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ABSTRACT

Quantum entanglement is a vital resource in quantum information processing. High-dimensional quantum entanglement offers advantages
that classical systems cannot surpass, particularly in enhancing channel capacity, improving system noise resilience, and increasing sensitivity
to external environments. The construction of multimode entanglement in the spectral domain is well-suited for fiber-optic systems. Here,
we present a straightforward scheme for generating multimode frequency-bin entanglement using a semiconductor chip through a simple
mode conversion. A general model for Hong-Ou-Mandel (HOM) interference with a multimode frequency-bin entangled state is presented
and applied to the experiments. The multimode entangled photons we produced exhibit HOM interference with a high-visibility beating
pattern, demonstrating a strong relationship with the mode number, mode spacing, and the profile of the single mode. Building on the Fisher
information analysis, we explore the relationship between the features in multimode entangled state interference traces and the precision of
interferometric measurements even in the presence of experimental nonidealities. This work may deepen the understanding of multimode
frequency-bin entanglement and advance the application of multimode HOM interference in quantum sensing.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/).

I. INTRODUCTION at room temperature is spontaneous parametric down conver-
sion (SPDC) in nonlinear crystals. The popularity of SPDC stems

Since its discovery, quantum entanglement has posed signifi- from the relative simplicity of its experimental implementation
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cant challenges to some of the most well-established perspectives
on the nature of the world. Besides its profound significance on
the foundations of quantum mechanics, entanglement has found
numerous applications in quantum-enhanced technology, includ-
ing quantum computation,’ communication,” and metrology.” The
advancement of photonic quantum information processing (QIP)
is heavily reliant on high-quality quantum sources. Currently,
the most widely used method for generating entangled photons
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and the diverse quantum features exhibited by down-converted
photons. The photon pair can be entangled in various degrees of
freedom (DOF), such as polarization,” frequency, path,
orbital angular momentum, and hybrid polarization-frequency
modes.

Frequency DOFs have garnered significant interest in recent
years due to their ability to convey large-scale quantum informa-
tion within a single spatial mode and their compatibility with
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off-the-shelf fiber infrastructure and scalability for high-
dimensional QIP applications, including high- capac1ty quantum
communication,” multimode quantum storage,”””" and quantum
frequency processor.”” Frequency is inherently a continuous
DOF, but discrete frequency-bins are often regarded as more
advantageous in the framework of QIP.”*"’ A simple discretely
color-entangled Bell state is (|w;)|wa) + |w2)|w1))/V/2, where w1
and w, represent two well-separated frequency bins.** Several
experimental schemes have been implemented to generate such a
color entangled state,””””""** which could be used as a promising
resource for quantum interference applications. Hong-Ou-Mandel
(HOM) interference is a prototypical demonstration of quantum
interference,” *° whereby two identical photons arriving simul-
taneously at different input ports of a beam splitter (BS) combine
and exit through a single output port. While it is commonly
believed that ultrahigh precision in the measurement necessitates
ultra-broadband photon sources, it has been demonstrated that
HOM interferometry, combined with color-entangled states, can
recover the Quantum Cramér-Rao (QCR) bound. This approach
is sufficient for attaining high precision, which is primarily deter-
mined not by the coherence time of photons, but by the separation
of the center frequencies of the state.”’ Alternatively, the timing
limits of quantum metrology using the multi-color entangled state,
commonly known as biphoton frequency comb (BFC), as a probe
state have been investigated.”” The findings indicate that the QCR
bound scales quadratically with the mode number, suggesting that
both increased frequency detuning and a larger number of modes in
the BFC are beneficial for enhancing the time precision. Recently, by
leveraging advances in complementary metal-oxide-semiconductor
(CMOS) fabrication techniques, integrated sources have gained
prominence as a vital resource for generating BFC to meet the
growing demand for advanced non-classical information tasks.”* *’
However, to the best of our knowledge, the versatile generation of
multi-color entangled states using chip-based sources, as well as the
multimode quantum interference of these states, has not yet been
fully explored.

Here, we conduct a comprehensive analysis of the HOM inter-
ference characteristics with different multi-color entangled states by
using an integrated broadband source, emitting entangled photons
at a telecom wavelength band on an AlGaAs semiconductor chip.
AlGaAs semiconductor material serves as an exceptional platform
due to its strong second-order nonlinearities, high electro-optic
coefficient, and minimal birefringence, which facilitates the dlrect
generation of hybrid polarization-frequency entangled states.”
Moreover, as a direct bandgap III-V compound semiconductor,
AlGaAs is well suited for lasing, paving the way for the develop-
ment of monolithic integration of a quantum light source.” Based
on the AlGaAs Bragg reflection waveguide (BRW), we demonstrate
deterministic entanglement-mode conversion between frequency
and polarization modes. Furthermore, we report a simple scheme
for the generation of multimode frequency-bin entanglement and
describe the impact of multimode effects on the HOM interfer-
ence pattern with a general model. The Fisher information of a
real multimode HOM interferometry is evaluated with correspond-
ing probability distributions, indicating that multimode frequency
bin entanglement can offer complementary advantages for quantum
metrology.

25,26
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Il. THEORY OF FREQUENCY MULTI-MODE HOM
INTERFERENCE

Let us consider an experimental configuration where entan-
gled photon pairs are generated through degenerated type-II SPDC
from an AlGaAs BRW using a continuous wave pump centered
at wpo. The quantum source achieves phase matching by utilizing
bounded total internal reflection (TIR) modes formed between high-
and low-index claddings, along with quasi-bounded BRW modes
guided through transverse Bragg reflections at the interface between
core and period claddings.” """ In this case, the pump photon
is TE-polarized, and the biphotons are cross-polarized, with one
being TM and the other being TE. In the low pumping regime,
the generated hybrid polarization-frequency biphoton state can
be written as

- [ dwsdar] firv (ws )| H, w)|V, wi)

+ ¢ fun(ws )|V, w5)|H, wi) ], (1)

where ¢ is the relative phase and frv(ws, w;) is the joint spectral
amplitude (JSA) of signal and idler photons in horizontal (H) and
vertical (V') polarization, respectively (we define TE=H, TM =V
in waveguide). fvu(ws,w;i) has a similar definition. Because of
the small birefringence of the AlGaAs material, fpv(ws,wi) can
overlap with fyr(ws, wi) over a wide spectral range.”’ Therefore,
if we only consider the spectral overlap regions, the two JSAs
can be assumed as identical. For ease of discussion and with-
out loss of generality, we further use discretized frequency bins
instead of continuous-frequency entanglement and can thus rewrite
the state as

M
1
[¥) = mZ:O me("s)fm("i) X |@sm + Vs )| @im + i)
% [1H o) V. @i} + €4V, @) [H, i) |, 2)

where m represents the mth frequency-bin pair, as illustrated in
Fig. 1. M + 1 is the total number of frequency-bin pairs, and wyim
is the center frequency of signal or idler photons, which satisfies
the energy conservation condition wsm, + wim = wpo With wso = wip
= wp0/2. Moreover, we have wsm, = wso — MAW, Wi, = Wi + MAw,
where Aw is the free spectral range. f,(vs) and f,(vi) are the spec-
tral distributions of the mth signal and idler modes, respectively, and
satisfy the normalized condition [dvs|fou(ve)|> = [dvilfm(vi)” = 1.
Here, we consider continuous wave pumping, i.e., v; = —vs = v, and
assume that all the mode profiles are the same. As has been reported
in Refs. 57-62, by splitting the photons with a dichroic mirror or
wavelength division multiplexing (WDM), a polarization entangled
state can be obtained,

[¥pa) = Z e s

x [@un = V@i + [ [H)V) + I VIH)] )
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Vpolarization

FIG. 1. Multimode frequency-bin entanglement. 1, 2 represent different spatial
modes, i.e., the two outputs of the PBS. Red lines represent pairwise entanglement
across energy matched bins.

Alternatively, frequency entanglement can be obtained by using a
polarizing beam sphtteg (PBS) to spatially separate the photons in
terms of polarization;” "’ then, the state can be expressed as

|\Pf’“1 Z \/— /dvf(v)f( V) ['wsm - >1H|w7m +V>
+ €| wim + V)1 a5 — V)z,v], (4)

where 1 and 2 represent the two output spatial modes of the PBS.
Thereby, the multimode frequency-bin entanglement as shown in
Fig. 1 is generated.

Experimentally, a number of modes with the same line shape
can be arbitrarily engineered by a pulse shaper. For simplicity, we
set ¢ = 0 and the mode spectral follows a Gaussian distribution f(v)

2
=f(-v) = xe 7 , where « is the normalization coefficient and o is
the spectral full-width at half-maximum (FWHM) bandwidth for
the mode file.”” We inject each photon of the pair into the two arms
of a HOM interferometer, respectively; the two-photon coincidence
probability reads

1 1 Vo e_# sin (NAwT)

Par(7) = N " sin (Awr)

5)

where N is the total number of modes, V, stands for the interference
visibility, and 7 is the delay introduced in one arm. See the Appendix
for more detailed calculations. It indicates that the interferogram
exhibits a spatial quantum beating, modulated by the Fourier trans-
form of the spectral distribution of each mode, and is dependent on
the number of modes and spectral separation within the frequency
comb.

In terms of application, HOM interferometry is immune to
variations in the relative phase between the two photons, a prop-
erty that suggests its potential for sensing schemes requiring pre-
cise knowledge of optical delays®® and tilt angles.”""” From clas-
sical estimation theory, the ultimate limit of a sensor on the

J

F(7) =

(1-9)*(1+y) Ve’ [N cos (NAwT)Aw — cot (Awr) sin (NAwT)Aw — 67 sin (NAwT)]2

estimation precision of an unknown parameter 7 is known as the
Cramér-Rao bound, which states the variance of any unbiased
estimator 7,°°

1 ©)
Num - F(t)’
where Num is the number of measurements and F(7) is the Fisher
information,

Var () >

(0Py(1)/07)*  (9P1(1)[07)"  (9Px(7)/07)°
Po(‘l‘) Pl(T) Pz(‘l')

F(7) = , (7
with Py, P;, and P, represent the probability that no photon,
only one photon, and both photons are detected, respectively. The
standard deviation of the estimator 7 is lower-bounded by*’

Ot = __r > 8TQCR. (8)

/Num - F(1)

The last inequality in the above equation illustrates that regard-
less of the optimal measurement strategy employed, it is impos-
sible to achieve a precision that exceeds the QCR bound. Since
the QCR bound is closely related to the probe state and specific
measurement strategy,”” ** it is clear that the appropriate choice
of experimental configuration is very important. Fortunately, it
has been demonstrated that the QCR bound can be recovered by
employing color entanglement within the HOM scheme, provided
that there is zero loss and perfect visibility.*” Here, we extend
the model for the multimode entangled state. In real experiments,
there are always losses and factors that influence the interference
visibility. Following Ref. 63, the probability distributions can be
modeled as

Po(7) Y’ v’
p [-(ma-p a-p|(0)
p(r)) \(1-y° 0 .

where y is the lost probability for a photon immediately before detec-
tion and Py, (7) = 1 — P¢, (7). The resultant probability distributions
are

Py(1) =%, (10)

e
N sin (Awt)

Pi(r)=1-7- 301~ y)z[l - Yo oo nNAer) (NA“)T)], (11)

Vo _or sin (NAwT):| (12)

PZ(T)_i(l_ ”) [1_ sin (Awt)

with Po(7) + P1(7) + P2(7) = 1. Finally, the Fisher information is
given by

(13)
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2 o*r? :
(1 +3y)N?sin®(Awt) - (1 - )V, e v sin*(NAwt) — 4yNsin(Awt)Vee 2 sin (NAwt)
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Its upper bound is reached in the limit of 7 — 0, with y = 0 and
Vo = 1, and can be expressed as*’

2 1) A2
F(7) = M +0 (14)

For N = 2, it corresponds to that of color-entangled photons with a
continuous wave pump.’”*>*” The dependence of the Fisher infor-
mation on N and Aw suggests that multi-mode frequency entan-
glement with large mode spacing could provide complementary
benefits for quantum enhanced metrology.

Ill. EXPERIMENT AND RESULTS

Figure 2 shows our experimental setup, including three parts:
generation of hybrid polarization-frequency entangled photons,
polarization entanglement mode conversion (EMC), and frequency
EMC. As shown in Fig. 2(a), we use an AlGaAs BRW source
to prepare the hybrid entanglement which can also be real-
ized by other platforms.””****"""! The source consists of stacked
AlGaAs layers with alternative aluminum concentrations. It fea-
tures a core Al Gaj_xAs layer with xc = 0.17 and a thickness of
256-nm, sandwiched between six periodic layers. The Bragg stack
is composed of alternating layers of 112-nm high (Alo2s Gag.72As)

and 566-nm low (Alp 72 Gag2sAs) index layers. The sample is grown
along the [001] crystal axis and features with an etch width of
5.5 ym and a depth of 3.5 ym. For a detailed description of the
source’s working principle, we direct the reader to Ref. 59. The
temperature of the waveguide is stabilized by a temperature con-
troller. The source is pumped with a 1 mW polarized continuous
wave laser of central wavelength at 775.2-nm with a bandwidth
below 180-kHz. Light is coupled into and out of the chip using
lens-tapered fibers mounted on high-precision servo motors. The
total insertion loss of the chip is ~10 dB, which accounts for
both input-output coupling losses and propagation losses in the
chip for the TIR modes. Due to energy conservation during the
SPDC process, the entangled photons exhibit anti-correlation in
their frequencies. We carve the continuous frequency entangle-
ment into separated frequency bins by using a wavelength selec-
tive switch (WSS). The residual pump, most photoluminescence
from the source, and noise photons from the waveshaper were
suppressed by long pass filters (LPFs). The photons are received
by two InGaAs avalanche single photon detectors, which operate
with 25% detection efficiency, 1.6 kHz dark count rates, and 10 us
dead time.

Before performing multimode HOM interference, we eval-
uate the entanglement bandwidth of the source. As shown in
Fig. 2(b), to verify the polarization entanglement, we post-select

@)
OSA
CW Laser
1:99
BS
(b) l l g QL0
HWP QWP LPF WSS —=
i—‘='< . >‘=-—<l e
o QLO LPF
SPD = PBS \ sl (o] (o {) =— WSS —=
pop/
— _

ODL

FIG. 2. Experimental setup. (a) Hybrid entanglement source. A 775.2-nm continuous laser is coupled into a fiber and split by a 1:99 BS, where 1% of the light is directed
into the optical spectrum analyzer (OSA) for wavelength calibration. The remaining light is polarized by a manual fiber polarization controller (FPC) and coupled into or out
of the BRW source by lens-tapered fibers mounted on high-precision servo motors. The rejected pump light filtered by a 980/1550 wavelength division multiplexer (WDM) is
utilized as a feedback signal for the motor to stabilize the coupling. The Hill-climbing algorithm is implemented to optimize the coupling under unstable laboratory conditions.
The inset shows the scanning electron microscopy image of the fabricated BRW sample. (b) Polarization entanglement generation. The anti-correlated frequencies are
post-selected by a wavelength selective switch (WSS). Polarization entanglement is analyzed by measuring interference in Z and X bases. To save the number of single
photon detectors (SPDs), the unbalanced polarization-maintaining interferometer is used to introduce a polarization-dependent time delay to distinguish polarization states.
(c) Frequency entanglement generation. The hybrid entangled photons are separated with a polarizing beam splitter (PBS) and routed to the input ports of a BS for HOM

interference. The delay is introduced by an optical delay line (ODL).
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FIG. 3. Interference curves in Z and X bases for nine different channels. The dots are coincidence counts, and the curves are fits, with the visibilities being labeled. The
uncertainties denote the standard deviations from the Poisson distribution of the raw photon counts.

symmetric channels concerning the degeneracy wavelength by a
WSS and measure the interference curves as a function of the half-
wave plate (HWP) angle in Z (HV) and X (DA) bases, where H rep-
resents the horizontal polarization and V represents the vertical, and
|D) = %(|H) +1]V)) and |A) = %(|H) —|V)). To save the num-
ber of detectors, the polarization projective measurement primarily
uses a fused unbalanced polarization maintaining interferometers,
where two polarization modes are separated and combined by two
PBSs and with an extra length of polarization-maintaining fiber
adding on one of the modes. This enables the transfer of polariza-
tion measurement to the time when photons arrive at the detector.
We scan an 18-nm passband with a spacing of 2-nm and a band-
width of 0.8-nm on the WSS and record coincidence counts for
each polarization setting, with the single count rate being ~20-kHz.
We fix one of the HWPs at the angles of 0° and 22.5°, respec-
tively, and measure the two-photon coincidence counts as a function
of another HWP rotation angle. The raw interference curves in
Z and X bases are shown in Fig. 3. The measured raw visi-
bilities are presented in Fig. 3 and are defined as V = (CCpax
— CCin)[(CCpax + CCuin), where CCpax and CCpin are the max-
imum and minimum of the coincidence counts, respectively, from
which the averaged visibilities in the two bases are calculated to
estimate the lower bound on the fidelity to the Bell state |‘I’+)
= (|[H)|V) + |V)|H))//2.”> As shown in Fig. 4, the fidelity exceeds
94.6% over a 9-nm range around the degeneracy point, indicating
that the JSAs fuv(ws,w;) and fvu(ws,w;) are highly overlapped
within this region. The fidelity drop for large detuning with degen-
eracy wavelength is due to the effect of birefringence occurring
in the modes. The bandwidth can be further increased by uti-
lizing shorter waveguides or by designing a structure with suffi-
ciently low group birefringence, which can be achieved through
the engineering of material aluminum concentration and wave-
guide geometries.”” This type of broadband polarization entangled
source has been widely used in multiuser quantum communication
networks.”* "%

APL Photon. 10, 036101 (2025); doi: 10.1063/5.0250593
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Bell state fidelity
o

o ©

© (&)}

H

o
o
(6]

0.8 : : : :
o 3 6 9 12 15 18

Detuning to the degenerated wavelength (nm)

FIG. 4. The lower bound for fidelity to the Bell-state |¥*) as a function of the
detuning to the biphoton degeneracy wavelength.

Now, we extract multiple frequency bins within a 8-nm range
to construct the multimode entangled state expressed in Eq. (4).
In general, two photons with distinguishable colors do not exhibit
interference in a HOM interferometry since they share no com-
mon frequencies (unless the different-color information is erased).”
Here, the coherent superposition of paired frequency bins is indis-
tinguishable as a joint state and thus can produce a nontrivial
interferogram. We choose each mode with a Gaussian profile and
introduce delays between the two arms by a 1500 ps motorized delay
line. Then, the two photons are mixed at a 50:50 BS and observed
by monitoring coincidences between the two output ports of the BS.
The coincidence window is set as 300 ps, which exceeds the dura-
tion of the filtered photon wavepacket, and the overall delay span.
Figure 5 shows the HOM signal for various mode numbers with

10, 036101-5
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FIG. 5. HOM interference for two-photon multimode frequency-bin entanglement. The number of modes ranges from 1 to 8. The blue dots are the experimental data, and
the red lines are the fits of the experimental data according to Eq. (5). The mode interval and mode half-peak width are 250 and 40 GHz, respectively.
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FIG. 6. The Fisher information deduced from experimental results with different mode numbers. The red lines represent the ultimate limits of achievable Fisher information.

the mode spacing and FWHM being 250 and 40-GHz, respectively.
The raw counts are normalized with no background counts being
subtracted. As can be seen in Fig. 5, the experimental results (dots)
align remarkably well with the oscillation shape expected from the-
ory (solid line). From the fitting, we obtain all the visibilities above
0.98, indicating both the stability of the interferometer and the spec-
tral indistinguishability of the photons. For the high-dimensional
frequency entanglement, the manifestation of interference fringes
can be approximated by the sum of coincidence probabilities of
each constituent state with different frequency separations. Fol-
lowing Ref. 74, we can extract the corresponding parameters of a

APL Photon. 10, 036101 (2025); doi: 10.1063/5.0250593
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restricted density matrix in the color space by using nonlinear curve-
fitting. This approach can be viewed as decomposing the complex
periodic vibration into a series of simple harmonic motion. For
N =8, deviations of the extracted probability amplitudes from the
theoretical value (0.25) are less than 0.03, which confirms that all
frequency-bin entangled photons exhibit nearly uniform probabil-
ity amplitudes. It is also consistent with the fact that the frequency
modes are post-selected from the spectral range exhibiting high
polarization entanglement as depicted in Fig. 4, indicating that the
state is actually close to the form of Eq. (4). Moreover, the even-
number interferograms have a symmetric envelope, whereas the
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odd-number patterns are asymmetric to the line of P, = 0.5, which
is caused by the characteristic of the sinusoidal function. There are
N-2 (?) secondary valleys between two primary valleys for the
even (odd) number mode interference patterns. As the number of
modes increases, the secondary valley numbers also increase, result-
ing in a shorter beating oscillation period. While the overall envelop
shape remain unchanged, it is solely influenced by the FWHM of
the Gaussian line shape. The corresponding Fisher information in
experiment is modeled and shown in Fig. 6, from which we note

(a) : : : : : :

0.5
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0 I L L L L L
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'
-
(9]

'
-
o

'
(&)}
o
o
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S
o
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that the increased mode number can facilitate the achievement of
higher estimation precision close to 7 = 0. The photon loss para-
meter p ~ 0.99 is calculated from the counts according to Ref. 63,
which is consistent with the measured data. The loss can be decom-
posed as follows: the chip-fiber loss is 5 dB (measured by launching
light at 1550 nm and collecting the output power from the source),
the insertion loss of the WSS and other optical elements is about 9
dB, and the detection loss is 6 dB. Therefore, there is a substantial
scope to further increase the Fisher information of our experiment
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FIG. 7. HOM interference for two-photon multimode frequency-bin entanglement with different mode spacing for N = 3. The mode spacings are as follows: (a1) 300-GHz,
(a2) 350-GHz, (a3) 400-GHz, and (a4) 450-GHz, respectively. (b1)—(b4) The corresponding Fisher information deduced from experimental results. The red lines represent

the ultimate limits of achievable Fisher information.
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FIG. 8. HOM interference for two-photon multimode frequency-bin entanglement with different mode FWHM for N = 4. The mode FWHMs are as follows: (a1) 60-GHz, (a2)
80-GHz, (a3) 100-GHz, and (a4) 120-GHz, respectively. The dashed curve in each figure represents the theoretical envelope determined by each mode. (b1)—(b4) The
corresponding Fisher information calculated from experimental results. The red lines represent the ultimate limits of achievable Fisher information.
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through optimizing the coupling and using higher efficiency detec-
tors. It is worth mentioning that, although the interferogram is
the incoherent sum of different frequency pairs,”” collecting more
modes simultaneously allows the total acquisition time to be reduced
for each measurement.

Next, we study the influence of mode spacing on multimode
HOM interference. The mode number is fixed at 3, and the FWHM
is set to 40-GHz. As shown in Figs. 7(al)-7(a4), as the mode spac-
ing increases, the oscillation period decreases, which is alike the
increase in the number of modes. That is because the mode spac-
ing Aw directly affects the oscillation term in Eq. (5). This is visually
represented by an increase in the number of peaks within the same
time variable range (determined by the FWHM), accompanied by
a decrease in the width of the oscillation. The corresponding Fisher
information is also shown in Figs. 7(b1)-7(b4), indicating that larger
frequency difference produces higher precision. We further consider
the effects of mode FWHM in Fig. 8 when the mode number of
modes is set to 4 and the mode spacing is 600-GHz. We can observe
that as the FWHM increases, the oscillation period remains con-
stant, while the overall envelop decreases Figs. 8(al)-8(a4). This
is manifested as the correlation time of the photons is typically
defined as the inverse of the mode width, i.e., t, o< 1/0. When
the time difference At between the arrival of the two photons at
the detectors is much greater than ., (i.e., At > t,y), the coin-
cidence counting approaches its trivial value 0.5. Therefore, as
o increases, t,,y decreases, leading to the coincidence probability
reaching the trivial value earlier, which is reflected in the reduc-
tion of the envelope range. The constant oscillation period also
indicates that the maximal Fisher information is almost unchanged
[Figs. 8(b1)-8(b4)].

IV. CONCLUSION

In summary, we have demonstrated the direct generation
of broadband hybrid entanglement between polarization and fre-
quency in a semiconductor AlGaAs chip and realized deterministic
entanglement-mode conversion between the two DOFs. Such an
entangled source possesses a high degree of flexibility, allowing it
to be adapted to different platforms tailored to practical QIP appli-
cations. In particular, we prepare multimode frequency-bin entan-
glement and investigate its characteristics in HOM interferometry.
The scheme maintains cross-bin entanglement while exhibiting high
spectral purity within each bin, making them valuable for herald-
ing pure single photons. The interferogram is determined by three
parameters: the mode number, mode spacing, and the profile of each
frequency bin. The first two parameters affect the biphoton beating
oscillation, while the last parameter influences the shape of the over-
all envelope. To further assess the impact of multi-mode entangled
states on measurement precision, we quantified measurement accu-
racy using Fisher information, which can recover the QCR bound in
ideal HOM interference. The results indicate that as the number of
modes or the mode spacing increases, the precision also improves,
as reflected in the internal oscillation factors. Therefore, multiple
well-separated and entangled discrete frequency modes may facil-
itate the use of HOM interference for quantum sensing. Notably,
although we achieved the multimode frequency bins through post-
selection at the cost of photon flux, the trade-off can be overcome

via spectral compression with time-varying cavities.””’” Our results

APL Photon. 10, 036101 (2025); doi: 10.1063/5.0250593
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underscore the significance of state preparation in the applications of
quantum theory and offer new insights into HOM-based quantum
Sensors.
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APPENDIX: CALCULATION OF MULTIMODE HOM
INTERFERENCE

In this section, we show the calculation of the multimode
frequency-bin entanglement HOM interference. We ignore polar-
ization subscripts for convenience and use a7 (wp + Q), &3 (wo + Q)
to represent photon generation operators in different spatial modes,
where wo = wpo/2. Consider the single-mode frequency-bin entan-
gled state with Gaussian distribution,

2
[¥m) = fdv- ke @ [|wsm — V) LH|wim + V)2v

+ & wim + V) a|@sm — V)2 ]

_@-om)? ot
:fdQ-Ke 2 [a) (wo— Q)a; (wo + Q)

+e%a} (wo + Q)a3 (wo — Q) JJvac), (A1)
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Vpolarizatio,,

(b)

H POIarizatio,,

FIG. 9. Multimode frequency-bin entanglement. 1, 2 represent different spatial
modes, i.€., the two outputs of the PBS and the central frequency for each bin are
wpo/2 + Q. The number of modes is divided into odd (a), where Qn = mAw,

and even (b), where Qp = (m + %)Aw, with respect to wyq/2 to ensure that the
interval between each mode is kept at Aw.

where v = Q — Qy, and « is the normalization coefficient. To keep a
consistent interval of Aw between each mode, we set Q,, = mAw for
odd modes [Fig. 9(a)], Qm = (m + %)Aw for even modes [Fig. 9(b)].

The scheme of the interferometry is shown in Fig. 10, where the
field operators at detectors D3 and D4 can be expressed as

EB3(1’) = fe_iw3[&3(w3)dw3, (A2)

Eba(t) = f iy (ws)dws, (A3)

where 43(w3) and 44(ws4) are the photon annihilation operators of
the two detectors. After the delay 7 is introduced in one arm, the
balanced BS can transform the operator as

&3(&)3) = (eiw3T&1(w3) - (:‘lz(wa))/\/z, (A4)

as(ws) = (€ (ws) + d2(ws) ) V2. (A5)

Then, we can represent the detector field operator in terms of @; and
a, operators,

Eps(t) = % /dws [eim(r_t)ﬁl(ws) - e_iw3t&2(w3)], (A6)

A 1 iwy (T—t) & —iwyt A
EB4(t) = ﬁ /dau[e ( t)al(w4) +e tuz(w4)]. (A7)

The coincidence probability of the two detectors at the time
interval At can be expressed as’’

1 X A .
P [ [, aritadib(e s DES O], (A8)

where M + 1 is the total number of bin pairs and Tk is the resolution
time of the detector, which is large compared to the duration of the
wave packet.

Since

a1 (w3)ar (wa)ay (wo ¥ Q)3 (wo + Q)|vac) =0, (A9)

& (w4) a2 (wa)aT (wo F Q)3 (wo = Q)|vac) = 0, (A10)

then only two terms exist for formula (vac|Eps (¢ + T)Epy(¢)|ym).
The first term is

1 iws (1—t=T) —iwgt A
{vac|> /dwse (e T)al(ws)'/dme ‘aa(ws)|ym)
1 iws (T—t—T) a —iwgt o
= (vac\i [dwgelw"( ! T)al(w3) . /dw4e w“taz(w4)

_(@-0m)?

)
x/dQ‘Ke 7

In the above calculation, we use the following relationship:

a1 (w3) a2 (wa)ay (wo F Q)3 (wo + Q)|vac) = 8(ws — (wo  Q))8(ws — (wo = Q)).
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—! 2 . : . . P . :
— % /dQ ke @ jé’”) (e—ZZwate—t(wo—Q)Tez(wg—Q)r 4 ez¢ e—tante—z(wg+Q)Tet(w0+0)r).

[af (wo — Q)a3 (wo + Q) + %47 (wo + Q)3 (wo — Q) ]|vac)

%fdQ.Ke—“’*ﬂ%(ef(wo—o)(r—t—T)e—i(wom)z+equei(wom)(r—t—r)e—i(wo—n)z)

(A11)

(A12)
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The second term is

1 —iw. ~ iwg (T—t) A 1 —iw. N iwg (T—1)) A
(vac| - 3 fdw;e 3(P’T)az(ag) fdw4e € t)al(w4)|1//m) = (vac| - = /dwse 3(p’T)az(wg) /dw4e 1 ( t))al(w4)
_(0-0y)’
x /dQ ke & - [&f(wo — Q)5 (wo + Q) + €4} (wo + Q)3 (wo — Q)]| vac)
1 f P (e @D a0 | i@+ et (-0

s

s

1 fdQ-KeJ(H;m)z (e—iZw(,te—i(wU+Q)Tei(wo—Q)T+eigbe—iZwUte—i(w(,—Q)Tei(w0+Q)r).
(A13)

In the above calculation, we use the following relationship:

a1 (wa) a2 (w3)ay (wo F Q)3 (wo + Q)|vac) = §(ws — (wo Q)8 (ws — (wo = Q)). (A14)

Then, we can obtain

N A 1 —M —i2w, i(wy—Q)T i i(w, T
(vaclEps (t + T)Eps(£)|ym) = 5 fdQ'Ke sxe” °[(e< T e )
§ (e—i(wa—Q)T _ e—i(wo+ﬂ)T)_ (A15)

Inserting Eq. (A15) into Eq. (A8), the coincidence probability can be expressed as
M
Po=Y

2
1 / dtf dT 1 /dQ ) Ke—(“’;%)z ~e—i2wot(ei(w0—0)r 3 ei¢ei(w0+0)r)(e—i(mo—Q)T 3 e—i(wU+Q)T)
_0 M+1Ja Jry

Z f dT - « /dQ fdQ _ (9=0m)” Q'”) (@ 0n)” n”’) (z(wo Q)T_ i 1(m0+Q)1)
4(M + 1)

X(e—x(wo )T _ e—z(w0+Q)T)(e—1(w0 o) e—upeﬂ(wﬁo )t )(ex(wo anT ez(w0+Q )T)

M 1 ) , _mon)? _(@/-0,)?
=Y o [dTe# o fag e E e
4(M+1) Jry

m=0
X(ei(Q'—Q)T i e—i(Q’—Q)T _ e—i¢e—i(0'+0)r _ ei¢ei(0'+Q)1)(6i(0'—Q)T + e—i(Q’—Q)T _ e—i(Q’+Q)T _ ei(Q'+Q)T)

M

1 2 _2(0-0p)? i¢ 2iQr —i¢ —2iQ1
-2 mfdﬂ’” Gt

m=0

M 2(0-0p)? 2(0-0,)%
= [ fdQ e @ cos (207 + gb)](/dQ-xze* 2 = 1)
2(M

»1 _ ﬁz/lz m /dQ.Kze’Z(n;# cos(201+¢)] = %[ I\Z/I: /dQ e zﬁz cos [2(Q+Qm)1+¢]]

m=0 m=0

M

(M 1)

1— mﬁio ﬁ /dQ . xzefzo%z [cos (2Q27) cos (2QmT + ¢) — sin (2Q7) sin (2QuT + (P)]]
r M

1- Z ﬁ /dQ.xzeJo%z cos (2Q7) cos (ZQmT+¢)]

m=0
1 1 e_# sin ((2M + 1)Awt + ¢) + sin (AwT — ¢)
M+1 2 sin (Awt)
1[1 1 a2 sin (2(M + 1)Awr + ¢) — sin (¢)

2l M+1 2 sin (Awt)

] for odd modes,

Il
S R N R
N | =T r 1

] for even modes.
(Al6)
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PBS

—

Hybrid multimode
entangled state

FIG. 10. Typical setup of HOM interference. Signal photons and idle photons are
generated by type-Il SPDC, in which we introduce a time delay for the subsequent
analysis of the time resolution of multimode HOM interference. The photons and
idle photons are detected in the output state passing through the BS by two SPDs
connected to a coincidence counter.

In the process of calculating odd modes above, we assume

o) = fdo.xe*im'ﬁ“ [a (wo + Q)b (w0 - Q)
+e%at (wo — Q)b" (wo + Q) ]|vac). (A17)

Specially, for m = 0, the state should be

(©-09)*

lyo) = [do-ke

x e%at (wo — Q)b" (wo + Q) ]|vac). (A18)

Then, the coincidence probability for the odd mode number needs
to be corrected as follows:

po- it
2
sin ((2M + 1)Awt + ¢) — sin (¢) cos (AwT)
. 2 sin (Awt)

]. (A19)

Considering the experimental setup ¢ = 0 and imperfect interfer-
ence visibility V, the final coincidence probability can be expressed
as follows:

1 L Vo e_# sin ((2M + 1)AwT)
M+1 2 sin (Awt)
_ for odd modes,
Par(7) = 1, v 22 sin(2(M+ 1)der) (A20)
2 M+1 2 sin (Awt)

for even modes.

Finally, we denote the total number of modes as N, which is
N=2M+1 (N =2M +2) when N is an odd (even) number. This
allows us to unify the expression for the coincidence probability,

1 [ Vo 22 sin (NAwT)] (A21)

Po(r) =-|1- 2.
er(7) 2 N ¢ sin (Awt)
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