will

only find GR solutions.

¢ < 0: We will find that exp(2c|t(T)) — oo and then T — —oco under the same
limit with Equation (103):
cz c2
2lelt(T) :EO(TO —T)~ 50(_1") — oo, (121)
where Ty = 2|c|(|c| —2b) < |T|. Equation (104) becomes:
A~ =11 (122)

26+ cl)



Universe 2025, 11, 26

24 of 52

where Ty = |c| (30 + 2|c|)(|c| —2b) < |T|. For any V(T) potential, Equation (42)
will be:

2(b+-e])

F(T)y=—Ao+T

_ 2b+3c|
Fy + b+ lel) b“LH /dT’ V(T T 1 (123)

2 4
Equation (123) is for ¢(T) = (ZfCD <ln<2°( T)>> :
* General: Equation (35) becomes Equation (114), with Ty = Tp = 0, Vp, =

2RO gy
P

@p-1) @t zp »>. Then, Equation (123) is:

g
le QZp*l _?/0/ OIT

(124)

(2| \)

el

C2
+V2p sz72 <_20/O/O/T 7

where Q5,(B1,0,0, x) is Equation (116). Equation (124) is also a simplified form

2(b+e])
F(T)=—Ag+T ¥ [FO_M’"HCD

of Equation (115).
¢ Equation (30) potential This equation becomes Equation (117), with T} = Ty =
0and Vi = (Z‘CDQ}, Equation (123) is:
2(b+e) 2 2
F(T)=—Ag+T W [FO - "(bTC"CDV‘” Qs (—Czo,o,o, T)] (125)

where Q3,(B1,0,0,x) is defined by Equation (116). Equation (125) is also a
simplified form of Equation (118).
e Equation (37) potential: The V(T) for ¢ = —|c| will exactly lead to

(2[el)

Equation (102) for ¢ = —|c|. This case proves that some F(T) solutions will be

Equation (101), with ¢g = ¢ — M ln( ), and Equation (123) will be

invariant for any coframe ansatz. In this case, the power-law and exponential
ansatzes both yield to the same F(T) solution.

4. Early Cosmology t — 0 limit: For any non-zero value of ¢, Equation (103) leads to
T — Tp— % = constant and then A(T) = constant, a GR solution. This is a TdS-like
case model because of the constant torsion scalar [48].

All the teleparallel F(T) solutions in this section are new and comparable to those

found in ref. [46]. However, there are, in principle, other additional subcases leading to
new F(T) solutions.

4. Exponential Scalar Field Solutions

In this section, we will set an exponential scalar field ¢(t) = po exp(pt), where py is a
constant and p is the exponential coefficient. The conservation law defined by Equation (19)
becomes:

Ozp(ln(AzA%)) p+p o+ ; (126)

where (In(A, A%))/ is still dependent on ¢ and the used ansatz for A; and A3 compo-
nents, as for Equation (26). Equation (126) is, at first glance, significantly simpler than
Equation (26). The possible ansatz are as follows:
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1. Power-law: By substituting Equation (27) into Equation (126), we find that:
¢ 2 av
O0=p(b+2) ——"F—+ + =,
P2 ) TV 4
2
= V(¢) = ¢o — %(Pz—l—p(b—!—Zc) p%Ei(—Zln(j())). (127)

Equation (127), by the last integral term, is a different kind of potential, and this last can
be considered as an additional interaction term. Equation (20) for a is, by substituting
Equation (127):

ag=—1+ P’ . (128)
o+ p (b +2c) p? Ei(—Zln(%))

p > 1: Equations (127) and (128) become exactly Equations (30) and (31), where the
p (b+2c)p3Ei (—2 In (%)) term is negligible in this case.

. Exponential: This is the most simple and naturally adapted ansatz for a pure exponential

scalar field. By substituting Equation (34) into Equation (126), the conservation law
becomes:

av
0=p(b+2c+p)p+

%/
= V(9) =¢o— b (b+2c+p)¢?, (129)
and then Equation (20) will be:
202
o= —14— 19 (130)

¢o— 5 (b+2c) p*

* p > 1: Equations (129) and (130) become Equations (30) and (31), with the same
physical process scenarios.

* p(b+2c+p) < 0:Equation (129) is a simple harmonic oscillator (SHO) potential
of angular frequency wé = —p (b+2c+ p). In such a case, the scalar field will be:

¢(t) = Cq cos(wyt) + Cp sin(wgy t). (131)

Equation (131) is an oscillating scalar field, but it is not really relevant as a scalar
field source for usual cosmological solutions. Beyond that, there are two situations
leading to this case:
—p<Oandp > —b—2c.
—p>0andp < —b—2c.
This quadratic V(¢) potential case can be easily used for dark energy quintom
oscillating models [94-96]. The Equation (131) scalar field definition can only be
relevant for this type of physical model.

* p =0and/or p = —b — 2c: Equation (129) leads to a constant scalar field V(¢) = ¢y.

As for the power-law potentials obtained in Section 3, the Equation (126) solutions are

going in the same direction as the first quintessence process studies [69]. This situation is
also confirmed separately by the Equations (27) and (34) ansatz approaches in this section.
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2.2
F(T)Z—A0+F0T3—M

4.1. Power-Law Ansatz Solutions

By using Equations (39) and (40) with Equation (27) ansatz, we once again obtain
the Equation (40) DE form, with A(T) defined by Equation (41). By using Equation (127)
and setting V(¢(T)) = ¢o + V(T) in the Equation (40) potential, the general solution
will be described again by Equation (42). We will find new F(T) solutions by computing
Equation (42) for each V(T) potential case:

1. ¢ = —2b: By using A(T) = I and substituting Equation (43) for the #(T) solution,

2

1/4b
the scalar field is ¢(T) = po exp (p (?(—T)) ), and Equation (127) for V(T)

potential will be:

- ) 1/4b ) 1/4b
P~ Po 0] 2 i 0
V(T) = — 5 P <2p (2(—T)> ) —3pbpjEi (—2;7 (2(—T)> ) (132)
By substituting A(T) and Equation (132) into Equation (42), we find as a solution:
6b
2p(-Sr ’ U ¢
P\ =3 Xp| P\ >3
1 1
1 CZ ib C2 4b
x WhittakerM| —6b,—6b+ =, 2p| —'T +(1-12b)exp | —2p| —5'T
2 2\ B A
_ (6"’”’”1()) [2;7 b2 <C20T> 3F3 (1, 1,1-12b;2,2,—12b +2; —2p (?T) )
b—13

2\ %
- (b— 112) (bln(Zp(—?) ) +b+ lnf) + 112)] (133)

where WhittakerM(By, By, x) = exp(—3) x2+B (% + By — By;1+4 2By; x) is a spe-
cial function.

p>1: By using A(T) = % and substituting Equation (43) into the Equation (30)
potential, V(T) becomes:

5 9 CZ 1/4b
V(T) = —% exp (2;9 <20(—T)> ) (134)

By substituting Equation (134) into Equation (42), we find as a solution:

CLE)) (4]

1 c2 y
x Whittaker M| —6b, —6b + =, 2p (—20T> ] (135)

(126 —1)

2 .2

KPP~ Py
F(T)~—Ag+FT?— ——10_
(T) 0+ fo (126 — 1)
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2. ¢ = 1: By using Equation (51) and substituting Equation (50), we find that:
1/2
V2p (1 +2b — Cg)
T) = po ex ‘ , 136
¢(T) = po exp et (136)
and the Equation (127) potential becomes:
V(T) = P70 o (T2>+ (b+2) 2Ei(—T2) (137)
2 p \/T p pO \/T 4

1/2
where T, = 2v/2p( 1 +2b — Clz) . By substituting Equation (137) into Equation (42),
0
we find that:

2
Kp 271/C 1 1—1/C—1 T,
F(T)=—Ag+ EFETVC - —£0 2T /dTT ex ( )
(T) 0+ Lo c |F T p T

—2p(b+2)TYVC /T T’ T'—l/C—lEi<— \/T%)] (138)

Equation (138) solutions are possible only for non-zero specific values of C, such as, for
example, C = 1:

F(T)Z—Ao—i-FOT—Kp%lzTZ;ﬁ(ﬁ—Tz) exp (52?)

2 oo ()] o

There are several possible values of C yielding to analytical F(T) solutions, as presented
in Appendix B.1.

p > 1 : By using Equation (51) and substituting Equation (50), we find as the
Equation (30) potential:

2 .2
V(T) = — p2p0 exp<$2T>. (140)

By substituting Equation (140) into Equation (42), we find that:

xp P T
F(T) = — Ag+ TYC FO—TO/TdT’T"l/C‘l exp(ﬁ> . (141)

As for Equation (138), there is no general solution, but we can solve some cases for
T, > 1, such as the C = 1 case:

T T, T,
F(T) =— Ao+ Fo T — 2k p? 2(1—) ex () (142)
( ) 0 0 p P0T22 \/T p \/T

There are several other possible F(T) solutions arising from Equation (141) , as presented
in Appendix B.1.



Universe 2025, 11, 26 28 of 52

3. ¢ = —1: By using Equation (60) and substituting Equation (59), we find that:

#(T) = po exp (L[ (1)]/?), (143)

and the Equation (127) potential becomes:

2,2
V(1) = = PP exp (e plus(T)]Y?) + p (b= 2) pR Ei(—co plu(T)]/?). (144)

By substituting Equation (144) into Equation (42), we find that:

2(3-2C) 4C15

F(T) = — Ao+ [3T +2Cy ux(T) P [u_(T)] 2P0 [Fo 2k pj

x /TdT’ [pz exP(CoP[Mi(T/)]l/z) —2p(b-2) Ei(COP[”i(T’)]l/z)l

2(3-2C¢) 4Cy4 1

X [3T +2C; ug (T')] 050 ! [u_(T')] %4 |, (145)

As in Section 3.1, there is no general solution for Equation (145). However, there are
specific cases yielding to analytical solutions:

° C2:0and(51:—
2
F(T) :—A0+F0T3 6-4cy)

2
2 P B=4Cy) 4(: 2 o
+ 2K pj l(4C1 =3 T 3-4¢y) (p, Cy, —2ch T) +p(b—2)

4cop — 4C1 +1 8C1 — —
X ((4C1+1)V 2T 3F3(1 1, C —3 52,2, C1 —CopVv 2T

- (T(4C14_3> +’Y‘Y(igl 4_%) +1n(copm))>], (146)

where ¥(x) is the Digamma function and R(p, Cy, x) is defined by:

R(p,Crox) = [ d'x G ! /2
p.Crx)= | dxx T exp(pat?), (147)

where p # 0 and C; # %. Some simple values of Equation (147) are shown in the
Table 3.
 Other values of C; and/or Cy: No analytical and/or closed form of the F(T) solution.
p > 1 : By using Equation (60) and substituting Equation (59), we find as the
Equation (30) potential:

2,2
V(T) - _ p2p0

exp (co p[ui(T)]l/z). (148)

By substituting Equation (148) into Equation (42), we find that:

2(3-2Cq) 4C10¢

F(T) = — Ag + [3T +2Cq 4 (T)] 550 [u_(T)]” T4 {FO—ZKp 3

2(3-2C1)

4Cq0-
x [ ar exp(co plus(T)]'/%) BT + 201 us (1)) 7700 [u_(T") } (149
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Once again, there is no general solution for Equation (149), except for C; = 0 and
51 = -1

2
F(T) ~ — Ag + TO &
(T) o+ I (4C, —3)

2 2 .2
Fy+ R (p, €, —233 T)} (150)

where R (p, C1, —2¢3 T) is described by Equation (147).

Table 3. Some values of Equation (147) for the R(p, C1, x) special function.

G R(p, C1,x)
) (oS (-pvR- 1) (-pvR) S +2x(1(3) TG, pvR))
223 (—py) 3
2ePVX (x% p373p2x+6p\/§76>
1 i
3
1 7 rvR) 4R (13) TG -v)) )
253 (—pyx)?
5 2" (pyx-1)
4 pz
) 20 (1(4)T(4,-pv¥)
(=pvx)®
, 11 (—eVS (pyR) T4pyR (1(7) T -pvR)) )
o 2 7

4. ¢ = 2: By using Equation (72) and substituting Equation (71), we find that:

— o ex p(L+b)
(P(T) =Ppo € P(\ﬁCO [wi(T)]1/2>’ (151)

and the Equation (127) potential becomes:

_ ey [ 2w(+b) s 2p(1+b)
V(T)=~"— ep<ﬁC0[wi(T)]1/z>+P(b+4)PoE( ﬁco[wi(T)]W)' (152)

By substituting Equation (152) into Equation (42), we find that:

(-2, _2G) (w e
F(T) = = Ao + [T+ Ci(w (T))] 2 D [y(T)] 2 2) [T ﬁcici sz)f;(_ fvf()%))] o
V2p(1+b)

co [w (T/)]*/?

X

FO—G—K(b—Z)p%/TdT’[—pZeXP< >+2p(b—|—4)

" Ei<_ ﬁpmbl)/z)] [T+ (a(1)] O [y(7)] T30
co [w(T")] _
[ T' + (Cy — 2C) (w(T")) }‘iﬁéf_?c?)
T + (C1 —2C2)(2—wi(T’)) ’

(153)
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There is no general F(T) solution for Equation (153). However, there are analytical F(T)
solutions for several subcases, as presented in Appendix B.2.

p>1 : By using Equation (72) and substituting
Equation (71), we find as the Equation (30) potential:
*ro V2p(1+b
V(T) = — % exp<p(132 . (154)
co [w=(T)]

By substituting Equation (154) into Equation (42), we find that:

(-2)c B - %

/ V2p(1+b ' / - ' _z(é_iccl
Fo—szp%/TdT eXp(g*O[aft((]j)]l)/z> [—T +C1(wi(T ))}(b 3)[]/(1" )] (G1-2G,)

X

ESCECTHIRES
T' + (G, —2C) (2 — w(T")) _

(155)

There is no general F(T) solution for Equation (155). However, there are analytical F(T)
solution for several subcases, as presented in Appendix B.2.

5. Late Cosmology t — oo limit: We have the same type of scenarios as in Section 3.1,
and we can find some F(T) solutions:

(@) ¢ > 1: By using Equations (84)—(86), we find for the following potentials with
¢(T) = po exp(p (2c(c+2b))'/2 T*1/2>:
¢ Equation (127) potential:

v -~ L8 [eXP (2p (2ec +20)) 2 17172)

- Z(b‘;zc) Ei(—zp (2c(c +2b))"/? T—W-)l , (156)

and then Equation (86):

F(T) =— Ao+ T3

p 2P0 [ V2
2(—p\/c(c +2b))

O ! r(;,_w W+zb>>
X lep\/f (-p\/c(\;;izb)> + T

Q=

3v2
(b+2c) r(l Zpﬁ«/c(c—{—Zb))
s\38 VT
4p(pw/c(c + Zb))

12 Ei1<2pﬁ V\/C%C“LZZ’)) (;a,/c(c +2b)) P2
Lavae DR (” v C(C; 2b)> ’ H (157)

Ve
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¢ Equation (30) potential:
2 2
V(T) = —% exp (2p (2c(c +20))/2T°1/2), (158)
and then Equation (86):
) 2 2
F(T)=— Ao+ T3 |Fy— V2K p? b :
3(—;7 c(c+ 2b)) ’
v 1 F(l 2p\/§\/c(c+2b)>
2pv/2 \/e(cH2D) 3 3T g
N P AVC Rl R i (159)
VT 3v2

(b) 0<c<1and c<0: By using Equations (92)-(94), we find for the following

1/2c
potentials with ¢(T) = po exp (p <C22> (-T)"V 2C> the F(T) solutions:
0

¢ Equation (127) potential:

5 o 1/2c
V(T) _ pzpo [exp (2P <C2%> (_T)l/Zc)
1/2¢c
0

and then Equation (94):

2(c=b)

9241 2(b—c)/c
F(TY=—Ag+T < ng —prng (c—b) [2 (pzc>

X ( —T(4(c—b)) + T(4(c —b),—2p <2z>

)

K=
|
3
|
8=
~
N————

2(b+2c) 200 0% In(T) In(2)
- s T 20— m-0 T20-0

- 4p 12\
+ 2(b—c) * 1+4(c—b)(_T) ( 2)
X 3F3 (1,1,1+4(c—b);2,2,2+4(c—b),-—2p<622>ZC(_T)—%CNH. (161)
0

¢ Equation (30) potential:

pz p2 ’ 1/2c
V(T) = == exp (2p (Cz) (T)—WC), (162)
0

and then Equation (94):
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2
o

Y <— T(4(c — b)) +F(4(c —b),—2p <022> ZC(—T)—zlc) )1 . (163)
0

6. Early Cosmology t — 0 limit:

2 241 2(b—c)/c
F(T)=—Ng+T = F0—4Kp2p%(c—b) pzci

(@) ¢>1:t72°(T) and A(T) are, respectively, Equations (92) and (93), but satisfying
the T — —oo limit in the Section 3.1 case. We will then recover Equations (161)
and (163) under the same limit.

(b) 0<c<1and c<0: t%(T) and A(T) are, respectively, Equations (84) and
(85), but satisfying the T — oo limit in the Section 3.1 case. We will recover
Equations (157) and (159) under the same limit.

There are several other cases yielding to new analytical F(T) solutions. All the previous
teleparallel F(T) solutions are new and comparable to those found in ref [46].

4.2. Exponential Ansatz Solutions

By using Equations (103) and (104) with the Equation (34) ansatz, we substitute
Equation (129) into Equation (40) for again finding the F(T) solution defined by the
Equation (42) formula. We will compute the Equation (42) results in the following po-
tential cases:

5\ P/4b
1. ¢ = —2b: By using A(T) = £ and Equation (105), we find that ¢(T) = po (?)
(=T)?’*®, and the Equation (129) V(T) potential is:

p/2b

where p # 3b. By substituting Equation (164) into Equation (42), the F(T) solution is:

/2b
6xpb(p—3b)p2 (2"
F(T)=—Ao+FR T° - P(;P_ &) ) Fo (20) (—=T)P/?, (165)
p > 1: Under this limit, Equation (30) becomes:
2.2 [ 2\P/?%
vn = -5 <Czo> (=T (166)

By substituting Equation (166) into Equation (42), we find as a solution:

C2 p/2b
F(T) ~ — 6K pb p} (;) (—=T)P/? (167)

2. ¢ # —2b (General case): From Equations (103) and (104), we find that:

2\ —P/2
¢(T) = po (CZO> (To — T)P/%, (168)
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and the Equation (129) potential becomes:
/c
b+2c+p)pd (2 -
0

where p # —b — 2c. By substituting Equation (169) into Equation (42), the F(T') solution
is:

2 (p p/c
F(T) == Ag+ (T — Ty)2)/e [FOJFZKPPO (b Cc)<b+ZC+P> <_2>

% / dT/ (T/ o TO) —P/C (T/ o Tl)(Zb_3C)/C] . (170)
T

There is no general solution to Equation (170), but there are F(T) solutions for the
following cases:

e T, =Ty

p/c
_ b—c)(b+2c+p) -2
F(T) = — Ao+ Fy (T — Ty)> 2/ -2 2 ) 171
(T) o+ Fo (T —To) TP T p—2e)  \ BT To) (171

e Ty # To: There are several possible F(T) solutions only when b > %, as presented in
Appendix B.3.

p > 1: Under this limit, Equation (30) becomes:

/c

2,2 (2\7 e

V(T):—% <c2 (Ty — T)"/°. (172)
0

By substituting Equation (169) into Equation (42), we find as a solution:

c 2

2 .2 _ P/C
F(T) :_Ao_i_(T_Tl)Z(cfb)/c [FO— 2k p pO(C b) (_2>
€0

X / aT’ (T' = Tp) P/ (T' - Tl)@b—%)/f]. (173)
T

There is no general solution to Equation (173), but there are F(T) solutions for the
following cases:

e T1 =Ty
2\
F(T) ~ — Ag+ Fy (T — Ty)?>~2/¢ — 2k p p3 (b — c) (—2> (T —Ty) P/e. (174)
0]

For ¢ > 0 and p — oo, Equation (174) becomes:
F(T) — —Ag+ Fy (T — Ty)?~2/<. (175)
For ¢ < 0 and p — oo, Equation (174) becomes:

2

p/lcl
F(T) — —2xpp3 (b+c|) (—620> (T—To)"l¥l = . (176)
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e Ty # Tyand b > %: There are several possible F(T) solutions, as presented in
Appendix B.3.

e T # Ty, c > 0and p — oo limit: We find that all cases go to the Equation (175) limit.
For the c < 0 and p — oo limit, we obtain that:

P

F(T) ~ (T = To)¥ (T—Ty) L. 177)

3. Late Cosmology ¢t — co limit:

(@) ¢ > 0: Equation (103) leads to T = Ty = constant when ¢ # —2b (TdS-like space-
time), T = 0 (null torsion scalar spacetime) when ¢ = —2b, and then A(T) =
constant under this limit, GR solutions [48], as in Section 3.2.

(b) ¢ <0:#(T)and A(T) satisfy Equations (121) and (122), and the F(T) solutions are
described by Equation (123) because this is the same situation as in Section 3.2.

2\ 2/ N
By using ¢(T) = po C20> ! (—=T)2, where c = —|c|, we find the F(T) solutions
for the following cases:

¢ General: The Equation (129) potential is:

V(T) === (=), (178)

P
[c]

where V), = p p3 (b +2c + p) <CZ%> , and then Equation (123) will be:

~p A2+ )
B 2(’”;\5\) 2k (b+ |C|)Vp vl
F(T)——A0+FOT le] —Fm(—T)l‘- (179)
—p=2(b+c|)
F(T)=— Ao+ T% [FO — 2K(b_|'—c||CDVp ln(T)]. (180)

e Equation (30) potential: The V(T) expression is under the same form as

r
2\ ||
Equation (178), but we replace V), with Voo = p? p3 <C20> . Equation (123)
will be under the same forms as Equations (179) and (180), but we replace
Vy, with Vi inside these equations. For p — oo, Equation (179) will become
r

F(T) ~ (—T)Id, a pure teleparallel cosmological solution.
4. Early Cosmology t — 0 limit: For any non-zero value of ¢, Equation (103) also leads to
T — Ty — C% = constant and A(T) = constant, a GR solution (TdS-like spacetime), as

0
in Section 3.2 [48,107].

All the previous teleparallel F(T) solutions are new, and most of those are comparable
with the solutions found in refs. [46,49,50,64], including the late/early cosmological limit

cases. However, there are other possible subcases leading to additional teleparallel F(T)
solutions.
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5. Other Scalar Field Source Solutions
5.1. General Methods of Teleparallel Field Equations Solving

In Sections 3 and 4, we used the power-law and exponential scalar field ¢(t) sources
for finding the main classes of teleparallel F(T) solutions. These two types of scalar
field sources are the most simple and usual in the literature and allow a large number of
new analytical F(T) solutions [50,53,56,57,64]. But there are, in principle, several other
possible scalar field source cases, such as logarithmic, oscillating (see Equation (131)),
polynomial (superposition of power-law terms), and several others. As previously, we use
an appropriate coframe ansatz; we solve for ¢(T) by using the torsion scalar expression
defined by Equation (21) and then for A(T). Then, we will find the scalar field ¢(T),
the V(¢) potential from Equation (19), and the V(T) expression from the coframe ansatz.
Finally, after being sure that we have an Equation (40) DE form, we will compute the F(T)
solutions by using and substituting the previous elements into Equation (42). This is the
same process used in Sections 3 and 4 for computing the huge number of new teleparallel
F(T) solutions. The teleparallel F(T) solution finding approach (and/or the extensions)
is not a wall-to-wall and/or an absolute method, and there are some other approaches in
the literature. The main advantage of the current approach is that we can control the used
scalar field sources and then find the relevant and exact F(T) solutions for a specific type
of source, including the homogeneous part of solutions (fundamental FE F(T) solutions).
This is also why we used this approach in previous and current works [44-50,64].

Therefore, we may also proceed by another manner to solve the same problem, as
briefly mentionned in Section 2.5. We can look for the exact scalar field ¢(t) and V(¢) in-
stead of looking for a teleparallel F(T) solution. We will set the coframe ansatz components
and the characteristic equation defined from Equation (21), as done in the current devel-
opment, and we will study some relevant and simple F(T) function ansatz. By inserting
the coframe ansatz components and the F(T) function, we will compute the unified FE
defined by Equation (25) and find the associated potential V' (¢). By using the conservation
law defined in Equation (19), we will find the exact expression for the scalar field ¢(t),
as desired in such a case. We can easily expect to recover the same ¢(T) solutions by
setting similar F(T) functions to those found in the current paper. However, if we set more
complex and/or different F(T) functions, we will probably find that the ¢(T) expressions
might be slightly more complex and/or different compared to those used in the current
paper. However, the scalar field finding approach has the disadvantage of losing control
of the type of scalar field source used and to potentially miss the fundamental FEs F(T)
solutions without the source (homogeneous parts of solution). These are the reasons for
using the F(T) solution finding approach, as done in the current paper.

5.2. Logarithmic Scalar Field Source

The logarithmic scalar field source ¢(t) = po In(pt) case (or t(¢) = p~! exp(;’)—o)) is
a good example, leading to simple teleparallel F(T) solutions. By using the conservation
law defined by Equation (19), we find as potential V(¢) for the ansatz:

1. Power-law: By using the Equations (27) ansatz, we find that:

v =pop*(1—b— 2c)exp(—2¢),

d¢ Po
2 .2
= V(¢) =¢0+%(b+2c—1) exp(—?ﬁ). (181)
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Equation (20) for a is:
2 2) |
g =—1+ foz exp(¢) + (b+2¢) (182)
PPy po 2
There are some examples leading to simple F(T') solutions:
(@) ¢ = 1: We will use Equations (50) and (51) to find, as scalar field:
, 1/2
¢(T) = po In (\/Ep (1 +2b — 2) ) — % In(T), (183)
c
0
and then:
Z(b+2c—1
V(T) :M T. (184)
4 <1 +2b— 12)
%
Equation (42) becomes, for the Equation (181) potential:
1/C 2cpf (b+2c—1)
F(T)=—No+EFET'*+ T. (185)

4(1+2b— C%)(C—l)
Equation (184) shows that a logarithmic scalar field can lead to a simple V(T)
potential expression and then to a TEGR-like F(T) source term, as obtained in
Equation (185). This term is similar to a case of Teleparallel Robertson-Walker (TRW)
spacetime F(T') solutions for flat cosmological cases, as found in refs. [49,50,64].

(b) Late Cosmologyt — oo limit:

-1/2
* ¢ > 1: From Equation (84), we find that ¢(T) = po ln(p (ﬁ) ) and
the V(T) from Equation (181) becomes:

_p%(b—i—Zc—l)

V(D) == e s 25) (186)

By using Equations (84), (85), and (186), we will find that Equation (86) becomes:

kp3(b+2c—1)

2
FT)=—MANo+F1T3
(T) o+ fo c(c+2b)

T. (187)
Here again, the Equation (187) source term is a TEGR-like contribution as for
Equation (185), as in refs. [49,50,64].

2 —-1/2¢
* ¢ < 1: From Equation (92), we find that ¢(T) = po In (p <62° (—T)> > and

the V(T) from Equation (181) becomes:

IS

5 1/c
v(T) =20 (b +2¢ — 1) (CZO> (—T)1/e, (188)
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By using Equations (92), (93), and (188), we will find that Equation (94) becomes:

1
2 2k pf(c—b) (b+2c—1) <_C‘23> /CT% (189)

F(T)=—-A FT =«
() 0+ H TS TEY) 2

Equation (189) is a sum of power-law terms as for the TRW F(T) spacetimes, as
found in refs. [49,50,64].

(c) Early Cosmology t — 0 limit: For this limit, Equation (39) will lead to the
cases satisfying:

i. ¢ > 1: Equations (92) and (93) for the T — —oo limit, and we recover
Equation (189) under the same limit.

ii. ¢<1: Equations (84) and (85) for the T — oo limit, and we recover
Equation (187) under the same limit.

2. Exponential: By using the Equations (34) ansatz, we find that:
o ee( ) (+)
- = exp| — | — b+2c)exp| —— |,
ag —Pormexp| =50 ) —pop (bF2¢) exp{ —
2 2 P
= V(¢) :gbof% exp( ¢> +pip(b+2c) exp(;P). (190)
0

Po

Equation (20) for ag is:

DCQ:—1+

-1
<P3P2> exP(Po) Ty eXp(po ] ' o0

There are some examples leading to simple F(T') solutions:

(@) ¢ # —2b: By using Equation (103), we find that ¢(T) = po In (—2’70 ]n(czfz’(To - T)> ) ,
and then V(T) becomes, for the Equation (190) potential:

C2 !
ln<20(T0 — T))] ) (192)

Then, by substituting Equations (103), (104), and (192) into Equation (42), we find
as the F(T) solution:

-2
V(T) = — 2p3 2 lln(cj(To - T))] —2pgc(b+2c)

2(c=b)

F(T)=—Ao+(T—Ty) ¢ |Fy+8kp3c(b—c)

-2
8 [/TdT' lm(CE(To—T’)ﬂ (T — 1y) ™

CZ
bt tzc) /T dr’ [m(zo(To - T’))

There is no general solution for Equation (193). By setting b = 3, we can find, as a
simple F(T) solution:

1
(T — Tl)ﬂ]cﬂ 1 . (193)
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_ -1 dx pg ? c5(To —T)
B ==Ao+(T=T0) " | Fo+ 3 [—ln(Z)—i—ln(—c%(T— To))
+9Ei1(ln(2) fln(fc(z)(Tf TO)))H. (194)

There are several possible examples for b > % and/or T1 # Tp.
(b) Late Cosmology { — oo limit:

® ¢ > 0: As in Sections 3.2 and 4.2, Equation (103) leads to T = Ty = constant
when ¢ # —2b (TdS-like spacetime) and T = 0 (null torsion scalar spacetime)
when ¢ = —2b, GR solutions as for TdS spacetimes [48].

2
* ¢ < 0: By using Equation (121), we find that ¢(T) = po ln<2";| ln<cz"(—T)> > ,
and V(T) becomes, for Equation (190):

ln<cz(2)(—T)>

Then, by substituting Equations (121) and (195) into Equation (123), we find as
the F(T) solution:

-2

-1
V(T) = —2¢* p3 +2p3 |c| (b —2|c|) [ln<62%(—T)>] ) (195)

F(T)y=—Ao+T T [Fo —SK}?% (b+ |c]) |c]

/ C(2) ! N - 243
X [/Td”[ [ln(z(T)ﬂ T~
-1

+(2|C||C|_b> /TdT’ lln(?(—T’))] T’%?CH. (196)

There is no general solution for Equation (196). By setting b = — %, we can
find, as a simple F(T) solution:
_ 4x p3 |c|? T
F(T)=—Ao+T ' |F :
(T 0t 0t a3 In(2) — In(—c3T)
+9 Ei1<ln(2) ~ 1n(—ch) )] ] : (197)

The new teleparallel F(T) solutions found from the Equation (34) ansatz are
more complex than in refs. [49,50,64], but they are comparable to the solution
classes in ref. [46].

(c) Early Cosmology t — 0 limit: As in Sections 3.2 and 4.2, Equation (103) leads to

T — Ty — % = constant, a GR solution (a TdS-like spacetime) [48,107].
0

All the previous teleparallel F(T) solutions are new and comparable to those found
in refs. [45,46,49,50,64], especially for the late and/or early cosmological limit scenarios.

6. Discussion and Conclusions

The primary aim of this study was to find the teleparallel F(T) solutions coming from
the FEs precisely described by Equations (21)—(24) with two usual types of scalar field ¢(t):
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power-law and exponential. In addition and to complete the study, we briefly solved
the same FEs with the same ansatzes for a logarithmic scalar field source to find more
simple F(T) solutions comparable to the TRW spacetime solutions found in refs. [49,50,64].
In each cases and depending on the values of p in the scalar field, we solved the laws
of conservation and the FEs for various types of potential V(T). We first found that the
FEs transform by various substitutions into the single Equation (40), for any type of scalar
field and ansatz. From this last equation, the possible teleparallel F(T) solutions all boil
down to Equation (42) using the function A(T) described by Equation (41). All of the new
F(T) solutions obtained in Sections 3.1 through to the end of Section 5.2 were found by
applying Equation (42) for various types of scalar potential. For the A; and A3 coframe
components, the power-law ansatz has been used in Sections 3.1 and 4.1; the application has
been restricted to the values of c = —2b, 1, —1, and 2. Most of other values of ¢ do not result
in closed analytic functions and/or are not analytically solvable. In addition, we studied
and found that the teleparallel F(T) solutions under the late/early cosmological limit (i.e.,
t — oo) for the simple cases are close to the TRW solutions, as found in refs. [49,50,64]. In
Sections 3.2 and 4.2, the exponential coframe ansatz has been used to study a well-known
case of infinite sum of power terms. At the same time, this ansatz is much simpler to
treat and only brings out two types of case instead of an infinity: general and ¢ = —2b.
In Section 5.2, we used the same coframe ansatzes, but we restricted the study toc =1
(power-law only), c # —2b (exponential only), and the late/early cosmological limit cases.
For the rest, each type of case treated here leads to its own class of F(T) solutions, with
its own particularities.

For the power-law ¢(t) treated in Section 3, we first studied in Section 3.1 via the
power-law coframe ansatz the cases of potentials described by Equations (28), (30), and (32),
i.e., the general case, p >> 1, and p = 1. This was intended to study the effects of different
scalar potential types associated with gravitational sources. The p >> 1 potential cases can
be useful for phantom energy model studies involving fast accelerating universe expansion.
Often, physical phenomena described by a scalar field are characterized by its associated
potential, and teleparallel F(T)-gravity cosmology is no exception to the rule. In Section 3.1,
we find general and exact F(T) solutions for the c = —2b and ¢ = 1 cases. For the c = —1
and c = 2 cases, even if there is no real general and analytic large coverage solution, there
are analytical F(T) solutions for specific cases depending on the parameters C; and Cy,
specially defined to simply solve these cases. Therefore, larger values of ¢ subcases can be
useful for studies on teleparallel phantom energy and quintom models. For late and early
cosmological limit cases, an important number of new F(T) solutions are comparable to
those obtained in refs. [46,50,64], especially with the isotropic TRW solutions. In Section 3.2,
via the exponential ansatz coframe and for the potentials described by Equations (35)
and (37), we obtain purely analytic F(T)solutions, but this required the introduction and
definition of new special functions depending on the parameters of the scalar field and
the ansatz used to achieve them. Even in cosmology and teleparallel gravity, special
functions are a necessary evil to achieve analytic solutions. Other types of approach, such
as quantum gravity theories or fundamental particle interactions with gravity, regularly
require special functions to express certain new solutions (see, for example, refs. [108,109]).
It would not be surprising if the special functions were to be used even more in some future
work in teleparallel gravity, more specifically for solutions involving more complex and
sophisticated source terms to be solved.

By considering exponential ¢(t) in Section 4, we first have, in Section 4.1, studied the
power-law coframe ansatz and the potentials described in Equations (30) and (127). We
obtain teleparallel F(T) solutions that are slightly more complex compared to the results
obtained in Section 3.1, but with some clearly visible similarities. Again, the c = —2b and
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¢ = 1 cases lead to analytical F(T) solutions. However, we only obtain F(T) solutions
for very specific subcases in the c = —1 and ¢ = 2 situations. This is not surprising
compared to the results of Section 3.1. For Section 4.2, with the exponential ansatz coframe
and the potentials described by Equations (30) and (129), we essentially obtain purely
analytical and easily usable F(T) solutions. These latter solutions confirm, at the same time,
some new simple solutions obtained in Section 3. Let us not forget that the exponential
ansatz and scalar field are cases fundamentally expressed by an infinite sum of terms in
powers , as stated in ref. [46]. This last fact also explains some common points in the
newly obtained F(T) solutions. In comparison, the new simplest F(T) solutions obtained
in this paper and including most of the late cosmological limit F(T) solutions are also
similar to the teleparallel cosmology solutions obtained in the recent literature (see, for
example, refs. [46,49,50,75,83]). This finding is also an additional argument in favor of the
new solutions’ rightness obtained in the present paper.

Beyond the new solutions, this approach aimed to obtain purely analytical teleparallel
F(T) solutions that could be used in the future to study complex cosmological models in
more detail using teleparallel F(T)-gravity tools. One need only think in particular of the
quintessence dark energy, the cosmological phantom energy (negative energy), or even
cosmological quintom models. In these latter cases, one will be able, in the near future,
to study models involving perfect fluids and scalar fields at the same time, in order to
represent reality more faithfully. In such a case, we will use the common (or very similar)
F(T) solutions of the present paper and of some recent papers concerning teleparallel F(T)
solutions in perfect fluids [46,47,49]. This will ultimately lead to complete and realistic
cosmological models that can fully describe and explain the dark energy quintessence
process (=1 < ag < — %), a realistic and most probable scenario according to the recent
literature [65-67,72]. After that, one could just as well study with a similar approach
some physical models of the cosmological phantom energy type (g < —1), leading to
the extreme scenario of the acceleration of uncontrolled universe expansion leading to
the Big Rip [87-89]. We can also add the quintom dark energy models, because this is, by
definition, a mix of the quintessence and phantom models [94-99]. As a safe and right
comparison basis, we can also use some scalar field TRW F(T) solutions found in ref. [50]
as a comparison basis for the late/early cosmological limit solutions. Like the fundamental
scalar field associated with the dark energy quintessence process, one could obtain, for the
different models involving phantom energy, such fundamental scalar fields. Perhaps the
cosmological process of uncontrolled universe acceleration leading to the Big Rip would in
fact be explainable by a fundamental scalar field. The same questions will also be relevant
and useful for future quintom model studies in teleparallel gravity. The questions will then
be as follows: What type(s) of V(¢(T)) exactly? What are the most appropriate teleparallel
F(T) solutions? What are the coframes, spin-connections, and other conditions? All these
questions and hypotheses deserve to be answered seriously and tactfully in future works
by using the teleparallel gravity framework and toolkit.
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Abbreviations
The following abbreviations are used in this manuscript:
AL Alexandre Landry
CK Cartan-Karlhede
DE Differential Equation
EoS Equation of State
FE Field Equation
GR General Relativity
KV Killing Vector
NGR  New General Relativity
SHO  Simple Harmonic Oscillator
TEGR Teleparallel Equivalent of General Relativity
TRW  Teleparallel Robertson-Walker
TdS Teleparallel de Sitter
Appendix A. Additional Power-Law Scalar Field F(T) Solutions
Appendix A.1. Power-Law Ansatz ¢ = —1 Solutions
Equation (63) C, # 0 teleparallel F(T) solutions:
1. ¢ = % b= —% and C; = %): There are three possible solutions:
0
cpF
201 2k V, _ _
F(T) =~ Ao+ Fo[~u—(T)] ® + ro—ts o0 ur (T (A1)
Gp—1)
. p:%andél =41
2 2x 'V,
F(T) == Ao+ [—u_(T)]? [Fg — Zp ln[—u_(T)]] . (A2)
3C5
. p:%andél =—-1
2 2x 'V,
F(T)=—MAo+ [-u_(T)]3|Fy+ P In[—u_(T)]|. (A3)
3(-1)3
2. G — %: By setting C; = % + € where € < 1, we find:
F(T) = — Ao + Fo + 4x V), [ui(T)]p[T+§1p\/T2+Cz}. (A4)
3G (p+1)(p—1)
Equation (66) C, # 0 teleparallel F(T) solutions (p > 1 case):
1. Clzg(b:—%andQ:%:
2 2k 'V,
F(T) == Mo+ Fo[-u—(T)] % + BPOO [us(T)]". (A5)
2. C — %: By setting C; = % + €, where € < 1, we find:
4k Vo p
F(T)=—Ao+F+ [u+(T)])"(Co — Tu+(T))). (A6)

3C2 p

Equation (69) C, # 0 teleparallel F(T) solutions (p = 1 case):
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1. Clzg(b:—%andQ:%:
F(T) == fo-+ ol-u— (1)) + 57 (b-2) (Inlus(1)] - 3 ). (a7)

2. C — %: By setting C1 = % + €, where e < 1, we find:

F(T)=—Ag+F

5 2T 1
—-Kgo(b—z){&Jn[—u(Tﬂ-—hﬁ[ui(Tn-+Cb[ui(Tn<hqui(Tn-—2> . (A8)
Appendix A.2. Power-Law Ansatz ¢ = 2 Solutions
The general Equation (75) teleparallel F(T) solution for C; = 2C; is:
T @=5) K Vp (b—2
F(T) == Ao+ | —= +2(wx(T)) FO—M
Cz CZ
1 T/ (b-3)
/ dT [w "[ C+2(wi(T’))] . (A9)
Equation (A9) solutions are possible only for the following subcases:
1. b=3anddé; = 1:
— T - K VP 1-p P pP— l. . T
2. b=3and 6 = —
T - 27"V, 2—p 1—p T
=— - _ PoR | ——,—=3—-p =) |- All
P = ot [ 2] R g R (PRh e g )| e
3. b=4and 4 = 1:
E(T)=—A T 2wy |R- "V om(22,7 - s T
( )__ 0+ _C72+ (w+( )) 0_2}7*1 - C 342 ,E,T’ rp/cz
p—2 p—-1 T
—, 2 p-1= . Al2
+8<C>3F2<1 oy P LCZ)H (A12)
4, b=4and 6 = —
SKL; T \CP
e[ ] o 2% ()
T 2 3— T
X [3F2<3 p/ p/J Pz P; )+2Fl(p//4_P1>] (A13)
2 2 G
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The general Equation (79) teleparallel F(T) solution for C; = 2Cy is (p > 1 case):
F(T) = — Ag+ [T +2C (w+(T))] > [FO — K Veo (b —2)
x /T 4T’ [w (T')] 77 [~ T' + 26 (wi(T’))](b‘o’)]. (A14)

Equation (A14) solutions are possible only for the following subcases:
1. b=3and é; = 1:

~ T B «Vp PP,,T
2. b=3and 4 = —1:
N T ! (2C2)Px v —p p _p._ T

3. b=4and 4 = 1:

4. b=4and é; = —1:

~ T - 2Vy (TP p pr._ T
F(T) = o+ | & =2 ()| [Fo— (%) wn(-b-Leng)| @
The general Equation (83) teleparallel F(T) solution for C; = 2C; is (p = 1 case):
- - §(b+4)(b—2
F(T) = — Ao + [T+ 2Cs(ws(T))] - [Fo+ e
2
x / 4T In [we(T')] [~ T' 4 2C; (w=(T))] 7. (A19)
T
The simplest solutions of Equation (83) are:
1. b=23:
- 1 7kp | T
F(T) == Ao+ [-T+2C(w(T))] " |Fo— 26 |2 +Cw+(T) — T In[ws(T)]| |- (A20)
2. b=4:
B 8x p2 46, C2 3/2
E(T) = — Ao+ [=T 4+ 2Co (w5 (T)] 2| B+ S0 ||~ 301G (1 - TN 32100, 7
Cz 3 C2
6 C T T C G
— 8C2 a2 — 42 =2
8Cy | Inw(T)] + 13 (2C, —5T)4/1 C2—|— 8 3 T + 5 (A21)
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Appendix B. Additional Exponential Scalar Field F(T) Solutions
Appendix B.1. Power-Law Ansatz ¢ = 1 Solutions

Equation (138) C; # 1 teleparallel F(T) solutions:
1. C=-1:

F(T)=— Ao+ F T +xp3

PP Tt <Ez’1<—T2T) T +exp (%) (Tzﬁ+ T))
—p(+2) ( <_T2\/T+ T) o (_%) + (7 2T)Eil(%) ) 1 . (A22)

T T

2. C=2:

F(T) =—Ag+F T2+« p}

(P20 (0+2)) \gexp(\%> —2p(b+2) Ei(—%)]. (A23)

3. C=-2:

F(T)=—Ag+F T V2 +xp} [Pz (eXP <52T> + \% E“(_;ZT))

—2p(b+2) <exp (—\%) - (\% +1) Ei(%))]. (A24)

Equation (141) C; # 1 teleparallel F(T) solutions (p > 1 case):
1. C=-1:

T2
F(T)=— Ao+ R T +xp*p} {f Eil(*k) + (EH) : (A25)

F(T) = — Ao+ Fy TY? + x p? p%L/z exp<3). (A26)
T VT

_ 12, 22 [T g _2) (Eﬂ
F(T) A+FT +xp Po[ﬁEﬁ( T + exp 7)1 (A27)

Appendix B.2. Power-Law Ansatz ¢ = 2 Solutions
Equation (153) teleparallel F(T) solutions are:
1. C1 =0:

F(T)=— Ao+ (-T)=b) [FO—K(b_Z) Po [Pz /T dr’ (—1')(=3) exp( V2p(1+b) )

co [wx(T")]"/?

—2p(b+4) /T dT’ (—1")(=3) E1<W>H (A28)

co [w (T/)]*/?

There are solutions for specific values of b, such as:
s b=1:
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" 1
F(T)=—Ao+(-T) |:F0*KP0 {* 43/ (T) coCa(w (T) — 2)
» 2p(v2 - VL (T)
x {— ws(T) p(w(T) - 2) <eggEil(—(CO\/ﬁ(Ti))>

7%3 ) ZP(\/E+ \/W) 2 sz)
h E(m )+ (7 F)an -
CZ
(5 wnen-o) o 38}
5 <IE M 737(’17
2w (M) Cpws(r) —2) (N2 v
1o (ML) e 22 ot

+

e —4C Ejy

D) Co\/m Com
+ %(Nfﬁcom) eXp<700\2/%>m.

° b:3:

) 2
o[ s 33\, . 4V2p
Fo + & p3 |: 3l |: 512(;9 3 )P CzEll( CO\/m

F(T)=—NAg—T""!

3 ,  5¢g
+| = 64pCV2( g (i (T) = 1) + 97 = 72 ) Jws(T)
4/2p
—16p2C T)) +3Tc}
+C0< p°Co(w(T)) C0>)C0exp<c0\/m):|
7p 22 4 4 i 4vap
P12 (96C —128p°C, —3¢pT) Ei| ——=
+ 3c3[ (96C2p"c p'C2 =34 T) Eiy co/w+(T)

P , 1163
+ oo 32pCV2 E(wt(T) -1 +p*— T w(T)

2 16p*C,
+ 32 (203 4 ) (n) - 1)+ (T + 20 - pT))

S el

[ ] b:4:

(A29)

(A30)
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F(T)=— Ao+ (=T)2 8 2y 168 4)

2
Fo+ 2k p} {f upw {778125;14@ <p4 — PG+ 55
0

. 5v2p 1 3c3 ( 32c2) 4 )
X Eiy| - —2Y2F ) _e3( — — (2520 ( (T- cd +20C,p2¢

1< @ wi(T)> ( 21( (5 15 ) 2P
125p°C,

18

2075p*Cac?
6

625p°C; 25 76C.
— #) pCaV2 wi(T)> +co < 5 <<T7 T2>cﬁ + 65Copc3

6
) (we(T) = 1) — ;—05(39T+ 32C;) + p*(T — 128Cy)cg +

45p2C (T + 752 ) b

125p'Gy
6 7

) P?Co(wa(T) — 1) + T2c§ +

_ 125p*Cy(T +26C2)c} N 3125p°C3 o ex 5V2p
2 126 A N 6

+ 63% {(7210000p463C§ +350000c3p° C2 — 78125C2p® + 504T2cH)
Co

[ 5V2p 1( 25pC, 3, < 116C2> 4

x Bif| — == | +252( 5 [ — V2Zad| (T~ ¢

1<c0 wi(T)) (4( 21 59 5 )%
250Cp%cg  125p*Cy B (—67T —116C;)c§
g g (D =D+ e

790C, 925p*Coc2 625p°C 25
2 2\ 4 P26 P2
b (T 3 )CO 2 6 ws(T) = ¢o 21

6 4 2 6
y <7 28(T +2Co)c p2<T7 188G, >C4 L 265p°Cact 125p C2>c2

25 5 )JO0T T3 e

2 205p2C, (T + 22 )t

106C:
_125p4C2(T+T2>C%+3125p6C§ ool 527\, (A31)
Iy 126 PU ave=m ) )]

There are other values of b yielding to analytical F(T) solutions.
2. Cl = 2C2:

F(T) = = Ao+ [~ T + 2G5 (ws (1)) *™ [Fo—K(b—Z)P% [ ar [pz exp< v2p(+h) )

co [wx(T")]"/?
~ V2p(1+b)

—2p(b+4) Ei( —CO [wi(T’)]l/z

)] (=T +2Cy (w+(T'))] “"3)]. (A32)

There are solutions for specific values of J; and b:
s b=3
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F(T) = — Ao+ [T +2Ca(ws(T))] " | Fo + x

r? 3c2 . 4/2p
x [ 33{ 512p° (”2_?0>C2E“(_7c0 wi(T))
+exp< 4f” )( 64pfc2( (wi(T)fl)erZf%)

% \Jwa (T) + co (=16p*Co(w+ (T ))+3Tc(2,)>co}

4/2p )

5 12(96Cockp* — 128C,p* — 3Tc}) Ei1<m

4
3¢}
% o _ 1
+ | [32pv2C, E(wi(T)flﬂ»pf? w4 (T)

2 2
43 (2c2(78% +c§) (s (T) = 1) + (T +2C2) & — L‘; CZ))

X exp (7%)>CQ:|:|:|. (A33)

F(T) = — Ao + [~ T +2C (w=(T))] 2 | Fy + 2k p3

2 2
p 6-2( o 28c0> . 5v2p
- — 78125p5C3 ( p? — o0 Vi | — V2P
* { 126¢ 4 2(” 5 )7\ o

wi(T)
5v2p 33 4C
763exp<m) 0( le\[C2< 0 <( T;>c3

2 4 _ 6
L 40dp’C,  125p c2>(wim T (17T — 4Cy)c§ +p2(T+ %)&

9 18 25 0

225p*Coc 625p°Cy 25 [ 56(T —Cy)c§
+ R = e o (M 4 | - H G

4 2 6
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23T 444G\ 4 . 38C,\ 4, 2725p*Cacy  625p°C,
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63 42
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There are other values of b yielding to analytical F(T) solutions.
Equation (155) C; # 0 teleparallel F(T) solutions (p > 1 case):
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F(T)

= Ao+ [=T + Gy (e (1)) 7 [y(T) P42

1. Cl =0:

F(T) =— Ao+ (-T)®Y [FO —x p? p} /TdT’ exp(c f}p(;;)]ﬁ)/z) (—T’)“’ﬂ. (A35)
: 0w+

There are solutions for specific values of b:

e b=1:
- xpg p? 2\ [ 2(V2- Vei(D)
BT~ = Ao =T {FO 4C§C2 {peXp<60)Ell( cor/w=(T)
(w+(T)) 2v2p
2—wi(T) exp(c0 wi(ﬂ)(on. (A36)
e b=3
2 5C
F(T) ~ — Ag — FTE’ 64Kp Id “f,/ exp< 3@)]. (A37)
e b=4
o Fy | 15625k pj p°C3 5v2p
F(T)~—Ag+ T2+763ﬁc(7) 2 w+(T) exp 7% o) | (A38)
2. C] = 2C22

51 (b-2)
-2 [ T+ (Ci — 2Cy) (w= (T)) ]5Ec1§c?>
T+ (C1 —2C) (2 —we(T))

x [OKP PO/ dT' e ( v2p(l+?) )[T’+C1(wi(T'))](b_3)

co [w (T7)]M?

5 (b-2)Cy
(-2 T + (Cl —2C2)(ﬂ)i(T’)) 72(C1 26,)
X []/(T’)] 2(¢1—26) { (G 20 (2= wi(T’))} . (A39)
There are solutions for specific values of 6; and b:
e b=23
F(T) ~ — Ao+ [T + Cy (w(T))] !
64 p° pg 4V2p
F+——mvVv2 T — | |. A40
x |Fo+ 3 V2Cy\/w(T) exp oo (T) (A40)
o b = 4
F(T) & — Ag + [~ T + Cy (w+(T))]
15625x p° p3 5V2p
F+———C T —_— || A4l
0 126v/2¢) 2y/ws(Texp cor/wx(T) (A1)

Appendix B.3. Exponential Ansatz Solutions
Equation (170) Ty # Tp and b > % teleparallel F(T) solutions:
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_ 3
1 b=2%
cet2p) [ 2\"°
F(T) == Ao+ (T—T1) | Fo+kppd St (=5 ) (T-To)' 7P| (A42)
Z(C_P) o
2. b=2c
2\
F(T) =— Ao+ (T—T1) | Fo+2cppjc(dc+p) <—C2>
0
—pte
% (T_TO) ¢ ((T;'TO_ZTl)C_p(T_Tl)) . (A43)
2c2 — 3cp + p?
3. b=23c:

F(T)=—Aog+ (T—Ty)* B+ .

o

24k pp3c(Bc+2c+p) 2
(24c* — 50c3p + 35¢2p2 — 10c p3 + p*)

—p+e

x (T-Ty)

((2T12 +(—2T = 2To) Ty + T2 + Tg) (T + Ty —2Ty)c®

11 [ 26T7 1T 21T, TT, 6T?
—( 1+(—3—0>T1+T2+90+0)p(T—T1)c2

6 \ 11 11 11 11 11
T, 3T 3(T—-1y)3
+(T+20—21)p2(T—T1)2c—p(61)> .

Equation (173) T} # Ty and b > % teleparallel F(T) solutions (p > 1 case):

_ 3c.
1 b=%
2 \"¢
F(T)m—AO—FFO(T—Tl)1—Kpp%c<—2> (T —To) P/°(T—Ty) .
i}
2. b=2c:
2 ple 4
F(T)'NV—A0+F0(T—T1)_2—2Kpp(2JC(—C2> (T—Ty) < (T—Ty) ..
0
3. b=23c:

p/ec
_ 2 _r _
F(T)=~—ANg+F(T-T) 4—4Kpp%c<—cz> (T—Ty) < (T—Ty) "
0
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