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A B S T R A C T 

Headline constraints on cosmological parameters from current weak lensing surv e ys are derived from two-point statistics that are 
known to be statistically sub-optimal, even in the case of Gaussian fields. We study the performance of a new fast implementation 

of the Quadratic Maximum Likelihood (QML) estimator, optimal for Gaussian fields, to test the performance of Pseudo- C � 

estimators for upcoming weak lensing surv e ys and quantify the gain from a more optimal method. Through the use of realistic 
surv e y geometries, noise levels, and power spectra, we find that there is a decrease in the errors in the statistics of the reco v ered 

E -mode spectra to the level of ∼20 per cent when using the optimal QML estimator o v er the Pseudo- C � estimator on the largest 
angular scales, while we find significant decreases in the errors associated with the B -modes. This raises the prospects of being 

able to constrain new physics through the enhanced sensitivity of B -modes for forthcoming surv e ys that our implementation 

of the QML estimator provides. We test the QML method with a new implementation that uses conjugate-gradient and finite- 
dif ferences dif ferentiation methods resulting in the most efficient implementation of the full-sky QML estimator yet, allowing 

us to process maps at resolutions that are prohibitively expensive using existing codes. In addition, we investigate the effects of 
apodization, B -mode purification, and the use of non-Gaussian maps on the statistical properties of the estimators. Our QML 

implementation is publicly available and can be accessed from GitHub . 

Key words: gravitational lensing: weak – large-scale structure of Universe – methods: statistical. 
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 I N T RO D U C T I O N  

osmic shear is the study of the coherent distortion in the shapes of
ackground galaxies due to the matter distribution of the intervening
arge-scale structure (Bartelmann & Schneider 2001 ; Bartelmann
010 ; Kilbinger 2015 ). Since these distortions are sensitive to the
otal matter distribution, with contributions from both ordinary
aryonic matter and non-luminous dark matter, cosmic shear is a
owerful probe of dark matter. By measuring the cosmic shear signal
n multiple redshift bins, we can place constraints on the evolution
f structure in the Universe, ultimately placing constraints on the
roperties of dark energy – a key goal for cosmology in the current
ecade. 

Given the large quantity of high-precision cosmic shear data that
orthcoming Stage-IV weak gravitational lensing surv e ys, such as
he Euclid space telescope (Laureijs et al. 2011 ), the Le gac y Surv e y
f Space and Time (LSST) at the Rubin observatory (Abate et al.
012 ), and the Roman space telescope (Spergel et al. 2015 ), are
xpected to take, it is important to ensure that we are using the
ost optimal methods possible throughout the data analysis pipeline.
iven that each of these observatories will observe and measure the

hear of well o v er one billion galaxies, it is unfeasible to perform
ata analysis on each of these individual galaxies. Hence, some form
f data compression steps are needed to make the data processable.
 E-mail: maraio@roe.ac.uk 
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Published by Oxford University Press on behalf of Royal Astronomical Socie
Commons Attribution License ( https://cr eativecommons.or g/licenses/by/4.0/), whi
ere, we have investigated the process of compressing maps of the
bserved ellipticities of galaxies into two-point summary statistics,
amely the power spectrum. The use of two-point statistics is well
oti v ated because for Gaussian fields the power spectrum contains

ll of the information about the field, and two-point statistics have
een e xtensiv ely studied leading to the development of robust, well-
ested models. The estimation of two-point statistics from data is an
mportant process as it allows comparisons between observations and
alues predicted from cosmological theories to be performed. These
omparisons allow us to constrain the cosmological parameters that
eature in the models, and the cosmic shear power spectrum has been
sed to obtain competitive results (Heymans et al. 2021 ; Doux et al.
022 ; Hamana et al. 2020 ). Recent works have suggested that there
ould be a possible tension to the level of ∼3 σ in the value for the
tructure of growth parameter, S 8 ≡ σ8 

√ 

�m 

/ 0 . 3 , measured between
ata from cosmic shear surv e ys and those from cosmic microwave
ackground e xperiments (e.g. He ymans et al. 2021 ; Abdalla et al.
022 ). Therefore, to help determine if this tension has physical
rigins or not, it is essential to ensure that our analysis methods
re as optimal as possible. 

The process of compressing maps into two-point summary statis-
ics is crucial, and so naturally a number of competing methods
o do so have been developed and applied to cosmic shear data.

ost notably are the two-point correlation functions (2PCF) ξ±( θ )
Kaiser 1992 ; Schneider et al. 2002 ), the Complete Orthogonal Sets
f E-/B-mode Integrals (COSEBIs) (Schneider, Eifler & Krause
010 ; Asgari et al. 2021 ), and the power spectrum coefficients C � 
© The Author(s) 2023. 
ty. This is an Open Access article distributed under the terms of the Creative 
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Hu & White 2001 ; Brown, Castro & Taylor 2005 ; Hikage et al.
011 ). In this work, we focus on analysing cosmic shear maps using
he power spectrum. The power spectrum has the advantage that 
t provides the most direct comparison between theory- and data- 
ectors, without the need to perform any additional transformations 
hen comparing them, as is required for analyses using correlation 

unctions (Schneider et al. 2002 ). Additionally, the power spectrum 

rovides a cleaner separation between linear and non-linear scales, 
hich aids the investigation of biases from the non-linear modelling 
f the matter power spectrum and intrinsic alignments (Doux et al. 
022 ), and the scale-dependent signatures in the power spectrum –
or example arising from the properties of massive neutrinos and 
aryonic effects. We note that none of the methods discussed in this
 ork emplo y the flat-sky approximation, with all quantities being 
 v aluated on the full, curv ed-sk y. 

While power spectrum estimators are a sub-set of two-point 
orrelators, we can further break down this category of estimators 
nto two main methods: the Pseudo- C � method (Hivon et al. 2002 ;
rown et al. 2005 ), and the quadratic maximum likelihood method 

QML) (T egmark 1997 ; T egmark & de Oliveira-Costa 2001 ). In
ddition, there is the PolSpice algorithm which uses the corre- 
ation functions to produce estimates of the power spectrum, and 
s statistically equi v alent to the Pseudo- C � method (Szapudi et al.
000 ; Chon et al. 2004 ). The Pseudo- C � class of estimators work in
armonic-space and utilize very efficient spherical harmonic trans- 
ormation algorithms which makes this class of estimator extremely 
umerically efficient even for high-resolution maps (Hivon et al. 
002 ; Gorski et al. 2005 ). Alternatively, the QML method works in
ixel-space, which results in a much larger computational demand 
hen compared to Pseudo- C � method for the same resolution maps. 
raditionally, this has limited analyses using the QML method to low-
esolution maps only, and thus confined the values for the reco v ered
ower spectrum to low multipoles. Hence, when power spectrum 

ethods have been applied to existing weak lensing data, the Pseudo- 
 � estimator has been the method of choice for the vast majority of
eak lensing analyses (Hikage et al. 2019 ; Asgari et al. 2021 ; Nicola

t al. 2021 ; Garc ́ıa-Garc ́ıa, Alonso & Bellini 2019 ; Doux et al. 2022 ),
rimarily using the NaMaster code which is a fast implementation 
f the Pseudo- C � estimator that can be easily applied to weak lensing
nalyses (Alonso, Sanchez & Slosar 2019 ). The Pseudo- C � estimator 
ill form part of the analysis pipeline for upcoming weak lensing 

urv e ys (Loureiro et al. 2021 ). Ho we ver, it has been sho wn that
hile the QML estimator is optimal, in the sense that it estimates
 power spectrum with the minimal possible errors (Tegmark 
997 ), it is known that the Pseudo- C � method is not optimal (Ef-
tathiou 2004 ), and thus could be introducing additional errors into 
he data. 

Another aspect of the data analysis expected to benefit significantly 
rom the application of an optimal estimator is in B -mode measure-
ent. In the limit of weak gravitational lensing, the produced signal 

hould form a curl-free field, and thus the predicted B -mode signal for
osmic shear should be zero. Traditionally, a statistically significant 
etection of B -modes would indicate the presence of unaccounted 
ystematic effects present in the data. However, with the increased 
recision of forthcoming Stage-IV experiments, the B -mode signal 
ill be treated as a potential signal that could give hints of new
hysical phenomena. An application of using B -modes to constrain 
o v el cosmological models was presented in Thomas et al. ( 2017 ).
ence, ensuring that the B -mode errors are as small as possible

to help determine if any residual B -mode signal is statistically 
ignificant, and to distinguish between systematic effects and a 
osmological B -mode signal) is another key feature for any power 
pectrum estimation technique that would be applied to upcoming 
xperimental data. 

Additionally, in a power spectrum analysis a choice for how the
urv e y mask should be modelled is present. Either the effects of
he mask can be deconvolved from the observed v alues, gi ving
redictions for the full-sky power (Hikage et al. 2011 ), or the effects
f the mask can be convolved into the theory predictions, the so-
alled ‘forward-modelling’ approach (Loureiro et al. 2021 ). Here, we 
ocus on the full-sky predictions, which the QML estimator naturally 
roduces, as this allows for the most straightforward comparisons 
etween experimental results and theoretical predictions to be made. 
his is because there is no need to convolve the theory data-
ector with the mask at every step in an analysis chain when using
onte Carlo Markov Chain methods, and thus reducing the per-step 

omputational requirements resulting in faster run-times. We also 
ote that by producing estimates of the full-sky power spectra, our
ovariance matrix is less affected by the mask on large scales. 

Previous attempts at applying QML methods to existing weak 
ensing surv e ys hav e found little differences in results when com-
ared to other analysis techniques. K ̈ohlinger et al. ( 2016 ) applied a
ML implementation to estimate band powers from the data from 

he Canada–France–Hawaii Telescope Lensing Surv e y (CFHTLenS) 
nding general consistency between their QML analysis and all 
ther studies using CFHTLenS data. This implementation was then 
pplied to data from the first data release from the Kilo Degree
urv e y (KiDS-450) in K ̈ohlinger et al. ( 2017 ). Here, they again
ound broadly consistent results between their analysis and previous 
orks, though finding a slightly smaller value for S 8 which could
e explained by their work using a slightly smaller range of �
ultipole v alues (v an Uitert et al. 2018 ). Quadratic and Pseudo- C � 

stimators were applied to cosmic shear measurements performed 
y the Sloan Digital Sk y Surv e y in Lin et al. ( 2012 ), again finding
trong consistency between the two methods. This demonstrates 
hat analysing weak lensing data using QML methods provides a 
trong consistency check between different two-point estimators and 
nsuring that results are robust to the different analysis choices 
hat are required for the different methods. While these previous 
nalyses of weak lensing data using QML methods have shown 
trong consistencies in the main cosmological results, though their 
pplication as a cross-check remains an important use case, we note
hat the CFHTLenS and KiDS-450 surv e ys co v ered about 154 de g 2 

nd 450 deg 2 of sk y, respectiv ely. These sk y areas are around
wo orders of magnitude smaller than the e xpected sk y area that
orthcoming Stage-IV experiments are expected to cover. While it has 
een shown that the QML and Pseudo- C � estimators are statistically
qui v alent in the high-noise regime (Efstathiou 2004 , 2006 ), the
 xpected noise lev els for forthcoming surv e ys will be much lower
han CFHTLenS and KiDS. Therefore, the huge increase in statistical 
recision that forthcoming Stage-IV surv e ys will bring means that the 
se of non-optimal methods (the Pseudo- C � estimator) needs to be
eassessed and their affects on cosmological constraints quantified. 

Despite the advantages of quadratic estimators, the development of 
aximum likelihood estimators, and in particular their applications 

o cosmic shear, has traditionally been less explored than other 
echniques because of their computational complexity and associated 
lowness. In general, they require the computation and inversion of a
ense pixel-space covariance matrix of the map(s) which is a slow and
nefficient process when compared to other analysis methods. Recent 
heoretical developments presented in Horowitz, Seljak & Aslanyan 
 2019 ) and Seljak et al. ( 2017 ), along with using methods presented
n Oh, Spergel & Hinshaw ( 1999 ), have provided a set of key tools
hat has allowed us to build a new no v el QML implementation that is
MNRAS 520, 4836–4852 (2023) 
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ighly efficient. We note that the construction of the QML estimator
s very analogous to the Wiener filtering of the data, for which fast
mplementations have been recently developed and applied to CMB
ata sets (Elsner & Wandelt 2013 ; Bunn & Wandelt 2017 ; Ramanah,
avaux & Wandelt 2018 ). We also note that recent works have applied
uadratic estimators to galaxy clustering in Estrada, Granett & Guzzo
 2022 ) and Philcox ( 2021 ) applying their quadratic estimators to data
rom the VIPERS and BOSS surv e ys, respectiv ely. 

This paper is structured as follows: in Section 2 we present a re vie w
f both the QML and Pseudo- C � estimators, including a detailed
eri v ation of the QML method in Section 2.1 . Then in Sections 2.2
nd 2.3 we present our new highly efficient implementation of the
ML estimator. Section 3 outlines our methodology for generating
ock weak lensing data, which is used for our results that we present

n Section 4 . Our conclusions are presented in Section 5 . 

 POWER  SPECTRUM  ESTIMATORS  

s discussed in Section 1 , there exists two broad classes of power
pectrum estimation techniques. Here, we first derive the set of key
esults for the QML method, and then present a brief re vie w of the
seudo- C � method. 

.1 The QML estimator 

onsider a spin-0 input map as a data-vector x (which may be
omplex, such as for real-space shears) that has zero mean, an
xample of such a map would be convergence estimates in pixels
 v er the sky, and covariance C . This data-vector has a length equal
o the number of pixels in the map N pix . We can write it as 

 = s + n , (1) 

here s and n are the signal and noise data-v ectors, respectiv ely.
ssuming that the signal and noise data-vectors are uncorrelated and
oth follow the Gaussian distribution, then the likelihood function
or the power spectrum coefficients reco v ered from the map, ˜ C � , is
iven by 

 ( x | ˜ C � ) = 

exp 
(− 1 

2 x 
† C 

−1 x 
)

( 2 π ) N pix / 2 | C | 1 / 2 , (2) 

here C is the total pix el-co variance matrix, given as 

 = 〈 x x † 〉 = S ( C � ) + N , (3) 

here S is the signal covariance matrix, N is the noise matrix, and C � 

re the fiducial power spectrum coefficients. The signal covariance
atrix can be written as 

 ( C � ) = 

∑ 

� 

P � C � , (4) 

here the P � matrices are defined, in pixel-space, as 

 � ≡ 2 � + 1 

4 π
P � ( ̂ r i · ˆ r j ) , (5) 

here P � are the Legendre polynomials, and ˆ r i is the unit vector
or pixel i . This matrix can be decomposed into spherical harmonics
hrough the addition theorem, giving 

 � = 

� ∑ 

m =−� 

Y �m 

( ̂ r i ) Y 

∗
�m 

( ̂ r j ) . (6) 

e note an important result of 

∂ C 

∂C 

= P � . (7) 
NRAS 520, 4836–4852 (2023) 

� 
n harmonic-space, these P � matrices are simply zeros with ones
long the diagonal corresponding to their � value. This makes
 v aluating the signal matrix very easy in spherical-harmonic space. 

For uncorrelated noise, the noise matrix N in pixel-space is simply
iven by the noise variance of the i -th pixel along the diagonal with
eros elsewhere. This makes evaluating the noise matrix very easy in
ixel-space. We note that the QML method may require the manual
nsertion of a small level of white noise into the covariance matrix to
nsure that it is invertible, as in some extreme cases the covariance
atrix can be singular (Bilbao-Ahedo et al. 2017 ). 
A minimum-variance quadratic estimator of the power spectrum

an be formed as (Tegmark 1997 ) 

 � ≡ s � − b � = x T E � x − b � , (8) 

here the E � matrices are given by 

 � = 

1 

2 
C 

−1 ∂ C 

∂C � 

C 

−1 = 

1 

2 
C 

−1 P � C 

−1 , (9) 

nd the noise bias terms b � are given as 

 � = Tr [ N E � ] . (10) 

rranging our y � and C � values into vectors y and C , respectively,
e can relate our quadratic estimator to the true power spectrum as 

 y 〉 = F C , (11) 

here F is the Fisher matrix. Formally, this is defined through the
ikelihood as (Bond, Jaffe & Knox 1998 ) 

 � 1 � 2 = −
〈

∂ 2 ln L 

∂ C � 1 ∂ C � 2 

〉
. (12) 

hen applying the likelihood of equation ( 2 ), we find the Fisher
atrix can be written as 

 �� ′ = 

1 

2 
Tr 

[
C 

−1 ∂ C 

∂C � 

C 

−1 ∂ C 

∂C � ′ 

]
, 

= 

1 

2 
Tr 

[
C 

−1 P � C 

−1 P � ′ 
]
. (13) 

ssuming that F is regular, and thus can be inverted, we can form an
stimator for the reco v ered power spectrum from our map, ˜ C , as 

˜ 
 = F 

−1 y . (14) 

his estimator is unbiased in the sense that its average is the true,
nderlying spectrum (Tegmark 1997 ), 

 ̃

 C 〉 = C , (15) 

nd it is optimal in the sense that its covariance matrix of our estimator
s the inverse Fisher matrix F 

−1 , 

 ( ̃  C − C )( ̃  C − C ) T 〉 = F 

−1 (16) 

nd thus satisfies the Cram ́er–Rao inequality (Tegmark, Taylor &
eavens 1997 ). 

.1.1 Extension to spin-2 fields 

bo v e, we hav e deriv ed a set of ke y-results of the QML estimator
pplied to a scalar spin-0 field. These set of equations can be extended
o co v er spin-2 fields, as presented in Te gmark & de Oliv eira-Costa
 2001 ). Such spin-2 field is cosmic shear, of which the observed field
an be decomposed into two components through γ ( ̂ n ) = γ1 ( ̂ n ) +
γ2 ( ̂ n ). The data-vector will now have length 2 N pix , where it will be
iven by x = { 	 γ , 	 γ ∗} , where 	 γ is the values of the complex shears
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t each pixel, and the covariance matrix (and other associated pixel- 
pace matrices) have dimensions 2 N pix × 2 N pix , where their block
tructure will be given by 

 = 

(〈 	 γ 	 γ † 〉〈 	 γ 	 γ T 〉 
〈 	 γ ∗ 	 γ † 〉 〈 	 γ ∗ 	 γ T 〉 

)
. (17) 

imilarly, the Legendre polynomial matrix P � will have a structure 
or the spin-2 case of (Tegmark & de Oliveira-Costa 2001 ) 

 � = 

(∑ 

m 

+ 2 Y �m 

( ̂ r i ) + 2 Y 

∗
�m 

( ̂ r j ) 
∑ 

m 

+ 2 Y �m 

( ̂ r i ) −2 Y 

∗
�m 

( ̂ r j ) ∑ 

m 

+ 2 Y 

∗
�m 

( ̂ r i ) −2 Y �m 

( ̂ r j ) 
∑ 

m 

+ 2 Y 

∗
�m 

( ̂ r i ) + 2 Y �m 

( ̂ r j ) 

)
, (18) 

nd the signal covariance matrix is given by 

 = 

(∑ 

� 

[
C 

EE 
� + C 

BB 
� 

]
P 

(1 , 1) 
� 

∑ 

� 

[
C 

EE 
� − C 

BB 
� 

]
P 

(1 , 2) 
� ∑ 

� 

[
C 

EE 
� − C 

BB 
� 

]
P 

(2 , 1) 
� 

∑ 

� 

[
C 

EE 
� + C 

BB 
� 

]
P 

(2 , 2) 
� 

)
, (19) 

here s Y � m are the spin-weighted spherical harmonics. 
The observed spin-2 shear field can be decomposed on the full-sky

nto a curl-free E -mode and divergence-free B -mode fields through 
Brown et al. 2005 ) 

 γ1 ± iγ2 )( ̂ n ) = 

∑ 

� 

� ∑ 

m = −� 

[
a E �m 

± ia B �m 

]
±2 Y �m 

( ̂ n ) . (20) 

his relation can be inverted to give the a � m coefficients on the full-
ky as 

 

E 
�m 

± ia B �m 

= 

∫ 

d � ( γ1 ± iγ2 ) ( ̂ n ) ±2 Y 

∗
�m 

( ̂ n ) . (21) 

hese a � m coefficients can then be combined to form values for the
ll-sky power spectrum through 

 

XY 
� = 

1 

2 � + 1 

� ∑ 

m =−� 

a X �m 

[
a Y �m 

]∗
, (22) 

here X , Y denote either E or B . 

.1.2 Affect of the fiducial cosmology 

e note that to construct the covariance matrix, we have to provide
ur estimator with a set of fiducial C � v alues. Gi ven that the whole
oint of the estimator is to estimate the C � values from map(s),
f which their underlying power spectrum are unknown prior to 
he analysis, it may appear that the estimated power spectrum will 
omehow depend on the input cosmology. Howev er, pro vided that 
he same fiducial power spectrum is applied consistently to the 
stimator, it will still produce unbiased estimates, but ones that 
ay not necessarily be truly optimal. An iterative scheme where 

he results of the estimator are fed back into the construction of the
ovariance matrix, with this process repeating for a number of times, 
as investigated in Bilbao-Ahedo et al. ( 2021 ). 

.2 Inverting the pixel covariance matrix 

o e v aluate our quadratic estimator, we need an ef ficient way
o e v aluate the set of y � values for a given map. These in turn
equire efficient evaluation of the inv erse-co variance weighted map, 
 

−1 x . Na ̈ıvely, one may want to compute these terms through 
rst e v aluating the total cov ariance matrix C and then inverting it.
o we v er, as we hav e seen through equation ( 3 ), C is made up of
oth the signal and noise covariance matrices, resulting in there not 
eing a single efficient basis to evaluate C in without having to resort
o using e xpensiv e massiv e matrix multiplications using matrices of
pherical harmonics, Y . Since these operations scale as O( N 

3 
pix ), this
s an important limiting factor to the resolution that can be obtained
ith traditional QML estimation techniques. 
An alternative approach that negates the need to e v aluate the

otal covariance matrix is required to obtain competitive resolution 
esults using QML methods. Previous attempts at this problem have 
sed either Newton–Raphson iteration techniques to find the root of 
 L /∂ C � = 0 (Bond et al. 1998 ; Seljak 1998 ; Hu & White 2001 ),
r alternatively used conjugate gradient techniques (Oh et al. 1999 ),
oth of which a v oid the need to directly e v aluate and invert the
ovariance matrix and thus offers significantly better computational 
erformance. Alternative techniques also include an iterative scheme 
resented in Pen ( 2003 ) and renormalization-inspired methods pre- 
ented in McDonald ( 2019a ), McDonald ( 2019b ). Here, we employ
he conjugate gradient approach, although minimization approaches 
ave also been shown to give good results (Horowitz et al. 2019 ). 
The conjugate gradient method (Oh et al. 1999 ) utilizes a converg-

ng iterative scheme to find a best-fitting solution vector z such that
t satisfies the linear equation 

 z = x (23) 

or a giv en co variance matrix and input maps. Using the conjugate
radient method allows us to only compute the action of a trial-
ector on the covariance matrix instead of the traditional approach 
f computing the full form of the covariance matrix and inverting
t. As this is an iterative approach to finding the best-fitting vector
 , the value of C z needs to be computed many times. Therefore, an
fficient numerical approach to computing this is required. This is 
chieved through the use of splitting the pixel covariance matrix into
 signal part, which is best suited to harmonic-space, and a noise
art, which is best represented in pixel-space. Hence, this allows us
o rapidly compute the action of our trial vector z on the covariance
atrix through 

 z + N z = x . (24) 

e can rapidly transform our trial vector z between pixel- and 
armonic-space through efficient spherical harmonic transform func- 
ions map2alm & alm2map from the HEALPIX library (Gorski et al.
005 ). Qualitatively, the per-iteration computation of C z proceeds 
long the following steps: 

(i) Convert our map-based trial-vector z into a set of a E �m 

and a B �m 

alues through the use of map2alm which implements equation ( 21 ),
(ii) Re-scale the a � m values with the input fiducial power spectrum 

 

EE 
� and C 

BB 
� , respectively, 

(iii) Generate a new set of spin-2 maps with these new a � m 
oefficients to obtain the contribution from the cosmological signal 
sing alm2map which implements equation ( 20 ), 
(iv) Take our original trial-vector z and multiply all elements by the 

oise variance in the respective pixel to obtain the noise contribution,
(v) Finally, sum the signal and noise contributions giving a final 

et of two maps in pixel space. 

With this efficient computation of C z in place, we can use standard
mplementations of the conjugate gradient algorithm to find z . We 
sed the Eigen 1 C ++ linear algebra package to perform our
onjugate gradient computations resulting in a quick and efficient 
umerical implementation. 
Since we are now only computing the action of the covariance ma-

rix on our trial vector, instead of explicitly computing the full form of
he covariance matrix, we find that our method provides much better
MNRAS 520, 4836–4852 (2023) 
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caling to higher map resolutions than previous implementations. We
xplore the speed and memory performance of our new estimator in
ection 4.1 . In our analysis, we used map resolutions of N side = 256,
hich compares to a maximum of N side = 64 that was explored in
revious QML implementations (Bilbao-Ahedo et al. 2021 ). 
In general, the conjugate gradient technique can benefit greatly

rom an appropriate choice of matrix pre-conditioner (Oh et al. 1999 ).
iven a linear system A x = b , the pre-conditioner matrix ˜ A should

e such that ˜ A 

−1 
A = I + R , where I is the identity matrix and R is a

atrix whose eigenvalues are all less than unity. This minimizes the
umber of iterations required for the conjugate gradient method to
onverge, and thus can offer significant performance impro v ements
f properly set. Since our method requires a strictly diagonal pre-
onditioner, this placed strict constraints on the form and values
f the pre-conditioner. We investigated the use of different values
or the diagonal of the pre-conditioner finding little change in the
erformance of the iterative method. Thus, we used the identity
atrix as our pre-conditioner. 

.3 Forming the Fisher matrix 

ince the covariance matrix of our quadratic estimator is the inverse
isher matrix, we can get estimates for the estimator’s errors through
omputation of this Fisher matrix. Direct computation of the Fisher
atrix through equation ( 13 ) requires many massive 2 N pix × 2 N pix 

atrix multiplications and inversions, which has O( N 

3 
pix ) scaling,

 ven for ef ficient implementations of this technique (Bilbao-Ahedo
t al. 2021 ). Thus, this direct-e v aluation technique becomes un-
easible for map resolutions abo v e about N side = 64 for Stage-IV
osmic shear experiments. Hence, to get power spectrum estimates
or higher-resolution maps, which increases the range of � -values
hat we can estimate the power spectrum o v er, an alternativ e method
o direct computation is needed. 

We note that the Fisher matrix is related to the second-order
eri v ati ve of the likelihood function through equation ( 12 ). Taking a
ingle deri v ati ve of the likelihood yields 

∂ ln L 

∂C � 

= s � − b � − Tr [ S E � ] (25) 

here s � is our quadratic form of the map as introduced in equa-
ion ( 8 ). Therefore, to e v aluate our Fisher matrix, we wish to take a
urther deri v ati v e of the abo v e quantity, which yields 〈

∂ 2 ln L 

∂ C � ∂ C � ′ 

〉
= −Tr 

[
C 

−1 P � C 

−1 P � ′ 
] + 

1 

2 
Tr 

[
C 

−1 P � C 

−1 P � ′ 
]
, 

(26) 

= −1 

2 
Tr 

[
C 

−1 P � C 

−1 P � ′ 
]
, (27) 

here the first trace term comes from the differentiation of the
uadratic term s � and the second trace arises from the differentiation
f the other two terms in equation ( 25 ). Since we note that the
ifferentiation of just the s � term alone yields twice the ne gativ e
isher matrix, we can form an estimator for the Fisher matrix using

ust this term. Therefore, we can use the method of finite differences
o differentiate s � to give (Seljak et al. 2017 ; Horowitz et al. 2019 ) 

 �� ′ �C � ′ = −1 

2 

[〈 s � ( C 

fid 
� + �C � ′ ) 〉 − 〈 s � ( C 

fid 
� ) 〉 ] . (28) 

ere, we are manually injecting power into a specific � -mode (given
s �C � ′ ), generating a map with the modified power spectrum, and
eco v ering the set of s � values. This gives the estimate of our Fisher
atrix associated where we are av eraging o v er man y realizations of
NRAS 520, 4836–4852 (2023) 
aps generated with the specified power spectrum, and C fid is our
riginal best-guess for the power spectrum coefficients used when
uilding the covariance matrix C . 

This approach of using finite-differences to estimate the Fisher
atrix performs much faster than the brute-force calculation, as

escribed in equation ( 13 ), due to our ability to estimate the Fisher
atrix directly from the s � values, which are vector quantities and

or which we already have an efficient method to compute though
he conjugate gradient method, and so we a v oid ha ving to compute
he matrices and matrix products of equation ( 13 ). 

Here, the amount of power injected into the maps at the specific
 -mode is a free parameter of the method. We used a value of �C � =
0 7 C 

fid 
� and verified that our results were insensitive to the choice of

his value, provided that it is sufficiently large. 
Note that in our analysis presented in this paper, we are not able to

eco v er an y of the covariances associated with any of the EB modes.
his is because these modes are not linearly independent of either

he EE or BB spectra, and thus with our choice of fiducial spectrum
ontaining zero B -modes we cannot inject power into the EB modes.
B -spectra can be obtained by setting the fiducial B -mode power

o small non-zero values, for example Horowitz et al. ( 2019 ) use
 B -mode spectra that has the same shape as their E -mode spectra
ut has an amplitude that is 10 −5 times smaller. Since we used zero
 -mode power as our fiducial model, we are unable to report on any
B results in this work. 
Our new code implementing these approaches is publicly avail-

ble and can be downloaded from GitHub : https://github.
om/AlexMaraio/WeakLensingQML . 

.4 Review of the Pseudo- C � estimator 

e refer the reader to Alonso et al. ( 2019 ), Leistedt et al. ( 2013 ), and
eferences therein, for detailed re vie ws of the Pseudo- C � method, but
ere we discuss the key features of the estimator. 
Since we cannot observe the shear field on the full-sky, our

bserved field is modulated through some window function, W( ̂ n ),
hrough ˜ γ ( ̂ n ) = W( ̂ n ) γ ( ̂ n ). Throughout this work, we consider
inary masks only, and thus W( ̂ n ) is either zero or one. This turns
he reco v ered harmonic modes into ‘pseudo modes’, giv en as 

˜  E �m 

± i ̃  a B �m 

= 

∫ 

d � W( ̂ n ) ( γ1 ± iγ2 ) ( ̂ n ) ±2 Y 

∗
�m 

( ̂ n ) , (29) 

here we are denoting quantities e v aluated on the cut-sky with a tilde.
hese pseudo-modes are related to the underlying modes through 

˜  E �m 

± i ̃  a B �m 

= 

∑ 

� ′ , m 

′ 
( a E � ′ m 

′ ± ia B � ′ m 

′ ) ±2 W 

�� ′ 
mm 

′ , (30) 

here ±2 W 

�� ′ 
mm 

′ is the convolution kernel for our window function,
hich can be written as (Brown et al. 2005 ) 

±2 W 

�� ′ 
mm 

′ = 

∫ 

d � ±2 Y � ′ m 

′ ( ̂ n ) W( ̂ n ) ±2 Y 

∗
�m 

( ̂ n ) . (31) 

xpanding the window function in spherical harmonics and e v aluat-
ng the integrals yields 

2 W 

�� ′ 
mm 

′ = 

∑ 

� ′′ , m 

′′ 
( −1) m 

√ 

(2 � + 1)(2 � ′ + 1)(2 � ′′ + 1) 

4 π
W � ′′ m 

′′ (32) 

×
(

� � ′ � ′′ 

±2 ∓2 0 

)(
� � ′ � ′′ 

±m ∓m 

′ m 

′′ 

)
, 

here W � ′′ m 

′′ is the spin-0 spherical harmonic transform of the mask
nd the terms in brackets are the Wigner-3 j symbols. 
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Figure 1. Plot of the fiducial power spectrum values for the cosmic shear 
signal for our single bin of source galaxies (blue curve) that we model as 
following a Gaussian distribution centred at z = 1 and width σz = 0.15. We 
also plot the power spectrum of the shape noise corresponding to number den- 
sities of ̄n = 3 gals / arcmin 2 (dashed-green curve) and ̄n = 30 gals / arcmin 2 

(dashed-orange curve), and the combined signal and noise spectra (solid- 
green and orange curves). 
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When forming the pseudo-multipoles, there is a freedom to add 
ixel weights through the window function, for example using 
nverse-variance weighting scheme, though this is typically not done 
n large-scale structure applications. 

Combining the three shear spectra into a single vector, C � = 

C 

EE 
� , C 

EB 
� , C 

BB 
� 

)
, we find that the cut-sky power spectrum can 

e written in terms of the full-sky power spectrum through (Brown
t al. 2005 ; Hikage et al. 2011 ) 

˜ 
 � = 

∑ 

� ′ 
M �� ′ C � ′ , (33) 

here M �� ′ is the mode coupling matrix. Provided that M �� ′ is 
nvertible, which is only the case when there is enough sky area such
hat the 2PCF C ( θ ) can be e v aluated on all angular scales (Mortlock,
hallinor & Hobson 2002 ), we can invert this relationship to give an
stimate of the full-sky spectra from the pseudo-modes, 

 � = 

∑ 

� ′ 
M 

−1 
�� ′ 

˜ C � ′ . (34) 

his is the final expression for the estimated power spectrum of a
ap using the Pseudo- C � method. An alternative strategy that a v oids

his inversion is the forward-modelling of the mask’s mode-coupling 
atrix into the theory power spectrum values though equation ( 33 ). 
Since our analysis was focused on the errors associated with the 

eco v ered power spectrum, a detailed description of the covariance 
atrix associated with the Pseudo- C � estimator is worthy of dis-

ussion. In general, the exact analytic covariance of two Pseudo- C � 

elds involve terms of the form (Brown et al. 2005 ; Upham et al.
021 ) 

ov 
[

˜ C � , ˜ C � ′ 
] ∼

∑ 

� 1 , � 2 

C � 1 C � 2 

∑ 

m, m 

′ ,m 1 , m 2 

W 

�� 1 
mm 1 

×
(
W 

� ′ � 1 
m 

′ m 1 

)∗
W 

� ′ � 2 
m 

′ m 2 

(
W 

�� 2 
mm 2 

)∗
(35) 

omputing this involves summing O( � 6 max ) terms which becomes 
omputationally intractable for even moderate-resolution maps. 
ence, certain assumptions are used to speed up this calculation. 
he principle of these is the narrow-kernel approximation, which 
ssumes that the power spectrum of the mask has support only 
 v er a narrow range of multipoles when compared to the power
pectrum (Efstathiou 2004 ; Garc ́ıa-Garc ́ıa et al. 2019 ). This involves
aking substitutions of the form 

{
C � 1 , C � 2 

} → { C � , C � ′ } , and so 
he power spectrum terms in equation ( 35 ) can be extracted, and
hen the symmetric properties of the convolution kernels can be 
sed to simplify the summations. This approximation is known to 
e inaccurate on large scales, though it has been shown that this has
egligible impact on parameter constraints, and for power spectra that 
ontain B -modes (Garc ́ıa-Garc ́ıa et al. 2019 ). Alternatively, Gaussian
ovariances can be estimated from an ensemble of realizations. While 
his produces a more accurate estimate of the covariance matrix, 
specially for low multipoles, it is much more computationally 
emanding due to the large number of realizations required in the 
nsemble – especially for accurately determining the off-diagonal 
lements of the covariance matrix. 

 M E T H O D O L O G Y  

ur aim is to investigate to what extent that QML estimators can
iv e impro v ed statistical errors on the reco v ered shear power spectra
ompared to Pseudo- C � methods. We will test the estimators on a set
f mock shear maps. In this section, we describe the fiducial setup
f these mocks. 
.1 Theory power spectrum 

or our analysis, we used a single redshift bin with sources following
 Gaussian distribution centred at z = 1 with standard deviation of
z = 0.15. We used fiducial cosmological values of h = 0.7, �c =
.27, �b = 0.045, σ 8 = 0.75, n s = 0.96, and mass-less neutrinos. 
The cosmic shear theory signal for this distribution of sources 

as calculated using the Core Cosmology Library ( CCL ) (Chisari
t al. 2019 ). This implements the standard prescription for the weak
ensing power spectrum (Bartelmann & Schneider 2001 ; Bartelmann 
010 ; Kilbinger 2015 ), where the convergence power spectrum can
e written in natural units where c = 1 as 

 

κκ
� = 

9 

4 
�2 

m 

H 

4 
0 

∫ χh 

0 
d χ

g( χ ) 2 

a 2 ( χ ) 
P δ

(
k = 

� 

f K 

( χ ) 
, χ

)
, (36) 

here a ( χ ) is the scale factor, P δ is the non-linear matter power
pectrum, f K is the comoving angular diameter distance, and g ( χ ) is
he lensing kernel given as 

( χ ) = 

∫ χh 

χ

d χ ′ n ( χ ′ ) 
f K 

( χ ′ − χ ) 

f K 

( χ ′ ) 
, (37) 

here n ( χ ) is the number density of source galaxies. The conver-
ence power spectrum can be transformed into values for the E -mode
ower through (Hu 2000 ) 

 

EE 
� = 

( � − 1)( � + 2) 

� ( � + 1) 
C 

κκ
� . (38) 

 plot of the C 

EE 
� power spectrum used, including the contribution

rom shape noise (described below), is shown in Fig. 1 . 
Shape noise from the intrinsic ellipticity dispersion of galaxies is 

n important factor in cosmic shear analyses. We modelled it as a flat
ower-spectrum with value N � given as 

 � = 

σ 2 
ε

n̄ 
, (39) 

here σ ε is the standard deviation of the intrinsic galaxy ellipticity 
ispersion per component, and n̄ is the expected number of observed 
alaxies per steradian. For our main analysis, we assume Euclid -like
alues where it is expected that 30 galaxies arcmin –2 will be observed
nd divided into 10 equally populated photometric redshift bins, 
iving n̄ = 3 gals / arcmin 2 (Laureijs et al. 2011 ). We investigate the
MNRAS 520, 4836–4852 (2023) 
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Figure 2. Plot of the sky mask used in our analysis applicable for a space- 
based weak lensing experiment. Here we see the main galactic-cut as the 
thick horizontal band, the ecliptic-cut as the slightly thinner sinusoidal band, 
and our star mask consisting of random circular cut-outs that were generated 
through the prescription of Section 3.2.1 . The galactic- and ecliptic- cuts 
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ffect of not splitting the sources into different bins, giving rise to a
uch lower noise level where n̄ = 30 gals / arcmin 2 , in Section 4.3.1 .
e take σ ε = 0.21. 
The shape noise spectrum produces a noise matrix with compo-

ents given by 

 ij = 

σ 2 
ε

n i 
δij , (40) 

here i , j are pixel indices, and n i is the expected number of galaxies
n the i -th pixel, which we are assuming is constant and related to n̄
hrough the area of each pixel. 

Fig. 1 shows the contribution to the total signal from cosmic
hear alone and the shape noise. For the case where we consider
n observed source galaxy density of n̄ = 3 gals / arcmin 2 , we see
hree distinct regions: the first is for � � 200 where the cosmic shear
ignal dominates, and thus the the uncertainties are dominated by
osmic variance, the second is an intermediate set of scales where
he cosmic shear and noise have roughly equal amplitude, and the
hird is for scales abo v e � � 400 where the noise dominates. Since we
onsider the statistics of our estimators up to a maximum multipole of
 max = 512, this choice of noise level allows us to test the behaviour
f our estimators in these three regions. Hence, we are sensitive
o any differences in the statistics that might arise in the different
e gimes. F or the case where n̄ = 30 gals / arcmin 2 , we see that we
re signal-dominated o v er our entire multipole range. 

.2 Sur v ey geometry 

ince much of the comparison between our two power spectrum
stimation techniques will depend on the specific geometry of the
ky mask used, we needed to use a single, generic mask that can
e applied consistently to both estimators to highlight the effects of
he estimators only. For our analysis, we generated a custom mask
hat would be applicable to a space-based full-sky weak lensing
bservatory. This comprises of a main cut that corresponds to the
alactic-plane combined with a slightly narrower cut that corresponds
o the ecliptic-plane. These two features alone capture the majority of
eatures that are expected for a Euclid -like survey and so our simple
odel for the mask will yield representative results. 
In a weak lensing analysis, stars that are present in the data need

o be masked out due to their detrimental effects on determining the
hapes of the lensed galaxies. In our analysis, we looked at the effects
f our estimators with and without stars to see if the inclusion of
tars makes any meaningful difference in either the errors or induced
ode-coupling of the reco v ered power spectra. 
The sky masked used in our analyses is shown in Fig. 2 . 

.2.1 Star mask generation 

e investigated the statistics of our estimators at a map resolution
f N side = 256. This corresponds to a pixel angular scale of 14 ′ . The
rescription described in Martinet et al. ( 2021 ) can be followed to
enerate a realistic Euclid -like star mask. This involves modelling
tars as discs that are distributed randomly on the sky and that have
 radii drawn from a random uniform distribution taking values
etween 0.29 ′ and 8.79 ′ . Stars can be placed on a map until the
esired sky area covered by stars is reached. Ho we ver, we note that
his distribution of radii of stars is smaller than the pixel scale for our
ap resolution, and so a star mask generated using such values as

resented in Martinet et al. ( 2021 ) would give rise to under-sampling
n the star mask produced, as all stars would be single pixels, which
as found to induce errors in the Pseudo- C � estimator. 
NRAS 520, 4836–4852 (2023) 
Since we are not after an exact realistic distribution of stars in
ur analysis, we can instead base our star mask on the distribution
f ‘blinding stars’, or a v oidance areas, that are expected to be
ncountered for a space-based observatory (Scaramella et al. 2022 ).
hese a v oidance areas are e xpected to hav e an av erage area of
 . 785 deg 2 and total an area of 635 deg 2 o v er the expected survey
rea. Assuming that these a v oidance areas can be modelled as
iscs, this corresponds to an average radii of 30 ′ , and so is large
nough to co v er multiple pix els in our limited resolution maps. This
pproximate treatment should capture the main features brought to
he analysis by a more realistic star mask. 

We used an edited version of the GenStarMask utility as
rovided with the Flask 2 code (Xavier, Abdalla & Joachimi 2016 )
o generate our star mask using the a v oidance area specification. Our
dits were made to draw the radii from a uniform distribution rather
han a log-normal. To add some scatter to our a v oidance area mask,
e generated the discs with radii between 25 ′ and 35 ′ . To match the
esired total a v oidance area, a v oidance areas were added until they
o v ered 5 per cent of the full-sky. 

.2.2 Power spectrum of mask 

ince the exact form of Pseudo- C � mixing matrix is highly sensitive
o the power spectrum of the mask used, through equation ( 32 ), we
omputed the spherical harmonic transform of our generated mask.
his is shown in Fig. 3 . 
We plot the power spectrum for our main galactic- and ecliptic-

uts only, the two cuts with added star mask, and star mask only. For
he case without stars added, we plot the C � values for even � -modes
nly. This is due to the very small values for odd- � modes arising
rom the parity of the mask. Here, we see that the power spectrum for
ur main mask with stars added has two distinct regions: dominated
y the two main cuts for � � 10 2 , and dominated by the star mask
bo v e this threshold. 

We can understand the primary behaviour of the mask’s power
pectrum through computing the analytic power spectrum for a
imple mask that is comprised of a single horizontal cut ranging
rom θ = A to θ = B . Doing so, we find that the C � values are given

art/stad426_f2.eps
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Figure 3. Power spectrum of the sky masks used in our analysis. Note that 
for the ‘main cuts without stars’ curve we plot the even � -modes only due to 
the very small values that odd � -modes take, arising from the parity of the 
mask. 
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y 

 � = 

π

( 2 � + 1 ) 2 
[ P � + 1 ( cos A ) − P � −1 ( cos A ) 

+ − P � + 1 ( cos B ) + P � −1 ( cos B ) ] 2 . (41) 

nforcing that the mask is symmetric around θ = π /2, and using
he parity of the Legendre polynomials, we find that the analytic 
rediction for the odd � -modes are zero. The addition of a second cut
f equal width, for example the ecliptic-cut, keeps the reflective 
ymmetry. While we use a slightly thinner ecliptic-cut, we still 
eep this approximate symmetry. Propagating these suppressed odd- 
 modes into the mixing matrix through equation ( 32 ) explains why
e see strong coupling in the covariance matrices between C � values 

hat have even- � offsets, and little coupling between odd differences. 
We also see that the amplitude of the power spectrum coefficients 

or the mask without stars generally decreases at larger multipole 
alues, where the C � values roughly scale as � 2 C � ∝ 1/ � . This arises
rom the large- � behaviour of the Legendre polynomials, where they 
cale as P � ∝ 1 / 

√ 

� (Szeg ̈o 1975 ). 
The behaviour of the power spectrum of the star mask can also be

roadly split into two distinct regions. The first is for multipoles � �
00 where the C � values are constant, which is a result of the random
catter of the stars on the sphere resulting in a noise-like signal. The
econd is for multipoles larger than � � 200 where the C � values
tart to oscillate in a sinc-like behaviour, which is where the features
f the individual circular discs dominate. 

.3 Pseudo- C � implementation 

n essential part of our work is the accurate computation of the C � 

ovariance matrices both for our new QML implementation and 
ts comparison to results obtained using the Pseudo- C � method. 
ere, we used the NaMaster 3 code to produce all estimates for

he Pseudo- C � method (Alonso et al. 2019 ). 
In general, the computation of the exact Gaussian covariance is a 

ifficult problem that has been discussed e xtensiv ely in previous 
iterature. In our work, we employed the narrow kernel approx- 
mation as presented in Garc ́ıa-Garc ́ıa et al. ( 2019 ) to compute
his Gaussian approximation. Ho we ver, it should be noted that the
arrow kernel approximation o v erestimates the variances for the 
 https:// github.com/LSSTDESC/ NaMaster

4

5

owest � multipoles. Since it is these exact multipoles that we are
ost interested in, we instead opt to estimate the covariance from

n ensemble of 5 000 maps when investigating the raw variances.
o we ver, as the estimation of the off-diagonal elements of the

ovariance matrix are highly sensitive to the number of realizations 
n the ensemble, when we investigate parameter constraints that are 
erived from the C � covariance matrix, we use the ‘analytic’ result
s returned from the narrow kernel approximation. In the limit of
sing large numbers of realizations in the ensemble, at the cost of
 xtensiv e run-time, Garc ́ıa-Garc ́ıa et al. ( 2019 ) demonstrated that
hese two estimation techniques are consistent. 

 RESULTS  

.1 Benchmark against existing estimators 

n this section, we present the results of a comparative study between
ur new QML implementation and the Pseudo- C � method. First, we
ish to investigate how using the no v el techniques employed by
ur new estimator impacts the ability to reco v er the power spectrum
hen compared to existing QML implementations. We compare with 

wo leading public implementations of the QML estimator: 

(i) xQML 4 as presented in Vanneste et al. ( 2018 ). This is a
traightforward implementation of the QML method as presented 
n Tegmark ( 1997 ) and Tegmark & de Oliveira-Costa ( 2001 ) that has
een generalized to cross-correlations between maps. It is written 
rimarily in Python with small parts written in C. 
(ii) ECLIPSE 5 as presented in Bilbao-Ahedo et al. ( 2021 ). This is

 more numerically efficient implementation of the QML estimator 
ompared to the original prescription and thus exhibits somewhat 
etter performance scaling with resolution o v er the naive method. It
s written in FORTRAN . 

We wish to compare the performance of our new code, written in
 ++ , with these existing methods. In Fig. 4 , we present a compari-

on for the total run-time and RAM usage for the two codes described
bo v e and our new method described in this work for a range of map
esolutions pushing to the highest N side possible with these codes 
nd the computational resources available to us. Here, we see that
hile our new code is competitive in total run-time when compared

o ECLIPSE , we see many orders of magnitude impro v ement in the
otal RAM usage for our method o v er the other two methods. This
s because we never have to explicitly store, invert, and compute the
roduct of any of the massive N pix × N pix matrices that the other two
ethods employ. Since we are only interested in computing the action 

f the covariance matrix on a trial pixel-space vector, we keep all of
ur working-quantities as O( N pix ) which clearly have much better
AM scaling with resolution o v er the pix el-space matrices. It is this
astly reduced RAM usage requirement that allows us to push our
ethod to resolutions that are simply not possible on standard high

erformance clusters using the two previously discussed methods. It 
s important to note that our new implementation is now only run-time
imited, and thus can be pushed to even higher resolutions than have
een considered in this work if more e xtensiv e computing resources
re available. The time-limiting steps to our implementation is the 
ransformations of the trial vector between pixel- and harmonic-space 
hrough the use of the HEALPIX functions alm2map and map2alm .
ince both of these functions are implemented using OpenMP 
MNRAS 520, 4836–4852 (2023) 

 https:// gitlab.in2p3.fr/ xQML/xQML 

 https:// github.com/CosmoTool/ECLIPSE/ 

art/stad426_f3.eps
https://github.com/LSSTDESC/NaMaster
https://gitlab.in2p3.fr/xQML/xQML
https://github.com/CosmoTool/ECLIPSE/


4844 A. Maraio, A. Hall and A. Taylor 

M

Figure 4. Comparison of RAM usage and run-time for different implemen- 
tations of the QML estimator. We show that our new method has significantly 
reduced RAM usage compared to existing estimators, which is why we 
can extend our method to increased map resolutions that the other methods 
cannot process. Results were obtained using an average over 10 maps for our 
method, and averaged over three runs for each method at each resolution. 
Computations were performed using 32 cores of an Intel Cascade Lake 
processor. 
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Figure 5. Ratio of our numerical Fisher matrix with respect to the analytic 
result for a map resolution of N side = 64. Here, we plot the diagonal of the 
EE - EE , EE - BB , and BB - BB components. All three components show good 
consistency with unity regardless of the number of maps averaged over when 
computing the Fisher matrix through equation ( 28 ), with the amplitude of the 
scatter decreasing with increasing number of maps. 
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arallelism, faster run-times can be achieved through simply running
ur code on higher core count processors. 
Our code is publicly available and can be downloaded from
ttps://github.com/AlexMaraio/WeakLensingQML 

.2 Accuracy of numerical Fisher matrix 

s explained in Section 2.3 , we use finite-differences to compute the
pproximate form of the Fisher matrix from a set of s � values esti-
ated using conjugate gradient techniques. To validate the accuracy

f these methods we compared our estimates of the Fisher matrix
ith the ‘analytic’ result as computed using the formalism presented

n Bilbao-Ahedo et al. ( 2021 ). While this is still a ‘brute-force’
ML implementation, where the covariance matrix still needs to be

omputed and stored in full, their method allows many quantities to
e expressed in terms of the spherical harmonic transform matrix Y 

nd thus reduce the computational demands of the estimator. This
omparison was performed at a map resolution of N side = 64, which
as the maximum resolution possible for the computation of the

nalytic result. Note that at this resolution, the typical pixel scale
s larger than the angular size of our cut-outs generated for our star

ask, and so this comparison was computed for the case without the
tar mask added to the main cuts. The result of this comparison is
resented in Fig. 5 , where we plot the ratio of the diagonal of the
E - EE , EE - BB , and BB - BB components of the Fisher matrix. We
lot the cases for where we average over five and one hundred maps
hen injecting power into the generated maps when estimating the
isher matrix (see equation ( 28 )). Fig. B1 shows this ratio extended to
everal of the off-diagonal strips, specifically for the cases with �� =
, 8, and 32. Both figures show that while the amplitude of the random
catter in the ratio decreases significantly when av eraging o v er more
aps, both cases are simply random scatter around unity – and thus

ur numerically obtained Fisher matrix is a true representation of the
NRAS 520, 4836–4852 (2023) 
ctual Fisher matrix. Propagating the two different numerical and
nalytical C � -Fisher matrices to parameter constraints using Fisher
orecasts shows negligible differences in parameter contours which
gain highlights our trust in our new method to estimate the C � -Fisher
atrix at any resolution. Hence, we are free to use our validated
ethod to reliably increase the resolution of our implementation

eyond what is possible with current implementations. In our
nalysis, we averaged over 25 random realizations which provided a
ood compromise between run-time and numerical accuracy. 

.3 Comparing C � variances of QML to Pseudo- C � 

ith our new implementation, we can extend the analysis of the
roperties of the QML estimator to map resolutions of N side = 256,
hich allows us to accurately reco v er the power spectrum up to a
aximum multipole of � max = 512. At this resolution, the storage of

he full pixel covariance matrix alone would require approximately
 TB of RAM, which is clearly an unfeasible requirement for any
urrent computer and thus any analysis at this resolution is not
chie v able using current QML implementations. 

We generate maps of the weak lensing shear through produc-
ng Gaussian realizations with the power spectrum described in
ection 3.1 (see Fig. 1 ). We then add shape noise to these maps
ccording to equation ( 39 ). We generate 25 such maps for each
ower spectrum multipole that we are injecting power into ( EE and
B , from � = 2 to � = 767) and compute the QML power spectrum
 EE and BB ) from each. We estimate the QML covariance matrix
sing the fact that for Gaussian maps the inverse Fisher matrix is the
ovariance matrix. The methods described in Section 2.3 were used

art/stad426_f4.eps
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Figure 6. Ratio of standard deviation of the C � values (top curve C 

BB 
� , 

bottom curve C 

EE 
� ) obtained using the deconvolved Pseudo- C � method using 

NaMaster to those obtained using our new QML implementation. We see 
that the QML estimator provides the largest improvements over the Pseudo- 
C � method on the largest angular scales, with a very significant improvement 
for the B -modes. 
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o estimate the Fisher matrix, where we average over 25 maps per
ultipole when e v aluating equation ( 28 ). The Pseudo- C � covariance
atrix was computed using the methods described in Section 3.3 , 

nd was constructed from an ensemble of 5 000 maps. We do not
in in � either of our QML or Pseudo- C � estimators, noting that our
ask is small enough that the Pseudo- C � mixing matrix is invertible
ithout binning as we are able to reconstruct all modes that we
ave generated. We note that our results were robust to different 
inning strategies that were applied though not used in our final 
esults. We remind the reader that we are interested in estimates of
he deconvolved full-sky Pseudo- C � values, not forward modelling of 
he mask into the original power spectrum. While this deconvolution 
ould introduce additional sub-optimality o v er forward modelling 
hrough the inversion of the mixing matrix, for the types of mask
hat a forthcoming Stage-IV galaxy surv e y will typically use this
hould not be an issue. Appendix A shows that the means of the
wo estimators applied to an ensemble of maps are consistent with 
he input spectra. Hence, this demonstrates that both estimators are 
nbiased in their means, and thus any differences in their variances 
re a result of the intrinsic properties between the two estimators. 

In Fig. 6 , we plot the ratio of the standard deviations associated
ith the Pseudo- C � estimator with respect to our QML implemen- 

ation for the diagonal values associated with the EE - EE and BB -
B block of the covariance matrix. Here, we see that the Pseudo- C � 

stimator is sub-optimal to the level of ∼20 per cent for � � 50 for the
E spectra. This corresponds to an equi v alent increase in the surv e y
rea of around 40 per cent on these scales, which is a massive increase
n equi v alent area considering that forthcoming Stage-IV surv e ys
re expected to maximize the possible sky area that is observable 
or ground- or space-based cosmic shear surv e ys (Scaramella et al.
022 ). Hence, getting this additional area ‘for free’ by analysing 
he data through QML methods demonstrates the advantages of 
sing such methods and such investigations into their behaviour for 
osmic shear analyses. For the BB spectra, we find that the Pseudo-
 � estimator produces errors that are many times that of the optimal
ML estimator, peaking at o v er three times the standard deviation for

he Pseudo- C � estimator with respect to our QML method. This ratio
emains significantly abo v e unity for multipoles that are well abo v e
ne hundred, which shows that there is a huge advantage to be gained
n B -mode precision when using QML methods o v er the Pseudo- C � 

stimator. We find that the ratio for both sets of spectra decays to
nity (with some random scatter) for larger � values. This matches 
revious QML studies, which have principally been conducted in 
he context of the CMB and ground-based galaxy clustering surveys, 
hich found that the Pseudo- C � estimator is close to optimal on small

cales and for homogenous noise, and we find similar results here in
he weak lensing context (Efstathiou 2004 ; Leistedt et al. 2013 ). 

Fig. 6 also shows that the statistical precision of the B -mode power
pectrum is significantly higher for the QML method compared 
ith Pseudo- C � method. This is rele v ant because cosmic shear

heory predicts zero C 

BB 
� modes and so any detection of a non-

ero C 

BB 
� signal would prompt a thorough investigation of the data

Kilbinger 2015 ). Potential sources of B -mode power include residual 
oint-spread function uncertainties, telescope detector defects, and 
ntrinsic alignments, all of which should be investigated if non-zero 
 -mode power was found to be statistically significant. The Pseudo-
 � estimator is very sub-optimal on large scales, and so this loss
f sensitivity to the B -modes can arise from contamination leakage
rom the E -modes into the B -modes due to the nature of the cut-
ky. Since the QML estimator is derived from the likelihood for the
aps, which depends on the input fiducial power spectrum which 

ontains zero B -mode power, any B -mode power present in the
asked maps must arises from leakage from the E -modes, and thus

he estimator can weight the data optimality through the covariance 
atrix to minimize the variance from the E -modes contributing 

o the B -modes. For the Pseudo- C � estimator, this leakage can be
itigated through the map-level procedure of B -mode purification 

Lewis, Challinor & Turok 2002 ; Smith 2006 ; Grain, Tristram &
tompor 2009 ) and has been shown to decrease dramatically the
ssociated B -mode errors, particularly at low � multipoles (Alonso 
t al. 2019 ). Ho we ver, a requirement for purification to work is
hat the mask must be differentiable along its edges. This can be
chieved through the apodization of the mask which convolves the 
ask with some smoothing window function that ensures differen- 

iability. This has most commonly been applied to cosmic microwave 
ackground experiments where their masks are generally formed of 
 single much simpler cut applied to the sky (Akrami et al. 2020 ).
his allows apodization to work ef fecti vely on the mask without
ignificant reduction to f sky . Ho we ver as pre viously discussed, a
eak lensing experiment also needs to mask out small regions 

orresponding to bright stars or other objects that need removing 
rom the data, or areas that feature no galaxies due to limitations
n depth and/or pixel size. These small regions cause significant 
ssues with the apodization process as the convolution with the 
moothing function serves to dramatically increase their apparent 
rea – producing a significant reduction in f sky . We investigate the
ffects of apodizing our mask in Appendix C . We find that while
podization strongly reduces widely separated mode coupling arising 
rom the suppression in small-scale power of the mask (as now the
hape edges from our star-like discs are smoothed out), this could not
ffset the significant reduction in sky area (from f sky = 33 per cent
o f sky = 22 per cent ) that apodization brought about. This resulted
n apodization providing looser parameter constraints than for the 
ase without apodization. A key advantage of the QML estimator 
s the natural E / B -mode separation without a loss in sky area
Bunn & Wandelt 2017 ). 

.3.1 Varying noise levels 

hus far, we have assumed a noise level corresponding to an
xperiment that has observed 30 galaxies equally divided into 10 
edshift bins, giving ̄n = 3 gals / arcmin 2 . Here, we wish to investigate 
he statistics of our estimators for the case where the observed
alaxies are combined into a single redshift bin, giving a much lower
oise level of n̄ = 30 gals / arcmin 2 . Performing this comparison 
MNRAS 520, 4836–4852 (2023) 
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Figure 7. Ratio of the errors on the power spectrum for the Pseudo- C � 

estimator with respect to the QML estimator for the case of two different 
noise levels of n̄ = 3 gals / arcmin 2 and n̄ = 30 gals / arcmin 2 . Here, we see 
the decreased noise level for the curves for the case of n̄ = 3 gals / arcmin 2 

has negligible effect on the errors associated with the EE -spectra, whereas 
there is a large increase in the ratio for the BB -spectra. 

Figure 8. Errors on the BB -spectra for the two different noise levels 
considered. Here, we see that the errors for the Pseudo- C � estimator remain 
relatively unchanged for the lowest multipoles, whereas the errors for the 
QML estimator decrease dramatically when the amplitude of the noise is 
reduced. 
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Figure 9. Parameter constrains on S 8 and �m 

obtained from a Fisher matrix 
analysis up to a maximum multipole of � max = 512 for our two estimators. 
Here, we see that the increased errors associated with the Pseudo- C � method 
propagate through to slightly broadened parameter contours. 
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roduced results as shown in Fig. 7 . Here, we see that while there is
egligible differences in the relative statistics between the E -modes,
here was a large increase in ratio between our two estimators for
he B -modes. We can investigate this large difference in the B -mode
atios by plotting the raw errors of the B -mode spectra for our two
stimators for the two noise cases, which is shown in Fig. 8 . 

Here, we see that for low multipoles there is a large difference
n the errors for the QML estimator between the two noise levels
hereas the errors for the Pseudo- C � estimator remains relatively
nchanged. At this decreased noise level, the noise is sub-dominant
o the cosmic variance from the E -modes on large-scales. Hence,
he QML estimator can vastly outperform the Pseudo- C � method
n these large-scales because the QML likelihood can efficiently
inimize the cosmic variance from the E -modes leaking into the
 -modes through the cut-sky. The increased noise level corresponds

o a genuine increase in B -mode power which the QML estimator
annot suppress as efficiently as the E -mode cosmic variance leakage.
ence, we see an associated decrease in the ratio between its errors

nd that of the Pseudo- C � estimator. 
NRAS 520, 4836–4852 (2023) 
.4 Cosmological parameter inference 

 Fisher matrix forecast was used to propagate our estimated C � 

ovariance matrices into parameter constraints. For an arbitrary set
f cosmological parameters ϑα and ϑβ , the corresponding Fisher
atrix element is given by (Tegmark et al. 1997 ) 

 αβ = 

∑ 

�, � ′ 

∂C � 

∂ϑ α

C 

−1 
�� ′ 

∂C � ′ 

∂ϑ β

, (42) 

here C is the C � covariance matrix. In our analysis, we focused on
he two parameters that cosmic shear places the tightest constraints
n: the clustering amplitude S 8 and the total matter density �m 

.
ig. 9 shows a comparison of the derived constraints for these two
arameters between our two estimators. Here, we see the effect of
he slightly increased errors associated with the Pseudo- C � estimator
ave propagated into slightly increased contours for these two param-
ters when compared to the QML estimator’s contours. This result
ould have been anticipated from Fig. 6 , since most of the information
n these parameters originates from small scales where the ratio
f the errors approaches unity. In contrast, parameters affecting
arge angular scales, such as local primordial non-Gaussianity, are
xpected to benefit substantially from an optimal method. 

The figure of merit, which quantifies how well constrained
arameters are, is related to the Fisher matrix through (Blanchard
t al. 2020 ) 

oM S 8 �m = 

√ 

det ( F ) . (43) 

 plot of the figure of merit for the combination of �m 

and S 8 
s a function of maximum multipole is shown in Fig. 10 . Here,
e see that the sub-optimality of the Pseudo- C � method is most

pparent when we are limited to low multipoles. As the maximum
ultipole increases we see that the figures of merits converge,

o we ver, sho wing that the QML method consistently out performs
he Pseudo- C � method. 

The application of Fisher forecasting to predict parameter con-
traints from the covariance matrix is done under the assumption
hat the C � values reco v ered from the estimators can be described by
 Gaussian likelihood. While it has been shown that for the full sky
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Figure 10. Values for the figure of merit for the combination of S 8 and �m 

as 
a function of the maximum � multipole used in the analysis. We see that as the 
maximum multipole increases, the relative sub-optimality of the Pseudo- C � 

estimator decreases and results from the two estimators converge. 

Figure 11. Ratio of the analytic Pseudo- C � covariance matrix for the C 

EE 
� 

power spectrum for the cases with ( C 

′ ) and without stars ( C ) applied to the 
main mask. Note that we only plot the covariance matrix for even- � values 
only (due to the very small values for the odd- � case and so their ratios are 
dominated by numerical noise). 
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ase, an analytic calculation of the likelihood of the power spectra 
an be computed (Hall & Taylor 2022 ), which can be accurately
odelled as a Gaussian on small scales, the exact likelihood of

he reco v ered power spectrum using either the QML or Pseudo-
 � estimators is still unkno wn. Pre vious works have simply used the
aussian approximation citing the central limit theorem (Seljak et al. 
017 ), though the exact likelihood on large scales remains unknowns 
or both the QML and Pseudo- C � estimators. 

.4.1 Inclusion of stars 

ur results presented thus far have been all for the case where we
ave applied a star mask to a large-scale mask featuring ecliptic and
alactic cuts, as shown in Fig. 2 . Here, we wish to investigate the
etailed effects on the covariances of our estimators when we apply 
he star mask to our main two cuts. All results here are presented for
he case without any mask apodization applied. 

The ratio of the Pseudo- C � covariance matrix for the cases with
nd without stars is presented in Fig. 11 . Here, we see that the
rimary effect of the addition of stars into the mask is to increase
he correlation between widely separated � -modes, while leaving 
he values close to the diagonal in the covariance matrix relatively
nchanged. 
This ne w cov ariance matrix can then be propagated into parameter

ontours to see if these increased long-range correlations (which 
ducially hav e v ery small values) hav e an y meaningful effect on
osmological parameter constraints. This is shown in Fig. 12 . Here,
e see that there are negligible differences on the parameter contours
etween the two cases for our QML estimator, ho we ver, there is a
light broadening in the contours for the Pseudo- C � estimator which
s consistent with the loss of sky area to the star mask. This shows
hat the Pseudo- C � estimator is more sensitive to the addition of a
tar mask than the QML estimator, further highlighting the benefits 
f the QML method. 

.5 Non-Gaussian maps 

hroughout our paper, we have been applying our estimator to 
aussian realizations of the cosmic shear field. Ho we ver, as it
as been shown that the convergence field κ is more accurately 
escribed by a log-normal distribution (Taruya et al. 2002 ; Hilbert,
artlap & Schneider 2011 ), an investigation of how our estimators
erform when applied to these non-Gaussian maps was undertaken. 
his is because as the QML estimator assumes that the underlying
ower spectrum coefficients follow a Gaussian distribution, any non- 
aussianities present in the shear field could induce non-optimality 

nto the reco v ered power spectra which would increase errors. 
The Flask software package was used to generate log-normal 
aps (Xavier et al. 2016 ). The ‘shift parameter’ that corresponds to

he minimum value of the convergence field required by Flask was
et to 0.01214, following Hall & Taylor ( 2022 ). The log-normal maps
ere generated at a resolution of N side = 1024 and then downgraded

o a resolution of N side = 256 as required to be processed through
ur estimators. A histogram showing the distribution of κ values for 
 Gaussian and log-normal realization is shown in Fig. 13 . This log-
ormal convergence field is then propagated to a slightly modified 
hear field, which we can apply the estimators to. 
MNRAS 520, 4836–4852 (2023) 
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Figure 13. Histogram showing the field values of a Gaussian and log-normal 
realization of the convergence field κ for the same underlying power spectrum. 

Figure 14. Ratio of the power spectrum errors for the Pseudo- C � method 
with respect to the QML estimator applied to both Gaussian and log-normal 
realizations. Here, we see that the results are indistinguishable between the 
two distributions. 
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Since the covariance of the QML estimator is no longer given by
he inverse Fisher matrix, we have to obtain estimates for the QML
rrors from an ensemble of numerical realizations. The results of
pplying the QML and Pseudo- C � estimators to an ensemble of 2 500
aussian and log-normal realizations is shown in Fig. 14 . Here, we

ee that the ratio of the power spectrum errors for the two distributions
re virtually identical which demonstrates that the relative behaviour
f our estimators remains unchanged even when applied to maps that
he underlying likelihood does not fully describe. Since the largest
ifferences between the estimators for our setup occur on the largest
cales which is where the effects of the non-Gaussianity is weak, this
s not surprising. 

 C O N C L U S I O N S  

e have presented a new implementation of the optimal QML
stimator that is the most efficient publicly available code of its
ype. Using our new estimator, we have compared the statistical
roperties of the expected power spectrum for forthcoming Stage-IV
eak lensing surv e ys, using realistic surv e y conditions, between our
ML implementation and an existing Pseudo- C � code. We found that

he sub-optimality of the Pseudo- C � estimator resulted in marginally
ncreased statistical errors for the E -mode power spectra propagating
o increased parameter contours when using Fisher forecasting. In
ddition, we found a significant increase in the precision for the
 -mode power spectra when applying our QML estimator o v er

he Pseudo- C � method, which raises the hopes of being able to
NRAS 520, 4836–4852 (2023) 
urther constrain new B -mode physics using forthcoming surv e ys.
ur results show that the application of QML methods to cosmic

hear data provides a useful cross-check to existing methods, and
ould have many interesting applications for the constraints of new
 -mode physics. 
Our new estimator could be extended in numerous ways, for

xample the QML method can be easily applied to spin-0 fields
uch as photometric galaxy clustering. Since our estimator yield
he best impro v ements on the largest physical scales, scales at
hich primordial non-Gaussianity has the largest effects on the
bserved signal, the use of our new estimator could enable tighter
onstraints on primordial non-Gaussianity. In addition, photometric
alaxy clustering data can be combined with cosmic shear to form
 combined 3 × 2-point investigation which our estimator could
e applied to. We leave these applications of our estimator to future
ork. We also note that our estimator could also be applied to thermal
un yaev–Zeldo vich data, which is a powerful probe of cosmology
t relatively low multipoles ( � � 10 3 ) (Horowitz & Seljak 2017 ;
olliet et al. 2018 ). This o v erlaps with the multipole region where
ML provides the best improvements over the Pseudo- C � estimator,

nd so could provide sufficiently tighter constraints when applied to
hese data sets. 

Since QML methods deal with data at the pix el-lev el, the y are
ell suited for dealing with contaminants and effects that can only
e described accurately in terms of pixels in the maps. One such
roblem is the effect of spatially varying noise o v er surv e y area,
hich could arise from different seeing conditions encountered as a

elescope surv e ys the sk y or the properties of the detector evolving as
ata are taken. These effects can easily be incorporated into the QML
stimator through an appropriate modification of the noise matrix N ,
hereas the Pseudo- C � method utilizes Fourier transforms and these
ix el-lev el effects get diffused o v er a wide � range and thus become
arder to model. This could further reduce the optimality of the
seudo- C � estimator. We leave a dedicated investigation of how such
f fects af fect the tw o estimators to future w ork. 

To conclude, we have shown that the Pseudo- C � estimator
s close to optimal on small scales for a simplified Euclid -like
eak lensing surv e y. Despite this, the QML estimator is better

uited for a variety of applications, including E / B -mode separation,
omplex noise patterns, and complicated survey geometries. With
ystematics expected to dominate the error budget of upcoming
urv e ys it is increasingly important to demonstrate the consistency
f results derived from different analysis pipelines – the fast,
ublicly available implementation of the QML estimator that we have
resented in this work represents a significant step forward in this
egard. 
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PPENDI X  A :  DEMONSTRATI ON  O F  

NBI ASED  ESTI MATORS  

he core feature of any power spectrum estimator is that the
ean of the reco v ered spectrum matches the expected values for
 known input spectrum. Here, we demonstrate that our new QML
mplementation correctly reco v ers the mean of our input spectrum
nd that it is also consistent with the Pseudo- C � mean. Hence, any
ifferences in their variances will not be due to a difference in scaling
etween the two estimators. Figs A1 and A3 show the average EE -
nd BB -spectra for an ensemble of five thousand random realizations
f the same input spectra, with the ratios of the average recovered
pectrum to the input spectrum shown in Figs A2 and A4 . Here,
e see that both estimators accurately reco v er the input values o v er

he entire � range and thus our new QML estimator is unbiased and
he differences in variance between it and the Pseudo- C � estimator
s intrinsic to the method. Ho we ver, we note that Figs A2 and A4
how that the average values produced for the QML estimator are
ignificantly noisier than those for the Pseudo- C � estimator. This is
 direct result of the use of a numerical estimate of the Fisher matrix
nstead of its exact analytic calculation. Through Figs 5 and B1 ,
e have shown that our numerical estimation method reco v ers the

nalytic calculation of the Fisher matrix on average, with the level of
oise determined by the number of maps that have been averaged over
see equation ( 28 )). Hence, the accuracy of the multipole estimates
an be increased by simply computing the Fisher matrix with an
ncreased number of maps. 
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Figure A1. Comparison of the average C 

EE 
� spectrum values for the QML 

and Pseudo- C � estimators reco v ered from an ensemble of 5000 random 

realizations and the fiducial input spectrum. 

Figure A2. Ratio of the average C 

EE 
� spectrum values for the QML and 

Pseudo- C � estimators to the fiducial input spectrum. This shows that both 
estimators correctly reco v er the input spectrum on average as both estimator’s 
av erages e xhibit roughly random scatter around the y = 1 line (dashed-gre y 
line), and thus both estimators are unbiased estimators of the power spectrum. 

Figure A3. Similar plot to Fig. A1 , but now for the BB -spectrum. 

Figure A4. Similar plot to Fig. A2 , but again now for the BB -spectrum. 
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Figure B1. Ratio of our numerically-derived C � -Fisher matrix to the analytic result for a map resolution of N side = 64, presented for the cases where we average 
o v er 5 and 100 maps. Here, we plot the EE - EE , EE - BB , and BB - BB components separately, with v arying of f-sets from the diagonal in the different columns. 
We see good agreement between our estimator and existing results for all combination of spectra and off-sets, and so deduce that our numerical estimate is 
consistent with the analytic result. 
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Figure C1. Power spectrum of our mask, with stars included, for cases with 
and without apodization applied. 
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PPEN D IX  B:  R ATIO  O F  NUMERIC  TO  

NA LY T I C  FISHER  

ig. B1 shows the ratio of our numerically computed C � Fisher matrix
o that computed using analytic methods for a number of different 
f f-set v alues from the diagonal. Here, we see that all curves simply
xhibit random scatter around unity which shows that our numerical 
stimates of the Fisher matrix is an unbiased estimate of the true
alues. The residual noise in the Fisher matrix gives rise to negligible
ifferences in parameter confidence contours. 

PPEN D IX  C :  SENSITIVITY  TO  APODIZATI ON  

reviously, we have discussed how apodization of the mask is not 
equired for QML methods whereas there are certain advantages to 
oing so for the Pseudo- C � method. This is because apodization 
educes the effects of sharp edges that may be present in the
ask. To investigate the effects of apodization, we have applied 
 2 ◦ apodization using the C 2 scheme as described in Alonso et al.
 2019 ) to our mask, including stars. We note that for this apodization
cale and scheme, the sky area reduces from f sky = 33 per cent to
 sky = 22 per cent . Fig. C1 shows the power spectrum of our mask
MNRAS 520, 4836–4852 (2023) 
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igure C2. Ratio of the analytic Pseudo- C � covariance matrix for the C 

EE 
� 

ower spectrum for the cases with ( C 

′ ) and without ( C ) mask apodization
pplied. 

igure C3. Ratio of C � errors of the Pseudo- C � method with respect to our
ML estimator for the cases with and without apodization. 

ith and without apodization applied. Here, we see that the effect of
podization is to vastly reduce the small-scale power of the mask.
he effect of this suppression of small-scale power results in the

eduction in long-range correlations in the covariance matrix, as can
e shown from equation ( 35 ), and thus the computation and inversion
NRAS 520, 4836–4852 (2023) 
igure C4. Fisher parameter constraints comparison between QML and
seudo- C � where both estimators have a maximum multipole of � max =
12 and for the case where apodization has been applied for the Pseudo-
 � method. We see a large broadening for the Pseudo- C � contour with
podization applied, which is consistent with the loss of sky area that
podization results in. 

f the mixing matrix should be more accurate when apodization is
pplied. The ratio of the analytic Pseudo- C � covariance matrix for the
 

EE 
� spectrum for the cases of with and without apodization is shown

n Fig. C2 . This shows that for values along and close to the diagonal,
he loss of sky area causes significant increases in the variances in
he power spectrum. For mode-pairs that are highly separated we see
 notable decrease in their covariances, which once again can be seen
rom equation ( 35 ). 

Fig. C3 shows the ratio of the errors for the Pseudo- C � (the square-
oot of the diagonal of the covariance matrix) with respect to our
ML estimator for the case of with and without apodization. Here,
e see that the effect of apodization is to increase the errors of the
seudo- C � method – which is a direct result in the loss of sky area

hat apodization produces. 
The covariance matrix for the case where we have applied

podization can then be propagated into parameter constraints, which
s shown in Fig. C4 . Here, we see that the direct loss of sky area
ssociated with apodization results in broadened parameter contours
hich is not offset by the decrease in long-range correlations that

podization suppresses in the covariance matrix. 
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