. mathematics b

Article

Vanishing Cycles and Analysis of
Singularities of Feynman Diagrams

Stanislav Srednyak and Vladimir Khachatryan

Special Issue
Advanced Approaches to Mathematical Physics Problems in High-Energy Physics

Edited by
Dr. Mario Cezar Bertin and Dr. Julio Marny Hoff da Silva



https://www.mdpi.com/journal/mathematics
https://www.scopus.com/sourceid/21100830702
https://www.mdpi.com/journal/mathematics/stats
https://www.mdpi.com/journal/mathematics/special_issues/I38D86LVO7
https://www.mdpi.com
https://doi.org/10.3390/math13060969

. mathematics

Article

Vanishing Cycles and Analysis of Singularities of
Feynman Diagrams

Stanislav Srednyak !

check for
updates

Academic Editor: Mario Cezar Bertin

Received: 1 February 2025
Revised: 8 March 2025
Accepted: 13 March 2025
Published: 14 March 2025

Citation: Srednyak, S.; Khachatryan,
V. Vanishing Cycles and Analysis of
Singularities of Feynman Diagrams.
Mathematics 2025, 13,969. https://
doi.org/10.3390/ math13060969

Copyright: © 2025 by the authors.
Licensee MDP], Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

and Vladimir Khachatryan 12*

1 Department of Physics, Duke University, Durham, NC 27708, USA; stanislav.srednyak@duke.edu
2 Department of Physics, Indiana University, Bloomington, IN 47405, USA
*  Correspondence: vladimir.khachatryan@duke.edu or vlakhach@indiana.edu

Abstract: In this work, we analyze the vanishing cycles of Feynman loop integrals by
the means of the Mayer—Vietoris spectral sequence. A complete classification of possible
vanishing geometries is obtained. We use this result for establishing an asymptotic ex-
pansion for the loop integrals near their singularity locus and then give explicit formulas
for the coefficients of such an expansion. Further development of this framework may
potentially lead to exact calculations of one- and two-loop Feynman diagrams, as well as
other next-to-leading and higher-order diagrams, in studies of radiative corrections for
upcoming lepton-hadron scattering experiments.
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1. Introduction

The mathematical study of Feynman integrals has a long history [1-3]. In particular,
Refs. [2,3] pioneered homological methods, and the use of Picard—Lefschetz theory for
Feynman integrals has influenced the development of the theory of hyperfunctions [4].
The book [5] contains reprints of many important papers. The decomposition of the homol-
ogy of the complement of the union of several hypersurfaces has a long history by itself.
Although it is addressed in classical works, it still attracts attention [6] in the context of de-
rived algebraic geometry. The book [7] contains more focused applications of mathematical
methods to scattering processes, paying particular attention to the geometry of spaces of
momenta as dictated by the combinatorics of Feynman quadrics. Most importantly for our
development discussed in the next sections, the use of integration-by-parts (IBP) relations
was discussed in [8] (an earlier work is [9]).

In addition to classical work, a major development was initiated in the mathematical
literature [10]. This development concerned the use of hypergeometric functions. This
approach is very conceptually attractive and has gained a number of followers in the physics
literature [11-17]. An earlier work of one author clarified the relationship to flat bundles.
The use of differential equations is the subject of many recent works [18,19]. The analysis
of singularities and jumps at the singularities is the subject of modern work [20,21].

Calculations of Feynman loop integrals in particular provide an important test for
some modern mathematical methods of quantum field theory and particle physics in
general, including relativistic scattering theory. The full non-perturbative theory is a
much more complicated problem that incorporates perturbative Feynman integrals as its
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small part. Therefore, it is essential to develop new mathematical methods that can help
achieve detailed understanding of perturbative integrals. Additionally, there is also ample
theoretical and phenomenological interest coming from studies of various topics, such as
the anomalous magnetic moment of the electron (g-2) [22-25], two-loop corrections to the
Higgs production [26-28], and one- and two-loop corrections to lepton—proton [29-36] and
lepton-lepton scattering [31,34,37-43] processes.

There has hitherto been much progress in using algebro-geometric techniques for
analyses of Feynman integrals. The topology of contours and its implications have been
analyzed in [44,45]. The flat connection in terms of master integrals has been analyzed in a
number of cases; see, e.g., [46—49]. In addition, the connection to modular forms has been
explored in [50,51]. The emergence of non-polylogarithmic functions has been studied
in [52,53]. There has been a lot of work on this problem in the physics literature [54-57].

With regard to perturbative integrals, they define a class of functions for external
momenta and masses of interacting/scattering physical particles. These are vector functions
because multiple integration chains must be considered for them. In fact, they are sections
of a flat vector bundle, the pullback of the Gauss—Manin connection to the physical locus.
Such functions have regular singularities along Landau varieties and are also the pullback
of the solutions to the holonomic GZK D-module [58]. Pullback here is meant in the sense
of the theory of holonomic D-modules [59,60]. Such pullback can be taken on a singular
set in the parameter space. It is known that physical spaces correspond to a deep stratum
in the space of generic kinematic invariants [12,61]. The general theory of such pullbacks
involves the theory of b-functions [62]. For a general reference on holonomic D-modules
and associated Gauss—Manin connections, see [60,63,64]. For the role of Landau varieties in
the analysis of integrals of the hypergeometric type (in particular, from the point of view of
underlying meromorphic connection), see [65,66].

Although a large body of general mathematical knowledge has been accumulated
about the aforementioned objects [59,65,67], some elementary questions about them remain
unaddressed. For example, first-order equations, which those functions satisfy to, are still
missing, such that these equations might be consistent with the symmetry of Feynman
diagrams. While there has been a lot of research about differential equations” methods
(emerging as dominant methods of computation) [13,54], there is no closed-form expres-
sion for those equations. This is especially true for first-order equations, or the Pfaffian
form [60]. Given this, such equations could be very important for the numerical evaluation
of Feynman loop integrals. Their state of the art can be assessed by focusing on the family
of propagator-type diagrams [47,50,68]. For the evaluation of the loop integrals, one must
start with an analysis of their behavior near singularities. Although particular cases, such
as double-logarithmic asymptotic analysis, are well known, the general case has not been
treated in the literature. Furthermore, the exponents of asymptotic expansion near the
singularities should provide information about the diagonal part of the flat connection,
when it is restricted to the singularity locus. Information on the connection matrices is
very limited.

Just as a summary, the study of singularities of perturbative Feynman loop integrals
is an important subject, and from a mathematical point of view, Feynman integrals are
examples of integrals of rational functions with parameters. The theory of their singularities
is very complex, and most results, including those of this work, focus on special cases. In
particular, our paper focuses on an asymptotic analysis of perturbative loop integrals near
their singularities, with some essential applications discussed in the paper. The structure of
this paper is organized as follows.

*  (Section 2) We start the analysis in the momentum g-space.
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*  (Section 3) Then, we continue with a discussion of vanishing cycles since they are a
mechanism that leads to the formation of singularities. One can observe the useful-
ness of the Mayer—Vietoris spectral sequence for a classification of possible types of
singularities (for a general introduction to the use of Mayer—Vietoris sequences as
applied to the topology of projective complete intersections, we refer to Refs. [69,70]).
We give a complete classification of the localization of the vanishing cycles with the
case of generic polynomials. Non-local vanishing cycles are outlined as well.

*  (Section 4) Herein, we introduce the so-called “pinch map”: a map from the singular
locus to the space of the (virtual) loop momenta of particles that gives the location of a
point to which the vanishing cycle becomes contractible. The pinch map simplifies
calculations for asymptotic analysis and must have some meaning for generic GZK
functions as well. Two cases of pinching are presented: with general polynomials and
with Feynman loop integrals.

*  (Section 5) We consider specific examples of vertex loop diagrams, which may po-
tentially be applied to the lepton—proton (I — p) scattering process (the scattering of
spin-1/2 particles).

*  (Section 6) The so-called “I'-series” method is outlined, through which it may be
possible to later calculate the | — p scattering amplitudes and cross-sections with
lowest- and higher-order radiative corrections of QED (quantum electrodynamics),
by computing the contributions from one-loop and two-loop Feynman diagrams,
as well as from other next-to-leading and higher-order diagrams.

®  (Section 7) At the end, we discuss our results and give a direction for future developments.

2. Preliminaries

We start by considering Feynman-type scalar integrals given by

1
o= [ Tlda 15,5 @

i

where D;(q; + p;) = (q; + pi)? + m? is the i*! particle propagator, with the momentum p;,
the mass m;, and

9 =Y_liafa, (2)

where g, is the loop momentum and [; , is an integer-valued matrix (see notation in [71]).
Throughout this paper, we consider dimensionally regulated integrals such that

[ 149, = d™q, ®)

where d is the number of dimensions and L is the number of loops. One should understand
dL as d x L. Analytic continuation in the dimensions is performed in the usual way: the
symbol for the dimension is kept free and the resulting analytic functions, such as Gamma
factors, are treated as functions of the complex d.

It is convenient to compactify the space of loop momenta to the projective space CPH
by adding the boundary CP/*~!. The original integration chain ¢y is RPF, which is a
real projective space class. While the original integration is performed over the Euclidean
space R%, the correct homological interpretation in terms of homology classes requires
passing to compactification and treating the original integration chain as representing a
relative homology class. This is the precise homological meaning of “integrating from
minus infinity to plus infinity”. Analytic continuation is achieved by moving the chain ¢y
along with the analytic continuation path. Expressed with some more detail, the analytic
continuation is performed by varying the chain representative of the homology class []P’RdL]
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along the path of that continuation. Then, singularities develop through this path such
that it is impossible to choose a homologous contour differing from the original one by a
chain of homologies. This is the basic vanishing cycle mechanism, which we shall exploit
in this paper.

3. Homology Vanishing Cycles
3.1. Vanishing Cycles and Generic Polynomials

This section discusses the choice of contour of integration in the integral of Formula (1).

The original integral has ie prescription. This precisely amounts to the possibility of moving

the integration chain away from the zero set of the Feynman quadrics. Then, we have
the following:

{ € Hy(CP" —U{D; = 0}; CP"! —U{D; , = 0}). 4)

In this formula, D; « is the intersection of the zero set of the Feynman quadrics D; with the
hyperplane CP?'~!. In our dimensional regularization scheme, we analytically continue
to these ds (dimensions), such that the integrand has no pole in the infinitely remote
hyperplane. This amounts to the usual power-counting argument.

There is a cycle in even dimensions in the homology group of H,(CP") (where, for
convenience, we put n = dL and {p = (). This cycle does not change under monodromy,
and monodromy generates cycles that are in the image of the tube map (the tube maps
are explained in [72]). By using the Alexander duality (tube mapping), we can reduce the
computation of these cycles to

{' € Hy1(U{D; =0}; UDj =0), )

where the integration chain {’ is given in a different homology group. Note that the
Alexander duality and its use in topology of projective varieties is explained [73,74]. Tube
mapping can be defined for singular varieties. In this case, the fiber over points in the
singular set is the intersection of the normal cone with a sphere of small diameter.

The variety U{D; = 0} has multiple irreducible components; therefore, the use of the
Mayer—Vietoris spectral sequence is appropriate in this case. The Mayer—Vietoris exact
sequence can be applied to the tubular neighborhood of the (in general, singular) variety
N{D; = 0}. It reduces the entire computation to

Zy=H,_jjj-1(N{D; = 0}; N{D;e =0}), (6)

where [ is the propagator tuples, I = (iy,...,is), a multi-index in the subscript of the
homology group of H);. Formula (6) gives a domain, where the vanishing cycles lie (in
momentum space representation).

The above Mayer—Vietoris spectral sequence of Z; is applicable to more general
integrals, such as

1
1 7
Qi(q) @

where we integrate the rational form of the type a,b and P(q)/Q(q) are different polynomi-

1
I :/ A dbg
PQ C H q ql:]lpl(q)

0 ab

als but of a generic type. Q(g) denotes the complex conjugation of Q(q). For definiteness,
we focus on the integral of the type

1

a,b i
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Polynomials of the type Q(q) are used only in generalized integrals, like in (7). Based
on (8), the Mayer—Vietoris sequence allows us to reduce the homology computation to the
computation of

Higp41p)— 11/ (N{P; = 0}). )

In this case, there is more information to utilize. We are actually interested in the image of
—|1,|b
Hy M (AP = 0}), (10)

in Hjg) 1 p|— 11 (N{P; = 0}) under the de Rham isomorphism, where Hj"(X) is the Dolbeault
cohomology (see Refs. [75,76] for a discussion of the de Rham vs. Dolbeault cohomology
in the context of Feynman integrals). By H?* in the above, we mean the image Dolbeault
cohomology in the cohomology with integer coefficients. Consequently, we are particularly
interested in the part of cohomology of this specific type. Additionally, there is a dual
Mayer—Vietoris sequence that can be made to obtain the Hodge filtrations [77-79].

3.2. Non-Local Vanishing Cycles

In this section, we analyze non-local vanishing cycles in the context of [80]. And these
singularities are quite distinct from the ones considered in [81].

There are strata in the parameter space of the polynomials P(g), which correspond to
non-local vanishing cycles. These strata can be approached by curves lying strictly inside
the complement of the discriminant of P. Such strata are largely beyond discussion in
the literature. For instance, they are not covered in [65,82]; nevertheless, there is some
discussion in [83]. Here, we only remark that such non-local vanishing in principle admits
combinatorial classification in terms of the following:

(i) The number of derivatives, 9" P, that vanish along the stratum for some set of multi-
indices, «;
(i) The geometric locus, where such vanishing happens.

If the geometric locus of the vanishing is given, i.e., the locus of g, in which the
vanishing takes place, e.g., in terms of parameterization, then finding equations for the
locus in the parameter space p., (w here and in the following denotes a typical multi-
index, w = (wj, ..., wy)) becomes relatively straightforward by applying the elimination
techniques based on the Grobner bases. If only the type of singularity is known, then it
becomes a modulus problem, and general GIT (geometric invariant theory) techniques are
necessary [84]. By type, we mean scheme-theoretic data that include the dimensionality
of the components, their own singularities (in terms of the degeneration of the tangent
bundle), and the intersection theory of components.

GIT techniques are very useful in the analysis of bundles that we consider because
these bundles typically possess a large degree of symmetry, in particular toric symmetry.
The precise characterization of these bundles is only possible after the techniques of GIT are
extended sufficiently, such that they can be used in treating Koszul complexes resulting from
integration by parts [10], as well as in the conversion from D-modules to corresponding
flat connections. This subject is far reaching, since it, e.g., includes a discussion of bases
analogous to the polylogarithm bases for the arbitrary divisor’s case and for the bundles
with logarithmic singularities for its complement. Some discussion of these topics is
available in [74]. It is intimately tied with various categories of modules associated with
the components of the divisor.
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4. Introduction of Pinch Map
4.1. Pinch Map I: General Polynomials

For the generic stratum of the discriminant locus, the vanishing occurs at some
point. In fact, for the generic stratum of the GZK discriminant, the pinching is quadratic.
For higher-order isolated singularities of the type treated in Milnor’s classic [85], the van-
ishing is also local, though it is, in general, non-quadratic [65,86].

Theorem 1. For the generic stratum of the GZK discriminant for a polynomial, P(q), the vanishing
cycles become contractibe to the point

7i = Qi(pw), (11)

where Q; are rational functions defined everywhere on the main stratum of the GZK discriminant
(Qi(pw) must not be confused with Q(q), where the latter is just a local symbol for a generic
polynomial, while the former is actually the solution for a pinch point). If the vanishing is still local
(i.e., the solution of the degeneracy equations consists of isolated points), then the vanishing locus is
given by the restriction of the above map to a substratum of the discriminant. The equation for this
stratum is obtained by the elimination of q; from

P =0, (12)
for a given set of a.

Proof. The proof can be obtained by the adaptation of the standard Sylvester tech-
niques [10]. In this regard, the question of practical importance is whether an explicit
expression for Q; in terms of the GZK discriminants can be obtained, which is a much
more challenging task [87,88]. It involves notions that generalize discriminants of exact
sequences (the so-called Whitehead torsion [89,90]) to the case of spectral sequences. In fact,
the toric nature of the problem can be used for imposing further combinatorial symmetry
on the problem. It includes generalizing the notion of the spectral sequence for the case of
multiple gradings (giving rise to multidimensional sheets between which the differentials
act) and for the needs of combinatorial elimination theory, going beyond the scope of
this paper. O

4.2. Pinch Map II: Feynman Loop Integrals

Feynman loop integrals present a highly degenerate case for vanishing cycles” analysis.
Indeed, each of the integral quadrics has a singularity locus (where the derivative vanishes
identically) of the dimension (L — 1)d. Nonetheless, there is a remnant of the locality of
pinching, as we demonstrate in this section. The key observation stems from the use of
the Mayer—Vietoris spectral sequence. We observe that for each vanishing cycle, in every
H,(CP" — U{D; = 0}), there is a group of propagators D;,, D;,, ..., D;,, such that there is
a vanishing cycle in Z; = H,,_;(N{D;}). For simplicity, we focus here on the vanishing
cycles at the finite distance of the momentum space, g;, rather than of the boundary at
infinity. This latter case can be analyzed analogously.

In the following theorem, we analyze the case when the vanishing cycle occurs in the
loop momenta g, ..., g;, - These loop momenta are fixed by the pinch condition. The rest of
the loop momenta are not fixed and integration is performed over these coordinates.

Theorem 2. Vanishing cycles at a finite distance are completely classified by the tuples,
I = (i,...,is), of the propagators, such that there is degeneracy among the tangent cones to
the varieties { D; = 0}. Such vanishing cycles are contractible to a (pinch) point:
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Qigp = Qik,y(P)r (13)

which is a rational function of the masses and external momenta of interacting (scattering) physical
particles. The rest of the internal (virtual) loop momenta is arbitrary.

Proof. The proof follows from the fact that the degeneracy among tangents to D; can be

Z“z‘ daD;

~'og;

This set of equations with the factors a;, where each a; defines a point in a projective space

written as

0. (14)

of the corresponding dimension (not all a;s are zero), can be solved with
qi=Y_®iqPa, (15)
a

where there can be linear relations among «; ,. These coefficients are removed from the
system of D; = 0 due to the homogeneity requirement. [

It is convenient to introduce a somewhat more general family of integrals as follows:
" 1

Fp) = [ ][]+ (16)
i 1

We analyze asymptotic expansion near the Morse-type pinch point at g = 0. We assume
that there is a vanishing cycle in the system, P, ..., P, and the rest of the polynomials do
not vanish at 0. Then, we can write

Pi = Cj€ + lqu + Di(@“zﬂj_)/ i= 1/---rkr (17)

where € is a small parameter that can be thought of as the value of the corresponding
Landau polynomial. € = 0 corresponds to the vanishing cycle contracting to the point. We
splitg = (q),9.),9) € C", such that

liq = lqu, i= 1,...,k, (18)

and /; spans the space dual to C" for some integer, m. D;(q),q.) is at least quadratic

ing,q..
We study the asymptotic expansion of the integral

F(piw) = / dquP,%q)' (19)

near the stratum in the parameter space, where there is a Morse singularity in the inter-
section N{g : P; = 0}, which we assume to be a complete intersection at generic values
of parameters.

Theorem 3. There is the following asymptotic expansion near the regular singularity Ly:

F(piw) = (27i)* x

X /dd*qu ! !

iz Pilay =0,91) E+S(q1) +o(q7,€%,q.¢€)

+R, (20)
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where R is a regular function near generic points of the discriminantal locus L = 0 (it can have
singularities along substrata), and

s - ,
(9.) Qr(g1) I lick
and
coe lop Lo
E =
k€ xa lik

The numbers ;i are the coefficients of the linear terms in (17). The momenta forming the set I in
the polynomials Pj(q = 0,q ) must be evaluated at the pinch point 0.

In this theorem, k polynomials, P;, define the pinch point. The asymptotic expansion
occurs in the last polynomial, Py, evaluated at the pinch point. In symmetric notation, we
express this using a determinant.

Proof. We will prove a slightly more general result. Let us consider the integral

I= / dx dy f(x,y)H Pi(ch,y)' (21)

k
i=0
where f(x,y) is some regular function and
Pi(x,y) = cie + Li(x) + Qi(x,y) + O(% xy, ), (22)

for which we are interested in an asymptotic expansion near € = 0, where L; and Q; are
one- and two-variable polynomial functions. By using a local change in variables,

Zi = Li(X), (23)
one can transform the integral in (21) to the form of

1 1 1
= 7/ Jy)dizdty =
det(L) fy)dz yPo ,11 ci€ +zi+ Qi(zy) + O(z% zy, y?)

, (24)

where the symbol Py denotes the polynomial with the lowest index. We do not preserve the
symmetry between polynomials and choose one of them. In the end, the expressions should
be symmetric with respect to permutation of polynomials, and this is an additional check
of our calculation. From here, we see that the contour can be deformed into an elementary
loop around z; = —(c;e + Q;(0,y)) (the original contour is the long contour corresponding
to the vanishing cycle). [

The following lemma is standard.

Lemma 1. We have an asymptotic expansion:

1 1 |
— =~ 27T ,
z+¢ z+7 c—1

K(&n) = [ dz 25)
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where ¢ and 1 are of the same order of magnitude. Here, it is assumed that the contour passes
between z = —¢ and z = —1.

Lemma 2. We have an asymptotic expansion for a generic quadratic form Q(y):

(1+ Ry(e)) + Ra(e), (26)

in which Ry 5 are regular functions of € and Ry (€) ~ e at e =0, V,,_1(1) is the volume of the unit
sphere of the dimension n — 1, and Q is a nondegenerate quadratic form.

Then, Theorem 3 follows from the above two lemmas. We can also simplify the
statement of the theorem to the following form:

Jo = Arg(P)) LTI L Rp), (27)

where A is a function of P, P is the coordinates on the manifold {(p,m) : L;(p,m) = 0},
and ( is a contour of integration. If |I| = L (the number of loops), then the coefficients
A are algebraic functions. In general, they involve integration over other loop momenta.
In the next section, we write an example of such an A; function involving integration over
other loop momenta.

Remark 1. The o) term in (20) contains terms that are of a higher order in € and q? . The branching
behavior of the integral comes from the region of momenta, where g% ~ €. The proof of the theorem
essentially states that if a vanishing cycle is formed by transversely intersecting k hypersurfaces, then it is
possible to deform the contour of integration in a way that one can take the residue in k — 1 variables,
and for the rest of the variables, q, , we have a Morse singularity. This is very far from the physical
situation when several masses are zero. The latter case corresponds to degeneracies in the intersections
and non-transverse intersections. In these cases, we have a non-Morse singularity.

Theorem 4. With the conditions of the previous theorem, we have the following expansion near the
generic point of the variety defined by the vanishing of the Landau polynomial ({L; = 0}):

Ie(p) = Sg(p)LT + Te(py, L1), (28)

where a is a constant and Sq(p)) is defined in {L; = 0}, and we have a regular function at the
generic point.Tg(p), L) is defined in a neighborhood of {L; = 0} and is regular near the same
generic point. This expansion holds for each of the § components of the bundle [91] determined by
a Feynman diagram. The functions Sq and Tg can develop singularities of a regular type near the
intersection of {L; = 0} and other Landau varieties.

Proof. The proof of this corollary essentially follows from the expressions in the previous
theorem and lemmas. For the leading order, we have

= N 1 )
Se = (27i) ]l'ng(QH)

(29)

We see that for the leading asymptotic term, one can derive a concrete, closed-form expres-
sion, while for the regular part (as for Ty), it is impossible to derive a simple expression
and only an integral representation may be given. We can also normalize the Landau
polynomial to a rational expression, and the final form is given by
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Po(Qy) 9y Po(Qy)
L= ’

Pe(Qp) 9 Pe(Qy)

whichisa (k+1) x (k + 1) determinant. Qj is the restriction of Q in the space orthogonal
to the space generated by the normals to P;. If a different normalization was selected, there
would be a corresponding factor in Formula (29). O

5. Examples with Feynman Vertex Loop Diagrams

In this section, we consider examples with some Feynman vertex loop diagrams for
arbitrary complex masses, which are discussed at one- and two-loop levels.

5.1. Vertex Diagram at One Loop: General Case

Vertex diagrams at one loop, such as the example shown in Figure 1, give rise to the
following type of master integral:

iy = /q (R (30)

where the product is over at most 4 + 1 propagators because we can reduce the general
situation (where there is more than d + 1) to this case by partial fractioning. The case of the
QED vertex one-loop diagrams, shown in Figure 2, corresponds to a particular choice of
masses with (0, m;, m;), where m; is the lepton mass. It matches up to a singular stratum
in the diagram with generic masses, e.g., in the generalized diagram of Figure 1, there
is a singularity at m3 = mp = m;. In the corresponding QED diagram (the right panel
of Figure 2 in this case), we first restrict to the stratum m3 = my = m; and then perform
analytic continuation.

Figure 1. The upper vertex of the diagram depicted in the right panel of Figure 2 but with arbitrary
complex masses, m;, considered. The arrows indicate the flow of momenta.

vert

T LT

Figure 2. Feynman diagrams describing the QED one-loop corrections at the lepton line in [ —
scattering. The arrows indicate the flow of momenta. This figure is from Ref. [32] and is used w1th
the kind permission of The European Physical Journal A.
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In this case, the vanishing cycles arise in any number of propagators from 2 to d.
For definiteness, let us consider the propagators Dy, ..., Dy given by

q* +mj =0,

(31)
(q+p)2+m?=0,i=1,.,k

The variety corresponding to this ideal is equivalent to the one generated by

q* +mg =0,

2

(32)
2qpi+ pfHmi —mg =0, i=1,...k

ot 2 2 2
q‘|+qL+m0:0,

q) = Zi)ami, )

2Y (pipj)aj + p; +mi — m5 =0,

]

where g denotes the component of g that lies in the space spanned by p;, and g, is the
component of g lying in a subspace orthogonal to the space spanned by p;.

If the Gram determinant of the system (33) is G(p;, p;) = 0, this corresponds to a
vanishing cycle at infinity (the stratum CP*~! in the compactification of the g-space). We
consider the case when G(p;, pj) # 0. Then, g is uniquely determined, and the equation
for the singularity is the following:

Pip; —(p7 +m7 —mg)/2
=0. (34
|—(p§‘+mf—m%)/2 mj )

where the determinant has a size of (d 4+ 1) x (d +1). We can now rewrite the integral
in (30) as follows:

Juy = /dd_k{h /qu” f(@) Dio H Dy + 2piq)| +1p12 +m? —m3’ (35)

where 1
f@)=flqiq)) = ]]g TrpEE (36)
Do = 47 +qf +m3, (37)

and f(gq) is a smooth function equal to the product of the propagators, which are not
part of the pinch (I is a set of propagators participating in the pinch). We then introduce
the notation

Q=Y A, (38)
i
where A; are the solutions of the following equation (the third one of the system (33)):

23 aj(pipy) + pi +mi —m§=0. (39)
j

This is a point to which the vanishing cycle becomes contractible (the pinch point in our
terminology). We also need to perform the following change in variables:

q) = QH + . (40)
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In all these variables, the integral in (35) transforms into
Juy = /dd*klh X
LS B— b w
icr 97+ (Q + pi)* +mi +2(Q) +pi)s +5° 4 Dj
which can be reduced to
1 1
L= zm’f/dd—k LR, ")
iy = (270) qlng(QH/QL)MI (L1) (42)
where R(L;) is a regular function near the Landau variety L. In (42), we have
2Qo By
M; = , (43)
2(Qk+pr)  Be
with
B = g1 + (Q) + pi)* +mif. (44)
Note that
My =2"py, .., pllg? + 9, (45)
where [p1, ..., pi] is the k-volume spanned by the vectors py, ..., p, and
2Qo Qf +mj
P = . (46)

2(Qc+pk) (Qp+p)* +mi

One can also indicate that the first (1,..., k) are coordinates on the space spanned by
pi, i € [1,..., k]. The quantity ¢ vanishes identically on L;. In fact, it is proportional to the
polynomial L;. At the end, we wish to emphasize that the integral in (42) has the following
asymptotic expansion:

]11.V,as m —
Y.

_ (nonk k (d—k) /2 —1+(d—k)/2 1
= (27i)* Vi1 (1) (2" [p1, -+ PK)) p (Jlg 7Dj(QH/O) +O(IP)) +R(L;), (47)

where V;_1(1) is the volume dependent on k — 1 dimensionality. D; is just the propagator
evaluated at Q-

5.2. Propagator at Two Loops: General Case

Herein, we begin with the integral of the two-loop propagator, the diagram of which
is shown in Figure 3:

Jop = /ddlhddfh x
1 1 1 1 1

X . (48)
g} +mi (q1+p)? +m3 (91 +q2)2 + m3 g3 + mj (2 — p)* + m3
We will focus on the vanishing cycle in
2 2
+m7; =0,
7 1 (49)

(g1 +p)* +m5 =0.
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Here, the pinch point is
i = ap, (50)

which is a solution of the system (49) for some scalar & and where the singularity locus is at

\ —P? = Emy £ my, (1)

p*+mj —mi

n = 2p2

(52)

The integral coefficient in the series expansion (explained in Theorem 3) is expressed as

1 1 1
Ly :/dd , (53)
2lp 1 (Q1+q2)% +m3 g5+ m3 (g2 — p)? + m2

and this integral coefficient is a function of masses and dimension only, with Q; being one
of the pinch points. In this case, the quadratic form and e-term (see Theorem 3 again) are
given by

Lo+ Qo =

= —20\/—p?((a +1)°p* + 7 +m3) +2(a + 1)1/ —p2(«®p* + q7 +m]) =

where Lj) is the Landau polynomial [92], which is obtained by eliminating « from the
system (49):

Ly = —2ay/—p2((a +1)?p?* +md) +2(a + 1)1/ —p2(a®p* + m?), (55)

where & = a(p, m) in Equations (54) and (55) are certain algebraic expressions deduced as
a result of the above-mentioned elimination. The full expansion has the following form:

Fnp = (2710) Iy p [L6/2] D2 (11 O(L))) + R(p), (56)

»
>

Figure 3. A diagram describing the two-loop propagator but with arbitrary complex masses, 11;, considered.

5.3. Vertex Diagram at Two Loops
5.3.1. General Case

Vertex diagrams at two loops, such as the example shown in Figure 4, have the
following master integral form:

1

X
(3 +m2) (g1 + pr1)? +m3) (43 + m3)
1
. 2 2 2 2 5 5 (57)
(92 + p2)2 +m3)((q1 + g2 + p1)2 + m2) (1 + g2 + p2)? + m2)

Jov = /dd%dd%
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such that there are six given propagators in the integrand’s denominator:
Ly = / d'gidq, : (58)
Av D1D,D3D4D5Dg’

The case of QED-vertex two-loop diagrams, shown in Figure 5, corresponds to a
particular choice of masses with (0,0, m;,m;). It matches up to a singular stratum in
a diagram with generic masses, e.g, in the generalized diagram of Figure 4, there is a
singularity at my = m3 = my = mj. In the corresponding QED diagram (Figure 5b
in this case), we first restrict to the stratum my = m3 = my = m; and then perform
analytic continuation.

ms me

mz2 ma

mi mas

Figure 4. The vertex diagram shown in Figure 5b but with arbitrary complex masses considered.

(a) (b) ()
2 S + \W/ + : :
(d) (e) (f) (8)
+ : ; + ;; : + : ; g + % S :

Figure 5. Feynman diagrams describing QED two-loop corrections at the lepton line in / — p scattering.
The diagrams in the subfigures (a—g) constitute complete list of two-loop corrections to the QED vertex,
and are important in the scattering theory because those constitute the sef of model independent
corrections. We refer to Ref. [32] for more details. This figure is from Ref. [32] and is used with the
kind permission of The European Physical Journal A.

Let us now concisely discuss the two-pinch singularity of the two-loop topology with
the crossed vertex. We focus on the vanishing cycle by considering the two-pinch with the
following propagators:

2 2
+m7 =0,
71 5 1 . (59)
(q1+p1)” +mz = 0.
The pinch happens at
71 = ap1, (60)

for which we make the change in variables of

g = apr+q) +q.- (61)
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Then, we have

Ty = /ddqzléll/dqudd‘lm L, (62)

13D, D1 D;
or
Joy = /ddlh ﬁ 1 /d’ﬂ\dd*llh ! X
3D (a2p7 +m3) +2ap1q) + 47 + 71
! (63)

X s
((w+1)2p7 +m3) +2(a +1)p1q + 47 + 47

which reduces to

Jory = (27i) /dd'h]—[ /dd !

71 O(L R(L;), 64
2p‘h+Ll<+(I))+<1) (64)

where
Ly = (x+1)(&®p] + mi) — a((a + 1)%p] + m3), (65)

that is, the corresponding Landau polynomial. The asymptotic solution corresponding
to (64) is

Ftvasym. = (27i)* | dd‘iz Va2 (DL 21+ 0(L0) +R(L1),  (66)

12\/7

which is similar to the formula (56).

5.3.2. Five-Pinch Point for Arbitrary Mass Vertex

In an asymptotic analysis of the arbitrary-mass two-loop ladder crossed vertex as
shown in Figure 4, the geometry of the Landau varieties simplifies, such that it is possible
to carry out the analysis of the five-pinch point explicitly. In this case, we consider the
five-pinch point by the following propagators:

g5 +mi =0,
(g4 p1)? +m3 =0,
g5 +m3 =0, (67)

(92 + p2)* +mi =0,
(1 +q2+p1)* +mé =0.
We have the pinch condition of
qi = ai p1+ Bip2. (68)
For example, (68) and the first two formulas of (67),
q1 = a1p1+ Pi1p2,

2q1 p1 + pt +mj —mi =0, (69)
g3 +mi = 0.

allow us to determine a1 and B1. Analogously, (68) and the third and fourth formulas
of (67),
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72 = az2p1 + Pap2,
2q2 p2 + p3 + mj —mz =0, (70)
73 +mk = 0.
allow to determine ay and Ss.

The asymptotic analysis for the arbitrary mass vertex proceeds as follows. Near the
pinch points (Qq and Q5 ), we have the following integral:

1

J5pinch,asym. = /dd_Z‘h,de_th,i/qu RLaS

pinch,asym. 1| 2|l Q% + m% +20; 0 + qu + ‘7%4
o 1

(Q1+ Q2+ p1)? +m3 +2(Q1 + Q2+ p1) (1, +q2,) + (1, +G2,)% + (91,1 +42,.)?

1

X

(Q14 Q2+ p2)? +mZ +2(Q1 + Q2+ p2) (g1, + 92,)) + (41, +42,)? + (q1,L +42,1)?

1
X
(Qutp1)?+m3 +2(Qu+p)gy, +a7) +a7 1
o 1
QG+ m3+2Q ) + a3 +45 1
1
X p 71
(Q2+p2)? +mi+2(Q+p2)aa | +45 + 3,1 71
which can be rewritten as
~d [ -2 d—2 1
]5pinch,asym‘ = (27-”) /d q1,J_d ﬂh,l@ X
-1
Q 0 Qi +mi+ai +ai,
Qi+p 0 (Qutp1)>+m3+a7 +a7 | (72)

0 Q2 QF +m3 + q%,u +45,
0 Q2+ p2 (Q2+P2)2+mi+‘7§,u +‘1§,L

Q+Q+p U+Q+p (Qu+Qo+p1)2+md+ gy +d0)*+ (G1,0 +d2,0)°

where gy (q1,1,92,1) and 95 (41,1, 92,1 ) are q -dependent residues. In general, the sub-
scripts vy 5 and vy 5 in our formulas mean components of the orthogonal decomposition
of the vector v with respect to the space spanned by p; », respectively.

In this expression, a determinant with vector entries has the following meaning.
The vectors Q1 are essentially two-dimensional (due to Landau conditions, they are
always a linear combination of p; 7). Then, a column in which the combination of Q; and p;
occurs is meant to be split in two columns containing the coefficients in front of p; and p»,
respectively. The general formula is in the Theorem 3.

For the leading order in the expansion parameter L; (the formula defining the Landau
polynomial L in (74)), Equation (72) reduces to

]5pinch,asym. = (2”1')4/‘1'172‘714!1'172‘724 X

Q 0 QF +m3 +q5 |
Qi +p 0 (Qi+p)*+mj+43 (73)
X 0 Q Q3 +m3+4q5
0 Q +p2 (Q2+p2)2+m3+ad |

Q+Q+p U+Q+pm (Qi+Q+p1)?+mi+ (g +92,1)°
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Note that in this case we have a determinantal formula for the Landau polynomial up to an
overall factor A, which is a rational factor:

1 0 Q% —&-m%
Q1+p 0 (Q1+p1)* +m3
Li=A 0 Q2 Q% +m3 , (74)
0 Q2+ p2 (Q2 + p2)? +m3

Q+Q+p Q+Q+p (Qi+Q+p1)*+md

The Landau polynomial in (74) is considerably more complicated than that in the case of
QED, derived in Section 5.3.4.
The determinant in the integral of (73) has the following explicit form:

Det = Braa A(p1, p2) X

X (a5 —ap — ay — o1 (ay — aq) — p1ay — 02 (ag — az) — p24a3), (75)

where A(py1, p2) = (p3p3 — (p1p2)?), a; are the elements of the last column, and the pinch
points are given by

Qo = o1p1 + 101,

(76)
Q1 = oop2 + p2Qs.

5.3.3. QED Case

We proceed by considering the above-mentioned QED two-loop crossed vertex dia-
gram in Figure 5a as a specific example. This part of our analysis is a classical one, which
may be compared to [93,94]. In this case, the integral of the vertex diagram is obtained
from (67) by taking the limit mq — 0, m3 — 0, my = my = ms — my.

1
JOED2Ly = /ddlhddlh X
QED:2 (g1 — 0202 ((p1+q1)2 + m2) ((p2 + q1)2 + m?)

1
a2 +m)(pa+ p 2+ md)

(77)

Note that the mass limit is obtained by taking the limit on the integrand first. If we were to
take the integral and then take the limit, we would observe a singularity in m; — m; on an
unphysical sheet.

We focus on the pinch point by the two fermion propagators (p; + g1)% + m? and
(p2 + q1)? + m?. Using the designation

q=p2—pu (78)
the pinch occurs at
2
o="T+m=0, (79)
and at 1
Qi=-p1—59i=12 (80)

The subtlety here is that the two pinch points in each of the variables coincide with each
other, and there is an extra singularity coming from the photon propagator. We then use
the following change in variables:

qi = Qi+si+qiL, (81)
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where s; lies in the subspace spanned by g. After this change in variables, we obtain

1
oy = [ ds1d dsy d X
JoED:21Y / 1dqy, 1 dsadqy | o ’ﬁ,L O R
1
X7 2 2 2 X
(ql,L — 481+ 87 +31)(‘71,L +gs1+s7+ep)
X ! (82)

(93, —gs2+s5+e)(q3, +qsa+s5+er)

where one needs to compute the asymptotics at ; — 0. The factor (p; + p2)? comes from 43
evaluated at (—p; —q/2) = —(p1 + p2) /2. The power counting gives (2(d —1) —6)/2 =
d — 4 for ¢.

; 11 /ddl‘h,L A" gy, ( 1 1 ) (83)
QED2Lvasym- = 2 oy 4 p2)2 ) (g — )2 \e+ ggoea+a, )

which eventually gives
1 1
a2

oy — C(d) el (1+O(ey)), (84)

] QED:2l.v,asym. —

with C(d) as a d-dependent factor.

5.3.4. Five-Pinch Point for QED Vertex

In an asymptotic analysis of the two-loop ladder contribution to the QED vertex with two
massless lines as shown in Figure 5b, there is a direct analogy with what is already discussed
in Section 5.3.2. In this case, the five-pinch point is given by the following propagators:

71 =0,
(g1 +p1)* +m? =0,
7% =0, (85)

(1 + g2+ p1)* +mF =0.
The pinch condition is given by the same formula (68):
q; = &; p1+ Bi p2- (86)
Due to another condition of 47 = 0, one can write
Bi =sia, (87)

where
_ P2+ VG(p1 p2) (88)
2 7

P1p

where G(p1, p2) is the square root of the Gram matrix of p; (the signs £ could be chosen

51,2

independently for s1 ). We can also explicitly solve for a; as follows:

pi+mj

- 89
2(p3 +2s1p1p2) 59

N =
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Then, the Landau polynomial for the five-pinch point is derived as follows:

(1 (p1+s1p2) + az(p1 +s2p2) + p1)2 + mlz =0, (90)

in which there are polynomials for each choice of the signs of s;.

The asymptotic analysis for the QED vertex holds similarly to the analysis for the
arbitrary mass vertex discussed in Section 5.3.2. We have the following integral near the
pinch points (Qq and Q>):

1
— 4 d—2 d—2
]QED:Spinch,asym. - (27U) /d q1,J_d q2,1 (Ql T Q2 T P2)2 i m2 X
-1
Q 0 Qt+ai,
Qi +m 0 (Qu+p1)? +m* +43 | 1)
X 0 Q> QG +45, +
0 Q+p2 (Qa+p2)? +m?+q3
Q+Q+p Q+Q+pr (Q+Q+p1)*+m+ (g, +q2.)
+O(Ly).
The evaluation of this determinant gives
Det = Biay A*(py, p2) ¥
X (a5 —ap —ay — o1 (ap — ay) — p1ay — o2 (ag — az) — poas), (92)
where a; are the elements of the last column, and the pinch points are given by
=o0p1+ ,
Q2 =a1p1 +01Q ©3)
Q1 = 2p2 + p2Q2.
Ultimately, we obtain up to a factor:
1
Det =a5 —ay, —ay — @m — *(l’ézﬁl - “152)(“2 - (11)—
Pr B
. 1 (94)
—‘é% - 072(061/52 — azp1)(as — a3),
Det = €1+ Q(q1,1,92,1)- (95)
In (95), €; is proportional to the corresponding Landau polynomial L;:
€1 = BLy, (96)

where B is some algebraic function.

We should note that analogous expressions for the general mass case are more compli-
cated and are much longer, which is the reason we do not write them after Equation (76) in
Section 5.3.2.

6. Outlining the Method of I' Series for Performing Potentially New
Types of Lepton-Proton Cross-Section Calculations in the Future

In this section, we concisely describe our vision for the use of the so-called I'-series
method, how it ties in with the vanishing-cycle analysis discussed in Sections 3 and 4, and
how to employ it for future computations of the scattering amplitudes and cross-sections
with lowest- and higher-order radiative corrections in | — p scattering processes. Some
diagrams presented in Section 5 are just examples of how we shall be treating them in our
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framework; nevertheless, for the cross-section calculations, much work still needs to be
carried out. Here, we conjecture about such a possible future developments because neither
this particular section nor the other parts of this paper address cross-sections or any other
physical observables. Additionally, our current discussion is somewhat generic.
Notwithstanding that, at this point, one can outline some features in the I'-series
method. This method is very well adapted to the calculation of hypergeometric (HG) Euler
integrals with free polynomials in the integrand. In this case, it is possible to exhibit a
basis of solutions of the corresponding holonomic system given by I' series via Ore-Sato

coefficients [95]:
xv+'y

HGx,L: ’
(x:L) WGZL,EIF(%JFWH)

97)

which is associated with a lattice, L. In our case, it is a lattice dual to the lattice generated
by the Minkowski sum of Newton polytopes of the Feynman quadrics.

In fact, HG series have long been applied to Feynman integrals (see, e.g., [96,97]),
and especially in recent years, this approach has been revived and systematically devel-
oped [11,13,14,56]. So, in Formula (97), L' is a lattice dual to L; the term 1/(ITT (ve +
Yo + 1) is the Ore-Sato coefficients; v is the so-called initial monomials; v,, is specific to
an HG system and in physical applications is a function of the regulator; and 7, runs
over the lattice L. The fact that such formulas unify many known expressions in particle
physics can be indicated by the fact that the Ore-Sato coefficients, on one hand, provide the
dimensional regularization of ultraviolet (UV) and infrared (IR) divergent integrals and,
on the other hand, naturally include the e-coefficients of { functions on number fields in
the context of HG motives [98].

In this paper, we focus on the asymptotic region near single Landau varieties or, stated
in more technical terms, on the asymptotic analysis of the codimension 1 near Landau
varieties. In this case, such an asymptotic aspect is rather simple: aL* + b for regular a and
b. Therefore, we do not really use any I series, which is another factor to consider. At this
point, the relationship of our vanishing cycle analysis to I' series is somewhat complicated
because I series construct the duality to an asymptotic analysis near intersections of
several components of Landau hypersurfaces. We are going to elaborate on this in a future
publication. In particular, for the case of one-loop functions, the correspondence between
Landau varieties and I series has been taken much further in [99]. In that case, the Landau
varieties are strata of minuscule Grassmannians, and a one-loop function is obtained as a
lift of a logarithmic bundle on the iterated covers that are branched with the degree 2 on
the Landau varieties. Stated generally, the vanishing cycles correspond to the expansion of
I series near codimension-1 strata, while the I' series contain precise branching information
near deeper strata.

The above considerations are valid only for the generic stratum, where the coefficients
of the Feynman quadrics can be deformed away from the physical locus [61]. This locus, in
turn, is a tiny subspace inside the universal deformation. Therefore, for achieving physical
results, it is necessary to make use of the machinery of b-functions [100]. From a geometric
point of view, we have to consider the restriction of the flat GZK bundle to a deep stratum.
The most naive practical way to realize this is to start with the Gauss-Manin connection
on the generic stratum and restrict it to the physical stratum. One complication is that the
explicit form of this connection is not known, and a substantial development of the GZK
formalism is needed for accomplishing it.

Furthermore, still from the geometric point of view, it is crucial to consider the uni-
formization of the singularity loci and the lift of the bundle to such uniformization. On gen-
eral grounds, one can expect that such uniformization is achieved by d-functions [101].
This is well known for single-variate polynomials [101-103]. However, we need to have
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its multivariate analogy at our disposal, which requires significant reformulation of the
formalism. Note that the ¢ series constructed in the latter-cited papers are particular cases
of I series.

When applied to concrete-amplitude and cross-section calculations with lowest- and
higher-order radiative corrections, e.g., in | — p scattering, then along with carrying out
the above analysis, we will also require an intimate study of the geometry of Landau
polynomials, such as those shown in Formulas (55), (65), (74), and (90).

7. Discussion

In this paper, we used the Mayer—Vietoris spectral sequence for analyzing the vanishing
cycles of Feynman integrals in Sections 3 and 4, where we also gave a complete classification
of the singularity development mechanisms. In Section 4.1, we obtained a general theorem of
the localization of vanishing cycles in the integrals of polynomials. In Section 4.2, we obtained
an integral representation for the coefficients of such an asymptotic expansion, as well as an
asymptotic expression for integrals with generic polynomials (a result that seems to be new in
the mathematical literature). In the whole of Section 5, we presented computations of some
example diagrams in the case of arbitrary complex masses and QED, based on our findings
in the previous sections. The novelty of this paper could be considered the approach used
to carry out an asymptotic analysis that employs the momentum representation, where the
Feynman parameter representation is usually employed.

As it is mentioned in Section 6, along with a future development of the entire ansatz,
one of our future tasks shall be practical computations of one- and two-loop Feynman
diagrams, as well as other next-to-leading and higher-order diagrams, for studies of radia-
tive corrections in lepton-hadron scattering processes. We hope that such a new method,
along with the theoretical ones existing in the literature [29-36], will be useful for any
upcoming scattering experiments, such as PRad-II, Compass++/AMBER, PRES, MAGIX,
and ULQ?2, that will be devoted to measurements of the root-mean-square charge radius of
the proton [104].
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