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Abstract

English version In this dissertation, a strongly interacting Electroweak Symmetry
Breaking Sector is considered. We use the framework of Effective Field Theories (EFT)
and unitarization procedures, successfully deployed to study resonances in low energy
QCD in the last decades. The EFT amplitudes are computed at the Next to Leading
order (NLO).

If new resonances were discovered at the LHC run-II, different theoretical approaches
could be used to study them. However, the framework that we follow here has several
advantages. For instance, it only contains a few parameters. Seven in the case of scat-
tering within the Electroweak Symmetry Breaking Sector (W3, Z;, and h); a few more if
the vy and tf states are included. And, even more important, the masses and widths of
the resonances emerge as a consequence of the low-energy behaviour of the theory. They
are not free parameters of the model, we will derive them from the Lagrangian.

The EFTs for longitudinal gauge bosons plus Higgs are being actively investigated,
because of their direct application to the experimental program of the LHC run-II. How-
ever, they are frequently considered only as a useful parameterization of slight deviations
from the Standard Model behaviour. In other cases, they are extended to implement
new resonances in an explicit way. Our approach shares with these models the use of an
EFT in the very first steps, as well as the experimental bounds over the parameters of
the Effective Lagrangian.

If we used only the EFT, the perturbative expansion would break down because it is
derivative. But in our work below, the EFT is efficiently extended to cover the regime
of saturation of unitarity. This is achieved by dispersion relations, whose subtraction
constants and left cut contribution can be approximately obtained in different ways giving
rise to different unitarization procedures.

Several unitarization procedures have been considered. We have studied three of them
in finer detail, since they have the best properties. These chosen methods are the Inverse
Amplitude Method, one version of the N/D method and another improved version of the
K-matrix. An extended version of the first two is used for the coupling with vy and ¢. In
all the cases we get partial waves which are unitary, analytical with the proper left and
right cuts and in some cases poles in the second Riemann sheet that can be understood
as dynamically generated resonances. A new numerical method has been developed in
order to look for such poles.

We also point out that the unitarization formalisms are also extendable to coupled
channels. This is a novelty, and implies the possibility that an hypothetical resonance
comes from a strongly process like VV' — hh — V'V (V stands for a longitudinal gauge
boson). Such a resonance would be triggered by the coupling V'V hh (parameter b of the
EFT), which is less constrained that the coupling VV h (parameter a).

Finally, all this work is given in a form that it could be implemented in a Monte Carlo
(MC) simulation program, in order to generate MC events for the LHC Run-II or future

il



iv ABSTRACT

collider experiments.

Spanish vesion FEn esta disertacion, consideramos un Sector de Ruptura de Simetria
Electrodébil con interacciones fuertes, y utilizamos el marco tedrico de las Teorias Efec-
tivas (calculadas a primer orden en teorfa de perturbaciones, NLO) y los métodos de
unitarizaicén. Algunas décadas atras, este marco explicd satisfactoriamente la aparicion
de resonancias a baja energia en QCD.

Si apareciesen nuevas resonancias en el run-1I del LHC, habria varios modelos tedricos
en el mercado para estudiarlas. Sin embargo, el nuestro tiene varias ventajas. Por
ejemplo, solo contiene unos pocos parametros libres. Siete en el caso de procesos de
dispersién en el Sector de Ruptura de Simetria Electrodébil (WLi, Zr,y h). Unos pocos
m4s si se incluye el acoplamiento con los estados vy y tt. E, incluso més importante, las
masas y anchuras de las resonancias aparecen como consecuencia del comportamiento a
baja energia de la teoria. No son parametros libres del modelo, se derivan del Lagrangiano.

Las teorias efectivas para bosones gauge longitudinales y Higgs son objeto de inves-
tigacién activa, debido a su aplicacién directa al programa experimental del run-II de
LHC. Pero suelen considerarse inicamente como una parametrizacion 1til de pequenas
desviaciones del comportamiento del Modelo Estandar. En otros casos, son extendidas
para incluir explicitamente nuevas resonancias. El vinculo entre todos estos modelos y el
nuestro es la utilizacién de una teoria efectiva, asi como las cotas experimentales sobre
los parametros de dicha teoria.

Si sélo utilizamos las teorias efectivas, la expansion perturbativa se rompe. En este
trabajo, mostraremos que estas teorias efectivas pueden extenderse para cubrir el régimen
de saturacion de unitariedad. Esto se consigue mediante las relaciones de dispersién, cuyas
constantes de substraccion y contribuciones al corte izquierdo pueden obtenerse de forma
aproximada de diferentes formas, dando lugar asi a los diversos métodos de unitarizacién.

Se han considerado varios métodos de unitarizacién, y estudiado en detalle tres de
ellos. Estos tltimos son el método de la matriz inversa (IAM), una versién del N/D
y una variacién mejorada de la matriz-K (I-K). Para el estudio del acoplamiento a los
canales vy y tt se ha utilizado una modificacién de los dos primeros métodos (IAM
y N/D). En todos los casos obtenemos ondas parciales que son unitarias, analiticas,
presentan los cortes izquierdo y derecho requeridos por la teoria relativista de procesos
de dispersion, y en algunos casos muestran polos en la segunda hoja de Reimann que
pueden interpretarse como resonancias generadas dindmicamente. Se ha desarrollado un
nuevo método numérico para buscar la posicion de tales polos.

También hemos extendido los procedimientos de unitarizaicon al caso de canales
acoplados. Esto es una novedad, e implica la posibilidad de que una resonancia hipotética
proceda de un proceso de dispersién fuerte como VV — hh — hh (V denota un
bosén gauge longitudinal). Tal resonancia estaria regulada por el acoplamiento V'V hh
(pardmetro b de la teoria efectiva), que estd menos acotado experimentalmente que el
acoplamiento V'V h (pardmetro a).

Por ltimo, este trabajo esta estructurado de una forma tal que podria ser implemen-
tado en un programa de simulacién Monte Carlo (MC), para generar eventos MC para
el run-II de LHC o futuros experimentos de colisionadores.
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Chapter 1

Introduction

In this dissertation, we revisit the prospects of a strongly interacting theory for the Elec-
troweak Symmetry Breaking Sector (EWSBS) of the Standard Model, after the discovery
at the LHC of a Higgs-like boson at ~ 125GeV (refs. [1}{3]). The tools of Effective
Chiral Lagrangians and unitarization procedures will be used, and the old Higgsless Elec-
troweak Chiral Lagrangian [4-21](EChL) will be extended to accommodate a Higgs-like
boson at ~ 125 GeV. Since the discovery of the Higgs-like boson at the LHC, this field
has received increasing attention [22-33]. T hope that this dissertation, besides our orig-
inal results [34-39]] that will be described, can be a useful introduction to the field of
a strongly interacting EWSBS with a light Higgs but below the possible new-physics
scale. To this end, several appendices with detailed computations have been included.
And some of the sections, especially those containing the physical fundamentation of the
computational procedures (secs. and , are very detailed.

First of all, let us introduce the theory that has worked very well until now, becoming
a standard in particle physics: the so—called Standard Model (SM)E] It became widely
accepted from the late 60’s on, and it describes all the known interactions but gravity,
under a Quantum Field Theory (QFT) formalism. This is achieved in a way that it is
compatible with all the experimental data until now. The SM describes three fundamental
interactions, which are gauge interactiong’), mediated by spin-1 bosong’] The matter
particles are spin—1/2 fermions, to which Pauli’s exclusion principle applies, but for our
purposes let us concentrate on the gauge sector.

The relativistic electromagnetic interaction is mediated by one massless photon (),
and the corresponding gauge symmetry group is U(1)en. Indeed, the idea of gauge
interaction comes from the classical Maxwell equations, which are invariant under some
transformations of the electromagnetic four-potential vector. Note that Quantum Electro-
dynamics (QED), the theory which describes electromagnetic interaction, has produced
some of the most precise and successful predictions in physics. The fact that the photon
is massless, does not interact strongly with itself, and we live in 3 spatial dimensions +
1 temporal dimension, entails an interaction field strength decaying like 1.

The second force, the strong one, is mediated by eight massless gluons (g), and the
corresponding gauge symmetry group is SU(3)¢. Note that the interaction of gluons
among themselves is very strong. This leads to a theory that is strongly coupled at

' And unpublished work in sections [3| and [4| that will be made available in some form.

2Look up, for example, ref. [40-42], and ref. [43] for an updated review of the properties of the SM
particles, besides some BSM searches.

3The Lagrangian which describes them is invariant under a continuous group of local transformations.

4That is, by particles that can share a quantum state.



2 CHAPTER 1. INTRODUCTION

low energies, but is weakly-coupled (or pertubative) at high energies. What does this
mean? That at high energies, the perturbative methods for working with QFTs (that
is, Feynman diagrams [40]) will work. But at low energies, the contributions of higher
orders (NLO, NNLO, N3LO,...) will be so high that the series expansion is meaningless,
so new methods will be needed: from the brute-force computing one, lattice-QCD [44],
to effective approaches like chiral perturbation theory (yPT, see refs. [45-49]). Indeed,
bound states appear, but no free coloured particle has been observed in the final state
(confinement). As an introduction to my PhD program, I have collaborated on a study
about the bound that the LHC sets over the presence of unconfined gluons [50].

Finally, we have the weak interaction, which is mediated by three massive gauge
bosons: the charged W* (My = 80.385 + 0.015GeV), and the neutral Z (My /My, =
0.8819 + 0.0012). At the EW scale, this interaction is unified with the electromagnetic
one, giving rise to an electroweak interaction, whose Lagrangian is invariant under a
local SU(2) x U(1)y gauge group. However, having a gauge interaction mediated by
massive gauge bosons is problematic. Both from a fundamental point of view, because
the massive terms are not gauge invariant, and from a phenomenological one, since the
theory is non-renormalizable. That is, the procedure for taking into account higher
order corrections fails. Furthermore, the elastic scattering of longitudinal mode{] of
gauge bosons associated with the weak interactions would break unitarity bounds: the
interaction probability would be higher than unity at some energy scaleﬁ; at least at
leading order (LO) in perturbation theory. That means that the theory could not be
described with perturbative theory. Could it perhaps be a strongly interacting one, like
QCD at low energy? In that case, some kind of new physics would be necessary here,
which also solves the theoretical issue of having a gauge theory with massive gauge bosons.

Either way, the solution which was developed for the Standard Model (SM) is the ap-
plication of the so—called Higgs mechanisrrﬂ [52-56]. This mechanism keeps the required
SU(2)r, x U(1)y symmetry on the Electroweak Lagrangian. However, the lowest energy
state would be U(1)en symmetric only (see fig. for an illustration of this concept).
Thus, the vacuum state of the theory, from which perturbation theory is obtained, is not
symmetric under a local SU(2); x U(1)y symmetry group, but only under U(1)ey. In
this way it is possible to fulfill both the mathematical requirements of renormalizable
QFT and the experimental masses of gauge bosons. This Higgs mechanism gives rise to
a spin-0 boson (Higgs boson) as a byproduct of the process.

The Higgs mechanism requires the EW sector of the SM to be coupled with a Symme-
try Breaking Sector (SBS). In the standard model, the SBS contains a complex SU(2)y,
doublet with hypercharge Y = +1/2. In the limit ¢ = ¢’ = 0, the doublet poten-
tial is invariant under a global SU(2);, x SU(2)r symmetry group. However, due to
the Mezxican-hat shape potential (see fig. , its lowest energy state is invariant only
under SU(2).4+r (custodial symmetry). The spontaneous symmetry breaking (SSB)
SU2), x SU(2)r — SU(2)p+r gives rise to 3 massless scalars (the would-be Gold-
stone bosons), and another massive scalar (the Higgs particle). This global SSB triggers
the breaking of the SU(2), x U(1)y gauge symmetry into the U(1)q, gauge symmetry.
Three gauge bosons acquire masses by absorbing the degrees of freedom of the would-be

5Note that these longitudinal modes come from the fact that these gauge bosons are massive.

6This also happens with some beyond Standard Models (BSM) proposals. See ref. [51].

"The Higgs mechanism was, indeed, developed by several theoretical physicists, including P.W. An-
derson (for the non-relativistic case of superconductivity), F. Englert, R. Brout, P. Higgs, G.S. Guralnik,
C.R. Hagen and T.W.B. Kibble.



Figure 1.1: Ilustration of the Higgs mechanism. We represent the Mexican-hat potential,
V(p) = —(1/2)p%¢? + (1/4)A¢*, where p?> = 2, A = 1 and ¢? is the radial squared
coordinate. Two stationary states are present: the unstable point ¢ = 0 (red ball) and the
ground state |[phi| = p1/v/A (green ball). Note that such a ground state is degenerate, so it
no longer respects the cylindrical symmetry of the original potential. The quantization of
the excitations marked with green arrows will lead to the appearance of massless modes.
Those marked with red arrows will produce massive modes. Such a mass comes from the
curvature of the potential.



4 CHAPTER 1. INTRODUCTION

> 10000 — T — CMS Preliminary Ys=7TeV,L=505f";{s=8TeV,L=526 "
Q — ATLAS — > [TTrrrrrrrrrrr o1 T T
0] K ] [0} 121 * Data _]
N ool e Data2011+2012 . [0} r
P L SM Higgs boson mH=126.8 GeV (fit) ] ) [ | . 74X
€ . ey mmmeeees Bkg (4th order polynomial) 7 ‘U; 10 r .
S L
Lﬁ 6000— —] 4%' - |:| Zy ZZ 1
o T Hovy ] I [[]m=126 Gev
4000|— — w s r —
C Vs=7TeV J-Ldt -48fb" ] [
2000|— - 6
C Vs=8TeV ILdt =207 1" .

Events - Fitted bkg
§.3888
—o—
——
——
—e—
——

-
-
o N

| 7
80 100 120 140 160 180

100 Ti0 120 730 740 750 160
m,, [GeV] m,, [GeV]

Figure 1.2: Discovery of the spin 0 boson at the LHC with the properties of the SM
Higgs boson. Left: two photon decay channel with the ATLAS detector [1]. Right: four
lepton decay ZZ — 4l with the CMS detector [3]. Both pictures are reproduced from
the corresponding reference under the Creative Commons (CC-BY-3.0 license.

Goldstone bosons (Higgs mechanism), letting a free massive boson (the Higgs one).

In 2003, the reanalysis of the LEP experiment at CERN [57, 58] found a lower bound
of 107.9GeV (at 95% confidence level) for the Higgs mass and, more interesting, its
electroweak precision measurements allow to compute an upper bound for the SM Higgs
boson mass of 193 GeV (also at 95% confidence level). Thus, LEP constrained the value
of the SM Higgs mass inside a window of ~ 85 GeV, provided that no new physics at the
electroweak scale was involved and, thus, the electroweak precision measurements could
be used in a reliable way.

After that, and more than 40 years after the proposal of the Higgs mechanism for
the SM, the ATLAS and CMS experiments at the Large Hadron Collider (LHC) report
a boson with a mass of nearly M, ~ 125 GeV, compatible with the properties of the SM
Higgs boson [1-3]. A machine like LHC, able to study particle physics at the TeV scaleﬁ,
was necessary. At this scale, the LHC gives two pieces of information. The first one was
the discovery of the new bosonic resonances. And the second one [59-61] is a mass gap
for the presence of new physics up to an energy of about 600-700 GeV, or even higher for
the presence of new vector resonances [59-61].

In fig. [[.3] the mass distribution of diphoton candidates of Higgs decay H — 7y on
the ATLAS detector can be seen [1, 2]. Both the /s = 7TeV and the /s = 8 TeV
data samples of the LHC Run-I have been combined. In a mass windows around M), =
126.5 GeV, which contains 90% of the expected signal events, the expected background
events is Ng = 8284; the expected signal ones, Ng = 223; and the observed ones, 8802.
The background computation is based on studies on MC samples of v — 7, v — jets and
jet — jet. They are modelled by polynomials and exponentials. The background line of
fig. (inclusive data background) is described by a fourth-order Bernstein polynomial,
whose parameters come from a fit to data in the 100-160 GeV diphoton invariant mass
range.

The CMS analysis [3] for the four-lepton invariant mass for the ZZ — 4l is shown
in fig. (right). This analysis looks for H — ZZ — 4l events, and uses 5.1fb™" at

8With /s ~ 7 — 8 TeV at LHC Run-I.
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Figure 1.3: Image of the EWSBS physics discovered at the LHC Run-I. Note the presence
of a mass gap until a scale of about 600-700 GeV, according to the ATLAS ancd CMS
results [59-61]. The top quark is not represented here (M; ~ 173 GeV).

7TeV and 5.3fb™" at 8 TeV. The background sources have been computed by using
Monte Carlo tools: direct ZZ production via ¢g and gluon-gluon, Z + bb, tt, Z + jets and
W Z + jets. Three channels have been considered (4e, 4 and 2e2u). Adding all these
channels, 7.54 + 0.78 signal events and 3.8 + 0.5 background ones were expected. And 9
events were observed.

So, is it all? The SM until the Planck scale? This, besides implying an extremely
technical challenge for going beyond on our knowledge of the laws of highest energy
physics, would present some problems. The first one, the explanation of the neutrino
masses. Furthermore, if we try to explain gravity, it raises the so-called naturalness
problem: where does the 16 orders of magnitude energy hierarchy come from? The
SM does not explain the astrophysical signatures of dark matter and dark energy [62f-
65nor the nature of neutrinos. And it appears that the model would be metastable, our
electroweak vacuum being a false vacuum [66-73]. The instability would be triggered by
the masses of the top quark and the Higgs-like boson found at the LHC, assuming the
SM is correct until the Planck scale |74, [75].

The aim of this thesis is the study of some of the theoretical proposals, beyond the
SM one (BSM). But, in any case, we look for signals which are detectable at the LHC
or, at least, next to the TeV scale. Our tools will be the Effective Theories: a subset of
the actual theory, developed with the tools of QFT, which is valid for a certain regime of
energies. It has the advantage of abstracting the details of whatever full theory may be
at work.

Let us first remember the Goldstone’s theorem. Developed in the early 60’s [76, 77|, it
states that’] when a continuous symmetry is spontaneously broken, each broken degree of
freedom produces the appearance of a massless Goldstone boson. If the symmetry is ap-
proximate, that is, if it is explicitly (besides spontaneously) broken, the generated bosons
are massive (although usualy light). In the old Chiral Perturbation Theory (ChPT)
(refs. [45-49]), the (global and approximate) spontaneously broken chiral-flavor symme-
tries of QCD give rise to the pions as pseudo Goldstone-bosons..

Regarding the EWSBS, which will be the topic of this PhD thesis, several BSM
proposals have been put forward, like Supersymmetry (SUSY), different kinds of com-
posite Higgs models (technicolor, SO(5)/SO(4), dilatons,...) and more. Some of these

9Although it was inspired by the non-relativistic case of superconductivity, this formulation only
works for relativistic theories
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models consider that the EWSBS constituents are pseudo-Goldstone bosons coming
from a global symmetry (like SO(5) for the MCHM [78-81]) which breaks to a global
SO(4) =~ SU(2)r, x SU(2)g. This last global symmetry undergoes a second breaking to
SU(2)+r. Examples of this kind of models are the (Minimal) Composite Higgs Model
(based on the coset SO(5)/SO(4) [78-81]), dilaton models |82, 83],.... This would explain,
in a natural way, the presence of a mass gap between the electroweak scale (light EWSBS
constituents) and the new physics scale which is shown in fig. . Note that composite
Higgs would imply the EWSBS dynamics being a strongly interacting one.

We propose the study of an Effective Lagrangian via unitarization procedures [34-39,
84-89], based on the old ChPT for QCD [46-49]. Letting the EWSBS couplings free, we
are able to study a wide range of theories. And, by using those unitarization procedures,
we can deal with the strongly interacting regime. Indeed, in ref. [90], it was shown that
the IAM works quite well for the strongly interacting regime of QCD (see the footnote
of figs. and [L.5] reprinted from ref. [91]).

Our far goal would be producing Monte Carlo simulations for signals of new physics
coming from a strongly interacting EWSBS. This is still work in progress, as an extension
of the collaboration of ref. [36]. In this dissertation however we can already provide all
(chiral/EFT) scattering amplitudes. The channels studied are the most relevant ones in
the exploration of the EWSBS at the LHC,

Ww — Ww hh — ww hh — hh (1.1a)
ww — tt hh — tt tt — tt (1.1b)
VY — wWw vy — hh. (1.1c)

Due to time reversal invariance (see sec. [1.7),
T(pip2 — kikz) = T(kiks — pip2), (1.2)

several other channels are implied. We are mainly interested in processes with ww as
initial state, and ww, hh, vy and ¢t as final one. The reason is that vy and ¢t will turn
out to be perturbatively coupled (as apy < 1 and M?/s < 1) to the strongly interacting
sector if there is one, and the initial state (quarks and gluons within the proton) have a
higher chance of emitting an ww pair than a hh pair.

However, both in CMS and ATLAS, there are Forward Detector Facilities, which are
designed to detect the elastically scattered forward protons from events with v+ as initial
state at the TeV range. These are AFP in ATLAS [105] and TOTEM in CMS [106, |107].
This makes a study with a v initial state interesting as the Coulomb field of the charged
beam is very boosted. Note that, even before TOTEM starts operation, there is a study
from CMS (ref. [108], results quoted in fig. where they look for scattering of vy at
the TeV scale, although only 2 events have been detected so far.

Furthermore, studying an initial ¢f state can be interesting since an important part
of the SM and BSM physics at the TeV is initiated through a top quark triangle (¢¢ in
the initial state), including some processes of production of Higgs bosons in the SM.

The near-term goal that we have achieved within this dissertation is to have at hand
amplitudes that can describe any resonances of the EWSBS discovered in the LHC in
the -3 TeV region. The EFT framework does not provide specific predictions of where
such resonances may be. But should they be found, it becomes a powerful method to
correlate observables, such as masses and widths, or line shapes in different channels.
In this direction we provide the couplings of the vy and tt channels to the EWSBS in
sections [2.2.2] and [2.2.5]
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Figure 1.4: Pion elastic scattering phase shifts d;r; obtained from the IAM fit imposing
the correct M,. The shaded areas cover the error bars of the fitted parameters with the
constraint [1 — ZQ = —5.95 £ 0.02. The dotted straight lines stand at 6 = 90°. Remember
that the J = 2 partial waves have to be calculated in plain ChPT. Indeed, the dashed lines
in those channels correspond to plain ChPT with the parameters in the first row of Table
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Inverse Amplitude Method (IAM) applied to the 7m — 7w process, in the strongly
interacting regime of QCD. Note the excellent agreement with the experimental data,
excluding the dgg channel above 800 MeV. In this dissertation, we will use a version of
this IAM method to study a hypothetical strongly interacting regime of the EWSBS.

Reprinted Fig. 2 with permission from ref. ([91], A. Dobado, J.R. Pelaez., Physical Review
D56, 3057-3073, 1997). Copyright 1997 by the American Physical Society.
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Reprinted Fig. 4 with permission from ref. ([91], A. Dobado, J.R. Pelaez., Physical Review
D56, 3057-3073, 1997). Copyright 1997 by the American Physical Society.
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Chapter 2

Chiral EW Lagrangian

The ATLAS and CMS collaborations at LHC have found a new boson compatible with the
SM Higgs |1} [2], with a mass of nearlyE] My, ~ 125 GeV. Furthermore, the most probable
JP quantum numbers are 07, and couplings with other particles are in agreement with
the SM Higgs, although with moderate precision. Moreover, there is a mass gap for the
presence of new physics [59-61] until an energy of about 600-700 GeV, or even higher for
the presence of new vector resonances.

However, the data is still compatible with either an elementary or a composite Higgs:
this last possibility will be considered in this work. The mass gap between the My,
My and M), masses, all of O(100GeV), and the new physics scale (if there is one within
reach), suggests that the Higgs boson and the would-be Goldstone bosons w* and z could
be (pseudo) Goldstone Boson [111H11§|, related with a global spontaneous symmetry
breaking extending the SU(2), x SU(2)g — SU(2)r+r global symmetry breaking of
the SM. There are several models with specific implementations for the relevant global
symmetry breaking pattern: the (Minimal) Composite Higgs Model based on the coset
SO(5)/SO(4) [78-81], dilaton models [82, [83] and others |119].

The old electroweak chiral Lagrangian (ECL) [4H21], based on standard chiral per-
turbation theory (ChPT) of QCD [46-49], assumed a Higgsless model, but solved the
problems that the Higgs was intended for by supposing a strongly interacting regime for
the EWSBS instead. In view that the A has been found, it can be extended to include the
new Higgs-like particle found at the LHC (refs. [22-33]). One of the goals of this work
will be to expose this extension, considering non-linear Electroweak Chiral Lagrangians
as a low-energy (My, M), < /s < 3TeV) parameterization of the new physics at the
TeV scale.

2.1 Equivalence theorem

To simplify the computations, we will make use of the Equivalence Theorem (ET) [120-
123], which states that, in the regime s > M? M7, M2 ~ (100 GeV)?, we can identify
the longitudinal modes of gauge bosons with the would-be Goldstone{] (Re gauge). For
example,

M
TWEWE — WiW ) = T(ww® = ww?) 4+ O <7W> : (2.1)
s

LMATEAS = 125540.6 GeV and M™MS = 125.740.4 GeV, according to [109] and [110], respectively.
2See app. for a brief historical review about the discussion concerning the hypothesis of the ET.

11
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where T stands for the corresponding scattering amplitude. In fact, this theorem can be
interpreted as if, at sufficiently large energies, the symmetry SU(2); x U(1)y was not
spontaneously broken, so that the three would-be Goldstones coming from the broken
SU(2)r, x U(1)y were directly observable as scalar physical particles, which indeed would
correspond to the longitudinal modes of the gauge bosons. So, the non-gauged (but
with the broken symmetry SU(2), x U(1)y) Lagrangian can be used directly to compute
the scattering amplitudes. At lower energies, these would-be Goldstones give rise to
the longitudinal modes of gauge bosons through a rotation in the coordinates (gauge),
according to the Higgs mechanism explained, for instance, in ref. [40] and section .

Let us illustrate the application of the ET. We will compare the (exact) tree level
computation and the Equivalence Theorem for WW and ZZ scattering on the SM, which
can be found in Refs. [124,125]. The complete SM tree level matrix element for W; W, —
HH is

2 2 2

g M 3M} ) 1 1

= 1+ —" 4+ M

A 4—(1—4M3V/s){MV2V{ Jrs—M,fJr 4 t—M5V+u—MV2V
9M} M} 3M}

1— b 4= (1 b

- ()

+2s—2M2—4M2+8M3V L, (2.2)
h P B VE Ry VR '

whereas, for the ET wtw™ — HH,

2 2 2
- ¢ M? 3M? ) 1 1
7 1 M
A 4{M3V{+3—M,f+ h t—M3V+u—MV2V
1 1
211 — M? .(2.
! [“s “(t—M&ﬁu—Mav)H (23)

Both egs. and [2.3] can be evaluated for certain values of the scattering angle 6 and
s. According to the Equivalence Theorem, both results should converge in the limit
(M3,/s) — 0. In order to recover u = u(s, ) and t = ¢(s,6) as a function of the scattering
angle 6 and the squared center of mass energy s, see the expressions of appendix [A]

In collaboration with prof. Stefano Moretti (University of Southampton), we have
tested the equivalence theorem in this way (see fig. . The aim of this test was to cross-
check a modified version of the Monte Carlo (MC) program MadGraph [126]. According
to this experience, when dealing with expressions from other authors or Monte Carlo
(MC) programs, it is crucial that both the masses and the coupling are compatible.
Sometimes, the Monte Carlo program accepts masses and couplings separately, without
ensuring compatibility. Or you can develop a program for generating points in the phase
space that, of course, will take the masses of gauge bosons as an input. It can also happen
that the MC program uses the so—called Complexr Mass Scheme, which would also require
to modify the couplings. The fact is that the cancellation between diagrams which leads
to a weakly interacting EWSBS on the SM can be very easily spoiled at TeV energies
because of using incompatible values for the constants. Thus, the set of numerical values
of the LLO couplings should verify, with high precision, the well-known SM relationﬂ.

3See, for instance, ref. [43] or [40).
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Figure 2.1: Comparison between the full LO scattering amplitude for ww — hh (eq.
and green dashed line on the plot) and that computed though the equivalence theorem
(eq. and red solid line on the plot). See ref. [124, |125] for the computation. z =
cosf =0.3

2.2 The chiral Lagrangian and its parameterizations

In ref. [34] we present the effective Lagrangian describing the low-energy dynamics of four
light modes: three would-be Goldstone Bosons w® (WBGBs) and the Higgs-like particle’
h. This model is valid for the energy range M, My, Mz ~ (100 GeV)? < s < 4mv ~
3TeV. The effective Lagrangian is

1}2

£= " g/ FYT(DU) DU] + %(Lha“h —V(h), (2.4)

where v = 246 GeV is the SM Higgs-doublet vacuum expectation value; f, a new dynam-
ical energy scale; and g(x), an arbitrary analytical funtion of the scalar field,

g(h/f):1+n§::lgn(%)n:1+2a%+ﬁ<;)2+... (2.5)

Instead of using a power expansion over 1/f, we could also choose 1/v, v being the
vacuum expectation value,

g(h/v):1+2a%+b(%)2+.... (2.6)

V' is an arbitrary analytical potential for the scalar field,

V(h) =Y Vah" =V + TW + ) A" (2.7)
n=0 n=3

4Also called ¢ in some early works like |34].



14 CHAPTER 2. CHIRAL EW LAGRANGIAN

U is a field taking values in the SU(2) coset. In this work, unless otherwise stated, we
will use the so—called spherical parameterization,

/ oW

O = w,7* being the would-be Goldstone bosons (WBGB) field and 7%, the Pauli matrices.
Note the presence of the non-linear term /1 — (©2?/v?). This is the main difference from
linear approaches like [22H33].

The covariant derivative of the U field (eq. [2.8)) is defined as

DU = 3,U +iW,U —iUB,, (2.9)
where
A i R 3
W, = gWW%, B, = g'BM% (2.10a)
W, = 0, W, — 0, W, +i[W,, W, ], B, = 0,8, — 0,B,. (2.10b)

We follow the chiral counting of refs. |19, |30, 46]. Alonso et al. [28] have also studied
the counting of Electroweak Chiral Lagrangians, but from a different point of view. Note
that the chiral counting which we use is explained in detail in our ref. [36], and is applied
only once the approximation M7, M3, M% < s is taken into account.

Anyway, the ‘chiral counting’ involves organizing the invariant terms of the Effective
Lagrangian by means of their chiral dimension. That is, a term L, with chiral dimen-
sion d will contribute to O(p?) in the corresponding power momentum expansion. The
derivatives and the masses of the dynamical particles (when they are not neglected) are
considered as soft scales of the Effective Theory, of order O(p). To sum up,

Oy My, Mz, My, ~ O(p) (2.11a)
DNU’ Vlm g/UTa WH7 BH ~ O(p) (211b)
W,uu ’ B,uu ~ O<p2) (211C)

The parameters a and b can be adjusted to fit different theoretical models, and the
NLO parameters will depend on the renormalization of the underlying theory. For in-
stance,

@ a2 =b=0.... i Higgsless ECL (ruled out) [4, 6, |7],
0 G2 = b= SM,
ea?=1-b=1-22 ... SO(5)/SO(4) MCHM [7881],
e a?=b= f—2 ...................................................... Dilaton [82, 83].

There is no strong direct limit over the b parameter, because of the difficulty of measuring
a 2-Higgs state. However, an indirect limit arises because of the coupling between the hh
decay and the elastic ww scattering, as we will show later (see ref. [39]). The direct limit
over the a parameter, at a confidence level of 20 (= 95%), is

© CMS [128] . o a € (0.87, 1.14)
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Figure 2.2: From top to bottom, bounds over the a = ky and kp coming from AT-
LAS (]127]; reproduced under the CC-BY-3.0 license) and CMS ([128]; reproduced under
the CC-BY-4.0 license).
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0 ATLAS [127] oo oo a € (0.96, 1.34)
e Fit of Buchalla et. al. [129]........ ... ... . i a € (0.80, 1.16)

The actual experimental results are shown in fig. [2.2] Anyway, note that these limits are
continuously improving, because of the LHC data reanalysis. Ref. [129] uses the computer
code Lilith-1.1.3 [130] for constraining the Effective Lagrangian. P.P. Giardino, in his PhD
Thesis [131], studied in detail the LHC constraints over a huge range of SM extensions,
including the a parameter. We quote it though the situation is changing quickly.

Now, let us consider the U(w®) coset. Since U(w®) € SU(2), x SU(2)r/SU(2)+r, it

must be of the form e a
iwT

U=1+

+ O(w?), (2.12)

v
whatever the non-linear term is. So, the covariant derivative can be expanded as [30]

10, Wa T g
D,U = YT 4 ngM-TZ — z%B,ﬁ3 +... (2.13)
v

However, specifying the parameterization of the U € SU(2) coset is necessary, since the
non-linear terms will depend on it. One of the most usual elections is the exponential

parameterization,
U(z) = exp <¢T T (”3)) , (2.14)
v

7@ (a =1, 2, 3) being the Pauli matriced’] Working with this expression,

cos (Z) 4 4= sin (= AT i (T T Te T
U= (,”1) s (?) T 3(”) = lcos <—>+i sin (—),
"= sin (—) cos (%) —17=sin (%) v ™ v
(2.15)
where 72 = 797%. With this parameterization, it can be checked that, as expected,

UecSUQ)=U.U=U-U'=1 (2.16)

Only if we can neglect both the masses of Goldstone modes and couplings with longitu-
dinal modes (ET limit, My, < s), then D* = 0" in eq. 2.13, Otherwise, some of the
couplings with W and B fields in eq. must we kept. Anyway,

A? (4v?°m*B — Av?) | w

T .M - in —
Tr [0,U" - 0*U] 522 52 sin—_, (2.17)
where
7 = 1on° (2.18a)
A= (9,7*)? =4 (rn*0,m"0"7") (2.18b)
B = g,m"0"n". (2.18c¢)

Thus, Tr(9,UT - O*U) can be expressed as

2 2 a.b a.b
v [0,U7 - 0U] = = [”— sin? © <5ab -z ) + 2 } 0,7 0" (2.19)
v

v2 | 72 2 2

5Einstein’s sum convention will be used unless otherwise stated.
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However, as explained in [36], this is a good option for QCD Chiral Perturbation Theory
(ChPT), where the SU(3) coset is studied [46-49]. But we are dealing with an SU(2)
coset, which is isomorphic to S3. Unless otherwise stated, the so—called spherical param-
eterization will be used (see eq. [2.8)), since computations in this basis are much simpler
for the particular case of the SU(2) coset. Note the notation change between egs.
and (m* <> w®) in order to distinguish these two parameterizations. According to
eq. we can change the parameterization by using

T o7 / w? 7wz w* T T
sin— =1 1——2—|—Z ( ):>—:—Sln—. (220)
T v v v v T v

By expanding this result,

1 /m\2 1 /m\4 1 T\ 6
- (O () s (5) 2.21
. d [ 6 \v 120 \v 5040 \v ( )

Let us study the spherical basis. If eq. is expanded,

1 w? + iw? iwlw?
Vo w2 Ty o
U= o \/72 . (2.22)
o EZEE

Eq. can be also checked within the spherical parameterization (eq. [2.22). Now,

computations are much simpler than with the exponential parameterization. For instance,

Uzlcosz—l—i
v

a, b
- “’WQ} 0, D" (2.23)

V2 —

2
Tr [8MUJ : aMUs} = ﬁ |:5ab +
For these fields (w®, —a = 1,2,3) the spherical (or charge) basis is introduced,

12
L, W Fw 0 3

wr=—— w =w", 2.24
which also implies

w? = 2wtw™ + Wi (2.25)

The same definition can be carried over to 7= and 7%, which belongs to the exponential
parameterization. On our ref. [36], we studied these two parameterizations (spherical
and exponential), for 77 scattering. As expected, the physical S-matrix elements are
identical (in terms of w® and 7%, respectively). However, the intermediate results (i.e.,
the Feynman diagrams) are different.

According to the Equivalence Theorem (sec. 2.1)), if they are part of the physical
initial or final states, and we have a high /s > My, (center of mass energy), the w®, w°
(or 7%, 7°) can be identified with the longitudinal polarizations of gauge bosons W= and
Z, up to an error O(My,/+/s). The possible differences between parameterizations will
be suppressed by a factor O(My,/+/s). In the particular case of our ref. [36], since we
consider My, M, = 0, these differences cancel.

2.2.1 WBGB scattering

In ref. [35] we reported the one-loop computation for the ww — ww, ww — hh and
hh — hh processes. Here we expand the discussion. Since we are working with an
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effective (non-renormalizable) theory, the following counterterms are needed in order to
renormalize the scattering amplitudes,

Ly = ay[Te(VV)I[Te(VEVY)] 4+ as [ Te(V, V)] [Te(V, V)] + %(amw
+ i(augoa“go) Tr[(D,U)'DU] + ﬁ(augpa”gp) Te[(D*U)' DU + ..., (2.26)

I? I?

where V, = (D, U)UT. The W,U and UB, terms of eq. are neglected, so that
D, U = 9,U. This approximation is valid because we are in the Equivalence Theorem
regime (sec. and we are dealing with couplings to neither photons nor transverse
modes of gauge bosons. The spherical parameterization (see eqs. and is used.
In subsequent work [38, |39] we changed the notation in eq. [2.26] in order to adopt a
recently agreed-upon standard. Thus, from now on, the next expressions will be used [36,

38|:

2

Ly = ”Zf(h) Tr[(D,U) D U] + %@h@“h —V(h) (2.27)
L4 = a[Te(V,V)[Te(VEVY)] + as[Te(V, VA [Te(V, V?)] + %(@h@“h)z

d e
+ —5(0hd"h) Tr[(D,U) D*U] + —5(0uh"h) Te[(D*U)' D, U] + ... (2.28)

h R\ 2
f(h):1+2a—+b prdl B RE (2.29)
Mhh?) Mhh4

dy
+ 1802

va Vo + Mhh2+d3 (2.30)

If we choose the spherical parameterization, according to [35, [38] and as follows from
eqs. and [2.28] the NLO phenomenological Lagrangian for the WBGB scattering can
be written as

1 " WP 1
L= §f(h)8uw OMew® (5ab + 2 > + Eauha”h

4CL4 4&5
+ Faﬂwa l,w“@“wbﬁ”wb + F(‘Lw“@“w“ ,,wbﬁ”wb

g 14 2d aqv, a 26 14 a a
+ E(auhﬁ h)? + Fﬁuha“hﬁyw W + Fﬁuhﬁ ho*w®0,w?. (2.31)

Note that we have neglected the Higgs mass and self-couplings which appear on the
potential V' (h) that was defined in eq. . This is valid on the regime M) < /s, and
provided that the strong dynamics is not triggered by unnaturally high d; self-coupling
parameters.

2.2.2 Coupling with ~~

The effective Lagrangian (with the corresponding NLO counterterms) of eq. is valid
provided that only interactions between WBGBs are taken into account. According to
the Equivalence Theorem (sec. , these WBGBs can be identified with the longitudinal
modes of gauge bosons (W* and Z) and the Higgs-like scalar (H), as long as the CM
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Figure 2.3: Direct constraint over the as and a5 parameters coming from ATLAS [132].
The constraint of CMS are given in terms of the Fgo/A* and Fs;/A* parameters,
which have no direct translation to the a4 and as ones . Figure reproduced from
ref. under the CC-BY-3.0 license.

energy is /s > M} M3, M2 ~ (100 GeV)?. Thus, for the processes vy — zz and
vy — wtw™, aditional terms involving the photon field must be introduced.

First of all, we can now not turn eq. into D,U = 0,U as in earlier works on the
strong sector alone, because the couplings with the photon field A come from the couplings
with W, and B, in eq. m once a rotation to the physical basis is performed,

h

ALY Y e O W LR (2.32)

where T and B are defined in eqs. [2.10a| and [2.10b, Thus, the O(p?) Lagrangian is,

for the exponential parameterization,

1 1
Lolm,h,7) = S0,h0"h + S F () (20,74 0"n™ + 0,7 0"n")

1
e F W) [Qurtn” 7t o 4 700,n°) — 720, 07 + 0um°0" )]
. _ — 7T2

ier ()40~ o) (1- 772
7T2
+ e F(h)A, Al n (1 - —) : (2.33)

3v2
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And, for the spherical one,
Lo(w, h,y) = %@h@“h + %]—“(h)(Qaqur@“w_ + 9, 0w
+ %]—“(h)(aﬂﬁrw_ + whdw™ + w’d,w?)?
+ieF(h)AM(Owtw™ —wTdw™) + e F(h)AA'vTw™.  (2.34)

In both cases, F(h) = 1+ 2a(h/v) + b(h/v)?, as defined in eq. [2.29] Furthermore, the
next NLO extra counterterms are needed,

Ly = ay; To(UB, UTW™) + iay Te(UB,, UT [V, VY)) —ias Te(W,, [V, V")), (2.35)

besides those required for the WBGBs scattering: a4, as, g, d and e (see eq. . As
for existing constraints on parameter values, ref. [130] quotes a constraint on the c,
parameter, coming from LHC data. At a confidence level of 20, ¢, € (—0.98,0.50)/167>.
Note the 1/167% factor, which comes from the normalization of ref. [130]. On the a,
as and az parameters, there are only weaker constraints based on electroweak precision
observables from LEP and purely SM one-loop calculations. See ref. [135] for a review
of such constraints. To sum up, a; = (1.0 + 0.7) x 1073, ay € (—0.26, 0.26), a3 €
(—0.10, 0.04). However, these constraints are highly model dependent.

2.2.3 Coupling with tt

The effective Lagrangian of eq models scattering processes between particles of the
Electroweak Symmetry Breaking Sector. Thus, if we want to consider scattering processes
between massive fermions, more terms (the so-called Yukawa sector) are required. Thus,
as exposed in our ref. [136], the considered effective Lagrangian is

L= %Qf(h)Tr[(DMU)TD“U]+%3uh8“h—v(h)+i(23@—vg(h)[Q/LU HoQpth.c]. (2.36)

In the Yukawa sector of eq. [2.30, the quark doublets are

Q = <g) (2.37)

where the two () entries are made of the different up and down quark sectors
U = (u,c,t), D' = (d,s,b)". (2.38)

and the Yukawa-coupling matrix has the following form

Hy = <}é’f ;D) (2.39)

This matrix can be diagonalized by tranforming independently the right and left handed
up and down quarks as:

Drr = VgD g, Urr = VIl . (2.40)
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where VLU’éD are four 3 x 3 unitary matrices. Thus, the Yukawa part of the Lagrangian
can be written as

2 ;40

Ly = —G(h) { 1— % (UMyU + DMpD) + Z% (UMy~"U — DMp~°D)

iv2wt

+ (Z/_[L VexkmMpDr — Z/_{RMUVCKMDL)

v
iﬂw‘

v

+ <1§LV5KMMUUR - bRMDV(/tKMUL> } ) (241)

where (eq. wt = (W' Fiw?)/V2, ¥ = w? and the new quark fields are mass
eigenstates, with My and Mp being the corresponding diagonal and real mass matrices.
Voxky = VLUVLD Tis the Cabibbo-Kobayashi-Maskawa matrix. For the case of the heaviest
quark generation (the only relevant one for this work), the matrix element Vj;, has been
omitted since it is very close to unity. Hence, we have the effective Yukawa sector

2 B (] B B
Ly = —G(h) {\/1 — =5 (Mitf+ MyBb) + = (Mt — MybyD)

iV 2wt _ _ iV 2w
" (MthbR — MttRbL) + v

+

(Mbrtr — MbbRtL)} . (2.42)

As can be seen, the different couplings of the left and right chiral parts of top and
bottom quarks are an effect of custodial symmetry breaking. The F and G appearing in

the Lagrangian (eq. [2.36]) are arbitrary analytical functions on the Higgs field h. F(h) is
as defined in eq. above, F(h) = 1+ 2a(h/v) + b(h/v)?, whereas the new G(h) is

2

h h

For the computations presented in this work these functions are only needed up to the
quartic terms O(h*). Also we will consider the limit of massless botton quark (M, = 0).
Then we get the Yukawa Lagrangian:

iv2wt

(%

o -
Z\/—w MtbLtR 9
v

Ly = —Q(h) Mtt_RbL +

202

2 -0
(1 — ”—) Mitt + MBSt —
v

(2.44)
where we have kept only the would-be Goldstone boson fields up to order w? = 2wtw™ +
(w°)? (eq. [2.25). Finally, the relevant Lagrangian for ww — tf process in the regimeﬂ
M?/v* < M?/v* < s/v? is given by

202

2 B N/ 2 0 B i/ 9 + _ N BE _
L =-G(h) [(1 - w—) Mt + “/;w Myt — “/;w Miigby, + “/;w MtbLtR]

WaWp

1
5 F ()00 (8 +

1
— 1
. ) + 5 0uhdh. (2:45)

V2

6This regime verifies the Equivalence Theorem. See section
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Ref. |129] also gives a direct constraint ¢; € (1.15, 1.53), at 20-confidence level. The
one-loop divergences appearing in the ww and hh scattering amplitudes can be absorbed
in the GB four-derivative and the following two-derivative top antitop couplings

4 4
Ly= % W, W MW Wb + %@w“@“w“ LW w?
v v
2d aqv, a 26 v a a g 2
+ F@Lhaﬂh&,w "W + Fa“ha ho*w®0,w® + pos (0,ho"h)

M M _
+ gi— 0w "Wt + g, — 9, h" hit. (2.46)
v (Y



Chapter 3

Scattering amplitudes

3.1 Generic form of the WBGB scattering amplitude
and the isospin basis

The chiral Lagrangian in eq. is invariant under custodial symmetry SU(2)g.
Hence, for the process ww® — ww?, the scattering amplitude can be written as [137]

Aabed = A(s,1,0)000ca + A(t, s, 1) 0ac0a + A, t, $)daade (3.1)

Only one function, though with arguments exchanged A(s,t,u), A(t,s,u) and A(u,t,s),
and in no other combinations, appears. This is because of Bose symmetry, which makes
A satisfy the relation

Az,y, z) = Az, z,y) VY, y, 2. (3.2)

This relation can also be checked on the actual computation of the scattering amplitude
A. See eqs. [3.3113.34]

According to eq. wt = (W' Fiw?)/v2 and z = w®. Note that these relations
apply for fields. In order to be consistent, the states should be

1 1 2 3
ﬁ(‘w>iz‘w ). 12) = |w?) (3.3)
This is easily proven if we take into account that (| a;(z)|a;,) = €P%5; ;, where |a;,)
is any quantum state; a;(z), its associated field; and |}), the vacuum quantum state. If

we applied a; over an orthonormal quantum statel] |a;), |a;) L |a;), then (0] a;|a;) = 0.
Thus, applying the fields [2.24] over the states [3.3]

) =

(0] @) ) = 5 (0] () F (o) |l i)

1 L
=3 (0] w'(2) |wg) + (0| w?(z) |w3)) = €77, (3.4)
and (0] z(z)]z) = (0]w(2) ‘wg> = 7T For simplicity, we will take the notation

la +b) = |a) + |b) and |ab) = |a) ®|b). Hence, the physical amplitudes (provided that the

i and j are indices which describe an internal degree of freedom of the particle. This fact will allow

us to decompose composite states by using tensor products. Otherwise, the full definition of a quantum
3 PR
field, ¢(z) = [ (;171)’3\/% (aﬁ—i— aT_ﬁ) e'”"* | should be taken into account. Note that ay and aT_ﬁ are,

respectively, annihilation and creation operators. See ref. [40] for an introduction to the QFT formalism.

23
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ET is applicable) can be computed in the following way. For the w™w™ — zz process,

12, 1_ ;2
e oo\ 3 3 w Fww —w
A —<zz‘A‘ww>—<ww A‘ 7 7 >
= % [<w3w3 } A’w1w1> + <w3w3 ‘ A|w2w2> —l—iW— ZW
- %{2 [A(s, £, u)]} = As, £, u). (3.5)

First of all, because of eq. 3.2, AT7** is symmetric under interchange of ¢+ and u. That
is, under the change of the scattering angle § — 7w — 6.

Besides, note the usage of the sesquilinear form, since we are dealing with a relativistic
version of Quantum Mechanicsﬂ For the zz — zz process,

A = (22| A] 22) = (Ww® | A | wPw?)
= A(s,t,u) + A(t, s,u) + A(u, t, s), (3.6)

which is also invariant under ¢ and u interchange, according to eq. For the wrw™ —
wrw™ process,

AT = (whw” ’A ‘ whw™) =

<w1+iw2 wh — iw? w! +iw? w! —z‘w2>
V2 V2 V2 V2

= i [<w1w1 ’ A ‘ w1w1> + <w1w1 | A ’ w2w2> + iwf ZW
+ <w2w2 ‘ A | w1w1> + <w2w2 ‘ A ‘ w2w2> + iW— ZW
- iW— iW—k <w2w1 ’ A ‘ w2w1> - <w2w1 | A ‘ w1w2>
+ilwte? w4+ iW— <w1w2 ‘ A ! w2w1> + <w1w2 ‘ A } w1w2>]

= % {2[A(s,t,u) + A(t, s,u) + A(u, t,s)] + 2A(s, t,u) + 2A(t, s,u) — 2A(u, t, s)|}

= A(s,t,u) + A(t, s, u) (3.7)

You could also consider the clasically non-equivalent process

ATt = <w7w+ ’ A ‘ w w7> =

<w1 —iw? wh + iw? wh +iw? w! — z'w2>
V2 V2 V2 V2

= 7 [l | A]whe) + (0lo! | A]Pe?) - il AT + ifwlsd T
+<w2w2‘A|w1w1>+<w2w2‘A‘w2w2>—i Wwiw? w +iW
— iW— iW— <w1w2 ‘ A ‘ w1w2> + <w1w2 ‘ A ‘ w2w1>

+i{wiw? oy +ilww! W) + <w2w1 ‘ A|w1w2> — <w2w1 ‘ A}w2w1>}

= i {2[A(s,t,u) + A(t, s,u) + A(u, t,s)] + 2A(s, t,u) — 2A(t, s,u) + 2A(u, t, s)]}
= A(s,t,u) + A(u, t, s). (3.8)
But Bose symmetry, eq. [3.2, yields AT~ T (s,t,u) = A(s,t,u) + A(u,t,s) = A(s,u,t) +

A(u, s,t) = AT~ (s,u,t). Thus, AT~ is recovered through an interchange of ¢ and u,
as expected.

2This sesquilinear form verifies the properties (aA|bB) = a*b(A| B) and (A+ B|C + D) = (A|C)+
(A|D)+(B|C)+ (B|D).
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The coupled channels w%?" — hh and hh — w?® have the same amplitude due to
time reversal invariance. Because h is an isospin singlet (I = 0), the amplitude can be
written as

Map(s,t,u) = M(s,t,u)0a (3.9)

We also compute the amplitude hh — hh,

A(hh — hh) = T(s,t,u) (3.10)

For studying unitarity, using the isospin and spin-projected partial waves is easier.
For the state of a single particle w®, we use the following correspondence, where the
notation |1, M) (I being the isospin and M its projection) has been used?}

wh) + i w?)

11,1) = |[+) = —w" = —T (3.11a)
11,0) = 0) =’ = |w®) (3.11b)
1,-1) = |-)=w = W) = i) (3.11c)

Anyway, we are dealing with 2-particle states. Since we assume that the Lagrangian
has custodial symmetry, states with different isospin do not mix. Thus, we have to
compute eigenvectors of the isospin operator I2. We will employ the usual definition of
the Clebsch-Gordan coeﬂcicientsﬁ7 so that, using the notation |I, M;) for the 2-particles
states, the correspondence between the one-particle state basis and the isospin basis can
be found on table [3.11

In either case, every choice which satisfied I2 [T, M;) = I(I41) |I, M;) and I, |I, M;) =
M |1, M) would have been valid. In particular, multiplying the states by any complex
phase factor does not change even the orthonormality of the basis. As well known in
quantum mechanics [43], the I? and I, operators, for the 2-particle state, are given by

2= j;f + —fj + —f,f, jx,y,z =153 ® Jio3+ Ji23 ® 1343, (3.12)

where the representation of SU(2) is

(010 /0 -1 0 10 0
1
Ji=—0101) s=-""A10 =1] H=[00 0 | (3.13)
ZAVEE V2 g 1 o 00 —1

the basis being |+) = ey, |0) = eq, |—) = e3. On the one-particle state basis, the 2-particle
states are written as

lab) = |a) ® |b) , where a,b € {+,0,—}. (3.14)

These relations allow to check the validity of the Clebsch-Gordan coefficients from ta-
ble B.11

3These definitions are the usual ones in the literature. For instance, see refs. |90, [137H140]. Eq.
(page shows the relation between w® and w?, w?.
4See ref. [43] and the contained references. Only exception: we have taken a sign change for the |0, 0)

isospin singlet state.
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[8e1] {ep] "spe1 908 (] ® (v| = (9| ey ymoooe ogur SxR], "serels dpoTIIRd (T-UIdS)-0M) ST} I0] SIUSOIFI0D URPIOD-TISAR])) '€ AR,
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3.1.1 Decomposition of elastic scattering ww — ww

Let us express the scattering amplitude A(s,t,u) in term of the |I, M;) basis. Because
of the isospin symmetry,

AI(S,t,U): <[,MJ|A|[,MJ>, \V/MJ:—[,—[—FL...,I—L], (315)

<I_MJ’A|I/7MZI>:O7 v(LMI)?A(I/?MD (316)

These relations are guaranteed even under a change of the phases of the vectors, because
of the sesquilinear product. So, computing only the elastic matrix element for one state
for each I will be enough.

For the unique ww isovector with I = 0,

1
Ao(s,t,u) = (I =0]A|I=0)= 3 (w'w' + ww® + W’ | A w'w! + wiw? + wiw?)

_ % (3[A(s, £, u) + A(t, 5,u) + Alu, £, 8)] + 6[A(s, £, u)]}
= 3A(s, t,u) + A(t, s,u) + A(u, t, s) (3.17)

For the A;(s,t,u), we will take the |1,0) state,

Aj(s,t,u) = (1,01 A|1,0) = <£(wlw2 —wwl) A %(wle - w2w1)>
= % (W' — W' | A|w'w? — ww') = % [2A(t, s,u) — 2A(u, t, s)]
= A(t,s,u) — A(u,t, s) (3.18)
And, for the Ay(s,t,u), the |2,0) one gives
Ay(s,t,u) = (2,0 A|2,0)

= <—%(u}1w1 + w?w? — 2w3W?) | A ‘ —%(wlwl + w?w? — 2w3w3)>

= S 6[AGs, )+ At 5,) + A, 1, 5)] — 6[A(s, )]}

= A(t, s,u) + A(u, t, s) (3.19)

We can also obtain A(s,t,u), A(t,s,u) and A(u,t,s) as a function of Ay, A; and A,. This
will be useful for recovering the physical amplitudes from the unitarized partial waves, in
order to perform phenomenological studies. So, rearranging eqgs. [3.17} [3.18 and [3.19],

A(s, b ) = %[Ao(s, £u) — Ag(s, £, ) (3.20a)
At 5,u) = %[Az(s, tu) + Ar(s, 1, u) (3.20D)
A(u,t,s) = %[Ag(s,t, u) — Ai(s, t,u)] (3.20¢)

Of course, eqgs. [3.20] are not independent, due to the crossing symmetry for four identical
particles (i.e., the values of A can be permuted). Substituting these egs. m in eqs. ﬂ,
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Figure 3.1: Typical Feynman diagram mixing the ww (wiggled lines) and the hh (dashed
lines) channels. Taken from Ref. [39)].

and we can compute the scattering amplitudes for physical states w® and z,

Awtw™ = whw™) = A(s, t,u) + A(t, s, u)

= %Ao(s,t, u) + %Al(s,t,u) + éAQ(s,t,u) (3.21a)
Awtw™ = w wh) = A(s, t,u) + A(u, t, s)
_ %Ao(s,t, ) — %Al(s, tu) + éAz(s,t,u) (3.21D)
Alw o — 22) = A(22 — wa) = A(s, 1, 1)
_ % Ao(s, £,1) — Aa(s, £, )] (3.21¢)
A2z — 22) = A(s, t,u) + AL, 5,u) + A(u, £, 5)
- % Ao(s,t,u) + 2A5(s, £, ) (3.21d)

3.1.2 Higgs-Higgs cross-channel: ww — hh and hh — hh am-
plitudes

Due to the fact that hh is an isospin singlet, it only couples to |I, M;) = ]0,0). The
coupling is

My(s,t,u) = <hh ‘ M ' —% (w'w! + w?w® + w3w3)> = —V/3M(s,t,u) (3.22)

Note that when we deal with ww scattering, without couplings to photons, in our refs. [34,
35, |38 139, |84}, |85, |87-89], the signs of |0, 0) and M(s, t,u) are changed. However, this fact
does not modify the cross sections, even when using unitarization procedures with crossed
channels, since the election of a complex phase for |0, 0) is arbitrary. We changed this sign
in order to be consequent with the usual election of the Clebsch-Gordan coefficients (see
ref. [43]), which was also followed by our collaborators M.J. Herrero and J.J. Sanz-Cillero,
with whom we computed the v scattering (sec. .

The hh — hh is an elastic scattering process between isospin singlet states, so that
computation of isospin projections is trivial. However, it is necessary when studying the
unitarity of elastic ww scattering taking into account coupling with hh states. In fig.
you can see the kind of processes that is necessary to consider, and which could eventually
involve a hhhh vertex.
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3.1.3 Other channels: w*z — w*z

For this kind of process, taking into account eq. and
1

Alw ™z = w*2) = <—[(w1 + iw?)w?)

1
Ve A\ﬁ“
1

=5 (Wi [A]wh?) + (? [ A]w’e?)

i AP F (W AT

At 5,u) (3.23)

w' £ in)w3]>

If we exchange the particles in the final state,

Az = 20 = (ol 2] 4| sl £ 0]

= 5 [P | A]w'e?) + (P? | A] i)

i A F i LA )
= A(u,t,s). (3.24)
Note that, taking into account eq. A(wrz — 20F) = A(u,t,s) = A(u, s,t), thus

A(w®z — w*2) is recovered through an interchange of u and ¢, as expected. Also, from

egs. [3.20D0] and [3.20d,

+ +

AwFz = wrz) = = [As(s, t,u) + Ai(s, t,u)] (3.25a)

Alw®z — zwF)

[Aa(s,t,u) — Ay(s,t,u)] (3.25b)

| —=Do| —

3.2 LO and NLO computation of invariant scattering
amplitudes

The computations with the Chiral Lagrangian at tree level was reported for the channels
ww — ww, ww — hh and hh — hh, in Ref. [34]. Soon thereafter, in Ref. [35] we
provided the Next to Leading Order (NLO) computation. The masses M}, and My, were
neglected. Actually, the error introduced by doing so is of the same order as that of using
the Equivalence TheoremE],

M,
TWEWE = WEW ) = T(ww® = ww?) 4+ O <7W> ,
S

since this requires M), My, < +/s. Independently, Ref. [141] also performed some of the
computations with a slightly different formulation, keeping finite masses M and My .
The good agreement with their results is a reassuring test for this approach.

3.2.1 ww scattering

In ref. [34], we reported the LO scattering amplitudes for ww, hh at tree-level, keeping
a finite value for the mass M) of the Higgs-like scalar. See fig. for the Feynman

5See chapter [2.1| and eq.
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Figure 3.2: LO diagrams for the ww — ww, ww — hh and hh — hh processes. w in
solid lines and h in dashed ones. Fig. taken from Ref. [34]. The NLO diagrams for ww
scattering can be found in Appendix [F]

diagrams considered. The scattering amplitudes are

2

A2w2w t — i 1 a-s 3.26
(.t = 35 (14 3 (3.260)

1 (t — M?)? (u— M?)?  6adzvus
2w2h _ 2 h 2 h
M= (s, t, u) == {bs—i—a f%—a ” +3—M,f (3.26b)
1 1 1

T2 (s, t,u) = —24M; — 3673 2

<S7 ,U/) 4 36 3 s — M}? + t _ M}% + U — M}% (3 6C)

Here, A3 and A4 stand for the Higgs self-coupling constants, which come from the analytic
potential of the scalar field b in eq. 2.7]

Vig) = Vah" =Vot 0%+ Ah"
n=0 n=3

In the SM, they would be M? = 2\v*, A3 = v = M?/2v, \y = \/4 = M?/8v?. Taking
into account that the SM also implies a? = b = 1, egs. turn into

2 s

2w2w o h
A% (s, tu) = FER T (3.27a)
» M? 3s 1 1
M2 (s ) = —1 [2 LB S M2 (? + 5)} (3.27h)
M? 1 1 1
T2h2h — h M2 . 92
(o) =5 M\ G o P ap =) 3 (8:27¢)

These amplitudes do not grow as O(s) at the TeV scale. Even worse, if we compare with
eqs. and we will see a different. At high energy (s ~ 1TeV?), the difference is a
constant. This is due to the fact that we have neglected the couplings with the transverse
modes of W* and Z, which should appear even when using the Equivalence Theorem.
They give additional Feynman diagrams which account for the interchange of these virtual
transverse modes. We have omitted them because their contribution at high energy is
negligible, since it does not grow with O(s). Anyway, the scattering amplitudes
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give a sensible order of magnitude of the effects that we have neglected, so that they will
be used in sec. for constraining the validity of our simplified effective Lagrangians
(eqs. 231} 2.33] [2.34] [2.45] and [2.4G).

Hence, at very high energies (M) < /s), and when the amplitudes do grow with
O(s) or O(s?), the A3 and )\, couplings are weak, and the mass M), is negligible. We will
neglect them in this work. Thus, in the massless limit, and taking A3, Ay — 0, egs. [3.26
reduce to

1—a?

A(s,t,u) = S (3.28)
2 _

M(s,t,u) = a " bs (3.29)

T(s,t,u) =0 (3.30)

The complete NLO amplitude for the elastic scattering ww — ww has been reported
by us in Ref. [35], with the LO plus tree-level NLO counterterms yielding

AO (st u) + Atree(s,t, u)=(1- a2)% + % [2a55* 4+ as(t* + u?)] . (3.31)
The one-loop computation, rather lengthy because of the number of Feynman diagrams,
was automated with the Mathematica programs FeynRules [142], FeynArts |143] and
FormCalc 144} |145], which take a Lagrangian as input and give as output an analyti-
cal expression for the one-loop scattering amplitudes in terms of the Passarino-Veltman
functions. For a proper definition of these functions, please see Appendix [C] The NLO
Feynman Diagrams for all the studied processes are in Appendix [F] The value of the
NLO scattering amplitude ww — ww is

Al((ic))p<s7 L, U) = W}T)gvzl[f(sa t, U,)82 + (1 - a2)2(g(87 t, u)tQ + g(S, u, t)UQ)] (332)
with auxiliary functions
f(s,t,u) == 4[9(a* — b)* + 5(1 — a*)?] + 6[3(a )2 +2(1 — a*)?N.

—18[(a — b)® + (1 — a?)] log (_—j)

+3(a® — 1) [log (u ) + log (_—2)} (3.33)

t
g(s,t,u) :== 26 + 12N. — 9log ( > — 3log ( > (3.34)
2 2

where in dimensional regularization the 1/e = 1/(4 — D) pole is contained ir[
2
N.= - +logdm —~ . (3.35)
€

For the ww — hh scattering amplitude we find,

2d
s,t,u):(aQ—b)% S8t © (8 +u?) (3.36)

(0)
Mtree U4

(s,t,u) + ML)

ree (

6See Appendix [C| for an explanation.
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that takes a one-loop correction:

s> a®>—b

= [g(s,t,u)t* + g(s,u, t)uﬂ} (3.37)

where
f'(s,t,u) = =8[2(a* — b) — 9(1 — a?)] — 6N.[(a® — b) — 6(1 — a?)]

+36(a? — 1) log (—%) +3(a? — b) [mg (—%) +log (—%)} . (3.38)

and the function g is as defined in Eq. (3.34]).
Finally, the hh — hh elastic amplitude is, at tree-level and keeping only the operator
necessary to renormalize the one-loop part,

2
TO (s, t,u) + T (s, 1, 1) = “2(52 + 12 + u2) | (3.39)

4

while the one-loop piece may be written in terms of only one function

T(s) =2+ N. — log <—%) (3.40)

as
3(a® — b)*

1 _
ﬂoop(s7t7u) - 2(471')21)4

[T(s)s* + T (t)t* + T(u)u?] . (3.41)

The divergences N, from the one-loop amplitudes are unphysical and appear while we
employ the unrenormalized parameters. We use the MS scheme to eliminate them and
introduce the renormalized couplings as

r NE 2\2
ay = Q4 + W(l —a ) (342&)
r NE
a5 = a5 + woo [3(a® — b)* +2(1 — a*)?] (3.42b)
3Ne 2
r_ _ 42
Ne
d"=d— 927 (a® = b)[(a* — b) — 6(1 — a?)] (3.42d)
e =e+ i(cﬂ —b)? (3.42e)
4872 '

Since the physical amplitudes cannot depend on the arbitrary scale p,

d A
dp

=0 V channel ¢, (3.43)

which is a renormalization-group evolution equation that determines the running of the
NLO parameters with the scale. Interestingly, these evolution equations are decoupled
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Figure 3.3: Dependence of the isoscalar elastic scattering amplitude on the renormaliza-
tion parameter u. Process ww — ww, I = J = 0. Parameters a> = 1, b = 2 and all the
other parameters set to zero. For /s < 1.5 TeV, the amplitude is independent of u. For
higher energies, there is a slight dependence on pu.

(at NLO), and give the relations

1 11
’ =a} — (1 —=a*)?log — 44
() = (i) — =g Bla® — b +2(1 — a?)?] log (3.44b)
> b 76872 I
& () = o (o) — —og (@ — b log Lo (3.44c)

6472 i

1 2 2 2 s
() = d' — (a® - —b)—6(1 — a?)]log & 44
T = & () + 1550 (@ = 0) — 61— logy  (3440)

> )2 10g 3.44

r = T — - b 5 *
¢"(n) = ¢ (no) = o (a” —b)"log 2 (3.44e)

In this work, unless otherwise stated, we have taken all the NLO parameters to the
value at a scale p = 3TeV. This is motivated by the \/s/(4mv) expansion factor of the
effective theory, which gives the maximum energy at which the predictions of the effective
theory are reliable. v is the vacuum expectation value (v ~ 246 GeV). See fig. for a
comparison of three different renormalization scales p fixing all NLO couplings to zero.
Putting all the parts together, the final NLO amplitudes for ww — ww scattering are

Als,t,0) = 5 (1= )5 + 5 [205(0)5” + () (2 + )]

U2
1 2 2 2\21.2 2\2 (42 2
+m{6[9(a —b)?+5(1 —a*)?]s” +39(1 — a®)*(¢* + u?)
— 27[(a® — b)% + (1 — a?)¥] s log ;—j
—t

+ 4(1 — a®)?(s* — 3t* — u?) log =z

+ 4(1 — a®)?(s* — t* — 3u?) log ;—g} (3.45)
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For ww — hh,

1 2 1
M(s,t,u) = —(a* = b)s + —=d'()s* + —e" (1) (¢ + )
1

= I8[=92(q? — 1— g2 2 p)s2 4 96(a2 — b)2(+2 4 2
+ 576204 {8[ (a b) +9( a”)](a b)s” +26(a b)(t* + u)
—s
— 36(a® — b)(1 — a®)s®log 2
+ 3(a® — b)*(s* — 3t* — u?) log _—2t
1
+3(a® = b)*(s” — t* — 3u’) log __g} (3.46)
L

And, for the hh — hh amplitude,

2 3
T(s,t,u) = 19 () (s* + 2 +u?) + m(cﬂ —b)? [2(s* + t* +u?)
2 —S 2 —1 2 —u

Finally, by crossing in eq. [3.46] we can also quote the wh — wh amplitude,

[T(w*h — wWh)](s,t,u) = [T(w*W® — hh)|(t,s,u) = M(t,s,u)00p = M'(s,t,%)00p,
(3.48)
where we have used that the would-be Goldstones w®” are in the isospin basis (so that
they are their own antiparticle). M’(s,t,u) is the crossed M(s,t,u) in eq. ,

b
M’ - L@ —-b zdr 2, 1, 2 2
(s,t,u) = Uz(a )t + — (1)t + e (1) (s® + u?)
1
T e {81200 = 1) + 91— @)](@® — )P +26(a” — )*(s” + )

—1
— 36(a* — b)(1 — a*)t* log 2

-5
+ 3(a® — b)*(t* — 35 — u?) log oz
+ 3(a® — b)*(#* — s* — 3u?) log ;—f} : (3.49)
Thus,
T(w*h — WPh) = M'(s,t,1)50,, (3.50)

where M'(s,t,u) is defined in eq.

3.2.2 -~ scattering

The amplitudes for v+ scattering, computed by us in ref. [36], provide a good example
of the equivalence between the two parameterizations considered for the SU(2) coset
(spherical and exponential) as they are equal. In both vy — 2z and vy — wTw™ cases,
the amplitudes can be decomposed as

M =T = ie? (e’fengSll,)) A+ ie? (e’fegTﬁ)) B, (3.51)
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Figure 3.4: Up and middle left, three LO diagrams for 7y — w’w™ at order O(e?).
On the right, diagrams for the same process at order O(e?p?). Lowest left, unique LO
diagram for process vy — zz, order O(e*p?). Figures taken from Ref. [36]. The NLO
diagrams for v scattering can be found in Appendix [F]

the two Lorentz structures being

(resTD) = 2(61@ — (erks) (k) (3.52)
(ef'es ﬁ)) = 25(e1A)(62A) — (t — u)?(e1€2)

—2(t — w)[(e1A)(esky) — (erks)(e2A)]. (3.53)

Here, e = y/a/4m =~ 0.303 is the electric charge; ¢; and k;, the polarization state and the
4-momentum of each photon ¢ = 1, 2; p;, the 4-momenta of the Gauge boson i = 1, 2;
and A* = pi' — pb.
For the vy — zz process, at order O(e?) in the chiral expansion, we have a vanishing
leading order amplitude,
M(’Y’Y — ZZ)LO =0. (354)

The NLO contribution [order O(p2e?)] is

A s 3.55
(vy = 22)nLo = 02 122 (3.55a)

B(yy — zz)nwo = 0. (3.55b)

For 4y — wrw™ (the other process allowed by charge conservation), at order O(e?),
1

A(yy » whw o =2sB(yy s whw™) = —= — —, (3.56)
u

whereas, at order O(p2e?) (NLO),

(3.57a)
B(yy — ww )nwo = 0. (3.57b)
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It is very interesting that for both channels and in dimensional regularization, the UV
divergences cancel in the end, so that no renormalization is required at all. Although this
is a feature of the NLO computation, in ref. [146] an explanation in terms of a projection
of Effective Field Theories (EFTs) to SUSY formalism can be found. Thus,

c = cy (3.584a)
a; =a; Vi=1,23 (3.58b)

As for ww scattering, the NLO diagrams for the v scattering can be found on app. [F]
We will use the following notation for the parameterization of the initial and final states,

(el k), (e k)] = [w/h(pr), w/h(p2)], (3.59)

where € (i = 1, 2) are the polarization vectors; k;, the 4-momenta of the incoming
photons; and p; the 4-momenta of the outgoing WBGBs. Without loss of generality, we
can choose the next parameterization for the momenta,

ki = (E,0,0,E) ks =(F,0,0,—E) (3.60a)
p=(E.p) pa=(E,—pP) A=p—p (3.60Db)
D= (Pz, Dy, =) = (sinf cos g, sin @ sin ¢, cos b). (3.60c¢)

The 4-dimensional polarization states € are transverse, that is,
e k=0, i=1,2. (3.61)
Note also that, because we are taking k; || ko,

& ky=¢ -k =0. (3.62)

With these conditions, the Lorentz structure of eq. becomes

S

(e - egTﬁ)) =561 € (3.63)
And the one of eq. [3.53]
(e - egTﬁ)) = 2s(e; - A)(e3 - A) — (t — u)?e; - €. (3.64)

Provided that the WBGBs can be considered to be massless, taking into account egs.
and (.17,

2
(t —u)? = [—%(1 — cosf) + g(l + cos «9)] = 5% cos? 0, (3.65)

so that eq. becomes
(e - egTﬁ)) = 2s(e1 - A)(e2 - A) — 5*(cos 0)?(e; - €). (3.66)

The final election for the polarization states ¢, following ref. [138], is

1

e = E(0, F1,—14,0) (3.67a)
1

6 = E(o, F1,4,0) . (3.67b)
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By using egs. [3.67] the following orthogonality relations are obtained,

e ef = ;(0—1—1+0) 1 (3.689)
€ - €y :%(0—1—1+0):—1 (3.68b)
=501 140)=0 (3.68¢)
e;.e;:%<o+1—1+0):o. (3.684)

If egs. [3.60] are also considered,

ef A =V2(p, + ip,) = V2E sin fe** (3.69a)
e - A =V2(—p, +ip,) = —V2Esinfe”¥ (3.69Db)
e; A =V2(p, —ip,) = V2E sinfe” (3.69¢)
€ - A=V2(—p, —ip,) = —V2Esinfe’* . (3.69d)

Thus, taking into account that s = 4E? (app. |A.3)), the Lorentz structures (egs. m
and [3.66)) become those shown on table

(MAa) | () (+-) (—+) (——)
ey - egTﬁ) —s/2 0 0 —s/2
€ - €5T;512/) s? —s%(sinf)%e*?  —s?(sinf)’e % 2

Table 3.2: Lorentz structures e - e5T5) and € - 5T\ (egs. [3.63 and [3.66)).

For simplicity, we introduce the notation
AA pi=A N,C
Ty = e’/ M2 (s, 1), (3.70)

where N and C indicate, respectively, zz (neutral) and w*w™ (charged) final states. Note
that both Lorentz structures € - 5T\ and €' - 5T, (table and the LO and NLO
coefficients A(s,t,u), B(s,t,u), which correspond to vy — wtw™ (egs. and are
invariant under the permutation of ¢ and u. That is, under the transformation 6 — 7 — 6.
ThUS, M(’}/’}/ — w+w7)Lo7NLo = M(’Y’y — w*cﬁ)LO,NLO.

With this notation, and considering both eq. and table

__ s
Hye=Hye= —§ALO+NL0,N,C(S>t, u) + s°Broinro,n,o(s, t, ) (3.71)
H o = Hyh = —s*(sin6)*Broyxronc(s, t,u), (3.72)

where LO + NLO has been used to denote the sum of both the LO and the NLO terms.
For the zz state (N), ALon = Bron = 0 (eq. [3.54). Thus, if we define (eq. [3.55al)

2ac§ a?—1
v2 4292’

and take into account that Bypo n(s,t,u) =0 (eq. [3.55b]), then

AN = ANLO,N(Sat; 'LL) = (373)

Hit = Hy = _gAN, Hi= =Hy =0 (3.74)
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Now, let us take eq. and compute the LO contribution to H;* = H;™ (eq. |3.71))
with the Lorentz structures of table [3.2]

__ S
HI—BF,C = HLO,C = _éALO,C(Su t, U) + SQBLO’C(S, t, U)

s/ 1 1\ L1/ 1 1
- (—;—5)“%(_2_5)—0' (3.75)

Thus, taking into account that Bnpo,c(s,t,u) =0 (eq. [3.57b, and defining (eq. [3.55a)

8(aj —ay +a}) 2ac, a*—1
3.76
v? v2 * 82y’ (3.76)

AC = ANLO,C<8> ta U) =

we have that
Hit = H; = —%AC. (3.77)

Finally, let us compute H:~ = H*. Considering egs. [3.72} [3.56 and[3.57b] and table[3.2]
it can be seen that only the LO contribution survives. Thus,

. _ , 1 1 1 st+u .
H==H; " = —32(511(19)2% (—z — a) =5 sin? 0 (3.78)

Now, because the initial state particles (photons) are massless (egs. [A.16| and |A.17)),

t+u —S 4 1

(3.79)

tu %(1—C082 0)  ssinf’

Substituting in eq. [3.78],
H~ =H;t = -2. (3.80)

Now, let us take the isospin basis |1, M) of table for the final ww state. Because
of both charge conservation (only wtw™, w™w™ and zz are possible in the final state) and
the invariance of the matrix element under permutation of the final state particles (Bose
symmetry), only 2 states give a non-vanishing contribution,

1 +, - —
0,0) = — 7 (Jwtw™) + |ww™) + |22)) (3.81)
12,0) = 5 (2|z2) — [wtw™) — [w w™)). (3.82)

V6

If we take the definition

TM = (1,0]T | MAa), (3.83)
then
1
Ty = — — (2107 + T2 3.84
0 \/g ( C N ) ( )

Ty = = (Ty = TA2). (3.85)

Sl
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Taking into account ecs. [3.70], [3.74] [3.77] and [3.80]

2

T =T = % (2Ac + Ay) (3.86a)
T = (T, 1) = gem (3.86Db)
7 .
T4 e
T2 = T2 = % (AC’ — AN) (386C)
+- e de? o
Ty~ = (Ty4) = —=e?% (3.86d)

V6

And, for the crossed-channel vy — hh scattering amplitude R(yy — hh), also re-
quired for the unitarization below in subsec.

R(yy — hh) = (a® —b)(e1 - €2). (3.87)

S8m2y?

This is an NLO scattering amplitude. The LO one vanishes. According to egs. [3.68] for
the polarization states of eq. [3.67], this scattering amplitude turns into

2

8m2y?

R(yy — hh) = (a® = b)dx, xo- (3.88)

Thus, the final state is |hh), which is an isospin singlet state,
2

m2y?

R{T™ = Ry~ = (hh|R(yy — hh) | ++) = (a® —b) (3.89)

Lastly, it is also worth to remark that the one-loop contributions in our final results
show up in the form (1 — a?)E?/(167%v?). Since the present fits to LHC data [127, [128]
suggest a value of a close to one, these corrections are surprisingly suppressed with respect
to the naively expected E?/(16m7%v?) contributions, typically occurring from chiral loops
of chiral effective field theories. We believe that the origin of the simplicity of our results
in eqs. and could be relying on the custodially symmetric structure of the theory
and an enlarged symmetry of the dynamical boson sector (h, w* z) that arises in the
relevant Lagrangian for vy — w®w® in the massless Higgs limit. This simplicity may also
be related to the fact that, when using dimensional regularization, the UV divergences
cancel for all the channels, vy — zz, ww, hh.

3.2.3 tt in the final state

In this section, which expands our ref. [136], we are interested in the processes VpV; — tt
(V. = W, Z) and hh — tt, at high energies compared with Mz, My, and M;. In this
case, we can use the ET and concentrate only in the GB, h and the b and ¢ quarks.
At TeV energies the top quark mass is small. More specifically, we will consider the
regime M7 /v? < /sM,;/v* < s/v*. Then, it is not difficult to see that this is equivalent
to neglecting diagrams with internal top lines at the one-loop level. At tree level (see
fig. , the scattering amplitude is given by:

_ M
Quo (w'e = M%) = V3 (1 —acy + &i> U—;ﬂ/\l(h)v)\g (p2)dab (3.90)

2 2
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Figure 3.5: LO contributions to the process ww — tt

where a and b are the custodial isospin indices of the incoming GB p; and ps and A\; and
Ay are top and antitop momenta and helicities respectively.

Note that the v/3 factor included in eq. is a color factor. Taking into account
that the initial state is a color singlet, the ¢t final state must be also a color singlet,

|tt) = % > ftele) - (3.91)

This v/3 color factor can be exposed with a redefinition of 7T,
T |tt) = V3T [t1t1) (3.92)

and it will be explicit in all of the next equations.

Next, we consider the one-loop contributions. The Feynmann diagrams contributing
to this order can be found in appendix m By using dimensional regularization (see
appendix |C]) the result is:

QN0 (Wi — M) = \/5% [(1—ac)(1—a®) +ca(b—a?)]-

(4m)2v

—s\ M
: <N€ +2—log —j) — M0N0, (3.93)
i v

where, as usual,
2
N, = — +logdm —~, (3.94)
€
and p is an arbitrary renormalization scale. Hence, the sum of the two contributions is

M,

Q [ww’ — M) = V3 [Qro(s) + Qxro(s)] v—;ahwéab, (3.95)
where
S
Quo(s) =1 —acy + %ﬁ (3.96)
S -5
QNLO(S) = Wot (Ng -+ 2 — log ﬁ) s (397)
and

Cy = (1—ac))(1 —a*) + co(b—a?). (3.98)
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The divergence in this amplitude can be absorbed by renormalizing the ¢; coupling.
Using the M .S renormalization scheme, we define

Cy
9t —gt+8 2N (3.99)
and consequently
s |gf C —S
QLO<S) + QNLO(S) =1- acy + ﬁ |:g§t (47:)2 <2 - IOg E>:| . (3100)

Moreover, in the absence of wave or mass renormalization, amplitudes must be ob-
servable, and hence p-independent; so we require that total derivatives of the amplitude
with respect to log p? vanish,

d[Qro(s) + OQxro(s)] s [1 dgf Cy |
dlog 12 T2 [5al10g,u2 * (47?)2} =0 (3.101)

Then, the renormalization equation for g; reads
dg: _ Ct
dlog p? 82’

(3.102)

which can be integrated to give
" C p
010 = ) — 5 10e (). (3,109
8 T
On the other hand, the different spinor helicity combinations appearing in the ampli-

tudes in eq. arem

ut (p) v (p2) = +Vs —4AME = +/s+ O (—tz> (3.104a)
u” (pr)v (p1) =0. (3.104b)
u (p)v" (p2) = 0. (3.104c)
P M?

u (p)v (p2) = Vs —4M, f+(9< ) (3.104d)

Therefore, the tree level amplitude is of order of v/sM;/v?, and the one-loop is of order
sv/sM; /v*, where we have neglected higher order powers on M?/s. Thus, the amplitude
wiw® — tt is given by

o (w“wb — t+f+) =3 [Qro(s) + Onro(s)] M;—;/géab (3.105a)
0 (w“wb — t’t_’) =-9Q (wawb — t*tﬂr) (3.105Db)
Q (w”’wb — t_f+) =0 (w“wb — t+f_) =0, (3.105¢)
where
_ M,
Q (! 1) =3 [Qrofs) + Qurols)] 14,y
:\/§M;—;/§(1 — acy) 0 (3.106)
sEM, [ C —s
3 - t { t2 + 167?2 (2—logﬁ)} Oab

"See appendix for a proof of these relations.
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Figure 3.6: Contribution at LO to hh — tt annihilation

In a similar way the hh — tt annihilation can be considered. Note also the introduc-
tion of a v/3 color factor and, since our final state is also tf, the validity of egs. [3.104
applied to hh — tt scattering.

The diagramatic contribution (direct vertex) to the LO hh — ¢t amplitude is depicted
in fig. [3.6, Then, it is easy to verify that the tree level amplitude hh — tt, Nio, is

2¢o M, n gys My
02 204

Mo (hh — th1%2) = V3 < ) a™ (p1) v (pa) (3.107)

At the one loop level the scattering amplitude, Nxro, is given by the diagrams in
appendix which amount to

NxyLo (hh — t)‘lt_M) =

(b— a?)(1 - acy) (NE +2—log ;—j) @M (1) v™ (ps)  (3.108)

Then the tree plus the one-loop amplitude is

14A2) 5 -g/ 3 —°
N (= 07 3 {2 s 5 - Dm0 e (Vo2 -3 ) |-
-@ (p1) v (o)
:\/§{-202—|—% g_{f i(b—a2)(1—acl) (2—log_—j)}}-

2 322 [
- (p1) v (p2)

(3.109)
The renormalized coupling g;" is obviously defined as:
3C]
=g — —LN. 3.110
Gt 9t (47T)2 ( )
where
Cl = (b—a®)(1 —acy). (3.111)

Again, the lack of wave function renormalization at this level requires this amplitude
to be scale independent. Thus the coupling dependence on p is given by:
dg; 3C,

= . 112
dlogp?  (4m)? (3:.112)
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Figure 3.7: LO contribution to tf — tt elastic scattering.

By integrating (13.112)), the renormalized coupling evolves with the scale as
30/ ,LL2
(w) =g —Llog | = - 3.113
g/ (1) = gi (o) + (a2 8 (u%) (3.113)

In a way similar to that in the would-be GB case (eq.|3.105b)), we get for the amplitudes

in eq. BI07]

N (hh = t7T7) = =N (hh — t*7) (3.114)
N (hh = t7t7) =N (hh — t717) =0, (3.115)
where

g M/s s g/ (w) 3¢ —s\| Mi/s

N (hh = £717) = =2v/3e,— 5= + V3 { el G | eveas
(3.116)

The final state tf will be in a helicity state
1 _ _

1S=1,8.=0)=—=([t"t") —[t717)), (3.117)

V2

having taken into account that the only non-vanishing contributions to the scattering
amplitude come from the polarizations A\yA\s = ++ and ——, and that the substitution
++ — —— produces a change of sign in the scattering amplitude, just as in egs.
and [3.114] Note that we have no tb or #b on the final state, according to the LO and NLO
computations. Actually, these vertices are supressed by a factor which is proportional to
the mass of the bottom quark, M, ~ 4.18 GeV < M, M}, v ~ 10? GeV.

3.2.4 tt — tt scattering amplitude

For completeness, though not strictly needed to order O(M;/v) in the (M, +/s) counting,

we compute the elastic ¢t process, at least at the LO (see fig. for the Feynman

diagrams). By using the obvious notation ui(p;) = u; and v*i(p;) = u; with i = 1,2, 3,4

the amplitude 1,2 — 3,4 is given by

_ 2 2 M2 M2

S(tt — tl?) = —30%Ttﬂgvujgul—30%Ttﬂ3u11721;4—|—3Ttﬂ375v417275u1+3Ttﬂ375u117275v4.
(ORE] vt V48 V4t

(3.118)

Note the color factor 3 introduced on eq. [3.118 it is easily computed considering that

both the initial and final ¢f states are color singlets. The spinor chains which appear
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in eq. [3.118 are in turn computed on appendix
taking into account the limit s > M2, eq. [3.118

CHAPTER 3. SCATTERING AMPLITUDES

B.2l Once substituted in eq. [3.118] and

turns into

3ME1+ )

STt — 1t = 3 (3.119a)
Sttt —tt)=8S{tTtr -ttt (3.119Db)
Sttt =t th) = w 2 (3.119c¢)
Sttt =ttt =[St =t (3.119d)

All the other helicity combinations give a vanishing scattering amplitude. Note the
subleading order of this amplitude [S ~ O(M?/v?)]; thus this is confirmed by explicit
calculation. Even more, because of eq. , if we consider the |S = 1,5, = 0) helicity
state (eq. , the scattering amplitude vanishes.

3.3 Partial wave decomposition

We will study the partial wave decomposition of the matrix elements described in sec-
tions [3.1] and [3.2, with normalization

- 647T2K\/ 2J+ 1 /dQAM 5, )Y (8),

where A = \; — Ay is the difference between the polarizations of the initial (or final) state
particles, and K = 1, 2 for distinguishable and indistinguishable particles in the initial
state, respectively. Y ; (€) is a spherical-harmonic functionﬂ The inverse of eq.
reconstructs the amplitude,

2 1
AP, 0) = 64K 32 Dy @) my )
JA

If we were in the general case where both the initial and final state particles have polariza-
tion, then the Wigner D-functions should be used (see ref. |149]). But, in this particular
case, where one of the two particles states has no polarization, the Wigner D-function
reduces to eq. [3.120

In the case of particles without polarization, as in the case of the WBGBs scattering
processes without coupling with + and fermions, then A = 0. Taking into account the
definition of spherical harmonics,

27+1 [(J— L) 7;
V.00, 0) = i EJ+ 7 ;!sz(cos 0)e'=%,

where P™(z) is the associated Legendre Polynomial, if azimuthal symmetry is present,
then eq. |3.120] reduces to

AlAg
P}J

(3.120)

(3.121)

(3.122)

Fro(s) = Api(s) = (3.123)

3sz/ da Py(x) Arls, t(s,2), u(s, )],

8See, for example, ref. |138} 147, |148].
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P;(z) being the Legendre polynomials [note that PP (z) = P(z)] and = cos 6, the cosine
of the scattering angle , that can be computed from (s, ,u) by using the relations from
app. . In particular, eqgs. for the most general case (all the four particles have
different masses); eq. [A.15] if m; = my (initial state particles) and mz = my (final state

particles); and eq. [A.18] for the massless case. Now, the inverse of eq. |3.123| reconstructs
the amplitude,

Aj(s,t,u) = 167K i(2J+ 1) Pylz(s,t)|Ars(s), (3.124)

J=0

which is the spinless version of eq. [3.121] Integrating the modulus of eq. [3.124] over x,

1 1

3o » dx|Afls, t(s,x),u(s, x)]|* = 647 Z(2J+ )| Ars(s)|2 (3.125)

J=0

Provided that the initial states can be considered massless, because they are photons or
we are taking the WBGBs as masslessﬂ, then

2t
r=1—— u=—(s+1). (3.126)
s

Our final goal would be computing differential and total cross sections. According
to [40], considering a 2 — 2 scattering processes

1o 1 7 2
d9Q) oy 3.127
(dQ)CM 2F 42Eg|vs — vg| (QW)24ECM|M(PA,ps — p1,p2)|" ( )

with |ug — vg| the Galilean relative velocity of the beams as viewed in the laboratory
frame. However, if we deal with massless particles (or we can use My, M) < +/s), then
this last formula simplifies to

(3_;) M (3.128)

pr— 2 ;
om  04ms

where we have used that s = EZ,;. To obtain the total cross section, because of the
definition of spherical anglﬂ,

S /dxw[s,t(s,x),u(s,x)]y? (3.129)

" 321s ),

3.3.1 ww scattering

For the ww scattering, we take the particles as massless (and without polarization), and
K = 2 in eq. [3.123| (indistinguishable particles). First of all, let us compute the partial
waves corresponding to the matrix elements without neglecting the couplings A3, A4 and

My, M, < /s, limit of applicability of the ET.
10This holds when the ¢ variable is trivial and, if spin is present, for averaged cross sections.
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My, (see our ref. [34]). Some of the corresponding amplitudes ¢, for egs. are

wdes 8 i 35\ Mja®  2M,a® s
o6 (s)—327w2 {2 a (s—M,f 1) 2 . + 2 log 1+M§ (3.130a)

2620 (5) = _ V/3s (@ —b) + 6aAzv N 2Mja®  2Mja? Io 2M2 — s(1 — o)
00 327mv? M?—s s s?0 2M? — s(1+ o)
(3.130D)
1 18)2 9A2 M?
too™"(s) = 1204 — ) - —log | —— 3.130
w3 = 1 \ PN ap s ) T T 8\ ST (3-130c)
e v S |1 o AM}a? 2M;fa2 s
tll (S) = 39702 |:§(1 —a ) - <2 + (2Mh + S) log 1+ W s (3130d)

where 0 = /1 —4M?/s. Thus, for the SM (a* = b =1, \3 = M}?/2v, \y = M}?/8v?),
gs. 3-130] turn into

3s M? 2M
prwrw 5 _ 14> 131
00 32mv? {3 s— M? ( * )] (3.131a)
M2 M2 2M4 IM2 —
$2u2h Vs [ 2Mp  3M; 5+ 5 o A il (3.131b)
3272 s s — M; 2M
3M2 3M?2 6M2
t2h2h — h 1 h h 3131
00 Som? |5 M? Ty 4M2 - 3M2 (3.131c)
1 AMP  2M
2w — ——h oM ] 14— 3.131d
s |-t + h+s>og(+ )] (3.1314)

However, as explained on sec. we have kept A3, Ay and M? only for testing
purposeﬂ, and we will neglect them in all our work except in sec. m Thus, once A3,
A4 and M), are neglected, for the elastic channels ww — ww, these partial waves accept a
chiral expansion just as the full amplitude in subsec. |3.2]

Af)(s) = Ks (3.132a)
A (s) = (B( )+Dlog” +Elog“ ) s2. (3.132b)

These constants will depend on the I.J parameters of the considered channel. For the
coupled channels ww — hh, the inelastic amplitude expanded in partial waves is

My(s) = K's + <B’(u) + D'log % + E'log _—f> 24 (3.133)
I 1
and, for the elastic hh — hh, a similar expression holds,
Ti(s) = K"s + <B"(,u) + D" log % + E"log _—§> §F 4 (3.134)
1t u

In all three cases, and in general in all the partial waves of the form of eq. [3.132] because
the final result must be independent of the scale u, the dependence with p of B (or,
equivalently, B" and B”) follows

B(p) = B(po) + (D + E)log N_z

(3.135)
Ko

1 Actually, egs. [3.131] are not the result of applying the equivalence theorem to the full SM, because
the couplings with the transverse modes of gauge bosons have been neglected.
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Thus, from the partial-wave definition of eq. [3.123] the isospin projection relations
of eqgs. [3.20] and the results of sec. |3.2.1] we can compute the partial waves associated
with ww scattering, which take the form of eq. [3.132] We take K = 2 in eq. [3.123] since
the ww states are made of indistinguishable particles. So, for the scalar-isoscalar channel
I =J=0,

Ko = ﬁ(l —a?)
Boo(p) = ST [101(1 — a®)* + 68(a® — b)* + 768{7as(1) + 11las(p)}m*]
Doy = — m [7(1 — a*)? + 3(a® — b)?]
Eyp= — m [4(1 = a®)* + 3(a® — b)?] . (3.136)

For the vector-isovector I.J = 11 amplitude,

1

Ky = W(l —a?)
Bui(p) = m [8(1 — a2)? — 75(a® — b)* + 4608{as(y1) — 2as(1)}’]
Dy = m [(1—a*)?+3(a® = b)?]
Eyn= — mu —a?)”. (3.137)

For the scalar-isotensor IJ = 20:

Ky = — ﬁ(l - CLQ)
Bao(p) = m [91(1 — a®)? 4 28(a® — b)* + 3072{2a4(1) + as(p) }7°]
Dy = — m [11(1 — a®)* 4 6(a® — b)?]
Ey = — m(l —a?)? (3.138)

and for the tensor-isoscalar I.J = 02,

K02 = 0
Boa(p) = 921600302 [320(1 — a®)* + 77(a® — b)* 4 15360{2a4 (1) + as(p) }7*]
1
Dy = — ——— [10(1 — a®)* + 3(a® — b)?
02 160807501 101 —a%)" +3(a” — b))

Next we quote a calculation of the tensor-isotensor I = J = 2 partial wave which is not
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usually considered in the literaturd™]

K22 - O
1 2\2 2 2 2
1
D22 = — —460807'(31)4 [4(1 - (12)2 + 3(0,2 - b)ﬂ
Eyy = 0. (3.140)

The tensor-isotensor channel (eq. |3.140)) exhausts the list of elastic partial waves that are
non-vanishing at NLO in perturbation theory, since those with angular momentum J = 3
and higher start at O(s®) and are NNLO in the derivative counting [19, 30} 46]. Needless
to say, they would be tiny at LHC energies.

The results for the inelastic coupled channel ww — hh, can be computed taking into
account the results of eq. and the facto —+/3 shown in eq. @ Starting by the

scalar channel J = 0,

V3

Ko = = 5@ =)
By(n) = — 1(;7/34 {d(u) + 6(:)] 1 4:@ (a® = b) [12(1 @) + (a* — b))
D6 _ \/g(a2 o b)2
9216m3v4
, V3(a* —b)(1—d?)
B, = oy . (3.141)

I,J =1 is forbidden by Bose symmetry for two identical spinless particles. The tensor
J = 2 channel will be

K,=0
Bé (,U/) _ e(lu) 83(&2 - b)2
160v/3mvt  3072004/3m304
I ((12 - b)2
2 7680+/37304
E,=0. (3.142)

Finally, the scalar partial wave of the elastic channel hh — hh amplitude, is given by
the constants

K/ =0
10g(p) | (a* —b)?
B// —
0 (1) 964 967304
"n_ (CL2 - b>2
0 5127304
3(a* —b)?
) Dy e —— 14
0 102473p4 (3.143)

12We have found only one computation of the tensor-isotensor partial wave, in ref. [150], but within the
framework of a (ruled out) Higgsless ECL model. See appendix for more details and for a comparison

with our eq. [3.139

13When comparing with our refs. [34, [35, 38, 39|, note the change of sign in M%) (I = .J = 0) pointed
out on page @
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while the tensor T5 requires

K// _
=
g(p) 77(a® — b)?
B// —
2(1) = 330707 T 3072007801
n_ _ <a2 - b)2
2 51207304
EJ =0. (3.144)

By using the evolution equations it is possible to check that all these partial waves are
p-independent.

Finally, note that, in the elastic ww — ww channels, the dependence of B on u
(eq. [3.135)) can be explicitly written as

B(u) = By + paaa(pe) + psas(p), (3.145)

where By depends on a and b, and the ps and ps coefficients can be read on the explicit
computations of the partial waves (eqs. from [3.136| to [3.144]). On the crossed-channels
ww — hh and hh — hh, we will have a dependence on p which comes from the NLO
parameters d(u), e(p) and g(p).

3.3.2 ~~ scattering into and out of the EWSBS

Since we deal with the polarization of photons, eq. is needed for computing the
partial waves associated to vy scattering amplitudes (see our work |151]). Notice also
that K = 2 in eq. because photons are indistinguishable particles.

The scattering amplitudes are given in egs. and in the required form TI’\IAZ.
However, the v+ state only couples with the WBGBs (as h is chargeless), and when they
are in a positive parity state. Let us remember@ that our |A;Ag) state is, indeed, defined
as

1
‘)\1)\2) = N (|+k‘éz, )\1; —kéz, )\2) -+ |—l€éz, )\2, +k’éz, )\1)) (3146)
Hence, the parity operator P acts over |A;A2) according to
Pltt) = |FF), PlEF) =|£F). (3.147)

Thus, we have three 2-photon states with positive parity,

lp = +>0,A:0 = % (++) +1==)), Ip= +>2,A:+2 =|+=), Ip= +>2,A=72 =[—+).

(3.148)

Now, let us introduce the definition
Py =F[I|T|(lp=+))),1J] (3.149a)
Ry = F [(hh| R|(Ip = +),)), 1J], (3.149D)

where T is the reaction matrix vy — ww (whose elements are defined in eqs. [3.86))
and R, the reaction matrix vy — hh (eq. [3.89). The operator F[...,IJ] stands for
the computation of the corresponding partial waves (defined in eq. [3.120)). It is linear

14See section and egs. |3.59|, |3.60| and |3.67l
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because, indeed, it is an integral. Thus, we can define the partial waves associated with
the positive parity states (eq. [3.148)),

1

P, = 7 (T + 1) (3.150a)
1 N
P} = 7 (T} +17,%) (3.150D)

1
V2

Actually, the only non-vanishing partial waves are

Riy = —= (Rg™ + Rog ) - (3.150c)

2 2
€e~Ss 0

e~s
Pl = —" (24, + A Pl =_—" (A-— A 3.151a
00 32\/67r( ¢+ An) 20 32\/%( c— An) ( )
2 __© Py - (3.151b)
02 = SYENG) 22 = 4o .

where Ac and Ay are defined in egs. |3.73| and |3.76, respectivelyﬁ. If the fine structure
constant o = €% /4 is used, egs. |3.151| turn into

as S
Pypy=—+2A-+ A Py=—+(Ac— A 3.152a
00 8\/6( C N) 20 8\/5( c N) ( )
(0 (6%
02 6\/5 22 127 (3 5 b)

where be have omitted the superindices because ww states with J = 0 only couple with
lp = +), 77 ones; and J = 2, with |p = +),.

Finally, for the crossed-channel vy — hh (eq. , there is only one partial wave,
which corresponds to I = J = J, =0,

e2 o)
Ry=—— (=B = —— (a2 —)). 3.153
0 128\/§7r3v2( ) 32\/%2@2( ) (3.153)

3.3.3 tt in the final state

In this case, if we exclude the elastic channel ¢ — tf, the only non-vanishing final
state is |[S = 1,5, = 0) = ([t7) — [t77))/V2 (eq. and our ref. [136]), so that the
polarized particles in the final state t¢ will be in the A\; = \y = &£ polarization state. That
is, A = A\{ — Ay = 0. Hence, egs. [3.123] and its inverse apply for the computation of
the partial waves. Note that we take K = 2 in eq. [3.123] since the inital states ww and
hh are composed by indistinguishable particles.

Because of the dependence on the quark top mass, the general form of the partial
waves of eq. [3.132] which was valid on the WBGBs scattering case, turns into

QY (s) = K9\/sM, (3.154a)
QW (s) = (BQ(M) + E%log ;—f) sv/sM, (3.154b)

for the
0=00 +QW 4+ (3.155)

15See page
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expansion of the () partial wave associated to the ww — tf matrix element. The coeffi-

cients of eq. are defined as

= 3002 (1 —ac) (3.156a)
V6 ge(1) Cy
BC(1) = — 3.156b
(1) = 3507 { 5 T 87r2} ( )
V6 G

FQ=__Y— "' 3.156

3270t 1672 (3.156c)
For the expansion

N=NO4NO 4 (3.157)

of the N partial wave associated to the hh — tf crossed-channel matrix element, the
general form of the partial wave will be similar to eq. |3.154] that is

NO(s) = KNy/sM, (3.158a)
NW(s) = (BN(M) + ENlog _—f> sv/sMj, (3.158b)
il

where the constants are given by

_ \/602

KN = 607 (3.159a)
V6 [g(p)  3C
N _ t t
B (1) = 55— { o~ 1674 (3.159b)
3v6 C!
N __ t
BN =k (3.159¢)

Finally, the last term in the reaction matrix F;—y (A = A\; — Ay = 0), which is the LO
tt — tt process with J = 0, is vanishing. Take into account that, for initial and final
states of the form t={*, the only allowed processes are t%* — t%% a = =+ (eqs. [3.119).
But, in this channel, S(t7¢~ — t7¢t7) = S(tTt" — ¢Tt"). Thus, when we consider the
elastic scattering between states |S = 1,5, = 0) = ([t+T*) — [t717))/v/2 (eq. , the
amplitude vanishes.

To summarize, the full LO amplitude matrix which should enter the unitarization

methods of sec. {4 for 1J = 00, is

AOO MO Q
Freo=| My Ty N |. (3.160)
Q N 0

3.3.4 Validity range of the approximations

According to sec. (page |14)), if we chose a = b = 1 in our effective Lagrangians, and
computed the LO scattering matrix elements, we should recover the SM cross sections.
However, such an election of parameters leads to vanishing values for all the LO partial
waves of sec. [3.3.1}] The SM amplitudes are non-vanishing, leading to possible confusion.

The SM limit of our amplitudes (¢ = b = 1) undergoes a cancellation between the
LO Feynman diagramﬂ which are computed for the scattering between the WBGBs, so

16For the elastic ww — ww, the LO Feynman diagrams can be seen in fig. .
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that, at the EW scale, the LO matrix element does not grow as O(s). This is exactly how
the introduction of the SM Higgs leads to a weakly interacting theory, where unitarity
is not broken at the leading order. This cancellation is critical, since each of the LO
Feynman diagrams still grows as O(s), although their sum stabilizes.

This cancellation between LO diagrams is also a big deal in the SM when comput-
ing WBGBSs scattering matrix elements numerically, since any numerical inaccuracy (for
instance, in the definition of the model constants) will become dominant. In collabora-
tion with prof. Stefano Moretti (University of Southampton), we had the opportunity to
study such a problem (see page , in the scope of a numerical test of the Equivalence
Theoremﬂ when applied to the SM.

The reason that we obtain zero and not a finite constant is the following. On the
effective Lagrangians of eqgs. [2.31] 2.33] [2.34] [2.45] and [2.46], we neglect some contributions
which are small well above the EW scale. For instance, the masses M), and My,. This is
valid because s > M3,, M?. But it is no longer true if there is a cancellation which makes
these terms dominant. That is, if there are no strong interactions. In this regime, we
cannot neglect the masses M, and My, for instance, even if s > M?, M{,. However, note
that the Equivalence Theorem (sec. would still be valid provided that s > M2, M, .

The range of parameters over which this phenomenon of cancellation which breaks our
approximations takes place has been studied on our refs. [34,35]. We focuse on hh — hh
elastic scattering, because it is the elastic channel where K = 0 (see eq. [3.143), so that
the chiral amplitude vanishes at O(s) and the series starts at O(s?). Thus, maximum
sensitivity to the correction is expected. From eqs. and [3.143] at a simple reference
point 2 = s = 1 TeV?, the J = 0 partial wave can be written as

1 TeV* 2 _p)? 2 _p)2
To(s = 1T6v2) = 22V (1000 Tev) + =07 < 0.905 (109 + {207
96v? 72 2
(3.161)
The Higgs self-coupling potential in the SM would be
M? M?

yeelt — —hp2 g —hpd 3.162
2 + Sv2 ( )

which produces a hh — hh matrix element whose scalar-isoscalar partial wave is given in
eq. 3131 , ) ) )
3M, 3M 6M, M
self _ _ holq h h h
0 327v? +3—M,3+3—4M,?O s — 3M?

For s = 1 TeV?, T3 ~ —4.9 x 1073, If we require Ty(s = 1 TeV?) > T5 so that the
self-interaction is negligible at the TeV scale, then

la® — b| > 0.23, (3.163)
or, alternatively,
lg] > 5.9%x 107" (3.164)
Thus, the analysis is safe provided that either eq.[3.163] or eq. |3.164] is satisfied.
Now, let us take a®* = b (elastic channels). We will see that this channel is also

possible even if ¢ = 0, that is, if both conditions [3.163| and |3.164] are violated. In this
case, of course, the hh — hh amplitude will vanish in our approximations, as follows from

17See sec. and eq.
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eq. 3.143] But channels ww — hh and ww — ww could still present strong interactions
because of, for instance, the ay and a5 NLO coefficients. In this last case, the only non-
vanishing amplitudes would be the elastic ww — ww, since all the contributions to the
scattering amplitudes come either from the Higgs self-couplings of eq. (neglected
here) or from the 4-w vertices. Let us analyze this case for the different channels, at a
point p? = s = 1 TeV? and in the case a®> = b= 1.

For the scalar-isoscalar elastic channel (I.J = 00, eq. , the contribution coming
from the self-interacting potential of eq. will be A% ~ —1.2x1072. From egs.|3.134
and [3.1306], the vector-isovector partial wave without the contribution from the Higgs self-
couplings is

768

Ago(s = 1TeV?) = W(l TeV)? [Tay(1TeV) + 11as(1 TeV)] =~ 7.2(7Tay + 11as),
TV
(3.165)
so that the Higgs self-interaction is negligible at the TeV scale when
|Tay + 1las| > 1.7 x 1072, (3.166)

On the contrary, for the vector-isovector elastic channel (1.J = 11, eq. , the con-
tribution coming from the self-interacting potential of eq. [3.162 will be A3 a2 1.85x 1074,
From eqs. [3.134]and [3.137], the vector-isovector partial wave without the contribution from
the Higgs self-couplings will be

4608
Api(s =1TeV?) = W(l TeV)? [ay(1 TeV) — 2a5(1TeV))] ~ 3.62(ay — 2as).
(3.167)

Thus, for IJ = 11, the Higgs self-interaction is negligible at the TeV scale when

lag — 2a5] > 5.1 x 107°. (3.168)
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Chapter 4

Analytical properties and
unitarization

4.1 Unitarity condition for partial waves
The unitarity condition for the S-matrix reads
SSt=1 (4.1)

Its analytical properties and this unitarity condition applied to partial waves can be
studied in detail in Refs. [90, (137, 139, |140} 152} |153]. The transition amplitude matrix
T is defined as

S=1+4T. (4.2)

Along with eq. [4.1] such a definition implies that

T—TM =TTt (4.3)

Now, we factorize momentum conservation from the on-shell transition amplitude between
states |i) and |f),

<f ‘ T ‘ I> = (2m)*™ (Zpi,k: - pr,l> T(i — f), (4.4)
p z

prr and p;; being the 4-momenta of the final and initial state particles, respectively. If
we restrict eq. to 2-particle states,

<k1k2 T

p1p2> = (27)45(4) (p1 +po— k1 — k2) T(p1p2 — k1k2)7 (4-5)

where p; and k; are 4-momenta of the particles of the initial and final state, respectively.
Setting this definition into eq. [£.3] its left hand side (LHS) becomes

T — TT = (27’(’)4 [T(plpg — ]{31]{?2) — T(k’lk’g — plpg)*] 5(4) (p1 + p2 — k?l — k?Q) (46)
From time reversal invariance,

T(p1p2 — k’lk’g) = T(k’lk’g — plpg), (47)

95
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so that eq. [£.6] reduces to
T — TT = 27,(271')4 Im [T(p1p2 — klkg)] 5 (pl -+ P2 — kl — kg) (48)
The right hand side (RHS) of eq. 4.3 would be

dS u d3
iTT! =i Z / 240 ( q217T / 20 (q227?_)3 (27T)85(4) (P1+ P2 — q1a — q20)0 (k1 + k2 — 1o — qan)-
{ b} la 2b

[T(p1p2 = G1a92) [T (q1a926 — k1k2)]™, (4.9)

taking into account that all the possible transition states {a, b} coming from S are states
of two particles, so far taken as distinguishable. If they are indistinguishable, the RHS
should be multiplied by a factor 1/2, in order not to count the 2-particle states twice.
Hence, we need to recover the K constant which was used in eq. in order to account
for this. For a 2-particle state {a, b}, we will use the notation K, for this, with value 1
for distinguishable particles and 2 for indistinguisable ones.

Thus, the unitarity relation of eq. turns into

Pqa [
Im [T'(p1p2 — k1k2)] = / 5 01 / 2% 02b (P1+ P2 — 1o — q2)
{ b} diq Qb

[T(p1p2 = 1a926) [T (q1a926 — k1kw)]". (4.10)

Now, let us go to the center of mass frame, so that the relations p; + ps = k:z + k‘; =0
(i, l;; being the 3-momenta) hold. Thus, taking into account that the masses of the two
particles both in the initial and final states are the same, and that the process is on-shell,
the 4-momenta are

b1 = (p?7p_i)7 b2 = (p(l)v _p_i)a kl = (k(l)vk:—i)a k2 = (k?a _k_i) (411)

That is, in particular, the first components satisfy the relation p{ = p9, k¥ = kY. Now,
consider a change of variables in the ¢ distribution,

/ " dasf(@)gle) = / wdy%g[f‘l(y)], (4.12)

where f(x) is a monotonically increasing function, with limits lim, 1 f(z) = +o0.
Provided all the intermediate states are two on-shell particles with the same mass m,,
and taking into account the appearance of the 4-vector delta-function §(p; + ps — 1 — ¢2)

in eq. E10}
Gi=—G=40q=q¢=/¢+m? (4.13)

@+ @5 =2/ +m2 =p] +py = 2P} = 2, /p? +m2, (4.14)

eq. is simplified to

T = / 7
m
87r2Kab W
{a,b} 2/ q —l—mwb

) (2\/q2 + miab — 2\/p2 + m%) .

[T(p1p2 = 1a926) [T (q1a926 = F1kw)]". (4.15)
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Or equivalently, using spherical coordinates,

d
ImT = 287T2Kab/ / q —qi‘;]lqab < \/q +mqab_2\/p +m2)

{a.b}
T (p1p2 = q1a620)] [T (qrages — kikw)]*. (4.16)

Now, let us identify the f of eq. with

q) = 24/¢* +m2 —2,/p* + m2, (4.17)

2q / m2 — m2
f/(Q):W7 fle)=0—=q=p 1+%, (4.18)
q

with eq. being equal to

,/q2+m2’ab
m7 =3 o,

87T2Kab q + mq ab) q

so that

{a,b}
T(p1p2 = Q1a926) [T (q1aq2s — k1kw)|”

T / e
647T2Kab p—l—m2

T(p1p2 — q1aqs)][T(q1aG2s — kikw)]" (4.19)
Now, considering that s = (p; —|—p2)2 = (2p°)%, p° = \/P* + m2, then
2+ m2 —m?2 m2 4m?
% — 1 - g — 1 — q, (420)
p*+m2 pr+m2 s

so that

Im [T'(p1p2 — k1k2)]

{ = 64W2Kab\/7qab / d QAT (p1p2 = 11a020)][T(qra@es — krkw)]". (4.21)

Note that initial, intermediate and final states are not necessarily all different. Indeed,
for the so-called elastic channels, all of them will be the same state. Now, take eq.
relating the amplitude (in the isospin basis) with the partial waves,

A[(S,m) =16 K i(QJ—{— 1)PJ($)A1J(S),

J=0

x = cos  being the cosine of the angle between 3-momenta in the initial and final states,
p1 and k. Let us choose, in the center of mass frame (see fig. ,

P = €, (4.22)
G1a = Sin 0 sin DE, + sin 0 cos Py + cose, (4.23)
ki = sin fe, + cos be.. (4.24)
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Figure 4.1: Scattering process {p1,p2} — {qia, g2} — {k1,k2} in the center of mass
frame. The intermediate particles {qiq, g2y} are printed on dark yellow colour and the
final state {k1, k2} is in dark red colour. Only these last ones come out of the plane of
the paper, as does €.

Here, a stands for the unitarized vector a = d/||d]|; ¢ is the angle between p; and ky; and
(0,9), the unitarized vector g1, in spherical coordinates, ZY being the plane defined by
vectors p; and ki. With these definitions, the cosine of the angle #’ between ¢, and k;

can be computed as
cost = G - ky = cos 0 cosf + sin 0 sin 6 cos B, (4.25)

and the transition matrix elements can be written down as

T(pip2 — kika) = 167K, Y (2] + 1) Py(cos 0) Ak, (s) (4.26)
J=0

T(p1p2 = qradas) = 167, Y (27 + 1) Py(cos 0) Ay, g, (5) (4.27)
J=0

T(qraqoy — k1ke) = 167K ap Z(ZJ + 1)PJ(COS§COS 0 + cos @ sin 6 sin 0) - Ar1g, up—k: ()

J=0
(4.28)
Now, consider the propertyﬂ of Legendre polynomials,
2 ™ _ _ _ _
/ dgﬁ/ d0-sinf - Pjlcos®] - Pycoscosf + (—1)"sinfsin b cos @| =
0 0
4
= P 4.2

57+ 15J,J 7lcos 0], (4.29)

1See appendix for the proof.
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where n is an arbitrary integer. Substituting eq. in eq. [4.21], with definitions [4.26],
and [4.28], and taking into account that transitions only happen between states with
the same isospin I,

N 162K, K, , am? 4
Im 167TKPZ(2J+1)PJ(x)AIJ,pi—>ki(3) :Z( ) Ky Ky ap L T

2
= o 64712 Ky ap s 2J+1
> 2T + 1P (s (][ ALrg ki ()] Pa(cos 6),  (4.30)
J=0

so that, because of the orthonormality of Legendre polynomials,

Im I:AIJ,pl_”c Z ~l 1 - AIJP’LQQ'L ab ][AIJQZ a.b_>k ( )] : (431)

{a,b}

Note that the right hand side (RHS) of eq. is real. This is non-trivial, but it is the
same difficulty which was present in eq. [4.8] whose matricial LHS has no real part. The
explanation of this fact is both the unitarity relation applied to the transition amplitude
matrix, T — TT = iTT" (eq. , and time reversal invariance (eq. , which implies
that Tt T.

Finally, only if the process is elastic, without crossed channels, does eq. reduce

I [A47(5)] = /1~ 2 (A (9)][Ar (9] (4.32)

where Aj;(s) is the partial wave of the elastic scattering process and m, the invariant
mass of the particle.

to

4.2 Poles on the analytical continuation

The result from the unitarization procedures is an analytical matrix element which will
give physical values just above the real axis. That is, for s’ = s 4+ ¢, ¢ — 07, s > 0.
As shown in previous chapters, the scattering amplitude will comply with the reflection
principle, that is, A(s*) = [A(s)]*. Thus, the analytical structure above the real axis will
be reflected below it. And there can be (or not) a right cut (RC) and a left cut (LC).
That is, discontinuities over the real axis.

However, as shown in fig. [£.2] an analytical continuation around a physical point
s’ = s + ie could be done, so that we could cross the real part. This will lead to the
existence of the second Riemann sheet. In this case, of course the reflection principle will
no longer we applicable, and new singularities can appear under the real axis.

As can be seen in the literature [40], the Breit-Wigner formula for the cross section
in the region of a resonance of mass m and width I' is

1

M2
o o [M[ o p?2 — (m?—iml)| ’

(4.33)

the matrix element having a pole in m? — imI’ when taking the analytical continuation
to the fourth quadrant crossing the real axis s > 0, as shown in fig. [£.2] that is, to the
second Riemann sheet. This can be generalized, so that any pole appearing on the second
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A
| Riemann sheet,
E A(stiy)
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| | Riemann sheet, | . Il Riemann sheet,
AGYSIAGHYT T | AGs-iy)#AGSHY)T

Figure 4.2: Analytical continuation to the so—called second Riemann sheet. Note that
the trajectory of the analytical continuation has to cross the right cut (RC), and the
reflection principle (eqs. and no longer applies. Since we are neglecting the
masses of the WBGBs, the analytical segment over the real axis collapses to a point,
although the analytical extension to the I Riemann sheet is still possible. See sec.

and fig. 4.4

Riemann sheet at a position sz may be equivalent to a resonance with mass m and width
I', so that
sp=Resgp+ilmsp =m? —iml (4.34)

When I' < m, that is, when the pole is very close to the real axis, the cross section will
look like a Breit-Wigner one. Otherwise, the shape of the resonance will become broader
and broader, deviating from the Breit-Wigner shape due to the non-pole dependences
in s. Anyway, the so—called pole mass (m) and width (I') will be defined according to

eq. [1.39,
1
m = y/Resgr = —— Im sp, (4.35)
m

where spg is the position of the pole (on the IT Riemann sheet) associated with the reso-
nance.

Note that, if we took the first Riemann sheet, because of the reflection principle,
A(s*) = [A(s)]*, so that no pole could appear since causality allows none on the upper
half plane (see next section . Thus, our task will be performing an analytical
continuation to the second Riemann sheet, as shown in fig. [£.2] and looking for poles in
the fourth quadrant.

4.2.1 Spurious resonances

If we had a pole in the I Riemann sheet, that is, above the real axis, we would actually
have a ghost, according to eq. |4.35| As explained in ref. [153], this would break causality,
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so poles on the I Riemann sheet are not acceptable. Therefore, their appearance is
interpreted as a failure of either the unitarization procedure or even the parameter set
itself, in the sense that there is no underlying theory whose low energy regime is described
by such a set of parameters. Sometimes, these poles on the I Riemann sheet lead to the
appearance of repulsive phase shifts that vary quickly and break Wigner’s bound.

However, there are authors who do speak about negative width resonances and scat-
tering amplitudes with poles in the I Riemann sheet (see refs. [154-157]), although they
use a different prescription for the Wick rotation (the so-called Lee-Wick model). These
resonances simply mean that the vacuum of the theory (on which matrix elements are
calculated) has not been well chosen and is unstable, decaying to another state.

Either way, we will work in the standard framework where ghosts are not allowed. But
one should be aware that the parameter space which is neglected due to the presence of
poles in the I Riemann sheet could be, indeed, the low energy description of an underlying
theory like that of ref. [154] with a lower-energy ground state.

4.2.2 Numerical search for poles on the s-plane

Thus, our problem is picking the presence and position of a pole (or a set of poles) on
certain region of the complex plane. To do this, first of all, we need to compute the
analytical continuations to the first and second Riemann sheets which are explained in
fig. The only non-trivial functions which appear on typical partial waves such as
eqs. [3.132] to [3.134] are the logarithms, log(s/u?) and log(—s/p?) (u? > 0). On the first

Riemann sheet, the logarithm is written as

log’ () = log|z| + iarg(2), (4.36)

where the arg(z) cut lies along the negative real axis. Thus, the extension of log(s/u?) to
the second Riemann sheet is trivial [the same function as in eq. log'!(2) = log!(2)],
since log’(2) is continuous over the positive real axis. What needs examination is the
extension of log(—s/u?). Since the physical region where the scattering amplitudes are
defined is s’ = s + i€, € — 07, the first Riemann sheet is defined as in eq. ,

log’ (—2) = log|z| +iarg(—2). (4.37)

This verifies the reflection principle of eq. 4.63, A(s+1ie) — A(s—ie) = 2iIm A(s+ie), € —
0", since, provided that > 0, e — 0T,

I . I . x>0,e—0t | . . . .
log' (—z — i€) — log' (—x + i) ——— targ(—x + i€) — iarg(—x — i€) = 2im, (4.38)
eq. 37

and
2i Im log’ (—x — i€) = 2in, (4.39)

thus proving that the definition of eq. is, indeed, the first Riemann sheet of log’(—2).
Eq. also verifies the strong version of the reflection principle log’(—2*) = [log’ (—z)]*

(eq. 4.64), because

log![—(z + iy)*] = log' [~ (2 — iy)] = log(|z — iy]) + i arg[—(z — iy)]
= log(|z — iy|) — i arg[—(x + iy)] = {log'[—(z +iy)]} . (4.40)
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Figure 4.3: Extension to the second Riemann sheet of the function f(z) = log(—=z).
Only its imaginary part is shown. Note that the first Riemann sheet verifies the strong
reflection principle, f(z*) = [f(2)]* (eq. [£.64). For Imz > 0, both first and second
Riemann sheets coincide, as expected.

Its extension to the second Riemann sheet (see fig. |4.3)) requires continuity over the
positive real axis,

log" (—z2) = log(|2[) + i [arg(2) — 7] (4.41)

Now we are able to extend the partial waves to the second Riemann sheet in order to
look for any poles. A first approach could be looking for zeroes in the denominators,
once extended to the IT Riemann sheet the problematic expressions log(—s/u?) by using

eq. This was the strategy that we followed in ref. [34].
Another possibility, only valid for elastic partial waved”, would be using the fact that

A(s)

Al(s) = ———~— 4.42

() =1= 2iA(s)’ (442)
where A(s) = A’(s) is the partial wave in the first Riemann sheet. This expression comes
from the reflection principle (eq. 4.63]) and the elastic version of the unitarity condition

for massless particles (eq. with m = 0, limit € — 07),

A(s +ie) — A(s —ie) = 2iIm A(s + ie) = 2i[A(s + i€)] - [A(s + i€)]"

= 24[A(s +i€)] - [A(s — i€)] = A(s +i€) = 1_’42(;?:6_) o (443)

Because of the definition of II Riemann sheet, which requires continuity along the positive
real axis, lim,_,o+ AT (s — i€) = lim_,o+ A" (s + i€) = lim._,o+ A(s + i€), so that eq.
indeed gives A'!(s—ie), under the positive real axis, in terms of the values of A?(s—ie) on
the I Riemann sheet under the positive real axis. The full eq. is proven by analytical
continuation of Af(s — ie) computed via eq.

2Note that the elastic version of unitarity, eq. m is required. See ref. \\ for instance.
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Note that eq. introduces the presence of poles on the II Riemann sheet because
of the annihilation of the denominator 1—2iA(s), so that these poles sg can be computed
by solving the resonance equation

A(sg) + % —0, (4.44)
where A(s) is evaluated on the I Riemann sheet. However, remember that this approach
is valid provided that the scattering is elastic. That is, there is no contribution coming
from crossed-channels.

Another approach is that used by D. Espriu et al. [158], who look for jumps on the
phase shift. As in the case of eq.[4.44] this approach is no longer valid for crossed-channels,
since each individual channel does not satisfy unitarity by itself, see eq.

Finally, a third approach, which was used by us in refs. |38 39|, is using a Cauchy
line integral around a closed path in the complex s-plane. This approach is the only one
which is still valid for crossed-channels, along with a brute-force search for annihilations
of the denominator of the partial wave extended to the II-Riemann sheet, A’’(s).

Due to the reflection principle of eq. [£.63] every pole on the First Riemann sheet
belonging to Im s’ > 0 will have a counterpart on Ims’ < 0. So that, we will consider
a complex amplitude function A(s) which will be defined as its II Riemann Sheet for
Im s < 0, that is, its analytical continuation through the real axis s > 0 (see Fig. . If
there is any pole on the I Riemann sheet, it will apear for Ims > 0. And we will be able
to pick up the poles on the II Riemann Sheet.

The low-energy perturbative interactions are weak. That is, the EFT treated in
perturbation theory is valid for the low-energy regime. So, we do not look for bound
states and restrict ourselves to Re s > 0. As explained before, for Im s > 0 the logarithms
in A(s) are evaluated on the first Riemann sheet and, for Im s < 0, on the second one.

Our integration contour will be a semicircle in the s-plane with radius R = (3 TeV)?,
which is the approximate range of validity of the unitarization procedures considered,
closed by a segment of the imaginary axis. This contour will be parametrized by

Rexp [Z(2t —1)] fort e |0, 1]
S = | Rewl5e-1)] (445
iR(3 — 2t) for t € (1, 2]

According to Cauchy’s theorem [159-161], if A(s) has N poles on points s; (i = 1,..., N)
within the region enclosed by ~(¢) (¢ € [0, 2]), then

N
I, = / dLA(t)t* = 2miy " sFAg(s;). (4.46)
v(t) i=1

Here, Ag(s;) is the pole residue corresponding to the i-th pole. Note that there is no reason
to expect double poles in our NLO-based computation, although this kind of approach
could deal with a number of poles as high as required at the cost of an increasing number
of complex integrals to compute.

For each parameter set, the integrals Iy, I; and I (see eq. 4.46)) are evaluated. If there
is no pole inside the integration contour parametrized by the function 7(t) (eq. [4.45)),
then the values of all the integrals are zero. If there is only one pole at position § then,

according to eq.
Iy = Ag(3), I, =5A0(3), I,=25"Au(3) (4.47)
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So, the pole residue is Ay(§) = Ip; the pole position 3,

and we have the relation
I} =L, (4.49)

that can be used as a check of the presence of a second pole. It should be exact if there is
only one pole. If we had N = 2 poles, which is beyond the scope of this study, we could
still compute both poles applying the equation

(L1, — IoI3) £ /(115 — IoI3)% — 4(17 — IoLy) (12 — 1, 13)

= : 4.50
512 212 — Ipy) (4.:50)
Even for N = 3 poles, the solution is still analytic. In this case, k = 0,...,5 integrals
are needed. It is best quoted in terms of several auxiliary quantities, namely
A= I+ 2011, — L1 — 315+ I 1515 (4.51a)
A-A=—I2I + LI? + LIT; — 1,05 — I2Is + I Is I (4.51b)
A-B= 1?4+ I2I; + LIJs — LI — LIsIs + I 1, (4.51c)
A-C =1+ 203105 — L1} — 2 + 141 (4.51d)
A= —A’B? 4+ 4B° + 4A°C — 18ABC + 27C* (4.51e)
" . . 1/3
r— (—2A3 Y 9AB — 270 + 3\/3A> . (4.51f)
Then the pole locations become
A 23(3B — A?) r
s1=3 + a7 BEVIE (4.52a)
A 3(1+iV3)(B+ A% (1—4/3)r
3 3-22/31 6 - 21/3
A 3(1—iV3)(B+ A% (1+4/3)r
S3 = — — (- iv3)(B+4) — (A +iv3) : (4.52¢)
3 32231 6-21/3

4.3 Unitarization procedures for ww scattering

In this section we deal with the unitarization of ww scattering, which we published in
refs. [38,139]. The channels ww and hh are considered,

Ay = Mpj(ww — ww) (4.53a)
My = My;(ww — hh) = Mo;(hh — ww) (4.53b)
Ty = Moj(hh — hh), (453(3)

where the partial wave decomposition from sec. has been used. According to eq.
(in the massless limit s > M3,, M%, M?), the unitarity condition can be written, in terms
of the partial-wave decomposition F' of the reaction matrix, as

Im F(s) = F(s)F(s)'. (4.54)
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Note that, because of T-invariance (see eq. [4.7), the matrix F is symmetric, F(s)" = F(s).
Thus, the unitarity relation (eq. implies that Im F(s) = F(s)F(s)! = F(s)F(s)* €
R. Hence, Im F(s) = F(s)F(s)! = F(s)F(s)* = [F(s)F(s)*]* = F(s)*F(s) = F(s)'F(s).
Thus, eq. can also we written as

Im F(s) = F(s)F(s)! = F(s)'F(s). (4.55)

Now, the reaction matrix F', in partial-wave decomposition, will be

Foo(s) 0 0 0 0
0 Fu(s) 0 0 0
F(S) = 0 0 FQ(](S) 0 0 , (4.56)
0 0 0  Fp(s) O
0 0 0 0 Fy(s)

where we have used isospin symmetry. No matrix element links states with different 1.
Also, because of the properties of partial waves, states with different J are not connected
either. However, ww and hh states with the same /.J numbers can be linked by a scattering
matrix element. Because of this, the channel ww — hh amplitude is zero for I # 0.
Actually, the isospin of hh state is zero (h is a scalar). So,

B AOJ(S) MJ(S) o
Fo(s) = (MJ(S) TJ(S)’), J=0,2 (4.57)

For I # 0, the Fr;(s) elements are the scalars
F]J(S) = A[J(S) VI 7é 0. (458)

To sum up, the unitarity condition in terms of partial-waves, is written down as

ImA()J = ‘AOJ’Q -+ |MJ’2 (459&)
Im A[J = |A]J|2 VI 7é 0 (459b)
Im MJ = A()JM; + ]\4‘]71}< (459C)

Im Ty = |My|* + |T;? (4.59d)

Now, take into account the partial-wave decomposition in eq. [3.132| for NLO partial
waves, valid for massless particles,

FO(s) = K;ys (4.60a)

S —S
F}y@) = (BIJ(M) + D;ylog E + Erjlog ?> 52 (4.60b)

Applying Eqgs. in a perturbative way (expanding over s), and taking into account
that the K;; are real numbers,

1 0 0
mFY = F9F9 (4.61)

This relation is satisfied by any scattering partial-wave of the form of eq. [4.58 The exact
form would be satisfied by the full computation. But this sets an upper limit on the
value of |[M|?. Consider a single-channel scattering matrix M = Me® M > 0. Then,
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according to elastic unitarity in eq. M? = Msind < M, so that M < 1. This
limit, if exceeded, will inform us about the validity range of the perturbative expansion.

Also, when entering an expression as eq. on the perturbative unitary condi-
tion , which is valid on the physical region (s’ = s + i€, e — 0%, s > 0), we have the
additional restriction over K;; and E;y,

E=—-——K?
m

(4.62)

Y

where we have used the matricial form of £ and K. This expression is very useful to
check the full NLO computation, and it can be seen that it is verified by the constants

given on Sec. [3.3.1] Note also that eq. [3.135),

B() = Blu) + (D + E)log 2.

Ko

is also valid for the matricial B, D and F.

4.3.1 Dispersion relations

Now, we will need the so—called dispersion relations. To see the full proofs, including
those of the analytical properties of the S-matrix elements, see Refs. [139,|140]. Note that,
because of the presence of a left cut due to the terms Elog(—s/u?) on the amplitudeﬂ,
the so—called forward dispersion relations cannot be used. Fixed-t dispersion relations
remain integral equations. This is the partial-wave dispersion relations that will lead to
simple formulas.

The key property that we need to prove is that, on both the left and right cuts (LC

and RC) of fig.

A(s +ie) — A(s — ie) = 2i Im A(s + i€), e — 07, (4.63)
or, even stronger, that
A(s*)=[A(s)]", se C\R, (4.64)
the physical amplitude being
A(S)phys = lim A(s +ie€), s > 0. (4.65)
e—07t

This last equation can be regarded as conventional, because we could take the other
prescription [A(s)pnys = A(s—i€)]. But, once this chosen, let us prove eq. . First, let us
suppose that there is a minimum energy threshold /sy, required for the process. Then,
according to eq. the imaginary part of the amplitude will be zero for 0 < s < spyp.
But, according to the properties of analytical functions [159-H161], provided that the
function is analytic around a segment over the real axis, this implies that, as shown in
fig. [4.4] it is possible to perform a power expansion of the form

Smin k_ - Smin k
(s— 5 > :kzoak<s— 5 ) , (4.66)

3See eq. [3.132| for the appearance of such a term in the ww scattering amplitudes.
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Im(s)

LC

 J

Re(s)

Figure 4.4: Analytic extension of a function which is real on a segment of the real axis.
In general, this kind of analytical extension is also valid for every function provided that
is analytic on C\ [(—o0, a)U (b, 00)], where a < b. Note that the real axis must be crossed
through the analytic segment. In our work, we neglect the masses of the initial and
final state particles, which makes this segment to collapse to a single point (the origin).
However, the analytical extension is still valid. See the explanation under eq. [£.70]

being convergent on s € C | |$— (Smin/2)| < Smin/2. Now, because A(s) € RVs € (0, Syin),
then a, € R, so that
ay (s* -

[A(s)]* _ [i a. (S B Sr;in)k] * )

Sr;in)k — A(s)

[e.e]

k=0

Smin

v ‘S 2

This truly defines an analytical function in the region |s — (Smin/2)| < Smin/2 of the

complex plane. In any point of such a region, another analytical expansion can be carried

out in the same way, the convergence area of the power expansion being a circle centered

on the considered point and ending in the real axis outside the segment 0 < s < Spyin,

beyond where the function may have the so—called cuts (discontinuities when crossing
the real axis).

If now we perform another expansion, such as suggested in fig. [£.4] In this case,

R ldlA(s)

< 3% seC (4.67)

2
A(s) = T ds | (s —s1) (4.68)
=0 s=s1
But, because A(s}) = A(s1)*, and (s — s1)* = (s* — s7), then, again,
GoNS LA [ LA | :
A(s*) = 2 TR . (s*—s])" = 2 N a4 . (s—s1)°| =[A(s)]" (4.69)

Repeating this process to reach any point in the space C \ R, we can prove eq. [4.64]
[A(s)]* = A(s*). Now, proving eq. is trivial,
A(s +ie) — A(s —i€) = A(s +ie) — [A(s +i€)]" = 20 Im A(s + i€), e — 0T, (4.70)
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Note that, in our work, due to the fact that we are considering all the particles as
massless, the minimum squared energy threshold s, is zero. Thus, the finite segment
0 < S < Smin, which allows us to do the analytical continuation (see fig. , collapses to
a point (the origin), where there is a so—called Adler zero. In principle, this would break
the power expansion of eq. . However, we can work in the limit where sy, — 0F.
This is equivalent to keeping finite masses and taking the limit My, M), — 0T at the
end. Since the analytical extension procedure (egs. from to does not depend
on a minimum value of sy, working in the limit s,;, — 0" is enough to comply with
the hypothesis sy, > 0.

For the derivation of the unitarization procedures, it will be also very useful to take
the next relations into accountf], which can be proven from eqs. [4.60}

1 Y ds'Im FI(})(S’) —s

— = Frylog — 4.71
T / (s")2(s" — s — ie) 17708 '\ (4.71a)
1 (% ds'Im FI(})(S,) s

— = Dyylog — 4.71b
T / v (5)2(s —s—ie) 1B R (4.71b)

1 ds'Im FI(})(S’) A? A?
— =B Dijlog— + Ejjlog — 4.71
2m /|s'|=A2 (8")2(s" — s — i) 15) + Dirlog G s p? ( %

To prove eq. (eq. 4.71b| is proven in a similar way), let us recall that, for e > 0,
s > 0, Im[log(—(s + i€)/u?)] = —, so that

/“ ds'Tm F3)(s") /A2 ds'(—wEy)
o (8N2(s' —s—ie) Jy & —s—ie
e—0t 2 A%>s —S
2 _nElog(s — s)|2\:O ~ 7mEp, logﬁ (4.72)

For eq. let us use polar variables z = A% exp(i¢),

/ ds' Im F}))(s)

wj=az (8')2(s" — s — i)

/ " 46 ip2eio Bra() + Dislog(A’e™ /%) + Epylog(—A%e/u)
0 N2 — s —ic

(4.73)

Now, because A% > s, we can approximate this integral by

[ I [ g (B + Dalon(A) + Erylos(h2)2)
iz (s’)Q(s’ ~ ie) 1 ; 1J\H 1J 108 2 1J10g 2

i ™ 0
+/7rd¢i[iD1J¢]+/0 i[iEIJqS—iW]+/Wi[iE1J¢—l—i7r], (4.74)

where the standard determination for the logarithm in the I Riemann sheet, log(Ae®) =
A+1i¢, Vo € (—m, ), has been used. Now, making the final integration, we have

ds'Tm FY (s .
/ ( i ~ 2im [Bry(p) + Drjlog(A*/p?) + Erplog(A*/p?)] . (4.75)
[1=A2

s (s — s — ie)

“Here, € — 0F.
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Finally, taking into account that A% > s,

ds' FO(s) [ SKi A2 K, [ |
o N do - iN%e™® i — / do - e~ — A
/|5|:A2 (3/)2(3/ _ s) /0 ¢ (24NN (A2e’¢)3 A2 ng e , ( 76)

—T

Note that the approximations of egs. and are exact in the limit A% — co.

In the next sections, we will show the derivation of the unitarization procedures that
will be used here: the Inverse Amplitude Method (IAM), the N/D, the improved K-matrix
and the large-N methods.

4.3.2 Inverse Amplitude Method

An introduction to this method can be found in refs. |11}, |162, [163]. This method was
developed for low-energy QCD, where it was applied for ordinary ChPT for mesons
(see refs. |91, [164-166]). Later, it was applied to the unitarization of the divergent NLO
WBGBES scattering amplitudes of higgsless models (refs. [9-11,167]), and has been shown
(ref. |168]) that it is able to properly reproduce the channel and mass of an electroweak
resonance from the footprint it leaves on the chiral parameters alone; only its width is
not adequately reproduced if such resonance is very weakly coupled.
For an elastic process, unitarity implies thaiﬂ when using partial waves,

Im A(s) = |A(s)]? = Im ( Ags)) - —Iaé)(‘? =1 (4.77)

is exactly known, provided that Im A(s) # 0. This is a remarkable result. There is an
analogous expression for the matricial form of two-body partial wave amplitudes, which
corresponds to non-elastic processes,

ImF~ ' =—1. (4.78)

Let us prove eq. 4.78 Because of T-invariance, the reaction matrix F' is symmetric
(F = F', FT = F*). Taking also into account that

ImF = Zii[F — F*] (4.79a)
Im F~! = %[F‘l — (F71] (4.79b)
(F*) ' = (F ", (4.79¢)

we can compute

0=1—-[F ' "F+(F)'F-1=[F "' (FY\F+(F)'F~-F
= [Im(FYHF+ (F) ' Im F = [Im(F~Y]F + (F)) "' Im F, (4.80)
so that
Im(F™) = —(F) ™ (Im F)(F7). (4.81)

Because of the unitarity condition Im F' = FFT = FTF (eq. 4.55)), we can rewrite eq.
as
ImF~' = —(FNY'(Im F)(F™) = —(F)"YF'F)(F7') = -1, (4.82)

5See eq. for the unitarity expressions and, for the complex variable properties, Refs. [159-161].
And take into account that z = aexp(ia) = Im[1/z] = Im[exp(—ia)/a] = — Im(2)/|z|*.
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thus recovering eq. [4.78|
Now, consider the generic form of our NLO processes (eq. [4.60)),

Fi9(s) = Kuys
F[(})(s) = (BU(,u) + Dyjlog /% + Erylog ;—j) s2.
The perturbative expansion to NLO of the partial wave, valid for small s, would be
Fry(s) = F{)(s) + F{j)(s) + O(s"). (4.83)
Let us introduce the so—called inverse amplitude matrix,
W=FOp-1p0 (4.84)

Over the physical s (RC), where the unitarity condition of eq. [4.55 holds, we can apply
eq. Thus, using also that Im F(®) = 0 over the physical s (eq. 4.60)),

ImW =Im(FOF1FO) = FOIm(FHFO = —FO1)FO = O RO (485)
Now, applying the perturbative version of unitarity (eq. [4.61),
ImW = —Im FW (4.86)

This expression is exact over the RC. At other locations of the complex plane, it is only
perturbatively correct. in particular, over the left cut (LC), it is approximate to order

O(s),
ImW = —Im FO + O(s%). (4.87)

Let us see why. Taking into account (eq. 4.60) that F© ~ O(s) and FM) ~ O(s?),

F—l _ [F(O) + F(l) + 0(83)]—1 _ |:(1 + F(l)(F(O))—l + (9(82))F(0)}—1

= [FO1 11— FO . (FOY1 1 O(s%)]. (4.88)
Thus, introducing eq. inside the definition of eq. we obtain
W=FOp1pO = [pORO-1 - pO . (FOY=1 L O(2)][FO)]
=FO - FU 4 0(s%). (4.89)

Now, we need to take into account that we are evaluating s over the LC. That is, s = s'+ie,
where s/ < 0 and € — 07. Thus, the imaginary part of F(® (eq. 4.60)) turns into

Im F© =Im(Ks) =e — 0", (4.90)

Thus, over the LC, eq. can we written as ImW = —Im F") 4+ O(s%), which indeed
is eq. [£.87]

At this point, we will make use of the so—called twice-subtracted DR. Taking into
account the Cauchy’s Residue Theorem [159-161],

/ /
/ds’SIQ(WU(S ) = 2mi E Res L/Q(VYU(S ) ;851 (4.91)
. -

s’ — s — i€) - s’ — s — i€)
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Physical s

Figure 4.5: Contour for the application of Cauchy’s theorem in eq. to derive the
dispersion relation in eq. . Note the presence of two cuts on the real axis (LC and
RC). The physical values of the scattering amplitude are recovered over the right cut
(s =s+ 1€, e = 0T).

The integration contour chosen is shown in fig. , and we are using the fact that W (s) =
FOR-1FO (eq. has the same analytic structure than F(s) up to possible poles
coming from zeros of A(s). This is due to the fact that F(©) = Ks (eq. @ is analytical
on C and only vanishes for s = 0. The Adler zero (on sagqer = 0) is a particular case,
since the zero on F(© cancels the single pole on F'~'. This analysis supposes that we are
working in the limit where the masses of all the particles are negligible. Ref. [169] studies
in more detail scattering processes with massive particles and subthreshold poles, both
being a very small effect.

Now, let us evaluate the residues of Wy, (s')/s%(s' —s—ic). At lowest order, W;;(s) ~
Krys + O(s?), so that, neglecting other poles [zeroes of F(s)] inside the integration
contour, the Cauchy integral of eq. turns into

/ds' = Wis(s) — = 2m’ZRes[ Wiy(5) — . 5| = — KI‘{ + WIJ(SjLiE).
5 S2(s — s —ie) - s?(s' — s —ie) s+ i€ (s +ie)?
(4.92)
In order to carry out the actual integration over the contour of fig. 4.5 we will take
different ¢ — 07 and ¢ — 07, the first one being the distance between the evaluating
point s + ie and the RC (in order for the point to be in the physical region); and the
second one, the distance between the integration contour and the cuts. In order for this
integration to work, it should be that e > &’. That is, s+ ie should be over and very close
to the real axis (physical s), but still inside the region defined by the integration contour,
so Cauchy’s theorem can be applied. At the end, both € and & will be taken in the limit
— 07. Thus, the integration of the LHS of eq. is

’ W_[J(S/) dS/W[J(S/) A dS/W]J(S/ + iS/)
ds 12 (gl ; - N2( gl — T ! AV ;
5 S2(s — s —ie) sr1=p2 (8)2(s" — 5 — i) o (8 +1ie)2(s — s —ie)
N /0 ds'Wi (s +ig’) N A ds'Wig(s' —ig')
) o (s

_a (8 i) (s — s —ie F—ie!)?(s' — s — i€)

O ds'Wis(s' —ig)
4.93
+/A (s" —ie")?(s" — s — ie) (4.93)

Now, take into account eq. [4.63) Fr (s +ic') — Frj(s —ie') = 2iIm Fy;(s + i€’). Since
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Wirs(s) has the same analytical structure, the derivation of this equation is still valid for

Wis(s), so that

2

ds'Wi(s
W[J(S—i-iE) K[JS+ i / i IJ(S)
Is\ AZ

27i (s")2(s" — s — i€)

§2 (M ds' ImWys(s' +ie') s [0 ds'Tm Wy (s' + i€’)
— . — —, (4.94)
T (s")2(s" — s — i€) T J_an (8)%(s — s —ie)
and using eq. both in the RC (exact) and the LC (approximate),
2 dS/W[J(S/)
’ K
Wisls tie) &~ Kigs + 27TZ/|5| a2 (8)2(s' — s —ie)
__/ ds’' ImFI(J)Sque)_i/O ds’ImFS)(s’%—ié’) (4.95)
s — i€) T Jon (8)2(s—s—ie)

Now, taking into account egs. [4.71]

, s —s5 s ds' Wiy(s'
W[J(8+Z€) %K[JS—D1J8210gF—Ejjszlogﬁ—i—%//| 2 (S/)2(8/ iJ£_>i€)' (496)

And, using again eqs. and [4.70], it is easily proven that this integral equation is solved
by

Wis(s) = F9(s) — Fy) 4.97

17(8) 17 (8) 17 (8)- (4.97)

Now, considering the definition of the Inverse Amplitude Matriz, W(s) = F© F~1F©
(eq. 4.84),
W(s) ~ FO(s) = FW(s) = FO(s) F\(s) FO(s)
= Fian(s) = [FO)] T EO(s) = FOG)[FO()] 7, (4.98)

Fian being the scattering partial wave resulting from the application of the Inverse Am-
plitude Method. Thus, at the end, we arrive to the formula

Fian(s) = [FO(s)][FO(s) = FW(s)] 7 [FO ()], (4.99)
taht reduces, for elastic scattering, to

[A©) (s)]?
A0 (5) — AD(s)’

Aram(s) = (4.100)

4.3.3 N/D method

An introduction to this method can be found, for instance, in ref. [170]. The starting
point is to consider an ansatz for the partial wave numerator and denominator,
N{(s)
D(s)’

A(s) = (4.101)

N(s) having only a left cut (LC) and D(s) only a right cut (RC). Because of the reflection
principle (eq. [4.63)), this implies that

N(s), only LC = N(s), continuous over the RC = Im N(s) = 0Vs € RC
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D(s), only RC = D(s), continuous over the LC = Im D(s) = 0Vs € LC

Now, using unitarity for elastic channeld’, the method should satisfy

N(s) _ IN(s)?

Im A(s) = |A(s) = Im 55 = 75

(4.102)

to be unitary. Let us study the consequences of eq. [4.102| Since, on the RC, Im N(s) = 0,
then

mN(=0. N(s) ) I 1 _ —N(s)Im D(s) _ [N(s)]?
s€RC = Im 5 = N I e S T Do) D)2 D(s)?
= Im D(s) = —=N(s) (4.103)

And, on the LC, Im D(s) = 0, then

s e LC M2 1 A(s) = Im _ N) L N(s) = D(s)Im A(s)  (4.104)

There is a similar (matrix) expression for coupled channelsﬂ In this case, the F'(s) matrix
is written as

F(s) = [D(s)] *N(s). (4.105)

As in the elastic (non-matricial) case (see eqs. 4.102] to [4.104), we have Im N(s) =
0[N(s) continuous]Vs € RC; and Im D(s) = 0[D(s) continuous]Vs € LC. This al-
lows us to recover the expressions equivalent to eqs. |4.103| and 4.104. First of all, over
the right cut, Im N(s) = 0, and taking into account the unitarity condition for coupled
channels (eq. [4.55)),

Im F = Im{[D(s)] "' N(s)} = Im{[D(s)| "'} N(s) = %{D_l(S) — [D7H(s)]" I (s)
= F(s)F(s)' = FF* = [D7(s)N(s)][D™'(s)N (s)]" = DI(S)N(S)[Dl(S)]W(\;(i)O? )

where we have used the fact that F(s)! = F(s), because of the T symmetry. Now,
provided that N(s) is non-singular,

%{D‘I(S) —[D7(s)]"} = D7 (s)N(s)[D ()]

= N(s) = = D(s){D"(s) — [D"'(s)]"}D*(5) = = {D(s)"(s) — D(s)} = —Im D(s),

2% 21
(4.107)

so that we recover eq. [4.103],
Im D(s) = —N(s),

but for the matrix formalism of coupled channels. The matrix form of eq. 4.104]is easier.
Just consider that, on the left cut, Im D(s) = 0, so

Im F(s) = Im[D ' (s)N(s)] = D*(s) Im N(s) = Im N(s) = D(s)Im F(s)  (4.108)
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N(s) D(s)

ImN(s) =0

R X

LC ] ﬁ T RC

ImD(s)=0

Figure 4.6: Contours for the application of Cauchy’s theorem to the dispersion relations
yielding the N(s) and D(s) functions of the N/D method. The N(s) function has an
Adler zero in s = 0 (eq. 4.110). Both N(s) and D(s) are analytic around s = 0 although,
since we are neglecting the masses, this analytical region will collapse to the point s = 0
when the RC and LC are extended to s = 0. However, Cauchy’s theorem can still be
applied by taking the limit where this region collapses but still remains finite.

Now, the zeroth-order behaviour can be recovered by setting the normalization
D(0) =1= N(0) = A(0), F(0) (4.109)

for the elastic [A(0)] and cross-channel [F(0)] formalisms, respectively. Because of the
presence of the Adler zero in our expressions,

A(0), F(0) =0 = N(0) =0, (4.110)

Eqgs. [4.103] for Im D(s) [and [4.104] for Im N (s)] will be used to compute dispersion rela-
tions. In both cases, because of their imaginary parts being zero over the LC [RC], the
reflection principle works,

N(s+ie) — N(s —ie) =2iIm N(s+ie), s >0 (4.111a)
D(s +i€e) — D(s —ie) = 2iIm D(s + i€), s < 0. (4.111b)

Let us extract the n-subtracted dispersion relation for N(s). See the left graph in
fig. [4.6] for the integration contour. We will apply the Cauchy’s theorem to the function

G E—

(s)(s' — s —i€)

The two residues within the integration contour shown in fig. (left plot) are

{N(s i) o { N(s') g 0} } . (4.113)

(s +ie)n’ (s)(s' — s —i€)’
6Im A(s) = |A(s)]?, see sec.

"We used time reversal invariance to extract the analytical structure of the partial waves (sec. .
This property is exact in the perturbative expansion. However, it is not necessarily respected by the
unitarization procedures. Note that the coupled channel version of N/D in this section is an example
of a unitarity procedure where time reversal invariance is only approximate. Another one will be the
I-K method (sec. [.3.4). In contrast, the IAM method (sec. does respect time reversal invariance
exactly. Anyway, if the unitarization procedure is applied within its validity range, the violation of time
reversal invariant, if there is any, should be negligible.

(4.112)
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Now, consider that N(s) is analytic around s = 0, and N(0) = 0 (Adler zero, eq. [4.110)).
Thus, if n = 1 (once-subtracted DR), we would have no pole. Otherwise, if n > 1,

N(s') = ho+his' +hos® + -+ his” + ... (4.114)

We have kept hy because we will reuse these equations for D(s) (D(0) # 0). However,
ho = 0 for N(s). Now, f(s') (in eq. 4.112)) has a Laurent expansion

N(s)
N —
o) = -7
1 s A AN
=————(hg+hs +hs? +..)[1+=+ (=) +(=) +...|. (4115
(s")s s s s
Hence, the residue on s’ =0 is
hnfl hn72 hl ho
Res [F(s/). & — 0] — _ ~ L _ . (4116
eslf(s),s ) s+ie  (s+i€)? (s +ie)»1 (s +ie)” ( )

Thus, according to the Cauchy’s theorem, and taking into account that hy = 0 (Adler
zero, eq. [4.110)),

. n—1 ) / !
27TZ,N(8—|—Z€) :2m'z( h; +/ ds'N(s")
A

(s + ie)" = (s+ ie)n—J 2 () (s' — s — ie)

N /0 ds'N(s' +ig') N /°° ds'N(s' —ig') (4.117)
0

oo (88" — s — i) (s")7(s' — s — i€)

Here, A% stands for the outer loop of the integrand contour (— oc). The inner arc with
radius €, which closes the integration region around the LC, gives no contribution to the
integral because it is defined in a region where the integral is analytic, and its length can
be taken to zero (¢ — 07), still being in a zone (between the LC and the Adler zero)
where the function is continuous and bounded. Note that, provided that N(s)/s" — 0
for s — 0o, the outer loop also cancels. This works when N(s) ~ O(s%), d < n.

Now, using the reflection principle of eq. £.111a, the relation of eq. and taking
e =0T, & = 0", & >e eq. 4.117 turns into

2 s Y ds'Im N(s)
N(S) = Zhjsj—i_?/ (s/)”(s’—s—ie)
=1 —o0

s —s—ie)

RN J s" 0 ds'D(s)Im A(s)
_;hj n W/_OO e (4.118)

For D(s), the integration contour will be the second plot of fig. 1.6l Now, we will
apply the Cauchy’s theorem to a function
D(s
o) = )
(s")"(s" — s — i€)
as we did for N(s) in eq. [4.112 Now, following the same procedure that in eqs. |4.113
to [4.116], the two residues within the integration contour will be
D(s + ie)
(s +ie)n

(4.119)

(4.120)
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on s’ = s+ i€, and

hn—l hn—? hl h()
N oo —0l — _ _ e — ) 4.121
Res[g(s'), s = 0] s+ie (s ic)? (s +ie)" 1  (s+ie)” ( )

on s = 0. Note that, because of the normalization D(0) = 1 (see eq. [4.109), ho = 1.
Now, applying the Cauchy’s theorem in the same way that we did for f(s') in eq. [4.117]
but for g(s’) and using the integration contour of the right picture of fig. 4.6|

n—1

D ) , "D(s’
Qﬁi@—+w21+gwiz#+/ ds'D(s')
p= A

(s + )" < (s +ie)" 2 (8)(s" — s — ie)

0 / / - ) 0 / s
+/ (dsD(s + ig’) +/ ds'D(s" —ig’) (4122)
0

o (s — s — i€) (s")n(s" — s — i€)

Therefore, using the reflection principle (eq. 4.111b|) and the relation of eq. 4.103] we get
the n-subtracted DR for the D(s),

" - os" [ ds'Im D(s ds'N (s
—1 hist + 2 —1 hys? —
2 +; ]8+7r/0 (s)(s’—s—ze +Z + / s—s—ze)

(4.123)
where we need that D(s)/s" — 0 for s — oo in order the outer loop to cancel. This fits
when D(s) ~ O(s?), d < n.

For the one-loop Lagrangian [38, [39], a three-times subtracted version (n = 3) of the
DR of eq. has been used,

ds’N( "

)3(s' — s —i€)

In order to give a first estimate of N(s) and D(s), we would need to split our one loop
computation in two parts having one of them only a RC and the other, the LC. For the
coupled channels (trivial generalization to elastic channels),

G(s) = % {B(,u)(D +E)™' +1log ;—j] (4.125a)
Fi(s) = [B(u)(D +E) +log %] Ds? = 7G(~s)Ds? (4.125b)
Fr(s) = [B(u)(D + E)! 4 log — e } Es* = nG(s)Es (4.125¢)

It can be easily proven that F(!) = Fy(s) + Fr(s), Fi(s) having a LC and Fg(s), a RC.
Note that when D 4+ E = 0 this will no longer Workﬂ Furthermore, note that, because of

eq. [£.62] eq. [£.125¢ turns into
Fr(s) = —G(s)K*s*> = —=G(s)[F9(s))? (4.126)

Our estimate for N(s) will be

No(s) = FO(s) + Fp(s). (4.127)

8For example, take I = J = 1 and a? = b.
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Note that Ny(s) ~ O(s?), so that using the three-times subtracted expression ensures
that the outer loop integral cancelsﬂ. In turn, we can estimate Dg(s) using eq. |4.124}

ds' Ny
D()_1+h18+h28——/ S/ ( )
(s — s —t€)
s K 1 s D

Thus, we will need to compute several integrals. Let us dimensionally reduce variables
toy = (s+ie)/p?, x = §'/p?, and redefine the integration limits to be from m? to oc.
Later, we will take m — 0. Thus, we have (see appendix |D.3):

o ds’ 1 s
I = =—1 1—-— 4.129
! /m ()5 —s—ie) 58 (1 0a) (4.129%)
e ds' 1 s
I = =——|—+1 1—— 4.129b
? /m2 (s")2(s" — s — ie) 52 [mz Tiog < m2>} ( )

' /Oo ds'log(s'/1i?)
I =

m2 (8")(s — s —ie)

11, ,(-s .m? 1., (m? m? m? 72
=3 {ilog <F>+L127—§10g <F +logﬁlog l1—— +E .

S
(4.129c¢)
With these definitions, we can re write eq. [4.12§ as
3
Do(s) = 1+ hys + hys® — % [KL,+ B(u)(D+ E)'DI, + DI} . (4.130)

Taking into account the integrals of eqgs. 4.129] and eqs. 4.127] and [4.130] and supposing
that h; and hy have no imaginary parﬂ, we can compute, on the RC,

Im Dy(s) = —FO(s) — Fr(s) = —No(s), (4.131)

thus complying with eq.[4.103, which is the condition of unitarity if we suppose Im N(s) =
0 on the RC, as defined by the N/D method. Note that eq. 4.103|is also valid for crossed-
channels, as explained after eq. [4.105]

Now, taking into account eqs. [4.60], [£.125], £.105] {.127] and [£.130],
F(s) = [D(s)]""N(s) & [Do(s)] " No(s) =
3

1+ hys+ hos® — S?T(s)] h [FO(s) + Fr(s)], (4.132)

where F©)(s) and Fy(s) are defined in eqs. |4.60} [4.125, respectively; and
T(s)= KL, + B(u)(D + E)"'DI, + DI,. (4.133)

For small m, eq. [4.130] turns into

Do(s) = 1 + hys + F(OJT(S) log (%) +O(s?). (4.134)

9Gee the discussions under egs. [4.117| and [4.123
10As appropriate in EFT, where the tree-level coefficients come from a real Lagrangian density.
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All that remains is to fix h;. For this, we match the N/D method to the NLO calculation.
Let us write down F'(s) (eq. [4.132)) as

F(s) ~ {1 + hys + F“:(s) log (f) + 0(52)] B [FO(s) + Fr(s)]

2
F(O)(s)

~ [1 — s — log (;—j) + .. } [FO(s) + Fr(s)] + O(s*). (4.135)

Note that we have used F(¥)(s) = K's (eq. 4.60) and F7(s) o s? (egs. [4.125) to compute
the order O(s?). In order to match N/D dispersion relation (eq. [4.132)) to perturbation
theory, eq. [4.132, when expanded at low s, should become

F(s) = FO(s) + F(s) + Fr(s) + O(s®). (4.136)

Let us expand eq. [4.135]

(0) F(O)(S) —S (0) 3
F(s) = FW(s)+ Fr(s) — |h1 + - log g FY(s)s + O(s”) (4.137)
Thus, if we match eqs. [4.136] and [4.137],
FO —
Fr(s) = — [hl L) o (-j)} FO(s)s (4.138)
™ m
Taking into account eq. [4.125
Fr(s) = 7G(s)Es* = [B(u)(D + E)' +log ;—j] Es?, (4.139)

If we also consider eqs. 4.62] and [4.60] the compatibility condition between eqs. [4.138
and [£.139]is written down as

—s| —K? —K? —
B(p)(D + E)™' +log — s = —h Ks* + s*log — : (4.140)
wr o T m?
so that, finally,
b= LBUOD + B K + LK 10s ™ (4.141)
= — —Klog — :
1 T M T g [1/2 )
which can be written down as
1
a(m, 1) = ~[B(m, w)}(D + E) 'K (1.142)

Thus, according to egs. [4.62] |4.134] 4.139| and 4.141|,

N )

—142 lB(u)(D +B)! +log (;—fﬂ K2+ 0(s?)

™

=1—[Fr(s)] - [FO7Y(s) + O(s?). (4.143)
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Now, let us extend eq. 4.143| with the coefficient of order O(s?). For this, we need to
define

1 2
H(m) = hy(m)7 + — K + %a (4.144)

so that eq. 4.130| turns into

Dy(s) =1 = [Fg(s)] - [F(s)] !

s? Do = 1 log? = 12m2

H(m) is a renormalized parameter at the scale m. If we demand Dy(s) to be independent
of this scale, we find the renormalization equation

d H(m) _ m?
2 _ 1
Tmd~ = BU(D+ )7 D+ Dlog . (4.146)

m

which leads to an evolution equation that is characteristic of an NNLO parameter in
perturbation theory,

2 1 2
H(p) = H(uo) + B(uo)(D + E)"'Dlog % +5Dlog’ % (4.147)
0 0

This renormalized constant, H(u), can contain contributions coming from the NNLO
chiral couplings, generated by the unitarization procedure. However, we could choose

H(p) = 3[B)(D+ B) "D, (4.148)

which, once we take into account eq. [3.135, B(u) = B(po) + (D + E) log(u?/ud), verifies
eq. £.147] With this choice, eq. turns into

Dy(s) = 1 = Fr(s)[FO(s)] ™" + S[G(s) Ds” (4.149)

where Fr(s) and G(s) are defined in egs. |4.125| Finally, taking again into account the
definitions of eqgs.

Dyfs) = 1~ Fa(s)[FO(s)] ™ + 5G(s) Fu(s), (4.150)

and

-1

FNP(s) = |1 = Fr(s)[FO(s)]! + %G(S)FL(—S) : [F(O)(s) + Fr(s)] . (4.151)

Note that this method is valid even for K = E = 0, although it would fail in the case that
the matrix D 4+ E would not have an inverse (or D + E = 0 for the elastic, non-matricial
case), because of the appearance of a factor (D + E)~! in eqs. 4.125|
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4.3.4 K-matrix and Improved K-matrix

The so-called K-matrix method is one of the most popular unitarization procedures. See,
for instance, refs. [171-173], which develop the K-matrix theory for the low energy QCD
(ChPT formalism). On the contrary, ref. [174] and the recent review [175] study the K-
matrix method in the context of the EWSBS. In the single channel case, the K-matrix']
is defined in terms of the S matrix,

1-iK/2

= /= 4.152
1+ iK/2’ (4.152)

so that S is unitary if and only if K is Hermitian. In a perturbative computation, the
(approximate) S matrix will be written as

S=14+8W4+85@ 4 (4.153)

the approximate S matrix not being unitary. However, the corresponding truncated
expansion of K,
K=K 4+ K®y (4.154)

introduced in eq. produces a new series of S which is exactly unitary at any
order [3§].
Thus, let Ag(s) be a real E non-unitary estimation of the scattering amplitude. The
K-matrix unitarized partial wave is defined as
Ao(s)

Ap (s) = T A (4.155)

which satisfies unitarity in the physical region, since, because of the fact that Im Ay = 0,

Im[Ag(1 +1i4g)] A}
1+ A3 1+ A

But this unitarization procedure has a problem: the unitarized partial wave has not
the required analytical structure. For instance, AX(s) has no right cut (RC), so it is
impossible to define a II Riemann sheet as was shown on fig. (page|60]). This definition
of second Riemann sheet is crucial to recover resonances, as was exposed on sec. 4.2

Thus, it would be expectable that the K-matrix method omits the presence of reso-
nances which are predicted by other methods (like the N/D and the IAM). In practice,
this is what happens, and most of the criticisms on the unitarization methods which
appear in the literature are based on the fact that some of them can produce resonances
(actually, poles on the second Riemann sheet) which are not predicted by others (tipically
the K-matrix). However, this is due to the limitations of the K-matrix and, in particular,
to the lack of a proper analytic structure on the K-matrix unitarized partial waves. Ac-
cording to the experience in unitarization methods applied to hadron physics [164-166],
these resonances do appear and are well described by unitarization procedures other than
the simplest K-matrix method. Actually, the A (s) partial wave is defined only in the
physical region, it cannot be analytically extended to the whole complex plane by follow-
ing the complex integration trajectories of fig. This is why we consider the K-matrix
method less appropriate than others.

Im A = = |AL% (4.156)

HSee ref. [174]. Ref. [175] uses a slightly different definition (a change in the sign of K).
12Im[Ag(s)] = 0 on the physical zone s’ = s + ie, € — 0, s > 0.
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Hence, except otherwise indicated, we only consider an improved version of the K-
matrix, which has the proper analytic structure (with a RC). Let us introduce the ana-
lytical function

gls) = % (C +log ;—5> , (4.157)

C being an arbitrary constant and u, an arbitrary scale. At the end, we will define this
g(s) as in the N/D method (eq. [4.125a)), taking C' = B(u)(D + E)~'. Anyway, in the
physical region (s' = s + ic), log(—s/u?) = log(s/u?) — im, so that

Img(s) = —1. (4.158)

Our heuristic way of modifying the K-matrix method is substituting —i — g¢(s) in the
K-matrix expression (eq. [4.155)), so that

K/ .\ _ Ao(s) s _l B(u) o -
A = T A g(>_7r(D—I—E+1gM2>’ (4.159)

this A™(s) being the unitarized partial wave according to the improved K-matrix method.
Note that this is equivalent to defining

_ K B(p)
D+ FE

in eq. 4.130L. When crossed-channels are included, the improved K-matrix method is
defined as

hi = ha(p) (4.160)

F™(s) = (14+GNo) ' Ny (4.161a)
1 -1 —S

G = - (B(,u)(D + E) +log F) (4.161Db)

No(s) = FO(s) + Fr(s). (4.161c)

Note that G and Ny(s) are defined as in the N/D method (egs. 4.125a] and [4.127] respec-
tively).

4.3.5 Summary of the unitarization methods and their range of
applicability

The detailed description of the unitarization procedures IAM, N/D and IK (improved-
K matrix) is contained in secs. [4.3.2 |4.3.3| and 4.3.4] respectively. Anyway, for easy
comparison, and in presence of crossed-channels, these three procedures reduce to the
application of the matrix formulas

F'3(s) = [FO(s)] - [FO(s) = FO(s)] - [FO(s)] (4.162a)
FN/P(s) = |1 = Fr(s)[FO(s)] 7! + %G(S)FL(—S) - No(s) (4.162b)
F™(s) = [1+ G(s)No(s)] 7" - No(s), (4.162c)

where F©)(s) and FM(s) are the direct result of the computation of the partial waves
(see egs. [4.60) and Fi(s), Fr(s), G(s) and Ny(s) are defined in eqs. |4.125 and [4.127}
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respectively. These equations, when dealing with an elastic (single channel) process,
reduce to

AO)(5) + Ap(s) (A9 (s)]?
AAM () = L = 1 (4.163a)
1 at (Y () aye)  ATE A0
N/D A(O)(S) + AL(S)
AN/P(5) = 4.163b
& 1 — 48 4 2g(s)AL(—s) ( |
AK(s) = AD(s) + Arls) (4.163c)

AR(s )
1- A(}g)((s)) + g(S>AL(S)

where Ay (s), Agr(s), g(s) and Ny(s) are defined as the scalar versions of the matricial
Fr(s), Fr(s), G(s) and Ny(s). All the three methods satisfy the low energy expansion

ABMAND A — A0 (5) 4 AW (5) + O(5?), (4.164)

and the different unitarization procedures only start differing in terms of order O(s?).
Anyway, from eqs. [4.163| it is clear that the conditions for the equivalence of the uni-
tarization procedures is a small Ay (Ap < A©), since for Ay — 0 the three egs.
collapse to a single expression A (s)/[1 — (Ag(s)/A©(s))].

Now, notice that the IAM method is the only one that does not require an explicit
splitting of the NLO term A")(s) between two functions with a right cut (Az) and a left
cut (Ar), so that it is the only applicable method when such a splitting fails. According
to eq. such failure takes place when (D + E)~! is singular (D + E can be vanishing
for same elastic processes and consequently not invertible for coupled-channels). For
D+ E < B (small D+ E), Fi, ~ Fr. Note that this splitting is in some way arbitrary,
since we could add (and substract) terms to Ag and A without changing their sum,
provided that such terms (actually, of the form Cs?) are analytic. Thus, in the small
D + E regime, the three methods are expected to produce different results and, because
of the arbitrary choice of the splitting, the TAM is preferable. This happens for the
vector-isovector channel (I = J = 1). In this channel, for a®> = b, D + F is exactly zero.

On the other hand, the applicability of the IAM requires K? = E # 0 (which implies
A® =£0). Otherwise, the IAM gives a vanishing result: this happens for J = 2 channels,
because they start at NLO in the effective theory. Then, the IK or N/D methods are
profitably employed.

Note also that, only for elastic scattering, eq. can be applied, so that the position
sg of the poles on the II Riemann sheet can be computed just by solving the equation
A(sg) 4 (i/2) = 0. Let us apply this method in eqs. [4.163] For the elastic version of the
IAM method,

AO(sp) — AW (s5) — 2i[AV(s5)]2 = 0. (4.165)

For the N/D,

A(O)(SR)—AR<SR)+ég(SR)A(O)(SR)AL(—SR)—QiA(O)(SR)[A(O)(SR)+AL(8R)] =0. (4166)
And, for the IK,

A(O)(SR) — AR(SR) + g(SR)A(O)(SR)AL(SR) — QZA(0)<SR)[A(O)(SR) -+ AL(SR)] =0. (4167)

These are simple equations that give the resonance position and can be solved by iteration
(e.g., Newton’s method).
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4.4 Extensions of the ww unitarization

In this section, based on our works [136, [151], we will consider two possible extensions to
the pure WBGBs scattering. The first one is the scattering of a 2-v state,

vy — {ww, hh}. (4.168)

The partial waves which correspond to this process can be found in sec. [3.3.2] Since
the photon is a spin-1 particle, the possible values for the total angular momentum are
J =0, 2 (the Landau-Yang theorem forbids J = 1). In each J-channel, we can have
either a® = b, which implies that the yy — hh channel decouples (see eq.|3.87)), or a? # b,
which implies that the vy — hh channel contributes to the reaction matrix. These four
cases will be studied from sec. E.4.1] to sec. E.4.4l
The second extension which we consider is a WBGDBs scattering which gives a final
state tt,
{ww, hh} — tt. (4.169)

The corresponding partial waves can be found in sec. |3.3.3. The only considered channel
will be I.J = 00, since it is the only one which couples with the WBGBs channels at order
O(M?/v*). Note also that, although the ¢f — tt partial wave appears in the reaction
matrix, its order in M; /v is too high, so that it does not contribute to the final unitarized
partial waves ww — tt and hh — tt. However, we have computed the matrix element
tt — tt in sec. and appendix for completeness, and because it is useful to
introduce the spinor formalism in a general case.

J 0 0 2 2
Coupling with hh (a® # b) no yes no yes
v scattering eq. 4.176[ | eqgs. |4.190| | eq. |4.194| eq. |4.197|
tt in the final state eq. [4.201] | eqgs. 4.215 no no

Table 4.1: Summary of the extensions to the pure WBGBs scattering considered. In each
case, the equation numbers of the final unitarization expressions are given.

4.4.1 ~~ scattering without hh channel (a? =b), J =0

Let us take J = 0 and a® = b; this implies that the vy — hh channel decouples (see
eq. , SO we omit it. In this regime, the expression for the amplitude matrix is

extended to
AOO (S) 0 POO (S)

F(S) = 0 AQQ(S) PQ()(S) + 0(062), (4170)
PO()(S) PQ()(S) 0

where Aj;(s) are the (isospin conserving) elastic partial waves ww — ww (egs. [3.136
and [3.138) and Py;(s), the partial wave vy — ww (egs. [3.152). Note that we consider

only the leading order in electromagnetic «.

Partial wave unitarity Im F(s) = F(s)F(s)" (eq. 4.55)) is applied, on the RC, to
def. £.170, We have to take into account that « is considered at leading order. With
this condition, and without coupling the hh state (because we have a* = b), we recover

eqs. [1.59a) {599
Im AI() = |14]0|27 I = 0, 2. (4171)
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We also obtain the new relations
Im P[O = P]()A;O, I = 0, 2 (4172)

Note how crucial it is that « is taken at LO for checking unitarity. Namely, if we took a
higher order in «, we would need to introduce corrections to the elastic Ajy in order to

account for the rescattering ww — (v7y) — ww.
Now, let us use the elastic JAM method (eq. [4.163a)) for the unitarization of A;,(s),

- A(0>(s)
A(s) = YOIOR

L= S0

(4.173)

As usual, A = A© + AM 4+ is a chiral expansion on s and A, the unitarized partial
wave. This applies for both isospin channels, I = 0, 2.

For the P amplitudes, the unitarization is controled by ww rescattering (Watson’s
Theorem). At low energies, P = P(®). Therefore, the simplest solution to the unitarity
equation with the proper analytical structure is

. PO PO _
P = [ am = 10" (4.174)
A(0)
Then, on the RC,
. pO . pO ) .

which applies to the I = J = 0 and I = 2, J = 0 channels. Thus, our unitarized vy — ww
matrix element, with the same phase as the elastic IAM amplitude, will be

1=0,2. (4.176)

4.4.2 ~~ scattering with hh channel, J =0

Let us assume weak isospin conservation by the Goldstone dynamics, so that the reaction

matrix is written as
A My 0 Py

My Ty, 0 Ry 9
F= O 4.177
O O AQO PQ() + (OZ )7 ( )
Poo Ro Py O
where all the elements depend on s. Here, A are the partial waves ww — ww (egs. [3.136
and [3.138)); My, the ww — hh one (eq. [3.141)); Tp, the hh — hh one (eq. |3.143)); Pro(s),

the vy — ww ones (egs. [3.152); and Ry(s), the vy — hh (eq. [3.153)).
On the RC, perturbative unitarity (eq. 4.55)) implies the same results as for WBGBs

scattering (egs. , plus the following new relations for the vy couplings:

Im POO = POOASO + RQME; (4178&)
Im P20 = PZOAZO (4178b)
Im RO = POOMS + R()Ték (4178C)
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Because of considering only leading order in «, the WBGBs matrix elements (Agy, Mo
and Tj) can be unitarized without taking into account the 7 couplings. The I.J = 20
channel (in eq. [4.178b)) can be unitarized by following eq. (with I = 2) of sec. [1.4.1]
since it does not couple with I.J = 00 channel at this order. Regarding the / = 0 channel,
the previous discussion of sec. 4.4.1] can be generalized by taking a matricial definition
for F'(ww, hh — ww, hh) (and considering only I = 0),

F = Fy = = 4.179
. (MO TO) (M T>’ (4.179)
and similar definitions for F© and F(U,
, A@ @
(1) — —
FY = (M(i) T6) ), 1=0,1. (4.180)

Following the TAM method (eq. [4.162a)) for the unitarization of F, on the RC, F =
FO(FO© — pOY=1 O Thus, if we define (P, R) = (Poo, Ro), then from eqs. 4.178}

(D) -r (7). e

so that the following unitarized amplitude can be introduced,

()= F(F(O’V(;EZ; ) (4152)
where ( A{; J\T4 ) _ i (4.183)

is the unitarized WBGBs reaction matrix F (eq. [£.179). The TAM method will be used
for the computation of this F (see sec. |fl_3_2_ and eq. [4.162a)). Note that, by definition, F
satisfies the unitarity relation Im F = F - FT = Ft. F (eq. 4.55).

Now, following the procedure which was used in eq. [£.175], eq. [£.182] turns into

P N - plo) s /PO
Im (R> = (ImF) - (FO)~t. <R<0>) = F1R(FO) 1(R<0>)

. (PO - (P
= [*F(F©) I(R(°)> =F (R)’ (4.184)

so that we recover unitarity (egs. |4.178)). Note that we have used that Im F'®©) = Im P(®) =
Im R© = 0. Now, let us check the low-energy behaviour. Using the chiral expansion,
F=FO 4+ F® 4 eq.}4.182 turns into

()

so that the required low-energy behaviour is recovered. Note that

(p(0)> N <0 () + O(oz))’ (4.186)

RO O(a)

. (PO (PO
F(F(O)> 1(R(0)> = (F(O)—}-F(l)—i-...)(F(o)) I(R(0)>

P (PO
_ (R<0>) PO (FO) 1(R(0)) ..., (4.185)

9 o
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as can be checked in egs. [3.152] and [3.153] The next order of the perturbative expansion
of eq. [4.185 would be

PO o(%)+0

F(l) (F(O))—l ( ©) ) ~ ( v (Oé) 7 (4.].87)
i O (%) +0la)

as required. Note that P and R are computed only at lowest order in electromagnetic « at

LO, O(«), and we do not need intermediate 2-photon states. Higher order contributions

come only from the WBGBs rescattering. Taking into account that the inverse of the
F© amplitude matrix (eq. |4.180)) is

1 TO MO
0)\—1
(FO)-1 = (—M(O) A0, ) (4.188)

the unitarized amplitude matrix of eq. turns into

P 1 A M 7O _ 0\ / pO)
(R) = AWO)T0) — (M(O))Q (M T ) (_M(o) A(O), > (R(O) ) (4189)
Hence, eq. [£.182]is written as
2 AT< ) — MM<0> —AM©O 4 JTA©
= PO (0)
~ MT( ) — TM<0> TAO _ N MO

where A, M and T are the unitarized I.J = 00 partial amplitudes, computed with the
TAM unitarization procedure (see sec. and eq. (1.162al).

4.4.3 ~~ scattering without hh channel (a? = b), J = 2

In this case, the hh channel decouples again because a?> = b and R = 0. The amplitude

matrix becomes
Ay 0 Py

F=1[ 0 Ay Py |+0(?, (4.191)
Poy Py 0
where Ay are the elastic ww partial waves (egs. [3.138| and [3.140) and Pjs, the vy —

ww ones (eqs. [3.152)). Note that the Py are constant. Applying the unitarity relation
(eq.[4.55) to the amplitude matrix (eq. 4.191)), we recover Im Ay = |Afa]? (eqs. and

4.59¢)), and the new relations
Im Py = PpAl,, 1=0,2. (4.192)

Note that, in this case, since K = 0, we cannot use the IAM unitarization method for
the WBGBs scattering. Hence, the N/D will be used here (see eq. 4.163b{ with A©®) = 0),

Ar(s)
N/D _ L
A=A [+ 2g2(s) D3 (4.193)

See the discussions of sec. and the summary of sec. for a definition of the

functions which appear in this equation.
Eqgs. are satisfied by the unitarization method

i )
Ppy = AP 1=0,2. (4.194)
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4.4.4 ~~ scattering with hh channel, J = 2

Now, the reaction matrix is

A My 0 Py
My T, 0 0 )

F = O 4.195
O O A22 PQQ + (OZ )7 ( )

Poo 0 Py 0

where Ay are the partial waves ww — ww (egs. [3.139 and [3.140)); Mo, the ww — hh one
(eq. [3.142); Ty, the hh — hh one (eq. [3.144)); and Pro(s), the vy — ww ones (egs. [3.152)).
Note also that the partial wave associated with the process vy — hh is zero for J = 2
(Ry = 0), as explained around eq. [3.153

The application of the unitarity relation (eq. to the reaction matrix , taking
into account that « is kept to leading order, gives the WBGBs scattering relations of
eqs. 4.59| and the new ones

Im Ppy = PpA%,, T=0,2. (4.196)

Since K = 0, the N/D coupled channel method is used for the unitarization of the
WBGBS scattering matrix elements (Age, Ms and T). This is summarized by eq. ,
the discussions of sec. and the summary of sec. [£.3.5] For the I.J = 22 channel,
there is no coupling with hh, so that the single-channel N/D applies (as in the previous
sec. [1.4.1]). The unitarization of the P, matrix elements will be accomplished by

1=0,2. (4.197)

This completes all the cases for vy — ww, vy — hh, ww — ww, ww — hh and hh — hh
scattering. We then turn to the top-antitop channel.

4.4.5 tt in the final state without hh channel (a> = b), J =0

Since we are taking a®> = b and J = 0, the ww — hh crossed-channels decouple (see
eq. [3.87)). Thus, the reaction matrix can be written as

(A Q) _[4Q
(Y2 (49), 10

where Ago (taken as Agy = A in this subsection) is the elastic partial wave ww — ww
(IJ = 00, see egs. [3.136); Qo, the partial wave ww — ¢t (see eq. [3.154); and Sy, the
partial wave ¢t — tt (which will not be required by the unitarization procedure, since
{ww, hh} — tt — tt is a higher order correction in the M, counting). Note that A, @ and
S follow a chiral expansion

0
A=A 4 A0 L ~ QO (%) (4.199a)
v
Q=09 +0W 4 . ~ O %} (4.199Db)
r 2
S =504 ~ 0O (%) ] : (4.199c¢)
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On the RC, the unitarity relation Im F' = FF' (see eq. |4.55)) applies, so that

2
ImA=|A*+0O (Mt > (4.200a)
3
ImQ = AQ*+ O (M > (4.200b)
2
1m5_0+(9(j\v42). (4.200c)

It is not necessary to satisfy unitarity exactly here; unlike the s-expansion of the EFT
that deteriorates with increasing energy, M, is fixed and the uncertainty due to neglecting
higher order terms in the unitarity relation remains controlled. M;/v may not appear
as a very good expansion parameter, but as was understood around eq. [3.154] in the
unitarized regime at E ~ 1-3TeV, it is M,/+/s that ends up controlling the size of the
subleading terms, and this is small. Let us solve the unitarity eq. by the expression

Q=0 +qQW A(O)’ (4.201)

where the unitarized partial wave A will be computed with the ITAM procedure (eq. } ,
A= (AD)2/(A©® — AM)]. This ensures elastic unitarity, ImA AA*,

Eq. has the required low-energy behaviour (eq.4.199bj). Now, take into account
that, because of unitarity and the definition of Q® and A©® as real functions, Im A =
AA*, ITm AW = (A2 Tm QW = QOAO® TmQ©® = Im A® = 0. Thus, eq. 4.201}
evaluated on the RC, turns into

. A AW A0
_ 004w A _ oo (1_ 0
Q] = Q"+ 0% 5 = {Q (1 A(O)) T } A0 — A0

[Q(O) Q© ReA +Re Q" }— (4.202)

Thus, we have that

5 (0) ImA
_ho _ @Y 5 (| Im A
Tm ‘RC - [Q "o ReAV +ReQ } Yo
(0) AA* .
= [0 - L5 reat +req| 45 = 0, (1209

so that we recover eq. 4.200b, proving that eq. |4.201] is a valid unitarization procedure,
which we adopt for J = 0 and a? = b.

4.4.6 tt in the final state with hh channel, J = 0

If we allow a? # b, so that the cross-channel ww — hh is now coupled, then the reaction
matrix will be

AOO MO Q A M Q
O N S QO N S
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As in sec. , Ago (note that Agy = A in this section) is the elastic partial wave
ww = ww (IJ = 00, see egs. [3.136); Qo, the partial wave ww — tf (see eq. [3.154); and
Sp, the partial wave ¢t — tt (which, as in the previous a* = b case of sec. ll not
be required by the unitarization procedure, since {ww, hh} — tt — tt is a higher order
correction). Furthermore, since the cross-channel ww — hh is present, we need to take
into account the ww — hh partial wave (J = 0, see eqs. , the hh — hh (J = 0, see
eqs. , and the hh — ¢t (J = 0, see eqs. . All the partial waves accept a chiral
expansion of the form

F=FO4+r® 4 — ImFO =0y, (4.205)
where F(" = O(s"), n =0,1,.... Furthermore, the chiral expansions of @, N and S are
suppressed by M, /v factors. In particular,

X=XO04 x® 4 ~1, X=AMT (4.206a)
M,
Q=00 +QW 4. .. ~O (—t) (4.206b)
v
© 4 NO) My
N=NY4+ NV 4 ... ~0O(— (4.206¢)
v
MZ
S=804 . ~ O (—;) . (4.206d)
v

On the RC, unitarity relation Im F' = FFT (see eq. [4.55) is applied so that, up to order
O(ME /v?),

ImA=|AP + |M]* + ... (4.207a)
Im M = AM* + MT* + ... (4.207D)
ImT = |M|*+|T*+... (4.207¢)
Im@Q =AQ" + MN* + ... (4.207d)
ImN = MQ* + MN* + ... (4.207e)
ImS=0+.... (4.207f)

This is essential in order to be able to decouple the unitarization of the WBGBs sector
(partial waves A, M and T) from the tt vertices. For the unitarization of this WBGBs
sector the TAM method will be used (eq. 4.162a)), so that eq. 4.206a] holds. Let us reuse

the definition of eq. [4.179|
A M
F= 4.2
<M T )’ (4.208)

and the corresponding definitions for the chiral expansion F = F© + F() 4 The

IAM unitarization (eq. |4.162al) is F' = F© (F© — F0)=1 F©) which ensures the unitarit
relation Im F' = FF* (eq. 4.206a). Now, the rest of the unitarity condition (eqs. |4.206b}
14.206¢| and [4.206d)) can be written as

(@) -r(2) (s

Q(l) 0 Q(O)
Im(]\/'(l) =F NO ) (4.210)

or, perturbatively,
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Let us introduce the unitarized amplitudes

<]C\2[) - (]Q\)f((()i) + F(F)” 1(%3) (4.211)

Observe that eq. 4.211] is a matricial generalization of eq. [4.201L Now, let us prove
that the definition of eq. [4.211] satisfies the unitarity relations of eqs. 4.206b| and [4.206]

(summarized in eq. [4.209)).

Im (f\;) = Im F(F®) ' Re (g((l))) +Re F(FO)™ Im (Q(I) ) (4.212)

N

Because of eq. [£.210], eq. [4.212] turns into
Q _ o (0)\—1 QW = QO
Im (]\7 = Im F(F") " Re N +ReF NG
(0 . QO . QW
—3 (0)y—1
(N > zImF(N(O)>+ImF(F ) Re(N(1)>

Q
©
(f\)f( > +Im F(FO)" ' Re (Q(l) > —Im F(F9)" Im (Q(l) )
Q

0
N N
ON o (QUY A QY
(N<0 > + FF*(F©) 1(N(1)) :F(N) : (4.213)

so that we recover eq. 4.209, as wanted. Note also that the unitarization of eq. also
recovers the correct low-energy behaviour,

~ . (1)
(J%) - (16\27(0)) +(FO 4 FO +...)(F(0))1(2(1)>

I
£

I
£

(0

NaZ e A

Finally, eq. |4.211| can be written as

~ AT — MM®© MA©® — AM©
— 00 1L oW (1)
Q=0+ Q"5 i )>2 + NS L (4.215a)
- MT( ) — TM<0> TA — MM®
_ NO L o (1)
N =N+ QW o 5— (1 )2 + NV SNEVIOIER (4.215b)

Note that the unitarized partial waves A, M and T, which correspond to the WBGBs
sector, will be computed with the IAM procedure (eq. [4.162a)).



Chapter 5

Study of the parameter space for the
ww scattering

The goal of this section is to study the behaviour of the three unitarization methods
(IAM, N/D and improved K-matrix) when they are applied to the different channels of
ww — ww, ww — hh and hh — hh processes. These methods were studied on sec. 4.3|
Note that the old K-matrix method is not considered here because of its bad analytic
behaviour (lack of a RC), as was explained on sec. [£.3.4]

Some of the considered unitarization procedures cannot be applied to all the possible
channels for all the possible parameters, due to the vanishing of some of the coefficients of
the partial waves (see sec. . Here we will perform a detailed study of these validity
conditions, although a brief summary can be found in table

When the unitarization methods can be applied, we provide numerical results for the
various situations to illustrate how the three unitarization methods work in the different
channels, and whether they make predictions which are experimentally ruled out.

Finally, according to sec. |4.2.1] if poles on the first Riemann sheet appear, we will
exclude the region of the parameter space where this happens. Some examples can be
found in figs. [5.18] [5.23] [5.16] [5.28 and [5.30] below.

5.1 Numeric comparison of the three methods

5.1.1 Scalar-isoscalar channel, I = J =0

The scalar-isoscalar channel (I = J = 0) is a coupled-channel with the ww and hh elastic
and crossed reactions forming a symmetric 2 x 2 matrix. We represent the two diagonal
and the off-diagonal matrix elements as functions of s in fig. for four different methods,
all of which satisfy exact unitarity.

1J 00 02 11 20 22
Method
N/D N/D
A A
of ny K TIAM ny K
choice

Table 5.1: Unitarization methods usable in each I.J channel. See section [5.1]

91
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Figure 5.1: Scalar-isoscalar amplitudes, for a = 0.88, b = 3, and all NLO parameters set
to 0 at a scale p = 3TeV. From left to right and top to bottom, elastic ww, elastic hh,
and crossed-channels ww — hh. Note that, as explained on sec. the old K-matrix
method gives different results because its complex-s plane analytic structure is not the
correct one. It will be discarded from now on.

The three considered methods (IAM, N/D and IK) agree in predicting a scalar res-
onance that is visible in all the three amplitudes (ww — ww, ww — hh and hh — hh)
between 0.8 and 0.9 TeV. As an exception, we represent in fig. the results coming
from the old K-matrix method (eq. . As explained in sec. , due to the fact
that the analytic structure is not the correct one (there is no RC coming from eq. ,
it gives a different result. Thus, we discard the old K-matrix method from now on.

The other three methods are practically in perfect agreement up to the first elastic
resonance and they start deviating quantitatively only for higher energies. The reason
that there is good agreement between the various methods was discussed on sec. [£.3.5]
Because we have set the NLO terms to 0, Ay, is small, so that the three resonance equations
become dominated by the tree-level and right-cut parts of the amplitude, which suggests
similar resonance masses for all the methods.

Note that in ref. [39] we show that the resonance found in fig. appears even if
we set @ = 1 (its SM value with one Higgs): it is sufficient that the coupled-channel
dynamics is strong through a? — b # 0 for it to appear. Moreover, with the values chosen
to prepare the figure this a® — b is negative, so the crossed-channels amplitude M; shown
in the bottom plot is also negative as dictated by eq. [3.141] At last, observe that the
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Figure 5.2: Vector-isovector partial wave. We have taken ¢ = 0.88 and b = 1.5, but
while for the left plot all the NLO parameters vanish, for the right plot we have taken
ay = 0.003, known to yield an IAM resonance from the work of the Barcelona group [141].
Note that the N/D and K-improved methods are not reliable in this channel, as explained
below on section They are included to show the lack of agreement with the IAM.

resonance appears in all three elastic or inelastic amplitudes in the same position (though
of course, with different shapes due to different backgrounds).

5.1.2 Vector-isovector channel, I = J =1

The comparison between the three methods IAM, N/D and IK for the vector-isovector
channel is shown in fig. [5.2] First we set all the NLO parameters to 0 (left plot). Clearly,
there is no good agreement between the three methods. Moreover, if we introduce one
NLO counterterm with an appropriate value to generate a resonance in the IAM, here
ay = 0.003 as an example (right plot), the N/D and IK methods do not react in the same
way as the former, and fail to yield a vector resonance.

In order to understand this discrepancy, which comes from an elastic channel, consider
that, according to sec. the definition of both the N/D and the IK methods depend
on having D + E # 0. This is due to the fact that a term (D + E)~! appears on the
definitions of Af(s), Ar(s) and g(s) (scalar versions of defs.[4.125). But, in the [ = J =1

channel,
3

(96)275 04

which vanishes for a?> = b. This is, in particular, the case of the SM, where a = b = 1.
The SM is not very important for our discussion because it breaks the approximations
used in our effective Lagrangians (see sec. and, more importantly, it is a region on
the parameter space where there are no strong interactions.

The condition a? = b also applies to the Higgsless electroweak chiral perturbation
theory, characterized by a = b = 0. This situation is already ruled out by the discovery
of the light Higgs-like particle, but it is still interesting because it is equivalent to two-
flavor low-energy QCD in the chiral limit with v playing the role of f,. and the WBGB
being the pions.

Within a = 0 = b, we know that a vector resonance (the p) appears in the spectrum
(because we can look up the answer in QCD), and know what the low-energy parameters

D11 + Ell = ((12 - b)Q, (51)
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Figure 5.3: We show the vector-isovector resonance with NLO a4, a5 parameters taken
from large-N. QCD, b = a? and a as shown in the legend. The right-most solid line is
the rescaled QCD case, towards the left we approach the EWSBS with a Higgs, where
the resonance is narrow and relatively light for these a4, as.

are, with good approximation. Fig.[5.3]shows the result of the calculation with the IAM
(solid line). We have taken a* = b = 0 and a4 = —2a5 = 3/19272, the large-N,. prediction
for these NLO constants (the other ones are set to 0). The p vector-isovector resonance
then comes with reasonable parameters (to see it, substitute v = 246 GeV by f = 92 MeV
in the scale; this amounts to m, >~ 2.1 TeV — 0.79 GeV, just slightly above the actual
0.775GeV in the hadron spectrum).

The other lines in fig. [5.3] have been computed by increasing a towards 0.88, the
value taken for fig. |5.2 One sees without doubt how the QCD-like resonance becomes
narrower and lighter (this depends on the interplay of a with the NLO parameters ay,
as), matching the calculation of fig. m We find that the IK and N/D methods fail to
provide a resonance. Therefore, the IAM is the method of choice for the vector-isovector
channel, given that the other two fail at least for the a? = b parameter election, while the
IAM yields a resonance that can be continuously matched to the one we know is there
for that parameter set.

The resonance may be exactly fit to data with an adequate choice of the a4 and
as chiral parameters to adjust its mass and width. Beyond trial and error, an elegant
method is to couple the resonance to the Chiral Lagrangian in a chiral invariant way and
then integrate the resonance at tree level as done for example in ref. [176] (see also the
early treatment by ref. [177] and the more formal one in ref. [178], as well as that in the
context of Composite Higgs Models in ref. [80]). The tree-level chiral couplings obtained
take the general form

tree __ . . tree v 4 5 2
@' = 07" Jpees ) (5.2)

where i = 4,5, ny = —n5 = 127 and ~"® = ' /M with M™ T being the tree-
level vector-resonance parameters. Thus the tree-level s? term induced by the resonance
is

Atﬂee(s) = 52 (p4affee +p5agree) , (5.3)
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where the py and ps constants are obtained from eq.|3.145| B11 (1) = Bo+paas(p)+psas(i),
and are given by py = 1/(24mv*) and ps = —2p,. Following ref. [176], we can now
obtain the contribution to the renormalized chiral couplings induced by the resonance by
matching the O(s?) tree level amplitude with the NLO result at the point s = M 2 i,
e.

Aiirlee(Mtree 2) — Re Agll)(Mtree 2). (54)
This identification leads us to
4 B
a; Mtree = tree < v ) _ 0 5.5
( ) = 17" e P (5.5)
for i = 4,5. Therefore we get
) S,Ytree S —s
Agl) (S) = 52 (2—Mtree 1 =+ Dll lOg —Mtree 5 + E11 IOg —Mtree B . (56)

Then, the IAM resonance eq. [4.165|leads us to the II Riemann sheet resonance parameters
in the narrow-resonance limit v = T'/M < 1:

(MMAM)? — ﬁ (5.7a)
A — gjl(LMItAM) (5.7b)

which implies the M "*-independent result y"*M = Ky, (M IAM)Q, or
[IAM — (9]\461—242)3(1 —a?), (5.8)

which is recognizable as a version of the so-called KSFR relation (slightly generalized to
a # 0, see refs. [179, 180]). This is here a restriction arising from the constraint of exact
unitarity, that has been discussed in ref. [162] and references therein and is a non-trivial
relation between three observable quantities.

We also have the equation

(5.9)

1/4
MIAM — Mtree (QFIAM)

Sl"trcc

which relates the resonance parameters with the tree level ones. This is a very consistent
result showing that the IAM method properly predicts a vector resonance whenever
Mtree T'ee > (), in which case the chiral parameters receive a contribution and may be
dominated by a vector resonance. For example MMM = ptree implies TTAM = (3 /2)Ttree
which is a quite reasonable result taken into account the tree-level nature of the vector
field integration performed to estimate the chiral parameters.

However, the N/D and IK unitarization methods fail to predict this resonance for the
appropriate values of the chiral parameters. First of all, they are not even defined for
a =b. For a # b, but still in the parameter region close to the SM (where a ~ b ~ 1), we
have Dy; + Eq; ~ 0. As discussed on sec. [£.3.5] the methods are well defined in this case,
but we have Ay, ~ Ag, which means that the IAM method is very different from the N/D
and IK methods. Thus, as the IAM method works pretty well in this channel according
to the previous discussion, we have to give it preference over the other two methods, not
appropriate to describe the vector channel.
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Figure 5.4: Scalar-isotensor amplitudes for a = 0.88, b = a?, and the NLO parameters
set to 0. All three unitarization methods agree qualitatively and with the perturbative
amplitude too, as loop corrections are small. Here we plot both the imaginary part (top
set of lines) and the real part (bottom set). That the real part is negative reflects the
repulsive interaction in this channel given by —(1 — a?) < 0 in eq.

5.1.3 Scalar-isotensor channel, J =0, I = 2

We now consider the isotensor channel, where a resonance, if there ever was one, would
distinctly appear, for instance, in equal-charge w*w™ spectra. Fig. shows the resulting
amplitude for a = 0.88, b = a? and all NLO parameters set to 0.

We plot both the real and the imaginary parts of the three unitarized amplitudes and
obtain a moderately weak, repulsive partial wave that does not bind a resonance (as seen
from the negative real part). All three unitarization methods give a consistent picture:
the unitarized interaction has a slightly larger real part and slightly smaller imaginary
part than the (unitarity-violating) perturbative one.

In fig. in turn we plot the same isotensor amplitude for a = 1.15. Now the
real part has opposite sign (attractive interaction) and grows more rapidly, with all the
unitarization methods agreeing and once more tracking perturbation theory until about
the end of our energy interval at 3 TeV.

5.1.4 Tensor-isoscalar channel, J =2, I =0

In hadron physics there is a well known f5(1270) resonance that is broad and visible in
7T~ spectra. Its mass is well above the 775 MeV of the vector p, which is natural because
the d-wave is smaller than the p-wave due to the p' suppression factor near threshold.

In fig. [5.6) we show the tensor-isoscalar channel in perturbation theory, which is indeed
small, with all the NLO parameters set to 0, and a = 0.88. As shown in the figure legend,
b is successively taken equal to a® to show the elastic amplitude, and equal to a?/2 to
expose the other, inelastic and hh amplitudes. All are of course real and quadratic in s
(because Kpe = 0, the LO O(s) vanishes).

Next we show, in fig. the comparison between the N/D and IK method in uni-
tarizing the partial wave with I = 0, J = 2. The IAM method vanishes and cannot be
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Figure 5.5: Scalar-isotensor amplitudes for @ = 1.15, b = a?, and the NLO parameters
set to 0. All three unitarization methods agree qualitatively once again, even though
now the amplitudes are strong. The real part (corresponding to the set of lines larger at
low-E, since it receives a tree-level contribution unlike the imaginary part) is now positive
because of the sign reversal of (1 — a?) respect to figure .
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Figure 5.6: Tensor-isoscalar amplitude for a = 0.88, b as shown, and the NLO parameters
set to 0. The amplitude is real.
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Figure 5.7: Comparison of the two available methods of unitarization for the isoscalar-
tensor channel I = 0, J = 2 with b = a® (only one channel). The a4, as constants have
been fixed to their values in large- N, gauge theory, so the left plot with a=0 reproduces
the QCD situation with a broad, heavy fs-like resonance. The right plot shows how this
becomes narrow for a = 0.88. Both N/D and IK methods agree well.

used without information from NNLO, because here the LO in perturbation theory is
Zero (KQQ = O)

In the left plot we have set @ = b = 0 and ay = —2a5 = 3/1927% as in fig. [5.3
The IK method clearly shows, and the N/D method is suggestive of, a QCD-like fo
resonance (rescaling again v = 246 GeV to f, = 92MeV, the 3.5 TeV resonance mass
becomes 1.3 GeV, in very good agreement with the experimental 1.27 GeV f5 resonance
in the hadron spectrum; and this with no free NLO parameters, since they are taken from
large-NV,.).

In the right plot we have now increased a = 0.88, with b = a? still fixed to avoid the
coupled-channel situation. The resonance is seen to become lighter and narrower, and
both unitarization methods qualitatively agree in predicting the resonance though the
mass is slightly different.

If we now lift the b = a? requirement, because this is an isoscalar channel, the hh
system becomes coupled to ww. Then the resonance should be visible in both particle
spectra, and also in the channel-coupling amplitude; all three are shown in fig. [5.8 where
the now inelastic resonance is clearly visible. Its mass is very similar to the purely elastic
case, and both unitarization methods continue being in qualitative agreement.

We use the opportunity to show the appearance of this resonance also as a consequence
of the channel coupling induced by the parameter e of the effective Lagrangian. The IAM
below does not capture the tensor channel, and the scalar one that the IAM does capture
is only sensitive to the combination d 4 e¢/3 which does not allow to disentangle the two
parameters. To see the separate effect of e we need to examine the tensor channell] as
seen in eq. [3.142} and this can be carried out with the N/D or IK methods. The result of
this analysis is shown in fig. [5.9] To prepare it, we have taken a = 0.95 and b = a?/2. If
all the NLO parameters vanish, there is no low-energy resonance in this tensor-isoscalar

channel. Adding e at the level of 3 — 4 x 1072 or more causes a resonance to enter the
low-energy region.

!This arises naturally because the 8,h0"h contraction that multiplies d in eq. m is a scalar, while
the 0,hd”h one that accompanies e has both scalar and tensor components.
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Figure 5.8: Isoscalar-tensor amplitudes (imaginary parts) for a = 0.88, b = a?/2, and the
NLO parameters set to 0. From left to right and up to down: elastic ww, elastic hh and

crossed-channels amplitudes.
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Figure 5.9: The tensor-isoscalar J = 2, I = 0 coupled channels analyzed with both
IK (dashed lines) and N/D (solid line) methods can show a resonance induced by the
parameter e. The line thicknesses correspond to different values of the NLO FE.
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Figure 5.10: The real tensor, isotensor I = J = 2 amplitude in NLO perturbation theory
for a = 0.88 and two values of b.

5.1.5 Tensor-isotensor channel, J = 2, I = 2

The last partial wave that does not vanish at NLO in perturbation theory, and that to our
knowledge has not been considered in the literature except in ref. [150] in the context of
the Higgsless ECL mode]ﬂ is the tensor-isotensor channel. Here again Ko = E9 = 0, so
that the amplitude in perturbation theory is real for physical energy. The non-vanishing
constants, Byy and Das are given in eq. [3.140] below and the amplitude is drawn in fig.
in perturbation theory.

Moreover, fig. shows this computation in perturbation theory for the case b = a?
together with the isotensor-scalar one and also the two isoscalar amplitudes. Comparing
those of equal I we see that larger J is suppressed below 47v ~ 3 TeV (more so for the
scalar channel, since the scalar-isoscalar amplitude is strongly interacting). Curiously,
for J = 2 the isotensor wave is stronger than the isoscalar one.

The unitarization of the J = I = 2 channel is not possible in the [AM method because
Ky = 0, but both IK and N/D methods concur in the presence of a resonance, as seen
in fig. [5.12] when the a, NLO parameter is large enough. It is worth remarking that, for
a given ayg, my; < Mag, so that having this resonance in the 2-3 TeV region entails the
presence of the vector-isovector (p-like one) in the 1-2 TeV energy interval.

As we have established that the convergence of the partial wave expansion is very
good by comparing the J = 2 and J = 0 amplitudes, and that the order of the spectrum
of resonances is the natural one, with those of lower angular momentum appearing at
lower energy, we concentrate in the following on the three cases that are accessible to the
NLO-IAM, the 00, 11 and 20 channels; only the first one requires the coupled-channel
treatment.

2See appendix
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Figure 5.11: Moduli of the isoscalar and isotensor NLO perturbative amplitudes theory
for a = 0.88 and b = a?, showing good convergence of the partial wave expansion in the
low energy region (the J = 2 waves are much smaller than the two J = 0 waves).
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Figure 5.12: Tensor-isotensor resonance as function of the NLO a4 parameter for the
IK-matrix (left plot) and the N/D method (right plot).
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5.2 Systematic numerical study of the IAM

In this section we undertake the systematic study of the IAM with the help of a com-
puter. The calculations are very straightforward and involve simple algebraic formula (no
integrations, as the dispersion relation has been analytically solved) and the inversion, at
most, of dimension-two matrices. The IAM cannot handle, without NNLO information,
the higher partial waves with J = 2 or beyond, but we have seen in fig. that, under
natural conditions, these are quite smaller in the low-energy region. For the three domi-
nant low-energy amplitudes, the IAM based on NLO perturbation theory is reliable and
powerful, so we proceed with it alone.

First, in sec. we address the one-channel TAM in eq. for the ww elastic
scattering. This involves setting b = a? and studying the behavior of the amplitudes upon
varying each of the active parameters a, a4 and as. These results are just reassuring as
they are known to a large extent. Then, sec |5.2.2] addresses the coupled channels, by
means of eq. £.162a], and it is here that we make a totally new contribution.

One of our findings is a coupled-channel resonance akin to the low-energy ¢ meson
but that can be generated by purely ww — hh interactions independently of the elastic
potential strength between two ws or two hs. We have highlighted this curious object in
a letter (our ref. [39]).

5.2.1 Purely elastic scattering with b = a?

The current 20 bounds on the a parameter are, from CMS (ref. [128]), a € (0.87, 1.14);
and, from ATLAS (ref. [127]), a € (0.96 —1.34). The discussion in page|14] compiles these
bounds. We will take as reference a fixed value of a = 0.95 with NLO parameters set
to 0, and later exemplify the sensitivity to each parameter (a is better chosen different
from 1 because of the factor (1 — a?) that enters the leading order amplitudes). In any
case, the sensitivity to a is displayed in fig. [5.13] Generally speaking, for a < 1 (left plot)
there is a broad scalar resonance akin to the ¢ in hadron physics, and the other channels
are nonresonant. For a > 1 we can see a different situation in which the scalar strength
significantly diminishes, but instead the isotensor wave becomes strong and possibly
resonant (because the factor 1 — a? changes sign, so its normally repulsive amplitude
becomes attractive). As observed by Espriu et al., in a large swath of parameter space
with @ > 1 there are violations of causality, see fig. [5.23]

We now take the top right plot in fig. and add an NLO term proportional to
either ay or as, with the outcome plotted in fig. [5.14 The effect of a4 of order 1073
(left plot) is to produce a very narrow vector-isovector resonance, and narrowing plus
making the scalar-isoscalar one lighter. The effect of a5 (right plot) at this same level of
intensity is only dramatic in the scalar-isoscalar channel, while the vector one remains of
moderate intensity and hardly resonant at all. This is in agreement with the independent
observation in ref. [141]. The vector resonance induced by positive a4 can also be seen in
the scattering phase shift in fig. [5.15] The left plot shows the phase motion in the three
lowest- E channels with all NLO parameters set to 0. No resonance is seen, in agreement
with the top right plot of fig. (a = 0.95). The right plot in fig. shows clear
resonant phase motion corresponding to the resonances in fig. where we study the
effect of both a4 and as. The good agreement with ref. [141] is remarkable, both works
agreeing on the appearance of a pole on the first Riemann sheet in the isotensor channel
for negative enough values of either a4 or as.
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Figure 5.13: Moduli of the lowest elastic ww — ww partial waves in the IAM for b = a?
(no coupled channels) as function of a. From left to right and up to down, a = 0.75, 0.95,
1.25. We will take the top right plot (a = 0.95) as reference for the parameter exploration
in the next graphs.
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Figure 5.14: Moduli of the lowest elastic ww — ww partial waves in the IAM for b = a>
(no coupled channels) showing the effect of a4 (left) and as (right) both positive and
alternatively equal to 0.002. Here a = 0.95. We see a light scalar-isoscalar resonance,
a vector-isovector resonance around a TeV in the left plot (that moves to higher masses
for smaller values of the positive a4 that induces it), and an inconspicuous isotensor
amplitude.
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Figure 5.15: Scattering phase shift of the lowest elastic ww — ww partial waves in the
TAM for b = a* = 0.95% (no coupled channels), a; = 0 (left plot) and ay = 0.002 (right
plot). We can see how indeed the addition of an a4 at the level of 1072 generates phase
motion crossing 7/2 in the right plot corresponding to a resonance in both the scalar and
vector channels.

This feature is shown in fig. [5.16] is in full agreement with the results of ref. [141]
and, as discussed in sec. [£.2.1] excludes this parameter space within the IAM. In order to
produce this and the following maps in parameter space, we use the numerical method,
described in sec. [4.2.2| which involves the computation of numerical Cauchy integrals.

In fig. [5.16| we call the experimentally disfavored regions so because poles appear
with |s| < (837 GeV)? (scalar-isoscalar and isotensor channels) and (1.22 TeV)? (vector-
isovector channel), and this is at odds with absence of LHC signals.

The vector-isovector channel is here exceptional in that the two variables enter with
opposite signs, in the combination a4 — 2as, [see eq. [3.137], whereas in all other four NLO
amplitudes they come with equal sign. Thus, the slant in the middle plot is opposite to
the other two.

For broad swipes of ay—a5 parameter space the IAM predicts either isoscalar or isovec-
tor resonances or both. In fig. [5.17| we show an example of a pole in the second Riemann
sheet of elastic ww scattering in [ = 0, the Agy partial wave for one channel only (b = a?).

Therein, the continuation to the II Riemann sheet has been obtained with eq. and
the resonance appears as appropriate below the real, physical s-axis (bright yellow line).
This pole corresponds to the scalar IAM resonance shown for physical s in fig. m (blue
solid line there) though a4 is somewhat smaller here. This serves as illustration of the
pole structures in the complex plane (unstable particles or resonances) that accompany
our resonant shapes for physical s.

A lot of the ay—as parameter space represented in ref. [141] is experimentally disfavored
because the mass-range where the resonances appear is being covered by LHC data (see
refs. [59-61]), with none found yet, though such experimental bounds are not very strong
because the couplings between the new resonances and the detected SM leptons are quite
arbitrary (from the effective theory point of view), so it is difficult to interpret the bounds
beyond particular models.

In fig. the simultaneous effect of a (with a? = b) and a4 is shown, again swiping
the parameter space looking for resonances. Note the presence of a resonance on the first
Riemann sheet in the isotensor channel even for a < 1 and sufficiently negative values
of ay. For a > 1 (and b = a?), there is no resonance on the first Riemann sheet. For
a < 1, we can find a pole in both the isoscalar and isovector channels. For a > 1, only
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Figure 5.16: From left to right and top to middle, isoscalar (I.J = 00), isovector (/J = 11)
and isotensor (I.J = 20) channels in elastic ww — ww scattering. For a = 0.90 (different
from our base scenario so we may compare with Espriu et al. ), b = a?, we show the
as-as parameter map, setting the other NLO parameters to zero. Note the appearance

of a pole on the first Riemann sheet for IJ = 20 and negative enough values of both ay4
and as.

Bottom: same parameter space, reprinted Fig. 6 with permission from ref. ([158],

Domenec Espriu, Federico Mescia, Physical Review D, 90, 015035, 2014). Copyright
2014 by the American Physical Society.

The bottom left plot shows the presence of resonances. Note that the comparison with our
plots is very satisfactory. The botom right plot only shows isoscalar/isovector resonances
with Mgy < 600 GeV, which are experimentally disfavoured [158].
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Figure 5.17: Example pole of the isoscalar elastic amplitude with b = a? (only the
ww — ww channel is active), a = 0.95, a; = 107*, and all other NLO parameters set
to 0. Pole in the second Riemann sheet (below the physical, real-s axis highlighted in
bright yellow online). The lower (salmon online) and upper (blue online) surfaces are,
respectively, the first and second Riemann sheets.
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Figure 5.18: From top to bottom, isoscalar (I.J = 00), isovector (I.J = 11) and isotensor
(IJ = 20) channels. a®> = b vs. ay4. Note the presence of poles on the I Riemann sheet

for certain region of the a > 1, a4y < 0 parameter space.
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an isotensor resonance is to be found.
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Figure 5.19: Moduli of the lowest (I = J = 0) partial waves in the IAM for b # a* = 1
(all the strong dynamics comes from the coupled channels). From left to right and top
to bottom, b = —1, b = 2, b = 3 (the first and third are almost equal since they are
symmetric respect to b = 1). A scalar resonant structure is apparent for s = 1 TeV?;
because more extreme values of b lower its mass, we are able to give a bound on the value
of b, that must be roughly contained in (—1,3), as explained in our ref. [39]. We will
take the middle plot as reference for the parameter exploration in several of the following
graphs.

5.2.2 Scattering ww in the presence of b # a?

Setting b # a?> = 1 opens the inelastic scattering ww — hh channel in the absence
of elastic strength. Figs. [5.19 and [5.20] show the dependence on b. Almost all our
computed perturbative amplitudes are symmetric around b = a? = 1, as can be seen
on sec. [3.3.1, The only exception is the scalar-isoscalar ww — hh channel-mixing M,
partial wave in eq. [3.141] Note that this asymmetry then appears in other channels due
to the unitarization (which can be thought of as resumming perturbation theory), but
the effect is small, so that the left and right plots are quite similar. The scalar-isoscalar
resonance shown is very interesting and the object of focuse of our letter [39].

Fig. shows a comparison between the three unitarization procedures (IAM, N/D
and Improved K-matrix) which are valid in the scalar-isoscalar IJ = 00 channel. The
TAM is within 2% on the Improved K-matrix and within 10% of the N/ [ﬂ Anyway, the

3For a short review of these unitarization procedures, and more information about the validity ranges



CHAPTER 5. STUDY OF THE PARAMETER SPACE

110

0.5 T T T T T T T T T T T
0.4f -5
0.3 SRR
Foo e /-y(' Vs -
0.2 / —
- ,I /_, .
0.1+ ,’ v —
L / , 4

O 1 Lx.ll_ f"l 1 | | M
0 05 1 1.5 2 25 3

E (TeV)

0.5
0.4
0.3

0.2 7 N N -
. , \\ ~
0.1 ) SN NI
. 7 .. =~
NS
0 05 1.5 2 25 3
E (TeV)

Figure 5.20: Squared moduli of the lowest (I = J = 0) partial waves in the IAM for
b # a*> = 1. Left: |AJ?* (elastic channel ww — ww). Right: |M|* (crossed-channels
ww — hh). We show b = 1.1 (lowest, solid black line), b = 1.5 (dot-dashed, red online)
and b = 3 (dotted, blue online).
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Figure 5.21: Comparison of the three unitarization methods that we consider (IAM, N/D
and K-improved) in the presence of coupled ww, hh channels, for IJ = 00. ImA =
|A|> + | M|? is shown.
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1=0, J=0 =1, J=1 ---nvue- =2, J=0

1=0, J=0 I=1,J=1 ---evue- =2, J=0

Figure 5.22: Top: moduli of the lowest elastic ww — ww partial waves in the TAM for
b # a®> # 1 (strength from both elastic and coupled-channel dynamics). Top left plot:
a = 0.75, b = 0.9, showing much strength in the scalar channel, presumably due to a o
resonance. Top right plot: a = 1.25, b = 1.1, showing a pole on the second Riemann
sheet in the isotensor channel, clearly seen also on the bottom plot imaginary part of the
amplitude in the complex s-plane.

three methods are valid because, for a® # 1, we have that the LO term does not vanish
(K # 0) for all the three channels (ww — ww, ww — hh and hh — hh), thus ensuring
the validity of the IAM. And D + E # 0, so that the decomposition of the NLO part of
the partial waves between a sum of two functions, one with a right cut (RC) and another
with a left cut (LC), does work.

Figs. [5.22] shows the lowest elastic ww — ww partial waves in the presence of a # 1
(as well as b # a?), so there is both elastic and inelastic potential strength. The scalar
resonance is then more similar to the standard QCD o resonance.

A novelty is the appearance of a pole on the second Riemann sheet of the isotensor
channel for a = 1.25, b = 1.1. This is very much unlike QCD, where the isotensor channel
is weak and repulsive; while there is no 77" resonance in the hadron spectrum, this is
still allowed by current constraints on the W+W ™ one.

and the differences between the methods, see sec. W
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Figure 5.23: From top to bottom, isoscalar (I.J = 00, isovector (I.JJ = 11) and isotensor
(IJ = 20) channels. Note the presence of a pole in the first Riemann sheet of the isovector
channel in quite some of the parameter space with a > 1. All the NLO parameters are
set to zero.
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Figure 5.24: Dependence of the pole position for a? = 1 (lower curve) and a = /1 — &,
b=1-¢& &=0v%/f? (upper curve, blue online). The TAM is used here. Left: resonant
mass and width (defined as in eq. . Right: real and imaginary part of the pole
position in terms of the Mandelstam variable s.

However, as we show in fig. [5.23] this case with a > 1 is quite critical, because most of
the parameter space features an isovector pole on the first Riemann sheet, so that much
of this parameter region must be ruled out or declared beyond our validity range. Only a
small part of the a > 1 parameter space shows an isotensor pole on the second Riemann
sheet while excluding an isovector pole on the first one, and simultaneously remains out
of experimentally disfavored values of a.

On the other hand, the behaviour for a < 1 is more standard, showing a resonance on
the second Riemann sheet only in the isoscalar channel. This resonance is quite broad,
and only becomes experimentally disfavored for relatively large values of a? — b.

In fig. we study the position of a resonance in the scalar-isoscalar channel (I.J =
00) for both a> = 1 and a = /1 =€ (b=1—¢, £ = v?/f?). In the first case, a® = 1,
the strong interaction comes from the wwhh vertex, that is, from the crossed-channels
ww — hh. However, a resonance which appears in this crossed-channels also re-enters in
the elastic one because of a rescattering process ww — hh — ww. But it enters in the
same position of the II Riemann sheet in both channels (elastic and cross-coupled), as
shown in fig. [5.25l The a = /1 =&, b= 1—§, £ = v?/f? corresponds to the Minimal
Composite Higgs Models, which introduce a symmetry breaking SO(5) — SO(4). See
refs. [78-81]) for further detail.
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Figure 5.25: Imaginary part of the unitarized partial waves in the II Riemann sheet.
a =1, b = 2 and all the NLO parameters set to zero. The IAM is used here. Top:
elastic channel ww — ww (Im A). Bottom: crossed-channels ww — hh (Im M). Note

that, although the amplitudes are different, the pole appear at the same point of the

II Riemann sheet.
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Figure 5.26: Sensitivity to d. We depict the lowest (I = J = 0) partial wave in the
IAM for b = 2 # a? = 1. Left: moduli of the amplitudes with d = 0.01 (top) and
d = —0.01 (bottom). Right: real (top) and imaginary (bottom) value of that partial

wave for d = —0.01, where we see that the channel-coupling partial wave is analytic but
has a zero.
WW—>WwW ww—>hh -------- hh->hh WW—>WwW ww->hh  ---eee- hh->hh
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Figure 5.27: Moduli of the lowest (I = J = 0) partial waves in the [AM for b = 2 # a* = 1.
Left plot: e = 0.01. Right plot: e = —0.01. The result is similar to fig. because, of
course, this channel depends only on the parameter combination d 4 (e/3), which serves
as a check.
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The d and e parameters are studied in figures [5.26] and [5.27] respectively. However,
note that they appear in the combination d+ (e/3) on the lowest partial wave (I.J = 00),
so the IAM applied to any future strongly coupled resonance would be insufficient to
separate them and one would need to resort to the J = 2, I = 0 resonance in fig. [5.9
above to obtain e independently of d.

We concentrate now on the I = J =0, a =1, b = 2 case, which has an isoscalar pole
on the second Riemann sheet. A peak on ww — hh is shown in figs. |5.26| (right) and .
This is expected, since d and e accompany four-particle operators wwhh.

In fig. [5.28 we see that for positive values of d or e, the isoscalar pole weakens and then
disappears. But for negative values, a pole on the first Riemann sheet emerges. The case
of d = —0.01 shown in fig. [5.26] is curious because there is no pole on the first Riemann
sheet below 3 TeV so we should not a priori reject all that structure in the corresponding
plots of fig. |5.26] including a zero of the amplitude at high energies. Of course, we should
be cautious: perhaps, for these small negative values of d the pole simply moves to higher
energies and we should not trust the computation (or discard negative d altogether).

Finally, we study the dependence of all amplitudes on the g parameter (the only one
that we have kept from the pure Higgs scattering sector, as needed to renormalize our
amplitudes). It most directly produces an enhancement of hh — hh scattering that starts
at NLO, as can be seen in fig. , since it comes from a (9,h0"h)? term in the effective
Lagrangian.

In fig. [5.30] we study the parameter combination a = 1 and b > 1.5 together with a
varying g, so we see the interplay of the channel coupling with the Higgs-sector dynamics.
We find a proper isoscalar pole on the II Riemann sheet for positive g. If either g or b are
somewhat large, the isoscalar resonance enters the experimentally disfavored zone where
LHC data are having an impact. On the contrary, negative values of g introduce a pole
on the first Riemann sheet, so we must exclude those.
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Figure 5.28: Scalar-isoscalar channel (IJ = 00), with a = 1, b = 2. Top: d-e parameter
map looking for poles. Bottom: imaginary part of the elastic ww scattering (d = e =
—0.005). The isovector and isotensor channels, not shown, have no poles in the region
of interest [|s| < (3TeV)?]. As discussed above in sec. [£.2.1] the black region contains a
pole on the first Riemann sheet (and a conjugate pole that is outside our circuit).
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Figure 5.29: Dependence on g, that we find weak for natural values thereof. Displayed
are the moduli of the lowest (I = J = 0) IAM partial waves for b = 2 # a*> = 1. Left
panel: from top to bottom, g = 0.002, g = 0.005, ¢ = 0.01. Right panel: negative g
values of equal magnitude.
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Figure 5.30: Top: map of the b—g parameter space, seeking poles in the isoscalar channel
(IJ = 00), with a = 1 fixed and the remaining NLO parameters set to zero. The isovector
and isotensor channels have no poles in the region of interest, |s| < (3 TeV)?. In the black
regions there are two poles above and below the real axis on the I Riemann sheet, and
we capture at least one with Cauchy’s theorem, excluding the corresponding parameter
swath. Bottom: explicit plot of these two poles for fixed parameter values b = 2.4,
g = —0.08 (plotting again the imaginary part of the elastic ww scattering).
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Chapter 6

Conclusions

In this work we have performed a comprehensive study of the unitarized amplitudes
obtained from the the Effective Chiral Lagrangian which describes the Electroweak Sym-
metry Breaking Sector (EWSBS) in the TeV region. A next-to-leading order (NLO)
computation has been performed within a (massless) Effective Field Theory (EFT) to
obtain the one-loop scattering amplitudes. The (weak) coupling with vy and ¢t states
has also been considered. Table summarizes the applicability range of each unitariza-
tion procedure, and could be used as a guide for developers of Monte Carlo simulation
programs. The Inverse Amplitude Method (IAM), N/D and improved K-matrix (I-K)
methods are considered. The couplings with v and tt use extended versions of the IAM
and the N/D.

The first kind of process which has been studied is the scattering between the EWSBS
constituents themselves. Under the assumptions of the Equivalence Theorem, they are
the 3 would-be Goldstone bosons, whose scattering cross sections are equivalent to those
of the longitudinal modes of W* and Z gauge bosond'| and the Higgs-like particle h. The
processes considered are the elastic channel ww — ww, and the cross-channels ww — hh
and hh — hh.

The Effective Lagrangian in the massless limit (eq. has seven free parameters if
one considers only those needed for absorbing the one-loop divergencies. Those named
a and b, respectively provide elastic ww — ww and cross-channel ww — hh strength at
LO. The other 5 parameters are the NLO counterterms: the elastic ay and a5 (inherited
from the old Electroweak Chiral Lagrangian), d and e (that couple the two channels at
NLO) and g (in the pure hh — hh sector). This is the minimum number of parameters
necessary to obtain a renormalized theory at NLO for massless w and h bosons. The
parameter set, the combinations in which they appeaify, and the experimental reactions
useful to extract them, are all summarized in table [6.2]

Some parts of the computation have been succesfully cross-checked with the literature.
For instance, in appendix we have compared the elastic NLO partial waves with the
ECL (Higgs-less) model of ref. [150], when a = b = 0. And the work of Espriu et al. [15§]
is also a good check of the unitarized parameter space of the ay and a5 NLO coefficients
(see fig. above).

Five unitarization methods have been described, aiming at classifying their respective
strengths and weaknesses. From them, we argued that the three mentioned in the pre-
vious page satisfy all desirable properties (describe several I.J channels, produce unitary

1See sec.
2 At the level of NLO partial waves without unitarization.
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1J 00 02 11 20 22
Only N/D N/D
A A

EWSBS | 1K 1AM w 1K
Coupling

with LiM N_{_D ) Lil\/[ N_{_D
(a2~ p) | BT eq [LTOT eq. [LTT8 eq. (L9
Coupling | 0 TAM ers. N/D IAM N/D

with N N B N i
(CLJ; b) eqs.[1.190] eq. [E197] eqs.[4.176] eq. E197
Coupling

with LiM

tt N N N N
(a2 = b) eq. [1.207]
Coupling crs. TAM

with ’+

tt - - - N
(a2 0 | 23

Table 6.1: Unitarization methods usable in each I.J channel, both for the EWSBS itself
and the couplings to vy and tf states. “crs.” refers to the usage of the matricial version
of the corresponding unitarization procedure in the presence of crossed channels, and it
is shown only for the couplings with vy and ¢f. Data taken from tables and [4.1]
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and analytic amplitudes, are independent of the renormalization scale, and agree with
perturbation theory at low energy) and provided explicit constructions for them based on
exact (elastic) dispersion relations. These are the IAM, that we have studied at length,
the N/D and the I-K (those appearing in table[6.2). All three have been compared.

The inclusion of the cross-channels ww — hh and hh — hh in the unitarization is
a novelty of this work. Because of this, we made the case for an interesting potential
phenomenon to be sought at the LHC run II and beyond?| (see our ref. [39]): a possible
new fo-like scalar-isoscalar resonance in the W W — hh coupled channels, caused by the
channel-mixing interaction even when direct elastic interactions in both channels are weak
(a ~ 1), as long as b is large enough (to provide coupled-channel strength). Note that,
though the LHC starts imposing relatively significant constraints on the a parameter,
it has not made much progress of substance in constraining b, so this coupled-channel
resonance is one of the most interesting strongly interacting objects that can be sought
for at the LHC run-II and beyond, because it may appear at relatively low-energies of
1TeV or less (because of its somewhat large width, it can easily have escaped detection
so far).

The alternative, weakly coupled resonances that do not saturate unitarity, imply
parameters fine-tuned to be very close to a = b = 1, those of the Standard Model (that
also remains a viable theory with current data). We do not have a strong reason to predict
this fy-like resonance, rather observe that it features in the largest part of parameter space
of the Effective Lagrangian with the known particle content, that supports strong channel
coupling. The alternative, weakly coupled resonances that do not saturate unitarity,
imply parameters fine-tuned to be very close to those of the SM, a = b = 1.

The three best methods (IAM, N/D and I-K) are all applicable to the I = J = 0
coupled-channel partial wave, and to the exotic I = 2, J = 0 ww channel. For any given
set of parameters in the Lagrangian, the three methods are in qualitative agreement. In
particular, they all produce a o-like resonance when the interactions become strong, and
the mass values obtained agree to within a few percent, which is quite remarkable and
means that the model dependence is well controlled by imposing all the necessary theory
constraints.

In the I = 1 = J channel (covering for example the W’ and Z’ bosons associated to
Composite Higgs Models, as long as they are strongly coupled to ww) the IAM is the
method of choice because the other two cannot be constructed in a renormalization-scale
invariant way. Provided that there is no coupling with hh states, the KFSR relation in
eq. holds. If we require a = 1, as suggested by the LHC bounds, this leads to small
widths for the resonances appearing in this channel (always for a®> = b), like in the study
of the a4 and a; parameter space by Espriu et al. [158].

Finally, for the two channels with J = 2 (where in particular fy-like resonances might
appear, as well as exotic ones in W+W™ same-charge combinations) the TAM cannot be
constructed with NLO amplitudes (because the lowest order is s* for these), but the other
two methods do work and are in qualitative agreement.

In fig. [6.1] we have compared, in the Standard Model, the total production of W*W~
versus those produced with longitudinal polarization. We conclude from it that, within

3Even more, outside particle physics one can find strongly coupled channels with small elastic inter-
action (see also ref. [39]). For instance, Co + Oy — C2+ O3 or CO+ CO — CO + CO elastic scattering is
negligible against the coupled-channel Cy 4+ Os — 2CO, a strong exothermic oxidation reaction, freeing
almost 11 eV, driven by the large phase space. What is perhaps distinctive in our mechanism is that the
coupled-channel is large, with no phase space advantage (all particles being approximately massless).
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Figure 6.1: Production of WW~ (dark gray, blue online) versus longitudinal modes
W W, (light gray, red online) in the SM. x—axis in GeV and y—axis in events / 33.3 GeV.
Vs =13TeV, L = 10fb~'. MadGraph v5 [126] has been used.

the SM, wrwy, is a rare process at energies above a TeV. The developing of a Monte
Carlo simulation for the unitarized partial waves with strong interactions is still work in
progress.

Once the presumed strongly interacting sector has been studied, we have coupled it
to two other channels to identify promising final states as well as interesting production
mechanisms. One of them is the coupling of the EWSBS with the two photon state; we
have studied, in our ref. [36] and here in sec. the scattering amplitudes

VY = ww, vy — hh. (6.1)

The corresponding partial waves for ww — 7 scattering can be found on sec. [3.3.2]
and we have developed a new perturbative (in electromagnetic «/) unitarization procedure
on sec. (4.4l Basically, such a procedure supposes that the WBGBs follow a strongly
coupled dynamics and the photons are weakly coupled to the WBGB sector. As an
additional product we are preparing a study of the processes

vy = {WtW~, ZZ, hh} (6.2)

as an optimal tool to discern possible new physics related to the EWSB in future collider
data. The hh in the final state is necessary for unitarization, since it could enter the other
channels via rescattering processes like vy — hh — WTW ™. Both in CMS and ATLAS
there are Forward Detector Facilities for detecting events with v as initial state at the
TeV range: AFP in ATLAS [105] and TOTEM in CMS [106} [107]. Even without such
forward detectors, there is a study from CMS (ref. [108]) reporting a search for (deep
inelastic) 7y — ww scattering processes. Although only 2 events are found, since they
consider the \/s = 7TeV series of data (with an integrated luminosity of 5.05fb™"), this
study shows that there is interest in vy scattering at the LHC.
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Moreover, independently of the data coming from the v scattering at the LHC, the
matrix elements of the scattering processes of eq. are interesting because they can be
inverted, by applying T-invariance, in order to recover a two photon state as a final one
coming from a strongly interacting EWSBS.

Thus, we have presented a full one-loop computation of the related amplitudes, by
means of the Equivalence Theorem, for the scattering processes vy — wtw™ and vy —
zz, which should provide a good description of the physical processes of interest if the
EWSBS is strongly interacting, in the kinematic regime my, 2 < E < 4mv.

The computation has been performed up to NLO, which in this chiral Lagrangian
context means taking into account all contributing one-loop diagrams generated from L,
in addition to the tree level contributions from both £5 and £,. That means that we have
computed for the first time the quantum effects introduced by the light Higgs-like scalar
and the would-be-Goldstone bosons w* and z altogether as dynamical fields in the loops
of these radiative processes. As part of this computation we have also set clearly here
the proper ‘chiral counting rules’ that are needed to reach a complete NLO result in the
massless hrnitlﬂ and we have also illustrated the details of the renormalization procedure
involved.

For a further check (this, highly non trivial) of our computation we have done the
same exercise with two different parametrizations of the SU(2), x SU(2)r/SU(2)1+r
coset, the exponential and the spherical oneﬂ, and we have found the same results, as
expected.

Our final matrix elements for the v+ scattering, summarized in sec. [3.2.2] are surpris-
ingly very short and extremely simple. The case vy — 2z depends just on a and ¢,, and
these ECLh parameters appear in the simple form given in eq.[3.55] The case vy — w*w™
depends on a, ¢y, a1, as and a3, and they also enter in a very simple way given in eq. .
In our opinion, one of the most relevant features in these simple results, is the fact that
these two amplitudes are found to be given by ECLh parameters or combinations of them
that are renormalization-group invariant. This is very interesting and a consequence of
our findings in the computation of all the one-loop diagrams from the ECLh that when
added together yield a total contribution that is ultraviolet finite, in both vy — 22z and
vy — wrw™ cases. Specifically, we have found our results are expressable in terms of a,
¢, and the combination (a; — ag + as3), none of which is renormalized, as it happens in
the Higgsless ECL case.

Finally, our last study concerns the presence of tf in the final stateﬁ. The channels
considered are

{ww, hh, tt} — tt. (6.3)

In secs. [3.2.3] and [3.2.4] we give the matrix elements. In appendix [B] the spinor chain
computations are given in detail. The partial waves are given in sec. [3.3.3] and the
unitarization procedure, on sec. [£.4]

The unitarization is perturbative in M;/y/s. That is, we suppose that the WBGB
dynamics is strongly interacting, while considering the couplings with the top quark as
weak. Note that, in the end, the elastic t¢ — t¢ amplitude does not enter the unitarization
procedure. As in the case of the v scattering, the study of the parameter space is work
in progress.

4See sec. 2.2 and refs. |19} 130, 46].

5See sec. for an definition of the different parameterizations.

6This work has been carried out in collaboration with our visitor from the Universidad Nacional de
Colombia, Andrés Fernando Castillo.
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To conclude, we believe that we have made a substantive contribution to the discussion
of possible strongly-interacting extensions of the Standard Model, which are currently the
most natural scenario with the particles W, Z and h in the Electroweak Symmetry Break-
ing sector. Thus we have extended previous works prepared long before the discovery of
the 125 GeV Higgs like boson, that did not include it, as for example those in [12].

Furthermore, to consider as many experimental channels as possible, we are introduc-
ing couplings with vy and ¢t states.

We hope that the results of table will be useful for the developers of Monte Carlo
simulation programs, since it is a comprehensive study of the validity of each unitarization
procedure depending on the channel.

Of course, it can still be that the SM exhausts TeV-scale physics, in which case the
parameters of the effective Lagrangian become a = b = 1 (all the NLO ones vanishing).
Or it can also be that some of them only slightly deviate from the SM values; this could
be suggestive of weakly coupled resonances, and the theory would be unitary far from
saturation. But the strongly interacting regime remains the bulk of the parameter space
to be explored by the LHC run-II.
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Appendix A

Mandelstam variables

Take a (p1,p2) — (ps,pa) scattering processes, where p; o and ps4 are, respectively, the
4-momentum of the incoming and outcoming particles. Because of 4—momentum conser-

vation,
P1+Dp2=p3+pa (A.1)
If the invariant mass of ¢ particle is m;, then
p; = (pios Pirs Do, Dis)? = Pty — Py — Do — Dig = (A-2)
So, we have, for the four cases (F;, i = 1,2,3,4),
E} =pf +m] (A.3)

Without loss of generality, for a scattering process in the center of mass (CM) frame, we
can take

p1 = (E1,0,0,p)) (A.4)
p2 = (E5,0,0, —p)) (A.5)
ps = (E3,0,p5sin 6, ps cos ) (A.6)
Py = (E4,0, —ps sin 0, —pf cos 6) (A7)

where 0 is the angle between particles 1 and 3 in the CM. The Mandelstam VariablesE] S,
t and v are defined as

s = (p1+p2)* = (p3 +pa)° (A.8)
t=(p1—p3)° = (p2 —pa)’ (A.9)
u=(p1 —pa)? = (p2 — p3)? (A.10)
So, using momentum conservation (A.1)) and rel. (A.2)),
s+t+u=p;+p;+p;+p; =mi+ms+ms+m] (A.11)

With eq. (A.3)) and defs. (A.4) to (A.10),

2 2 \2 2 2
(3 —mis— m2,4) - 4m1,3m2,4

Pis = " (A.12a)
t=(p1 —p3)® = (BE1 — E3)* — pf — piY + 2pph cos b

=mi +mj — 2\/m% +p'12\/mg + p2 + 2ppl cos 6 (A.12b)

w=m;+ms+m;+m;—s—t (A.12¢)

See, for example, ref. [40].
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Now, if we take the particular case m; = my and mg = my (both incoming and
outgoing particle pairs have the same mass), these last expressions simplify to

(A.13)

\/_
=1 m13—>p13

4 4
t—m1+m3—§<1—\/1—%\/ —%COS@) (A.14)

The scattering angle 6 can be expressed as

cosf =

2t —mi m§)> (A.15)

1
\/ 4m2\/ 4m2 (1+ S
1 —=—/14/1 — =38

Finally, if all the masses are zero,

S

t= —5 (1 —cosf) (A.16)
u= —g (14 cosf) (A.17)
2t

cosf =1 —i— — (A.18)



Appendix B

Spinor computation

B.1 tt in the final state

The goal of this appendix is to prove egs. [3.104}

at (p) v (p2) = +Vs —4AME = +/s+ O (—t> (B.1a)
ut (p1)v (p1) =0 (B.1b)
u (p1)v" (p2) =0 (B.1c)
T () v () = —V/o - D = a4 0 (M), (B1d)

where u and v are the spinors associated with the ¢¢ final state in ww — tt and hh — tt
processes. These spinors are defined ag]|

ulpr, € 2) = (%ﬁ) vn ) = (V)

where u and v are, respectively, a particle (the top quark, t) and antiparticle (the anti-top
quark, t); p, the 4-momentum of the final state particles referred to the center of mass

frame; and &, 7, the corresponding 2-component spinors. These spinors are normalized
(see refs. [40-42]) by

ge=nnp=1. (B.3)

Note that the square roots of eqs. are defined for complex 2 x 2 matrices. The square
root of a matricial operator, in its diagonal form, is defined as the diagonal matrix of
the square root of its eigenvalues. Note that the positive determination is used here (at
the end, the eigenvalues will be real and positive). If the operator is not in a diagonal
form, then it will be rotated in order to compute the square root matrix. Note that, in
general, this definition of a square root does not verify the property vVAB = v/ AVB,
only applicable when A and B have a common eigenbasis.

See, for instance, refs. [40-42)].
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Now, let us use the Weyl basis (see refs. [40-42]), where

0 0 12><2
T (12><2 0 > (B 434)
o = (12><2,a') ( b)
o= (12><2, —(3') (B 4C)
o = (01,09,03), (B.4d)

o; (i =1,2,3) being the Pauli matrices. Furthermore, since we are in the center of mass
frame,
b1 = (Eama b2 = (E7 _ﬁj (B5a)

P = p(sin 0 cos ¢, sin 0 sin ¢, cos 7). (B.5b)

We could have taken 8 = ¢ = 0, without loss of generality. However, let us keep the
complete computation, which will be illustrative for the more general case of sec. [B.2
Note that, because of eq. and [B.5]

( ) E —pcosf —pesin b (01 - 5) E +pcos —pesinf (B.6)
c0) = . -0) = . . .
P —pe®sinf E 4 pcosf )’ p1 —pe?sinf E — pcosf

Note that both (p; - ) and (p; - ) are 2 x 2 hermitian matrices, so that they are
diagonalizable by an orthonormal basis of eigenvectors with real eigenvalues. Indeed, the
eigenvalues of (p; - o) are E — p and E + p, with the corresponding eigenvectors v,

0 —io gipy 8
v o COS 3 v o (& s 5 (B 7)
E—p — id i 0] E+p — 0 . .
€ s 5 —COos 5

For (p; - @), the eigenvalues and eigenvectors (v}) are obtained by swapping p — —p on
those for (p; - 0),

0 —i¢ oin ¢
U/ — . COS 5 v, — . € S1n 3 (B 8)
E+p — VE—p = i i 6] E—p — VYE+p — 0 : !
2

€' sin —CO8 5

And, finally, the definition of k is k = kf7° for any 4-vector k, where the matrix 7"
is defined in eq. [B.4al - Hence, the expression we are trying to compute, 4vy (eq. [B.1)),
turns into

= @) = (€0 V) (V) )

(p2-o)n,

Now, taking into account the definitions of eqs. [B.4] and [B.5] eq. [B.9] becomes

2} =€ [~V o) Vier o) + Vo 0) Vi o) 0 (B.10)

Now, consider that both (p;-0) and (p;-) are hermitian matrices with positive eigenvalues
(vVE — p and /E + p). Then, the matricial square roots will also be hermitian, so that

eq. reduces to

Mo = E=(pr- o) + (p1-3)ln = 2p[e" (- &), (B.11)
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where p = pp is a 3-vector. Now, because the helicity operator ¥ for a particle with
3-momenta p is

~

h=p-6. (B.12)

Let us introduce the notation 7% and & for the spinors (i = 1,2), where the \; = &
superindex stands for the helicity state h = +1 of the particle ¢. Because changing
particle by anti-particle changes the helicity sign, as does changing p' by —p, eq.
turns into

Mt = 2ph’2 (EM)TEM, (B.13)

Finally, according to the orthonormality of helicity states (eq. and nt-nT = F.6F =
0), and to the definition of s Mandelstam variable (eq. [A.8]), we recover egs. [3.104] (quoted

in egs. B.1)),
aM v = 2phM Gy, n, = 20N B2 — M2Sy, 5, = WM/ s — AMP0y, 2y, (B.14)

where h*™ = +1.

B.2 Analysis of the spinors of the tt — tt process

The goal of this appendix is the computation of the spinor chains which appear on the
tt — tt scattering amplitude in eq. [3.118] First of us, let us define the notation

[t(p1,u1, &1, A1), E(pay V2, 12, A2)] — [E(ps, us, €3, A3), T(Pa, Va, sy Aa)]- (B.15)

Here, p; (i = 1,2, 3, 4) stands for the 4-momentum of the initial and final state particles; u;
(1 =1,3) and v; (i = 2,4), for the spinors of the top quarks and antiquarks, respectively;
& (i =1,3) and n; (i = 2,4), for the polarization vectors of the quarks and antiquarks;
and \; (i = 1,2,3,4), for the helicities of the particles.

Now, in the center of mass frame, and taking into account that all the particles and
antiparticles have the same mass (the top quark one, M;) and the 4-momenta conservation
(p1 + p2 = p3 + p4), the 4-momenta may be chosen as

p1 = (F,0,0,p) pe = (F,0,0,—p) (B.16a)
ps = (E,p) ps = (E,—p), (B.16b)

where p'is defined in spherical coordinates,
P = p(sin O cos ¢, sin 0 sin ¢, cos ). (B.16¢)

As in the case of the previous appendix , we will work in the Weyl basis. See refs. [40-
42] for an introduction to Dirac spinors in such a basis. The spinors are defined as

ulpi €, ) = (%2) 0(pi,m, ) = (_ (59?;7 ) (B.17a)

0 12 2) (_12><2 0 )
0 ), > B.17b
7 (12><2 0 7 0 12><2 ( )

T Y — Aj

?i:(vp’ (fi_), U;j:< v “?A.), i=1,3, j=24 (B1Tc)
N B

o= (12><2,5')7 o= (12X27 _OA-)J o= (0-170-2a0-3)7 (Bl?d)
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and k = k40 for any 4-vector k. Note that o; (i = 1,2,3) are the Pauli matrice and
that we are making the same definitions in eqs. that in eqgs. [B.4] in the previous

appendix [B.1]
Now, eq. defines the helicity operator for particles,
- cosf; e "isinb,
h,=p; 0= o , 1=1,3 B.18
Pirg < e®isinf; — cosb; ) ( )

where p'= pp. Note that, by definition (egs. |B.16)), 6; = ¢; = 0 for the p; initial state
4-momentum. For antiparticles, there is a change of sign,

~

Wy =—p;-6, i=24. (B.19)

The polarization vectors will be the corresponding eigenvectors of operators
and [B.19] so that

& = [cos(0/2), ¢ sin(6/2)] & = [e7®sin(6/2), — cos(6/2)] (B.20a)

1

n = [sin(0/2), —e™ cos(6/2)] n; = [e7 cos(0/2),sin(6/2)] (B.20b)

These definitions verify the closure relations

(EMT- 6 =6, (B.21a)
()T 7 = 6,0, (B.21b)
(E =0 Y=+ (B.21¢)

Indeed, n = & |55 Note also that & and 7" are eigenvectors of the corresponding
helicity operator, hf&r = (£1)&F (i = 1,3), An = (£1)nF (i = 2,4). Note that the
correct 3-momentum j should enter the definitions of h, i’ (eqs. [B.18 and [B.19)).

Now, consider that, according to eq. a generic (p; - o) operator will be hermitian

and diagonalizable by

( ) cosh e ¥isin% Ei—p; 0 cos? e ¥isink f
Di-0) = . p . : ’ idi iy Oi i '
€' sin % — COS % 0 E; +p; €' sin % — COoS %

The corresponding square root will be defined by

Vipi-o) =
_ < cosg e ' Sin%) _ (\/Ei = Di 0 ) . ( cos e sin%)Jr
— ! _

€' sin % —cos & 0 vVE; +p; €' sin % — Cos

2

0;
2

(B.23)

If, on the other hand, we considered (p; - 7) and +/(p; - ), then we would recover the
diagonalization just by swapping [(E; — p;) <> (E; + p;)] on the diagonal matrices of
eqs. and (see the discussion after eq. .

Note also that, if ¢ = 1 in eqs. [B.22] and [B.23] that is, if we had #; = 0 and ¢; = 0,
then the change of basis matrix which diagonalized (p; - o) and (p; - &) would be the
identity. That is, (p; - o) and (p; - ) would be diagonal matrices. Furthermore, note

2Defined, for instance, in refs. [40-42].
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that, because of the definitions of the 4-momenta (egs. [B.16) and the (o,5) matrices

(egs. [B.17)), we have that
(pi - 0) = (Pit1-0), (pi - 0) = (Pir1 - 0), i=13 (B.24)

Now, taking into account all the definitions introduced in this section until now, we
can evaluate the fermion chains of eq. for the S(tt — tt). This, indeed, is the goal
of the present section.

To sum up, our definitions are: egs. for the momenta; eqs. [B.17] for the spinors
and v—matricesﬂ; eq. , for the helicity vectors, which correspond to the different
polarizations; and eq. for the definition of the square roots of matrices which appear

in eqs. [B.17] The results can be found on table

AN ++ +— —+ ——

0 (p1)v3 (p2) 2p 0 0 —2p
5™ (p3)0} (pa) 2p 0 0 —2p
i (p2)uy (p1) 2p 0 0 ~2p
i3 (ps)uy (p1) 2mcosd | 2e7®Esing | —2¢“Esing | 2mcos
i (p2)v} (pa) —2mcos? | 2e7®Esing | —2¢Esin | —2mcos?
MNps)Voy (pa) | —2E 0 0 —2E
2 (p2) 2w} (1) 2F 0 0 2F

i3 (ps)7°uy (p1) 0 —2e“psin % —2¢"psin % 0

i (p2)7° 03 (pa) 0 2e"psing | 2¢psin 0

Table B.1: Fermion bilinears which appear in eq. |3.118] and whose computation is
the goal of this appendix [B.2] Note that, as expected in the previous appendix [B.1]
WM (pr)vy (p2) = ™ (ps)vy (pa) = 2phAox xr.

3Remember that k = kT~ for any 4-vector k.
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Appendix C

Dimensional regularization and
Passarino-Veltman functions

For computing the amplitudes at NLO, the set of programs FeynRules |142], FeynArts [143]
and FormCalc [144, 145] has been used. These programs take as input a Lagrangian and
a wanted scattering process, and give as output its matrix element. FeynRules could also
give a so-called UFO file [181], which is useful to use as input for Monte Carlo (MC)
simulation programs.

The multi-loop computation requires to integrate over all the possible 4-momenta
(including off-shellness) of the particles inside the loop. For 1-loop computation, there
is only one 4-momentum which has to be integrated. This integration can lead both to
ultraviolet (UV, limit k& — oo) and infrared (IR, limit & — 0) singularities.

To deal with the UV divergences, FormCalc uses the dimensional reqularization and
expresses the total amplitudes in terms of the so—called Passarino-Veltman functions.
FormCalc defines them in the following way:

N 1
A _H / - ;
N S e (C-1a)

2, ~ Qrp)tP / dP L
By(p™;m1,ma) = im? (k2 —m2][(k + p)2 — m2] (C.1b)

2 2 2, _
Co<p17p27p37 miy,ma, m3) -

1 d*k

= C.1lc
i | T+ o = md Gty paf =g (1
Do[p%,pgap‘%,pi; (p2 +P3)2, (p1 +P2)2; my, Mo, Mg, My| =
1 d*k
7 | Tk pT = Ak it o) —m(F  pr  pa T pafe =l
(C.1d)

Usually, refs. [182, [183] are credited in this context, since Passarino and Veltman intro-
duced this notation. However, Veltman used a slightly different convention in several
places, like in the definition of the 4-momenta. This introduces multiplicative constants
in the defition of the Passarino-Veltman functions. There is even a notation change be-
tween refs. [182] and [183]. So, the notation actually used by FormCalc is that given by
ref. [184], which refers to [185] for the details of the dimensional regularization.
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Im k° A 00
|
X
> > o
X Re k°
|

Figure C.1: Position of the poles appearing in the integrand of Passarino-Veltman func-
tions, and integration contour choosen to perform the Wick rotation.

The basic idea is to substitute the 4-dimensional integration by an integration over
D = 4 — 2¢ dimensions. The UV divergences will appear as poles on € — 0, but we will
be able to reabsorb them in the counter-terms. By definition of dimensional regulariza-
tion [185], integrals that do not depend on any scale will vanish,

/dD k- (k%> =0. (C.2)

In contrast, this integral does not exist in the Riemann sense, diverging with the volume
VD € Z, a € R. The integrations rely on a so—called Wick rotation, which transforms the
integral over Minkowski space to another one over Euclidean space. The trick is making
an analytical extension to the complex plane of the temporal component, k° = ik%, and
maintaining the spatial componentes, k= k:E

So, we are dealing with a real D — 1 dimensional vector k in space coordinates, and
a complexr 1-dimensional vector k° in time. The Minkowski metric works as expected,
k2 = (k°)2 — ||k||2, whose equivalent is k2 = (k%)2 + ||k||* in Euler space. As shown in
fig. [C.1] because of Cauchy’s Theorem, the Wick rotation requires that no pole is present
inside the integration region shown in fig. [C.I} and that the contribution of the arcs
vanishes in the limit |k°| — oc.

Let us first think about the poles. All interactions in EFT are polynomial at tree
level, so the poles can only be due to the denominators of propagating particles. If we
take the Feynman prescription for these denominators

n—1 2
D, = (/{:—l—Zpi) —m?2 +ig, e = 0" (C.3)
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with k, p; being 4-momenta, then,

n—1 2 n—1 2
Re D, = (Rek°+zp?> — (Im &%) — <E+ Z@-) —m? (C.4)
n—1

Im D,, = 2Tm ° (Rek0+zp§> e, 0" (C.5)

i=1

The zero condition for D,,, which will lead to a pole on the Passarino-Veltman integrand
coming from (1/D,), is ReD,, = Im D, = 0. Because they correspond to external
(physical, not virtual) particles, they must by on the mass shell, p? > 0Vi, so that
Imk°-Rek® < 0. ReD,, = 0 means that

n—1 2 n—1 2
(Rek:o + Zp?> — (Im&%)* + (E+ Zp:) +m?2, (C.6)
i=1 =1
and there will be two solutions, one with Rek® > 0 and another one with Rek’? < 0.
So, if simultaneously Im D,, = 0, we extract the value of Im &° which, as just shown, will
have opposite sign to Rek?, thus recovering a couple of zeroes (poles of the integrand)
marked in fig. [C.1] They always appear in pairs, in the second and fourth quadrant.
The second condition is that the contribution of the arcs shown in fig. vanishes
in the limit |£° — oo. Because of the fact that we keep the spatial component, k finite,
the divergence would come from the limit

1
lim Ak’ :
\k:01|—>oo . <k0)2n’ (C 7)

where n is the number of denominators D,,. But this does vanish for n > 1. Take
z = k%% with 6 € [0,7/2],

1 w/2 ‘ 1 w/2 Z'ei(172n)9 10
dz-— = dk:o“’—:/ do —% 0. :
R A S =

Thus, we have proven the two conditions which are necessary for the Wick rotation.
Namely, absence of pole contributions in the domain through which the axes are rotated,
and convergence to zero of the arch integrals. Now, once in Euclidean space, and using
the spherical symmetry of the problem, the integration can be decomposed as

[ Pes(el?) = [ e 127 [ o) = [dso [dw) - 50500203,

(C.9)
where we have used the integral over the surface of the full D-dimensional sphere,
27TD/2
dQp = C.10
[ a9 = 2575 (C.10)

whose proof can be found in appendix . ['(x) is the Euler’s Gamma function, whose
properties can be found, for instance, on Ref. [186].

Furthermore, to maintain consistency while changing the dimension of the integral
over the 4-momentum, the integral in eq. will be multiplied by a constant p*~P,
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where p has dimensions of momentum k. The divergent Passarino-Veltman functions Ay
and By (egs. |C.1al and |C.1b|) already include this constant. Anyway, this will lead to the
appearance of an energy scale p on the final result.

Once all the substitutions completed with the help of the efficient symbolic compu-
tations software FORM [183], FormCalc express all the matrix elements as function of
the scalar Passarino-Veltman functions defined in the four egs. [C.I Note that, although
Cy and Dy in egs. [C.1d and [C.1d] have very tricky analytical expressions, they are finite.
So, no regularization is needed for them. Because A(()l)(m) and By(p,0,0) functions in
eqs. and are the ones appearing in our computations, we will show here how
to compute them. Let us start with Aél)(m). By definition,

4-D dP k 1
AV () = & / . 11
0" (m) im? (2m)P=4 k2 — m? + ie (C-11)

Doing the Wick rotation, we substitute k% — ik%, k — kp. So,

K = (K02 = |E|I* = —(k3)® — |lkell® = —k3, (C.12)
and . .
APk = dk° - dP'F = i kY - dP R, (C.13)
Thus, taking also into account that ¢ — 0%, Eq. transforms to
4-D dD & 1 4-D 9 .Df2  [oo D1
AP m) = £ /Z = — =—== - / dkpz"—s
im? (2m)P—1 —kz — m? (2m)P—4w2T(D/2) J, k% 4+ m?
(C.14)
Making the change of variables k., = mx, dk, = m dzx,
27 0) 4P omemD-1 e D1
A _ ( o (D-4)/2 / d
0 (m) = ="5ip )y 27 mz Jy T2+l
B B 27T/L)4_D 00 .CED_l
= —2p(D=9/2p D 2(—/ d C.15
: m T oa) ), e OV

Now, provided that D € (0,2),

o b1 D 1 D D
/0 dxx$2+1 :gCSCTW:gF (1—E)F<§), (C.16)

thus we find the result

AD(m) = —m? (ﬁ) - (1 - %) | (C.17)

A

Now, let us substitute D = 4 — 2¢. Take into account that the integral is convergent for
D € (0,2), which means € € (1,2).

)€r (€—1) (C.18)

It can be seen that this is not well defined for ¢ < 1. However, let us see what happens
when we force a Laurent expansion near € = 0,

1
Fle—1) = —E—1+7+O(e) (C.19)
A= e84 =1 4 elog A+ O(€), (C.20)
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where 1/e stands for the divergent behaviour near D = 4 and v ~ 0.5772... is the
so—called Euler’s constant. So,

1 dmrps? ’
A (m) = m? <E+1—7+log = ) =m’ (A—log%ﬂ), (C.21)

where A = (1/€) — v + log 4 is the A variable used by FormCalc [144].
For the function By(p*;0,0), which appears in the NLO computation, we take the
definition (particularized to m; = mg = 0),

(2mp)*™ dP k
Bo(p%30,0) = =75 / 2+ id[(k +p) 1+ id] (C-22)

In order to apply eq. , we need an integrand which only depends on k% after the
Wick rotation. Note that, in the end, the only operation that we have defined over D-
dimensional vectors (with D non-integer, D € R\ Z) is the integration over the surface
of the D-dimensional sphere (appendix . Here, we do not have a definition of D-
dimensional vectors which allows us to explicitly sum them. Thus, we cannot sum k + p
and integrate over k on D € R\ Z dimensions. Even worse, whatever D-dimensional
means, p is a 4-dimensional vector whose components are fixed by external kinematics.
To deal with this problem let us assume that, although we are not able to explicitly
define such an operation as k + p, it is well defined and verify the corresponding algebraic

properties. We introduce the Feynman parametrization |184], which for the product
1/(D1D2) 1s

1 ! dx
—_— = : C.23
D1D2 /0 [(1 — .Z')Dl + .’L'DQ]Q ( )
Hence, By(p?*;0,0) defined in eq. is turned into

2m )P "k
By(p*; 0,0 :(—/ d / =
o(p%0,0) w2 Sy ) A=)k + (k+p)2x +ic]?

_ (2rp)tP . dPk
L /od / (k2 + 2x(kp) + x(p)? + ie]? (©.24)

Now, let us perform the change of variables k — k — xp, so that

E* 4 2z(kp) + z(p)? hohop, (k — ap)? + 2xp(k — ap) + p*r = k* + 2(1 — 2)p* (C.25)

When substituting in eq. [C.24]

5 B (271'[,6)47D /1 / de
B:0.0) === | © ) ere0-op vl (C.26)

where linear combinations of D-dimensional vectors (like £+ p in eq.|C.22)) do not appear.
Next, perform the Wick rotation and change to generalized spherical coordinates in D-
dimensions,

o o (2rp)tP 2xP/? / / dk k-1
Bo(p7;0,0) = —3 TD/2) B e (C.27)
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Let us sustitute D = 4—2¢, and note that we are keeping € # . Now, provided 0 < D < 4
and € > 0 being small enough (¢ < z(1 — x)p?),

1

Bo(p?:0,0) = (4mp2)T(e) /0 do [—o(1 — 2)p? — ig]~, (C.28)

where the integrand is extended to the complex plane by
[—z(1 — 2)p* — ie] ™ = exp [—elog (—z(1 — z)p* — ic)] . (C.29)

This is defined because the logarithm is a complex function with a cut on the left axis.
For the sake of simplicity, since 0 < (1 — z) < 1Vz € [0, 1], we redefine € so that

—z(1 — 2)p* —ie = (1 — 2)(—p® — ic) (C.30)

without changing the Riemann sheet where F(z) = 27¢ = ¢ ¢'8® is evaluated. Thus,

eq. [C.28| turns into

Bo(p;0,0) = (d4m®)(—p — i) ~T(c) / dr (1 — x|

—p? —ie\ “T(e)-[[(1—e)?
- ( A2 ) (2 2) (C31)

And carrying out a power expansion around € = 0,

—p? —ie

By(p*0,0) = A +2 —log " + O(e), (C.32)

with A being (1/¢) — v + log 4, as it was the case of Ay.



Appendix D

Several proofs and explanations

D.1 Integral over the surface of a D-dimensional sphere

The integral over the surface of the D-dimensional sphere is

/dQD =~ D/ (D.1)

where I'(z) is the Euler Gamma function, whose properties can be found in ref. [186].
Eq. can be extended to D to the real (and positive) axis, D € RT. Let us prove this.
Using the identity

/_ T e = VT, (D.2)

(e 9]

following ref. [40], and provided that D € N (D > 1),

o D 00
P/? = {/ da:e_xﬂ :/de- eI — /dQD/ dyx 2P~ te™
o 0
I'(D/2
= (/dQD) : (2/ ), (D.3)

thus recovering eq. only for natural values of D. However, the function 27°/2/I'(D/2)
is defined also in D ¢ N, because it is a composition of analytic functions in the complex
pland’] Thus, the analytic extension of eq. to the complex plane is trivial.

D.2 Integration of Legendre Polynomials

Eq. 4.29]

2m ™
/ d(ﬁ/ d6 -sinf - Pylcosf] - Pylcosfcosf + (—1)"sinfsin b cos p| =
0 0

B 47
2] 41

875 Pylcosf], (D.4)

!See ref. [186] for more details. Special care should be taken for n = 0,—1,-2,... (D =
0,—-1/2,—1/3,...), where I'(n) has single poles. However, this does not affect our computations, since
we always have real and positive values of D.

143
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can be easily proven taking into account the Addition Theorem for Spherical Harmomcﬂ,

cosy = cos b cos by + sin 6 sin 6, cos(p1 — ©9) (D.5)
J
Pieosn) = s 37 (C1)"YP (0, 00)YS " (0202 (D.6)
= PJ(COS an);j(cos 92)
+2 Z PJ cos 61) P} (cos 6y) cos[m(p1 — p2)] (D.7)

Just take 0; — 6, 6, — 0, o1 — @, ps — nm, considering that cos(p — nw) =
(—1)"cospVn € Z. Now,

27 1 27
/ d @ cos[m(p — nmw)] = — sin[m(@ — nw)] =0Vm € Z, (D.8)
0 m =0
so that the integration of eq. reduces to
27r/ d -0 - Pslcos 8] Py (cos ) Py(cos 0) (D.9)
0
And now, because of the orthonormality of Legendre polynomials |186],
! 2
dx- P Py = 0y D.10
[ e Pro)Pr(o) = 57 (D.10)

we recover trivially eq. when integrating over 0.

D.3 Integrals for the N/D method

In order to compute the integrals of eqs. 4.129] let us first consider the following ones,

2 dx 2] 1 1 1 v
Li(y, 91, 92) =/ —— :/ dr— { — —] = —log (1 -~ g) (D.11a)
w t@=y) Sy ylr-y =z oy T/ |y,
Y2 dr 1 Y2
Ly, y1,92) = / - = 3 [log (1 — y) + g] (D.11Db)
yi L (:E - y) Yy x x =1
~ Y2 dr 1 Y2
Ly, y1,92) = / aF 8% _ 2log z log <1 - E) +log® z + 2 Li, <£) , (D.11c)
w (@ —y) y Y/ ey
where Liz(n) is the dilogarithm function] defined as
. =t
Liy () :;ﬁ, 2| < 1. (D.12)

For |z| > 1, the dilogarithm is defined by an analytic continuation. Anyway, according
to refs. [148, [187], this analytic continuation can be embodied in an integrate form

Liy(2) = — /0 det, (D.13)

2For a proof of this theorem refer, for example, to [186].
3See, for example, refs. [148, |187].
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and its asymptotic form for large values of x, necessary in order to compute the limit
A — oo in eq. [D.I1d

7.‘.2

. z—00 1 2 .

LIQ(Z) m} ? — §log Z 4w log Z, <D14)
provided that z = Re(z) + ie, where e — 07. If, on the other had, we had z = Re(z) — ie
(e = 0%1), then the correct asymptotic form would be

. 2—00 w2 1 2 .
Liy(2) ——— — — = log“ 2z — imlog 2. (D.15)
Imz—0— 3 2
Note that this last case (z = Re(z) — e, ¢ — 01) is the one which, indeed, appears in
eq.[D.11d Take into account that y, — oo, and y = (s+ie)/p? (with Imy — 07) appears
on the denominator, so that Im(ys/y) — 0.
If the limits yo — oo are computed in egs. [D.11], then those expressions turn into

1
I (y, y1,00) = ——log (1 - 3) (D.16a)
Y Y1
1
Ly(y, y1,00) = —— [3 + log (1 - i)] (D.16b)
Yy L (A
1|1 .0 1 U1 w2
I = —— | =log*(— Liy &= — = log® 1 log (1 -2 ) + =
{(00) = = [ Hhog?(-9) + Lia 2 = L1og?(un) +lognlog (1 2) + T
(D.16¢)

Now, let us effect the change of variables y = (s + i€)/u?, © = §'/u?, y1 = m?/u?,
yo = A?/p?. The integrals of egs. and their solutions when A* — oo and € — 07
(egs. |D.16]) turn into

11( - 1 /y2 dx _/A2 ds’'
MQ 1 y7y17y2 - M2 " x(aj—y) - m2 S/(S,—S—Z.E)

2 0o 1
Moo log (1 - i) (D.17a)
m

Yoo S 2

LI >—1/y2 - _1/A2 =
e 2(Y, Y1, Y2 T2 o 2 —y) b w2 (8)2(s" — s —ie)

1 1 ) = 1 /y2 dzlogx _/A2 dS/lOg,f—;
pr NI T | e =) T S S =5 —ie))
2 111 - 2 1 2 2 2 2
Ao, 2 —log® — +Li21——log2 m —i—logﬂlog - )+ 2.
ya—oo S |2 w2 s 2 2 2 s 6

These expressions allow us to recover egs. [4.129] as expected.
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D.4 Comparison of our elastic ww partial waves with
a Higgsless ECL model

Before the discovery of the Higgs boson at the LHC, several authors ([4, |6} 7]) motivated a
strongly interacting regime for the dynamics of the EWSBS to solve some of the problems
for which the Higgs boson was postulated. In particular, we will quote ref. [150] since,
although they worked in the Higgsless ECL model, they have computed the real part
of the NLO partial waves (including the tensor-isotensor channel I.J = 22), and their
results can be used to check our elastic WBGBs partial waves of eqgs. [3.136| to [3.140],
taking a = b = 0 in our expressions.

Furthermore, ref. [150] (and its extension [175]) are particularly encouraging since
they are interested in the implementation of strongly interacting theories into their own
MonteCarlo program, WHIZARD [188, |189).

However, while we take the non-linear electroweak chiral Lagrangian with an arbitrary
function for the couplings of the Higgs-like particle with the EWSBS]

2 2
Ly = UZ (1 + Qa% +b (%) ¥ .. ) Te[(D,U) DU + . .., (D.18)

ref. [150] takes the Higgsless regime a = b = 0,

2

Ly = %Tr[(DuU)TD“U]. (D.19)

Note that the work of ref. |150] has been extended (see ref. [175] for example), but
apparently a non-linear chiral Lagrangian of the form of eq.[2.31} has not been considered.
In particular, ref. [150] introduces the Higgs-like particle through their eq. 1,

H - %(U + )Y (D.20)

where > is the non-linear Goldstone-boson representation. Apparently, they are not
considering a more general coupling with the Higgs-like boson, with a factor like (a,b)
(see this work, eq. 2.6 and some other works like ref. [158]), the ¢y (see ref. [31]), the
Fy(h) (see ref. [29] and their their eq. 5),...

Anyway, we are interested in eqs. 4.13 and 4.14 from ref. [150]. They should be
compatible with the real part of our ww — ww partial waves (egs. [3.136] to [3.140} see
also the definition of eq. [3.132). Provided that we define a = b = 0, in our equations,
and consider that the definition of partial wave of ref. [150] (see their eqgs. 4.11 and 4.12)
should be multiplied by 1/(327) to match the definition of partial wave which we use
(K = 2 in egs. [3.123| and [3.124)). This is an independent check of our NLO and partial
waves computation.

Note that, when the real part of our amplitudes is taken, because we are working over
the RC (physical zone, s’ = s +ie, s > 0, ¢ — 0%), we have Relog(s/u?) = log(s/u?),
Relog(—s/u?) = log(s/u?). Thus, once we define a = b = 0, in our equations (eqgs. [3.136

4See our eq. and the phenomenological Lagrangian of eq. m
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to [3.140)), and we multiply them by 327, we find that
3s

A(()(())) = 327 Ko0S| ey = w2 (D.21a)
0 _ S
=32 (D.21b)
0 S

Ay = T2 (D.21c)

Afy = A5 =0, (D.21d)

thus being compatible with eq. 4.13 from ref. [150]. Now, let us compute the real part of
our NLO results, (with a =b =0, ay = ay, a5 = as)

@ |8 25 s 101 ] s2
Re Agg = _§(7a4(,u) + 1las(p)) — T4 log 2 tosem2| ot (D.22a)
w _ [4 1 1s?
Re Ay = |3(as(n) = 2a5(1) + oo | 3 (D.22b)
1 _ [16 5 s 91 1 s
Re Ayy = _3(2614(#) +as(p) — Ton? log 2 + 57672 | ot (D.22¢)
w_ [8 s 1 ] s?
Re Ay = _E(M(“) +as(w) = 7 log 5 + 907r2] ~ (D.22d)
4 s 71 s
A = | = 2 - l0g — + ——— | —. D.22
Re 22 _15(0’4(#’) + CL5(M)) 3607T2 0og ,u2 + 288007T2:| U4 ( e)

Our computations (egs. coincide with ref. [150]. The LO, NLO logarithm terms
and the coefficients of the NLO parameters ay (i) and as(u) (our ay and as) are the same.
The non-logarithm term which is oc s? /v* appears to be incompatible, but note that this
is due to a different renormalization of the ay(p) and as(p) parameters. Our running
equations for aj(u) and af(p) (eqs. |3.42al and [3.42b)), taking a = b = 0, are compatible
with those for a4(u) and as(p) (eq. 4.6 from ref. [150]). But we have taken different
values for a4(p) and as(p). Thus, in order to have full agreement, it is necessary to
introduce

a4(M) - CY4(M) = CL4(M0) - 044(#0) = % (D.23a)
(1) — 05(11) = as(t0) — as(ji0) = 72> . (D.23)

This is an additional check to our expressions (egs. [D.22). Note that, when comparing
with the results from other works, it is necessary to take into account possible differences

in the definition of a4(po) and as(uo), as in eq. [D.23]

D.5 Concerns about the aplicability conditions of the
ET

Many references from the 90’s studied the limits of applicability of the equivalence theo-
rem [124, |190H196], arriving to the conclusion that it is valid also for the particular case
of the chiral Lagrangian. This allows us to use the ET in this dissertation.
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As an instance of a suggested counterexample of the ET, ref. [197] claimed that, for
certain kind of technicolor models, the ET would be violated. Such a violation would
come from a global anomaly through the triangle fermion loop. That is, from the vertex
Z9 — 4 — ~4*, 4* being a virtual photon. As clarified in ref. [198], the key point is that
the 7 — ~~ amplitude violates the ET only in the zero momentum limit due to its low
energy nature, but not in the high energy limit case (£ > My,). This is a very important
concern, since any computation of low-energy events like the decay of a SM-like Higgs
boson cannot be computed with techniques that involve the usage of the ET. Only hard
scattering events, like scattering of gauge bosons can. Hence, ref. [198] restated the
validity of the ET for the particular case of chiral Lagrangians at sufficient energy.



Appendix E

Feynman diagrams for the Effective
Lagrangian

All the necessary vertices have been computed both by hand and by using the program
FeynRules [142], as explained in page . The FeynRules convention is followed, thus our
vertices correspond to ¢ M, where M is the scattering amplitude.

E.1 ww scattering, isospin basis, LO coefficients

Vertex ‘ Feynman diagram
wav b
//
h —(\ _QLUG(plp2)5a,b
\
wb7 P2
h wa’ b3
><: _i_izl)(p3p4)5a,b
\\
h wb7 2
w*, p1 we, ps i
N T2 { (P13 + p1pa + Pap3 + Papaldapdea
,’<\\ +[p1p2 + p1pa + P3p2 + P3palda,cOba
— o +[p1p2 + 103 + pap2 + Paps]da.ad.c }
w-, P2 w™, P4

149
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Vertex ‘ Feynman diagram
w*, ;1 we, p3 %a
N % —— P1ps + p1ps + paps + PapaldapOca
\\ / d v
/K’ W, P4 +[p1p2 + P1pa + p3p2 + P3palda,cOba
d
b ’ i +[p1p2 + p1ps + pap2 + p4p3]5a,d5b,c}
w~, P2
wa7 y4 wc’ b3 21b
NS Y (P13 + p1pa + P2ps + P2pa)dasded

b N d
W, P2 /\ W=, P4 +(p1p2 + P1P4 + P32 + P3Pa)0q,Ob
+(p1p2 + P1p3 + Pap2 + Pap3)0a.a0b.c)

These vertices correspond to the effective Lagrangian of eq. [2.31] The vertices where the
NLO counterterms a4, as, d, e and g appear will be given in the next subsection.

E.2 ww scattering, isospin basis, NLO coefficients

Vertex ‘ Feynman diagram
hu y4i h7 b3
891 (pip2) (p3pa) + (P103) (p2pa) + (P1p4) (p2p3)]
ha D2 hv y2
h7 y4i wa) D3 die
e F[(Mm)(]?zps) + (p1p3) (P2p4)]6ap
8id
AN +F[(p1p2)(p3p4>]5a,b
ha D2 wb7 P4
167a
w®, py we, ps " {[(p1p3) (p2pa) + (P104) (P293)]0ap0c.a
\E('/ +[(p1p2) (P3pa) + (p1P4) (P2P3)] 60,004
RERN +[(p102) (P3pa) + (P103) (P2P4)]00,a0,c }
7 A 32ia
w’, ps w?, py A ° { [(P1p2) (P3P4)]0a,b0c.d
+[(P1p3) (P2p4)]0a,c0b,q + [(p1p4)(P2P3)]5a,d5b,c}

The shown vertices correspond to the effective Lagrangian of eq. [2.31l We include only
the vertices where the NLO counterterms a4, as, d, e and g appear.
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E.3 ~v scattering, charge basis, LO

151

Vertex Exponential Spherical
w+7 P2
/
/ . .
A¥ gy ’V\M\ ie(Pay — P3u) ie(p2u — P3y)
\
w77 Ps3
w+7 P2
//
h, p1 —(\ —217a(p2p3) —2;—(1(192173)
\
wo, b3
<y D2
/
’ %  3ia
h, p1 —<\ o P2D3 o D2D3
\
Z, D3
A#a b1 w+7 b3
d
/, . 2 . 2
. 2ie° g, 2ie* g
\\
Aya P2 wia Pa
A”a P w+> b3
’/
. 29 (D3 — Dapy) 29 (D3 — Dap)
\\
ha D2 W, Pq
h7 Y4 w+7 b3
4
.~ 2ib 2ib
N — 2 P3P4 — 2 P3P4
\\
ha D2 W, Pq
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Vertex Exponential Spherical
era P1 w+7 P2
\\\ ,,
(N4 7 3
o< — 52 [2(p1p2 + p3pa) + (P1 +p2)?] | == [2(p1p2 + pspa) — (p1 + p2)?]
//’ AN
wia P3 wia P4
Z, P2 er, P1
\\\ ,,
,><\ 502 (2(P1pa + paps) + (1 + pa)?] (1 + pa)?
i AN
Z? p3 w, p4
Z, P1 Z, P3
\\ ,,
AN 2i 2
AN 0 — 25 [p1pa + p2ps — (p1 + pa)?]
i AN
Z, P2 Z, P4
ha P1 Z, P3
,/
: — 32 DsD4 — 22 pspy
\
h, P2 2, P4
'lU+, P4 A,u7 D1
\\ ) ‘
/) AV7 Do 42(11)62 g,uV 41(11)62 gHV
w”, ps h, ps
w+a P4 A,u7 D1
\\ . .
/> h, ps 2:,_26(]74;1 - p5u) 2:,_26(194/1 - p5u)
w”, ps h, ps
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Vertex ‘ Exponential Spherical
era P2 AM7 P1
N
N
. e O
,C&-- %P3 302 (p5,u p2,u>
// \\
7
w*’ Ds 2y D4
era D2 AM7 b1
N
\\ F,f .
>6-- wt, py 2 (D5 + Pap — P3u — D2u) 0
// \\
7
w , Ps w , P4
7 2 7 2
B G o G

These vertices correspond to the effective Lagrangian of eqs. [2.33| (for the exponential
parametrization) and (for the spherical parametrization). The vertices where the
NLO counterterms ay, as, ag and c, appear will be given in the next subsection. Note
that, on the contrary, the NLO counterterms which do not contain any photons (d, e and
g) do appear in this table. Some diagrams are very similar to those listed on appendix ,
but note the change of basis (from isospin to charge one). We also omit the diagramas
which are not necessary for vy scattering.

E.4 ~~ scattering, charge basis, NLO

Vertex ‘ Exponential ‘ Spherical
w+7 D2
//
A py W\E[ —426(&1}3—2_(12) [(Plp?,)pu — (p1p2)p3 ,J Same than Expon.
Ay
\
U)_, b3
8ie%ay
Al py wt, ps 5 [(P1P2) g — P21
.~ 4ie*(as — a
+% [(pl + 2)* G Same than Expon.
N
Au P h _ - (plu +p2u)plu
) w ,
? ba _p2u(plu +p21/)}
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Vertex Exponential ‘ Spherical

AN’ p1

2icy

h, ps o [(plpz)g;w — P2uP1 y] Same than Expon.

AV) P2

These vertices correspond to the effective Lagrangian of eqs. [2.33| (for the exponential
parametrization) and (for the spherical parametrization). We include only the ver-
tices where the NLO counterterms a;, as, az and ¢, appear.

E.5 tt in the final state, isospin basis

Vertex ‘ Feynman diagram H Vertex Feynman diagram
ta b1 tv b1
o WS, D3 %,}/5 > h, D3 _Z'Cliwt
Ea b2 7?7 b2
ta b1 t7 b1
>--- w', 3 S Pr >--- w?, 3 5t Pr
Ea b2 1_77 b2
bu b1 b7 b1
>“‘ w', ps _%PL >“‘ w?, p3 %PL
Ea P2 ﬂ b2
ta b1 hv D4 7(“-7 b1 wb7 y2
. ,/ .
2t : 2,
A Y
N
t, h, ps t, Do w®, p3
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Vertex Feynman diagram Vertex Feynman diagram
Y g
ta D1 hv P4
. ]\{;5201 75
Ea P2 w3> D3
ta P1 ha P4 t7 P1 h7 P4
\\ %PR \\ U\g—éqPR
Ba D2 w1> D3 67 D2 w27 D3
ba D1 ha P4 b7 P1 h7 P4
\ e \ e,
\ \
f, D2 wl, Ps3 ﬂ b2 w2, Ps3
ta P1 hv Y%
— b s M1 5,
\
Z? D2 (.U3, P3
ta D1 ha D5 t7 D1 h7 D5
N ha P4 m\;l—ItiCQPR N h7 P4 MK—;QPR
\ \
b, s w', ps b, ps w?, ps
ba D1 ha D5 ba D1 h7 D5
. h, ps e p, N h, p4 e py
\ \
LT; D2 wl, Ps3 ﬂ b2 WQ, D3
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Vertex ‘ Feynman diagram H Vertex ‘ Feynman diagram

; ,
,
I 4 a 2iMyco
ta D2 -= W, Ps ot 5a,b




Appendix F

One-loop Feynman diagrams

This Appendix contains all the NLO Feynman diagrams which enter in the computations.
All the tadpoles have been omitted, since we are neglecting all the masses of particles
inside the loops and lacking a scale, they vanish because of eq.[C.2] These diagrams have
been drawn with FeynArts [143] and generated with FeynRules [142], FeynArts [143] and
FormCalc [144, [145], as explained in page [31]

F.1 ww

These computations are based on the spherical parameterization and the isospin basis is
used. See eq. for the Lagrangian and appendices and for the Feynman rules.

F.1.1 ww — ww

w w w w w
S~ h w S IR h P RS h w -—-- w
- o e @ P - - -~ L Te-- e /
! e S e \ ’ N W s w /N ’
1 - e~ \ / N\ /NN
w1 ~. W h 0N w N N AN
| S e N N/ \ / NN
. i AN w- - w- AN - N
- N - N - - _ - - N
- h N w < - - - w -
w w W w h w
w 1 w 2 3 4 5
w w w w w
T -7 0N h --77 0N w -7 w PR w w
- N ~ . N h - - y
w N w N I S - N e AN /
/N N | ~a~ - Se ,
/ \ w - | w0 o0 h w » ‘\\ h h - N W
/ \ - 1 - ~ / ~ - N
P P < , < . \
/’/,C—.\\\\ - - - - ’ ~o - h N
) h T w h T W @ b w @ T @
w w
6 7 w 8 @ 9 @ @ 10
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- - - w - -
T o TT--e o ,/ \\ [CEESEAN B w // B i
I | | AN N e AN Pie ‘\\ , , N
| | | [N AN ’ o \\.’ .(/ w ! \
w: ;w u); w:/\\ w 7 N w LN AN w ;W
, \ // \\ // \\-’/ \\ \\ //
- _ __-e———¢ \ . N . N _el_
- =~ - N s N K N —_——— T -
w w
h h w h w
w 11 w w 12 13 14 w 15 W
w w w w
—————— e W N BUCE AN TN w TN w
’ ~ -, N N N h - \\ h // RN e
! (NS N h \ N \ N YW e
I N, i / ) < y 1
wl i SN0 w w - ' h W, N 4 w h / N
N AN . R . W~ % - . -7 AN
~ , < , - ~
_______ AN h -~ . -~ N h AN
w w w w
w w
w 16 17 18 w 19 20
w w
~a VAN /N w /
~o h w e \ w 7/ \ w 7/
~ ’ \ - ’ v h -« /
;7 7 \X/ N ’ N /
\ \\w w N W w ’ \ W
\ h N ’ = h \ ’ ~-- h \
- 7/ N 7/ A
- AN N/
w w w
w 21 22 23

Diagrams used to obtain the amplitude of eq. [3.32]

F.1.2 ww — hh
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Diagrams used to obtain the amplitude of eq. [3.37]

F.1.3 hh — hh

h h h
w
\“\w h \\"”/,/ —Y
w: /: h \\ //
[ N/
/OJ/.\Q\
/‘ w
h 1 h 2 h
h h , h

Diagrams used to obtain the amplitude of eq. |3.41}

F.2 ~~ scattering

Both the spherical and exponential parameterization are used here. See eqs. [2.33|and 2.34}
and appendices [E.3] and [E.4] for the Feynman rules. Note the usage of the charge ba81s
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for the description of the w WBGBs. By definition, the w particle (antiparticle) that
appears in the next figures is defined as w™ (w™).

F.2.1 ~vvy — wrw™

Y Y y w - ’ w w o/ w .
x\‘!\ w U S W/ il M s S \ -~ <
1A I b I I N 7 SN
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Diagrams used to obtain the amplitude of eq. (Lorentz structure in eq. |3.51]).

F.2.2 ~vy— 2z
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Diagrams used to obtain the amplitude of eq. |3.55| (Lorentz struct. in eq. [3.51]).
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Diagrams used to obtain the amplitude of eq. [3.87]

F.3 Scattering involving tt states

The exponential parameterization is used here. See egs. and for the considered
Lagrangian; and appendix for the Feynman rules. Note that we are using the isospin
basis, although due to the appearance of terms which break the isospin symmetry we have
to consider separately the w!, w? and w? bosons. At the end, all the possible scattering
processes w'w® — tt, where i = 1,2, 3, have the same diagrams and matrix element. That
is, the isospin symmetry is restored. So, we only paint the diagramas associated with the
process wlw! — tt.
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Diagrams used to obtain the amplitude of eq. [3.97]
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