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Abstract

This thesis focuses on modeling the complex internal structure of dwarf galaxies. Dwarf
galaxy is the most frequent type of galaxy in the universe. It is dominated by the dark
matter and thus naturally becomes the best targets for testing the dark matter theories.
The work I did focuses on the observations of the dwarf galaxies and infers the underly-
ing structures using the observational data from several sky surveys.

In the first project, I infer the 3D shape of the dwarf galaxies around the MW. I com-
bine the Dark Energy Camera Legacy Survey (DECaLS) DR8 photometry with Gaia pho-
tometry to study the 3D structure of Bootes I, Draco, Ursa Minor, Sextans and Sculptor
dwarf galaxies using blue horizontal branch (BHB) stars as distance indicators. I con-
struct a new colour-absolute magnitude of BHB stars that I use to measure the distance
gradients within the bodies of the dwarf galaxies. I detect a statistically significant non-
zero gradient only in Sextans and Sculptor. Through modelling of the gradient and 2-D
density of the systems using triaxial Plummer models, I find that the distance gradients
in both dwarf galaxies are inconsistent with prolate shape but compatible with oblate or
triaxial shapes. In order to explain the observed gradients, the oblate models of Sextans
and Sculptor need to have a significant intrinsic ellipticity larger than 0.47 for Sextans and
0.46 for Sculptor. The flattened oblate shape may imply a significant anisotropy in the ve-
locity distribution in order to be consistent with the lack of significant velocity gradients
in these systems.

In the next project, I look at a specific system: the Sagittarius dwarf galaxy and M54.
I present results from simultaneous modeling of 2D (projected along the line of sight)
position, proper motion and line-of-sight velocity for Gaia- and APOGEE-observed stars
near the centre of the Sagittarius (Sgr) dwarf spheroidal galaxy. I use a mixture model
that allows for independent sub-populations contributed by the Sgr galaxy, its nuclear
star cluster M54, and the Milky Way foreground. I find an offset of 0.295 4 0.029 de-
grees between the inferred centroids of Sgr and M54, corresponding to a (projected)
physical separation of 0.135 £ 0.013 kpc. The detected offset might plausibly be driven
by unmodelled asymmetry in Sgr’s stellar configuration; however, standard criteria for
model selection favour our symmetric model over an alternative that allows for bilat-
eral asymmetry. I infer an offset between the proper motion centres of Sgr and M54 of
[Apq coséd, Aus) = [4.9,—19.7] + [6.8,6.2] pas yr~!, with magnitude similar to the covari-
ance expected due to spatially-correlated systematic error. I infer an offset of 4.1 1.2 km
s~ 1 in line-of-sight velocity. Using inferred values for the systemic positions and motions
of Sgr and M54 as initial conditions, I calculate the recent orbital history of a simplified
Sgr/Mb4 system, which I demonstrate to be sensitive to any line-of-sight distance offset
between M54 and Sgr, and to the distribution of dark matter within Sgr. Considering
the case that the centroids of M54 and Sgr currently are offset by < 0.7 kpc, I find that
if Sgr’s dark matter halo has the central ‘cusp’ that characterises cold dark matter halos,
then M54 is currently approaching apocentre of an orbit (within Sgr) that is gradually de-
caying due to dynamical friction. If Sgr’s dark matter halo has a ‘core” of uniform central
density, then M54 is currently near pericentre of an orbit that is, as expected from previ-
ous work, relatively unaffected by dynamical friction. Finally, if the centroids currently
are offset by 2 0.7 kpc, (thus dominated by an offset in line-of-sight distance), then the
calculated orbits would imply that M54 fell into Sgr within the past 200 Myr.
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Chapter 1

Introduction

As a still unsolved problem, the dark matter (DM) problem has a surprisingly long his-
tory to at least the 1930s.

Jan Oort studied the Doppler shifts for stars in the Milky Way and found that the
measured velocity is much higher than the expected from the visible mass. One explana-
tion was that there is invisible dark matter which contributes to the total mass to make
stars bound to the galaxy (Oort, 1932). At almost the same time, Fritz Zwicky studied
the Coma cluster and found that the velocity dispersion requires a much higher mass
density than the mass density from the observed visible matter (Zwicky, 1933). Shortly
after that, Sinclair Smith studied the radial velocity of the stars from the Virgo Cluster
and found that the mass of the cluster required from the radial velocity is much larger
than the observed visible mass (Smith, 1936). However, the assumption of the existence
of the dark matter was not widely accepted at that time.

Besides the discrepancy between the measurement of the mass in the cluster of galax-
ies, the flat galactic rotation curves add more evidence to the existence of the dark matter.
A bunch of studies (Freeman, 1970; Rubin and Ford, 1970; Rogstad and Shostak, 1972;
Roberts and Whitehurst, 1975; Rubin, Ford, and Thonnard, 1980) of the rotation curves
found that the curves are flatter than expected, which requires the explanation and dark
matter can be one of the possibilities.

According to the story told by Jaco de Swart, Gianfranco Bertone and Jeroen van
Dongen (Swart, Bertone, and Dongen, 2017), the community did not widely adopt the
dark matter theory until they needed extra mass to make the universe’s mass density
close to the critical value so that the universe is closed, which is 1970s. Two papers bring
the problems together (Einasto, Kaasik, and Saar, 1974; Ostriker, Peebles, and Yahil, 1974)
and the dark matter theory did not come as a unified solution to the cluster mass problem
and the flat rotation curves problem, instead, the two problems became the evidence of
the extra mass called dark matter.

1.1 Dark Matter Candidates

Before trying to come up with new particles as the dark matter particle(s), it is natural to
think that maybe dark matter is just compact objects with much less brightness, which
are called massive astrophysical compact halo objects (MACHOs). However, the search
for MACHOs using gravitational microlensing has shown that there are not enough MA-
CHOs to explain dark matter (Lasserre et al., 2000; Tisserand et al., 2007). On the other
hand, we can infer the cosmic baryon density from the abundances of primordial light
element or the Cosmic Microwave Background (CMB), both methods eventually show
that the baryonic matter in the universe is too small to be dark matter (Fukugita, Hogan,
and Peebles, 1998; Burles, Nollett, and Turner, 2001; Hinshaw et al., 2013; Planck Collab-
oration et al., 2016). Both efforts indicate that the dark matter consists of the new particle,
but the question of which particle(s) the dark matter is is still in debate today.
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Lots of effort was put into narrowing down the candidates for the dark matter parti-
cle. Within the standard model, neutrinos become a tempting choice because they do not
experience electromagnetic or strong interactions. However, the mass limit of the neutri-
nos in the standard model puts an upper bound on the total relic density of them, which
is too low to account for the mass of the dark matter. Even if the mass limit is evaded
from some assumptions, the neutrinos will be relativistic particle which results in a top-
down formation history of the structure in the Universe, which is inconsistent with the
observations (Bond and Szalay, 1983; Peebles, 1984). As the particle physicist searches for
an extension or more fundamental theory for the standard model, more possible candi-
dates became the natural results of these efforts. The supersymmetry theory is one of the
most important theories in theoretical physics (Nilles, 1984; Jungman, Kamionkowski,
and Griest, 1996), which also provides a bunch of the dark matter candidates includ-
ing neutralinos, sneutrinos, gravitinos, and axinos. Axions, which are introduced in an
attempt to solve the problem of CP violation, are also considered as the dark matter can-
didate. The Sterile neutrinos are the hypothetical particles without standard model weak
interactions, which is also a viable dark matter candidate (Boyarsky et al., 2019).

With the help of the numerical simulations, it has shown that hot dark matter (rel-
ativistic) cannot reproduce the observed large scale structure of our universe (White,
Frenk, and Davis, 1983), which indicate we should look for cold dark matter particle
(non-relativistic). The regime of a particle freeze-out in the early Universe to be cold relic
and still remain sufficient relic abundance to match the observed dark matter density
puts strong constraints on the mass and self-annihilate cross section of the particle. All
those constraints from the analytic analysis and simulations, combined with the theoret-
ical preference of the new physics at or around the electroweak scale, lead to the weakly
interacting massive particles (WIMPs) (Steigman and Turner, 1985), which have become
the most popular candidate for the cold dark matter particle at present.

Besides the cold dark matter theory, there are several alternative theories which can
potentially also be the solution to the dark matter problem.

The self-interacting dark matter (SIDM) (Carlson, Machacek, and Hall, 1992) is an
alternative class of dark matter particles that can solve the cusp-core problem and miss-
ing satellites problems which we are going to consider in Section 1.2. SIDM particle is
cold, non-dissipative, and self-interacting with a large scattering cross section (Spergel
and Steinhardt, 2000). Compared with cold dark matter theory, SIDM predicts that the
dark matter halo will have isothermal velocity dispersion, more spherical shape than cold
dark matter halo, and have a cored central density distribution even in the galaxy with a
smooth star formation history. The predictions may potentially distinguish SIDM theory
from the cold dark matter theory in the observation (Tulin and Yu, 2018).

The warm dark matter (WDM) is another dark matter particle which is inspired by
the small-scale problems in the cold dark matter theory. The higher velocity makes it
have a large free-streaming length which can suppress the small-scale structure and thus
alleviate the small-scale problems (Bode, Ostriker, and Turok, 2001). However, some
studies using Lyman-« forest data and gravitational lenses put the constraints on the
free-streaming length of WDM and this calls into question whether WDM still remains a
viable solution to the small-scale problems (Gilman et al., 2020; Ir$i¢ et al., 2017).

Fuzzy dark matter (FDM) is another dark matter particle which, again, is inspired
by the small-scale problems in the cold dark matter theory (Hu, Barkana, and Gruzinov,
2000). FDM particle is assumed to be extraordinarily light and thus the de Broglie wave-
length of the particle will be ~ 1kpc, so the kpc scale cusps in the dark matter halos are
suppressed and fewer low mass halos are predicted in this theory. It can also explain the
‘timing problem’ in the Fornax dwarf galaxy where the globular clusters have not fallen
into the centre of the Fornax dSph at present time, while the time for the falling due
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to the dynamical friction from the analytical estimates is much shorter than their ages
(Tremaine, 1976; Hernandez and Gilmore, 1998; Hui et al., 2017).

The modified Newtonian dynamics (MOND) is a quite different solution to the miss-
ing mass problem. It is first proposed by Mordehai Milgrom’s trio papers (Milgrom,
1983c; Milgrom, 1983a; Milgrom, 1983b). The key idea of the MOND is that assuming
the Newton’s second law is correct at large acceleration but inaccurate at small acceler-
ation. The modified formula at low acceleration should instead be F = ma?/ay, where
ag is a constant. The new formula makes it possible to explain the observations without
the need for the extra mass in the universe. The idea indicates an alternative solution of
dark matter theory. The MOND theory has changed, and several versions have been pro-
posed to accommodate the observations (Clowe et al., 2006; Angus, Famaey, and Zhao,
2006; Nojiri, Odintsov, and Oikonomou, 2017). One famous example is the bullet cluster
1E 0657-558, where the gravitational approximately potential traces the distribution of
galaxies instead of tracing the plasma distribution which is the dominant baryonic mass
component (Clowe et al., 2006), and MOND theories have difficulty explaining this ob-
servation. Later Angus, Famaey, and Zhao (2006) analyse the three versions of MOND
and conclude that it is possible to reproduce the observation of the bullet cluster in the
MOND scenario. MOND still remains as a viable solution to the dark matter problem.

The cold dark matter (CDM) theory is extremely successful at reproducing the large-
scale structures of our universe, making it the most popular solution to the dark matter
problem, and thus we will only focus on the discrepancy between CDM and the obser-
vations and ignore the other alternative theories in this work.

1.2 ACDM

Putting cold dark matter and dark energy together, we now have the prominent cosmo-
logical model ACDM, where the universe consists of around 70% dark energy, 25% cold
dark matter and 5% baryons. ACDM makes predictions which match the observations
very well on the large scale, but encountered several issues when it is used to predict
small-scale structure.

1.2.1 Cusp or Core

With the results of the numerical simulation of the cold dark matter in small scale, several
papers pointed out the cusp-core challenge to the theory in 1990s (Flores and Primack,
1994; Moore, 1994). The cold dark matter only simulation found that the density distribu-
tion of the dark matter halo can be well described by the NFW profile (Navarro, Frenk,
and White, 1997) at a wide range of scales, where the central density p is proportional
to r~1. Some ACDM simulations suggest that the Einasto profile is a better empirical
model that has the central region slope slightly shallower than —1 (Einasto, 1965; Merritt
et al., 2006). However, these predictions from the cold dark matter simulations are way
above many observed density curves in low-mass dark-matter-dominated galaxies (Mc-
Gaugh, Rubin, and Blok, 2001; Simon et al., 2005; Blok et al., 2008; Naray, McGaugh, and
Blok, 2008). This mismatch between the observed core density profile and predicted cusp
density profile is called the cusp-core problem.

1.2.2 Missing Satellites

In 1999, when people compared the results from the numerical CDM simulations in small
scale to the observations, they found that the number of the satellites does not match the
simulations at all. Ben Moore found that the simulations predict that there should be
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about 500 satellites with circular velocities larger than the Draco and Ursa Minor systems
(Moore et al., 1999), and Anatoly Klypin stated that the simulations predict ~ 300 satel-
lites in the Local Group (Klypin et al., 1999). However, the number of the satellites from
the observation is much less than the predictions. For example, the number of satellites
within the Milky Way is ~ 50, while the simulations predict thousands of subhaloes, and
it seems unlike to have the predicted number of the satellites even after considering the
faint galaxies (Hargis, Willman, and Peter, 2014). The mismatch between the number of
the predicted subhaloes and the number of the observed satellites is called the missing
satellites problem.

1.2.3 Too-big-to-fail

Michael Boylan-Kolchin showed that the ACDM predicts the Milky Way should host
massive subhaloes which is incompatible with any known MW satellite having Ly >
10°L, if we assume the monotonic relation between galaxy luminosity and halo mass
still holds at this mass level (Boylan-Kolchin, Bullock, and Kaplinghat, 2011). This indi-
cates we need either an explanation of why the monotonic relation between galaxy lumi-
nosity and halo mass breaks at this mass range or why those massive subhaloes are not
produced in the Milky Way. Besides these two possible explanations, there is a nonzero
chance that MW is a statistical anomaly. However, similar studies have been performed
with the M31 satellite and a similar discrepancy is found (Tollerud, Boylan-Kolchin, and
Bullock, 2014), and it is almost impossible to have two statistical anomalies together.

1.2.4 Diversity of Dwarf Galaxy Rotation Curves

Oman et al. (2015) compare the circular velocity profiles of galaxies in ACDM cosmo-
logical hydrodynamical simulations with the observed rotation curves of galaxies. They
find that the shapes of the circular velocity profiles from the simulations have little vari-
ation at fixed maximum circular velocity, whereas the observed dwarf galaxies show
a large diversity of rotation curve shapes, even at fixed maximum rotation speed. Later
Oman et al. (2016) show that this problem may be better interpreted as dark mass deficits,
and the formation of the core cannot explain this because the mass deficit extends over
the whole luminous radius of the affected galaxies, and several examples have rotation
curves which do not suggest a core. However, Brook (2015) suggest that the scatter from
the stellar mass and dark matter halo mass relation and the scatter from the size and
stellar mass relation can lead to the observed diversity of dwarf rotation curves. There
is a correlation between the rotation curve shape and baryonic surface density, but some
argue that this relation is too weak in the dwarf galaxy regime and cannot be used to ex-
plain the diversity of dwarf rotation curves. Some possible paths which may provide the
solutions include baryonic inflows and outflows during galaxy formation, dark matter
self-interactions, variations in the baryonic mass structure coupled to rotation velocities
through the mass discrepancy-acceleration relation (MDAR) which describes a tight cor-
relation between the observed rotational velocity and the rotation velocity inferred from
the distribution of baryons (McGaugh, Lelli, and Schombert, 2016), and noncircular mo-
tions in gaseous discs (Santos-Santos et al., 2020).

1.2.5 Planes of Satellites

It has been known for a long time that satellite galaxies of MW seem to lie in a polar
great circle around MW (Kunkel and Demers, 1976; Lynden-Bell, 1976). Kroupa, Theis,
and Boily (2005) pointed out that the distribution is inconsistent with the substructure
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population predicted by the dark matter theory and thus the MW satellites cannot be
related to dark-matter dominated satellites. More studies on the MW satellites and An-
dromeda satellites show that it is unlikely that the thin planar distribution of satellites
is a random sample from the predictions of ACDM (Pawlowski, Pflamm-Altenburg, and
Kroupa, 2012; Pawlowski and Kroupa, 2013; Ibata et al., 2013). The unusual thin planar
distribution of the satellites is the planes of satellites problem.

1.2.6 Possible Solutions

To solve all these small-scale problems, it is possible that CDM needs major modification
to accommodate the observations in small scale. However, the CDM provides excellent
predictions on the large scale, making it less likely to be completely incorrect. Overall,
the tensions in the small scale is the discrepancy between the simulations and the obser-
vations, so there are naturally two directions to try to solve it:

1. The simulations and the physics theory used in the simulations need to be im-
proved to make correct predictions on the small scale.

2. The observations have bias or extra uncertainty that is not properly considered, and
these may explain the discrepancy with the predictions from the simulations.

On the simulation side, the oldest dark matter simulations are the dark matter only
simulation, where the dark matter halos share a similar density profile (NFW or Einasto
profile) at a wide range of scales, and the density profile is cuspy (Einasto, 1965; Navarro,
Frenk, and White, 1997; Merritt et al., 2006). When people find that the predicted shape
of dark matter density distribution does not match the observed shape, the first thing to
consider is bringing the baryonic feedback into the simulations. The dark matter parti-
cle has limited physical processes to consider in the simulation, which makes it simple
and quite efficient to calculate, however, the baryons have too many possible physics
processes to be considered. The possible baryonic processes which may alter the simula-
tion results include but are not limited to gas cooling, interstellar medium, star formation,
stellar feedback, supermassive black holes, feedback from active galactic nuclei, magnetic
tield, cosmic rays, radiation hydrodynamics, etc (Vogelsberger et al., 2020). The limited
computation power requires the simplification of those processes to make it possible to
calculate, which will usually decrease the accuracy of the simulation. There are many
studies about which baryonic feedback should be considered to reproduce the observa-
tions in the small scale.

The supernova-driven winds, which can expel a large fraction of the baryonic com-
ponent from a dwarf galaxy disc after a vigorous episode of star formation, were intro-
duced into the CDM simulation as the first try of including the baryonic feedback, and
it has been shown that supernova-driven winds can convert the cusp shape dark matter
density profile to a core. However, the radius of the core is sensitive to the properties of
the baryonic disc, and the possible values can only produce a quite small core (Navarro,
Eke, and Frenk, 1996). Even though this does not produce predictions that match very
well with the observations, this effect of baryonic feedback has been shown to be impor-
tant in the transformation from cusp to core. The physical process is complicated and
difficult to simplify, so some papers try to explore the effect of the mass loss without
considering the physics process underlying it. Read and Gilmore (2005) introduce the
baryonic mass loss event numerically and explore how it affects the baryons and dark
matter. They show that with one impulsive mass-loss event, the remaining stellar com-
ponent of a dwarf spheroidal galaxy in the ACDM simulation is well fitted over many
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scalelengths by an exponential profile, and two impulsive mass-loss phases with sig-
nificant gas re-accretion can transform a cuspy dark matter profile into a core one with
near-constant density at the centre. Later Pontzen and Governato (2012) proposed an
analytic model that explains how dark matter cusps are transformed into cores under
repeated, rapid oscillations of the central gravitational potential, which can be the result
of recurrent, concentrated bursts of star formation that induce rapid expansion of gas
through supernova feedback heating, indicating that extreme, violent mass loss events
are not necessary in the formation of cores.

As more physical processes are added to the simulations and the resolution is im-
proved owing to the improvement of the computation power, several mechanisms are
found to be possible to lead the cusp-core transformation.

The gravitational potential change may be the most widely studied mechanism. The
change in the central potential will transfer the energy into dark matter particles and thus
generate a dark matter core. There are several possible physical processes that can cause
the gravitational potential change. The supernova-driven wind introduced in Navarro,
Eke, and Frenk (1996) is one of the possibilities. Later research report that resolving
inhomogeneous interstellar medium can result in the strong outflows from supernova
explosions which remove low angular momentum gas, and lead to a more realistic dwarf
galaxies results in the simulation (Governato et al., 2010).

The stellar feedback can also change the central gravitation potential. Multiple bursty
stellar formation can transform the cusp to the core. Mashchenko, Couchman, and Wad-
sley (2006) and Mashchenko, Wadsley, and Couchman (2008) use hydrodynamic simula-
tion to show that the feedback from supernova explosions and stellar winds can drive the
bulk motion of gas, which results in significant gravitational potential fluctuations and
thus flattens the central dark matter cusp.

In addition to the gas flow due to stellar feedback, the impulsive heating from minor
mergers can also change the gravitational potential, which will lead to the formation of
a core. The special part of this mechanism is that it does not rely on stellar feedback,
which means that it can possibly form a core in the ultra-faint dwarf where star forma-
tion was quenched at high redshift. However, late major mergers can regenerate a cusp,
which means the shape of the central density distribution correlates with the mass assem-
bly histories and thus leads to significant stochasticity in the central dark matter density
slopes of ultra-faint dwarfs (Orkney et al., 2021).

The dynamical friction from the dense infalling substructures is another possible
mechanism. Dynamical friction on the clumps of the baryonic mass will transfer the or-
bital energy to the dark matter particles, and thus transform the cusp to the core (El-Zant,
Shlosman, and Hoffman, 2001).

The baryonic feedback which enables the formation of the core can also alleviate the
too-big-to-fail problem by reducing the dark matter mass in the inner region without re-
quiring dwarf galaxies to reside in lower-mass halos, and the simulations about MW-like
environment has shown that the enhanced tidal stripping on satellites due to the central
galaxy can also explain the observations of the satellites. Both mechanisms contribute
to the solution to the too-big-to-fail problem for satellites. For the isolated field galaxies,
the solution is less clear because they do not have a host, and thus there is no interaction
with the host galaxy (Sales, Wetzel, and Fattahi, 2022).

Although baryonic feedback offers the possibility of reconciling the predictions of
ACDM simulations to the observations at small scale, several predictions remain to be
controversial as summarised in Sales, Wetzel, and Fattahi (2022). The first is that some
simulations show that the inner density slopes should be correlated with the star forma-
tion activity as a natural result of core formation through stellar feedback (Chan et al.,
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2015), while some simulations do not predict a strong correlation between them (Benitez-
Llambay et al., 2019). The observation does suggest this correlation (Read, Walker, and
Steger, 2019). The second is that some simulations show that the size of dark matter core
is linked to the half-mass radius of the stars, while others suggest that the size of the dark
matter core depends on how concentrated the energy deposition of the feedback is. The
third is the discrepancy of the minimum galaxy mass needed for core formation, which
decides whether we should expect the core or cusp in the ultra-faint dwarf or the mass
threshold for forming a core in ultra-faint dwarf.

However, not all simulations agree that baryonic feedback can lead to the formation of
cores. Some recent cosmological, hydrodynamical simulations show that the bursty star
formation history is not correlated with the inner slope of the dark matter density profile,
and there is no core formation evidence. Bose et al. (2019) argue that bursty star formation
and supernova feedback are not sufficient for core formation. One possible explanation
is that the gas density threshold for converting gas into stars is too low and it prevents
the gas from becoming gravitationally dominant, and thus no significant enough gravi-
tational potential fluctuation is produced by the stellar feedback, which explains why no
formation of the core is observed in these simulations. However, the threshold used in
the simulation is necessary to achieve a good match to the broad population of galaxies.
They conclude that this may indicate the importance of large concentrations of gas over
some scale for core formation to be efficient.

In addition to baryonic feedback, the improvement in the resolutions has also helped
to get more accurate results. The simulations with improved resolution, combined with
including the baryonic effects, using initial conditions which match the Local Group envi-
ronment, show that ACDM can reproduce the observed dwarf galaxy population and the
central masses of the satellite galaxies in the Local Group without showing the missing
satellites or too-big-to-fail problem. (Sawala et al., 2016; Wetzel et al., 2016; Garrison-
Kimmel et al., 2019).

On the observation side, there are a few questions and uncertainty from the observa-
tions that may lead to the solution to some of the previously mentioned problems. Some
argue that the observation of the core shape may be the consequence of the imperfect as-
sumption and biased estimator, and thus there are fewer core-shaped dark matter density
profiles in the dwarf galaxies than we originally thought it would be.

Several mass estimators may be biased or should include extra uncertainties because
of some of the assumptions they made. The uncertainty of the mass estimators which
rely on the spherical Jeans equation depends on many properties of the dwarf galax-
ies including the 3-D shape of the galaxy, radial bias in the stellar velocity dispersion
anisotropy, level of rotational support, and the alignment between galaxies and their
host dark matter haloes (Campbell et al., 2017). It has been shown that Jeans modelling
may overestimate the dynamical mass in a galaxy during periods of post-starburst gas
outflow and underestimate the mass during periods of net inflow because of the assump-
tion of dynamical equilibrium (El-Badry et al., 2017), and the assumption of the spherical
symmetry in Jeans modeling can lead to biased density profile shape results for some
mass estimators, which will falsely statistically significantly detect a core in the profile,
while the actual shape of the profile is cusp (Genina et al., 2018).

Oman et al. (2016) suggest that the systematic errors in the inclination measurement,
which is substantially underestimated in the nearly face-on galaxies, may potentially ex-
plain the large diversity of dwarf galaxy rotation curves because it affects the extraction
of the circular velocity profile from the gas velocity fields. They also suggest that this
systematic error may also decrease the reliability of the mass estimator using Jeans mod-
elling.
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With efforts on both the simulation and observation sides, the discrepancy between
the observations and the predictions from the ACDM is becoming less severe. However,
some tensions still exist and wait for better solutions to reconcile the predictions with the
observations. The dwarf galaxies, which is small, dark matter dominated and the centre
of most small-scale problems, have become the perfect testbed for the dark matter theory
and the predictions from the simulations.

1.3 This Work

It is obvious that whether the dark matter theory can reproduce the observations of the
dwarf galaxies has become one of the most important tests in the dark matter studies.
However, the observation of the dwarf galaxies is not easy because of their low lumi-
nosity and lack of the distance information for stars along the line of sight. Even for the
dwarf galaxies near the MW, it is quite difficult to measure the distance to the individual
star with good precision, which makes it quite challenging to model the 3-D shape of the
dwarf galaxy. Some dwarf galaxies like Sagittarius dwarf galaxy also have a complex
internal structure and it overlaps with the MW background stars in projected sky, which
makes it particularly difficult to model different components inside it properly. This work
aims to improve the constraints from the observations, which can be used as information
in the analysis or the targets for comparison in the simulation by inferring the internal
structure of dwarf galaxies using the observational data from several sky surveys.

First we will infer the triaxial shape of the dwarf galaxies around the MW. This will
provide information on the shape and orientation for the analytic calculation and simu-
lation of these targets to improve the accuracy. We then study the centre of the Sagittar-
ius dwarf galaxy, which is a complicated environment with multiple components and is
heavily contaminated by the MW stars in the observational data. We analyse the 5-D data
and provide information on the offset between the centre of the Sagittarius dwarf galaxy
and the centre of the M54 in spatial, proper motion, and radial velocity space, along with
the orbit calculations from our results for the possible implications of the origin of the
M54 and the formation history of the Sagittarius dwarf galaxy. Our results will provide
more information in the studies of the formation of globular cluster inside the dwarf
galaxies and may help to constrain the shape of the dark matter density distribution in
the Sagittarius dwarf galaxy.

1.4 Dwarf Galaxy

Dwarf galaxy is the most common type of galaxy in the universe. They are small and
dark matter dominated. Dwarf galaxy is also the crucial building block of much larger
galaxies in hierarchical formation models (White and Frenk, 1991). Several early works
in 1980s already pointed out that the high mass-to-light ratio of the dwarf galaxy makes
it a perfect object to study the dark matter (Aaronson, 1983; Lin and Faber, 1983; Faber
and Lin, 1983).

At the time when only a handful of dwarf galaxies have been observed, it seems the
dwarf galaxies can be easily identified and well separated from the giant galaxies in the
central surface brightness and absolute magnitude space (Kormendy, 1985). With the im-
provement of the telescope, more systems have been observed, and the new discoveries
bring about so many questions, including that the gap between the elliptical galaxy and
dwarf elliptical galaxy in the central surface brightness vs luminosity space does not exist
anymore (Graham and Guzmadn, 2003). With more faint systems being discovered, even
the definition of the galaxy becomes obscured (Kormendy, 1985; Jerjen, Binggeli, and
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FIGURE 1.1: The figures of the size-luminosity relation (left), size-velocity
dispersion relation (middle), and luminosity-metallicity relation (right)
for the dwarf galaxies in the Local Field. Figures are modified versions
of the Local Volume Database. The dwarfs in the MW (blue), dwarfs
in the Andromeda (orange), and dwarfs in the Local Field outside of
the MW and Andromeda (grey) are marked with different colours. The
dotted lines in the left figure represent the constant surface brightness

(24,26,28,30,32mag/ arcsec® from the top left to the bottom right). The
down arrow symbols in the middle figure represent the upper limit of the
velocity dispersion at 95% confidence interval, where the starting point
of the arrow is the upper limit. The solid line in the right figure is the
luminosity-metallicity relation from Simon (2019).

Freeman, 2000; Willman and Strader, 2012). We follow the definition from James S. Bul-
lock (Bullock and Boylan-Kolchin, 2017) to divide the dwarf galaxies into three classes:
bright dwarfs (M ~ 107~? M), classical dwarfs (M =~ 10°~7 M), and ultra-faint dwarfs
(M ~ 1027 Mp).

Even though we call them dwarf galaxies, their properties can vary a lot among differ-
ent dwarf galaxies. The mass-to-light ratio of the dwarf galaxies was originally thought
tovary from 1 ~ 100 (Mateo, 1998). With the improvement of the telescope and the found
of the ultra-faint dwarf, the mass-to-light ratio can go above 1000 (Simon, 2019). The ro-
tation curves of the dwarf galaxies show a large diversity as we talked in Section 1.2.4.
Some are consistent with a cored dark matter density profile; some are consistent with
the NFW profile, and some are even more concentrated than the NFW profile (Oman et
al., 2015; Sales, Wetzel, and Fattahi, 2022). The shape of the host dark matter haloes of
the dwarf galaxies is still in debate due to the difficulty of inferring the shape of the dark
matter density distribution at the centre of the dwarf galaxies. Most may have a cored
shape dark matter density profiles and some may have cuspy profiles (Read, Walker, and
Steger, 2018). Most dwarf galaxies have elliptical shapes with the ellipticity less than 0.7
(based on the Local Volume Database maintained by Andrew Pace).

Several properties of the dwarf galaxy have strong correlations with each other, we
show the plots of the size-luminosity relation, size-velocity dispersion relation, and
luminosity-metallicity relation for the dwarf galaxies in the Local Field in Figure 1.1 us-
ing the compiled dwarf galaxy dataset from the Local Volume Database' and a slightly
modified version of their sample code.

It is relatively difficult to observe dwarf galaxies due to their low luminosity; how-
ever, the relatively sufficient amount of the dwarf galaxies in the universe makes it possi-
ble to have several dwarf galaxies locate in very close distance to us. We can observe the
stars for the dwarf galaxies in the Local Group, which enable the detailed studies of these

Ihttps://github.com/apace7/local _volume_database
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low-luminosity galaxies, like the studies about the internal kinematics of low-luminosity
galaxies.

Dwarf galaxies are metal poor or at least have a metal poor stellar component, which
means that they hold nearly primordial material, and the dwarf galaxy in the Local Group
are the only galaxies for which we can obtain the reliable abundances from resolved stel-
lar population (Mateo, 1998).

In addition to the properties of themselves, they can be used as probes for the nearby
environment. The interaction between the Local Group dwarf galaxies and other larger
galaxies may shed light on the assembly histories of those larger galaxies (Mateo, 1996;
Wyse, 2001).

We have talked about the small-scale challenges in the ACDM theory in Section 1.2,
and most of the unsolved problems are related with the dwarf galaxies, which make it
the primary target for us to test the different dark matter theories.

The dwarf galaxies around the Milky Way can be used to constrain the density pro-
file of the dark matter subhaloes (Stoehr et al., 2002), and the inner density profiles of
haloes and subhaloes can be used to estimate the luminosity in dark matter annihilation
radiation (Stoehr et al., 2003).

The ACDM simulations make predictions about the mass function of dark matter
haloes and subhaloes. However, it is unknown whether the relation between the stellar
mass and halo mass can be extrapolated to the low mass region. It has been shown that
the observed stellar mass function cannot be reproduced by simply shifting the mass
function of the dark matter haloes (Baldry et al., 2012; Bernardi et al., 2013; Wright et al.,
2017; Bullock and Boylan-Kolchin, 2017), which raise the question about what the relation
between these two masses at the small mass region, which is beyond our observation
limits, is. More importantly, the predictions from different simulations show potential
different predictions about the expected ultra faint populations, which may indicate that
the large uncertainty exists in this regime in the simulation (Sales, Wetzel, and Fattahi,
2022).

Carlsten et al. (2020) shows that the radial spatial distribution of low-mass satellites
around a MW-like host is generally more concentrated than the MW-sized haloes from
the simulations, which indicate there possibly is some artificial disruption leading to this
discrepancy.

With all the possibilities, dwarf galaxies are one of the most important probes and the
testbed for the dark matter theories.

1.4.1 Sky Surveys

The studies in astronomy are always deeply bounded with the observations. Sky surveys
are the main source of data from astronomy research. Every time a new sky survey is
released, it will bring another wave of studies and new findings. Due to the generally low
luminosity of the dwarf galaxies, they are always challenging the limits of sky surveys.
Gaia satellite was launched in December 2013 as the successor of the HIPPARCOS
(European Space Agency, 1997; Gaia Collaboration et al., 2016a). It produced the first
data release in Sep 2016, the second data release in Apr 2018, and the third data release
(DR3) in Jun 2022. Gaia has a ambitious goal of measuring the 3-D spatial and 3-D ve-
locity distribution of stars. Gaia DR3 includes more than 1.4 billion sources with full
astrometry (Gaia Collaboration et al., 2023a). The photometry of Gaia DR3 includes three
bands: G, Gpp and Ggp. BP band roughly covers the wavelength from 330 to 670 nm; RP
band roughly covers the wavelength from 640 to 1050 nm; and G band roughly covers
the wavelength from 330 to 1050 nm (Riello et al., 2021). Gaia DR3 provides the high-
precision data where the photometric uncertainties are 1 mmag for G band, 12 mmag
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for BP band, and 6 mmag for RP band for the sources with G = 17 mag, and the as-
trometric uncertainties are 0.05 mas for the position, 0.07 mas for the parallax, and 0.07
mas/yr for the proper motion for the sources with G = 17 mag. Even for faint sources
with G = 20 mag, Gaia DR3 can achieve 6 mmag photometric uncertainty for the G band
and 0.5 mas/yr median uncertainty for proper motion. Additionally, Gaia DR3 provides
the radial velocity and some other data related with the spectra for part of the sources.
The all-sky high-precision full astrometric data provided by Gaia enable tons of studies
including many studies about dwarf galaxies.

Dark Energy Survey (DES) is a survey conducted by the Dark Energy Camera (DE-
Cam) which is mounted on the Blanco 4-m telescope at Cerro Telolo Inter-American Ob-
servatory (The Dark Energy Survey Collaboration, 2005). DES is designed to run for five
years to collect data for measuring the dark energy and dark matter densities and the
dark energy equation of state. DES covers ~ 5000 deg? of the southern sky and has five
broadband filters g, 1, i, z, and Y, roughly from 400 to 1060 nm (Drlica-Wagner et al., 2018).
DES has already published two public data releases. DES is a deep survey with the 95%
completeness limit at 24.6 mag (g), 24.3 mag (r), 24.0 mag (i), 23.7 mag (z), 23.4 (Y).

DECam is also used by the Dark Energy Camera Legacy Survey (DECaLS) (Dey et
al., 2019). DECaLS is part of the DESI Legacy Imaging Surveys. DECaLS targets the
entire South Galactic Cap and the § < +34 regions in the North Galactic Cap that are
outside the coverage of DES. DECaLS provides photometry data for g, 1, and z bands
with exceptional depth. The data have the 50 depth of ¢ = 24.0 mag, r = 23.4 mag
and z = 22.5 mag for an ELG galaxy with half-light radius of 0.45 arcsec. DECaLS also
includes the data obtained as part of the Dark Energy Survey (DES), while it uses The
Tractor software (Lang, Hogg, and Mykytyn, 2016) to extract the sources instead of using
PSFEx (Bertin, 2011) and SourceExtractor (Bertin and Arnouts, 1996) as DES.

Apache Point Observatory Galactic Evolution Experiment (APOGEE) is part of the
Sloan Digital Sky Survey, and it is composed of two generations: APOGEE-1 and APOGEE-
2. APOGEE-1 is part of the SDSS-III and uses the Sloan 2.5 m Telescope. It is designed
to build a spectra database for over 100k stars to benefit the large-scale, systematic, pre-
cision chemical and kinematical study (Majewski et al., 2017). APOGEE-2 is part of the
SDSS-IV. As the continuation of APOGEE-], it is ran by the 2.5-meter Sloan Founda-
tion Telescope and the 2.5-meter Irénée du Pont telescope in parallel. Combined with
APOGEE-1, they provide spectroscopic data which include stellar-atmospheric parame-
ters and line-of-sight velocities measured from twin, multi-plexed, near-infrared, high-
resolution spectra covering both the northern and southern sky (Abdurro’uf et al., 2022;
Wilson et al., 2019).

1.4.2 Triaxial Shape of the Dwarf Galaxies

When we model the distribution of the stellar distribution and dark matter distribu-
tion, similar to many analysis processes in physics, we start with simple assumptions
and gradually add the important complexities into the model and analysis to improve
the quality of the results, and thus we usually start with a spherically symmetric shape.
However, the improvement from the spherical shape to the triaxial shape is not an easy
one. It will introduce four free parameters (ellipticity, triaxiality, and two parameters
for the orientation of the major axis), and this will lead to many problems including the
slower speed of computation, greatly increased complexity of the analytical calculation,
increased size of the parameter space, etc. As a result, many studies in the field of ACDM
and dwarf galaxies use the spherical symmetry assumption.

Gilmore et al. (2007) and Strigari, Frenk, and White (2010) use Jeans modelling mass
estimator which assumes spherical symmetry. Walker et al. (2009a) and Wolf et al. (2010)
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propose the mass estimators for the mass enclosed within half light radius of the dwarf
galaxies from the analysis of the Jeans equation, where the mass profile is assumed to
be spherically symmetric. Cole et al. (2012) adopt a spherical double-power-law profiles
for the mass profile and stellar profile in their N-body simulations to study the globular
cluster orbit in the Fornax. Pontzen and Governato (2012) propose an analytical descrip-
tion for the physical process related to the formation of the cored dark matter density
profiles. One of the two restrictions of their analytical model is the assumption of the
spherically symmetric potential. Errani, Pefiarrubia, and Walker (2018) construct a virial
mass estimator using the spherical virial theorem. Callingham et al. (2019) adopt the
spherically symmetric NFW profile to model the host dark matter density profile in their
mass estimator using distribution function modelling.

However, both the simulations and the observations have shown that the shape of
dwarf galaxies and their host dark matter haloes are more likely to be triaxial.

On the simulation side, many N-body simulations work based on ACDM show that
dark matter subhaloes that are likely to host dwarf galaxies usually have a triaxial shape
(Kuhlen, Diemand, and Madau, 2007; Knebe et al., 2010; Vera-Ciro et al., 2014; Barber et
al., 2015). The shape of the subhaloes will also be affected by the tidal stripping and the
subhaloes will likely be more spherical after the tidal stripping (Kuhlen, Diemand, and
Madau, 2007; Barber et al., 2015). The shape of the dark matter halo is correlated with
the dark matter halo mass and the shape of the stellar distribution is correlated with the
inner dark matter halo shape (Vera-Ciro et al., 2014; Zavala et al., 2016; Thob et al., 2019).
In more massive dwarf galaxies the feedback from star formation can reshape and likely
align the dark matter and baryon shapes (Governato et al., 2012). Some papers also point
out that the orientation of inner regions of the dark matter haloes is well aligned with the
galaxy shape but the outer regions can be substantially misaligned (Bailin and Steinmetz,
2005; Deason et al., 2011; Velliscig et al., 2015).

On the observation side, it is well known that many observed dwarfs have a non-
spherical shape. The discrepancy between the reality of the triaxial shape and the as-
sumption of the spherical shape in the studies is concerning. Several works show that the
assumption of spherical symmetry may lead to misleading results if the actual distribu-
tion is triaxial. After their work in the analytical model using the spherically symmetric
potential assumption, Pontzen et al. (2015) investigate how the spherical symmetry affect
the analysis in the later work and conclude that it may lead to misleading results in both
observation and simulation analysis. Read et al. (2016) argue that the galaxies with low
inclinations may have systematically biased high inclination inference from the fitting,
which will lead to the rotation curve with an artificial shallow rise, and this may falsely
imply a large dark matter core. Campbell et al. (2017) apply the mass estimators from
Walker et al. (2009a) and Wolf et al. (2010), which rely on the spherical Jeans equation, on
the galaxies from APOSTLE cosmological hydrodynamical simulations, and find that the
uncertainty of the estimator is strongly correlated with the 3-D shape of the galaxy. Gen-
ina et al. (2018) study the results from the cosmological hydrodynamic simulation and
find that the incorrect assumption of the spherical symmetry can lead to biased density
profile shape results for some mass estimators, which will under some conditions falsely
statistically significantly detect a core in the profile, while the actual shape of the profile
is cusp.

In addition to the potential extra uncertainty due to the triaxial shape, the use of
the triaxial shape in the simulations and analysis may also lead to some new findings.
Penarrubia, Walker, and Gilmore (2009) show that the triaxiality of the galaxy potential
can lead to some long-lasting substructures in the tidal disruption of globular cluster in
dwarf spheroidal galaxies.
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Given the importance of the triaxial shape in the analysis, it is useful to measure the
triaxial shape of the observed dwarf galaxies. Some previous observational studies have
measured the distribution of the shape and orientation of galaxies (Sandage, Freeman,
and Stokes, 1970; Merritt and Tremblay, 1996; Kimm and Yi, 2007; Padilla and Strauss,
2008; Salomon et al., 2015; Sanders and Evans, 2017). These studies need a relatively
large sample of the galaxies to have a well constrained result, and their conclusion may
be correlated with which galaxy cluster they used. Given the limited number of the dwarf
galaxies, it is useful to try to constrain the intrinsic shapes of individual dwarf galaxies.

However, measuring the shape of a single dwarf galaxy is generally difficult due to
the lack of accurate distance measurement of the stars. In the Chapter 2 we will use the
blue horizontal branch (BHB) stars as distance tracers, infer distance gradients of dwarf
galaxies first, and then infer the 3-D shape based on the distance gradients and 2-D stellar
density distribution.

1.4.3 Complex evolution history of dwarfs

Many dwarf galaxies are known to have multiple stellar components in metallicity and
ages, which indicates the complex evolution history of dwarfs. For the dwarf galaxies
inside the MW, which are also the dwarf galaxies that we can get the most detailed obser-
vation data due to the proximity, the interactions between them and other objects inside
MW, as well as the tidal forces exerted by the Milky Way central region, add more com-
plexity to the evolution history of the dwarf galaxies. Some dwarf galaxies also host the
globular clusters (Huang and Koposov, 2021), which introduce more uncertainties in the
evolution history, particularly regarding the origins of these globular clusters.

We can divide dwarf galaxies into several subclasses using morphology and colour.
There are three common subclasses of dwarf galaxies from this perspective: dwarf spheroidal
(dSph) or dwarf ellipticals (dE) galaxies which have elliptical shape, dwarf irregulars
(dIrr) galaxies which have irregular shape, and blue compact dwarf (BCD) galaxies which
host many young, hot stars and thus appear in blue in colour. In the context of the evo-
lution history, a strong correlation was found between the features from the morphology
and colour and the star formation histories of the dwarf galaxies. dSph and dE galax-
ies are usually gas-poor dwarfs without star formation events at the current time. dlrr
galaxies usually are gas-rich dwarfs with low-rate star formation events, and BCD galax-
ies have intense bursts of star formation, which is the origin of those young stars. The
correlation is strong but not necessarily true for all dwarf galaxies (Gallart et al., 2015),
and the boundaries between different subclasses are not very clear either. There are tran-
sition type dwarf galaxies found in the observation which lie between the two subclasses
(Mateo, 1998; Dellenbusch et al., 2008).

The dSph galaxies usually have very few gases in the central region (Knapp, Kerr,
and Bowers, 1978). One of the possible explanations is the supernova feedback, which
also plays an important role in the formation of a cored dark matter density profile as we
have talked in Section 1.2.6. The outflow of the gas driven by the supernova explosions
is considered a possible explanation for this deficit. In addition to this, ram pressure
stripping and the effect of the dark matter are also possible explanations (Lin and Faber,
1983; Ferrara and Tolstoy, 2000).

The origin of the dSph galaxies is still in debate. There are several factors that may be
important in the origins of the dSph: tidal interaction with the host (Mayer et al., 2001a;
Mayer et al., 2002), the birth of small dark matter halos in CDM theories (Dekel and Silk,
1986), and the tidal debris of the collision between larger galaxies (Gerola, Carnevali, and
Salpeter, 1983).
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The origin of dwarf galaxies and the star formation histories are quite important in the
test for the predictions of dark matter theories. The origin of dwarf galaxies may explain
the shape and abundances of them. The star formation history is correlated with the
shape of the dark matter density profile if the stellar feedback from the star formation is
one of the dominant mechanisms in the formation of a cored dark matter density profile.
Understanding the evolution history of the dwarf galaxies can help to understand dark
matter.

1.4.4 Globular Cluster as the probe

Only a few dwarf galaxies host the globular clusters in the MW. The existence of these
star clusters can be used to understand several key properties of these dwarf galaxies.
There are five satellites that are known to host the globular clusters in the MW: Small
Magellanic Clouds, Large Magellanic Clouds, Sagittarius dwarf spheroidal galaxy, For-
nax dwarf spheroidal galaxy, and Eridanus 2 (Mackey and Gilmore, 2003b; Mackey and
Gilmore, 2003a; Mackey and Gilmore, 2003c; Koposov et al., 2015; Crnojevié et al., 2016).
The systematic search for the globular clusters around the MW satellite dwarf galaxies
did not find more host galaxies for the globular clusters (Huang and Koposov, 2021).
Even though the globular cluster is a relatively simple system with barely any dark mat-
ter inside it, the problem of the origins of the globular clusters in the dwarf, whether they
are accreted or formed in situ, is still in debate and is related to many other problems,
such as the dark matter distribution of the host galaxy. The globular clusters in the dwarf
galaxies become a great target for studying the formation of the globular clusters and
testing dark matter theory.

Fornax dSph galaxy is the host for six globular clusters (Pace et al., 2021) and is in
a less complex environment than the Sagittarius dSph galaxy, so it is the most common
target for the study of the formation of the globular cluster and the relation between the
location of them and the dark matter density profile of the Fornax dSph.

Various dynamical and N-body studies demonstrate that the efficiency and outcome
of dynamical friction depend on the spatial distribution of dark matter within the host
galaxy (Read et al., 2006; Goerdt et al., 2010). If the host dark matter halo has the central
‘cusp’ that characterises cold dark matter halos (Navarro, Frenk, and White, 1997, ‘'NFW’
hereafter), dynamical friction operates efficiently to drag a massive GC to the centre in a
fraction of a Hubble time; if instead the host halo has a central ‘core’ of uniform density,
the infalling cluster tends to stall near the core radius, where the halo becomes effectively
‘bouyant” (Cole et al., 2012; Banik and van den Bosch, 2022).

Several N-body simulation studies that are tailored for the Fornax dSph and its glob-
ular clusters have been performed. These studies try to find the solution and implications
to the “timing problem’ of the Fornax dSph, where the globular clusters have not fallen
into the centre of the Fornax dSph at present, while the time for falling due to the dynam-
ical friction from the analytical estimates is much shorter than their ages (Tremaine, 1976;
Hernandez and Gilmore, 1998). Some studies conclude that the Fornax dSph must have
a cored dark matter density distribution so that the globular clusters did not fall into the
centre of it (Goerdt et al., 2006), while a recent study argues that the current observations
of the location of the globular clusters are insufficient to conclude the shape of the dark
matter halo of the Fornax dSph, because the timescales for sinking and stalling would be
almost the same for either the cuspy or cored dark matter halo (Meadows et al., 2020).
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1.4.5 Sagittarius and M54

The Sagittarius dwarf spheroidal Galaxy (Sgr dSph), which is extremely large in the field
of view, was actually discovered long after the discovery of the M54, which is the globular
cluster at the centre of Sgr dSph. It is obscured by the foreground MW stars and hidden
from sight until a radial velocity survey of the Galactic bulge revealed it (Ibata, Gilmore,
and Irwin, 1994). Sgr dSph is one of the closest galaxies with a distance of ~ 26 kpc from
the Sun, ~ 18 kpc from the Galactic centre. Its proximity makes it possible to study the
Sagittarius in detail.

Sgr dSph is interesting because it is in the process of the tidal disruption due to the
centre of MW, and left the prominent Sagittarius stream (Ibata et al., 2001; Majewski et al.,
2003). The stream covers over a full 360° and has a prominent bifurcation (Belokurov et
al., 2006). The Sagittarius stream has been used to constrain the orbit and stellar proper-
ties of the Sgr dSph and the mass distribution of the MW (Majewski et al., 2003; Vera-Ciro
and Helmi, 2013).

Sgr is known to have a complex structure and host multiple components inside it.
Among all the substructures, the centre of it is particularly interesting, where the core of
Sgr and M54 reside. The central region of Sgr is composed of multiple components, which
are different in size, photometry and kinematics. It is known that the centre of the Sgr in-
cludes at least old (2 10 Gyr), intermediate-age (~ 4 — 6 Gyr) and young (< 3 Gyr) stellar
populations with a corresponding range of metallicity from -1.8< [Fe/H]< +0.6, and the
young and old stellar population has a more centrally concentrated spatial distribution
than the intermediate-age stellar population (e.g. Sarajedini and Layden, 1995; Siegel et
al., 2007; Siegel et al., 2011; Alfaro-Cuello et al., 2019). The old, metal-poor stars have
a line-of-sight velocity dispersion profile that declines steeply within radius ~ 3" (Ibata
et al., 2009), then gradually rises until near M54’s nominal tidal radius (Bellazzini et al.,
2008), while the relatively metal-rich stars display approximately constant velocity dis-
persion =~ 9.6 km/s over the same region, and the constant velocity dispersion extends to
radius ~ 100’ (Bellazzini et al., 2008). Interestingly, the metal-rich population also shows
a metallicity gradient over the same region where the peak iron abundance goes from
[Fe/H] = —0.38 for the radius R < 2.5 to [Fe/H] = —0.57 for radius 5.0 < R < 9.0/
(Mucciarelli et al., 2017).

The complexity is not limited to the nucleus, the main body of Sgr itself exhibits com-
plex internal stellar kinematics, with a central bar-like structure that connects to ‘tails” of
escaping stars, a bound, rotating inner core, and apparent expansion along the long axis
that characterises an overall triaxial morphology (del Pino et al., 2021).

The complex structure inside the Sgr indicates the complex formation history. Not
only is the origin of M54 in debate, but it is also uncertain which populations belong to
M54 and which belong to the Sgr. Different researchers often make their own assump-
tions about the definition of the M54. Majewski et al. (2003) use photometrically-selected
M giant stars from the Two Micron All Sky Survey to argue that the overdense cusp’
at the centre belongs to Sgr and not to M54 whose metal-poor stars are too blue to be
included in the M giant sample. Monaco et al. (2005) select metal-poor and meta-rich
populations from optical photometry and conclude that Sgr, which is assumed to host
a metal-rich nuclear star cluster and exhibits an overdense cusp, appears as a nucleated
galaxy independently of the presence of M54 at its centre. However, Alfaro-Cuello et al.
(2019) suggest that the metal-rich stars are actually two populations: young (~ 2 Gyr)
and intermediate-age (~ 4 Gyr) populations, with different spatial distributions. This
level of complexity makes it quite difficult to disentangle M54 from its Sgr host and anal-
yse them separately.
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To make things more complex, the origin of the M54 is still uncertain. As discussed
in Section 1.4.4, the status of the globular cluster which falls into the dwarf galaxy can be
an indicator of the shape of the dark matter density profile. If the M54 is an example of a
GC that fell to the centre of its host galaxy, then its properties may also help to constrain
the shape of the dark matter density profile within Sgr.

Bellazzini et al. (2008) perform N-body simulations which are tailored for the M54
falling into the Sgr dSph with NFW dark matter halo and they find that the M54 can fall
into the centre of the Sgr within relative short time (in < 3 Gyr) due to the dynamical
friction. Herlan, Mastrobuono-Battisti, and Neumayer (2023) perform the similar stud-
ies with a focus on the effect of the shape of dark matter density profile, and they find
that the dark matter density profiles with density p & =7, > 1 can reproduce the re-
sults consistent with the observations, and a more cuspy profile will produce a highly
rotating and more flattened nuclear star cluster which is not be able to reconcile with the
observations.

In Chapter 3, we take an approach that is complementary to that of del Pino et al.
(2021). Rather than adopting hard cuts in colour/magnitude or sky position to separate
Mb54 and Sgr samples, we build a mixture model to analyse the 5D distribution of sky
position, proper motion and line-of-sight velocity, the phase-space coordinates for which
homogeneous measurements from Gaia EDR3 (Gaia Collaboration et al., 2021) and/or
the Apache Point Observatory Galactic Evolution Experiment (APOGEE; Majewski et al.,
2017) are available for large numbers of stars in the Sgr. The mixture modelling lets us
obtain simultaneous estimates for the 5D centres of the Sgr and M54 populations, provid-
ing a direct inference about any offset in these dimensions of phase space. Any detected
offset can then be used to inform subsequent models for the formation and evolution of
M54 as the NSC within Sgr. Furthermore, since our mixture model does not operate sep-
arately on pre-selected M54 and Sgr samples, the result can be used to infer, rather than
assume, the colour/magnitude distributions traced separately by the two objects.
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Chapter 2

Constraining the shape of Milky Way
satellites with distance gradients

The contents of this Chapter have been published as An and Koposov (2022) in which we
analyze 3-D shape of the dwarf galaxies around the MW.

We combine the Dark Energy Camera Legacy Survey (DECaLS) DR8 photometry with
Gaia photometry to study the 3-D structure of Bootes I, Draco, Ursa Minor, Sextans and
Sculptor dwarf galaxies using blue horizontal branch (BHB) stars as distance indicators.
We construct a new colour-absolute magnitude of BHB stars that we use to measure
the distance gradients within the body of the dwarf galaxies. We detect a statistically
significant non-zero gradient only in Sextans and Sculptor. Through modeling of the
gradient and 2-D density of the systems by triaxial Plummer models we find that the
distance gradients in both dwarf galaxies are inconsistent with prolate shape, but com-
patible with oblate or triaxial shapes. In order to explain the observed gradients, oblate
models of Sextans and Sculptor need to have a significant intrinsic ellipticity larger than
0.47 for Sextans and 0.46 for Sculptor. The flattened oblate shape may imply a significant
anisotropy in velocity distribution in order to be consistent with the lack of significant
velocity gradients in these systems.

2.1 Introduction

The current cosmological paradigm (ACDM) based on cold dark matter and dark energy
has been extremely successful in reproducing a vast variety of observations (Davis et al.,
1985; Efstathiou, Bond, and White, 1992; Guo et al., 2011; Springel et al., 2005; Klypin,
Trujillo-Gomez, and Primack, 2011) particularly at large scales. However ACDM predic-
tions on small scales are still not fully supported by data. The list of problems on small
scales is well known, including missing satellites problem (Klypin et al., 1999; Moore et
al., 1999), core-cusp (Flores and Primack, 1994; Moore, 1994) and too-big-to-fail (Boylan-
Kolchin, Bullock, and Kaplinghat, 2011). While probing the small scale behaviour of
dark matter is possible with a variety of tracers, one of the best targets to resolve some
of these problems and probe the nature of dark matter are the dwarf spheroidal galaxies,
satellites of the Milky Way (Buckley and Peter, 2018; Bullock and Boylan-Kolchin, 2017;
Simon, 2019). While being the most frequent type of galaxy in the universe, they are very
dark mater dominated, making them perfect objects to study dark matter without being
much influenced by baryons (Karachentseva, Karachentsev, and Bérngen, 1985; Mateo,
1998; Tolstoy, Hill, and Tosi, 2009).

While twenty years ago the sample of known dwarf spheroidal galaxies contained a
handful of galaxies, it has been increasing rapidly over the last years thanks to the arrival
of large imaging surveys that enable the discoveries of so-called ultra-faint dwarfs (Irwin
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et al., 2007; Belokurov et al., 2008; Homma et al., 2016; Torrealba et al., 2016; Koposov
etal., 2015).

The dwarf spheroidal galaxies have been studied extensively both spectroscopically
and photometrically over the years however their exact formation mechanism are still
unclear. Specifically we have a poor understanding of how the dwarf galaxies observed
now around the Milky Way looked before they were accreted onto the Milky Way and
what morphological transformations the dwarf galaxies undergo in the accretion process
(Mayer et al., 2001b; Mayer et al., 2007; Tomozeiu, Mayer, and Quinn, 2016). Due to
resolution limits of current numerical simulations we also have a limited knowledge of
what sets the detailed properties of of the dwarf galaxies such as luminosity and sizes
(Guo et al., 2011; Boylan-Kolchin, Bullock, and Kaplinghat, 2012; Fitts et al., 2017).

One of the most crucial questions in studies of dwarf galaxies is the dark matter dis-
tribution inside them as this has implications not only on the origin of dwarf galaxies
but also on the nature of dark matter itself (Hu, Barkana, and Gruzinov, 2000; Bode, Os-
triker, and Turok, 2001). The dark matter densities been recently constrained through
a variety of techniques, such as virial mass estimators (Errani, Pefiarrubia, and Walker,
2018), Jeans modeling (Gilmore et al., 2007; Strigari, Frenk, and White, 2010), distribution
function modeling (Li et al., 2017; Callingham et al., 2019), globular cluster kinematics
(Pefiarrubia, Walker, and Gilmore, 2009; Cole et al., 2012) and half-light radius mass
estimators (Walker et al., 2009a; Wolf et al., 2010). While these techniques have been suc-
cessful in extracting dark matter masses and densities, they are often relying on multiple
assumptions, such as spherical symmetry or rotational symmetry.

With the improvement of the numerical simulation resolution, work by Kuhlen, Die-
mand, and Madau (2007), Knebe et al. (2010), Vera-Ciro et al. (2014), and Barber et al.
(2015) used N-body simulations based on ACDM to show that dark matter subhaloes
which are likely to host dwarf galaxies usually have a triaxial shape. Kuhlen, Diemand,
and Madau (2007) and Barber et al. (2015) also show that tidal stripping will reduce the
triaxiality of subhaloes and predict that luminous dSphs with relatively low dark mat-
ter content are more spherical than faint dark matter-dominated dwarfs. Furthermore
in more massive dwarf galaxies the feedback from star formation can reshape and likely
align the dark matter and baryon shapes (Governato et al., 2012). Zavala et al. (2016),
Thob et al. (2019) show the shape of stellar distribution of galaxies is correlated with in-
ner dark matter halo shape, and some papers show that the orientation of inner regions
of the dark matter haloes is well aligned with the galaxy shape but the outer regions
can be substantially misaligned (Bailin and Steinmetz, 2005; Deason et al., 2011; Vellis-
cig et al., 2015). Several studies also show that for self-interacting dark matter, the dark
matter shape may follow baryonic shape (Kaplinghat et al., 2014; Sameie et al., 2018),
so studying the 3D shape of a galaxy can potentially help us test different dark matter
models.

Several previous observational studies looked at distribution of projected axis ratios
of galaxies to constrain the distribution of intrinsic 3-D shapes (Sandage, Freeman, and
Stokes, 1970). Merritt and Tremblay (1996), Kimm and Yi (2007), and Padilla and Strauss
(2008) applied this method to the elliptical galaxies and show that the bright elliptical
galaxies have triaxial ellipsoid shape but the faint ones are consistent with oblate shape.
A more recent study by Salomon et al. (2015) infers the intrinsic ellipticity distribution
of dwarf galaxies in Andromeda system by assuming galaxies have prolate shapes and
Sanders and Evans (2017) infers the distribution of 3-D shapes and alignments for dwarf
spheroidal galaxies in the Local Group by using 2-D ellipticities, position angles of major
axes and distance moduli. These studies using the distribution of apparent ellipticities
usually require an assumption about random distribution of galaxy orientations and a
large number of sample galaxies to get good constraints on the distribution of intrinsic
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shapes. However as the number of observed dwarf galaxies is limited, it is useful to try
to constrain the intrinsic shapes of individual dwarf galaxies.

The difficulty of constraining the intrinsic shape for single dwarf galaxy is that we
only observe stars in projection, and it’s hard to infer an accurate line of sight distance
for each star, thus a 3-D spatial distribution for stars will have large uncertainty. In this
paper we decide to first infer distance gradients of dwarf galaxies using blue horizontal
branch (BHB) stars as tracers, then construct 3-D models based on the distance gradients
and 2-D density distribution.

We describe the survey data we used and the how we calculate distance moduli for
BHBs in Section 2.2, we then describe how we model the distance gradient of BHB stars
with a mixture model in Section 2.3. In Section 2.4 we construct a 3-D shape model to
distance gradient and 2-D density distribution and present the constraints on the intrinsic
shapes of dwarf galaxies. We discuss our results and potential issues in our method as
well as present several checks of our results in Section 2.5. The paper is concluded with
Section 2.6.

2.2 Data

This work is based on the photometric data from several surveys, specifically Gaia DR2
!(Gaia Collaboration et al., 2018d; Evans et al., 2018), Dark Energy Survey (DES) DR1
(Abbott et al., 2018) and Legacy Survey (Dey et al., 2019). In the next sections we briefly
introduce these data in the context of measuring precise distances to BHB stars in dwarf
galaxies.

221 Gaia photometry

Gaia satellite was launched in December 2013 (Gaia Collaboration et al., 2016a) and pro-
duced the second data release Gaia DR2 in Apr 2018. The Gaia dataset includes a large
set of astrometric measurements for more than a billion sources, but also provides an
exquisite space-based multi-band all-sky photometry in three bands. The broad Gaia G
band covers the wavelength range from 330 to 1050 nm measured for almost 1.7 billion
sources with typical uncertainty of 2 mmag at G=17 mag and 10 mmag at G=20 mag (Gaia
Collaboration et al., 2018d; Evans et al., 2018). The two other Gaia photometric bands are
the BP and RP that cover respectively the blue and red wavelength ranges (330 nm to 670
nm and 620 nm to 1050 nm). Due to the fact that the BP and RP photometry is measured
by integrating over the dispersed spectra, the BP and RP photometry is significantly less
precise than the G photometry with typical uncertainty of 200 mmag at G = 20.

The accuracy of the Gaia G band photometry and small level of systematics gives us
possibility to explore the distance gradients in various dwarf galaxies based on photo-
metric data alone.

2.2.2 DECaLS and DES photometry

DECaLS (DECam Legacy Survey) is a pre-imaging survey to the DESI spectroscopic
survey, which uses the data collected at the Blanco telescope with the DECam camera
(Flaugher et al., 2015). DECaLS data covers the entire South Galactic Cap and the § < +4-34
regions in the North Galactic Cap. DECaLS can reach magnitude limits of ¢ = 24 and

I This paper is based on Gaia DR2, however we have verified that we obtain similar results if we substitute
the DR2 data with Gaia EDR3. We have decided to stick with DR2 as the extinction prescription for DR2 from
Gaia Collaboration et al. (2018b) has not been yet updated for DR3.
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r = 23.4 (Dey et al., 2019) and the average uncertainty at 20 mag for the g and r band are 6
and 8 mmag. The DECaLS dataset also includes the sources extracted from data obtained
as part of the Dark Energy Survey (DES)(Dey et al., 2019; Abbott et al., 2018) reduced us-
ing The Tractor software (Lang, Hogg, and Mykytyn, 2016), while the DES uses PSFEx
(Bertin, 2011) and SourceExtractor (Bertin and Arnouts, 1996) to extract sources. Since in
some areas of the DES footprint the DECaLS photometry is missing, we can rely on the
catalogs from DR1 of DES instead.

2.2.3 Selection of BHB stars

To identify the BHB stars in the data we cross match Gaia with DECaLS data based on the
sky position, and use G, BP and RP band from gaia_source table and g and r band mea-
surements from DECaLS. The g and r band flux measurements are stored as nanomaggies
in DECaLS and they are converted to magnitudes by using mag = 22.5 — 2.5log; , (flux).

The magnitude limits we use are phot_g mean mag < 21 (Gaia Collaboration et al.,
2018d), g < 24.0, r < 234 and z < 22.5 (Dey et al., 2019). We use objects with type =
'PSF’ and gaia_pointsource = True in DECaLS data to select stars and gaia_duplicated_source =
False to remove duplicate sources.

The extinction for the Gaia G band is calculated by by using Equation 1 and Table
1 from Gaia Collaboration et al. (2018b) and the extinction for DECaLS photometry is
calculated by using coefficients A/ Eg_v) =3.995,3.214,2.165 for g, r, z band, taken from
DECaLS website which is computed as in Schlafly and Finkbeiner (2011). Since we use
SFD dust map (Schlegel, Finkbeiner, and Davis, 1998), we also apply 14% recalibration
of SFD which is reported by Schlafly et al. (2010) when calculating the extinction for the
Gaia G band (but not for the g, r, z bands, as coefficients from Schlafly and Finkbeiner
(2011) include the correction).

The colour range we used for selection of BHB stars is —0.3 < ¢ —r < 0. We also use
a g —r,r — z colour-colour boundary based on the Equation 6 of Li et al. (2019) to remove
possible blue stragglers contaminants.

r—z—0.1<107163(g —r)° — 1.42272(g — r)*
+0.69476(g — r)> — 0.12911(g — r)? (2.1)
+0.66993(g —r) —0.11368 < r — z + 0.1

We change the upper bound from r — z tor — z 4- 0.1 and add the lower bound r — z —
0.1 comparing to the Li et al. (2019) original selection to keep as many as possible BHB
stars and remove the quasars. We also apply a selection in absolute magnitude in Gaia G
band (0 < Mg < 1) and we will describe how to calculate Mg in Section 2.2.5.

The selections described above are used for all the dwarf galaxies except Sculptor.
The DECaLS does not have full coverage for Sculptor so we use DES DR1 data instead.
And the selection for Sculptor is the same for Gaia data part. For the DES data, the mag-
nitude limit is ¢ < 24.33, r < 24.08 and z < 22.69. We use EXTENDED_COADD <= 1 and
—0.05 < spread_model_i < 0.05 to select stars, and we use imaflags_iso_[grz] = 0 and
flags_[grz| < 4 to select high quality data (Abbott et al., 2018). The extinction calcula-
tion, BHB stars colour selection and colour-colour boundary are the same as described
above.

Due to the magnitude limit of Gaia G band, in this paper we select the dwarf galaxies
with BHB stars” G band magnitude less than 21. We will select a circle sky coverage
with radius equal to five times half-light radius for each dwarf, and we require that the
dwarf galaxy has more than 20 potential BHB stars for us to analyse after applying all
the selection described above. We also remove the Sagittarius from the list due to heavy
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contamination. Using the dwarf galaxies list, dwarf centre, distance moduli and half-
light radius from McConnachie (2012), this leaves us with Bootes I, Draco, Ursa Minor,
Sculptor and Sextans.

2.2.4 BHBs in the centre

There is substantial evidence of metallicity gradients or distinct stellar components with
different metallicities inside different dwarf galaxies (Battaglia et al., 2008; Walker and
Pefarrubia, 2011; Kim et al., 2019; Cicuéndez and Battaglia, 2018). It is also known that
the magnitude of BHBs stars is likely metallicity dependent (Sirko et al., 2004; Fermani
and Schonrich, 2013). Given the lack of certainty in these calibrations, the modeling of
BHB magnitude distribution when large metallicity gradients or spreads are present is
not feasible. Thus for this paper we decide to not analyse stars within one half-light
radius 2 of the centre to avoid these problems.

As an example, Figure 2.1 shows the distance modulus (mg — Mg) distribution in
radial distance system of BHB stars from Sculptor, where m is apparent magnitude in
Gaia G band and Mg is the absolute magnitude in Gaia G band calculated by using the
formula in Section 2.2.5. We can see that the stars from inner part have larger distance
modulus dispersion than stars from outer part, and our model won’t consider the effect of
different metallicity components, so we will remove all the blue points in the Figure 2.1.

2.2.5 Distance modulus of BHB

With the BHB selection described in previous two sections, the next step to the calculation
of distance gradients is the calculate the distance moduli for individual BHB stars.

BHB stars have almost constant absolute magnitude because of narrow range of masses
in the helium burning stage (Iben and Rood, 1970; Faulkner and Iben, 1966; Strom et al.,
1970), which makes them excellent distance tracers and have been studied extensively
(Pier, 1983; Sommer-Larsen, Christensen, and Carter, 1989; Clewley et al., 2002; Sirko
et al., 2004). Work by Deason, Belokurov, and Evans (2011) shows the absolute magni-
tude slightly depends on the colour. The previous work on colour vs absolute magnitude
relation of BHB stars is not based on Gaia photometry, so in this paper we determine a
new absolute magnitude-color relationship for the Gaia G band. And as we discussed in
Section 2.2.1, Gaia BP and RP bands have a substantial uncertainty at G ~ 20 mag, and
most of our target dwarfs have BHB stars which are close to G ~ 20, so we decide to
determine the relation between Gaia G vs DECaLS/DES colour g — r.

To determine the best absolute magnitude vs colour relation for the blue horizontal
branch stars we ideally want to use the data for all the dwarf galaxies in our sample. For
this we need to shift the photometric data for each dwarf galaxy by their correspond-
ing distance modulus. The problem however is that literature distance moduli from
McConnachie (2012) are in fact inconsistent with the data we have at hand. The 2-D
histogram in the left panel of Figure 2.2 shows the colour-absolute magnitude distribu-
tion of all dwarfs where absolute magnitude is calculated with distance moduli from
McConnachie (2012). We see that the horizontal branch is clearly much thicker than it
is expected, indicating incorrect/inconsistent distances in the catalog. To correct for that
we adopt the following iterative procedure. We first use the distances from McConnachie
(2012) to fit for the absolute magnitude vs colour relation (left panel of Figure 2.2). Then
we use the fitting result to fit a refined distance modulus for each dwarf separately, and

2We chose the radius based on the observed larger spread in the centers that we believe is caused by
metallicity effects. We also ran several tests where we varied this masking radius to verify that our results
are not too sensitive to it. The details are shown in Appendix A.1.
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FIGURE 2.1: The distance modulus to BHB stars vs radial distance from the

centre in Sculptor dwarf galaxy. The vertical line marks half-light radius

from Murioz et al. (2018), we can see the BHB stars which are inside half-
light radius have larger dispersion than stars in the outer part.
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finally use the refined distance moduli to fit the the absolute magnitude vs colour relation
again (right panel of Figure 2.2).

We use six-knot cubic spline with not-a-knot end condition to model absolute magni-
tude vs colour relation. The BHB data for fitting is selected as we describe in Section 2.2.3
with Mg calculated with corresponding distance moduli data in each step. The whole
fitting is done in three steps:

1. We use distance moduli from McConnachie (2012) to calculate Mg in this step. To
build the model for fitting, we uniformly divide the colour range into 10 bins and
use a mixture model for each bin with a different fraction of member BHB stars,
which are assumed to have a Gaussian distribution in M. The other stars are
assumed to have a uniform distribution in M. We also assume there is an extra
uncertainty on Mg which changes with colour bin to accommodate the intrinsic
uncertainty of M and the uncertainty on the distance modulus. We use maximum
likelihood estimation to fit the model and the likelihood is shown below:

L=P(Mg|S,oiai,g—7)
1 2.2
= 0N (Mc | F((g—1) | $), ) + (1 — ) 22

AMg

where S is the set of M values of the knots of spline, i is the index of the colour bin
the star belongs to, o; is the intrinsic dispersion for i-th colour bin, «; is the fraction
of member BHB stars in the i-th colour bin, Ny, is normal distribution truncated
from 0 to 1, f is spline function and AM¢; = 1 which is the width of M¢ range that
we fit.

2. Then we refine the distance to each dwarf. We use colour-absolute magnitude re-
lationship from previous steps to fit for distance modulus for each dwarf. When
titting distance modulus, we use the same mixture model as in step (i) except we
use a colour independent intrinsic dispersion and add distance modulus parameter
for this fitting. We use maximum likelihood estimation and the likelihood is shown
below:

L=P(mg|d,o,a;,S,g—r7)

= aiNirune ((mg —d) | f((g—7)15),0) (2.3)
+ (1 _“i)A]i/IG

where d is the distance modulus, S is the set of M values of the nodes of spline, i
means the colour bin the star belongs to, ¢ is intrinsic dispersion, &; is the member
fraction in the i-th colour bin, m is the apparent magnitude in Gaia G band, Nyync
is normal distribution truncated from 0 to 1, f is spline function and AM¢g = 1
which is the width of M¢ range that we fit. Unlike Equation 2.2, we use a colour
independent intrinsic dispersion ¢ in this model to reduce the model complexity as
we find that the intrinsic dispersions ¢; in Equation 2.2 are very close.

3. Then we replace the distance moduli in step (i) by the refined distance moduli from
step (ii), and keep repeating step (i) and (ii) until convergence. It takes four itera-
tions to get the converged distance moduli. The results are shown in the Table 2.1.
We note that the distance moduli determined by our method are determined up to
a constant offset common between all the galaxies as we did not calibrate the zero
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TABLE 2.1: The table for literature distance moduli m — M from Mc-
Connachie (2012) for dwarf galaxies we analysed and our refined distance
moduli (WlG — Mc)ﬁt.

Dwarf m—M (mg— Mg)st

Bootes I 19.11 19.129

Draco 19.4 19.679

Ursa Minor 194 19.326

Sculptor 19.67 19.678

Sextans 19.67 19.781

Gaia G Gaia G with refined distance
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FIGURE 2.2: The graph shows the results of fitting BHB colour-absolute
magnitude. The colour is DECaLS/DES g-r and the absolute magnitude is
calculated from Gaia G band. The left panel is using distance moduli from
(McConnachie, 2012) and the right panel is using refined distance moduli
which are shown in Table 2.1. In both panels we show the 2-D histogram
in colour-magnitude space for possible BHBs from Bootes I, Draco, Ursa
Minor, Sextans and Sculptor. The red line is a best fit spline, the red semi-
transparent region shows the fitted intrinsic dispersion; the red dots are
the spline knots.

point of the absolute magnitude vs colour curve. This will not affect our analysis
we are interested in distance modulus gradients.

4. Finally we fit the relation of colour vs absolute magnitude again as in step (i) but
now using the converged distance moduli from step (iii).

Figure 2.2 shows plots of all these dwarfs” BHB in colour-magnitude diagram and our
fitting results. The left panel is the result of step (i) and right panel is the result of step
(iv). The average o; over all the bins is 0.092 for fitting with distance moduli from Mc-
Connachie (2012) and 0.059 for fitting with refined distance moduli, which demonstrates
that improved distance moduli give a tighter colour-magnitude relation for BHBs. We
can also see that by visually comparing the density distribution in the left panel with the
right panel of the Figure 2.2; the density distribution in the left panel shows larger dis-
persion than the right panel. The BHB spline track shown on the right panel will be used
for calculating distance modulus for each BHB star. The knots of the spline are given in
Table 2.2. The selection from Section 2.2.3 will use Mg values calculated using refined
distance moduli in further analysis.
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TABLE 2.2: The spline knots for the g-r colour and Mg relationship.

g—r -0.3 -024 -018 -0.12 -0.06 0
Mg (mag) | 0.906 0.743 0.577 0.493 0435 0.401

2.3 The distance gradient of BHBs

Our objective is to constrain the dwarf galaxies 3-D shapes. Here we will assume that
the BHB stars in dwarf have the same 3-D spatial shape as the other stars. Under this
assumption, we can get the information of a dwarf galaxy shape by modeling the distri-
bution of BHB stars. As we discussed in Section 2.2.5, BHBs allow us to calculate distance
along the line of sight, thus probing not only projected distribution of objects but also the
actual 3-D structure.

In this section we will first describe the morphological parameters we use for 2-D
spatial distribution of each dwarf galaxy, followed by the description of the model of
distance gradient and its measurements for Bootes I, Draco, Ursa Minor, Sextans and
Sculptor.

2.3.1 The spatial distribution of BHBs

We use a 2-D elliptical Plummer density distribution (Plummer, 1911) to model the spa-
tial 2-D density distribution for each dwarf galaxy. Given that there are several studies
showing that BHB stars can be more spatially extended than other stellar populations
(Bellazzini, Ferraro, and Pancino, 2001; Okamoto et al., 2017; Coleman, Da Costa, and
Bland-Hawthorn, 2005), we decided to fit the distribution of BHB stars and check the
consistency of half-light radius (r;,) between our fitting result and value from Mufoz et
al. (2018). If two values are consistent we use Plummer parameters from Mufioz et al.
(2018), otherwise we use half-light radii from our BHB models and all other parameters
in Plummer model from Mufioz et al. (2018) to model density distribution. In this way
we can make sure the half-light radius is consistent with data and take advantage of the
morphological parameters from Mufioz et al. (2018) which have small uncertainties. The
model we use is a mixture model of Plummer distribution for member stars and uniform
distribution for background, and the likelihood function is given below:

L= P(x,y | X0,Y0,Vh, 916)
(2.4)

1 - ‘Xmem

= XmemP (X, Y | X0,Y0,71,60,€) + S

where ¢y, is the fraction of member stars, x, y are position in a Cartesian coordinate with
units degrees where x direction is along RA and y direction is along Dec , p is normalized
2-D elliptical Plummer density distribution within the modeled footprint, xo, yo are the
centre of the dwarf galaxy, ry, is the half-light radius, 6 is the position angle of semi-major
axis, € is the ellipticity and AS is the area of modeled footprint. We use Markov chain
Monte Carlo (MCMC) and uniform prior on all parameters to get the posterior mean and
1o level uncertainty of the half-light radius for the distribution of BHB stars.

We find only Sextans and Sculptor have posterior mean half-light radii inconsistent
with the value from Mufioz et al. (2018). The half-light radius in Plummer model from
Mufioz et al. (2018) is 11.17 £ 0.05 arcmin for Sculptor and 16.5 + 0.10 arcmin for Sex-
tans, while the half-light radius given by ou r posterior mean is 15.14 £ 0.67 arcmin for
Sculptor and 43.3 & 3.8 arcmin for Sextans. We note that our half-light radius for BHB
stars in Sextans has large difference compared with 27.80 & 1.20 arcmin in McConnachie
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(2012), 16.5 £ 0.10 arcmin in Mufioz et al. (2018) and 19.48 + 0.35 arcmin in Moskowitz
and Walker (2020), we think the reason is that the BHB stars are much more extended
than than other population in Sextans. Cicuéndez et al. (2018) also shows the half-light
radius for BHB stars in Sextans is 42 4= 7 arcmin which is consistent with our result. We
decide to use half-light radii from our model for Sextans and Sculptor. The centre of
dwarf galaxy, ellipticity and position angle of semi-major axis for Sextans and Sculptor
are still taken from Mufioz et al. (2018). For other dwarf galaxies all morphological pa-
rameters are taken from Mufioz et al. (2018). When masking the centre BHB stars as we
said in Section 2.2.4 and performing 3-D model fitting, we always use half-light radius
from Murioz et al. (2018).

2.3.2 BHB distance gradient model

With the model of density distribution, we can construct the model for the distance gradi-
ent. Since the adopted selection of BHB candidates (see Section 2.2.3) still includes some
foreground contaminant stars on top of BHBs, in order to be able to extract a possible
distance gradient we adopt a mixture model for the magnitude distribution.

To model the distribution of BHB’s distance moduli, we assume that for member
BHBs it linearly depends on the position in the galaxy

Hpredict = €0 + Cmajor Xmajor =+ Cminor Xminor (25)

where pipredict 1S average distance modulus at a given location, Xmajor and Xminor are co-
ordinates along semi-major and semi-minor in degrees and ¢major and Cminor are distance
modulus gradients along semi-major /semi-minor axis. We also assume that the observed
distance moduli of individual stars are normally distributed around the prediction as

shown below:
p~ N(Vpredict/ m)) (2.6)

where yu is the distance modulus of individual BHB star, 04, is the uncertainty of the
observed distance modulus due to photometric errors and 0y is the intrinsic dispersion.
The intrinsic dispersion of the calculated BHB absolute magnitudes can be caused by
both intrinsic spread of absolute magnitudes of BHBs (i.e. due to age/metallicity spread)
or physical distance spread. For the foreground contaminants we assume that distance
moduli are uniformly distributed in the selected magnitude range. We note that some
foreground contaminants are not necessarily BHBs at correct distance, i.e. they can be
more nearby blue stragglers, however this is not an issue for our model as we are not
interested in the true distances to the contaminant population.

To take into account different spatial distribution for member stars and contaminant
stars, we assume Plummer distribution for dwarf galaxy member stars and uniform dis-
tribution for contaminant stars (described in Section 2.3.1). By combining the spatial
distribution model with magnitude distribution we can write down the likelihood func-
tion.

L=P (xmajor/ Xminor, # | €0, Cmajor, Cminor, D, UO))

= (Dﬁp<xmajorr Xminor )NV (| Hpredicts |/ ‘Tﬁata + ‘75) (2.7)

11
+(1_®)§A7
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TABLE 2.3: Distance gradient model parameters and their priors. mg —
Mg is the refined distance modulus which is shown in Table 2.1.

Parameter Comment Prior
co (mag) Distance modulus at the centre of galaxy U[-3+(mg — Mg), 3+(mg — Mg)]
Cmajor (Mag/deg) Distance gradient along semi-major axis U[-5, 5]
Cminor (Mag/deg) Distance gradient along semi-minor axis UI[-5, 5]
0o (mag) Intrinsic distance dispersion U[0, 1]
o Fraction of member stars UJo, 1]

TABLE 2.4: 3D shape model parameters and their priors.

Parameter Comment Prior
A (deg) Longest principal axis of ellipsoid U[0.1, 1]
€34 Ellipticity of ellipsoid U[0, 1]
n Triaxiality of ellipsoid ulo, 1]
C0S Daxis Baxis is a polar angle of the rotation axis ~ UJ[-1, 1]
¢ (rad) Azimuthal angle of the rotation axis ~ U[0, 27]
P —siny 1 is a rotation angle U0, ]

® is fraction of member stars, p(xmajor, Xminor) 18 @ normalized 2-D elliptical Plummer
density distribution within the modeled footprint, S is the area of selected sky coverage,
Ap is the width of selected magnitude range. f is normalization factor for the Gaussian
given that we only model a finite interval in distance modulus, the equation is shown

below,
Wmax
B=1 // N (1 | predicts \/ Oara + 03)) dpt (2.8)

min

2.3.3 Gradient fit results

Using the models described in the previous section we can obtain the posterior distri-
bution of distance gradient (cma]-or, Cminor ). We use MCMC to sample the posterior while
adopting a uniform prior for all the parameters. The priors are specified in the Table 2.3.

The posterior mean of intrinsic dispersion op for these dwarf galaxies is between 0.023
and 0.064, which is close to the intrinsic dispersion in the absolute magnitude-colour
relationship fitting from Section 2.2.5, and the posterior mean of member fraction ® is
between 0.72 and 0.96 which shows most of stars are from targeted galaxies. Figure 2.3
shows marginal posteriors for measured distance gradients in five dwarf galaxies that we
analyze. The zero gradient is marked by dashed lines. Instead of showing the distance
modulus gradients in mag/deg as given in Equation 2.5, we convert them into dimen-
sionless gradients along semi-major/semi-minor axis.

P od _ od axmgjor a(mc — MG)
maer afmajor a(mG - MG) axAmajor axmajor
_ 361n (10) a(mG —MG) (2 9)
7T axmajor .
n od 361In (10) a(mG — MG)
Cminor = =

aJEminor 7T axma]'or
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Bootes | UrsaMinor

ad

OXmajor OXmajor OXmajor

Sextans Sculptor

FIGURE 2.3: The marginal posterior distribution of distance gradient along

semi-major and along semi-minor axes for different dwarf galaxies. 4 is

the distance in pc, £major and Lminor are the coordinates aligned with the

major/minor axes of each dwarf in pc. The zero gradient is marked by the
dashed line.

where Xyuqjor, Xminor are the coordinates on the sky aligned with the major/minor axis
expressed in degrees, and Xy4jor, Liminor are the same coordinates expressed in physical
units (pc), d is the line of sight distance in pc. If we assume the galaxy has an oblate or
prolate shape, then the dimensionless &40y and €yinor depend on inclination (i), we will
have Cinoy = tan(i), Epgjor = 0 for an oblate shape and ¢,5j0r = tan(i), Cinor = 0 for a
prolate shape.

In the Figures 2.3, Sextans and Sculptor show distance gradient at the level above 3
sigma significance. In the case of dwarf galaxies Bootes I, Draco and Ursa Minor, the
observed distance gradient is consistent with zero.

Even though we do not observe statistically significant non-zero distance gradient in
Bootes I, Draco and Ursa Minor, that is probably because the number of stars is too small
and the uncertainty is too large to show any possible distance gradient. A recent paper
by Muraveva et al. (2020) observes the possible difference of distance between the eastern
and western regions of Draco by using RR Lyrae stars, however the error is still too large
to get statistically significant conclusion.

We notice that in the case of Sextans and Sculptor the gradient seems to be mostly
along the semi-minor axis. We will discuss the implication of this for choosing 3-D model
in the next section.
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2.4 The 3-D structure of galaxy

The results shown in the previous section provide us with the evidence of the distance
gradient in two dwarf galaxies. To be able to further investigate the intrinsic 3-D shapes
of the Sextans and Sculptor in this section we will construct a 3-D ellipsoidal model to
distance gradient and 2-D density distribution of Sextans and Sculptor.

2.4.1 3-D structure model

We assume the 3-D structure of each dwarf galaxy has a shape of an ellipsoid. As it
is often done in the literature to parameterize the ellipsoid we use the 3-D major axis,
intrinsic ellipticity and triaxiality. I.e. if we assume the three principal axes of an ellipsoid
are A, B, Cwith A > B > C, then 3-D major axis is defined as A, intrinsic ellipticity (or
flattening) is defined as €3; = 1 — § and triaxiality is defined as 7 = (1 — i—i) /(11— %)
(Franx, Illingworth, and de Zeeuw, 1991) .

In this paper we focus on 3 families of ellipsoids. The first one is a general triaxial
ellipsoid model that allows arbitrary intrinsic major axis, intrinsic ellipticity and triaxial-
ity. The second family is oblate ellipsoid model (disc-shaped model) which has triaxiality
equal to 0, and the last one is prolate ellipsoidal model (cigar-shaped model) which has
triaxiality equal to 1.

For each triaxial model we also need to parameterize the orientation of an ellipsoid.
This is done by the axis-angle representation, where we parameterize rotation axis by
using polar angle 0,,s and azimuthal angle ¢ and we denote rotation angle by . The
polar angle and azimuthal angle is based on a spherical coordinate system where zenith
direction is along line of sight and azimuth reference direction is along RA. We use rota-
tion matrix R(0,xis, ¢, P) to describe the rotation from the longest principal axis to the RA
direction.

With this parameterization and the assumption of the 3-D Plummer profile, we can
write the density distribution for our ellipsoid model with principal axes A, B and C:

2

ABC
where N is the total number of stars, R is the rotation matrix described above, S is di-
agonal matrix with diagonal elements (1/A2,1/B?,1/C?), and X is the coordinate in a
Cartesian coordinate system where x direction is along RA, y direction is along Dec and
z direction is along line of sight.

From the 3-D density distribution, we are able to determine the projected semi-major
axis of the stellar distribution (rmajor), 2-D ellipticity (€24), positional angle (6,05) and the
average gradient of the distance along z axis (line of sight direction) across the body of
the galaxy.

3N

_ Y TpT n
plx,y,2) = (1+ X"RTSRX) (2.10)

[ 0(x,y,2)zdz
J3 plxy,2) dz

where ¢, and ¢, are average distance gradients along x axis and y axis respectively. We
then project the distance gradient along semi-major and semi-minor direction to the x and
y direction when doing 3-D model fitting. For the Plummer distribution the calculation of
these parameters can be done symbolically. See Appendix A.2 for the Mathematica code
we use to do this calculation. We note that the definition of distance gradient we use in
Equation 2.11 assumes the observer is at a infinite distance, while the actual observer has
a finite distance to the dwarf galaxy. This difference is negligible in our case.

h(x,y) = = cxX +cyy +co (2.11)
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We then model the observed parameters such as 2-D semi-major axis and semi-minor
axis, 2-D position angle of semi-major axis and distance gradient using the model de-
scribed above. We assume that the measured parameters have Gaussian uncertainties.
Based on this assumption we construct the likelihood function:

L3d =P (?major/ f’minor/ épos; 6x; é\y|A/ €34,1, eaXiSI (P/ l/)) =
= N (?major | T'major, Urmajor) N (f’m'mor | Tminor, Urminor) (212)

X N (Gpos | epos, Ue) N(éx ’ Cx, O—x)./\/’ (éy ’ Cy, O—y)
Pmajor, Pminor. épos are projected semi-major axis, projected semi-minor axis and posi-
tion angle of dwarf galaxy, ¢y, ¢, are gradient along x axis and y axis which is projected
from gradient along semi-major and semi-minor axes of dwarf galaxy, all the ¢ are the un-

certainty of the corresponding parameters of dwarf galaxy, and rmajor, "minor, Opos, Cx, ¢y are
corresponding parameters calculated from 3-D model parameterised by A, €34, 17, Oaxis, ¢, P

2.4.2 Distance gradient under different 3-D shapes

Before looking at the results of the modeling we first look at several simulations to build
intuition on how ellipticity and triaxiality control the distance gradient. Following the
definition of distance gradient in Section 2.4.1, we calculate the possible distance gradi-
ent for shapes with different ellipticity and triaxiality. For each combination of ellipticity
and triaxiality, we calculate the distance gradients under all possible rotations, and draw
regions of possible distance gradients along two axes. The results are shown in Figure 2.4.
The left panel shows the boundary of the distance gradient distribution when the models
have fixed ellipticity 0.7 but different triaxiality, and the right panel shows the same thing
when the models have fixed triaxiality 0.7 but different ellipticity. From the left panel we
can see that oblate shape (triaxiality = 0) has zero gradient along semi-minor axis and
prolate shape (triaxiality = 0) has zero gradient along semi-major axis, and the triaxial-
ity controls the ratio of the maximum gradient along semi-major axis to the maximum
gradient along semi-minor axis. The right panel shows ellipticity controls the maximum
magnitude of the gradient. Based on the results from Section 2.3.3 where the gradient of
Sextans and Sculptor seems to be mostly alighed along the semi-minor axis, the prolate
shape is expected to be incompatible with Sextans and Sculptor, so we will only model
them with triaxial and oblate shapes.

2.4.3 3-D shape fit results

Using the models we described in Section 2.4.1, we can sample the posterior distribution
of each model to infer the the possible intrinsic 3-D shape. Similarly to previous analyses
we use MCMC to sample the posterior of our 3-D shape model, and the priors are given
in Table 2.4. The specific prior for rotation angle ¢ from axis-angle representation (i —
siny) ~ U[0, rt] is to make sure the sampled rotation matrix from the prior is uniformly
distributed with respect to the Haar measure on SO(3) (Miles, 1965).

Figure 2.5 shows the posterior distribution for the parameters of the 3-D model for
the oblate and triaxial shapes based on Sextans data. For the triaxial model (left panel),
we see that the peak of triaxiality distribution is at zero and the 95% credible interval for
intrinsic ellipticity is [0.48, 1] with peak at 0.6. This says that in order to be consistent with
the observed distance gradient and shape the system needs to be quite flattened and of
oblate shape. The right panel of the figure shows the posterior for the oblate model, and
it provides similar intrinsic ellipticity constraints [0.47, 1].
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FIGURE 2.4: Possible distance gradient values of ellipsoids with different
ellipticities and triaxialities along minor aa—dl Or major axes #. d is the
xmm xn?ﬂj
distance in pc, fmajor and Tminor are the coordinates aligned with the ma-
jor/minor axes in pc. In each panel, different colors represent ellipsoids of
different ellipticities and triaxialities. For each ellipsoid the corresponding
line shows the boundary of the region of possible distance gradients. IL.e.
for a triaxial ellipsoid with ellipticity of 0.7 and triaxiality of 0.3 the mea-
sured gradients can only be sit within the orange countour depending on
the orientation.
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FIGURE 2.5: Posterior probability distributions of the parameters of the 3-

D model of Sextans. The left panel shows the results for the triaxial model,

while the right one shows the oblate model. We do not show here the
orientation parameters.



Chapter 2. Constraining the shape of Milky Way satellites with distance gradients 32

Sculptor Triaxial Model Sculptor Oblate Model

%

%

ellipticity
o
%6,

%

triaxiality
% 9% % %
l (..r"'_'_'_
)
ellipticity
0"’0 075 o@o o
<,
s,
(%7
<9,
0"’0
k3
%
<
o

(3

x o ®
N

D2 R L O S o P 2

o oF ¥ o2 ¥ oF oV 2 Y o7 o7 o o ) ) o
L X i o L intrinsic major axis (deg) ellipticity
intrinsic major axis (deg) ellipticity triaxiality

FIGURE 2.6: Posterior probability distributions of the parameters of the 3-

D model of Sculptor. The left panel shows the results for the triaxial model,

while the right one shows the oblate model. The orientation parameters are
not shown.

Figure 2.6 shows the posterior distribution for the parameters of the 3-D model for
the oblate and triaxial shapes based on Sculptor data. For the triaxial model (left panel),
we see that there is a broad peak in triaxiality distribution at 0.4 and the 95% credible
interval for it is [0,0.71], which suggests the oblate is possible for Sculptor but the triaxial
model doesn’t show strong preference for oblate shape. The 95% credible interval for
intrinsic ellipticity is [0.46, 1] with the peak at 0.7. The right panel of the figure shows the
posterior for the oblate model, and it provides similar flattening constraints as the triaxial
model.

To validate that the 3-D model can actually fit the measurements we perform poste-
rior predictive checks (Gelman et al., 2013) by comparing the measured distance gradient
and 2D Plummer parameters to the predicted values based on the samples from the pos-
terior. We check the agreement by computing one tail p-values for each parameter. For
Sextans, the one tail p-values are well within [0.30,0.5] which indicates that the models
are in agreement with the data. For Sculptor, the p-values for most parameters are well
within [0.26,0.5] except for the p-value for gradient along semi-major is 0.059 for oblate
model, which indicates the oblate model doesn’t fit well to the gradient along semi-major
axis. This is understandable since the oblate model is supposed to have exactly zero gra-
dient along semi-major axis, but the last panel of Figure 2.3 shows the data is consistent
with zero gradient along semi-major axis at 1o and 2¢ level. Considering the p-value is
not extremely small, the oblate model is still acceptable for Sculptor data. The detailed
posterior predictive check distributions for Sculptor are shown in the Appendix A.3.

2.4.4 Orientation of 3-D shape

With the posterior of the rotation parameters at hand, we can analyse the orientation of
Sextans and Sculptor. Considering that direction of the the major axis of an oblate el-
lipsoid is not defined and the results of the triaxial model prefer the oblate shape, we
decide to use the direction of minor axis as the orientation. To describe the orientation,



Chapter 2. Constraining the shape of Milky Way satellites with distance gradients 33

TABLE 2.5: Orientation results of Sextans and Sculptor. 8, is the angle

between the minor axis and the velocity of the dwarf. Bcentre is the angle

between the minor axis and the direction from the centre of the dwarf to
the Galactic centre. We use 1 sigma level asymmetrical uncertainty

Galaxy  Model Oyel Ocentre
(degree) (degree)
Sextans  Oblate 120.31“%:1 53.6f§;§

.. 7.9 7.9
Sextans Triaxial 1225777 56.177,
Sculptor  Oblate 36.62f8:gg 49.41Li§

Sculptor Triaxial 434778  51.073%

we calculate the angle between the minor axis and the velocity of the dwarf (6y¢) and
the angle between the minor axis and the direction from the centre of the dwarf to the
Galactic centre (8centre). We adopt the peculiar motion of the Sun from (Schonrich, Bin-
ney, and Dehnen, 2010), the Sun’s distance to the Galactic centre of 8.3 kpc (Gillessen
et al., 2009), and the position of the Galactic centre from (Reid and Brunthaler, 2004). We
use the dwarfs” mean proper motions from Qi et al. (2021) and heliocentric velocity and
heliocentric distances from McConnachie (2012).

We sample the rotation parameters from the posterior and the velocity and the dis-
tance from the literature values, then calculate 6, and Bcentre. The mean value and the 1
sigma level asymmetric uncertainties are shown in Table 2.5. We notice the uncertainty
of the oblate model is smaller than the uncertainty of the triaxial model, and we think
the reason is that oblate model puts a stronger constraint on the possible orientation. The
values listed in the Table 2.5 do not show clear alignment neither along the velocity of
the dwarfs, nor towards the Galactic centre.

2.5 Discussion

In this section we will discuss possible implications of our measurements presented in
Section 2.4.3, potential issues caused by non-axisymmetric metallicity distribution in the
galaxies and the possibility of that the shape is the result of tidal disruption. We will
discuss the consistency between our measurements and other paper. We also verify that
our results are robust to small changes in extinction and the details of this check are
shown in the Appendix A 4.

2.5.1 Intrinsic ellipticity and rotation

Taken at face value the measurements presented in Section 2.4.3 show that the the sys-
tems require significant flattening, which has implications on the dynamical structure the
systems. Specifically we expect that if the flattening is strong enough that may be only
possible if the system is rotating (Binney, 2005). Because the results from Section 2.4.3
show that both Sextans and Sculptor can have oblate shapes, it is possible for us to per-
form the consistency check between intrinsic ellipticity, anisotropy and rotation (which
is constrained by existing observations).
Multiple studies (Hargreaves et al., 1994; Walker, Mateo, and Olszewski, 2008; Battaglia

et al., 2011) show there isn’t a statistically significant velocity gradient in Sextans, so we
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need to check whether our intrinsic ellipticity is consistent with the observation of veloc-
ity gradient. From our 3-D model fitting results, we find the intrinsic ellipticity 1 — C/A
for Sextans needs to be above 0.47, and according to Walker, Mateo, and Olszewski
(2008) the 3¢ upper bound for the absolute value of line of sight velocity gradient is
| —2.1—0.8 x 3| =4.5kms !deg . Walker et al. (2009b) shows the velocity dispersion
is 7.9 km s~! in Sextans. To check whether these results are consistent, we can rely on the
anisotropic rotating spheroids models presented in Emsellem et al. (2011), who provides
the models for oblate with different tangential anisotropy and different amount of rota-

tion measured by dimensionless parameter Ar (Emsellem et al., 2007) which is defined
<R|V|>

<RVV2+02>

mean stellar velocity dispersion and <> refers to luminosity-weighted sky average).

The flattening of the object can be explained by both rotation and anisotropy of orbits
(Binney, 1976; Binney, 1978). And for a fixed anisotropy we expect a monotonic relation-
ship between intrinsic ellipticity and rotation. And higher anisotropy can support slower
rotation at fixed flattening. With the velocity dispersion and velocity gradient limit of
Sextans, we can estimate Ag at half-light radius instead of taking luminosity-weighted
sky average, which gives an upper bound Ar < 0.15. Using the models presented in Ap-
pendix B of Emsellem et al. (2011) (see figure B4), we expect that the models with mild
anisotropy B ~ 0.4 — 0.6 should be able to support flattened spheroids with € ~ 0.5 with
small or no amount of rotation Agx < 0.2, which is consistent with our estimation. Thus
at the face value the flattened shape can be consistent with observed lack of rotation. We
note that previous relation assumes that the dark matter density distribution follows the
stellar density and the galaxy is axisymmetric(Cappellari et al., 2006).

We did the same analysis for oblate shape fitting result of Sculptor. We use 3¢ upper
bound for the absolute value of line of sight velocity gradient | — 55— 0.5 x 3| = 7
kms™! deg*1 (Walker, Mateo, and Olszewski, 2008) and velocity dispersion 9.2 km s7!
(Walker et al., 2009b) to estimate an upper bound Ag < 0.14. The lower bound of intrinsic
ellipticity from Section 2.4.3 is 0.46. We expect that the models with mild anisotropy
B ~ 0.4 — 0.6 should be able to support flattened spheroids with € ~ 0.5 with small or no
amount of rotation Ag < 0.2, which is also consistent with our estimation.

as Agp = (here R is distance to the centre, V' is mean stellar velocity and ¢ is

2.5.2 Non-axisymmetric metallicity distribution in Sextans

Our modeling assumes that the stellar distribution is described by ellipsoids and the
metallicity distribution is axisymmetric. If the galaxies have substructures with dras-
tically different metallicities, these can affect BHB absolute magnitude calculation, and
can mimick themselves as structures at different distances or distance gradients in our
model.

One of two systems in which we have detected a significant gradient is Sextans,
whose structure has been studied extensively and several possible non-axisymmetric
substructures were detected (Kim et al., 2019; Cicuéndez and Battaglia, 2018).

According to the Figure 3 of Kim et al. (2019) and Figure 5 of Cicuéndez and Battaglia
(2018), there are different metallicity components near the galaxy centre of Sextans. How-
ever the sky coverage in these two papers is not large enough and the different metallicity
component which is shown in their figures is removed when we remove all the stars in-
side 1ry, as discussed in Section 2.2.4. Due to limited sky coverage, it is hard to conclude
whether there is non-axisymmetric metallicity distribution in the BHB stars we used for
the distance gradient fitting.

We also notice that the numbers of BHB stars at different sides of Sextans semi-major
axis are somewhat different. Figure 2.7 shows the histogram of distance modulus for
two galaxy sides (xX;inor > 0 is northwest side and x,,i,0r < 0 is southeast side) without
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removing the stars within 1r;, of Sextans, and the number of BHB stars at northwest side
is larger than the other side by a factor of 1.24. The side with more BHB stars is the same
side where Kim et al. (2019) claims there is a overdensity of metal-poor stars. Due to
the limit of their sky coverage and the small number of BHB stars in the centre region,
we cannot get a reliable conclusion about whether the this overdensity is related with
the difference of number of BHB stars between different side of semi-major axis. We did
a similar analysis of the BHB spatial distribution in Sculptor and we do not find any
significant difference between the different sides of the axes.

The non-axisymmetric metallicity distribution in Sextans is a potential issue that may
affect our distance calculation, but with current data we cannot know how much it affects.
Future data with larger sky coverage may help to resolve this.

2.5.3 Tidal disruption

One of the possible explanations of the flattening and elongation of dwarf galaxies is tidal
disruption. The most famous example around the Milky Way is the Sagittarius dwarf
galaxy. Sagittarius core which is undergoing strong tidal disruption shows a high ellip-
ticity e = 0.62 — 0.65 (Majewski et al., 2003). For Sextans and Sculptor, the orbits of both
galaxies imply that they are not likely to be affected by tides (Kaplinghat, Valli, and Yu,
2019), and Roderick et al. (2016) performs structural analysis and conclude that Sextans is
not undergoing significant tidal disruption from the Milky Way, however a recent study
by Vivas et al. (2019) found two RR Lyrae stars and one anomalous Cepheid that may be
extratidal stars of Sextans, which suggest that this galaxy may be undergoing tidal de-
struction. For Sculptor, Westfall et al. (2006) states the possibility of past tidal disruption
could have occurred given that there is possible presence of unbound tidal debris and
Penarrubia et al. (2009) also states the possibility of past tidal disruption considering the
shape of its density distribution, but a more recent study by de Boer et al. (2011) shows
that the clear radial gradients in Sculptor means lack of signs of recent tidal interactions.
Our shape modeling results also prefer oblate shapes and do not show alignment of the
best-fit ellipsoids towards the Galactic centre, while the numerical simulations suggest
that tidally stripped subhaloes should have prolate shapes oriented towards the Galactic
centre (Cooper et al., 2010; Vera-Ciro et al., 2014; Barber et al., 2015). With all this evi-
dence, we think it is unlikely that the observed 3-D shape is caused by tidal disruption.

2.5.4 Consistency with other shape studies

Our results for Sextans and Sculptor are consistent with results from Sanders and Evans
(2017), where the authors measured the intrinsic shapes and alignments of dSph galax-
ies of Local Group and find the dSph of the Milky Way have mean intrinsic ellipticities
around 0.6. There is also a recent work by Xu and Randall (2020) shows that faint Local
Group dwarf galaxies are more likely to be oblate while the bright one are more likely to
be prolate based on the correlation between 2D ellipticity and central surface brightness,
and the mass-to-light threshold between bright and faint is between 70 — 200M, /Le.
Our result for Sextans which has mass-to-light 98M, /L, is consistent with their conclu-
sion, however the distance gradient of Sculptor which has mass-to-light 12M, /L, is not
consistent with prolate shape. Xu and Randall (2020) doesn’t reject the possibility that
the shape could be triaxial, and our result shows that Sculptor possibly have a non-zero
triaxiality.
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FIGURE 2.7: The plot shows the distance modulus distribution of Sextans’

BHB stars for different sides separated by semi-minor axis. X,y is the

position along semi-minor axis, and the centre of Sextans has xi;,0r = 0.
Xminor > 01s northwest side and x,,;,,,, < 0 is southeast side
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2.6 Conclusions

Using the data from Gaia DR2, DECaLS and DES, we perform the modeling of possible
distance gradient in five dwarf galaxies using BHB stars. The results from Bootes I, Draco
and Ursa Minor are all consistent with zero gradient within 3¢, but Sextans and Sculptor
show statistically significant non-zero distance gradient. In both of these cases the dis-
tance gradient is along semi-minor axis, with the distance gradient along semi-major axis
consistent with zero.

We construct 3-D ellipsoid models for Sextans and Sculptor to explain the distance
gradient. The results show that an oblate shape is preferred for Sextans and intrinsic
ellipticity (1 — C/A) larger than 0.47. For Sculptor the result of triaxial model shows
possible oblate shape with intrinsic ellipticity larger than 0.46 and possibly non-zero tri-
axiality.

We explore the validity of the oblate models for Sextans and Sculptor by checking
the relationship between galaxy rotation, anisotropy and intrinsic ellipticity, we find our
results are consistent with current constraints on the velocity gradient in these systems
with mild anisotropy.

One potential issue that could bias our detections is the presence of non-axisymmetric
structures with different metallicities, such as have been previously seen in Sextans. We
also see a different number of BHB stars at different sides of the galaxy that could be
related with this, however we cannot get a reliable conclusion with current data.

We show that with our method it is possible to constrain the 3-D shape of individual
dwarf galaxies. With more systems and other distance indicators such as RR Lyrae, red
clump stars we can hope to obtain better constraints on the 3-D shapes of dwarf galaxies.
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Chapter 3

Offset of M54 from the Sagittarius
Dwarf Spheroidal Galaxy

We present results from simultaneous modeling of 2D (projected along the line of sight)
position, proper motion and line-of-sight velocity for Gaia- and APOGEE-observed stars
near the centre of the Sagittarius (Sgr) dwarf spheroidal galaxy. We use a mixture model
that allows for independent sub-populations contributed by the Sgr galaxy, its nuclear
star cluster M54, and the Milky Way foreground. We find an offset of 0.295 + 0.029
degrees between the inferred centroids of Sgr and M54, corresponding to a (projected)
physical separation of 0.135 £ 0.013 kpc. The detected offset might plausibly be driven
by unmodelled asymmetry in Sgr’s stellar configuration; however, standard criteria for
model selection favour our symmetric model over an alternative that allows for bilateral
asymmetry. We infer an offset between the proper motion centres of Sgr and M54 of
[Apq cosd, Aus] = [4.9,—19.7] + [6.8,6.2] pas yr~!, with magnitude similar to the covari-
ance expected due to spatially-correlated systematic error. We infer an offset of 4.1 £ 1.2
km s7! in line-of-sight velocity. Using inferred values for the systemic positions and
motions of Sgr and M54 as initial conditions, we calculate the recent orbital history of
a simplified Sgr/M54 system, which we demonstrate to be sensitive to any line-of-sight
distance offset between M54 and Sgr, and to the distribution of dark matter within Sgr.

3.1 Introduction

Observations reveal that a significant fraction of galaxies host dense nuclear star clusters
(NSCs) at their centres (Coté et al., 2006; Turner et al., 2012; Baldassare et al., 2014; Brok
et al.,, 2014; Sadnchez-Janssen et al., 2019; Neumayer, Seth, and Boker, 2020). However,
the formation of NSCs is still a debated question. Possible explanations range from in
situ star formation at the galactic centre (Bekki, Couch, and Shioya, 2006; Bekki, 2007;
Antonini, Barausse, and Silk, 2015) to the infall of globular clusters (GCs), whose orbits
decay and spiral to the centre due to dynamical friction Tremaine, Ostriker, and Spitzer
(1975), Capuzzo-Dolcetta (1993), Arca-Sedda and Capuzzo-Dolcetta (2014), and Gnedin,
Ostriker, and Tremaine (2014).

Some NSCs are found to host metal-poor stars (Rose, 1985; Carretta et al., 2010; Do
et al., 2015), which can be naturally explained by old, metal-poor GCs bringing those
stars into the nucleus. Deficits of bright non-nuclear GCs near the central regions of el-
liptical galaxies also seem to indicate that the central nuclei formed via the orbital decay
of massive clusters (Capuzzo-Dolcetta and Mastrobuono-Battisti, 2009; Lotz et al., 2001).
In early-type galaxies with stellar mass < 10° My, the NSCs and GC systems have sim-
ilar occupation distributions and comparable total masses (Sdnchez-Janssen et al., 2019),
consistent with NSC formation by infalling GCs.



Chapter 3. Offset of M54 from the Sagittarius Dwarf Spheroidal Galaxy 39

However, many NSCs also contain young stellar populations (Seth et al., 2006; Walcher
et al., 2006; Nguyen et al., 2014; Bender et al., 2005; Paumard et al., 2006), suggestive of in
situ star formation within the host galaxy. Thus, it seems that both the GC infall and in
situ star formation contribute to NSC formation. Indeed some NSCs display both young
and old stellar populations with different morphology and kinematics, which indicates
different origins for different components and multiple star formation episodes (Seth et
al., 2006; Rossa et al., 2006; Walcher et al., 2006). For example, Hartmann et al. (2011) show
that it is necessary to consider both stellar dynamical mergers and in situ star formation
to reproduce observations of the NSCs at the centres of NGC 422 and M33. Antonini, Ba-
rausse, and Silk (2015) use a semi-analytical galaxy formation model that includes both
dynamical-friction-driven migration of stellar clusters and star formation triggered by
infalling gas to simulate the co-evolution of NSCs and central black holes, finding that
in situ star formation contributes a significant fraction (up to ~ 80%) of the total mass of
NSCs.

Considering the various pathways of NSC formation, it is useful to make detailed
comparisons between the spatial and chemodynamical properties of NSCs and their host
galaxies. Notably, some works find evidence for offsets between the centres of some
NSCs and the centres of their hosts. For example, Binggeli, Barazza, and Jerjen (2000)
search for off-centre nuclei in 78 nucleated dwarf elliptical galaxies of the Virgo Cluster,
finding that roughly 20% of the sample are significantly off-centre. Coté et al. (2006) study
100 early-type galaxies of the Virgo Cluster, identifying five candidates with nuclei offset
from the host galaxy photocentre; they note, however, it is possible that some of these
cases are due to non-nuclear globular clusters that happen to be projected close to the
galaxy photocentre. Such offsets, if real, may indicate oscillations of the NSC that may
help constrain, e.g., the mass of a central black hole (Taga and Iye, 1998) and/or other
physical processes like counterstreaming instability (De Rijcke and Debattista, 2004).

The nearest NSC, Messier 54 (M54 also known as NGC 6715) within the Sagittarius
(Sgr) dwarf spheroidal (dSph) galaxy, offers a unique opportunity to observe detailed
spatial and chemodynamic properties of individual stars within a NSC and its local en-
vironment. Originally discovered in a line-of-sight velocity survey of the Galactic bulge
(Ibata, Gilmore, and Irwin, 1994), Sgr lies at a distance of ~ 26 kpc from the Sun, ~ 18
kpc from the Galactic centre, and is the progenitor of the prominent Sagittarius stream,
stellar debris from the ongoing process of Sgr’s tidal disruption within the Milky Way
(Ibata et al., 2001; Majewski et al., 2003; Belokurov et al., 2006). The central region of
Sgr, which includes M54, displays a complex formation history, with various photomet-
ric and spectroscopic studies identifying old (2 10 Gyr), intermediate-age (~ 4 — 6 Gyr)
and young (< 3 Gyr) stellar populations with a corresponding range of metallicity from
-1.8< [Fe/H]S +0.6 (e.g. Sarajedini and Layden, 1995; Siegel et al., 2007; Siegel et al.,
2011; Alfaro-Cuello et al., 2019).

This complexity extends to the observed stellar kinematics. The old, metal-poor stars
have a line-of-sight velocity dispersion profile that declines steeply with cluster-centric
radius (Ibata et al., 2009), then gradually rises near M54’s nominal tidal radius (Bellazzini
et al., 2008). Over the same region, the relatively metal-rich stars display approximately
constant velocity dispersion, as is characteristic of the Milky Way’s dwarf spheroidal
satellite galaxies (Bellazzini et al., 2008). Even outside the nucleus, the main body of Sgr
itself exhibits complex internal stellar kinematics, with a central bar-like structure that
connects to ‘tails” of escaping stars, a bound, rotating inner core, and apparent expansion
along the long axis that characterises an overall triaxial morphology (del Pino et al., 2021).

Given this complexity, it is difficult to disentangle M54 from its Sgr host. Analysing
the spatial distribution of a large photometrically-selected sample of M giant stars from
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the Two Micron All Sky Survey, Majewski et al. (2003) find an overdense ‘cusp’ at the po-
sition of M54; however, they argue that this feature belongs to Sgr and not to M54, whose
metal-poor stars are too blue to be included in the M giant sample. Analysing metal-
rich and metal-poor populations selected from optical photometry, Monaco et al. (2005)
conclude similarly, finding that the metal-rich stars (presumed to belong to Sgr) exhibit
an overdense cusp at the same location as the cusp seen in metal-poor stars (presumed
to belong to M54). However, a MUSE spectroscopic survey of M54 by Alfaro-Cuello
et al. (2019) finds that the metal-rich stars can be separated into young (~ 2 Gyr) and
intermediate-age (~ 4 Gyr) populations, associating the more compact, younger subpop-
ulation with late star formation within M54, and the more extended, intermediate-age
sub-population with the Sgr host.

If the old, metal-poor component of M54 is an example of a GC that fell to the centre
of its host galaxy, then its properties may also help to constrain the spatial distribution
of dark matter within Sgr. Various dynamical and N-body studies demonstrate that the
efficiency and outcome of dynamical friction depend on the spatial distribution of dark
matter within the host galaxy (e.g., Goerdt et al., 2006; Read et al., 2006; Goerdt et al.,
2010; Meadows et al., 2020). If the host dark matter halo has the central ‘cusp’ that char-
acterises cold dark matter halos (Navarro, Frenk, and White, 1997, ‘'NFW" hereafter), dy-
namical friction operates efficiently to drag a massive GC to the centre in a fraction of a
Hubble time; if instead the host halo has a central ‘core” of uniform density, the infalling
cluster tends to stall near the core radius, where the halo becomes effectively ‘bouyant’
(Cole et al., 2012; Banik and van den Bosch, 2022). Using N-body models to simulate
specifically the infall of M54 within Sgr, Bellazzini et al. (2008) find that for a variety of
initial conditions, if the Sgr host has an NFW-like cusp, then M54 sinks efficiently (in
< 3 Gyr) to the very centre of Sgr, where it remains virtually at rest, with a systemic
velocity offset of < 1 —2km s™1. These results are broadly consistent with those of Her-
lan, Mastrobuono-Battisti, and Neumayer (2023), who also find that a more (than NFW)
steeply cusped dark matter halo in Sgr would result in a NSC that (internally) rotates
faster and is morphologically flatter than M54.

Thus the observed properties of the Sgr/Mb54 system impact our understanding not
only of NSC formation, but also the nature of dark matter. In any case, the degree to
which M54 and the centre of Sgr are either distinct or coincident in phase space remains
an interesting open question. The answer is complicated for several reasons. First, as
mentioned above, the central regions of Sgr display a mixture of several stellar popu-
lations with different ages, metallicities, structural parameters and kinematics, and the
assignment of a given population to one or the other object can be ambiguous. Second,
published measurements of centroids, distances and systemic velocities often pertain to
just one of Sgr or M54. For example, the infrared M-giant sample of Majewski et al. (2003)
is relatively insensitive to the metal-poor population in M54; conversely, Hubble Space
Telescope and the MUSE observations of M54 typically lack the sky coverage to map Sgr
over a significant fraction of its core region (e.g., Siegel et al., 2011; Alfaro-Cuello et al,,
2019). As a result, comparisons of published measurements for Sgr and M54 must con-
tend with systematic errors (e.g., zero-point offsets) introduced by the use of different
data sets.

A notable exception is the recent study by del Pino et al. (2021), which uses the Gaia
(DR2) catalogue, supplemented with training data from spectroscopic (line-of-sight ve-
locity) catalogues, to construct a catalog of 6D phase-space coordinates for a final sample
of ~ 1.2 x 10° stars within ~ 6° of the Sgr centre. With this catalogue, they iteratively
measure the centre-of-mass coordinates of a Sgr sample that excludes all stars within the
fiducial tidal radius of M54, and separately the center-of-mass coordinates for the M54
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sample that includes only the stars excluded from the Sgr sample. They find a statis-
tically significant offset only among the plane-of-sky centroids, which they discount as
likely driven by systematic error due to incompleteness that results from the Gaia scan
pattern that is apparent in their sample (their Figure 4).

Here we take an approach that is complementary to that of del Pino et al. (2021).
Rather than adopting hard cuts in colour/magnitude or sky position to separate M54
and Sgr samples, we use the mixture models to analyse the 5D distribution of sky po-
sition, proper motion and line-of-sight velocity, the phase-space coordinates for which
homogeneous measurements from Gaia EDR3 (Gaia Collaboration et al., 2021) and/or
the Apache Point Observatory Galactic Evolution Experiment (APOGEE; Majewski et al.,
2017) are available for large numbers of stars in the Sgr. The mixture modelling lets us
obtain simultaneous estimates for the 5D centres of the Sgr and M54 populations, provid-
ing a direct inference about any offset in these dimensions of phase space. Any detected
offset can then be used to inform subsequent models for the formation and evolution of
M54 as the NSC within Sgr. Furthermore, since our mixture models do not operate sep-
arately on pre-selected M54 and Sgr samples, the result can be used to infer, rather than
assume, the colour/magnitude distributions traced separately by the two objects.

We describe the data selection procedure in Section 3.2. In Section 3.3, we describe the
construction of the mixture model. In Section 3.4, we present results from our modelling.
In Section 3.5, we compare our results to previous work and discuss the robustness of
our results, the colour/magnitude distribution of the M54, and the recent orbital history
of the Sgr/M54 system. In Section 3.6, we summarise our conclusions.

3.2 Data

This work is based on data presented in the Early Data Release 3 (EDR3, Gaia Collabora-
tion et al., 2021) of the Gaia mission (Gaia Collaboration et al., 2016b), and on line-of-sight
velocity data presented by APOGEE Data Release 17 (DR17; Abdurro'uf et al., 2022). Gaia
EDR3 consists of astrometry and photometry for 1.8 billion sources brighter than mag-
nitude G ~ 21. Compared with Gaia DR2, Gaia EDR3 improves the parallax precision
by 30% and increases proper motion precision by a factor of 2. At magnitude G = 17,
it provides typical uncertainties of 0.07 mas yr~! in proper motion, 0.07 mas in parallax
angle, 0.05mas in position, 1 mmag in G-band magnitude, 12 mmag in Ggp magnitude,
and 6 mmag in Grp magnitude (Gaia Collaboration et al., 2021). APOGEE DR17 is the
continuation of the Apache Point Observatory Galactic Evolution Experiment (APOGEE,
Majewski et al., 2017) and Data Release 17 of APOGEE-2/SDSS-IV (Majewski, APOGEE
Team, and APOGEE-2 Team, 2016). APOGEE spectroscopic catalogues include stellar-
atmospheric parameters and line-of-sight velocities measured from twin, multi-plexed,
near-infrared, high-resolution spectra covering both the northern and southern sky (Ab-
durro’uf et al., 2022; Wilson et al., 2019). The extracted line-of-sight velocities have a
median reported uncertainty of 0.015km s~ 1.

3.2.1 Gaia EDR3 Data Selection

We begin by considering all sources from Gaia EDR3 that lie within 4° of a fiducial center
of Mb4 (w000 = 283.76353°, 02000 = —30.477006°; Alfaro-Cuello et al., 2019). Within
this region, one immediately obvious systematic effect is the tendency for sources near
the centre of M54 to have relatively poor astrometric solutions due to crowding. Figure
3.1 demonstrates that application of the standard filter for selecting astrometrically well-
behaved sources, astrometric_excess_noise_sig < 2 (Lindegren et al., 2012) removes
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almost all sources within ~ 1 arcmin, or ~ 2 half-mass radii of M54 (r;, = 0.43 4+ 0.08
arcmin; Alfaro-Cuello et al. 2019). To avoid this selection bias, we mask the entire region
within ~ 0.03° (1.8 arcmin) of the fiducial centre of M54. We note that special Service-
Interface Function (SIF) images of dense area, which includes the centre of the Sgr dSph,
are acquired in the sky-mapper CCDs (Gaia Collaboration et al., 2016b), and that can be
used to analyse the centre of the Sgr dSph. One example is the data for w Centauri in
Gaia Collaboration et al. (2023b). However, these special SIF data are not part of Gaia
DR3.

Next, following Vitali et al. (2022), we impose a magnitude cut at G < 17.3 in order to
ensure high-quality astrometry and homogeneous coverage over the region of interest.
Then we cut on proper motion based on a data-driven filter as shown in Fig 3.2. We make
additional cuts on parallax to remove stars with distance less than 20 kpc and apply data
quality flags. Our complete initial selection uses the following criteria:

0.03° < /x2 4 y? < 4°

phot_g_mean_mag < 17.3,

astrometric_excess_noise_sig < 2,

parallax < 0.05 4 3 X parallax_error,

pmra € [—3.12, —2.22], pmdec € [—1.91, —0.91]

ipd_frac_multi_peak < 2

ruwe < 1.3

duplicated_source — False

|C*| < 30&0*.

Here, (x,y) are rectilinear coordinates obtained via gnomonic projection of the Gaia-
measured sky coordinates, assuming an origin at the previously-published center of M54
(2000 = 283.76353°, dr000 = —30.477006°; Alfaro-Cuello et al., 2019). C* is the corrected
BP and RP flux excess factor, defined in Equation (6) of Riello et al., 2021 and ¢~ is the
1o scatter, calculated according to Equation (18) of Riello et al. (2021). Using the “astro-
metric fidelity” parameter of (Rybizki et al., 2022), all of the sources in our final sample
have fidelity > 0.5 (Rybizki et al., 2022), indicating good data quality. The Gaia EDR3
photometry is corrected for extinction using the code from Appendix A of Gaia Collab-
oration et al. (2021). The extinction is calculated using Equation 1 and Table 1 from Gaia
Collaboration et al. (2018c).

3.2.2 APOGEE DR17 Data Selection

From APOGEE DR17 we select stars within a 4-degree circle centred at («, ) = (283.76353, —30.477006).
We remove stars for which any of the following conditions are met : STAR_BAD (bit po-
sition 23 in ASPCAPFLAG) is set to 1, STARFLAG is nonzero, or DUPLICATE (bit position 4 in
EXTRATARG) is set to 1. The APOGEE DR17 catalogue is cross-matched with Gaia EDR3,
allowing us to apply to the APOGEE sample the same proper motion selection that we
adopt for the Gaia EDR3 sample (Sec 3.2.1). Our selections reduce the number of stars in
our APOGEE DR17 sample from 6890 to 683. Fig. 3.3 shows the spatial distribution of
stars in the selected APOGEE sample. Since APOGEE DR17 has only partial coverage in
this sky area, we cannot directly combine the APOGEE and Gaia samples. Therefore, be-
low, we choose to analyse the line-of-sight velocity data separately from the sky position
and proper motion data. (Sec 3.3.3).

3.2.3 CMD mask

The samples selected according to the above criteria will have contamination from Milky
Way stars that belong to neither M54 nor Sgr. In order to minimise this contamination,
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FIGURE 3.1:  Projected density of stars around the centre of

M54, from Gaia EDR3, with filters phot_g_mean_mag < 20,

astrometric_excess_noise_sig < 2 and phot_bp_mean_mag and

phot_rp_mean_mag exist. The left panel shows the 2D density field and the

color is coded by the number of the stars in the bin; the right panel shows

the mean density within circular annuli. The white circle and the red line
denote a radius of 0.03°, inside which we mask the sample.

we construct an additional mask in the colour/magnitude diagram (CMD), combining a
mask derived from the data and a mask derived from isochrone templates.

To construct the CMD mask from the data, we consider two annuli that are centred
on M54, the first with inner and outer radii of 0.03,0.2°, respectively, and the second with
radii of 2.0,4.0°. Then, from the selected sources within each annulus, we calculate 2-D
histograms in colour-magnitude space, with 40 uniform bins from —0.2 to 2 in the BP —
RP colour dimension and 40 uniform bins from 13 to 19 in the G magnitude dimension
(only for the purpose of constructing the CMD masks, we relax the magnitude limit of
G < 17.3 that we apply when analysing the samples). Both 2-D histograms are divided
by the annulus area, so that the result indicates the density of stars. We then subtract
the histogram corresponding to the outer annulus from the histogram corresponding to
the inner annulus. Since the outer annulus should contain a larger fraction of Milky Way
contaminants, we expect this difference to be more positive in colour/magnitude bins
that are less contaminated by the Milky Way. We mask sources within colour/magnitude
bins for which the difference histogram has value < 20 stars per degree?. In order to
decrease the effect of noise, we perform a ‘closing” operation, using a 2 x 2 matrix of ones
as the structuring element on the CMD mask.

To construct the CMD mask from isochrone templates, we consider three sets of theo-
retical isochrones that are motivated by the age/metallicity relations derived from MUSE
spectroscopy of M54 by Alfaro-Cuello et al. (2019): young metal-rich, with [Fe/H]=—0.04
and age between 1.4 — 2.8 Gyr, 2) intermediate-age metal-rich, with [Fe/H]=—0.29 and
age between 1 — 7.8 Gyr, and old metal-poor, with [Fe/H]=-1.41 and age between 9.4 — 15
Gyr. For each set, we obtain the corresponding isochrones in Gaia passbands from the
Dartmouth Stellar Evolution Database (DSED) (Dotter et al., 2008). We sample the age
ranges with a step size of 0.2 Gyr. Shifting each isochrone for a fiducial distance mod-
ulus of 17.27 (Siegel et al., 2007), we then mask all CMD bins (using the same binning
scheme adopted above for the data-derived mask) that do not contain any of the sam-
pled isochrones.

Finally, we combine data-derived and isochrone-derived masks by masking only those
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FIGURE 3.2: Distribution of proper motions of stars within 4° of the nom-

inal center of M54, from Gaia EDR3, with all filters (except the proper mo-

tion filter) listed in Sec 3.2.1 applied. Color is coded by the number of stars
within each pixel. The red rectangle indicates our proper motion filter.
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FIGURE 3.3: Spatial distribution of sources selected from APOGEE (DR17;
Abdurro’uf et al., 2022). Pixels are color-coded by the number of the stars
within that pixel.
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FIGURE 3.4: CMD mask for data selection, with yellow/blue indicating

unmasked/masked. The left panel is the empirical CMD mask derived

directly from the data; the centre panel is the CMD mask derived from

theoretical isochrones; the right panel is the combined CMD mask used in
our analysis.

bins that are masked in both schemes. Fig 3.4 shows the data-derived, isochrone-derived
and combined CMD masks. Application of the combined mask reduces the number of
stars in our selected Gaia EDR3 sample from 44337 to 34265.

3.3 Mixture Model for the Sgr/M54 system

We assume the sample of unmasked stars includes contributions from Sgr, M54 and the
Milky Way. First we construct and fit a mixture model for the joint 4D distribution of
Gaia-observed positions and proper motions.

3.3.1 Projected position

For M54 and Sgr, we assume that the 2D positions,

_(x
s = (y) , (3.1)

of stars are drawn independently from analytic surface density profiles that allow for
elliptical symmetry about centers specified by

so = <;g> . (3.2)

For ellipticity € = 1 — b/a specified by semi-major and semi-minor axes a2 and b, and with
semi-major axis pointing along position angle 6y (increasing northward of the zero-point
at due East), a star’s “elliptical radius’, R,, relative to the center satisfies

1 0
Rg = RTR = (S — So)T Rg— <O 1 2) Rg (S — S()) , (33)
(1-e)
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where

cos(f sin (6
Ro = (— s1rg((3) cos((Q))> 34

is the rotation matrix.
We assume that within the observed region, the 2D spatial distribution of stars be-
longing to M54 is drawn from the probability distribution specified by King (1962),

2
1 1
\/1 + (Re/rc)z B \/1 ¥ (rt/rc)2> ’ (3.5)

with Oking = {x0,y0,7c,11,€,0} the vector of free parameters that specify the centroid,
‘core” and ‘tidal’ radii, ellipticity and position angle, respectively. The normalisation con-
stant kxing guarantees that fﬁel d fs(x,y)dxdy = 1, where the integration integrates only
over the sampled field.

We assume that the 2D spatial distribution of stars belonging to Sgr is drawn from the
probability distribution specified by Plummer (1911)

fsKing (8 | Oking) = kking (

k mer
fs,Plurnmer(s | ®Plummer) = (1_’1_)11;212/:%)2/ (36)

with Opiymmer = {X0,Y0,7p, €, 0} the vector of free parameters that specify the centroid,
Plummer scale radius, ellipticity and position angle, respectively, and kpjymmer the nor-
malisation constant.

We assume the Milky Way contaminants are drawn from a probability distribution
specified by a first order polynomial function,

fs,n(s | @L) = kL ’1 + box + bly‘ (37)
with @ = (b, by) the vector of free parameters that specify the polynomial coefficients,
and k; the normalisation constant.

3.3.2 Proper motion

For each of the M54, Sgr and Milky Way components, we assume that the proper motions,

=) o9

are drawn independently from bivariate normal probability distributions with centers
Ho. x
xy|A) = +A , 3.9
sy 4)= (1) +a(7) 39
where
A= <“1 ”2) (3.10)
asz a4

specifies dependence on projected sky position, and covariance matrix

I = R} SRy, (3.11)

d? 0)
s= (% (3.12)
(0 d;

where
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and

_ cos(¢) —sin(y)
R“"(sin<¢) cos(¢>>’ G4

with @ corresponding to the position angle of the long axis of the proper motion ellip-
soid (increasing from the positive direction of proper motion in right ascension direction
toward the negative direction of proper motion in declination direction).

For a given component, then, the observed proper motion has probability density

JE4E
fy(ﬂ‘(ay):N(”W% TZo) (3.14)

where ©, = {yuo,, Ho,,a1,02,043, 44, do,d1, P} specifies free parameters and Xy is the co-
variance matrix of the observed proper motion coordinates (adopted from the Gaia EDR3
catalog), and
Hxy  [Hyp
C= [ [ NG | o, 2+ o) dps (3.15)
YHxy S Hy

is a normalizing factor that accounts for the finite proper motion selection window (Sec-
tion 3.2.1), chosen to ensure [[ f,(u | ©,)dp = 1.

3.3.3 Line-of-sight Velocity

We assume that the line-of-sight velocities, v, sampled by APOGEE are drawn indepen-
dently from a mixture that includes contributions from Sgr, M54 and the Milky Way, all
of which are assumed to have velocities that follow univariate normal probability dis-
tributions. That is, for each of the three components we assume the APOGEE-observed
velocities are drawn from

folv ]| @y) = N (v | v + exx + eyy, 0> + 63), (3.16)

where the free parameters in @, specify a mean velocity, vg + exx + e,y, that can vary
linearly with sky position and has central value vy, and intrinsic velocity dispersion o.
0y is the observational error associated with the velocity measurement (adopted from
the APOGEE catalogue). In practice, we assume e, = e, = 0 for the M54 and MW
components, allowing for a non-zero line-of-sight velocity gradient only in Sgr.

3.3.4 Likelihood Functions

With the normalized probability distributions specified for observed position and proper
motion coordinates, the 4D observation of position and proper motion coordinates has
joint probability density

N, comp

fou(s,p|0) = ; ¢i fs(s | Os) fu(p | Opy), 3.17)

where @ specifies all free parameters and the sum is over the Neomp different mixture
components, each of which has contribution weighted by ¢;, the fraction of the sample
that is contributed by the i component. For each of the Neomp = 3 components, we
specify ¢; in terms of parameters p;, with the latter defined according to
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i—1 i—1
(1—24;])_ Hl—p]) i < Neomp
j=1 j=1

¢ = - O (3.18)

1_24’1 Hl—p/) 1 = Neomp
]

As described in Section 3.3.1, for different components we adopt different analytic
functions for the probability density of stellar positions. For M54 we use fs(s | ©5) =
f s,King(s | ®King)} for Sgr we use f s (S | ®S) = f s,Plummer(s | ®Plummer); for the Mllky Way
we use fs(s | Os) = fsu(s | OL).

For all three components, we assume that the observed proper motions follow the
general form of f,(u | ®,) given by Equation 3.14. For both M54 and the Milky Way, we
assume that the proper motion centre, p, is independent of the spatial position within the
sampled region, with a; = a, = a3 = a4 = 0. For Sgr, following Vasiliev and Belokurov
(2020), we allow for a linear dependence of the mean proper motion on projected sky
position, letting the components of A be nonzero.

Assuming the observations of different sources are uncorrelated, the 4D Gaia sample
of N = 34265 stars has likelihood

N

Ly=]]f(skpx|®) (3.19)

k=1
Similarly, the 1D Apogee sample of N, = 683 stars has likelihood

Ny Ncomp

=1 X acifolor | ©2), (3.20)
k=1 i=1

where the weight
Cifsu(Sk pr | ©;)

NCOm
Y Cifsulse pi | ©j)

is the probability of the k' star’s membership in the i component, given the Gaia-
observed position and proper motion parameters @; of the 4D model for the i" com-
ponent. The three parameters c1, c; and c3 represent the mixing fractions within the
spectroscopic sample. We use the analogue of Equation 3.18 to specify the c; in terms of

(3.21)

ki =

comp

two independent free parameters m1, my, requiring that ), 7™ ¢; = 1.

3.3.5 Inference

From the 4D and 1D data sets, denoted D4 and D;, respectively, we are interested in
inferring posterior probability distributions

fue | Dy = 2 m s 62
and
£1(®, | Dy) = ﬁ”“ v) (3.23)

where 71(0©) and 77(®,) are priors and the denominator on the right-hand side of each
equation is the marginalized likelihood, or ‘evidence’. In order to estimate f1(®, | D7),
when evaluating the component membership probabilities in Equation 3.20 we hold 4D
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TABLE 3.1: Free parameters of the model fit to 4D Gaia sample of
projected position and proper motion, including priors, quantiles at
(0.1587,0.5,0.8413) and maximum a posteriori (MAP).

Prior Params (0.1587,0.5,0.8413) Quantile MAP
Member Fraction Dirichlet(1,1,1)" Z; (00(105356(’)(? ;gg%%g};;g?)n 82;;2
U[—0.03,0.03] %0 (%) (—0.003968, —0.001318,0.001358) 0
U[-0.03,0.03] 0 (°) (—0.004626, —0.001924,0.0007959)  —0.0030
. N(0.0015,0.00152) re (°) 0.0007815,0.001938, 0.003343 0.0017
M54 Spatial (O5vis4) (U 0.03,10.0] r 20) ( (6.483,8.274,9.499) : 9.7
U[—0.57,0.57] 6 (rad) (—0.8814, —0.1925, 0.686) —0.24
U[0.1,1.0] 1—¢ (0.8612,0.9326,0.9803) 0.88
U[-4.32, —1.32] Ho, (mas yr 1) (—2.689, —2.682, —2.676) —2.6779
U[-3.01, —0.02] o, (mas yr1) (—1.386, —1.380, —1.374) ~1.3769
M54 proper motion () U[0.0,2.0] so (mas yr1) (0.04562, 0.05254, 0.05951) 0.0542
U[0.0,2.0] s1 (mas yr 1) (0.03546, 0.04439, 0.05283) 0.0411
U[0.0,0.57] ¥ (rad) (0.3421,0.8044, 1.263) 0.87
. U[—0.3,0.3] bo (deg™ ") (—0.1619, —0.1318, —0.1018) ~0.128
MW Spatial (©smw) U[-0.3,0.3] by (deg ™) (0.05190, 0.08108, 0.1100) 0.101
U[-9.0,5.0] Ho, (mas yr 1) (—7.276, —3.646,1.393) —21
U[—20.0,0.0] o, (mas yr~1) (—16.78, —12.34, —7.502) —9.6
MW proper motion (O, mw) U[1.0,17.0] 50 (mas yr~1) (3.841,7.398,13.59) 15.0
U[1.0,17.0] s1 (mas yr 1) (2.609,3.745,5.937) 27
U[0.0,0.57] ¥ (rad) (0.1999,0.515,1.189) 041
U[1.0,20.0] (%) (5.013,5.093,5.174) 5.083
U[-3.0,3.0] x0 (%) (0.2580, 0.2856,0.3136) 0.252
Sgr Spatial (O sgr) U[-3.0,3.0] 0 (°) (—0.08488, —0.0733, —0.06153) —0.063
U[-0.57,0.57] 6 (rad) (—0.2785, —0.2725, —0.2665) —0.2704
U[0.1,1.0] 1—¢ (0.3928,0.3987, 0.4046) 0.4008
U[-1.0,1.0] 4 (masyr—Tdeg 1)  (0.007206,0.007693,0.008193) 0.00782
U[-1.0,1.0] ay (masyr~ldeg!)  (0.004597,0.005317,0.006028) 0.00515
U[-1.0,1.0] a3 (masyr~1deg!)  (—0.02349, —0.02305, —0.02262)  —0.02305
U[-1.0,1.0] s (masyr~'deg™!)  (—0.01427,—0.01364, —0.01299)  —0.01315
Sgr proper motion (©,,sg;) U[—4.32, -1.32] to, (mas yr~1) (—2.680, —2.679, —2.678) —2.67913
U[-3.01, —0.02] o, (mas yr~1) (—1.395, —1.394, —1.393) —1.39374
U[0.0,2.0] so (mas yr1) (0.1037,0.1044, 0.1051) 0.10433
U[0.0,2.0] s1 (mas yr 1) (0.1483,0.1492,0.1502) 0.14856
U[0.0,0.57] ¥ (rad) (0.9237,0.9351,0.9466) 0.938

model parameters © fixed at the maximum a posteriori (MAP) value obtained when es-
timating f4(© | Dy). Table 3.1 lists the priors that we adopt for all model parameters.
For all parameters except M54’s core radius and those that specify member fractions, we
adopt uniform priors over finite ranges. For the core radius of M54, since our sample ex-
cludes the core region (Figure 3.1), we adopt a truncated Gaussian prior that is centred on
the previous measurement by Harris (1996) (2010 edition) which is 0.0015°. The reported
measurement does not include uncertainty, so we use 0.0015° as the standard deviation of
the Gaussian prior to allow a broad distribution. We also set a lower bound r, > 1 x 10~*
degree to ensure numerical stability of the calculation of the normalisation factor in the
King profile. For the parameters p; (and m;) that specify member fractions in the 4D (1D)
model according to Equation 3.18, we adopt a Dirichlet prior over (¢, .. .,cmemp) and
(€1, - - -, CNeomp) Which can be interpreted as the uniform distribution under the constraints
21'4)1' = 1,(,1)1' >0andc; =1,¢; > 0.

Independently for each data set, we obtain random samples from the posteriors using
the software package emcee (Foreman-Mackey et al., 2013), which implements a Markov
chain Monte Carlo (MCMC) method. When fitting the 4D sample, we use 3000 walkers,
5000 steps and thinning parameter of 2. When fitting the 1D sample, we use 500 walkers,
5000 steps and thinning parameter of 1. In both cases, we discard the first half of the
chain as burn-in.
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FIGURE 3.5: Projected density of stars in the selected sample (left), best-

fitting model (middle left), residuals normalised by Poisson uncertainties

(middle right), and normalized distribution of the residuals/uncertainty.

The colour bars indicate the number of stars in each bin (left, middle left)

and residual/uncertainty in the corresponding bin (middle right right).

The red curve in the right plot is the normal distribution centred at 0 with
variance 1.

3.4 Results

Random samples sampled from posterior distributions are publicly available athttps://
doi.org/10.5281/zenodo.10659516. Table 3.1 and Table 3.2 summarise the marginalised
1D posterior for each model parameter in the 4D and 1D mixture models, respectively,
identifying the quantile at (0.1587,0.5,0.8413) for each parameter. The member fraction
(¢;) for each component in the 4D mixture model, taking the posterior mean, is 95.55%
for Sgr, 2.75% for MW, and 1.70% for M54. The member fraction (c;) for each component
in the 1D mixture model, taking the posterior mean, is 71.65% for Sgr, 2.38% for MW,
and 25.97% for M54. We note that the tidal radius r; for M54 tends to be very large in
the posterior distribution. We have tried to enforce a strong Gaussian prior using the
literature value 0.165° (Harris, 1996, 2010 edition) as the mean, which will restrict the
range of posterior distribution around 0.165°, but we do not observe any improvement
in the residual distribution or any change in our results. If we take the MAP estimation,
the probability mass of normalized King profile within radial distance 8° < r < 1°is
13%. The distribution is still dominated by the central area. With these considerations,
we decide to use the less informative prior which will lead to a large tidal radius.

We note first that our estimate of the posterior PDF for the Milky Way component
of the proper motion distribution is not well converged. This is due to the relatively
small number of MW stars that survive our initial proper motion selection (Figure 3.2;
the inferred contribution of MW stars to the 4D model is < 3%).

Figure 3.5 displays the distribution of projected positions in the data (left panel),
best-fitting model (middle-left panel), residuals normalised by Poisson uncertainties es-
timated from the expected values under the best-fitting model (middle-right panel), and
the histogram of the normalised residuals (right panel). Figure 3.6 displays the proba-
bility distribution for circular radial coordinate Rgire = +/x? + y2, with individual contri-
butions from the modelled M54, Sgr and MW components indicated. Here the observed
data are binned for illustrative purposes only, as the models are fit to the discrete data
for stellar position. The lower sub-panel in Figure 3.6 shows residuals, normalised by the
Poisson uncertainty. We find that our mixture model provides a reasonably good fit, with
normalised residuals approximately following a unit-normal distribution (right panel of
Figure 3.5 and bottom panel of Figure 3.6).

The contours in Figure 3.7 represent posterior PDFs that we estimate for spatial cen-
troids (left panel) of M54 and Sgr, and mean proper motions (right panel); for Sgr, for
which we allow the mean proper motion to vary linearly with projected positions from
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FIGURE 3.6: Top: Probability density of circular radial coordinate R =

\/x2 +y2. Points with errorbars are the data. Overplotted is our best-

fitting model, with individual contributions from M54, Sgr and Milky Way

components indicated by colored curves. Bottom: residuals normalized by
Poisson uncertainties.
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FIGURE 3.7: Contours enclosing 68%, 95% and 99% of posterior proba-
bility for model parameters specifying projected centroids (left) and mean
proper motion coordinates (right) of M54 and Sgr components. For the Sgr
component, for which our proper motion model has mean varying linearly
with position, the plotted mean is calculated at the centre of Sgr. Markers
indicate previously-published measurements (filled circles for M54, filled
stars for Sgr). The top left lines in the right plot indicate the expected mag-
nitude of systematic error in the mean proper motion estimated for each
object (Vasiliev and Baumgardt, 2021).

the spatial centroid, the mean proper motion is evaluated at the fitted centroid. The
inferred spatial centres of M54 and Sgr are offset by an angle of |As| = 0.295 + 0.029°—
corresponding to a physical separation of 0.135 & 0.013 kpc at the adopted distance of
26.28 kpc—with M54 projected to the northwest of the Sgr centre.

The inferred mean (central) proper motions of M54 and Sgr are offset by Ay = [0.0049, —0.0197] +
[0.0068,0.0062] mas yr—!, with M54 moving more slowly than Sgr toward the south.
However, the precision of mean proper motions estimated for extended objects is lim-
ited by spatial covariance within the Gaia’s EDR3 proper motion catalog (Lindegren et
al., 2021). We use Equation 2 from Vasiliev and Baumgardt (2021) to estimate the mag-
nitude of this systematic error ‘floor’, which depends on the angular size of the object in
question. Using the core radius r, = 0.0017° for M54 and half-light radius r;, = 5.083° for
Sgr to represent the relevant angular scales of these objects, the corresponding system-
atic errors are €sys ~ 0.026 mas yr*1 for M54 and €5ys ~ 0.015 mas yr*1 for Sgr. Thus the
offset that we infer between the mean proper motions of M54 and Sgr is similar to the
expected contribution from systematic error. Thus the offset that we infer between the
mean proper motions of M54 and Sgr has a similar magnitude to the expected systematic
error.

Fig 3.8 displays posterior PDFs for mean line-of-sight velocities of M54 and Sgr. We
infer mean values of vy = 139.63 £ 0.92km s~! for M54 and vy = 143.74 + 0.69 km s~!
for Sgr (evaluated at the inferred centroid of Sgr), for an offset of Avy = 4.1 £1.2 km s L.
We infer a significant gradient in Sgr’s line-of-sight velocities, e, = —1.68 £ 0.57 km s~}
deg™! and e, = —4.80 +0.74 km s~! deg™!, implying a gradient of magnitude ~ 5 km
s ! deg™! (~ 10 km s~! kpc™!), similar to the gradient previously reported by del Pino
etal. (2021).

Taken at face value, these results suggest that M54 and Sgr are offset in phase space,
with the detected offsets significant at the 100 and 3.4 levels in projected sky position
and line-of-sight velocity components, respectively. The inferred proper motion offset,
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FIGURE 3.8: Posterior probability distribution of the mean line-of-sight

velocity of Sgr (blue) and M54 (red), from our mixture modeling of our

sample selected from the Apogee (DR17) survey. Dots and stars represent

previously-published measurements for Sgr and M54, respectively, with
error bars representing 1o uncertainty.

while significant at the ~ 3¢ level based on our posterior PDF alone, is similar to the
expected level of systematic error.

3.5 Discussion

3.5.1 Comparison to Previous work

For comparison with our inferences of the centroids and mean motions of M54 and Sgr,
Figures 3.7 and 3.8 indicate previous measurements found in the literature. Our infer-
ence for the spatial centre of M54 is consistent with those reported by del Pino et al.
(2021), Alfaro-Cuello et al. (2019), and Harris (1996). However, our inference for the
spatial centre of Sgr is offset, by ~ 15 arcmin, from the center listed in the review by Mc-
Connachie (2012) (which uses the value originally reported by Ibata, Gilmore, and Irwin
(1994)), and by similar amounts from measurements reported by Majewski et al. (2003)
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TABLE 3.2: Free parameters of model fit to 1D APOGEE sample of line-of-
sight velocity, including priors and quantiles at (0.1587,0.5,0.8413).

Prior Params (0.1587,0.5,0.8413) Quantile
. . m (0.6047,0.7206, 0.8242)
Member Fraction Dirichlet(1,1,1) o (0.03337, 0.06656,0.1336)
U[100,200] vo (kms 1) (143.2,143.9,144.6)
Sor o U[10,100] o (kms1) (12.48,12.91,13.37)
& UL0s U[-10,10] ey (kms~ldeg™!)  (—2.252,—1.675,—1.115)
U[-10,10] e, (kms 'deg™!)  (—5534, —4.798, —4.064)
U[-50, 50] v (kms~T) (—30.07, —11.62,8.933)
MW Vios U[10,150] o (kms™1) (49.34,62.69,80.41)
M54 V2 U[100, 200] v (kms~T) (138.7,139.6,140.5)
Los U[1,100] o (kms™1) (8.153,8.907,9.630)

and del Pino et al. (2021). Notably, none of the listed measurements of Sgr’s centre agree
with each other. This situation is not entirely surprising, given the different instrumental
sensitivities and complex mix of stellar populations near Sgr’s centre. The measurement
by Majewski et al. (2003) coincides with a steep ‘cusp’ that they detect at the position of
M54, which might reflect contamination of the M giant sample by the relatively young
and metal-rich M54 component reported in later work (Alfaro-Cuello et al., 2019). Indeed
del Pino et al. (2021) find that the inclusion of M54 stars in their sample would shift the
fitted centroid of Sgr toward M54. Their measurement that we show in Figure 3.7 uses a
sample that masks a circular region of radius 0.16° centred on M54, chosen to excise the
cluster within its King tidal radius (for comparison, our central mask described in Sec-
tion 3.2.1 has radius 0.03°). However, del Pino et al. (2021) downplay the resulting offset
from M54, noting the potential for systematic errors due to the Gaia scanning pattern that
is apparent in their chosen sample from Gaia DR2. Thus ours is the first inference of an
offset between the spatial centres of M54 and Sgr that is based on a mixture model that
simultaneously accounts for both objects within the same data set. Given our selection
of a relatively bright magnitude limit (G < 17.3; Section 3.2.1), our data does not show
an visible scanning pattern, and thus our result of offset should be less susceptible to
systematic errors arising from the spatial dependence of Gaia’s faint magnitude limit.
Our inference for M54’s proper motion vector is consistent with other recent Gaia-
based measurements reported by Baumgardt and Hilker (2018), del Pino et al. (2021), and
Vasiliev and Baumgardt (2021). However, our inference for Sgr’s proper motion (evalu-
ated at Sgr’s centre) is statistically inconsistent with those reported by Gaia Collaboration
et al. (2018a) and del Pino et al. (2021), with our measurement indicating a larger com-
ponent toward the south. Again we see that all reported measurements for Sgr disagree
with each other. Gaia Collaboration et al. (2018a) note that their PM measurements are
affected by Gaia’s scanning pattern and varying astrometric incompleteness in Gaia DR2,
which contributes to a systematic error that they estimate to be 05 ~ 0.030 mas yr~! and
~ 0.036 mas yr—! in p, cosd and s, respectively, similar to the offset between their re-
sult and ours. The measurements by Gaia Collaboration et al. (2018a) and del Pino et al.
(2021) are based on the Gaia DR2 catalogue and the proper motion zero-points are both
different and spatially varying between the DR2 and DR3 catalogue and this systematic
error may account for the offset compared to our result. In any case, even taking any
of the available measurements for Sgr’s proper motion vector at face value, one finds
a similarly significant offset (albeit with reversed direction in the case of the previous
measurements based on Gaia DR2) with respect to our inference for the proper motion
of M54. Again, however, we note that the apparent offset is similar in magnitude to the
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expected contribution from systematic error.

Finally, Fig 3.8 shows that previously published measurements of the mean line-of-
sight velocities of M54 and Sgr are scattered between the values we infer. For M54, our
estimate (evaluated at the inferred centre of Sgr) is in reasonable agreement with those
reported by Harris (1996), Bellazzini et al. (2008) and Alfaro-Cuello et al. (2020), but more
discrepant (with our measurement having a smaller line-of-sight velocity) with those of
Baumgardt and Hilker (2018) and del Pino et al. (2021). For Sgr, our result agrees well
with that of Minelli et al. (2023), marginally with those reported by McConnachie (2012)
and del Pino et al. (2021), and poorly (with our measurement being ~ 4 km s~! more
positive) with that of Bellazzini et al. (2008). This scatter likely reflects not only system-
atic errors due to the different zero-points of the different instrumental setups, but also
the different criteria used to select and/or identify M54 and Sgr samples. For example,
Minelli et al. (2023) select their Sgr sample from fields observed outside the central re-
gion containing M54, with a broad CMD filter chosen to pass a wide range of age and
metallicity. Other studies (Bellazzini et al., 2008, e.g.) define M54 and/or Sgr samples by
applying relatively blue and red filters along the red giant branch sequences; as previ-
ously discussed (Section 3.1), this selection can confuse a young, metal-rich component
in M54 (Alfaro-Cuello et al., 2019) with Sgr, perhaps helping to explain why many of the
previous results lie between the mean velocities we measure for the two objects. Again
we emphasise that our mixture model’s separation between M54 and Sgr components
is based only on the observed distribution of phase-space coordinates, and is agnostic
regarding the colour/magnitude and hence age/metallicity properties of each object.

3.5.2 Robustness to sample selection and modelling assumptions

The most significant offset we detect between Sgr and M54 is between their 2D spatial
centroids. We now examine the extent to which this offset may be driven by our choice of
modelling assumptions and sample selection. As described in Section 3.2.1, we selected
our sample of stellar positions (and proper motions) to be spread over a circular field of
radius 4° (excluding the crowded region within a field of radius 0.03°) centred on M54.
Our model assumes that within this region, the stellar surface density of Sgr is well de-
scribed by an elliptical Plummer profile. However, as a result of ongoing tidal interaction
with the Milky Way, Sgr is known to display distorted morphology in its outer regions,
ultimately extending to tidal tails that encircle the sky (Mateo et al., 1996; Majewski et al.,
2003). To date, the most detailed view of Sgr’s internal stellar structure and kinematics
comes from the Gaia-based study by del Pino et al. (2021), who report a central bar-like
feature extending out to the tidal tails, and an overall triaxial morphology, with a slowly
rotating (Vyor ~ 4 km s~ 1) central region of radius ~ 500 pc that is embedded within an
outer envelope that appears to be expanding along its longest axis.

In order to gauge the effect of Sgr’s complicated morphology on our inference about
its centre, we repeat our fits using samples selected over smaller fields (still centred on
M54). Fig 3.9 shows 3¢ contours (i.e., enclosing 99.7% of the probability mass) from pos-
terior PDFs for the centroids of M54 and Sgr, obtained using samples spanning fields
of radius 4° (the original choice), 3° and 2°. Unsurprisingly, all cases return statistically
identical inferences for the centroid of M54. For Sgr, contours for all cases continue to en-
close the centroid inferred from our original sample; however, as the field size decreases,
the contours expand and we see a systematic reduction in the inferred offset from M54.
For a field radius of 2°, the offset is detected only marginally, with the 3¢ contour over-
lapping the inferred centroid of M54.

The inflation of statistical uncertainty as the field radius decreases is unsurprising, as
the sample becomes more confined to the region well within Sgr’s fitted Plummer radius
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FIGURE 3.9: 30 level contour of the posterior probability distributions for
the spatial centres of M54 (dotted) and Sgr (solid). Contours are color-
coded by the radius of the sky coverage for different adopted samples.
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(Rp ~ 5°), where the 2D density is close to uniform. The systematic shift in the inferred
Sgr centroid, toward M54 as the field radius decreases, is similar in magnitude to the
increase in statistical error. Thus the systematic component cannot be neglected, and we
must acknowledge that the significance with which we detect a spatial offset between
M54 and Sgr is vulnerable to model mismatch, particularly with regard to the stellar
density distribution toward the outer regions of Sgr. However, residuals with respect to
best-fitting models (Figures 3.5 and 3.6) do not reveal obvious signs of model mismatch.

In order to examine more quantitatively the potential for asymmetric morphology
within Sgr to induce spurious detection of an offset from M54, we fit an alternative model
for Sgr’s 2D spatial configuration that explicitly includes an asymmetric component.

The alternative asymmetric model is constructed by modifying Equation 3.3. The
original matrix R from Equation 3.3 is

R = ! ? Ry (s —sp) (3.24)
0 a5

Now we construct the asymmetric model to stretch the distribution along just one of the

semi-major axes:
|Rool(1—s)) + Roo(1+sp)
R = 2sp 2sp (3.25)

Rqp

where R;; represents the element of the ith row and jth column from R (index starts from
0). This expression ensures that

P Ry if Rgo >=10

= 3.26
00 {Roo /Sp if Rgp < 0. ( )

We construct the asymmetric model by replacing the R2 = R'R in Equation 3.6 with
R?2 = R’TR’. The normalisation factor kp in Equation 3.6 is recalculated using the new
expression. The new parameter s, controls how much one side of the Sgr spatial distri-
bution is elongated. The prior on the parameter s, is U[1, 5].

We fit the asymmetric model using the software package Dynesty (Speagle, 2020; Ko-
posov et al., 2023; Skilling, 2004; Higson et al., 2019; Feroz, Hobson, and Bridges, 2009),
which returns an estimate of the marginalised likelihood, or ‘evidence’, as well as a ran-
dom sample from the posterior. The evidence provides a metric for model selection.

The contours in Figure 3.10 represent posterior PDFs for the asymmetric stretch fac-
tor, sy, and the inferred centroid of Sgr. The observed degeneracy indicates that for suf-
ficiently large s,, near the 2¢ contour of our posterior PDF, Sgr’s centroid can shift to
coincide with the center of M54 at (x,y) = (0,0). However, comparing results from our
asymmetric and original symmetric model, the natural logarithm of the evidence ratio is
3.13 £ 0.45, in favor of the simpler, symmetric model. In order to interpret this numerical
result, we perform a simulation in which we fit our symmetric and asymmetric models
to mock data generated under our best-fitting (to the real data) symmetric model. In this
case we know the input model has no inherent asymmetry, and we obtain a similar evi-
dence ratio, which has a logarithm of 3.03 4= 0.44, again in favor of the symmetric model.
We conclude that, while the offset we infer between centroids of M54 and Sgr can poten-
tially be caused by asymmetry in Sgr’s morphology, the real data do not give reason to
prefer at least our simple asymmetric model over the original symmetric one.



Chapter 3. Offset of M54 from the Sagittarius Dwarf Spheroidal Galaxy 59

1.45 A -
1.40 + .
1.35 .
1.30 + .
1.25 + .

120 1 | }

1.15 + .

Sar sy

1.10 + .

1.05 .

-0.1 0.0 0.1 0.2 0.3 —0.100-0.075-0.050-0.0250.000 0.025 0.050
Sgr x(°) Sary(°)

FIGURE 3.10: Contours enclosing 68%, 95% and 99% of posterior proba-

bility for model parameters specifying the one-sided ‘stretch” factor of an

asymmetric model for Sgr, and the x, y components of Sgr’s centroid. Red

vertical lines mark the origin, which is chosen to coincide with the center
of M54 (from Alfaro-Cuello et al. 2019.

3.5.3 Colour/magnitude distribution

We reiterate that our mixture model is agnostic regarding the colour/magnitude distribu-
tion of stars belonging to the individual components of M54, Sgr and the Milky Way. This
represents a departure from most previous analyses of M54 and/or Sgr, which typically
analyse separate samples that are pre-selected from relatively blue and red sequences
defined along the red giant branch (e.g., Majewski et al., 2003; Bellazzini et al., 2008).
In contrast, our inferences of mixing fraction and structural/kinematic parameters for
each mixture component are informed only by the observed stellar positions and mo-
tions. Afterwards, however, we can use the inferred parameters and mixing fractions to
examine the corresponding colour/magnitude distribution of each component. For each
of M54, Sgr and the Milky Way, Figure 3.11 displays the number of stars per pixel in
colour/magnitude space having probability of membership > 50% in that component.
We see that the Milky Way contribution tends to be fainter and bluer than the M54
and Sgr populations, only sparsely populating the red giant sequences. Sgr stars lie pri-
marily to the red side of our CMD filter, with a prominent red clump visible at G ~ 16.7.
Finally, we see that while M54 is composed primarily of stars along the blue ridge of our
CMD filter, it has a population of high-probability members along the redder sequence
as well. This result is broadly consistent with that of Alfaro-Cuello et al. (2019), who
use MUSE spectroscopy to separate the M54 region into an old (12.2 Gyr), metal-poor
([Fe/H]= —1.41) population a young (2.2 Gyr), metal-rich ([Fe/H]= —0.04) population
and an intermediate-age (4.3 Gyr), metal-rich ([Fe/H]= —0.29) population, with the first
two being more centrally concentrated than the last. It is this central concentration that
associates the young, metal-rich population with M54 in our model. Alfaro-Cuello et al.
(2019) speculate that these stars may have formed in situ in the nuclear region, in re-
sponse either to the funnelling of gas during Sgr’s most recent pericentric passage of the
Milky Way, or to the sinking of enriched gas to the centre of a sufficiently massive M54.
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(right) components. The colour bar indicates the number of stars in each
bin.

3.5.4 Orbits of M54 and Sgr

If M54 is offset from the centre of Sgr in phase space, then it becomes interesting to trace
the history of the M54 /Sgr interaction, which will depend on the masses and internal
structure of both objects as well as the external tidal field. In order to explore at least
some aspects of this dependence, we consider here a simplified ‘toy” model in which M54
is a point mass and Sgr is embedded within an extended dark matter halo that follows
the flexible ‘CoreNFW’ (cNFW) density profile of Read, Walker, and Steger (2018). This
spherically-symmetric halo model is defined by the enclosed-mass profile

Marw (1) = f"Mnrw (1), (3.27)

where
In(1+r/rs) —r/rs(L+71/75) 1

In(1 + c200) — c200(1 + c200) !

is the ‘'NFW’ profile that characterizes halos produced in cosmological N-body simula-
tions that assume ‘cold” dark matter (Navarro, Frenk, and White, 1996; Navarro, Frenk,
and White, 1997). Here, My = Mnrw(r200) is a proxy for halo mass, with ry the
radius of the sphere inside which the mean density is 3Mpp/ (4711’5’00) = 200p., where
pc = 3H3/(87G) is the critical density of the Universe (we assume the Hubble constant
has value Hy = 70 km s~} Mpcfl). With 79, the scale radius r; defines halo concentra-

tiOl’l, C200 = 7200 / Ts. The function
’ n
= [tanh<r>] (3.29)
c

allows the ‘cuspy’ (dlogp/dlogr = —1) inner behavior of the NFW profile to be trans-
formed, to a degree controlled by parameter 0 < n < 1, to a ‘core” of uniform density
within a sphere of radius r.

In order to examine sensitivity to the structure of Sgr’s dark matter halo, we consider
two possibilities, both of which assume that M54 is a point particle of mass Myss =
1.41 x 10° M, (Baumgardt and Hilker, 2018) and Sgr consists of a stellar component,
described by a spherical Plummer model, embedded within a cNFW dark matter halo.

Mnrw (1) = Moo

(3.28)
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In the first case, the cNFW halo has r. = 0, which simplifies to the original NFW profile.
In the second case, the cNFW halo has a fully-formed (n = 1) core of radius, . = r, that
is assumed to equal the Plummer radius fit to the observed stellar density profile (Read,
Agertz, and Collins, 2016). In both cases, we adopt a dark matter halo concentration
of coo0 = 10, and for Sgr a total stellar mass (within the bound Plummer sphere) of
M, ggr = 2 % 10’ M, (McConnachie, 2012) (we find no sensitivity to different plausible
choices for Sgr’s stellar mass, such as the value of M, oy = 1 x 10 M, from Vasiliev
and Belokurov (2020)). For both dark matter profiles, we choose Mgy so that the dark
matter mass enclosed within the Plummer radius matches dynamical mass estimated as
M(rhaig) = 2.5rp(75/ G (Walker et al., 2009a), where we adopt r, = 5.092° as the MAP
result from our modeling and ¢, = 11.4 km s~! is the velocity dispersion Ibata et al.
(1997). For the NFW and cNFW profiles, this requirement gives My = 1.29 x 10° Mg,
and Mg = 2.10 x 10° M, respectively. In order to account for any effect of the Large
Magellanic Cloud (LMC) on the orbits of M54 and Sgr, we include an LMC potential
that we model using a Hernquist profile with total mass 1.38 x 10!! M, and scale radius
16.09 kpc (Erkal et al., 2019); however, we find that the inclusion or exclusion of the LMC
potential has negligible effect on our results.

We sample the present-day 2D position, proper motions and line-of-sight velocities
for both M54 and Sgr from the posterior PDFs inferred from our mixture models. We in-
clude the systematic errors (Vasiliev and Baumgardt, 2021) in the proper motion samples
by adding Gaussian noise to the proper motion components sampled from our posterior
PDF, accounting for uncertainty ‘floors” of esys = 0.026 mas yr~! for the proper motion
components of M54 and €5y = 0.015 mas yr~! for Sgr. We draw present-day line-of-sight
distances to M54 and Sgr independently from a normal distribution with mean 26.28 kpc
and standard deviation 0.33 kpc, corresponding to the measurement by Baumgardt and
Vasiliev (2021) of the distance to M54. For Sgr, assumed here to be spherically symmetric,
we sample the Plummer radius from our posterior PDF for r;. For the LMC, we adopt
the present-day phase space coordinates from Gaia Collaboration et al. (2018a).

Given the stated initial conditions, we use the software package gala (Price-Whelan
et al.,, 2022) to calculate the orbits of M54, Sgr and the LMC within a Milky Way poten-
tial that adopts gala’s MilkyWayPotential class, which assumes a disk model from Bovy
(2015). We choose gala’s RK5Integrator, which uses a fifth order Runge-Kutta method.
In order to gauge the effects of dynamical friction on M54 from both Sgr and the MW and
on Sgr and the LMC from the MW, we calculate orbits with and without using galpy’s
ChandrasekharDynamicalFrictionForce class (Bovy, 2015), which implements the Chan-
drasekhar dynamical friction force following Petts, Read, and Gualandris (2016). For each
combination of NFW vs. ctNFW for Sgr’s dark matter profile and with/without dynam-
ical friction implemented, we draw 100 samples from our posterior PDFs that provide
initial conditions, and then calculate the corresponding orbits over the past 1 Gyr. The
timestep is 5 Myr and the number of steps is 200.

For each computed orbit, Fig 3.12 depicts the recent history of the (3D) spatial offset
between M54 and the centre of Sgr, tracing back 1 Gyr from the present day. Left and right
columns show results using the NFW and coreNFW model, respectively, for Sgr’s dark
matter halo; top and bottom panels show results obtained without and with dynamical
friction implemented.

For cases where the present-day offset is < 0.7 kpc, we observe a dependence on
the dark matter density profile within Sgr. If Sgr’s dark matter halo follows the NFW
profile, we find that most orbits are approaching apocentre, with the M54 /Sgr separation
increasing from an offset as small as ~ 0.1 kpc at the most recent pericentric passage,
which occurred between ~ 15 — 40 Myr ago. In the absence of dynamical friction, the
orbit remains approximately unchanged for the past Gyr for most of the samples (upper
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left panel of Figure 3.12). With dynamical friction implemented (lower left panel of 3.12),
the offset at apocentre has decreased steadily from a value of ~ 1.5 kpc over the past 700
Myr.

In contrast, if Sgr’s dark matter halo follows the adopted coreNFW profile, then
present-day offsets that are < 0.7 kpc are close to pericentre for most of the samples,
after a most recent apocentre 2 100 Myr ago, at which the offset was 2 0.5 kpc (right
panels of Figure 3.12). As expected, the implementation of dynamical friction has rel-
atively little effect when the dark matter halo is cored (Read et al., 2006; Inoue, 2009),
allowing M54 to ‘wobble” about the centre indefinitely (Cole et al., 2012).

If the present-day offset is 2 0.7 kpc, and thus dominated by a large offset in line-of-
sight distance between M54 and Sgr, all sampled orbits would imply that M54 fell into
Sgr within the past 200 Myr, regardless of whether Sgr’s dark matter halo follows a NFW
or cNFW profile. However, this scenario seems unlikely, as one expects Sgr to be losing
mass, not accreting, during this timeframe that includes Sgr’s own pericentric passage
about the Milky Way (Vasiliev, Belokurov, and Erkal, 2021).

We emphasise that our orbit calculations neglect realistic details of the Sgr/M54 system—
most notably, Sgr’s tidal disruption by the Milky Way. The orbits that we calculate imply
that Sgr’s most recent pericentric passage about the Milky Way brought it within ~ 15
kpc of the Galactic centre, just ~ 45 Myr ago, consistent with the Sgr orbit inferred by
(Vasiliev, Belokurov, and Erkal, 2021). However, even if we restrict our calculations only
to the previous 50 Myr, the qualitative conclusion remains that an M54 /Sgr system that
has internal offset < 0.7 kpc tends to be appropaching apocentre if Sgr is embedded
within an NFW halo, and near pericentre if Sgr is embedded within a cored halo. A
more thorough investigation of the history of the M54 /Sgr interaction would require up-
dating previous N-body approaches (e.g., Bellazzini et al., 2008; Herlan, Mastrobuono-
Battisti, and Neumayer, 2023) in light of the present-day phase-space coordinates pre-
sented above.

3.6 Summary & Conclusions

Motivated by longstanding questions regarding the formation and orbital histories of
nuclear star clusters, here we have analyzed the 5D (sky positions and proper motions
from Gaia EDR3, line-of-sight velocities from APOGEE DR17) structure and kinematics
of the M54/Sgr system, the only example of a NSC/host system for which such multi-
dimensional data are available. In order to obtain simultaneous estimates of the centers
of M54 and Sgr in each of these coordinates, we have constructed and fit a mixture model
that accounts also for contamination from the Milky Way foreground /background. Our
approach differs from most previous efforts, which consider M54 and/or Sgr samples
separately after filtering according to colour/magnitude and/or 2D spatial criteria. In
analysing both M54 and Sgr populations simultaneously within the same sample, our
inferences about offsets between the two objects incur fewer systematic errors that arise
when comparing estimates made using either independent data sets or independent sub-
samples of those data sets.

We have reported statistically significant offsets in the spatial centres and line-of-
sight velocities of M54 and Sgr. The offset between the spatial centres is 0.295 + 0.029
degrees, corresponding to a projected (2D) offset of 0.135 & 0.013 kpc at the distance of
26.28 kpc. The offset between the line-of-sight velocities is 4.1 + 1.2 km s~ . The offset
between the PM centres of the M54 and Sgr dSph is [Ap, cos 8, Aps) = [0.0049, —0.0197] +
[0.0068,0.0062] mas yr~!, comparable to the expected systematic error.
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FIGURE 3.12: Evolution of the 3D spatial offset between the centers of
M54 and Sgr, with orbits integrated backward in time from the present
day (t = 0), with boundary conditions drawn from posterior PDFs of our
5D phase-space models (present-day distances to M54 and Sgr are drawn
independently from a normal distribution with mean 26.28 kpc and stan-
dard deviation 0.33 kpc, based on the distance measurement of Baumgardt
and Vasiliev (2021)). Each line represents the orbits calculated from one set
of initial conditions drawn from the posterior. Results shown in left/right
panels are calculated using NFW /CoreNFW potentials for Sgr’s dark mat-
ter halo. Orbits shown in the top/bottom rows neglect/include an imple-

mentation of dynamical friction.
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By far the most significant offset we infer is between the spatial centres of M54 and
Sgr. However, this result comes with the caveat that the degree of statistical significance
is sensitive to our choice of sample field size. This sensitivity points to the possibility that
the inferred offset may be driven by large-scale asymmetry of the spatial distribution of
stars within Sgr. While our fiducial model allows flattened elliptical morphology, we find
that the inferred offset between M54 and Sgr can be reduced if we further allow for bi-
lateral asymmetry. However, we find that standard criteria for model selection disfavour
our asymmetric model over the fiducial one. We conclude, then, that the present data are
reasonably well fit by our fiducial model, with M54 significantly offset from Sgr, and do
not favour an alternative in which M54 is located exactly at the centre of an asymmetric
Sgr host.

Based on our estimates of the 5D phase-space coordinates of M54 and Sgr at the
present day, we also investigated the recent orbital history of the interacting pair. Treat-
ing M54 as a point mass and neglecting mass lost from Sgr due to tidal disruption, we
calculate orbits within a potential that includes both objects as well as the Milky Way
and LMC. We find that if Sgr is embedded in a cuspy (NFW) dark matter halo, then
the M54/Sgr orbit is currently most likely approaching apocentric when the present-day
offset is < 0.7 kpc, having decayed under dynamical friction from earlier apocentres 2 1
kpc. In contrast, if Sgr’s dark matter halo has a central core, then the M54/Sgr orbit is
near pericentre if the present-day offset is < 0.7 kpc. If the present-day offset between
M54 and Sgr is 2 0.7 kpc, and thus dominated by an offset in the line-of-sight distance,
the calculated orbits would imply that M54 fell into Sgr within the past 200 Myr regard-
less of whether Sgr’s dark matter halo is cored or cusped.

Finally, the results of our mixture model imply that in addition to a dominant pop-
ulation of old, metal-poor stars, the M54 component includes a population of young,
metal-rich stars. This finding is consistent with the MUSE spectroscopy of Alfaro-Cuello
et al. (2019), who associate a young, metal-rich and spatially compact stellar population
with M54, and supports the suggestion by Alfaro-Cuello et al. (2019) that these stars may
have formed in response to the sinking of enriched gas into the center of a massive M54,
perhaps triggered during Sgr’s most recent pericentric passage of the Milky Way. Further
exploration of this scenario in future work will require N-body simulations, which can
be constrained by the results presented above.
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Chapter 4

Conclusions

The small-scale problems have haunted the CDM theory for a long time. As the centre of
the problems, dwarf galaxies have been studied many times. Dwarf galaxies have high
mass-to-light ratios and low luminosities, which makes them particularly hard targets to
observe. Dwarf galaxies are the most frequent type of galaxy in the universe, and one
advantage is that we have a relatively rich amount of dwarf galaxies in the MW and Lo-
cal Group. Their proximity allows for detailed observations of individual stars, and the
improvement in sky surveys makes it possible to analyse these dwarf galaxies at an un-
precedented precision level. However, measuring the distance to individual stars is still
quite difficult, even for the dwarf galaxies around the MW, making it hard to infer the 3D
shape and orientation of the dwarf galaxies. In addition to the difficulty in observations,
modelling the distribution of stars in a complicated environment like the Sgr dSph is also
very challenging because of the mixture of the multiple stellar components inside it and
the contamination from the MW stars. In this work, we provide a method to infer the
3D shape and the orientation of the dwarf galaxies around the MW and then study the
centre of the Sgr dSph and model the Sgr dSph and M54 simultaneously to infer the offset
between them in the spatial, proper motion, and line-of-sight velocity space.

In Chapter 2, we use the BHB stars as the distance indicators to model the distance
gradient of Bootes I, Draco, Ursa Minor, Sextans and Sculptor dwarf galaxies. We com-
bine DECaLS DR8 photometry and Gaia photometry to cover as many dwarf galax-
ies around the MW as possible. We create an iterative procedure to find the colour-
magnitude relation of BHB stars using the aggregated data from the multiple dwarf
galaxies. We then use this relation to calculate the distance for each BHB star, and we use
a mixture model based on the 2-D spatial distribution and the distance distribution to fit
the distribution of BHB stars inside each dwarf separately. From the result of the distance
gradient fitting, we use analytic formulas which connect the 3D shape to the distance gra-
dient and 2D shape, and then we infer the posterior distribution of the parameters of the
triaxial shape and the orientation. We find statistically significant non-zero gradients in
both Sextans and Sculptor dwarf galaxies. The distance gradients in both dwarf galaxies
are inconsistent with the prolate shape but compatible with the oblate or triaxial shapes.
Assuming an oblate shape, Sextans and Sculptor need to have significant intrinsic ellip-
ticities larger than 0.47 (Sextans) and 0.46 (Sculptor). The flattened shape may imply a
significant anisotropy in the velocity distribution in order to be consistent with the lack
of significant velocity gradients in these systems.

In Chapter 3, we study the centre of the Sgr dSph, where M54 resides. We construct
a mixture model to model the Sgr and M54 simultaneously in the spatial and proper
motion space using Gaia EDR3 data. We then take the MAP estimation from the previous
modelling and use it in another mixture model for the line-of-sight velocity distribution
using APOGEE DR17. We find a statistically significant offset between the spatial centres
and the line-of-sight velocity space of the M54 and Sgr dSph. The offset between the
spatial centres is 0.295 & 0.029 degrees, corresponding to a projected (2D) offset of 0.135 &
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0.013 kpc at the distance of 26.28 kpc. The offset between the mean line-of-sight velocities
is 4.1 +£ 1.2 km s~ 1. The offset between the PM centres of the M54 and the Sgr dSph is
[Apq cos S, Aus] = [0.0049, —0.0197] + [0.0068,0.0062] mas yr—!, with magnitude similar
to the covariance expected due to spatially-correlated systematic error. We then sample
sky positions, proper motions (including the systematic errors) and line-of-sight velocity
from the posterior distributions of these models. Combined with other parameters from
the literature, we calculate the possible orbits for the past 1 Gyr with considering the
effect dynamical friction, both cuspy and cored dark matter profile, MW and LMC. The
orbits are sensitive to the line-of-sight distance offset and the shape of the Sgr’s dark
matter profile. We find that if Sgr is embedded in a cuspy (NFW) dark matter halo, then
the M54 /Sgr orbit is currently most likely near an apocentric when the present-day offset
is ~ 0.13 — 0.7 kpc (the lower limit is set by the 2D spatial offset we infer; the upper allows
for different distances to M54 and Sgr), having decayed under dynamical friction from
earlier apocentres 2 1 kpc. In contrast, if Sgr’s dark matter halo has a central core, then
the M54/Sgr orbit is possibly near pericentre currently when the present-day offset is
~ 0.13 — 0.7 kpc. Finally, if the present-day offset between M54 and Sgr is 2 0.7 kpc,
which means it is dominated by an offset in the line-of-sight distance, then the calculated
orbits would imply that M54 fell into Sgr within the past 200 Myr no matter whether it is
cored or cuspy dark matter halo.

Our analysis of the distribution of each component in the colour-magnitude space
using the MAP indicates that there are possibly two components in our M54 data: an old,
metal-poor stellar component and a young, metal-rich stellar component. This finding
is consistent with the MUSE spectroscopy of Alfaro-Cuello et al. (2019), who associate a
young, metal-rich and spatially compact stellar population with M54, and supports the
suggestion by Alfaro-Cuello et al. (2019) that these stars may have formed in response to
the sinking of enriched gas into the centre of a massive M54, perhaps triggered during
Sgr’s most recent pericentric passage of the Milky Way.

There are multiple possible paths to continue our studies in the future. In the mod-
elling of the shape of dwarf galaxies, we could consider the possibility of combining
multiple distance indicators like RR Lyrae and red clump stars. However, this requires
delicate analysis and modelling because of the different precisions and inhomogeneous
distribution of the different stars. The combination of multiple different distance indica-
tors will be a non-trivial task and will have great potential to improve the precision of
the inferred 3D shape. With data with better precision, it is possible to use this method
to model further galaxies and study the statistical behaviour of the shape and orienta-
tion of the galaxies. For example, we need the results of more galaxies to have a reliable
distribution of the orientation of the galaxies, which can be used to compare with the
predictions from the simulations (Kuhlen, Diemand, and Madau, 2007; Schneider, Frenk,
and Cole, 2012). The distribution of the shape and the correlation of the orientation of
the galaxies are also important in other studies, such as the study of weak gravitational
lensing (Troxel and Ishak, 2015).

In our study of the Sgr and M54, one caveat is that we made several assumptions and
simplifications in the orbit calculation. The globular cluster is modelled by a point mass,
and the tidal disruption is ignored. A more realistic modelling is necessary to calculate
the orbit for longer time. Due to the tidal disruption, the Sgr dSph has an asymmetric
spatial distribution in the sky. We have considered a simple asymmetric model, but it
fails to outperform the symmetric model in model selection. The most likely reason is
that the model we construct does not properly capture the asymmetric features. A more
realistic asymmetric model is required to improve the accuracy of the modelling. We
also need the results from the N-body simulations to test whether the offset between the
centres of the M54 and Sgr can help constrain some meaningful parameters. For example,
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it may help to put the constraints on the origin of the M54 or the shape of the dark matter
density profile inside the Sgr dSph. In our study, we build a model for the radial velocity
distribution separately due to the data inhomogeneity issue. It will improve the accuracy
of the modelling if we can model the sky position, proper motion and radial distance
simultaneously, which requires the homogeneous observational data. It is also possible
to bring the distance analysis in to get a 6-D analysis of the M54 and Sgr dSph. It is also
possible to combine the two works together to build a multi-component model with 6-D
analysis, which should be able to detect the complex structure inside the dwarf galaxies.
Our analysis indicates that there is possibly an old, metal-poor stellar component and a
young, metal-rich stellar component; however, we do not have any data at the centre of
the M54, which means that we cannot detect any components if it lies only within the
very central region. A more complete observational dataset of M54 is necessary for a
more accurate modelling of this region and may reveal more substructures.
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Appendix A

Appendix for Chapter 2

A.1 Masking of central regions

In Figure 2.1 we showed the distance modulus versus radial distance of Sculptor, which
suggested the masking of stars within one half light radius. While this might seem rea-
sonable for Sculptor based on this plot, it might not be suitable for other dwarfs. To
further check how sensitive our results are to the masking radius, we run our distance
gradient analysis with different masking radius. The distance gradient results are shown
in Figure A.1. For most dwarfs, the change of the distance gradient distribution is small
and negligible and our conclusion remains the same. The large change of Bootes I is due
to the small number of BHB stars, so the masking of inner part will dramatically decrease
the total number of BHB and leads to the large change in the posterior. And for Sculptor,
we notice when we do not mask stars at all or only mask stars within a small radius, we
do not have 3 sigma level significance of non-zero gradient, but when we remove with a
radius no less than 0.67;, we find the non-zero gradient is significant. Considering Figure
2.1 shows the Sculptor has large distance dispersion in the inner part, we think it is rea-
sonable to mask the inner part, and our results are not too sensitive to the choice of the
masking radius.

A.2 3-D Model Projection Code

First we define parameters for triaxial ellipsoid. Here we use Euler angles to parameterize
rotation, the parameterization will be converted to axis-angle representation when we
perform 3-D shape fitting.

Rx[a_] :=RotationMatrix[a, {1, O, 0}]
Ry[b_]:=RotationMatrix[b, {0, 1, 0}]
Rz[c_] :=RotationMatrix[c, {0, O, 1}]
B=DiagonalMatrix[{1/mx~2,1/my~2,1/mz"2}]

Then we integrate over z to get 2-D Plummer distribution. We will use m, n, p to represent
the factors which are independent of z in integral. E11ipExpression is quadratic function
of x and y which is extracted from the result of previous integral, and it will be used for
calculating the shape of 2-D distribution.

CoeffZ=CoefficientList[
1+X.Transpose[Rx[a]] . Transpose[Ry[b]] .
Transpose[Rz[c]].B.Rz[c].Ry[b] .Rx[a].X, z]

Integrate[1/(m+n*z+p*z~2)~(5/2),

{z, -\[Infinity], \[Infinityl}, Assumptions->
m\ [Element]Reals&&n\ [Element]Reals&&



Appendix A. Appendix for Chapter 2

69

Bootes(1) UrsaMinor

20

1514

104

10.01
7.5

5.0 1.6

ad

od
Xminor

~104

—154

1.4

Xminor

ER

1.2

1.0

-20
-20

0.8

0.6

2.00
1.754
1.50 4
~1,25 1
E'«’éEl.OO 1
0.751
0.50 1

0.251

0.4

0.2

0.0

FIGURE A.1: The posterior of distance gradient with different masking ra-
dius. d is the distance in pc. Lmajor and Tminor are the coordinates aligned
with the major/minor axes of each dwarf in pc. The zero gradient is
marked by the dashed line. Each contour line represents a 30 boundary
of distance gradient posterior with a specific masking radius; the ratio of
masking radius to half light radius is coded by the grayscale of the contour.

TremovelThalf



Appendix A. Appendix for Chapter 2 70

p\[Element]Reals&&n~2-4 m p<0&&m>0
EllipExpression=n~2-4 m p/.{m->CoeffZ[[1]],
n->CoeffZ[[2]], p->CoeffZ[[3]]1}

Then we calculate position angle of semi-major axis vector and ratio of semi-major to
semi-minor. The calculation is done by finding the eigenvalues and eigenvectors of the
symmetric matrix of quadratic function of x, y. The values in Evalues are semi-minor and
semi-major axis, and the corresponding column in the Evectors represents the vector
along semi-minor/semi-major axis.

CoeffXY=CoefficientList[EllipExpression, {x, y}]
EllipCoefMatrix={{D1, D2/2}, {D2/2,D3}}
Evalues=Eigenvalues[EllipCoefMatrix]
Evectors=Eigenvectors[EllipCoefMatrix]
Evalues[[2]]/.{D1->CoeffXY[[3, 1]]1/CoeffXY[[1, 1171,
D2->CoeffXY[[2, 2]]/CoeffXY[[1, 111,
D3->CoeffXY[[1, 3]]/CoeffXY[[1, 1]}
Evectors/.{D1->CoeffXY[[3, 1]1/CoeffXY[[1, 111,
D2->CoeffXY[[2, 2]]1/CoeffXY[[1, 111,
D3->CoeffXY[[1, 3]11/CoeffXY[[1, 111}

A.3 Posterior Predictive Check

Here we perform the posterior predictive check for the 3-D model fitting of Sextans and
Sculptor. We sample from the posterior of 3-D model, then use analytic formula in Ap-
pendix A.2 to calculate sample’s Pmajor, Pminor, épos, ¢x and ¢, which we defined in Sec-
tion 2.4.1, and compare the distribution of these parameters of samples with the same
parameters of the data. Figure A.2 shows the posterior predictive check results for the
triaxial model of Sculptor.

We can see that the peak of distribution of gradient along semi-major is between 1o
and 20 boundary and a small part of the distribution of gradient along semi-minor is
outside 1o boundary. The model is still acceptable because the distribution is still within
30 boundary. Considering the triaxial model should be very flexible and should have the
ability to perfectly fit the data, we also calculate a maximum a posteriori (MAP) model
shown by the red line in the Figure A.2 that also agrees well with data.

For the oblate model, Figure A.3 shows the result of posterior predictive check for
Sculptor. The whole distribution of gradient along semi-major axis is outside 1o bound-
ary, and a small part of the distribution of gradient along semi-minor is outside 1o bound-
ary. We are not surprised about the distribution of gradient along semi-major axis are
tightly constrained because an oblate should have zero gradient along semi-major as dis-
cussed in Section 2.4.1, and we can see that for oblate model, the MAP estimation cannot
perfectly fit the data. This result is consistent with the distribution of triaxiality in the tri-
axial model fitting result, which shows zero triaxiality is possible but the triaxial model
does not have a strong preference for oblate model.

Overall the result shows both the triaxial and the oblate models agree with the data
of Sculptor. Based on posterior predictive check, we can accept the fitting results of both
models.

We did the same analysis for Sextans and the posterior predictive check result is con-
sistent with the data within 10, we will not show the detail here.
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FIGURE A.2: The plots are marginal histograms of parameters inferred
from the posterior of Sculptor triaxial ellipsoid model, where d is the dis-
tance in pc, £0j0r and £y0r is coordinate in semi-major/semi-minor coor-
dinate system in pc, 7yqjor is half-light radius along semi-major axis, *inor
is half-light radius along semi-minor axis for 2D Plummer and 6 is posi-
tion angle of major axis for 2D Plummer. The green lines show the values
calculated from Sextans observed data, blue lines show their 1 ¢ range and
purple lines are 3¢ range. The red line shows the parameters from the
MAP for the triaxial ellipsoid model and is sitting on top of the green line.
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FIGURE A.3: The plots are marginal histograms of parameters inferred
from the posterior of Sculptor oblate ellipsoid model, where d is the dis-
tance in pc, £0j0r and £y40r is coordinate in semi-major/semi-minor coor-
dinate system in pc, 7yqjor is half-light radius along semi-major axis, *inor
is half-light radius along semi-minor axis for 2D Plummer and 6 is position
angle of major axis for 2D Plummer. The green line is the value calculated
from Sextans observed data, blue lines are 1o boundary and purple lines
are 30 boundary. The red line is the result of MAP estimation for the oblate
ellipsoid model.
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FIGURE A.4: The plots shows the relationship between BHB stars” Ez_y

and their position along semi-minor axis in Sextans (left panel) and Sculp-

tor (right panel), and the dots are BHBs we used in distance gradient fit-
ting.

A.4 Extinction and Gradient

We notice that there is also Eg_y gradient in the Sextans and Sculptor. Figure A.4 shows
the relationship between Ep_y and position along semi-minor axis for BHB stars in Sex-
tans (left panel) and Sculptor (right panel). It’s clear to see the gradient. To study how
the changes Ep_v affect the distance gradient measurement, we scale Eg_y by different
factors. Figure A.5 shows the result for Sextans, where to eliminate the observed gradient
the extinction need to be scaled by almost 3.0. Figure A.6 shows the result for Sculptor, it
shows that we need to scale Eg_y to zero to almost eliminate the distance gradient. These
results show that it is extremely unlikely that the observed effects are caused by incorrect
treatment of extinction. Even if there is a small change in extinction, that won’t change
the significance of our distance gradient measurement.
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