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1. Introduction

Over the past 30 years, the functional renormalization group (fRG) scheme based on
the Morris–Wetterich (MW) equation has proven an efficient and versatile tool for
investigating phenomena involving physics at various length scales. It was applied in
a wide range of fields ranging from statistical and condensed-matter physics to grav-
ity and high-energy physics. The success of this approach is connected to the devel-
opment of well-controlled approximation schemes not relying on perturbative expan-
sions, such as the derivative expansion (DE) [1–3]. The nonperturbative nature of this
scheme, however, comes at a significant cost. The renormalization group (RG) flow
equations, obtained with this approximation, take the form of nonlinear partial dif-
ferential equations that seldom can be solved analytically. Consequently, most recent
studies employing the DE in the MW approach rely on numerical calculations.
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In recent years, significant attention has been directed towards forming a found-
ational understanding of the DE. The major developments include the first estima-
tion of the convergence parameter [4], a method for calculating error bars [5], and a
new rationale for choosing the infrared regulator based on the principle of maximal
conformity [6]. These developments are part of a concerted effort to elevate the status
of the DE to a reliable tool delivering well-controlled qualitative predictions. In this
spirit, we find it paramount to investigate how the numerical errors and the choice of
numerical methods affect the results of DE calculations.

The fRG literature tends to omit numerical methods. Especially in older articles,
there are few references to techniques or details of numerical implementation and numer-
ical results are often treated as exact. Nowadays, the situation is improving and more
information is being provided. Still, however, only a few papers present all the inform-
ation necessary to reproduce the numerical results faithfully. The lack of transpar-
ency concerning numerical implementation might be hindering the development of our
methodology.

Recently, numerical methods, in the fRG context, have seen more attention. For
example, [7–13] implement new integration techniques for the fRG flows in various
physical contexts. These works, however, focused exclusively on the RG-flow integra-
tion. In the present work, we investigate a method of extracting critical exponents based
on linearized fRG flow around a fixed point (FP), which is a subject of far fewer devel-
opments, e.g. [14, 15]. More specifically, we implement and evaluate the numerical errors
of the stability-matrix approach based on the finite-grid representation of the functions
parametrizing the effective average action and extracting the RG eigenvalues from the
spectrum of the operator describing the linearized flow.

The purpose of the present paper is threefold. Firstly, we aim to evaluate some of the
numerical methods often employed in calculations based on the DE and present simple
tests that may be used to examine their reliability. Secondly, we identify several sources
of numerical error in calculations of this type and show how numerical parameters can be
tuned to maximize precision. Finally, the program used to perform all the calculations
for the purpose of this study is shared for review in the form of a simple Mathematica
[16] library that can be relatively easily adapted for other purposes. Our analysis is
conducted in the paradigmatic O(N ) models in three dimensions at the local potential
approximation (LPA) and O(∂2) orders of the DE.

The structure of the paper is as follows. In section 2, we introduce the MW approach
to the fRG and the approximation scheme of the DE. Section 3 is devoted to the dis-
cussion of numerical techniques used in our calculations. In section 4, we present our
results regarding the convergence rates and error propagation observed in our calcula-
tions. Finally, in section 5 we discuss our results and state our conclusions.

2. fRG

In the present chapter, we offer a brief overview of the MW formulation of the fRG and
the DE. For a more detailed description of this methodology and a review of its wide
applications, see [17–20].
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The MW approach to the fRG is centered around a scale-dependent functional of the
order-parameter ϕ called the effective average action Γk. The effective average action
is defined in such a way that it smoothly interpolates between the microscopic action
in the ultraviolet limit and the Gibbs free energy in the infrared (IR) limit. The flow
of the effective average action is governed by the exact functional differential equation
called the MW equation

k∂kΓk =
1

2
Tr(k∂kRk)

(
Rk + Γ(2)

)−1

. (1)

In the equation above, Rk denotes the IR regulator function, Γ(2) is the IR-cutoff two-
point function, and the trace is taken over all internal indices.

In the fRG literature, we can find several commonly used IR regulator functions Rk.
In this work, we employ just two regulators:

• the Litim regulator RLitim
k (q2) = Zkk2(1− q2

k2 )Θ(1− q2

k2 ),

• the exponential regulator RExp
k (q2) = αZkk2 exp(−q2

k2 ).

In the definitions above, Θ stands for the Heaviside step function, Zk denotes the order-
parameter-renormalization factor (to be defined shortly), and α is an arbitrary positive
constant. We employ the Litim regulator at the LPA level whenever we want to perform
the integrals analytically and the exponential regulator otherwise. In calculations of
physical quantities, the regulator constant α should be optimized via the principle of
minimal sensitivity or the principle of maximal conformity to reduce the regulator
dependence [6, 21]. In this work, however, we are only interested in the numerical error
which can be assumed to be mostly independent of the value of α. For this reason, we
refrain from optimizing the regulator and assume the value α= 1.

The MW equation (1) is not directly soluble. The DE is an approximate scheme that
recasts the MW equation into a set of partial differential equations that can be solved
using numerical methods. This approximation is based on an observation that, from the
perspective of long-range physics, we are mostly interested in the low-momentum region
of the correlation function. We, therefore, expand the effective average action in powers
of the order-paramater’s momentum around a spatially homogeneous order-parameter
configuration.

In practice, the DE is set up by imposing an ansatz on the effective average action Γk.
A proper DE ansatz at the order O(∂p) contains all terms respecting the required
symmetries of up to pth power of the spatial-derivative operator. In the present work,
we consider the O(N )-symmetric theories of an N -component scalar field. The leading-
and next-to-leading-order DE ansätze for these models read:

ΓLPA
k =

ˆ
ddx

{
Uk (ρ) +

1

2

(
∂µϕ

i
)2
}

, (2a)

Γ∂2

k =

ˆ
ddx

{
Uk (ρ) +

Zk
π (ρ)

2

(
∂µϕ

i
)2

+
Zk
σ (ρ)−Zk

π (ρ)

4ρ
(∂µρ)2

}
, (2b)
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where the parametrizing functions Uk, Zk
σ , and Zk

π depend on the order parameter ϕ

only through the O(N ) invariant ρ = ϕiϕi

2 . In such a parametrization, all the symmetry
constraints are fulfilled by construction. To preserve the analyticity of the action, how-
ever, we have to impose an additional constraint Zk

σ(0) = Zk
π(0). At the leading order,

called the LPA, the effective action is parametrized by just one function Uk(ρ)—the
local potential. The order O(∂2) introduces two kinetic coefficients Zk

σ(ρ) and Zk
π(ρ) 1.

Many studies also employ the so-called LPA’ truncation, which is an intermediate step
between LPA and O(∂2) orders of the DE. In this truncation, the kinetic terms are
reduced to flowing constants Zk

σ(ρ) = Zk
σ , Zk

π(ρ) = Zk
π , or to a single flowing constant

Zk
σ = Zk

π = Zk. The DE was successfully applied to the O(N ) models up to the order
O(∂4) for generic values of N and up to the order O(∂6) for N = 1[4, 5].

We derive the flow equations by plugging the effective action ansätze into the MW
equation (1). The flow of the local potential is derived by evaluating equation (1) in a
spatially uniform field configuration

ϕi
q = ϕδi,1δq,0, (3)

while the flow of kinetic coefficients is extracted from the flow of Γ(2) vertices via:

βk
U (ρ) = k∂kU

k (ρ) = k∂kΓk [ϕ]|Uniform , (4a)

βk
Zσ

(ρ) = k∂kZ
k
σ (ρ) =

1

2d
∆p

(
k∂kΓ

(2)
k;1p,1−p

)∣∣∣
Uniform, p=0

, (4b)

βk
Zπ

(ρ) = k∂kZ
k
π (ρ) =

1

2d
∆p

(
k∂kΓ

(2)
k;2p,2−p

)∣∣∣
Uniform, p=0

. (4c)

The β functions defined in equation (4) do not depend on the local potential directly,
only through its derivatives. It is, therefore, convenient to reframe the problem in terms
of V k(ρ) = ∂ρU

k(ρ). The β function for the derivative of the local potential reads:

βk
V (ρ) = −1

2

ˆ
ddq

(2π)d
[
k∂kRk

(
q2
)]{ 3V ′ (ρ) + 2ρV ′ ′ (ρ) + q2Z ′

σ (ρ)

[V (ρ) + 2ρV ′ (ρ) +Zσ (ρ)q2 +Rk (q2)]2

+ (N − 1)
V ′ (ρ) + q2Z ′

π (ρ)

[V (ρ) +Zπ (ρ)q2 +Rk (q2)]2

}
, (5)

where the scale k indices were suppressed for clarity. We refrain from presenting the β
functions for the kinetic coefficients, as they are quite lengthy. They are presented in
the online repository serving as an appendix to this article [22].

1 In the Ising universality class [N = 1], the kinetic terms (∂µϕ1)2 and (∂µρ)2 = 2ρ (∂µϕ1)2 are proportional. The ansatz (2b) is
constructed in such a way that, for N = 1, Zk

π (ρ) drops out of the ansatz and loses its physical significance. Consequently, there
remain just two physically relevant independent parametrizing functions Uk(ρ), Zk

σ (ρ). In the calculations of the present work, we
perform the calculations for the O(1) model including the nonphysical operators connected to Zk

π (ρ). This choice does not affect
the physical eigenvalues except for numerical errors.
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In the present work, we investigate the linearized RG flow around a FP solution.
To make the fixed-point behavior manifest we express the equations in terms of dimen-
sionless variables by performing the following rescaling:2

ρ̃ = ρk2−dZk, Ṽ t (ρ̃) = V k (ρ)k−2Zk−1
, Z̃t

σ/π (ρ̃) = Zk
σ/π (ρ)Zk−1

,

t = − log(k/Λ), β̃V (ρ̃) = βk
V (ρ)k−2Zk−1

, β̃Zσ/π
(ρ̃) = βk

Zσ/π
(ρ)Zk−1

. (6)

The order-parameter-renormalization factor Zk, used in the rescaling, is defined by
normalizing one of the dimensionless kinetic factors [typically Z̃π] to unity at an arbit-
rary point ρ̃η

Z̃t
π (ρ̃η) = Zk

π (ρη)/Zk ≡ 1. (7)

In the present work, we choose ρη = 0, which conveniently removes the choice between

normalizing Z̃σ and Z̃π since Zk
σ(0) = Zk

π(0). We also define the running anomalous
dimension ηt , serving as a precursor to the fixed-point anomalous dimension η*, as the
logarithmic derivative of the order-parameter-renormalization factor ηt = ∂t log(Zk).

In terms of the dimensionless variables, the flow equations take the form:

∂tṼ (ρ̃) = (ηt− 2) Ṽ (ρ̃)− (d− 2 + ηt) ρ̃Ṽ
′ (ρ̃)− β̃V (ρ̃) , (8a)

∂tZ̃σ (ρ̃) = ηtZ̃σ (ρ̃)− (d− 2 + ηt) ρ̃Z̃
′
σ (ρ̃)− β̃Zσ (ρ̃) , (8b)

∂tZ̃π (ρ̃) = ηtZ̃π (ρ̃)− (d− 2 + ηt) ρ̃Z̃
′
π (ρ̃)− β̃Zπ (ρ̃) , (8c)

in which the explicit renormalization-time t dependence has been removed. In the
form (8), the flow equations can be used to find the FP solutions

∂tF* = ∂t

Ṽ *

Z̃*
σ

Z̃*
π

 = 0. (9)

Once the FP solution F* has been identified, the flow equations can be linearized
to determine the RG eigenvalues which can be used to calculate the critical exponents.
The linearization is performed by perturbing the FP solution:

Fϵ = F* + ϵ

fV
fZσ

fZπ

 , (10)

2 We note, that in the present convention the renormalization time t flows in the positive direction from 0 to +∞, with the scale
k decreasing from Λ to 0.
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with fZπ(t, ρ̃η) = 0 and fZπ(t, ρ̃ = 0) = fZσ(t, ρ̃ = 0). The perturbed FP action (10) is
inserted into the flow equations (8), which are subsequently truncated at the linear
order in ϵ. After simplification, the resulting equations take the linear form:

∂t

fV (t, ρ̃)
fZσ (t, ρ̃)
fZπ (t, ρ̃)

 = M(ρ̃)

fV (t, ρ̃)
fZσ (t, ρ̃)
fZπ (t, ρ̃)

 , (11)

where M is a differential operator to which we shall refer as the stability operator (or
stability matrix in a discretized form).

The stability operator M is an unbounded and asymmetrical differential operator.
To our knowledge, M has not been comprehensively investigated from the perspective
of functional analysis. Despite its incomplete mathematical understanding, the stabil-
ity operator has proven to be an effective tool for calculating critical exponents. Its
eigenvalues {ei} represent the scaling dimensions of their associated eigenoperators
(or eigenvectors) Fi. When the investigated FP is critical, the leading and only pos-
itive eigenvalue of M is an inverse of the correlation length exponent e1 = ν−1, while
the remaining eigenvalues, in principle, determine the correction-to-scaling exponents
ωi = |ei+1|.

It should be noted that not all of the eigenvalues ei affect the scaling behavior of
physical observables. Some of the eigenvectors Fi, known as the redundant operators, are
connected to a reparametrization of the effective action Γ and are therefore an artifact of
the employed scheme. This observation forms a basis of the so-called essential scheme
of the DE [23]. In this approach, the redundant operators associated with nonlinear
transformations of the order parameter are removed from the parametrization of the
effective action. As a result, the spectrum of the linear RG operator calculated in the
essential scheme does not include these redundant operators. From the perspective of
numerical accuracy, however, the distinction between essential and redundant operators
does not seem meaningful. We, therefore, implement the simpler ‘standard’ scheme and
do not discuss whether the calculated eigenvalues are redundant.

3. Numerical methods

The fRG fixed-point equations (FPEs) form a set of ordinary differential equations. In
the literature, we can find several different approaches to solving them numerically. One
of the techniques found in the literature is the so-called shooting method (SM), in which
the FPEs are integrated as an initial value problem.

The SM aims to answer the question of how to specify the initial condition corres-
ponding to a specific global fixed-point solution. Locally, almost any initial condition
leads to a local solution of the FPEs . However, only a discrete number of initial condi-
tions lead to physically relevant global solutions [24, 25]. The SM is an iterative scheme
in which the initial value problem is solved for many different initial conditions. With
each iteration, the initial condition is systematically improved until the obtained solu-
tion of the FPEs specific lies closer to the global FP solution than a given tolerance
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threshold. After identifying the FP solution, the RG eigenvalues can be identified using
the SM to solve the eigenvalue equation:

M(ρ̃)Fi (ρ̃) = λiFi (ρ̃) (12)

for the stability operator M (see equation (11)). For more details on how this method
can be implemented, see [15, 25].

The SM was used for studying the critical and multicritical behavior of the O(N )
models. In the Ising universality class [N = 1] this method was applied at the LPA order,
where the initial condition is specified by a single variable, and at the O(∂2) order, where
the initial condition consists of two variables [24, 26, 27]. Similarly, for the generic value
of N the SM was used at the LPA level (single-variable initial condition) and at the
LPA’ level (two-variable initial condition) [15, 28–31]. Curiously, we are unaware of any
study implementing the SM at higher orders. This is probably due to the rapidly rising
number of dimensions in the space of initial conditions. We finally note that although
the intuitive approach is to integrate the FPEs from ρ̃ = 0 towards ρ̃→∞ it is not
the only possible solution. Tan et al [15] identifies the asymptotic boundary condition
at ρ̃→∞ and implements the SM integrating the FPEs from some large value ρ̃Max

towards ρ̃ = 0.

3.1. Finite-grid representation

An alternative approach to solving the FPEs relies on representing the functions para-
metrizing the effective average action in a finite-dimensional space. Such a discretization
recasts the ordinary differential equations into a large set of algebraic equations that
can be solved with various methods e.g. the Newton–Raphson method. There are many
ways in which such a finite-dimensional representation can be implemented, see e.g. [7,
14] employing Chebyshev polynomials for that purpose. In this work, however, we will
study a more common and straightforward approach based on the grid representation.

Let us consider a Nρ + 1-point uniformly-spaced grid {ρ̃i = ihρ}i∈0,Nρ
spanning an

interval [0, ρ̃Max] with ρ̃Max = hρNρ. Subsequently, let us reduce the domain of each
parametrizing function f to the discrete set of grid points {ρ̃i = ihρ}, thus reducing

f to a vector of values (f(ρ̃0), . . . , f̃(ρ̃Nρ)). In a grid representation, the ρ̃ derivatives
cannot be calculated analytically and have to be approximated with finite differences.

There are several different ways of constructing finite-difference approximations for
the derivatives. In this work, we adopt a simple scheme, in which the derivative at the
point ρ̃i is approximated by a linear combination of function values at n grid points
closest to ρ̃i for n equal 3, 5, 7, or 9. The coefficients defining a linear combination
approximating the dth derivative f (d)(ρ̃i) can be derived directly from the Taylor expan-
sion, see [32]. For n > d, there is a unique set of coefficients defining an approximation
of f (d)(ρ̃i) accurate up to corrections of order O

(
hn−d
ρ

)
3. In this scheme, the discrete

derivative operators Dd
n can be represented with matrices acting on the vectors of func-

tion values. E.g. for Nρ = 4, the three-point discrete derivative operators take the form:

3 In some cases, when a central derivative formula is employed the approximation can be of the order O
(
hn−d+1
ρ

)
due to symmetry.

https://doi.org/10.1088/1742-5468/ad6c31 8

https://doi.org/10.1088/1742-5468/ad6c31


Numerical accuracy of the derivative-expansion-based functional renormalization group

J.S
tat.

M
ech.(2024)

093204

D1
3f =

1

hρ


−3

2 2 −1
2 0 0

−1
2 0 1

2 0 0
0 −1

2 0 1
2 0

0 0 −1
2 0 1

2
0 0 1

2 −2 3
2



f (ρ̃0)
f (ρ̃1)
f (ρ̃2)
f (ρ̃3)
f (ρ̃4)

 =


f (1) (ρ̃0)
f (1) (ρ̃1)
f (1) (ρ̃2)
f (1) (ρ̃3)
f (1) (ρ̃4)

+O
(
h2
ρ

)
, (13a)

D2
3f =

1

h2
ρ


1 −2 1 0 0
1 −2 1 0 0
0 1 −2 1 0
0 0 1 −2 1
0 0 1 −2 1



f (ρ̃0)
f (ρ̃1)
f (ρ̃2)
f (ρ̃3)
f (ρ̃4)

 =


f (2) (ρ̃0)
f (2) (ρ̃1)
f (2) (ρ̃2)
f (2) (ρ̃3)
f (2) (ρ̃4)

+


O (hρ)
O
(
h2
ρ

)
O
(
h2
ρ

)
O
(
h2
ρ

)
O (hρ)

 . (13b)

Higher-order discrete derivative operators employed in our calculations are presented
in appendix B. Note that the corrections to the second-derivative approximation are
of order O(h2

ρ) in bulk, but only O(hρ) at the borders. Higher accuracy of the bulk
approximation arises due to the symmetry of the expressions which cannot be achieved
at the border. Interestingly, we will see that the convergence rate for the estimates
of the critical exponents is determined by the order of the corrections for the bulk
approximation rather than the border expressions.

In the finite-grid representation, the FPEs form a set of algebraic equations treating
each grid-point value of each parametrizing function as an independent variable. This
system of equations can be relatively easily solved with standard numerical methods;
the Newton–Raphson method is a particularly efficient tool for this purpose. We note
that the Newton–Raphson method requires an initial guess for the FP solution which is
improved in an iterative procedure. We have found, that to find the critical FP in the
three-dimensional O(N ) models it is often sufficient to adopt the initial guess with the
‘Mexican-hat’ type potential and constant kinetic terms:

Ũ (ρ̃) =
ũ

2
(ρ̃− ρ̃0)

2 , Z̃σ (ρ̃) = Z̃π (ρ̃) = 1, (14)

for some constants ũ and ρ̃0. We also note that this scheme is easily generalized to more
complex settings. It has been recently implemented both at higher orders of the DE [4,
5], as well as, for calculations involving more than one invariant [33–35].

3.2. Method of lines (MOL)

Let us recall equation (11) describing the flow of an infinitesimal perturbation
{ϵfV (t, ρ̃),ϵfZσ(t, ρ̃),ϵfZπ(t, ρ̃)} around the FP F*:

∂t

fV (t, ρ̃)
fZσ (t, ρ̃)
fZπ (t, ρ̃)

 = M(ρ̃)

fV (t, ρ̃)
fZσ (t, ρ̃)
fZπ (t, ρ̃)

 (15)
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with M(ρ̃) denoting a second-order differential operator called the stability operator.
Linear partial differential equations such as equation (15) can be solved via the so-called
MOL. In this approach, the ρ̃ space is discretized and, consequently, the stability oper-
ator M(ρ̃) is approximated by a finite-dimensional stability matrix M. Subsequently,
the problem is either integrated numerically as an initial value problem or the spectrum
{λi,Fi} of M is resolved to calculate time dependence analytically.

In the RG context, we are seldom interested in actual solutions to equation (15).
Oftentimes, we only want to obtain the eigenvalues of the stability operator M which
are connected to the critical exponents. Nevertheless, we can draw important insights
from the MOL. In particular, we note the well-known issue with the MOL that while
several leading eigenvalues of M offer a good approximation of the leading eigenvalues
of M the accuracy quickly degrades for subsequent eigenvalues [36, 37]. As discussed in
section 4, our calculations confirm this prediction. For a detailed review of the MOL,
see [38].

Since, in our approach, the FP solution is already calculated in a discretized form, it
is natural to use the same grid representation for the stability matrix. Let Faρ̃i denote
the value of the parametrizing function a at the grid point ρ̃i. The entries of the stability
matrix are defined as:

Maρ̃i,bρ̃j :=
∂ (∂tFaρ̃i)

∂Fbρ̃j

∣∣∣∣
F=F*

. (16)

Calculating the stability matrix one has to mind that the anomalous dimension is not
an independent variable and the terms of the form

∂ (∂tFaρ̃i)

∂η

∂η

∂Fbρ̃j

∣∣∣∣
F=F*

(17)

also contribute to Maρ̃i,bρ̃j . We also note that the value Z̃π(ρ̃η) = 1 is fixed and, con-
sequently, the row MZ̃π ρ̃η ,bρ̃j

and the column Mbρ̃j ,Z̃π ρ̃η
should be removed from the mat-

rix4. Finally, analyticity of the effective action requires Z̃σ(0) = Z̃π(0) and therefore the

values Z̃σ(0) and Z̃π(0) should be treated as a single parameter.
The derivatives in equation (16) can be calculated either analytically or numerically.

Calculating the derivatives analytically can be very effective when implementing the DE
in a symbolic environment like Mathematica. This approach avoids approximation errors
and can sometimes be more computationally efficient than the finite-difference approach.
Beyond the order O(∂2), however, the FPEs become incredibly complex and calculating
the stability matrix in a symbolic framework becomes essentially infeasible. In a non-
symbolic setting (e.g. in C++ or Fortran), calculating the derivatives analytically is
a tedious task that, to our knowledge, has never been performed. In this case, it is
common and significantly more convenient to approximate the derivatives with finite
differences.

4 There are implementations of this scheme in which one does consider the perturbation of Z̃π(ρ̃η). This, however, introduces a
redundant operator connected to an approximately zero eigenvalue, thus drastically increasing the condition number of M and
reducing the numerical accuracy when resolving its spectrum.
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Like in the case of ρ̃ derivatives, the derivation of the finite-difference approximation
is based on the Taylor expansion. The three lowest-order central approximations for the
first derivative read:

f ′ (x) =
3

4ϵ
(f (x+ ϵ)− f (x− ϵ))− 3

20ϵ
(f (x+ 2ϵ)− f (x− 2ϵ))

+
1

60ϵ
(f (x+ 3ϵ)− f (x− 3ϵ)) +O

(
ϵ6
)

=
2

3ϵ
(f (x+ ϵ)− f (x− ϵ))− 1

12ϵ
(f (x+ 2ϵ)− f (x− 2ϵ)) +O

(
ϵ4
)

=
1

2ϵ
(f (x+ ϵ)− f (x− ϵ)) +O

(
ϵ2
)

. (18)

We calculate the column M· ·,bρ̃j of the stability matrix by perturbing the function b of
the FP action at the point ρ̃j by a multiple of a small parameter ϵ. Subsequently, we
calculate the time derivative of each perturbed action and combine them using one of
the formulas (18) to obtain the column of the stability matrix. It is important to note
that unlike in the ρ̃ space in this functional space, we do not introduce any grid rep-
resentation. As a consequence, there are no boundary expressions like in equation (13),
and the small parameter ϵ can be freely tuned to maximize the numerical precision.

In our calculations, we compute the derivatives defining the stability matrix ana-
lytically. The only exception is presented in figures 8 and 9 where we investigate the
precision of the finite-difference approximation for the stability matrix.

3.3. Loop integrals

The loop integrals appearing in the fRG β functions (see equation (5)) can be per-
formed analytically only for a specially selected IR regulators. Unless such a regulator
is employed, the integrals have to be approximated numerically. In the fRG literature,
there are several methods commonly utilized for performing these integrals including
the Simpson’s rule and various Gaussian quadratures. In the present work, we perform
integrals analytically at the LPA level when the Litim regulator is used and employ
the Gauss–Legendre quadrature otherwise. Unless specified otherwise, we perform the
Gauss–Legendre integral on the interval |q| ∈ [0,5] with 35 evaluation points ensuring
that the integration error does not exceed 10−10 in any β function at any grid point.
For a detailed description of Gaussian quadrature rules, see to [36].

For the investigated models, the integrals are single-loop d -dimensional spherically
symmetric integrals. It is typical, to integrate out the spherical component analytically
and reduce the integral to a one-dimensional integral with respect to q = |q| or y =
q2.5 In the case of three-dimensional models, the latter choice introduces a square-
root-like nonanalyticity to the integrand around y = 0. This is inconvenient from the
perspective of numerical integration since most numerical integration techniques offer

5 In the β functions in [22], we include a constant vd = 1
2d+1πdΓ(d/2)

which absorbs the angular-integration constant as well as the

factor 1
(2π)d

(see equation (5)). In the calculations, however, we set vd = 1; this can be understood as the rescaling ρ̃→ ρ̃/vd,

Γ → Γ/vd, which does not affect the physical quantities. To avoid confusion regarding the rescaling convention we always measure
ρ̃Max and hρ in the units of the minimum of the fixed-point local potential ρ̃0.
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error bounds involving derivatives of the integrand, e.g. for the Simpson’s 3/8 rule the
error bound is proportional to the fourth derivative of the integrand at some point
within the integration domain. Due to a nonanalyticity introduced by the choice of y
as the integration variable, the error bounds become very large and the convergence of
the integral approximation becomes very slow. For this reason, we choose to integrate
with respect to q = |q|. Although it is not directly relevant to this study, we note that
in non-integer dimensions, the issue of nonanalyticity cannot be easily circumvented by
a better choice of integration variable and has to be dealt with in some other way.

3.4. Floating-point arithmetic

In numerical calculations, real numbers are typically stored as binary numbers with a
fixed finite number of digits. As a consequence, most real numbers cannot be represented
exactly and are rounded when represented as a floating-point number thus introducing
rounding errors. As we show in section 4, rounding errors are a relevant concern for
high-precision calculations. Although in our calculations we use the Mathematica soft-
ware which allows for storing real numbers with arbitrary precision, we perform most
of our calculations in a ‘64-bit double’ format (represented by ‘MachinePrecision’ in
Mathematica) offering a precision of approximately 16 decimal digits. This way we sim-
ulate the results that could be obtained if the same procedures were programmed in a
low-level language like C++ or Fortran. In some cases, to establish the reference values
for exponents with higher precision we use an extended floating-point precision similar
to (but not equivalent to) ‘80-bit double’ or ‘long double’ format.

4. Numerical error propagation

We identify five categories of numerical errors that we want to investigate:

• compactification errors—the errors associated with representing the parametrizing
functions on the compact interval ρ̃ ∈ [0, ρ̃Max] rather than the entire non-negative
real semiaxis;

• discretization errors—the errors connected to representing the parametrizing func-
tions on a discrete grid;

• integration errors—the errors induced by performing the loop integrals numerically;

• stability-matrix-approximation errors—the errors coming from the finite-difference
approximation of the derivatives defining the stability matrix;

• rounding errors—the errors of the floating-point arithmetic.

In this chapter, we present several analyses that quantify the effect of each of these errors
on the precision of several leading RG eigenvalues ei and the anomalous dimension η. In
these analyses, we isolate specific categories of errors by examining how the precision of
the critical exponents depends on various numerical parameters. For this purpose, we
will often assume that some errors are uncorrelated, e.g. that the integration error is not
impacted by a change in the grid spacing hρ. With this assumption in mind, for each
analysis, we identify a reference value eref for a critical exponent e, with respect to which
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Figure 1. Precision of the critical exponents as a function of ρ̃Max for hρ = ρ̃0/20.
The reference values for each exponent were calculated for ρ̃Max = 3.5ρ̃0 with the
extended floating-point precision.

the numerical error is measured. The reference value is calculated with a significantly
reduced error of the categories investigated in a given analysis. We emphasize, however,
that this reference value is burdened by the other, uncorrelated kinds of numerical error.

All the results presented in this chapter were obtained for the three-dimensional
O(2) model. We performed analogous calculations for the O(1) and O(3) models and
reached the same conclusions. For transparency, the results for these two models are
presented in the repository in [22]. The details of numerical methods used for each of
the analyses are summarized in appendix A.

4.1. Compactification error

Firstly, we investigate the error associated with restricting the parametrizing functions’
domain to a compact set. We achieve that by tracking the critical exponents’ errors
with varying ρ̃Max while keeping hρ = ρ̃0/20 fixed [ρ̃0 denotes the minimum of the local
potential]. This way, we separate the discretization error, controlled primarily by hρ,
from the compactification error. In this calculation, specifying the reference values, with
respect to which the errors are measured, is a challenging task because by increasing
ρ̃Max we also increase the number of points, which might induce other kinds of errors,
e.g. associated with the rising condition number of the stability matrix. The reference
values were calculated with the extended floating-point precision with ρ̃Max = 3.5ρ̃0. The
coefficient 3.5 was determined phenomenologically as the value for which the errors were
minimized.

The results of this analysis at the LPA and O(∂2) orders of the DE are presented
in figure 1 as a function of ρ̃Max. In both cases, the compactification error is relatively
large at ρ̃Max = 1.5ρ̃0 and drops precipitously with increasing ρ̃Max reaching a plateau
at ρ̃Max ≈ 3.5ρ̃0. Beyond this value, a slight difference between the two cases arises. At
the LPA level, the plateau is very narrow and we can observe a slow deterioration of
precision for large ρ̃Max. At the order O(∂2), no significant deterioration is observed and
the plateau continues until ρ̃Max = 8ρ̃0.

https://doi.org/10.1088/1742-5468/ad6c31 13

https://doi.org/10.1088/1742-5468/ad6c31


Numerical accuracy of the derivative-expansion-based functional renormalization group

J.S
tat.

M
ech.(2024)

093204

Figure 2. Precision of the critical exponents as a function of hρ for ρ̃Max = 3.5ρ̃0

at the LPA level. The reference values for each exponent were calculated with
9-point derivative approximation for h̃ρ = ρ̃0/40 with the extended floating-point
precision. Lines represent the best power-law fits to several trailing points with
integer exponents.

4.2. Discretization error

The primary parameter controlling the discretization error is the grid spacing hρ.
Assuming the linear error propagation and disregarding the reduced accuracy of the
derivative approximation at the borders, the error associated with discretization should
be of order O(hn−1

ρ ) when the n-point approximation is employed. To verify the lin-
ear error propagation we track the error of the critical exponents as a function of the
grid spacing using the 3-, 5-, and 7-point derivative approximation. The reference val-
ues for this analysis are calculated using the 9-point derivative approximation with the
extended floating-point precision for hρ = ρ̃0/40.

In figure 2, we track the exponents’ dependence on the grid spacing hρ at the LPA
level for ρ̃Max = 3.5ρ̃0—the optimal value established in the previous analysis. All the
data series, in the figure, tend to 0 with hρ → 0. This means that the estimates for the
critical exponents converge to the same reference values irrespective of the discretiza-
tion scheme. Moreover, the convergence rates are the same as the exponents controlling
the corrections of the (bulk) finite-difference approximation for ρ̃ derivatives. For the
seven-point approximation, we can also observe the rounding errors overtake the dis-
cretization errors around hρ ≈ 0.02ρ̃0. For lower values of hρ, the rounding errors lead to
a slow decrease in accuracy. Essentially identical conclusions can be drawn from figure 3
presenting the results of analogous analysis at the order O(∂2). This shows that, when
properly set up, the discretization scheme employed in our calculations is convergent
and can offer great accuracy.

We also performed an analysis similar to the one described above but with a sig-
nificantly lower value of ρ̃Max = 2ρ̃0. Its results are presented in figures 4 and 5 for the
LPA and O(∂2) orders respectively. The overall precision and the convergence rates are
significantly worse when compared to the results obtained for the optimal value of ρ̃Max.
More worryingly, instead of converging towards 0, all data series in both figures display
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Figure 3. Precision of the critical exponents as a function of hρ for ρ̃Max = 3.5ρ̃0 at
the O(∂2) order of the DE. The reference values for each exponent were calculated
with nine-point derivative approximation for h̃ρ = ρ̃0/40 with the extended floating-
point precision. Lines represent the best power-law fits to several trailing points
with integer exponents.

a plateau for a wide range of values of hρ. This implies that neither of the discretization
schemes converges to the reference value. We verified that for each exponent each data
series converges to a different value. This analysis showcases that the error induced by
selecting a too small a value of ρ̃Max observed in figure 1 is primarily caused by an
impaired convergence of the discretization scheme.

Finally, we compare the discretization accuracy between subsequent RG eigenval-
ues. Figure 6 shows the dependence of the eigenvalue error ∆ei on the eigenvalue index
i (sorted in descending order with respect to the real part). At both the LPA and the
O(∂2) orders of the DE, we can see an exponential decay of precision with each sub-
sequent eigenvalue. This observation is particularly pertinent for studies of multicritical
points where we are often interested in more than a few leading eigenvalues.

In the figure, we marked a distinction between real and complex eigenvalues. We note
that the stability matrix is real and non-symmetric so it can feature pairs of mutually
conjugate complex eigenvalues. In the figure, such pairs have been reduced to a single
point. Notably, complex eigenvalues are observed only at the O(∂2) order of the DE and
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Figure 4. Precision of the critical exponents as a function of hρ for ρ̃Max = 2ρ̃0 at the
LPA level. The reference values for each exponent were calculated with nine-point
derivative approximation for h̃ρ = ρ̃0/40 with the extended floating-point precision.
Lines represent the best power-law fits to several trailing points.

their precision is typically lower than that of similar real eigenvalues by approximately
one order of magnitude. The origin and physical meaning of the complex eigenvalues
are not well understood and require future clarification.

4.3. Integration error

Let us now turn our attention to the numerical integration error. To be precise, we are
not interested in the question of how to achieve a specific level of precision of numerical
integrals. The answer to this question will be specific both to the investigated model and
to the employed method. We ask the more general question about how the integration
error propagates to errors in estimates of the critical exponents. To answer this question
we calculate the critical exponents with progressively improving integral accuracy. On
the technical level, we achieve this by performing the loop integrals with the Gauss–
Legendre quadrature on the interval |q| ∈ [0,5.5] with the number of evaluation points
n varying between 5 and 40. For each value n, we define the integral error as:

∆I (n) = max
a,ρ̃i

|β̃n
a (ρ̃i)− β̃50

a (ρ̃i)|. (19)

In the definition above, the maximum is taken over all parametrizing functions a and all
grid points ρ̃i, β̃

n
a denotes the dimensionless β function for the function a calculated with

n-point integral approximation, and β̃50
a serves as a reference value. The β functions

in the definition (19) were evaluated at the fRG FP solution obtained with ρ̃Max =
3.5ρ̃0, hρ = ρ̃0/20 and 50-point integral approximation. Since the Litim regulator allows
for analytical integration at the LPA level, it would be pointless to investigate the
integration error in this setting. Therefore, in this analysis, we employ the exponential
regulator both at the LPA and O(∂2) orders.

In figure 7, we chart the precision of the critical exponents against the precision of
the loop integrals. The figure clearly shows that the two errors are directly proportional.
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Figure 5. Precision of the critical exponents as a function of hρ for ρ̃Max = 2ρ̃0

at the order O(∂2). The reference values for each exponent were calculated with
nine-point derivative approximation for h̃ρ = ρ̃0/40 with the extended floating-point
precision. Lines represent the best power-law fits to several trailing points.

Figure 6. Dependence of the eigenvalue error ∆ei on the eigenvalue index i (sorted
in descending order with respect to the real part) calculated for ρ̃Max = 3.5ρ̃0 with
different values of grid spacing hρ. The reference values for each exponent were
calculated with the extended floating-point precision for hρ = ρ̃0/60 at the LPA
level and hρ = ρ̃0/30 at the order O(∂2) using seven-point derivative approximation.
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Figure 7. Precision of the critical exponents as a function of integral precision ∆I .
The lines denote the best linear fit to several trailing points. In the calculation,
we employed the seven-point approximation for the ρ̃ derivatives with ρ̃Max = 3.5ρ̃0

and hρ = ρ̃0/20.

Figure 8. Precision of the two leading RG eigenvalues as a function of the perturb-
ation ϵ used in the stability-matrix finite-difference approximation calculated at the
LPA level. Lines represent the best power-law fits to several trailing points with
integer exponents. In the calculation, we employed the seven-point approximation
for the ρ̃ derivatives with ρ̃Max = 3.5ρ̃0 and hρ = ρ̃0/20. The reference values were
extracted from the analytically constructed stability matrix.

Moreover, the errors of the critical exponents are of the same order of magnitude as the
integration errors ∆I . This means that, when implementing the numerical procedures
for the loop integral, we do not need to test their accuracy on the critical exponents
which would require a significant numerical effort; it is sufficient to test their accuracy
directly on the β functions.
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Figure 9. Precision of the two leading RG eigenvalues as a function of the per-
turbation ϵ used in the stability-matrix finite-difference approximation calculated
at the order O(∂2). Calculation were performed with ρ̃Max = 3.5ρ̃0 and hρ = ρ̃0/20.
The reference values were extracted from the analytically constructed stability mat-
rix. Lines represent the best power-law fits to several trailing points with integer
exponents.

4.4. Stability matrix approximation error

Finally, we examine the finite-difference approximation of the stability matrix. We cal-
culate the eigenvalues of the stability matrix constructed with 3-, 5-, and 7-point approx-
imations (see equation (18)) for a wide range of values for the perturbation parameter
ϵ and compare them to the eigenvalues of analytically calculated stability matrix.

Figure 8 presents the results of this analysis at the LPA level. For large values of ϵ,
we observe that the approximation is convergent with the expected rate of n − 1 for
n-point approximation. For small enough ϵ, each approximation breaks down as the
rounding errors overtake the finite-difference-approximation errors. Interestingly, for all
three approximations, the rounding errors all follow the exact same line ∼ ϵ−1 with just
a few random outliers 6. Figure 9 shows the results of analogous calculation at the order
O(∂2). Remarkably, the results for two orders of the DE are almost identical.

5. Conclusion

In this work, we investigated the numerical accuracy of the stability-matrix approach
to the fRG. We thoroughly examined the common numerical implementation of this
scheme and identified major sources of numerical errors. Subsequently, we performed
several tests to quantify the magnitude of these errors and verify the convergence of our
numerical scheme.

6 The outliers can be expected, as sometimes despite the rounding error the approximate value can randomly land close to the
exact value. Importantly, there are no outliers above the ϵ−1 line.
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Our calculations clearly show that the stability-matrix approach with the grid rep-
resentation is a robust scheme allowing for remarkably precise calculations. Performing
the calculations in the 64-bit floating-point representation we can calculate the five
leading RG eigenvalues with the numerical error smaller than 10−8, the value far below
the typical error of the DE at this order lying between 10−2 and 10−4 [5]. We emphas-
ize, that such accuracy can only be achieved when all the parameters of the numerical
implementation are properly tuned.

Interestingly, the numerical errors obtained at the order O(∂2) are essentially
identical to those calculated at the LPA level, despite a three-times difference in the
number of parameters and a wide difference in complexity of the β functions. We can,
thus, reasonably expect that the order of magnitude of the numerical errors charac-
terizing higher orders of the DE should remain roughly the same. We stress that, if
needed, the numerical errors can be reduced even further by adopting a more precise
floating-point representation.

Most of the calculations presented in this work, show that the employed numerical
schemes converge with the theoretically predicted convergence rate. There is, however,
one important exception to this rule. Selecting too small a value for the upper bound
of the ρ̃ grid ρ̃Max strongly impairs the convergence with respect to the grid spacing hρ.
We have shown that imposing ρ̃Max < 3.5ρ̃0 leads to a significant deterioration of the
numerical accuracy. We note that increasing ρ̃Max beyond 3.5ρ̃0 (with fixed hρ) has
essentially no effect on the accuracy but quickly increases the numerical burden.

We emphasize that all calculations for this work were performed in the relatively
simple three-dimensional O(N ) models. While we can expect the general conclusions
to hold more broadly, specific error estimates should be recalculated for each case. The
rounding errors are particularly strongly implementation-dependent and have to be
carefully assessed. We suggest the methods presented in this work as a convenient tool
for benchmarking the accuracy of numerical implementations of the fRG and tuning
the values of numerical parameters.
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Appendix B. Discrete derivative operators

In section 3, we discussed the finite-difference approximations for derivatives in the ρ̃-
discretization scheme and provided expressions for the 3-point discrete derivative oper-
ators D1

3 and D2
3 approximating ∂ρ̃ and ∂2

ρ̃ operators respectively. Below, we present the

five-point operators D1
5 and D2

5 for Nρ = 6, the seven-point operators D1
7 and D2

7 for
Nρ = 8, and the nine-point operators D1

9 and D2
9 for Nρ = 10:

D1
5 =

1

hρ



−25
12 4 −3 4

3 −1
4 0 0

−1
4 −5

6
3
2 −1

2
1
12 0 0

1
12 −2

3 0 2
3 − 1

12 0 0

0 1
12 −2

3 0 2
3 − 1

12 0

0 0 1
12 −2

3 0 2
3 − 1

12

0 0 − 1
12

1
2 −3

2
5
6

1
4

0 0 1
4 −4

3 3 −4 25
12


, (B.1a)

D2
5 =

1

h2
ρ



35
12 −26

3
19
2 −14

3
11
12 0 0

11
12 −5

3
1
2

1
3 − 1

12 0 0

− 1
12
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3 − 1

12 0 0
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12
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3 − 1
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12
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3 − 1

12
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12

1
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3
11
12
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12 −14

3
19
2 −26

3
35
12


, (B.1b)

D1
7 =

1

hρ


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2 −6 49
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, (B.1c)
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D2
7 =

1

h2
ρ
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, (B.1d)
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