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Abstract
In this paper, we introduce a novel higher-order Yang–Mills–Higgs functional 
YMHk(∇, u), which is closely associated with a generalized Higgs-like poten-
tial W. First, by employing de Turck’s trick, we establish the local existence of 
the negative gradient flow, thus refining the ellipticity argument presented in [Car. 
Var. PDE 58 (2019), 100]. We establish the long-time existence of the flow under 
conditions on the order of derivatives appearing in the functional and on the de-
gree of the potential W. This result refines and extends the one given in [J. Aust. 
Math. Soc. 113 (2022), 257-287]. At last, we discuss the physical applications of 
our higher-order Yang–Mills–Higgs theory and its long-time flow, clarifying the 
rationale for the higher-order terms and the polynomial potential, rooted in specific 
mathematical models.

Keywords  Higher order flow · Yang–Mills–Higgs functional · Higgs-like 
potential · Long-time existence · Riemannian manifold

Mathematics Subject Classification  53E40 · 58J35 · 81T13

1  Introduction

Yang–Mills theory admits a natural formulation within the framework of modern dif-
ferential geometry. Let (M, g) be a compact Riemannian manifold and P a principal 
G-bundle over M, where G is a compact Lie group. A Yang–Mills field is represented 
by the curvature F∇ of a metric connection ∇ on P that is a critical point of the action 
functional [4, 61]
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YM(∇) = 1

2

ˆ

M

|F∇|2dvolg.� (1.1)

When G is the circle group, the Yang–Mills equations reduce to Maxwell’s equations.
Yang–Mills fields describe physical forces and serve as carriers of fundamental 

interactions. They couple to matter fields, which are mathematically represented by a 
section u of a vector bundle E associated with the principal bundle P. The action for 
the coupled system is given by [11]

	
YM(∇, u) = 1

2

ˆ

M

(
|F∇|2 + |∇u|2 + m2|u|2 + 1

2
|u|4

)
dvolg,

where m denotes the mass of the particle.
In particle physics, the Higgs potential [30] (for a real scalar field) is

	 V (ϕ) = µ2|ϕ|2 + λ|ϕ|2.

where µ2 < 0 and λ > 0. After symmetry breaking, the Higgs potential can be 
rewritten as

	
V (ϕ) = λ

4
(ϕ2 − v2)2,

where v =
√

−µ2

λ  is the vacuum expectation value. Its key properties are as follows: 
(1) V (ϕ) ≥ 0; (2) it attains global minima at ϕ = ±v, satisfying V (±v) = 0 and 
V ′(±v) = 0; (3) V ′′(ϕ) ≥ 0 for ϕ ≥

√
3

3 v or ϕ ≤ −
√

3
3 v.

Afuni [1, 2] and Wang [65] considered the following Yang–Mills–Higgs func-
tional with Higgs-like potential

	
YMH(∇, u) = 1

2

ˆ

M

[|F∇|2 + |∇u|2 + W (|u|2)]dvolg,� (1.2)

where u is a section of Ω0(E) and W : R → [0, +∞) is the Higgs-like potential. The 
potential W is called Higgs-like [1, 2] if the second derivative W ′′ is non-negative 
and the set {σ ∈ R+ : W (σ) = W ′(σ) = 0} is non-empty. The definition of the W 
function is derived from the properties of the above Higgs potential in particle phys-
ics, but it is defined with global convexity for the sake of simplicity.

When W (x) = λ
4 (1 − x)2, this kind of Yang–Mills–Higgs functional was exten-

sively studied [31, 32, 34], and this kind of functional has a strong relationship with 
the Ginzburg–Landau functional. For the study of Ginzburg–Landau functional (or 
equation), we refer to [5, 7, 13, 14, 22] and references therein.

The study of higher-order derivative flows boasts a rich history, which can be 
traced back to De Giorgi’s program [16] aimed at approximating singular flows with 
smooth sequences, on the one hand, and to diverse physical contexts, on the other. 
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Since the late twentieth century, the analysis of higher-order equations has attracted 
significant attention (see [6, 26, 27, 29, 35–37, 41, 53, 54, 60, 68] and references 
therein). The author [68] introduced the following Yang–Mills–Higgs k-functional 
(or Yang–Mills–Higgs k-energy)

	
YMHk(∇, u) = 1

2

ˆ

M

[
|∇(k)F∇|2 + |∇(k+1)u|2

]
dvolg,� (1.3)

where k ∈ N ∪ {0}, ∇ is a connection on E and u is a section of Ω0(E). When u = 0, 
(1.3) is the Yang–Mills k-functional studied in [36]. When k = 0, (1.3) is nothing but 
the Yang–Mills–Higgs functional considered in [31]. In [68], the author proved the 
long-time existence of the negative gradient flow of (1.3).

In the following, we always assume the Higgs-like potential W is polynomial 
unless otherwise stated. We will consider the following functional

	
YMHk(∇, u) = 1

2

ˆ

M

[
|∇(k)F∇|2 + |∇(k+1)u|2 + W (|u|2)

]
dvolg,� (1.4)

where u ∈ Ω0(E). The Yang–Mills–Higgs k-system, i.e. the corresponding Euler–
Lagrange equations of (1.4), is

	




(−1)kD∗
∇∆(k)

∇ F∇ +
2k−1∑
v=0

P
(v)
1 [F∇] + P

(2k−1)
2 [F∇] +

k∑
i=0

∇∗(i)(∇(k+1)u ∗ ∇(k−i)u) = 0,

∇∗(k+1)∇(k+1)u + W ′(|u|2)u = 0,
� (1.5)

where ∆(k)
∇  denotes k iterations of the Bochner Laplacian −∇∗∇, and the notation P 

is defined in (2.2). A solution of the Yang–Mills–Higgs k-flow is given by a family of 
pairs (∇(x, t), u(x, t)) := (∇t, ut) such that

	




∂∇t

∂t = (−1)(k+1)D∗
∇t

∆(k)
∇t

F∇t +
2k−1∑
v=0

P
(v)
1 [F∇t ] + P

(2k−1)
2 [F∇t ] +

k∑
i=0

∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut),

∂ut

∂t = −∇∗(k+1)
t ∇(k+1)

t ut − W ′(|ut|2)ut, in M × [0, T ).
� (1.6)

We can prove the following theorem.

Theorem 1  Let E be a vector bundle defined over a closed n-dimensional Rieman-
nian manifold (M,  g). Assuming the Higgs-like potential W is a polynomial with 
deg W ≤ k + 2 , then for any smooth initial data (∇0 , u0 ), a unique smooth solu-
tion (∇t , ut) to the Yang–Mills–Higgs k-flow (1.6) exists on M × [0 , +∞), provided 
n < 2 (k + 1 ).

The proof of the above theorem relies on de Turck’s trick, local L2-derivative esti-
mates, energy estimates and blow-up analysis, some procedures should be modifyed 
carefully:

♠ When employing de Turck’s trick to establish the local existence of the Yang–
Mills–Higgs k-flow defined in (1.6), our ellipticity argument provides a refinement of 
those presented in [36, Lemma 3.2] and [68, Theorem 3.2]. In [36, 68], it is claimed 
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that ⟨LξΦk(·), ·⟩ is either strictly positive definite or negative definite depending on 
the parity of k, from which the ellipticity of Φk is deduced. However, we are unable to 
establish that ⟨LξΦk(·), ·⟩ satisfies such a definiteness property. We can still conclude 
that Φk is an elliptic operator via alternative reasoning (see Theorem 2).

♡ In [54, 68], one can easily obtain the uniformly bound of ∥ut∥L2  by 
∂
∂t ∥ut∥L2 . To our best knowledge, this is not valid in our case, since we can not 
assume the derivative W ′ ≥ 0. The reason is that the condition W ′ ≥ 0 will con-
tradict the Higgs-like assumption, i.e. the second derivative W ′′ ≥ 0 and the set 
{σ ∈ R+ : W (σ) = W ′(σ) = 0} is non-empty. We notice that, once we assume that 
W is polynomial, the uniform bound of ∥ut∥L2  can be achieved by ∂

∂t YMHk(∇t, ut).
♢ We have a new observation. The condition deg W ≤ k + 2 is essential in this 

case. This is influenced in the blow-up analysis, the scaled equation ∂uρ
t

∂t  in (4.1) will 
tends to infinity during the scaling when deg W > k + 2. In [68, Section 9], the author 
consider the following Yang–Mills–Higgs k-functional with Higgs self-interaction:

	

YMH k(∇, u) = 1
2

ˆ

M

[
|∇(k)F∇|2 + |∇(k+1)u|2 + λ

4
(|u|2 − 1)2

︸ ︷︷ ︸
Higgs self−interaction

]
dvolg.

� (1.7)

It was showed that the negative gradient heat flow of (1.7) admits long-time existence 
if k > 1 on the 4-dimensional manifold. The degree of W in (1.7) is 2, this obviously 
satisfies deg W ≤ k + 2. Such observation is neglected in the reference [68].

♣ In [68], the author use the boundness of the Yang–Mills–Higgs energy 
YMH0(∇, u) [68, Proposition 6.3] to derive the Lp-estimate. In our case, due to the 
addition of the polynomial function W, the term involving the Higgs field is more 
complex, making it difficult to prove that the YMH0(∇, u) is bounded along the 
k-flow (1.6). In this paper, we noticed that we can prove that the Yang–Mills energy 
YM(∇) is bounded along the heat flow (1.6), and this is enough for the Lp-estimate.

The study of Yang–Mills k-flow is motivated by the approach of approximating 
Yang–Mills equations using higher-order flows. Mathematically, this is justified as 
the higher-order elliptic terms in the flow provide a strong regularization mechanism, 
which enhances the well-posedness and regularity of the solutions. This is a widely 
used “smoothing” or “regularization” technique in geometric analysis and partial dif-
ferential equations.

In [36], Kelleher considered the following Yang–Mills (ρ, k)-energy:

	 YMρ
k(∇) := ρYMk(∇) + YM(∇), ρ ∈ (0, +∞),� (1.8)

where

	
YMk(∇) = 1

2

ˆ

M

|∇(k)F∇|2dvolg.

The Euler–Lagrange equation of (1.8) is
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ρ
(

(−1)kD∗
∇∆(k)

∇ F∇ + P
(2k+1)
1 [F∇] + P

(2k−1)
2 [F∇]

)
+ D∗

∇F∇ = 0.� (1.9)

The corresponding negative gradient flow is

	
∂∇t

∂t
= −

[
ρ
(

(−1)kD∗
∇∆(k)

∇ F∇ + P
(2k+1)
1 [F∇] + P

(2k−1)
2 [F∇]

)
+ D∗

∇F∇

]
.�(1.10)

By analyzing the flow (1.10) and passing to the limit ρ ↘ 0, one expects to identify 
solutions to the Yang–Mills flow, in analogy with the result in [33]. Kelleher [36, 
Theorem B] asserts that, under suitable conditions, there exists a unique long-time 
solution ∇t to (1.10) and that ∇ := limt→∞ ∇t satisfies (1.9). Although a proof is 
not provided in [36], the long-time existence can be established similarly to [36, 
Theorem A] and Theorem 1. The convergence of the flow follows from a �Lojasie-
wicz–Simon gradient inequality analogous to the one established in [51, Proposition 
7.2]. Theorefore, one may also expect to solve Yang–Mills equation

	 D∗
∇F∇ = 0

on Riemannian manifolds by studying the equation (1.9) and sending ρ ↘ 0. It is 
well known that the analysis of Yang–Mills equations on general Riemannian man-
ifolds presents significant challenges. Waldron [64] resolved a long-standing con-
jecture concerning the 4-dimensional Yang–Mills flow originally proposed in 1998 
[55]. However, in general, one cannot expect the 4-dimensional Yang–Mills flow to 
converge to a Yang–Mills connection, as demonstrated in recent work by Sire–Wei–
Zheng [59].

If we consider the following Yang–Mills–Higgs (ρ, k)-energy

	 YMHρ
k(∇) := ρY MHk(∇, u) + Y MH0(∇, u), ρ ∈ (0, +∞),

where Y MHk(∇, u) is defined by (1.7). We can expect to solve the Yang–Mills–
Higgs equation

	

{
D∗

∇F∇ = − 1
2 (D∇u ⊗ u∗ − u ⊗ (D∇u)∗),

D∗
∇D∇u = λ

2 u(1 − |u|2)

by sending ρ ↘ 0.
Thus, by following a similar regularization procedure and letting the parameter 

tend to zero, a systematic analytical path is provided for solving the coupled Yang–
Mills–Higgs system.
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2  Preliminaries

2.1  Notations

In order to fulfill the prerequisites outlined in the subsequent sections, this section 
concisely introduces the fundamental setups and notations. Our notations will incor-
porate elements from Kelleher’s work as cited in [36], as well as Saratchandran’s in 
[53] (additional reference can be found in [68]).

Given that E is a vector bundle defined over a smooth Riemannian manifold 
(M, g), a smooth unitary connection ∇ on E can be extended to various tensor bun-
dles through coupling with the Levi–Civita connection ∇M  associated with the base 
manifold (M,  g). Denote by AE  the set of all smooth unitary connections on the 
bundle E.

We define D∇ as the exterior derivative associated with the connection ∇. The 
curvature tensor of E with respect to this exterior derivative D∇ is denoted by

	 F∇ = D∇ ◦ D∇.

Given two p-forms ξ and η valued in E or End(E), let ξ ∗ η represent any multi-
linear form derived from the tensor product ξ ⊗ η in a universal fashion. Then, it 
holds that

	 |ξ ∗ η| ≤ C|ξ||η|,

where C is a constant.
Let ∇∗ and D∗

∇ denote the formal L2-adjoints of ∇ and D∇, respectively. The 
Bochner and Hodge Laplacians are defined as follows:

	 ∆∇ = −∇∗∇, ∆D∇ = D∇D∗
∇ + D∗

∇D∇.

For ϕ ∈ Ωp(M ; E), the Weitzenböck formula holds:

	 ∆D∇ϕ = −∆∇ϕ + (Rm + F∇) ∗ ϕ,� (2.1)

where Rm represents the Riemannian curvature tensor of the metric g.
In this paper, we will use the following notation multiple times:

	
∇(i) = ∇ · · · ∇︸ ︷︷ ︸

i times

.

We will additionally employ the notation P, which was initially introduced in [37]. 
For a given tensor ξ, we denote by

	
P (k)

v [ξ] :=
∑

w1+···+wv=k

(∇(w1)ξ) ∗ · · · ∗ (∇(wv)ξ) ∗ T,� (2.2)
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where k, v ∈ N and T is a tensor dependent only on g.

2.2  Interpolation Inequalities and Connection Identities

We need the following interpolation inequalities.

Lemma 1  [[36, Lemma 5.3], analogue of [37, Corollary 5.5]] Let E be a vector 
bundle over a Riemannian manifold (M,  g) equipped with a connection ∇. Con-
sider ϕ as a section of E and γ as a bump function defined on M. For any nat-
ural number k ∈ N, if the indices i1 , . . . , ir  satisfy 1 ≤ i1 , . . . , ir ≤ k, their sum 
i1 + i2 + · · · + ir = 2k, and s ≥ 2k, then the following inequality holds:

	

ˆ

M

(
γs∇(i1)ϕ ∗ · · · ∗ ∇(ir)ϕ

)
dvolg

≤ C (M, E, k, r, s, g, γ) ∥ϕ∥r−2
L∞

(ˆ

M

|∇(k)ϕ|2γs dvolg + ∥ϕ∥2
L2,γ>0

)
,

where the subscript γ > 0  indicates the subset {x ∈ M | γ(x) > 0} of M.

Lemma 2  ([36, Corollary 5.2]) Consider a vector bundle E defined over a Rieman-
nian manifold (M, g) equipped with a connection ∇, along with a bump function γ 
on M. For any p satisfying 2 ≤ p < +∞, l ∈ N, and s ≥ lp, there exists a positive 
constant C (ε−1 ) = C (ε−1 , M , E , p, l, s, g, γ) ensures that for any section ϕ of E, 
the following inequality holds:

	 ∥γs/p∇(l)ϕ∥Lp ≤ ε∥γ(s+jp)/p∇(l+j)ϕ∥Lp + C (ε−1 )∥ϕ∥Lp,γ>0 .

In the special case where p = 2  and for some K ≥ 1 , we can rewrite the inequality 
as:

	 K∥γs/2 ∇(l)ϕ∥2
L2 ≤ ε∥γ(s+2j)/2 ∇(l+j)ϕ∥2

L2 + C (ε−1 )K2 ∥ϕ∥2
L2 ,γ>0 .

In our study of the higher-order flow, we collect and apply several lemmas from 
[36]. Throughout this analysis, we will frequently need to interchange derivatives; 
the following lemmas will be employed for this purpose.

Lemma 3  ([36, Lemma 5.5]) Given a vector bundle E defined over a Riemannian 
manifold (M, g), equipped with a compatible metric connection ∇, and let ϕ denote 
a section of E, we have the following identity:

	

∇ik
∇ik−1 · · · ∇i1∇j1∇j2 · · · ∇jk

ϕ = ∇ik
∇jk

· · · ∇i1∇j1ϕ

+
2k−2∑
l=0

[
(∇(l)

M Rm + ∇(l)F∇) ∗ ∇(2k−2−l)ϕ
]
.

1 3
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Lemma 4  ([36, Corollary 5.8]) Given a vector bundle E defined over a Riemannian 
manifold (M, g), equipped with a compatible metric connection ∇, and let ϕ denote 
a section of E, we have the following identity:

	
∇(n)∆(k)

∇ ϕ = ∆(k)
∇ ∇(n)ϕ +

2k+n−2∑
j=0

[
(∇(j)

M Rm + ∇(j)F∇) ∗ ∇(2k+n−j−2)ϕ
]
.

Lemma 5  ([36, Lemma 5.6]) Let E be a vector bundle defined over a Riemannian 
manifold (M, g), endowed with a compatible metric connection ∇. Suppose ξ and ζ 
are sections of E, then for any k ∈ N, we have the following identity:

	

ˆ

M

⟨∇(k)ξ, ∇(k)ζ⟩dvolg =
ˆ

M

(−1)k⟨ξ, ∆(k)
∇ ζ⟩dvolg

+
ˆ

M

⟨ξ,
2k−2∑
v=0

(
(∇(v)

M Rm + ∇(v)F∇) ∗ ∇(2k−2−v)ζ
)

dvolg.

2.3  Euler–Lagrange Equations

In the following, we first compute the associated Euler–Lagrange equations of the 
higher order Yang–Mills-Higgs functional (1.4) with general Higgs-like potential W.

Proposition 1  The Euler–Lagrange equations associated to the functional (1.4) is 
(1.5).

Proof  On the one hand, consider ∇t as a path of unitary connections, with the initial 
condition ∇0 = ∇. Direct calculations will lead to

	

∂

∂t

1
2

ˆ

M

(|∇(k)
t F∇t

|2 + |∇(k+1)
t u|2)

=
ˆ

M

⟨∂∇t

∂t
, D∗

∇t
∇∗(k)

t ∇(k)
t F∇t⟩ +

ˆ

M

⟨∂(∇(k+1)
t u)
∂t

, ∇(k+1)
t u⟩

=
ˆ

M

⟨∂∇t

∂t
, (−1)kD∗

∇t
∆(k)

∇t
F∇t

+
2k−1∑
v=0

P
(v)
1 [F∇t

] + P
(2k−1)
2 [F∇t

]⟩

+
ˆ

M

⟨∂∇t

∂t
,

k∑
i=0

∇∗(i)
t (∇(k+1)

t u ∗ ∇(k−i)
t u)⟩.

� (2.3)

On the other hand, let ut be a path of Higgs fields, with u0 = u. We have
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∂

∂t

1
2

ˆ

M

(
|∇(k+1)ut| + W (|ut|2)

)

=
ˆ

M

⟨∂ut

∂t
, ∇∗(k+1)∇(k+1)ut⟩ + 1

2

ˆ

M

W ′(|ut|2) ∂

∂t
|ut|2

=
ˆ

M

⟨∂ut

∂t
, ∇∗(k+1)∇(k+1)ut + W ′(|ut|2)ut⟩.

� (2.4)

Combining (2.3) and (2.4), we complete the proof of the proposition. � □

2.4  Short-time Existence

Employing de Turck’s trick, we can establish the local existence of the Yang–Mills–
Higgs k-flow as defined in (1.6).

Theorem 2  Given a vector bundle E over a closed Riemannian manifold (M,  g), 
the Yang–Mills–Higgs k-flow (1.6) admits a unique smooth solution (∇t , ut) on 
M × [0 , ϵ) for the smooth initial data (∇0 , u0 ).

Proof  (Existence) Consider 1-parameter pairs (∇̃t, ũt) satisfying the following 
system

	




∂∇̃t

∂t = (−1)k+1D∗
∇̃

∆(k)
∇̃t

F∇̃t
+ (−1)kD∇̃t

∆(k)
∇̃t

D∗
∇̃t

(∇̃t − ∇(0))

+
2k−1∑
v=0

P
(v)
1 [F∇̃t

] + P
(2k−1)
2 [F∇̃t

] +
k∑

i=0
∇̃∗(i)

t (∇̃(k+1)
t ut ∗ ∇̃(k−i)

t ut),

∂ũt

∂t = −∇̃∗(k+1)
t ∇̃(k+1)

t ũt − (−1)k
(

∆(k)
∇̃t

D∗
∇̃t

(∇̃t − ∇(0))
)

ũt − W ′(|ũt|2)ũt,

∇̃(0) = ∇0,
ũ(0) = u0.

� (2.5)

Drawing on the argument in [39, Section 7.2] (see also [36, Lemma 3.2]), the elliptic-
ity of the highest-order term in system (2.5) can be proved as follows.

Now, let us define the operator

	 Φk := Φk(·, ∇(0)) : AE → Ω1(EndE)

by

	
Φk(∇̃t, ∇(0)) = (−1)k+1D∗

∇̃t
∆(k)

∇̃t

F∇̃t
+ (−1)kD∇̃t

∆(k)
∇̃t

D∗
∇̃t

(∇̃t − ∇(0)).

We will compute the principal symbol of the operator Φk(∇̃t, ∇(0)) and verify that 
it is elliptic. We linearize around the fixed connection ∇(0) and extract the highest-
order derivative terms. Let ∇̃t = ∇(0) + tS with S ∈ Ω1(EndE). Linearizing at 
t = 0 gives a linear differential operator in S; for the principal symbol we keep only 
the terms with the highest total number of derivatives.
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2.5  Step 1. Linearization of the First Term

The curvature linearizes as F∇̃t
≈ F∇(0) + t dS, where dS is the exterior derivative 

of S. In components, (dS)qr = ∂qSr − ∂rSq. The operator ∆(k) becomes the k-th 
power of the ordinary Laplacian ∆ = ∂i∂i (summation implied). The co-differential 
D∗ acts as ∂q on the first index of a 2-form, where −∂q = −gql∂l. Hence,

	(−1)k+1D∗∆(k)F −→ (−1)k+1(−∂q)∆k(∂qSr − ∂rSq) = (−1)k∂q∆k(∂qSr − ∂rSq).

2.6  Step 2. Linearization of the Second Term

Write ∇̃t − ∇(0) = tS. The co-differential D∗ applied to S gives, at the level of 
principal symbols, −∂rSr. Then ∆(k) becomes ∆k, and the covariant derivative D 
becomes ∂. Thus,

	(−1)kD∆(k)D∗(∇̃t − ∇(0)) −→ (−1)k∂r∆k(−∂qSq) = (−1)k+1∂r∆k(∂qSq).

2.7  Step 3. Combined Linearized Operator

Adding the two contributions, the principal part of the linearized operator is

	L(S)r = (−1)k∂q∆k(∂qSr − ∂rSq) + (−1)k+1∂r∆k(∂qSq) = (−1)k
[
∂q∆k(∂qSr − ∂rSq) − ∂r∆k(∂qSq)

]
.

Using the commutativity of partial derivatives,

	 ∂q∆k∂qSr = ∆k+1Sr, ∂q∆k∂rSq = ∂r∆k∂qSq,

we obtain

	 L(S)r = (−1)k
[
∆k+1Sr − 2∂r∆k(∂qSq)

]
.

2.8  Step 4. Principal Symbol

Replace each derivative ∂i by 
√

−1ξi, where ξ is a cotangent vector. Recall that

	

∆ �→ −|ξ|2, ∆k �→ (−1)k|ξ|2k, ∆k+1 �→ (−1)k+1|ξ|2k+2,

∂r �→
√

−1ξr, ∂q �→
√

−1ξq =
√

−1gqlξl.

Substituting,
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σ(L)(ξ)(S)r = (−1)k
[
(−1)k+1|ξ|2k+2Sr − 2(

√
−1ξr)(−1)k|ξ|2k(

√
−1ξqSq)

]

= −|ξ|2k+2Sr + 2|ξ|2kξrξqSq.

Hence the principal symbol is

	 σ(Φk)(ξ)(S) = |ξ|2k
(
−|ξ|2S + 2ξ⟨ξ, S⟩

)
,

where ⟨ξ, S⟩ = ξqSq.

2.9  Step 5. Ellipticity

To check ellipticity we verify that for every ξ ̸= 0 the map S �→ σ(Φk)(ξ)(S) is 
injective. Assume σ(Φk)(ξ)(S) = 0, i.e.

	 −|ξ|2S + 2ξ⟨ξ, S⟩ = 0.

Decompose S = S∥ + S⊥ with S∥ = cξ where c = ⟨ξ, S⟩/|ξ|2 and ⟨ξ, S⊥⟩ = 0. 
Substituting,

	−|ξ|2(cξ + S⊥) + 2ξ(c|ξ|2) = −c|ξ|2ξ − |ξ|2S⊥ + 2c|ξ|2ξ = c|ξ|2ξ − |ξ|2S⊥ = 0.

Thus cξ − S⊥ = 0. Since cξ is parallel to ξ and S⊥ is orthogonal to ξ, each must van-
ish separately. In particular, taking the inner product with ξ gives c|ξ|2 = 0, hence 
c = 0, and then S⊥ = 0. Therefore S = 0. The symbol is injective for every nonzero 
ξ, so the operator Φk is elliptic.

As a result, the system (2.5) is parabolic and admits short-time existence.
Define the C∞ gauge transformations g(t) as

	

{
∂g(t)

∂t = (−1)k+1∆(k)
∇̃t

D∗
∇̃t

(∇̃t − ∇(0))g(t)
g(0) = id.

� (2.6)

Verification reveals that the transformed pair (g(t)∗∇̃t, g(t)∗ũt) fulfills the Yang–Mills–
Higgs k-flow (1.6), initiating from the initial value (g(0)∗∇̃0, g(0)∗ũ0) = (∇0, u0). 
This demonstration establishes the short-time existence of the flow (1.6).

(Uniqueness) Given two solutions (∇1(t), u1(t)) and (∇2(t), u2(t)) to the flow 
(1.6), both sharing the identical initial data (∇(0), u(0)), we associate distinct gauges 
g1 and g2 that adhere to the gauge transformation equations (2.6). Consequently, both 
((g−1

1 )∗∇1, (g−1
1 )∗u1) and ((g−1

2 )∗∇2, (g−1
2 )∗u2) are solutions to the system (2.5), 

starting from the same initial data (∇(0), u(0)). The uniqueness property of the sys-
tem (2.5) necessitates that

	 ((g−1
1 )∗∇1, (g−1

1 )∗u1) = ((g−1
2 )∗∇2, (g−1

2 )∗u2),

which, in turn, implies
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	 (∇1, u1) = ((g−1
2 g1)∗∇2, (g−1

2 g1)∗u2).

Upon defining a novel gauge transformation g3 as the composition g3 := g−1
2 g1, 

a straightforward computation reveals the following ordinary differential equation 
(ODE):

	





∂g3
∂t = g3(−1)k+1∆(k)

g∗
3 ∇2

D∗
g∗

3 ∇2
(g∗

3∇2 − ∇(0))
−(−1)k+1∆(k)

∇2
D∗

∇2
(∇2 − ∇(0))g3,

g3(0) = id.

� (2.7)

Notably, the identity map id constitutes a solution to this ODE (2.7) with a pre-
scribed initial condition. Consequently, by the fundamental existence and uniqueness 
theorem for ODEs [50], g3(t) must be identically equal to id for all t, which proves 
uniqueness.

� □

3  Smoothing Estimates

In this section, our goal is to obtain derivative estimates of F∇t  and ut. To accom-
plish this we first compute necessary evolution equations.

3.1  Evolution Equations

Lemma 6  Assuming (∇t , ut) represents a solution to the Yang–Mills–Higgs k-flow, 
as defined in (1.6), which is specified on the domain M × [0 , T ). Then, we have

	

∂

∂t
[∇(l)

t ut] = (−1)k∆(k+1)
∇t

∇(l)
t ut +

2k+l∑
j=0

(∇(j)
M Rm + ∇(j)

t F∇t
) ∗ ∇(2k+l−j)

t ut

+
l−1∑
j=0

∇(j)
t D∗

∇t
∆(k)

∇t
F∇t

∗ ∇(l−j−1)
t ut +

l−1∑
j=0

2k+j−1∑
v=0

P
(v)
1 [F∇t

] ∗ ∇(l−j−1)
t ut

+
l−1∑
j=0

P
(2k+j−1)
2 [F∇t ] ∗ ∇(l−j−1)

t ut

+
l−1∑
j=0

k∑
i=0

[
∇(j)

t ∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut)

]
∗ ∇(l−j−1)

t ut

− ∇(l)
t [W ′(|ut|2)ut].

� (3.1)

Proof  Using the flow equation (1.6), direct calculations yield
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∂

∂t
[∇(l)

t ut] = ∇(l)
t

∂ut

∂t
+

l−1∑
j=0

∇(j)
t

∂∇t

∂t
∗ ∇(l−j−1)

t ut

= ∇(l)
t (−∇∗(k+1)

t ∇(k+1)
t ut − W ′(|ut|2)ut)

+
l−1∑
j=0

∇(j)
t

[
(−1)k+1D∗

∇t
∆(k)

∇t
F∇t

+
2k−1∑
v=0

P
(v)
1 [F∇t

]

+ P
(2k−1)
2 [F∇t ] +

k∑
i=0

∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut)

]
∗ ∇(l−j−1)

t ut.

Then using Lemma 3 and Lemma 4 yields the desired result.
� □

Using the Weitzenböck formula (2.1) and Lemma 4, we have the following lemma.

Lemma 7  Suppose (∇t , ut) is a solution to the Yang–Mills–Higgs k-flow (1.6) defined 
on M × [0 , T ). Then

	

∂F∇t

∂t
= (−1)k∆(k+1)

∇t
F∇t

+
2k∑

v=0
P

(v)
1 [F∇t

] + P
(2k)
2 [F∇t

]

+
k∑

i=0
D∇t

∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut),

� (3.2)

and for l ∈ N,

	

∂

∂t
[∇(l)

t F∇t
] = (−1)k∆(k+1)

t ∇(l)
t F∇t

+
2k+l∑
v=0

(
P

(v)
1 [F∇t

] + P
(v)
2 [F∇t

]
)

+ P
(2k+l−2)
3 [F∇t

] +
k∑

i=0
∇(l)

t D∇t
∇∗(i)

t (∇(k+1)
t ut ∗ ∇(k−i)

t ut)

+
l−1∑
j=0

k∑
i=0

[
∇(j)

t

(
∇∗(i)

t (∇(k+1)
t ut ∗ ∇(k−i)

t ut)
)]

∗ ∇(l−j−1)
t F∇t

.

� (3.3)

3.2  L2-estimates for Derivatives of the Higgs Field

In this subsection, we establish local L2-derivative estimates for the Higgs field. The 
following proposition is a direct consequence of Lemma 6.

Proposition 2  Suppose (∇t , ut) is a solution to the Yang–Mills–Higgs k-flow (1.6) 
defined on M × [0 , T ). Then
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∂

∂t
∥γs/2∇(l)

t ut∥2
L2

=
[

−2
ˆ

M

〈
∇(l)

t [W ′(|ut|2)ut], γs∇(l)
t ut

〉

︸ ︷︷ ︸
T1a

+ 2(−1)k

ˆ

M

〈
∆(k+1)

∇t
∇(l)

t ut, γs∇(l)
t ut

〉

︸ ︷︷ ︸
T1b

]
T1

+
[ ˆ

M

2k+l∑
j=0

〈
(∇(j)

M Rm + ∇(j)
t F∇t) ∗ ∇(2k+l−j)

t ut, γs∇(l)
t ut

〉]
T2

+
[ ˆ

M

l−1∑
j=0

〈
∇(j)

t D∗
∇t

∆(k)
∇t

F∇t
∗ ∇(l−j−1)

t ut, γs∇(l)
t ut

〉]
T3

+
[ ˆ

M

l−1∑
j=0

〈
(
2k+j−1∑

v=0
P

(v)
1 [F∇t

] + P
(2k+j−1)
2 [F∇t

]) ∗ ∇(l−j−1)
t ut, γs∇(l)

t ut

〉]
T4

+
[ ˆ

M

l−1∑
j=0

k∑
i=0

〈[
∇(j)

t ∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut)

]
∗ ∇(l−j−1)

t ut, γs∇(l)
t ut

〉]
T5

,

� (3.4)

where γ is the bump function defined in Definition 1. Besides, T1 , · · · , T5  denote 
the expressions inside the brackets.

We will proceed to evaluate each term presented on the right-hand side of the 
aforementioned equality (3.4). To facilitate smooth estimates, we commence by 
introducing the bump function, which is of importance in this context.

Definition 1  (Bump function) Define B as the set of bump functions, represented as

	 B := {γ ∈ C∞
c (M) : 0 ≤ γ ≤ 1},

where C∞
c (M) denotes the space of smooth functions with compact support on the 

manifold M. For any natural number l ∈ N, we introduce the notation J (l)
γ  to signify 

the sum of the L∞(M) norms of the derivatives of γ up to the l-th order, given by

	
J (l)

γ :=
l∑

j=0
∥∇(j)γ∥L∞(M).

We also need the following lemma. This can be proved by integration by parts and 
by induction method.

Lemma 8  ( [36, Lemma 3.10]) Let p, q, r , s ∈ N and γ ∈ B. If s ∈ N\{1}, then

	

ˆ

M

(P (p)
1 [ϕ] ∗ P

(q+r)
1 [ϕ])γsdvolg ≤

ˆ

M

(P (p+r)
1 [ϕ] ∗ P

(q)
1 [ϕ])γsdvolg

+
r−1∑
j=0

J (1)
γ

ˆ

M

(P (p+j)
1 [ϕ] ∗ P

(q+r−j−1)
1 [ϕ])γs−1dvolg,

where ϕ is in some tensor product of TM and E.
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Now, we are ready to handle the right hand side of (3.4).

Lemma 9  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on M × [0 , T ). 
Let Q = max{1 , sup

t∈[0 ,T)
|F∇t |}, K = max{1 , sup

t∈[0 ,T)
|ut |} and γ ∈ B. Then for any 

s ≥ 2 (k + l + 1 ), there exist constants λ ∈ [1 , 2 ) and C := C (M , E , s, k, l, g, γ) 
such that the following holds:

	 T1 ≤ −λ∥γs/2 ∇(k+l+1)
t ut∥2

L2 + CQK2(deg W−1)∥ut∥2
L2 ,γ>0 .

Proof  For the first part of T1, direct calculations yield

	

T1a = −2
ˆ

M

⟨
∇(l)

t [W ′(|ut|2)ut], γs∇(l)
t ut

⟩

= −2
ˆ

M

⟨
W ′(|ut|2)ut, P l

1[γs∇(l)
t ut]

⟩

= −2
ˆ

M

⟨
W ′(|ut|2)ut,

l∑
v=0

∇(v)γs ∗ ∇(2l−v)
t ut

⟩

≤ C1K2(deg W −1)
ˆ

M

⟨
ut,

l∑
v=0

∇(v)γs ∗ ∇(2l−v)
t ut

⟩

≤ C2K2(deg W −1)
l∑

v=0

ˆ

M

(P (2l−v)
2 [ut]γs−v).

In order to use Lemma 1, we need to discuss whether the variable 2l − v can be 
divided by 2. Using Lemma 8, we can handle it as follows:

	

l∑
v=0

ˆ

M

(P (2l−v)
2 [ut]γs−v)dvolg

=
l∑

v∈2N−1

ˆ

M

(P (2l−v)
2 [ut]γs−v) +

l∑
v∈2N∪{0}

ˆ

M

(P (2l−v)
2 [ut]γs−v)

=
l∑

v∈2N−1

ˆ

M

(
(P (0)

1 [ut] ∗ P
(2l−v)
1 [ut] + P

(1)
1 [ut] ∗ P

(2l−v−1)
1 [ut] + P

(2)
1 [ut] ∗ P

(2l−v−2)
1 [ut] + · · · )γs−v

)

+
l∑

v∈2N∪{0}

ˆ

M

(P (2l−v)
2 [ut]γs−v)

≤ [
l∑

v∈2N−1

ˆ

M

(P (⌊ 2l−v
2 ⌋)

1 ∗ P
(⌈ 2l−v

2 ⌉)
1 γs−v]Todd

+ [
l∑

v∈2N∪{0}

ˆ

M

(P (2l−v)
2 [ut]J (1)

γ γs−v−1)]Teven
.

For the even term Teven, using Lemma 1 and Lemma 2 successively, we can obtain
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ˆ

M

(P (2l−v)
2 [ut]J (1)

γ γs−v−1)dvolg

≤ C3

(
∥γ

s−v−1
2 ∇(l− v

2 )
t ut∥ + ∥ut∥2

L2,γ>0

)

= C3

(
∥γ

s−v−1
2 ∇(k+l+1)−(k+ v

2 +1)
t ut∥ + ∥ut∥2

L2,γ>0

)

≤ ε1∥γ
s−v−1

2 +(k+ v
2 +1)∇(k+l+1)

t ut∥2
L2 + C4∥ut∥2

L2,γ>0

≤ ε1∥γ
s
2 ∇(k+l+1)

t ut∥2
L2 + C4∥ut∥2

L2,γ>0.

For the odd term Todd, using Hölder inequality, then followed by Lemma 1 and 
Lemma 2 successively, we can obtain

	

ˆ

M

(P (⌊ 2l−v
2 ⌋)

1 ∗ P
(⌈ 2l−v

2 ⌉)
1 γs−v)dvolg

≤ 1
2

ˆ

M

P
2(⌊ 2l−v

2 ⌋)
2 [ut]γs−v + 1

2

ˆ

M

P
2(⌈ 2l−v

2 ⌉)
2 [ut]γs−v

≤ 1
2

C5(∥γ
s−v

2 ∇(⌊ 2l−v
2 ⌋)

t ut∥2
L2 + ∥ut∥2

L2,γ>0)

+ 1
2

C6(∥γ
s−v

2 ∇(⌈ 2l−v
2 ⌉)

t ut∥2
L2 + ∥ut∥2

L2,γ>0)

= 1
2

C5(∥γ
s−v

2 ∇(k+l+1)−(k+⌊ v
2 ⌋+1)

t ut∥2
L2 + ∥ut∥2

L2,γ>0)

+ 1
2

C6(∥γ
s−v

2 ∇(k+l+1)−(k+⌈ v
2 ⌉+1)

t ut∥2
L2 + ∥ut∥2

L2,γ>0)

≤ ε2∥γs/2∇(k+l+1)
t ut∥2

L2 + C7∥ut∥2
L2,γ>0.

Therefore, if s ≥ 2l + 1, we have

	 T1a ≤ ε3∥γs/2∇(k+l+1)
t ut∥2

L2 + C8K2(deg W −1)∥ut∥2
L2,γ>0.� (3.5)

For the second part of T1, using Lemma 5 we have
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T1b = 2(−1)k

ˆ

M

⟨
∆(k+1)

∇t
∇(l)

t ut, γs∇(l)
t ut

⟩

= −2
ˆ

M

⟨
∇(k+1)

t ∇(l)
t ut, ∇(k+1)

t (γs∇(l)
t ut)

⟩

+
ˆ

M

2k∑
j=0

⟨
∇(j)

M Rm ∗ ∇(2k+l−j)
t ut, γs∇(l)

t ut

⟩

+
ˆ

M

2k∑
j=0

⟨
∇(j)

t F∇t
∗ ∇(2k+l−j)

t ut, γs∇(l)
t ut

⟩

= −2∥γs/2∇(k+l+1)
t ut∥2

L2 +
[ ˆ

M

k+1∑
j=1

∇(j)γs ∗
⟨

∇(k+l+1)
t ut, ∇(k+l+1−j)

t ut

⟩]
T

(1)
1b

+
[ ˆ

M

2k∑
j=0

⟨
∇(j)

M Rm ∗ ∇(2k+l−j)
t ut, γs∇(l)

t ut

⟩]
T

(2)
1b

+
[ ˆ

M

2k∑
j=0

⟨
∇(j)

t F∇t ∗ ∇(2k+l−j)
t ut, γs∇(l)

t ut

⟩]
T

(3)
1b

.

� (3.6)

Similar to the estimates of T1a, if s ≥ 2(k + l + 1), we have

	 T
(1)
1b + T

(2)
1b + T

(3)
1b ≤ ε4∥γs/2∇(k+l+1)

t ut∥2
L2 + C9QK2∥ut∥2

L2,γ>0.� (3.7)

Combing inequalities (3.5), (3.6) and (3.7), we complete the proof of the Lemma.
� □
Similarly, we can refer to the estimation of T1 to obtain the estimates of T2, T3, T4, 

and T5 in Proposition 2. By summarizing these estimates, we can arrive at the fol-
lowing proposition.

Proposition 3  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on M × [0 , T ). 
Let Q = max{1 , sup

t∈[0 ,T)
|F∇t |}, K = max{1 , sup

t∈[0 ,T)
|ut |} and γ ∈ B. Then for any 

s ≥ 2 (k + l + 1 ), there exist constants λ ∈ [1 , 2 ) and C := C (M , E , s, k, l, g, γ) 
such that

	
∂

∂t
∥γs/2∇(l)

t ut∥2
L2 ≤ −λ∥γs/2∇(k+l+1)

t ut∥2
L2 + CQ2K4(deg W −1)∥ut∥2

L2,γ>0.

3.3  Coupled Estimates for the Curvature and the Higgs Field

Similar to the previous subsection, we will present local L2-derivative estimates for 
the curvature F∇t . From the evolution equation (3.3), we have:

Proposition 4  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on M × [0 , T ). 
Then
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∂

∂t
∥γs/2∇(l)

t F∇t
∥2

L2

= 2(−1)k

ˆ

M

⟨
∆(k+1)

∇t
∇(l)

t F∇t
, γs∇(l)

t F∇t

⟩

+
ˆ

M

⟨ 2k+l∑
v=0

(P (v)
1 [F∇t

] + P
(v)
2 [F∇t

]) + P
(2k+l−2)
3 [F∇t

], γs∇(l)
t F∇t

⟩

+
ˆ

M

⟨ k∑
i=0

∇(l)
t D∇t

∇∗(i)
t (∇(k+1)

t ut ∗ ∇(k−i)
t ut), γs∇(l)

t F∇t

⟩

+
ˆ

M

⟨ l−1∑
j=0

k∑
i=0

[
∇(j)

t

(
∇∗(i)

t (∇(k+1)
t ut ∗ ∇(k−i)

t ut)
)]

∗ ∇(l−j−1)
t F∇t , γs∇(l)

t F∇t

⟩
.

Similar to the proof of Lemma 9, we have the following local L2-derivative esti-
mate for the curvature.

Proposition 5  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on M × [0 , T ). 
Let Q = max{1 , sup

t∈[0 ,T)
|F∇t |}, K = max{1 , sup

t∈[0 ,T)
|ut |} and γ ∈ B. Then for any 

s ≥ 2 (k + l + 1 ), there exist constants λ ∈ [1 , 2 ) and C := C (M , E , s, k, l, g, γ) 
such that

	
∂

∂t
∥γs/2 ∇(l)

t F∇t ∥2
L2 ≤ −λ∥γs/2 ∇(k+l+1)

t F∇t ∥2
L2 + CQ4 K2 ∥F∇t ∥2

L2 ,γ>0 .

Since the Yang–Mills–Higgs k-flow (1.6) is an intricate coupled system, obtain-
ing a localized estimate for either the curvature or the Higgs field alone is not fea-
sible. However, by applying Proposition 3 and Proposition 5, we obtain the following 
elegant result.

Proposition 6  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on M × [0 , T ). 
Let Q = max{1 , sup

t∈[0 ,T)
|F∇t |}, K = max{1 , sup

t∈[0 ,T)
|ut |} and γ ∈ B. Then for any 

s ≥ 2 (k + l + 1 ), there exist constants λ ∈ [1 , 2 ) and C := C (M , E , s, k, l, g, γ) 
such that

	

∂

∂t
(∥γs/2∇(l)

t F∇t
∥2

L2 + ∥γs/2∇(l)
t ut∥2

L2)

≤ −λ(∥γs/2∇(k+l+1)
t F∇t∥2

L2 + ∥γs/2∇(k+l+1)
t ut∥2

L2) + CQ4K4(deg W −1)(∥F∇t
∥2

L2,γ>0 + ∥ut∥2
L2,γ>0).

Drawing upon the aforementioned proposition and adhering to the approach out-
lined in [36, 53], we derive the subsequent estimate of the Bernstein–Bando–Shi type 
by considering the t-derivative of the following function:
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Φ(t) :=

q∑
l=0

alt
l(∥γs∇((k+1)l)

t F∇t∥2
L2 + ∥γs∇((k+1)l)

t ut∥2
L2).

One may also consult the detailed proof in [68, Proposition 4.10].

Proposition 7  (Estimate of the Bernstein–Bando–Shi type) Let q ∈ N 
and γ ∈ B. Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on 
M × I . Let Q = max{1 , sup

t∈I
|F∇t |}, K = max{1 , sup

t∈I
|ut |}, and choose 

s ≥ (k + 1 )(q + 1 ). Then for t ∈ [0 , T ) ⊂ I  with T < 1
Q4 K4(deg W−1) , there exists 

constant Cq := Cq(M , E , q, k, s, g, γ) ∈ R>0  such that

	
∥γs∇(q)

t F∇t
∥2

L2 + ∥γs∇(q)
t ut∥2

L2 ≤ Cqt− q
k+1 sup

t∈[0,T )
(∥F∇t

∥2
L2,γ>0 + ∥ut∥2

L2,γ>0).� (3.8)

The following corollary, a direct consequence of inequality (3.8), is pivotal to our 
blow-up analysis. Its proof uses the embedding W p,2 ⊂ C0 for 2p > n, and then 
refines the argument via Kato’s inequality |d|ut|| ≤ |∇tut|. For a more exhaustive 
exposition, one may refer to Kelleher’s work ( [36, Corollary 3.14]).

Corollary 1  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on 
M × [0 , τ ]. Denoted by τ̄ := min{τ, 1}. As usual, let Q = max{1 , sup

t∈[0 ,τ̄ ]
|F∇t |} 

and K = max{1 , sup
t∈[0 ,τ̄ ]

|ut |}. For s, l ∈ N with s ≥ (k + 1 )(l + 1 ) there exists 

constant Cl := Cl(M , E , K , Q, s, k, l, τ, g, γ) ∈ R>0  such that

	
sup
M

(
|γs∇(l)

τ̄ F∇τ̄
|2 + |γs∇(l)

τ̄ uτ̄ |2
)

≤ Cl sup
M×[0 ,τ̄)

(
∥F∇t ∥2

L2 ,γ>0 + ∥ut∥2
L2 ,γ>0

)
.

Remark 1  This corollary has no dependency on the initial value (∇0, u0), this allows 
us to extend the time interval for which the estimation is valid.

Using Corollary 1, we have the the following corollary, which can be used for 
finding obstructions to long time existence.

Corollary 2  Suppose (∇t , ut) is a solution to the k-flow (1.6) defined on 
M × [0 , T ) for T ∈ [0 , +∞). Let Q = max{1 , sup

t∈[0 ,T)
|F∇t |, sup

t∈[0 ,T)
∥F∇t ∥L2 } 

and K = max{1 , sup
t∈[0 ,T)

|ut |, sup
t∈[0 ,T)

∥ut∥L2 } be finite. Then for any 

t ∈ [0 , T ), and s, l ∈ N with s ≥ (k + 1 )(l + 1 ), there exists constant 
Cl := Cl(∇0 , u0 , M , E , K , Q, s, k, l, g, γ) ∈ R>0  such that

1 3

Page 19 of 34     30 



Journal of Nonlinear Mathematical Physics           (2026) 33:30 

	
sup

M×[0 ,T)

(
|γs∇(l)

t F∇t |2 + |γs∇(l)
t ut |2

)
≤ Cl .

3.4  Long-time Existence Obstruction

In this section, we will use Corollary 2 to show that the only obstruction to long-
time existence of the Yang–Mills–Higgs k-flow (1.6) is a lack of supremal bound on 
|F∇t

| + |ut|. Now, We are ready to prove the main result in this subsection.

Theorem 3  Suppose (∇t , ut) is a solution to the k-flow (1.6) for some maximal time 
T < +∞. Then we have

	
sup

M×[0 ,T)
(|F∇t | + |ut |) = +∞.

Proof  Assuming the contrary, let us posit that

	
sup

M×[0,T )
(|F∇t

| + |ut|) < +∞.

Invoking Corollary 2, we assert that for all t ∈ [0, T ) and l ∈ N ∪ {0}, the quantity

	
sup
M

(
|∇(l)

t F∇t
|2 + |∇(l)

t ut|2
)

remains uniformly bounded. In the sequel, we shall demonstrate that the limit 
limt→T (∇t, ut) = (∇T , uT ) exists and furthermore, is smooth.

At first, we define

	
Υs :=

ˆ s

0

∂∇t

∂t
dt, Ψs :=

ˆ s

0

∂ut

∂t
dt.

It is straightforward to verify, for all s ≤ T , that

	
|Υs| =

∣∣∣∣
ˆ s

0

∂∇t

∂t
dt

∣∣∣∣ ≤ TC0, and |Ψs| =
∣∣∣∣
ˆ s

0

∂ut

∂t
dt

∣∣∣∣ ≤ TC0,

implying the continuity of (∇T , uT ).
Next, we meticulously establish the smoothness of (∇T , uT ) through an induc-

tive argument on l, where the base of our induction relies on the finiteness of 
|∇(l)

0 [ΨT ]| + |∇(l)
0 [ΥT ]|. Commencing with the foundational case, we derive:

	
|∇0[Ψs]| =

∣∣∣∣
ˆ s

0
∇0

[
∂ut

∂t

]
dt

∣∣∣∣ ≤
ˆ s

0

(
|∇t

[
∂ut

∂t

]
| + C|Υt||

∂ut

∂t
|
)

dt < +∞.

Analogously, we confirm that
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	 |∇0[Υs]| < +∞.

Assuming the induction hypothesis holds true for {1, . . . , l − 1}, we proceed by ele-
gantly expanding ∇(l)

0 [Ψs] and invoking [36, Lemma 3.17], followed by our assump-
tion, to derive:

	
|∇(l)

0 [Ψs]| =
ˆ s

0


|∇(l)

t

[
∂ut

∂t

]
| +

l−1∑
j=0

j∑
i=0

(
P

(i)
l−i−1[Υt] ∗ P

(j−i)
1

[
∂ut

∂t

])
 dt < +∞.

In a parallel fashion, we have

	 |∇(l)
0 [Υs]| < +∞.

Given that these bounds are uniform across all t ∈ [0, T ) and considering the conti-
nuity of Υs and Ψs, we conclude that

	 |∇(l)
0 [ΥT ]| + |∇(l)

0 [ΨT ]| < +∞.

Hence, ΥT  and ΨT  are indeed smooth.
By the local existence theorem (Theorem 2), there exists an ϵ > 0 such that the 

solution (∇t, ut) can be extended to the interval [0, T + ϵ), contradicting the assump-
tion that T was the maximal existence time.

� □

4  Long-time Existence

4.1  Blow-up Analysis

The aim of this subsection is to derive L∞-estimates from Lp-estimates by blow-up 
analysis.

We first discuss the possibility that the Yang–Mills–Higgs k-flow (1.6) admits a 
singularity given no bound on |F∇t

| + |ut|. As an initial step, we meticulously estab-
lish a series of fundamental scaling principles governing the dynamics of the k-flow 
(1.6), laying a solid foundation for our subsequent investigations.

Proposition 8  Let (∇t , ut) be a solution to the k-flow (1.6) on the domain M × [0 , T ). 
We introduce a one-parameter family of connections, denoted as ∇ρ

t , whose local 
coefficient matrices are crafted as

	 Γρ
t (x) := ρΓρ2(k+1)t(ρx),

where Γt(x) embodies the local coefficient matrix of ∇t . Furthermore, we define 
the ρ-scaled Higgs field uρ

t  in an analogous fashion:
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	 uρ
t (x) := ρuρ2(k+1)t(ρx).

The pair (∇ρ
t , uρ

t ) then yields a solution to the corresponding rescaled system:

	





∂∇ρ
t

∂t = (−1)(k+1)D∗
∇ρ

t
∆(k)

∇ρ
t
F∇ρ

t
+

2k−1∑
v=0

P
(v)
1 [F∇ρ

t
]

+P
(2k−1)
2 [F∇ρ

t
] +

k∑
i=0

∇ρ∗(i)
t (∇(k+1)

t uρ
t ∗ ∇ρ(k−i)

t uρ
t ),

∂uρ
t

∂t = −∇ρ,∗(k+1)
t ∇ρ(k+1)

t uρ
t − W̃ρ(|uρ

t |2)uρ
t

� (4.1)

on [0 , 1
ρ2(k+1) T ), where W̃ρ is a polynomial function with deg W̃ρ ≤ k + 1 .

Proof  Using the flow equation (1.6), the proof comes from

	
∂∇ρ

t

∂t
(x, t) = ρ2k+3 ∂∇t

∂t
(ρx, ρ2(k+1)t)

and

	
∂uρ

t

∂t
(x, t) = ρ2k+3 ∂ut

∂t
(ρx, ρ2(k+1)t).

� □

Remark 2  The property deg W̃ρ ≤ k + 1 originates from the restriction condition 
deg W ≤ k + 2.

Next, we prove that when the curvature coupled with the Higgs field blows up near 
the maximal time, a blow-up limit can be extracted. The proof follows the reasoning 
in [36, Proposition 3.25] and [68, Theorem 5.2].

Proposition 9  Let (∇t , ut) be a solution to the k-flow (1.6) defined on some maxi-
mal time interval [0, T) with time T < +∞. Then there exists a blow-up sequence 
(∇i

t , ui
t ) that converges point-wise to a smooth solution (∇∞

t , u∞
t ) to the scaled 

system (4.1) defined on the domain Rn × R<0 .

Proof  For readers’ convenience, we briefly sketch the proof here. From Theorem 3, 
we must have

	
lim
t→T

sup
M

(
|F∇t

| + ⟨ut, ut⟩
)

= +∞.

Thus, we can select a sequence of times ti converging to T within the interval [0, T), 
alongside a corresponding sequence of points xi, that satisfy the condition:
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|F∇ti

(xi)| + ⟨uti
(xi), uti

(xi)⟩ = sup
M×[0,ti]

(|F∇t
| + ⟨ut, ut⟩) .

Subsequently, let {ρi} be a sequence of positive real numbers whose values are yet to 
be determined. We introduce the scaled connection ∇i

t(x) and vector field ui
t(x) as 

follows. For the scaled connection, we define

	
Γi

t(x) = ρ
1

2(k+1)
i Γρit+ti

(
ρ

1
2(k+1)
i x + xi

)
,

and for the scaled vector field, we have

	
ui

t(x) = ρ
1

2(k+1)
i uρit+ti

(
ρ

1
2(k+1)
i x + xi

)
.

According to Proposition 8, the scaled pair (∇i
t, ui

t) also serves as solu-
tions to the scaled system given in (4.1), with their respective domains being 

Bo(ρ
− 1

2(k+1)
i ) × [− ti

ρi
, T −ti

ρi
). Notably, we have:

	 F i
t (x) := F∇i

t
(x) = ρ

1
k+1
i F∇ρit+ti

(ρ
1

2(k+1)
i x + xi),

which implies the following:

	

sup
t∈[− ti

ρi
,

T −ti
ρi

)

(
|F i

t (x)| + |ui
t(x)|2

)

= ρ
1

k+1
i sup

t∈[− ti
ρi

,
T −ti

ρi
)

(
|F∇ρit+ti

(ρ
1

2(k+1)
i x + xi)| + |uρit+ti(ρ

1
2(k+1)
i x + xi)|2

)

= ρ
1

k+1
i sup

t∈[0,ti]

(
|F∇t

(x)| + |ut(x)|2
)

= ρ
1

k+1
i

(
|F∇ti

(xi)| + |uti
(xi)|2

)
.

Consequently, by choosing:

	 ρi =
(
|F∇ti

(xi)| + |uti
(xi)|2

)−(k+1)
,

we arrive at:

	
1 = |F i

0(o)| + |ui
0(o)|2 = sup

t∈[− ti
ρi

,0]

(
|F i

t (x)| + |ui
t(x)|2

)
.� (4.2)

Now, we proceed to construct smoothing estimates for the sequence (∇i
t, ui

t). Given 
y ∈ Rn and τ ∈ R≤0, for any s ∈ N, we have the following inequality holding for 
all t ∈ [τ − 1, τ ]:
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sup

t∈[τ−1,τ ]

(
|γs

yF i
t (x)| + |γs

yui
t(x)|2

)
≤ 1.

Given that the scaled system (4.1) exhibits similarities to the Yang–Mills–Higgs k-flow 
(1.6), it is straightforward to derive analogous estimates of the Bernstein–Bando–Shi 
type. According to Corollary 1, for any q ∈ N, one can select s ≥ (k + 1)(q + 1) to 
ensure the existence of a positive constant Cq such that:

	

sup
x∈By( 1

2 )

(
|(∇i

τ )(q)F i
τ (x)| + |(∇i

τ )(q)ui
τ (x)|

)

≤ sup
x∈By(1)

(
|γs

y(∇i
τ )(q)F i

τ (x)| + |γs
y(∇i

τ )(q)ui
τ (x)|

)

≤ Cq.

Applying Uhlenbeck’s Coulomb Gauge Theorem [62, Theorem 1.3] (see also [32]) 
and the Gauge Patching Theorem [20, Corollary 4.4.8], we may select a subsequence 
(still denoted (∇i

t, ui
t)), apply a suitable gauge transformation, and obtain conver-

gence (∇i
t, ui

t) → (∇∞
t , u∞

t ) in the C∞ topology.
� □
By Proposition 9 and a contradiction argument, we show that the Lp-norm con-

trols the L∞-norm, following the method used in [36, Section 4] and [68, Section 7].

Proposition 10  Let (∇t , ut) be a solution to the k-flow (1.6) defined on M 4 × [0 , T ) 
and

	
sup

t∈[0 ,T)
(∥F∇t ∥Lp + ∥ut∥Lp) < +∞.

If p > 2 , then we have

	
sup

t∈[0 ,T)
(∥F∇t ∥L∞ + ∥ut∥L∞) < +∞.

Proof  To prove the theorem by contradiction, we assume that

	
sup

t∈[0,T )
(∥F∇t

∥L∞ + ∥⟨ut, ut⟩∥L∞) = +∞.

Following the method in Proposition 9, we construct a blow-up sequence (∇i
t, ui

t) 
and its blow-up limit (∇∞

t , u∞
t ). Using the model equation (4.2), Fatou’s lemma, and 

the natural scaling invariance, we obtain the following inequalities:
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∥F∇∞
t

∥p
Lp + ∥⟨u∞

t , u∞
t ⟩∥p

Lp ≤ lim
i→+∞

inf(∥F∇i
t
∥p

Lp + ∥⟨ui
t, ui

t⟩∥
p
Lp)

≤ lim
i→+∞

ρ
2p−n
2k+2
i (∥F∇t

∥p
Lp + ∥⟨ut, ut⟩∥p

Lp).

Given that

	
lim

i→+∞
ρ

2p−n
2k+2
i = 0

when 2p > n, the right-hand side of the aforementioned inequality converges to zero. 
However, this contradicts the fact that the blow-up limit possesses non-vanishing 
curvature.

� □

4.2  Energy Estimates

At first, the following proposition is obvious.

Proposition 11  Let (∇t , ut) be a solution to the k-flow (1.6) defined on M n × [0 , T ). 
The Yang–Mills–Higgs k-energy (1.3) is decreasing along the flow (1.6).

Proof  We complete the proof as follows:

	
∂

∂t
YMHk(∇t, ut) = −

(
∥∂∇t

∂t
∥2

L2 + ∥∂ut

∂t
∥2

L2

)
≤ 0.

� □

From Proposition 11, we conclude that ∥ut∥L2  is bounded, since the Higgs-like 
potential W is polynomial and positive. We also need the following proposition.

Proposition 12  Let (∇t , ut) be a solution to the k-flow (1.6) defined on M n × [0 , T ) 
with T < +∞, then the Yang–Mills energy

	
YM(∇t) = 1

2

ˆ

M
|F∇t |2 dvolg

is bounded along the flow (1.6).

Proof  By direct calculations, we have

1 3

Page 25 of 34     30 



Journal of Nonlinear Mathematical Physics           (2026) 33:30 

	

∂

∂t
YM(∇t) =

ˆ

M

⟨D∗
∇t

F∇t
,

∂∇t

∂t
⟩

≤
ˆ

M

[
|∂∇t

∂t
|2 + C|∇tF∇t |2

]

≤ − ∂

∂t
YMHk(∇t, ut) + C∥∇(k)

t F∇t
∥2

L2 + ε∥F∇t
∥2

L2 ,

where we used Lemma 2 and C is a constant independent of t ∈ [0, T ). Therefore, 
we have

	
YM(∇t) − YM(∇0) ≤ CTYMHk(∇0, u0) + εT sup

t∈[0,T )
YM(∇t).� (4.3)

Subsequently, we will adopt an argument from Saratchandran’s paper [53, Theorem 
5.3]. We assume the existence of a sequence tm converging to T such that

	
lim

m→+∞
YM(∇tm

) → +∞.

By discarding certain elements from the sequence tm, we can make the 
assumption that YM(∇tm

) > YM(∇tm′ ) holds for all m ≥ m′, and fur-
thermore, tm ≥ tm′  whenever m ≥ m′. Divide the interval [0,  T) into parti-
tions [t0, t1] ∪ [t1, t2] ∪ · · · ∪ [tk, tk+1] ∪ · · ·  with the initial point t0 = 0. Let 
si ∈ [ti, ti+1] be defined such that supt∈[ti,ti+1] YM(∇t) = YM(∇si

). It is straight-
forward to observe that si → T  and YM(∇si

) → +∞ as i → +∞. Moreover, 
YM(∇sj

) ≤ YM(∇si
) whenever j ≤ i. Then, by substituting si for t in (4.3), we 

have

	 YM(∇si
) − YM(∇0) − εTYM(∇si

) ≤ CTYMHk(∇0, u0),

which means

	
YM(∇si

) ≤ 1
1 − εT

CT
(

YMHk(∇0, u0) + YM(∇0)
)

.

The right-hand side of the aforementioned inequality is finite and remains indepen-
dent of i. Upon taking the limit i → +∞ on the left, we arrive at a contradiction. 
Therefore, no such sequence {tm} exists, and the desired result is established.

� □

4.3  Proof of Theorem 1

Since dim(M) = n, applying Proposition 10 requires 2p > n. By the Sobolev embed-
ding theorem, we choose p so that W k,2 ⊂ L2p, which is equivalent to 2(k + 1) > n. 
Under this condition, the interpolation inequalities (Lemma 2) yield the following 
estimate::
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∥F∇t
∥Lp + ∥⟨ut, ut⟩∥Lp ≤ CSk,p

k∑
j=0

(∥∇(j)
t F∇t

∥2
L2 + ∥∇(j)

t ut∥2
L2 + 1)

≤ CSk,p(∥∇(k)
t F∇t∥2

L2 + ∥F∇t∥2
L2 + ∥∇(k+1)

t ut∥2
L2 + ∥ut∥2

L2 + 1)
≤ CSk,p(YMHk(∇t, ut) + YM(∇t) + ∥ut∥2

L2 + 1).

Since both YMHk(∇t, ut) and YM(∇t) remain bounded along the k-flow (1.6) (see 
Proposition 11 and Proposition 12), it follows that the flow admits a smooth long-
time solution.

5  Applications

The core motivation of this research also stems from fundamental questions in theo-
retical physics. Below, we elaborate on the potential applications of the constructed 
higher-order Yang–Mills–Higgs functional and the long-time existence theorem for 
its associated heat flow to concrete physical scenarios, with a focus on explaining 
“why higher-order terms are needed” and “why a polynomial potential is needed”, 
supported by specific mathematical models.

5.1  Application I: Higher-order Gauge Theory and Stability of Topological 
Solitons

In effective theories describing physics beyond the Standard Model or certain con-
densed matter systems, higher-order derivative terms are crucial for stabilizing spe-
cific types of topological solitons (e.g., instantons, magnetic monopoles, skyrmions).

1. Physical motivation and mathematical model
According to Derrick’s scaling analysis [17], field theories containing only stan-

dard kinetic terms often cannot support stable finite-energy topological soliton 
solutions because the energy tends to collapse under scaling transformations. This 
limitation motivates the introduction of higher-order derivative terms, which provide 
the necessary “stiffness” to resist collapse.

Classic examples include the Skyrme model [56], where an introduced fourth-
order term stabilizes three-dimensional skyrmions, and Born-Infeld-type corrections 
or higher-order curvature terms that naturally appear in the low-energy effective 
action of string theory [24]. The general form of such higher-order Yang-Mills 
actions can be written as:

	
L = −1

4
tr(FµνF µν) + αO(F 4) + · · · ,

where O(F 4) represents terms like tr(FµνF µν)2 or tr(FµνF ντ FτσF σµ). These 
terms alter the scaling behavior of the action, potentially allowing the energy func-
tional to attain a minimum at soliton configurations.

For the Higgs part, higher-order covariant derivative terms such as |Dϕ|2 also play 
a role in stabilizing topological structures like domain walls [49]. The most general 
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form of the higher-order polynomial functional addressed in this study provides a 
unified mathematical framework for this broad class of physical models.

2. Physical significance of our results
The proven long-time existence of solutions to the higher-order Yang–Mills–Higgs 

heat flow provides a rigorous mathematical foundation for analyzing the dynamical 
stability of soliton solutions in such theories. The gradient flow method has been 
widely used to find energy minima (solitons) and study their stability [42]. Our theo-
rem demonstrates that even for systems containing the most general higher-order 
polynomial terms, the corresponding dissipative evolution process is mathematically 
well-posed.

Specifically, when considering the heat flow evolution equation for solutions like 
instantons:

	
∂∇
∂t

= −D∗
∇F∇ + contributions from higher order terms.

the existence of long-time smooth solutions guarantees that starting from arbitrary 
initial conditions, the field configuration can relax smoothly without developing sin-
gularities in finite time. This property is crucial for reliably simulating the evolution 
of topological defects (e.g., cosmic strings) in the early universe [63] and the dynami-
cal behavior of solitons under interactions [42], providing a solid theoretical basis for 
related numerical simulations.

5.2  Application II: Generalized Higgs Potentials and Cosmological Phase 
Transition Dynamics

While the Standard Model Higgs potential is simple in form, at the extremely high 
energy scales of the early universe or in new physics models, effective potentials 
often exhibit richer structures, frequently taking polynomial forms.

1. Physical motivation and mathematical model
In early universe phase transitions, such as the electroweak phase transition or 

possible grand unified phase transitions, finite-temperature effects significantly mod-
ify the effective potential [18]. For example, one-loop thermal corrections can yield 
an effective potential of the form:

	
VT (ϕ) = D(T 2 − t2

0)ϕ2 − ETϕ3 + λT

4
ϕ4.

Furthermore, in many Beyond the Standard Model (BSM) theories, such as multi-
Higgs-doublet models [9] or scalar field dark matter models [43], the tree-level 
potential may include sextic or higher-order terms:

	 V (ϕ) = m2ϕ2 + λϕ4 + κϕ6.
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Such higher-order polynomial potentials can lead to rich vacuum structures, such as 
multiple local minima, potentially triggering first-order phase transitions or creating 
metastable vacua [66].

2. Physical significance of our results
The proven long-time existence of solutions to the higher-order Yang–Mills–Higgs 

heat flow with a generalized polynomial Higgs potential provides a mathematical 
tool for studying the dynamics of cosmological phase transitions under such complex 
potentials.

In the study of early universe phase transitions, a core issue involves false vac-
uum decay, and the nucleation, growth, and collision of vacuum bubbles, processes 
closely linked to gravitational wave production [10]. Classical field equations (often 
including dissipation terms to model coupling to a heat bath) are used to simulate this 
process. Our heat flow equation corresponds precisely to such dissipative evolution 
in Euclidean spacetime.

The existence of long-time solutions has multiple important implications:
(1) Ensuring Feasibility of Simulations: It guarantees that during numerical simu-

lations of vacuum bubble dynamics [66] and topological defect formation, the evolu-
tion equations do not develop singularities in finite time, allowing us to reliably track 
the complete process from the onset of the phase transition to the final stable vacuum.

(2) Understanding the Phase Transition Endpoint: The long-time behavior of the 
heat flow determines into which vacuum state the system ultimately settles. For com-
plex potentials with multiple (nearly) degenerate vacua, our theorem mathematically 
ensures the smoothness of the evolution path and the existence of a final state.

(3) Self-Consistent Treatment of Coupling Effects: In phase transitions involving 
the coupling of gauge and Higgs fields (such as the electroweak phase transition), 
gauge fields significantly influence bubble wall dynamics and baryogenesis [21]. Our 
model simultaneously incorporates higher-order and polynomial interactions for both 
gauge and Higgs fields, thus providing a self-consistent and mathematically rigorous 
framework for studying these coupling effects.

6  Further Studies

6.1  Generalization in Higgs Fields

We assume the Higgs field takes values in the section space of a vector bundle, 
Ω0(E). A significant generalization is to consider Higgs fields valued in the adjoint 
bundle Ω0(adP ), which aligns with the typical setup in gauge theory. We anticipate 
that techniques from literature such as [54] can be employed to handle the nonlineari-
ties arising from the adjoint representation.

6.2  Extensions and Hybridizations of the Functional Model

Our approach is likely applicable to studying higher-order Seiberg–Witten-like func-
tionals combined with a Higgs-type potential, of the form:
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SWk(A, ϕ) =

ˆ

M

(1
2

|∇(k)
M FA|2 + |∇(k+1)

A ϕ|2 + W (|ϕ|2)
)

+ π2c1(L),

where A is the connection and ϕ is the spinor field. If W (x) = 1
8 x4 + S

4 x, the above 
functional reduces to the functional considered in [53]. Investigating the gradient 
flow of such functionals and their relationship with topological invariants presents 
an interesting direction.

6.3  Higgs Potentials with Negative or More General Polynomials

In physical models, such as the boson-coupled Yang–Mills energy functional [23, 
48],

	
YM(∇, ϕ) =

ˆ

M

(|F∇|2 + |∇ϕ|2 − m|ϕ|2 − s|ϕ|4),

where the Higgs filed ϕ ∈ Ω0(E) and m, s are smooth real-valued functions on the 
base manifold. The corresponding Higgs-like potential W (x) = −sx2 − mx does 
not satisfy {σ ∈ R+ : W (σ) = W ′(σ) = 0} ̸= ∅ assumed in this paper. Notably, 
our proof for the long-time existence of the flow does not rely on this condition. 
Therefore, studying higher-order Yang–Mills functionals coupled with such nega-
tively-signed or more general polynomial Higgs potentials is both theoretically and 
physically significant.

6.4  Investigations in Complex Geometric Settings

On Kähler manifolds, the study of the classical Yang–Mills flow is rich, deeply con-
nected to the existence of Hermitian Yang–Mills connections on stable bundles via 
the Hitchin–Kobayashi correspondence [19, 58]. This seminal result has been gen-
eralized in various complex geometric contexts [3, 8, 12, 28, 40, 44, 53, 67, 69]. For 
unstable bundles, the behavior of the Yang–Mills flow has also been extensively stud-
ied [15, 38, 45, 57]. Consequently, a natural direction is to investigate the behavior 
of the (higher-order) Yang–Mills–Higgs functional and its negative gradient flow on 
Kähler manifolds and, more generally, on Hermitian manifolds. This involves explor-
ing their generalizations in complex geometry and potential new correspondences.

6.5  Hyperbolic Equations and Spacetime Backgrounds

Studying gauge field equations in dynamical settings is another active frontier. Glogic 
[25] and Oh–Tataru [46, 47] have done excellent work on hyperbolic Yang–Mills 
equations. Inspired by this, one may consider studying higher-order Yang–Mills 
equations in (1 + d)-dimensional Minkowski spacetime. Such research connects 
geometric flow methods with PDE theory in spacetime backgrounds and may reveal 
distinct behaviors of solutions in spacelike and timelike directions, touching upon 
deep issues like energy criticality.
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