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ABSTRACT

Rapid recent progress in the engineering of quantum systems across multiple platforms
has enabled quantum science at never-before-seen precision and scale, and may yield useful
quantum technology. However, two major challenges slow such progress: (1) decoherence
from interactions between target systems and uncontrolled external degrees of freedom, and
(2) errors in the control of target systems, which often arise from physics beyond the models
used to design control protocols. We report on three novel results addressing both coherence
and control, utilizing superconducting qubits.

Our first result is the characterization of superconducting qubit flux noise, a primary
source of decoherence, under the influence of weak, in-plane magnetic fields. We reveal two
trends which serve as a novel experimental benchmark for microscopic theories of flux noise:
(1) a 1/f to approximately Lorentzian transition in the noise power spectral density below
1 Hz, and (2) noise suppression above 1 MHz.

Our second result is the suppression of coherent qubit-control errors induced by the
counter-rotating component of strong, linearly-polarized drives. We establish two comple-
mentary protocols for mitigating such errors, which previously limited the speed of single-
qubit gates for low-frequency qubits. The first protocol realizes circularly-polarized drives in
circuit quantum electrodynamics. The second protocol-—commensurate pulses—uses pulse-
timing restrictions to homogenize counter-rotating errors and enable their mitigation with
conventional calibration routines. With commensurate pulses, we demonstrate world-class
single-qubit gate fidelities reliably exceeding 99.997%.

Our third result is the observation of a novel signature in the decoherence dynamics
of qubits subject to anisotropic transverse noise. Through injected noise experiments with
a fluxonium qubit, we directly observe time-domain state-purity oscillations at twice the
qubit frequency arising from the intrinsic qubit Larmor precession. We probe the oscillation
dependence on noise anisotropy, lab-frame orientation, and power spectral density. Such
oscillations are a result of physics beyond standard qubit-decoherence models within the
rotating-wave approximation, and were previously unobserved in experiment.
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S(f) o< 1/f3/* above 1Hz. Inset shows the Fourier-space values of j(k) and
Noise from nanothermodynamics. We plot S(f) from a system of N = 20
indistinguishable spins, calculated from a simulated timeseries with 107 steps
with the Welch method (using a bin size 2 x 10°). We observe four distinct
regions: 1. white noise at low frequencies, 2. S(f) oc 1/f for 1 x 1071 Hz <
f < 1x10'Hz, 3. S(f) < 1/f% for 1 x 10'Hz < f < 2 x 10°Hz, and
the beginning of a white noise plateau at higher frequencies. Inset shows the
simulated alignment in the time domain. . . . . . . . . .. ... ... .. ..
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5.1

5.2
5.3

5.4

5.5

Flux qubit in a magnetic field. A simplified schematic of the experimental
setup. The Josephson-junction (JJ) loop (gray) of a flux qubit is placed in
a uniform magnetic field provided by Helmholtz coils (blue). The field is
oriented in the plane of the device, and the device is tilted at a 45° in-plane
angle relative to the field. Surface spins (red) in proximity to the loop generate
flux noise which dephases the qubit. The inset shows an example flux qubit
spectrum, with frequency fy; as a function of an independent flux bias ®. The
blue diamond indicates the point of first-order flux insensitivity (the so-called
“sweet spot”). The red circle highlights an example operating point where the
qubit displays flux-noise-limited dephasing. . . . . . . . . . .. ... ... ..
Experimental setup. . . . . .. ...
Evolution of the Qubit Spectrum and Susceptibility to Field Noise.
(a) Flux qubit sweet spot frequency vs in-plane field. At each magnetic field,
the external flux is set to ® = 0.5 ®y. (b) Gradient of the sweet spot frequency
vs in-plane field, indicating the susceptibility of the qubit frequency to in-plane
field fluctuations while operating at the sweet spot. (c) Qubit spectroscopy
around the sweet spot as a function of in-plane field. At each field By, the
qubit is moved to the sweet spot ® = 0.5 ®5 with an additional flux control.
The in-plane field is then swept in a small range around By. Each trace is
artificially offset to fo1(By) = 0. The slope of the spectrum indicates the
sensitivity of the qubit frequency fo;(B) to in-plane field fluctuations, with
the highest susceptibility at fields closest to By =40G. . . . . . . .. .. ..
Applied magnetic field noise. Measured field noise at the lowest (B = 0 G)
and highest (B = 100G) fields is shown. The instrumentation noise floor
is shown for both fields (dotted horizontal lines). We measure the transfer
function of the in-line filters with zero bias current (corresponding to B =
0G), and use this to project the applied field noise below the instrumentation
noise floor (light blue). We show an estimate of the qubit flux noise (gray
dash-dotted line), as well as the lowest measured flux noise (S¢(8.3 MHz) ~
4.7 x 107" ®%/Hz at B = 20G, black star). Colored regions on the plot
correspond to the frequency ranges of measured noise spectra via single-shot
Ramseys (light orange) and spin-locking (light blue). . . . . .. ... .. ..
Evolution of qubit coherence with an in-plane magnetic field. Data
taken at the sweet spot (0fy /0P = 0, blue diamonds) and off the sweet spot
(|0fo1/0®| = 26.0 GHz/®y, red circles). (a) Energy relaxation rate I';. (b)
Ramsey pure-dephasing rate Ff;. (c) Spin-echo pure dephasing rate Ff . Insets
in (b), (c) show dephasing rates at the sweet spot. Data was taken during nine
field sweeps, with I'y, I‘g, and Ff measured consecutively at each bias point
and field. Individual rate measurements are presented as partially transparent
small markers with error bars given by the fit uncertainty. Average rates at
each field are presented as large opaque markers. The outlier dephasing at
B = 40 G is likely dominated by noise in the applied field (see Section 5.2.6
for details). . . . . . ..
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5.6

5.7

5.8

Ramsey beating in a magnetic field. Representative Ramsey decay traces
at (a) B=10G, (b) B =70G, and (c) B = 100G. All data is truncated
at a time of 0.3 ps. The Ramsey decays for magnetic fields from B = 50 G to
B = 90G displayed beating and were best fit by decay functions with three
oscillatory components, detailed in Supplemental Material 5.3.1. . . . . . . .
Evolution of flux noise with an in-plane magnetic field. (a) Low-
frequency noise spectroscopy taken with single-shot Ramsey measurements.
Data for B < 100G were taken in one upwards sweep with |0f/0®| =
22.0 GHz/®, and data at B = 100 G was taken in a separate upwards sweep
with |0fp1/0®| = 21.0 GHz/®y. Gray dash-dotted lines serve as guides to
the eye displaying power laws 1/f%% (bottom) and 1/f? (top, characteris-
tic of a Lorentzian roll-off). The B = 0G data is fit to a 1/f + white
noise model (purple, dashed line), and data at each non-zero field is fit to a
Lorentzian + white noise model (solid line, color of corresponding data). We
attribute the white noise floor to readout infidelity (see Section 5.3.2). (b)
Spin-locking noise spectroscopy. Data was taken in four separate field sweeps
with [0fp1/0®| = 30.0 GHz/®( for B < 10G and |0f /0P| = 31.0 GHz/®,
for B 2 20G. Individual measurements are presented as partially trans-
parent small markers with error bars given by the spin-locking decay fit un-
certainty. Averages at each field are presented with opaque markers. Gray
dash-dotted lines serve as guides to the eye displaying the power laws 1/f
with a = 0.88 £ 0.02 (top, « from fit to B = 0G data), a = 1.07 £ 0.02
(middle, from fit to B = 20 G data), and o = 1.5 (bottom, characteristic of
the asymptotic behavior of spin-diffusion noise). At higher fields, we note a

suppression of the measured flux noise, denoted by an annotated black arrow.

Noise spectroscopy at the sweet spot and hysteretic effects. PSDs
are presented here in units of frequency noise, and for off sweet spot data
are related to flux noise spectra by Sy, (f) = (9fo1/0P)*Ss(f). Off sweet
spot data in a,c are the same as those presented in Fig. 3, and sweet spot
data were collected in separate upwards field sweeps. (a) Low frequency
noise spectroscopy on and off the sweet spot as a function of magnetic field.
(b) Hysteresis of the low frequency noise spectra. All data was taken with
Ofn /0P = 22.0 GHz/®,. The field was first lowered from B = 80G to B =
0 G (partially transparent downwards triangle markers), then raised back up to
B = 80G (faceless triangle markers). (c) High frequency noise spectroscopy
on and off the sweet spot as a function of magnetic field. (d) Hysteresis of the
high frequency noise spectra. Data was taken with df5;/0® = 30.0 GHz/®,
for B < 10G and 0fp1/0® = 31.0GHz/®, for B 2 20G. The field was first
raised from B = 0G to B = 30G (faceless triangle markers), then lowered
back down to B = 0G (partially transparent downwards triangle markers). .
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6.1

6.2
6.3

6.4

Device and concept. (a) False-colored optical micrograph of the fluxonium
qubit (orange) with a coupled charge (purple) and flux line (blue). (b) Dia-
gram illustrating how all drives are performed in this experiment. All drives
comprise a phase-sensitive linear combination of a charge and flux drive, pa-
rameterized by a cosine-shaped rise-fall and a flat top. (b) Bloch sphere
representation of a qubit with the trajectory of various drive polarization vec-
tors drawn. A co-rotating (green) drive has a polarization vector rotating
with the same orientation as the qubit, a counter-rotating (red) drive has a
polarization vector rotating in the opposite direction as the qubit, and a linear
(blue) drive has a polarization vector which traces out a line. . . . . .. ..
Wiring schematic of the experimental setup. . .. ... ... ... ..
Measurement pulse sequences for single-qubit gate calibration. (a-
d),(i-k) Measurement pulse sequences for (e-h),(1-n), respectively. (e) Rough
pulse amplitude calibration. (f) Circular-only calibration for the relative
phase between charge and flux drives. Marked in black is the counter-rotating
relative phase. All circular gates were performed with the co-rotating phase
(180° offset from the counter-rotating phase). (g) Circular-only calibration for
the relative delay between charge and flux pulses, to ensure pulses sent down
both control lines arrived simultaneously at the qubit. (h) Rough pulse detun-
ing calibration, primarily compensating for AC Stark shifts. (1) Circular-only
fine calibration to balance the charge and flux drive strengths. (m) Fine pulse
detuning calibration. (n) Fine pulse amplitude calibration. . . . . . . . . ..
Rabi oscillations with tunable drive polarization. (a) Time-domain
Rabi oscillations as the relative phase between the charge and flux drives is
varied. The relative strength of the individual charge and flux drives were cali-
brated to be equal, and kept constant throughout the plot. All oscillations use
a 1 ns rise-fall time. (b-d) Similar data taken for three different polarizations,
calibrated to each have the same Rabi frequency, all using a 2.5ns rise-fall
time. (b) Nearly completely counter-rotating (Ag = 245°) Rabi oscillations
of the fluxonium qubit. The counter-rotating oscillations are visible on top of
the slower co-rotating oscillation. (c) Linearly polarized drive (Ap = 180°)
with equal contributions from charge and flux. (d) Completely co-rotating
drive (Ag = 90°) illustrating elimination of counter-rotating effects. The re-
maining small distortions are a result of the fast rise-time of the pulse. (e-f)
Bloch-sphere trajectories of the corresponding oscillations (truncated to the
first Rabi flop) of the data in (b-d). Opaque color corresponds to the start
time, and transparent corresponds to the end time. . . . . . ... ... ...
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6.5

6.6

6.7

Comparison of incommensurate gates with linear and circular drives.
RB data for incommensurate gates utilizing a linearly polarized flux drive
and a circularly polarized co-rotating drive is shown for two gate durations,
ty =121, =~ 49nsandt, = 1.77; = 7.0ns. We include data for circular drives
with (square marker) and without (circular marker) additional wait times as
defined in Fig. 6.10 in order to elucidate the efficacy of circular driving for
suppressing counter-rotating errors while mitigating heating effects associated
with the charge drive. For t, = 1.277, we observed no benefit from circular
driving. For ¢, = 1.77, circularly polarized driving both with and without
an additional wait time benefited gate performance relative to flux driving,
which showed no benefit from an equivalent wait time. . . . . . . ... ...
Counter-rotating errors from linear drives. (a) Time-domain depiction
of two resonant linearly polarized X-pulse envelopes (red and blue), starting
at different times relative to the carrier (cos(2nt/7r), grey), where 77 is the
qubit Larmor period. (b) Rabi rotation angle (polar angle of the Bloch vector)
of an ideal two-level system starting in the ground state subject to an X pulse
of duration t, = 0.847; as a function of the pulse start time modulo 77. The
rotations from the pulses in (a) are highlighted as points on the plot. The qubit
rotation depends strongly on the pulse start time due to the time dependence
of the counter-rotating drive component. (c) Rotation angle range versus
pulse duration, showing the divergence of this effect for short pulse times.
The dotted line represents the pulse duration used in (b). The y-axis serves
as a proxy for the coherent error magnitude of this effect for gates. . . . . .
Commensurate gates: alleviating counter-rotating errors for linear
drives. (a) Example single-qubit circuit. (b) Cartoon waveforms for two
different implementations of the circuit drawn in (d). Top: incommensurate
pulses (¢, = 1.27;,), which suffer from the coherent error channel depicted in
panel (b). Bottom: commensurate pulses (tx = 77, ty = 1.571), which reg-
ularize the counter-rotating fields during each pulse. This turns the coherent
errors which were previously different for each pulse into a systematic coherent
rotation which is corrected for automatically in our other calibrations. For
the reasons described in Section 6.2.3, commensurate Y pulses require 77 /4
identity-gate padding before and after each pulse. (c) Clifford randomized
benchmarking (RB) of single-qubit gates performed with flux pulses, com-
paring commensurate and incommensurate implementations. All curves were
averaged over 40 random seeds. We include data from two incommensurate
pulse durations (t, = 1.27, ~ 4.92ns and ¢, = 1.77;, =~ 6.97 ns), and two com-
mensurate implementations (ty = 1.07, ~ 4.1ns and ty = 1.57;, ~ 6.15ns).
At these gates times, we see a significant increase in fidelity by using com-
mensurate pulses. This highlights the ability to mitigate coherent errors from
counter-rotating terms for strong linear drives by adopting straightforward
pulse-timing constraints. . . . . . ... ..o
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6.8

6.9

6.10

6.11

7.1

Commensurate single-qubit gates with linear and circularly polar-
ized drives. (a) Gate fidelity measured with Clifford randomized bench-
marking as a function of the 7/2-pulse width for a pure charge drive (purple),
pure flux drive (blue), and a co-rotating circularly polarized drive (green). In
order to mitigate the effect of coherence fluctuations, data was collected over
a span of two weeks with intermittent breaks taken when the qubit coherence
fluctuated to low values. The lowest and highest measured coherences during
this window (300ps < 77 < 500ps, 200ps < Top < 500 ps) were used to
calculate fidelity bounds (red). (b) Clifford interleaved randomized bench-
marking for a calibrated linearly polarized flux drive with an X/, duration
of tx = 27;. The reference trace has an average single-qubit gate error of
(2.10£0.07) x 1075, All randomized benchmarking traces were averaged over
25 random seeds. . . . . ...
Error budget for commensurate charge and flux gates. The total
and incoherent error were measured through RB and purity RB, extracted
from the same dataset for each gate as described in Appendix 6.2.5. The
estimated incoherent error from decoherence was also extracted from 77 and
T>r measurements taken immediately after each RB dataset. The coherent
error budget item was determined by the difference between the total and
incoherent errors. Black lines denote the uncertainty from parameter fits, with
the error bar at the top of the coherent budget item corresponding to the total
error uncertainty (extracted from the RB fit). Flux gates (white background)
for times tx 2 8ns were limited by qubit coherence, whereas charge gates
(grey background) were largely limited by incoherent errors beyond undriven
qubit decoherence. . . . . . ... Lo
Charge gate heating characterization. (a) One-readout-pulse heralding
scheme, as used for all other data in this work. (b) Two-readout-pulse herald-
ing scheme, as used for the experiment in this figure. The time between qubit
pulses and the preceding readout pulse was kept 2 us. The time between read-
out pulses was swept in order to investigate the impact of heating on gate
performance. (c) Total and T} + Typ error for a commensurate charge gate
with tx = 277, =~ 8.2ns as a function of the wait time between readout pulses,
using the pulse sequence of (b). The total error (blue) was measured through
RB, and the T} 4+ Typ error (yellow) was extracted from 7} and Thr mea-
surements taken immediately after each RB dataset. Data is displayed from
back-to-back sweeps of the wait time from 0 to 1600 ps (upwards triangles)
and then 1600ps to 0 (downwards triangles). The total error improved by
20 — 30% for wait times above 500 ps, while the measured qubit coherence
remained approximately constant. . . . . .. ... ...
Stability for commensurate flux gates (tx = 27, ~ 8.2ns). The total
and incoherent error per gate were measured through RB and purity RB,
extracted from the same dataset as described in Appendix 6.2.5. No significant
drift or degredation of gate performance was observed. . . . . . . ... ...

Wiring schematic of the experimental setup. . . . ... ... ... ..
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7.2

7.3

7.4

Injected noise characterization. To most directly characterize the noise
sent to the qubit, all data presented were measured with an oscilloscope after
the noise gating and combination with the coherent control line. (a) Noise
power-spectral density (PSD) and (b) noise amplitude distribution for the
~ 100 MHz white noise configuration. (c,d) Similar to (a,b), for 2 MHz low-
pass filtered noise. (e,f) Similar to (a,b), for 1 GHz white noise. . . . . . ..
Purity oscillations in Ramsey experiments with anisotropic noise.
(a) Bloch-sphere representation of a qubit in the lab frame undergoing Larmor
precession (purple) under the influence of linearly polarized transverse noise
(turquoise). When the qubit state is aligned with (perpendicular to) the
noise axis, the state is insensitive (sensitive) to the noise, resulting in purity
oscillations at twice the qubit frequency due to the Larmor precession. (b)
Pulse sequence. A superposition state is prepared, and noise is turned on after
a buffer time 7,. The noise is kept on for a duration 7,,. (c) Experimental setup
for noise injection. Noise is generated, gated with a mixer, and combined with
coherent control pulses on the device charge or flux line. (d) Injected noise
power spectral densities for two noise configurations: (1) low-frequency white
noise up to 100 MHz < fy;, and (2) broadband white noise up to 1 GHz > fy;.
Inset: noise amplitude distributions. We attribute the bimodal nature of the
noise to saturation of the mixer used for noise gating. (e) Approximate purity,
Yapprox = (02)?/2 + 1/2, for Ramsey experiments with injected charge noise
(n o< o,) in three configurations: noise off (light blue), white noise up to
100 MHz < fy (turquoise), and white noise up to 1 GHz > fy; (dark blue).
Insert: time derivatives of the approximate purity data, smoothed with a
triangular window function of size 0.227; to clarify the signal. . . . . . . ..
Varying the anisotropy of injected noise. All experiments in this figure
utilized the low-frequency white noise source (noise power up to 100 MHz <
fo1) with a bimodal amplitude distribution [Fig. 7.3d]. (a) Correlated (one
source split to o, and 0,) and (b) uncorrelated (separate sources for o, and
o,) noise source configurations. (c) Noise-amplitude distributions from noise
traces measured on an oscilloscope, reflecting noise in the Bloch-sphere XY
plane, for three configurations: (1) anisotropic, comprising the correlated con-
figuration in (a), (2) Z;-symmetric, comprising the uncorrelated configuration
in (b), and (3) isotropic, comprising the Z,-symmetric noise averaged over 19
equally-spaced rotations about the Z axis. (d) Time-domain traces of the ap-
proximate purity, (¢.)?/2 + 1/2, during a Ramsey sequence with the injected
noise configurations in (c¢). In order to visualize the oscillations, we plot a
subset of the full data (1001 points between 5.127, < 7, < 105.1277). (e)
Power spectral densities (PSDs) of the full time-domain data taken for (d),
offset for clarity. We attribute the small 2fy; feature in the Z;-symmetric

trace to a slight imbalance of the calibrated charge and flux noise amplitudes.
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7.5

7.6

7.7

7.8

7.9

Noise axis and power spectrum dependence of purity oscillations.
All data comprise Ramsey experiments with injected charge noise (7 o o)
as a function of noise duration and initial superposition phase ¢, Vo) =
(|0) + € ]1))/+/2, with 7, = 5ns. We elected to sweep the phase ¢ rather
than the noise axis for experimental ease, noting that the resulting physics is
identical. Simulated 100 MHz white (2 MHz low-pass filtered) noise comprises
a random telegraph signal with amplitude ~ +24 MHz (~ £23 MHz) and av-
erage switching rate ~ 96 MHz (~ 4.4 MHz). (a) Simulation, (b) experiment,
and (c) experimental linecuts for 100 MHz white noise. (d) Bloch sphere
cartoon illustrating the insensitivity (sensitivity) of the qubit state to rota-
tions induced by the noise when the qubit is parallel (perpendicular) to the
noise axis, resulting in purity oscillations at frequency 2fo;. (e,f,g) Similar to
(a,b,c), respectively, for 2 MHz low-pass-filtered noise, which approaches the
quasistatic limit where noise is constant during a single run of the experiment
(shot), but changes shot-to-shot. (h) Bloch sphere cartoon for quasistatic
noise. In the quasistatic limit, when noise is constant during the Larmor pre-
cession but changing shot-to-shot, the effective quantization axis is affected.
Left (right): When the qubit state is initially aligned with (perpendicular to)
the noise axis, all Larmor orbits have one (two) fixed point(s). This results
in maximal purity when the qubit is aligned (aligned or anti-aligned) with its
starting state, characterized by purity oscillations of frequency fo1 (2fo1)-
Purity oscillations in relaxation experiments. (a) Experiment and (b)
simulation for relaxation experiments with |¥() = |1) and injected noise along
oy, T» = bns. Traces are shown for the case of zero noise (light blue), white
noise up to 100 MHz (green), and 2 MHz low-pass filtered noise (dark blue).
Low-pass filtered noise perturbs the quantization axis of the qubit, leading to
purity oscillations at frequency fy; from the modified Larmor precession.
Approximate and exact purity. All data shown are for free-induction-
decay experiments with injected 100 MHz white noise along 7 o< o, and buffer
time 7, = 5ns. (a) State tomography and extracted (b) exact purity, ({o,)?+
(0,)? + (0.)%)/2 4+ 1/2, and approximate purity, (0.)?/2 + 1/2, with noise
amplitude set to zero. (c,d) Similar to (a,b), for non-zero noise amplitude.
Purity oscillations vs. qubit frequency. Each trace corresponds to a
different flux bias, and represents a PSD calculated with Welch’s method for
a free-induction decay experiment with injected 100 MHz white noise along
n o< o, and 7, = 5ns. Traces are artificially offset for clarity. Dashed lines
correspond to 2fo1. . . . L
Simulations of Fig. 7.3 and Fig. 7.4. The simulation methodology is
described in Section 7.3.2. (a) Simulated Ramsey experiments as in Fig. 7.3,
with injected o, noise in three configurations: (1) no noise, represented by a
pure state with tr (p?) = 1 (light blue), (2) low-frequency white noise up to
100 MHz < fo; (turquoise), and (3) broadband white noise up to 1 GHz > fy;
(dark blue). (b) Simulated Ramsey experiments as in Fig. 7.4, with Z,-
symmetric noise (uncorrelated equal-amplitude noise along o, and oy, red),
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and anisotropic noise (correlated equal-amplitude noise along o, and oy, blue). 206
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A.1 (a) Plots of Eq. (A.1). (b) Plots of Eq. (A.2) for f(z) = 1—sin(z). For both
panels, N =105, . . . . . ...
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Chapter 1

Introduction

The behavior of things on a very tiny scale is simply different. An
atom does not behave like a weight hanging on a spring and
oscillating. Nor does it behave like a miniature representation of the
solar system with little planets going around in orbits. Nor does it
appear to be somewhat like a cloud or fog of some sort surrounding

the nucleus. It behaves like nothing you have seen before.

Richard P. Feynman [1]

Quantum mechanics provides a description of nature at small scales. The most basic quantum
system is one comprising two states, referred to as a quantum bit or “qubit.” Qubits are
likely the most studied quantum system and are extremely well understood. In this thesis, we
even further augment this understanding through access to novel regimes with engineered
(rather than naturally abundant) quantum systems comprising superconducting circuits.
Our results are directly applicable to the ambitious present-day quest to build a quantum
computer—a machine that stores and manipulates qubits, as a conventional computer stores
and manipulates bits—with the promise of enabling science and technology that are otherwise

inaccessible. The aim of this chapter is to motivate this quest and frame our contributions.
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We will start by introducing quantum physics and the many-body problem. Then, we will
introduce the idea of quantum computation as (among other things) a promising solution
to this problem. We proceed with the present-day progress towards building a quantum
computer and its associated challenges. Armed with this perspective, we will highlight the
three core results of this thesis in their respective contexts. In the following chapters, we

will develop a more rigorous picture to enable appreciation of the results in full detail.

1.1 Quantum Physics and the Many-Body Problem

At the beginning of the 20th century, a few outstanding physical phenomena (most promi-
nently the light emitted by hot objects [2], the ejection of electrons from irradiated materi-
als [3], and the structure of absorbed and emitted light from atoms [4]) were irreconcilable
with the established physics of the time, namely classical electrodynamics given by Maxwell’s
equations. Quantum mechanics [5] was born to explain these phenomena, but came with
far-reaching implications that wildly departed from the prior intuition of classical physics.
After decades of development and experimental success, quantum mechanics took its place
as the fundamental description of nature on the scale of atoms. The most remarkable aspects
of quantum mechanics are the action of measurement, which irreversibly changes the state
of a system, and the appearance of entanglement, i.e., correlations between subsystems such
that measurements of one instantaneously affect the other.

Although the rules of quantum mechanics can be written down readily, the behavior of
quantum systems is only well understood in a relatively small (but rapidly growing) num-
ber of model scenarios (e.g., the famous hydrogen atom). As stated so well by Anderson,
more is different [6]: writing down a fundamental set of rules does not yield a full under-
standing of a system’s behavior at larger sizes and increasing complexity, i.e., its emergent
behavior. For quantum physics, the investigation of such behavior is called the many-body

problem. This problem lies at the heart of understanding how quantum-mechanical effects
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give rise to remarkable large-scale behaviors. One of the most intriguing examples of this
is high-temperature superconductivity, the discovery of which in 1986 [7] won the follow-
ing year’s Nobel prize. To this day, this phenomenon has eluded theoretical understanding
due to its many-body nature. Such an understanding might enable the engineering of even
higher-temperature superconductors, with the potential to revolutionize electronic technol-
ogy'. Beyond this example, many-body physics plays a key role in various scientific fields in-
cluding quantum chemistry, condensed-matter physics, atomic physics, and nuclear physics.
Although approximate methods have been developed to understand many-body physics in
various contexts |8, 9], theoretical methods are limited in their applicability, and algorithmic
approaches with conventional computers are limited by computational resources |10, 11].
To understand why the many-body problem cannot be solved with conventional comput-
ers, we give a simple argument here before diving into the details of quantum mechanics in
Chapter 2. The state of a system of N classical bits can be specificed with N binary digits
as koky -+ ky, where k; € {0,1}. In contrast, the state of a quantum system of N qubits

generally takes the form

|\If> = (p0---00 ‘00 ce 00> + Qpp...01 |00 s 01> + -+ o11.011 ‘11 s 11) s (11)

where o, € C: the N-qubit system is specified with 2V complex numbers. The memory
resources required to store the state of a quantum system grow exponentially with its size,
rather than linearly as in the classical case.

Although a computer using classical (binary) bits can simulate quantum systems in prin-
ciple, the exponential memory complexity generally prevents the simulation of large quantum

systems?. This limitation presents an intriguing opportunity.

'We note that current electronic technology already relies on a quantum-mechanical device, the
semiconductor-based transistor.

2Entanglement plays a key role in the computational complexity of quantum systems. We can see this by
considering N qubits with no entanglement, which is described by a state of the form [¥) = (ag [0) +bo |1)) ®
(a110) +b1|1)) ® --- ® (an |0) + by |1)). Such an unentangled state requires only 2N complex numbers to
specify, rather than 2V as in the entangled case. Leveraging the entanglement structure of specific systems
can alleviate the classical resources required to simulate them [10].
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1.2 Quantum Computers

A large quantum system with sufficient measurement and control capabilities could be pro-
grammed to evolve in a way that would, at most, take exponentially more resources to
classicaly compute. One could view the quantum evolution as performing a computational
task, and design evolutions to solve specific problems [12, 13]. Such a machine is called a
quantum computer, and its evolution (including state preparation and measurement) a
quantum computation. Ref. [14] explicitly considers the requirements for implementing
such a machine, referred to as the DiVincenzo criteria.

Beyond probing many-body physics (i.e., performing quantum simulations [15]), a quan-
tum computer could be used to perform other algorithmic tasks with speedup over classical
computers [16, 17]. The most celebrated example of this idea is Shor’s algorithm [18| for
factoring integers on a quantum computer with exponential time advantage over the best
known classical algorithms. This application is particularly motivating, since one of the most
widely used cryptosystems, Rivest-Shamir-Adleman (RSA) [19], relies on the difficulty of the
factoring problem for classical computers. For a proper introduction to quantum algorithms,

we refer to Refs. [16, 20|, and note that the field is under rapid development.

1.2.1 Fault-Tolerance

Building a quantum computer is extremely difficult. The core of the challenge is that quan-
tum information is fragile, and a quantum computer could be easily overrun by errors from
either (1) unwanted interactions with its environment, or (2) imperfect control. We will
make these ideas more precise in Chapter 2 and Chapter 3 with the notions of quantum
state purity, noise, and decoherence. When severe enough, errors kill the exponential benefit
of quantum computers by enabling their polynomial-time classical simulation [21].

To maintain their advantage, quantum computations must be performed in a way that is

fault-tolerant, i.e., resilient to errors. From a purely theoretical point of view, the problem
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of fault-tolerant quantum computation has already been solved with the idea of error-
correcting codes |16, 22, 23|, which leverage redundant encoding of quantum information
across many physical qubits to form error-corrected logical qubits, along with schemes to per-
form fault-tolerant operations between logical qubits. However, there is significant distance

to cover between an idea and its physical implementation.

1.3 The Age of Quantum Engineering

After a century of development in experiments probing quantum physics, we have arrived
in an era of rapid progress across multiple platforms (superconducting circuits [24], neutral
atoms [25], trapped ions [26], photonic devices [27], solid-state defects [28], and semiconduc-
tor spins [29]) giving access to quantum systems at never-before-seen precision and scale.
This has been referred to as a second quantum revolution. Recent landmark experi-
ments [25, 30| have heralded the era of early small-scale fault-tolerance: at the time of writ-
ing, systems can be designed and manipulated with high fidelity on the scale of 10— 100 [30,
31] qubits with circuit depths of up to 10° [30], and the regime of 1000+ qubits appears
to be on the not-so-distant horizon [25|. Current hardware error rates (within an order-of-
magnitude or two variation across platforms) lie in the range 1072 —107° [30, 32, 33|, enabled
by significant engineering achievements.

However, orders-of-magnitude more qubits and further mitigation of hardware errors are
required to realize large-scale fault-tolerant quantum computation [20]|, demanding careful
engineering of next-generation systems and approaches that alleviate space-time costs [34—
36]. In other words, scaling, coherence, and control are the central challenges facing the
present-day quantum engineer [14]. Although each platform comes with unique obstacles,
the abstraction of a specific system as a qubit or multi-qubit system enables platform-agnostic
results, e.g., control or characterization techniques that can benefit multiple platforms. Most

of this thesis falls into the platform-agnostic category.
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1.4 Thesis Overview

In this work, we present three distinct results which address the topics of qubit decoherence
and high-fidelity control, using superconducting quantum circuits [37-39]. We summarize

these results below, and outline the remaining thesis chapters at the end of this section.

1.4.1 1/f Flux Noise in Applied Magnetic Fields

One of the major sources of decoherence for superconducting qubits is low-frequency mag-
netic flux noise with a power-spectral density (PSD) scaling with 1/f where f is frequency.
Such 1/f PSDs are ubiquitous in electronic devices, as well as in several disparate fields in-
cluding biology [40], geology [41], language [42], music [43|, and others. Despite its ubiquity,
we will see in Chapter 4 that there is no notion of a unified theory for this frequency scaling.
Rather, 1/f PSDs arise from different mechanisms in different contexts.

For today’s superconducting circuits, the physics behind 1/f flux noise is still a mystery.
Since its first observation in superconducting quantum interference devices (SQUIDs) in the
1980s [44], consensus has been formed around the relevance of magnetic defects residing
on the surfaces and interfaces of devices [45]. It is typically believed that high-frequency
1/f flux noise emerges from spin-diffusion dynamics [46-49|, while a distinct mechanism is
responsible for the low-frequency flux noise, such as longer-time fluctuations of the net mag-
netization of clusters [47, 48|. Although theoretical models have found success, the exact
physics remains ambiguous. In large part, this arises from the ambiguity of experiments:
microscopic theories contain free parameters which can be adjusted to accommodate ex-
perimental observations, but these free parameters cannot be controlled in the experiments
themselves (e.g., a spin-spin coupling strength). Further experiments with different tuning
knobs are therefore required to pin down a precise description and rule out various proposed
models.

To this end, we have measured the evolution of 1/f flux noise as a function of ap-
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plied in-plane magnetic field [Fig. 1.1]. We have uncovered two novel signatures to serve
as benchmarks for theories of superconducting circuit flux noise. Our results are qualita-
tively consistent with the current understanding of spin diffusion and clustering. However, no

quantitative theory has been developed yet which accommodates all features of our data [50].

Magnet Coil Magnet Coil

Figure 1.1: Cartoon schematic of 1/f noise in magnetic fields experiment. The
Josephson-junction (JJ) loop (gray) of a flux qubit is placed in a uniform magnetic field
provided by Helmholtz coils (blue). The field is oriented in the plane of the device, and the
device is tilted at a 45° in-plane angle relative to the field. Surface spins (red) in proximity
to the loop generate flux noise which dephases the qubit. The applied-field dependence of
the dephasing noise yields clues about the microscopic physics of 1/ f flux noise.

1.4.2 Pushing the Speed of Gates for Low-Frequency Qubits

As introduced earlier in this chapter, one of the most significant barriers to building a
quantum computer is errors in qubit control. In general, the error associated with performing
a gate operation in a time t;, will be proportional to t;,/Tcon where Ti,p is the relevant
coherence timescale. In order to decrease errors, one can then take two paths: making the
gate faster by decreasing t,, or increasing the coherence Ti.,. The first approach has the
added benefit of reducing the run-time of algorithms which may be significant for useful

quantum computations requiring deep circuits [20].
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Decreasing the control timescale comes with challenges. The most common method of
single-qubit control relies on resonant (Rabi) driving [51] and requires that the duration
of the gate be much longer than the period of the drive [52] and the timescale set by the
anharmonicity of the qubit [53]. For the most developed superconducting qubit of today,
the transmon [54], low anharmonicity limits the gate duration through leakage errors: when
pulses become fast, their high bandwidth leads to spurious transitions to states beyond the
qubit subspace. To mitigate leakage errors, a technique called derivative removal by adiabatic
gate (DRAG) [53] has been widely adopted in the transmon community.

The fluxonium qubit has recently been established as a strong alternative to the trans-
mon for building a quantum processor [55-59|. Unlike the transmon, the fluxonium has
a much lower qubit frequency (less than one gigahertz, rather than several gigahertz for
the transmon), and much higher anharmonicity (several gigahertz, rather than several hun-
dred megahertz for the transmon). As a consequence, fast single-qubit fluxonium gates are
limited by spurious dynamics related to the breakdown of the famous rotating-wave approx-
imation [52] and associated counter-rotating errors, rather than leakage.

In Chapter 6, we establish two complementary techniques for suppressing counter-rotating
errors, enabling gates as fast as the timescale set by the qubit frequency fy;, referred to as
the Larmor period 7, = 1/fp1. Our results lead to state-of-the-art single-qubit gates for
the superconducting qubit platform, summarized in Table. 1.1 with the records for other

platforms, along with the prior superconducting record.

1.4.3 Elucidating the Effect of Anisotropic Transverse Noise

The physics of qubit decoherence is of fundamental interest. Beyond enabling the further
understanding of quantum systems coupled to environments (i.e., open quantum sys-
tems), the study of decoherence enables the design of techniques to understand and mit-
igate coherence-limiting noise [65-67]. While the study of open quantum systems is well-

established [68|, conventional models of qubit decoherence often assume that the environ-
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Table 1.1: Present-day record single-qubit gate errors for different quantum com-
puting platforms. For superconducting circuits, we include the prior record that was
achieved with transmons [60], and the current record that was achieved with fluxoniums
in this work [61]. For neutral atoms, we note that techniques beyond conventional optical
trapping can be leveraged to achieve global single-qubit gate errors on the order 107> [62].

’ Qubit \ for \ Gate time \ Technique \ Error ‘
Semiconductor Spin [63] | 2 GHz 30 ns Rabi ~ 1071
250 ns Diff. Light Shift (local Z) | ~ 1073
Neutral Atom (Cs) [32] | 9.2GHz Aus Rabi (global) ~ 10-4
Superconducting 4GHz | 20ms Rabi + DRAG ~ 104
Transmon |[60]
Superconducting

. ~ _5
Fluxonium (this work) 250 MHz | 4ns (1/fo1) | Rabi + Commensurate 10
Trapped Ion [64] 3.2GHz | 12us Rabi ~107°

mental noise is symmetric with respect to the quantization axis of the qubit. We depict this

in Fig. 1.2 with the Bloch-sphere picture, which we will explicitly develop in Chapter 2.

A

quantization axis

—

%)

Larmor precession

~
~

anisotropic noise

Figure 1.2: Bloch sphere picture of isotropic and anisotropic transverse noise. A
qubit is represented in the Bloch-sphere picture, where the quantization axis (brown arrow)
is depicted along the —z axis. The qubit state (black) precesses around the quantization
axis (purple). Usual models of decoherence assume isotropic transverse noise that is sym-
metrically distributed in the Bloch-sphere XY plane (orange). Anisotropic transverse noise
(blue) is commonly encountered across experimental platforms, and leads to novel dynamics
on the scale of the qubit Larmor precession period.

This symmetry assumption is commonly broken for realistic noise in leading experimen-

tal platforms including superconducting qubits, neutral atoms, and trapped ions (e.g., from
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control electronics or optics used for single-qubit manipulations [24, 69]). The decoherence
dynamics from realistic, asymmetric transverse noise sources are not captured by conven-
tional isotropic noise models [70], including those that utilize the ubiquitous rotating-wave
approximation (RWA) [71, 72|. Signatures of broadband transverse noise anisotropy in qubit
decoherence, representing physics beyond the RWA, would advance our understanding of de-
coherence and provide a new means to diagnose noise in experiments.

In this work, we study the decoherence of qubits subject to injected anisotropic transverse
noise. We directly observe purity oscillations at twice the Larmor frequency in the state of
a fluxonium qubit. We probe the oscillation dependence on noise anisotropy, lab-frame
orientation, and power-spectral density. This signature elucidates the impact of realistic
noise on qubit decoherence. Although the signature is relatively small for strong noise, we
expect it may be useful as a diagnostic tool for extremely low-frequency qubits with low

coherence.

1.4.4 Remaining Chapters

The rest of this thesis is structured as follows. Chapter 2 introduces quantum mechanics,
single-qubit control, and superconducting qubits. Chapter 3 introduces noise and qubit
decoherence. Chapter 4 introduces 1/f noise. The main results are then presented in
Chapter 5 (1/f flux noise in magnetic fields [73]), Chapter 6 (fast gates with low-frequency
qubits [61]), and Chapter 7 (novel signatures from anisotropic transverse noise [74]). We

conclude in Chapter 8 with an outlook.
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Chapter 2

Quantum Mechanics & Qubits

In this chapter, we provide an introduction to the physics necessary to understand the ex-
perimental results of this thesis. As I have often needed to explain quantum mechanics to
interested non-physicists with some mathematical background, I begin with a quick pedagog-
ical crash-course on quantum mechanics in Section 2.1 which I hope will serve the interested
reader. We proceed by detailing the relevant physics for the thesis results. We introduce
the main system of study, the qubit, in Section 2.2 and how we control them in Section 2.3.
We finish this chapter with a description of the experimental platform used in this thesis,

superconducting circuits, in Section 2.4.

2.1 Quantum Mechanics

2.1.1 From Classical to Quantum

To introduce quantum mechanics, I find it most helpful to draw an analogy with classical
mechanics which we are intuitively familiar with from everyday life. Let’s consider a single
particle, e.g. a billiard ball, as an illustrative example. In broad strokes, we can model
the system as a state (its position and momentum, {Z, p}) which evolves according to an

equation of motion (for classical mechanics, the equations of motion are determined by
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Newton’s second law F = dp/dt). Once we write down the forces acting on the billiard ball,
we are equipped to model how it behaves in time with all the detail we desire within the
framework of classical mechanics.

We can now pitch quantum mechanics simply: instead of a state consisting of position
and velocity, we introduce an object called the wavefunction, |V), which is a normalized
vector in a Hilbert space H (the inner product (¥|¥) = 1). The equation of motion is

determined by the Schrodinger equation,
fmﬁmf) = H|D) (2.1)
ot ’ '

where the Hamiltonian H determines the dynamics of the system. The Hamiltonian must
be Hermitian, H=4H . in order for the time-evolution to conserve normalization of the
wavefunction. We can represent how a state evolves with the time-evolution operator

A

U(t): [W(t)) = U(t) |[¥(0)), which for a time-independent Hamiltonian is given by:
U(t) = e U/, (2.2)
Thanks to the Hermiticity of the H, we can see that U(t) is unitary: U(t)f = U(t)~".

2.1.2 Measurement

For classical systems like our billiard ball, we are used to measuring quantities such as its
position or momentum without affecting the quantity in the process. This is no longer
the case when measuring a quantum system. Measurable quantities are associated with an
observable operator O. When measuring O, we will find an eigenvalue o,, € R and the
quantum state will collapse into the associated eigenstate of O, |m), with probability given

by the Born rule:

p(om) = | (m|T) [*. (2:3)
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(a) classical mechanics

)
/Q\A\k 7 / = measurement: T

M~ F=ma \ /

initial state: H final state: T

(b) quantum mechanics

)
~” E
o > = — Mmeasurement:
A iho,|¥)=H|W) ‘\/>+‘v> Hor T
initial state: |H) final state: |H) + |T)

Figure 2.1: Classical vs quantum mechanics, in the analogy of a coin flip. (a)
(Classical mechanics: an initial state of the coin, H, undergoes motion according to Newton’s
second law. Once the coin lands, it is in a final state given by either H or T. Measuring
the coin, we will always find the same final state T. (b) Quantum mechanics: an initial
wavefunction of the coin, |H), undergoes motion according to the Schrodinger equation.
Once the coin lands, it can be in a superposition of H and T: a |H) + b|T"), where a,b € C
and |a|? + |b|> = 1. Measuring the coin, we will find H with probability |a|?, and T with
probability |b]?. Measurement is a process which now affects the state of the quantum system.

Since measured values must be real, observables must be Hermitian operators.
The expectation value of an operator, defined as the average value over an ensemble

of identical states, is given by

= (V[ > omlm) <m\> V) (2:5)

= (V| 0]v). (2.6)

We have used the fact that we can express a Hermitian operator in the eigenbasis given by

its eigenstates {]0),[1),---}: O =, op|m) (m|.
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Here we note that the Hamiltonian of a system H is the observable corresponding to
energy: for an eigenvector |E) of H, H |E) = E |E) where E is the energy associated with
the state |E). The eigenbasis of H yields the complete set of orthogonal states accessible by

the quantum system and their corresponding energies, the respective eigenvalues.

2.1.3 Density Matrix

In this subsection, we motivate a statistical description of quantum systems and the formal-
ism to accommodate such descriptions; that of density operators. The representation of
the density operator in a given basis is referred to as the density matrix.

So far in our description of quantum systems, we have used a state vector |¥) to charac-
terize the state of the system. However, in practice one can imagine (and often encounters)
a scenario in which the quantum system is found in |¥;) with probability p;. For an observ-
able O with eigenvalues O,, and corresponding eigenvectors |m), the average measurement

outcome is then computed with the statistical ensemble of states:
(0) =Y pi(W;|O|W;) (2.7)
=00 ol (S 90 01 o). 28)

where we have used the expression O = > m Om [m) (m|. We see that the statistical nature
of the quantum state is captured by the operator in the parenthesis of the last line, which

we define below.
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The density operator of a quantum system described by a statistical ensemble of

states |W;) each with probability p; is given by
p=> pilly) (4. (2.9)

For a given eigenbasis |n), the density matrix has elements p;; = (i| p|j). The density
matrix is Hermitian, as p;; = (pj;)*. Diagonal elements correspond to the occupancy
of each state in the ensemble, and are referred to as populations. Summing over the
diagonal elements, we see tr(p) = > . p; = 1. Off-diagonal elements correspond to the

correlations between states, and are typically referred to as the coherences.

We can now derive a simple expression for the expectation value of O, with a further
simplification utilizing our favorite trick of inserting an identity in the form of another

cigenbasis [n), [ =3 |n) (n],
(0) =D O (mln) (n| p|m) (2.10)

="l pOn) (2.11)

— u(p0). (212)

Pure & Mixed States

For a quantum system described by a state | V), the density operator is simply p = |¥) (¥|.
Since there is no need for a statistical ensemble to describe such a state, we refer to it as a
pure state. For pure states, p? = p, and so tr(p?) = 1.

If we instead need a statistical ensemble, we refer to the state as a mixed state. One
can show that for such states, p*> # p, and tr(p®) < 1. We can see that the quantity tr(p?)

is a useful indicator of the purity of a quantum state, and define it below.
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The purity of a quantum system described by a density operator p is

v = tr(p?). (2.13)

The purity takes on values é < v < 1 where d is the dimension of the Hilbert space.
The upper bound is saturated by pure states when p can be expressed as p = |¥) (V|
for some state |W). States which are described by a statistical ensemble are referred
to as mixed states and have v < 1. Such states can arise from e.g. decoherence or

imperfect state preparation.

We emphasize that there are two general cases in which mixed states describe a quantum

system, shown in Fig. 2.2.

1. Consider an ensemble of pure states, where each state |U;), encountered with proba-
bility p;, is different due to imperfect preparation: p = ). p; |¥;) (¥;|. As an example,
consider a qubit in its ground state which is subject to either a 7 pulse or no pulse due
to, e.g., an irresponsible child (or adult) touring your lab and wiggling a loose cable.
We will find the qubit in its ground or excited state with a probability of 0.5 for both,

and the density operator describing this ensemble is p = 0.5 |0) (0] + 0.5|1) (1].

2. Considering an ensemble consisting of identical copies of a pure state |¥) for a system
with constituent subsystems A and B, the description of subsystem A will be a mixed
state if the subsystems are entangled. In this case, the reduced density operator
describing subsystem A is given by the partial trace of the full system density op-
erator: ps = trg(p), where trg(-) is defined as summing over an eigenbasis spanning
the Hilbert space of subsystem B. As an example, consider a system of two qubits
prepared in a Bell state: |¥) = (]00) + |11))/+/2. The density operator for either of

the qubits will then be p = 0.5]0) (0| + 0.5|1) (1], as in the prior example. However,
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(a) ensemble of different pure states (b) pure state of entangled subsystems

|A) |A3)

|A,)

- ./

Figure 2.2: Cartoon showing two kinds of mixed quantum states requiring de-
scription with density matrices. (a) An ensemble consisting of different pure states,
{]Ao),|A1),- -}, each of which is different, must be described by a density matrix. (b)
A subsystem A of a system described by a single pure state |¥45) comprised of entangled
subsystems A and B must be described by a density matrix.

the origin of the state impurity is intrinsically quantum mechanical.

Congratulations, you have now completed this mini crash course on quantum mechanics!
You should understand enough of the basic principles to appreciate the experimental contents
of this thesis. From this point onwards, we slightly change our notation. We began by
expressing all operators with hats, e.g., 0. Moving forward, we drop the hats, as one can

deduce from the context of an equation which objects are operators.

2.2  Qubits

Now, we are ready to dive into the physics of quantum systems comprising two possible
states, known as qubits — the focus of this thesis. Put another way, the Hilbert space in
which a qubit state lives has dimension d = 2, so a qubit state can be expressed as the linear

combination of two vectors with complex coefficients,
|[¥) =al0) +b]1), (2.14)

where (0/0) = (1]1) = 1 and (0|1) = 0.

It is convenient choose {|0) , |1)} corresponding to the eigenbasis of the Hamiltonian of the
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qubit (recall that for a Hermitian operator, the eigenvectors are orthonormal and comprise
a basis of the Hilbert space). For a qubit with states of energy difference £y — Ey = hwoy,
the Hamiltonian in this eigenbasis is given by

_ fwin
2

H

(1) (1] = 10) {0D), (2.15)

where the ground (lowest energy) and excited (highest energy) states are given by |0) and
|1), respectively.

Now, let’s consider the dynamics of an arbitrary state |Uy) = ag|0) + bo|1). Writing
down the Schrodinger equation for this system, we find two uncoupled differential equations

for a(t) and b(t). Solving them yields

01t

(T(£)) = age’ 2 |0) + boe "% |1). (2.16)

Now we can define the convenient notation used in the bulk of this thesis, ever thankful

that our Hilbert space is conveniently small. We introduce the Pauli matrices,
O = . Oy = , 0, = : (2.17)

with the properties that 6 = 1, tr(o;) = 0, and [0, 0;] = 2ie;,0k, where €55 is the Levi-civita

symbol.
We can express Eq. (2.15) as
uw
H=-""g, (2.18)
2
with eigenstates given by
1 0
=[] m=1{"1 (2.19)
0 1

iozt

2, allows us to calculate the evolution as a matrix

The time-evolution operator, U(t) = e
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multiplication yielding the same result as Eq. (2.16):

07175 .wp1t
e’ 2 0 ag ape'” 2
V() = Iy i el (2.20)
0 0

2.2.1 Qubit Geometry: the Bloch Sphere

In this section, we detail a geometric representation of a two-level quantum system, which is
incredibly useful in understanding the physics of qubit control and decoherence. As described

previously, a pure qubit state is specified by two complex numbers
W) =al0) +b]|1), (2.21)
where a,b € C. Apparently, there are 4 degrees of freedom to specify corresponding to the
real and imaginary parts of both numbers. We now recall two constraints,
1. state normalization, |a|* + |b]* = 1, and

2. unobservability of global phases, |¥) <+ ¢? |¥) for § € R.

Without loss of generality, the second constraint allows us to choose a global phase such that
a € R. Motivated by the normalization condition, we can parameterize our state with two

angles:

a = cos(0/2) (2.22)

b= e sin(6/2) (2.23)

where 0 < 0 < 7 and 0 < ¢ < 2. Calculating the expectation values for the Pauli matrices

with this paramterization, we identify the cartesian components of a vector 7 on the unit
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sphere with polar angle § and azimuthal angle ¢:

(04) cos(ip) sin(6)
7= [ (o) | = | sin()sin(o) | (224
(0,) cos(0)

This parameterization gives us a geometric picture of a pure qubit state, referred to as the
Bloch sphere. We draw the Bloch sphere in Fig. 2.3, labelling the states on all poles. We

refer to 7" as the Bloch vector.

o |'¥)
0) — 1)
V2
0) —ill) @ 4 —> Y
V2 [N 10) +4[1)
x &0 + 1) V2
V2
L
1)

Figure 2.3: Bloch sphere representation of a qubit state. States corresponding to the
poles (blue dots) represent the eigenstates of the Pauli matrix of that axis.

As an illustrative example, we can now visualize the dynamics of the qubit state Eq. (2.16),

prepared in state |¥g) = |+) = \/LE(|0> +11))

cos(wot)
Fbare evolution = — sin(wglt) . (225>

0

Starting along the +2 axis, the Bloch vector spins in a clockwise circle about the +2 axis.
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This behavior is analogous to that of a magnet with angular momentum along the direction
of its dipole moment when placed in a static magnetic field, which can be understood entirely
with the physics of classical electromagnetism. The magnetic moment will gyrate about the
axis of the static field, referred to as Larmor precession. Inspired by this physics analogy,
it is typical to use this name for the precession of any qubit about the axis given by its

ground and excited states in the Bloch sphere picture, also known as its quantization axis.

2.2.2 Mixed States

For pure states, we note that || = 1 — the Bloch vector lies on the unit sphere. However,
we also learned that density operators can be used to describe states which are not pure. In
a Hilbert space of dimension d = 2, the density matrix will have four elements, but three
degrees of freedom due to the normalization condition. Noting that the Pauli matrices along
with the identity matrix comprise a basis for the space of 2 x 2 Hermitian matrices, we can

express a qubit density matrix as

(I+7-3) (2.26)

= 5([ + 1,0, +1y0y +17,0,). (2.27)

With this convention, we conveniently find (o;) = r;. The purity is given by

tr(p?) = % + 5 (2.28)
:12W? (2.29)

Recall that for an impure state, tr(p?) < 1, implying |F] < 1. In other words, Bloch
vectors inside the unit sphere represent impure states. The maximally mixed state, p — /2,

corresponds to the center.
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2.2.3 Rotations

Any unitary operation we perform on a qubit will be described by a 2 x 2 unitary matrix.
We can imagine these unitary operations as rotations of the Bloch vector. For a rotation of

angle ¢ about an axis n, we can express the rotation operator as
Ri(¢) = e7127% = cos(¢/2)T — isin(¢/2)n - 5. (2.30)

Some of the most common rotations, or gates, utilized in experiments are 7 rotations about
the cardinal axes along with arbitrary rotations about z and the Hadamard gate which is

a rotation of @ = 7 about the z + 2z axis:

X, = —io, (2.31)
Y, = —io, (2.32)
e—i9/2 0
Zy = (2.33)
0 6'L'9/2
1(1 1
H=- (2.34)
1 -1

We can now ask the question, given a qubit prepared in a particular state, how do we

implement a rotation? This is the bread, butter, and main entree of this thesis.

2.3  Qubit Control

In this section, we describe the common control paradigm of qubits, that of control via the
application of oscillating fields that are resonant with the qubit frequency. We discuss the
physics of such control, its breakdown in the limit of fast operations, and the frequency shifts

a system inherits from such fields.
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2.3.1 Linear Drives

We begin by deriving the workhorse result of this thesis: when a qubit defined by Hamil-

tonian Hqubis = —h";‘”az is subject to an oscillating field coupled transversely, Hgyive(t) =
7 cos(wt)o,, the qubit state will begin to oscillate between |0) and |1). This behavior is
known as Rabi flopping.

Let us start with the time-dependent system Hamiltonian,

H = Hqubit + Hdrive(t) (235)

= — ho;m o, + hQ cos(wt)o, (2.36)

=h 2 . (2.37)

We now introduce a trick that greatly simplifies solving the Schrédinger equation for many

time-dependent Hamiltonians like the one above.

Rotating-Frame Transformation

We can consider the dynamics in a rotating frame determined by a unitary transforma-
tion U,(t) of the Hamiltonian. If we pick a rotating frame such that the effective Hamiltonian
H in the new frame is time-independent, the calculation becomes extremely simple.

Here we derive the effective Hamiltonian H corresponding to a frame defined by our choice
of Uy(t). We remember the Schrodinger equation written down with no transformation, in

the so-called laboratory frame, for our state |¥):

0
ihs [0) = H|¥). (2.38)
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Let us define our rotating-frame state as |¥) = Uy(t) |) (so |¥) = Ul(t) [¥)), and note that

9 oUy 9
i Ute)[9)) = i |0 + U (in 5 0) ) (2.30)
B B/ )
MEW%whmwy%+MﬁQWM (2.40)
= H|[D). (2.41)

We now define our rotating-frame transformation succinctly below.

Definition 2.3: Rotating-Frame Transformation

For a system with laboratory-frame Hamiltonian H and wavefunction |V), we define
a rotating-frame transformation by a unitary Uy(t) such that the state in the

rotating frame,

W) = Uss(t) |9), (2.42)
evolves according to a Schrédinger equation with an effective Hamiltonian H given by

aUvrf

H = UgHU, + ik ~

Ut (2.43)

Armed with this trick, we can now choose a frame rotating about o, at the drive frequency

(recalling the unitary transformation corresponding to rotations, Eq. (2.30)):
Up(t) = e~ wto=/2, (2.44)
Defining a detuning § = w — wy, the effective Hamiltonian becomes

(1 + 6—2iwt)
H=nh (2.45)

% (1 + eint) .
T | cos(2wt)o, + sin(2wt)0y>]

J
2

St

N

: : (2.46)

I
=
IMI 0’;

O'z—l-Q(
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The effective Hamiltonian still contains time dependence, now oscillating at twice the
qubit frequency. We can understand the off-diagonal terms with the observation that a
linear drive field, cos(wt)o,, can be decomposed into two circularly polarized components:

cos(wt)o, — sin(wt)o, N cos(wt)o, + sin(wt)o,
2 2

cos(wt)o, = (2.47)

The first term in Eq. (2.47) corresponds to a field oscillating clockwise about ¢, in the Bloch
sphere picture. We refer to this term as co-rotating, as it rotates in the same direction as the
qubit Bloch vector evolving with Hyunie (Eq. (2.25)). Inspecting the unitary transformation
of the drive Hamiltonian, we can see that the co-rotating component becomes static in the

rotating frame:

U, (cos(w o . sin(w )Uy) UrT _ %_ (2.48)

In contrast, the second term of Eq. (2.47) corresponds to a field oscillating in the counter-

clockwise direction, which we refer to as counter-rotating. The counter-rotating term in

the rotating-frame now oscillates at twice the frequency:

(2.49)

f (Cos(wt)ax + sin(wt)ay> ot cos(2wt)o, + sin(2wt)o,
' 2 T 2

We can understand these components geometrically in the Bloch sphere picture, presented
in Fig. 2.4.

In the limit that § < wp; (near resonance) and €2 < wpy; (weak coupling), the dynamics
at 2w are fast compared to the dynamics of the qubit state, and we can discard the fast oscil-
lating terms in an approximation known as the rotating-wave approximation. Starting

in [¥y) =|0), we find

V2462t ) : V24462t
CoS ( 5 T S 5

|W(t)) = ‘ ) (2.50)
9 gn <\/§22+62t)
V02462 2
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(a) Lab Frame (b) Rotating Frame (c) Rotating Frame + RWA
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armar .. .
precession quantization axis
fp) Rabj Rabi
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X drive field, - X X
Ounge,. drive field co-rotating ’ drive field
y y ¥y

Figure 2.4: Bloch sphere picture of linearly polarized driving. (a) Laboratory-
frame Bloch sphere cartoon depicting a qubit with state |¥) (black) subjected to a linearly-
polarized drive field (blue). The drive field can be expressed as the combination of co- (green)
and counter-rotating (red) components. In the laboratory frame, the qubit will undergo
Larmor precession (purple) about its quantization axis. (b) Entering a frame co-rotating
with the qubit, the co-rotating component of the drive (green) becomes static, and the
counter-rotating component oscillates at twice the qubit frequency. The Larmor precession
is captured by the rotating frame, so the rotating-frame state |\il> appears static in the
absence of the drive. The static, co-rotating component of the drive generates rotations
of the qubit state. (c) Making the rotating-wave approximation (RWA) is equivalent to
disregarding the fast-oscillating counter-rotating component of the original linear drive.

and corresponding population of the excited state

py(t) = [{1[T (1)) |” (2.51)

Tyt 2

Q2 <\/92+52t)

We plot Eq. (2.51) in Fig. 2.5. The population of the qubit under the influence of an
oscillating linearly polarized drive field exhibits oscillations |0) <+ |1) with an amplitude and
frequency determined by the detuning of the drive frequency 6 = w — wg;. The frequency of
these oscillations is known as the Rabi frequency. The maximum amplitude and frequency
correspond to a resonant pulse, when w = wy;. We can understand the oscillations geomet-
rically by inspecting the Hamiltonian Eq. (2.45) — discarding the fast-oscillating terms, the
qubit will rotate about the static field along the rotating-frame Bloch sphere 6z 4+ Q1 axis.
In other words, detuning the drive has the effect of tilting the static field about which the

qubit oscillates (flops) in the rotating frame.
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Figure 2.5: Rabi oscillations. (a) Dynamics of the qubit excited state population when
prepared in |Wg) = |0) and subject to a drive of strength (2, as a function of detuning J, as
given by Eq. (2.51). (b) Linecuts for different values of the detuning. Larger drive detuning
leads to smaller amplitude oscillations at a higher frequency.

Armed with the physics of Rabi flopping, we can now ask, what are the limitations of
controlling a qubit with a resonant drive field? As we have learned in the previous section
on density matrices, the purity of a quantum state depends sensitively on how well we can
prepare an identical ensemble or mitigate entanglement with the environment. In general,
as we leave a quantum system alone, it will become more mixed or impure due to unwanted
interactions with external degrees of freedom. This process is called decoherence as the
coherence (off-diagonal) elements of the density matrix tend to zero with time. To mitigate
decoherence and perform high-quality operations, it is important to implement gates which
are fast.

To implement fast Rabi gates, we must be mindful — the rotating-wave approximation
we made to derive Eq. (2.51) breaks down as the drive strength becomes comparable to the
qubit frequency 2 — wp;. We plot the simulated dynamics of a qubit subject to a drive field
of increasing strength (Rabi frequency) in Fig. 2.6. We can see that for weak drives Q < wpy,
the population dynamics are well described by a sinusoidal oscillation as in Eq. (2.51), as
the RWA is a good approximation. As the drive strength becomes comparable to the qubit

frequency, we can see deviations from a sinusoidal oscillation. In particular, fast dynamics
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at the counter-rotating frequency 2wg; become significant. When implementing gates with
strong linearly polarized drives, these fast dynamics can lead to significant errors associated
with the counter-rotating component of the drive, which we call counter-rotating errors.

Such errors become especially important to consider when using low-frequency qubits.

(a) Q/W01:0.02 (b) Q/W01:0.20 (C) Q/W01:O.6O
1.00 A - -
/ﬂ\ 0.75 A . .
bS]
S 0.50 1 § i}
_§' 0.25 A . .
[a
0.00 - T T T 1 T T T 1 T T T
0 2 4 0 2 4 0 2 4
Time (27/) Time (27/) Time (27/)

Figure 2.6: Breakdown of the rotating-wave approximation for strong drives. Sim-
ulated dynamics of a qubit excited state population when prepared in | V) = |0) and subject
to a resonant linearly polarized drive of strength Q, for (a) ©Q/wy = 0.02, (b) Q2/we; = 0.2,
and (c) ©Q/wy = 0.6.

2.3.2 Preview: Suppressing Counter-Rotating Errors for Fast Gates

We now are equipped to appreciate the results presented in Chapter 6. There, we intro-
duce and experimentally demonstrate two complementary methods for suppressing counter-
rotating errors which arise from strong driving, breaking the weak-coupling assumption made
in the RWA. Our methods enable high-fidelity Rabi gates at times approaching the timescale

set by the qubit frequency, the Larmor period:

T, = 271'/(4}01. (252)

The first method involves the implementation of a purely co-rotating drive, which natively

contains no counter-rotating component. The second method utilizes timing restrictions to
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make counter-rotating errors uniform for all gates, reducing the error to a systematic rotation

which is corrected for in typical calibrations.

2.3.3 Resonant Control

Advertisement aside, we now explain how we can generate specific gates with the physics of
Rabi flopping. To realize a gate, i.e., a specific unitary operation, we must be able to turn our
control on and off as well as rotate around different axes of the Bloch sphere. Let’s consider
a resonant drive term with two new aspects: (1) time-dependence in the Rabi frequency

Q(t), and (2) a variable phase ¢ of the drive tone,
Harive = hY(t) cos(wt + )0, (2.53)

The qubit + drive Hamiltonian in the frame co-rotating with the qubit is given by

N cos(p)o, — sin(p)o, N cos(2wt + ¢)o, + sin(2wt + p)o,

H = 1Q(t) 5 5 (2.54)
Performing the rotating-wave approximation amounts to dropping the 2w oscillations,
Hrwa = h@ (cos(p)o, — sin(p)ay) . (2.55)
The time-evolution generated by this Hamiltonian is given by
U(T) = e Jo Hrwatdt (2.56)
_ pilcos(p)ow—sin(p)oy)-5 [o Qb)dt. (2.57)

Recalling that the unitary corresponding to a rotation about axis n by angle 6 takes the
form R;(0) = e”'g’w, we see that applying a drive tone with phase ¢ enables us to generate

rotations about any axis on the equator of the rotating-frame Bloch sphere, with a rotation
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angle given by the total area under the Rabi-frequency envelope:

f = cos(p)x — sin(p)y (2.58)

= /T Q(t)dt (2.59)

where we have used - to denote a rotating-frame axis.

To conclude this subsection, we highlight that it is possible to generate rotations about
orthogonal axes of the rotating-frame Bloch sphere by applying drive tones that are 90°
out of phase, referred to as orthogonal quadratures. This trick comprises the most
common control paradigm for high-frequency qubits including trapped ions, neutral atoms,
and superconducting circuits. We refer to gates generated using the physics of resonant

control as Rabi gates.

2.3.4 Frequency Shifts

Before finishing this section, we highlight another phenomenon which becomes significant
in practice: frequency-shifts arising from drives. So far, we have explored the population
dynamics of a qubit from a weak, resonant drive (2 < wp; and 06 = w — wp; = 0). Here,
we point out that drives can, in addition to inducing Rabi flopping, modify the eigenstates
and eigenenergies of a system. The modified system is referred to as the dressed system.
We introduce the two typical frequency shifts encountered when applying drive fields to a

quantum system below.

Bloch-Siegert Shift

Here, we answer the following question: does applying a strong drive to a qubit shift its ef-
fective resonance frequency? Let’s start with our usual qubit 4 drive Hamiltonian Eq. (2.35)

with w = wp;. We can gain some insight by performing a rotating-frame transformation, this
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time into the frame counter-rotating with the qubit,
Ui(t) = 172, (2.60)

with the effective Hamiltonian given by

(w+ wor) o, cos(2wt)o, — sin(2wt)oy,

H=h 0.+ 0 (7 - 5 )] : (2.61)

The Q% term was the original counter-rotating field, now static in this frame. We are
interested in the effective frequency of the two-level system, which is shifted due to the slight
tilt in the quantization axis given by the static term %t. Discarding the fast oscillating
terms (which, in this frame, one might call a counter-rotating wave approximation), we find

eigenvalues and the effective resonance frequency in this frame

QZ 2
by =+ V2T (;“’ o)t (2.62)

D=0 —G- =/ + (w+ w2 (2.63)

As our frame is rotating at w, the effective resonance frequency in the laboratory frame,
wesr, Will be shifted by —w. We can see this by noting that a frequency shift arises in our
rotating-frame from the second term of Eq. (2.43), —iaU(.;—i(t)U L) = —w% . Considering a

resonant drive w = wp; and expanding in w%l, we find

Wet = 1/ Q% + 4w, — wor (2.64)

0?2 5
= 1 — . 2.
o ( " 4”81) o (W(A)‘l> (2.65)

To summarize, we have found that the counter-rotating component of a resonant drive

does not only create fast dynamics at 2w — it also dresses the system, slightly modifying

the eigenstates and eigenenergies. The frequency shift above, Awgs = %, is known as the
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Bloch-Siegert shift, derived by the pair in 1940 [52].

Off-Resonant AC-Stark Shift

We now must step back and make an admission — in practice, most qubits comprise a
dimension-2 subspace of a quantum system with a much larger Hilbert space. By picking
two levels with a unique energy difference, one can address those two levels selectively (e.g.
with a drive that is resonant with the transition of interest, but no other transitions) while
ignoring the rest of the original Hilbert space. However, we now bring up an important effect
of the other levels: dressing of the qubit subspace from the off-resonant driving of non-target
transitions.

We follow the same rough procedure as in the last subsection, considering the qubit +
drive Hamiltonian Eq. (2.35), but now with detuning w = wp; + d. In the frame co-rotating

with the qubit, we find

(2.66)

H="h [gaz 10 (% N cos(2wt)o, ;L sm(2wt)ay)} |

Similarly discarding the fast-oscillating terms, and inspecting the difference in dressed eigen-

states given by the difference in eigenenergies, we find

Weff = V 02 + 02 — (wm + 5) (267)

02 03

We have found that an off-resonant drive will shift the effective energy of a qubit by
Awpc = g—;. Let’s now consider the case where we have a target qubit comprised of levels
{]0),]1)} with resonance frequency wp;, and a non-target qubit comprised of one level of
the target qubit, and another separate level, e.g. {|1),]2)} with resonance frequency wjs.
The application of a drive at frequency wy; will dress the {|1),]2)} subspace, leading to a

frequency shift of the |1) state.

o6



2.4 Qubits from Superconducting Circuits

Before finishing this chapter, we introduce the experimental platform of the qubits utilized
in this thesis: superconducting circuits. As our results are largely platform-agnostic, we
introduce the platform and highlight the ideas relevant to this thesis while pointing to some
of the many existing resources for more thorough treatments [75-78|. In this section, we first
introduce the idea of circuits which require quantum-mechanical descriptions, then discuss

some of the most popular qubits derived from such circuits.

2.4.1 Introduction to Quantum Circuits

Quantum mechanics was initially developed to understand the discrete (or quantized) energy
spectra of atoms: microscopic systems containing only a handful of fundamental particles.
Creating qubits from electronic circuits might seem counter-intuitive for two reasons: a cir-
cuit is a much larger system, comprising (at least) billions of atoms or fundamental particles,
and circuits are conventionally understood with classical electromagnetism (e.g. Kirchoff’s
laws). When does a circuit require a quantum-mechanical description? This is the case when
a circuit (1) has discrete energy levels [37], and (2) the energy levels maintain coherence [79].
Circuits meeting these conditions are referred to as artificial atoms. The field of study
centered around these circuits is known as circuit quantum electrodynamics |75, 80].
An essential ingredient for realizing such circuits is cryogenic temperatures, which
allows circuits made of superconducting materials to avoid conventional dissipation mecha-
nisms associated with thermal fluctuations [81]'. Before proceeding, we must now define the
tools required to write a quantum description of circuits, starting with the Lagrangian and

Hamiltonian formulations of classical mechanics.

IThis requirement shapes the infrastructure of superconducting qubit experiments, comprising dilution
refrigerators which cool samples to the ~ 10 mK temperature scale, and microwave electronics with proper
cryogenic signal conditioning.
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Given a system described by a set of coordinates ¢ = {qo, ¢1, - ,qn }, the Lagrangian

L is a function of the coordinates and their time derivatives (j’ = Z—f which yields the

correct equations of motion of the system from the Euler-Lagrange equations:

d (0L oL
dt (3%) g )

Solving these equations yields a path {{(t), ¢(t)} corresponding to the classical motion
of the system. For non-relativistic systems without electromagnetic fields, the L is

given by the difference in kinetic (7") and potential (U) energies:

L=T-U. (2.70)

Lagrangian mechanics gives us a new interpretation of classical physics: systems
evolve on paths of stationary action: §S = 0, where the action S is the time-
integral of the Lagrangian over a given path and d(-) is the functional derivative of S
with respect to perturbations of the path.

The Lagrangian of a system is related to the Hamiltonian by a Legendre trans-

formation, yielding an equivalent formulation of mechanics:

oL
9g;’

H = Zpiqi — L, where p; = (2.71)

with equations of motion
dg; OH  dp; oOH
o8 O LR _OF (2.72)

The coordinate g; and momentum p; are referred to as conjugate variables, as they
satisfy the Poisson bracket relation {p;, ¢;} = d;; (intuitively, changes in one generate

displacements of the other), where {f,g} =>_, %g—; — %%.
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We can now sketch out the general procedure for writing down the quantum-mechanical

description of a circuit.

1. Get the circuit Lagrangian. This can be approached by writing down Kirchoft’s laws
for the circuit and working backwards, or directly with developed procedures such as

the method of nodes (see e.g. [82]).
2. Get the circuit Hamiltonian by calculating the Legendre transform of the Lagrangian.

3. Promote the Hamiltonian to a quantum operator by promoting the classical conjugate
variables to operators, and replacing the Poisson bracket they satisfy with a commu-

~

tation relation: {q,p} =1 — [§,p| = ¢p — pq = ih [5].

2.4.2 Quantum Circuit Ingredients

In order to write down the Lagrangians for our favorite superconducting qubits, we must
develop the “kinetic” and “potential” energies appearing in Eq. (2.70) associated with circuit
elements. As atoms comprise a small number of constituent particles (electrons, protons, and
neutrons), superconducting artificial atoms analogously comprise a small number of building
blocks: capacitors, inductors, and Josephson junctions. Capacitors and inductors store
energy in the electric and magnetic fields, respectively. The Josephson junction, a circuit
element defined by two superconducting terminals separated by a thin barrier, has a current-
voltage relationship determined by the Josephson equations.

Now, we develop the energies of these elements and establish what is “kinetic” vs “poten-
tial”. First, we define notation for two-terminal circuit elements. The branch voltage is

given by the line integral of the electric field across an element, and the branch current is
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given by the line integral of the magnetic field in a closed path around the element [Fig. 2.7|:

end
V(t) = / E.d. (2.73)

tart

I(t) :f{ B-dl. (2.74)
around

V(t)
/—\
start end
®— clement —@
\—/
I(t)

Figure 2.7: Two-terminal circuit element. Cartoon showing a two-terminal circuit ele-
ment and sign conventions for its associated branch voltage and current, given by Eq. (2.73)
and Eq. (2.74), respectively.

The energy stored in an element at a time ¢ is

B(t) = / VI (2.75)

We can express the energy of any element as a function of either
1. the branch flux ®(t) = [*__V(#)dt’ and its derivative ®(t) = V(t), or
2. the branch charge Q(t) = ffoo I(t")dt' and its derivative Q(t) = I(t).

Picking one or the other choice amounts to treating either the flux ® or charge () as a
“position coordinate” ¢, with conjugate momentum then given by ‘?)—'gf. Both options result
in equivalent physics. Our choice simply determines which energies are termed kinetic or
potential: potential (kinetic) energies are a function of ¢ (¢). We choose (1), consistent with
the convention in our field.

The energy of an element can be derived from its constitutive equation, which specifies

the relationship between current and voltage. We enumerate circuit elements, their consti-
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tutive equations, and associated energies in Table. 2.1. Given our choice (1), energies which
are a function of ® (®) are deemed kinetic (potential).

Table 2.1: Circuit elements and their energies. The Josephson junction stands
apart from classical capacitors and inductors, as the constitutive equations—the Joseph-
son relations—rely on the quantum-mechanical physics of superconductivity. The flux &
across a Josephson junction is related to the collective state of the electrons in the supercon-
ductor (referred to as the Ginzburg-Landau order parameter). In a superconductor, pairs of
electrons form bound states, called Cooper pairs, with charge —2e where —e is the electron
charge. The total flux around a closed superconducting loop is quantized as integer values
of the flux quantum &, = h/2e, with h = 27h.

Element Constitutive Equation Energy

Capacitor QR=CV %0@2

Inductor ®=1LI %@2
Josephson junction | [ = I.sin (27@%), V= % —% cos (27?%)

2.4.3 Classical to Quantum Resonator

We are now ready to consider the most ubiquitous and simple quantum circuit: the LC
oscillator comprising an inductor and capacitor in parallel. Following the procedure outlined
in the previous subsection, we can write the Lagrangian Eq. (2.70) with the circuit element

energies in Table. 2.1, yielding

1 . 1
L=-CP*— —* 2.76
with the canonical momentum p = g—g = C'®, which is simply equal to the charge () for this

circuit. The classical circuit Hamiltonian is then

H=Cd - &L (2.77)
1. 1
= _CP* 4+ —d? 2.
50" + 57 (2.78)
Q2 @2
=4 —, 2.
2C ' 2L (2.79)

This circuit yields equations of motion for Q(¢) and ®(¢) identical to a particle of mass C' on

a spring with stiffness 1/L. Such a system is referred to as a simple harmonic oscillator,
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as the classical motion (derived by solving Eq. (2.72)) is given by sinusoidal oscillations or
“simple harmonic motion” with an angular frequency w =1/ VILC.

Our final step involves promoting the charge and flux from classical coordinates to quan-
tum operators: Q — Q and ® — ®, obeying the commutation relation [Q, H | = ih. We
have now arrived at the quantum Hamiltonian:

R QQ d2

In order to gather insight about the energy level structure of this circuit, we introduce new

coordinates following Dirac’s ladder-operator approach:

Q= —i 2—;@ —a) (2.81)
d = %(a +ah), (2.82)

where Z, = y/L/C is the characteristic impedance of the circuit, and a and a' are the
famous annihilation and creation operators, respectively. We find the famous form of the

quantum harmonic oscillator Hamiltonian,
A i 1
H=hlaa+ 5 . (283)

We draw the circuit and plot the associated potential energy and eigenenergies of the
Hamiltonian in Fig. 2.8. We can understand the eigenstates analytically with clever manip-
ulations of H, a, a', and N = afa. With |n) denoting the eigenstate with the n-th highest

energy (and remembering that the eigenstates of a Hermitian operator yield an orthonormal
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(a) (b)

- Flux ® >

Figure 2.8: LC circuit. (a) Circuit diagram with a capacitor (capacitance C) and inductor
(inductance L) in parallel. (b) The potential energy of the circuit, with the convention of
treating the flux ® as the position coordinate, is given by g (blue). The energy levels (red,

dashed) are equally spaced apart by the resonance frequency of the circuit, iw = A/ LC.

basis), we have

f[|n):h}w(n—l—l) n)
N|n) = n|n)

0 forn=0
aln) =

vnin—=1) forn>0

a'|ny =vn+1|n).

The states {|0),|1),---} are termed the Fock states or number states, with the inter-
pretation that |n) corresponds to a state with n excitations (also called particles). In
our case, the Hamiltonian Eq. (2.83) describes an electromagnetic field, so we call the ex-
citations photons?. We can now appreciate a basic feature of quantum mechanics: bound

states (those with energies in the potential well [Fig. 2.8(b)| have discrete energy levels. In

2Hamiltonians like Eq. (2.83) show up in nearly all fields of physics and the excitations are given names
according to the context. In condensed matter physics, these excitations typically describe the collective
behavior of many constituent particles, and are called collective excitations or quasiparticles. For
example, vibrations in a solid yield a similar Hamiltonian, and the excitations are labelled phonons. Eq. (2.83)
only describes excitations that behave like bosons. In the field of superconducting quantum circuits, the word
quasiparticle is used almost exclusively to denote excitations in the state of the superconductor corresponding
to breaking up Cooper pairs, yielding unpaired electrons: these are fermions, not described by Eq. (2.83).
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our case, |n) corresponds to a state with n photons, and the energy levels have a spacing
given by the energy quantum hAw.

We are close to completing our construction of qubits with superconducting circuits,
as we have found an artificial atom with discrete energy levels. However, to operate the
circuit as a qubit, we need to pick two energy levels that we can selectively address. This is
not possible with the LC circuit considered — the difference between any two energy levels
is not unique since all levels are spaced apart by the same amount. We must change the

Hamiltonian in order to break the harmonic level structure of Eq. (2.83).

Aside on Fluctuations

Before building qubits with circuits, we highlight one additional feature of Eq. (2.83) in the

charge and phase fluctuations of the state with zero photons, |0}, referred to as the vacuum:

D,y = /(O[22[0) = /"2 (2.84)
Qupt = /(0] Q?10) = ,/2—20. (2.85)

The fluctuations are known as zero-point fluctuations or vacuum fluctuations, and are
an essential feature of quantum mechanics®. In the classical description at zero temperature,
such that there are no thermal fluctuations, a particle starting with Q@ = 0, & = 0 will
simply stay at rest. The zero-point fluctuations indicate that, even at zero temperature,
a quantum mechanical system will have a finite variance in measured quantities due to
the nature of the wavefunction. These fluctuations are associated with the Heisenberg
uncertainty principle, which mandates a minimum amount of fluctuations for any two

canonically conjugate observables,

A~ 3t

(@*)(Q*) > —. (2.86)

3Such fluctuations are not physical fluctuations of the system: they correspond to the finite variance of
measured observables from the delocalized nature of the wavefunction.
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One can immediately appreciate that the inequality can be satisfied by suppressing the fluc-
tuations for one observable, while enhancing the fluctuations for the other. States with this
property are termed squeezed [83, 84|. We broadly explore the ideas of such anisotropic

fluctuations and the impact they have on qubit decoherencee in Chapter 7.

2.4.4 Common Superconducting Qubits

Back to the main quest of this section, to realize qubits with superconducting circuits. We
have established that the LC circuit yields a quantum harmonic oscillator with equally-
spaced energy levels. To break that harmonic structure, we can consider adding potential

energies of the system deviating from %. Such a deviation is provided by the Josephson

junction.

We can understand the effective behavior of a Josephson junction in a circuit by noting

dr

7r» and the Josephson junction obeys

that a classical inductor obeys V = L

dl P 2m dd
% = IC COS (277'30> : 5% (287)
Vv
= 2.
I (2.88)
dl
V = Leg - — 2.89
.2 (2.89)

where Leg = , with ¢ = 27%% referred to as the reduced flux. The above equation

o)
2m cos(¢)
tells us that a Josephson junction will behave as an inductor with an effective inductance Lg
which depends on the phase difference (or current) across the junction. The effective energy,
with £y = @20—7{6, is given by E;;(¢) = —E; cos (¢). Expanding the Josephson junction energy
around ¢ = 0, we find
¢* ¢

Ey ) (¢) = —E, (1_?+I+'”)' (2.90)

We see that the Josephson junction gives us an element which behaves as an inductor at
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lowest order, but adds higher-order perturbations to the potential®.

Before detailing the most common qubits of today, we pay homage to the decades-long
history of superconducting qubits [86-89]. From the first experimental landmark of observing
quantum coherence in these systems |37, 79|, the field has flourished and become one of the
leading contenders to realizing quantum computation [90]. Along the way, many qubits have
been invented and experimentally realized. In the rest of this chapter, we offer a concise
overview of the most common superconducting qubits of today which establish the physics

relevant for this thesis, noting that our treatment is far from a comprehensive review.

Charge Qubit

By simply replacing the linear inductor of an LC circuit with with a Josephson junction of
energy F;, we find the circuit corresponding to the first experimentally realized supercon-

ducting qubit: the Cooper-pair box or charge qubit [38, 79|, with Hamiltonian

H =4Ec(n — ny)? — Ejcos(¢). (2.91)

We have introduced the capacitive charging energy Fo = %, the charge operator n = 2Q_€
(which counts the number of excess Cooper pairs on one of the superconducting islands),
and an additional offset-charge n, = C,V, which arises from capacitively coupling a voltage
V, to the circuit. Unfortunately, the first realizations of this circuit suffered from severe

dephasing due to extreme sensitivity of the energy levels to the offset charge.

Transmon

By using a larger shunt capacitor with the charge qubit, moving to the regime E;/FEqc > 1

of the Hamiltonian Eq. (2.91), the offset-charge sensitivity is suppressed. In this regime, we

4In fact, the Josephson energy is only approximated as cos(¢), but in reality contains higher-order cor-
rections referred to as Josephson harmonics which can also affect the energy level structure of supercon-
ducting qubits [85].
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refer to the circuit as a transmon [91]. The transmon displays significantly higher coherence
due to its insensitivity to charge noise.

We can add one more feature by replacing the single Josephson junction with two junc-
tions in parallel, referred to as a DC superconducting quantum interference device
(SQUID) |Fig. 2.9(a)]. Through some algebraic manipulations, we can understand the cir-
cuit as yielding the same Hamiltonian as Eq. (2.91), but now with an effective Josephson
energy F; which depends on flux. We refer to this as a flux-tunable transmon, with
Hamiltonian

H = 4Ech? — Ej(®ey) cos(9), (2.92)

where @ is a flux applied in the DC-SQUID loop (typically supplied with a small solenoid

mounted near the circuit, or an on-chip flux line inductively coupled to the loop), and

(Dex (I)ex
Ej(®ex) = (Ej1 + Ej2) cos (”q) t) \/1 + d? tan? (ch t>. (2.93)

0 0

We have introduced the junction asymmetry d = (E;; — Ejo)/(Ejn + Ejg).

Flux Qubit

Alongside the charge qubit, the flux qubit was developed, comprising a circuit with a small
Josephson junction in parallel with two large Josephson junctions [92, 93]. The eigenstates
of this circuit correspond to superpositions of persistent current states around the JJ loop,
resulting in high sensitivity to applied flux. Early versions of this qubit suffered from issues
in reproducibility and low coherence. These issues were largely solved with the inclusion of

a capacitive shunt, leading to the C-shunt flux qubit [94].

Fluxonium

Although the transmon and C-shunt flux qubits represented significant steps in terms of

coherence over the early-generation charge and flux qubits, advances in the understanding
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of Hamiltonian engineering with circuits has given rise to qubits with improved coherence
and control properties [95, 96]. The current rising star in the superconducting qubit world
is the fluxonium [55], comprising a capacitor, inductor, and Josephson junction in parallel

[Fig. 2.9(c)], yielding the Hamiltonian
. A 1
H = 4FEcn® — E5cos(¢p — Gext) + éEngSQ. (2.94)

We can view this circuit as an extension of the C-shunt flux qubit, with the two large junctions
now replaced with a large junction array realizing an effectively linear inductance. We note
that experimentally, the inductance L usually comprises an array of Josephson junctions,
however so-called “superinductances” made with 2D materials or geometric inductors [97] are
also being explored. At the bias point ¢e = 0.5, also called the flux-frustration point,
typical fluxonium qubit frequencies are less than 1 GHz, and coherence times can readily

reach the millisecond timescale |58, 98, 99]°.

Numerical Treatment

It is only possible to analytically solve for the energy levels of a Hamiltonian in simple cases
such as the LC circuit. As a consequence, numerical tools are generally required to un-
derstand the behavior of more complex circuits. In broad strokes, one must pick a finite
basis, e.g. {]0),]1),---,|N)}, yielding a representation of the Hamiltonian in that basis
H;; = (i| H|j). Diagonalizing the matrix H then yields the energy levels of the Hamilto-
nian H. For superconducting circuits, this is often done by picking either the Fock basis
(eigenvectors of a'a), the charge basis (eigenvectors of 7), or the phase basis (eigenvectors
of (;AS) For a wonderful thorough treatment of circuit numerical diagonalization, we point to
Ref. [78]. From numerical diagonalization of the tunable transmon [Eq. (2.92)] and fluxo-

nium [Eq. (2.94)], we calculate the |0) <> |1) and |1) <> |2) transition energies and plot them

5Operation of a fluxonium circuit at the bias point ¢ey; = k for integer k is also being explored, referred
to as an integer fluxonium qubit [100].
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in Fig. 2.9(b,d), respectively.

Circuit Diagram
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Figure 2.9: Transmon and fluxonium circuits and energy levels. (a) Circuit diagram
of a transmon comprising a capacitor (charging energy F¢) and Josephson junction (energy
Ej) in parallel. The Josephson junction can be replaced by two junctions in parallel (a
DC-SQUID) to yield an equivalent circuit with a flux-tunable Josephson energy E;(®Pex;)
[Eq. (2.93)]. (b) The lowest three circuit Hamiltonian eigenfrequencies corresponding to
states |0) (blue), |1) (red), and |2) (orange), for the tunable transmon circuit with energies
Ec/h = 240MHz, E;;/h = 8 GHz, and E;3/h = 14 GHz. (c) Transition frequencies for
|0) <> [1) (blue) and |1) <+ |2) (red) for the tunable transmon circuit with parameters as
in (b). We highlight the susceptibility of the qubit frequency to external flux by drawing
the slope of the spectrum, 0fy/0Pey at two points on the spectrum. We highlight the
susceptibility of the qubit frequency to external flux by drawing the slope of the spectrum,
0f01/0Pext at two points on the spectrum. (d) Circuit diagram of a fluxonium comprising
a capacitor (charging energy E¢), Josephson junction (energy E;), and inductor (inductive
energy Fp) in parallel. (e) Similar to (b), for the fluxonium circuit with energies E¢/h =
1.3GHz, E;/h = 5.7GHz, E;/h = 0.5GHz. (f) Similar to (c). We highlight the large
anharmonicity, a/h = fi2 — fo1, compared to that of the transmon levels in (c).

2.4.5 Key Qubit Features for this Thesis

Here, we highlight two qubit features which are especially relevant for the experimental

results of this thesis.
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First, we introduce the anharmonicity,

o= E12 — E017 (295)

which tells us how well-separated the ground and first-excited-state transition energy is from
that of the next highest transition. As qubits typically comprise the lowest two energy
levels of a circuit, the anharmonicity gives us a limit on the bandwidth of control pulses.
Exceeding that limit results in populating higher-lying levels outside of the qubit subspace.
For the transmon, /27 ~ —FE¢c ~ —200 MHz. This limits the bandwidth of control pulses
to approximately 27/ &~ 5ns [53, 101]. On the other hand, fluxoniums typically display
a 2 1 GHz. For the results in Chapter 6, we note that the utilization of a fluxonium enabled
the realization of fast gates which were limited by the breakdown of the RWA (pulse time
competing with the qubit Larmor period 27 /wp;) rather than leakage into higher levels (pulse
time competing with 27/«).

Now, we introduce an idea which will become the foundation of the physics we investigate
in Chapter 5. The ability to tune qubit frequency with external flux also results in qubits
being sensitive to fluctuations in that flux, referred to as flux noise. One can elect to utilize
fixed-frequency qubits, however, this places a demanding requirement on the fabrication of
devices which require specific frequency layouts [102]. Flux-tunable qubits, on the other
hand, enable different gate schemes |77, 103] and the dynamic adjustment of frequencies to
avoid material defects [90, 104, 105]. The slope of the qubit frequency as a function of flux

determines (to first order) the sensitivity of the qubit coherence to flux noise. Points where

Owor __
ov

0 are known as sweet-spots®. We will detail the decoherence of qubits from low-
frequency flux noise in the next chapter, and investigations elucidating the physics behind

flux noise in Chapter 5.

6Moreover, one can modulate the flux to create effective dynamical sweet spots [106].
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2.4.6 Dispersive Readout

As the final part of this chapter, we describe the current most common method to perform
readout of a superconducting qubit [103, 107]. The method comprises coupling a qubit to a
far-detuned resonator (or cavity), described by the famous Jaynes-Cummings Hamilto-
nian

H = —hwq% + hw,a'a + hg(a'o_ + aoy), (2.96)

where w, is the frequency of the qubit, w, is the frequency of the resonator, g is the qubit-

cavity coupling, and o4 are the qubit raising and lowering operators, defined by

o4 |0) =11), oy[1)=0 (2.97)

o_|1)=10), o_|0)=0. (2.98)

We interpret the last terms in the parenthesis of Eq. (2.96) as exchanging excitations between
the qubit and resonator”. This interaction arises from direct capacitive coupling [89]. In the
regime of |A| = |w, — w,| > g, we can perform a time-independent unitary transformation

U = eMaor—alo) where A = g/A < 1, yielding

H=UHU' (2.99)

=h +g—2 % 4 haf +g—2 +O(N?) (2.100)
= Wy N a'a | w, AUZ . .

The approximation in small A = g/A is known as the dispersive approximation, and
amounts to operating the qubit and cavity in the far-detuned regime. The first term of

Eq. (2.99) corresponds to the qubit, which has inherited a frequency shift %. This is called

"In general, one will have terms also proportional to simultaneously losing or gaining excitations in both
the qubit and resonator, e.g., ac_ or a'o,. Discarding these terms is also known as the rotating-wave
approximation, and it is analogous to the approximation we discussed, now in the context of a fully quantum
treatment of qubit-light coupling. In such a treatment, the drive electromagnetic field interacts with the
qubit with a Hamiltonian term (o + o4 )(a + af). Such an interaction arises between the electronic states
of an atom and a real-space electromagnetic field.
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the Lamb shift, and arises from the vacuum fluctuations of the resonator. The second term
corresponds to the resonator, which has now inherited a qubit-state-dependent frequency
shift xo1 = %az. This shift is commonly called the dispersive shift, and allows us to
determine the qubit state by probing the resonator [89].

A more thorough calculation including more of the original qubit Hilbert space (beyond

just the two levels we utilize) yields corrections to the dispersive shift. One approaches this

calculation by considering the more complete qubit-resonator Hamiltonian
H= —thi |3) (i| + hw,a'a + hgh(alo_ + a,oy), (2.101)

where the first term represents the qubit in its eigenbasis, and 7 is the charge operator for
the circuit [78]. By labelling eigenstates as |n,m) where the first index denotes the qubit
excitation number and the second denotes the resonator excitation number, the dispersive

shift is generally defined as the shift in the resonator frequency depending on the qubit state:

2X = (wl’mﬂ — wl,m) — (WO,m—l-l — Wo’m). (2102)

Energy level shifts can be computed via perturbation theory, see Ref. [78]. We high-
light that for qubits such as the transmon, the Hamiltonian eigenstates enable relatively
straightforward calculation of the dispersive shift via selection rules, i.e., rules reflecting
which matrix elements (i| 72 |j) are zero or non-zero. This calculation is not as analytically

straightforward for other qubits, such as the fluxonium.

2.5 Summary

We have now completed the first out of two primary background chapters, congratulations!
Before moving on, we emphasize the major ideas covered. First, we introduced some basic

aspects of quantum mechanics including the unitary evolution of a system generated by
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a Hamiltonian operator, and the measurement of a system which modifies its state. We
defined mixed states which must be described by a statistical ensemble represented by a
density operator. We developed the geometry of qubits via the Bloch-sphere picture, with
pure states on the unit sphere and mixed states on the interior, and qubit unitary operations
represented by rotations. We then detailed qubit control via resonant, linearly-polarized
drives, including their breakdown into co- and counter-rotating components and the rotating-
wave approximation for weak, resonant drives. We then highlighted that a qubit irradiated
by a drive field will experience two common frequency shifts: the AC Stark shift and the
Bloch-Seigert shift. Finally, we described the realization of qubits with superconducting
circuits, including the two most common qubits of today, the transmon and fluxonium. In
the next chapter, we will introduce models of decoherence, describing what happens when a

qubit interacts with uncontrolled external degrees of freedom, otherwise known as noise.
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Chapter 3

Noise and Decoherence

In this chapter, we discuss noise and how it degrades the purity of quantum states. We
introduce the idea of noise in Section 3.1, how it is modeled in Section 3.2, and how it affects
qubits in Section 3.3. We introduce a Hamiltonian description of decoherence with analytical
results in the long-time limit in Section 3.4, and present the filter-function formalism of
decoherence from qubit frequency noise in Section 3.5. Finally, we introduce the idea of

noise spectroscopy (utilizing a qubit to map its noise environment) in Section 3.6.

3.1 Noise Introduction

We begin this chapter by posing a deceptively simple question: what is “noise”?

As it turns out, there is no formal answer (comprising a technical definition) to this
question [108]. If you do not believe me, I encourage you to ask a panel of noise experts.
This might seem surprising, as scientists use the term frequently and noise comprises a

central topic in numerous fields of research.
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3.1.1 What is noise?

As there is no formal consensus, we provide a definition which allows the word noise to be
used unambiguously in this thesis. We base our definition on two premises: (1) noise is
associated with randomness (i.e., unpredictability) in a measured signal, and (2) with full
knowledge of a system, there would be no noise, as the evolution of any measured quantity

should be deterministic!.

Noise comprises unpredictable fluctuations in a measured quantity, characterized by a
lack of deterministic reproducibility, but often with well-defined statistical properties

(defined by averaging over an ensemble of nominally identical experiments).

Our definition captures two important aspects of noise. First, noise is defined in asso-
ciation with a quantity under investigation, and is not an intrinsic property of a physical
system. Second, noise is associated with our (partial) ignorance of a physical system, as-
suming that evolution is deterministic. In other words, there would be no noise if we had
full predictive power of a physical system, e.g., by knowing the full system state and the
equations governing its evolution. This idea is closely related to our ability as experimenters
to prepare identical copies of a system for repeated measurements. If we cannot prepare
identical copies, due to uncontrolled (or ignored) degrees of freedom, then the system under
investigation will certainly be subject to noise.

The ability to create identical preparations of a system and control all relevant degrees
of freedom is the foundation on which all experimental science is built. However, we can
already appreciate that noise is an unavoidable part of this foundation — it is (effectively)
impossible to control all degrees of freedom in a real, material system, and so noise will
always accompany experiments. This gives rise to an aesthetic component of experimental

science which is the ability to design experiments that isolate phenomena from noise and

"'We comment on measurement in quantum mechanics in the following paragraphs.
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extract relevant signals as unambiguously as possible.

We also highlight that one can alternatively view noise as the signal of interest, and
study its statistical properties in order to extract information about the physics generating
the fluctuations. One of the most prominent historical examples of this is the study of the
statistics of indistinguishable particles, elucidating quantum interference phenomena with
no classical analogues [109-112|. Another of the most prominent examples is the study of
the cosmic microwave background (CMB) radiation [113], comprising a fingerprint of the
early universe imprinted on the microwave noise observed when looking at the empty sky.
In this thesis, we utilize noise (and the impact of noise on qubit decoherence) as the signal
of interest for two of our major results, in Chapter 5 and Chapter 7.

Before continuing, we draw a line in the sand which the reader may or may not agree with.
We learned that in quantum systems, measurement outcomes are inherently probabilistic
according to Born’s rule. This leads to the question, is randomness of measurement outcomes
from identical experiments something we should call noise? With our definition, the answer
depends on if the probabilistic nature arises from uncontrolled (or perhaps hidden) degrees
of freedom. In fact, it is established that the probabilistic nature of quantum measurements
cannot be a consequence of hidden local degrees of freedom? [114]. Barring the existence
of nonlocal degrees of freedom (which would violate the principle of causality), we argue
that quantum measurement outcomes should not be considered noise, even though they
do constitute a true source of randomness [115]. We choose not to call this randomness
“noise” for the following reason: we can construct full knowledge of a quantum state through
experiments on an ensemble of identical copies of the system. However, we cannot construct
full knowledge of the state of a system containing uncontrolled degrees of freedom which we
cannot prepare identically in an ensemble. Indeed, the term quantum noise is reserved for

a phenomenon distinct from measurement which we will describe in Section 3.2.8.

2For local degrees of freedom, information can only propagate between them at the speed of light, resulting
in the property of Lorentz-invariance which is required by the theory of relativity.
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3.2 Modelling Noise

In this section, we introduce the mathematics necessary to characterize noise at a level useful
for experimental physicists. In broad strokes, the effects of uncontrolled (or ignored) degrees
of freedom on a quantity of interest can often be captured by introducing a random variable
with the correct coupling and statistical properties?®.

As we stated in our definition, noise is generically unpredictable, but commonly has con-
sistent statistical properties, i.e., properties which are defined by averaging over nominally
identical experiments (our ensemble). As we will primarily focus on time-domain noise, let
us make these ideas concrete by studying a noise process 7(t), where ¢ represents time, and
we will take the units of  to be [n] = V. We will treat ¢ as a continuous variable, and
note that analogues for all calculations exist for discrete-time processes (which we will use
in practice, when we can only take measurements at discrete times). Let us now construct
an ensemble of noise processes, i.e., instances of the noise n(t) for N different trials of an

experiment. Our ensemble is given by {ny(t),n(t), -+ ,nn ()}

3.2.1 Omne-point distribution

The most simple properties of noise we can study are the moments of its value at a given
time, given by a probability distribution function p(n,t). As we make our ensemble size
larger, we are guaranteed convergence of the sample properties (computed with N trials) to
the true properties (determined by p(n,t)) from the central-limit theorem.

The mean (average) is given by the first moment,

(n(t)) = lim —Zm /np(mt)dn- (3.1)

Nﬁoo N

The variance (average squared deviation from the mean) is given by the second moment

3The rigorous description of noise developed by mathematicians is given by the theory of stochastic
processes, providing the foundation of the results in this section.
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about the mean:

((n(t) = (n()))?) = (n(t)*) — (n(t))* (3.2)
= lim_ (%ij(w?) - (;gngo %Zﬁnﬂt)) (3.3)
= /n2p(n7t)dn— (/ np(n,t)dn) : (3.4)

The square root of the variance yields the standard deviation, also referred to as the

root-mean-square (RMS) deviation from the mean: /{(n(t) — (n(t)))?).

We won’t provide expressions for higher moments, but will mention for completeness two
more commonly studied properties of the one-point distribution function. The skewness
(cubed deviation about the mean, normalized by the standard deviation) yields information
about the symmetry of the distribution about the mean. The kurtosis (deviation about the
mean, normalized by the standard deviation, to the fourth power) yields information about

the heaviness of the tail of the distribution.

3.2.2 Two-point distribution

The one-point distribution function can tell us much about a noise process, but does not
completely specify it. Indeed, p(n,t) tells us nothing about how the noise at one time is
related to the noise at another, in other words, about the noise dynamics. To this end,
we introduce the two-point distribution function, p(n;,t1;72,t2). We can now define the
autocorrelation function, which tells us how noise at one time is related to noise at

another:

Com(ty, ta) = (n(t)n(te)) = /77177219(771,751;7727?52)d7l2d772- (3.5)

This is the highest-point characterization needed for our work. Before moving on to
simplifying assumptions, we highlight that higher-point distribution functions can completely

characterize a noise process which is continuous in the analytical sense [116].
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3.2.3 Common Assumptions

Now that we have some statistical quantities which give us a handle on noise processes,
we can introduce common, physically-motivated simplifying assumptions which are used in

practice. The first assumption we will introduce is that of a stationary process.

A noise process 7(t) is strict-sense stationary if 7(¢) has the same distribution as
n(t + 7) for all t and 7. This is equivalent to all finite-point distribution functions

being invariant when considering translations in time.

For a stationary noise process, the autocorrelation function (3.5) can be shifted in time

such that t; — 0 and t5 — t5 — ¢;. In this case, we can write

Cy(1) = Cyn(0, 7 =t — 1) = (n(0)n(7)). (3.6)

We define the correlation time 7. as the characteristic timescale on which C,(7) tends to
zero. As it turns out, it is often the case that C,, (1, t2) depends only on the time difference 7
while the full stationary condition is not satisfied, and so a more commonly used assumption
is that of weak- or wide-sense stationary noise, for which the second moment is finite
at all times and the autocorrelation only depends on the difference in times.

The notion of stationary noise is well-motivated physically for thermal fluctuations of
systems in thermodynamic equilibrium. The fluctuations in such systems are described
by the physics of equilibrium statistical mechanics: the distribution of state occupancy
in a system is determined by the system’s microscopic configurations and their associated
energies (referred to as the Boltzmann distribution). So long as the energies of the states
are time-invariant, the thermal fluctuations are stationary.

We now introduce another simplifying assumption, that of Gaussian noise, which is

characterized by all distribution functions taking on a multivariate Gaussian form. In this
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case, the mean and autocorrelation functions entirely characterize the noise process. Gaus-
sian noise is extremely common in practice. We can understand this as a consequence of the
central limit theorem, which tells us that the amplitude distribution of the mean of indepen-
dent random variables will have Gaussian fluctuations about the true mean. For example, a
large number of independent magnetic moments displaying thermal fluctuations will display

an effective net magnetization along a particular axis with Gaussian fluctuations.

3.2.4 Power Spectral Density

The frequency-domain structure of noise can be difficult to appreciate from the autocorrela-
tion function itself. To this end, we now introduce another common noise characterization for
stationary noise processes, the power spectral density (PSD). We begin by introducing

the windowed Fourier transform of a signal 7(t),

T/2

1 iwt
nr(w) = ﬁ /T/2 e"“'n(t)dt. (3.7)

The normalization VT can be understood by recognizing that for 7 >> 7., the integral
represents the final position after a random walk with N = T/, increments of e=“2!(t+At),
which will generically scale as v/T. The normalization prevents divergence of nr(w) in the

limit 7" — oo. The double-sided power spectral density is simply defined as

Sp(w) = Tim {|nr(w)|*), (3.8)

T—o00

such that the average (over both time and noise ensemble) power is given by

T/2 o0
P, = lim l/ |n(t)|2dt:/_ Sp(w)dw, (3.9)

T—00 T —T/2 )

where the second quality utilized Parseval’s theorem. In plain words, S,(w) is the

frequency-density of power. We can re-express S, (w) in terms of the autocorrelation function
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via the Wiener-Khinchin theorem as

$(w) = / " () (0))dr (3.10)

]
[Sn] = (3.11)
Given a PSD, we can work backwards and derive the autocorrelation,

Cy(r) = = /OO e S (w)dow, (3.12)

"~ or

—00

We are now equipped to appreciate some common examples of noise dynamics.

3.2.5 White Noise

The most simple example is noise in the limit of zero correlation time, with

Cunite(T) = Sod(T) (3.13)

Swhite(w) = 507 (3~14)

where 6(t) is the Dirac delta function. This noise is known as white noise, since it has
equal power at all frequencies, analogous to white light comprising all optical frequencies.
White noise is a useful toy model for noise which has significantly shorter correlation time

than relevant experimental timescales.

3.2.6 Quasistatic Noise

Another simple example is noise in the opposite limit, that of infinite correlation time. Such

noise is referred to as quasistatic noise, as it is static during any single experiment, but
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changes experiment-to-experiment. Quasistatic noise is characterized by

Cos(7) = 0° (3.15)

Ses(w) = 20?6 (w). (3.16)

This is useful as a toy model for noise with a correlation time much longer than relevant

experimental timescales.

3.2.7 Exponentially-Correlated Noise

Another example, which is the one we encounter most in practice, that of noise with expo-

nential correlation (of timescale 7.),

Coxp(T) = 027 (3.17)
20°1,
S ———— 1
Sexp (W) T+ @n)? (3.18)

The PSD of exponentially-correlated noise takes the form of a Lorentzian function (also
known as a Cauchy distribution). At low frequencies (w7, < 1), the PSD resembles that
of white noise Sexp(w) o const., and at high frequencies (w7. > 1), the PSD assumes a
power-law decay as Seyp(w) < 1/w?, known as Brown noise®.

A common example of exponentially-correlated noise is the random-telegraph signal
(RTS), comprising a variable 7(t) that randomly toggles between +o and —o with an average
rate A = 1/27.. We plot an ensemble of simulated RTSs in Fig. 3.1(a) and the ensemble
amplitude distribution in Fig. 3.1(b). Assuming that switching events occur independently,

the probability of k switching events occurring in a time interval ¢ is given by the Poisson

4Brown noise takes its name from the random motion (referred to as Brownian motion) of parti-
cles in a fluid, as first studied by Robert Brown [117] and modelled by Bachelier [118], Einstein [3], and
Smoluchowski [119]. The velocity of a particle undergoing Brownian motion is typically modelled as a noise
process with exponential correlation, referred to as an Ornstein-Uhlenbeck process (which is a stationary
Gauss-Markov process).
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distribution,

P(N(t) = k) = %ﬁt (3.19)

We can calculate the autocorrelation function by noting that the product n(7)n(0) will always

have magnitude ||, but will have opposite sign if the total number of events is odd or even:

Crrs(7) = 02[P(N (1) = even) — P(N(7) = odd)] (3.20)
= ogle M (3.21)
= ge7tme, (3.22)

We plot Crrs(7), calculated numerically from the simulated RTS ensemble, in Fig. 3.1(c),
and plot the corresponding PSD in Fig. 3.1(d). Random-telegraph signals are ubiquitous in
real systems. For solid-state technologies in particular, it is common to encounter material
defects which have two stable configurations and toggle randomly between them due to

thermal fluctuations or quantum tunneling [120-122].

Although we have given some commonly encountered autocorrelation functions and
PSDs, we emphasize that these do not entirely characterize a noise process unless
the Gaussian assumption is made. Specifically, distinct noises can have identical
autocorrelation functions (and PSDs). To highlight this, we plot examples of two
different noise processes, with identical dynamical properties but differing amplitude
distributions, in Fig. 3.1. Solely focusing on the PSD, without paying homage to
the amplitude distribution (which mathematician Benoit Mandelbrot referred to as
the geometry of the noise [123|), was the pitfall of the scientific thrust to find a

unifying theory of the infamous noise with S(w) o< 1/w, which we detail in Chapter 4.

83



Time-Domain Ensemble Amplitude Distribution Autocorrelation Power-Spectral Density
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Figure 3.1: Examples of noise and noise characterizations. (a) Ensemble compris-
ing noise instances {n;(t),n:2(t), -} in the time domain, (b) the corresponding one-point
noise amplitude distribution p(n), (c) autocorrelation function (n(7)n(0)), and (d) power-
spectral density S, (w) for a stationary random-telegraph noise (RTS). (e-h) Same as (a-d)
for Gaussian-distributed noise. We highlight the distinct impression left by comparing the
time-domain ensembles of (a) and (e), despite the identical dynamical characterizations.

3.2.8 Classical vs. Quantum Noise

So far, we have considered real-valued noise processes (n(t) € R). For real-valued noise
processes that are stationary, the correlation function is real and symmetric in time: C,(7) =

C,(—7) € R (in other words, C,(7) is even). As a consequence, the PSD is real and symmetric

84



in frequency®:

Sy(w) = /TOO e“TCy(T)dr (3.23)

T=—00

= / T e N0 (—7)d(—T) (3.24)

T=00

= S(~w). (3.25)
The feature of 7(t) on which the frequency symmetry of S, (w) relies is

(In(t1), n(t2)]) = ((t1)n(tz) — n(t2)n(t1)) = 0. (3.26)

In words, the noise commutes with itself at different times such that for stationary noise,
the autocorrelation is symmetric. We will denote noise with this property classical noise.

This inspires the following question: what if we consider a noise process which no longer
commutes with itself at different times? We will call this quantum noise. Since both real
and imaginary numbers are commutative, we cannot create this behavior by simply consid-
ering complex 7(t). Instead, we take inspiration from the algebra of conjugate operators in

a Hilbert space. As a toy example, we can consider the autocorrelation of o, for a qubit,

Co, (1) = {02,11(7)02,1(0)), (3.27)

where () now represents the quantum expectation value, and o, g(t) represents the o,

operator in the Heisenberg picture of quantum mechanics, defined below.

®One can also see this from Eq. (3.8), noting that the Fourier transform of a real-valued function will
satisfy 7(w)* = n(—w) such that |n(w)[* = n(w)n(w)* = n(w)n(-w).
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In Chapter 2, we described the dynamics of quantum mechanics with a time-dependent
state vector |¥(¢)) obeying the Schrodinger equation (referred to as the Schrédinger
picture). An alternative, equivalent formulation is given by utilizing a constant state

vector |¥(0)) and evolving operators, e.g. Ay, in time according to

dAn(t) _ i

g = [Ha (), A ()] + (MS)H . (3.28)

ot

Operators in the Heisenberg picture are related to those in the Schrodinger picture by
Ag(t) = U(t)TAs(t)U(t), where U(t) is the time-evolution operator determined by the

system Hamiltonian. Operator expectation values are given by

(A)(#) = ()] As(t) |9 (2)) = (V(0)] Ar () [¥(0)) - (3.29)

We can re-cast the correlator Eq. (3.27) in the more familiar Schrodinger picture as

C,. (1) = (U (1)o,U(1)0,). (3.30)

two,t)2

For a qubit with Hamiltonian H = —%¢_, we have U(t) = e , and we find

C,, (1) = (02) cos(wT) + (0,0,) sin(wT) (3.31)

The first term is real, as 02 = I. However, the second term becomes complex, as 0,0, = ic,.
This term is zero when the qubit is in the maximally mixed state, but non-zero when the
qubit has some polarization (o,) # 0 (i.e., if the qubit displays more population in either
the ground or excited states).

To make this concrete, we can calculate the expectation value assuming the qubit is in

thermal equilibrium with an environment at temperature 7', described by a density matrix
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from equilibrium statistical mechanics,

1 6Bhw/2 0
pP= eﬁfw/2 +€7ﬁfw/2

3.32
0 e—ﬁﬁw/Q ( )

where = 1/kgT, and kg is Boltzmann’s constant. Without giving a more formal intro-
duction to statistical mechanics, we can appreciate that this density matrix has some core
features: (1) there is no phase coherence, as it is washed away by thermal fluctuations, (2)
at infinite temperature (kg1 /fuw — 00), we find equal populations in |0) and |1), and (3) at
zero temperature (kT /hw — 0), we find population residing solely in the ground state |0)°.
Calculating Eq. (3.30), we find

Cyl(1) = cos(wT) — i tanh (2Z:T> sin(wT). (3.33)

In the infinite-temperature limit, we see C7°°(7) — cos(wr), yielding a real, symmetric
correlation function, consistent with our notion of “classical” noise. In the zero-temperature
limit, we instead see CI7%(7) — ™7, yielding an imaginary correlation function! The

complex nature of C, (7) will generically yield asymmetry in the power spectral density:

So, (W) # So, (—w).

Aside: Classical Generation of Quantum Noise?

Here, we pose a potentially interesting idea poking at the nature of quantum noise. So far,
we have constructed an example of quantum noise which is not quite noise, i.e., it is an

autocorrelation function of the transverse dynamics of a qubit Larmor precessing. Let us

6The probability of finding a system in a state with a particular energy when in thermal equilibrium with
a bath is one of the foundational results of statistical mechanics as first described by Ludwig Boltzmann.
This so-called Boltzmann distribution can be derived by considering the distribution that maximizes
entropy, which ties statistical mechanics to information theory.
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instead consider two noise processes which can drive o, and o, independently:

N(t) = m(t)ow +my(t)oy, (3.34)

where 7,,,(t) are real numbers. The autocorrelation of our operator-valued noise process is

given by
Cy(7) = (7(7)n(0)) (3.35)
= ((Ne(T)oz + ny(7)0y) (12(0) 0 + 1, (0)0)) (3.36)
= ([0 (O)n2(0) + 1y )1y (0)] - I + [0 (7)ny (0) — 1y (T)11(0)] - 02) (3.37)
= Cy, (1) + Cy, (1) + i{[0:(7)7, (0) — 1, (T)1(0)]02) (3.38)
where we have used ¢? = I, 0,0y = i0,, and 0,0, = —io,. Assuming that 7,,,(7) are

stationary and uncorrelated, the imaginary term vanishes. If instead we consider only 7, (7)
stationary with (n,(7)) # 0 and (n,(7)) = AT, we can see the imaginary term can be finite.
However, we note that the PSD is only well defined for noise which is stationary, and so we
have waded into muddy mathematical waters. Regardless, we wonder if playing with the
correlations between 7, (7) and 7,(7) and introducing non-stationary noise processes might

lead to interesting qubit physics.

3.3 Qubit Decoherence from Noise

Now that we are familiar with the idea of noise, we can study its influence on qubits. First,

we establish the case of unitary evolution. For a qubit with initial density matrix p(0),
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evolved with unitary time-evolution operator U, the state purity will evolve as

tr(p(t)?) = tr(Up(0)U'Up(0)UT) (3.39)
= tr(Up(0)*UT) (3.40)
= tr(p(0)?), (3.41)

where we used the cyclic property of the trace for the last equality. The result is simple:
unitary evolution preserves the purity of a state. Therefore, decoherence results from non-
unitary evolution of the qubit. Effective non-unitary evolution arises when a system interacts
with an environment. The study of quantum systems coupled to environments (i.e, open
quantum systems), has a rich history with significant literature [68, 124].

Our treatment of decoherence will focus on the Hamiltonian

hew
H = —=Co.+ Hy(t), (3.42)

where H,(t) is a time-dependent noise term of the form

Hy(t) 1

A = 5 [771 (t>am + ny<t)0y + 1 (Zf)O'Z] : (343>

We will refer to the associated PSD of 7,(t) as S, (w) for a € {x,y, z}. In general, these noise
processes correspond to operators acting on degrees of freedom outside of the qubit subspace
(the environment), and their statistical properties depend on the environment’s structure
and dynamics. When the environment is at sufficiently high temperature, the noises can be
treated as classical stochastic processes [125].

Although Eq. (3.43) invokes a feeling of symmetry between noise coupled along different
Bloch-sphere axes, the symmetry is broken by the quantization axis of the qubit. Due to the
qubit Larmor precession, the decays of (0.) (related to eigenstate populations) and (o, /)

(related to phase coherence) are distinct.
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3.3.1 Population Decay: T}

The decay of eigenstate populations (pgo and pq1) is referred to as longitudinal relaxation,
as it corresponds to depolarization of the Bloch vector along the Z axis. The timescale
associated with this decay is referred to as T;. The Bloch sphere gives us an intuitive
picture: depolarization along Z arises from transverse noise that couples to the qubit via
o, or o, [Fig. 3.2(a)]. Processes that affect state populations (i.e., T} processes) change
the expectation value of the state energy (H) = tr(pH), and are therefore a consequence of
energy exchange between a qubit and its environment.

We can gain further insight by considering the simple scenario of an initial state |¥¢) = |1)
and noise purely along o, (1,(t) = 7.(t) = 0). Assuming a small noise amplitude relative
to the qubit frequency, application of time-dependent perturbation theory yields a rate of

population transfer from [1) — |0) [125-127]"

_o[opw) P 1
Ly= =g o = 150(w). (3.44)

In deriving Eq. (3.44), no assumption on the commutation of n(t) at different times is used,
so one must keep careful track of the ordering of 7n,(t) and 7,(0). The same analysis for
|Wy) = |0) yields population transfer from |0) — |1) with rate

1

Dy = 350(~w). (3.45)

Our first insight is that T} processes rely on transverse noise power at the qubit frequency.
This can be understood geometrically: in the frame co-rotating with the qubit such that the

zero-noise dynamics are trivial (the qubit stays still), |0) <» |1) transitions arise from the &

"This expression is a simple example of Fermi’s golden rule, which tells us that the transition rate
from an eigenstate i to a state f is given, to first order, by I';,s o | (f|H,li) |2S,(w), where H, is the
perturbing Hamiltonian and S,(w = (E; — E;)/h) is the noise power spectrum at the transition frequency.
The environmental (and generally quantum) PSD at a frequency w is related to the density of environmental
states with energy hAw by the Lehmann representation.
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and ¢ noise components that are static in the rotating frame such that they will not average
to zero. A static transverse noise component in the rotating frame oscillates at frequency w

in the lab frame.

Energy Relaxation and Absorption

Our second insight is that Eq. (3.44) and Eq. (3.45) give us an interpretation of the en-
vironmental PSD at positive and negative frequencies. Positive frequencies (S,(w > 0))
correspond to energy flowing from the qubit to the environment, known as energy relax-
ation or spontaneous emission, associated with transition |1) — |0) and rate I';. Negative
frequencies (S, (w < 0)) instead describe energy flowing from the environment to the qubit,
known as absorption or heating, with associated transition |0) — |1) and rate I'y. We
highlight that I'y and I') need not be equal: if we consider noise defined by a quantum op-
erator 7(t) acting on external bath degrees of freedom, we can encounter asymmetric PSDs
(Sj(w) # Sj(—w)) as introduced in Section 3.2.8.

The ratio of I'y and I') can be determined in thermal equilibrium when qubit populations

reach a steady state such that the principle of detailed balance is satisfied, yielding
0= Fipl — FTPO' (346)

For an environment at temperature 7', recalling the thermal-equilibrium density matrix

Eq. (3.32), solving Eq. (3.46) for the ratio results in

r
Lt he/ksT (3.47)

In the case of zero temperature, 7' — 0, we find I'y — 0: the environment acts as a
quantum noise source, and the qubit relaxes to its ground state |0). For qubits which
operate at frequencies such that fuv > kT, relaxation to |0) comprises a convenient method

for state preparation, commonly used for high-frequency superconducting qubits such as the
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transmon. In the opposite case of T' — oo, we find I'y = I'}: the environment acts a classical
noise source, and the qubit equilibrates to the center of the Bloch sphere. In this limit, the

environment can be treated as a classical (real-valued) stochastic process [125].

3.3.2 Phase-Coherence Decay: T5

The timescale associated with the decay of the coherence amplitude |pg;| = M

, corre-
sponding to the XY-plane length of the Bloch vector, is referred to as T5. Phase-coherence
decay is referred to as transverse relaxation, and is generated by longitudinal noise that
couples to the qubit via o, [Fig. 3.2(b)|, along with 7} processes. For example, relaxation
to the pure state |0) from any initial state with pg; # 0 necessarily results in pg; — 0. In
order to distinguish between T} and T5 processes, it is therefore necessary to introduce a new
timescale T,, referred to as the pure-dephasing time, which reflects the decay of |pgi| in
the absence of T7 processes (i.e., without transversal noise).

Here we develop a geometric understanding of the relevant frequencies of transverse and
longitudinal noise for T, processes. We will find that, in contrast to T} processes, T, processes
do not just rely on noise at the qubit frequency. For clarity (and without loss of generality),
let’s consider the relaxation of (o,). The relaxation arises from noise which is static in the
co-rotating frame such that it does not average to zero. Since 2 is the same in the lab and
rotating frames, the static (and generally low-frequency) component of noise along 2 will
cause transverse relaxation. We will study these dynamics in Section 3.5. In contrast, the

orthogonal transverse noise (along o,) at frequency w will cause transverse relaxation, as

this is the component which is static in the rotating frame.

3.4 Decoherence in the Long-Time Limit

In this section, we will introduce analytical results giving us a more rigorous handle on qubit

transverse and longitudinal relaxation from noise. First, we emphasize that there are many
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longitudinal noise
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A transverse noise

Figure 3.2: Bloch-sphere picture of decoherence from transverse and longitudinal
noise. Final states represent the result of noise-ensemble-averaged dynamics. (a) Transverse
noise, coupled to a qubit via o, or o, gives rise to relaxation of the Bloch vector along the
Z axis (longitudinal relaxation). The timescale associated with longitudinal relaxation is 7;.
(b) Longitudinal noise, coupled via o,, generates relaxation in the Bloch-sphere XY plane,
(transverse relaxation). In this panel, we draw the Bloch sphere in the frame co-rotating
with the qubit, enabling visualization of the qubit dynamics without Larmor precession. The
timescale associated with transverse relaxation is 7.

models used to describe qubit decoherence. The most simple description is given by the
Bloch equations [128|, comprising differential equations for each Bloch-vector component.
The Bloch equations utilize phenomenological longitudinal and transverse relaxation times 7T
and Ty, respectively. These equations, though historically introduced without a microscopic
theory, can be derived from more complete descriptions of qubit reduced-density matrix
dynamics (referred to as quantum master equations [129]) for systems comprising a
qubit coupled to a quantum environment.

To appreciate the results of this thesis (specifically those of Chapter 5 and Chapter 7),
it suffices to begin our rigorous understanding of decoherence through the Bloch equations
associated with the Hamiltonian Eq. (3.42). Analytical results are straightforward for long
times t > 7. where 7. is the correlation time for all noise processes 1,(t) for o € {z,y, z}.
In this limit, the dynamics are given by the Bloch-Wangsness-Redfield theory (see p.
187 of Ref. [125], or Section 5.11 of Ref. [70]), with

W) 2 % (F) — —{0.)2 — = (00 — = (03} (3.48)
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where the relaxation rates are given by

=1 2 [5uw) + Sa(-w) (3.49)
1 1 ' 1
7 = 11506+ Sy + 55.(0) (3.50)
1 1 1
T [Se(w) + Sa(—w)] + 59:(0). (3.51)

This result confirms the geometric intuition we introduced in Section 3.3. Specifically,
T processes comprise transverse (& and ) noise at the qubit frequency, and T, processes
comprise both transverse noise at the qubit frequency and longitudinal (£) noise at low
frequencies (in this case, zero frequency due to the long-time dynamics considered).

In addition, the above equations give us a quantitative handle on the pure-dephasing

time T,,. Letting 7 = 3 (%T - ﬁ)? we find

11 1
I 52
T, 20y T, (3:52)

where 7% = 15.(0). Eq. (3.52) tells us that, in the absence of longitudinal noise (S (w) — 0),
the characteristic dephasing time is 75 = 27. This is referred to as T}-limited dephasing®.
Now that we have established an understanding of 77 and 75 in the short-correlation-time

limit, we will develop a more fine-grained picture of pure dephasing in the case that 7. is

comparable to or longer than the dynamics of interest.

Preview: Anisotropic Transverse Noise

Before moving on, we note that S;(w) and S,(w) need not be equal. For example, super-
conducting qubit noise sources are often associated with defects that couple to circuits via

either charge (e.g., two-level systems with a transition electric-dipole moment [122]) or flux

8T -limited dephasing is routinely achieved with superconducting qubits that are insensitive to external

flux or operated at a flux-bias point such that % = 0, referred to as a sweetspot [Fig. 2.9].

ext
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(e.g., dangling bonds or surface spins with a magnetic moment [121]). Due to the canoni-
cally conjugate nature of flux and charge in circuit QED, the corresponding flux and charge
operators will always correspond to orthogonal Bloch-sphere axes when considering a qubit
subspace. This leads to an interesting possibility: transverse noise may be anisotropic (not
distributed symmetrically in the Bloch-sphere XY plane).

We explore the dynamical signatures of such anisotropy in the decoherence of supercon-
ducting qubits in Chapter 7. Here, we give a small preview by noting that Eq. (3.48) results

in the phase-coherence relaxation [70]

dlpor] _ |poi <0082(wt+¢) N Siﬂ?(“’”(b)) (3.53)

dt 2 Toy Ty,

where ¢ is determined by the initial qubit state. When S,(w) = Sy (w), To, = T3, = T> and

Eq. (3.53) simplifies compactly to

d|po1 |pou|
Sx(w) = Sy(”) — d;)l = - 7(-],21 . (3.54)

If instead S, (w) # Sy (w), we expect decoherence dynamics with an oscillatory component

of frequency 2w. For example, in the limiting case Sy(w) = 0 (T3, — o0), we find

dlpor| _ lpo]
di AT,

Sy(w) =0— (14 cos[2(wt + ¢)]) . (3.55)

Geometrically, we can understand these 2w dynamics by noting that noise along a particular
axis will not affect qubit states that are aligned or anti-aligned with that axis, but will
only generate rotations in qubit states orthogonal to that axis. As a consequence, the qubit
Larmor precession will lead to decoherence which is modulated every half-Larmor period (the
time needed for the Bloch vector to re-align with the noise axis), corresponding to frequency
2w. We report on the observation of such dynamics and their dependence on the noise PSD,

anisotropy, and lab-frame orientation in Chapter 7.
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3.5 Filter-Function Formalism for Pure Dephasing

In this section, we introduce the filter-function formalism of qubit dephasing, which
will give us a rigorous handle on how pure-dephasing noise gives rise to decoherence and
how control can be leveraged to mitigate this decoherence. The intuition developed in this
section will enable us to appreciate the experimental results of Chapter 5. Specifically, we
will derive an expression for the phase-coherence decay of a qubit subject to pure-dephasing

noise, corresponding to the bare system Hamiltonian

H= g (wo +1n(t)) 0. (3.56)

We will study the decay of the coherence amplitude

ol = Kl = [ (5], (357)

which corresponds to the transverse (XY-plane) length of the Bloch vector. When there is
no well-defined relative phase between |0) and |1), we have |pp;| = 0, and in a pure state
along the Bloch-sphere equator, we have |pg;| = % In addition to the bare Hamiltonian of
Eq. (3.56), we will generalize our calculation to account for deliberately-applied m-pulses,
which will enable us to adjust the sensitivity of the qubit to certain bands of noise, in a
process known as dynamical decoupling [103, 125, 130, 131].

To start the calculation, our goal is to determine an expression for

P01 (8)] = [{po1s ()] (3.58)

where pg1, is the coherence element of the density matrix calculated with a particular noise

instance, and (-) represents the noise-ensemble average. Time-evolution by the Schrodinger
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equation yields

palt) = Uy(1)p(0)U} (1), (3.59)

where U, (t) is the time-evolution operator

U, (t) = exp [— .

l

/O "H(Y) dt’] (3.60)
— exp [—%az /0 o+ 0(0) dt’} | (3.61)

The coherence decay, Eq. (3.58), can be expressed as

por(8)] = [{t [T, (DpOT)])] (3.62)

Now, we introduce a critical feature of this calculation: the application of instantaneous
m-pulses, which effectively modulate the sign of the phase accrued by the qubit. To make this
concrete, we first note that the unitary evolution for a Hamiltonian which is only proportional
to o, is given by U(t) = e7*()7= with real-valued phase ¢(t). Considering the evolution for
two consecutive time intervals, 0 < ¢t < 1, and t; < t < 9, we can write their respective
unitary evolutions as U' = e~ 19 and U? = e~29:. The total evolution from t = 0 to
t =ty takes the form

U2U1 — e*i¢20ze*i¢laz — e*i(¢2+¢1)0z. (363)

If we instead interrupt the evolution with a 7-pulse instantaneously at t;, where the unitary

—ioe /2T

evolution of the w-pulse is given by U, = e —i0,, we have

UULU = e7129: (—jg, )e 919 = —je~i(¢2791)0= (3.64)

We can see that the total phase accrued by the qubit is now given by the difference (¢o — 1),
due to the flipping of the qubit at ¢;. In reality, m-pulses cannot be made instantaneous,

but this is a good approximation so long as the m-pulse is fast with respect to the noise
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correlation time?.

Now, we extend this idea to find the evolution of the qubit under a series of N w-pulses
at times t1,--- ,ty. It is convenient to define a modulation function s(¢) which switches
between +1 and -1 at each ¢; to capture the modulation of the phase. Letting U® be the

evolution from t; 4 to t;, to = 0, and ¢y, = t, the qubit evolves with

U,(t) = U OUY - ULU,) (3.65)
= (—i)Nexp [—%az i /t - s(t)[wo + n(t)] dt’] (3.66)
= (—i)Vexp [—%02/0 s(t")[wo + n(t")] dt’] : (3.67)

Calculating the coherence amplitude with noise realization 7(t) then yields

porn(8) = tx [0, Uy (D (O (1)] (3.68)
= tr [UN()U] (t)o4p(0)] (3.69)
— (—i)Nexp [—z' / () + ()] de | tr (o4 p(0)] (3.70)

where we have used o,e™"7: = ¢/*’*g, such that o,.U,(t) = Ul(t)o,. for the equality in the
second line. Assuming a state prepared on the Bloch-sphere equator, tr o, p(0)] = % The
bare qubit frequency wg will lead to a phase prefactor which does not depend on the noise.
When the magnitude of the noise-averaged coherence is taken, this prefactor, along with the

(—4)?N, will vanish. With the total accumulated phase

X, (t) = /0 st (3.71)

We further note that during driven evolution (during pulses), qubit coherence becomes particularly
sensitive to pure-dephasing noise at the Rabi frequency, although we ignore these effects here [132].
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we find that

|por (1)] = % |[(e7 )] (3.72)

In order to proceed in our calculation, we must now make assumptions about the am-
plitude distribution of n(¢)'°. This calculation becomes particularly straightforward when
assuming Gaussian-distributed noise. As described in Section 3.2.3, we can justify this as-
sumption when 7(t) comprises the sum over many independent degrees of freedom, thanks

to the central-limit theorem [125|. For Gaussian-distributed noise, we find

(0] = %e—;(xn<t)2>_ (3.73)

N | —

lpor(t)] =

Now we introduce the filter function which describes the modulation function in the

frequency domain,

F(t,w) = wQ/ dt's(t')/o dt"s(t") cos(w(t’ —t")) (3.74)

(3.75)

With F(t,w), we arrive at a convenient expression for the normalized coherence decay W (t):

_ pa@®)] o x(0)

W= o = (3:78)
X(t):% /0 S(w)™ E’:’;") . (3.77)

The central result of this calculation is the coherence function x(t), which determines
the decay envelope for Gaussian-distributed dephasing noise with a power spectrum S(w)
under a particular control sequence with corresponding filter function F'(¢,w). Dephasing is

determined by the frequency-domain overlap of S(w) and F(¢,w).

10We offer the friendly reminder that assumptions about the amplitude distribution do not determine the
dynamics of the noise Cy (7).
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3.5.1 White Noise

Before describing some typical experiments with different filter functions, we note that

Eq. (3.77) simplifies greatly in the case of white noise with Synite(w) = So:

So [ F(t,w
Xahie() = = / <w2 ) & (3.78)
0
SO ' iy | L = iw(t =)
=5 . dt s(t )/0 dt"s(t") lé/ooe dw (3.79)
t
520 dt's(t) / dt"s(t")6(t' — 1) (3.80)
O 0
E;O dt's(t')? (3.81)
0
Sot
=5 (3.82)

For white noise, the coherence decays exponentially in time as Wipite(t) = e 1¢ where I' = %,

no matter which pulse sequence is applied.

3.5.2 Quasistatic Noise

In the opposite limit of only shot-to-shot fluctuations, Sqs(w) = 2re?d(w), and

t t 1 & . ’ 1
Xas(t) :202/0 dt’s(t’)/o dt"s(t") [5/ 8(w)e™ =" duw (3.83)

e
2

=0’ { /0 t dt’s(t’)} : (3.84)

We have uncovered an important feature: the coherence decay depends on the experiment
being performed. This is generally the case when qubit dephasing is dominated by low-
frequency noise. Now, we will introduce the main experiments performed to probe low-

frequency dephasing noise.
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3.5.3 Ramsey Experiment

The most simple case is that of no w-pulses, referred to as a Ramsey or free-induction

decay experiment [133|. In this case, we have

sp(t) =1 (3.85)

Fr(T,w) = 2sin? (-) : (3.86)

We plot the modulation and filter functions in Fig. 3.3(a,b) in blue. For quasistatic noise,
Eq. (3.84) simplifies to Wg_4(t) = e, comprising a Gaussian decay envelope [Fig. 3.3(c)].
This is a generic feature of the coherence decay when the noise correlation time is much longer

than the experiment duration.

3.5.4 Echo Experiment

The next most simple case is that of one m-pulse in the middle of the qubit evolution, referred

to as a Hahn (or spin) echo [134]. For an experiment of total length 7', we have

1 t<%
su(t) = (3.87)
-1 t>1
T
Fp(T,w) = $sin’ (MT) . (3.88)

We plot the modulation and filter functions in Fig. 3.3(a,b) in red. For an Echo experiment,
Eq. (3.84) simplifies to Wg, s(f) = 1. This represents another important result: an echo
sequence is impervious to zero-frequency noise. However, noise will seldom (if ever) be
perfectly quasistatic in practice, and noise with power at intermediate frequencies compared

to the experiment duration will lead to decoherence during echo experiments.
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3.5.5 Higher-Order Sequences

In general, more m-pulses can be added in equally-spaced intervals, yielding filter functions
which are concentrated at higher frequencies. With N total m-pulses and 7 = T//(2N), these

sequences typically take the form

/

1 t<r1
-1 7<t<3r

sn(t) =491 37 <t<bT (3.89)

(DY @N - <t
Fn(T,w) = 2sin? (g) {1 — sec? <%)} : (3.90)

We plot an example modulation and filter function for N = 2 in Fig. 3.3(a,b) in orange.
In practice, nonidealities in the rotation (e.g., from a slightly miscalibrated amplitude or
frequency) can be addressed by choosing specific sequences of rotating about & or g such as
the Carr-Purcell-Meiboom-Gill (CPMG) sequence [135] (initial and final 7/2 pulses about
Z with all 7-pulses about ¢), or XY sequences (initial and final 7/2 pulses about & with
m-pulses alternating between & and 7).

We plot modulation, filter, and coherence decay functions for a few different experiments

and noise power spectra in Fig. 3.3.

3.5.6 Dynamical Decoupling

From the prior subsections, we can conclude that adding m-pulses can decouple a qubit from
low-frequency noise [103, 125, 130, 131]. This idea can be leveraged when the dephasing-
noise correlation time is longer than an experiment duration, and represents an important

technique when utilizing qubits that are especially susceptible to low-frequency dephasing
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Figure 3.3: Dephasing from longitudinal noise. (a) Ramsey (free-induction-decay),
echo, and 2-pulse modulation functions s(¢) over an experiment of duration 7', offset for
clarity. (b) Corresponding filter functions F(f,w)/w? for the modulations given in (a).
Frequencies on the = axis are given in units of the total experiment time 7. The Ramsey
filter function is most sensitive to noise at w = 0, and reaches minima when the period of the
noise 27 /w is an integer multiple of the experiment time 7. Sequences with more pulses are
susceptible (immune) to higher-frequency (lower-frequency) noise. (c) Coherence decays for
various modulation functions and noise power spectra. For white noise, S, (w) = wp, yielding
an exponential coherence decay for all pulse sequences. For 1/ f noise, S/ f(w > wp) = wj /w
and Sy/r(w < wg) = wy. This low-frequency noise is suppressed by higher-order sequences,
which can be seen in the extended coherence of the orange and pink traces.

noise. Such noise is pervasive in experimental platforms, although the details of noise depend
on platform-specific physics. We highlight the examples of flux-tunable superconducting

qubits [67] and color-center defects surrounded by nuclear- and electron-spin baths [136].

3.6 Noise Spectroscopy

Noise is typically viewed as the enemy of quantum information experiments, as quantum
interference effects rely on phase coherence which noise degrades. However, one can embrace
the opposite perspective, that of utilizing qubits as sensors of their environment [137]. The
field of study based on this perspective is referred to as quantum sensing. In this section, we

embrace this perspective, and explore the problem of mapping a qubit’s noise environment via
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different qubit-centric experiments. The process of reconstructing the noise power-spectral
density is known as noise spectroscopy. We emphasize that different noise spectroscopy
protocols must be used to reconstruct the PSDs for different types of noise (longitudinal
or transverse, in different frequency ranges), and refer to Table 1 of [132] for a helpful
summary of various techniques and their applicability. In this section, we introduce some
common noise-spectroscopy techniques including those utilized for the results of Chapter 5.

For clarity, we refer to the PSD of longitudinal noise as S, (w) and transverse noise as S, (w).

3.6.1 Dynamical Decoupling

As we have seen in Section 3.5, the dephasing of a qubit is dictated by the frequency-domain
overlap of the dephasing-noise PSD and a filter function associated with the experiment
being conducted, as given by Eq. (3.77). Instead of specifying the experiment and noise
statistics to determine the coherence decay, one can also leverage Eq. (3.77) for the reverse
problem: given several measured coherence decays for different pulse sequences, reconstruct
the dephasing-noise PSD S.(w) [67]. The broad methodology is as follows: (1) perform
N-pulse dynamical-decoupling sequences while varying N in order to make the coherence
function x(t) sensitive to different frequency bands of the noise, and (2) knowing x(¢) and

Fn(t,w), solve the inverse equation of Eq. (3.77) for S, (w).

Aside: Dynamical Decoupling as an Anisotropic Noise Probe

Here we propose a potentially interesting extension of dynamical decoupling which might
help to measure the anisotropy of lab-frame transverse noise as discussed in Section 3.4
and reported on in Chapter 7. Typically, dynamical decoupling relies on the application of
m-pulses which are fast (approximated as instantaneous) with respect to the free-evolution
times 7 during which noise decoheres a qubit. Dynamical decoupling is typically used to sense
pure dephasing (0,) noise. Since such noise affects all superposition states equally, having

long free-precession times (7 > 7, where 77, is the qubit Larmor period) helps increase the
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signal, although we note that in this case, the qubit in the lab frame spends equal time in
all quadrants of the Bloch-sphere XY plane. The m-pulses only need to be fast with respect
to 7 > 71, and the qubit spending equal time in all parts of the Bloch-sphere XY plane is
irrelevant to the dephasing dynamics.

Instead, we propose the following scheme, which utilizes dynamical decoupling pulse
sequences with the aim of measuring anisotropic transverse noise. For decoherence to be
sensitive to the anisotropy of the noise, we must devise a way to keep the qubit primarily
oriented along one Bloch-sphere transverse axis. Our idea is as follows. First, prepare a
qubit along a transverse axis of interest. Then, apply fast m-pulses with a center-to-center
spacing of < 7;/4. Finally, project the qubit back to the Z axis for readout. By applying
the dynamical-decoupling pulses at a spacing < 71/4, the qubit will primarily spend its
time oriented along a particular lab-frame axis. We illustrate this proposal in Fig. 3.4.
One can then perform this experiment as a function of initial lab-frame state, and explore
anisotropy of the lab-frame transverse noise. One major difficulty of this proposed scheme is
the realization of control 7-pulses which are less than 77,/4 in duration. This protocol may

serve as a lab-frame analog to spin-locking, which we will discuss in Section 3.6.5.

(a) State Preparation (b) Dynamical Decoupling [1.-2.-3.]"

initial state
e
3. wait 7

, . 2. fast m-pulse
! transverse noise

(y-relaxation)

Figure 3.4: Proposal for fast dynamical decoupling to probe transverse noise
anisotropy. (a) An initial qubit state along a Bloch-sphere transverse axis is prepared,
and subject to anisotropic transverse noise applied along an orthogonal axis. (b) Dynamical
decoupling pulses are applied such that the qubit decoheres while mostly oriented within a
subsection of the Bloch-sphere XY plane. By varying the initial state, one can then probe
the anisotropy of lab-frame transverse noise.
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To get a better handle on the required timescale for the control pulses, we can explore
a simple metric that will tell us if the qubit spends more time aligned with & or y. We will
look at the difference between the integrated, squared component of the Bloch vector along

2 (X?) and § (Y?). Recalling Eq. (2.25), we find

T 47t 4
wz/c@(l)ﬁﬂ+zm(1g (3.91)
. TI 4 I,

T 47t 4
wz/ﬂﬁclymﬁ_zm(iq (3.99)
. TL 41 TI,

4
X2 -y?= Ly (ﬂ> . (3.93)

27 TL

This toy model tells us that the anisotropy |X? — Y?| reaches a maximum when
= —4+ — 3.94
=St (3.94)

with integer n. For n = 0, this corresponds to the qubit being confined to one quadrant
in the Bloch-sphere XY plane, as in Fig. 3.4, requiring 7-pulses which are much shorter
than the total free precession time of 27 = 71, /4. One might be able to achieve anisotropic
sampling with slower m-pulses instead by choosing n > 0. However, we note that decoherence
during the m-pulses will be distinct from the decoherence during free evolution [66], and so

simulations or experiments would be required to verify the efficacy of this idea.

3.6.2 Fourier Transform

Through a remarkably direct result only found in 2024 [138], one can show that for a Ramsey
sequence with (recalling Eq. (3.86)) Fr(t,w) = 2sin® (<), the second derivative of the

coherence function as defined by Eq. (3.77) is given by

88)2525) = %/OO dwS,(w) cos(wt) (3.95)

o0
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such that the Fourier transform of both sides yields

S.(w) = VI F {62;?)} , (3.96)

where F|-| represents the Fourier transform. By conducting Ramsey experiments with finely-

sampled durations, one can then directly extract the PSD via a Fourier transform.

3.6.3 Single-Delay Ramseys

Now we detail one of the techniques used in Chapter 5 to map dephasing noise at low
frequencies (< 10Hz) [139]. The idea is as follows: by performing a Ramsey sequence with
7/2-pulses of a frequency f = fo1 + A where A is the detuning of the pulse and bare qubit

frequencies, measuring along the 2z axis will yield a population of the excited state

1+ W (t) cos(At)

p(t) (3.97)

where W (t) is the coherence function capturing the qubit dephasing. The oscillation at
frequency A arises from the precession of the qubit in the rotating frame defined by the

pulse detuning. Taking the derivative with respect to the detuning,
dp  tW(t)sin(At)

= (3.98)

we see that p(t) is maximally sensitive to changes in the detuning at times At = 7 4 nm for
integer n. If we take a sequence of repeated measurements at one of these fixed times, e.g.,
™

T = Jx, we can then measure fluctuations in the probability which correspond to frequency

shifts of the qubit fo1 — for + n(?):

+ g—i (7). (3.99)

107



We note that in practice, qubit measurements will yield either 0 or 1 (a Bernoulli trial)
with a probability p(t) slightly biased away from 0.5 due to the frequency fluctuations. This
Bernoulli-trial sampling leads to an associated white-noise floor of the extracted PSD, which
can be mitigated by calculating the PSD from the cross-correlation of interleaved individual
measurement outcomes [139].

The frequency range accessible with this method is set by the duration of a single exper-
iment 7 due to the Nyquist-Shannon sampling theorem, which limits reconstruction of
the PSD to frequencies below 1/27. The experiment duration 7 is generally limited by the
readout time. Although superconducting qubit readout times on the order 100ns < 7 < 1us
have been achieved, this technique is sensitive to long-time transients in the qubit popula-
tion (e.g., from relaxation of quasiparticles or measurement-induced transitions), and so in
practice this technique has only been shown to reconstruct S,(f) below f < 100 Hz. The low-
frequency cutoff for PSD reconstruction is set by the total number of experiment repetitions,

which can typically be in the tens to hundreds of thousands, leading to f 2 1 mHz.

3.6.4 Repeated Ramseys

To probe even lower-frequency noise, one can measure the full time-domain Ramsey oscil-
lation Eq. (3.97) and extract the frequency A by fitting the data. Repeating this process
yields a time-series of fitted frequencies which can be used to calculate the PSD directly
via, e.g., the Welch method. One can alternatively collect the qubit frequency time-series
from repeated spectroscopy measurements. The maximum frequency accessible from these
measurements is again given by the Nyquist-Shannon sampling theorem as 1/27 where 7 is
now the total time of a single Ramsey-trace or spectroscopy acquisition. In practice, this
time will seldom be below one second (barring fast frequency-estimation methods such as

that in Ref. [140]), resulting in S, (f) estimation for frequencies < 1Hz.
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3.6.5 Spin Locking

Here we introduce a technique to measure S,(w) at frequencies in the megahertz range [66]
(which is used in Chapter 5). The technique, referred to as spin locking [141], comprises
preparing a qubit on the Bloch-sphere equator, let us assume along the rotating-frame axis
& without loss of generality. Then, the qubit is subject to a resonant drive along the same
axis 7, and finally rotated back to the % axis for readout.

We can understand the dynamics most easily in the rotating frame. The Rabi drive of
strength ©Q acts as a new effective quantization axis along z (which is static in the rotating
frame), giving rise to an effective pseudospin of frequency 2. Depolarization along T will
then occur with a timescale T7,, and can be interpreted as longitudinal relaxation of the
pseudospin arising from its transverse noise, which is the bare qubit’s o, noise. The relevant

noise frequency for the 77, process is the pseudospin frequency, so we find

111
— = 3.100
T, of, T, (3-100)

where T—lw = %SZ(Q). By measuring the depolarization of the pseudospin as a function of
the Rabi frequency €2, one can then map the lab-frame longitudinal noise spectrum S, ()
with typical Rabi frequencies in the range 1 MHz < Q/27 < 200 MHz. However, heating

induced by strong Rabi drives limits the straightforward application of this technique for

high-frequency noise spectroscopy.

3.6.6 T); Relaxometry

Beyond longitudinal noise spectroscopy, transverse noise spectroscopy (that is, reconstructing
the PSD of o, or g, noise) can be performed by taking advantage of Fermi’s golden rule [94,
142]. Specifically, one can measure transition rates from [1) — |0) and |[0) — |[1), and
map those to a transverse-noise PSD via Eq. (3.44) and Eq. (3.45). This technique cannot

distinguish between different transverse noise sources along z and g, and only gives access to
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noise at the qubit frequency w. However, frequency-tunable qubits can be leveraged to map
transverse noise in an accessible range of qubit frequencies. For superconducting qubits, this

range is typically 100 MHz < w/27 < 5 GHz.

3.7 Summary

Here, we briefly summarize the major takeaways of this chapter. We introduced the idea of
noise which arises from uncontrolled degrees of freedom in an experiment. Noise is charac-
terized by its statistical properties rather than individual measurements. We linked noise
to qubit decoherence, focusing on the geometric Bloch-sphere picture: relaxation along o,
(0.) arises from noise coupled to 04y, (04/,). We developed the filter-function formalism
for pure-dephasing (o) noise, which told us that a qubit’s dephasing relies on the frequency-
space overlap of the noise PSD and the filter function determined by the particular pulse
sequence applied to the qubit. As a consequence, one can leverage control to decouple the
qubit from pure-dephasing noise which has a structured PSD (dynamical decoupling). Fi-
nally, we discussed several techniques for noise spectroscopy: the problem of mapping a
qubit’s noise environment with different protocols.

This chapter completes our introduction of background material required to appreciate
the upcoming experimental results of Chapter 5, Chapter 6, and Chapter 7. We offer one
additional primer on 1/f noises in Chapter 4 which helps to contextualize the results of

Chapter 5, although it is not strictly necessary to understand the results themselves.
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Chapter 4

1/f Noise Primer

...T am thinking [of| noises that become stripped of everything deemed
inessential and labeled as having 1/f spectrum. The concision of this
description seemed admirable, but turned out to be a drawback. Whatever
contribution I managed to bring to this study came from forsaking concision
and paying respect to the reputedly inessential geometry. For example, arrange
for 1/ f noises from different sources to be traced on an oscilloscope. Even the
untrained observer will notice deep geometric differences that turn out to be
symptoms of deep physical differences. ...I think that a unique physical
explanation for all 1/f noises is hopeless. ...the identification of a 1/f

spectrum is never enough.

Benoit Mandelbrot [123]

In this chapter, we introduce a topic that has a long and rich history beginning almost
exactly one century ago [143], which to this day remains controversial. The topic is noises
with power spectral densities (PSDs) following a frequency dependence of roughly 1/f. A
noise with this property is referred to broadly as 1/f noise, flicker noise, excess noise, pink
noise, fractional noise, or fractal noise. We immediately note that the term “1/f noise” as

referring to a singular noise lends itself to the misconception that such noise is distinct and
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refers to one physical phenomenon. This is an unfortunate consequence of the terminology,
and we will attempt to rectify this by generically using the plural term “1/f noises" to
address the broad nature of all things called “1/f” (but yes, we have kept this term in the
title in order to attract those who might benefit from this primer).

Noises characterized by this PSD frequency dependence have been observed in physical
systems including but not limited to electronics, mechanics, biology, geology, astronomy,
psychology, language [42], music [43], economics [144], traffic flows both on the road [145]
and in your ethernet cable [146], and even the concentration of oxygen in your brain right
now [40, 147]. Given the ubiquity of the 1/f PSD in such diverse contexts together with
its scale-invariant property (that the integrated noise power in any decade you choose is the
same as in any other decade, or more intuitively — if one plays a recording of such noise
at different speeds, it will always sound the same [148]), it is no surprise that physicists
and applied mathematicians searched tirelessly for a universal explanation, i.e., a broadly
applicable model which generates such noise. One tantalizing thread is the generation of
such noise from fractional noises, characterized by the self-similarity of their statistics and
therefore the mathematics of fractals [149, 150].

The consensus today (and for the past several decades) is that 1/f noises should not be
attributed to a universal model, but rather can be described in specific contexts with detailed
microscopic models [41, 148, 151, 152]. Despite this null result, 1/f noises remain curious
phenomena, with a persisting relevance due to their ubiquity in systems where low-frequency
fluctuations are sought to be understood. In particular, we can see this renewed interest in
the context of current-day quantum information experiments, where 1/ f noises in solid-state
platforms remain a leading source of qubit decoherence [153].

This chapter is structured as follows. In Section 4.1, we begin with a historical overview
of 1/f noise from its first discovery, focusing on its place in condensed matter physics. In
Section 4.2, we present some phenomenological models of 1/ f noises. In Section 4.3, we detail

this noise in superconducting circuits, and introduce magnetic flux noise in Section 4.4.
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4.1 A Brief History of 1/f Noise

In 1918, Walter Schottkey [154] coined the term “small-shot effect” to describe current fluc-
tuations created by the discrete nature of charge carriers, which he predicted to have a
frequency-independent PSD (white noise). The first experimental attempt to verify this
noise by Hartman in 1921 failed [155], but technical improvements led to J.B. Johnson’s
historic vacuum-tube experiment soon after in 1925 [143]. Johnson observed the predicted
white noise at high frequencies, but an unexpected excess of noise diverging as 1/f at low
frequencies. He hypothesized that this effect was independent of the small-shot effect, and
was due to fluctuations (or “flickering”) in the surface properties of his samples (starting the
rich tradition of speculation about 1/ f noise and disordered surfaces which continues today).
In 1926, just one year after its discovery, Schottkey was quick to provide a theory for this
so-called “flicker effect,” [156] setting off the next century of research on the topic.!

By the 1940s-1950s, noise with a similar frequency dependence was observed in a number
of semiconductor devices [159, 160], and by the 1960s-1970s the noise was also observed
in tunnel-junctions, superconducting films [161], and even biological systems [162] and mu-
sic [43]. An abundance of microscopic models accompanied these early observations [151,
161].

At this time, during the late 1960s, a beautiful idea from two mathematicians Benoit B.
Mandelbrot and John W. Van Ness appeared. The idea was of time-domain random processes
which are self-similar (exhibiting invariance under changes in the timescale) [149], with the
tantalizing property that their PSD obeys a power-law scaling in frequency, much like the
mysterious 1/ f noises by then found commonly in solid-state systems. Noise of this type was
called “fractional Brownian motion,” which was a generalization of Brownian motion, but

with a fractional (rather than integer) derivative. In the years following, related ideas were

'For historical context, just a few years later in 1928, another white noise arising from the thermal fluctu-
ation of charge carriers was measured and explained in electronic circuits by Johnson [157] and Nyquist [158]
in back-to-back papers in Physical Review, to become known as Johnson-Nyquist noise.
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developed and turned into Mandelbrot’s celebrated fractal geometry (infinitely self-similar
shapes) [163] — which described shapes ever present in nature, and seemingly the power-
law PSDs ever present in timeseries [150, 164]. In the decades after the first development
of fractional noises, the physical interpretation of such processes was explored [165]. The
beauty and ubiquity of fractals in nature along with the coincident knowledge of 1/ f noise in
such diverse contexts [43, 163] led to a rush of excitement for this potential universal model
of the noise, however after some time even Mandelbrot himself had a change of heart, and
offered a word of caution which is included as an epigraph to this chapter [123].

Aside from fractional noises, there have been explorations of 1/ f noise in physical systems
with fractal properties, specifically in resistor networks and spin glasses. Studies of resistance
noise in fractal and random percolating resistor networks began in the 1980s. The frequency
dependence of resistance noise in such systems arises from anomalous diffusion [166-168|, and
does not yield a universal 1/f frequency dependence. Confusingly, many theoretical investi-
gations have been conducted on the scaling of an assumed 1/ f noise amplitude (rather than
the frequency dependence) in these systems, with the unfortunate effect of correlating the
terms 1/f noise and “fractal” without providing a fractal origin for the noise. Experimental
investigations of such networks have however measured 1/f noise [169, 170]. We conclude
that one should not mistake the fractal property of some percolating resistor networks as
the origin of their 1/f noise. Also in the 1980s, another fractal-related 1/ f noise exploration
began in the context of spin-glass systems. The free energy surface of spin glasses exhibits
fractal properties which give rise to a wide distribution of relaxation times [171]. Considering
the logarithmic relaxation of remnant magnetization in a spin glass, 1/ f noise can be derived
as a direct consequence of the fluctuation-dissipation theorem [172].

The plethora of models for 1/f noise and their varying success in different contexts led
to the apparent consensus that such noise is not universal, but explained well by microscopic
models in specific contexts. However, work on 1/f noise as a property of general stochastic

models has persisted, and gives the impression of progress towards a more general under-
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standing of the phenomenon in the context of applied mathematics [173-175]. Curiously,
a simple search for discussions of these general ideas in the context of condensed matter
physics does not appear in the popular reviews of [148, 151, 153| — although these ideas were
surely perceived [176]. Given the immense amount of literature about 1/ f noise, we are left
to wonder...is this missing connection simply an oversight of the field, or of the author?

In conclusion, we have poured through (some of) the history of 1/f noises, and now
provide our outlook. 1/f noises, although interesting and relevant phenomena, should not
be considered one of the great mysteries of condensed-matter physics. The initial hope for
a universal explanation has been dismissed for decades [123, 148, 151], but even today, this
sentiment does not seem pervasive. The term 1/f noise is used broadly and generously for
noises 1/ f* where the exponent «a can fall in a range as wide as 0.5 to 1.5. The ambiguity
in what are called 1/f noises may contribute to some lack of clarity in the field, and has
typically been explained away by modifying specific model assumptions in ad-hoc ways [151,
161]. In addition, the appearance of these noises spanning broadly unrelated fields has led to
an overwhelming amount of literature, making the topic difficult to assess. As a final point,
a noise PSD in isolation is a limited piece of data (for non-Gaussian processes, the PSD does
not uniquely characterize the noise), and the difficulty of experimentally probing microscopic
models in many contexts (e.g., in material systems, where one cannot arbitrarily change
system parameters at will) often prevents scientists from verifying the underlying physics.
As a consequence, 1/f noise has unfortunately remained a controversial and confused topic,
and we warn the reader to approach it carefully. On a more optimistic note, there is no
denying that noises with this PSD are present and relevant as ever. The origin of 1/f noises
in any given system is not necessarily a solved problem, and remains in many active areas

of research and engineering today.
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4.2 Phenomenological Descriptions

Here we provide an overview of the physics for some phenomenological models of 1/ f noises.
We emphasize that this is not an exhaustive list, but includes the two most common models
in condensed matter physics (an ensemble of exponentially relaxing processes and diffusion),

as well as a more recent thermodynamics-based model.

4.2.1 Exponential Relaxation Processes

The most common phenomenological model for a 1/f noise in the context of solid-state
devices involves a collection of random variables 7(t), each of which has an exponential
autocorrelation with characteristic decay time 7.. Considering one such random variable,

the autocorrelation in time and PSD (previously introduced in Chapter 3.2) are given by

(n(m)n(0)) = %7/, (4.1)
S (w) = % (4.2)

With an appropriate distribution of relaxation times p(7.) o 1/7, for 7 < 7. < 7, we find

~Y

0.2

S(w) — / " 8. (w) p(r) dr. i (43)

1

In Figure 4.1, we plot the PSD of an exponentially correlated process and the emergent 1/ f
spectrum from a log-uniform distribution of such processes.

One such noise process yielding an appropriate autocorrelation function is the random
telegraph signal (RTS), which jumps between two discrete values with an average rate (e.g.,
an electron spin flipping due to thermal excitation, or an atom, group of atoms, or electron
which tunnels between two favorable spatial configurations with a transition dipole moment).

For this reason, this model of a 1/f noise is sometimes referred to as the RTS model. To
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Figure 4.1: Noise from exponential relaxation processes. (a) Noise from a single
exponential relaxation process (Eq. 4.1) with timescale 7. = 1s. (b) Emergent 1/f noise
from a collection of 20 exponential relaxation processes with 7, drawn from a log-uniform
distribution with minimum value 71 = 0.1 s and maximum value = 10s.

motivate the distribution of flip rates, we can consider the relation 7. oc e* where \ is
uniformly distributed, leading to p(7.) o< 1/7. (log-uniformly distributed). This is the case
when 7, represents the tunneling time in a double-well potential, where A is proportional to

the well separation.

4.2.2 Diffusion Models

Another popular theme among 1/ f noise theories is stochastic processes. Before considering
the case of noise from a generic random driving term, we introduce Brownian motion in
position and velocity spaces to get intuition for the frequency scalings of the emergent noises,
roughly following [41].

Let’s start with Brownian motion of a coordinate x(t) in 1D governed by the Weiner
process, dx/dt = ((t), where ((t) is a random driving term which is a Gaussian-distributed
white noise. By looking at the Fourier transform iw#(w) = {(w), one finds the PSDs of z(t)

and ((t) are related by S;(w) = S¢/w? o 1/w?. For this reason, noise scaling with frequency

as 1/f? is referred to as a Brownian noise or “Brown noise.”
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Let’s instead consider Brownian motion of the particle’s velocity governed by the Langevin
equation, dv/dt = —yv(t)+((t). In Fourier space, we have #(w) = ((w)/(y+iw). Therefore,
the PSDs of v(t) and z(t) are related by S,(w) = S¢/(7* +w?) &< 1/(v* 4+ w?). Finally, using
the relation dz/dt = v(t), we have S,(w) oc 1/(7? + w?) - 1/w?. We can see that the PSD of
this noise has a faster fall-off than 1/f in all frequency ranges.

In order to find the frequency dependence we desire between white noise and Brownian
noise, the approach of the condensed-matter 1/f-noise community has been to consider a
general diffusion equation with a generic driving term (for completeness, here we acknowledge
the seemingly relevant idea of fractional noises [149] as mentioned in Section 4.1 which, to
our knowledge, has not found its way to the condensed-matter community). Consider M (t)

which depends on a random variable f(x,t) which obeys a diffusion equation,

M(t) = /g(x) f(x,t)dx, (4.4)

of

5 = DV +((a.t). (4.5)

Here, ((z,t) is a random driving term and g(z) describes a geometry-dependent coupling
strength. We note that this generalizes straightforwardly to the case when g(z) and f(x,t)

are vectors. Transforming into Fourier space and calculating the PSD of M (t), we have

Fk,w) = Zi(f—gllg (4.6)
/ G2 Lf+k;])€|2)> k. (4.7)

As a minimal example, consider a coupling g(z) that is constant in a region and van-
ishes elsewhere, and a driving force which yields (|f(k,w)|?) o k*>. We show the spectrum
from a numerical integration of equation 4.7 with these conditions in Figure 4.2. We can
motivate physical examples of this in condensed matter systems by considering critical dy-

namics near a second-order phase transition, where one finds correlation functions satisfying
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(f(z,t)f(2', 1)) o< V2§(x — 2')o(t — ') [177]. There have been multiple investigations of
creating 1/f noises from Eq. 4.7 in the context of superconducting qubit flux noise [178,
179]. In conclusion, the free parameters in Eq. 4.7 allow one to derive a 1/f spectra readily,

but do not give the impression of uniqueness in such models [41, 151].
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Figure 4.2: Noise from a diffusion process. We plot S(f), normalized to its maximum
value, obtained with a numerical integration of equation 4.7 for D = 100um?/s and a
coupling g(xz) = 1V for |z| < 1um, and g(x) = 0 elsewhere. We assume the dependence
(|f(k,w)[?) k2. We observe three distinct regions: 1. white noise below 1 x 10-2Hz, 2.
S(f) oc 1/fY% for 1 x 1072Hz < f < 1Hz, and 3. S(f) oc 1/f3/% above 1 Hz. Inset shows
the Fourier-space values of §(k) and f(k).

4.2.3 Nanothermodynamics

Here we detail an especially appealing recent model for a 1/f noise arising from the con-
servation of entropy in small systems coupled to similarly small baths, the fluctuations of

which are described by the theory of nanothermodynamics [180, 181]. This model requires
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no assumptions about the microscopic physics of the system other than the existence of a
collection of indistinguishable binary degrees of freedom (e.g., electron spins) in contact with
a similarly-sized bath. We detail the physics of this model below, following Ref. [181].

Consider a system with N binary degrees of freedom, s; € {+1,—1}, where the net
alignment m = ) . s; is known. Let us also define the alignment entropy of a macrostate m,
Sy = kpIn(€2,) where €2, is the multiplicity of the alignment configuration. For example,
when m = 0 (half of the spins are up, the other half down) the alignment multiplicity and
entropy are at a maximum with Qy = (N]\/IQ), So = kpIn(€p). When m = +N (all spins
aligned), the alignment multiplicity and entropy are at a minimum with Qy =1, Sy = 0.
In order for the entire system to maintain maximum entropy during equilibrium fluctuations,
we assume the existence of a number of bath states that depends on the alignment state,
Qp(m), such that the total entropy remains constant at S = Sy (i.e., Qy = Qp(m) + Q).
This is the crucial ingredient leading to slow fluctuation dynamics and 1/ f noise — when the
system is in a macrostate with high alignment (m ~ +N), the alignment multiplicity is low
so the system will spend a long time exploring the large number of bath states.

The dynamics of this system are modelled by a matrix M where each row (column)
corresponds to a macrostate (microstate) of the system, yielding N + 1 rows (o = ( N%)
columns). In each row, we will place +1 (—1) with a multiplicity corresponding to the
probability that the alignment can shift by +1 (—1) when flipping a random spin at random.

For simplicity, considering N = 4 spins, we have the following matrix:

-1 0 0 0 0 O
1 -1 -1 -1 0 O

To simulate the dynamics of the alignment in time m(¢;), let’s start in the row k corre-
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sponding to state m(ty). We proceed by picking an element in that row at random, M ;
where j is randomly chosen from {1,2,...,Qy = 6}, and updating the state of the system by
the following rules. If M} ; = +1(—1), the state of the system shifts from row k to row k+1
(k—1). If My, ; = 0, the system stays in row k. Iteratively updating the state yields a time-
series corresponding to the macrostate evolution of the system {ko, k1, ...}, from which the
alignment timeseries {m(to), m(t1), ...} can be calculated directly. We simulate the dynamics

for N = 20 spins and calculate the alignment PSD in Fig. 4.3.
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Figure 4.3: Noise from nanothermodynamics. We plot S(f) from a system of N = 20
indistinguishable spins, calculated from a simulated timeseries with 107 steps with the Welch
method (using a bin size 2 x 10°). We observe four distinct regions: 1. white noise at
low frequencies, 2. S(f) o< 1/f for 1 x 107'Hz < f < 1 x 10*Hz, 3. S(f) o 1/f2 for
1x10*Hz < f < 2x10° Hz, and the beginning of a white noise plateau at higher frequencies.
Inset shows the simulated alignment in the time domain.
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4.3 1/f Noise in Superconducting Qubits

To end this chapter, we introduce 1/ f noises in the context of superconducting circuits, and
develop a Hamiltonian-level model for the noise of interest in Chapter 5: magnetic-flux noise.

The first superconducting qubits were realized in the late 1990s [38, 79, 92|, and the
discussion of their coherence-limiting noise was quick to follow [182-184]. As we learned
in Chapter 3, fluctuations in any parameter 7(t) coupled to a qubit with operator O will
provide a source of dephasing when the qubit frequency w depends on the parameter or a
source of relaxation and dephasing when the parameter couples the qubit states and has
non-zero noise power at the qubit frequency ((0] O [1) # 0 and Sp(w) # 0).

Now, we introduce the main intrinsic noises that limit superconducting qubits®. Envi-
ronmental fluctuations that couple to circuits via the charge operator n are broadly referred
to as charge noise [186]. Such noise is generically blamed on the ubiquitous two-level
system (TLS) model of defects in amorphous materials which can couple to qubits via
their transition electric dipole moments [187-189], and typically displays a 1/f PSD [186,
190, 191|. Fluctuations that couple via the flux operator ngS are broadly referred to as flux
noise, and also display a 1/f PSD [44]. Flux noise is associated with defects with magnetic
moments near the device Josephson-junction loop [192]. Earlier generations of supercon-
ducting qubits were also limited by critical-current noise of the Josephson junctions in

the circuit [183, 184], again with a 1/f PSD [193].

4.4 Magnetic Flux Noise

In this section, we introduce a specific 1/f noise generated by defects with fluctuating mag-

netic moments (e.g., spins) coupled to the Josephson-junction (JJ) loop of a superconducting

2Tt is often the case that noise can be traced back to imperfections in experimental setups (e.g., from
thermal radiation, spurious modes, or signal crosstalk from nonideal signal conditioning, sample design, or
package design [103]), although state-of-the-art superconducting qubits routinely achieve decoherence limited
by noise intrinsic to the materials comprising the devices [185].
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circuit. We will develop a Hamiltonian-level model of such noise.

4.4.1 Spin-SQUID Coupling

Consider a magnetic defect with moment i (describing the strength and orientation of the
magnet) . We can model the defect as a small current loop with area A4 and current I; such
that i = [d/_fd- When the defect is near another current loop s, the magnetic flux coupled
into s from the defect will be &, = M1;, where M is the mutual inductance between the
defect loop and s.

Similarly, the flux coupled into the defect will be ®&; = M, and will also be equal to
the magnetic field created by the current loop s at the location of the defect, dotted with

the area of the defect current loop,

1

d, =B, A, (4.9)
=B, -/l (4.10)
=MI, (4.11)

Using the last two lines to solve for M, we can plug this into the expression for ®,,
o, =MI, (4.12)
B, - ji/I

_ B il (4.13)

I,

/Z' _»s
= . 4.14
- (114)

Generally, the magnetic field produced by a current will be linear in the current, so B, /1
will take the form of a vector that depends solely on the geometry and position of the defect
Z. We can then write the flux coupled into the loop, with 7 as the Pauli operator vector for
the defect, as

D, = §s(7) - 7, (4.15)



where we have upgraded the flux to a quantum operator to reflect the quantum nature of the
defect spins. As an order of magnitude, ge ~ 2 — 4 n®, [192]. We can perform an order-of-
magnitude estimate of ®, by assuming the current density for a thin superconducting sheet
J(x) oc 1/4/1 — (22/W)2, then considering an infinitesimal Amperian loop around the sheet.
Calculating @, = ppB(z)/I with I = [ J(z)dz, we find @, ~ 2nd,,.

Considering an ensemble of spins coupled to a JJ loop, the net flux is given by
qA)spins = qu)(fz) . ﬁy (416)

where 7; is the Pauli matrix vector and gp(%;) is the flux coupling to the JJ loop associated
with defect ¢ at position Z;. Noise in i)spins is determined by its quantum autocorrelation
function as discussed in Chapter 3.2.8. However, due to the low frequency of i)spins noise rel-
evant for quantum circuits, it often suffices to treat @)Spms in the classical (high-temperature)
limit such that the PSD,

o0
~

S(w) = / €T (i (7) Dapins (0)) 1, (4.17)

o0

is symmetric in frequency. For more thorough analytical explorations of this noise, we refer

Refs. [192, 194].

4.4.2 Spin Noise for a Flux-Tunable Qubit

In this subsection, we link flux noise to frequency noise of a qubit defined by Hamiltonian

Oz

H = hw (5 + Pspins) 5 (4.18)
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where w(®Pex) represents the flux-dependent qubit frequency. For small fluctuations about

Oy, = P, we can expand the frequency to first order in gy, finding

/ O-Z
H ~ hlw(®5) + ' (@5) Duine] 5 (4.19)

First, we note that the susceptibility of the qubit to flux noise is given by w'(®pg). This
leads to the preferable operation of qubits where w'(®p5) = 0. Recalling the expression for
Pypins given by Eq. (4.16), we find that spins couple to the qubit via 0.7, 0.7, and 0.7,
terms. In general, one might also have coupling terms o,/,7,/,. However, for far-detuned
spins we expect these terms to become effectively longitudinal and lead to renormalization
of the qubit frequency (similar to the dispersive regime explored in Chapter 2.4.6). The
coupling strength and dominant term for a particular spin depends on the defect position

and geometry of the JJ loop.

Aside: Suppression of Flux Noise for Elongated JJ Loops

Here, we introduce a potentially interesting experiment which can serve to validate our mi-
croscopic understanding of flux noise in superconducting circuits. The idea relies on the
feature that, for a polarized spin, fluctuations can be suppressed along the axis of polariza-
tion [192|. Specifically, a spin that is polarized parallel or anti-parallel to § (e.g., by a strong
applied magnetic field) will have no fluctuations along that axis since it will be frozen in its
ground state. The spin will instead have maximal fluctuations along the axes orthogonal to
g. However, recalling Eq. (4.16), the qubit is insensitive to such fluctuations! By creating
an elongated rectangular JJ loop, one would then expect to observe anisotropy of the qubit
flux-noise-limited dephasing time by orienting an applied field along either the short or long

axes of the rectangle.
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4.5 Conclusion

In this chapter, we have given a brief historical overview of 1/f noises, and introduced a
few toy models with power-law frequency dependence of their PSDs. We hope that this
primer has helped orient the interested reader who seeks clarity about 1/f noises. We then
introduced magnetic flux noise, which commonly displays a 1/ f frequency dependence, and is
the central topic of Chapter 5. Flux noise also serves as an example of anisotropic transverse
noise for low-frequency superconducting qubits which is the central topic of Chapter 7.
Congratulations on having completed all the background material for this thesis! Now,

we hope you enjoy the novel experimental results presented in the following chapters.
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Chapter 5

Evolution of 1/f Flux Noise in Weak

Magnetic Fields

As discussed in the previous chapter, the microscopic description of 1/ f magnetic flux noise
in superconducting circuits has remained an open question for several decades despite exten-
sive experimental and theoretical investigation. However, recent progress in superconducting
devices for quantum information has highlighted the need to mitigate sources of qubit de-
coherence, driving a renewed interest in understanding the underlying noise mechanism(s).
Though a consensus has emerged attributing flux noise to surface spins, their identity and
interaction mechanisms remain unclear, prompting further study. In this chapter, we detail
experimental investigations probing the response of 1/f flux noise to weak in-plane mag-
netic fields (where the Zeeman splitting of surface spins lies below the device temperature),
utilizing a capacitively-shunted flux qubit. We study the flux-noise-limited qubit dephas-
ing, revealing previously unexplored trends that may shed light on the dynamics behind the
emergent 1/f noise. Notably, we observe an enhancement (suppression) of the spin-echo
(Ramsey) pure dephasing time in fields up to B = 100 G. With direct noise spectroscopy, we
further observe a transition from a 1/f to approximately Lorentzian frequency dependence

below 10 Hz and a reduction of the noise above 1 MHz with increasing magnetic field. We
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suggest that these trends are qualitatively consistent with an increase of spin cluster sizes
with magnetic field. These results should help to inform a complete microscopic theory of

1/f flux noise in superconducting circuits.

5.1 Background

The experimental progress towards building quantum processors with superconducting qubits
has advanced significantly in recent years. However, environmental noise and material qual-
ity limit qubit coherence, which constrains the ability to scale to larger devices and utilize
different qubit architectures [195-197|. One major limitation to qubit coherence is the ubiq-
uitous low-frequency magnetic-flux noise which displays a 1/f power spectral density [121,
198|. This noise often limits the dephasing time of frequency-tunable qubits [67, 199-202]
and the fidelity of flux-activated gates [203]. Removing the source of 1/f flux noise would
greatly expand the design space for next-generation quantum hardware, yet the origin of the
noise has remained an open question for decades.

Several microscopic theories of magnetic defects in superconducting circuits with emer-
gent 1/f flux noise spectra have been proposed [121, 122, 194, 204, 205]. However, there
is a lack of consensus in the community on both the nature and source of the spins and
the spin physics which gives rise to the noise. Nonetheless, several experimental constraints
for microscopic flux noise models have been established, including an emergent 1/f* noise
power spectral density from 107 Hz to 10® Hz with o < 1 [94, 142], anticorrelation of the
noise in loops sharing a boundary [206], perimeter scaling of the noise amplitude [207, 208|,
pivoting of the noise spectrum with temperature about a fixed frequency [209], non-vanishing
flux-inductance noise cross-correlation [210|, paramagnetic temperature dependence of the
spin bath susceptibility [211], and asymmetry of the noise spectrum [142|. Several of these
features point to the likely relevance of spin-spin interactions [211, 212| and emergent phe-

nomena including spin diffusion [48, 49] and clustering [48, 209, 210, 213, 214]. In addition to
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providing low-frequency dephasing noise, magnetic defects may also play a role in broadband
flux noise which contributes to high-frequency energy relaxation processes [67, 94, 142], or
give rise to other decoherence mechanisms [215, 216].

Despite the extensive experimental and theoretical efforts to understand and mitigate 1/ f
flux noise, one critical characterization has remained absent: the response of the flux-noise
spectrum to magnetic fields. Such characterization proves experimentally challenging due to
the interplay of magnetic fields with superconducting devices (often Al or Nb metallizations
on Si or sapphire substrates) and the isolation of flux noise from other noise sources [216—
225].

In this chapter, we investigate 1/f flux noise as a function of applied magnetic fields up
to B = 100G with a superconducting flux qubit, where the field is oriented in the plane
of the device. At low frequencies (< 10 Hz), we observe a 1/f to approximately Lorentzian
transition in the noise spectrum accompanied by an increase of the Ramsey pure-dephasing
rate with applied field. Surprisingly, at high frequencies (2 1 MHz) we observe a suppression
of the flux noise and an increase in the 1/f“ noise exponent o with applied field. These
results provide the first study to date of flux-noise-limited qubit dephasing and 1/f flux
noise evolution in magnetic fields, which can serve as a new experimental reference for future

microscopic theories of flux noise.

5.2 Experimental Setup

5.2.1 Overview

We measured capacitively-shunted flux qubit samples comprising Al metalizations with
Al/AlOx/Al Josephson junctions (JJs) on a Si substrate at the base temperature of a dilution
refrigerator with 7" < 40 mK. The samples were mounted on a cold finger with supercon-
ducting magnets in a Helmholtz coil geometry providing an approximately in-plane magnetic

field (where we estimate the out-of-plane component to be & 0.2% of the total applied field).
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Figure 5.1: Flux qubit in a magnetic field. A simplified schematic of the experimental
setup. The Josephson-junction (JJ) loop (gray) of a flux qubit is placed in a uniform magnetic
field provided by Helmholtz coils (blue). The field is oriented in the plane of the device, and
the device is tilted at a 45° in-plane angle relative to the field. Surface spins (red) in proximity
to the loop generate flux noise which dephases the qubit. The inset shows an example flux
qubit spectrum, with frequency fy; as a function of an independent flux bias ®. The blue
diamond indicates the point of first-order flux insensitivity (the so-called “sweet spot”). The
red circle highlights an example operating point where the qubit displays flux-noise-limited
dephasing.

The sample was rotated 45° relative to the field direction in order to ensure the qubit was
sensitive to spin fluctuations both along and transverse to the direction of the field. We

further detail this choice in a following subsection. A cartoon of the experimental setup and

a representative qubit frequency spectrum are shown in Fig. 5.1.

5.2.2 Cryostat and Control Electronics

The experiment was conducted in a Leiden CF-650 dilution refrigerator (DR) operating at a
base temperature of 30-40 mK. The sample was mounted on a cold finger with the magnet,

both inside a superconducting Aluminum magnetic shield. A Mu-metal encasing around the
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Figure 5.2: Experimental setup.

base stage provided a second layer of magnetic shielding. An explicit wiring diagram is shown

in Fig. 5.2, and the specific control electronics utilized are listed in Table 5.1. A common

DC flux bias for tuning the qubit frequency was provided to the whole chip using a 500-

turn bobbin attached to the package lid, biased by a QDevil QDAC. Input signals providing

qubit control and readout pulses were generated by arbitrary waveform generators (AWGs,

one Keysight M3202A for qubit signals and another for resonator signals) and RF sources

(Rohde & Schwarz SGS100 for the qubit, Agilent E8257C for the resonator), upconverted

with IQ mixers, and sent into the DR. Output signals were downconverted and digitized

with an ADC (Keysight M3102A). A Keysight M9019A chassis was used to synchronize and
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trigger the AWGs and ADC.

Component Manufacturer Model
Dilution Fridge Leiden CF-650
RF Source (Qubit) | Rohde & Schwarz | SGS100
RF Source (Readout) Agilent E8257C
DC Source (Qubit) QDevil QDAC
DC Source (Magnet) Yokogawa GS200
Control Chassis Keysight M9019A
AWG Keysight M3202A
ADC Keysight M3102A

Table 5.1: Summary of control equipment. The manufacturers and model numbers of
the control equipment used for the experiment.

5.2.3 Sample

The sample, originally characterized in [208], comprises 10 uncoupled Al flux qubits with
individual dispersively coupled resonators for control and readout, all multiplexed to a single
transmission line. SQUID loop parameters were varied across the chip; the measured qubit
had a rectangular SQUID with inner dimensions 18.32um x 90.51 pm and wire width of
1pm. The flux noise amplitude in the experimental setup at B = 0 G was measured to
be Ag ~ (4.9519,)? with the method of [208], within 10% of the value measured in the
previous experiment which was conducted in a different dilution refrigerator with different
control electronics over one year ago at the time of submission. This supports the hypoth-
esis of intrinsic flux noise limited dephasing for the device, rather than extrinsic flux noise
limitations from the setup.

The sample was rotated such that the SQUID loop was aligned at 45° relative to the
applied field so that spins on all arms coupled to the SQUID via fluctuations both along and
transverse to the applied field [192]. Specifically, assuming the applied field is the dominant
field seen by a defect spin, the spin’s quantization axis will be aligned with the applied field.
In that case, spin flips (fluctuations parallel to the field) maximally couple to the SQUID

for spins on arms orthogonal to the field, and are decoupled for spins on arms parallel to the
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field. Similarly, Larmor precession of spins, in the transverse direction to the applied field,
maximally couples to the SQUID for spins on arms parallel to the field and decouples for
spins on arms orthogonal to the field. Therefore, in the case that the applied field set the
quantization axis of the spins, we elected to position the SQUID at a 45° angle relative to
the chip such that spins on all arms of the SQUID would couple via both spin fluctuations
along the field (spin flips) and transverse to it (e.g. Larmor precession). This geometry
was chosen to accommodate sample SQUIDs which had varying aspect ratios, although the
underlying assumption (that the applied field sets the quantization axis of spins) has not yet

been tested with, e.g., an investigation of the field orientation dependence of the noise.

5.2.4 Magnet

Two NbTi superconducting coils in a Helmholtz geometry (hand-wound, 868 turns for each
coil) provided in-plane fields of up to B = 100G at an always-on bias current of 520 mA,
supplied by four Yokogawa GS200 DC sources in a parallel current-source configuration. The
magnet constant (field per current at the location of the sample) was analytically calculated
from the geometry of the coils and verified with a Lakeshore F71 Teslameter at room tem-
perature to be ¢ = 0.192(2) Gauss/mA. Room-temperature filtering on the current bias lines
ensured that noise coming from the power supply did not dominate the qubit flux noise (see
Section 5.2.6). Due to field misalignment, a slight out-of-plane component B, provided an
additional flux offset to the qubits. From measuring the periodicity of 5 separate qubit spec-
tra on the same chip with respect to the applied field, we estimated the field misalignment
to be € =2 0.2+ 0.05% (where B, = eB). Specifically, with magnet bias current I providing
an out-of-plane flux ®; through a SQUID loop of area A, we have AT = A®, /¢, - 1/A,
where ¢, is the out-of-plane magnet constant (B, = ¢, I). We measured Al corresponding
to one flux quantum (A®,; = &) for five separate qubits and extracted the misalignment
ratio € = ¢, /¢ from a linear fit the data (1/A;, Al;). When sweeping the magnetic field,

the qubit spectrum and flux noise susceptibility 0 fy; /0P was recalibrated with the separate
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global bobbin flux bias.

5.2.5 Evolution of Qubit Spectrum and Susceptibility to Applied

Field Noise

We first note the response of the qubit sweet spot frequency to the in-plane field. Placing
a Josephson junction in a magnetic field results in the suppression of the critical current
1., which follows a Fraunhofer pattern as a function of the applied field. This phenomena
has been observed to affect both the intended junctions as well as the large-area parasitic
junctions resulting from shadow evaporation processes in device fabrication [218]. We observe
this effect and present the measured sweetspot frequency as a function of field in Fig. 5.3a.

We then note that, at specific magnetic fields, there are divergences in the sweet spot
frequency indicating a heightened susceptibility of the qubit frequency to noise in the applied
field, even at the sweet spot. We display the gradient computed for fit values of the sweet
spot frequency as a function of field in Fig. 5.3b. We note that at the working point of
B = 40 G, the qubit sweet spot frequency is highly susceptible to noise in the applied field.
This provides a likely explanation for the heightened dephasing noise observed at the sweet
spot at B = 40G in the data of Fig. 2. In addition, we probe the sensitivity of the qubit
frequency to the applied field while moving off of the sweet spot in Fig. 5.3c, and observe
the highest sensitivity at B = 40 G. This heightened susceptibility to applied field provides
a likely explanation for the outlier dephasing rates observed off the sweet spot at B =40G

in Fig. 2.

5.2.6 Applied Field Noise

In order to guarantee that observed trends in the qubit flux noise are not artifacts from
changes in the applied magnetic field noise, we directly measured fluctuations of the magnet

bias current I at both zero field and the highest field, shown in Fig. 5.4. The current noise
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Figure 5.3: Evolution of the Qubit Spectrum and Susceptibility to Field Noise. (a)
Flux qubit sweet spot frequency vs in-plane field. At each magnetic field, the external flux
is set to & = 0.5Py. (b) Gradient of the sweet spot frequency vs in-plane field, indicating
the susceptibility of the qubit frequency to in-plane field fluctuations while operating at
the sweet spot. (c) Qubit spectroscopy around the sweet spot as a function of in-plane
field. At each field By, the qubit is moved to the sweet spot ® = 0.5 &y with an additional
flux control. The in-plane field is then swept in a small range around By. Each trace is
artificially offset to fo1(Bg) = 0. The slope of the spectrum indicates the sensitivity of the
qubit frequency fo1(B) to in-plane field fluctuations, with the highest susceptibility at fields
closest to By = 40 G.

PSD S;(f) is converted to units of flux noise by

s = (%) (%) i, 5.1

where we measure 0 fy; /01 at identical points on the qubit spectrum 0 fy;, /0P = 25.0 GHz/®,
for low and high fields separately. At the frequencies probed by single-shot Ramsey noise
spectroscopy (< 10 Hz), we observe the magnetic field noise is well below the measured qubit
noise at both low and high fields. At higher frequencies (2 10kHz), the applied field noise
decreases below the noise floor of the instrumentation. In this region relevant for spin-locking
spectroscopy, we bound the noise with the transfer function H(f) of in-line filters (measured
by injecting a known magnitude white voltage noise Si*(f) to one end of the filter chain,
and measuring the output noise after the filters, S (f) = H(f) - S(f)), which places the

projected applied field noise SEI(f) = H(f) - Snfiltered( ) several orders of magnitude
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below the measured qubit flux noise at B = 0G, where Sunfiltered( £) corresponds to the
measured field noise without the in-line filters. We were unable to measure the transfer
function of the in-line filters while applying the bias current required for B = 100 G, but we
observe that the current noise measurement floor corresponds to < 7% of the lowest measured
qubit noise at all fields (Sg(8.3 MHz) &~ 4.7 x 10717 ®2/Hz at B = 20G). We note that in
the configuration used to measure qubit flux noise, the total transfer function including the
wiring of the fridge and inductance of the magnet would necessarily strengthen the bound
given by the instrumentation floor, as there are only passive components in the magnet
wiring. We also note that for all frequencies, the measured applied field noise increases with
field, which is opposite to the observed qubit flux noise decreasing with field in the frequency
domain relevant for spin-locking spectroscopy and spin echo pure dephasing. This further
supports the independence of the observed qubit flux noise trends from the applied field

noise.

5.3 Methods

5.3.1 Coherence

To probe broad flux-noise trends with applied magnetic field, we first performed standard
qubit coherence measurements of the energy-relaxation rate I'y = 1/7; and pure-dephasing
rates from Ramsey (I'¥) and spin-echo (T'}) protocols.

At each working point, the qubit lifetime 7} = 1/I'; was measured by preparing the qubit
in the excited state and fitting the decay with an exponential function p(t) = Aexp(—I"1t) +
C'. The Ramsey and spin-echo coherences were then measured to extract the pure dephasing
rates Fg(E). At the sweet spot (0 fo; /0P = 0), we observed exponential decays of the Ramsey
(spin-echo) coherence for all magnetic fields and extracted the pure dephasing rate by fitting
the decay to

p(t) = Aexp[—(TEP + T1/2)1] - frim(t) + C (5.2)
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Figure 5.4: Applied magnetic field noise. Measured field noise at the lowest (B = 0G)
and highest (B = 100 G) fields is shown. The instrumentation noise floor is shown for both
fields (dotted horizontal lines). We measure the transfer function of the in-line filters with
zero bias current (corresponding to B = 0G), and use this to project the applied field noise
below the instrumentation noise floor (light blue). We show an estimate of the qubit flux
noise (gray dash-dotted line), as well as the lowest measured flux noise (S¢(8.3 MHz) =~
4.7 x 107" ®%/Hz at B = 20G, black star). Colored regions on the plot correspond to
the frequency ranges of measured noise spectra via single-shot Ramseys (light orange) and
spin-locking (light blue).

where I'y is a fixed parameter determined by the preceding relaxation measurement, fz(t) = 1
and fgr(t) = sin(2wft + 0), where f is an oscillation frequency equal to the detuning of the
qubit and the applied pulse frequencies.

At the operating point 0fy; /0P = 26.0 GHz/®(, we assume 1/ f noise limited dephasing
which leads to Gaussian decay envelopes for both Ramsey and spin-echo experiments. For
Ramsey experiments at all fields, we detune our qubit drive to create oscillations for ease of
fitting the decay envelope.

Due to calibration drifts and jumps in the middle of magnetic field sweeps, a criteria for
rejecting data collected with faulty calibration was used. The criteria was independent of

magnetic field, and consisted of checking that the data fit with the appropriate fit function

yielded a coefficient of determination R? > 0.9.
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5.3.2 Low-Frequency (< 10 Hz) Noise Spectroscopy

For low-frequency noise spectroscopy, we measured Sy, (f) with the single-shot Ramsey
method detailed in [139] which utilizes a time series of repeated single-shot qubit-state mea-
surements following a fixed-time free induction decay in the presence of dephasing noise. The
single-shot readout voltages were classified with a state discriminator to obtain a binary time
series and converted to flux noise by a calibrated scale factor, utilizing a cross-correlation
calculation to remove statistical sampling noise [139].

We attribute the white noise floor to readout infidelity, modeled by uncorrelated errors in

the qubit state readout with a probability (1—F')/2, yielding a voltage white noise floor [226]

S(f) = (1 — F?)At - d?, (5.3)

where At is the repetition time of single-shot measurements, and d is the voltage separation
of the ground and excited state cluster means. For all measured PSDs, the measured noise
floor yields F' 2 85% which is consistent to within 20% of the separation fidelity F' estimated
by a 2-state Gaussian mixture model applied to the single-shot data for all datasets.

All presented PSDs are comprised of an average of 10 sequentially measured PSDs and
smoothed with a rolling window of 7 points in the frequency domain. To measure Sg(f),
we choose an operating bias slope of 22.0 GHz/®, (21.0 GHz/®, at B = 100G) to obtain
high sensitivity to frequency noise while maintaining reasonable readout SNR at high fields.
To confirm that the measured noise spectra off the sweet spot and their magnetic field
dependence are dominated by flux noise, we measure Sy, (f) at the sweet spot and show
that it is both field-independent and well below the PSD at the flux-sensitive point for all
magnetic fields in the frequency range f < 10Hz (Fig. 5.8a).

Fit functions and resulting parameters for the data of Fig. 3a are presented in Table 5.2.
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Fit Function B (G) | Fit Parameters

Se(f)=A/f*+C 0 A = 1.650(2) n®;, a = 0.987(4), C = 1.205(6) n®;/Hz
20 =0.438(3) 1/s, A = 97.1(5) n®; /Hz, C = 1.41(2) n®; /Hz

Se(f) = arapmm + C | 50 = 0.890(6) 1/s, A = 239(1) n®; /Hz, C = 2.24(7) n®; /Hz
80 =1.301(9) 1/s, A = 309(2) n®; /Hz, C' = 1.8(1) n®; /Hz
100 = 0.631(3) 1/s, A = 219.5(9) n®; /Hz, C = 1.78(3) n®; /Hz

Table 5.2: Summary of fit functions and parameters for Fig. 3a .

5.3.3 High-Frequency (2 1 MHz) Noise Spectroscopy

For high-frequency noise spectroscopy, we use the spin-locking method detailed in [132],
with interleaved SL-ba, SL-5b, and T} pulses. In order to average away time-dependent
fluctuations in the noise environment, we avoid taking frequency data sequentially, instead
taking frequency points in 10 interleaved sequences. To obtain the PSD of the qubit pure
dephasing noise at a frequency f, we apply the SL-5a and SL-5b pulse sequences with Rabi
frequency fr = f, and fit the resulting averaged trace to an exponential decay with rate
I'y, =T, +11/2, where we obtain I'; from the interleaved T3 sequence. The resulting decay

rate ', is related to qubit frequency noise PSD (corresponding to noise along the undriven

qubit quantization axis) by I', = 1/2- Sy, (f = fr)-

5.4 Experimental Results

5.4.1 Coherence

We characterized the qubit coherence both at the flux degeneracy point (where the qubit is
first-order insensitive to flux noise, i.e. dfy;/0® = 0, hereafter referred to as the “sweet spot”),
and at a flux bias where dephasing was dominated by flux noise (|0fo1/0®| = 26.0 GHz/®,,
calibrated at each field with an independent flux control) [Fig. 5.5]. In order to extract the
pure dephasing trends, we first isolated the field dependence of T'; [Fig. 5.5a]. We found

that I'; varies non-monotonically, but generally increases with field. These observations may
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be due to the softening of the Al superconducting gap at higher fields and an associated
elevated population of quasiparticles (QPs), or the effects of vortices penetrating the thin-
film aluminum of our device [217, 219, 227]. We also observed a slight difference in I'; at
the two different working points, which is accounted for in the analysis of the qubit pure
dephasing.

We extracted the Ramsey and spin-echo pure dephasing rates as proxies for the low-
and high-frequency flux-noise power. Off the sweet spot, the Ramsey and spin-echo decay
envelopes were approximately Gaussian and therefore consistent with 1/ f-limited dephas-
ing [208]. We fit the decays to the product of an exponential envelope from energy relaxation
and a Gaussian envelope from pure dephasing, with the relaxation rate fixed from an im-
mediately preceding measurement. With increasing field, we observed an increase in the
quasistatic noise power probed by F(f [Fig. 5.5b| accompanied by a decrease in the > MHz
noise probed by Fg [Fig. 5.5¢|]. At the sweet spot, Ramsey and spin-echo traces followed
exponential decays and were therefore not 1/ f limited. We observed relaxation-limited spin-
echo dephasing (I'} < T'1/2) and Ramsey dephasing of the same order as the relaxation rate
(Fg ~ I'1). All coherence data were taken in nine separate runs, during each of which the
field was first swept from B = 0G to B = 100 G and then reversed. No hysteretic behavior

was observed in Ff;/ E

Anomalous Beating at Intermediate Fields

Surprisingly, in the range of magnetic fields from B ~ 50 G to B ~ 90 G we observe beating
in the oscillations which are best fit with three oscillatory components. Some representative
Ramsey decay traces are displayed in Fig. 5.6. In particular, we extract the pure dephasing

rate Ff(E) by fitting the Ramsey (spin-echo) decay to

p(t) = Aexp[~T1t/2 = (T3 1)) - frep(t) + C (5.4)
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Figure 5.5: Evolution of qubit coherence with an in-plane magnetic field. Data
taken at the sweet spot (0fy1/0® = 0, blue diamonds) and off the sweet spot (|0fp1/0®P| =
26.0 GHz/®y, red circles). (a) Energy relaxation rate I'y. (b) Ramsey pure-dephasing rate
I'f. (c) Spin-echo pure dephasing rate I'}. Insets in (b), (c) show dephasing rates at
the sweet spot. Data was taken during nine field sweeps, with I'y, F(f, and Ff measured
consecutively at each bias point and field. Individual rate measurements are presented as
partially transparent small markers with error bars given by the fit uncertainty. Average
rates at each field are presented as large opaque markers. The outlier dephasing at B =40 G
is likely dominated by noise in the applied field (see Section 5.2.6 for details).

where for spin-echo traces fg(t) = 1 for all fields and for Ramsey traces fr(t) = sin(27 ft+9)
for fields outside of the interval B = 50G to B = 90G, and fg(t) = sin(27 fit + 01) +
sin(27 fot 4 o) + sin(27 f5t + d3) for 50G < B < 90G. For all fits, I'; is a fixed parameter

determined by a preceding 7T} measurement.

5.4.2 Noise Spectroscopy

To gain further insight into the nature of the flux noise trends, we measured the noise power
spectral density (PSD) as a function of magnetic field. We observed an increase in the
low-frequency noise along with a 1/f (B = 0G) to approximately Lorentzian (B 2 20 G)
transition in the PSD [Fig. 5.7a]. We emphasize that, in contrast to the general noise
increase, the noise appears to decrease from B = 80G to B = 100 G, which is also present
in the I’f;” trend. Surprisingly, we also observed beating in Ramsey decays at intermediate

fields 50G < B < 90G (shown in Fig. 5.6) which may be consistent with telegraphic noise
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Figure 5.6: Ramsey beating in a magnetic field. Representative Ramsey decay traces
at (a) B=10G, (b) B="70G, and (c) B = 100G. All data is truncated at a time of 0.3 ps.
The Ramsey decays for magnetic fields from B = 50G to B = 90 G displayed beating and
were best fit by decay functions with three oscillatory components, detailed in Supplemental
Material 5.3.1.

processes giving rise to the corresponding Lorentzian-like spectra; we leave a confirmation
of the consistency between these observations to follow-up studies. At high frequencies,
we observed a suppression of the flux noise in fields up to B = 30G [Fig. 5.7b] (past this
field, high-fidelity calibration for spin-locking spectroscopy became difficult due to the excess
low-frequency noise). Both low- and high-frequency PSD trends were reproduced with a
second qubit on the same chip. We note that both noise spectroscopy methods measure the
symmetrized PSD of qubit frequency fluctuations, Sy, (f), and when operating away from

the sweet spot, we utilized the conversion between frequency- and flux-noise PSDs

St (f) = (0fo1/0®)*Sa(f). (5.5)

To validate this conversion, we confirmed the echo dephasing rate varied linearly with the
flux noise susceptibility dfy; /0P (as in [208]) at multiple magnetic fields.
Sweetspot Measurements and Hysteresis

To confirm that flux noise was responsible for the observed trends, we measured qubit fre-
quency noise at the sweet spot and found it primarily magnetic-field-independent and well

below the off-sweet-spot noise in the frequency ranges of interest, being approximately T}
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Figure 5.7: Evolution of flux noise with an in-plane magnetic field. (a) Low-
frequency noise spectroscopy taken with single-shot Ramsey measurements. Data for
B < 100G were taken in one upwards sweep with |0fy/0®| = 22.0 GHz/®(, and data
at B = 100 G was taken in a separate upwards sweep with |0fy; /0P| = 21.0 GHz/®,. Gray
dash-dotted lines serve as guides to the eye displaying power laws 1/ %% (bottom) and 1/ f?
(top, characteristic of a Lorentzian roll-off). The B = 0G data is fit to a 1/f + white
noise model (purple, dashed line), and data at each non-zero field is fit to a Lorentzian +
white noise model (solid line, color of corresponding data). We attribute the white noise
floor to readout infidelity (see Section 5.3.2). (b) Spin-locking noise spectroscopy. Data
was taken in four separate field sweeps with [0 fy; /0P| = 30.0 GHz/®y for B < 10G and
|0fo1/0®| = 31.0 GHz/®q for B = 20 G. Individual measurements are presented as partially
transparent small markers with error bars given by the spin-locking decay fit uncertainty.
Averages at each field are presented with opaque markers. Gray dash-dotted lines serve as
guides to the eye displaying the power laws 1/f* with o = 0.88 4+ 0.02 (top, « from fit to
B = 0G data), o = 1.07 £ 0.02 (middle, from fit to B = 20 G data), and « = 1.5 (bottom,
characteristic of the asymptotic behavior of spin-diffusion noise). At higher fields, we note
a suppression of the measured flux noise, denoted by an annotated black arrow.

limited (T3, 2 11) | Fig. 5.8(a,c)]. We also observed slight hysteretic behavior of the flux

noise PSD at low frequencies [Fig. 5.8(b)| but not at high frequencies |Fig. 5.8(d)].

5.5 Interpretations of the Data

We now discuss possible physical mechanisms that could explain our observations. We first

explore the relevance of spin polarization with the applied field, which depends on temper-
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are presented here in units of frequency noise, and for off sweet spot data are related to
flux noise spectra by Sy, (f) = (0f01/0P)?Sa(f). Off sweet spot data in a,c are the same
as those presented in Fig. 3, and sweet spot data were collected in separate upwards field
sweeps. (a) Low frequency noise spectroscopy on and off the sweet spot as a function of
magnetic field. (b) Hysteresis of the low frequency noise spectra. All data was taken with
0fo1/0® = 22.0 GHz/®(. The field was first lowered from B = 80G to B = 0G (partially
transparent downwards triangle markers), then raised back up to B = 80 G (faceless triangle
markers). (c¢) High frequency noise spectroscopy on and off the sweet spot as a function
of magnetic field. (d) Hysteresis of the high frequency noise spectra. Data was taken with
Ofo1/0P = 30.0 GHz/® for B < 10G and Jfy /0P = 31.0 GHz/®, for B 2 20 G. The field
was first raised from B = 0G to B = 30G (faceless triangle markers), then lowered back
down to B = 0G (partially transparent downwards triangle markers).
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ature and is expected to reduce total SQUID flux noise power [192]. Similar experiments
have observed evidence for the low-frequency (hf < kpTer) environment of the spin bath
being in thermal equilibrium at an effective temperature T,g close to but above that of the
mixing-chamber plate [142]. Studies of the native surface spin bath of Al,O3 observed sig-
natures consistent with a population of ¢ = 2, S = 1/2 electron spins [212] at a density
matching that of the surface spins producing the ubiquitous 1/f flux noise in SQUIDs [211].

We expect saturation of noise suppression from spin freezing to occur in the regime
800 MHz < kpTog/h < ;—63, (5.6)
T

where 7, /27 ~ 2.8 MHz/G is the free-electron gyromagnetic ratio and the lower bound of
Teg is set by the measured mixing-chamber plate temperature in our experiment (~ 40 mK).
Our largest applied field (Byax = 100 G) corresponds to a free electron Zeeman energy of
;—;Bmax ~ 280 MHz which is below the thermal energy scale of ~ 800 MHz. Given the non-
monotonic behavior of the low-frequency flux noise and the saturation of the high-frequency
spin-echo dephasing, we suggest that thermal polarization alone cannot explain the observed
trends.

One plausible interpretation of the data is an increase in surface spin cluster size with
magnetic field, where a cluster refers to a group of interacting spins. In this paragraph,
we justify clustering as a relevant phenomenon in superconducting qubit surface spin baths.
Clustering is a known behavior of spin ensembles in proximity to a phase transition [47],
with the cluster-size distribution depending on temperature [47] and field [228]. Multiple
experiments on similar superconducting quantum circuits have observed evidence of native
surface spin baths being near a magnetic phase transition while at standard operating con-
ditions (i.e. millikelvin temperatures and nominally zero applied field) [48, 211|. Increasing
cluster size has been previously hypothesized as a source of the spectral pivoting of 1/ f noise

with decreasing temperature [209]. We note that experimental and theoretical studies have
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suggested that high-frequency 1/f flux noise emerges from spin diffusion dynamics [46-49|,
while a distinct mechanism is responsible for the low-frequency flux noise, such as longer-time
fluctuations of the net magnetization of clusters [47, 48].

We now discuss the low frequency (< 10 Hz) flux noise spectrum [Fig. 5.7al. It has been
suggested that clusters of spins may act as “macrospins" with effective magnetic moments
and relaxation processes, which produce an ensemble of telegraphic noise processes giving
rise to 1/f noise [47, 213, 214]|. Assuming the effective relaxation rate of a cluster rapidly
decreases with the number of spins in the cluster [47], an increasing size with applied field
would be consistent with the rise in low-frequency flux noise. The transition from 1/f to
approximately Lorentzian noise suggests a narrowing of the distribution of cluster relaxation
rates, which may reflect clusters becoming more homogeneous in size with applied field as
a result of, e.g., fewer total clusters or size saturation due to the finite dimension of the
superconducting wire. We note that the Lorentzian cut-off frequency does not saturate with
magnetic field, but appears highest at B ~ 80 G. This non-monotonic behavior may be due
to the field dependence of system parameters such as individual spin relaxation times, the
effective spin diffusion constant, cluster sizes, etc.

We now proceed to the high frequency (2 1MHz) flux noise spectrum [Fig. 5.7b]. We
present two potential mechanisms for the suppression of spin diffusion that would lead to
the lowering of flux noise in the MHz range: (1) spin clustering, and (2) inhomogeneous
broadening of the spin bath. The growth of spin clusters (and corresponding reduction
of their flip-rate [47]) would reduce the number of smaller clusters contributing to high-
frequency noise [209]. Beyond this generic trend, we consider the case of ferromagnetic
or random clusters. In the case of ferromagnetic clusters, growth would inhibit flip-flop
processes contributing to spin diffusion by decreasing the number of participating antiparallel
spin pairs. In the case of random clusters (in which spins are oriented randomly), growth
would inhibit diffusion processes past a critical timescale f;' oc L?/D, where D is the

effective spin diffusion coefficient and L is the spatial extent of a cluster which determines
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how far excitations can freely diffuse before running into a boundary—at frequencies above
f., the noise PSD asymptotically approaches S(f > f.) ~ 1/f15 [48, 49]. In addition to a
reduction of the noise level, our data displays an increasing noise exponent o with applied
field which is consistent with an increase in L. We note that in an earlier cooldown we
observed a =~ 1.5 at magnetic fields B 2 12 G in multiple datasets, although this behavior
was not observed during the subsequent cooldown. We also note the apparent saturation of
Ff , which may suggest a saturation of spin cluster sizes complementing the 1/ f to Lorentzian
transition in the low-frequency noise.

Another possible mechanism for the suppression of spin diffusion (i.e. spin flip-flops) is
inhomogeneous broadening of the spin bath from local variations in the applied field {229,
230], which would reduce the effective diffusion constant D [231]|. Spin flip-flops are possi-
ble between resonant spins (detuned less than their interaction strength) with antiparallel
orientations. Since the saturation of Ff occurs at lower field than would be expected from
polarization (reorientation) of the surface spins, we suggest that inhomogeneous broadening
provides a more consistent explanation for both the qubit coherence and noise spectroscopy
data. A number of mechanisms may lead to inhomogeneous broadening such as spatially
inhomogeneous Meissner screening, or a statistical distribution of the effective gyromagnetic
ratios of magnetic defects. Attributing the saturation of Ff entirely to such broadening,
we place a rough bound on the spin-spin interaction strength assuming the spin energy is
given approximately by the applied field Zeeman splitting—a spin experiencing the bare field
would have a frequency ~ 3¢ B, and a nearby spin experiencing no applied field (i.e. on an
adjacent face of the wire which is entirely shielded) would have a frequency ~ 0. Flip-flop

processes would be inhibited between these spins if their coupling strength J satisfies
J < h25(B - 0). (5.7)
2m

With a saturation field By, ~ 50 G, we have J/h < 150 MHz.
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5.6 Outlook

In summary, our results provide the first characterization of flux-noise-limited dephasing in
superconducting qubits as a function of applied magnetic field. Our data reveals a distinct
1/f to approximately Lorentzian transition of the noise spectrum below 10 Hz as well as a
suppression of noise above 1 MHz. The observed trends are consistent with increasing spin
cluster sizes with applied field, although more experimental and theoretical investigation is
required to validate this interpretation. Further insight can be obtained by mapping the flux
noise response at higher fields using magnetic-field-resilient devices (e.g. niobium or thinner
aluminum metallizations), or by probing the noise response to applied fields while varying
device materials or field angle. In addition, searching for resonant peaks in the flux noise
spectra at higher frequency (2 10 MHz) as a function of magnetic field may provide valuable
clues about the electronic and chemical configuration of the magnetic defects comprising
the spin bath. Such signatures of coherent fluctuators in flux noise spectra have already
been observed, albeit at nominally zero field, and without consistent reproducibility [132].
Already, we anticipate that our results can provide a new experimental constraint for future
flux noise models incorporating magnetic field dependence [232], which may bring us one
step closer to solving the decades-long open question of the microscopic origin of 1/f flux

noise in superconducting circuits.
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Chapter 6

Fast Gates with Fluxonium Qubits

Qubit decoherence unavoidably degrades the fidelity of quantum logic gates. Accordingly, re-
alizing gates that are as fast as possible is a guiding principle for qubit control, necessitating
protocols for mitigating error channels that become significant as gate time is decreased. One
such error channel arises from the counter-rotating component of strong, linearly polarized
drives. This error channel is particularly important when gate times approach the qubit Lar-
mor period and represents the dominant source of infidelity for sufficiently fast single-qubit
gates with low-frequency qubits such as fluxonium. In this work, we develop and demon-
strate two complementary protocols for mitigating this error channel. The first protocol
realizes circularly polarized driving in circuit quantum electrodynamics (QED) through si-
multaneous charge and flux control. The second protocol—commensurate pulses—leverages
the coherent and periodic nature of counter-rotating fields to regularize their contributions
to gates, enabling single-qubit gate fidelities reliably exceeding 99.997%. This protocol is
platform independent and requires no additional calibration overhead. This work establishes
straightforward strategies for mitigating counter-rotating effects from strong drives in circuit
QED and other platforms, which we expect to be helpful in the effort to realize high-fidelity

control for fault-tolerant quantum computing.
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6.1 Introduction

Superconducting qubits have emerged as a leading contender for performing quantum com-
putation [233], with steadily increasing circuit sizes and rising gate fidelities approaching
the levels required to begin scaling error correcting codes [39, 54, 234-236]. However, gate
fidelities must improve further to realize useful quantum computations, e.g., by surpassing
code thresholds to yield algorithmically-relevant logical error rates [31, 236-238].

Decoherence poses a significant challenge to the realization of high-fidelity gates, con-
tributing an error proportional to t,/T¢.n, where ¢, represents the duration of a gate oper-
ation and T, the relevant coherence timescale. For superconducting qubits, decoherence
often limits the fidelity of state-of-the-art gates. Consequently, to build useful quantum
hardware, we aim to increase system coherence and decrease gate times as much as possible.

The speed of quantum logic gates is generally limited by effects that become signifi-
cant as gate times approach relevant system timescales. As a primary example, leakage
to non-computational states becomes significant when gate times approach the timescale
set by the qubit anharmonicity [53, 239]. This example is especially relevant for trans-
mon qubits [54, 240], for which low anharmonicities of typically |o|/27m ~ 200 MHz limit
gate times to (Ja|/27)~! ~ 5ns [101, 241|. As another example, linear drives [52] for gates
with durations approaching the qubit Larmor period (t,/7, — 1) give rise to significant
undesirable counter-rotating dynamics, resulting from the breakdown of the rotating-wave
approximation (RWA) [242-245|. These effects are typically negligible for transmons due to
their high transition frequency (t,/7;, 2 5ns -4 GHz = 20).

Both the intrinsic control limitations and coherence properties of a particular qubit are
dictated by its Hamiltonian. The interplay between qubit anharmonicity, sensitivity to noise,
and circuit simplicity for superconducting qubits has been elucidated over the past several
decades [39, 55, 246-252|, leading to the transmon as the current workhorse superconduct-

ing qubit. However, the limitations imposed by its low anharmonicity and unprotected
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computational states [96] have motivated further investigation of circuits with more favor-
able coherence and control properties. The fluxonium [55] is one such qubit, featuring a
transition frequency typically less than 1 GHz, with state-of-the-art coherence times and
single- and two-qubit gate fidelities [99, 253-256]. One beneficial property of the fluxonium
is its high anharmonicity, typically several gigahertz, when operated at a flux bias of a
half magnetic flux quantum ®,/2. This property mitigates leakage during fast single-qubit
gates, enabling the exploration of new dominant error channels and strategies to mitigate
them. In particular, fast, resonant control of fluxonium naturally places one in the regime
to/7r S bns-1GHz = 5, where errors due to counter-rotating effects start to become severe.

In this work, we explore fast single-qubit gates based on the resonant control of a flux-
onium qubit in the regime of few-cycle pulses (1 < t,/7, < 5), where errors from counter-
rotating dynamics are significant. We develop two complementary strategies for mitigating
these errors. Our first strategy takes inspiration from circularly polarized free-space elec-
tromagnetic fields and realizes tunable-polarization drives [257] with simultaneous charge
and flux control. We demonstrate the tunability of drive polarization and the calibration
of co-rotating drives for gates. Our second strategy, enabling fidelities exceeding 99.997%
with only a linear drive, involves leveraging the time-periodicity of the counter-rotating fields
to regularize their contributions to all pulses [258|. This approach, hereafter referred to as
commensurate pulses, eliminates the coherent error channel posed by counter-rotating effects
with no additional calibration overhead and can be implemented straightforwardly to mit-
igate these effects in any platform where fast resonant control is desired. We utilized both
approaches to implement single-qubit gates, exploring different drive schemes—charge, flux,
and circularly polarized drives—and the resulting fidelity dependence on the gate duration.
Finally, we developed an error budget for our gates and investigated their stability, finding
that our best gates were coherence limited, and the performance remained stable (error per
gate fluctuations < 1.13 x 107°) for the entire measurement duration of 34 hours after an

initial calibration.
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6.2 Device and Theory

In this section, we detail the device, our two complementary protocols for mitigating counter-

rotating errors for fast gates, and our single-qubit gate implementation.

6.2.1 Fluxonium Device

Our device comprises a two-dimensional differential fluxonium qubit capacitively coupled to
a charge line and inductively coupled to a flux line as shown in Fig. 6.1(a). Modeling just

the fluxonium qubit and the two drive lines, our device obeys the system Hamiltonian
H = Hy + hS, cos(wqt)i 4+ hQ cos(wat — Ap)o, (6.1)
where ﬁo is the bare fluxonium Hamiltonian
Hy = 4E-n2 + %Em@Q - By cos(& — Gac)- (6.2)

This Hamiltonian is written in the lab frame, where €. () describes the amplitude of a
cosinusoidal charge (flux) drive with frequency w, and phase difference Agp between the two
drives. In the fluxonium Hamiltonian, n and gzg represent the charge and phase operators,
Ec/h = 1.30GHz, Ep/h = 0.59 GHz, and E;/h = 5.71 GHz are the charging-, inductive-,
and Josephson energy, respectively, and ¢4 is a phase offset resulting from a static external
magnetic flux ®q./Py = ¢qg./2m supplied by a superconducting coil inductively coupled
to the fluxonium loop. The sample qubit was a subsystem of a device comprising two
fluxonium qubits with a capacitively-coupled transmon coupler (refer to device A, fluxonium
2 of Ref. [255]). We note that the linear flux drive arises from the allocation of time-dependent
flux inside the inductor term, which has recently been theoretically and experimentally
verified {259, 260).

Our experiments were performed at ®4. = 0.5®j, where the qubit had a frequency
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wo1/2m =~ 243 MHz (Larmor period 7, &~ 4.1ns) and coherence times generally between

200ps < Th,Top < 500ps. Dispersive readout was performed with a capacitively-coupled
resonator at frequency w, /27 = 7.08 GHz, with linewidth /27 ~ 1.5 MHz and dispersive
shift x /27 ~ 1 MHz [89]. We herald the desired initial state with a preceding projective mea-
surement, with a buffer time of 2 pus before applying qubit pulses to avoid photon-shot-noise
dephasing. All charge and flux control pulses were directly synthesized on a high-bandwidth
arbitrary waveform generator (see Appendix 6.3 for details).

We emphasize the relevance of fluxonium qubits for our experiments exploring counter-
rotating dynamics, as their typically low qubit frequency and high anharmonicity cause

counter-rotating effects to manifest before leakage into non-computational states is observed

when performing Rabi-based single-qubit gates.

6.2.2 Circularly Polarized Driving

In this subsection, we detail the ability to tune qubit drive polarization by controlling the
relative phase Ag of simultaneous charge and flux drives |Fig. 6.1(b)]. In particular, we
show that for particular values of the relative phase, drives consisting of purely linear, co-
, or counter-rotating components can be generated. We also derive an expression for the
Rabi frequency (within the RWA) as a function of the relative phase between simultaneous
charge and flux drives, enabling us to determine the relative phase offset in our setup and
consequently generate drives with desired polarizations.

We begin by simplifying the system Hamiltonian Eq. (6.1). Truncating to the ground
and first excited state manifold, with H |0) = 0, the two-level Hamiltonian terms take the

following form

-HO — hw()l |]-> <1| s
n —i(|0) (1] = [1) 0]),

¢ — [0) (1] + 1) (0]
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Figure 6.1: Device and concept. (a) False-colored optical micrograph of the fluxonium
qubit (orange) with a coupled charge (purple) and flux line (blue). (b) Diagram illustrating
how all drives are performed in this experiment. All drives comprise a phase-sensitive linear
combination of a charge and flux drive, parameterized by a cosine-shaped rise-fall and a
flat top. (b) Bloch sphere representation of a qubit with the trajectory of various drive
polarization vectors drawn. A co-rotating (green) drive has a polarization vector rotating
with the same orientation as the qubit, a counter-rotating (red) drive has a polarization vector
rotating in the opposite direction as the qubit, and a linear (blue) drive has a polarization
vector which traces out a line.

Considering charge and flux drives of the same strength (Q.](0] 7 [1)| = Q|(0] §]1)| = Q/2),

we arrive at the two-level Hamiltonian

H
= wor [1) (1]

— i cos(eat)(10) (1] — |1) 0] (6.3)

+ % cos(waqt — Ap)(]0) (1] + [1) (0]).
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Inspecting the above equation, we find that the two drive terms act along orthogonal axes
of the Bloch sphere in the lab frame. We can see this simply by expressing the operators
with Pauli matrices: gB o« 0, and 7 o< 0. This is a consequence of the canonically conjugate
nature of the charge and flux operators, and it enables the effective field polarization to be
tuned by the relative phase of the charge and flux drives. This may be contrasted with the
polarization of free-space electromagnetic fields, where polarization is defined by the relation

of real-space field components.

Linear drives

Setting the relative phase to Ay = 0 () |Fig. 6.1(c), blue| yields a linearly polarized drive
with drive operator n + gg (n — ¢2) One can also trivially generate linear drives by applying
an individual charge or flux drive (oscillating only along the n or ¢ axes respectively).

Co-rotating drives

Applying a rotating frame transformation to Eq. (6.3),

2 n An 8[7 N
H=UHU"+ ihEU‘l, (6.4)
at a frequency wy co-rotating with the qubit, Uy(t) = et gives
a
B o =i
— i [14ie "% 4 e 2@ (1 4+ 3™%)] |0) (1] + h.c. (6.5)

4

For Ap = 7/2 |Fig. 6.1(c) green]|, the fast-oscillating terms exactly cancel, and the Hamil-

tonian simplifies to a qubit with a static drive field (without needing the RWA),

If—,co
h

= (wor —wa) [1) (1 —’i%(!@ (1] = 1) o)) (6.6)
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In the lab-frame Bloch sphere picture, the net drive field travels along the equator in the

same direction as the qubit Larmor precession |[Fig. 6.1(c) purple].

Counter-rotating drives

Alternatively, for Ap = —7/2 [Fig. 6.1(c), red|, the drive field travels along the equator but

opposite to the qubit Larmor precession. In a frame counter-rotating relative to the qubit at

N

frequency wq, Uy(t) = e~ @atli)e

11 we likewise find a time-independent Hamiltonian without

making the RWA,

A

Hcounter Q
n = (wortwa) [1) (1 =i (J0) (1] — 1) 0]). (6.7)

Considering resonant drives (wq = wp1), turning on such a counter-rotating field diabatically
will have the effect of inducing small oscillations of the qubit population at a frequency
~ 2w + Q% /4wd,, as the system eigenstates dressed with the counter-rotating drive comprise
an admixture of the bare qubit eigenstates. Oscillations around 2wy, under strong resonant
driving is a hallmark of counter-rotating effects, signifying a breakdown of the RWA as

0 — wo1-

Rabi Oscillations with Simultaneous Drives of Arbitrary Relative Phase

With resonant drives (wy = w1 ), the rotating frame Hamiltonian Eq. (6.5) only retains the

coupling term

Sfl D::b

— —zz(l + e8P el (1 4 4e2)) |0) (1] + h.c. (6.8)
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For weak drives (2 < wp1), we can perform the RWA (discard terms oscillating at 2wy) and

the qubit will display generalized Rabi oscillations at a frequency

S QL
szll—i—ze d (6.9)
= %|cos((Agp—7r/2)/2)| (6.10)
Q /14 cos(Ap —7/2)
_ 5\/ : . (6.11)

To determine the relative phase offset of the charge and flux drives, we applied simultaneous
drives of the same strength while sweeping the relative phase and fit the observed oscillation
frequencies to Eq. (6.11).

To conclude this subsection, we emphasize that the ability to realize circularly polarized
electromagnetic fields with superconducting qubit drives ultimately relies on the charge and
flux drive operators being linearly independent and on the equatorial plane of the qubit

Bloch sphere.

Can we generate circular drives with only one control line?

The requirement for distinct charge and flux drives raises a question: for a linear drive, the
rotation axis of a gate defined in the rotating frame can be adjusted via the drive phase, so
is it possible to create a circularly polarized drive with phase-shifted tones applied on the
same control line?

The answer is no — simultaneous pulses on the same control line have the same lab-
frame polarization, and the counter-rotating components from both pulses cannot completely
destructively interfere unless the net drive tone is zero.

From another perspective, if one tries to determine which phase-shifted pulses to apply,
it also becomes apparent that this is impossible: perpendicular rotations in the rotating
frame are implemented with one control line by adding a 90° relative phase, and further

phase-shifting the tones in order to create a circularly polarized drive requires another 90°
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relative phase, leading to either 0 or 180° total relative phase. The resulting net drive is

linearly polarized in either case.

6.2.3 Commensurate Pulses: Regularizing Coherent Errors from

Counter-Rotating Terms

In this section, we detail a complementary method for mitigating counter-rotating errors
even when employing a linear drive. For clarity, we explore resonant drives in this section,
but provide analysis for the general case of off-resonant drives in Appendix B. In contrast
to the implementation of co-rotating drives, this method relies solely on restricting pulse
application times according to the qubit frequency, i.e., no additional calibration overhead
is required relative to conventional Rabi gates. In addition to regularizing counter-rotating
effects, this approach also regularizes other sources of error, e.g., AC Stark shifts or transients
which depend on pulse profiles, and can be straightforwardly implemented in parallel with
typical gate calibration methods.

We introduce this method by considering a qubit subjected to a resonant, linearly polar-

ized pulse of duration ¢, applied at a start time ¢

H
7 = wor [1) (1] + Q(t — o) cos(want + ) (|0) {1] + 1) (0]) (6.12)
where Q(t' =t — ty) denotes the envelope of the pulse such that Q(#') = 0 for # < 0 and
t" > t,. Rewriting the Hamiltonian in terms of ¢ and in a frame co-rotating with the qubit
at frequency woq,

H o)
- =

; [1+e*%<w01<t’+fo>w> 10 (1] + hec., (6.13)
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and the time-evolution operator generated by the pulse is given by

" C [ty o
Ut =t,,t' =0) = exp {_% H(t,t) dt’} . (6.14)
0

By inspecting the counter-rotating field—the second term in the square brackets of Eq. (6.13)—
we can interpret the pulse start time ¢, as effectively setting a phase offset of the counter-
rotating field. When working within the RWA (neglecting the counter-rotating term), the
rotating-frame Hamiltonian and resulting unitary given by Eq. (6.14) become invariant with
respect to t. In contrast, when applying strong linear drives with 1/¢, approaching wo; /2,
the counter-rotating field cannot be neglected and the unitary remains a function of ;. In
other words, counter-rotating effects cause the qubit rotation to depend on when the pulse
is applied 1.

However, noting that this effect is coherent and deterministic, we can make the contribu-
tion from counter-rotating fields uniform for all pulses by utilizing their time periodicity. In
particular, the exponential in Eq. (6.13) has a period of 7 = m/wy = 71,/2. So, restricting
the times at which we apply pulses to tg = n7r,/2+ dtg with integer n and arbitrary constant
time-offset 0ty leads to the same unitary dynamics for every pulse of a fixed ¢. We set
0ty = 0 as this time offset is equivalent to an absolute carrier-phase offset ¢ — ¢ — wp1dtp.
As a result of regularizing the pulse unitary, any calibration that can correct for a systematic
rotation error automatically mitigates the counter-rotating contribution. We refer to gates
performed with this approach as commensurate, since pulses are locked to a lattice defined
by 11,/2.

We refer to gates not following this restriction as incommensurate and highlight their sus-
ceptibility to the coherent error generated by the non-uniform sampling of counter-rotating
fields for pulses applied at different times. We further note that when performing pulse

sequences composed of a large number of incommensurate pulses, each pulse contributes a

! An analogous example of physics that depends on the stability of the relative phase between the carrier
and envelope of few-cycle pulses can be found in ultrafast optics [261, 262].
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different counter-rotating error, reducing fidelity and rendering a global shift of the carrier
phase ¢ to all pulses indiscernable. In contrast, a pulse sequence employing commensurate
pulses will generally be sensitive to such a global offset in .

To form a gate set with X and Y rotations (i.e. with phases ¢ € {0,7/2}), we can
regularize the counter-rotating dynamics for both phases simultaneously by applying X gates
at times ty = n7,/2 and Y gates at tJ = (n + 1/2)71,/2 [263|. Pragmatically, this can be
implemented by defining X gates to have a duration that is a multiple of 77,/2 and forming Y
gates by padding X gates before and after with duration 7, /4 identity gates. These identity
gates can be compiled away for consecutive Y gates to reduce the total sequence duration.
In practice, we found the benefit from this compilation to be minimal and did not utilize it
for data presented in this chapter.

To conclude this subsection, we highlight that commensurate gates offer the ability to reg-
ularize and thereby eliminate coherent errors from the counter-rotating component of strong
linear drives with no additional calibration overhead. This stands in contrast to co-rotating
drives, which natively do not include a counter-rotating component but require extra cal-
ibration. In practice, we still found that co-rotating gates with durations approaching 7,
benefited from adhering to the commensurate condition—we attribute this to the regular-
ization of AC Stark shifts arising from the off-resonant driving of transitions beyond 0 — 1.
The AC Stark shift magnitude is dependent on when co-rotating pulses are applied due to
the varying relative value of charge and flux drive components, which couple the non-target
levels with different matrix elements. This effect also grows with increasing drive strength,
and its mitigation highlights another distinct benefit of commensurate gates. We further
emphasize that this approach does not rely on any specific details of the qubit. In other
words, this approach can be applied to mitigate counter-rotating effects in any platform
where strong linear drives are desired. The small price to pay for applying commensurate
gates is in coherence—by requiring X and Y gates to be applied at times belonging to lattices

shifted by 77, /4 relative to each other, the target qubit accrues decoherence during the 7, /4
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waiting times between applying X then Y or Y then X gates. For our qubit, this amounted

to 2.05ns for every such occasion.

6.2.4 Single-Qubit Gate Implementation

In this subsection, we detail the implementation of our single-qubit gates. We performed
gates with three driving schemes: circularly polarized, purely charge [254, 255], and purely
flux [264].

Calibrating the 7 /2 pulse.

For all drive schemes, a 7/2 rotation was explicitly calibrated with Rabi driving and pulse
train techniques. Circularly polarized drives underwent additional calibration steps to ensure
(1) equal drive strengths between the two drives, (2) a relative drive phase corresponding to a
co-rotating circular polarization, and (3) simultaneity of the charge and flux pulse arrivals at
the qubit. Following the commensurate restriction required no additional calibration relative

to conventional Rabi gates. We include full details on the pulse calibration in Chapter 6.4.

Forming a gate set

With a fully calibrated 7/2 rotation, we defined our X (Y) gate as having no phase shift
(90° phase shift) of the carrier. m-pulses were implemented by playing two 7/2-pulses back
to back, and Z gates were implemented as virtual-Z gates [265]. All microwave pulses
used a pure-cosine envelope, with a 0.1ns gap between adjacent pulses. We generated the
single-qubit Clifford group with the gate set G = {I, X, /5, Y7 /2}, which yields on average
53/24 ~ 2.208 non-identity gates per Clifford. We used this decomposition as it comprises
the native gates in our experiment and allows direct comparison with other recent works |60,

101] demonstrating state-of-the-art single-qubit gates.
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6.2.5 Gate Benchmarking

Both standard and interleaved Clifford randomized benchmarking were performed to assess
the quality of our gates [266, 267]. To quantify the proportion of incoherent and coherent
error in our gates, we performed purity randomized benchmarking (RB) [268, 269]. Our
implementation of the purity RB pulse sequence included a recovery gate as in standard
Clifford RB, followed by single-qubit state tomography. This enabled us to extract both the
total and incoherent error per gate by analyzing (0.) and the purity P = (0,)? + (0,)* +
(0.)? from the same dataset, respectively. All fidelities were reported with uncertainties

representing the standard error of the mean.

RB analysis

The total error per Clifford € was extracted by fitting the excited state population p. by

(pe) = A+ Bu™, (6.15)

where (-) denotes the average over a collection of random sequences of m Cliffords, u = 1—2e,
and A and B are constants determined by state preparation and measurement (SPAM) errors.
The error per gate was then calculated by €, = ¢/N, where N = 53/24 ~ 2.2083 was the

number of gates per Clifford given our native gateset G = {1, £X /2, =Yz 0}

Purity RB analysis

The incoherent error per Clifford ¢, was extracted by fitting the average state purity

(P) = A' + B'W/™, (6.16)

where

P =(0.)" +(0:)* + (02)° (6.17)
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is the state purity, shifted and rescaled to lie in the interval [0, 1], extracted by tomography
after the m-Clifford RB sequence, v/ = (1 — 2¢;,)?, and similarly A" and B’ are determined

by SPAM errors. The incoherent error per gate was given by €;in = €n/N.

6.3 Experimental Setup

All experiments were conducted in a Bluefors XLD600 dilution refrigerator maintaining a
base temperature stabilized at ~ 22mK. Flux biases were provided by a small supercon-
ducting solenoid mounted to the lid of the sample package. We specify the equipment used
for qubit biasing, control, and readout in Table. 6.1, and detail the experimental wiring in

Fig. 6.2.

Table 6.1: Summary of control equipment.

Component Manufacturer Model
Dilution Refrigerator Bluefors XLD600
RF Source Rohde and Schwarz | SGS100A
DC Source QDevil QDAC I
Control Chassis Keysight M9019A
AWG (readout pulses) Keysight M3202A
AWG (qubit pulses) Keysight MS8195A
ADC Keysight M3102A

6.4 Single-Qubit Gate Calibration

In this section, we detail the full routine used for our single-qubit gate calibration. All gates
in this work were made of 7/2-pulses (e.g. m-pulses utilized two sequential 7/2-pulses) with

cosine envelopes and performed at @, = 0.5P(, referred to as the “sweet spot." A pulse
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Figure 6.2: Wiring schematic of the experimental setup.

starting at time t, with duration ¢, was implemented with the waveform w(t),

w(t) = A(t) coslwoit — 6(t — to) + ¢

(1 - COS[QW%]% to <t <typ+t,

0, otherwise
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where wp; /27 is the undriven qubit frequency, ¢ is the pulse detuning, and ¢ is the phase of
the carrier defining the axis of the qubit rotation. We emphasize that no pulse predistortion
was used in this experiment, giving an avenue for potential future improvement.

Before precise gate calibration, we performed rough calibrations of the flux bias, qubit
frequency, and a slow (> 30 ns) charge 7/2-pulse for precise flux bias and frequency calibra-

tions. The following preliminary calibrations were performed before gate tune-up.

1. Precise flux bias calibration. Ramsey oscillations were measured with a fixed pulse
frequency (slightly detuned below the qubit frequency at the sweet spot) as a function
of flux bias. The oscillation frequencies vs flux were fit to a parabola, with a minimum

oscillation frequency at the flux sweet spot. For details, we refer to [255].

2. Single-shot readout calibration. We collected single-shot voltage measurements
with no initialization of the qubit, and trained a Gaussian mixture model on the

resulting dataset in the 1Q plane.

3. Precise qubit frequency calibration. Ramsey oscillations were measured for 10 ps
with an applied detuning of —800 kHz and fit with a cosine function. The difference be-
tween the fit oscillation frequency and the applied detuning was then used to calculate

the precise qubit frequency.

6.4.1 Gates with Linear Drives

Linear drive gates for a given m/2-pulse duration were calibrated roughly following the pro-

cedure of [255|, with minor adjustments. We detail the exact procedure below.

1. Rough m-pulse amplitude calibration. A train of two Rabi pulses was applied to
the qubit while sweeping the amplitude of their cosine envelopes. The resulting popu-
lation of the excited state was fit with a cosine function, yielding the rough amplitude

corresponding to two sequential 7/2 pulses.
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2. Pulse detuning. A train of 7/2 pulses with alternating signs (e.g. [Xz/2 + X_7/2]")
was applied while sweeping the number of pulses and a detuning modulation of the

©(t=to) where t, was the start time of each pulse.

envelope of each pulse given by e~
The optimal value of § was chosen such that the oscillation between |0) and |1) was
minimized. Interestingly, for commensurate gates, we found that the particular pulse
used for this calibration (e.g. X or Y) was important — for gate durations ty = n7y
(tx = (n+1/2)11), n € N, we found that this pulse sequence behaved as expected when
using Y (X)) rotations. Recall that for our commensurate implementation, Y gates have
a duration 77, /2 longer than X gates. This results in, for tx = n7p, (tx = (n+1/2)71),
alternating Y (X) pulse trains with identical waveforms for all gates (in contrast, the
equivalent same-sign pulse trains correspond to the waveform for each subsequent gate
being flipped). We hypothesize that, due to sequential pulses implementing rotations

in opposite directions having the same waveform, long-time transients were suppressed

rather than amplified in this calibration by the choice of X vs Y rotations.

3. Precise amplitude calibration. We used a pulse train looping over the set
{Xn/2, Yas2, X_z/2, Y 7)o} measuring only trains with a multiple of 3 pulses (e.g. not =
3n, n € N). This sequence implements a pseudo-identity gate (only an identity with
perfect control) that is sensitive to the pulse amplitude. We also note that this sequence
was sensitive to the pulse detuning. However, the pulse detuning was calibrated im-
mediately preceding and no effective change was seen by changing this calibration to
the more usual X train. This specific pulse sequence was chosen in order to treat
X and Y pulses equally and mitigate any skewing of the optimal amplitude from e.g.

unwanted amplification of transients from a homogeneous pulse train.

6.4.2 Gates with Circular (Co-Rotating) Drives

For circular gates, three additional calibrations were performed to determine 1) the relative

phase offset, 2) the relative pulse delay, and 3) the precise relative amplitude between the
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charge and flux drives. The exact procedure is outlined below.

1. Rough m-pulse amplitude calibration for charge and flux. We applied a se-
quence X, + X, while sweeping the pulse amplitude and fit the resulting population
of |1) to a cosine function. The optimal 7-pulse amplitude was then calculated as half

the amplitude for the max population.

2. Relative phase offset calibration. We applied simultaneous charge and flux drives
of equal strength (with relative amplitude set by the previous measurement) and mea-
sured Rabi oscillations while sweeping the relative phase. The offset phase was deter-

mined by fitting the data to Eq. (6.9).

3. Relative pulse delay calibration. We applied an alternating X, pulse train of
nominally simultaneous charge and flux gates while sweeping the relative drive delay
and the total number of pulses (constraining it to be odd) and setting Ay = 0. The
resulting interference pattern yielded maximal population of |1) when the pulse trains

for charge and flux arrived at the qubit simultaneously.

4. Pulse detuning calibration (coarse). The optimal pulse detuning parameter for
circular gates was found with the same routine as for linear gates, with the relative

phase set to Ay = 7/2 and enforcing § = dcharge = Oflux-

5. Relative amplitude calibration. We applied a nominally counter-rotating Rabi
drive (Ap = —m/2) with a plateau equal to 3 times the pulse width as a function
of the flux pulse amplitude (while keeping the charge amplitude fixed), resulting in
minimal excited state occupation when the Rabi strengths of charge and flux were

balanced.
6. Pulse detuning calibration (fine). As described in step 4.

7. Precise amplitude calibration. As described in the linear gate calibration, step 3.

167



(a) (b) Circular gate only (c) Circular gate only (d) XN

relative delay —

amplitude

0 charge |cos(wt) 0 : | (XA 7'r -
0 —I— Xo A ogell AL ) o 4 x:Hoe AL
(e) 100 ; i () 4 (8) oA e (h)
charge pulses
n ) 8
o = o f?ﬁ: el
= 0o 3.‘ I £ 2 o4l 19“ ‘af ¥, K
SN : MRy :
0.25F I 2 10 0.2F ﬁr 1 ‘l j Zg
[a)]
0.00) \ : . okl onq& ‘t. : d. v o
1 32 1 0 0 10 20

.0 0.5 |
Local Drive Amplitude (V) Relative Drive Delay (ns) Pulse Detuning (MHz)

(i) Circular gate only (J) Xn (k) nmod4 =1, 2 3 0

charge |cos(wt)
[0) f7<-> o) =X

flux \l{ cos(wt-m/2)
relative amplitude

7 n-BEHE A
nmod 3 =0

(n) 200 07

U]

i
o
=]

0.2f

Pop. [1)
g
Pop. [1)

2000

Number of pulses
Number of pulses

o
=3

¥ 0
019 1.0 11 4.0 4.2
Relative Amplitude (Flux / Charge) Pulse Detuning (MHz)

0

09 10
Drive Amplitude (V)

Figure 6.3: Measurement pulse sequences for single-qubit gate calibration. (a-
d),(i-k) Measurement pulse sequences for (e-h),(l-n), respectively. (e) Rough pulse am-
plitude calibration. (f) Circular-only calibration for the relative phase between charge and
flux drives. Marked in black is the counter-rotating relative phase. All circular gates were
performed with the co-rotating phase (180° offset from the counter-rotating phase). (g)
Circular-only calibration for the relative delay between charge and flux pulses, to ensure
pulses sent down both control lines arrived simultaneously at the qubit. (h) Rough pulse
detuning calibration, primarily compensating for AC Stark shifts. (1) Circular-only fine cali-
bration to balance the charge and flux drive strengths. (m) Fine pulse detuning calibration.
(n) Fine pulse amplitude calibration.

6.4.3 Gaussian Fitting of Calibration Scans:

Gaussian Function as an Infinite Product

For multiple pulse parameters, optimal values were determined by fitting the product of
pulse-train dataset line-cuts to a Gaussian function (in other words, multiplying the hor-
izontal rows of a dataset which looks like Fig. 6.3(h), and fitting the resulting line). In
this subsection, we justify this methodology and provide an infinite product expression of

. . _ 2 2 . . . . .
the Gaussian function e~ /27", We provide a rigorous derivation and extended results in
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Appendix A.

For a pulse parameter z, we assume that at the optimal value z,, applying a pseudo-
identity gate comprised of a pulse train with n repetitions (e.g. (X,+X_;)") leaves the qubit
in its initial state. However, a slightly offset value of x will lead to an over- or under-rotation
of the qubit by an amount nAf = nk(x —z.p) and a corresponding population of the excited

state of pfy, = (1 + cos(nAf)), where k is a constant of proportionality depending on the

%
details of how the parameter x affects the qubit rotation. In our experiment, x corresponded
to the pulse detuning or amplitude, but we note that this argument can be generalized to
other parameters which effect the qubit rotation angle similarly.

In order to determine the optimal value x.,, we took datasets measuring the excited
state probability Py after pseudo-identity gates as a function of the number of repetitions

n and the pulse parameter x. We then took the product for all different n, resulting in the

signal s(x),

N

s(z) = H

n=0

= <ﬁcos(nA9)) : (6.19)

(14 cos(nA#g)) (6.18)

N | =

In the limit as N — oo, one can show that such an infinite product converges exactly to a

Gaussian when the cosine frequencies are weighted correctly,

N

I ( n
im cos [ ——
N—oo 0 N3/2

n—=

Ae) s (6.20)

Even for small N (in our datasets, N < 5), the above expression is easily fit to a Gaussian,

giving an efficient and robust way to fit datasets such as Fig. 6.3(g,h,m,n).
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6.5 Experimental Results

In this section, we describe our three main results: (1) the demonstration of tunable-
polarization drives, (2) the mitigation of counter-rotating errors for linearly polarized drives
with commensurate gates, and (3) the optimization of gate duration for different drive

schemes.

6.5.1 Arbitrarily Polarized Drives

As our first experiment, we demonstrated the generation of arbitrarily polarized microwave
drives. To ensure equal drive strengths for the charge and flux components, we first cali-
brated the charge and flux drive amplitudes to individually produce the same Rabi frequency.
Then, time-domain Rabi oscillations were measured with the relative phase Ay of the two
simultaneous drives swept between 0° and 360° |Fig. 6.4(a)|. In this plot, the drive is shown
to continuously vary between a completely co-rotating drive (A = 90°) and a completely
counter-rotating drive (Ap = 270°). In between, at Ay = 0° and Ap = 180°, the drive
is completely linearly polarized, but along a diagonal axis in the Bloch sphere equatorial
plane [Fig. 6.1(c), blue arrows|. The counter-rotating dynamics are visibly apparent as fast
oscillations on top of the slower Rabi flopping away from Ap = 90°. The Rabi frequency
of the simultaneous drive (within the RWA) depends on the relative phase, and is given by
Eq. 6.9.

To fairly compare the dynamics for Rabi drives of different polarizations, we then sep-
arately calibrated Rabi drives of the same strength for a mostly counter-rotating drive
[Fig. 6.4(b)], a linear drive with equal charge and flux components [Fig. 6.4(c)|, and a co-
rotating drive [Fig. 6.4(d)]. The associated Bloch sphere trajectories measured with state
tomography are shown in panels Fig. 6.4(e-g) respectively.

In both simulation and experiment, we found that a slow rise and fall of the pulse envelope

could dampen the effects of the counter-rotating terms by allowing the Hamiltonian to change
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Figure 6.4: Rabi oscillations with tunable drive polarization. (a) Time-domain
Rabi oscillations as the relative phase between the charge and flux drives is varied. The
relative strength of the individual charge and flux drives were calibrated to be equal, and
kept constant throughout the plot. All oscillations use a 1ns rise-fall time. (b-d) Similar
data taken for three different polarizations, calibrated to each have the same Rabi frequency,
all using a 2.5ns rise-fall time. (b) Nearly completely counter-rotating (Agp = 245°) Rabi
oscillations of the fluxonium qubit. The counter-rotating oscillations are visible on top
of the slower co-rotating oscillation. (c) Linearly polarized drive (Ap = 180°) with equal
contributions from charge and flux. (d) Completely co-rotating drive (Ap = 90°) illustrating
elimination of counter-rotating effects. The remaining small distortions are a result of the
fast rise-time of the pulse. (e-f) Bloch-sphere trajectories of the corresponding oscillations
(truncated to the first Rabi flop) of the data in (b-d). Opaque color corresponds to the start
time, and transparent corresponds to the end time.

adiabatically relative to the counter-rotating drive contribution [244]. Here, to magnify the
counter-rotating oscillations, we used pulses with a total rise and fall time of 1ns for the
data in Fig. 6.4(a) and 2.5ns for the data in Fig. 6.4(b-g).

The apparent tuning of the counter-rotating drive strength as a function of Ay confirms
both our circuit QED analogy to optical polarization and that our two drive lines truly couple
to the qubit through canonically conjugate operators; if the two drives coupled through the
same operator, the Rabi frequency would still be observed to tune from a local maximum
to zero as in Fig. 6.4(a), but no increase in counter-rotating dynamics would be observed
near Ap = 270°. Our technique also simplifies further research involving counter-rotating

dynamics by enabling direct access to purely counter-rotating drives.
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6.5.2 Incommensurate Linear and Circular Gate Characterization

Here we present randomized benchmarking data comparing linear and circular driving schemes
for incommensurate gates [Fig. 6.5]. To represent linear drives, we utilized the best linear
driving scheme comprised of a purely flux drive. Since incommensurate gates were found to
be worse than commensurate gates for all driving schemes, we only present data for two sepa-
rate gate durations, t, = 1.27;, =~ 4.9ns and t, = 1.77;, = 7.0ns, and provide a more thorough
fidelity dependence on gate duration for commensurate gates in the following sections. For
ty = 1.277, we observe no benefit from circular driving over flux driving, suggesting the rele-
vance of error channels beyond counter-rotating effects as ¢, — 71, e.g., coherent leakage or
the non-uniformity of AC Stark shifts. In contrast, for ¢, = 1.777, we observe that circular
driving outperforms flux driving, signaling the benefit of circular driving for incommensurate

single-qubit gates when counter-rotating errors dominate.

6.5.3 Commensurate Gates

In this subsection, we highlight the coherent error channel posed by the non-uniform sampling
of counter-rotating fields for resonant pulses applied at different times relative to the carrier
phase and the mitigation of this error channel with commensurate gates.

To establish this error channel, we simulated a two-level system subjected to an X pulse
applied at different start times Fig. 6.6(a). We plot the the polar angle traversal of the ground
state Bloch vector after application of the pulse (with duration ¢, = 0.847;) as a function
of the pulse start time in Fig. 6.6(b). Shifting the pulse start by 0.57; corresponds to a
phase shift of the carrier at the start of the pulse (leading to a rotation of the same amount,
but in the opposite direction), resulting in a 0.57;, periodicity of the effective rotation angle.
We then simulated this effect as a function of the pulse duration [Fig. 6.6(c)]|, plotting the
rotation range as a proxy for the coherent error. It is apparent that, as pulse durations

approach 7p, this error channel grows significantly.
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Figure 6.5: Comparison of incommensurate gates with linear and circular drives.
RB data for incommensurate gates utilizing a linearly polarized flux drive and a circu-
larly polarized co-rotating drive is shown for two gate durations, {, = 1.27;, ~ 4.9ns and
t, = 177, =~ 7.0ns. We include data for circular drives with (square marker) and with-
out (circular marker) additional wait times as defined in Fig. 6.10 in order to elucidate the
efficacy of circular driving for suppressing counter-rotating errors while mitigating heating
effects associated with the charge drive. For ¢, = 1.27;, we observed no benefit from circular
driving. For t, = 1.77p, circularly polarized driving both with and without an additional
wait time benefited gate performance relative to flux driving, which showed no benefit from
an equivalent wait time.

In order to mitigate this error channel, we adopted the commensurate approach detailed
in Section 6.2.3. This approach entailed applying pulses at times constrained to a lattice of
spacing 77,/2 for X gates (and the corresponding lattice shifted by 77,/4 for Y gates, which
we implemented by padding Y gates before and after with 7, /4 wait times such that Y gates
had durations 77,/2 longer than those of X gates). Intuitively, this amounts to sampling
only a single point in Fig. 6.6(b). We draw a simple single-qubit circuit and waveforms
implementing it in Fig. 6.7(a,b) with both incommensurate pulses of duration ¢, = 1.27;,
and commensurate pulses of duration tx = 7 (ty = 1.57).

We implemented both commensurate and incommensurate single-qubit gates and charac-
terized their performance with Clifford randomized benchmarking [Fig. 6.7(c)|. For commen-

surate gates, we additionally optimized the absolute carrier phase offset, which effectively
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Figure 6.6: Counter-rotating errors from linear drives. (a) Time-domain depiction of
two resonant linearly polarized X-pulse envelopes (red and blue), starting at different times
relative to the carrier (cos(27t/7r), grey), where 7, is the qubit Larmor period. (b) Rabi
rotation angle (polar angle of the Bloch vector) of an ideal two-level system starting in the
ground state subject to an X pulse of duration ¢, = 0.847;, as a function of the pulse start
time modulo 7. The rotations from the pulses in (a) are highlighted as points on the plot.
The qubit rotation depends strongly on the pulse start time due to the time dependence
of the counter-rotating drive component. (c) Rotation angle range versus pulse duration,
showing the divergence of this effect for short pulse times. The dotted line represents the
pulse duration used in (b). The y-axis serves as a proxy for the coherent error magnitude of
this effect for gates.

determines the shape of the regularized waveform. The dependence of the fidelity on this
phase was larger for shorter gates, with a most extreme variation of 5 x 107°. We attribute
this dependence to the compensation of, e.g., transients or a slight offset of the qubit flux
bias, which would affect the qubit trajectory through the 0-1 avoided crossing. Notably, com-
mensurate gates with durations as low as 7, were characterized by fidelities well in excess of
99.997%, in contrast to incommensurate pulses at similar times which were characterized by
fidelities as low as 99.985%. As expected, the benefit from commensurate pulses was more

significant for faster gates.

174



(a) (<) commensurate
— Y LY ® tx=1;,~4.1ns, F=99.9973(1)%
(b) 1.0F ® ix=157,~6.1ns, F=99.99757(9)%
() .
. =y ‘\ incommensurate
incommensurate — ook 1 ty =127 ~4.9 ns, F=99.985(3)%
o @  t,=177,~7.0ns, F=99.9953(3)%
> -
2 >,
o - N
K 0.8 :s\
(i NS,
@
() <\
g 0.7F Ne -
commensurate g .“\“..\
o u“ie o
(@) 0.6 ‘O~ .‘s -®
-9
0.5f
1 1 1 1 1 1 1 1 1 1 1
01 23 456 0 5000 10000 15000
Time (Larmor Periods) Number of Cliffords

Figure 6.7: Commensurate gates: alleviating counter-rotating errors for linear
drives. (a) Example single-qubit circuit. (b) Cartoon waveforms for two different imple-
mentations of the circuit drawn in (d). Top: incommensurate pulses (¢, = 1.27;), which
suffer from the coherent error channel depicted in panel (b). Bottom: commensurate pulses
(tx = 71, ty = 1.571), which regularize the counter-rotating fields during each pulse. This
turns the coherent errors which were previously different for each pulse into a systematic co-
herent rotation which is corrected for automatically in our other calibrations. For the reasons
described in Section 6.2.3, commensurate Y pulses require 77, /4 identity-gate padding before
and after each pulse. (c) Clifford randomized benchmarking (RB) of single-qubit gates per-
formed with flux pulses, comparing commensurate and incommensurate implementations.
All curves were averaged over 40 random seeds. We include data from two incommensurate
pulse durations (¢, = 1.27;, ~ 4.92ns and t, = 1.77, ~ 6.97ns), and two commensurate
implementations (tx = 1.07, ~ 4.1ns and tx = 1.57;, ~ 6.15ns). At these gates times, we
see a significant increase in fidelity by using commensurate pulses. This highlights the ability
to mitigate coherent errors from counter-rotating terms for strong linear drives by adopting
straightforward pulse-timing constraints.

6.5.4 Commensurate Linear and Circular Gate Characterization

In this subsection, we report the results of empirically optimizing the duration of our com-
mensurate gates by measuring the average single-qubit gate fidelity as a function of the gate
duration for three driving schemes: charge, flux, and co-rotating drives [Fig. 6.8(a)]. Co-
herence bounds were calculated using the average gate time t, = (tx +ty)/2 = tx + 71./4.

We found all drive schemes were optimal near tx = 27 ~ 8.2ns, with fidelities > 99.994%
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for charge, > 99.996% for circular co-rotating, and > 99.997% for flux drives. Linear flux
(charge) drives resulted in our best (worst) gates, with circular drives performing better than
charge but worse than flux. We separately performed interleaved randomized benchmarking
using the tx = 27, flux pulses for each gate in our gate set |[Fig. 6.8(b)]. We further ex-
plored the distribution of errors and gate stability in Chapter 6.5.5. We present additional
data comparing incommensurate linear and circular gates in Chapter 6.5.2, demonstrating
that circular drives can benefit incommensurate gates, but do not outperform flux-driven

commensurate gates.
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Figure 6.8: Commensurate single-qubit gates with linear and circularly polarized
drives. (a) Gate fidelity measured with Clifford randomized benchmarking as a function of
the 7 /2-pulse width for a pure charge drive (purple), pure flux drive (blue), and a co-rotating
circularly polarized drive (green). In order to mitigate the effect of coherence fluctuations,
data was collected over a span of two weeks with intermittent breaks taken when the qubit
coherence fluctuated to low values. The lowest and highest measured coherences during this
window (300ps < 77 < 500 ps, 200 ps < Thp < 500 ns) were used to calculate fidelity bounds
(red). (b) Clifford interleaved randomized benchmarking for a calibrated linearly polarized
flux drive with an X, duration of £x = 27;. The reference trace has an average single-qubit
gate error of (2.10 4+ 0.07) x 107°. All randomized benchmarking traces were averaged over
25 random seeds.
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6.5.5 Coherent and Incoherent Errors

We constructed an error budget for several commensurate charge and flux gates by measuring
their total and incoherent errors as detailed in Chapter 6.2.5 and quantifying the proportion
of incoherent error from 77 and Typ [Fig. 6.9]. Flux gates at times tx = 8 ns were limited by
incoherent errors, which could be attributed entirely (within uncertainty) to qubit decoher-
ence. We note that for this dataset, the flux gate set with ¢tx = 27, represents our highest
measured fidelity with a value of 99.99807(7)%. For our fastest flux gate (tx = 7, ~ 4 ns),
coherent errors were found to play a more significant role, suggesting the breakdown of our
calibration. Charge gates at all times were limited by incoherent errors, and the value could
not be entirely accounted for by undriven qubit decoherence.

To probe the role of heating (from, e.g., power dissipated on the chip or in-line attenuators
immediately before the device) on charge gate performance, we utilized a two-readout-pulse
heralding scheme and swept the wait time between the readout pulses [Fig. 6.10]. At long wait
times, we expect the relevant components to be in thermal equilibrium with the environment
at the start of every qubit pulse sequence and provide no excess decoherence to the qubit.
At short wait times, we expect the elements to heat during an experiment and provide a
more severe source of qubit decoherence, which would contribute to incoherent error. The
maximum wait time of 1600 ps represents a duration of over 5x the longest pulse sequence
used in the RB measurements. The tx = 27, commensurate charge gate error displays
an improvement until ~ 500 ps and then plateaus, with a maximum error reduction of ~
20—30%. The measured coherence times remained approximately constant over the duration
of the experiment, supporting our interpretation that the total error trend originated from
mitigating system heating. At the longest wait time (least heating), we still find that our
measured decoherence only accounts for at most ~ 45% of the total error. We hypothesize
that the remaining incoherent error for charge gates is due to leakage, enabled by the large

charge matrix elements to higher levels (relative to that of the |0) <> |1) transition).
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Figure 6.9: Error budget for commensurate charge and flux gates. The total
and incoherent error were measured through RB and purity RB, extracted from the same
dataset for each gate as described in Appendix 6.2.5. The estimated incoherent error from
decoherence was also extracted from T} and T5r measurements taken immediately after each
RB dataset. The coherent error budget item was determined by the difference between
the total and incoherent errors. Black lines denote the uncertainty from parameter fits,
with the error bar at the top of the coherent budget item corresponding to the total error
uncertainty (extracted from the RB fit). Flux gates (white background) for times tx 2 8ns
were limited by qubit coherence, whereas charge gates (grey background) were largely limited
by incoherent errors beyond undriven qubit decoherence.

6.5.6 Stability

To investigate the stability of our system and gate parameters, we measured the total and
incoherent error for a commensurate flux gate set with tx = 27, ~ 8.2ns (with interleaved
T, and Top measurements) as a function of time after an initial calibration [Fig. 6.11]. Over
a span of 34 hours after the initial calibration, the total error per gate fluctuated by less than

1.13 x 107%, and displayed no significant degradation.
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Figure 6.10: Charge gate heating characterization. (a) One-readout-pulse heralding
scheme, as used for all other data in this work. (b) Two-readout-pulse heralding scheme,
as used for the experiment in this figure. The time between qubit pulses and the preced-
ing readout pulse was kept 21s. The time between readout pulses was swept in order to
investigate the impact of heating on gate performance. (c) Total and 77 + Top error for a
commensurate charge gate with tx = 27, ~ 8.2ns as a function of the wait time between
readout pulses, using the pulse sequence of (b). The total error (blue) was measured through
RB, and the T7 + Ty error (yellow) was extracted from T) and Top measurements taken
immediately after each RB dataset. Data is displayed from back-to-back sweeps of the wait
time from 0 to 1600 ps (upwards triangles) and then 1600ps to 0 (downwards triangles).
The total error improved by 20 — 30% for wait times above 500 ps, while the measured qubit
coherence remained approximately constant.
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Figure 6.11: Stability for commensurate flux gates (tx = 27, ~ 8.2ns). The total
and incoherent error per gate were measured through RB and purity RB, extracted from
the same dataset as described in Appendix 6.2.5. No significant drift or degredation of gate
performance was observed.

6.6 Outlook

The effect of counter-rotating dynamics on gate operations has long been an understudied
aspect of Rabi-oscillation-based gates. With the growing popularity of fluxonium and other
low-frequency qubits as well as the ongoing development of control strategies to mitigate
other dominant error channels [101], counter-rotating effects have become increasingly rel-
evant for calibrating fast, high-fidelity microwave gates. We introduced and demonstrated
two complementary approaches for mitigating these effects.

Our first protocol uses independently controlled linear charge and flux drives, representing
two independent quadratures in circuit QED. This control enables the ability to change the
polarization angle of the total effective drive, giving a controllable means to study counter-
rotating dynamics and the trade-offs between different linear drives. Using such control, we

demonstrated the ability to create a circularly polarized drive—natively lacking a counter-
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rotating component, independent of the drive amplitude—for use in gates.

Our second protocol, commensurate pulses, leverages the coherent and time-periodic
nature of counter-rotating fields to regularize their contributions to all control pulses, thereby
eliminating the counter-rotating error channel for linear drives. This protocol relies on the
application of gates at periodically discrete times determined by the qubit Larmor period, is
platform independent, and requires no additional calibration overhead for Rabi-based gates.
We established the efficacy of this protocol for gates as short as one Larmor period, finding
almost an order of magnitude improvement in fidelity over incommensurate pulses of a similar
duration.

We note that our commensurate pulse technique shares close resemblance with those used
for Landau-Zener-based single-qubit gates [56, 263|. In both schemes, the exact specifica-
tion of the waveform, including its timing, is crucial for the fidelity of the gate. However,
these gates are often viewed from a different perspective; commensurate pulses are readily
modeled in a rotating frame, whereas Landau-Zener gates are not. In the lab frame, the
natural qubit precession supports Z,) gates by idling for a time ¢. Identity gates that are
not exact multiples of the Larmor period must then be performed by modulating the qubit
frequency [270]. Likewise, identity gates of arbitrary duration cannot be performed in the
rotating frame without relaxing the commensurate pulse conditions, and Z gates are imple-
mented via a combination of idling and phase shifting the next drive pulse so that it is once
again commensurate. The main advantage of commensurate pulses is the ability to use a
stable underlying carrier frequency in hardware (e.g. with a dedicated RF source). With
this in place, errors in envelope timing only translate into small errors in the polar rotation
angle [Fig. 6.6(c)|, whereas without, errors in timing freely rotate the equatorial axis of the
gate. This advantage is more pronounced when the qubit frequency is higher. While the
language to describe these operations is often different, both pairs of gates rely on the same
underlying physics of the natural qubit precession to perform /- and Z-gates.

We demonstrated state-of-the-art single-qubit gates with three separate drive schemes on
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the same qubit (pure charge, pure flux, and circularly polarized), and found that flux pulses
performed the best. We attribute this to extra decoherence from system heating associated
with the charge drive (see Chapter 6.5.5) and the matrix element structure of the fluxonium
at half-flux (featuring larger charge matrix elements for transitions to states outside the
computational subspace). We hypothesize that, if leakage transitions and heating were
mitigated for charge drives, circularly polarized drives may potentially benefit Rabi-based
gates for even more aggressive gate times. Furthermore, a circularly polarized drive remains
an attractive tool when optimizing single-qubit gates in even lower-frequency qubits [56, 263,
271, 272] and for other low-frequency microwave interactions such as cross-resonance [273],
iISWAP [256], or bSWAP gates [274].

We expect commensurate pulses, being platform-independent and requiring no addi-
tional calibration overhead, to benefit any platform where fast, resonant control is desired
and counter-rotating dynamics are problematic. Although our demonstration only included
one qubit, we note the straightforward extension of commensurate pulses to a multi-qubit
processor based on resonant single-qubit control. Each qubit ¢ will have an associated Lar-
mor period 7+, and so control pulses for each qubit will follow their individual lattices as
defined in 6.2.3. Any multi-qubit gate then simply needs to allocate a requisite number of
Larmor periods from each qubit to accommodate the duration of the added gate. Aside from
the short idling times this requires, the compilation of commensurate pulses with multiple
qubits needs no other special consideration.

Note: While preparing this manuscript, we became aware of a related work [275]
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Chapter 7

Qubit-State Purity Oscillations from

Anisotropic Transverse Noise

In this chapter, we explore the dynamics of qubit-state purity in the presence of transverse
noise that is anisotropically distributed in the Bloch-sphere XY plane. We perform Ramsey
experiments with noise injected along a fixed laboratory-frame axis and observe oscillations
in the purity at twice the qubit frequency arising from the intrinsic qubit Larmor precession.
We probe the oscillation dependence on the noise anisotropy, orientation, and power spectral
density, using a low-frequency fluxonium qubit. Our results elucidate the impact of transverse
noise anisotropy on qubit decoherence and may be useful to disentangle charge and flux noise

in superconducting quantum circuits.

7.1 Introduction

Quantum systems experience decoherence in the presence of uncontrolled environmental de-
grees of freedom. When engineering quantum systems for applications such as computing |25,
30] or metrology [276], decoherence poses a significant challenge to conducting high-precision
experiments. Consequently, understanding the structure of coherence-limiting noise and cor-

responding decoherence dynamics is of both high interest and value. Although significant
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effort has been put into the development of qubit decoherence models [129, 189, 277, 278|
and noise spectral estimation [279-282|, signatures of the anisotropy of transverse noise (i.e.,
noise that is not isotropically distributed in the Bloch-sphere XY plane) in qubit decoher-
ence [72, 283-285| remains relatively underexplored!, with the notable exception of squeezed
light inducing anisotropic rotating-frame transverse relaxation times [287-289]. These prior
studies focused on squeezed light in a narrow bandwidth around the qubit frequency, re-
sulting in dynamics consistent with the rotating-wave approximation (RWA), given by the
optical Gardiner-Bloch equations |71, 287].

We instead ask the following question: when exposed to large-bandwidth, off-resonant
noise resulting in physics beyond the RWA [290, 291], are there distinct signatures of trans-
verse noise anisotropy in qubit decoherence? Such signatures may inform a method to
disentangle noise sources coupled to distinct transverse axes [292], e.g., charge and flux noise
in circuit quantum electrodynamics. We focus on classical rather than quantum noise [293],
and utilize linear polarization of the noise (rather than squeezing) to probe transverse noise
anisotropy. Our approach, leveraging injected classical noise [294, 295], bypasses the band-
width limitations and experimental complexity of engineered squeezed light sources [296,
297].

We now introduce the central theoretical idea of this work [Fig. 7.3(a)]. Consider a qubit
described by density matrix p, which experiences noise that is coupled to a transverse axis in
the lab frame (e.g. Hyoise/h = 1y(t)o, where 1, (t) is real-valued and referred to as linearly po-
larized, since the noise field couples to a single Bloch-sphere axis). Starting in a superposition
state, the state purity tr (p*)—indicating the degree of decoherence or disorder—will display
an oscillatory component at twice the qubit frequency. We can understand this behavior

by considering the qubit Larmor precession: when aligned with (perpendicular to) the noise

! Although such noise is a feature of the extensively-studied spin-boson model in the regime of zero
bias [189, 286] (see, e.g., Section IIIB of Ref. [189]), prior work primarily focused on dynamics of the spin
polarization along one axis rather than that of the state purity. In the weak-coupling limit, the polarization
dynamics are those of the damped harmonic oscillator (see Eq. 3.10 of Ref. [189]), displaying no features
at twice the qubit frequency. By studying state purity, we elucidate dynamics related to decoherence,
unobscured by Larmor motion.
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axis, the qubit state will be insensitive (sensitive) to rotations generated by the noise field.
Consequently, as the qubit precesses, the susceptibility of the state to the noise will oscillate
at twice the qubit frequency. Qubit purity oscillations [285, 295] do not typically appear in
conventional descriptions of decoherence, such as through isotropic transverse noise [283] or
coupling to a (squeezed) electromagnetic field within the RWA [72, 287, 288|. However, such
oscillations should arise from noise in transversely-coupled qubit-control electronics, such as
those used for charge or flux drives in superconducting circuits [89], or for laser-amplitude
modulation in neutral atom experiments [69].

In this chapter, we directly measure time-domain purity oscillations in the state of a su-
perconducting fluxonium qubit via injected-noise experiments. We establish that anisotropic
transverse noise generates periodic behavior in qubit purity. For noise with a short corre-
lation time (Markovian noise), we observe a step-wise monotonic decay in purity, whereas
longer noise correlation times result in purity revivals. We probe the noise-axis dependence
of the oscillations, finding a period-doubling behavior for noise approaching the quasistatic

limit (where noise is constant during a single experiment, but changes shot-to-shot).

7.2 Analytical results

Before presenting our experimental results, in this section we provide analytical calculations
for the purity decay of a qubit subject to anisotropic transverse noise in the quasistatic and

Markovian limits.

7.2.1 Anisotropic Quasistatic Noise

In this subsection, we derive expressions for the purity v = tr (p*) of a qubit prepared in a
superposition state |¥g) = (|0) + |1))/v/2 and evolved under the influence of a static noise

field n € R coupled to an axis at angle # with the Bloch-sphere & axis. The Hamiltonian is
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given by

= —w% + n(cos(#)o, + sin(f)oy). (7.1)

Hy

h

Here, n < w is a random variable representing noise that is constant during a single run of

the experiment (shot) but different shot-to-shot. We refer to such noise as “quasistatic.” For

a single instance of noise 7, the qubit state at time ¢ will be given by |V, (t)) = U,(t) |¥y),
where U, (t) is the time-evolution operator for H,.

We compute the noise-averaged purity from the density matrix p, = |U,) (¥, | as p = (py),

where (-) represents the noise ensemble average [295]. In the frame co-rotating with the qubit

and keeping only terms up to (n/w)?, we find

) = % + g (cos(f + wt) — cos(6)) (7.2)
oyt = % — g (cos(f + wt) — cos(h)) (7.3)
Py = % — Z—Z [1 — iwt — e "D (1 + 2 — cos(wt))] (7.4)
70 = (0, (7.5

and note that tr(p}) = tr(p;) = 1 up to terms of order (1/w)*. For zero-mean noise processes

({n) = 0, as was the case for all experiments and simulations in this work), we find

tr(p?) =1-— 25:722> (cos @ — cos(wt + 0))* + O((n*) Jw?). (7.6)

By expanding the squared second term, we find two time-dependent oscillations: (1)
cos?(wt + 6) and (2) cosf cos(wt + 6). When the noise axis is perpendicular to the initial
qubit state (§ = m/2 + mn for integer n), the second oscillation vanishes and the remaining
oscillation has a period of 7 = 7/w = 71 /2. In contrast, when the noise axis is aligned or
anti-aligned with the initial qubit state (§ = nx), both oscillations remain and the period is
determined by the slowest oscillation with 7 = 27/w = 7. In summary, we expect to find a

period-doubling behavior for purity oscillations for noise in the quasistatic limit.
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7.2.2 Anisotropic White Noise

In this subsection, we derive expressions for purity decays in the case of transversely-coupled
high-frequency white noise by modelling the qubit as an open quantum system for which the
noise acts as a Markovian bath. Notably, the Markovian model for linearly-polarized (max-
imally anisotropic) white noise leads both to an exponential decay of purity — characteristic
of dissipative dynamics in open quantum systems — as well as oscillations in purity at twice
the qubit frequency.

In experiments, we realize high-frequency white noise with the Hamiltonian

= % (1) (cos(B)on + sin(0)o), (7.7)

where 7(t) comprises a noise process, with a white power spectral density extending to
frequencies above the qubit frequency w [Fig. 7.2(e,f)], and 6 indicates the polarization axis
of the noise with respect to the Z axis of the Bloch sphere. In this section, however, we
model the evolution of the qubit as Markovian by using a Lindblad master equation for the

qubit density matrix [298, 299],

p= —i {% ,0] + Zr (LileT _ % {LZLi,p}) , (7.8)

where the L; are a set of jump operators describing the Markovian dynamics of the noise,
and the I'; > 0 is a dissipation rate characterizing the strength of the coupling between
the white noise and the qubit. The qubit’s evolution becomes Markovian if the qubit and
the noise bath remain roughly unentangled and uncorrelated over the course of the qubit’s
evolution. See, for example, Ref. [300].

For transversely-polarized noise, we use the simple model of a single jump operator

L = cos(8)o, + sin(f)oy, (7.9)
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and a single corresponding dissipation rate I'. This choice represents a coupling of the qubit
to a stochastic noise field along the (cos(f)z + sin(f) y) axis of the Bloch sphere [72, 301].

The density matrix equation of motion is given by

5o T'(p11 — poo) (iw — T)po1 + e 2T pyq | (7.10)

—(zw + F)plO + €2i€Fp01 F(,O()O — pu)

We can gain some insight by looking at the resulting Bloch equations for such single-axis

noise, taking 6 = 0 without loss of generality,

agf> = w(oy) (7.11)
a(g;) = —w(o,) — 2I'(oy) (7.12)
d(o2)

5 = —2T (). (7.13)

We find relaxation of the transverse polarization solely along ¢ and not Z (see Ref. [283], Sec-
tion 5.12 for an alternative derivation). These equations are identical to those describing the
infinite-temperature, zero-bias spin-boson model in the weak-coupling limit, see Ref. [189],
Section I1IB, Eq. 3.9 (with our spin quantized along Z rather than #, and noise along &
rather than Z). We note the well-established result that the transverse polarization dynam-
ics, e.g. (0,)(t), are equivalent to those of a damped harmonic oscillator with bare frequency
w. However, time-domain decoherence signatures of the noise anisotropy at frequency 2w
are uncovered by studying the state purity. Starting with a qubit prepared in the state
[To) = (|0) + 1)) /v/2, we solve Eq. (7.10), finding

tr(p?) =1-Tt— % (sin(20) — sin(26 + 2wt)) + O(T?), (7.14)

which exhibits oscillations at twice the qubit frequency and a periodicity in the noise axis

of A0 = w. We find that the purity decay for high-frequency white noise is monotonic:
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0v/0t < 0. The derivative has oscillation amplitude 0 < |0v/0t| < 2T.

We note that for isotropic (unpolarized) noise, qubit purity decays exponentially with
no oscillations. For example, choosing I'y = T's = " and (Ly, Lo) = (67, 07) or (L1, Ls) =
(02/V2, 0,/v2), we find tr(p?) = (1 + e 2'")/2. This result qualitatively captures the
behavior we will observe later in Section 7.4 |Fig. 7.4]. However, we note that the noise used

for the experiments in that figure did not approach the Markovian limit.

7.3 Experimental Setup

Our experimental platform comprises a superconducting fluxonium qubit [55] of transition
frequency fo1 = woi/27 = 243.7MHz (Larmor period 7, = f5," ~ 4.1ns) with individual
charge and flux control. Qubit states were measured using a dispersively-coupled readout
resonator [89], and initial qubit states are heralded with prior readout pulses [255]. The

fluxonium qubit obeys the system Hamiltonian
H = Hy + Q2 ()7 + hQ,(t)9, (7.15)

where 2,(t) and €(t) are the charge and flux drives respectively (comprising both coherent

control pulses and injected noise), and H, is the bare fluxonium Hamiltonian
. 1 . .
Hy = 4Ecn? + 5EL(qs — ¢ac)? — Ejcos(o). (7.16)

In the fluxonium Hamiltonian, n and <ZA> represent the charge and phase operators; Eq/h =
1.30 GHz, Er,/h = 0.59 GHz, and E;/h = 5.71 GHz are the charging, inductive, and Joseph-
son energies, respectively; and ¢q4. is a phase offset resulting from a static external magnetic
flux ®q./Py = ¢ac/27m supplied by a superconducting coil mounted to the lid of the sample
package, inductively coupled to the fluxonium loop. All experiments were performed with

®g. = 0.5P, referred to as the degeneracy point. The sample qubit was a subsystem of a
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device comprising two fluxonium qubits with a capacitively-coupled transmon coupler (refer
to device A, fluxonium 2 of Ref. [255]).

Considering a qubit comprising the lowest two eigenstates of Eq. (7.15) we realize the
effective system Hamiltonian (written in matrix form with Pauli matrices o;),

H o,
E = wol? + 7]$(t)0'$ + T]y(t)O'y. (717)

The transverse driving terms originate from charge (n o« o) and flux (gg x 0,) control.

7.3.1 Wiring and Control Equipment

All experiments were conducted in a Bluefors XLD600 dilution refrigerator maintaining a
base temperature stabilized at ~ 22 mK. We specify the equipment used for qubit biasing,
coherent control pulses, injected noise generation, and readout in Table. 7.1, and we detail

the experimental wiring in Fig. 7.1.

Table 7.1: Summary of control equipment.

Component Manufacturer + Model
Dilution Refrigerator Bluefors XLD600

RF Source Rohde & Schwarz SGS100A
DC Source QDevil QDAC I

Control Chassis Keysight M9019A

AWG (readout pulses) Keysight M3202A

AWG (qubit pulses) Keysight M8195A

AWG (noise gating) Keysight M8195A

ADC Keysight M3102A

100 MHz white noise Agilent 33250A

1 GHz white noise (Mini-Circuits ZFL-500LN+)x3
Noise 2 MHz LPF Mini-Circuits SLP-1.9+
Noise Mixer Mini-Circuits ZFM-2-S+
Noise Combiner Mini-Circuits ZFRSC-42-S+
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Figure 7.1: Wiring schematic of the experimental setup.

7.3.2 Injected Noise Characterization

In this subsection, we present characterization of the injected noise used in our experiments.

To characterize the injected noise, we measured noise after the combiner as in the wiring dia-
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gram [Fig. 6.2 and Fig. 7.3(b)| in the time domain with a high-bandwidth oscilloscope for the
three noise configurations used in this work: (1) white noise up to ~ 100 MHz [Fig. 7.2(a,b)]
generated with an Agilent 33250A, (2) 2MHz low-pass filtered noise |Fig. 7.2(c,d)| gener-
ated by filtering the output of the Agilent 33250A before mixing with the noise gate, and
(3) white noise up to 1 GHz [Fig. 7.2(e,f)| generated by daisy-chaining three amplifiers with
a passive 50 Ohm input. For each type of noise, we computed the PSD of measured time-
domain traces, and averaged the resulting PSDs over several noise instances. The PSD for

each timeseries was computed as

_ [FET{n(t)}[2st

Sﬂn(f) N )

(7.18)

where 7(t) is the noise process, sampled at rate 1/dt yielding a time-series with N total
samples. We converted the units of the time series from voltage to frequency by scaling the
measured traces by the ratio of the analytical 7/2 amplitude for our 80ns cosine pulse (in
MHz) to the measured /2 pulse amplitude (in volts). We report the measured PSDs and
amplitude distributions in Fig. 7.2.

The 100 MHz white noise amplitude distribution most closely resembled an ideal bimodal
distribution, and the 2 MHz low-pass filtered and 1 GHz white noise configurations contained
an additional significant proportion of the amplitude distribution centered around zero. We
attribute the sharp cutoff of the noise amplitude distribution to saturation of the mixer used
for gating the noise. We emphasize that in simulations, we found no dependence of the
presence of purity oscillations on the specific noise amplitude distribution (e.g., bimodal,
Gaussian, or uniform) for a given noise power spectral density. Our analytical treatment of
purity decays suggests that higher-order moments of the noise distribution would add small

effects on the order of (n/w)™ ~ (10%)" for n > 2.
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Figure 7.2: Injected noise characterization. To most directly characterize the noise sent
to the qubit, all data presented were measured with an oscilloscope after the noise gating
and combination with the coherent control line. (a) Noise power-spectral density (PSD) and
(b) noise amplitude distribution for the ~ 100 MHz white noise configuration. (c,d) Similar
to (a,b), for 2 MHz low-pass filtered noise. (e,f) Similar to (a,b), for 1 GHz white noise.

7.4 Experimental Results

The primary experiment performed in this work is a Ramsey experiment with injected noise
[Fig. 7.3(a,b)]. Starting from the ground state, we prepare the qubit on the Bloch-sphere
equator with a resonant 7/2 pulse. We then let the qubit evolve for a total free-precession
time 7 = 271, + T,, where 7, is the injected-noise duration and 7, > 5ns is a buffer time
before and after the noise injection, used to minimize interference with the coherent control
pulses. Unless specified, we set 7, = 10ns. The noise is turned on diabatically with rise
and fall times of 0.5ns such that the initial qubit state is approximately unchanged when

turning the noise on and off. Finally, the qubit state is transferred to the Z axis with a
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second resonant /2 pulse. We ensure that the initial and final 7/2 pulses are about the
same axis in the frame co-rotating with the qubit such that the Bloch vector is aligned with
the 2 axis at the end of the sequence. This enables us to probe the purity v = tr (p?) with
only one measurement of the qubit along o, as

(02)> + (0)* + (02)* 1 (02)°

9 + 5 — ’Yapprox =

(7.19)

’Y:

in the limit (0,)* + (0,)? = 0. We later justify the correspondence of Yapprox and ~y for all
experiments in Section 7.4.5. Noise injection is performed by gating a noise source with a
double-balanced mixer and connecting it to the charge and/or flux drive line of the qubit
[Fig. 7.3(c)]. We begin data collection after a minimum noise duration of approximately

20ns in order to mitigate transients from the rapid toggling of the noise field.

7.4.1 Purity Oscillations from Anisotropic Transverse Noise

To demonstrate the appearance of purity oscillations from anisotropic noise, we performed
Ramsey experiments with noise injected along o,. We utilized three noise configurations: (1)
noise off, (2) low-frequency white noise up to 100 MHz < fy;, and (3) broadband white noise
up to 1 GHz > fy |Fig. 7.3(d)] (refer to Section 7.3.2 for details about the noise sources). We
plot the purity decays in Fig. 7.3(e). With noise off, we observe nearly constant purity due
to the long coherence of our qubit relative to the measured free-precession times. With white
noise below the qubit frequency, we observe oscillations in the purity at a frequency 2 fo;.
With white noise over a range that includes the qubit frequency, we observe the purity decay
in small steps. We observe oscillations present in the derivative of the signal in Fig. 7.3(e),
inset. For this high-frequency noise, the lack of purity revivals (0v/0t < 0) is consistent
with the short correlation time of the broadband noise relative to the qubit dynamics, which
emulates a Markovian bath. Our observations confirm our expectation of dynamics at twice

the qubit frequency developed in Chapter 3.4, and are consistent with the analytical result
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Figure 7.3: Purity oscillations in Ramsey experiments with anisotropic noise.
(a) Bloch-sphere representation of a qubit in the lab frame undergoing Larmor precession
(purple) under the influence of linearly polarized transverse noise (turquoise). When the
qubit state is aligned with (perpendicular to) the noise axis, the state is insensitive (sensitive)
to the noise, resulting in purity oscillations at twice the qubit frequency due to the Larmor
precession. (b) Pulse sequence. A superposition state is prepared, and noise is turned on
after a buffer time 7;,. The noise is kept on for a duration 7,,. (c) Experimental setup for noise
injection. Noise is generated, gated with a mixer, and combined with coherent control pulses
on the device charge or flux line. (d) Injected noise power spectral densities for two noise
configurations: (1) low-frequency white noise up to 100 MHz < fy;, and (2) broadband white
noise up to 1 GHz > fj;. Inset: noise amplitude distributions. We attribute the bimodal
nature of the noise to saturation of the mixer used for noise gating. (e) Approximate purity,
Yapprox = (0,)?/2+1/2, for Ramsey experiments with injected charge noise (7 o o) in three
configurations: noise off (light blue), white noise up to 100 MHz < fy; (turquoise), and white
noise up to 1 GHz > fy; (dark blue). Insert: time derivatives of the approximate purity data,
smoothed with a triangular window function of size 0.227;, to clarify the signal.
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derived with the Lindblad master equation in Section 7.2.2 given by Eq. (7.14):

tr(p?) =1-Tt— % (sin(20) — sin(20 + 2wt)) + O(T?), (7.20)

From the experimental data in Fig. 7.3(e) for broadband white noise, fitting the decay
envelope to an exponential function yields I'yom envelope = 6.4 £ 0.5 MHz. We corroborate
the analytical result by inspecting the initial fringe contrast of the derivative in Fig. 7.3(e),
inset, yielding ['yom derivative ~ D MHz. Due to noisiness of the signal, we only emphasize that

both estimates of I' yield order-of-magnitude agreement.

7.4.2 Varying Noise Anisotropy

As our next main result, we validated that the purity oscillations are related to noise
anisotropy by measuring the purity dynamics while varying the noise distribution anisotropy
between three configurations: (1) anisotropic, (2) Zs-symmetric (symmetric under 90° rota-
tions), and (3) isotropic. Anisotropic noise (1) comprised perfectly correlated noise along the
Z (flux) and g (charge) axes |Fig. 7.4(a)], yielding noise along & + 9. Z4-symmetric noise (2)
comprised uncorrelated, equal-amplitude noise sources connected to = and ¢ [Fig. 7.4(b)].
The Z4 symmetry resulted from the bimodal nature of the noise amplitude distribution (un-
correlated Gaussian noise sources would instead produce isotropic noise). Isotropic noise
(3) comprised Z;-symmetric noise averaged over 19 qubit initial states equally spaced along
the Bloch-sphere equator, yielding an effective isotropic noise distribution in the XY plane
for the ensemble-averaged dynamics [295]. Two-dimensional noise amplitude distributions
are presented in Fig. 7.4(c). With the anisotropic noise, we observe pronounced oscillations
in the time-domain purity trace [Fig. 7.4(d)]. We observe nearly complete extinction of
the oscillations with the Z4-symmetric noise and complete extinction for the isotropic noise
[Fig. 7.4(e)]. We note that for the isotropic noise, the isotropy is a consequence of ensemble

averaging over qubit-state preparations equally spaced along the Bloch-sphere equator [295]
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Figure 7.4: Varying the anisotropy of injected noise. All experiments in this figure
utilized the low-frequency white noise source (noise power up to 100 MHz < fo;) with a
bimodal amplitude distribution [Fig. 7.3d]. (a) Correlated (one source split to o, and o)
and (b) uncorrelated (separate sources for o, and o,) noise source configurations. (c) Noise-
amplitude distributions from noise traces measured on an oscilloscope, reflecting noise in the
Bloch-sphere XY plane, for three configurations: (1) anisotropic, comprising the correlated
configuration in (a), (2) Zs-symmetric, comprising the uncorrelated configuration in (b), and
(3) isotropic, comprising the Z;-symmetric noise averaged over 19 equally-spaced rotations
about the Z axis. (d) Time-domain traces of the approximate purity, (¢.)?/2 + 1/2, during
a Ramsey sequence with the injected noise configurations in (¢). In order to visualize the
oscillations, we plot a subset of the full data (1001 points between 5.127; < 7,, < 105.1277).
(e) Power spectral densities (PSDs) of the full time-domain data taken for (d), offset for
clarity. We attribute the small 2 fy; feature in the Z,-symmetric trace to a slight imbalance
of the calibrated charge and flux noise amplitudes.

rather than reflecting the noise symmetry during individual shots. We emphasize that the
qualitative purity-decay behavior (smooth decay with no oscillations) matches that from
numerical simulations with shot-to-shot isotropically distributed noise. We attribute the re-
maining oscillatory component in the Z;-symmetric trace to imperfect balancing of the noise
amplitudes, which were experimentally calibrated by measuring the charge/flux m-pulse am-

plitudes individually.
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7.4.3 Varying Noise Correlation Time and Noise Axis

As our next main result, we probed the noise-axis dependence of purity oscillations for two
anisotropic noise configurations: (1) white noise up to 100 MHz [Fig. 7.5(a,b,c)|, and (2)
2 MHz low-pass-filtered noise |Fig. 7.5(e,f,g)]. We elected to sweep the initial superposition
phase ¢ rather than the noise axis directly, which allowed us to calibrate the qubit frequency
with the noise-induced AC Stark shift only once at the beginning of the experiment. For
noise configuration (1), we observed purity oscillations at twice the qubit frequency with
a phase periodicity of Ay = 180°, consistent with identical purity decays for a shift in
the noise axis of 180°. We can understand the oscillation frequency in the Bloch-sphere
picture: as the qubit precesses along the equator, the noise susceptibility oscillates with a
period of 71,/2 [Fig. 7.5(d)]. For noise configuration (2), the correlation time of the noise
T. ~ 100 ns exceeds the free-precession time, approaching the quasistatic noise limit in which
noise is constant during a single experiment, but differs shot-to-shot. We observed purity
oscillations with a frequency dependent on the noise axis relative to the initial state, with
the same phase periodicity of Ay = 180°. We can understand the doubling of the period in
the Bloch-sphere picture by considering shot-to-shot fluctuations of the qubit quantization
axis |[Fig. 7.5(h)]. Our observations are consistent with the analytical result developed in
Section 7.2.1 and given by Eq. (7.6) for noise with variance (n?) (now with the angle of the

noise axis # = m/2 — ¢ to match the notation used in Fig. 7.5):

tr(p®) =1-— 3 (sin ¢ + sin(wt — ©))? + O (%) . (7.21)

The purity decay for isotropic quasistatic noise is obtained by averaging Eq. (7.21) over
¢ € [0,27), yielding purity oscillations at the qubit frequency w. Unlike the oscillations at
2w, these oscillations are not a consequence of the noise anisotropy; starting in a consistent
state on the zero-noise Bloch-sphere equator, tilting the quantization axis in any direction

will always leave the starting state as a fixed point of the Larmor orbit [294].
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Figure 7.5: Noise axis and power spectrum dependence of purity oscillations. All
data comprise Ramsey experiments with injected charge noise (7 o o) as a function of
noise duration and initial superposition phase ¢, |¥o) = (|0) + € |1))/v/2, with 7, = 5ns.
We elected to sweep the phase ¢ rather than the noise axis for experimental ease, noting
that the resulting physics is identical. Simulated 100 MHz white (2 MHz low-pass filtered)
noise comprises a random telegraph signal with amplitude ~ +24 MHz (~ +23 MHz) and
average switching rate ~ 96 MHz (~ 4.4 MHz). (a) Simulation, (b) experiment, and (c)
experimental linecuts for 100 MHz white noise. (d) Bloch sphere cartoon illustrating the
insensitivity (sensitivity) of the qubit state to rotations induced by the noise when the qubit
is parallel (perpendicular) to the noise axis, resulting in purity oscillations at frequency 2 fo;.
(e,f,g) Similar to (a,b,c), respectively, for 2 MHz low-pass-filtered noise, which approaches
the quasistatic limit where noise is constant during a single run of the experiment (shot),
but changes shot-to-shot. (h) Bloch sphere cartoon for quasistatic noise. In the quasistatic
limit, when noise is constant during the Larmor precession but changing shot-to-shot, the
effective quantization axis is affected. Left (right): When the qubit state is initially aligned
with (perpendicular to) the noise axis, all Larmor orbits have one (two) fixed point(s). This
results in maximal purity when the qubit is aligned (aligned or anti-aligned) with its starting
state, characterized by purity oscillations of frequency fo1 (2f01).

0 11 12 0%

Noise Duration 7, (7, ~4.1 ns)

Noise Duration 7,, (7, ~4.1 ns)

7.4.4 Relaxation Experiments

In this section, we explore the affect of anisotropic (linearly polarized) noise on relaxation

experiments where the qubit is initially prepared in |¥y) = |1) and then subject to noise
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injected on the charge line (7 o< 0y): Hyoise = 1y(t)o,. We perform relaxation experiments
with injected noise in the low-frequency and quasistatic limits [Fig. 7.6]. Interestingly, we
observe pronounced purity oscillations for experiments with noise approaching the quasistatic
limit. Through further numerical simulations and analytical results, we establish that these
oscillations do not depend on the axis of the noise and do not depend sensitively on the
distribution of noise amplitudes (e.g., Gaussian or bimodal).

Here we give intuition for these purity oscillations for relaxation experiments with classical
transverse noise in the quasistatic limit. Consider a qubit initially prepared in |1), and
subject to time-evolution governed by the system Hamiltonian Eq. (7.1). The Bloch vector,
starting at the pole, will precess around the new effective quantization axis with a period
Wy = \/m ~ w + 2n?/w. For any 7, the Larmor orbit will always pass through the
pole of the zero-noise Bloch sphere resulting in maximum purity. Oscillations in the purity
will be pronounced until the orbits for different 7 diverge enough to average incoherently.
We can estimate the damping time for these oscillations by considering how long it takes
for m phase difference to accumulate between orbits for noise of strength 7 and no noise:
AT = 7/lw — w,| = mw/2n* = fo1/4(n/2m)*. For the simulated quasistatic noise used
in Fig. 7.6, we calculate AT = 297, which is consistent with the 1/e decay time of the
oscillation amplitude to within 15%.

We can understand the oscillations analytically by repeating the analysis for quasistatic
noise presented in Section 7.2.1, with the modification that |¥y) = |1). For a noise value 7,

the density matrix in the frame co-rotating with the qubit is given by

0 21
20 = ?(1 — cos(wt)) (7.22)
pyt=1—pp (7.23)
o1 _ 1T _—io —iwt
= — —1 7.24
A= L0t 4 e (7.24)
py = (Py)", (7.25)
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with tr(p?) = 1 up to terms of order (n/w)*. For zero-mean noises ((n) = 0), we find

tr(p®) =1-— 4217? (1 — cos(wt)) + O((n*) Jw). (7.26)

We note that there is no # dependence, i.e., these purity oscillations have no dependence
on the noise axis. From the experimental data of Fig. 7.6(a) with fringe contrast ~ 4.3% and
w/2m ~ 243.7 MHz, we estimate \/W ~ 19 MHz, consistent with the measured injected
noise standard deviation of \/m ~ 16 MHz.

We emphasize that the result for relaxation experiments stands in contrast to our result
for Ramsey experiments, for which purity oscillations have a noise-axis-dependent period
[Fig. 7.5(e,f,g)]. We confirmed the lack of noise-axis dependence for relaxation experiments
with quasistatic noise in further numerical simulations. We also find that for polarized
Markovian noise treated with the Lindblad equation as in Section 7.2.2 with |¥y) = [1),
relaxation experiments result in purely exponential purity decays with no noise axis depen-

dence.

7.4.5 Validation of Approximate Purity

In this section, we justify the correspondence of approximate and exact purity for all experi-
ments presented. First, we experimentally confirmed the correspondence of Yapprox and v by
performing state tomography after Ramsey experiments with and without injected charge
noise of the highest amplitude used in this work [Fig. 7.7]. We found that |y —~approx| < 1.5%
(relative error bounded by 2.1%) for free precession times up to 12.6 71, validating that Yapprox
can act as a reliable proxy for 7.

We further justify the use of Vapprox analytically. In an ideal Ramsey experiment with
the qubit initially in its ground state, the first 7/2 pulse (about the ¢ axis, without loss
of generality) transfers the qubit state to the Z axis of the Bloch sphere. Subsequently,

the Bloch vector rotates about the Z axis as the qubit undergoes Larmor precession in the
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Figure 7.6: Purity oscillations in relaxation experiments. (a) Experiment and (b)
simulation for relaxation experiments with |¥y) = |1) and injected noise along o,, 7, =
5ns. Traces are shown for the case of zero noise (light blue), white noise up to 100 MHz
(green), and 2MHz low-pass filtered noise (dark blue). Low-pass filtered noise perturbs
the quantization axis of the qubit, leading to purity oscillations at frequency fy; from the
modified Larmor precession.

laboratory frame. In the frame co-rotating with the qubit, the qubit remains stationary and
along the & axis. After waiting a set phase accumulation time, a second 7 /2 pulse (about
the same rotating-frame axis as the first) transfers the qubit state to the Z axis. Assuming
that the qubit maintains constant frequency during the phase accumulation time, the length

of the Bloch vector at the end of the sequence is given entirely by the expectation value (o,):

5 + 5 = 7approx- (727)

If the qubit is instead subject to a frequency shift during the evolution time, the Bloch vector
immediately before the final 7/2 pulse will be slightly misaligned from the & axis by an angle
0. In this case, the approximate purity deviates from the exact purity:

r2sin®(0)

|7 - Pyapprox| = Ta (7'28)
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Figure 7.7: Approximate and exact purity. All data shown are for free-induction-decay
experiments with injected 100 MHz white noise along n o o, and buffer time 7, = 5ns.
(a) State tomography and extracted (b) exact purity, ((¢.)? + (0,)* + (0.)?)/2 4+ 1/2, and
approximate purity, (0.)?/2 + 1/2, with noise amplitude set to zero. (c,d) Similar to (a,b),
for non-zero noise amplitude.

where 0 < r < 1 is the length of the Bloch vector.

We measured the qubit frequency shift from injected charge noise of the highest amplitude
used in this experiment, finding | g2 — faeise| < 0.54 MHz. For such noise (as used in Fig. 7.3,
Fig. 7.5, Fig. 7.7, and Fig. 7.6) with durations up to 7, < 12.567,, we expect misalignments
from the frequency shift of § < 10° and resulting errors in the approximate purity bounded
by |Y — Yapprox| < 1.5%, consistent with measured data.

We found that injected flux noise significantly modified the qubit frequency. For the
configuration used in Fig. 7.4 with simultaneously injected charge and flux noise, we measured
a frequency shift of |fbae — fioise| ~ 4.6 4+ 0.015MHz. Accordingly, we adjusted the final
7 /2-pulse phase for the experiments in Fig. 7.4 to account for the measured detuning. The

frequency uncertainty from the fit leads to an error bound of the approximate purity of

< 10~ for noise durations up to 1577.
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Figure 7.8: Purity oscillations vs. qubit frequency. Each trace corresponds to a
different flux bias, and represents a PSD calculated with Welch’s method for a free-induction
decay experiment with injected 100 MHz white noise along n o< 0, and 7, = 5ns. Traces are
artificially offset for clarity. Dashed lines correspond to 2 fo;.

7.4.6 Frequency Dependence of Purity Oscillations

In order to validate that the frequency of the purity oscillations was determined by the
twice the qubit frequency, we measured purity oscillations from injected charge noise as a
function of external flux bias in a small window around ®.; = 0.5®( corresponding to qubit
frequencies 243.7MHz < fy; < 304.7MHz |Fig. 7.8]. At each external flux bias, readout
pointers, the qubit frequency, and the 7/2-pulse amplitude was recalibrated. We observed
the purity oscillation frequency matched 2fo; at all measured biases, consistent with the

oscillations being generated by the anisotropic noise.

7.4.7 Simulations of Experiments

Before detailing our simulations, we first emphasize that at the level of qualitative behavior
(e.g., presence or absence of purity oscillations), all simulated signals did not depend sen-

sitively on the noise distribution (bimodal, Gaussian, or uniform) or on the high-frequency
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limit of the noise PSD (1/f2 or 1/f%), consistent with the analytical results of Section 7.2.1
and Section 7.2.2.

To simulate our experimental results, we first extracted the correlation time of the mea-
sured injected noise for each configuration. We then modelled the noise as an ideal random
telegraph signal (RTS) with average switching rate determined by the correlation time, and
amplitude determined by the cutoff values (defined as the center of the peaks at the edges of
the distributions in Fig. 7.2). For each simulated experiment, we generated several instances
of noise 7)(t) and calculated the noise-averaged purity as tr (p*), where p = (p,)) and () rep-
resents the noise-ensemble average. We plot simulated experiments corresponding to Fig. 7.3
and Fig. 7.4 in Fig. 7.9. We find agreement of the qualitative behavior between simulation
and experiment; anisotropic noise leads to purity oscillations at twice the qubit frequency,
with revivals (monotonic decay) generated by noise with a long (short) correlation time
[Fig. 7.9(a)], and extinction of the oscillations for noise which is isotropically distributed in
the Bloch-sphere XY plane [Fig. 7.9(b)|. We find quantitative order-of-magnitude agreement
of the oscillation fringe contrast and decay magnitudes between simulation and experiment.
We note that differences can arise from a variety of sources including state preparation
and measurement (SPAM) errors, differences between the simulated (ideal RTS) and ex-
perimentally realized noise, and discrepancies between the approximate purity (reported for

experiments) and true purity (reported for simulations).

7.5 Discussion

We now discuss our results in the context of quantum information applications, where un-
derstanding and mitigating noise [45, 73, 302] and further exploring dynamics beyond the
RWA [61, 72, 275] are of high interest due to, e.g., advancing metrology and quantum error
correction experiments. For superconducting qubits in particular, decoherence mechanisms

are associated with microscopic models that couple to either the charge or flux degrees of
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Figure 7.9: Simulations of Fig. 7.3 and Fig. 7.4. The simulation methodology is
described in Section 7.3.2. (a) Simulated Ramsey experiments as in Fig. 7.3, with injected o,
noise in three configurations: (1) no noise, represented by a pure state with tr (p?) = 1 (light
blue), (2) low-frequency white noise up to 100 MHz < fi; (turquoise), and (3) broadband
white noise up to 1 GHz > fi; (dark blue). (b) Simulated Ramsey experiments as in Fig. 7.4,
with Z,-symmetric noise (uncorrelated equal-amplitude noise along o, and o, red), and
anisotropic noise (correlated equal-amplitude noise along o, and oy, blue).

freedom of a circuit [89]. The time-domain signatures explored in this work can potentially
be used to determine if decoherence is due to noise that is anisotropic (i.e., primarily coupled
to either charge or flux), and whether the noise dynamics approach either the Markovian or
quasistatic limits. In this experiment, utilizing a low-frequency fluxonium qubit, no purity
oscillations were observed in the case of no injected noise; this may be due to the weakness of
the native noise resulting in an oscillation too small to detect, or the low-frequency nature of
the qubit which results in decoherence from both 1/ f flux noise and dielectric loss [303, 304].
For high-frequency qubits such as conventional transmons or fluxonium qubits operated far
from the degeneracy point, the dominant transverse loss mechanism may be anisotropic due
to, e.g., dominance of the charge or phase matrix element [54, 303|, or different quantum-
to-classical crossover frequencies of charge- and flux-noise spectra [305, 306]. However, finer
time resolution would be required to observe the oscillations due to shorter qubit Larmor
periods. In general, the signatures explored in this work may be used to validate the un-
derstanding of qubit decoherence in other platforms. One potential difficulty of observing
such signatures from the native coherence-limiting noise is state preparation: if the noise is

present during state preparation, differing initial states shot-to-shot may obfuscate oscilla-
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tions. For superconducting qubits, this difficulty may be circumvented by preparing initial
states at at a low-noise point (e.g., where the charge or flux matrix element is suppressed),
and leveraging fast-flux control to probe decoherence where transverse noise is expected to

be anisotropic.

7.6 Conclusion

In summary, we investigated qubit decoherence under the effect of transverse noise that is
anisotropic (linearly polarized) in the lab frame. We have established that, when initially
prepared in a superposition state, the state purity tr (p?) displays an oscillatory component
at twice the qubit frequency [72]; when the qubit is aligned with (perpendicular to) the
noise, the qubit state is insensitive (sensitive) to noise-induced rotations. We verified that
the oscillations are mitigated for noise that is isotropically distributed in the Bloch sphere
XY plane and explored the oscillation dependence on the noise axis and power spectral
density. We further elucidated our results with analytical models for purity decay in the
presence of noise in the quasistatic and Markovian limits. Our results establish the impact
of transverse noise anisotropy on qubit decoherence, providing a new time-domain signature

for probing the anisotropy of coherence-limiting noise in experiments.
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Chapter 8

Conclusion

In this thesis, we presented three novel results: (1) the characterization of low-frequency flux
noise in superconducting qubits as a function of applied magnetic field, (2) the suppression
of counter-rotating errors for fast gates with low-frequency qubits, and (3) the observation
of qubit-state purity oscillations from anisotropic transverse noise. In this chapter, we offer
a broad outlook for this work.

Our first result, presented in Chapter 5, primarily offers a new experimental benchmark
for microscopic theories of flux noise. Qualitatively, our results are consistent with the
suppression of spin-diffusion processes which are generically blamed for high-frequency flux
noise. The low-frequency 1/f to approximately Lorentzian transition of the PSD below
1 Hz may indicate changing spin-cluster sizes with field. Further experiments are required to
validate these interpretations. The 1/f to Lorentzian transition in particular was reproduced
theoretically with no notion of spin-spin interactions or clustering [232]. Despite this model’s
feature of a similar lineshape transition with applied field, it does not predict a net increase
in the low-frequency noise amplitude or the suppression of higher-frequency flux noise with
increasing field, both of which were observed in our experiment. This motivates the need for
further flux-noise models which accommodate applied magnetic fields.

Our second result, presented in Chapter 6, opens the door to Rabi gates as fast as one
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Larmor period. For low-frequency qubits, our techniques enable fast, high-fidelity single-
qubit gates which do not suffer from counter-rotating errors. Our commensurate technique in
particular does not require any additional hardware resources or calibration overhead relative
to conventional Rabi gates, and can be utilized in any platform. We expect this technique
to be immediately beneficial for fluxonium-based quantum processors. Such processors are
currently of high interest due to several recent promising results displaying state-of-the-art
single- and two-qubit gate fidelities [56, 59, 255]. Our result, comprising record single-qubit
gate fidelity for the superconducting qubit platform, further increases the attractiveness
fluxonium-based quantum computing. In addition, our single-qubit gate fidelities begin to
approach those of the trapped ion platform [64, 307].

Beyond fluxonium single-qubit gates, our commensurate gate technique may be suitable
for the control of low-frequency composite qubits with applications as erasure qubits with
favorable error-correction properties [308, 309], or to benefit other low-frequency microwave
interactions including parametric gates between transmon qubits [310]. Our circular driving
method may also inspire solutions to measurement-induced state transitions (MIST) [275],
which represents a significant barrier to scaling error-correcting codes. Beyond supercon-
ducting qubits, our methods may also benefit ultrafast gates in semiconductor spin qubits,
which have displayed Rabi rates comparable to the Larmor frequency [311-313]. We also
note that the experimental capability to perform commensurate pulses in the optical do-
main is already present and comprises an important experimental technique, referred to as
carrier-envelope phase stabilization for few-cycle optical pulses [261, 262].

Our third result, presented in Chapter 7, we hope will be used to characterize native
(rather than injected) coherence-limiting noise across experimental platforms. In particular,
the observation of such oscillations should be feasible for low-frequency qubits with exper-
imental access to Larmor-scale dynamics, which are realized with physically distinct noise
sources coupled to different Bloch-sphere axes. This arises naturally for low-frequency su-

perconducting qubits such as the fluxonium. However, high-coherence samples, such as the
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one used in our experiment, would yield extremely small oscillations. Purity oscillations are
likely to be observed in much lower-coherence samples. As an estimate, we can (very roughly)
approximate a purity decay under Markovian noise as N purity steps of equal amplitude in
a total time AT = N /2 where 7, is the Larmor period. For a low-frequency qubit which
equilibrates to the maximally mixed state, starting along the z axis would result in a purity
decay step size of 0.5/N = 0.257,/AT. For the step size to be 1%, we would need the total
decay time to be 257;. This estimate is not encouraging, but we hypothesize this signature

might be found in extremely low-frequency qubits with transverse noise bias [314].
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Appendix A

Infinite Product Expression for the

(Gaussian Function

In this appendix, we provide a derivation and extended results for the infinite product
expression used in the fitting of calibration data as in Chapter 6.4.3. Motivated by the
surprisingly effective Gaussian fitting of the data, the contents of this appendix blossomed
from a quick and fruitful collaboration with my mathematically-oriented colleagues Samuel
C. Alipour-Fard and David C. Newsome. Our main result is an infinite-product expression

for the Gaussian function,

;

xo(xz) if0<p<1/2,

: n )
]\}1_13;0 COS(NH—p x) =qe /6 ifp=1/2, (A.1)

1, if p>1/2,

where xo(z) = 1if £ =0, 0 if 2 # 0. We plot Eq. (A.1) in Fig. A.1(a).

Our second main result is the extension of Eq. (A.1) for a general infinitely differentiable
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function f(z) satisfying f(0) = 1 and with k& > 0 the smallest integer such that f*)(0) # 0,

— n F®(0)
i L (N—x> - eXp<<k T 1>!“””k)‘ (4.2)

As an example, we plot Eq. (A.2) with f(x) = 1 — sin(z), where £ = 1 and f!(0) = —1 in

Fig. A.1(b).
) I H ’ I H 1
Nlilgo cos ngéo - sm( x)]
1.0 1 = 1.0 1 _
/\ =" /\ p=_
{ \ p=205 II \ p=1
081 / \ p=1 081 /i p=2
/ \\ J— \ o lel/2
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Figure A.1: (a) Plots of Eq. (A.1). (b) Plots of Eq. (A.2) for f(z) =1 — sin(z). For both
panels, N = 10°.

A.1 Proof of Eq. (A.1)

Fix p > 0. For N € N, let
= H coS <—N1+PI> )
n=1

Define the function f as the pointwise limit

f(z) = lim fy(z).

N—oo
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We aim to prove the following theorem:
Theorem 1. For every x € R, f(x) exists and specifically,

;

X0, if0<p<1/2,
fl@)=qe=/6  ifp=1/2, (A3)
1, ifp>1/2,
\

where xo is the indicator function defined by

Proof

It is immediately clear that f(0) = 1 for any p, thus we focus on = # 0. Given that fy is
even for all N, it suffices to demonstrate the result for x > 0. Fix = > 0.

The proof strategy relies on the equality
f() = exp ( Jim_log(fx(2))) (A4)
—00
which is a consequence of the continuity of the exponential function. Rewrite the limit as
lim log(fy(x)) = lim N -gn(2n),
N—oo N—o0

where

oz
AN = m,
iy
gn(2) = 321 N log (cos (Nz>>
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Note that for sufficiently large N, 0 < zy < 1.

Step 1

First, we establish that

lim N-gy(zy) = lim N-I(zy), (A.5)

N—oo

where

I(2) :/0 log(cos(uz)) du.

To demonstrate this, note that gn(z) acts as a right Riemann sum for the integral I(z).

Thus, we can express

gn(2) = 1(2) + En(2),
where En(z) is an error term bounded by

tan(z)z
2N 7

1
|En(2)] € = max

— 2N o0<u<t |du

d
—log(cos(uz))’ =
which holds for 0 < z < 1. Therefore,

lim N - gn(zn) im N - I(zy) —|—A}im N - En(zn).
—00

=1
N—oo N—o0
The desired result follows from observing that

tan(zy)zy

lim N - Eyn(zy)| < lim |N - Ey(zy)| < lim = 0.
N—o00 N

N—o0 —00 2

Step 2
Next, we evaluate the limit

lim N -1I(zy).

N—oo
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Expressing this as

N -I(zy) = N/o log(cos(uz))du = % OZN log(cos(u)) du.

By Taylor’s theorem, for u € [0, 1],

log(cos(u)) = —%uQ + h(u)u*

where h(u) is continuous and satisfies

Thus,

where Hy is defined as

The bound on Hy is

|HN|<— max |h(u |/ :—zN max |h(u)].

0<u<z 0<u<zy
It follows that Hy — 0 as N — oo, leading to

' , N2 Nz3% ¥ o
w N = i g e = i T T
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Step 3

We have established that

(

—00, 0<p<1/2,
. z’ 1-2p
A log(fy(2)) = == N7 =4 —a2/6, p=1/2,
0, p>1/2
\
from which the theorem follows. O

Proposition 1. Let f RR be a infinitely differentiable function such that f(0) = 1. Letk >0

be the smallest integer such that

Then we have
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Appendix B

Commensurate Condition for

Off-Resonant Pulses

In this appendix, we derive more general commensurate conditions, which ensure the uni-
formity of the qubit rotation for different pulse start times, polychromatic drives, and off-
resonant drives.
Consider a qubit subjected to a linearly-polarized polychromatic pulse of duration ¢, with
carrier frequencies w; = wgy + 0; applied at a variable start time ¢,
H
+ =wor [1) (1] + Z Qi(t — to) cos(wit 4+ ) [0) (1] + h.c. (B.1)
where Q;(t' = t — t5) denotes the pulse envelope of the i-th frequency component such
that Q;(¢') = 0 for ¢/ < 0 and ¢ > ¢, for all i. Rewriting the Hamiltonian in terms of ¢’
and performing the standard rotating-frame transformation co-rotating with the qubit at

frequency w1, we obtain

- = }Z : > [e (@it+e) 4 =i z,zt+sa)} 0) (1| + h.c. (B.2)
: Bt () T o0 (s it
— v e . i(t) [eusit 4+ e ilwnt +2wit0+290):| 0Y (1] + h.c., (B.3)
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with wy; = w; + wer and §; = w; — wpr. The unitary generated by the pulse is given by

" C [ty o
Ut =t,,t' =0) = exp {—% H(t,t) dt’} (B.4)
0

We now derive the constraints on ¢y such that all pulses will implement the same rotation

given by Eq. (B.4), in a few cases of interest.

B.1 Monochromatic, resonant drive.

In this case, § = 0 and Eq. (B.3) reduces to Eq. (6.13). To regularize the unitary for all pulse

start times ty of a given ¢, we require

to € {n7./2, n € N}. (B.5)

B.2 Monochromatic, off-resonant drive.

In this case, 6 # 0 and Eq. (B.3) reduces to

_ e¢(<p+5t0) Q(t/) ei&’ + e*i(wzt/+2wdt0+2w) ’0> <1‘ + h.c.

SIS

In contrast to the resonant case, we now have an additional ¢y dependence in the phase
prefactor which affects the axis of rotation. However, this prefactor is a constant with
respect to the ¢’ integration of Eq. (B.4). To regularize the unitary for all pulse start times

to, it suffices to regularize the counter-rotating term with

to € {n7q4/2, n € N}, (B.6)

where 7, = 27w /w, is the drive period. The axis of rotation can be corrected for with a

subsequent Z rotation.
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B.3 Polychromatic, off-resonant drive.

In this case, we now have a collection of non-zero d;. In contrast to the previous case, the
prefactors eito = eiwi—wo)to for 4]l terms of the sum in Eq. (B.3) give rise to interference of

the drive tones!. For this interference to be consistent, we require
to S {2717;7'2'/2, n; € N VZ} U {(2711 + 1)7’2/2, n; € N VZ}, (B?)

where 7; = 27w /w;. These two sets correspond to the pulse unitary having an additional Z
rotation of 0 or 7, respectively. This condition also ensures invariance of the counter-rotating

terms.

!The e~*oifo phase applies to all terms consistently, and can be factored out and interpreted as a shift
of the axis of rotation.
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