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Abstract In this study, we explicitly prove that the null cir-
cular orbit outside the spherically symmetric asymptotically
flat hairy black hole is not stable. Although, if there is more
than one external light ring at least one of them is stable. The
existence of such geodesics has been proved in the recent
work of Hod as well as Peng whereas its stability was left
uncommented.

1 Introduction

Black holes are the solution of Einstein’s field equations.
Although theoretically, their existence has been known from
the early times of Einstein’s theory of gravity, their direct
observation is not possible as their strong gravity doesn’t even
allow the light to escape. Therefore, the indirect effects of the
black holes, such as the photon sphere/light rings which are
the circular geodesics of the null particle outside the horizon
becomes very important [1–20]. In [21], it is proved that in
a d-dimensional static, asymptotically flat, spherically sym-
metric black hole spacetime with the line element

ds2 = − f (r) dt2 + dr2

f (r)
+ r2d�2

d−2 (1)

where d�2
d−2 is the line element on the unit sphere Sd−2,

there exist circular null geodesics outside the black holes that
are unstable. The well-known Schwarzschild and Reissner–
Nordström black holes are included in (1). More recently in
[22] Hod studied the existence of light rings in extremal black
hole spacetime. In the context of the static asymptotically flat
spherically symmetric black holes, Hod analytically proved
that non-extremal black holes admit at least one external
light ring. The same fact had also been proven before [22] in
[23,24]. Furthermore, in accordance with [22], the existence
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of the external light rings in an extremal black hole is not
guaranteed by the non-linearly coupled Einstein-matter field
equations [22]. Following this ambiguity about the extremal
black holes, Hod in a very recent work [25] has proven
that spherically symmetric asymptotically flat extremal hairy
black hole supported by an external matter field that satisfies
the dominant energy conditions admit at least one external
closed null geodesics. Moreover, in another very recent study
Peng in [26] has also proven analytically that such a light ring
exists for the extremal spherically symmetric asymptotically
flat hairy black holes. Unlike [25], Peng in [26] employed the
fact that null circular geodesics outside black holes are the
fastest orbital trajectory with the smallest period. This fact
has been proved also by Hod in [27].

Inspired by all the mentioned works, in particular [25–
27], in this Letter, we prove analytically that the light rings
outside the static asymptotically flat spherically symmetric
black holes are not stable.

2 The circular geodesics and their instability

Following [26] we start with the hairy, static, spherically sym-
metric asymptotically flat line element

ds2 = −e−2δ(r)μ (r) dt2 + dr2

μ (r)

+r2
(
dθ2 + sin2 θdφ2

)
, (2)

in which δ (r) and μ (r) are the metric functions. The line
element (2) describes some kind of hairy black hole such
that at the event horizon μ (rH ) = 0 and δ (rH ) < ∞.

Moreover, for the line element to be asymptotically flat, we
impose μ (r → ∞) → 1 and δ (r → ∞) → 0, and both
metric functions are well-defined and finite in the interval
r ∈ (rH ,∞) . Let us add also that for the black hole to be
extremal, one should impose an additional condition imply-
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ing μ′ (rH ) = 0. Referring to [26], to prove the existence of
the null circular geodesic we may not apply this additional
condition. In [26] the main concern was to prove that in the
bulk spacetime (2) and outside the black hole there exists at
least one circular orbit irrespective of the line element (2) be
an extremal black hole or non-extremal. Here we review the
proof given in [26], briefly. The Lagrangian of a null particle
moving in the vicinity of the black hole (2) on the equatorial
plane with θ = π

2 is given by

L = 1

2

(
−e−2δ(r)μ (r) ṫ2 + ṙ2

μ (r)
+ r2φ̇2

)
, (3)

in which a dot stands for the derivative with respect to an
affine parameter. The conserved quantities of the geodesic
motion are the energy and the angular momentum which are
found to be

E = −∂L
∂ ṫ

= e−2δμṫ, (4)

and

L = ∂L
∂φ̇

= r2φ̇, (5)

respectively. Furthermore, for a null particle one imposes
ẋα ẋα = 0 which after (4) and (5), it implies

ṙ2 + Vef f (r) = 0, (6)

in which

Vef f (r) = μ

(
L2

r2 − E2

e−2δμ

)
. (7)

Equation (6) suggests that for a circular orbit where r =
rc, we should impose ṙ2 = 0 which implies Vef f (rc) =
0. Furthermore, to have free-force motion one should also
impose d

dr Vef f (r)
∣∣
rc

= 0. Applying the first condition i.e.,
Vef f (rc) = 0 one finds

L2

E2 = r2

e−2δμ

∣∣∣∣
rc

. (8)

The effective potential (7) yields

d

dr
Vef f (r) = μ′

(
L2

r2 − E2

e−2δμ

)

+μ

(
−2L2

r3 + E2
(
e−2δμ

)′
(
e−2δμ

)2

)
(9)

which upon considering (8) at r = rc it simplifies

d

dr
Vef f (r)

∣∣∣∣
rc

= 0 → −2

r
+

(
e−2δμ

)′
(
e−2δμ

)
∣∣∣∣∣
rc

= 0. (10)

The latter is the main condition to be satisfied in order to
prove the existence of the circular geodesics for rc > rH .

To show that (10 ) is satisfied, Peng in [26] used the fact
that the circular orbits are the orbits with the shortest period.

This fact was shown by Hod in [27]. For a null particle, the
period of a circular orbit on the equatorial plane is simply
given by considering �s = �r = �θ = 0 and �φ = 2π

and consequently �t = 2π

√
r2

e−2δ(r)μ(r)

∣∣∣
rc

or simply

T (rc) = 2πrc
e−δ(rc)

√
μ (rc)

(11)

is the period of any circular orbit of radius rc. Now, to mini-
mize the period we apply

d

drc
T (rc) = 0 (12)

which yields

2π

e−δ
√

μ

(
1 − rc

2

(
e−2δμ

)′
(
e−2δμ

)
)

= 0. (13)

The latter equation admits at least one solution for rc because
the period (11) in the two extremes i.e., rc → rH and rc → ∞
goes to infinity implying that it takes at least one minimum
value in between the two extremes. Furthermore, the solu-
tion(s) of (13) satisfies the main condition (10) as well which
completes the proof of the existence of the circular orbit.

From hereafter, we continue the analysis of the Ref. [26]
and prove that such a circular orbit is not stable. To do so we
recall that having d

dr Vef f (r)
∣∣
rc

= 0 grantees the existence
of the circular orbit, however, in order for the orbit to be
stable one has to impose d2

dr2 Vef f (r)
∣∣∣
rc

> 0. From (9), we

calculate explicitly

d2

dr2 Vef f (r) = μ′′
(
L2

r2 − E2

e−2δμ

)

+2μ′
(

−2L2

r3 + E2
(
e−2δμ

)′
(
e−2δμ

)2

)

+μ

⎛
⎜⎝6L2

r4 + E2
(
e−2δμ

)′′
(
e−2δμ

)2

−
2E2

((
e−2δμ

)′)2

(
e−2δμ

)3

⎞
⎟⎠ , (14)

such that at r = rc where (8) and (10) are already held, it
becomes

d2

dr2 Vef f (r)

∣∣∣∣
rc

= μE2

e−2δμ

(
− 2

r2 +
(
e−2δμ

)′′
(
e−2δμ

)
)∣∣∣∣∣

rc

. (15)

Next, to reveal the sign of d2

dr2 Vef f (r)
∣∣∣
rc

, once more we

return to the shortest period orbit theory of Hod [27]. Refer-
ring to Eq. (13), in order for the possible solution of (13) to
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correspond to the minimum period, one has to impose further
the following condition

d2

dr2
c
T (rc) > 0 (16)

at rc satisfying (13). From Eq. (13) we obtain

d2

dr2
c
T (rc) = −2π

(
e−δ√μ

)′

e−2δμ

(
1 − rc

2

(
e−2δμ

)′
(
e−2δμ

)
)

+ 2π

e−δ
√

μ

⎛
⎜⎝ − 1

2

(
e−2δμ

)′
(
e−2δμ

) − rc
2

(
e−2δμ

)′′
(
e−2δμ

)

+rc
2

((
e−2δμ

)′)2

(
e−2δμ

)2

⎞
⎟⎠ . (17)

At an rc satisfying (13) the latter simplifies to

d2

dr2
c
T (rc) = πrc

e−δ
√

μ

(
2

r2
c

−
(
e−2δμ

)′′
(
e−2δμ

)
)

. (18)

The condition (16) implies that the circular orbit with the
shortest period satisfies

2

r2
c

−
(
e−2δμ

)′′
(
e−2δμ

) > 0. (19)

Having (19) held one finds from (15) that

d2

dr2 Vef f (r)

∣∣∣∣
rc

< 0 (20)

which proves that the corresponding circular orbit is not sta-
ble. With this, our proof is completed.

3 Conclusion

We followed the proof of Peng [26] about the existence
of the circular geodesic outside a static asymptotically flat
spherically symmetric extremal hairy black hole and explic-
itly proved that these light rings are not stable. To do so
we applied the result of [27] that implies the null circular
geodesics possesses a local minimum period. The very same
fact has been used in [26] to prove the existence of such a
null geodesic. This has to be emphasized that this instabil-
ity is for the innermost circular orbit and any other circular
orbit with a local minimum period where d2

dr2
c
T (rc) > 0

and consequently d2

dr2 Vef f (r)
∣∣∣
rc

< 0. Therefore if the black

hole spacetime has more than one external light ring (in gen-
eral, an odd number of light rings), then at least for one
of them T (rc) is the local maximum, and accordingly,
the light ring is stable. We note that for obvious reasons

(limrc→rH T (rc) → ∞, limrc→∞ T (rc) → ∞) the inner-
most and the outermost light rings are the local minimum
and are always unstable.
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