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Abstract

As a combination of the microscopic structure of spacetime and the principle of quantum
superposition, the study of spacetime superposition provides a fundamental bottom-up approach
to a comprehensive understanding of relativity and quantum theory. In this paper, we study how
quantum gravitational effects generated by the superposition of the black hole’s masses affect the
many-body entanglement for Dirac fields. The main obstacle to performing quantum information
processing tasks near a classical black hole is the inevitable entanglement degradation caused by the
Unruh—-Hawking thermal bath. Fortunately, here we find that the many-body quantum system
near a black hole with superposing masses exhibits more entanglement compared to those in the
classical black hole background. The superposition properties of spacetime are found to provide
additional quantum resources for mitigating gravitationally induced quantum decoherence and
improving the efficiency of quantum information tasks in curved spacetime. In addition, the
greatest quantum advantage for the recovery of entanglement in the curved spacetime can be
obtained by preparing an optimal initial state.

1. Introduction

The cosmic singularity, naked singularities, and the black hole information paradox are among the pressing
issues in modern physics, as they imply the incompleteness of general relativity [1-3]. This has spurred
physicists’ pursuit of a comprehensive theory of gravity, known as quantum gravity theory, aimed at
explaining the quantum behavior and microscopic structure of spacetime [4—10]. Over the past few decades,
various theories have emerged attempting to establish a self-consistent theory of quantum gravity, with
string theory [11, 12] and loop quantum gravity [13] being prominent among them. To gain a deeper
understanding of the superposition nature of gravity, recent researchers have employed physical apparatus to
define spacetime events and delve into the superposition of spacetime. This includes introducing the concept
of quantum reference frames to study gravitational redshift and time dilations in relativistic quantum systems
[14], revealing the superposition nature of gravity by studying the gravitational entanglement induced
between two massive particles [15], and the violation of classical causal order induced by the superpositions
of massive bodies [16]. This series of research efforts have deepened our understanding of the superposition
characteristics of gravity and provided a strong support for the development of quantum gravity theory.
General relativity successfully predicts the existence of black holes, and the detection of gravitational
waves by the LIGO detector from a binary black hole merger system provides indirect evidence of the
presence of black holes [17]. The extreme gravitational environments generated by black holes make them
primary candidates for studying quantum gravity effects [18]. The combination of general relativity and
quantum information theory gives birth to the field of relativistic quantum information [19-29], which can
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give out some new understanding of quantum information in relativistic settings. Within the framework of
relativistic quantum information, the spacetime structure induced by a black hole, leads to fundamental
decoherence in quantum systems, inevitably reducing the performance of quantum protocols near black
holes [19-21]. Recently, Foo et al investigated the quantum gravity effects produced by a black hole in a
superposition of masses on the transition probabilities of a detector [30], which provides an operational
framework for the superposition of spacetime. Foo ef al proposed that the mass superposition of black holes
could be utilized as a resource of quantum communication [31]. In addition, it was found that the detector’s
response exhibits discontinuous resonances at rational ratios of the superposed periodic length scale in the
quantum superposed Minkowski spacetime [32]. These studies provide crucial insights into quantum effects
in the gravitational environment of black holes. On the other hand, the existence of quantum entanglement
is widely considered one of the defining properties of quantum mechanics [33]. Quantum entanglement has
been recognized as a foundational resource for quantum computing, quantum cryptography, quantum
teleportation, and quantum communication [34-38]. We are therefore motivated by the fundamental
question of how the many-body quantum entanglement is changed under the influence of quantum
gravitational effects arising from the superposition of spacetime.

In this paper, we study the behaviors of many-body entanglement for a Greenberger—Horne—Zeilinger
(GHZ) state near the event horizon of a black hole with superposition mass. The initial state involves freely
falling observers Alice and Bob, along with an observer Charlie in uniform acceleration near the event
horizon. The observer outside the black hole cannot obtain information about the whole spacetime, resulting
in the gravitationally induced quantum decoherence. To explore this scenario in the context of quantum
gravity, we assume that the black hole is in a superposition of two different masses, leading to a superposition
of spacetimes, causing the initial state to undergo a superposition of quantum channels. We find that the
many-body quantum systems near a black hole with superposing masses exhibit more entanglement
compared to those in classical black hole spacetime. The quantum properties of spacetime are found to
provide additional quantum resources to alleviate gravitationally induced quantum decoherence and
improve the efficiency of quantum information tasks in the curved spacetime.

The organization of the paper is as follows. In section 2 we analyze the degradation of many-body
entanglement for GHZ states in the background of a classical black hole. In section 3 we discuss how the
superposition nature of the spacetime background affects the many-body entanglement for the Dirac field.
In the final section, we will summarize our results. Throughout this paper weuse G=c=h=rp = 1.

2. Entanglement degradation near the classical black hole event horizon

The Dirac equation in a general background spacetime can be expressed as [39]
[v'ea (O + )] ¥ =0, (1)

where 7 are the Dirac matrices, the four-vectors e,/ represent the inverse of the tetrad e?,, defined by
v = na;,e“ueb,, with 7., = diag(—1,1,1,1),and T, = %[’y“,’yb]eu”eb,,w are the spin connection
coefficients. The Schwarzschild black hole is the simplest static classical black hole, and its metric is [22, 40]

2M M\ !
ds? = — (1 - R) de + (1 - R) dR® + R* (d6* + sin” 0d ¥ ?) , (2)

where M is the mass of the black hole. In the background of Schwarzschild spacetime, by substituting the the
metric into the Dirac equation equation (1), we can obtain the positive frequency outgoing waves in the
exterior and interior regions of the black hole event horizon

lelo(ut—i- _ ge—imlx{7 \I/i'(n—&- — geiwlx{, (3)

. R;]&IM . The positive frequency
wave modes ¥+ and U}"* represent Schwarzschild modes, which are only analytically continuous outside
and inside the event horizon of the classic black hole, respectively.

In terms of these modes, the Dirac field ¥ can be expanded as

where G is a 4-component Dirac spinor, and Y = t — R,,, with R, = R+ 2MIn

out,k

T / dk [aﬁ‘“\lﬁ il DS A i’ii%@ ) ®

~out

7outt
where a; by,

and are the fermion annihilation and antifermion creation operators acting on the state of
the exterior region, and 4" and b, I are the fermion annihilation and antifermion creation operators acting

on the interior vacuum of the classical black hole spacetime.
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To obtain a set of modes which are analytic everywhere in the spacetime manifold, we construct a
different set of operators that are linear combinations of [43, 44]

Cr = cosrap™ — sin rb'ﬂ(,

~ i . T out
Ck,L = cosray — sin rbo_ukf,

~t ~outt s 7in
G g = cosray | —sinrbly,
-+ ~int . Zout
L = cosray | —sinrb®y, (5)

where cosr = (e’ T+ 1) -3 ,and T is Hawking temperature of the classical black hole. We denote the
constructed modes with subscripts L and R by ‘left’ and ‘right’ modes, respectively. After properly
normalizing the state vector, the Kruskal vacuum is found to be |0)x = @), [0x)x = @)y |0k)r ® |0k) 1, where
|0x) & and |Ox);, are annihilated by the annihilation operators ¢ g and ¢ . The vacuum state |Ox) for a single

frequency mode k is given by

|0k)k = cos? r|0000) — sinrcosr|0011)
+ sinrcosr|1100) — sin? r|1111), (6)

where [mnm’n’)y = [my) S ln_i) i 1M’ D owltl)it, {In-x);, } and {|m) i} are the orthonormal bases for the
inside and outside region of the classical black hole, and the {+, —} superscript on the kets is used to indicate
the particle and antiparticle vacuum states. The first excited state for the single frequency fermion mode is
found to be

¢ = [ar (x o 1) +a (R, )] loox
= qr[cosr|1000) — sinr|1011)]
+ g [sinr|1100) + cosr|0001)], (7)

with |qr|* + |q]* = 1. The operator Elt  in equation (5) indicates the creation of two particles, i.e. a fermion

in the exterior vacuum and an antifermion in the interior vacuum of the classical black hole. Similarly, the
create operator E}: ; means that an antifermion and an fermion are created outside and inside the event
horizon of the classical black hole. In this work, we set |qr| = 1, which means that all the particles move
toward the black hole exteriors while all the antiparticles move to the inside region, i.e. only particles can be
detected as Hawking radiation.

Initially, three observers Alice, Bob and Charlie, share a tripartite GHZ state

|¢>ABC:O‘|O>A|O>B|O>c+ V 1_a2|1>A|1>B|1>C7 (8)

where « is the initial state parameter changing from 0 to 1. We assume that Alice and Bob freely fall into the
event horizon and will define the vacuum and excited states in the Kruskal coordinates. Charlie remains
stationary in a short distance above the event horizon, and will define the vacuum state in the Schwarzschild
base. Then the final state under the influence of the classical black hole can be rewritten as
1¥) ascicy = €08710)4[0)5|0) ¢, 0) ¢, + asinr[0), [0)5 1), [1)¢,
+V1=a2 (1), [ [0)c, - ©)
Because the outer and inner regions of the classical black hole are causally disconnected, Charlie cannot
access modes inside the black hole event horizon. By tracing out the inaccessible mode Cy;, we can obtain the
density matrix
€ (pasc,) =a cos” r|000) (000| + o* sin® r[001) (001| + (1 — o) [111) (111
+ accosry/1— a2 (]000) (111] 4 |111) (000]). (10)

In this paper we employ the 7-tangle [45, 46] as a measure of the entanglement for the tripartite state,
which can be defined as

1
Wﬁvnzg(ﬂﬁ+ﬁw+wn)a (11)

3



10P Publishing New J. Phys. 26 (2024) 123012 C Zeng et al

Figure 1. The entanglement 7 .. for the state papc in flat spacetime (above) and the entanglement 7 ¢ (o) for the state pagc,
28

(below) as functions of the squeezing factor r and the initial state parameter cv.

where
_ A2 2 2
78 =N5(ym —Npy =N
A2 2 2
Ty _Nv(ﬁn) _Nvﬁ _an’

A2 2 2
T _Nn(ﬁv) _NnB_N

2, (12)

are the residual entanglement. The N3, is referred to as two-tangle, and it is the negativity of the mixed-state

density matrix pg, =Tr,, (pg+y ), defined as N, = H pgfy

— 1. The term Né(m) is one-tangle , defined as

Na(ym) = Hpgin H — 1. And T denotes the partial transpose of pg-, and pg., for /3 subsystem. Here || A| — 1

is actually equal to twice the sum of the absolute values of the negative eigenvalues of operator A [45, 47].
Therefore, one-tangle and two-tangle can be computed by

i

) (13)

n . n
_ =) | _ (=)
Nﬁ('yn) =2 E ’)‘ﬁ(vn) 7./\/'57—2 E ‘)\5,‘{
i=1 i=1

i i
where [)‘Eazgc)} and [)\1(4;)] represent all negative eigenvalues of the partial transpose matrix.
On the other hand, if the black hole is in a classical mass mixture, the joint state of Alice, Rob and Charlie

will experience a mixing channel [31]

Pav = ! [€ 11 (pasc,) + €22 (pasg,)]

2
1
= ETrc,, (1Y) ascyc, (1] + 192) apec, (¥21)
= % [0‘2 (CF +C3) |000) (000[ + o (S} +S3) [001) (001|
+2(1—a?) [111) (111] + & (C; + C) /1 — a2 (]000) (111] + [111) (000]) |, (14)

where [lmn) = |I) , |m)|n), C; = cosr;, S; = sinr;, and

[¥1) ascicy =@C110)410)510) ¢, [0) ¢, +aS110)4 |0)5 1), [T,
+V1-a?(l), |1>B|1>C1 |0>C” )
¥2) ancicy =C210)410)510) ¢, [0) ¢, + 52 [0)4 [0)5[1) ¢, [T,
+V1I=a?[1), 1)) [0)¢, - (15)
The entanglement difference between the initial state papc and the € (papc,) after the influence of the
classical black hole is plotted in figure 1. We find that, regardless of the value of the initial state parameter a,

the entanglement difference monotonously decrease as the acceleration parameter r increases. This means
that the tripartite system is influenced by the quantum thermal effect near the event horizon of the classical
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black hole, leading to a loss of entanglement in the initial state. It is well known that the entanglement
degradation will affect the performance of any information processing tasks. For this reason, the thermal
bath of the classical black hole will give rise to a fundamental decoherence of quantum systems and a
degradation of quantum communication protocols that take place near the black hole’s event horizon. Form
a relativistic quantum information perspective, the observer Charlie outside the black hole cannot obtain
information about the whole spacetime, leading to the loss of quantum entanglement and gravitationally
induced quantum decoherence.

3. Many-body entanglement in the spacetime with mass superposition

In this section, we study the behaviors of many-body entanglement in the spacetime with mass superposition.
Herein, we assume that the black hole is in a superposition of masses m; and m,, and that the black hole is a
supermassive black hole or in a state of equilibrium, allowing us to ignore the evaporation of the black hole.
Specifically, Charlie has a quantum machine that can access a control bit. If the control bit is in state |0) ;,
nothing is done, but if it is in state |1) ;, a mass m = m, — m, is thrown into the black hole. At this point, the
mass of the black hole becomes m1,. In other words, at the beginning, the black hole is in a single mass state
|0),,» and the control qubit is in a superposition state (|0),+ [1),) /v/2. The black hole and the control qubit
subsequently become an entangled state. If the control qubit is in state |0) ;, the black hole remains in state
|0) ,,. However, if the control qubit is in state |1) ;, the black hole corresponds to being in state |1), .

In our model, the black hole mass is in a superimposed state, leading to a superposition of event
horizons, which implies that the quantum channel spacetime is also superimposed. The state [1)) , 5
undergoes a superposition of two channels and becomes entangled with the black hole and the control bit

1
V) ABC,Cymd = \75 (|1/)1>ABC,C,, 10),,10) 4 + [¥2) g,y 1) m |1>1) ) (16)

where |0),, and |1),, denote the two states of the black hole with masses m; and m,, respectively. By tracing
out the wave modes Cj; from the causally disconnected regions, we can obtain the density operator

1
PABCymd :E [511 (pdmsq) ® |Oo>mdmd<00| + 522 (prBc,) ® ‘11>mdmd<11|
+§12 (IowABc,) ® |00>mdmd<11| +€21 (pll)ABc,) oY |11>mdmd<00” ) (17)

where

gl] (p1/b45q) = TI'C” |:|1/}i>ABCIC[I <wJ|] ’ (18)

with i,j € {1,2}.

We assume that Charlie can perform a projective measurement on the black hole and the control qubit in
basis {|+)m, |=)m} and {|+)a,|—)a}, where |+) := (|0} + |1))/v/2 and |—) := (|0) — |1))/+/2. It is worth
mentioning that we currently lack a complete theory of gravity, so it is unclear what the physical
implementation of such a measurement on the black hole would be. Additionally, it is uncertain whether a
projective measurement can be performed on a black hole in a superposition of masses. To overcome this
limit, we assume that Charlie’s machine raises the state to a higher energy mode and accesses the control bit
again. If the control bit is in state |0) ;, the machine throws a mass m = m, — m; into the black hole. If the
control bit is in state |1) ;, it does nothing. After the operation is completed, the mass state of the black hole
will be unaffected by the control qubit, remaining in state |1) ;. In this way, the black hole becomes
disentangled from the Alice, Bob and Charlie’s subsystems. Then the density matrix papc,ma can be rewritten

as 1), m (1| ® papc,a> where papc,a is

1
PABCd =3 €11 (Pase,) @ 10)c (0] + €22 (Prpan, ) @ [1)e (1]
+£12 (prBc,) ® ‘0>CE<1| +€21 (pleBc,) ® |1>CC<0|] . (19)

After Charlie measuring the control bit on the base {|+)4,|—)4}, we can get

p;‘:BCI = a(+ [papcidl+)a/Tr[a( + |pacial+)]
5 11 (pd)wq) + 522 (pT/iABcI) + 5 12 (p%wcl) + 521 (pwwq)
Tr [5 11 (prBCI) + 522 (prBC,) + f 12 (pillABCI) + 521 (pdmsq)]

; (20)
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and

Pasc, = dl — |pascial—=)a/Tr[a — | pascial—) ]

511 (prBCI) +§22 (pUJABcI) _§12 (prBq) - 521 (p”l//'ABCI)

T Tr (€11 (Pgase,) €22 (Pane,) — €12 (Pyousey) — €21 (P, )] -
The joint state of Alice, Bob and Charlie can be written as
Pisc, :%{ [az (Cy +C,)*|000) (000] + o (S; +$,)* [001) (001]
+2ay/1— a2 (Cy + C,) (]000) (111] +[111) (000])
+4(17a2)|111>(111|}, (22)
where
K=0a*(CiC+SiS, — 1) + 2, (23)
and
e, = 557 [0 (€1 — €2)*000) (000] + 02 (5, —82)* 001) (001 (24)
where
Z=a*(1-CC;-S,S,). (25)

It can be observed that p5. = 5= 0) (0| ©0) (0] ® o (((Cl —©,)*10) (0] + (S1 — S,)*[1) <1|) isa
separable state. This means that there is no entanglement between Alice, Bob, and Charlie in this case. The
probabilities of Charlie measuring |+) ; and |—) , are

P+ = Tr [f 11 (pil)ABcI) + 522 (pdmtsq) + f 12 (pT/iABc,) + 521 (prBcI)] /4
=K/2, (26)

and

p-= Tr [511 (pwwq) + 522 (prBCI) - 512 (waq) - 521 (pil)ABCI)] /4
=27)2. (27)

For state ﬁj\ch,’ taking different values of o will result in different outcomes for 7-tangle, we have

21

) 24(Cy +Cy)? V32(CI+ T + (81 +82) = (81 +8)° B
+ = )
1p4pc, (7+C1@2+S1S2)2 2(7+C1(C2+8182)
i 2 4 2 2:
| ey | (Vs@roriers e |
+ = )
2P apc; (3+C1@2+81S2)2 2(3+C1@2+81S2)
- ) 2
56(C; + C,)? \/112(61+CZ)2+49(S1+Sz)4—7(Sl+Sz)2 5 (8)
™ = ’
3P;\F3c1 (9+7C1C2+781§2)2 2(9+7(C](C2+7SIS2)

where 7 ey ™ 26, and T 3he, correspond to v = 1/2, a = 1/+/2, and o = /7/8 with the probabilities of

p1+ = (CiCy +S1S: +7) /8, pay = (C1C, +S,S; 4 3) /4 and p34. = (7C,C; + 7S, S; 4 9) /16, respectively.

After the multiple measurements on the control qubit and keeping the measurement results, Charlie can
obtain the average entanglement of the GHZ state in the spacetime with mass superposition, which is
Ex (py) = piym; o+ - After some calculations, we find that with the increase of a, the overall average
ABCy

entanglement increases and then decreases. When o = 1/+/2, the overall average entanglement of the
many-body state reaches its maximum value. In the limit r; = r, — 0, the average entanglement

6
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Figure 2. The entanglement under the influence of spacetime with mass superposition (above) and the final entanglement in the
classical black hole spacetime (below) as functions of the squeezing factors r; and r,. The initial state parameter is fixed as

=./%
a=4/3

0.0 0.2 04 0.6 0.8
Lg]

Figure 3. The percentage enhance of entanglement for the black hole mass in quantum superposition over the entanglement in

the classic black hole case as a function of the mixture parameter r; and ;. The plots a, b and ¢ correspond to av = %, a=./1

2
7 .
anda = \/; , respectively.

Ey (py ) = 1. Moreover, regardless of the value of , the average entanglement decreases with the increase of
acceleration parameters r and r,.

In the classical mixed case, the entangled states of Alice, Rob and Charlie near the black hole is given in
equation (14). Similarly, by using equations (11)—(13) , we can also obtain the quantum entanglement
E(pav) = Tip,, (i =1,2,3) for the state pu,. To further understand its physical significance, we compare the
average entanglement obtained for the black hole with mass superposition to the entanglement for the black
hole which is in a classical mass mixture

AE =Eny (py) —E(par) = Pis Ty = Tip,- (29)

As shown in figure 2, compared with the classical black hole case, the many-body state near a black hole
with superimposed mass can reserve more quantum entanglement. The average entanglement of the
many-body quantum state is enhanced in the spacetime with mass superposition for the Dirac field. The
superposition properties of spacetime are found to provide additional quantum resources to alleviate the
gravitationally induced quantum decoherence and enhance the amount of quantum resources in the curved
spacetime. In addition, the greater the difference between the parameters r1 and r,, the more pronounced the
enhancement of entanglement becomes. This means that the superposition of black hole states with different
masses can regain the entanglement degradation caused by the spacetime effect of the classical black hole.

From figure 3, we can see that for different state parameter «, the maximum enhancement of
entanglement are obviously different from each other. The entanglement degradation under the
gravitationally induced decoherence is also influenced by the type of initial state. That is to say, the greatest
quantum advantage for the recovering of entanglement in the curved spacetime can be obtained by
preparing an optimal initial state. As we known, the effect of Hawking effect on the quantum state of field
can be described as a quantum channel. Here we find that the average entanglement of the many-body

7
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quantum state of Dirac field affected by the superposition channel is always more than that of the classical
mixture channel, regardless of the value of the initial state parameter. This means that the superposition
properties of spacetime can alleviate the quantum decoherence induced by the Unruh—Hawking channel.
Considering that quantum entanglement is the most important resource in quantum system, we can safely
arrive to the conclusion that the superposition nature of black holes can improve the efficiency of quantum
information tasks in the curved spacetime.

4. Conclusions

We have investigated how the superposition nature of black hole spacetime influences the many-body
entanglement for Dirac fields. It has been observed that the quantum thermal effect induced by the classical
spacetime inevitably leads to the degradation of entanglement in the quantum system, reducing the
performance of quantum communication protocols in the curved spacetime. It has been found that the
many-body quantum systems near the black hole with superposing masses exhibit more entanglement
compared to those in classical black hole spacetime. This suggests that the superposition properties of
spacetime can provide additional quantum resources to alleviate gravitationally induced quantum
decoherence and improve the efficiency of quantum information tasks in the curved spacetime. It has been
also shown that the greatest quantum advantage for the recovering of entanglement in the curved can be
obtained by preparing an optimal initial state. The analysis in this paper provides a ‘bottom-up’ view of the
quantum nature induced by mass superposition, which can be treated as an indication of the superposition
nature of gravity and therefore is of theoretical significance.
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Appendix. A black holes in a superposition of masses

We speculate that black holes are in a state of mass superposition based on two main assumptions. The most
natural way that if the original matter that collapsed to form the black hole was in a state of mass
superposition, then the resulting black hole would also be in a state of mass superposition. In addition, the
Hawking radiation of the black hole will reduces the mass of the original black hole, which naturally leads to
the uncertainty of the mass of the black hole due to its entangled with the emitted radiation [48]. However,
for simplicity, we have ignored the process of black hole evaporation in this discussion.

Another possibility is that Rob dropped an object that is in a superposition of energies or masses into the
black hole. Consider a scenario where Rob uses a physical detector to detect the object after it has been
thrown into the black hole. For all practical purposes, Rob would think that the machine had fallen into the
black hole and would observe the event horizon expanding as a result. That is, once Rob no longer receives
signals from the machine, he would infer that the mass of the black hole has increased. If he is standing very
close to the event horizon, this process may last for a short time. Thus, in a practical sense, throwing an
object with a superposition of energy into a black hole can be seen as putting the black hole into a state of
mass superposition.
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