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ABSTRACT. We study Wilson loop expectations in lattice Yang-Mills models with a
compact Lie group G. Using tools recently introduced in a companion paper (see M.
Park, J. Pfeffer, S. Sheffield, and P. Yu [Wilson loop expectations as sums over surfaces
on the plane, 2023]), we provide alternate derivations, interpretations, and general-
izations of several recent theorems about Brownian motion limits (Dahlqvist), lattice
string trajectories (Chatterjee and Jafarov) and surface sums (Magee and Puder). We
show further that one can express Wilson loop expectations as sums over embedded
planar maps in a manner that applies to any matrix dimension N > 1, any inverse tem-
perature 8 > 0, and any lattice dimension d > 2. The surface expansions we use for
this purpose have not (as far as we know) appeared in the literature before.

When G = U(N), the embedded maps we consider are pairs (M, ¢) where M is
a planar (or higher genus) map and ¢ is a graph homomorphism from M to a lattice
such as Z%. The faces of M come in two partite classes: edge-faces (each mapped by ¢
onto a single edge) and plaquette-faces (each mapped by ¢ onto a single plaquette). The
weight of a lattice edge e is the Weingarten function applied to the partition whose parts
are given by half the boundary lengths of the faces in $~!(e). (The Weingarten func-
tion becomes quite simple in the N — oo limit.) The overall weight of an embedded
map is proportional to N4 (where y is the Euler characteristic) times the product of the
edge weights. We establish analogous results for SU(N), O(N), SO(N), and Sp(N/2),
where the embedded surfaces and weights take a different form. There are several vari-
ants of these constructions. In this context, we present a list of relevant open problems
spanning several disciplines: random matrix theory, representation theory, statistical
physics, and the theory of random surfaces, including random planar maps and Liou-
ville quantum gravity.
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1. INTRODUCTION

1.1. Overview. On a heuristic level, Euclidean Yang-Mills theory is a “probability
measure” defined by
1
dp(@) = e 7V,

where w ranges over a space A of Lie-algebra-valued connection forms on some Rie-
mannian manifold, the Yang-Mills action Syy; is the I?-norm of the curvature of w, g
is a coupling constant, and dw is a “Lebesgue measure” on A. Making precise sense
of the heuristic definition above is a famous open problem that we will not solve here
[TWO06].

Instead, we will study lattice Yang-Mills theory (a.k.a. lattice gauge theory), an approx-
imation to the continuum theory introduced in 1974 by Wilson [Wil74] who also credits
Polyakov and Smit for similar ideas [Wil04]. An online search for scholarly work on
“lattice gauge theory” turns up tens of thousands of articles in physics and mathemat-
ics, and we cannot cover all of the variants and applications here. Wilson’s memoir
and Chatterjee’s recent survey for probabilists are good places to start [Wil04, Chal9b].
See also Yang’s account of his early work with Mills in 1954 [WGO01].

Lattice Yang-Mills assigns a random N-by-N matrix from some compact Lie group G
— usually U(N), O(N), SU(N), SO(N), or Sp(N/2) — to each directed edge of a graph
A, which is usually Z¢ or a finite induced subgraph of Z¢. We require this assignment
to have an edge-reversal symmetry: if Q, is the matrix assigned to a directed edge e =
(v, w), then Q) = Q(‘Ul,w). If p = (e;,ey,...,e;) is a directed path, then we write
Qp = Q¢,Qe, --- Q- Aloop is a directed cycle ¢ defined modulo cyclical reordering
(which amounts to repositioning the starting point of the loop). We define a set P of
directed loops in A that we call plaquettes. Usually 2 is the set of directed unit squares
in A (i.e., directed cycles with four distinct vertices), but in principle P can be any
collection of loops that is closed under reversal (i.e. p € P implies that the orientation
reversal of p is in P).

Let M be one of the aforementioned classical Lie groups. Define the normalized
trace by tr(M) = Iiv Tr(M) = 1%7(27:1 M;, J-) and write Re(z) for the real part of z. Note
that if M is the identity, then Re(tr(M)) = 1 and Re(tr(—M)) = —1. In some sense
Re(tr(M)) € [—1,1] is a measure of how close M is to the identity matrix. It is large
(close to 1) if M is near the identity. If € is a loop then tr(Q,) is well-defined because the
conjugacy class of Q;, Q,, ... Q,, (and hence the trace) does not change if we cyclically
reorder the e;. If #7! is the orientation reversal of ¢ then tr(Q,) = tr(Q,-1). This is
because inverting a matrix inverts its eigenvalues, and (for matrices in compact Lie
groups) each eigenvalue z satisfies |z|> = zz = 1 so that 1/z = z. This also implies
that for the matrices M in our compact Lie groups, we can write %(tr(M )+ tr(M ‘1)) =

Re(tr(M)).
For finite graphs A, the lattice Yang-Mills measure is the probability measure
(1.1) Z1 [ exp(NBTr(Qp)) ] d..

pe? e€E}

where 8 > 0 is an inverse temperature, Z is a normalizing constant, each dQ, is Haar
measure on the compact Lie group G, and (to avoid counting an undirected edge twice)
E7 is the set of oriented edges of A for which the endpoint is lexicographically after the
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starting point. This is a positive measure because 2 is closed under direction-reversal
— this direction-reversal property implies that we can define a set P+ of “positively
oriented plaquettes” containing exactly one element of {¢, ¢ —11 for each ¢ € P, and
then rewrite ([L.1) as

(1.2) Z71 T exp(2NBRe(Tr(Qy) ] dQ..

peP+ ecEX

Remark 1.1. We note here that the above action differs from some previous work
[Chal9a, CJ16, SSZ24b] by a factor of 2: where we have 2 the previous works have
just B. This slightly simplifies many of our formulas later on, where 5 appears instead
B8
of 5.
2

Informally, the Yang-Mills measure on (Q,) configurations corresponds toi.i.d. Haar
measure (one instance of Haar measure for each positively directed edge of A) modified
by a weighting that favors configurations for which Q, is close to the identity whenever
p € P. A Wilson loop observable is a quantity of the form

W(Q) =[] tr(Qp),
Ces
where s is some finite collection of loops in A. A Wilson loop expectation is a quantity
of the form
(Woap = E[W(Q)],
where in the right-hand side above we take expectation with respect to the lattice Yang-
Mills measure defined in (L.1)).

Remark 1.2. In contrast to some previous works [Chal9a, CJ16, SSZ24H], our Wilson
loops are defined with the normalized trace rather than the trace. Thus, our Wilson
loop expectations are N~! (here |s| denotes the number of loops in s) times the Wil-
son loop expectations that appear in the works mentioned above. This is a cosmetic
distinction; the scaling we use is natural when taking large N limits.

The fundamental goal of lattice Yang-Mills theory is to understand these quantities.
That is, one seeks to compute

13) 27 [ TLw@o) [T e (@) ] d@.
¢es pe?P ecEX
which we can Taylor expand and write as

(14) 2 [T]w@) H(Z M 1e0p) IT de.

fes ecEf A

GivenK : P — N, write K! = [ [ K(p)! and 8% = ] [ BX). Using this notation, write
pEP peEP
(L) as
(N,
as ozt 3 P o [T (@)™ ] de.
K: ?—>N

¢es pe?P ecEX

Remark 1.3. We will later interpret K as specifying the number of copies of each (ori-
ented) plaquette p € . Thus we will often refer to K as the “plaquette count”.
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This leads to a classical problem in random matrix theory, which is somehow at
the heart of this subject. How can we best compute and understand the individual
summands in ([.3), which can be described in words as “expected products of traces of
products of matrices—each of which comes from a set of i.i.d. Haar-distributed matri-
ces and their inverses”? This question is expressed more carefully in Section [[.2.

Variants of this question have a long history, beginning with the foundational work
of ’t Hooft and Brézin et al. and Itzykson, Parisi, Zuber from the 1970’s [EH93, BIPZ78]
and expanding greatly over subsequent decades, encompassing various types of ran-
dom matrices, including Gaussian ensembles (such as GUE or GOE) as well as Haar
measure on compact Lie groups [Eynll, [Z80, Meh81, GPW91, DFGZJ95, Zvo97],
[BIZ80, (Oko00, BDFGO02, ZJZ03, GMS03, MS06, CMSS07, EO08, CGMS09, Eyn11],
[GN15,E*16]. These papers make connections to the random planar map theory de-
veloped by Tutte (and many others) [Tut68] and the continuum random surface theory
developed by Polyakov (and many others) [Pol81]. The third author’s recent random
surface survey contains many additional references on both sides [She22].

Despite these decades of work, fundamental advances continue to be made. For ex-
ample, the precise question above was recently addressed in the groundbreaking work
of Magee and Puder [MP19, MP22], as explained further in Section [[.2. The analog of
A in their setting is a “blossom graph” which contains a single vertex and an edge set
E that consists of finitely many (distinct and labeled) self-loops. This is somehow the
most general setting, because in this scenario any element of the free group generated
by (Q,) can be written as Q, for a loop ¢ in A. Their analysis treats this as a funda-
mental random matrix question (not necessarily motivated by Yang-Mills) and builds
on the classical work of Collins and Sniady [CS06] on the so-called Weingarten calculus
which in turn builds on earlier work by Weingarten himself [Wei78]. Further analysis
on this theme appears in recent work by Buc-d’Alché which in particular describes the
N — oo asymptotic behavior of Wilson loop expectations in terms of so-called unitary
maps [Bd24] while also considering generalizations to mixtures of deterministic and
unitary matrices.

A series of groundbreaking papers by Chatterjee and/or Jafarov has provided a dif-
ferent approach to identities involving ([.3) including the Makeenko-Migdal/Master
Loop/Schwinger-Dyson equations. This approach enables them to describe the N — oo
behavior of (.5) in terms of so-called lattice string trajectories [[CIJ16, Chal9b, Jaf16,
Chal9al, see also other recent derivations by [SSZ24b,/AN23] and several generaliza-
tions due to Diez and Miaskiwskyi [DM22]. These works build on a vast literature in
this area, including early works of Makeenko and Migdal [MM79] (see also the recent
physics paper [KZ23] which combines these equations with the bootstrap method in
order to numerically compute Wilson loop expectations). Although they work in the
setting where A is an induced subgraph of 74, one may also recall a standard “gauge
fixing” argument that allows one to reduce to the case that Q, is fixed to be the identity
for all e within some spanning tree of A (see e.g. [Chalé, Section9]). This is equivalent
to identifying that entire tree with a single vertex, which reduces A to a blossom graph
that (in the case 8 = 0) agrees exactly with the setting discussed by Magee and Puder.

We will provide an alternate derivation of some of the blossom graph results of
Magee and Puder [MP19, MP22] as well as the master field and string trajectory re-
sults of Chatterjee and Jafarov [CJ16, Chal9l, Jatf1g, Chal9d]. Our statements along
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these lines will be in several ways more general than those in previous works. We
also mention that there is an old paper [BGDF86] which considers the special cases
G = Z,,U(1),SU(2), although the methods used therein are quite different from the
methods of the present paper. The resulting surface sum looks quite different as well.

(1) General N: We allow for any matrix dimension N > 1 (the results in [MP19,
MP22] are stated for N sufficiently large; one has to use a slightly different
definition of the Weingarten function for smaller N).

(2) General graphs: We consider general A and 2 in our derivation of the
Makeenko-Migdal/Master loop/Schwinger-Dyson relations (in [[CJ16,Chal9b,
af16,[Chal9a] the plaquettes 2 are taken to be squares, though this is not fun-
damental to the argument).

(3) More general recurrence formula: We also derive a more general form of
the above-mentioned relations. To roughly explain the distinction, recall that
the Makeenko-Migdal/Master loop/Schwinger-Dyson relation in [CJ16, Theo-
rem 3.6] expresses the Wilson loop expectation of a string s in terms of strings
s’ obtained by applying local moves to s. A stronger result [CJ16, Theorem 8.1]
uses only the s’ obtained from local moves involving a single fixed edge e € A.
Our slightly stronger result uses only the s’ obtained from local moves involv-
ing a single fixed edge of s. The distinction is that there may be many edges
in s that correspond to the same e € A. We refer to this as the single-location
Makeenko-Migdal/Master loop/Schwinger-Dyson equation.

(4) General matrix families: We also include analogs of our result for the most
fundamental Lie group families (namely U(N), O(N), SU(N), SO(N), Sp(N/2))
while some of the earlier papers focused on one or two such groups. While
[CI16,Chal9b,Jaf16, Chal9a] first frame their results in terms of SO(N) and
SU(N) we will frame our results and discussion in terms of U(N), which from
our point of view is the simplest case. We then extend the theory to O(N),
SU(N), SO(N), and Sp(N/2) in Section . This is the longest and most techni-
cally challenging part of the paper, as each group family comes with its own
interesting set of challenges.

Another straightforward generalization of our result would be to include some deter-
ministic matrices in the words; this type of generalization is considered e.g. in [Bd24].
We expect that this should be possible in our setting as well, but we will not discuss
this here.

In all of the settings described above, we will explain how to express Wilson loop
expectations in terms of random lattice-embedded planar maps, which give rise to con-
vergent sums for any A, any N > 1, and any 5. These are closely related to both the
topological surface sums in [MP19, MP22] and the string trajectories in [CJ16, Chal9b,
Jaf16,Chal94d], but our derivation and planar map interpretation will be rather differ-
ent. The main point we want to stress in this paper is that there are powerful ways to
express Wilson loop expectations as sums over embedded planar maps. Some settings
are more challenging than others (certain symmetries that apply in one setting may not
apply in all settings) but we will nonetheless develop a framework that is very general,
and that we hope will lead to progress on some of the open problems listed in Section [j.

Remark 1.4. One of the long-term goals of this theory is to construct and understand
a continuum scaling limit of quantities like (I.5) as 8 — oo and the lattice mesh size
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simultaneously goes to zero at an appropriate rate. Thus, ideally one desires an un-
derstanding of the terms of ([[.3) that is sufficiently robust that it allows one to make
predictions about these limits.

Remark 1.5. When f is large, the function x — exp(28x), defined for x € [-1,1],
is largest for x near 1 and much smaller in the rest of [—1,1]. In principle, one could
replace the exp in ([.3) by a different function with this property: say x — %(xb +xb+1)
for some large b. If we took this approach, then the analog of ([.5) would have only
finitely many summands, but we would still expect it to have a similar scaling limit
behavior as b — oo and the lattice mesh size simultaneously goes to zero. Somehow b
is playing the role of 8 here: instead of taking the number of plaquettes of a given type
to be a priori Poisson with parameter 5 we can take the number to be either bor b + 1
(each with probability 1/2). Alternatively, one can replace ([L.T) with

(1.6) z (121 Y tr(Qp))b +(17m Y tr(Qp))bH] IT de.
ecEf

peP pe?P

which somehow fixes the fotal number of plaquettes to be b or b + 1. This approach
might also have a similar scaling limit if b — oo at the right rate. If one is working
towards the goal of “constructing a candidate continuum theory” one is allowed to use
whatever approach turns out to be most computationally tractable.

1.2. Random matrices. Atthe heart of our analysis are two classical questions about
the traces of random matrices. The first is the one we discussed in Section [[.1 and the
second is a close variant.

(1) Suppose M;,M,,... M, are i.i.d. samples from Haar measure on U(N) (or a
similar Lie group) and that W, ..., W, are words in the M; and M;!. Can we
compute the expectation

k
[E[H tr(W i)]
i=1
in a “nice” way? For example, can we express
[E[tr(MleMl_lM2‘3) tr(MszMfle—l)]

as a simple function of N?

(2) How does the answer to the previous question change if instead of sampling
from Haar measure, we obtain each M; by running a Brownian motion on the
Lie group for ¢; units of time, starting with the identity?

The second question can be understood as an “external field” version of the first
question. This is because when the ¢; are small, the M; are more likely to be close to
the identity, and this “bias towards the identity” is similar in spirit to the “bias towards
positive spin” imposed in e.g. an Ising model with an external field. The second ques-
tion also arises naturally in two-dimensional Yang-Mills theory and has been heavily
studied in that context [GKS89, Dri89, Fin91, Wit91|, Mig96,Sen97, Lév03, LéviQ, Lév1T,
DHK17,She21, Chel9, Dri19, CCHS22, DN23, DL22].

In two dimensions, the fine-mesh scaling limit of Yang-Mills theory is well under-
stood, but if one attempts to compute the Wilson loop expectation for a complicated
collection of loops (perhaps with many intersections and self-intersections) one obtains
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precisely an instance of the second problem above—indeed, the problems are equiva-
lent since one can obtain any instance of the second problem for some two-dimensional
loop.

In a recent companion paper [PPSY23] (including some of the authors of this paper),
it was shown that the answer to the second question can be expressed as an expectation
with respect to a certain Poisson point process. In this paper, we will explain how the
answer to the first question can be derived directly from the analysis in [PPSY23] by
taking t; — oo. This is our first main result, which we state informally as follows. For
a precise version, see Theorem P.16. Later, we will show analogs of this theorem for
orthogonal and symplectic groups, see Theorem for the precise statement.

Theorem 1.6 (Recovery of Weingarten calculus via Brownian motion). The expecta-
tions of traces of words of Unitary Brownian motion converge as the time parameter goes
to infinity to an explicit limit given in terms of the Weingarten function. Similar results
hold for the other classical Lie groups.

Remark 1.7. We note that Theorem has previously appeared in [Dah17], albeit
stated in slightly different (but equivalent) terms - see Sections 4 and 5 of the paper.
Dahlgqvist’s proof relies heavily on representation theory. On the other hand, we believe
that our proof may be easier to read for those who have a probability background but
perhaps are not as familiar with representation theory. Additionally, our proof tech-
nique differs from Dahlqvist’s in an essential way, which allows us to obtain the more
general version of the Makeenko-Migdal/Master loop/Schwinger-Dyson equation for
lattice Yang-Mills that we previously alluded to (Theorem [.14). See Remark for
more discussion on the differences between the two arguments.

Our approach to this result is in some sense very straightforward. The analysis
in [PPSY23] notes that when all of the ¢; are less than infinity, the noise generating the
Lie group Brownian motion is a Gaussian white noise on a Lie algebra; because all ran-
domness is Gaussian, all of the relevant quantities can be easily deduced from Wick’s
formula and planar maps (see the overview of these techniques [Zvo97]) which leads
to a Poisson point process formulation of the theory. The analysis in this paper begins
with the Poisson point process formulation obtained in [PPSY23] and shows that geo-
metric cancellations simplify in the t; - oo limit, so that the Weingarten function (as
originally introduced in [Wei78]) appears naturally without any difficult computation.
This approach also provides other insights — for instance, certain single-edge analogs
of the string-exploration steps in [CJ16] can be interpreted in terms of the so-called
Jucys-Murphy elements [Juc74, Mur81, ZJ09, Nov10, App11, MN13].

1.3. Continuum Yang-Mills. The famous continuum Yang-Mills problem [JW06] is
(roughly speaking) to construct and understand the basic properties of a continuum
analog of the lattice models described above, which should somehow make rigorous
sense of the measure in Section [.1. This problem remains open for d > 3 and its
solution for d = 4 would in some sense also yield a solution to the quantum Minkowski
version of Yang-Mills that forms the basis of the standard model in physics, see the
Millennium Prize description [TWO06].

This paper is focused on understanding a lattice version of Yang-Mills theory in
terms of sums over surfaces, with the aim of gaining insight into a possible continuum
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theory. It is not clear what kind of fine-mesh scaling limit one should expect the lat-
tice models to have, but our hope is that the lattice analysis presented here will provide
some clues, and we present several open problems along these lines in Section [4.

We remark that a number of purely continuum approaches to this problem are also
being actively pursued. For example, there is an SPDE-based approach which aims to
construct a dynamical version of continuum Yang-Mills (on a torus, say) and show that
it converges to a stationary law in the large time limit. One can take as the initial value
a “Lie-algebra-valued Gaussian free field connection” that one expects to approximate
the correct continuum theory at small scales and try to argue that the behavior at large
scales converges to a limit over time. See e.g. [CCHS22,[CCHS24, Che22, [CS23,/CC24,
CC23,BC23,BC24]. There has been some significant recent progress in this area, espe-
cially in two and three dimensions.

Alternatively, one can also work directly in the continuum without attempting to
understand a dynamical process. One might regularize the continuum model in some
other way—perhaps starting with a continuum Gaussian. Some form of this was im-
plemented by Magnen, Rivasseau, and Sénéor [MRS93]. Some approaches along these
lines might also be amenable to the type of random surface analysis discussed in this
paper; see Section [7.

1.4. Lattice models and planar maps. Recall that a map is a collection of polygons
with a complete pairing of the set of edges, which should be thought of as a collection of
specified gluings (see e.g. [Cur23]). One should think of a map as a discretized surface.
In particular, the “surface sums” of the present paper will be sums over maps.

Consider a pair (M, ¢) where M is a planar (or higher genus) mapand ¢ : M — A
is a graph homomorphism.! We call this pair an edge-plaquette embedding if the
following hold:

(1) The dual graph of M is bipartite. The faces of M in one partite class are desig-
nated as “edge-faces” (shown blue in figures) and those in the other class are
called “plaquette-faces” (shown yellow in figures).

(2) All edge-faces have even degree.

(3) ¢ maps each plaquette-face of M isometrically onto a plaquette in 2.

(4) ¢ maps each edge-face of M onto a single edge of A.

See Figures [I-4 for examples and intuition.

Given an edge plaquette embedding (M, ¢), we denote by ¢! : P — N the as-
sociated “plaquette count”, i.e. the function which assigns to each oriented plaquette
p € P the number of copies of p in (M, ¢). In other words, ¢~!(p) is the number of
plaquette-faces of M which are mapped isometrically onto the plaquette p. We also
write (9~ = [[,ep (@~ (D)L

In order to construct a model of random edge-plaquette-embedding that is useful
in Yang-Mills theory, we will need to assign a “weight” to every plaquette p of A (de-
pending on the number of copies of p, i.e. the value of K(p) in (.)) and every edge
(depending on the number and type of blue faces there). This weight is closely related
to the so-called Weingarten function, which we discuss next.

n other words, if two vertices v, w € V(M) are adjacent in the graph M, then $(v), $(w) are adjacent
in the graph ¢(M) C A.
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< — —

FIGURE 1. In an edge-plaquette embedding, we can imagine that
each blue face is “twisted and collapsed” onto a single edge, see Fig-
ure B. In the sequence above, we first twist, then collapse matching
vertices, then collapse edges. This is meant to illustrate condition 4
in the definition of edge-plaquette-embedding. Also, due to condition
2, blue faces are even degree, and so we can also color its vertices in
alternating colors (red and green in the present example).

1.4.1. Weingarten function. Throughout this paper, let S,, be the symmetric group on
n elements. A complex-valued function on S,, can be identified as an element in the
group algebra C[S,], thatis o ~ f(0) is identified as ; es,, f(o)o. When N > n, the
Weingarten function WgNg can be defined as the inverse in the group algebra C[S,,]
of the function o — N#c¥¢1es(@) (There is a slightly different definition for N < n, see
Section Pl.) Note that Wg,; (o) depends only on the conjugacy class of o, i.e. on the cycle
structure of o. We can order cycles from biggest to smallest, represent this by a Young
diagram, and interpret Wg,, as a function on Young diagrams. It is not the simplest
function, and one explicit formula which works for general (i.e., even if N < n) values
of N (see [CS06, Equation (9)] and [MP19, Section 2.1]) is as follows:

(1.7) Wey@ = ¥ [udne) [T v+j-7),
* Akn (i,j)ed
¢(L)<N

where id is the identity permutation, A = n denotes that 1 is a partition of n, €(4) is
the number of rows of the Young diagram A, y;(0o) is the character (trace of o in the
irreducible representation indexed by 4), and (i, j) € A denotes a box of the Young
diagram A, where i is the row index and j is the column index. As an example, for the
Young diagram consisting of a single row of length n, the boxes are indexed by (in order
from left to right) (1, 1), (1,2),...,(1, n). Observe that A - n implies £(1) < n, and so if
N > n, the condition ¢(1) < N is automatically satisfied.

Alternatively, letting f € C[S,] be the function o ~ N#C¥¢1es(9) | observe that we
may write f = N"(id +g), where g = N~"(f — id). Thus the inverse of f may be

2We omit the dependence on n for brevity.
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FIGURE 2. Edge-plaquette embedding example: Each of the 16
blue faces on the upper left gets mapped to a single vertical edge in
the upper right, while each yellow face on the upper left gets mapped
to a vertical yellow face on the upper right—the edge colored red
is the one mapped to the top. On the lower left, additional yellow
faces are added; their images on the right alternate between upper
and lower layers in checkerboard fashion. Going from left to right re-
quires “folding up” the blue squares and collapsing the blue 2-gons.
We emphasize that the pictures on the right are drawn in the lattice
A.

FIGURE 3. Edge-plaquette embedding example: If the blue face
is an octagon, then there will be 8 yellow plaquettes meeting at the
corresponding edge. In this example shown, the pre-image of each
yellow face on the right may consist of two yellow faces on the left.
In other words, there are two “copies” of each of the four plaquettes
shown on the right. We emphasize that the pictures on the right are
drawn in the lattice A.

formally expanded as

(1.8)

Wey = f71 = N7"(id +(—g) + (~g)* + ).

783
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FIGURE 4. Edge-plaquette embedding example showing orien-
tations: (1) Three oriented plaquette images in ¢(M). (2) The blue
faces connecting them have different types. (3) “Untwist” by flipping
the lower-left plaquette across its red-red diagonal so that the three
red and three blue faces are orientably embedded in the plane. (4)
Add some new faces (three yellow squares and five blue 2-gons) to
fill in the hole. Interpret the resulting colored map as a portion of M
orientably embedded in the plane. (5) Map this portion back into the
lattice. Not all six yellow plaquettes are visible on the right because
some overlap each other.

This observation plays a key role in the derivation of [MP19, Theorem 2.9].

As will be explained in Section B, we interpret ¢ as a collection of blue faces (one
blue face of length 2k for each cycle of o of length k). Then Wg,,(0) is essentially the
weight associated to given collection of blue faces at an edge. Actually, as we detail in
Section B, the edge weights are given by the normalized Weingarten function, which we
define as

VTgN(U) = N2n—#cycles(o)WgN(U).
This is the normalization which leads to a nontrivial N — oo limit (see Remark B.2).

By ([L.7), we see that Wg, is a linear combination of characters, and thus Wg,; is a
class function. Recalling that the conjugacy classes of S,, are indexed by partitions u
of [n], we may think of Wg,; as a function on the set of partitions of [n], whose value
Wg,, (1) ata given partition u is defined to be Wg,(c), where o € S,, is any permutation
whose cycle structure is given by u (since two permutations are in the same conjugacy
class if and only if they have the same cycle structure).

Given an edge-plaquette embedding (M, ¢) and an edge e of our lattice A, we will
write @N(e) as shorthand for \TgN(,ue(M ,®)), where (M, @) is the partition given
by half the degrees of the edge-faces mapped to e. To expand on this, recall from the
definition of edge-plaquette embedding at the beginning of Section [[4 that all edge-
faces have even degree. Thus, if we take the collection of numbers given by half the
degrees of the edge-faces mapped into a given lattice edge e, we obtain a partition u,(¢)
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of some positive integer, say n,. Then by the preceding paragraph, we may consider
Wg, (1e(9)), i.e. the Weingarten function applied to a partition of [n,].

1.5. Main results. We already informally stated the first of our main results - recall
Theorem [[.6. In this subsection, we proceed to state the remaining main results of this
paper. The next result is the main conceptual contribution of the paper. We state it in-
formally. See Theorem for the corresponding precise statement. In the following,
recall the notation (¢~!)! from Section [4.

Theorem 1.8 (Surface-sum representation of Wilson loop expectations). Let A be a
finite lattice. When the gauge group is U(N), the Wilson loop expectation (W) g is pro-
portional to

ﬁarea(M,qb)

soipy=s @D

where the sum is over edge-plaquette embeddings (M, ¢) with boundary s, area(M, ¢) is
the total number of plaquettes in the edge-plaquette embedding, (¢~1)! is a combinatorial
factor depending only on the plaquette counts, y(M) is the Euler characteristic of M, and
k = |s| is the number of loops. The sum converges absolutely in the following sense: the set
of (M, ¢) with boundary s may be partitioned based on the value of the plaquette count
¢~ = K, and we have that

(TTWey(@) - Nx@0-k,

area(M,o) _
: e

< 00.

K:P-N138(Mm,p)=s
¢7'=K

Remark 1.9. Theorem [L.§ is the main conceptual contribution of this paper, because
it introduces the new concept of an edge-plaquette embedding, and gives a fundamen-
tally new description of Wilson loop expectations in terms of random planar maps,2
thereby connecting two very different areas of research. Ultimately, we hope to prove
new results about lattice gauge theories via analysis of these random planar maps, in
particular building on the many advances in their understanding - see Section [f for
some open problems. See also Remark [[.13.

Remark 1.10. The results of Magee and Puder [MP19, MP22] could also be applied
here to give a surface sum representation of the terms in ([.5). However, the relation
to random planar maps is not as clear in their formulation. As mentioned in Remark
[[.9, this is the main point of our result. For more comparison with Magee and Puder,

see Section [[.5.1].

Remark 1.11. We will explain in Section f the variants of Theorem [[.§ that apply when
U(N) is replaced with another compact Lie group. Even in the U(N) case there are
several variants to this result. The various “string trajectory moves” in [[CJ16] can be
interpreted in terms of the exploration of a surface built out of blue 2-gons and 4-gons
and yellow squares. One can also interpret the individual Jucys-Murphy elements in
these terms.

3This is rather loose terminology, as our surface sums are signed, and in general higher genus surfaces
may appear.
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Remark 1.12. Due to the gauge symmetry present in Yang-Mills, Wilson string expec-
tations do not change even if in the integral (.3) we enforce that all the edges in a
spanning tree of the lattice are assigned the identity matrix. See e.g. [Chalé, Section
9] for a proof of this for a particular choice of spanning tree (but the proof directly ex-
tends for general spanning trees). In terms of the surface sum in Theorem [.§, this
gauge symmetry implies that for any choice of spanning tree, the surface sum is equal
to a modified surface sum where all edges in the spanning tree are collapsed to a single
vertex. To directly see this from the surface sum, one would have to use certain prop-
erties of the Weingarten weights W_gN to argue that collapsing all edges in a spanning
tree leaves the total surface sum unchanged.

Remark 1.13. Recently, Taggi and coauthors [LT20, LT21, QT23] have succeeded in
proving various results about spin O(n) and related models by analyzing a certain re-
lated random path (or random loop) model. Starting from the spin O(n) model, they
arrive at their random path model in exactly an analogous manner as how we arrive
at Theorem [[.§. Namely, starting from the action for the spin O(n) model, which at a
single edge is of the form exp (8o, - 0,), where o, g, € S" (here S™ is the unit n-sphere),

they expand
© sk

exp(Bo - 0) = Y, Bray o)t

k=0

for each edge (x, y), and then compute the resulting S"-integrals. The S"-integrals may
be easily computed, with the resulting expressions only involving very explicit quan-
tities such as factorials and Gamma functions (see [LT21, equation (2.12)]). This is
one simplification compared to our setting, where the U(N)-integrals lead to the ap-
pearance of the Weingarten function, which is much more complicated to understand.
Another key difference is that while the S"-integrals are always positive, the U(N)-
integrals may be both positive and negative. Thus the random path model of Taggi et
al. may be interpreted as a genuine probability measure, while our surface sums may
only be interpreted as signed measures.

Next, we give an informal statement of the Makeenko-Migdal/Master loop/
Schwinger-Dyson equations satisfied by Wilson loop expectations. The corresponding
precise statement is Theorem B.7.

Theorem 1.14 (Single-location Makeenko-Migdal/Master loop/Schwinger-Dyson
equation). Wilson loop expectations satisfy the following recursion:

(Wo)a,g = splitting + merger + deformation.

Here, the splitting, merger, and deformation terms correspond to certain types of
operations we may apply to a given collection of loops s to obtain a new collection of
loops. They will be precisely defined in Section f.

Remark1.15. As previously mentioned, versions of this recursion for various Lie groups
have previously appeared [CJ16,Chal9b,Jaf16,Chal9a,SSZ24H]. We note that the pre-
cise form of our recursion is slightly different from (and more general than) the existing
literature - see Remarks p.5 and p.8. Ultimately, the reason for this difference is due to
our proof method. Whereas previous approaches are based on integration-by-parts,

4The argument in [SSZ24H] essentially reduces to integration by parts, as explained in [AN23, Appendix
A.2]. To sketch the argument, the proof uses the fact that if the lattice Langevin dynamics is started at
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our approach is essentially equivalent to applying a certain recursion that is satisfied
by the Weingarten function (see e.g. [CM17, Proposition 2.2]), which comes out of our
particular approach towards proving Theorem [[.§ (recall Remark [[.7, and see also Re-
mark {.13).

After the present article first appeared, the single-location master loop equation has
since found application in the work of [SSZ244d]], where it was crucially used to derive
the continuum master loop equation as a scaling limit of lattice master loop equations.

1.5.1. Discussion of Magee and Puder. The vocabulary in [MP21, MP19] is somewhat
different from ours, but the results can be expressed in similar terms. We won’t give a
detailed account of those results, but let us briefly outline a couple of key ideas to as-
sist readers trying to compare their approach to ours. The approach in [MP21, MP19]
makes heavy use of commutator words. Suppose a loop ¢ in s corresponds to a com-
mutator word ABA~!B~! (where A and B could in principle describe paths of length
longer than one). Imagine then that we have a surface S with a single boundary loop,
whose boundary is mapped to €. We can turn this surface into a closed surface in two
ways. First, we can identify the boundary of an ordinary disk (with circular boundary)
with the boundary of S, thereby gluing a circular disk onto S. Second, we can glue the
boundary of S to itself by first gluing the pre-images of the A and A~! segments to each
other and then gluing the pre-images of the B and B~! segments to each other—which
somehow turns the disk bounded by ¢ into a torus. It is not hard to see that the second
approach produces a surface whose genus is 1 higher than the surface produced by the
first approach: it effectively “adds a handle” to the surface. If we write a long loop ¢ as
a product of n commutator words, then those words provide us a recipe for turning a
disk bounded by ¢ into an n-holed torus (by performing gluings of the type mentioned
above for each commutator).

An intermediate result that we use to prove Theorem [[.§ (see Proposition B.§) is
closely related to [MP19, Theorem 2.8]. We remark that one could also interpret [MP19,
Theorem 2.9] in terms of embedded maps (somehow involving multiple layers of blue
faces). We note that [MP19, Theorem 2.9] is in some ways simpler than [MP19, Theo-
rem 2.8] (it does not involve the Weingarten function) and in other ways more compli-
cated (it leads to [MP19, Theorem 1.7], which involves another quantity called the I
Euler characteristic, which is in general not so trivial). We note that [MP19, Theorem
2.9] is derived from [MP19, Theorem 2.8]. We will not give an alternate derivation of
this step, aside from remarking that the expansion in ([.§) plays a role.

1.6. Summary of paper and reading guide. We close this section off with a sum-
mary of the rest of the paper. In Section P, we introduce the notation and background
material that will be needed in the rest of the paper. In Section B, we derive our
surface-sum representation of Wilson loop expectations. In Section f, we show how
to recover the Weingarten calculus by taking limits of Unitary Brownian motion, us-
ing a certain strand-by-strand exploration that we introduce in the section. In Section
B, we apply our strand-by-strand exploration to obtain the single-location Makeenko-
Migdal/Master loop/Schwinger-Dyson equation for Wilson loop expectations. Finally,
in Section [, we adapt our results to the cases of G = O(N), Sp(N/2), SU(N), SO(N).

stationarity, then the expectation of any observable must be constant in time. Then, applying It6’s formula
to Wilson loop observables, one obtains an identity saying that the drift term must have expectation zero.
This identity is precisely integration by parts.
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A B
4/;» ,,,,,, ;»
» t//"*’ii““\\
A i
|
< y

FIGURE 5. In this example, we have two letters {4, B}, and three
words (AB,AA™!, B). The dashed red edges are drawn so that after
“shrinking” them away, what is left is exactly the three words.

To the reader who wants to understand our surface-sum representation of Wilson
loop expectations as quickly as possible, we recommend the following expedited read-
ing strategy. First, read enough of Section P.J] to understand the statement of the Uni-
tary Weingarten calculus (Theorem P.5). Then, proceed directly to Section J to see how
this theorem is applied to obtain the surface-sum representation.

2. NOTATION AND BACKGROUND

We introduce some basic notation and background that will be needed throughout
this paper.
« Forn e N, let[n]:={1,...,n}.
o« Fora,b€ Z,a < b,wedenote (a : b]:=={a+1,...,b}. So[n] =(0 : n].

2.1. Strand diagrams and Weingarten calculus. In this section, we describe how
to interpret the Unitary Weingarten calculus in terms of diagrammatic sums. This is
an alternate interpretation of the usual way of stating the Weingarten calculus in terms
of expectations of products of matrix entries (as is e.g. done in the survey [CMN22]).
We find this alternate interpretation particularly useful for obtaining surface-sum rep-
resentations of Wilson loop expectations.

LetI' = (I3, L5, ..., I}) be an (ordered) collection of words I} of lengths m; on letters
{A4,--+, A}, where
1) = 280~ Aekm)
for some ¢; : [m;] —» [L]and¢; : [m;] — {—1,1}. For each letter 4, let n (1) (resp.
n_(A) be the total number of times A (resp A~!) appears in T.

The strand diagram corresponding to I', denoted SD(T’), is a directed graph with
two types of edges, constructed as follows. To start, for each letter A, we draw n, (1)
right-directed edges and n_(A4) left-directed edges. Such edges are drawn as solid black
edges, and we refer to them as strands. Define n,. (1) := n (1) + n_(4).

Next, we add edges of a different type to the graph, which we draw as dashed red
edges, so that the connected components of the resulting graph exactly correspond to
the words in I'. This is perhaps best explained with an example - see Figure .

We refer to the dashed red edges as the exterior connections of the strand diagram,
because they may connect vertices of strands associated to different letters.
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1 10
2 e e 9
3 8

N
\]

FIGURE 6. 7 = {{1, 3},{2, 9}, {4, 10}, {5, 7}, {6, 8}}

Remark 2.1. In principle, there are many different ways one could place the dashed
red edges according to I'. For instance, in Figure [, we could permute the two strands
corresponding to the letter B. Let us just say that for each T, we fix one way of placing
the dashed red edges, so that there is a unique strand diagram SD(T") associated to each
T.

Next, we describe another collection of edges that we will add to the strand diagram
SD(T"). We refer to these edges as the interior connections of the strand diagram, be-
cause they only connect vertices of strands associated to the same letter. When drawn
on top of the strand diagram, we will always draw them as blue edges, to distinguish
from the (black) strands and (red) exterior connections. When drawing these edges by
themselves, we will default to using the color black.

Definition 2.2. Let n > 1 be an integer. Let M(n) be the set of matchings 7 of [2n],
i.e. partitions of [2n] into two-element sets. We view matchings pictorially as in Figure

Suppose we have a collection of matchings 7 = (7,,¢ € [L]), where for each ¢ €
[L], m, € M(n.(A)) is a matching on the vertices of the strand diagram associated to
A,. For instance, we might obtain Figure [f from the strand diagram in Figure f.

Given (T, 7), let #comp(T', 7r) be the number of components of the graph obtained
by starting with the strand diagram SD(T’), adding in the interior connections 7, and
deleting the strands. For example, from Figure [4, we obtain Figure B.

We are now almost ready to state the Unitary Weingarten calculus. We first need to
make some assumptions on the collection of words I and interior connections 7.

Definition 2.3. We say that a collection of words I is balanced if n, (1) = n_(4) for
all letters 1.

In terms of the strand diagram, a balanced collection of words I" leads to a strand di-
agram where for each letter, the number of right-directed edges is equal to the number
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FIGURE 7. Some particular choice of matchings # = (74, 75) may
lead to this graph, starting from Figure

FIGURE 8. By deleting the strands from Figure [], we obtain the
above graph, which we see has two components. Thus in this case,
#comp(T, 7) = 2.

of left-directed edges. We now introduce a special collection of interior connections on
such a strand diagram.

Definition 2.4. Letn > 1. Leto,7 : [n] — (n : 2n] be bijections. The pair (o, 7)
defines a matching in M(2n) by viewing o as specifying a partition of the left vertices
into two-element sets, and 7t as specifying a partition of the right vertices into two-
element sets. We denote the matching induced in this manner by [o 7] € M(2n). See
Figure f for a pictorial example.

Observe thatif 0,7 : [n] — (n : 2n] is a pair of bijections, then o~ : [n] — [n] is
a bijection, i.e. an element of S,,.
We can now finally state the Unitary Weingarten calculus. Let (U(4,),€ € [L]) be

an i.i.d. collection of random Haar-distributed U(N) matrices. Define the shorthand

(recalling (R.1)))
Tr(UT)) = Tr(U(L)) --- Tr(U(T)),
Tr(U()) = (U)W -+ (Ul mp )™, i € [K].

Due to invariance of Haar measure, E[Tr(U(T))] = 0if T is not balanced (multiply one
of the U(4,) by e°I for some appropriately chosen 8 € [0, 27]). Thus, we will assume
that I is balanced. Recall the Weingarten function Wg,,, defined in equation ([L.7).

Theorem 2.5 (Unitary Weingarten calculus). LetT = (I3, ..., I) be a balanced collec-
tion of words on {A,,...,1;}. Then

E[Tr(U(D))] = Z ( H WgN(Ué)—l.[g))N#comp(r,n).

(0p,7e),t€[L] " ¢€[L]
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1 1
2 2
3 3
4 4
5 )
6 6

FIGURE 9. Example of an element of M(2n) defined by a pair of bi-
jections (o,7). Heren = 3,0 maps 1 — 6,2 — 4,3 — 5, and T maps
14,253 6.

Here, the sum in the right-hand side is over pairs of bijections

0nte t [0, = (ny () : 20, (A0)). € € [LI,

and we define r = ([0, 7,],¢ € [L]).

Remark 2.6. We make the following remarks.

(€]

@)

(3

Theorem P.3 says that expectations of products of traces of words of indepen-
dent Haar Unitaries can be computed as a diagrammatic sum. We find this
form of the Weingarten calculus to be particularly clean, and hope it is of ben-
efit to future readers who want to learn about this topic.

We could not find the exact statement of Theorem .5 anywhere in the liter-
ature. For instance, [CS06, Corollary 2.4] gives the matrix-entry version of
the Weingarten calculus. Of course, Theorem .3 follows by an application
of [[CS06, Corollary 2.4], since one may expand out Tr(U(T")) into a giant sum
of products of matrix entries. Theorem P.5 also directly follows from our The-
orem .16, which we will prove in Section H.

As a hint towards how we will eventually apply Theorem P.3 to lattice Yang-
Mills, recall from ([.3) that lattice Yang-Mills can be thought of as a model
where one starts with an independent Haar unitary at each lattice edge, and
recall Section [[.7 that we claimed that the computation of Wilson string ex-
pectations will reduce to computing expectations of traces of products of inde-
pendent Haar Unitaries. This claim will follow because we will take the set of
letters {1,...,4;} to be the set of edges of the lattice, and the set of words I to
be loops in the lattice.

Remark 2.7. Certain representation theory concepts underlie all of this discussion. For
instance, the matchings 7 € M (n) should be interpreted as elements of B,,, the Brauer
algebra. We will introduce the Brauer algebra and other relevant representation theory
concepts in Section 2.3. We chose not to do so yet because we want to give as quick and
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FIGURE 10. Computing the number of components

direct a statement of the Unitary Weingarten calculus as possible. This way, the reader
who wants to understand our surface sum representation of Wilson loop expectations
can do so as quickly as possible. The representation theory material is only needed for
understanding the large-time limits of Lie group Brownian motion.

We finish off this subsection with an instructive example which illustrates how one
may go about computing #comp(T, ) for a given I, 7.

Example 2.8. As in Figure f, suppose our letters are {A, B}, and our words are I' =
(AB,AA™!, B). Suppose the collection of matchings 7 = (74, 7) is as in Figure 1. To
compute #comp(T, 7), we may add vertex labels to Figure B. This gives Figure [[0.

It really does not matter how we label the vertices, as long as each vertex gets a
unique label. The point is that by using the labels, we can define a permutation whose
cycles are in 1-1 correspondence with the connected components of the graph obtained
by combining the interior connections 7z and the exterior connections specified by I'.
The cycles are obtained by starting at a given vertex and alternately following the (blue)
interior connections and (red) exterior connections. In the example of Figure [I(, we
obtain the permutation (1 6 79 8 10)(2 3)(4 5).

2.2. Poisson point process on strand diagrams. In this section, we review a result
in the companion paper [PPSY23] that is necessary for this paper. In particular, we
express the expected product of traces of words of Unitary Brownian motions in terms
of a certain Poisson point process on the strand diagram. We recall that the Unitary
Brownian motion started from a unitary matrix A is defined as the Markov process
started from A with generator one-half the Laplace-Beltrami operator associated to
the Lie group U(N), where the Laplace-Beltrami operator is defined using the met-
ric (X, Y)un) = NTr(X*Y) on the Lie algebra u(N) of U(N). For more background,
see [PPSY23, Section 3.1] or [Dah17, Section 2].

As in Section R, let T' = (T3, ..., I}) be an ordered collection of words on letters
{A1,..., A}, where each T} has the form (R.1). Let (Br(1,), ¢ € [L]) be ani.i.d. collection
of Unitary Brownian motions run for time T started at the identity. As in the Haar-
distributed case, define

Tr(Br(I) = Tr(Br(I) -+ Tr(Br (L)),
Tr(Br(I) = Br(Ae,m)* ™ -+ (Br(Ae,omp))i™, i € [K].
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We now begin to define the Poisson point process on the strand diagram. We denote
this process by 2. Formally, X is just a rate-1 Poisson point process on the space

D= | | D@,), where D@A,):= || [0,00), foreache el[L].
eelL] L,jeln: ()]
i<j

‘We may write

= | | @),
¢€[L]
where Z(1,) is a rate-1 Poisson point process on D(4,) foreach ¢ € [L]. For T € [0, o),
we also define the finite-interval counterparts

Dr = |_| Dr(A,), where Dr(d,):= |_| [0,T], foreach¢ € [L],
ee[L] L,j€ln. ()]
i<j

and

Sre= | | 2r(A,), where Zr(2,) = 2(1,) N Dr(4,) foreach € € [L].
¢€[L]

In words, one should think of %(4,) as specifying a Poisson collection of points for each
pair of strands in the portion of the strand diagram of T corresponding to the letter 1,.
Next, we explain how to visually interpret these points. In what follows, fix T € [0, o)
and a letter A.

Let P C D7(A) be a finite collection of points. Let i, j € [n.(1)],i < j. We say that a
point x € P connects strands i and j if x comes from the interval [0, T] which is indexed
by the pair {i, j}. In this case, we also say that the strands i and j are connected by x.

Now P may be visualized as follows. The reader may wish to follow Figure [ for
a visual example as they read. For each point x in P, we draw a vertical line between
the two strands which are connected by x. If the two strands connected by x have the
same direction, then we use the color green to draw the line, and we call x a swap. If
the two strands connected by x have opposite directions, then we use the color blue to
draw the line, and we call x a turnaround. The choices for these names will become
clear later. The locations at which we draw these vertical lines are proportional to x
(which by assumption is in [0, T]). Le., if we imagine the strands as having unit length,
then we draw the line corresponding to x at location % Alternatively, if we imagine
the strands as having length T, then we draw the line at location x. It will not matter
what length we choose for the strands, because of how we are going to interpret these
vertical lines, which we begin to describe next.

The visual representation of P C D(4,) in terms of the strands defines a matching
7 € M(n.(2)) in the following manner. Suppose we take some vertex of some strand
and want to know which other vertex this is matched to by 7. To do so, we begin
“exploring” the strand emanating from this vertex, and every time we come upon a
point (i.e. a swap or turnaround), we “jump” to the other strand. If the point was a
swap, we continue exploring in the same direction as before, while if the point was a
turnaround, we actually continue exploring in the opposite direction as before (hence
the name “turnaround”). We continue this process until we reach some other vertex of
some strand. We define 7 to pair the two vertices which form the beginning and end



794 SKY CAO, MINJAE PARK, AND SCOTT SHEFFIELD

| -

-

—>

| -

-
ik
<
-l
<

FIGURE 11. A realization of a finite subset of D7(4) in terms of lines
connecting strands
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FIGURE 12. Continuation of the example in Figure [[1]. To determine
what the top-left vertex gets matched to, we explore in the indicated
manner.

-
-

points of this exploration. See Figure [[2 for a visual example of how this exploration
works.

If we separately perform this exploration starting from each vertex of each strand,
we obtain the matching 7z. As an example, see Figure [3 for the matching one obtains
from Figure [[1.

Notation 2.9. For finite subsets P C Dr(4,), let 7(P) be the matching obtained from P
in the manner described.

There is an additional quantity defined in terms of P which will play a role in relat-
ing the Poisson point process to expectations of Unitary Brownian motion. The visual
representation of P in general determines not only a matching 7z(P) but also a certain
number of “interior loops”. These interior loops may arise when there are multiple
turnarounds between two strands. See Figure [[4 for a simple example to follow along.
Each interior loop is obtained by starting at some location on a given strand and then
exploring, following swaps and turnarounds until one winds up back at the starting
point. Note here we do not need to start at a vertex of a strand (in fact if we start a
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FIGURE 13. The matching corresponding to Figure [[]

vertex, then it is impossible to form a loop), rather we allow ourselves to start at (say)
the middle of a strand. These interior loops are viewed modulo starting point, so there
are only a finite number for any given finite P.

See Figure [[3 for a less trivial example of a subset P with a nonzero number of inte-
rior loops.

Definition 2.10. Given a finite subset P C Dr(4,), let #loops(P) be the number of
interior loops of P. Similarly, for finite subsets P C D¢, which we may express as
P= |_|€€[L] P(A,), where P(1,) is a finite subset of Dr(4,), let

#loops(P) := Z #loops(P(1,)).
¢€[L]

We define one more piece of notation.

Definition 2.11. For finite subsets P C D1(4,), let #swaps(P) be the number of swaps
that P contains. Similarly, for finite subsets P C Dr, which we may express as P =
|_|€€[L] P(1,), where P(4,) is a finite subset of Dy (4,), let

#swaps(P) = Z #swaps(P(4,)).
e€[L]

We now give a precise statement of how Unitary Brownian motion expectations
reduce to certain diagrammatic sums. We quote the following result from [PPSY23].

Lemma 2.12 (Expected trace as Poisson sums [PPSY23]). Let T be a collection of words
on{ly,...,Ar}and T > 0. Let X1 be the Poisson point process corresponding to I. Let

\J
\J

<
%

A

FIGURE 14. Left: A collection of points which results in interior
loops. Right: The four interior loops in this example are indicated
red. Technically, the vertical parts of the red loops should be drawn
on top of the blue lines, but we avoid doing this for visual reasons.
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- DV
- -
FIGURE 15. Left: The visual representation of some subset P. Right:
The two interior loops in this example are indicated red.

7(Zr) = (7(Z1r(A,)), € € [L]), and let || be the number of points of . Then
E[ Tr(Br(I))] = exp(T D ((ni(zag)> _ ni(zzu)» 8

¢€[L]

[E[(_l)#swaps(ZT)N— 27 |N#loops(2T)N#comp(r,n(ZT)) ] .

Remark 2.13. Lemma gives a probabilistic viewpoint (in terms of expectations
over Poisson point processes) for expressing expectations of Unitary Brownian motion.
When phrased in these terms, certain ideas become natural. Section [ gives such an
example, where we analyze the large-T limit of Unitary Brownian motion expectations
by defining an exploration of the Poisson point process with unexpectedly nice prop-
erties.

Of course, there are existing formulas for expectations of Unitary Brownian motion
in terms of representation theory (see e.g. [Lév08, Dah17]), and in particular in terms
of the Brauer algebra (which we will define in Section 2.3). We will see at the begin-
ning of Section f] how these two viewpoints are related. The Brauer algebra provides
a convenient language in which to phrase our proofs. On the other hand, the idea of
“exploring” a point process is not as natural from the representation-theoretic point of
view, which is why we make the effort to introduce the Poisson point process formula-
tion.

We slightly restate Lemma P.17 to make it appear more similar to the Weingarten
calculus (Theorem [.3). For a collection of matchings 7 = (7, ¢ € [L]), define

wr(7) = H wr(7,),

¢elL]

where
(2.2)

wr(7,) = exp <(n“—"(2/1€)>T _ ni(z/le) T) 9

[E[(_1)#swaps(ZT(/1€))N—|ZT(A€)|N#100pS(ZT(/1e)) 1(z(Zr(A,)) = 7'['€):| ,

which can be interpreted as the partition function of all Poisson point configurations
which results in the collection of matchings z. Lemma P.17 can then be restated in the
following form.
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Lemma 2.14. Let T be a collection of words on {1,,...,Ar}. Let Z1 be the Poisson point
process corresponding to I'. Then

(2.3) [E[ Tr(BT(I‘))] = Z wp()N#eompT,m)

a=(7T1,. .., 7TL)

Remark 2.15. Observe the similarity between Lemma and the Weingarten calculus
(Theorem R.5). In both cases, expectations of traces of products of words are expressed
as diagrammatic sums. However, the weights of the sums differ. In the Haar case,
the matchings which have nonzero weight are made out of combining a pair of left and
right bijections, and the weight of such a matching is given by the Weingarten function
of their “difference”. In the Brownian motion case, in principle any matching can have
nonzero weight, and the weight can be interpreted as the partition function of some
Poisson point process.

We proceed to give a precise statement of Theorem [[.f, which is we are able to ob-
tain the T — oo limit of the right-hand side of (2.3) and thus recover the Weingarten
calculus (Theorem P.3). The proof of Theorem is the subject of Section [.

Theorem 2.16. LetT = (3,...,I},) be a balanced collection of words on {14,...,4;}.
Then
. _ -1 #comp(T,x)
lim E[ Tr(Br(I))] (UZ,TZZ)’}%[L] ( 616'[[” Wey (o Te))N :
Here, as in Theorem R.5, the sum in the right-hand side is over pairs of bijections o,,7, :
[ni(Ap)] = (np (Ap) : 2n,(A,)], € € [L], and we define = = ([0, 7,],€ € [L]).

See Figure [[g for a visualization of Theorem P.18.

2.3. Representation theory and other preliminaries. The concepts of Section P.2
may naturally be phrased in terms of the Brauer algebra, which is a well-studied object
in mathematics. We proceed to introduce the Brauer algebra because this will form a
convenient language when phrasing our proofs. We emphasize here that all the con-
cepts in this section are quite classical in representation theory.

Recall from Definition P.2 that M(n) is the set of matchings 7 of [2n].

Definition 2.17 (Brauer algebra). Let B,, be the vector space of C-valued functions on
M(n). We will often view elements f € B, as formal sums f = ), f(7)7, where 7
ranges over M(n). Fix { € C. We define a product 7,7, € B,, of matchings 7,,7, €
M (n) as in Figure [[7.

Observe that this product induces a product on 3, which turns 3B, into an
algebra. Explicitly, if we represent f,g € 3B, by formal linear combinations f =

> ey S TIT, 8 = > zyen(ny 8(72)72, then the product fg is given by
fg= Z f()g(my)m .
701,71, EM(N)

We refer to B,, as the Brauer algebra.

Remark 2.18. We make the following remarks regarding the Brauer algebra.

(1) Clearly, we may view M(n) C B, by viewing a matching 7 € M(n) as the
delta function §,; defined by 6,,(7') = 1(7x = 7').
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B B! B! G!
A C) e A1 H
DT D I
F'oJ
E
/
X
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swaps
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—

-

turnaround

FIGURE 16. The quantity
[E[tr(ABc-lD-l) tr(A-'F-1EJCBY)
- tr(A"\DIHG-1B1) tr(BGH-II-lE-lFA)]

is the expected trace product of the four loops above, where the sym-
bols are i.i.d. random elements of U(N). [PPSY23] explains one way
to compute this quantity when each symbol has the law of the time-T
value of a Brownian motion on U(N) started at the identity. First one
stacks the strands on top of each other (lower left) so that the arrows
corresponding to the same symbol lie on top of each other. Then one
chooses locations for points according to a certain Poisson point pro-
cess (lower right). As T — oo the expected number of points tends to
infinity. In this paper we derive the T — oo limit for the expectation
by starting with the formulation above and applying simple geomet-
ric arguments and sign cancellations.

(2) Typically, elements of B,, are drawn as top-bottom matchings, yet here we have
chosen to draw them as left-right matchings.

In what follows, we always take { = N. This is the choice of ¢ which relates mul-
tiplication in the Brauer algebra with expectations of Unitary Brownian motion: note
that the factor of N that we incur when we form a loop exactly matches the factor of N
that we incur in the strand diagram when we add another interior loop. We will later
give a precise statement of this in Lemma [.3.

We specify a norm on B,,, which will enable us to later talk about convergence in
B,.
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FIGURE 17. Example of multiplication in the Brauer algebra. In
words, we put 7y, 77, together side-by-side, and then follow the lines
to obtain a new matching. Any closed loops incur a factor of ¢.

Definition 2.19 (Norm on B,,). For f € B, define ||f]| to be the L' norm, i.e. ||f]| :=
Zn'e]v[(n) |f ().

Next, we define a certain subalgebra of the Brauer algebra, called the walled Brauer
algebra. This arises naturally in computing expectations of Unitary Brownian motion,
as it turns out that the strand diagrams of Section P.7 are not only elements of the
Brauer algebra, but even more they are elements of the walled Brauer algebra.

be the subset of matchings of [2(n + m)] such that every pairing of same-side vertices
includes one vertex among the top n vertices, and one vertex among the bottom m
vertices, and every pairing of opposite-side vertices is either between two top n vertices
or between two bottom m vertices.

Pictorially, one imagines a dashed line separating the top n vertices from the bottom
m vertices, and the only pairings which can cross this dashed line are pairings of same-
side vertices. See Figure [L§ for an example when n = m = 3.

The walled Brauer algebra 3B, ,, is the subalgebra of B,,,,, consisting of functions
f € B, ., which are supported on the matchings M(n, m). One may check that given
two matchings 7,, 7, € M(n, m), their product 7,7, is proportional to a matching in
M (n, m). This implies that the product on B, ,, descends to a product on B,, ,,.

Definition 2.20 (Walled Brauer algebra). Let n,m > 1. Let M(n,m) C M(n + m)

Remark 2.21. Recall from Definition P.4 that given two bijections o, 7 : [n] — (n : 2n],
we may obtain a matching [o 7] € M(2n). In fact, this matching is in [o 7] € M(n, n).

The embedding M(n) C B, also restricts to an embedding M(n, m) C B,, ,,. More-
over, observe that S, can be embedded in M(n) C B, as follows. Given o € S,,, we
can view it as an element of M(n) as in Figure [[9.

We may also embed S, into M(n,n) C B, , by connecting the top n vertices on the
left and right as we did to embed S,, into B,,, and then connecting the bottom n vertices
on the left and right by straight lines.

Next, we define the following notation for certain special elements of the walled
Brauer algebra 3B, ,,. These correspond to the swaps and turnarounds introduced in
Section 2.7.
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FIGURE 18. Element of B; 3

1 1
2 2
3 e * 3
4 4
5 5

FIGURE19. 0 =(1254)

Definition 2.22. Giveni,j € [n]ori,j € (n : n+ m], define (i j) € M(n,m) C B, ,,
to be the matching of [2(n + m)] which swaps the i, j vertices with their corresponding
versions on the right, while keeping the other vertices fixed. This is best explained by
the example in the left of Figure 0.

Giveni € [n]and j € (n : n+ m], let (i j) be the matching which has a same-side
pairing between i, j on the left, as well as their corresponding versions on the right,
and every other pairing is a straight line. See the right of Figure B for an example.

Note the particular way we have chosen to label the vertices in Figure P0. From now
on, this is how we will label vertices when working with the walled Brauer algebra B,, ,,.
Ultimately the labeling will not matter, but we have chosen to label in this way to better
relate to the Jucys-Murphy elements, which we next define.
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e
L T 1\) (/
: ./ \

4 4

FIGURE 20. Examples of the two types of generators whenn = m =
3. Left: (1 3). Right: (2 5).

Definition 2.23 (Jucys-Murphy elements). For n > 2, define the Jucys-Murphy ele-
mentJ, := (1 n)+ .-+ (m—1n) € C[S,]. We also view J,, € C[S,,] for any n < m.
Define J; := 0.

Remark 2.24. One may show that the Jucys-Murphy elements commute with each
other.

In the following, we will also view Ji, ..., J,, as elements of B, ,,, by using the previ-
ously mentioned embedding of S,, C B,, ,,. We will also need to refer to Jucys-Murphy
elements which act on bottom elements rather than top elements. We define this next.

Definition 2.25. Let n,m > 1. Define J1, ..., J,, € B, , by
Jy=m+1ln+k)+--+(m+k—-1n+k), kelm].

Definition 2.26 (Norm on group algebra). For f € C[S,], we define ||f|| to be the L
norm, ie. [|f|| = s [f(m).

Note that the norms on C[S,,] and B,, are compatible with our embeddings C[S,,] C
B, and C[S,] C B, , C B,,.

Remark 2.27. With this definition of the norm, we have that ||fg|| < ||f]l - ||lg|| for
f.g € C[S,]. This implies that ||e/|| < ell/l, which further implies that if || f|| < 1, then

/°° e~ #id+Nay e C[S,]
0
converges absolutely. Moreover, one has that
/°° e #(d+Ndy = (id+f)~1L.
0
Next, we discuss an alternate form of the Weingarten function Wg,, which arises

naturally in the proof of Theorem P.16. First, suppose N > n. The case of general N
will be addressed a bit later. Then Wg,, € C[S,,] is the following inverse:

WgN = < Z N#cycles(o)a)

oeSy

-1
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Jucys [Juc74] proved the following identity:
2.4 Z N#YCeS@g = (N 4 J,) --- (N + Jy).

oeSy
Note that when N > n, each N +J for k € [n] is invertible because then |Ji|| = k—1 <
N (recall Remark 2.27), with inverse given by:

(N+J)™ ' = NQd +J,/N)™L = N/ e~ ulid +T/N) gy
0

Since the Jj, ... ,J, commute with each other, we have that (as observed by [Nov1Q])
(2.5) Wgy =N +J)™ - (N+J)™', whenN > n.

The reason why we introduce this formula for the Weingarten function is because the
terms (N + Ji,)~!, k € [n] will appear naturally in our argument.

2.3.1. Additional technicalities for the small N case. The following material is only
needed to prove Theorem in the case N < 2 max,¢() n,. We encourage the reader
on a first reading to skip this subsection and continue on to Section [ to first read over
the proof in the case N > 2 max,¢|r) n,, which already contains the main probabilistic
ideas. The reader may come back to this section once they are ready to read Section
i.2, where the results introduced here will be needed.

Lete,,...,ey denote the standard basis of C¥. The tensor space (CN)®" has a basis
given by (e;,i = (iy,...,i,) € [N]"), wheree; :=¢;; ® - @ ¢;, . The space (CN)®" has
a natural inner product which when restricted to basis elements is given by

(ejej) =68;;=6;j, 6

To be clear, our convention is that the inner product is linear in the first variable and
conjugate-linear in the second variable, i.e. (1v, w) = v, w) and (v, Aw) = (v, w) for
A € C. Let M € End((CM)®"). One may think of M as an N” x N" matrix, whose
matrix entries are given by:

M;j = {e;,Mej), i,j € [N]".

i i

In particular, if My, ...,M,, € End (CM), then the matrix entries of the tensor product
M=M ® - ® M, are given by
M;ij = (e;, (M; ® --- @ My)ej) = (ej; ® - e;,, (Myej ) ® - ® (Mye;,))
= (e;,, Myej, ) -+ (e, Myej,)
=My j, - My, j,»
i.e. the product of the corresponding matrix entries of My, ..., M,,.
Definition 2.28. Let N,n > 1. We define a representation p . of B,, as follows. Given

a pairing 7 of [2n], define p () to be the linear map in End((C")®") whose matrix
entries are given by:

O+ iy, imhans e wins) = L1 S
{a,b}emr
For notational brevity, we omit the dependence of p, on N, n. In the following, we
mostly apply o, to elements of B, , C B,,. The way one visualizes this definition is
as follows. Suppose n = 5 and we are given the pairing displayed in Figure P1].



RANDOM SURFACES AND LATTICE YANG-MILLS 803

i1 J1
i2 J2
i3 Js
iy ® * J4
i5 Js

FIGURE 21. Visualization of matrix entries of p ()

Then the matrix entry corresponding to indices (i, ..., is), (ji,-..., js) is simply 1 if
all constraints indicated by the pairing are satisfied (in this case, i; = j,, i, = js, i3 = is,
iy = js»and j; = js), and 0 otherwise.

Remark 2.29. There is an alternative definition of p, that one typically sees (e.g.
[Dah16]). First, let E;; € End(CM) be the elementary matrix which has a 1 in its (i, j)
entry and zeros everywhere else. We may write E;; = eiejT. Then
p+(m) = H 5iaibEi1i2n ® Eiyiyyy @ - ®Einin+1‘
{a,blem
Here and in the following, repeated indices are implicitly summed over. To see why
Definition is equivalent, we may compute an arbitrary matrix entry:

(p+(7[))(ll’ . ~sin),(i2n’~ . ~,in+1)
= JI &/e(es, ® e, (B ® -+ ® Ejy o, e, ® - €4,,))

{a,bler
- Jaivle. e. el e. V..ile: e. el e
- H gla <ell’eJleJZnelzn> <eln’elnejn+1eln+1>
{a,bler

= H Saivs. . §.

i1j1%Jj2ni2n
{a,bler

e s

injnOjns1ine:

— H 5iaib .
{a,bler

Example 2.30. We record the following example calculation of p,. Take n = 2, and
consider the Brauer algebra element (1 2) € B;; C B, (which recall was defined in

Definition 2.22). In this case, p, ({1 2)) € End((C)®?), and its action on pure tensors
is given by
p+((12)(0 @ w) = §11285%(E; ; v) ® (Eyyj,w)
= §128B14(v, e;, (w, ey, )e;, ® e;,
= <l), w)5ijei ® €j.
In words, p. ({1 2)) acts on pure tensors by contraction of the two tensor components,
and its image is in the linear span of the vector 6e¢; ® e -
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More generally, for (i j) € B, ,,, € B, the matrix p, ((i j)) acts on pure tensors
by sending
VI V;® QU AW ® W ® Wy
to the vector
<Ui’wj>U1 R eQ@ QuAW Q- Qe ®  QWy,
where the ith component among the vs and the jth component among the ws are con-

tracted. On all other components, the matrix acts as the identity.
By an explicit computation, we have that

(U 0)p,((12)(v @ w) = (v, 0)8Ue; @ Ue;
= (0, W)V U, Uy je’ ® e
= (v, W)’ ek
=p,((12))(v @ w).
Here, in the second-to-last line, we used that U is a Unitary matrix, in particular that
its rows are orthogonal, so that upon fixing ¢, k and summing in i, j, we have that
81U, Uy = 8. Similarly, we may compute
Pp+((12)(U @ U)(v ® w) = (v, e;)(w, )Uyi Uyjp+ ({1 2))(e' ® e/)
= (Uv, Ow)sie; ® e
= (Uv, Um)é"e; Q ¢;
= (v, 0)8¢; ® ¢;
=p+((12)L Q@ w),

where in the fourth line, we used that U is a Unitary matrix, so that it preserves inner
products. These considerations directly generalize to give that

(2.6) (UP" @ UP™M)p (i j) = p+ (i ) = po (i jNUS" @ US™).
This identity will be needed for later remarks, but will strictly be needed for the later

proofs.

Recalling that we may view S,, as embedded in 3B,,, the restriction of the represen-
tation p, to S, defines a representation of S,,.

Definition 2.31. Let N,n > 1. Define the representation p : C[S,] — End((CN)®")
to be the restriction of o, : B, - End((CN)®") to C[S,] C B,.

Again, we omit the dependence of p on N, n for notational brevity.
Remark 2.32. One may verify that p has the following explicit form on pure tensors:
p(@) (V1 ® @ V) = Vo) ® - ® Ug(n), 0 ESp, V1.,V €CN.
In words, p(o) acts by permutation of tensors.

Next, we discuss how the formula (B.3) needs to be modified when N is general.
First, recall that when N > n, the Weingarten function may also be defined as the
inverseof 3, N #eycles(9) g in C[S,,]. For general N, this inverse may not exist. However,
we quote the following result from [[CS06], which says that the Weingarten function can
still be interpreted as an inverse, in a suitable sense.
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Lemma 2.33 (Section 2 of [CS06]). Let N,n > 1. We have that p( ZGN#CYCI“(C’)O') is
invertible, with inverse given by p(Wgy,).

Remark 2.34. This is the whole point of introducing the representation p, in that the
image p(3, N #eyeles(9) ) s always invertible as a matrix, even though 3’ N #eycles(0) 5
may not be invertible in C[S,,]. The simplest example of this difference is when N = 1
and n = 2, in which case ) - N#eyeles(@) g = jd 4(1 2). Now clearly, id +(1 2) is not
invertible in C[S,], because the inverse would be given in general by a - id +b - (1 2),
where a, b € C solve the following system of equations:

a+b=1,
a+b=0.

On the other hand, when N = 1, the space (CN )®” is one-dimensional no matter the
value of n. On this space, both p(id) and p((1 2)) are the identity operator. (Recall that
p((12)(u®v) =vQu. Ifu,v € C,thenv®u = u®uv, sothat p((12))(u®v) = uuv.)
Thus p(id +(1 2)) acts as multiplication by 2, and thus p(id +(1 2))~! is multiplication
by 1/2.

Similarly, we next show that the elements N +Ji, k € [n] are always invertible, if we
apply the representation p, . Following up on Remark P.34, consider again the simple
example n = 2. In this case, the Jucys-Murphy element J, = id + (1 2), which in the
remark was shown not to be invertible in C[S,], but on the other hand we saw that
p(@id + (1 2)) is invertible as a matrix.

Lemma 2.35. Let N,n > 1. Let p, : B,, — End((CN)®*") be the representationB

from Definition .28 For all k € [n], all eigenvalues of p, (Ji) are at least —N + 1.

Proof. Due to our embedding of S,, into B,, ,, p+(Jx) acts as the identity on the last
n coordinates of (CV)®2", On the first n coordinates, p (J;) acts as p(J;) (as defined
in Definition .31)) . Thus, it suffices to show that all eigenvalues of p(J;) are at least
—N + 1. This follows from the combination of two classic results in the representation
theory of the symmetric group:

(1) By Schur-Weyl duality (see e.g. [CS06, Theorem 2.1]), we have that in the de-
composition of the representation p into irreps, only those irreps correspond-
ing to Young diagrams A with at most N rows (i.e. £(1) < N) appear.

(2) Let p” be the irrep corresponding to A. The eigenvalues of p*(J}) are explicitly
known: for each Young tableaux with shape 4, let (i, j) be the coordinates of
the box which contains the integer k. Here, i is the row index and j the column
index. Then p?(J;) has an eigenvalue equal to j — i. Moreover, all eigenvalues
of p*(J;.) arise this way. This result was proven by Jucys [Juc74] and indepen-
dently later by Murphy [Mur8&1].

The second fact implies that every eigenvalue of p*(Jy) is at least —#(1) + 1, since the
box with the most negative value of j —i is (¢(1), 1). Combining this with the first fact,
the desired result now follows. O

Lemma shows that for all k € [n], all eigenvalues of p (N + J;) are at least 1,
and thus p (N + J;) is invertible. Moreover, we have Lemma .36, which generalizes
(B3) to the case of general N.

SRecall that By, ,, C B,,,. The representation p is originally defined on B,,,, here we restrict it to Bun-
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Lemma 2.36. Let N,n > 1. We have that
p+(Wey) = o (N + 1)~ - o (N + 7)1

Proof. Due to our embedding of S, into B,, ,,, for any element f € C[S,], the matrix
p+(f) € End((CN)®2") acts as the identity on the last n coordinates of (CV)®?*, On
the first n coordinates, o, (f) acts as p(f) € End((CN)®"). Thus it suffices to prove
the claimed identity with p, replaced by p. Since p is a representation, we have that
(using that the Jucys-Murphy elements commute with each other and applying (2.4)
in the final identity)

-1

PN +J)™ - p(N+ 1) = p(N+ ) - (N + ) ™! = p(ZN#°Y°les(”>a)

The desired result now follows by Lemma .33 O

In the course of proving Theorem for general values of N, we will also need the
following technical lemma.

Lemma 2.37. Let N,n > 1. All eigenvalues of
1
NPUn+ -+ ) € End((CN)®")

are at least —g + % More precisely, ifn = mN +rwith 0 < r < N —1, then all eigenvalues

are at least
n m* r 1r(r—1) mr
——+—=—+=-—= :
2 2 2 2 N N

Proof. As noted in the proof of Lemma .33, by Schur-Weyl duality (see e.g. [CS08,
Theorem 2.1]), we have that in the decomposition of p into irreps, only those irreps
corresponding to Young diagrams 4 with at most N rows (i.e. (1) < N) appear. Thus
letting o” be the irrep corresponding to 4, it suffices to show the claim with p replaced
by p?, for any Young diagram 1 with at most N rows.

Towards this end, let 1 be a Young diagram, for example as in Figure P2. Given a
box (i, j) € 4, its content c(i, j) is the integer j —i.

As discussed in the proof of Lemma B:33, for k € [n] the eigenvalues of p*(J; ) are
given by the content of the kth box when we range over standard Young tableaux with
shape 1. Even more, [Juc74, Mur81] show that the (0*(J;), k € [n]) have a joint eigen-
basis indexed by standard Young tableaux with shape 4, where the eigenvalues corre-
sponding to given standard Young tableaux are the contents of the boxes of the Young
diagram. This discussion shows that on each eigenbasis element, p*(J, + --- + J;) acts
in the same manner, that is as a whole p*(J; + --- + J,,) acts as a multiple c; of the
identity, where c, is the sum of contents of all the boxes in 1.

To envision the computation of c;, we label each box of 1 with its content, i.e. the
number j — i, where (i, j) is the row-column coordinate of the box. For the Young
diagram in Figure P2, we have the labeling in Figure P3. The constant c; is then the
sum of all box labels. For example, for the Young diagram in Figures P2 and 3, c; = 6.

Now, fix n,N > 1. To prove the lemma, we need to understand how negative the
content sum c; may be for a Young diagram with n boxes and at most N rows. Clearly,
to minimize c;, we want a Young diagram with as many columns of size N as possible.
Thus, ifn = mN+rwith0 < r < N—1, then the Young diagram in Figure P4 minimizes
Ca.
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0 1 2 3 4
1] 0 1 2

2 | 1] o

-3

FIGURE 23. Young

FIGURE22. 5+4+3+1=13 diagram with content
labels
m
0 1 2 3 4 )
-1 0 1 2 3 4 r
N
-2 -1 0 1 2 3
-3 -2 -1 0 1

FIGURE 24. When n = mN + r, the “worst case” Young diagram in
terms of smallest content sum

The content sum c; of such a diagram (by first summing the contents along each
column) is

R R
ol -

From this, we may obtain

1 1 1
NCA = —zm(N— 1)+ Em(m -1)—

1r(r—1) mr
2 N N
1 1r(r—1) mr

2'T2TN N

1 1
=—=(mN —m?
2(m +r)+2m +
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Since n = mN + r, this proves the second claim. Moreover, we see that if m > 1, then
the above is at least —%n + %mz > —%n + % as desired. Now, suppose that m = 0, so
that n = r. Then the above is equal to
1 1 1 r
—El’l + 57’(1 + N - N)
One may check that under the restriction 1 < r < N — 1, the above is minimized at
r = 1 with a value of —%n + % as desired. O

Recall the Jucys-Murphy elements acting on bottom vertices defined in Definition
2.23.
Corollary 2.38. LetN,n > 1. Let p, : By, .1 — End((CN)®*"*1). All eigenvalues of

1
NP+Un+ o H gy o D)
are strictly greater than —n.

Proof. Observe that p.(J, + --- + J;) acts as the identity on the last n + 1 coordinates,
and on the first n coordinates, p (J, + --- + J;) acts as p(J, + --- +J;). In other words,
pily + -+ 1) = pU, + -+ +J) ® I,,..1, where I,,,; € End((CN)®+D) is the
identity. Similarly, we have that p, (Jj 1 + -+ +J71) = [, ® o(Jy 41 + - +J1), where I,, €
End((CN)®") is the identity. In general, given two matrices M;, M5, the eigenvalues of
M,; ® M, are the products of the eigenvalues of M; and eigenvalues of M,. Combining
this fact with Lemma P.37, we obtain that all eigenvalues of % o+ +J)®I,,, are
atleast —%n+ %, and all eigenvalues of I,, ® %p(],;+1 +---+J]) are at least —%(n+1)+ %
The desired result now follows. O

3. SURFACE-SUM REPRESENTATION OF WILSON LOOP EXPECTATIONS

In this section, we show how to apply the Unitary Weingarten calculus (Theorem
B.3) to express Wilson loop expectations as sums over edge-plaquette embeddings
(which were introduced in Section [[.4). We first prove a more abstract result about
expectations of traces of words of Haar distributed Unitary matrices (Proposition B.§)
which has no reference to a lattice, and then apply this result to Wilson loop expecta-
tions to obtain Theorem B.10.

Definition 3.1. Define the normalized Weingarten function \VgN by:
Wgy (1) := N Hlwg, (1), 7 €S,.
Here, |7| := n — #cycles(x).

Remark 3.2. We will see later on that the normalized Weingarten function is the more
natural quantity to work with, as it leads to nicer statements of our formulas. Another
nice thing about \VgN is that with this choice of normalization, the limit as N — oo
exists and depends on 7. Indeed, we in fact have (see e.g. [CS06, Corollary 2.7])

Wg () = Méb(r) + O(N~2) as N — oo,
where if 77 is decomposed into cycles of lengths Cj, ..., Cy, then

(3.1 MGab(r) := H(_l)ci—lcat(ci -1),
ielk]
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FIGURE 25. Left: A pair of left and right bijections. Right: The faces
obtained by “shrinking away” the blue matching edges.

where Cat(k) := % is the kth Catalan number.

Recall from Theorem P.5 that expectations of traces of words of Haar-distributed
Unitary matrices may be expressed in terms of a diagrammatic sum over matchings,
with matchings weighted by the Weingarten function. In this section, we will use this
to express Wilson loop expectations in lattice gauge theories as weighted sums over
edge-plaquette embeddings. The main step is to describe how to obtain a map from a
given balanced collection of words I' (which recall specifies the exterior connections)
along with interior connections specified by matchings. Recall from the beginning of
Section [[4 that a map is a collection of polygons with specified gluings. Thus in the
following, we will describe how, given I and a choice of matchings, we may obtain a
collection of faces along with a complete pairing of the set of edges (i.e. the specified
gluings).

Recall the strand diagram SD(T') introduced in Section P.1]. As in Figure [, the con-
nected components of the strand diagram are in 1-1 correspondence with the words of
I'. These connected components may be thought of as polygonal faces. A connected
component of size 2k can be thought of as a k-gon B by shrinking away the red exterior
connections specified by I', as mentioned in Figure B. In summary, the choice of T’
specifies a collection of faces, which can be seen in the strand diagram. However, as
we will see, these are not the only faces which will appear in our map. Rather, these
will give the plaquette faces, while the blue faces are still to be obtained.

Next, consider a pair of left and right bijections of the vertices of a number of strands
as displayed in the left of Figure P3. (Recall that the Weingarten calculus involves sum-
ming over such pairs.) Think of this as the portion of the diagram corresponding to
some letter 1in {1,,...,4;}. One can imagine that the two endpoints of each blue line
are identified (this corresponds to “shrinking” each blue line away). In this case, one
is then left with a collection of faces as in the right of Figure B3.

In Figure P, we give another example of a pair of bijections along with the corre-
sponding collection of faces.

By specifying a pair of left and right bijections (o, 7,) for each letter 4,, we can
obtain another collection of faces, in the manner described in Figures B3 and P§. We

®Due to the way the strand diagram is defined, the connected components are always of even size, because
they are found by alternately traversing a black strand and red exterior connection, until arriving back at the
starting point.
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FIGURE 26. Left: A pair of left and right bijections. Right: The faces
obtained by “shrinking away” the blue matching edges.
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thus naturally have two collections of faces: the set of faces which correspond to words
in T, and the set of faces obtained from the pairs of left and right bijections.

Convention 3.3. We refer to the faces which correspond to words in I as “plaquette-
faces”, or “yellow faces”. We refer to the faces which are obtained from the pairs of left
and right bijections as “edge-faces”, or “blue faces”.

Observe that every edge is incident to exactly two faces — one blue face and one
yellow face. This naturally induces a gluing of the faces, and so we obtain a map whose
dual is bipartite from the data (T, ([o,, 7,],€ € [L])).

We next observe that the number of vertices of this map is precisely the number of
components of the strand diagram.

Lemma 3.4. LetT = (I3, ..., I}) be a balanced collection of words on {1, ..., }. Sup-
pose that foreach ¢ € [k|, the number of occurrences of 1, isn(1,). For€ € [k], letc,, T, :
[n(1,)] = (n(4,) : 2n(A,)] be a pair of bijections. Then #comp(T, ([o,,17,], € € [L]))
is equal to the number of vertices in the corresponding map.

Proof. To compute the number of vertices in the map, we can proceed as follows. Re-
calling that the map arises from combining an interior connection with an exterior
connection of the strand diagrams, we may begin by giving each vertex in the strand
diagram a unique label. Thus for the portion of the strand diagram corresponding to
Ae, We give a total of 4n, labels, since there are 2n, strands. Each connection (be it in-
terior or exterior) results in the identification of two labels. In terms of the map, labels
which have been identified are in fact the same vertex. Therefore the number of ver-
tices in the map corresponds to the number of different equivalence classes of labels,
after performing all label identifications indicated by the connections. The equivalence
class of a given label may be obtained by starting at the label, and alternately follow-
ing the exterior and interior connections, until we arrive back at the initial label. Re-
calling Example B.§, observe that this is precisely the same method for computing the
number of connected components of a given strand diagram with interior and exterior
connections. Thus the connected components of the strand diagram are in bijection
(moreover, there is a canonical identification) with the vertices of the map. |

Before we make Definition B.3, we emphasize here that the outcome of the preceding
discussion is that given the data (T, ([o,, 7], € € [L])), we have described how to obtain
a map whose dual is bipartite. (And moreover, the number of vertices of this map is
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precisely the number of components in the diagram corresponding to (T, ([o,, 7,],€ €
[L])).) Since Theorem P.3 involves a sum over (T, ([0,,7,],¢ € [L])), we will thus be
able to interpret the expectations of products of traces of words in independent Haar
Unitaries as a sum over maps. We next define the set of such maps.

Definition 3.5. Let I = (I3, ..., I}) be a balanced collection of words on {4,,...,4}.
Define DBM(T) (short for “dual bipartite map”) to be the set of all possible maps which
can be obtained from adding pairs of left and right bijections to the strand diagram of
I'. For a given map M € DBM(I'), and ¢ € [L], let u,(M) be the partition of n(1,)
(the total number of occurrences of 4, ) given by 1/2 times the degrees of the blue faces
which are glued into the strand diagram of 4,.

Remark 3.6. All maps in DBM(T') are orientable. The faces coming from words of T are
endowed with a natural orientation. It follows from construction that the edge-faces
can then be endowed with orientations that are consistent with the existing orienta-
tions. This will be in contrast to the Orthogonal and Symplectic cases in Section p.1],
where the constructed maps are not necessarily orientable.

Remark 3.7. Observe that for any M € DBM(T'), we have that
(3.2) EM) =2 Y n(d), FOM)=k+ Y &(u(M)).

ie[L] i€[L]

Here, ¢(u;(M)) is the number of parts of the partition wu;(M). The first identity says
that the number of edges is equal to the total number of strands in the strand diagram,
and the second identity says that the total number of faces is equal to the number of
words plus the total number of cycles of the interior connections of the strand diagram.

Proposition 3.8. LetT = (I3, ..., I}) be a balanced collection of words on {A,,...,Ar}.
We have that

Erewm)l = Y ( T] Weyle o) ook,
MeDBM(T) ¢€[L]
Proof. By Theorem P.5, the definition of DBM(T'), and Lemma .4, we have that
ETewml = Y ( T] Wey @)oo,
MeDBM(T) \ ¢e[L]

Applying the identities (B.Z), we further obtain

FTrU)l= Y ( T NG+ O0twg, (€ M))) NVOO-EQO+FQ0)—k.
MeDBM(I) “i€[L]
The desired result now follows. O

Next, suppose the letters {1,, ..., 4; } are edges of the lattice A. Suppose the collection
of words I' = TI'(s,K) is made of a string s and a plaquette count K : P — N. Here,
astring s = (¢,...,¢,) is a collection of loops. Each loop is a word. The plaquette
count K specifies that there should be K(p) copies of the boundary of p in I'. We say
that (s, K) is balanced if the corresponding I is balanced.

Recall the definition of an edge-plaquette embedding (Section [[.4). For balanced
(s, K), amap M € DBM(T'(s, K)) induces an edge-plaquette embedding (]_V[, ¢), where
the function ¢ is determined by the requirement that it maps each edge of M (which is
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FIGURE 27. An example of an edge-plaquette embedding with
boundary when ¢; = ABCD and ¢, = D~'C~'B~1A~!. The top left
sphere is a map M whose dual is bipartite and the bottom left map M
is obtained by removing two yellow faces corresponding to ¢; and ¢€,.
The Euler characteristic changes from 2 to 0 after removal of the two
faces. The boundary of M maps onto the edges of ¢; and £,, and thus
we can interpret M as having boundary given by the union of ¢; and
é,.

canonically labeled by a letter in {4, ..., 41}, which we are assuming to be edges of the
lattice A) to the corresponding edge of A. Here, M is obtained from M by deleting the
faces of M which correspond to the loops ¢4, ... ¢, (i.e. the faces whose boundaries are
mapped by ¢ to the loops). This way, all faces of M are mapped to plaquettes of A, as
required in the definition of edge-plaquette embeddings. Note that M hasn boundary
components, which are mapped by ¢ to the loops ¢;,...,¢,. In this way, we interpret
(M, ¢) as having “boundary” ¢;,...,#,. See Figure P7 for an illustration.
We will later use that

(3.3) x(0) = x(M) —n,

which follows since M is obtained from M by deleting n faces.
We now apply these considerations to lattice Yang-Mills. Let s be a string. Recall
equation ([[.§), which we reproduce here:

K
6o ns=zzp ¥ T [m@I @ IT da.

|
K:P-N K pe?P ecEp

For each fixed K : ? — N, we may apply Proposition B.§ to obtain an expression for
the integral above in terms of a sum over edge-plaquette embeddings. We first set some
notation.

Definition 3.9. Lets = (¢y,...,¢,) be a string, and let K : ? — N be a plaque-
tte count. Define the set EPE(s, K) of edge-plaquette embeddings associated to s, K
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as follows. If (s,K) is unbalanced, then EPE(s,K) := @. If (s,K) is balanced, we de-
fine EPE(s, K) to be the set of edge-plaquette embeddings (M, ¢) obtained from maps
M € DBM(I'(s, K)). In words, EPE(s, K) is the set of edge-plaquette embeddings with
plaquette counts specified by K and which have “boundary” s. Next, define

(3.5) EPE(s):= | | EPE(s,K).
K:P—-N
We use the suggestive notation A, ¢) = s to mean o, ¢) € EPE(s).

For (M, ¢) € EPE(s), and e € E,, let u,(¢) be the partition of |$~1(e)|/2 induced by
1/2 times the degrees of the faces of ¢~1(e). Define

area(M, ¢) = . |71 (p),

pe?

@ Or= 116D

peP
Note that if (M, ) € EPE(s, K), then area(M, ¢) = Zp K(p)and (¢ ) =K

Theorem is the main result of Section B. It is the precise version of Theorem
L3.
Theorem 3.10. Let A be a finite lattice. Let s = (€4,...,¢,) be a string. We have that

—1 ﬁarea(M,da) _ B
Wong =75 % o ( TT Wewtaton pveoo-r.
(M, p)=s ecEp

Here, the sum converges absolutely in the following sense. Recall that the sum is over the
set EPE(s), which may be partitioned as in (B.5). Then

‘Barea(M,q&) _ B
— o Wy (1e($)) INXOD=R| <
@1 (1;[ BV ) %

Proof. For the absolute convergence, combining equations (B.3) and (B.4), and using
that | Tr(Q)| < N for unitary matrices Q € U(N), we have that (recall that our Wilson
loops are defined using the normalized trace)

K :P—>N (M,$)€EPE(s,K)

(Nﬁ) /W(Q)HTI.(QP)K(p) IT dQ. ’ (Nﬁ) T NvE@
K: 5’—>N peP ecEp K: ?—>N K! peP
— Nzﬁ) N23 < 0.

Next, by Proposition B.§, we have that for each fixed K : ? - N,

K
(le!) / W@ [ Tr(@)*®

peP

_ WK

- TT Ve (ke JNx00nNE,

(M,$)eEPE(s,K) ( e€Ep

Recalling that area(M, ¢) = Zp K(p) and (¢~1)!= K! for (M, ) € EPE(s,K), the
desired result now follows upon summing in K. O
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In the first few versions of this article, we included a heuristic discussion of the
large-N limit of the lattice Yang-Mills theories in terms of surface sums. This work has
since been carried out in [BCS24], which established that the large-N limit of Wilson
string expectations can be expressed in terms of a certain sum over planar maps, which
is very similar to the surface sums which were suggested in previous versions of this
work. There was however one surprising aspect of the surface sums, which was that
an additional “nonseparability” condition had to be imposed to obtain the result. See
[BCS24, Appendix A] for more discussion on this topic.

4. BROWNIAN MOTION AND POISSON PROCESS EXPLORATION

In this section, we prove Theorem P.16. First, in Section 1], we define and analyze
a particular exploration process that is central to our proof. We then give the proof of
the theorem in the case where N is large, where it is easier to focus on the main ideas.
In Section f.2, we extend the argument to the case of general N.

4.1. Strand-by-strand exploration. We begin towards the proof of Theorem P.14.
The main difficulty is that the weights wr(7) appearing in Lemma .14, when ex-
pressed as a series in T, do not converge absolutely when T — 0. In fact, the series
is of the schematic form Zk %ck, for some coefficients cj. Clearly, to show con-
vergence as T — oo, we need to take advantage of delicate cancellations which occur,
rather than any sort of absolute summability. Uncovering these cancellations is the
main technical part of the argument. This will be achieved via a certain exploration
of the Poisson point process that we introduced in Section B.2 which will provide an
alternate form for the weights w(7r) which makes taking the T — oo limit easy.

In the following, recall the Poisson process and strand diagram material introduced
in Section R.2. Because the Poisson processes corresponding to different letters are in-
dependent, it will suffice to just analyze the portion of the strand diagram correspond-
ing to a single letter A.

Notation 4.1. Recall the notation from Section .2 that n (1) (resp. n_(4)) is the num-
ber of times A (resp. A~!) appears in the collection of words T'. In this section, we will
almost always have that n, (1) = n_(4), and so we simplify notation and just write
n(A) = n,(4) = n_(1). Moreover, with 1 fixed, we will just write n instead of n(1).
We will also write D = Dp(1), Z = Z(4), 2(T) = Z7(4). In this section, we change to
writing 2(T) instead of making T a subscript because this will visually simplify many
of the formulas that we write. (On the other hand, we found it more natural to write
() in Section R.2.)

Recall that by Lemma .14, expectations of words of Unitary Brownian motion may
be expressed in terms of w7 () (which is defined in (2.2)), for matchings 7 € M(2n).
We next describe an alternative way to think about w(7) in terms of the Brauer algebra
(introduced in Section R.3) which will be useful.

Let P C Dt be a finite point set. Recalling that Dr is defined as a finite disjoint
union of (22”) copies of the interval [0, T], we may view P as a finite subset {x,, ..., x/p|}
of [0, T], where 0 < x; < -+ < x,p| < T, along with a collection of labels Il,...,I|P|
where each [, = {i, ji}, where i, < j, € [2n]. The label 1, can be thought of as
keeping track of which copy of [0, T] the point x; belongs to. In the following, we
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assume that the x,, ..., x|p| are distinct. Note that this is a.s. true for the random point
set .
In the following, recall the walled Brauer algebra elements (i j) and (i j) introduced

in Definition R.22.

Definition 4.2. Given a finite collection of points P C Dy, we define Fy(P) € B, ,
as follows. We use the representation of P in terms of 0 < x; < --- < xp; < T and
ly,...,1p. For each k € [|P|], define by € B,, ,, as follows. If I} = {iy, ji} is such that
i, ji € [n]oriy, jx € (n : 2n), then define by := (—1/N)(iy ji). Otherwise, if iy, € [n],
Jk € (n : 2n], define by := (1/N )iy ji). We then define

Fn(P) = by -+ bjp| € B, .
We often omit the dependence of Fy on N and just write F(P).
The key observation relating wr(7) to the Brauer algebra is the following.
Lemma 4.3. For any finite set of points P C D, we have that
F(P) = (—1)#sWaps(P) y—IP| N #100ps(P) 7 p),

Proof. In the definition of F(P), each point which corresponds to a swap carriesa —1/N
factor, while each point which corresponds to a turnaround carries a 1/N factor. This
explains the factor (—1)#sWaPsS(P)N~=IPI The term N*#1°°PS(P) 7(P) comes about because
this is precisely how multiplication in the Brauer algebra is defined (recall in the discus-
sion after Definition we set ¢ = N so that each loop formed during multiplication
contributes a factor N). O

With Definition .7 and Lemma f.3, we may express

1) 3w = BTTERETY)).

weM(n,n)

In the following, we will mainly focus on understanding the large-T limit of the right-
hand side above. Clearly, once we understand this, we will also know

7lwim wr(7) for any 7 .

Remark 4.4. Observe that F(X(T)) can be thought of as a “random walk” on the Brauer
algebra, since due to the Poisson distribution of Z(T'), we are multiplying a number of
“increments” of the form (i j) or (i j), and each increment is equally likely. Of course,
here we ignored the —1/N and 1/N factors, which makes the random walk interpreta-
tion not exactly correct.

Our starting point is Lemma B.5, which observes some cancellation that happens
once a turnaround appears. In words, it says that once a blue turnaround appears,
the only points which can thereafter appear that touch either of the matched strands
must be the turnaround between the same two strands. Ultimately, this cancellation
is possible because swaps come with a negative sign and turnarounds come with a
positive sign.
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Lemma 4.5. Let iy € [n], jo € (n : 2n]. Let Z_y;, ;(T) be the Poisson point process
obtained by deleting all points of 2(T) touching the iyth or jyth strands. Then

(io JoYE[F(E(T))] = e=*=DT (i jo)E[F(Z_giy jo) (T,
E[F(Z(T)Kig jo) = e * " DTE[F(E_g, jo1(T) Ko Jo)-

Remark 4.6. We remark that if we applied the representation p, to the identities, then
these identities would follow directly from the relation (B.6) between o, and the action
of unitary matrices, combined with (B.1) which relates E[F(Z(T))] to expectations of
Unitary Brownian motion. However, because p in general is not injective (see e.g. the
discussion in Remark P.34), we still must prove Lemma .5 via a direct combinatorial
argument.

Proof. We only show the first identity as the second follows similarly. Let At be the
event that the process (T contains no points touching the iyth or jyth strand, besides
those which give the turnaround (i, j,). Since each strand is involved in 2n — 1 total
Poisson processes, the number of Poisson processes that involve the ith or jth strand is
2(2n—1) — 1 = 4n — 3. On the event A7, all but one of these processes must have zero
points, and thus P(Ay) = e~ 4"~DT Let Ziiy jo)(T) be the process obtained by keeping
only those points which give the turnaround (i, j,). On Ay, we may split
(1) = Z—{ioJo}(T) U Z{io,jo}(T)’

and moreover

F(T)) = F(Zgi,,jo) (THF(Z_ig, jo1 (T))-
We thus have that

(io Jo)EIF(Z(T)La, ] = P(AT )Xo Jo)ELF(Zgiy, jo) (TDIE[F(Z iy, joy(T))]
= e ig jo)ELF (S, jol  THIEIF(E g, jo) (T)]-

By explicit calculation, using that (iy jo)* = N¥~1(i, j,), we have that

. N S -t L
(io Jo)E[F(Z(s4, o) (T))] = €7 (ig Jo) kz—:o F( N ) = (ip jo)e kZ:—o T (o Jo)-
To finish, it suffices to show that

(o JO)E[F(Z(T)] = (i jo)E[F(Z(T) 14, ],
or in other words,
(i jo)E[F(Z(T))]lACT] =0.
‘We show that for each k > 1, we have that
(io Jo)EIF(E(T)Lag, | [E(T)| = k] = 0.

(If k = 0 then A% cannot occur.) Let Q, be the set of length-k sequences of elements
of the set

{Gp:1<i<j<niu{(ij):n+1<i<jg2nju{(ij):ie[n],je(n: 2n]}

such that there exists some element not equal to (i, j,) that involves either i, or j,. For
each (xy,...,x,) € Qy, let ny(xy, ..., xi) be the number of swaps (i.e. elements of the
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form (i j)) in the sequence. Observe that

.. .. 1
o Jo AS =k|=(iy jo _ Xk X e X
(ip Jo)EIF(E(T)Lag. | [E(D)|=k]={io jo)— (=1 G i)

(%) Nk (x1....x) e

We now define a bijection h : Q; — Q such that if h(xy,...,x;) = (y1,...,Yk), then
(ig jo) (=1t Yy, oy = (i fo)—1)PTC1 X x - X
Note that this immediately implies that
(o) Dy (ST

(xl,A . .,xk)er
=—(igjo) D, (=D)L,
(X1, XK )EQ

which implies that the above is zero, which would give the desired result. To define
h, given a sequence (xy,...,Xy), let 1 < r < k be index of the first element x, which
causes the sequence (xy, ..., X;) to be in Q. Then either x, is a swap of the form (i, k)
or (k jy), or x, is a turnaround of the form (i, k) or (k j,). If x, is a swap, we set

(toee s Xpo1s G Jo)s Xt e n i) X = (ig K,
(%15 e Xpoq, Clo k), Xpgas oo X)) X = (K o),

and if x, is a turnaround, we set

h(xq,...,Xg) :={

(roeee s X1, (K o) Xrpaeen X)Xy = (g K,

(ersees Xpo1s (o Ky X1 oo X)X = (K Jo)-

In words, if x, is a swap involving i (resp. jy), then h switches x, to a turnaround
involving j, (resp. ip). Similarly, if x, is a turnaround involving i, (resp. j,), then h
switches x, to a swap involving j, (resp. ip). Note that h is an involution, and thus a
bijection. Also, we clearly have by construction that

h(xqy,...,Xxg) :={

(_1)nT(x1,. CoXk) — _(_1)nT(h(x1,. . .,xk))'

Thus to finish, it suffices to show that with h(x,,...,x;) = (J1,..., k), we have that
(o jo)yx1 -+ xx = iy jo)¥1 -+ Yk- By construction of h, it just suffices to show that
(o Jorx1 -+ %, = (iy jo)X1 -+ X,_1Yy- By the assumption on r, we have that x; --- x,_;
commutes with (i, j,), and so

(o Jo)x1 -+ Xp = Xy === Xp_1{lo jo)Xrs o Jo)X1 - Xp_1Yr = X1+ Xp_1{lo Jo)Vr-
To finish, we claim that (iy jo)x, = (i jo)ys i-€. the switching procedure used to define
h does not change the overall matching. This follows by the identities (i k)(i j) =
(i k)j k) and (i k)i j) = (i k)(j k). For the first identity, observe that the two products
of matchings in Figure P§ are equal.
The second identity follows similarly. O

We now finally describe our exploration of the strand diagram corresponding to X.
We describe the exploration on the “infinite-time” process Z; the exploration on the
“finite-time” process X(T) is exactly the same (except since Z(T) contains no points
beyond time T, nothing happens in the exploration after this time).

The exploration proceeds strand-by-strand. We first give an informal description
with accompanying figures before proceeding to the formal mathematical definition.
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FIGURE 28. The above two products of matchings are equal
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FIGURE 29. Before the strand-by-strand exploration

The main feature of the exploration is that we explore only a single strand at a time,
rather than all strands at once. That is, we start at (say) the top strand, and explore
left-to-right until we see a swap or a turnaround involving this strand. If we see a swap
between the top strand and another strand, then we begin exploring the other strand.
If we see a turnaround, then the current exploration era ends, and we begin to explore
the next strand. To visualize this exploration, suppose we want to explore the diagram
in Figure 9.

Our exploration proceeds in three separate eras, drawn as in Figure BQ.

Note that at the start of the second era, we begin exploring the top strand instead
of the second-to-top strand, because of the previous swap between these two strands.
Likewise, at the start of the third era, we also begin exploring from the top strand, be-
cause this is effectively the bottom strand due to the previously seen swaps. Another
thing to note is that in principle, during the first exploration era, it is certainly possible
for the point process to have swaps that involve two non-top strands. However, our ex-
ploration process does not see these swaps. It turns out that by exploring the random
environment in the manner we described, we can in fact assume that in every explo-
ration era, every swap in the point process involves the current exploration strand, so
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FIGURE 30. The successive eras of our strand-by-strand exploration.
Note that the exploration does not see all of the swaps. One of the
key ideas is to show that if we condition on what is seen by the ex-
ploration, the contribution from these “unseen swaps” is in fact zero.
This is ultimately due to cancellations that can be uncovered.
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FIGURE 31. The matching discovered by our strand-by-strand exploration

that we don’t need to worry about such “unseen swaps”. This property is due to cer-
tain cancellations that we may take advantage of, which are very similar in spirit to the
cancellations observed in the proof of Lemma [A.3.

At the end of the last exploration era, we have built up an element of B,, ,, (we have
omitted the additional factors of +~ and only drawn the left and right bijections), as
displayed in Figure B1.

Here, the colors are for visual purposes and don’t affect the end element of B,, ,:
we have colored the matching edges to denote the exploration era in which these pair-
ings were discovered. Now here is why we chose to explore as we did: conditioned on
everything we have seen up to the end of the last exploration era, the expectation of
F(2(T)) is essentially given? by the matching in Figure Bll. This property is intimately
related to our previous comment that we can assume that there are no unseen swaps,
i.e. swaps which do not involve the current exploration strand. This key property of
our exploration enables us to give a rather explicit closed-form expression for the over-
all expectation of F(2(T)). Even more, it is almost trivial to take the T — oo limit of
the closed-form expression, and this allows us to recover the Weingarten calculus.

We now proceed to the precise definition of the exploration. First, for i € [2n],

define
Z; = U Zyi,jp
Jjel2n]\{i}
i.e. Z; collects all Poisson processes with which i is involved. In terms of the strands,
%; collects all swaps and turnarounds touching the ith strand. The exploration is de-
scribed by two processes (E;);»o, (7;)>0, the first of which takes values in [n], and

"Technically, this is only true up to some explicit factors +1/N factors, but this is more of a technical
detail.
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FIGURE 32. Left: We start at the first strand and explore until we see
a turnaround. Right: Once we have seen a turnaround, we may treat
the two strands involved in the turnaround as “out of the game”.

the second of which takes values in S,, (which we view as the set of bijections of [n]).
One should think of E, as tracking the current exploration era, and 7, as tracking the
current strand of exploration.

We start with E;, := 1, 7, := id. We begin exploring £, (g,) = Z; until we see the
first point, which we denote by U;. At time U;, we update E and 7 as follows. Let
J € [2n] be the label of the strand which is matched to the top strand by the first point
U,. Fort € (0, Uy), we set E; := Ey, m; = my. Now if j € [n], then we set Ey;, = E, and
my, = (mo(1) j)mo. We then continue exploring E,TUI ) from time U;. Otherwise,
if j € (n : 2n], then we set Ey, = E; + 1 (i.e. a new exploration era begins) and
Ty, = 7y- Additionally, we remove all points of £, (g,y U Z; from Z. The exploration
then continues on this reduced point process. In terms of the strands, the removal of
points corresponds to only looking at those swaps or turnarounds which do not involve
the 7y(E,) or jth strands. The exploration stops once all exploration eras have ended,
i.e. once we have explored all strands up to their first time of turnaround. This is the
first time ¢ such that E; = n 4 1. This is a.s. finite for ¥ due to properties of Poisson
point processes.

Fori € [n],let T; := inf{t > 0 : E; = i+ 1}, i.e. the time at which the ith exploration
era ends. Let Q; be the set of points that the exploration has seen up to time t. Let
(&, t > 0) be the filtration generated by the processes E, 7.

The following key proposition makes precise the key property of our exploration
that we described earlier.

Proposition 4.7. We have that

T ()T, < T)] =
E[F(Qr, )1(T,, < T)eXn=DT1g2(n=2(Ta=T1) ... e2n=n)(Tn=Ts1)],

Proof. Fix N. We proceed by induction on n. When n = 1, the result is true for all
T > 0, because then A7 always occurs, and furthermore when T; < T, we have that
F(Z(T)) = F(Qr,). Now suppose that for some general n > 1, the result is true for all
T > 0. We proceed to show that the case n + 1 also holds. We start by conditioning on
F r,. Pictorially, this corresponds to exploring until the end of the first era, see the left
of Figure B2. One should think of the two parallel vertical red lines as occurring at the
same time (namely T;), although for visual purposes we have drawn them to be slightly
separated. Next, naturally, we may split the diagram in Figure B into two parts: the
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part to the left of T;, and the part to the right of 7;. This corresponds to splitting
I(T) = £(Ty) v Z(T\E(TL).

Since the Poisson processes before T} and after T; are conditionally independent, we
have that

E[FEMUT1 < T) | Fry] =
E[F(Z(T) | F 1, JE[FEMN\E(M) LTy = L S T=T) | F ]

We first use our inductive assumption to rewrite the second conditional expectation on
the right-hand side above. By our cancellation lemma (Lemma £.5), we may assume
that there are no swaps or turnarounds which involve either of the two matched strands
after Ty, as long as we multiply by the explicit exponential factor e~ (4(m+D-D(T-T1) —
e=#MT=T1)_ Pictorially, after T;, the two segments which are colored bright green in
the right of Figure B2 are no longer connected to the other strands in the diagram. The
point now is that after having taken out the two green strands, the expectation of the
remainder of the diagram after T; is exactly given by our inductive assumption. Thus,
we have the identity

2n _ _ _
o(B)T=T1)=n(T E[FEIMNOL (T — Ty < T =) | Fpy] =
e T=TOE[F(Qp\Qp )I(Tppyy — Ty < T — Ty)e2n=DT2=T0)

. e2(n=2)(T3-T2) ... ez(n_”)(Tn+1_Tn)]‘

A]fplying this identity, as well as the identity (2(”; N—(m+1) =4n+ () — n, we
obtain

e(Z(n;l))T—(n+1)TE[F(E(T))ﬂ(Tn+1 <7]=

E[F((T))F(Qr, . \Qr (T, < T)elém+(5)-m11
 EH=2(T=T) . 2414 D) T =T

To finish, we now argue that

2n)_
@2) G -WNE[Rs(T)F©r, \Op) | 1, ] = T F(Qr F(2r, \Or,)
=e?"iF(Qr, ).

Note that this would complete the proof of the inductive step. For a picture of what we
have in mind when conditioning on ¥ 7, , , see Figure B3.

In the left of Figure B3, we treat the portion of the diagram to the right of T; as
fixed, whereas the portions of the strands before T; which are black have not been fully
explored. The identity (f.2) says that after averaging over this randomness, we may
simply assume that there are no additional swaps or turnarounds in [0, T;], so that the
expectation is given by the right of Figure B3 (which corresponds to the right-hand side
of the identity).

The identity (B.2) follows by cancellations similar to those exploited in the proof of
the cancellation lemma (Lemma [f.5). Indeed, observe that the two diagrams in Figure
equal, in the sense that the final matching is the same (the red and orange strands
are unchanged, so one only needs to track the brown and purple strands). Note how-
ever that the left diagram will have an opposite sign compared to the right diagram,
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A

FIGURE 33. Left: We can assume that our exploration process looks
like this after applying the inductive assumption. Right: Completing
the inductive step by arguing that after cancellation, we may assume
that there are no other points before T, besides the previously seen
red swaps.

because swaps incur a factor of —1 while turnarounds do not. This gives the desired
cancellation between swaps and turnaround which do not connect two strands which
have been matched by the portion of the diagram after T;. Thus the total number of
Poisson processes which must have zero points is () + (") + n®. Here, (%) counts the
possible swaps between two top strands, (”;1) counts the possible swaps between two
bottom strands, and n?> = n(n + 1) — n counts the turnarounds which connect a top

and bottom strand which are not already connected by the diagram to the right of T;.

FIGURE 34. The above two diagrams are equal as elements of B,, ,,
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We now finish by noting the identity

2n n n+1 2
4n+(2> n (2> (2) n° = 2n. O

Next, to extract the Jucys-Murphy elements, it is helpful to think of all the swaps
in the ith exploration era as involving the ith strand. Towards this end, we show that
the expectation of F(Q(T,,)) appearing in Proposition f.7 may be computed by follow-
ing a slightly different exploration, one in which each exploration era stays on a single
strand, and in each era, we keep track of all swaps that touch the strand we are currently
exploring. First, we define processes (E;);»o and (7;);»o as follows. As before, we start
with E, = 1 and 77, = id. We proceed to explore P, (in contrast to before, where we
explored P (g,))- When we see a swap of the form {1, j}, j € [n], we update 7 = 7(1 j).
When we see a turnaround (1 j), j € (n : 2n], the first exploration era ends, we update
E to be 2, and we remove from 2 all points in ?Eo' We then continue until the end of
the nth exploration era. See Figure Bj for how one may visually compare this alterna-
tive exploration with our original exploration.

Formally, we may define a bijection on sets of points P — P’, which preserves the
Poisson measure, and moreover if we follow our original exploration process on the
set P, then that amounts to following the alternative exploration on the set P’. Under
this bijection, the left bijection found by the original exploration is equal to the left
bijection found by the alternative exploration, whereas the right bijections of the two
explorations differ in a precise way, which is exactly encoded in the process 7. As an
example, observe that in the previous picture, just before time T;, we have that 7, =
(43)(4 2) = (234). Observe that 7,(4) = 2, and on the right-hand side of the original
exploration, 2 is matched to 6. More generally, the rule is as follows. Let o(Q) be the left
bijection found by the alternative exploration process. Then the right bijection 7(Q) is
given by o(Q)7,. Finally, because the bijection preserves the Poisson measure, when

Ty Ty Ty Ty Ty T 0]
| | I I : 1 : :
: ! i T T -
| B 1 X I S
! / o
1{’ I 4! T >
[l — ‘ -
[l -
-+ ' - |
I 1
T I 1
| | L .
T T | I I
I I I il I i
| | | 1 | .
(a) Original (b) Alternative

FIGURE 35. If, every time we see a swap, we imagine we “cut and
swap” the two strands which were involved, we go from the left pic-
ture to the right picture. Note that the left bijection is unchanged.
The original right bijection can be reconstructed from the left bijec-
tion and the swaps. In the right picture, all swaps in the first era in-
volve the top strand, all swaps in the second era involve the second-
top strand, etc.
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we apply the two explorations to a Poisson process, then they have the same law. We
have thus arrived at the following result.
Lemma 4.8. We have that

[E[F(Q(Tn))]l(Tn < T1)e2(n=—DT1e2(n=2)(T2=T1) ... 32(n—n)(Tn—Tn_1)] =

N1 _ [g o[y, 1(T, < T)ez(n—lmez(n—szz—Tl)...ez<n—n)(Tn—Tn_1)]],
nn‘ n -

og:[n]l—-(n:2n]

Remark 4.9. The factor of — arises because each turnaround incurs factor of —,and

there are n total turnarounds on the event T, < T. The factor — - arises because the
first turnaround is equally likely to touch any of the n bottom strands the second turn-
around is equally likely to touch any of the n — 1 remaining bottom strands, etc.

iid.
Lemma 4.10. Let U,..., U, " Exp(1). We have that
[E[ﬁ-T 1(T,, < T)eXn—DT12(n-2)(T2-T) ... eZ(n—n)(Tn—Tn—l)] =
n! E[exp(—U,J,/N) --- exp(=UJ;/N)L(U; + --- + U, < T)).

Proof. Note that the duration T}, — Tj,_, of the kth exploration process is an exponential
random variable with rate n — k + 1. We thus have the explicit formula

[E[ﬁ—T (T, < T)QZ(?I—l)Tl32("—2)(T2—T1) 32("—")(Tn—Tn—1)] =

T T T
/ dt, / dt, - / dtn(ne‘”’l )((n - 1)3—(’1—1)(f2—f1)) ceee—(n—th1)
0 t tn1
Ja@D) faa(ta = 1) =+ ity — tp_1) X

e2(n=Dty p2(n=2)(t2—t1) ... p2(n—n)(tn—tn_1)

Here, f,,(t;) is the expected contribution of all swaps in the first exploration era, condi-
tioned on T} = t1, f,_1(t; — t;) is the expected contribution of all swaps in the second
exploration era, conditioned on T, — Ty = t, —t;, etc. Conditioned on T} = ¢t;, the num-
ber of total swaps is Poi((n — 1)t;), and conditional on the total number of swaps being
equal to k, the expected contribution is uniformly distributed on all possible sequences
of k swaps, i.e. (—=J,,/N(n — 1))*. We thus have the explicit formula

ey (= D)k = "
ORISR (7o)

o0 k
(-1 aJn/N)* -1ty =ty /N
=e (}’l )l Z_: T =¢e (l’l )le 1 .

More generally, we have the formula
Fockea1(tre = treoy) = e~ =Rtk e=(tk=ti)nknt/N | | € [n].
Inserting this into our first display, we obtain

|E[ﬁ-T 1T, < T)ez(n—l)Tle2(n—2)(T2—T1) 2("-")(Tn—Tn—1)] =

nl/ dtl/ dt, -- dt e~ ... o=(n—tn-1)o=t1Jn/N o=(t2=t1)Jn-1/N ... o=(tn—tn-1)J1/N

tp—1
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To finish, observe that the right-hand side above is precisely the right-hand side of the
claimed identity. ]

Up to now, we did not need to make any assumption on the size of N. We begin
to do so here. Later, in Section f.2, we will show how to remove these assumptions,
but for now we prefer to work in a simplified setting where the main ideas are more
transparent.

Lemma 4.11. Suppose that N > n. Then

lim [E[ﬁ—T 1(T, < T)eX(n=DT1g2(n=-2)(T2=T1) ... eZ(H-n)(Tn—Tn—l)]
T—o n -
=n!N*(N+J,)~ - (N+J)7 L

Proof. By Lemma f.1(, we may compute

[E[ﬁ-T 1(T,, < T)e2(n—DT12(n=-2)(T2-T1) .. ez(n_n)(Tn_Tn—l)] =

T T-up T—(up+---+uy)
n! / dun/ dun1 / dul(e_“ne—“nfn/N) (e_ul e_uljl/N).
0 0 0

Since N > n, we have that ||Ji./N|| < 1 for all k € [n]. This implies that the following
integral is absolutely convergent (recall Remark 2.27):
/ du,, / du,_; - / duy (= Hne=tnIn/N) .. (=t =t 11NY,
0 0 0
and moreover, the limit in question is equal to n! times the above. To finish, simply
observe that the above splits into a product of n integrals, where the kth integral may
be evaluated:

o o -1
/ duye e~ UIk/N = / duye (U +1/N) = (id +{V—k) =NN+J)~ L
0 0

The desired result follows. O

2n

Next, we argue why the contribution to the partition function e( 2 )T'"T[E[F(E(T))]
coming from the event {T,, > T} vanishes in the T — oo limit (that is, as T becomes
large, we can assume that all exploration eras have finished by time T'). We first show
that when the numbers of top strands and bottom strands are mismatched, the expec-
tation vanishes as T — oo. This will be needed in the proof of Proposition later.

Lemma 4.12. Suppose thatn > 2 and N > 2n. Suppose that X is a Poisson process

arising from having n — 1 top strands and n bottom strands. Then

2n-1
sup el )T—("—1>TH[E[F(2(T))]H < .
T>0
Proof. We proceed by induction. First, consider the base case n = 2. In this case, by
conditioning on the first time of turnaround, we can explicitly compute

T
TE[F(X(T))] =T / 22X (W)Y Z(u)du + e2Te=2Te=Te=TH/IN
0
where X(u) is the expected contribution of all swaps up to time u, and Z(u) is the ex-
pected contribution of all points after time u, where both are conditioned on the first
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turnaround happening at time u. Also, Y = %((1 2y + (1 3)) is the expected contribu-
tion of the turnaround, since each of the two turnarounds is equally likely. Note that
the time of first turnaround is exponential of rate 2, which explains the presence of the
2e~2% term. The second term above corresponds to the case where the first turnaround
happens after time T.

We have the explicit formulas

X(u) = e "eWIN | Z(y) = e=UT-1),

where J; is the Jucys-Murphy element which we view as acting on the bottom two
strands (recall Definition P.25). This formula follows because the number of swaps
up to time u is Poisson(u), and each swap incurs a factor —J;/N. The fact that Z(u) =
e~ 2T follows because once a turnaround occurs, we can argue via cancellation as in
the proof of Lemma .3 that the only points which can occur thereafter are turnarounds
between the same two strands. Plugging in the formulas for X(u), Z(u), we may obtain
the expression

T
/ e—u(id+]£/N)du(<1 2)+(1 3)) + e—T(id+J£/N).
0

Since N > 2n is sufficiently large, as T — oo the above stays bounded (in fact, it
converges to some explicit expression involving (id+J5/N)~1, as in the proof of Lemma
B.10). This shows the case n = 2.

Now suppose the claim is true for some n. Suppose also that N > 2(n+ 1). We show
that the claim is true for n + 1. As in the base case, by conditioning on the first time of
turnaround, we may express (note that (**;f') — n = 2n?)

(4.3)
T

L) F(s(Ty)] = 2T / n(n + e~ " OUX, (W)Y, Z, (w)du +
0

1
eZn2Te—n(n+1)Te—('21)Te—T(Jn+<--+Jl)/Ne—(n; )Te—T(J,’l+1+-~+J{)/N,

where X,,(u) is the expected contribution of all swaps up to time u and Z,,(u) is the
expected contribution of all points after time u, where both are conditioned on the first

. . 1 oo\ s
turnaround happening at time u. Also, Y,, = D Zie[n],je(n:2n+1]<l Jj) is the expec-
tation of the first turnaround. Let Jj, ..., J,,,, be the Jucys-Murphy elements which act
on the bottom n + 1 strands, as in Definition P.23. Similar to before, we may explicitly
compute

X, (u) = e—(;‘)ue—(”;’l)ue—uan+~~+Jl)/Ne-u(J;l+1+-~+J{)/N’
Z,(u) = e72Cn=DI-W £ (T — ),

where f,,(T —u) is the expected contribution of the points involving the remaining n—1
top and n bottom strands after time u, conditioned on the first turnaround happening
at time u. Observe that the e~2n~D(T—¥) factor in Z,(u) arises due to similar cancel-
lations as in the proof of Lemma .3, which allows us to restrict to the event that after
the first turnaround (i j), the only points which can involve either of the two matched
strands are exactly the turnarounds of the form (i j). This means that a total of 2(2n—1)
rate-1 Poisson processes must have zero points on the interval [u, T].
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Plugging in our formulas for X,,(u), Z,,(u), and using the identities 2n? — n(n + 1) —
(%) - (";’1) = —n, 2n*> —2(2n — 1) = 2(n — 1), we have that the first term on the
right-hand side of (#.3) is equal to

T
nin+1) / e—nue—u(1n+---+Jl)/Ne—u(J;l+1+-‘~+J{)/NY92(n—l)2(T—u)fn(T —w)du.
0

By the inductive assumption, we have that supg e2(n-1)%s [|£2(S)|] < 0. Also, since
N > 2(n + 1), we have that ||(J, + --- + J1)/N|| < n/2 and ||(Jn41 + -+ + J)/N|| < n/2,
which implies
/00 e—nu
0

Combining the two facts, we obtain that the first term on the right-hand side of (§.3)
is uniformly bounded in T. The second term in the right-hand side of (f.3) may be
expressed

e—u(]n+---+Jl)/Ne—u(J;L+1+-~+J{)/N||du < co.

e~ "T o= TUp+-+I1)/N =T 1+ +J])/N

By arguing as before, we may show that this stays bounded as T — oo (in fact, it con-
verges to zero). This completes the proof of the inductive step. O

Combining Lemma with an inductive argument, we can obtain the following.

Proposition 4.13. Suppose that N > 2n. We have that

im )" E[FET)I(T, > T)] = 0.

T—-o

Proof. Fix N. First, when n = 1, we have that
E[F(Z(T))L(T; > T)] = e~ Tid,

where id here denotes the identity element of B,, ,,. The right-hand side above clearly
goes to zero as T — oo. This shows the base case n = 1. Now suppose the result is true
for some general n > 1. Suppose also that N > 2(n + 1). We proceed to show that the
n + 1 case is true. Towards this end, observe that we may decompose

WTpy >T) =0T >T)+ L(T, < T < Tppy).

We split into the two cases indicated above. In the first case, we condition on the ex-
ploration at time T:

LN DT E[E[R(2(1)) | #410(T; > T]].

To help visualize, imagine we have the situation in Figure B, where we explore the
first strand until time T, and we have not yet seen a turnaround.

Conditioned on this picture, the expectation of the diagram can be computed as fol-
lows. First, since we have already explored one strand, the remaining points effectively
form a Poisson process corresponding to n top strands and n + 1 bottom strands. Call
this modified process £(T). We visualize this in Figure B7, where the top-most strand
in the left diagram is dashed, to signify that there are no points touching this strand.

Having computed the expectation of the modified diagram in the left of Figure B7, to
obtain the conditional expectation of F(X(T)) we simply need to multiply by the right
diagram in the figure, which captures the effect of all swaps seen by our exploration
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FIGURE 36. We explore the top strand, and do not see a turnaround
before time T

up to time T. This discussion corresponds to the following identity for the conditional
expectation:
E[F(Z(T)) | # 7] = E[FE(T)]F(Qr).
‘We may then compute
L) T E[E[F((T)) | #1101, > T)]]
= OO =T s E[F(2)I(T; > T)]

_ e(z(n2+1))T—(n+1)T[E[F(z':(T))]e—(n+1)Te—nTe—TJn+1/N

_ (e(2n2+1)T_nT[E[F(Z-:(T))])e—Te—TJ,,H_I/N.

v

v

A

A

A

A

FIGURE 37. Left: F(X(T)). Right: F(Q(T)).
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|
|
|
T
|
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|
FIGURE 38. We explore the top strand and see a turnaround at time Ty

As T — o0, the right-hand side above goes to zero, since by Lemma (and our
assumption that N > 2(n + 1)), the term in the parentheses above is O(1), and since
N > n + 1, we have that ||J,,;/N|| < 1, so that e"Te~T/nt1/N- — 0, This shows the
inductive step in the first case.

Next, we consider the case corresponding to 1(T; < T < T,.,;). We condition on
the exploration at time 7. Consider the diagram in Figure B§ which corresponds to
n+1=4.

On the event that T} < T < T,,,, the portion of the diagram to the right of T; can
be treated as having n top strands and n bottom strands. By arguing similarly to the
previous case, i.e. by splitting our strand diagrams into the portion before T; and the
portion after T}, we may compute the conditional expectation:

E[FE(THUT < T < Tyy) | Fr, = ul = E[FEW)]e " T=WF(Qr ) fu(T — w),

where £ is a Poisson process corresponding to having n top strands and n + 1 bottom
strands, and f,,(T — u) is the expectation of the remaining n top and n bottom strands
after time u, on the event that not all n exploration eras end before time is up. Observe
that by our inductive assumption, we have that for any u > 0,

(4.4) lim e(3)T-0-nT=0) ¢ (71—

T—-

Since T; is an exponential random variable of rate n + 1, we may compute the expecta-
tion:

e(z("2+1))T_(n+DT[E[F(Z(T))IL(H <T< Tn+1)] =
(2(”+1))T—(n+1)T ! —(n+1u 5 —nu,—uJp1/N
L /0 du (n + e~ HDH(E[F(S(u))])(e~ e Wi/

SY(em 4T £ (T —w)).
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Here, the term e~ "*e~%n+1/N arises from taking the expectation of all swaps in the first

exploration era (i.e. F(Q(T;))), conditioned on T; = u, and Y is the expectation of the
first turnaround. Since

2(n+1)
2

2(n+1) _(2n
( 5 )—(n+1)—4n—(2>—n,

we have that the above is further equal to

)—(n+1):2n2+2n,

T
(n+ 1)/ du (e2n2u[E[F(z‘:(u))])(e—ue—ulnu/N)Ye—4n(T—u)fn(T —u).
0

Now since N > 2n, by Lemma H.12, we have that eZ"Z“[E[F(Z_J(u))] = 0(1) and
e #e~Wnt/N ig integrable. Combining this with (£.4) and dominated convergence, we
finally obtain

lim e(Z(n;D)T_(nH)TE[F(Z(T))]l(ﬂ <T < Tpy1)] =0.

T-o

This completes the proof of the inductive step, and thus the desired result now follows.
O

We can now finally take the T — oo limit.

Proposition 4.14. Suppose that N > 2n. Then as T — oo, we have that
lim e(ZZn)T_”T[E[F(Z(T))] = Z Wey (o™ tD)[o 7]
T-o
o,7:[n]—-(n:2n]
Proof. By combining Proposition .7, Lemmas f.§ and .11, and Proposition .13, we

obtain

lim e(zln)T_nT[E[F(Z(T))] Z [c oWgy ]

T-

o:[n]—=(n:2n]

Z [0 om|Wgy ()

o:[n]—=(n:2n) esS,

S [orlWey(o'),

o,7:[n]—(n:2n]

as desired. O
We can now prove Theorem in the case N > 2n.

Proof of Theorem when N > n. Recall from (f.1) that
2n\
LOTMTEEETY = Y wro
TeEM(n,n)
By Proposition f.14, we obtain
lim wp(7) = Z I(7 = [0 T])Wgp(o™t7).
T=eo o,7:[n]—=(n:2n]

Since wy(my, ..., 7)) = wr(my) --- wr(ry) by definition, the desired result now follows

by Lemma P.14. O
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Remark 4.15 (Comparison to [Dah17]). If one translates Dahlqvist’s proof to the lan-
guage of Poisson point processes, then his strategy amounts to an exploration of the
Poisson process which simultaneously explores all strands. This is certainly a natu-
ral exploration to try. [Dahl7, Lemma 5.1] amounts to the statement that the main
contribution comes from the event that all exploration eras end for this “simultane-
ous exploration”. [Dahl17, Lemma 5.2] gives a formula for the limiting contribution
on this main event. He then extracts the Weingarten function from this formula by
[Dah17, Lemma 5.3].

We believe that our proof technique via strand-by-strand exploration is intrinsically
interesting, because first of all it is rather surprising that such an exploration actually
works. Recall that this was Proposition ff.7, whose proof rested on certain cancellations
that could be uncovered (Lemma B.3). Moreover, the strand-by-strand exploration nat-
urally uncovers the Jucys-Murphy elements, thus giving an alternative perspective on
the appearance of the Weingarten function. Finally, the strand-by-strand exploration
naturally leads to a single-strand recursion that results in a slightly more general ver-
sion of the Makeenko-Migdal/Master loop/Schwinger-Dyson equation - see Remarks
B.3 and B.§ for more discussion.

4.2. Extension to general values of N. Recall that in the proof of Proposition f.14,
we deduced the existence of
lim e(Z;)T_"T[E[F(Z(T))] from the existence of Tlim E[7r, 1(T, < T)] € C[S,].

T—o0

However, when N < n, the trouble is that the latter limit no longer exists. Thus to
prove Theorem in the case where N is small, we need some alternative argument
which does not rely on convergence in the group algebra. Indeed, we will show that
although lim¢_,, E[7Z7, 1(T,, < T)] does not necessarily exist in C[S,], once we ap-
ply the representation p, (Definition P.2§), the limit does exist. Moreover, the limit
limp_, o p+([E[ﬁ'Tn]l(Tn < T)]) already contains enough information in order to com-
pute expectations of traces of words. Once we have built up enough background, the
actual proof of Theorem for general values of N will be a small variation of the
proof for large N, as the major technical steps were already covered in Section f (and
any additional background covered in Section R.3).

Towards this end, it will be useful to recall why expectations of traces of words may
be reduced to weighted sums over the Brauer algebra, i.e. why Lemma is true. Let
I" be a word on letters {4,,...,4;}. We may assume I' = /128 /1283, where ¢ : [n] -
{x1}andc : [n] - [L]. Let M = (M, ..., M} ) be a given collection of N X N Unitary
matrices. The computation of Tr(M(T')) = Tr MEEB Mj%) may be visualized in
terms of the strand diagram as in Figure B9, where we consider the concrete case I' =
2,225

In Figure B9, we can imagine we are traversing the strand diagram. Every black
strand contributes a matrix element, and every dashed red strand enforces an identi-
fication of indices. In the end we sum over all indices which appear. Of course, we
could have written the trace more succinctly as

Tr(MZM,M72M5Y) = (My)s, 1, (M) iy (M2 i1, M1, (M1, M),

but we prefer to keep the § functions because they correspond to the dashed red lines.
We now want to give an expression as above for general words and strand diagrams.
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FIGURE 39. Visualization of the calculation of Tr(MZM,M; M5 ')

Given the strand diagram of a word T, note that the diagram has a single component,
with a unique ordering of its vertices X, ..., Xy, up to cyclic equivalence. This ordering
is such that the edges alternate between black strands and dashed red lines. Let B(T")
be the set of black strands, and R(T') be the set of dashed red lines. Further split B(T') =
B, () U B_(T"), where B, ('), B_(T') are the set of positive (i.e. right) and negative (i.e.
left)-oriented black strands. In the previous example,
B (T) = {(x1, x2), (x3, X4), (x5, X6)},  B_(T') = {(x7, xg), (xg, X10), (x11, X12)},
R(T) = {(x2, x3), (x4, Xs), (x6, X7), (X8, Xg), (X105 X11)}-
Given a collection of indices i = (iy,...,i;y) € [N]", and an edge e = (Xj5 Xj41), let
ie = (ij,1j41), i_e = (ij41,ij). Letr(e) € [L] be the index of the letter that e corresponds
to. Then the general formula for Tr(M(I')) in terms of the strand diagram is:
TrMT) = [ M), [I Mre)i, J1 8%
eeB, (') eeB_(T") ecR(T")

where we implicitly sum over i = (ij,...,iy) € [N]".

More generally, we may extend the definitions B, (T'), B_(I'), R(T') to a collection of
words I = (I3, ..., I}), so that

TrM@) - TrMT) = [ M), TT Mreepi, T] 6
eeB, (I eeB_(T) eeR(T)

Now the point is as follows. If Mi,...,M; are independent U(N)-valued Brownian
motions, then upon taking expectations of the above, we may obtain that E[Tr(M(T))]
is equal to a weighted sum of diagrams as follows.

First, for ¢ € [L], let B, (T, 4,), B_(T',4,) be the sets of right-directed and left-

directed edges corresponding to the letter 1,. Since the M;,..., M} are independent,
we have that

ETru()] = [ [E[ I ™Men I (M,@)i_e] I1 &=
¢€([L] eeB, (T,Ap) eeB_(T,A,) eeR(T)

We recall the following result from [PPSY23, Appendix A] (see also (.2)) which
gives a formula for each of the expectations appearing in the right-hand side above.
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FIGURE 40. Visualization of the calculation of Tr(MiM,M;*M; 1),
where now M; = p,(m;), M, = p,(m,), for the matchings 7; €
M(4), w, € M(2) displayed in the figure

Recall the definition of w(7) from Definition (B.2) and of M(n, n) from Definition
2.20.

Proposition 4.16. Letiy,..., iy i, 5ip jise-esns Jis---»Jn € [N]. We have that

E[(Br)yj, - (BT)injn(ET)iiji By | = Z wy ()1 (indices match with 7).
TeM(n,n)

Using Proposition f.16, we may write
E[TrBrM) = D,  wrm) - wr(r) H H Siaip H gte.

w=(71,. . ,7CL) ¢€L {a,b}em, eeR(T)

Now, observe that

H H 5iaib H 5ie — N#cornp([‘,n')’

¢€L {a,b}em, ecR(T)
where recall #comp(T', ) is the number of components obtained by deleting all black
strands but including all interior connections specified by the matchings 7y,..., 7y.
For instance, in our previous example, suppose our matchings were as in Figure fQ.
Since each edge in Figure ( (be it red or black) imposes a constraint on the indices,
the total number of free summation indices is exactly equal to the number of con-
nected components in Figure (. Each free summation index may take one of N values,
whence the term N#<°™P(I'7) Lemma follows directly from these considerations.

Now recall from Definition that the matrix elements of the representation p_, ()

are exactly given by

(o4 ()i, jujr = L(indices match with 7).

Here, i U i’ denotes the length-2n vector of indices given by concatenation:
(is.--» 1y 145.. -, 1), and similarly for j U j'. Combining this with the previous discus-
sion, we have the following result. First, for some notation, let i, j, respectively collect
all left and right indices which appear in the strand diagram corresponding to 1,. For
the example in Figure 0, we have that i; = (iy, i3, ig, i7), j1 = (i3, la» i7,Ig), 1y = (i5, i12)s
J2 = (g, in)-
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Lemma 4.17. Let T be a collection of words on letters {1,,...,A.}. Let & = (7,, € € [L]),
where 7, € M(n.(1,)) foreach ¢ € [L]. Then

H P+(7T€)i€j€ H aie :N#comp(l‘,n)'
¢e[L] ecR(T)

Using Lemma and the previous discussion, we could have written E[Tr(M(T))]
in terms of p, (717), ..., p4 (1), as follows.

Lemma 4.18. Let T = (I3,...,I},) be a collection of words with letters {11,...,1.}. We
have that

E[Tr(Br(I")]

=< 2 wT(ﬂl)p+(ﬂ1)> ( by wT(”L)P+(7TL)> I] &=

T1€Bny ny i1j1 TLEBn; n; iLjL eeR(T)

As mentioned at the beginning of this subsection, we have rewritten expectations of
traces of words of Unitary Brownian motion in terms of some function (namely, p,, ) of
weighted sums over the Brauer algebra. The point nowis thatlimr_, ., o ([E[ﬁTn (T, <
T)]) exists for all N. Once we show this, the rest of the proof of Theorem in the
case of general N is exactly the same.

Lemma 4.19 (Analog of Lemma . 11]). We have that
lim P+([E[77'T 2n=DTiq(T, < T)e2(=2(T2=T) ... ez(n_n)(Tn_Tn—l)])=n!an+(WgN)‘
T-o n

Proof. By Lemma f.10, we may compute

P+([E[7TT e2(n=1Ty 1(T, < T)ez(n—z)(Tz—Tl) ez(n—n)(Tn—Tn_l)]) —

T
n!/
0

By Lemma P.35, for all k € [n], all eigenvalues of p, (J},) are at least —N + 1, and thus
all eigenvalues of p, (id + Ji/N) are at least 1/N, and in particular all eigenvalues are
strictly positive. Thus as we send T — oo the above converges to (applying Lemma
in the final identity)

(s o
n! / emunpA+TnN) gy .. / e+ (01N gy
0 0

=nlp,({d+J,/N)~t--p, (id +J;/N)7!
=nIN" (N+J) ™ o (N+T)
= nIN"p, (Wey),

as desired. O

T—uy T—(uy+--+up_1)
du,, / duty_y - / ity = nP+(A+TLIN) .. g=it1p4 (+T/N).
0 0

We also have the following analogs of Lemma and Proposition .13

Lemma 4.20 (Analog of Lemma {.12). Suppose that X is a Poisson process arising from
having n — 1 top strands and n bottom strands. Then

sup el ‘)T-<n-1>T||p+([E[F(z(T))])|| < .
T>0
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Proof. In the proof of Lemma {12, the condition on N was needed to show that

oo
/ e—nu
0

—nT

e—u(1n+---+J1)/Ne—u(J,’1+1+---+J{)/NHdu < oo,

sup e |e—T(Jn+-‘-+J'1)/Ne—T(J;l+1+~-+J{)/NH < .

T>0

When we apply p.,, we instead need to show that

(5]
/ e~
0

—nT

=P+ Unt+IDIN g=tips Ty +--+T)IN ”du <,

supe |e—Tp+(Jn+---+Jl)/Ne—Tp+(],’l+1+---+J{)/NH < oo,

T20
These claims both follow from Corollary P.3§, which gives that the eigenvalues of
%er(Jn + )+ %p+(J,;+1 + --- +J7) are all strictly greater than —n. O

Proposition 4.21 (Analog of Proposition f.13). We have that

lim {B)T=1T 5 (E[FE(T)L(T, > T)]) = o.

Proof. The points in the proof of Proposition where we needed N to be large were
in the application of Lemma and in arguing that e #e~%*n+1/N g integrable. For
the present proposition, we may apply Lemma which does not require N to be
large. The fact that e~*e~4P+(n+1)/N ig integrable follows from Lemma .33, as noted
in the proof of Lemma f.19. d

Proposition 4.22 (Analog of Proposition f.14). We have that

. 21\ _
fim LR ()] = Y pallo thWey(o~D).
- o,7:[n]—(n:2n]
Proof. We argue exactly as in the proof of Proposition f.14, except we replace the appli-
cations of Lemma and Proposition with Lemma and Propositionf.21. O

Proof of Theorem P.16. Combining Lemma and Proposition .22, we have that

lm (@) =T]( ¥ eulonhWeyer'n) ] s

el \a,,1,:[n]—(n:2n] izje eeR(T)

By Lemma f.17, the right-hand side above may be written

( H WgN(O'g_l‘[g)>N#Comp(F’ﬂ),
[L])

n=([o, T,),0€ ¢€[L]

as desired. O

To finish off this section, we use the techniques developed herein to prove a recur-
sion for the Weingarten function for any value of N, which will be used in Section f to
prove the Makeenko-Migdal/master loop/Schwinger-Dyson equation. A version of this
recursion for large enough N has appeared in [CM17)]. As we will see in the proof, our
recursion directly follows by conditioning on the first step of our exploration process.
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Proposition 4.23 (Weingarten recursion). Let N,n > 1. We have that
4.5) > Wey et e (o 7))
o,7:[n]—(n:2n]

n—-1

—F T T W@ e (o)

j=1o0,7:[n]->(n:2n]
1 2n
TN 2 > Wey (071 )p ([0 7).

j=n+1o,r:[n]—(n:2n]
o(n)=t(n)=j
Here, to be clear, we write Wenn (resp. WgN,n_l) to denote that the Weingarten function
is a function on S, (resp. S,_,). Also, the notation (c~'7) denotes the element of S,_;
obtained by restricting o=t to [n — 1], which is possible because (c~'7t)(n) = n by the
assumption that o(n) = t(n).

Proof. By combining Propositions .7, f.21], and Proposition ff.22, we have that
(4.6)
Y Weylothp(lotl) =
o,7:[n]—(n:2n]

lim E[P+(F(Q(Tn)))]1(Tn < T)eX(n=DT1g2(n=-2)(T2=Ty) ... ez(”_")(Tn_Tn—l)]_
T-

We will derive a recursion for the left hand side above by looking at the first point seen
by our exploration process Q. For brevity, let

Fu(T) = E[F(QT))L(T,, < T)eXn=DT12(n=2(T2=T1) ... 2n=n)Ta=T-1)],

Let U; be the time of the first swap or turnaround seen by Q. Note that U; is an expo-
nential random variable with rate 2n — 1 (since there are n — 1 possible swaps and n
possible turnarounds). By conditioning on this time, we may obtain a recursion like

(D) = — 2 / e=Cn=Du(p )eAn=Dup (T _ y)dut

/ e~@n=Du(y jye2n=Dug (i T —u)du.
Jj=n+1

Note the factor e2"~D% comes from the e2~DT1 term. The first sum corresponds to the
case that we first see a swap, and the second sum corresponds to the case that we first
see a turnaround. Here, f,_;(j, T — u) denotes the corresponding expectation where
we take out the top and bottom strands which are matched by the turnaround (n j) and
continue the exploration on the remaining strands. By applying o, on both sides and
sending T — oo, the desired result now follows as a consequence of ({.6). O

5. MAKEENKO-MIGDAL/MASTER LOOP/SCHWINGER-DYSON EQUATIONS

In this section, we utilize the Weingarten recursion (Proposition {.23) proven using
the Poisson point process formulation described in Section P.2 and analyzed in Section
to derive a recursion relation (Proposition p.3) on expectations of products of traces of
words in independent Haar-distributed Unitary matrices. We then apply this recursion
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to deduce the Makeenko-Migdal/Master loop/Schwinger-Dyson equations (Theorem
b.7) for Wilson loop expectations.

First, we describe the terms which will appear in our recursion. Let T = (I3, ..., I})
be a collection of words on {4;,...,4;}. We will often refer to the (i, j) location of ',
which is meant to be the jth letter of ;.

Definition 5.1 (Splittings and mergers). Let ' = (I3, ..., [}) be a collection of words
on{A,...,Ar}. Let (i, j) be alocation of I'. Define the set of positive and negative split-
tings S, ((i, j),T) and S_((i, j), '), as well as the set of positive and negative mergers
MY ((i, j),T) and MY ((i, j),T), as follows.

The set of positive splittings S, ((i, j), I') is the set of collections of words I'" obtained
by splitting I} into two words as follows. Let (i, k), k # j be another location of I; which
has the same letter as at location (i, j). Suppose I; is of the form AABAC, where 1 is the
letter at locations (i, j) and (i, k). We may split I} into I; ; = AAC and I} , = BA. The set
S, (@, j),T) is the set of all collections of words that may be obtained this way.

Similarly, the set of negative splittings S_((i, j), ') is the set of collections of words
I'" obtained by splitting T} into two words as follows. Let (i,k), k # j be a location
of T; which has inverse of the letter at location (i, j). We may write I; = AABA™!C
or I; = AA17'BAC. In either case, we split I} into I;; = AC and I;, = B. The set
S_((, j),T) is the set of all collections of words that may be obtained this way.

The set of positive mergers MY ((i, j), T') is the set of collections of words I'" obtained
by merging I; with some I,, ¢ # i, as follows. Let (¢,m) be a location which has
the same letter as at location (i, j). Suppose I} = AAB and I, = CAD. Then I}, I,
are replaced by their positive merger AADCAB. The set MY ((i, j),T) is the set of all
collections of words that may be obtained this way.

Similarly, the set of negative mergers MY ((i, j), T') is the set of collections of collec-
tions of words I'" obtained by merging I; with some T, ¢ # i, as follows. Let (¢, m)
be a location which has the inverse of the letter at location (i, j). Suppose I} = AAB
and I, = CA7!D. Then I}, T, are replaced by their negative merger ADCB. The set
MY((i, j), T) is the set of all collections of words that may be obtained this way.

Remark 5.2. The notation MV is from [SSZ24b]. Later on, when we consider other
groups in Section .1, there will be a larger set of mergers to consider, which we will
denote by M.

In the following, let tr (U(T)) = Hl. clk] tr(U(T;)), where U(I;) is obtained by substi-
tuting into I; an independent Haar-distributed Unitary matrix for each letter
{A1,..., A }. Note that in contrast to previous results, we are using the normalized trace
here, which we find to be more natural for stating the recursion.

Proposition 5.3 (Single-location word recursion). Let T = (I3,..., I}) be a collection
of words on {1, ..., }. For any location (i, j) of T, we have that

Elr(U@)] =— D, Elc@@T)NI+ D,  E[w@T)]

r'es,((i,).T) r'es_((i,j).r)

1 , 1 ,
- > Er@U@)l+ o > Elr(U@)l.
' eMY ((i,j),T) r’emY ((i,j),r)
Proof. We can assume that I' is balanced, otherwise both sides are zero. Moreover,

without loss of generality, take (i, j) = (1, 1), so that we look at the first letter of I3. Let
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A € {Ay,..., A1} be this letter. Let n be the number of times that 1 appears in T, so that

the portion of the strand diagram corresponding to 4 has n right-directed strands and

n left-directed strands. We suppose that the top strand (which we imagine as labeled

by n) corresponds to the first letter of I;. We will show that the claimed result follows

directly from the Weingarten recursion (Proposition f.23). By the Weingarten calculus

(Theorem P.5) and Lemma .17, we have that

E[Tr(UT)] = Z H Wey (o7 '7,) H P+( O¢» Te H §te.

(o¢,7¢),¢€[L] ¢€[L] ¢€[L] eeR(r)

Inserting the recursion (f.3) into the sum over (oy, 77), and then using Lemma to

replace the sum over matrix entries by terms of the form N #COMP e obtain

n—1

(5.1) E[Tr(UD)] = 5 1(])+N R

Jj=n+1

where I(j) is defined as follows. For j € [n — 1], we have that

1G):=" Y. ] Wey (o7 7,)N#comp®:a),
(0p,7¢),0€[L] ¢€[L]

where 7' = ((n j)[oy 711, [02 2], ..., [or, T1.]) (here we hide the dependence of z’ on )
and for j € (n : 2n], we have that
1= % ] Wew((@F e)hneeomeie,

(00,70),¢€[L] ¢€[L]
o1(m)=11(n)=j
where 7 = ([0, 7,], ¢ € [L]). We next show that I(j) for j € [n — 1] gives the positive
splittings and mergings, while I(j) for j € (n : 2n] gives the negative splittings and
mergings.

First, suppose that j € [n — 1]. In this case, the only difference between I(j) and
the sum appearing in the Weingarten calculus (Theorem P.3) is that the collection of
matchings z’ is slightly different. In particular, the first matching is (n j)[o; ;] and
not [0y 7;]. Diagrammatically, the effect of the term (n j) is to swap the incoming red
exterior connections at strands n and j. See Figure ] for a visualization.

Mathematically, Figure ] corresponds to the following identity for #comp: there
is some modified collection of words I'" such that

(5.2) #comp(T, #') = #comp(I', ), where 7 = ([0, 7,],¢ € [L]).
A A

FIGURE 41. Left: The portion of the strand diagram of I correspond-
ing to A. Right: The effect of the swap (n j) can be visualized as swap-
ping the two incoming red exterior connections at strands n and j.
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FIGURE 42. The restriction o;(n) = 7;(n) = j may be interpreted as
deleting the strands n and j, and adding in new dashed red edges as
indicated

The modified collection of words I'” is defined as follows. There are two cases to con-
sider. First, if the swap (n j) involves two strands which are in the same word, then
since we are assuming that A is the first letter of I}, this means that the first word may
be written I = AI3 ;A3 , for some words I3 ;, T3 ,. We then define the modified col-
lection I' = (A3 1, AL} 5, 3, ..., I}), which ensures that the identity (5.7) is satisfied.
Observe that in this case, I' € S, ((1,1),T).

The other case is if (n j) involves two strands which are originally in different words.
For simplicity of notation, suppose that I, is the word that contains strand j. Then we
may write I} = ALY, I = I AL}, for some words I, I ;, I3 ,. In this case, we define
I'' = (AI{AL 114, T, . .., Iy), which ensures that the identity (B.2) is satisfied. Observe
that in this case, I'" € MH ((1,1),T). To summarize, what we have shown so far is that

n—1

1 , 1 ) 1 )

g2 ID=-5 2 HTUW@)-5 2 ETrU@))
Jj=1 r’'es,((1,1),r) r'em¥((1,1),r)

Since we used the unnormalized trace in (5.1)), we should multiply both sides above by

N~k which results in the identity

n—1
(53 —x UNHG == Y EHr@E) -5 Y Ee@a))
j=1

I’es,((1,1),1) r'em¥((1,1),r)

(note that splitting results in one additional loop, while merger results in one less loop,
which is why the factor of % is absorbed in the splitting case, while there is an addi-
tional factor of N in the merger case). Observe that the right-hand side above is pre-
cisely two of the terms which appear in the proposition statement.

We now move on to the case j € (n : 2n]. In this case, the only difference between
I(j) and the sum appearing in the Weingarten calculus (Theorem P.5) is the restriction
that o,(n) = 7;(n) = j. Diagrammatically, this restriction can be interpreted as deleting
the strands n and j, and adding in a dashed red edge which joins the left vertices of
strands n and j, and another dashed red edge which joins the right vertices of strands
n and j. See Figure 2 for a visualization.

Mathematically, Figure f2 corresponds to the following identity. For any z# =
([o, 7,],¢ € [L]) such that o;(n) = 7;(n) = j, there exists a modified collection of
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words I such that
(5.4) #comp(T, 7) = #comp(I', z’'),

where 7’ = ([o] 111, [0, T2), ..., [or, T1]), and o7, 77 are the bijections [n —1] : (n—1 :
2(n—1)] obtained from o, 7 by deleting the vertices of strands n and j (and then perhaps
relabeling the remaining strands).

The modified collection of words I'" is defined as follows. As before, there are two
cases to consider. First, suppose that strands n and j are in the same word, which is
necessarily I; by assumption. This means we may write I; = /IFl,l/l‘lFLZ. We define
the modified collection of words by I'" = (I3 5, I} 1, I3, ..., Iy.), which ensures that (5.4)
is satisfied. Note that in this case, I' € S_((1,1),T).

The other case is if strands n and j are in different words. For notational simplicity,
suppose that strand j is in I, so that we may write [} = AI}, I, = [, ;47! T ,. We define
the modified collection of words by I'" = (IL;, ;13 1, I, . .. , I}.), which ensures that (5.4)
is satisfied. Note that in this case, I” € MY((1,1),T). In summary, we have shown that

2n
1 L1 , 1 )
N 2 =5 2 EHTUEN+g Y ETUE)l
j=n+1 r’'es_((1,1),r) ’eMU((1,1),r)

The desired result now follows by converting the above to using the normalized trace,
and then combining this with (5.3) and (B.1)). O

Next, we apply the loop recursion Proposition B.3 to obtain a recursion for Wilson
loop expectations. Recall the notation that W;(Q) = er[n] tr(Qg,)-

Notation 5.4. Given a string s = (¢y,...,€,), let ¢(s) == (W), g, where (-), g denotes
expectation with respect to the lattice Yang-Mills measure defined in ([.T). We omit
the dependence of ¢ on A, 5, N.

Note that Definition b.]] specializes to the case of loops on a lattice: given a string s,
we have the sets of positive/negative splittings/mergers S_ ((i, j), s) and MY ((i, j), s).

Remark 5.5. We remark that our definition of the set of splittings and mergers is slightly
different than what appears in [Chal94,5S5Z24b]. In our definition, we consider all pos-
sible splittings/mergers that involve the specific location (i, j), whereas in the earlier
works, the authors consider any splitting/merger that involves any two locations of the
string which correspond to the same lattice edge.

We need to define another type of string operation which appears for lattice Yang-
Mills.

Definition 5.6 (Deformations). Let s = (¢,...,¢,) be a string. Let (i, j) be a loca-
tion in s. We define the sets of positive and negative deformations D ((i, j),s) and
D_((i, j), s) as follows.

The set of positive deformations D, ((i, j), s) is the set of all possible strings which
can be obtained by a positive merger between s at location (i, j) and some oriented
plaquette p € P. The set of negative deformations D_((i, j), s) is the set of possible
strings which can be obtained by a negative merger between s at location (i, j) and
some oriented plaquette p € P.

Let e be the oriented edge of A that is at location (i, j) in s. Let p € 2. In order for
there to exist a positive merger between s and p, note that p must contain e. In this case,
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we denote by s @; j) p to be the positive merger of s and p at location (i, j). Similarly,
in order for there to exist a negative merger between s and p, note that p must contain
—e. In this case, we denote by s ©; ;) p to be the negative merger of s and p at location

(i, J)-
Let p > e denote that the plaquette p contains the edge e. Note then that (here e is
the edge at location (i, j) of s)

(5.5) D4 ((, )),8) ={s®qjyp: pEP,p>el
D_((G)),s) ={s©ujp: p€EPp>—el

Theorem 5.7 (Single-location Makeenko-Migdal/Master loop/Schwinger-Dyson equa-
tion). Lets = (¢1,...,€,) be a string. Let (i, j) be a location in s. We have that

/ ! 1 !
== T wD+ T g > 9
s'€S 4 ((i,)),s) s'eS_((i,4)»s) s'eMY ((i,5),s)
1 ! ! !
t D dH=B D, dH+B D, B
s'eMU ((0,)),s) s'€Dy ((i,4),5) s'eD_((1,)),5)

Remark 5.8. We re-emphasize here that the above recursion is slightly more general
than previous literature [Chal94d, CJ16,SSZ24b, AN23], because we defined the string
operations appearing on the right-hand side of the equation in a slightly more restric-
tive manner — recall Remark B.3. In particular, the right-hand side of our formula
depends on j while the ‘unsymmetrized’ version stated in [Chal94, Theorem 8.1] does
not. The Makeenko-Migdal/Master loop/Schwinger-Dyson equation of the previous
works may be recovered from our equation by summing over all locations of s.

Also, recall Remark [[1] that our scaling is so that 3 in our paper corresponds to 23 in
previous papers. This explains why 8 appears in the above recursion, while 3/2 appears
in [SSZ24b, Equation (1.7)].

For the sake of comparison, we state here the master loop equation for U(N) de-
rived in [SSZ24H, AN23], in our notation. Fix an edge e of the lattice, and let L =
{(i1, j1)s--- > (im> jm)} be the set of locations of s which contain the edge e. Let S, (e, s) =
L] (])el S, ((i, j), s), and similarly for the other loop operations. Then

Ligs) == > ¢+ D <}5()——2 D ¢(S’)+I% D )

s’'eSy(e,s) s’'eS_(e,s) s’er(e,s) s’'eMU (e,s)
—B D S+ D, (s
s’eD, (e,s) s’eD_(e,s)

It is clear that this follows directly from Theorem p.7 upon summing over all locations
(i, j) which contain e.

Proof. Recall from equation ([[.3) that
N,
s9=2 3 L [w@ ) ] da.
K: ?—»N pe?P ecEp

For brevity, let
I(s,K) = / W(Q [ Tr(@)%® T dae.

peP ecEp
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FixK : ? — N. It may help to keep in mind that K(p) counts the number of copies
of p that are present. Before we apply Proposition p.3, let us set some notation. Let e
be the oriented edge of A that is traversed at location (i, j) in the string s. Recall that
p > e means that p contains e, and p > —e means that p contains e with the opposite
orientation. Recall also thatif p > e or p > —e, lets@®(; j) p and s©y;, j) p be the positive
and negative deformations of s by p at location (i, j). For p € P, let §, : P — N be the
delta function at p. Now applying the word recursion Proposition b.3, we have that

I(sK)=— > I+ Y I(.K)
s'€54 (1)) s'esZ (1))
1 ! 1 !
- Z I(s',K) + 13 > Is,K)

s'eM¥ (i, j),s) S’GMU((i ),8)

Z K(p)I(s &, j) K —§ )+ N 2 K6, p.K = 65p).

PE? peP

p>e p>—e

(Here, the factor of K(p) arising in the last two terms arises because there are K(p)
copies of the plaquette p which can possibly be used to deform s.) From this, we obtain

== T 40+ T 40— 39

s'€S4((i,)),s) s'eS_((i,j),s) s'eMY ((i,),5)
1 ,
t Nz D>, $()+D+D,
s'eMUY ((i,/),s)
where

D Z/_\ﬁ]:\l[ Z Z (N‘B) K(p)I(S @(l J) p, 5p),

peP K:P—-N
p>e K(p)>1

1 NBX
Dy=Z3h< D D ( ﬁ) KPS, p.K = p).
N peP K:P-N
p>—e¢ K(p)=1

Observe that we may write (by changing variables K — K — &), and then recalling (5.5))

-ziwn Y Y Y ie, nk

PEP K:P—N
p>e

=B ¢sdapp)=—B D, B
pEP

s'eD4((1,)),5)
p>e

and similarly

D,=p Z $(s S,y p) =B z $(s).
2, en (i)s)

The desired result now follows. O

6. OTHER GROUPS

In this section, we adapt our results to the cases G = O(N), Sp(N/2), SU(N), SO(N).
In Section p.1], we address the cases G = O(N), Sp(IN/2), and in Section p.2, we address
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the cases G = SU(N), SO(N). Define the matrix J by
(6.1) J = ( 0 IN/Z).

=INp O
We quickly recall the definitions of the various groups.
O(N) :={0 € GL(N,R) : 0T0 =1y},
Sp(N/2) :={S € UNN) : STJS =T},
SU(N) :={U € U(N) : det(U) = 1},
SO(N) := {0 € SO(N) : det(O) = 1}.

Notation 6.1. Let T’ = (I3,...,I}) be a collection of words on {4,,...,4;}. Given a
compact Lie group G, we will denote Tr(G(T")) = Tr(G(L7)) - -- Tr(G(I}s)), where G(I;)
is obtained by substituting an independent Haar-distributed element of G for each of
the letters {4;,..., A}

6.1. Orthogonal and symplectic. In this section, we adapt our previous results to
G = O(N), Sp(N/2). These two cases are at times very similar, and thus we choose to
place them in the same section. However, they are also at times very different, which
prevents us from handling the two cases completely simultaneously — there are certain
parts which require special attention in the O(N) case, and certain parts in the Sp(N/2)
case.

Notation 6.2. Let n > 1 be even. In this section, we will denote matchings on [n] (i.e.
partitions of [n] into two-element sets) by 7, 7', 7", etc., and often write 7 : [n] — [n]
(since a matching can be understood as an involution of [n] without any fixed points).
In our existing notation, 7 € M(n/2).

Remark 6.3. In Section p.1, matchings 7z should be visualized differently than before.
Before, a matching 7 € M(2n) was visualized as giving pairings between 2n vertices,
where we drew n vertices each on the left and right sides. Now, we should only think of
amatching 7 : [n] — [n] as giving a pairing of n vertices, which are either all drawn on
the left or all on the right. Ultimately, this is due to the fact that matchings 7 : [n] —
[n] in this section play the role of bijections o, 7 : [n] — (n : 2n] in previous sections
(see e.g. Section P.1)). In the Unitary case, there was a natural division between the top
n strands and bottom 7 strands, and thus also between the top n vertices and bottom n
vertices on each side. The bijections o, 7 encoded pairings between the left vertices and
between the right vertices which had the special feature that top vertices were always
paired to bottom vertices (and vice versa). In the Orthogonal and Symplectic cases, we
will see that there is no longer a division between top and bottom, and so the matching
7 encodes an arbitrary pairing of the left vertices (or the right vertices).

6.1.1. Orthogonal surface sums. First, we discuss the surface sums that arise in the
O(N) case. We begin by introducing the needed setup in order to state the analog of
Theorem P.5 (the Unitary Weingarten calculus) for O(N).

Definition 6.4 (Unoriented-balanced collection of words). Let T’ = (I3,...,I};) be a
collection of words on letters {4;,...,4;}. For ¢ € [L], let n, be the total number of
times 4, or 1;! occurs in T'. We say that I is unoriented-balanced if n, is even for each
¢ € [L].
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| (.
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1 1

FIGURE 43. Here, n = 6. The left matching is 7 = {{4, 6}, {1, 5}, {2, 3}}.
The right matching is 7' = {{5,6},{1,4},{2,3}}. The left and right
matchings together define an element [ 7'] of B,,.

A C.
A

o 3
) (@

1 1

FIGURE 44. For the left and right matchings 7, 7’ from Figure {3,
there are two connected components in the graph obtained by adding
the strands, and thus #cycles(z, 7') = 2

Remark 6.5. By O — —O distributional symmetry of Haar-distributed O(N) matri-
ces, if ' is not unoriented-balanced then E[Tr(O(T))] = 0. Thus when computing
E[Tr(O(T))], we may assume I is unoriented-balanced.

Definition 6.6. Letn > 1be even. Let 7,7’ : [n] — [n] be matchings. Visually, we
will think of 7, 7’ as giving left and right matchings, as in Figure f3. This defines an
element of the Brauer algebra 3B,,, which we denote by [z 7’].

Let #cycles(z, 7") be the number of connected components in the graph one obtains
by adding in the strands connecting the left and right vertices - see Figure 4 for an
example.

Definition 6.7. Let n > 1 be even. Given left and right matchings 7, 7’ : [n] — [n],
the face profile (7, ') is the partition of n induced by the cycles of 77’

We note that all parts of £(7, ') are even, and thus %6(7@ 7") is a partition of % For
the matchings 7, 7’ in Figures i3 and f4, the face profile €(zr, 7') = {4,2}. Note also
that #cycles(rzr, ") is exactly the number of parts of £(z, ).

Definition 6.8 (Orthogonal Weingarten function). Let { € C. Let n > 1 be even.

We define the Orthogonal Weingarten function Wg?’n as follows. The input is a pair

of matchings 7,7’ : [n] — [n], and the output is a number Wg?n(n, ') € C. First,
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define the Gram matrix

ng(ﬂ, ') = gHeyeles@a’) g a4 s (] - [n] matchings.

We define Wg?n to be the pseudo-inverse of G = Go’n(n, 7"), that is the symmetric
matrix W which satisfies

WGW = W and GWG = G.

We typically omit the n variable and write Wg?. The normalized Orthogonal Wein-
garten function is defined to be

o0 ,
ng (ﬂ, 71") — gn—#cycles(ﬂ,n’ )ng(ﬂ', 71'/).

Remark 6.9. From [CS06, Theorem 3.13], the normalized Orthogonal Weingarten func-
tion has the following large-N asymptotics:

—0
lim Wey(m7) =[] (-1)*'Cat(a—1),

ae %é’(n’,r:’ )

where Cat(k) is the kth Catalan number as in (B.1]), and the product is over all parts in
the face profile of %6(71', ') (which recall is a partition of g).

In fact, the proof of the cited theorem extends without change to a general complex
parameter { — oo, and thus we have that

_o
glim Wg, (7,7) = H (=1 Cat(a - 1).

ae%é’(n,fr’ )

We state Lemma which says that the Orthogonal Weingarten function is a func-
tion of the face profile of (7, 7"). It essentially follows from [Mati3], although we
haven’t found a precise statement in the literature. Thus for the reader’s convenience,
we give more detail as to why the lemma is true in Appendix Al

Lemma 6.10. The Orthogonal Weingarten function Wg? (r, ") is a function of the face
profile é(z, ') of , '.

Remark 6.11. We defined the Orthogonal Weingarten function in a slightly different
manner than the Unitary Weingarten function (equation ([.7)). For an expression of
Wg? in terms of characters, see [CS06, Theorem 3.9] or [ZJ09, Proposition 5]. The
interpretation of the Weingarten function which is most relevant for us is as a weight
assigned to pairs of left and right matchings, and the most direct definition of WgéJ
from this point of view is as the pseudo-inverse of the Gram matrix.

Also, note that we defined the Orthogonal Weingarten function for a general com-
plex parameter { € C. This did not require any extra considerations. For Orthogonal
Haar integration, this level of generality is not needed and we could have restricted to
¢ = N a positive integer. However, it turns out that the Symplectic Weingarten func-
tion is related to the Orthogonal Weingarten function with { = —N a negative integer
- see Lemma [.22. Moreover, it will be more convenient to work with Wg(_)N rather
than the Symplectic Weingarten function, due to a certain sign issue. See Remark
for more discussion.
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FIGURE 45. (7, 7yl whenn =6
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FIGURE 46. In the middle, we have [7 m] where 7 =
{{1,3},{2,6},{4,5}}. Thus o, = (1 3 2 6 4 5) (written in one-line
notation). We see that upon conjugating [ 7] by o,, we get the
“standard form” [y 7, ].

Definition 6.12. Let n > 1 be even. Let 7y : [n] — [n] be the matching given by

{{n,n —1},{n—2,n—3},...,{2, 1}}. One may visualize 7, as in Figure 5. We omit the
dependence of 7z, on n.

Definition 6.13. Let n be even. For each matching 7 : [n] — [n], we define a
permutation o, € S, such that o, [7 7loz! = [m, 7] as follows. We may write
7 = {7(1),n(2)},....{n(n — 1),7(n)}}, where 1 = 7(1) < 7(3) < -+ < w(n — 1),
and 7(2j — 1) < m(2j) for j € [n/2]. We then define o,.(j) := 7(j).

See Figure fif for an example of o,;. Visually, o,; can be thought of as a permutation
of the vertices which takes [z 7] to the “standard form” [, 77 ]. In general, there may
be many such permutations; the definition of o, makes a particular choice for each 7.
This particular way of choosing the permutation does not matter so much for O(N),
however for Sp(N/2) it is important that o,, be defined as it is, due to the fact that
sgn(o,;) appears in the definition of the Symplectic Gram matrix (see Definition p.20),
and thus also the Symplectic Weingarten function. (Different permutations which take
[ 7] to the standard form [z, 7,] may have opposite signs.)

LetT = (I3,...,I};) be an unoriented-balanced collection of words on {4,,...,4.}.
Recall that in the Unitary case, the choice of I specifies a choice of red exterior con-
nections in our strand diagram. In the orthogonal case, the situation is similar, except
now we specify that all strands point in the same direction (right). By doing so, the
dashed red strands that we add may not have a consistent orientation with the black
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FIGURE 47. The red exterior connections arising from the collection
of words T = (ABA™'B~1,ABA1B~1)

FIGURE 48. Let I be the same as in Figure f7. For some particular
choice of 7z, we may end up with the blue interior connections as dis-
played. In this case, #comp(T, 7) = 2.

strands. This is a reflection of the fact that in the Orthogonal case, the surfaces we
obtain may be unorientable. We explain through an example how to obtain the red
exterior connections from I' - see Figure 7.

For each ¢ € [L], let w,, 7, : [n,] — [n,] be matchings. Similar to the Unitary
case, we may form the diagram obtained by I" and = = ((7,, 7}), ¢ € [L]) by starting
with the red exterior connections specified by 7, and then adding in the blue interior
connections specified by 7. Let #comp(T, 7) be the number of components of this
diagram. See Figure f§ for an example.

We now state the Orthogonal Weingarten calculus.

Proposition 6.14 (Orthogonal Weingarten calculus). Let G = O(N). Let T =
(4, ..., I}) be an unoriented-balanced collection of words on {1, ...,A;}. Then

E[Tr(G(T))] = > ( T Wl ﬂ;)> nfcomp(T,m)
n=([m,,7}],¢€[L]) * ¢€EL

Here, the sum in the right-hand side is over = which is a collection of pairs of matchings
oy - [ng] — [ne), € € [L].
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We proceed towards applying Proposition to give expressions for Wilson loop
expectations of O(N) lattice gauge theories. First, we need some setup. Exactly as in
the Unitary case, given (I', ), we may obtain a map whose dual is bipartite as follows.
We start with one yellow face for each word in I'. For each letter 4,, the left and right
matchings 7,, 7, giving the interior connections in the portion of the diagram corre-
sponding to 4, then specify an additional collection of blue faces which are glued to
the yellow faces which contain the letter 1, or its inverse.

Definition 6.15. LetT = (I3, ..., [}}) be an unoriented-balanced collection of words on
{A1,..., A }. Define DBMg(T) to be the set of all possible maps which can be obtained
from adding interior left and right matchings to the strand diagram corresponding to
I'. For a given map M € DBMg(T'), and € € [L], let u,(M) be the partition of n, (the
total number of occurrences of 1, and 1;!) given by the degrees of the blue faces which
are glued into the strand diagram of 1, (this is the same as the face profile of the left
and right matchings = = (7, 7}, ¢ € [L]) used to construct M).

Here, the subscript “OS” is short for Orthogonal and Symplectic, since DBMgg is
the set of maps that one obtains in these cases.

Remark 6.16. Unlike in the Unitary case, the maps in DBMgg may be unorientable.
The next result is the analog of Proposition B.8.

Proposition 6.17. Let G = O(N). LetT = (I3, ..., I}) be an unoriented-balanced col-
lection of words on {4, ...,Ar}. We have that

Gl = ¥ (I Weyke@o)veeo-k

MeDBMqs(T) " ¢€[L]

As in the Unitary case, when the letters {1,,...,4;} are edges of the lattice A, and
the collections of words I' = I'(s, K) is obtained from a string s and a plaquette count K,
then any map M € DBMg(T') naturally gives an edge-plaquette embedding (o, ®),
where ¢ is determined by the requirement that it maps edges of M to the corresponding
edges of the lattice. As in the Unitary case, the map M is obtained from M by deleting
all faces whose boundary is mapped by ¢ to aloop in s, and so (o, ¢) may be interpreted
as having “boundary” s.

Definition 6.18. Lets = (¢,,...,¢,) be a string, and let K :  — N. Define the set
EPEqs(s, K) of edge-plaquette embeddings associated to (s, K) to as follows. If I'(s, K)
is not unoriented-balanced, then EPE(s,K) := @. If I'(s,K) is unoriented-balanced,
define EPEqg(s, K) to be the set of edge-plaquette embedding (M, ¢) obtained from
maps M € DBMqs(I'(s, K)).

Next, define

(6.2) EPEos(s) = | | EPEos(s,K).
K:P—-N
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For (M, ) € EPEg(s), and e € E,, let u,(¢) be the partition of |¢~1(e)|/2 induced by
1/2 times the degrees of the faces of $~1(e). Define

area(M,¢) = Y. [¢71(p)I,

pEP

@ O=TTle "

peP

Note that if (M, ¢) € EPEpg(s, K), then area(M, ¢) = Zp K(p)and (¢~ 1) =K!.

We now arrive at Theorem b.19, which is the analog of Theorem B.1I0. Since the
proof is very similar to the proof of the corollary, it is omitted.

Theorem 6.19. Let A be a finite lattice. Let s = (¢1,...,¢,) be a string. For O(N) lattice
gauge theory, we have that

jgarea(M.¢) ( H W_gl?, (ua( ¢))) NAOD-n_

_ 71
Wong = Zrg (¢~1)!
(M,¢)€EPE05(S) : ecEp

The sum converges absolutely in the following sense. Recalling that EPEqg(s) =
Llx.»_n EPEos(s, K), we have that

area(M,p) )

: ( TT Wey (el o0

ecEp

< 00.

& Fon] otdyeiPhossk) (@D

6.1.2. Symplectic surface sums. Next, we discuss the surface sums in the Symplectic
case. This case is more complicated than before due to a certain sign issue. We start by
working towards the definition of the Symplectic Weingarten function.

Definition 6.20 (Symplectic Weingarten function). Define the Symplectic Weingarten
function Wgzsvpn as follows. First, define the Gram matrix

G (70, ') 1= (=1)"sgn (0, )5gn(0 N(=N)#¥IesHT) | 7 77+ [n] > [n] matchings.

We define ngs\%’,n to be the pseudo-inverse of GJS\EH. We typically omit the dependence

on n and write ngsvp.

Remark 6.21. This definition of the Symplectic Weingarten function is not so easy to
find in the literature. For instance, the first paper on the topic [CS06] does not give
an explicit formula for the Symplectic Weingarten function, nor does the recent sur-
vey [CMN22]. The paper [MP22] which applies the Symplectic Weingarten calculus
only posits the existence of some function which can be used to compute Symplectic
matrix integrals (see [MP22, Theorem 3.1]). The paper [Mat13] defines the Symplectic
Weingarten function as a certain element W of the group algebra C[S,,] (Matsumoto
denotes this element by WgSp). The relation between Matsumoto’s definition and our
definition via pseudo-inverses is precisely stated in [Mat13, Lemma 2.5], which says
that the Weingarten weight ngsvp(ﬂ, 7') assigned to a pair of matchings 7, 7’ is pre-
cisely W(oz'o,/). We prefer to give the pseudo-inverse definition in the present paper,
because it is the most easy to state and understand. This way, the reader who only
wishes to be able to understand the weights that appear in our surface sums can do so
without having to spend too much time on background material.



RANDOM SURFACES AND LATTICE YANG-MILLS 851

><>
)

[mo @ [ro 7]

FIGURE 49. Left: [z, ] with 7 = {{1,4},{2,3}}. Thus o, = (142 3),
and so sgn(o,) = 1. Right: [ry 7'] with 7’ = {{1,3},{2,4}}.
Thus o, = (1 3 2 4), and so sgn(o,y) = —1. Consequently,
we see that ngs\f’(no,n) = (—l)zsgn(aﬂo)sgn(oﬂ,)WgC_)N(ﬂO,7r’) =
Wg(_)N(no,n’), whereas ngs\,p(ﬂo,n’) = —WgC_)N(no,ﬂ’). Note that
the face profiles €(my, 7) = €(my, ') = {4}, and so Wg(_)N(no, T) =
Wg(_)N(ﬂo,n’). This shows that ngsf(no,ﬂ) = —ng}’(no,ﬂ’), even
though (7, 7) has the same face profile as (g, 7°).

By comparing the definitions of the Orthogonal (Definition p.§) and Symplectic
Weingarten functions, Lemma follows immediately. (Here we also use the unique-
ness of the pseudo-inverse of a matrix.)

Lemma 6.22. We have that
Weil (7, 7') = (=1)"?sgn(o,)sgn(o, YWey (m, '), 7,7 @ [n] = [nl.

Remark 6.23. This relation between the Orthogonal and Symplectic Weingarten func-
tions has previously been observed, see for instance the end of [Mat13, Section 2.3.2].
When N > n, this identity is also stated as [MP22, Lemma 3.2]. We note that by defin-
ing Weingarten functions as pseudo-inverses of the appropriate Gram matrices, it is
trivial to see that the relation holds for general N (indeed, even general { € C).

Remark 6.24. Recall that Wg(_) N (7, ') is a function of the face profile £(7, 7). Lemma
shows that ng(}’ (7, ") is not a function of the face profile €(x, '), because
sgn(o,;)sgn(o,) is not determined by €(7, 7). For a simple example, see Figure f9.
Thus to obtain weighted sums over surfaces in the Symplectic case, we will use Lemma
to replace ngs\]p by Wg(_) ~» Which will allow us to express our weights purely in
terms of the surfaces. We note that this was also done in [MP22] - see Theorem 1.2 and
Appendix A of the paper.

0

Recall the matrixJ = (
_IN/z

Il\(f)/z) from the definition of Sp(N/2).

Definition 6.25. For indices i;,i, € [N], define (i;,i,); := J; ;. Forn > 1 even and a

permutation o € S,;, define

1i2°

n/2

AL =] [Cor-1)» loio)s =(ioay io)s -+ (otmo1y lomy)s» 1= (it ..., 1) € [N].
k=1

For a matching 7 : [n] — [n], we abuse notation and write A7 for A .
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We next state the matrix-entry version of the Symplectic Weingarten calculus. This
is essentially [Mat13, Theorem 2.4] (see also [Mat13, Lemma 2.5]).

Proposition 6.26 (Symplectic Weingarten calculus). Let G = Sp(N/2). Letn > 1 be
even. Foranyi= (iy,...,i,),j = (ji5---5 jn) € [N]", we have that
E[Gij, - GCipjl = >, AeDALGWe (r, 7).
7,7 [n]—[n]

By applying Proposition and Lemma p.27, one can obtain the following word-
expectation version of the Symplectic Weingarten calculus. We remark that going from
the matrix-entry version to the word-expectation version of Weingarten calculus is not
as simple as in the Unitary or Orthogonal cases (where one may use the argument
described in Section .2), and one has to carefully handle signs. The proof is omitted —
see [MP22, Appendix A] for the relevant details.

Proposition 6.27. Let G = Sp(N/2). LetT = (I3, ..., I}) be an unoriented-balanced
collection of words on {A,,...,Ar}. We have that
E[Tr(G(I))] = (—1)¥ Z H WgC_)N(n.g,ﬂlé)(_N)#comp(F,n)_
n=([r,,m,],¢€[L]) ¢€[L]

Consequently, we have that

BTG = (-0f 3 T] Wely(e00) J-nyen-E,
MeDBMps(T) *¢€[L]
Remark 6.28. To obtain the second claim in Proposition .27, it was crucial that we used
the Orthogonal Weingarten function rather than the Symplectic Weingarten function,
since the former is a function of the face profile but the latter is not (recall Remark
b.24). In other words, ng}’ is not a function of u, (M), so we could not have replaced

Wer? (g, 7er) with WeyF (e (MD)).

We can now give a representation of Wilson loop expectations in Sp(N/2) lattice
gauge theories as Weingarten-weighted surface sums.

Theorem 6.29. Let A be a finite lattice. Lets = (¢4,...,¢,) be a string. For Sp(N/2)
lattice gauge theory, we have that

area(M,¢) _
g ( TT Wl wtuel® ) -Nyz0-.

ecEp

Woap = (=1)"Zy)s > N
(M,¢$)EEPEps(s) ’

The sum converges absolutely in the following sense. Recalling that EPEqg(s) =
EPEg(s, K), we have that

ﬁarea(]v[ )

I—'K:.’P—»N

< 0.

( TT Welntuelg)) -y

kTN oepefrtosery @ ek,

6.1.3. Exploration process. In this subsection, we detail how to obtain the Orthogonal
and Symplectic Weingarten calculus from taking limits of Brownian motion, much as
we did in Section { for the Unitary case. The key is to use a variant of the exploration
process we defined in Section fi.1|. This will again allow us to extract the Jucys-Murphy
elements, which as before will relate to the Weingarten function. First, we work to-
wards describing the analog of Proposition for O(N), Sp(N/2).



RANDOM SURFACES AND LATTICE YANG-MILLS 853

Remark 6.30. Note that SO(N) is connected while O(N) is not. Thus an O(N) Brownian
motion started at the identity (or more generally, any element of SO(N)) is exactly
the same as an SO (N) Brownian motion. Thus to reprove the Orthogonal Weingarten
calculus, we will need to take the initial value O, of the O(N) Brownian motion to lie
in the two connected components of O(N) with equal probability. This amounts to
multiplying an SO (IN) Brownian motion started at the identity by O,.

Notation 6.31. In the following, to discuss the cases G = O(N), Sp(IN/2) simultane-
ously, we set the notation € = 1 when G = O(N) and € = —1 when G = Sp(N/2). We
found this useful notation from [Dah17].

Next, we define a representation p_ : B,(—N) — End((CN)®") which is needed
to relate expectations of Symplectic Brownian motion to weighted sums over Brauer
algebra elements. Recall the definition of (-, -); and A}, from Definition p.23.

Definition 6.32. Define the representation p_ : B,(—=N) — End((CN)®") as fol-
lows. It suffices to define p_ on the generating set {(i j),{i j)$,1 < i < j < n}of
B,. Welet p_((i j)) == —p,(( j)). Welet p_({i j)) be the matrix whose (k,1) (with
k= (ky,....k,),1=(,...,1,) € [N]") matrix entry is

(oL JMha = — ki, k) (i, L) H Skl

r#i,j

Remark 6.33. The minus sign in the definition of p_ is crucial, since p_ is supposed to
be a representation of B,,(—N), which implies that p_((i j))? = (—=N)p_({i j)) (since
(i j)* = (=N)Xi j)). The minus sign ensures that this is the case.

Remark 6.34. For a matching 7 : [n] — [n], observe that
[7 7] = (w(1) 7(2)) -+ (7 (2n — 1) 7(2n)).

This implies that
p-([m 7]y = (D" A7 (DAZ ()
More generally, we have that

(6.3) p_ ([ 7'y = (=1)"?sgn(a,)sgn(o, A7 DA ().
Notation 6.35. We will take p; to mean p, and p_; to mean p_. This way we can write
Pe-

Letn > 1. Consider a strand diagram with » total strands, all of them right-directed.
We define a Poisson point process Zqg as follows. Define

Dos = | | [0,00), Dos(T) = | | [0,T].
L,jeln] i,j€[n]
i#j i#]
We let £qg be a rate-1 Poisson process on Dqgg. We also define Zqg(T) := ZosNDos(T),
which is a rate-1 Poisson process on Dqg(T).

In terms of the strands, Xqg is visualized as follows. Between any pair of strands,
there are two independent rate-1 Poisson processes (which is why we only have the re-
strictioni # jand noti < j asin the Unitary case): one which gives the swaps between
the two strands, and one which gives the turnarounds between the two strands. The
Poisson processes corresponding to different pairs of strands are also independent. Let
20s(T) be process obtained by keeping only those points of £55 which occur before
time T. See Figure BQ for a visualization.



854 SKY CAO, MINJAE PARK, AND SCOTT SHEFFIELD
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»
-

FIGURE 50. An example realization of £qg(T) for some finite T. The
green lines represent swaps and blue lines represent turnarounds.

Remark 6.36 (Comparison with the Unitary case). In the Orthogonal and Symplectic
cases, all strands point the same direction, and there may be turnarounds between
same-direction strands. Whereas in the Unitary case, there were only swaps between
same-direction strands, and turnarounds between opposite-direction strands.

Let P C Dg(T) be a finite point set. As in the Unitary case, we may represent P as
a finite set of points {x;,...,x;p} € [0,T], 0 < x; < --- < xjp; < T, along with labels
Ly,....l;p, where each [} = (i, ji), with iy, ji € [n], iy # ji. Hereafter, we assume
that the x; are all distinct, which is a.s. the case for Zqog(T).

Definition 6.37. Let P C Dg(T) be a finite subset. Define F,(P) € B,,(eN) as follows.
We first define b, € B, for k € [|P|]. Using the representation just described, let
[ = (ig, ji)- We let
_ {—%(ik JK) ik <Je
k*=)e,. . . .
Nl jk) > Jke
We then define F,(P) = by -+~ bjp| € B,(eN).

Remark 6.38. In Definition p.37, the parameter of the Brauer algebra is taken to be eN,
which means that in the Symplectic case, closed loops arising during multiplication
contribute factors of —N, as opposed to N.

Proposition is the analog of Proposition B.16. It says that for G = SO(N),
Sp(IN/2), expectations of G-valued Brownian motion may be expressed in terms of the
Poisson point process Zqg. See [PPSY23, Appendix A] for the proof.

Proposition 6.39. Letn > 1. Let G = SO(N), Sp(N/2). Let By be a G-valued Brownian
motion at time T. We have that

E[BE"] = ()T 50005 (E[R(Sos(T))]).
Equivalently, fori = (iy,...,iy),J = (j15---5 jn) € [N]", we have that

E[Br) g, - Brky,] = T30 o (B[R (Zog(T))]),

Next, we state Lemma which relates the Orthogonal Weingarten function to
Jucys-Murphy elements. This may essentially be found in [Mat13], however it may
not be so clear why this is the case without actually reading the paper. Thus, for the
reader’s convenience, we provide some discussion in Appendix [A] of why Lemma
follows from the results of [Mati3].
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Lemma 6.40 (Relation of Weingarten function to Jucys-Murphy elements). Let 7 :
[n] = [n] be a matching. We have that
— (6] ’ ’
pe([ TP (EN+J )EN +Ty3) -+ EN+I)) = D Wgg (o, 7)p([x 7' )).
! :[n]-[n]
As in the Unitary case, the main theorem that we will prove using our exploration
process is the recovery of the Weingarten calculus, stated as follows.

Theorem 6.41 (Weingarten recovery). Let n > 1 be even. Let Oy € O(N) be a random
matrix which has equal probability of being in the two connected components of O(N), or
equivalently E[det(Ogy)] = 0. For G = O(N), we have that

lim E[BY"E[O§"]= ),  Wey(mz)p,((x 7).

Toeo T, [n]—[n]
For G = Sp(N/2), we have that
(6:4) lim E[BR"] = 3 Wgly(ma)p_(Im ).

T—eo 7,7’ :[n]—[n]

Remark 6.42. To see why equation (6.4) is equivalent to the matrix-entry version of the
Symplectic Weingarten calculus (Proposition p.26), recall by Remark that

(p-([7 7'D)y; = (=1)""?sgn(o7)sgn(o7 )AZHAZ G-

Then by the relation between the Orthogonal and Symplectic Weingarten functions
(Lemma p.27), it follows that

Wg2y (. 7)(p- ([ 7'D); = (—1)"2sgn(o)sgn(oz )Wey (7, 7)) A (DA ()
= WP (7, 1) AL ()AL ().

Next, we define the analog Q95 of the strand-by-strand exploration process Qr from
Section B.1. As before, the exploration is encoded by two processes (E;)i>q, (771)¢s0-
Here, E takes values in [n/2] and tracks the current exploration era, and 7 takes values
in S,,. In words, the exploration starts at the top strand, and follows swaps until the first
turnaround. At this time, the exploration proceeds to the next-highest strand which
hasn’t been matched. The exploration continues until all strands have been matched
(i.e. until the end of the n/2th exploration era).

Notation 6.43. For notational brevity in what follows, define

(b, .. byp) 1= €= D=0= 0 ,Q=3)=0=7))(t2=11) ... == D2 ~tn2-1),

The following is the analog of Proposition .7 which recall encoded the key cancel-
lation property of our strand-by-strand exploration process.

Proposition 6.44. Letn > 1 be even. Let G = SO(N), Sp(N/2). We have that
)50 TR [E (205 (T)1(Tyy, < T = E[E(O9S Y1(Ty2 < Tn(Ths .., Tup)]-

Proof. The proof is very similar to the proof of Proposition .7, in that we proceed by
induction, except now the combinatorics is slightly different. Throughout, we write =
and Q instead of Zng and Q©S for brevity.

The base case n = 2 may be handled by direct calculation, which we omit. Suppose
that the proposition is true for n — 2 > 2 and any T > 0. As before, we condition on
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the time T;, which is the time of first turnaround, which results in two strands being
matched. After this time, we may assume that any swaps or turnarounds involving ei-
ther of the matched strands must involve precisely the two matched strands (by essen-
tially the same argument as in the proof of the cancellation lemma, Lemma f.5). Each
strand is involved in 2(n — 1) independent Poisson processes, and thus the number of
independent Poisson processes which must have zero points on the interval [T;, T] is
2(2(n — 1)) — 4 = 4n — 8. The Poisson process which gives the turnarounds between
the two matched strands contributes a factor 1, and the Poisson process which gives
the swaps between the two matched strands contributes a factor e=(T=T1)e=&(T-T1)/N
(when we condition on T;). We thus obtain

E[EE(THUT, <T) | Fr ] =

E[E(E(T)) | F 1, JE[EET/ET))L(T, <T) | Fr,Je”@n=T-T0e~(T-T)e=e(T-T/N

Now observe that

M P &8N\ _ap— - & =2 _"_ £ _£
2<2> 2(1 N) @n—7)— = =n*=5n+6 2(1 N)+1 N

-('3)-"50-5)

T30 T B[R (S(T)U(T,, <T) | Fr,]= (ez(';)Tl—%ﬂ—%)Tl E[E(X(T)) | le]> x

From this, we obtain

(ez("iz)”‘“""T‘Z“‘%XT‘T”[E[I@(Z(T)\E(Tl))n(Tn/z <7 fn]).

At this point, we recognize that the second factor is exactly given by the inductive as-
sumption:
n-2 n-2 13
()T O TR (5(T)\S(Ty) gy 1Ty < T) | F17,] =
E[E(Qr1,,\9r, ) M(Ty2 < Dhyo(Tys s Tup2) | Fry I

Thus, to finish the induction, we just need to show that

N30T R (s(T )R 2y, \Or,) | F1, ]
= GV U-m TR (9r )E(Qr,,,\2r,).
Again, this follows by accounting for the contributions before time T; of all the swaps
and turnarounds not involving the top strand. There are a total of 2(";1) such pro-
cesses. Out of these, there are "T_Z processes which contribute 1 (the turnarounds be-

tween two strands which are matched on the right), there are "T_Z processes which con-
tribute e~ T1e~¢T1/N (the swaps between two strands which are matched on the right),
and every other process must have zero points on [0, T; ], and thus contributes e~ 71, In
total, we get

EECE(T)E(CT, ,\9r) | F1,, ]

n— n—2 n-2
— e—(2( 21)_(n—2))T1 e =T et TI/NE:(QTl )E(QTn/z \QTl)‘
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mo(4 3) = o mo(4,2) = mo(3,1) mo(4 1) = mo(3 2)

FIGURE 51. Term-by-term identification of the three terms in each of
7T0J4 and 7T0(1 + J3)

To finish, note that (using that 2(%}) — 2(”;1) =2(n-1))

2(’21)_g<1_1%>_<2<n;1)_('1_2))_”7_2_717_21% =2(n—1)—(1—]%>. O

Next, we give an explicit expression for the right-hand side of Proposition p.44. First,
let E;| be the event that in the exploration process, n gets matched ton — 1, n — 2 gets
matched ton — 3, ..., 2 gets matched to 1. In other words, Eg, is the event that the left
matching discovered by our exploration is 7, (which was defined in Definition .12,
see also Figure @3).

For notational brevity, we make the following definition.

Notation 6.45. Define

T-uy T—(u1+-++up2-1)
I(T,n) := / du, / du, --- / dun/z(e—ule—aulfn_1/N)
0 0 0

X(e—uze—auzjn—3/N)x vee x(e_unlz e—gun/zjl/N)‘
We will need Lemma p.46.

Lemma 6.46. We have that

T

(7o ol = [7mo 7o l(1 + Jp—1).

Proof. Inthe case n = 4, Figure b1 contains the proof by explicitly identifying the terms
which appear on the left and right-hand sides of the claimed identity. The proof when
n > 6 is essentially same as the case n = 4. The case n = 2 is trivial. O

Lemma 6.47. We have that
E[F (QT,,/Z)]I(Tn/Z < Dhy,(T,..., Tn/z)ﬂE,,O] = (eN)™"2[ro 7o JI(T, n).

Proof. By considering an alternative exploration as in Section E.I, we may explicitly
compute

[F(QTn/z)]l(Tn/Z < T)hn(le--,Tn/Z)]lEﬂO] = (eN)™"?[mo mo ]I,

T— u1 T—(uy+:+up/2-1)
/dul/ / dun/z(e—Z(n—l)ue—EuIJn/N)x

—2(” 3)uz p—euzJpn— 2/N) X (e‘zunlz e—Sun/zfz/N)hn(ul, o, un/z).

where
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—2(n—1)ue—£ulln/N —(n-1u

We explain how e arises. One factor of e comes from the den-
sity of Ty, which is an exponential random variable with rate n — 1. Conditioned on
Ty = u,y, we need to average over all swaps involving the top strand before time u,
which contributes e~("~Due=t1&/n/N,

Next, observe that the formula for I’ may be simplified to

T- ul T—(uy+--+up/2-1) .
re [ e e 1= RN

—(1— Nzg=aualn-2/N) ... x (e —(1—%)un/29—5“n/212/N)_

Next, by Lemma we have that [y 7y)J,, = [mg 7o]l(1 + J,_;). Since the Jucys-
Murphy elements commute, we may then obtain that

[7TO ﬂo]Jyllc = [7{0 7{0](1 +Jn_1)k fOI‘ all k Z 0

This implies that [z, 7ole*n = e¥[my myle*/n1 for any u € R. More generally, by
the same argument as in the proof of Lemma .46, we may obtain that [7, 7, ]e*/2r =
e[my mole’2r-1 for 1 < r < n/2. By applying these identities, we obtain [ 7]’ =
[ o ]I(T, n), and the desired result follows. O

Now suppose that the left matching discovered by our strand-by-strand exploration
is some arbitrary 7. Then we may first permute the strands so that 7 becomes 7,
apply Lemma to compute the expectation of our strand-by-strand-exploration in
the case where the left matching is 77y, and then permute the strands back. This gives
a formula for the expectation of our strand-by-strand exploration in the case where
the left matching is 7z, which then leads to Lemma p.48. Recall from Definition
that for each matching 7 : [n] — [n], we fixed a permutation o, € S, such that
Oxlm wloz! = 7o 7o)

Lemma 6.48. We have that

E[F(Q2 ) 1(Ty2 € Thn(Ths ., Top)] = eN)™2 Y7 [ mo]I(T, )o.
7:[n]-[n]

Proof. By summing over all possible left matchings 7z, we obtain

E[E(QP5 ) U(Tz < Dhn(Ty, .., Ty)] = N)™2 37 [w 7]I(T, n, 7),

7:[n]—[n]

where I(T, n, ) is the analog of I(T,n) defined for a general 7. Writing [z 7] =
ozt olo,, we may write

[ 7|I(T,n, ) = o7 [y 7o ](0,I(T, n, m)oz )o,.

Since conjugating by o, corresponds to permuting the strands according to o,, we
have that 0, I(T,n, m)oz! = I(T,n). Le., after permuting the strands according to o,
I(T,n, ) gets taken to I(T,n). To finish, note that o;![7, 7y] = [7 7] (since if we
only permute the labels on the left, then only the left matching gets changed). O

Lemma 6.49. We have that

. -1
,}1_1;130 pE(I(T’ l’l)) = En/an/zpa((EN +Jn—1)(EN + Jn—S) (EN + ]1))
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Proof. We have that

}lm IOE(I(T’ n)) = / dule_ule_gulpE(Jn—l)/N / dun/ze_un/Ze_sun/ZPE(Jl)/N
-0 0 0
T\ Jos\ " J
= pg(id +E”T_1> p£<id+£ ';\;3) ---p€<id +€]Tlf)

= e"2N"2p (eN +J_1) L pe(eN + J_3) 7L - p(eN + J) 7L

-1

Here, the operators p.(id +¢J,_,x/N), 1 < k < n/2, have strictly positive eigenvalues
(and thus are invertible) by Lemma (recall that p_((i j)) = —p((i j)) for any trans-
position (i j)). O

Lemma 6.50. For any matching 7 : [n] — [n], we have that
-1
pe((7 o Dp((EN+Jn_ 1 XEN+Ty_3)---(eN+1)) pelo)= 3, Wegy(m m)pe(m ')
! :[n]—[n]

Proof. Applying Lemma p.40, we have that

pe([7 750])95((51\] +Jp—1)(EN +Jy_3) - (eN +Jl))_lps(oﬂ)
= Y Wen(mo. m)pe([x 7'loy).

! :[n]—[n]
Since [z 7] = o7t[7y 7ylo,, we have that [z 7']o, = o7![7 7']o,. Changing vari-
ables 7’ = 7’'0,, we obtain that the above is further equal to

> Ween (o, woz Dee([7 7))

7!’ :[n]—[n]

. (0] ’ - (0] — ’ O ’
To finish, observe that Wg_\ (o, 7’07 ") = Wg_ (0770, ') = Wg_ (7, 7'). The first
identity follows since o[, 7’07 o, = [0z 7y '], which implies that (7, 7’07 ')
has the same face profile as (o717, "), and the second identity follows since o5 '7y =
. U

Combining Proposition and Lemmas p.48, .49, and .50, we obtain the follow-
ing result.

Proposition 6.51. We have that

lim 273075 (F[REos(MN(To< D)= Y Wely(m mpelr 7).

T—oo v’ [n]—[n]

To complete the proof of Theorem [.41], we need to show that it suffices to restrict
to the event that all exploration eras have finished before time T. This turns out to
be much harder to show for O(N) than for Sp(IN/2) - see Remarks and for
some discussion as to why. We begin by introducing some concepts which are needed
to handle the O(N) case.

Definition 6.52. Let G = O(N). Define P, := E[G®"] € End((CN)®").

By properties of Haar integration, we have that P, is symmetric and P? = P,. Thus,
P, is the orthogonal projection onto its image, which is precisely the subspace of O(N)-
invariant vectors {v € (CN)®" : 0®"v = v}. Observe moreover that with O, as in
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Theorem p.41], we have that
Jim E[B"E[OF"] = E[G®"] = .

‘We thus have that
Tlim E[B2"]E[O$"]P, = P? = P,.

This discussion shows that when taking limits of SO(N) Brownian motion to recover
results about O(N) Haar integration, we may first project to the space of invariant vec-
tors, and this does not change the limit. This projection is a technical convenience that
will make it easier to argue why the contribution from the case where not all eras end
by time T goes to zero as T — co.

With this discussion in mind, we state Proposition p.53.

Proposition 6.53. We have that

tim (2875087 o (B[ (Sos(T)1(Ty > TP,

T-

=0, G=O0N),
op

tim o270+ (B Eos(TIU(Ts > D) =0. G =SpV/2),

T—-c

We will prove Proposition by an inductive argument, which rests on the follow-
ing technical lemmas. The proofs are deferred to Section p.1.4.

Lemma 6.54. Let n be even. For any u > 0, we have that
||e—uP(Jn)||op < eWN-Du,

||e—up(1n)pn||op < eN=-2u,

Remark 6.55. The first estimate of Lemma immediately follows from Lemma .33,
which says that all eigenvalues of p, (J,) = p(J,,) are at least —N + 1. However, this
estimate is not good enough for the proof of Proposition when G = O(N). The
point of the second estimate of Lemma is that if we restrict to the subspace of
O(N)-invariant vectors (which is the effect of adding the P, term), then we can in fact
obtain a better estimate for ||e~#P(n) llop-

Lemma 6.56. Let n be even. For any T > 0, we have that

[T @ EBF" 1R sy TF 720N, G = o),

op
HI® [E[Bi?("‘l)]Hop Snn T2l 20+ 0T G = Sp(N/2).

Remark 6.57. Another reason why O(N) is more delicate than Sp(N/2) may be seen in
the statement of Lemma p.56. For O(V), we need to add in the additional projection P,
in order to obtain the stated estimate. Indeed, in certain cases limy_, ., I ® [E[B?f ("_1)]
is not even zero - note that this limit is equal to I ® [E[S®(”_1)], where S is a Haar-
distributed SO (N) random matrix. If N is odd and n—1 > N isalso odd, then E[S®("~1]
may be nonzero. The most direct example of this is when n—1 = N, because if E[S®V]

were equal to zero, then this would imply that any matrix entry has expectation zero:
(EIS®N), = EISi,j, -+ Sipj] =0, 1= (eosin)od = oo ) € NIV,

This would further imply that E[det(S)] = 0. On the other hand, det(S) = 1 determin-
istically. Thus E[S®N] # 0. Thus to prove Lemma .56, we will need to argue why we

i’
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FIGURE 52. The green lines represent swaps, and the blue lines repre-
sent turnarounds. On the event {T} > T}, the exploration of the first
strand makes it all the way to the right (see left). We may map the
left point process into the right point process, which has the property
that during the first exploration era, all swaps which are seen by the
exploration involve the top strand.

still have convergence to zero at an exponential rate, if we restrict to the subspace of
O(N)-invariant vectors.

On the other hand, since —I € Sp(N/2), we have by parity that I @ E[S®"~D] = 0 if
S is a Haar-distributed Sp(N/2) random matrix (and n is even). It then isn’t too hard to
further prove that the convergence of I ® [E[BQTZ’("_D] to zero happens at an exponential
rate — one can argue similar to the Unitary case.

Lemma 6.58. Let n be even. We have that
p+(<n n— 1>)Pn =% ® P .

In the following, we will also use without explicit reference the fact that for any
O € O(N), O®" commutes with any element of p,(B,,). As a consequence, P, also
commutes with any element of p , (B,,).

Proof of Proposition p.53. First, assume G = O(N). We proceed by induction. First, in
the base case n = 2, we may obtain by explicit calculation

10007 (E[F, (Sos(TH1(T; > T)]) = e~ 1-0)Te TN,

Now by Lemma B.54, we have that [le"TPU2INp, ||, < e(1=%)T. The desired result
when n = 2 then follows by combining the two estimates.

Next, suppose the result is true for some even n > 2. Consider the case n + 2. We
first show that there is no contribution when the first era doesn’t end, that is

65  lim Hez(n;z)T—”T”a-ﬁ)Tp+([E[F+(zOS(T))]1(T1 > T)])Pn+2||op —0.

Towards this end, consider a realization of £qg(T) on the event T; > T, as in the left
of Figure p2. By imagining that every time we see a swap involving the current strand
of exploration, we “cut and swap” the current strand and the other strand involved in
the swap, we obtain a map on point configurations which preserves the law of Zqg(T).
After applying this map (see the right of Figure p2), we obtain another Poisson point
process £og(T), which has the property that all swaps which involve the first strand of
exploration touch the top strand.

To determine F, (Zqg(T)) from £qg(T), we split £og(T) into two parts: all points
not involving the top strand, and all points involving the top strand - see Figure p3.
Here, the points involving the top strand must be read in reverse order.
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FIGURE 53. Left: The points of £55(T) not involving the top strand.
Right: The points of £qg(T) involving the top strand, arranged in re-
verse order.

FIGURE 54. The matching one obtains from following all the
swaps/turnarounds in Zqg(T), or equivalently by first following all
swaps/turnarounds not involving the top strand in £4g(T), and then
following in reverse order all swaps involving the top strand in £og(T)

If we now multiply together the two matchings in Figure B3, we obtain the matching
in Figure 54, which is precisely the same matching one obtains by following all the

swaps/turnaround in the original points process Zqog(T) (recall the left of Figure B2).

Let Zg)sp (T) be the process obtained by keeping only those points of £q5(T) which in-

volve the top strand. Let Z"SY(T) be the process made of all other points, i.e. Z"5Y(T) =
Zos(T)/ Zg)g (T). The preceding discussion shows that

_ t
E[F} (Zos(T)L(T; > T)] = e~ DTE[F, (S8 (T))|E[F, (258 (T))]-
By an explicit calculation, we have that
e(”"'l)T_%(l_%)T,o+([E[F+(Zg)§(T))]) - e—%(l—ﬁ)Te—Tsz/N_
‘We also have that
n n+1 1
()2 TR ORIy (TR, (SE(TY)]) = 1 @ E[BED),
Combining, we thus obtain
n+2\p_ht2 1
UPITIO-0T (ELF, (Sos(ML(T; > TPy
= (I @ E[BR VN2 0 W Te-TeUnINp,
1 1
— ((I ® [E[B?<n+1)])Pn+2)(e_7(l_W)Te_Tp(J”"'Z)/NPn.'.z)-

The second identity follows since P2, , = P, ,, and P, ., commutes with p(J,,,). By ap-
plying Lemmas and p.56, the last term above has operator norm which is bounded
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by
”(I ® [E[B?("“)])PMHOP‘

e—%(1—%>Te—Tp<Jn+z>/NPn+2“
< Tn+2e= 3= R)T = 3(= )T (1= )T
S Tn+ze—%T’

which converges to zero as T — 0. This shows the claim (.3).

Thus to finish, it suffices to show that

. n+2\p_h+2 . 1
tim [2)7= "0 o (E[F, (Sos(TIUT, < T, Tuyaya > T, =0

T—oo

On the event T; < T, we may follow the exploration until the end of the first era. Let
E be the event that the first era ends with the turnaround (n + 2 n + 1). We will focus
on this case, as the case of a general turnaround may either be reduced to the case
by permuting the strands, or may be similarly argued, just with more notation. By a
discussion similar to that outlined in Figures 2-54, we may compute

n+2\p_n+2. 1
AE)T-" A=y (E[F, (Sos(THL(T, < T, Traays > T1g])Brss

T
- / du (I @ E[BZ" o, ((n+ 2 n+ 1))(I®2 @ f(T — w))e “PUns2)/Np, .
0

where f,,(T —u) is the total partition function for a system with n strands, not all explo-
ration eras end by time T — u. For brevity, let I(T) denote the term on the right-hand
side above. Observe that our inductive assumption implies that for any u > 0,

Tim [|fy(T = )P, lop = 0.

To insert P, note by Lemma that p, ((n+2n+1))P,,, = I®? ® P,. Using this and
the fact that PZ,, = P, ,,, we have that

T
I(T)= / du((IQE[BE ™ V1)Bys2)p 1 (n+2 1+ 1)U @(f(T-w)E,))e 40 Uns2IN, .
0

By the inductive assumption, the operator norm of the integrand above converges
pointwise to zero as T — oo. Recall also the previously obtained bound (via

Lemmas and p.56)
| @ EBE VB [l e0m VB, | g urtzem e,
op op
We may thus apply dominated convergence to conclude that limr_, ., [|I(T)|lop = O.
This finishes the proof of the inductive step. Thus the case G = O(N) is proven.
The case G = Sp(IN/2) follows in a similar (and indeed, simpler) fashion. By a

similar discussion, in the inductive step we may obtain the following identity when
the first exploration era does not end:

n+2\p_ n+2 1
AP F AT, (E[F (S05(THL(T, > T)])
— (I ® E[B?(’H'l)])e—%(1+%)T6TP—(JH+2)/N

= (I @ E[BE™D])e= 21+ N)Te=TeUni2)IN,
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where in the second identity we used that (by definition) p_((@ j)) = —p(( j)) for
transpositions (i j). Then applying Lemmas and p.56, we may bound

H(I ® [E[B;?(nﬂ)])e—%(1+%)Te—Tp(Jn+2)/N < T30+ To0- T -, 0as T — oo

op
Thus as before, we may work on the event {T; < T, T (,,45)2 > T}. The contribution
from this event may be bounded similar to before. We omit the details. O

Before we combine everything and prove Theorem [.41], we state Lemma which
is needed for the case G = O(N), whose proof is deferred to Section b.1.4.

Lemma 6.59. For every pair of matchings w, 7’ : [n] — [n], o, ([ 7']) maps into the
subspace of O(N)-invariant vectors, i.e. Im(p,. ([ 7'])) C Im(P,).

Proof of Theorem b.41]. First, consider the case G = O(N). By combining Propositions
and .53, we obtain

lim E[BF"|E[0§"] = Jim E[BE"|E[OF"]P,

= lim )T 20-RT o (E[F(Eog(THL(Tyz < TI)E[OR"E,

T—-

Y Wen(mapdlm a' D,
w,7’ :[n]—-[n]
LetA = Zﬂ’ﬂ,:[n] Wg]?,(n, 7")pe([ 7']). To conclude that limy_,, E[BS"] = A, use
that (by Lemma p.59) Im(A) C Im(P,), and AP, = P,A. This implies AP, = P,A = A.
Thus the case G = O(N) is proven. The case G = Sp(IN/2) follows similarly (without
the extra considerations involving P,). d

6.1.4. Technical proofs. In this section, we prove Lemmas and p.56. The main dif-
ficulty is in proving the estimates that involve the projection P,, because as mentioned
in Remarks and p.57, the addition of the P, term leads to better estimates. We pro-
ceed to introduce the additional representation theory elements that are needed to see
why these improved estimates hold. We note that everything we introduce is classical.

We first describe a spanning set for the space of O(IN)-invariant vectors. From clas-
sical representation theory (see e.g. [Dahl7, Section 3]), when n is even, the space
of O(N)-invariants {v € (CN)®* : 0%®"w = v} is spanned by a family of vectors
{ug, 7 : [n] = [n]} which are indexed by matchings 7. The vector u, € (CV)®" is
given by (with implicit summation over repeated indices)

Uy = H 5iaibei1 R ® e,
{a,blem

Remark 6.60. Dahqlvist [Dah17] uses Brownian motion to prove this fact that {u,, 7 :
[n] = [n]}is aspanning set for the space of O(N)-invariants (i.e. the First Fundamental
Theorem of invariant theory). Thus one may wonder if we are cheating a bit in using
this explicit knowledge of O(IN)-invariants in order to Proposition p.53. We don’t think
our argument is circular, because our focus is not to re-prove representation theory
results using Brownian motion, but rather to show that our particular strand-by-strand
exploration process indeed suffices to recover the Weingarten calculus. Moreover, we
find our strand-by-strand exploration intrinsically interesting, for the reasons given in

Remark f.13.



RANDOM SURFACES AND LATTICE YANG-MILLS 865

Observe that for any 7, there exists a permutation o € S,, such that p(o)u,, = u,.
Indeed, recall that we previously fixed o, such that o,[7 7]oz! = [7g 7], and that
visually, this had the interpretation that [z 7] may be taken to [, 73] by permuting
the left labels according to o,; and the right labels by 07! - recall Figure 6. From this,
we can obtain that

(6.6) plor)uy = Ur,, O P(UEl)uno = Ug.
For matchings 7,7’ : [n] — [n], the matrix elements of p . ([« 7’]) are given by
prlm Dy = I1 Siy Il Gy 1=(i-k€lnD.j=(jx.k € n]) € N]".
{a,b}er {a,b}en’
The right-hand side above is precisely (uy, e;u,e;). In other words, we have that
p4([zr 7']) is the rank-one matrix given by

po(m 7] = ugull.

Proof of Lemma .59 The preceding discussion shows Im(p, ([7 7'])) C span(u,) C
Im(P,). O

Definition 6.61. Let J{, be the subgroup of S,, such that o[z, 7y]o~! = [7( 7o]. In
words, F(,, is the subgroup of S,, which leaves 7 fixed upon permutation of the vertices.

Let P, = G Dpese, 1 € CISul-

Next, we recall the following classic results from the representation theory of the
symmetric group. We closely follow the discussion from [ZJ09, Section 1.3]. There is a
family of group algebra elements e indexed by standard Young tableau T with n boxes
such that

ereérr = 5TT/eT, Z er = 1.
T:|T|=n
The et are known as Young’s orthogonal idempotents. These elements have the addi-
tional property that they diagonalize the Jucys-Murphy elements. That is,

Jrer = epJy = (T, k)er, ke |[n],

where ¢(T, k) is the content of box k in T, i.e. ¢(T,k) = j — i if box k has coordinates
(i, j) in T. For a Young diagram A, let SYT(4) be the set of all standard Young tableau
with shape A. Define
Pyi= ) ep €C[S,.
TeSYT(A)
From the given properties of ey, P; acts on C[S,,] as the projection onto the subspace
V ; corresponding to the irrep 4. An explicit formula for this projection is given by

(6.7) Py = % D xalo)e.

ogeSy,
Since y; is constant on conjugacy classes, P, is central, i.e. it commutes with all ele-
ments of C[S,,].

We note that for any Young diagram A + n, the matrix p(P;) € End((CN)®")
is the orthogonal projection onto its image. Similarly, for any Young tableau with
n boxes, p(er) is the orthogonal projection onto its image. Moreover, the subspaces
Im(p(P;)) and Im(p(P;/)) are orthogonal for 4 # A'. Similarly, the subspaces Im(p(er)),
Im(p(er)) are orthogonal for T # T'.
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Notation 6.62. Given A, let 21 be the Young tableau obtained by “doubling”, i.e. by
multiplying each part in the partition by 2.

Lemma is the key observation which leads to improved estimates for e"“*Un)Pp, .

Lemma 6.63 (Proposition 4 of [ZJ09]). In order for epBy, # 0, T must have shape 24
forsome 1 g

Lemma 6.64. For all O(N)-invariant vectors v € (CN)®", we have that

v= Y p(Byv.

n

Proof. In general, we may write (recall (b.6))
v= Z Agly = Z aﬂp(o';l)uno = P(Z o‘ﬂa;l)uﬂo-
T T Ve

For brevity, let X == )} _a 07" € C[S,]. Now, since J(,, stabilizes u,,, we have that

PX )z, = pP(X)P(By, g, = pX) Y, plerBi uzy = p(X) D, >, plerPy, )z,
T /U-% 1eSYT(21)

= p(X),o( Z Z eT)P(P}(n)uTL'o

A2 TeSYT(22)

= p(X)p< D PZ/l)urro = p( > PZ/l)ﬁ(X)un'o-

n n
A== A==

In the second identity, we used Lemma .63, and in the last identity, we used that B,
is central. 0

Proof of Lemma p.54. The first estimate follows immediately from the fact that all
eigenvalues of p(J,,) are at least —N + 1 (by Lemma P.35). We proceed to prove the
second estimate. By Lemma [.64, we have that

e—up(fn)pn = e—up(n) Z o(B)P,.
a7
It suffices to show that

He—up(fn) > oB)|| <D

n
A3 op

Since (p(B;), 4 F g) is a family of projections onto orthogonal subspaces, it suffices to
show that for each 1 - g, we have that

He—up(fn)p(Pu)Hop < eN-2)u,

To see this, first note that in order for p(B;) # 0, 21 must have at most N rows. Thus, we
will assume that this is the case. Recalling that B; = ZTGSYT(Z 1) €T and (o(er), T €
SYT(24)) is a family of projections onto orthogonal subspaces, it suffices to show that
for each T € SYT(21), we have that

He—up(Jn)p(eT)Hop < eN-2u,
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Since J,er = ¢(T, n)er, we have that
eeUn)p(er) = =T Mp(er),

and so it is enough to argue that ¢(T, n) > —(N — 2). This follows because T has shape
24, and 21 has at most N rows, which implies that the location of n in T cannot be
(N, 1). Any other location in T must have content at least —(IN — 2). a

Proof of Lemma b.58. Since p, ((n n — 1)) acts as the identity on the last n — 2 tensor
coordinates, it is enough to assume n = 2 and prove p, ({2 1))0%? = p, ({2 1)). Since
0%2 commutes with o, ((2 1)), we have that p,, ((2 1))0%®? = 0%2p_ ({2 1)). Now ob-
serve that when n = 2, we have that (2 1) = [7 7y]. Since p, ([ 7g]) maps into
the subspace of O(N)-invariants (by Lemma .59), it follows that 0®%p_ ([7y 7,]) =
p+([7o 7o D) U

Definition 6.65. Following the notation of [Dah17], let ey € C[Sy] be given by

1
EN = R Z sgn(o)a.
oeSN
Remark 6.66. Observe that ey is precisely Py ., where 1,i, = (1,...,1) is the Young
tableau corresponding to the sign representation of Sy .

Lemma 6.67. Suppose N > 3 is odd. We have that (I ® p(en))Pn41 = 0. Also, for any
1<i<j<N,en(ij)=0€ By. Here, to be clear p : By — End((CN)®N),

Proof. 1t suffices to show that for any matching 7 : [N+ 1] — [N +1], the correspond-
ing invariant vector u,, is annihilated by I ® p(ey ), i.e. (I ® p(en))u,; = 0. To see this,
note that for any 7, there is some pair of vertices {i, j} matched by 7, with both i, j < N
(here we use the assumption that N > 3). Since these vertices are matched, swapping
them does not change the matching, and so we have that (I ® p((i j)))u, = u,. On the
other hand, we have that e (i j) = —ep, and thus U ® p(en)p(( j)) = IQ® p(en(i j)) =
—I ® p(en). We thus have

I ® plen)ur = I @ p(en))p((i Nz = —I @ p(en))tr,

and thus (I ® p(ex))u, = 0. The second claim follows by a similar argument, i.e. we
start from the observation (i j)i j) = (i j). O

Lemma 6.68. We have that %p(]N + -4 J;) € End((CN)®N) has eigenvalue —% + %

with eigenspace Im(p(ey)). All other eigenvalues are at least —%] + %

Proof. From the discussion in Lemma P.37, recall that for each A = N, p(P;) projects
onto an eigenspace of p(Jy + --- + J;) with eigenvalue given by the content sum c;.
The minimal content sum in this case is achieved when 1 = 1,;, = (1,...,1), i.e. the
Young diagram with N parts of size 1, or equivalently a single column of height N. The
content sum in this case is

NN -1)
2

Thus the minimal eigenvalue of %p(]N + .-+ Jp)is Nt X

~(N-1)-(N=2)—-—1=

1 .
>— = —5 + 3. The associated
eigenspace is Im(o(P,_, )). The first claim now follows upon recalling that P; . = ey
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The next smallest eigenvalue is given by moving the box (N, 1) to (1,2), i.e. by the

Young diagram A = (2,1, ...,1). The content sum in this case is
-1
~(N=2)— - —1+1= _w +N.
The second claim now follows. O

Definition 6.69. Define

AR —1) = 22D ) D(l

€ 1
- )" = NI @Pn iUy + -+ 1) € End(EN)EN)

N N
Here, we write the subscripts oy ,—; to be clear that py ,,_; : S,,_; = End ((CNHY®(n=1)y,
Lemma 6.70. For any n > 2 such thatn — 1 # N, we have that

n 1 €
”euAE (n—l)Hop < e_i(l_ﬁ)u’ u>o0.
Ifn—1 = N, we have that
T =DE, [, < €72, (|41 (2 1)), < Ne™¥,

”euAfl(n—l)”Op <e ¥, u>0.

Proof. For brevity, write p instead of py ,,—;. For the first estimate, note that the case
¢ = —1 readily follows from the case € = 1 because
n—1

N

A" (n—1)=Al(n—1) —

Thus, we focus on the case € = 1. Define

(6.8) A l(n—1):= _n ; 1)<1—1%>I®("‘1)—]%p(fn_1+---+Jl) € End((CN)®(-1),

Then AM(n — 1) = I ® A!~Y(n — 1). Thus, it suffices to just look at A?~1(n — 1). By
Lemma P37, the eigenvalues of p(J,,_; + --- + J;) are lower-bounded by
1 1,1 1r(r—1) mr
2(n 1)+2m+2r TN N
From this, it follows that all eigenvalues of A{’_l(n — 1) are at most
n—1 1 1 1 5, 1 1r(r—1) mr
3 <1 N>+2(n 1) Sm 2r+2 N N
Using that n — 1 = mN + r, this may be simplified to

1 1 r mr

If (m, r) # (1,0), then the above is easily seen to be at most —%(1 - %), which implies
HeuA{‘(n—l)”Op — Heu(I@A{‘_l(n—l))Hop - HeuA{‘_l(n—l)HOp < e—%(l—%)u‘

If (m,r) = (1,0), then n — 1 = N. We may split

eTATM) = eTATN(1 — p(en) + plen)-

By Lemma B.68, we have that on Im(1 — p(ey)), all eigenvalues of AN (N) are at most
—1, and thus
e - pen|| <.
op
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By Lemma .67, we have that for M = Py, or p,.({i j)), I ® p(en))M = 0. Combining
these two, it follows that

||eTA{'(n—1)MH < e_THM”op'
op

We have that ||Py1]|op < 1since Py is an orthogonal projection. Since (i j)* = N(i j),
we obtain p, ((i j)* = Np,((i j)), which implies ||o, (i j)llop = N.

Finally, when n — 1 = N, we have by (6.8) that A”;(n — 1) = A}(n — 1) — 1. By the
preceding discussion, all eigenvalues of A}(n — 1) are at most 0, and thus by equation
(6:3) all eigenvalues of A" , (n—1) are at most —1, and thus the estimate ||e*A%1(*~1) llop <
e~ " immediately follows. O

Proof of Lemma p.58. First, consider the case G = O(N). We proceed by induction.
1 1
First, in the base case n = 2, we have that E[B,] = e 2=8) and so

[QE[B,] = e~ 21— %)4[®2,

The desired estimate in this case immediately follows.
Now, suppose that the result is true for some even n > 2. Consider the case n + 2.
We have that

na2)p_ni2 1
1 ® E[B®"*V] = AmM)r-"2a N)Tp+([E[F+(ZOS(T))]lE1]),

where E; is the event that there are no points touching the top strand. Let E, be the
event that there is some turnaround in Xqg(T). Then on the complement of E,, there
are only swaps, and we may compute

eZ(";Z)T—nTH(l— %)TP_F([E[F_'_ (ZOS(T))]IEl ]IES]) - eTA{1+2(n+1).
By Lemma p.70, we have that

1 1
”eTA¥+2(n+1)Pn+2H < e 30-RT,
op

Combining, we thus obtain
n+2)p_n+2q_ L “la-L
R AU NCENCIE TP YL R S

To finish, it suffices to show a similar estimate with 1 Eg Teplaced by 1, . Let E) CE,
be the event that the first turnaround in £qg(T) is (2 1). We will show the estimate with
1, replaced by 1 E9- The general estimate will follow by the same argument, just with
more notation. On the event ES, we may condition on the time of the first turnaround
to obtain

n+2\p_h+2 . 1
PP E0-0T (ELF, (Sos(T) 15, 1) =
T
2 —
[ duent e, @@ e 0 192)
0

Here, the #2417 ("+1) term arises because given that the first turnaround happens at
time u, we average over the contribution from all swaps which happen before u. The
term I ® [E[B?fy;_l)] ® I®? arises because once we see the turnaround (2 1) at time u,
we can ignore those strands after time u, and only look at the top n — 2 strands on the
interval [u, T].
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Now, observe that (by a variant of Lemma p.58)
P+((21)Py2 =B ® %2,

From this, we obtain

n+2\p_n+2.. 1
2F)r-rta RN (E) [Fy (Zos(T)1E, 15o])Prs2
/ du 1”40 (2 1)1 @ E[BE ] @ 197F,
/ due"dTH(n+ D (2 1))(((I®[EB®(n ] )Pn)®I®2).

By our inductive assumption, we have that

||((1 ® E[BE"

W (T —wilem0mmTn,
op

By Lemma .70, we have that

esimp (1)) gemzm
op

Putting our two estimates, together, we obtain
T

n n+2 1 n
||e2( QZ)T—%(1—ﬁ>Tp+([E[F+(EOS(T))]1E1llEg])H b / du (T — u)f—le—%(l—%)T
op 0
< T"T”—le—%(l——)T

which proves the inductive step. Thus the case G = O(N) is proven.
The case G = Sp(IN/2) is similar (and indeed, simpler). We sketch the changes. In
the first part of the inductive step, we may compute

AN, (E[F (Sos(T)1g, 1g51) = ¢ "0+ W eRA-Uniaot)
= o~ B+ T g= 5 PUnszt-+11)
— eTAE'{’Z(n+1)’

where we used that (by definition) p_((i j)) = —p((i j)) for transpositions (i j). By

1 1
Lemma p.70, we have that ||e AHZ("“)H < e720+®)T The contribution from the
case 1, 1, may be handled similar to before We omit the details. O

6.1.5. Makeenko-Migdal/Master loop/Schwinger-Dyson equation. We next discuss the
Makeenko-Migdal/Master loop/Schwinger-Dyson equation for G = O(N), Sp(N/2).
First, we introduce additional string operations which appear for these groups.

Definition 6.71 (Mergers, twistings). LetI' = (I3, ..., I},) be a collection of words on
{A1,...,Ar}. Let (i, j) be a location of I'. Define the set of positive and negative merg-
ers M ((i, j),T) and M_((i, j), ), as well as the set of positive and negative twistings
T.,.(G, j),T)and T_((, j), ), as follows. Throughout, denote the letter at location (i, j)
by 4, and suppose I} = AAB.

The set of positive mergers M ((i, j), IT') is the set of collections of words I'" obtained
by merging I; with some I, ¢ # i, in one of two ways. The first way: let (¢, m) be
a location which also has letter 4. Suppose I, = CAD. Then [}, T, are replaced by
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AADCAB. The second way: let (¢, m) be a location which has =1, Suppose I, = CA~!D.
Then T}, T, are replaced by AAC~!D!AB.

The set of negative mergers M_((i, j), ') is the set of collections of words I obtained
by merging I} with some I}, € # i, in one of two ways. The first way: let (¢, m) be
a location which also has letter A. Suppose I, = CAD. Then I;, T, are replaced by
AC~'D™!B. The second way: let (¢, m) be a location which has A~!. Suppose I, =
CA~'D. Then T}, T, are replaced by ADCB.

The set of positive twistings T, ((i, j), I') is the set of collections of words I'" obtained
by replacing I} with another word as follows. If 1~! does not appear in Ij, the set
T_((i, j),T) is empty. Thus, suppose A1 also appears in T;. Let (i,k) be a location
which has 271, If k > j then recalling that I; = AAB, we may write B = CA~'D. We
then replace I} = AACA™'D by AAC'A7ID. If k < j then we may write A = EA"'F.
We then replace I; = EA"'FAB by EA"'F~!1B.

The set of negative twistings T_((i, j),I') is the set of collections of words I'" ob-
tained by replacing I; with another word as follows. If 1 appears only once in I}, the set
T_((, j),T) is empty. Thus, suppose 4 appears at least twice in I;. Let (i, k) be another
location which has 4. If k > j then recalling that I[; = AAB, we may write B = CAD.
We then replace I; = AACAD by AC™!D. If k < j then we may write A = EAF. We
then replace I} = EAFAC by EF~1C.

Remark 6.72. From the perspective of our Poisson point process on strand diagrams,
the reason why the O(N) and Sp(IN/2) cases result in additional loop operations is be-
cause there may now be turnarounds between two same-direction strands, and swaps
between two opposite-direction strands. (Recall that in the Unitary case, same-
direction strands only had swaps and opposite-direction strands only had turnarounds.)

Proposition 6.73 (Single-location O(N),Sp(N/2) word recursion). Let G =
O(N),Sp(N/2). LetT = (I3,...,I}) be a collection of words on {,,...,A;}. For any
location (i, j) of T, we have that

s(l—%)E[tr(G(l"))]=— D, Elw@@N+ Y, E[(GI)]
I’ es,((i,j),r) r'es_((1,)),0)

Y ERG@+3s Y EaG@))

I’ eM,. ((i,)).T) r'eM_((i,j),r)

S [E[tr(G(r'))]+IlV > El(GI)].

el ((i,)).r) r'er_((i,j).r)

Proof (sketch). The proof proceeds by stopping our strand-by-strand exploration pro-
cess at the time of the first point, as in the proof of the U(N) word recursion (Propo-
sition p.3). This gives a recursion for the Orthogonal Weingarten function very much
analogous to the key identity (B.5), which recall directly implied Proposition f.3. The
main ideas are very similar but the details are a bit different — we sketch out where
the differences lie. When we explore the strand-by-strand exploration until the first
point, we see either a turnaround or a swap, which may connect same-direction or
opposite-direction strands. Moreover, the two strands may be part of the same word
or different words. We present the two tables in Figure b3 which indicate which of the
loop operations each of these cases contributes to. O
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same dir. opp. dir. same dir. opp. dir.

Sy T,

different words same word
different words same word

swap turnaround

FIGURE 55. Left: The various cases when the first point is a swap.
Right: The various cases when the first point is a turnaround.

The word recursion then immediately implies the Makeenko-Migdal/Master loop/
Schwinger-Dyson equation. The proof is omitted, as it is very similar to the proof of the
Unitary Makeenko-Migdal/Master loop/Schwinger-Dyson equation using the Unitary
word recursion (see Section ).

Theorem 6.74 (Single-location O(N) and Sp(N/2) Makeenko-Migdal/Master loop/
Schwinger-Dyson equation). Let s = (¢,...,¢,) be a string. Let (i, j) be a location
in s. For G = O(N), Sp(N/2) lattice Yang-Mills theory, we have that

€ ! !
{1-5po=- T )1+ T 4
5'€S4((0,)),8) s'€S_((0,)).s)
1 , 1 ,
N2 Z P(s") + N2 Z $(s")
s’ eM((1,)),5) s’ eM_((L,)),s)
1 ! 1 !
N Z $(s") + N Z $(s")
SIET+((i7j)7S) S,ET—((isj)’S)
o D Y- CORF: B SR C))
s'€D4((,)),5) s'eD_((i,)),8)

Remark 6.75. In the Unitary case, we had the factor § in front of the deformation terms,
whereas in the Orthogonal and Symplectic cases, we have the factor 2. This difference
is ultimately due to the fact that there may be swaps and turnaround between any two
strands, no matter their directions.

6.2. Special unitary and special orthogonal. The Weingarten calculus for SU(N)
and SO(N) is far less developed than for U(N), O(N), and Sp(N/2). The only for-
mula we have seen for the SU(N) Weingarten function is in the physics literature
[BVC20, Equation (20)]. We have not seen a formula for the SO (IN) Weingarten func-
tion. Therefore, in this paper we will not do as much for SU(N) and SO (N) as we did for
the previous three groups. In particular, we will not recover the Weingarten calculus
via large-time limits of Brownian motion. Instead, we will focus on giving surface-sum
representations of Wilson loop expectations and proving the Makeenko-Migdal/Master
loop/Schwinger-Dyson equations.
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We first show that although we don’t have explicit formulas for the SU(N) and
SO (IN) Weingarten functions, we can still relate (via soft arguments) SU(NN) and SO(N)
Haar expectations to some elements of the Brauer algebra. These “Weingarten ele-
ments” will then provide the weights that appear in our surface-sum representations.

Definition 6.76. Given a matching 7= € M(n), let 7T be the reflection of 7, or i.e. the
matching obtained by swapping the vertices on the left with the vertices on the right.

Proposition 6.77. For n,m > 0, there exist elements WgISVU € Bn,m,ng\,o € B, such
that

E[G®" ® G®"] = p, (WRV), G =SUW),
E[G®"] = p,(Wgy), G =SON).
Moreover, these elements are invariant under reflection:
Wey (1) = Wey (x7),  + € {SUMN),SO(N)}
as well as invariant under conjugation:
anSU -1 _

N O

ani,oo‘l = ngsvo forallo € S,,.

WgISVUfor allc € S, XSy, C By, s

There are various ways one can prove Proposition p.77. The representation-theoretic
way would be to note that in the SU(N) case, E[S®" ® S®"] commutes with
U®" @ U®™ for any U € SU(N), and then to use the fact that any such operator must
be of the form p(W) for some W € B, ,,,. The fact that W may be assumed to be in-
variant under conjugation can be ensured by averaging over all possible conjugations,
since this does not change E[S®" ® S®"]. The SO(N) case can be handled similarly.

Another way to show Proposition is via SU(N) and SO(N) Brownian motion.
We have already introduced how SO (V) Brownian motion is related to the Brauer alge-
bra (Proposition p.39), and we will need to introduce SU () Brownian motion in order
to derive the Makeenko-Migdal/Master loop/Schwinger-Dyson equations for SU(N).
Thus we will supply a proof of Proposition using Brownian motion. The first step
is to introduce the analog of Proposition for SU(N), i.e. to state how expectations
of SU(N) Brownian motion are related to Brauer algebra elements. We begin with the
necessary setup.

We proceed to define the Poisson point process which relates to SU(N) Brownian
motion. Let n, m > 0. Define the spaces

DSU = DU L |_| [0’ OO), DSU(T) = 2)U(T) u |_| [0’ T]’
i,je[n+m] i,j€ln+m]
where Dy, Dy(T) are as in the Unitary case:

py= || [0,0), Dy0T= |] T[0.7].
i,je[n+m] i,je[n+m]
i<j i<j
Let Zgy; be a rate-1 Poisson process on Dgyy. Let Zgy(T) = Zgy N Dy (T) and note that
Zsy(T) is a rate-1 Poisson process on Dgy(T).
We may naturally split Zgy(T) = Zy(T) U Zgy(T), where Zy(T) is a rate-1 Poisson
process on Dy (T). Note that Zy(T) is precisely the Poisson process which arises in



874 SKY CAO, MINJAE PARK, AND SCOTT SHEFFIELD
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\j

A

- °
% &

FIGURE 56. Example realization of Xg;(T). The green lines repre-
sent swaps, blue lines represent turnarounds, and purple lines/points
represent the points of Zgy;. In particular, a purple point on a given
strand belongs to the Poisson process that encodes points between
that strand and itself.

the Unitary case. One can think of Zg;(T) as starting with the processes of swaps and
turnarounds as in the Unitary case, and then adding in additional independent rate-
1 Poisson processes between any two pairs of strands, not necessarily distinct.? The
process Zg;(T) gives these additional points.

To visualize Zgy;(T), consider a strand diagram with n right-directed strands and m
left-directed strands. The points of Zy(T) give swaps and turnarounds exactly as in
the Unitary case. The points of Zg;(T) are represented by purple lines or points. See
Figure 5€ for an example realization of Zgy.

Definition 6.78. For finite subsets P C Dgy(T), define FSY(P) € B, ,, as follows.
First, we decompose P = Py LI P/, where Py = P N Dy(T). We define
FSY(P) := F(Py)F'(P'),
where F(Py) € B, ,, is exactly as in the Unitary case, and F'(P') € R is a scalar defined
as follows. Let K be the number of points in P’ between same-direction strands, and
K’ be the number of points in P’ between opposite-direction strands. Then
K K’

i 3 -3

Remark 6.79. One should think of Definition as saying that each point in P’ be-
tween same-direction strands incurs a factor of N=2, while each point in P’ between
opposite-direction strands incurs a factor of —N 2.

We can now state how SU(N) Brownian motion is related to the Brauer algebra
B.m- See [PPSY23, Appendix A] for the proof.

Proposition 6.80. We have that
_ __ht+m 1
E[BE" ® BP™] = "™ T e (EFSY(Zsu(T)]), T2 0.

8Whereas the processes for swaps and turnarounds are always between distinct strands.
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Proposition immediately implies Proposition .77, as we next show.

Proof of Proposition b.77. First, consider the SU(N) case. Note that the map p,
Bpm — End((CN )®(+m)y i5 a linear map into a finite-dimensional vector space. This
implies that its image o, (B, ,,,) is a closed subspace of End ((CN)®(n+m) (as very sub-
space of a finite-dimensional vector space is closed).

By Proposition B-80, we have that E[BY" ® B®™] € p (B, ) forall T > 0. Thus by
the preceding discussion, we also have that E[G®" @ G®"| = limr_,, E[B¥" ®B¥™] €
0+ (By.m)- Therefore there exists W € B,, ,, such that E[S®" @ S®™] = p, (W). Using
W, we construct ng(,U which possesses the claimed symmetries.

Let WT € B, ,, be defined by W () := W(nT). We have that

ps(WT) = (0. (W) = (o (W))" = (E[G®" ® GO™])’
—Qm —m
=E[(G)*"®G* ]=E[(GTH*"®G |

= E[G®" ® GB™] = p, (W),

where the first identity follows by the definition of p_, the second follows because p
has real-valued matrix entries, the fourth follows by linearity, the fifth follows since
G* = G~! when G € SU(N), and the sixth follows by the inversion-invariance of Haar
measure on compact groups.

Next, for any o € S,, X S,;,, we have that

p+(@Wao™1) = p (OE[S®" ® S®M]p,(0)™! = E[S®" ® §®™].

We may thus define

Weg

su__ 1 Z U(W+WT

N 7 aiml
n!m! oS XS, 2

)a‘l € By m-
Then WgZSVU satisfies all the required properties. This shows the SU(N) case. The SO(N)
case follows in the exact same manner. |

Suppose we have a collection of words T" = (I3, ..., ;) on letters {4,,..., 4.}, along
with a collection of Brauer algebra elements = = (7,,¢ € [L]), where 7, € B, 1,
where n,, m, are the respective number of times 1,,1;! appears in T. In the SU(N)
case, we may further assume 7, € B, ,, € B, +m,- Now as noted in previous sec-
tions, the choice of T specifies the exterior connections of the strand diagram, while
the choice of 7 specifies the interior connections. Let #comp(T', ) be the number of
components of the graph one obtains by including both the exterior and exterior con-
nections. This slightly generalizes our previous definition of #comp to the case where
the 7, are not of the special form of a combined left and right matching.

Proposition implies Proposition about SU(N) and SO(N) word expecta-
tions. The proof is essentially the same as the discussion in Section .2, and thus it is
omitted.
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Proposition 6.81. Let T = (I3,...,I},) be a collection of words on letters {4, ...,1.}.
Then

E[Tr(GO)] = Y] (HngU(n€)>N#°°mP<F’”>, G = SU(N),
w=(m,,¢€[L]) * ¢€L

ENEIEIEDY (Hngo(m))N#comP@”), G = SO(N).
a=(7m,,¢€[L]) * ¢€L

Here, the first sum is over w, € By, n,, ¢ € [L], where n,, m, are the respective number
of times that 1,,A;* appear in T, and the second sum is over 7t, € B, +m, € € [L].

Remark 6.82. Unlike in the Unitary case, the collection of words I is not required to
be balanced when G = SU(N), or unoriented-balanced when G = SO(N). Ultimately,
this is due to the fact that E[G®" ® G®™] may be nonzero even if m # n when G =
SU(N), and E[G®"] may be nonzero for odd n when G = SO(N). Recall Remark
for an example of the latter. Ultimately, the reason for this is because the elements of
SU(N), SO(N) must have determinant 1.

Next, we apply Proposition .81 to give a surface-sum expression for SU(N) and
SO(N) lattice gauge theories. To do this, we need to explain how an arbitrary element
of B, y, or B, can be interpreted as giving a collection of blue faces that are glued
into the existing yellow faces. This contrasts with all the previous cases, where we
could restrict to those elements of B,, ,, (Unitary) or B,, (Orthogonal and Symplectic)
which only pair vertices on the same side. We cannot do the same here, because the
element WgISVU (resp. ngs\,o may in general give nonzero weight to elements of B, ,,
(resp. By,.m,) which are not of this special form. In Figure 57, we explain how to go
from the interior connections specified by 7 to a collection of faces with specified glu-
ings.

For m € B,,,,, we define the “face profile” of 7 to be the collection of faces that one
obtains from 7, as described in Figure p7, additionally with the coloring of the vertices
by red, green, or red and green, as specified in the figure.

Remark 6.83. The invariance of ngvU under conjugation implies that it is a function
of the face profile of # € B, ,,, C B, and similarly the invariance of WgIS\,O under
conjugation implies that it is a function of the face profile of 7 € B,,,,,,. To see this, note
that invariance under conjugation is the same as invariance under permutation of the
strands (where in the SU(N) case, we mean invariance under separate permutations of
the top right-directed strands and bottom left-directed strands). If r, 7' have the same
face profile, then there exists a permutation of the strands which takes one to the other.

Put another way, starting only from the blue faces in Figure b7, we may reconstruct
a matching 7z’ which will be related to the displayed orange matching by a reflection
and permutation of the strands. The vertices of the blue face which are red and green
indicate that the corresponding orange edge connects a left vertex to a right vertex,
while vertices which are only red or only green indicate that the corresponding orange
matching edge connects same-side vertices.

We now make Definition which captures the types of surfaces that one obtains
from the gluing procedure described in Figure 7.
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FIGURE 57. A priori setting: Imagine that at first, the orange paths
at the left are not present and each black edge represents the bound-
ary of a (not shown) yellow face. In this a priori picture every pur-
ple segment on the left is connected to a purple segment on the right
by a horizontal black line. Constructing blue faces from orange
matching: Let the orange curves indicate an arbitrary matching of
the 16 red and green vertices. There are certain cycles obtained by
alternating between orange paths and black paths; if we shrink the
orange paths to points, these cycles become the polygons shown on
the right, whose interiors are shaded blue. If an orange edge on the
left connects a green and red vertex, then the corresponding vertex
on the right is colored both red and green. Gluing interpretation:
If we start with the a priori set up and then glue the blue faces into the
diagram this has the effect of changing the purple-to-purple match-
ing from the black one to the orange one.

Definition 6.84 (Flexible edge-plaquette embeddings). Consider a pair (M, ¢) where
M is a planar (or higher genus) map and ¢ : M — A is a map from the edges of M
to the edges of A, and from the faces of M to the plaquettes of A. We call this pair a
flexible edge-plaquette embedding if the following hold:

(1) The dual graph of M is bipartite. The faces of M in one partite class are desig-
nated as “edge-faces” (shown blue in Figures f§ and 9) and those in the other
class are called “plaquette-faces” (shown yellow in Figures B§ and 59).

(2) ¢ maps each plaquette-face of M isometrically onto a plaquette in 2.

(3) ¢ maps each edge-face of M onto a single edge of A.

Remark 6.85. Comparing the definitions of flexible edge-plaquette embedding and
edge-plaquette embedding, the main difference is that in the flexible case, ¢ is not nec-
essarily a graph homomorphism. See Figures b and B9 for examples and intuition.

In anticipation of the eventual application to lattice gauge theory, now suppose that
the letters {4,,...,4;} are edges of the lattice A. Suppose the word I' = I'(s, K) arises
from a string s = (¢4,...,¢,,) and a plaquette count K : ? — N. Then the preced-
ing discussion shows that (I, 7r) is equivalent to a pair (M, ¢) which satisfies all the
conditions of a flexible edge-plaquette embedding, except there are some faces of M
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FIGURE 58. Flexible edge-plaquette embedding example:
Shown on left is part of an oriented planar map. In a flexible
edge-plaquette embedding, the embedding function ¢ maps directed
edges of the map to directed edges of the lattice, but it is not required
that ¢ extends to a single-valued function on vertices of the map.
Here the edges of the blue triangle and blue 1-gon all map to the
red-green edge on the right; the vertex shared by the triangle and
1-gon is colored both red and green to illustrate that it does not map
to a single vertex on the right. Recall that when U(N) is replaced by
O(N) the corresponding surfaces become nonorientable. When U(N)
or O(N) is replaced by SU(N) or SO(N) the corresponding surfaces
become flexible in the sense illustrated here.

gi=ss

V

FIGURE 59. Flexible edge-plaquette embedding example: In a
flexible edge-plaquette embedding, a single vertex in the map (left)
can in principle correspond to several vertices in the lattice (right).
But each plaquette (directed edge) on the left has a uniquely defined
image plaquette (directed edge) on the right, and the boundary edges
of any single blue face on the left all map to the same undirected blue
edge on the right. In some sense, the image of a single vertex on the
left is a closed cycle on the right, because as one “moves around the
vertex on the left clockwise” one passes through a sequence of pla-
quette corners whose images on the right trace a cycle (possibly with
some repeated vertices).

whose boundaries are mapped to the loops in s (rather than plaquettes). By deleting
such faces, we obtain a flexible edge-plaquette embedding (M, ¢). In summary, (T, 7)
is equivalent to a flexible edge-plaquette embedding (M, ¢).
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Definition 6.86. Let s = (¢;,...,¢,) be a stringin A. Let K : ? — N. Define
FEPEgy (s, K) to be the set of flexible edge-plaquette embeddings (M, $) that one can
obtain when there are K(p) copies of the plaquette p, for each p € P. L.e., FEPEgy(s, K)
is the set of flexible edge-plaquette embeddings that one may obtain by ranging over

n = (7, e € Ef), where 7, € B, (+),n,(—)> USINg our correspondence between

(I'(s,K), ) & (M, ¢). Here, n,(+), n,(—) are the respective number of times that e, e~}

appear in I'(s, K). Let

FEPEgy(s) = | | FEPEsy(sK).
K:P-N

For (M, ¢) € FEPEgy(s) and e € E,, let 11,(¢) be the profile of edge-faces of (M, $) at
the edge e.

Define FEPEgq(s, K) and FEPEgq(s) in the same way, except we only require 7, €
B, (+)+n,(—) for each e.

Definition 6.87. Let n,m > 0. Define the normalized Weingarten function
__SU
WgN (7) = Nn+m—#cycles(n)WgISVU(7T)’ T e Bn,m’

o)
Wgy (1) = N”‘#CYCIeS(”)WgISVO(ﬂ), n € B,
where #cycles(7) is the number of faces in the face profile of 7.

‘We can now state Theorem which expresses Wilson loop expectations in SU(N)
lattice gauge theory as sums over flexible edge-plaquette embeddings.

Theorem 6.88. Let A be a finite lattice. Lets = (¢,...,¢,) be a string. For SU(N) lattice
gauge theory, we have that

area(M,¢) __SU
d TT ey (e(@NFaD-n.

W =755 Rl
(M,¢)EFEPEgy(s) © e€Ep

For SO(N) lattice gauge theory, we have that

area(M,¢) SO
g TT ey (e(@)NFODR,

— 71
<WS>A,ﬁ - ZA,ﬁ (¢_1)|
(M,¢)EFEPE50(S) eeEA
The sums converge absolutely in the following sense. Let G = SU,SO. Recalling that

FEPEG(s) = | |x.»_ FEPEG(s, K), we have that

ﬁarea(M,¢) __ G
= T Wen(ue(@)INF D=1 < oo,
K:P-N I (M,p)eFEPEg(s,K) ¢ * e€Ep

6.2.1. Makeenko-Migdal/Master loop/Schwinger-Dyson equation. To obtain the single-
strand Makeenko-Migdal/Master loop/Schwinger-Dyson equation, we will need to
modify the previous argument for U(N), O(N), Sp(N/2), because in those cases we had
the strand-by-strand exploration, while in the SU(N) and SO(N) cases we do not. Ul-
timately, this is due to the fact that when G = SU(N), SO(N), there is some nonzero
contribution from the event that all exploration eras do not end by time T (even when
we send T — o0). On the other hand, the delicate cancellation properties that we took
advantage of when G = U(N), O(N), Sp(IN/2) were only on the event that all explo-
ration eras have ended. Thus when G = SU(N), SO (N), we cannot expect that the same
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strand-by-strand exploration will suffice - in particular, the key property of the strand-
by-strand exploration (Propositions f.7 and p.44) no longer holds for SU(N), SO(N).

We begin our alternate approach by introducing analogs of Jucys-Murphy elements
for the Brauer and walled Brauer algebras. See [Naz96,JK20] for more discussion on
these elements.

Definition 6.89. Let n > 1. Define the Brauer algebra elements x;,..., X, € B, by

k-1 k-1

Xg=Je—= D kiy =D (kD)= (ki)), keln].

i=1 i=1
These elements are the generalizations of the Jucys-Murphy elements for the Brauer
algebra. In particular, they are mutually commuting (see [Naz96, Corollary 2.2]).

Additionally, let m > 1. Define the walled Brauer algebra elements z;,...,z,,,, €

Bn,m by

PN ke :n+ml.

These elements are the generalizations of the Jucys-Murphy elements for the walled
Brauer algebra. In particular, they are mutually commuting (see [JK20, Proposition
2.6]).

{Zﬁ‘;kk D-Y™" iy keln)

Lemma 6.90. Let Z := z; + --- + z,,,,, for brevity. For G = SU(N), we have that

_ (n-m)? n+m T
E[BE" @ B®™| =e N2 e~z TemNP+(2)

(n-m)? T T
— e 2N2 Te_HTmTe_ﬁp+(zn)e_ﬁp+(z_zn)'

Let X := x; + --- + Xy, for brevity. For G = SO(N), we have that
E[BS"] = e 70-R)T e~ xX
— o= 3= )T o= 7P+ () p= 3P+ (X—Xn).

Proof. In both cases, the second identity follows from the first by mutual commuta-
tivity of the Jucys-Murphy elements. The first identity for G = SU(N) (resp. SO(N))
follows by Proposition (resp. Proposition b.39) and an explicit Poisson calcula-
tion. (]

Remark 6.91. In terms of our Poisson point process, Lemma has the following
interpretation: we may first explore all points involving the top strand, and then all
points which do not involve the top strand.

Definition 6.92. Let Zg{?(T) C Zgy(T) be the process defined by keeping only those

points which involve the top strand. Define ' to be the complement of Zts%), ie.
the process defined by keeping only those points which do not involve the top strand.

t .
Define Z¢y, 255t in the same manner.

. s : to s .
Remark 6.93. By Poisson thinning, Z¢{} and ZL55t are independent Poisson processes.

By Lemma and explicit calculation, we have the following identity, which states
Lemma in terms of our Poisson point process. The proof is omitted.
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Lemma 6.94. For G = SU(N), we have that
E[BF" ® BF"]

n+m

1
—e 2 (1+m)Tp (e(z(n+m) 1)T[E[FSU(Zt0p(T))]e(n+m DZT[E[FSU(ZreSt(T))])

For G = SO(N), we have that
EBY"] = e~ 30~ WTp, (2 DT (1)1 VT ELF (g ()],

Remark 6.95. In the above, when G = SU(N) we choose to split the exponential pref-
actor (n +m)?T = 2(n+ m) — )T + (n + m — 1)>T, since 2(n + m) — 1 is the number
of independent rate 1 Poisson processes contributing to ZS Y(T), and (n + m — 1)? is
the number of independent rate 1 Poisson processes contributing to ZrESt(T) Similar
considerations hold when G = SO(N).

Notation 6.96. For notational brevity in what follows, define
Xgu(T) = & 20T TQOm-DTE[E(SR(T))] € By
Y su(T) = ¢~ 7 (HRDT e m D TE[R(ZES(TY)] € By,
X5o(T) = ¢~ 20T 2O-DTE[R(E{E(T))] € By,
Y so(T) = P -T (" )T[E[F(zfest(T))] € B,.
By Lemma .94, we have that

(6.9) E[B2" ® BE™] = p, Xsu(T)Y su(T)), G =SU(N),
E[B¥"] = p,Xso(T)Y so(T)), G =SO(N).

The starting point to deriving an eventual recursion for SU(N) or SO(N) Haar mea-
sure is the following recursion for X.

Lemma 6.97. We have that

1 1 — T 1 1
Xeu(T) = e 20 3T 4 (nNZm - %)/ due™ 2R X (T — ),
0

T
Xso(T) = e 30-%)T _ ﬁ"/ du e~ 30T X (T — w).
0

Proof. This follows by considering the time of the first point in ZSU (T) (resp. ZS p(T))

For « € {SU,SO}, if we substitute the identities given by Lemma into
X.(T)Y.(T), the term X,(T — w)Y.(T) for U € [0, T] appears. Lemma interprets
this term as an appropriate Brownian motion expectation.

Lemma 6.98. Forany 0 < u < T, we have that
p+(Xsu(T —w)Y sy(T)) = E[(BrB;Y) ® BE" ™V @ BE™),
p+Xso(T —w)Y so(T)) = E[(BrB;") @ BE" V.
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Proof. We only prove the SU(N) case as the SO(N) is very similar. We may write
®(n-1) o 5 " ®(n-1) o 7
BrB;) @ BV @ BR™ = ((BrB;)®" @ BrBa' ) (1@ BY" " @ BE™).

Since B, and BrB; ! are independent, upon taking expectations we obtain

— @m
El(BrBH®BF "V @B™ =(El(BrB )®" ®BrBi 1) (IQEBY"  @BF™))
=E[B®", ®B2™ | IQE[BS" Y @B™)).
Writing Z = z; + -+ + 2,4, for brevity, we have by Lemma .90 that
E[B®", ® BE" | = e(nz_N_yg)z(T_u) -1 (T- “)e__p+(z)

(n-m-1)2 u _ntm-1

1 ® IE[B;?(n_l) ®B§m] —e 2N2 e~z u —Np+(Z Zn)
Combining, we obtain (using the mutual commutativity of zi, ..., Z, 1)
- -1
E[(BrB;Y) ® BE" V]

2(n-m)-1 n-m-—1 —
=e%(T #) __(T u)e '°+(z") : ZNZ) Te_MTMITe_§P+(Z—Zn),

By an explicit calculation, we have that the right-hand side above is exactly

o (e 3 2 )(T=w) 2(n 4 m)-1)(T - WE[FESP(T — w))]e” ML (14 2T

'e("+m—1>2T[E[F(Eg%tw»]),
which is exactly p., (Xsu(T — u)Y gy(T)), and thus the desired result follows. O

Next, we show that the Brownian motion expectation which appears in Lemma
has a nice limit as T — o0. We prove this for more general G than needed, as the
argument is exactly the same.

Lemma 6.99. Let G = U(N),SU(N),SO(N), Sp(N/2). For any u > 0, we have that
lim E[(BrB; ) @ BE" " @ BY™) = eUE[GE" @ GO
Proof. We may write
(BrB;) @ BY "™V @ BR" = (B @ BR™) (B! @ I+ D),

For fixed u, the conditional distribution By | B, converges to normalized Haar measure
on G as T — oo. We thus obtain

lim E[(BrB;") ® BR "™ ® Bf™] = E[G®" ® GO™|(E[B; '] ® I8¢+ D).
By an explicit calculation, we have that
E[B7'] = E[B;] = (EIB,]) = (¢3*1)" = e3*L.
The desired result now follows. O

Now by combining the previous few preliminary results, we obtain the following
recursions for expectations with respect to SU(N) or SO(N) Haar measure.
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Proposition 6.100. Forn > 1, m > 0, we have that

n—m

€62 @ 6] = o, (" - )G @GP, G = SU),

(1 - %)[E[G@’] - —%E[G@’"], G = SO(N).

Proof. We prove the SU(N) case as the SO(N) is very similar. For brevity, let Er(n, m) =
E[B®" ® B™]. Combining equation (6.9) with Lemma B.97, we obtain

1 1
Er(n,m) = ¢ 25T p (Y 5u(T)
n-m pszw)\ [’ “la+Lou
+( LA ) e 2 N0, (Xsu (T — WY su(T)).
0

Note that p, (Y sy(T)) = I ® Er(n — 1,m), which is O(1) as T — o0. Thusas T — oo,
the first term in the right-hand side above is 0(1). Combining this with Lemmas
and p.99, we obtain upon taking T — oo,

E[G®" ® GO™] = (‘n—ﬁzm - ")) / due™ 30+ N e ug Gon @ Gem)
0

To finish, we use that ¢z, (ny = —1 + 1% O

Definition 6.101. LetT = (I3,..., I[}) be a collection of words on {4,, ..., A;}. For each
letter 4;, i € [L], let t(4;) be equal to the number of occurrences of 4; in I minus the
number of occurrences of ;1 in T Let t(4;!) == —#(;). Given a location (i, j) of T, let
t(i, j) = t(A}), where A}, s € {1}, is the letter at location (i, j).

Proposition leads immediately (by similar considerations as in the proof of
Proposition B.3) to the following recursions for expectations of words. The proof is
omitted. In the following, recall the various string operations defined in Definitions

5. and 6.71.

Proposition 6.102 (Single-location SU(N) and SO(N) word recursion). Let T =
(4,..., ) be a collection of words on {1,,...,A.}. For any location (i, j) of T, we have
that for G = SU(N),

(-SD)ewGmn=-_ ¥ EuGay+ Y EnG)
r’es, ((i,j),r) I’eS_((i,j),r)
—1% > [E[tr(G(l'"))]+$ S Er (Gl
r'eM¥ ((i,j).1) I’emU((i,j),r)

For G = SO(N), we have that

(1 _ ]%)[E[tr(G(l"))] =— Y  EuG@)+ D, ElrGa@))]
r’es, ((i,j),r) r’es_((i,j),1)
- % >, E[r(G@)]+ iz Y, E[tr(G@))]

I e ((,)).T) N* b e G

L > [E[tr(G(l'”))]+1% > E[r(G@)].

N I’ eT,((i,j),r) r'er_((i,j).r)
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By applying Proposition to lattice Yang-Mills theories, we may obtain the
single-location SU(N) and SO(IN) Makeenko-Migdal/Master loop/Schwinger-Dyson
equation. The proof is entirely analogous to the proof of the U(N) Makeenko-Migdal/
Master loop/Schwinger-Dyson equation (Theorem 5.7) using the U (V) word recursion
(Proposition p.3), and thus it is omitted. Before we state the theorem, we first define
the following new string operation which appears for SU(N).

Definition 6.103 (Expansion). Lets = (¢4,...,¢,) be a string. Let (i, j) be a location
in 5. We define the sets of positive and negative expansions E . ((i, j), s) and E_((i, j), s)
as follows. Denote by e the oriented edge of the lattice at location (i, j) in s.

The set of positive expansions E_ ((i, j), s) is the set of all possible strings s’ which can
be obtained by adding an oriented plaquette p € P which contains e~! to the collection
of loops s.

The set of negative expansions E_ ((i, j), s) is the set of all possible strings s" which
can be obtained by adding an oriented plaquette p € 2? which contains e to the collec-
tion of loops s.

In the following, recall the twistings T, which were defined in Definition p.71.

Theorem 6.104 (Single-location SU(N) and SO(N) Makeenko-Migdal/Master loop/
Schwinger -Dyson equation). Lets = (¢4,...,¢,) be a string. Let (i, j) be a location in s.
For SU(N) lattice Yang-Mills theory, we have that

(-5 2pw=- ¥ s+ B )

Sl €§+((i’j)’5) SIGS_((Z',].),S)

1 1

- () + — #(s")
N2 S’GMHZ((L’, )hS) N2 S'erwé’%i,j),S)

-8 D #H+B D ()

S/E[D+((i’j)’s) S,ED—((iJ)’S)

—B Y H+B D, s

SIE[E+((i’j)7S) SIG[E—((LJ.)’S)

For SO(N) lattice Yang-Mills theory, we have that

1 / /
(1-F)0=- 3 ¢+ ¥ e
5'€S4((,),9) s'eS_((i,)),s)
1 Nyl ,
Nz Z ¢(S)+m Z $(s")
s'eM((i,)),8) s'eM_((0,)).s)
1 Nl ,
N Z ¢(s") + N Z $(s")
5" €T4((6,)),5) s'€T_((0,)),8)
~2 3 )+ Y .
s'€D1((6,)),5) s'€D_((1,)),5)

Remark 6.105. Observe that the SO(N) Makeenko-Migdal/Master loop/Schwinger-
Dyson equation is exactly the O(N) one. This is natural since O(N) Brownian motion
is essentially SO (V) Brownian motion (recall Remark 6.30).
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7. OPEN PROBLEMS

Although lattice gauge theory has been very thoroughly studied in physics, there
are many simple ideas about the relationship between random surfaces and Yang-Mills
theory that have not been so thoroughly explored on the math side. There is also room
for innovation: producing clever variants and toy models whose limits might be easier
to describe in terms of continuum random surfaces (including those related to Liouville
quantum gravity and conformal field theory). If the ultimate goal is to get a handle on
a continuum theory, there is a good deal of flexibility in how one sets up the discrete
models that are meant to approximate that theory. We present a series of open problems
along those lines, ranging from very general and open-ended to very technical and
specific.

@

@)

3

For which lattice models can we establish a version of the “area law” using the
surface sum point of view? Recall that the area law states that the Wilson loop
expectation decays exponentially in the minimal area spanned by the loop, at
least for reasonably nice loops; see the definitions and discussion in [Chal9b]
about the relationship between the area law and “quark confinement.” Many
such results are known (from various points of view) for small 3, and these re-
sults apply in any dimension d > 2, see e.g. [OS78] for the proof of the SU(N)
area law for small 8 and general N, and the discussion in [Chal9a] which ex-
plains a string-trajectory-based derivation of such a result in the N — oo limit
for small 8. For general 3, the known results are dimension-dependent:

(a) When d = 2 the area law is well known for general groups for any
[Lév03, LéviO, LéviT].

(b) Whend =3 and N = 1, the area law holds for all 3, see [GM81]]. Because
U(1) is the center of U(N) for general N, this implies that the U(N) area
law holds for all § and all N > 1, see [Fr679]. It is not known whether the
SU(N) area law holds for large 8 when N > 1.

(c) When d = 4, interestingly enough, the U(1) area law holds for small 3
but fails for large 3, see [FS82]. It remains a major open problem to prove
the area law for any noncommutative group when g is large, N > 2 and
d=4.

For which lattice models can we establish exponential decay of correlations
for the Wilson loop traces using the surface sum point of view? This is related
to the so-called “mass gap” problem, see e.g. discussion in [Chal9b]. In the
settings above, one is usually able to prove exponential decay of correlations in
the same settings where one is able to prove the area law. (See [[Cha21] for an
argument that certain strong forms of exponential decay imply the area law.)
In particular, it remains a major open problem to prove exponential decay of
correlations for any noncommutative group when g8 is large and d = 4.

In the U(N) setting, what can we say about the conditional law of the surface
given the number and type of blue plaquettes at each edge? Note that since the
Weingarten weights depend only on the blue faces, if we condition on seeing
a given collection of blue faces, then every surface we see will have the exact
same Weingarten weight, and so we no longer need to consider the Weingarten
function, and the remaining combinatorics becomes simpler: in fact one ob-
tains precisely the sort of model used to study words in GUE matrices using
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Wick’s formula [Zvo97]. In this setting all ways of hooking up yellow to blue
along edges are allowed and all contribute with the same sign, but there is
still a weighting according to the genus, which leads the surface to concen-
trate around minimal genus configurations in the large N limit. As a simpli-
fied model, we could even imagine that we fix the number of blue faces of each
type to be exactly the same at each edge. Can we say anything about the scaling
limits in this setting? Is the GUE correspondence at all helpful here?

Within a three-dimensional lattice like Z3, one way to try to understand the
scaling limit of an oriented random surface (which could become space-filling
in the fine mesh limit, with genus tending to infinity) is to try to understand the
limit of the “height function” on the dual lattice that changes by +1 (depending
on orientation) each time one crosses a layer of the surface. Is there a setting in
which such a limit can be obtained? The gradient of such a function is in some
sense the normal vector field corresponding to the surface. (It is a flow in which
one unit of current is assigned for each face of the surface, in the direction
orthogonal to that face; the flow is not divergence free but it is curl-free except
along the boundary loops.) Is there a qualitative difference between N = 1
and general N in the limit? The N = 1 case has been understood by Frohlich
and Spencer [FS82] and has an interesting 5-dependent phase transition (from
area law to perimeter law, as mentioned above) that we would not expect to see
for larger N.

Can we prove anything interesting about the variants in which there are many
plaquettes but only three can meet along any given edge? For example A might
be the truncated octahedron tessellation (one example of a tessellation by cells
where only three cells ever meet along the same edge, see [SY14]) and 2 can be
the collection of square and hexagonal faces in the tessellation. If we require
that each plaquette appears zero times or once, then the only nonzero terms in
the surface expansion involve surface in which either zero or two of the three
plaquettes contain each given interior edge (i.e. each edge not on the Wilson
loop). In this case the surfaces we obtain are simpler: all of the blue faces
are 2-gons and the surfaces are self-avoiding. There is no need to consider the
Weingarten function in this simplified setting. We remark that this would be
the surface analog of the loop O(n) model, studied for instance in [DCPSS17].
(Requiring the number of copies of a given plaquette to be small—here either
0 or 1—is somehow related to taking a small 3 in the unrestricted-plaquette-
number setting.)

Recall that in certain contexts it is enough to consider connected surfaces, such
as when there is a single Wilson loop and N — oo (recall the discussion just af-
ter Theorem B.10). Are there other contexts in which it is sufficient to consider
connected surfaces?

A surface sum like the one in Theorem [[.§ includes many terms of both signs.
Our intuition is that most of these surfaces somehow “cancel each other out.”
For example, there may be local changes one can make to a surface that change
the sign of the associated Weingarten product but do not change the genus of
the surface. Is there a clean way to group together the surfaces in this sum
that makes this cancellation more transparent? In the cased = 2and N =
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oo, this is the subject of the upcoming work [BCS25], which uses the master
loop equation to “explore” the surfaces described in [BCS24] in order to find
cancellations. The work in particular establishes that for simple loops, there is
essentially only one surface which contributes, which is the natural one that
is spanned by the loop (recall we are in 2D). All other possible surfaces cancel
each other out. [BCS25] is also able to handle more complicated loops which
are not necessarily simple.

Is there a simpler expression (or at least asymptotic expression in the limit of
a large number of plaquettes) for the Weingarten function in the case that N is
a small integer? Recall that in this case, the sum over representations in ([[.7)
involves only those corresponding to Young tableaux with at most N rows. We
remark that when N = 1, the Weingarten function simplifies greatly, and is
constant across all permutations.

What is the most natural way to express the finite-T (i.e. Brownian motion
at time T, as in Section 2.7) analog of the Weingarten function and the corre-
sponding random planar maps? Note that adding a few single-edge loops may
have a similar effect to switching to finite T. This is because weighting Haar
measure on U(N) by a power of the real part of the trace biases the measure
towards matrices that are near the identity; Brownian motion on a Lie group
stopped at a finite time T is also (compared to Haar measure) biased towards
matrices that are near the identity.

Are there any natural random surface models emerging in the lattice Yang-
Mills framework that lead to planar maps similar to those whose limits (can
be conjectured to) correspond to Liouville quantum gravity surfaces with ¢ €
(1,25)? Those surfaces are multi-ended and infinite, see e.g. [GHPR20, DG21,
APPS22,DG23].

There have been many recent results about random planar maps of high genus
and/or random hyperbolic planar maps, see, e.g. [ACCR13, Cur23,BL21,BL22,
DGZZ22,01L23]. Which of these results can be extended to embedded random
planar maps of the type that emerge in our analysis?

Can we interpret Wilson loops in terms of Liouville quantum gravity at least in
the critical ¢ = 1 setting where we have a “ladder graph” and have gauge fixed
so that we have the identity on the left and right sides of the ladder, and each
yellow plaquette can be treated as a 2-gon (since the left and right edges can be
shrunk to points)? Since the yellow plaquettes are all 2-gons, we can interpret
them as edges between blue faces: each blue face comes with a “height” (the
height of the ladder rung) and its neighboring blue faces have heights that are
one unit higher or one unit lower. Essentially one has a planar map of blue
faces decorated by a one-dimensional height function, which one might expect
to converge to Liouville quantum gravity with parameter c = 1 in the N =
oo limit. We note there are some physics connections between the large-N
2D Yang-Mills and ¢ = 1 matrix model [MP93] whose double scaling limit is
related to the Liouville gravity with matter central charge c = 1.
Two-dimensional lattice gauge theory can also be reduced to a ladder graph
(if one gauge fixes along a spiral, one essentially obtains a ladder) as in the
setting of the previous question. But is there any sense in which the Liouville
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quantum gravity surfaces for ¢ = 2 (as mentioned above in the [jth question)
can be recovered in these models?

What can we learn from models in which there is some correlation between the
noise defining distinct edges, so that the analogs of the blue faces are perhaps
not mapped to a single edge? In an extreme case, one can take different edges
to be perfectly correlated, so that one has the same random matrix at different
locations. For example, one could assign the same random matrix to all edges
that are parallel to each other, as is done in [EK82].

What is the fine-mesh scaling limit of the random surface we obtain when we
fix exactly b yellow plaquettes of each type and take N = oo (so that the sur-
face is simply connected)? Does it look like a continuum random tree (a.k.a.
Brownian tree or branched polymer) conditioned to fill out A in some even
way?

We alert the reader that the “spin-foam” constructions in [OP01], Con03] pro-
vide another approach for converting nonabelian lattice gauge theory into a
statistical physical model. We can then pose a general question: what new
properties of lattice Yang-Mills theory and/or its continuum scaling limits can
be deduced from the spin-foam perspective?

The abelian versions of “spin foam” are simpler and were used e.g. by Frolich
and Spencer [[FS82] to understand the phase transition structure of U(1) lat-
tice gauge theory. Can an alternative proof of these results be given using the
surface expansion described in this paper?

Adding extra single-edge faces in both directions has the effect of changing
the underlying measure from Haar measure to another conjugation-invariant
measure on U(N) (which can be a signed measure if we add associate sign
weights to different edge configurations). Can one obtain a natural connection
between a signed-measure variant of Yang-Mills theory and the sort of random
surfaces that arise in conformal field theory?

What can one say about supersymmetric variants of this question? Can a super-
symmetric version of Yang-Mills theory be connected to random planar maps
whose scaling limits can be understood in terms of Liouville quantum gravity
or some other probabilistic continuum random surface model? What about
fermionic variants or variants involving Higgs fields? On the latter point, let
us remark that the introduction to [CCHS24] contains a list of references about
the lattice Yang-Mills-Higgs model. A configuration in this context assigns a
vector to each lattice vertex (in addition to assigning a matrix to each directed
edge). In this context, one also considers open Wilson paths (whose endpoints
are lattice vertices) in addition to closed Wilson loops.

APPENDIX A. PROPERTIES OF THE ORTHOGONAL WEINGARTEN FUNCTION

In this appendix, we give more detail on why Lemmas and are true, and
in particular why it essentially follows from [Mat13]. Fixn > 1 even and { € C. To
help the reader, we indicate how to translate between our notation and the notation
of [Mat13, Section 2.2.2]. Our ¢ translates to z. Our n is the equivalent of 2k. The
subgroup J(, C S,, we defined in Definition is Hy in [Mat13]. One can show that
|F,,| = 22(n/2)!, which translates to |Hj| = 2¥k!.
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Matsumoto defines the Orthogonal Weingarten function Wgo(-; ¢) as an element of
the group algebra C[S,,]. As part of its definition, this element is J,, bi-invariant, i.e.

(A1) We°(ho;¢) = WgP(0;¢) = WgP(oh; &) forall o € C[S,,], h € 7,

The relation between Matsumoto’s definition and our definition via pseudo-inverses is
as follows:

(A.2) Wg?(n’, 7') = Wgl (o710, 0),

where o, is the permutation associated to 7 as in Definition p.13. Here and in the
following, we will write Wg? for definition of the Weingarten function as a pseudo-

inverse, and Wgo(-; ¢) for Matsumoto’s definition of the Weingarten function as a group
algebra element. Now, one can show that the face profile ¢(x, ") is precisely the
coset-type of o7 'o, (which is defined in [Mat13, Section 2.2.1]). As mentioned in
[Mat13, Section 2.2.1], two permutations o, ¢’ have the same coset-type if and only if
they are part of the same double J(,, coset, i.e. H,,0H, = J(,0'H,. By the J(, bi-
invariance (A.T)), it follows that Wgo (0;¢) is a function of the coset-type of o, and then
by (A.2), it follows that Wg?(n, 7") is a function of the face profile ¢(z, ") of 7, 7'.
This shows Lemma [6.10.
Next, we discuss Lemma p.40. Recall we defined (Definition b.61) Py,

I?f_lnl Yhese, - This translates to (2%Kk!)~'1. The “zonal spherical function” w* from

the paper is for us y** By, € C[S,] (where A - Z). We have that (by Lemma p.63, as
argued in the proof of Lemma p.64)

(A3) Py, =Py, . By,
A3

where recall that (equation (6.7)) B, = 22(d) > ses, x22(0)o € C[S,].

n!

Next, as in [Mat13], we define for 1 - % the quantity D;($) as
D)= [T €+2j-i-1).

(i,))er

This quantity relates to Jucys-Murphy elements as follows. Define
X, :==(eN +J,_1)(EN + J,_3) --- (eN + Jp).

Lemma A.1. Forany 1+ g we have that
(A4) By, BaXe = Dp(eN)By, By
Proof. This is proven towards the end of [ZJ09, Section 3]. For the reader’s conve-

nience, we reproduce the argument here. Recalling the discussion of Young’s orthog-
onal idempotents from Section p.1.4, we may expand

By= D, er
A€SYT(21)
By [ZJ09, Proposition 4], By, er # 0 implies that T is obtained by the “doubling” proce-
dure described on [ZJ09, Page 7]. As noted in the paper, by direct calculation, for any
such T, we have that e;X, = D;(eN)er. The desired result now follows by combining
these observations. O
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In our notation, Matsumoto defines the Orthogonal Weingarten function as an ele-
ment Wgo(-; &) € C[S,,] given by the formula
(A5) We®(:19) = |76 33 Da) ™ Baby,.

I
D ($H#0
This element is F,, bi-invariant, that is tho(-; ¢ = Wgo(-; $ = Wgo(-; &)h for all
h € X, (these identities are equivalent to (A.1])). The second identity follows since
B¢ h = By, forany h € J,. The first identity follows since B, is central, so that
B3Py, = By, Bj, combined with hPy, = By, forall h € J(,,.

Combining the J(,, bi-invariance with the fact that the collection (o, 7 : [n] — [n])
forms a complete set of coset representatives of 7, as a subgroup of S,, (as mentioned
in the beginning of [Mat13, Section 2.2.1]), we may express

Wgo(';g) = Z Wgo(aﬂ;g):}{naﬂ'
m:[n]—[n]
From this, we obtain (using that by definition, J(,, stabilizes 7, for the first identity,
and equation (A7) for the second)
0 0
[ o IWe° () =1l D, [ 7olomWeo(o5¢)

7! :[n]—[n]
=196 Y, [waIWgg(mo, 7).
7! :[n]—[n]
On the other hand, inserting equation ([A.3), we have the formula
7 70IWe®(+) = 1Hallm 0] D, Da() ™' Baby,-

A2
D, (2)#0

Upon equating the previous two identities (and using that B is central), we obtain
0 , / -
Y, We mem)aw'l=[xm] D, Da) 'Be,Ba.

7' :[n]-[n] A2
D, (§)#0

Setting { = eN and applying the representation p, to both sides of the identity, we
obtain

(A.6)
> W@ e (r ) = pllmmol) Y, DaeN) " pc(By, )oe(Ba)-
7' :[n]—[n] 2
D;(eN)#0
‘We now claim that
(A7) Z DA(EN)_IPE(P}(n)Ps(PM) = Z pE(P.’}fn)pE(PZﬂ.)pE(XE)_I'
3 pTa

D;(eN)#0

Given this claim, we obtain that ([A.€)) is further equal to

,OE([7T 7[0]) Z ps(P}(n)ps(PZ/l)ps(Xs)_l = ps([ﬂ nO])ps(P}[n)ps(XE)_l
Az

= ps([ﬂ' ﬂO])pg(Xs)_I’
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where we used (A.3) in the second equality and the fact that F(,, by definition stabilizes
7y in the second. Combining the previous few identities, we see that

> Wel(mo, 7eellm 7']) = pellr molpe(Xe) 7,
7! :[n]—[n]
which is precisely Lemma 6.40.
To see the claim (A7), first note that by (A.4), we have that

Z DA(EN)_lpa(P}(n)pE(PZ/l)pE(XE) = Z ps(Pﬂ-[n )oe(B2)-
2 a2
D;(eN)#0 D;(eN)#0
As mentioned in the proof of Lemma .49, p.(X,) is always invertible, and thus the
above implies

Z D/I(EN)_lps(P}[n )ps(g/l) = Z pa(Pj(n)ps(PZ/l)pa(Xa)_l-
-3 AR
D;(eN)#0 D;(eN)#0
To finish, it suffices to show that for any 1 + g such that D;(eN) = 0, we have that
Pe(B;) = 0. In the case ¢ = 1, this follows because (as observed in the proof of Lemma
B37) p(B;) = 0 unless £(24) < N, and one may directly check that £(21) < N implies
D;(N) # 0 (the worst case is the box at location (i, j) = (£(24), 1)).

Next, suppose ¢ = —1. We claim that p_(B,) = p(P4y ), where (21)" is the conju-
gate partition to 24. Given this claim, we obtain that p_(B;) = 0 unless £((24)") < N.
Note that £((21)") = w(24) = 2w(4), where w(A) is the number of columns of 1. By
direct calculation, 2w(41) < N implies that D;(—N) # 0 (the worst case is the box at
location (i, j) = (1, w(4))).

To see why p_(B,) = p(P,y ), note that p_(c) = sgn(o)e(c), and so

p_(By) =p<)(2f,l(!id) >, Sgn(c)m(a)c>-

oSy,

Using the classical fact that y,1y (o) = sgn(o)x,1(0), the above is seen to be equal to
p(P22y ), as desired.
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