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ABSTRACT

Quantum transduction is essential for the future hybrid quantum networks, connecting devices across different spectral ranges. In this regard,
molecular modulation in hollow-core fibers has proven to be exceptional for efficient and tunable frequency conversion of arbitrary light fields
down to the single-photon limit. However, insights into this conversion method for quantum light have remained elusive beyond standard
semi-classical models. In this Letter, we employ a quantum Hamiltonian framework to characterize the behavior of entanglement during
molecular modulation while describing the quantum dynamics of both molecules and photons in agreement with recent experiments. In
particular, apart from obtaining analytical expressions for the final opto-molecular states, our model predicts a close correlation between
the evolution of the average photon numbers and the transfer of entanglement between the interacting parties. These results will contribute
to the development of new fiber-based strategies to tackle the challenges associated with the upcoming generation of lightwave quantum

technologies.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0246782

I. INTRODUCTION of quantum light states between disparate domains"; "7 is essential

to bridge the operational gaps between nodes.'® This has encour-
Understanding light-matter interactions at the quantum aged the proposal and demonstration of many different strategies

level lies at the core of the recent developments in quantum to tackle this challenge in different platforms.'” " Recently, molec-
technologies' * that are behind sophisticated systems such as the ular modulation in hollow-core anti-resonant fibers (ARFs) filled
future hybrid quantum networks.” These systems comprlse multiple with gas’’* has stood out owing to its tunability, large frequency
devices such as quantum hght sources,”’ repeaters,”” memories, '’ shifts, near-unity efficiency, and exquisite preservation of non-
and fiber transmission lines,'” which operate across different spec- classical correlations.”” " This is facilitated by the tight light-matter
tral regions of the optical domain, in sharp contrast to, for example, confinement in the core,’' ultra-low attenuation over a broad band-
the microwave superconducting circuits employed in state-of-the- width™ and pressure-adjustable optical properties,” which make
art quantum computers.'”'* Thus, efficient frequency transduction ARFs excellent vehicles for light-based quantum applications.””
APL Photon. 10, 041302 (2025); doi: 10.1063/5.0246782 10, 041302-1
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On the other hand, in molecular modulation™" at the single-

photon level, a quantum light state scatters off the molecular coher-
ence waves pre-excited via stimulated Raman scattering (SRS) in the
AREF core, changing its frequency by the appropriate Raman shift
without a threshold. The corresponding state can be controllably
up- or down-converted, provided specific phase-matching condi-
tions are fulfilled, which, in the case of gas-filled ARFs, is achieved
by leveraging the fiber dispersion.”"**

Despite the great potential of ARF-based molecular modula-
tion for quantum transduction,™ it still remains unclear whether
intrinsic quantum properties such as entanglement can be trans-
ferred with high fidelity from the original to the target states during
the conversion process, a question that cannot be answered using
the widely employed Maxwell-Bloch formalism."”** The main rea-
son is its classical treatment of the light fields, although it has been
applied to the modeling of certain quantum optical phenomena, like
photon absorption and emission in weakly excited atomic clouds.*
Recent efforts in this direction have provided further insights into
the changes in photonic correlations after frequency conversion.'®
Nevertheless, a more detailed description of the internal quantum
light-quantum matter interactions down to the single-photon limit
has, to our best knowledge, so far not been adapted to molecular
modulation-based frequency conversion in ARFs.

In this Letter, we describe both the preparation of the molec-
ular state through SRS, as well as the subsequent thresholdless
frequency-conversion process at the single-photon level by employ-
ing a quantum Hamiltonian model that allows us to study the
behavior of entanglement during molecular modulation. In partic-
ular, considering the experimental scenario reported in Ref. 34, we
are able to characterize the state of the molecules and predict a com-
plete transfer of entanglement between one of the frequencies of a
Bell state and its corresponding frequency-converted counterpart.
Our results may aid the design, optimization, and interpretation of
future experiments in light-based quantum technologies using ARFs
and their subsequent applications.

Il. QUANTUM DESCRIPTION OF MOLECULAR
MODULATION

A. Preparation of the molecular state

The process we want to describe is molecular modulation
assisted by SRS."”** We consider two-level molecules in general and,
inspired by recent experiments,”””*”*" we focus on the Q(1) vibra-
tional transition of hydrogen as a good two-level approximation.
This transition is dipole-forbidden, and therefore requires a two-
photon process, such as Raman scattering, to occur (depicted in
Fig. 1). In this process, the pump photons launched in the funda-
mental core mode of the H,-filled ARF (illustrated in Fig. 2) are
scattered into the Stokes or anti-Stokes frequencies depending on
whether they excite or de-excite the molecules, respectively. These
transitions are illustrated in Fig. 1, where wp, ws, and w4 are the
central angular frequencies of the narrowband pump, Stokes, and
anti-Stokes signals, respectively, and Q represents the Raman shift,
such that ws = wp — Q and wa = wp + Q. For the H, gas case, Q27 ~
125 THz,"! the largest molecular shift in nature. Without loss of
generality, the light is linearly polarized in our analysis, and there-
fore rotational states are highly disfavored. Furthermore, hereafter
we will consider all the optical frequencies involved in the dynamics
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FIG. 1. lllustration of Raman scattering in a molecular diatomic gas. (Left) A
photon with pump frequency wp is inelastically scattered by a molecule in the
vibrational ground state |0). As a result of the interaction, the molecule gains an
energy defined by the Raman frequency Q, transitioning into the excited vibra-
tional state |1). Meanwhile, the scattered photon ends with Stokes frequency
ws = wp — Q. (Right) The inverse process is also represented, involving the de-
excitation of molecules via the inelastic scattering of a pump photon into the
anti-Stokes frequency wy = wp + Q. Dashed lines indicate off-resonant energy
levels.

contained in the fundamental transmission band of the ARF, that is,
spectrally away from loss-inducing resonances with spatial modes
localized in the cladding elements.*”

The quantum Hamiltonian describing the pump, Stokes, and
anti-Stokes frequencies of the electric ﬁeld interacting with a single
molecule is expressed as H = Ho + V.”>”” On one hand, we have the
unperturbed part of the Hamiltonian Hy, defined as

oo

2, wili)(

i=2

H()/Fl:w0|0)<0|+w1|1)<1|+ Zw;alal, (1)

where [ € {P,S,A} labels the operators associated with the pump,
Stokes, and anti-Stokes frequencies, respectively, and w; are the pho-
tonic frequencies. The quantity hw; is the energy associated with
the vibrational states |i) of the molecule. On the other hand, the
interaction part of the Hamiltonian, V, is given by

V=2 > gf,jﬁ)(ﬂ(ﬂzeiﬁ” - afef"ﬁlz), @)
o1

where g} ; is the coupling strength between levels |i) and |j) via the
bosonic mode [, and S, is the propagation constant for frequency
wy. Let us now eliminate the higher energy levels, that is, levels with
i > 1, to obtain an effective Hamiltonian describing the interaction of
the pump, Stokes, and anti-Stokes frequencies, with the molecule. To
do this, we go to an interaction picture with respect to Hy and per-
form a rotating-wave approximation, keeping only the static terms
up to second order in the coupling strength. That is, by assuming
that g,{j\/ITfl <« h|w; — wj + wy], with N; the number of photons with
frequency w;, we keep only the resonant terms. The relevant reso-
nances in this system are wp — ws = Q = wa — wp, with Q = w; — wo.
Extending this approach to a system with N molecules results in the
following effective Hamiltonian:*!

Heir = B + Y. (w0 + A )afa; + zhz Afala].
1
+ h(GseiAﬁzapag + GAelAﬁ ZaTaA)]
+ h(Gs*e’iAﬁza;as +Ghe ™2 apa, )]7, (3)
where Ggu) is the interaction strength between pump, (anti-) Stokes,

and the molecules, Aj" represent the Stark shifts, and AB = 8, — Bq
and AR’ = B, — . The global spin operators are defined through

10, 041302-2
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FIG. 2. Schematic representation of the experimental layout considered. A pump
beam generates Raman vibrational excitations in the gas molecules, preparing
them in a coherent and synchronized vibrational motion. During this process, the
pump is depleted into the Stokes frequency, as represented in the figure. The
mixing signal simultaneously propagating with the pump perceives the molec-
ular coherence wave and is scattered to a higher frequency. Although the gas
molecules are depicted equidistantly along a longitudinal axis for illustrative pur-
poses, they actually fill the whole interior of the fiber and are randomly located and
oriented.

the 1/2-spin operators as J, = ®),07/2 and J* = @)\, 0}, with o
= [1)(1] = 0){0], 6 =]1)(0], and ¢~ =|0)(1]. They satisfy [],,J*]
=+J* and [J*,]J7] = 2J, and, as operators, they act on global spin
states of the form [N/2,m;) with m, € {-N/2,...,N/2}. Note that
these operators treat the molecular gas as an ensemble of two-level
systems and they are not representing actual angular momentum of
the molecules or light polarization. More details on the derivation of
Her can be found in the supplementary material.

The excitation of molecular coherence manifests itself as a syn-
chronous oscillation of the gaseous core. This is shown in Fig. 2,
where the molecules are depicted equidistantly along a longitudinal
axis with the same orientation for illustrative purposes, whereas in
reality, the gas fills the whole interior of the fiber and the molecules
are randomly oriented. In this regard, the interaction will be more
significant with the percentage of molecules aligned with the linearly
polarized fields, which is already taken into account in the cou-
pling constants obtained phenomenologically (see supplementary
material). In Ref. 34, the molecular coherence was generated by a
nanosecond pump pulse with an energy of 115 yJ. This means that
the initial state of the pump can be considered as a coherent state
with ap ~ 2.48 x 107, enabling a few approximations that simplify
Eq. (3). First, the annihilation of pump photons leads to the genera-
tion of intense laser radiation at the down-shifted Stokes frequency
along the fiber length.”> Therefore, we may consider a semiclassi-
cal approximation, replacing the operators in both pump and Stokes
frequencies by classical variables ap — ap and as - as in Eq. (3).
In addition, since the majority of molecules remain in their ground
state, the photon population of the anti-Stokes frequency is usually
negligible in this process, allowing us to discard it in our anal-
ysis. Finally, we consider that the Stark shifts are also negligible,
Ap = A§ ~ 0. Before performing the semiclassical approximation, in
order to avoid oscillations with Q) in the expectation values, we trans-
form the Hamiltonian into an interaction picture with respect to
QJ, + wpa;ap + wsa;ras, obtaining

Hi = h(GseiAﬁzapa§]+ + G;fmﬁzoc;ocs]_). (4)

By evolving the initial state of the molecules |§, —%), which corre-
sponds to all molecules in the ground state, under this Hamiltonian
for a time ¢, we find the state in the interaction picture:

APL Photon. 10, 041302 (2025); doi: 10.1063/5.0246782
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Here, we have
s = —ie™ tan (Gsapast), (6)

where we have assumed that Gs, ap, and as are real. The
supplementary material and Ref. 56 include the mathematical steps
to find [s).

The emergence of vibrational coherence in the molecular gas,
highlighted in green inside the fiber at Fig. 2, originates from the
beating between the pump and Stokes fields."”*"”" As the ampli-
tude of the coherence wave rises, the pump starts to suffer depletion
and the Stokes starts to be amplified. As the depletion continues,
the beating between the fields becomes weaker, preventing the gen-
eration of new coherence. Meanwhile, the existing coherence wave
fades away due to collisional dephasing on a time scale T>. How-
ever, in a temporal reference frame moving with the co-propagating
pump and Stokes pulses at their group velocity, new coherence will
be found over a longer time scale as light travels through the fiber,
since the amplitude of the coherence wave at a given relative time
coordinate is the result of the integrated effects induced by these
pulses at previous times.** Hence, the excited molecular coherence
is harvested, within its lifetime, for frequency conversion of an arbi-
trary mixing signal. Unlike usual SRS, in which the power of the
scattered pump beam needs to be higher than a minimum thresh-
old, this frequency conversion process is thresholdless and, hence, it
can be applied to a single photon. In addition, the phase-matching
conditions governing the feasibility of frequency conversion of the
mixing signal are highly influenced by the dispersion contributions
from both the gas and the geometry of the waveguide.”"** In a nut-
shell, if the difference in the propagation constants of the ARF modes
at the original and converted photon frequencies matches the prop-
agation constant of the molecular coherence wave (given by the
difference between those of the pump and Stokes fields), energy will
be efficiently exchanged during the scattering event, resulting in a
modification of the photon frequency according to the molecular
Raman shift.

B. Mixing frequency conversion

In the following, let us use the developed framework to ana-
lyze the frequency conversion process of one of the frequency
components of a maximally-entangled Bell state. Indeed, we will
convert the mixing frequency by launching it simultaneously with
the pump beam, while the idler frequency remains unperturbed
outside the fiber, and observe the entanglement dynamics between
the idler and the mixing and up-converted frequencies. Consider-
ing the conditions of Ref. 34, the experimental system undergoes a
phase-matched transition between a mixing frequency of 210 THz
(1425 nm in wavelength) and an up-converted frequency of ~335
THz (895 nm). Even though this is not strictly a Raman transition, it
can be described using a Hamiltonian with the same structure as in
Eq. (3). This time, the terms describing the mixing to up-converted
interaction mimic those of the pump to anti-Stokes, but with the
appropriate parameters.

10, 041302-3
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While the idler and the mixing fields are initially prepared in
a Bell state, the up-converted field is in the vacuum state; there-
fore, the initial state is simply (|0,0,0) + |1,1,0))/+/2. This notation
represents, from left to right and separated by commas, the num-
ber of photons in the idler, mixing, and up-converted frequencies,
respectively. Since in the experiments’**** we typically have a large
number of molecules (~10'®), the energy state of the molecular
ensemble will not change significantly due to the introduction of a
single excitation into the system. Thus, in the Hamiltonian charac-
terizing the frequency-conversion process, we replace the global spin
operators by their expectation values over the spin coherent state in
Eq. (5). That is, we replace J* — &* and J~ — &, with

E=(s|]]"]s) = —ieiA/gzg sin (2Gsapast). (7)

Before continuing, let us transform the Hamiltonian into an interac-
tion picture again with respect to QJ; + wMa}LwaM + anI]aU, where
wy and wy are the mixing and up-converted angular frequencies.

Then, the resulting Hamiltonian is

Hg{ _ hGu( *ei[(QerArwu)f*(ﬁM*ﬁU)Z] aLﬂU

+ geil@reu=wr)t=(fu—pu)] aM“L)’ ®

where Gy represents the interaction strength between the mixing,
the up-converted, and the molecules, and is supposed to be real.
If we assume that, as in the experiments, the phase matching and
resonance conditions are satisfied, we would have 8, - 8,, = AB
= [3P - ﬁs and wy — wm = Q = wp — ws, respectively. Note that we do
not necessarily require w; = wy, or 3, =3, with I€ {P,S} and m e
{M, U} and that, experimentally, these conditions can be adjusted to
carry out frequency down-conversion as well, owing to the excellent
tunability of gas-filled ARFs.""**

Note that this Hamiltonian is similar to others found in the
context of quantum frequency conversion.”*”” Using these condi-
tions and H, é to evolve the Bell state considered for the idler and the
mixing photons, we obtain a state that, when transformed back to
the Schrodinger picture, it becomes

- b 1,0,1)),

ly) 7
©)

which is heavily modulated by the state of the gaseous molecular
ensemble via &, and is analogous to the ones found in other quan-
tum frequency conversion schemes.”® Therefore, in this framework,
the resulting equations for the evolution of the mixing, NM, and
the up-converted, Ny, average photon numbers during molecular
modulation are

(10,0,0) + cos (Gul&[)[1,1,0) + e sin (Gul£]t)

N %cosZ(GU|E|t), (10)

1.3
Ny Zsin (Gul&)t). (11)
Meanwhile, we also study the dynamics of entanglement between
the mixing and the up-converted frequencies through the concur-
rence,”’ an entanglement monotone used for bipartite mixed states.

APL Photon. 10, 041302 (2025); doi: 10.1063/5.0246782
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FIG. 3. Evolution of the average photon numbers and concurrences along the fiber
filled with 70 bar H, and pumped with 115 pJ pulse energy. (a) Average photon
numbers of the idler, N;, mixing, Ny, and up-converted, Ny, frequency modes.
The inset shows the simulated transverse intensity distribution (normalized to its
maximum) of the fundamental core mode in a single-ring-type ARF similar to that
used in Ref. 34 (see Table | in the supplementary material). Here, D represents
the larger internal diameter of the fiber. (b) Dynamics of the idler-mixing, C.y, and
idler-up-converted, Cy.yy, concurrences.

This is an appropriate choice in this case since we have entangle-
ment not only between the idler and the mixing subsystems, but also
between the idler and up-converted. Furthermore, the concurrence
completely characterizes the entanglement of formation®" for a pair
of two-level systems. In our case, we find that the idler-mixing and
the idler-up-converted concurrences are

Ci—m = |cos (Gulé|t)|, (12)

Ciy = |sin(GU|f|t)|. (13)

Notice how entanglement transfer between mixing and up-
converted modes is closely related to the evolution of the number of
photons in each frequency mode, and thus higher conversion effi-
ciencies lead to a more effective entanglement transfer. The time
parameter ¢ here is considered to be related to the propagation
distance z inside the fiber used in Ref. 34, z ~ ct. This is used to
represent the evolution of the average photon numbers and the con-
currences in Fig. 3, where the explicit time dependence of ap and as,
as shown in the supplementary material, has been considered. These
coefficients are obtained by numerically solving the semiclassical
Maxwell-Bloch equations of motion for the pump and Stokes elec-
tric fields.""”” These already include the phenomenological T factor
accounting for the temporal dephasing of the molecular coherence.
In addition, to obtain the coupling strength, we have estimated the
quantization volume based on the geometric properties of the wave-
guide, such as the larger internal diameter D (see Fig. 3) and the
temporal length of the interaction.

lll. RESULTS

In Fig. 3(a), we show the average photon numbers for the
mixing, up-converted, and idler frequencies by blue solid, orange

10, 041302-4
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FIG. 4. Concurrence as a function of the initial pump beam energy and the prop-
agation distance z. The plots show the evolution of the idler-mixing C.y and
idler-up-converted Cyy concurrences at a pressure of 70 bar. The white dashed
lines correspond to the evolution displayed in Fig. 3.

dashed, and green dashed-dotted lines, respectively. In Fig. 3(b),
we do the same for the idler-mixing and the idler-up-converted
concurrences using red solid and purple dashed lines, respectively.
We can observe that, until molecular coherence becomes signifi-
cant at around the middle of the fiber, no substantial conversion
dynamics occur; from that point on, the probability of frequency
up-converting a mixing photon increases, and this is reflected in
higher entanglement between idler and up-converted frequencies.
Meanwhile, the idler-mixing concurrence decreases. Furthermore,
notice that the crossings between the average photon numbers and
the concurrences occur at exactly the same point, around z ~ 38 cm,
as a consequence of the close relation between the transfer of entan-
glement and the transfer of photon population. Note that, here, the
maximum value for the average photon numbers is 1/2 due to the
type of photonic quantum state considered as input to the system.
After a quarter of an oscillation, that is, when Gulé|t = /2, we find
the state (|0,0,0) + eiim|1, 0, 1))/\/5 for the idler, mixing, and up-
converted, respectively. This state showcases that high efficiencies
in the transfer of a photon from the mixing to the up-converted
mode can be theoretically attainable, as can be seen from Egs. (10)
and (11). Note that our predictions could be tested in future exper-
iments, since efforts to characterize the concurrence of mixed states
have already been made,* obtaining lower®® and upper bounds®* of
this quantity.

A deeper analysis of the concurrence dynamics is presented in
Fig. 4, where the influence of the initial pump pulse energy is clearly
shown. In general, the concurrence varies smoothly as the energy
parameter is modified, indicating stable dynamics. In addition to
this, Fig. 4 indicates that the transfer dynamics can be tuned to be
produced at shorter z values by increasing the initial pump pulse
energy.

IV. CONCLUSION

In conclusion, we have explored the use of molecular modula-
tion triggered by SRS in gas-filled ARFs for frequency up-conversion
of entangled photon pairs, showing how entanglement can be effi-
ciently transferred to the frequency-converted counterpart. To do
s0, we employ a quantum Hamiltonian description capable of recov-
ering the Maxwell-Bloch equations in the semiclassical limit, as
shown in the supplementary material. With it, we were able to char-
acterize the state of the molecules as the vibrational coherence is

APL Photon. 10, 041302 (2025); doi: 10.1063/5.0246782
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established and to use it in the analysis of the molecular modula-
tion of quantum light states injected in gas-filled ARFs. We derived
simple expressions governing the evolution of entanglement in the
system, demonstrating the close relationship with the evolution of
the average photon numbers.

We have found the single-mode treatment of both frequency
and spatial modes to be satisfactory for the scope of this work, fol-
lowing the conditions of Ref. 34. Nevertheless, a leap into a full
multimode theory could be taken, for example, by following the
quantum treatment in Ref. 46. This provides a description of the
general effects of frequency translation in the shape of the second-
order time correlations of the experiment in Ref. 34 by considering
the bandwidth in the quantum frequency mode distribution of the
initial photonic state. Moreover, one can follow the works in Refs.
65-68, which studied the role of the field bandwidths during the
preparation of the Raman molecular coherence in the semiclassical
regime. In addition, semiclassical treatments that deal with multiple
spatial modes have also been considered””” following the lines of
Ref. 44.

As the experiments in this area are rapidly progressing, we
believe that this framework will be a useful resource for the design
of novel fiber-based quantum transduction strategies that could be
fully integrated with existing fiber networks, thereby bringing the
dream of future quantum networks one step closer.

SUPPLEMENTARY MATERIAL

In the supplementary material, we provide more detailed cal-
culations on the derivation of Hcy, the molecular state, and the
concurrences. The experimental parameters used in Ref. 34 and the
subsequent time dependence of ap and a5 can also be found.
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