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Abstract

During the last decade, the cosmological observations have indicated that the homogeneous and
isotropic Friedmann models with linear perturbations fail to describe our universe at late times
unless a dominant energy component with negative pressure called dark energy is introduced.
In this thesis, we study the implications of the nonlinear nature of general relativity on the cos-
mological model building beyond the standard Friedmann models. Despite the well-established
observational status of cosmic structures, their effects have gained more attention only along
with the dark energy debate. In particular, the fact that the start of the supposed dark en-
ergy domination coincides with the time the nonlinear inhomogeneities started to form on larger
scales, motivates the study of the dynamics of the cosmic structures.

In cosmology, the implication of the nonlinearity of gravity is that averages of inhomogeneous
quantities do not evolve in time like the corresponding homogeneous quantities – a phenomenon
referred to as the backreaction. Due to the new precision observations during the recent years,
the evaluation of the backreaction in our universe is a topical, but complex task. In this thesis,
rather than trying to fully quantify the backreaction, the emphasis is on the model building.
We explicitly demonstrate the importance of the exact matching conditions in the solutions
representing cosmic structures in the context of backreaction evaluation. Indeed, the cosmic web
of structures is made of very differently behaving regions and the shear on the interface between
the different regions seems to play an important role.

The backreaction term emerging from averaging the Einstein equation is not the only effect that
cosmic structures can have on the observations. Indeed, we also demonstrate that even though
the backreaction would remain small, large effects can arise from the choice of the smoothing scale
and, perhaps surprisingly, from perturbative models as well. As we find, at least the supernova
data can be explained within a linearly perturbed Friedmann model – without dark energy. The
key point is to take into account the effects of structures on the observable distance measures,
ignored in the standard cosmological perturbation theory. Further inspection shows that the
model is actually equivalent to a nonperturbative inhomogeneous solution, confirming that the
supernova data does not necessarily imply additional nonperturbative corrections.

Considering physical quantities such as the expansion rate of space and the matter density, there
are large local variations in the cosmic web. The main question to answer is whether (and to
what extent) the effects of the local variations average out or accumulate in the observables. It
appears likely that when combining all the cosmological data, more sophisticated models than
the perturbed Friedmann or the simplest spherically symmetric exact inhomogeneous solutions
are required to fully quantify the effects of the structures on the cosmological observations.
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Chapter 1

Introduction

Cosmology is a science, which tries to understand and explain the universe as a whole − its
history, present state, future and the origin. Our theoretical understanding of the cosmos relies
on general relativity, a classical theory of gravitation which Einstein completed in 1915 [1]. With
given initial conditions, general relativity uniquely determines the evolution of the universe.
However, even if we knew the exact initial conditions for our universe, solving the exact equations
of general relativity is unfeasible for such a complex system. Therefore, some coarse graining has
to be introduced in our theoretical description.

In the standard cosmological picture, the universe is modeled by the spatially homogeneous and
isotropic Friedmann-Robertson-Walker (FRW) solution of general relativity, with linear pertur-
bations describing the evolution of structure. The structure is believed to have originated during
inflation [2, 3] in the very early universe in the form of small irregularities with simple statis-
tical properties. In addition, until the type Ia supernova observations published in 1998 [4, 5],
the standard assumption was that the universe is made of ordinary energy forms with positive
pressure, such as matter and radiation. However, the supernova observations suggested that the
expansion of the universe has accelerated during the latter part of its lifetime, which would be
impossible in the suggested matter-dominated FRW model.

Dark energy, an energy form with negative pressure, is nowadays widely accepted as the missing
link to match our theoretical understanding of the evolution history of the universe to the current
cosmological observations that suggest late-time acceleration [6–8], as highlighted by the 2011
Nobel prize in physics. Indeed, the standard ΛCDM model of cosmology, capable of successfully
explaining all the most important cosmological observations, is an FRW model containing the
simplest dark energy candidate, vacuum energy or the cosmological constant Λ [9]. However,
dark energy has not been directly observed − its presumed existence is based on producing the
otherwise impossible accelerated expansion within the homogeneous FRW models. Moreover, the
enormous fine-tuning needed to explain both the size and the timing of such an energy component
has raised doubts about its correctness and thus given rise to the search for alternatives [10–14].

The unresolved question of the nature of dark energy, or whether dark energy even exists, affects
our overall understanding of the universe and the fundamental laws of physics. Indeed, the
need for dark energy could be just an illusion created by a failure of the assumptions in our
theoretical description: Firstly, the inconsistency of the homogeneous matter-dominated FRW
model with the observations could be a manifestation of our incomplete theory of gravity in
describing the universe as a whole [11]. Secondly, dark energy could be an artefact of a too
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simple homogeneous model used to describe our universe: in the standard FRW models, the
assumption is that the matter distribution in the universe is homogeneous on large distance
scales & 100 Mpc. The validity of this assumption, i.e. the effects of the cosmological structures
both on smaller and larger scales, needs to be evaluated thoroughly – after all, there are nonlinear
inhomogeneities on smaller scales, and, on larger scales, the universe is homogeneous possibly
only in a statistical sense. This thesis has been devoted to the latter alternative – studying
the dynamical and observational effects of the nonlinear cosmic structures using inhomogeneous
cosmological models of general relativity without the problematic dark energy.

The potential inadequacy of the simplest homogeneous models in describing the complex, inho-
mogeneous universe was criticized already around the same time when these models were first
studied [15, 16]. However, it was not until the supernova observations of the late 1990’s when
the failure of the simple matter-dominated FRW models to describe our universe became clear.
Along with the ensuing dark energy debate, the potential observational consequences of nonlin-
ear structures have gained more attention. As has been demonstrated during recent years (see
e.g. Refs. [17–23]), the cosmic structures can have a similar effect on the observations as dark
energy. Therefore, a detailed understanding of the effects of the observed structures is essential
for the correct interpretation of the cosmological data.

An issue addressed in this thesis is that if the nonlinear structures really are responsible for
the observed effect, what is the precise physical interpretation of how they do it and how to
model it. Indeed, both the complexity of our universe and the complexity of the underlying
theory of gravity have presented considerable challenges for constructing a realistic cosmological
model capable of accounting for the effects of the nonlinear inhomogeneities. One possibility is
to use exact inhomogeneous solutions of general relativity [15], where the coarse graining shows
up implicitly in the form of the symmetries of the solution. After introducing the standard
framework in Chapter 2, we discuss exact inhomogeneous cosmological models in the first part of
Chapter 3. Within the exact solutions, it has been demonstrated that the accelerated expansion
can arise from a faster local expansion rate due to a large local void, see e.g. Refs. [18,20,24–33].

Another way to find an appropriate coarse-grained description of the universe is to explicitly
average the cosmic structures. In this context, the effect of the nonlinear inhomogeneities is called
backreaction. The crucial point is that, in general, an inhomogeneous model of the universe does
not evolve on average like a homogeneous one − an issue which the current observations might
indicate, an issue which Shirokov and Fisher pointed out already in the 1960’s [34] and Ellis
made more popular in the 1980’s [35,36]. A problem has been the unambiguous specification of
an appropriate averaging procedure [36]; for a recent review, see Ref. [37]. In the latter part of
Chapter 3, we shed light on the issue of averaging a cosmological system of general relativity and
present the Buchert averaging method [12, 38], which is one of the most widely used averaging
methods in cosmology.

Research Papers 1–4 [22,39–41] are discussed in Chapter 4. We elaborate the Buchert averaging
formalism in Papers 1, 3 and 4. In Paper 2, a perturbative alternative is presented and tested
against the supernova observations. The central feature of this work is in making an effort
towards a more realistic modeling of the cosmic structures. In Chapter 5, we summarize the
main results of the research.
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Chapter 2

Standard cosmology

In 1929, Edwin Hubble made the cornerstone observation of modern cosmology: distant objects
in all directions on the sky are receding from us, the faster the further away they are [42].
Together with the Copernican principle (or the cosmological principle), which states that our
position in the universe is not special, this leads to the conclusion that the universe is expanding.
From the expansion it in turn follows that in the distant past the universe must have been denser
and hotter, giving rise to the idea of Big Bang.

As predicted by Gamow, Alpher and Herman in 1948 [43, 44], according to the hot Big Bang
scenario, there should be observable redshifted relic radiation from the time when the universe
was only a few hundred thousand years old: The energy content of the early universe was in
thermal equilibrium under the extreme temperature and density. The expansion of the universe
cooled down the plasma and eventually allowed the electrons and nuclei of the plasma to form
neutral atoms in the process called recombination. Soon after recombination, as the number
of free electrons decreased, photons decoupled from matter. Since decoupling, those primordial
photons, exhibiting a blackbody spectrum, were left to traverse the universe almost freely, cooling
down with the expansion.

The presence of this cosmic microwave background (CMB) radiation that baths the Earth from
every direction was detected in 1965 by radio astronomers Penzias and Wilson [45], for which
they were awarded the physics Nobel prize in 1978. The radiation has closest to the blackbody
spectrum ever observed with temperature today T0 = 2.725 ± 0.002 K and with anisotropies
only1 of the order of 10−5, as measured in 1992 by the COBE satellite [46, 47]. For the COBE
measurements, the physics Nobel prize was awarded in 2006. The existence of the CMB is one
of the strongest evidence for the Big Bang theory.

The observed slight anisotropies in the CMB spectrum are a consequence of the inhomogeneities
in the primordial plasma. A popular hypothesis in modern cosmology is that these tiny density
variations originate from close to Gaussian random fluctuations around a homogeneous and
isotropic background generated by inflation in the very early universe. The perturbations are
thereafter amplified by gravitational attraction to eventually form the structures in the universe
[48–50].

The largest observed structures in the universe consist of clusters and filaments of galaxies with
nearly empty voids in between them [51–54]. Mappings of the large scale structure, such as

1Excluding the 10−3 dipole anisotropy.
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the Two-degree-Field Galaxy Redshift Survey (2dFGRS) [55] and the Sloan Digital Sky Survey
(SDSS) [56], seem to indicate spatial homogeneity of the universe on scales & 100h−1 Mpc, where
h = H0/(100 km/s/Mpc).

The observations above have led one to consider expanding universe models, which are to a first
approximation homogeneous as well as isotropic. Within these models, the growth of structures
is described as linear perturbations evolving on the smooth background. Before presenting these
models, we first briefly discuss the theory of gravitation needed to determine the cosmological
dynamics.

2.1 General relativity

Einstein’s general theory of relativity [1] – the most accurate description of gravitation so far [57]
– determines the dynamics for the spacetime metric g with components gµν2. It describes gravity
not as a classical force between particles, but as the curving of spacetime due to the distribution
of energy in space and time. General relativity is a deterministic classical theory of gravitation:
given the initial conditions in the early universe, the later evolution is uniquely determined.

In general relativity, the gravitational field is described by a rank four tensor, the Riemann
curvature tensor

Rασµν = ∂µΓανσ − ∂νΓαµσ + ΓαµλΓλνσ − ΓανλΓλµσ , (2.1)

where the quantities Γαµν are known as the Christoffel symbols, related to the metric through

Γαµν =
1

2
gασ(∂µgνσ + ∂νgµσ − ∂σgµν) . (2.2)

The Riemann tensor (2.1) contains the full information about the curvature of spacetime. Eqs.
(2.1) and (2.2) tell us that the Riemann tensor is given by the metric and its first and second
derivatives, in accordance with the interpretation of the metric as a gravitational tensor poten-
tial. As the metric thus uniquely determines the spacetime curvature, it can be regarded as a
fundamental variable.

One can decompose the Riemann tensor (2.1) into the trace

Rσν ≡ Rασαν , (2.3)

called the Ricci tensor, and the traceless part

Cασµν ≡ Rασµν − (gα[µRν]σ − gσ[µRν]α) +
1

3
gα[µgν]σR , (2.4)

called the Weyl tensor (written in four dimensions), and we have further defined the Ricci scalar
as

R ≡ gµνRµν . (2.5)

The square brackets in Eq. (2.4) denote antisymmetrization:

A[µν] ≡
1

2!
(Aµν −Aνµ) (2.6)

2In this thesis, the metric signature is chosen to be {−,+,+,+}. A Greek letter α, β, ... as an index gets values
from 0 to 3, and Latin letters i, j, ... get values from 1 to 3, referring to the spatial parts of the quantities in
question. We assume the Einstein summation convention, where applicable. Furthermore, we use natural units
where the speed of light, the Planck constant and the Boltzmann constant are set to one: c = ~ = kB = 1.
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B[µνσ] ≡
1

3!
(Bµνσ −Bνµσ +Bσµν −Bσνµ +Bνσµ −Bµσν) , (2.7)

and similarly for objects with more indices.

The local part of the relation between energy and the geometry of the spacetime is provided by
the Einstein equation

Gµν = 8πGTµν , (2.8)

where Gµν is the Einstein tensor corresponding to the geometry,

Gµν ≡ Rµν −
1

2
gµνR , (2.9)

and Tµν is the energy-momentum tensor carrying the information on energy density, momentum
density, pressure and stress. The Weyl tensor (2.4) provides the non-local part of the relation
through the Bianchi identity [58].

The Einstein equation (2.8) is a set of ten coupled nonlinear second-order partial differential
equations for the ten independent metric components gµν . However, by virtue of the twice-
contracted Bianchi identity [58]

∇µGµν = 0 , (2.10)

the number of independent functions is reduced to six. The physical embodiment of Eq. (2.10)
together with the Einstein equation (2.8) is the local conservation of energy and momentum:

uν∇µTµν = 0 , (2.11)

where uµ ≡ dxµ/dτ is the four-velocity of the fluid, τ being the proper time of the fluid particles.

2.2 FRW model

In cosmology, we are interested in the time evolution of the universe, leading to the need to
artificially break the symmetry between time and space inherent in general relativity: the four-
dimensional curved spacetime manifold has to be split into time and 3-space. A physically well
justified choice is to divide the spacetime into spatial hypersurfaces of constant time coordinate
t measuring the proper time of the freely-falling observers. The most general metric describing
a time-evolving, exactly spatially homogeneous and isotropic spacetime is the Robertson-Walker
(RW) metric for which the spacetime line-element,

ds2 = gµνdxµdxν , (2.12)

in the comoving synchronous coordinates reads as3 [58]

ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdϕ2)

]
, (2.13)

Here a(t) is a dimensionless scale factor describing the volume expansion (or contraction) of
spatial hypersurfaces, whereas the dimensionful parameter k describes the curvature of spatial
hypersurfaces. The cases k < 0, k = 0, k > 0 correspond to negative spatial curvature (open),
zero spatial curvature (flat) and positive spatial curvature (closed), respectively. Note that

3In Sect. 3.2, we present a class of more general metrics, from which the RW metric (2.13) is a special case.
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there is a freedom to rescale the radial coordinate r. This freedom is commonly used to make k
dimensionless and normalize it to k ∈ {−1, 0,+1}. In this case, a(t) has the dimension of distance
since the rescaled r is dimensionless. A common alternative is to choose the normalization such
that a(t0) ≡ a0 = 1, where t0 is some reference time4.

2.2.1 The Friedmann equations

The dynamics of the metric (2.13) is given by the Einstein equation (2.8).

The energy content of a homogeneous and isotropic universe is described by the ideal fluid [58],
whose energy-momentum tensor has the following form

Tµν = (ρ+ p)uµuν + pgµν , (2.14)

where uµ ≡ dxµ/dτ is the four-velocity of the fluid which, in the comoving coordinates of the
metric (2.13), is at rest uµ = δµ0 by definition and orthogonal to the spatial hypersurfaces. The
symbols ρ ≡ ρ(t) ≡

∑
i ρi(t) and p ≡ p(t) ≡

∑
i pi(t) stand for the energy density and pressure

respectively, where the sums run over different non-interacting fluid components labeled by the
index i. For the ideal fluid, the continuity equation (2.11) in the comoving coordinates reads as

ρ̇+ 3H(ρ+ p) = 0 . (2.15)

The nonzero Einstein tensor (2.9) components for the RW metric (2.13) are

G0
0 = − 3

a2
(ȧ2 + k) (2.16)

Gij = − 1

a2
(2äa+ ȧ2 + k)δij , (2.17)

where the dot indicates a derivative with respect to the time coordinate. By applying the energy-
momentum tensor (2.14) to the Einstein equation (2.8), we arrive at the Friedmann equations
that determine the evolution of the scale factor in terms of the energy density and the pressure:

H2 +
k

a2
=

8πG

3
ρ (2.18)

ä

a
= −4πG

3
(ρ+ 3p) , (2.19)

where H(t) ≡ ȧ/a is the Hubble parameter describing the volume expansion of the fluid. The
value of the Hubble parameter at some reference time t0, usually taken to be the present time,
is called the Hubble constant and denoted by H0 ≡ H(t0). Eq. (2.18) is often referred to as
the Friedmann equation and Eq. (2.19) as the acceleration equation. The continuity equation
(2.15) can be derived also from the Friedmann equations (2.18) and (2.19), thus providing no
independent additional information.

Altogether, the Friedmann universe contains three dynamical degrees of freedom, the scale factor
a(t), the density ρ(t) and the pressure p(t), and only two independent equations governing their
evolution. In order to solve the system, we thus need e.g. the equation of state p = p(ρ) , which,
in the case of the ideal fluid has the form

p(t) = w(t)ρ(t) , (2.20)
4Note that the normalizations of k and a0 cannot be applied simultaneously.
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where w(t) is the equation of state parameter. For a constant equation of state parameter w,
the continuity equation (2.15) can be integrated for the energy density to yield

ρ = ρ0

(a0

a

)3(1+w)
, (2.21)

where the subscript 0 refers to the value at the reference time t0. For a spatially flat universe
(i.e. k = 0), plugging Eq. (2.21) into the Friedmann equation (2.18) yields for the evolution of
the scale factor:

a = a0

(
t

t0

) 2
3(1+w)

(2.22)

for w 6= −1 and
a = a0e

H(t−t0) (2.23)

for w = −1, where the Hubble parameter H is a constant.

It is common to measure the energy density relative to the value needed to make the universe
flat. The critical density is thus given by

ρc(t) =
3H2

8πG
, (2.24)

and the relative energy densities are denoted by

Ωi(t) =
ρi(t)

ρc(t)
, (2.25)

where the index i labels different components. The total density parameter in units of the critical
density (2.24) is defined as

Ω(t) ≡ ρ(t)

ρc(t)
, (2.26)

so that Ω =
∑

i Ωi. In terms of the density parameter (2.26), the Friedmann equation can be
rewritten as

Ω− 1 =
k

(aH)2
. (2.27)

It thus follows that the nature of the curvature depends on the density parameter Ω as

Ω < 1 ⇔ k < 0

Ω = 1 ⇔ k = 0 (2.28)
Ω > 1 ⇔ k > 0 .

It is compatible with the standard model of particle physics to assume that the cosmic fluid in
the early universe consists of essentially two components: non-relativistic matter with w = 0
and highly relativistic matter or radiation with w = 1/3. In addition, in the standard model of
cosmology, vacuum energy or the cosmological constant Λ with w = −1 is included at late times,
as discussed in Sect. 2.4. According to Eq. (2.21), the energy densities thus behave as

ρm(t) = ρm(t0)
(a0

a

)3
(2.29)

ρr(t) = ρr(t0)
(a0

a

)4
(2.30)

ρΛ = const., (2.31)
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for radiation, matter and vacuum energy, respectively. The energy density of matter scales
inversely with volume, as can be expected from the mass conservation. The energy density of
radiation decreases with a factor of a−1 compared to matter due to the gravitational redshift

z ≡ λo − λe
λe

=
a0

a
− 1 , (2.32)

where the subscripts o and e refer to the observer and emitter, respectively. Radiation thus only
accounts for a very small fraction of the total energy density in the universe today. A constant
energy density will inevitably become dominant at late times.

The Friedmann equation (2.18) can be cast into yet another useful form in terms of the density
parameters by using the definitions (2.24) and (2.25) and Eqs. (2.27) and (2.29) – (2.31): substi-
tuting ρm(t) = (3H2

0 Ωm)/(8πG) (a0/a)3, ρr(t) = (3H2
0 Ωr)/(8πG) (a0/a)4, ρΛ = (3H2

0 ΩΛ)/(8πG)
and k = H2

0 (Ω0 − 1)a2
0 into the Friedmann equation (2.18), yields

H2(t) = H2
0

[
Ωm

(a0

a

)3
+ Ωr

(a0

a

)4
+ ΩΛ + (1− Ω0)

(a0

a

)2
]
, (2.33)

where Ωi ≡ Ωi(t0) and Ω0 = Ωm + Ωr + ΩΛ.

We will follow the convention to refer to the flat matter-dominated (Ω0 = Ωm = 1, k = 0) FRW
model as the Einstein-de Sitter (EdS) model, and the empty model (Ω0 = 0) as the Milne model.

2.3 Cosmological observations

In order to build a cosmological model that closely describes our universe, we must determine
the values of the free parameters by testing the model against observations. The testing is
done mainly against astrophysical observations, but also against data from particle physics ex-
periments, such as the Large Hadron Collider (LHC) at Cern [59]. The different astrophysical
observations provide small bits of information each; no single experiment is able to constrain all
of the parameters alone and the combination of different data sets gives more strict constraints
on the parameters than a single data set. In addition, there are usually degeneracies among the
different parameters. The three most important astrophysical sources of observations in cosmol-
ogy are the type Ia supernovae (SNIa), the cosmic microwave background (CMB) radiation and
the distribution of galaxies on large scales.

2.3.1 Type Ia supernovae

Using supernovae, particularly of type Ia, has turned out to be a good way of determining the
relation between redshifts and distances, and thus the expansion history of the universe. Light
emitted at the supernova explosion will be redshifted along its path towards the observer due to
the expansion of the universe. Furthermore, the light will appear dimmer due to the distance to
the supernova, with the exact amount of dimming depending on the expansion of the universe
along our line of sight to the object. Thus, by measuring the redshifts and energy fluxes from
supernovae at different distances from us, we can constrain the expansion of the universe along
our line of sight from today back until the time corresponding to the emission of light from the
farthest supernova.
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The fact enabling this procedure is that the type Ia supernovae are believed to be so-called
standardizable candles [60]. This means that the absolute or intrinsic luminosity L, that is the
total power emitted by the source, can be deduced quite accurately by observing the light curves
of the supernovae. If this intrinsic luminosity is known, the distance to the object can be found
by measuring the apparent luminosity l, that is the received power per unit area (intensity or
the energy flux), of the incoming radiation. This defines the luminosity distance through

dL ≡
√
L/4πl , (2.34)

which in the static Euclidean space would also correspond to the physical distance of the object.
What is still needed is to calculate the theoretical relation between the luminosity distance and
the redshift, dL(z), for a specific cosmological model in question and then to compare it with the
observed relation.

Also another distance measure, called the angular diameter distance dA, can be defined as

dA ≡
s

Θ
, (2.35)

where s is the proper size of the object and Θ its observed angular diameter on the sky. There
is a general relation between the angular diameter and luminosity distances,

dL(z) = (1 + z)2dA(z) , (2.36)

which holds for geodesic light in any spacetime as proved by Etherington in 1933 [61,62]. We can
thus speak simply about an observable distance-redshift relation d(z) which can refer to both
dA(z) and dL(z).

In 1998 two independent groups, the High-z Supernova Search Team (HZT) and Supernova
Cosmology Project (SCP) headed by B. Schmidt and S. Perlmutter respectively, announced
the observations of 16 type Ia supernovae. When interpreted within the FRW models, these
supernovae indicated a presence of the cosmological constant Λ which would dominate the energy
density of the universe [4, 5]. The observation leading to this conclusion was that the type
Ia supernovae at large redshifts appear fainter than expected in a perfectly homogeneous and
isotropic matter-dominated FRW universe [4]. For this discovery, the 2011 physics Nobel prize
was awarded to Perlmutter, Schmidt and Riess. The suggested interpretation for this excess
dimming of the distant supernovae is that the expansion of the universe has accelerated during
the latter part of its lifetime due to the cosmological constant term with negative pressure
(for further discussion, see Sect. 2.4). Allowing a contribution in the form of Λ to the energy
density and assuming a flat5 FRW universe, the best-fit values for the densities were found to be
ΩM ∼ 0.3 and ΩΛ ∼ 0.7. Since then, more accurate observations of supernovae have confirmed
these ratios [6, 63–66]. Of the different observations, the supernovae provide the most direct
evidence for the acceleration, as they probe the integrated cosmic expansion to several redshifts
in the range z = 0 . . . 2.

2.3.2 CMB observations

The CMB radiation that baths the earth from all directions consists of photons that have propa-
gated almost freely to us from the last scattering sphere in about 380000-year-old universe, when

5The shape of the CMB spectrum from the WMAP analysis combined with the data from the Hubble Space
Telescope (HST), which gives an independent estimate of the Hubble parameter, is usually taken as evidence for
the flatness of the universe.
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the matter and radiation decoupled. The temperature of the decoupled photons has diminished
from about 3000 K by the enormous factor the universe has expanded since the early stages so
that the average temperature today is T0 = 2.725± 0.002 K, as measured in 1992 by the COBE
satellite [46].

The frequency distribution of the CMB is the most precisely measured blackbody spectrum in
nature. The CMB temperature is highly isotropic to roughly one part in 105, after subtracting
out the dipole anisotropy with the observed maximum value ∆T/T = 10−3. The origin of the
dipole can be both kinematical, i.e. due to the Doppler shift of the background radiation, which
is caused by the peculiar motion of our local galaxy group relative to the CMB rest frame, and
cosmological, i.e. due to inhomogeneities the light encounters when traversing the universe, see
e.g. Refs. [67, 68]. The small anisotropies in the background temperature were first detected in
1992 by the COBE satellite [47].

By measuring the detailed temperature distribution over the sky, we can gain knowledge about
the expansion history of the universe. Furthermore, the observed anisotropy carries a record
of the small inhomogeneities in the matter distribution at the time of decoupling and thus the
origin of structure in the universe we see today – hotter regions correspond to underdense, colder
to overdense regions. Inflation [2, 3] predicts the existence of these initial irregularities with
close to Gaussian statistics, arising from quantum fluctuations in the inflaton field during the
inflation which took place in the very early universe (roughly from 10−36 to 10−32 seconds after
the Big Bang) [69–71]. The primary anisotropy is due to effects occurring at the last scattering
surface and before – most importantly the acoustic oscillations of the baryon-photon fluid (BAO)
and the Silk damping [72]. In addition, the cosmological conditions in the later universe affect
the observed temperature variations. This secondary anisotropy, occurring between the last
scattering surface and the observer, is mainly due to two effects [72]: Firstly, interactions of
the background radiation with ionized gas, which happens at reionization and later via the
Sunyaev-Zel’dovich effect. Secondly, the Sachs-Wolfe effect, which causes the CMB photons
to be gravitationally redshifted or blueshifted due to changing gravitational potentials in the
expanding universe.

The CMB temperature distribution over the sky can be written as

T (θ, φ) = T0 + δT (θ, φ) , (2.37)

where T0 = 2.725 ± 0.002 K is the observed average temperature and the function δT (θ, φ)
represents the small anisotropy. Conventionally, the observed anisotropy is expanded in terms
of spherical harmonics Ylm(θ, φ), a complete set of functions on a sphere [73],

δT

T0
(θ, φ) =

∞∑
l=1

l∑
m=−l

almYlm(θ, φ) . (2.38)

A standard assumption is that the statistical properties of the temperature distribution do not
depend on the orientation described by m. One can thus average the observed alm over the index
m to obtain the observed temperature power spectrum:

Cl =
1

2l + 1

l∑
m=−l

|alm|2 . (2.39)
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By assuming the small anisotropy to be a (Gaussian) random variable, one then compares the
observed spectrum (2.39) with the theoretical one,

C̃l ≡ 〈|ãlm(Pi)|2〉 =
1

2l + 1

l∑
m=−l

〈|ãlm(Pi)|2〉 , (2.40)

where 〈 · 〉 stands for an average over an ensemble of universes representing all possible real-
izations of the initial conditions, and Pi represents the cosmological parameters of the model; a
comparison between the observed and a theoretical power spectra is plotted in Fig. 2.1.

Figure 2.1: The theoretical CMB temperature power spectrum (solid line) of the best fit 6-
parameter flat ΛCDM model to the 7-year WMAP data. There are also included data points
from other recent CMB experiments. Figure by the 7-year WMAP Collaboration [7].

The restriction that we cannot carry out a real ensemble average when calculating the observed
power spectrum, as we can observe only one set of alm in our sky, is represented by the cosmic
variance. It is defined as the expected squared difference between Cl and C̃l:

〈(Cl − C̃l)2〉 =
2

2l + 1
C̃2
l . (2.41)

Especially for low values of l, there will be a smaller (size 2l + 1) statistical sample of alm to
average over for calculating the Cl, meaning the approximation to the true ensemble average
becomes worse. The cosmic variance thus limits the accuracy of the comparison of the CMB
observations with theory.
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2.3.3 Large scale structure

The slight inhomogeneities in the matter distribution in the early universe have been enhanced in
time, primarily by the influence of gravity, to form the structures in the universe. The structure
appears to be organized hierarchically up to the scale of superclusters and filaments with nearly
empty voids between them [51–54]. On even larger scales, galaxy surveys seem to indicate that
the lumpiness is homogenized and isotropized to a smooth distribution. This is believed to
happen roughly at the scale of 100h−1 Mpc, the so-called homogeneity scale [55, 56]. However,
there has been debate whether such a scale exists at all [74–79], and even if the scale exists, it
means that the universe is homogeneous on larger scales possibly only in a statistical sense. We
discuss this issue in little more detail in Sect. 3.3.2.

By studying the large scale structure, we can learn about the total density of matter and how
matter clusters. Moreover, the clustering of matter depends on the expansion history of the
universe; by comparing the observed sound horizon scale today as inferred from galaxy clustering
data to the sound horizon at decoupling imprinted in the CMB, the large scale structure surveys
provide us with important knowledge about the expansion history. The two largest galaxy
surveys are the Sloan Digital Sky Survey (SDSS), and the Two-degree-Field Galaxy Redshift
Survey (2dFGRS), which has already been completed.

The clustering properties of the galaxies can be analyzed statistically by looking at how the
density of the galaxies is correlated. A quantitative measure of this is the two-point correlation
function ξ(x), which is defined as the excess probability, relative to a homogeneous distribution, of
finding a galaxy at a comoving distance x from another galaxy. The baryon acoustic oscillation
signal would show up as a bump in the correlation function at a comoving separation equal
to the sound horizon. By writing the deviation from a homogeneous matter distribution as
ρ(x) = ρ0(1 + δ(x)), where ρ0 is the background FRW density and δ(x) is the perturbed density
contrast, the two-point correlation function reads as

ξ(x) ≡ 〈δ(x1)δ(x2)〉 , (2.42)

where the average is taken over all realizations of the density field under the condition x =
|x1 − x2|. The two-point correlation function from the SDSS survey is plotted in Fig. 2.2,
showing the detected baryon acoustic oscillation peak [8].

In practice, one often deals with the matter power spectrum P (k), which is the Fourier transform
of ξ(x):

P (k) =

ˆ
ξ(x)e−ik·xdx . (2.43)

The power spectrum of Eq. (2.43) thus gives the contribution of scale k to the two-point corre-
lation function of Eq. (2.42) through

ξ(x) =

ˆ ∞
0
P(k)

sin(kx)

kx

dk

k
, (2.44)

where P(k) = k3/(2π2)P (k).
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Figure 2.2: The two-point correlation function from the SDSS data. The curve with no peak rep-
resents a matter-dominated model with no acceleration; other curves correspond to accelerating
models with different total matter densities. Figure from Ref. [8].

2.4 Dark energy

Newtonian gravity is always attractive, whereas in general relativity gravity can also be repulsive,
as e.g. Eq. (2.19) demonstrates: by having p < −ρ/3 accelerated expansion can be achieved within
the FRW models. With ordinary energy forms, locally accelerating expansion of space is thus
still impossible in general relativity. Yet, as suggested by the observations of light from distant
type Ia supernovae in the late 1990’s [4,5], during the latter part of its lifetime, the expansion of
the universe seems to have increased roughly by a factor of 3/2 along our line of sight, relative to
the expectation from the perfectly homogeneous and isotropic FRW models based on ordinary
energy forms [21]. When interpreted within the FRW models, observations thus seemed to imply
that there had to be something else besides the ordinary energy forms in the universe to cause
it to accelerate. Moreover, the observations suggested this new dark energy component would
have to be dominant.

2.4.1 The cosmological constant Λ

The simplest candidate for the new energy component with negative pressure already existed
in theory, introduced by Einstein himself – the cosmological constant Λ with w = −1. Indeed,
Einstein applied his general relativity to cosmology already in 1917 [80]. The original motivation
for the use of a cosmological constant term was different, however: Einstein considered the
universe to be static in line with the astronomical observations of the time. But as matter
attracts gravitationally, he thought the theory of gravity as he first formulated it did not permit
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a static universe – in order to arrange a static universe, he added a constant term into the field
equation (2.8):

Gµν + Λgµν = 8πGTµν . (2.45)

Although Einstein thought the cosmological constant as an extra term to the geometry of the
universe, it can alternatively be thought of as an extra term to the energy content of the universe,
as the constant energy density of vacuum with ρΛ = Λ/(8πG) [81–83].

The cosmological constant had been reconsidered also before the supernova measurements pub-
lished in 1998, for example in the context of the CMB observations by the COBE satellite in
1992, which implicated inconsistency between the CMB anisotropies and the large scale struc-
ture [84]. The cosmological constant was also invoked to provide a solution to the age crisis in
the mid-1990’s: the age of the EdS universe (the flat matter-dominated FRW universe), would
be less than the age of the oldest stars in globular clusters. However, the supernova observations
at the latest established Λ in cosmology.

Ever since the supernova observations in the late 1990’s, also the CMB observations [7], the
large scale structure surveys [8, 85] as well as more recent supernova analysis [6, 65, 86], when
interpreted in the context of the FRW models, all seem to imply that the universe is undergoing
an accelerated expansion and would thus be dominated by a dark energy component. When these
three data sets are combined, the current best fit estimate for the dark energy equation of state
parameter is6 wDE = −0.980 ± 0.053 [87], thus favouring the simplest dark energy candidate,
the cosmological constant. Models with more general forms of dark energy are not, however,
excluded by the data.

Besides dark energy, astrophysical observations suggest the existence of another non-standard
ingredient: dark matter [88]. The idea of dark matter dates back to the 1930’s, when it was
deduced from the motions of galaxies that the matter we can directly observe, such as stars, is
just a small fraction of the total mass which affects the galaxy motions through gravity. The
rest would be dark matter, probably made of (yet unknown) weakly interacting particles and
something that can be observed only through its gravitational effect. From the later observations
it has turned out that baryonic matter could not alone have had enough time to form the kind
of structures in the universe we see today.

When looking at the different data sets, the following information for the density parameters is
obtained7:

• CMB alone: Ω0 = Ωm + ΩΛ ∼ 1

• Galaxy surveys alone: Ωm ∼ 0.3

• CMB + BAO scale from galaxy surveys: ΩΛ ∼ 0.7

• Type Ia supernovae: Ωm ∼ 0.3 and ΩΛ ∼ 0.7

The best fit value for the total density parameter from the combined data8 is Ω0 = 1.0023+0.0056
−0.0054

[87], thus favouring a spatially flat Friedmann model. Moreover, at least the supernova data alone
seems to require ΩΛ > 0 at a high confidence level [6, 65]. Independently from the supernova

6The obtained value assumes constant w and spatial flatness.
7These parameter constraints involve additional assumptions; for example, in the supernova data analysis

spatial flatness (Ω0 = 1) has been assumed.
8WMAP+BAO+H0.
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data, also the combined CMB+BAO+H0 data implies ΩΛ > 0 at high confidence, assuming close
to scale invariant primordial perturbations.

Altogether, the analysis of the cosmological data within FRW models with both the vacuum
energy and matter components included yields a consistent picture of the universe, known as the
concordance ΛCDM model: a spatially flat Friedmann model with the cosmological constant as
the dark energy component [10]. By combining WMAP data [7], the BAO scale inferred from the
galaxy distribution statistics [85] and Hubble constant measurements [89], the current best-fit
shares of the energy components in the present-day universe are found to be9 [87]

Ωb = 0.0456± 0.0016

Ωcdm = 0.227± 0.014 (2.46)
ΩΛ = 0.728+0.015

−0.016 ,

where b stands for baryonic matter and cdm for cold dark matter. The uncertainties are given
at 1σ level.

2.4.2 Problems with dark energy

What should be kept in mind is that the target in cosmology is to understand the universe; to
describe its properties and evolution as accurately as possible. A question to be asked then is
whether the ΛCDM model really is a successful model in understanding our universe, not just
a phenomenological fit to the data: can we really say we understand the universe if about 95%
of its energy density is made up of unknown components in the form of dark matter and dark
energy?

The evidence for dark matter as well as dark energy is indirect. The cosmological constant (or
more general forms of dark energy) is inferred indirectly under the assumptions of homogeneity
and isotropy and the validity of Einstein’s general theory of relativity. There is no evidence from
local physics for dark energy, all of the indications involve integrals over large scales. However,
the situation with dark matter is rather different, for which the evidence is both observationally,
including local physics, and theoretically more solid: Suggested extensions to the standard model
of particle physics predict possible candidates for dark matter particles. Observationally, there
are several independent sources supporting dark matter, such as the motions of stars in galaxies
(rotation curves of galaxies), the motions of clusters, the peak structure of the CMB power
spectrum, the early formation of structures, gravitational lensing, as well as direct measurements
of the matter density combined with the baryon density from the Big Bang nucleosynthesis.
Indeed, dark matter is relevant through the expansion history of the universe, all the way from
the radiation dominated epoch, whereas dark energy in the form of a cosmological constant would
be relevant only at the latest stage of the cosmic evolution.

Besides the lack of stronger observational evidence for the cosmological constant, there are var-
ious issues associated with it that should be given natural dynamical explanations – explana-
tions that the ΛCDM model does not provide. Firstly, the value for the cosmological constant,
Λ ∼ 10−123 G−1, as required to explain the observations is unnaturally tiny when compared to
the estimate from naive dimensional analysis, which suggests Λ ∼ G−1. Secondly, as a naive
expectation for the probability of a quantum field to arise at a temperature T is given by the

9Assuming the standard 6 parameter spatially flat ΛCDM model.
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Boltzmann factor P ∼ e−TPlanck/T , the appearance of dark energy seems to happen at an unnat-
urally low temperature of T ' 4 K, taking into account that it has had the huge temperature
range from TPlanck & 1032 K to T0 ' 2.7 K available. Why should we be witnessing this special
and brief dynamical phase in the evolution of the universe – a transition from matter domination
to vacuum energy domination? Indeed, it is strange that dark energy has exactly the value that
makes it important today; a significantly lower or higher value would either have made no impact
on the cosmic expansion today or conversely prevented the structures to form. Related to this,
Λ seems to be fine-tuned also in the sense that today the universe appears to undergo nearly free
expansion, H0t0 . 1, whereas only a slightly bigger Λ would yield H0t0 > 1.

Let us discuss the last point a little more closely. A convenient measure of the expansion rate is
given by the dimensionless factor obtained by multiplying the Hubble parameter H with the age
of the universe t. By integrating the Friedmann equation (2.18), we find the following expressions:

Ht = 1 if Ωm = Ω0 ' 0 (2.47)

Ht =
2

3
if Ωm = Ω0 = 1 (2.48)

H = H0

√
ΩΛ coth

{
3

2
H0t

√
ΩΛ

}
if ΩΛ + Ωm = 1 . (2.49)

When the CMB data is combined with the BAO scale inferred from the galaxy distribution
statistics, we obtain a constraint that the expansion of the universe should have increased along
our line of sight such that Ht ∼ 2/3 at large redshifts whereas today H0t0 ∼ 1. Independently
from these two, a similar conclusion comes from the type Ia supernova data. From Eq. (2.49), we
can see that at early times (z ∼ 103) when the matter dominates over the cosmological constant,
the ΛCDM model evolution reduces to Ht ' 2/3, whereas the present-day value with ΩΛ ' 0.7
is

H0t0 =
2

3
√

ΩΛ
arsinh

√
ΩΛ

1− ΩΛ
' 1 . (2.50)

Interestingly enough, the ΛCDM present-day value coincides with the (nearly) empty Milne
solution (2.47), which is the maximum value for Ht in the FRW model with ordinary energy
forms. On the other hand, in the ΛCDM model, Ht is not restricted from above. Indeed, if
the value for H0t0 deduced from the observations were greater than one, it could thus serve
as an implication for dark energy by disfavouring or even ruling out some other explanations
for acceleration. However, the best fit value (2.50) being exactly slightly below than one seems
coincidental, taken the huge range of values it could take. On the other hand, structure formation
could provide a natural dynamical explanation for the increase of the expansion rate from 2/3
to 1: due to the formation of the cosmic web of voids, the light propagates through emptier and
emptier regions, yielding the present value H0t0 ' 1, see e.g. Ref. [21].

Many efforts have been made towards the physical understanding of dark energy so that its
coincidental nature would get a natural dynamical explanation. For example, to alleviate the
timing problem associated with the cosmological constant, various dynamical dark energy models
have been proposed (see e.g. Refs. [10, 90]). Indeed, the observations do allow the dark energy
equation of state parameter to vary instead of imposing wDE = −1 as a starting point of the
data analysis. In these models, the late time acceleration is caused by a slowly spacetime varying
scalar field, the quintessence. However, such models seem to fail in their original mission but
require similar fine-tuning as the cosmological constant and they are not compelling from particle
physics point of view either [10, 90]. Indeed, attempts to deduce dark energy from extensions
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of the standard model of particle physics have not been successful. The fine-tuning seems to
be present also in the widely explored modified gravity models [11, 91, 92]. In this thesis, the
focus is on the remark unifying all the above described problems: why would the effects of dark
energy appear just when nonlinear structures at cosmologically significant scales start to form?
Indeed, unlike the assumptions of ordinary matter and general relativity, the assumption of only
linear deviations from homogeneity and isotropy is known to be violated at late times due to
the formation of nonlinear structures; at least in the matter distribution and the expansion rate,
there are large local deviations. It is thus crucial to carefully evaluate whether the standard
FRW approach is able to capture the effects of the cosmic web on the observations or whether
dark energy is just a manifestation of its failure to do so.
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Chapter 3

Inhomogeneous cosmology

3.1 Different levels of coarse graining in cosmology

Nature is extremely complex with huge amount of degrees of freedom so that only rarely our
theories in physics are able to describe even some specific parts of the whole exactly – theories are
coarse-grained descriptions of the reality. Even more coarse graining steps into the picture when
applying the theories; even though it is possible to write down the dynamical equations governing
the phenomena, solving them is only rarely straightforward. The level of coarse graining depends
on the phenomenon in question and the level of description wanted.

In spite of the complexity of nature and our theories, the investigation of the laws of nature
has been very successful; we have the standard model of particle physics and general relativity,
and all the experiments and observations performed on Earth and in the solar system agree
with these theories within the current level of accuracy1. We can say that there are two main
levels of understanding classical physical phenomena, microscopic and macroscopic. Physically,
a macroscopic theory has often a direct observational status whereas microscopic features may
often be beyond measurement and also beyond computation. In macroscopic description, the idea
is that although the physical system of interest may be extremely complicated microscopically,
its average properties can be described to a good approximation.

The cool and sparse late universe forms perhaps the purest gravitational system possible, so
from that perspective it is plausible to assume general relativity as the theory to begin with in
cosmology. However, as general relativity is likely to be a microscopic theory which is physically
adequate and realistic for treatment of the gravitational field created by a point-like discrete
matter distribution, the microscopic description in cosmology is beyond limits – an appropriate
macroscopic description of gravitation that is simple enough to solve is needed. Indeed, the
question then is how to smooth the complex detailed behaviour of the inhomogeneities without
changing the relevant physical content of the solution? We have discussed in Sect. 2.4 how the
homogeneous and isotropic FRW models might be too coarse to describe the late universe with
nonlinear structures.

The derivation of a macroscopic description of gravity from the microscopic one is not straight-
forward in cosmology. The task can be approached from two slightly different perspectives:

1The inherent inconsistency between the two theories above the Planck energy EP ∼ 1019 GeV does not seem
to pose a practical problem to their validity, as this energy scale is vastly beyond our direct experiments.
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coarse graining can be applied implicitly via symmetries in the exact solutions of general rela-
tivity, or via explicit averaging of the Einstein equation2. We have already given an example of
the first case by considering the homogeneous and isotropic FRW models in Sect. 2.2. In Sect.
3.2, we present a more general class of exact solutions of general relativity with a wide range
of applicability in cosmology – the Lemaître-Tolman-Bondi (LTB) model – from which the RW
metric (2.13) is a special case. For more discussion about exact inhomogeneous solutions, see
e.g. Ref. [15], and Ref. [93] for a recent review. In Sect. 3.3, we consider the averaging approach.

3.2 LTB model

The limitation in the FRW models is the spatial homogeneity. On the other hand, as we the
observers gather light from all directions around us, the spherical symmetry is a natural sim-
plifying symmetry. The general form of the line-element in coordinates respecting the spherical
symmetry can be written as

ds2 = −b2(r̃, t̃)dt̃2 + c(r̃, t̃)dr̃dt̃+ X̃2(r̃, t̃)dr̃2 + Ã2(r̃, t̃)(dθ2 + sin2 θdφ2) , (3.1)

where b(r̃, t̃), c(r̃, t̃), X̃(r̃, t̃) and Ã(r̃, t̃) are functions of the radial and time coordinates and the
spatial origin r̃ = 0 has been chosen as the symmetry center. The coordinates r and t can be
subjected to a transformation r̃ = fr(r, t), t̃ = ft(r, t) that makes the term c(r̃, t̃)dr̃dt̃ vanish.
Furthermore, the spherical symmetry implies vanishing vorticity so that in the case of a dust
universe3, we can choose the time coordinate t to measure the proper time of the comoving dust
particles. The line-element then takes the form

ds2 = −dt2 +X2(r, t)dr2 +A2(r, t)(dθ2 + sin2 θdφ2) . (3.2)

Note that the scale functions A(r, t) andX(r, t) have both temporal and spatial dependence. This
exact spherically symmetric dust solution of the Einstein equation was discovered by Lemaître
in 1933 [81, 94] and was also studied by Tolman [95] and Bondi [96]; later, it has been used
in various astronomical and cosmological contexts [15, 16]. The Schwarzschild and RW metrics
are special cases of Eq. (3.2). For example, the homogeneous RW metric (2.13) follows when:
X(r, t)→ a(t)/

√
1− kr2 and A(r, t)→ a(t)r.

The nonzero Christoffel symbols (2.2) for the metric (3.2) are given in Eq. (A.1) of Appendix A.
The nonvanishing Einstein tensor (2.9) components are:

G0
0 =

2A′′

AX2
− 2ȦẊ

AX
− 2A′X ′

AX3
− (1 + Ȧ2)

A2
+

A′2

A2X2
(3.3)

G0
1 =

2Ȧ′

A
− 2A′Ẋ

AX
(3.4)

G1
1 =

A′2

A2X2
− 2Ä

A
− (1 + Ȧ2)

A2
(3.5)

G2
2 = G3

3 =
A′′

AX2
− Ä

A
− Ẍ

X
− ȦẊ

AX
− A′X ′

AX3
. (3.6)

2This distinction between the two coarse graining approaches is somewhat artificial; usually a combination of
them is applied.

3The approximation that matter is irrotational breaks down at small scales, as vorticity is closely associated
with structure formation. However, this small-scale breakdown of the approximation has been argued to be
cosmologically less important [19].
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The energy-momentum tensor in the above defined coordinates is given by

Tµν = −ρm(r, t)δµ0 δ
0
ν − ρΛδ

µ
ν , (3.7)

where ρm(r, t) is the energy density of dust, uµ = δµ0 represents the components of the 4-velocity-
field of the dust and we have kept the vacuum energy ρΛ for generality.

When Eqs. (3.3) – (3.7) are applied to the Einstein equation (2.8), the following four algebraically
different equations arise:

−2
A′′

AX2
+ 2

A′X ′

AX3
+ 2

ȦẊ

AX
+

1

A2
+

(
Ȧ

A

)2

−
(
A′

AX

)2

= 8πG(ρm + ρΛ) (3.8)

Ȧ′ = A′
Ẋ

X
(3.9)

2
Ä

A
+

1

A2
+

(
Ȧ

A

)2

−
(
A′

AX

)2

= 8πGρΛ (3.10)

− A′′

AX2
+
Ä

A
+
Ȧ

A

Ẋ

X
+
A′X ′

AX3
+
Ẍ

X
= 8πGρΛ . (3.11)

This set of equations (3.8) – (3.11) contains only three independent differential equations: by
solving the functions Ẋ and Ẍ from Eq. (3.9), and the functions A′2 and A′′ from Eq. (3.10),
we find that Eq. (3.11) is trivially satisfied, leaving only two of Eqs. (3.9) – (3.11) independent.
Integrating Eq. (3.9) over time yields

X(r, t) =
A′(r, t)√
1− k(r)

, (3.12)

where k(r) is a function determined by the boundary conditions. The metric (3.2) can now be
written in the following form:

ds2 = −dt2 +
(A′(r, t))2

1− k(r)
dr2 +A2(r, t)

(
dθ2 + sin2 θdϕ2

)
. (3.13)

The solved equation (3.12) reduces the number of independent differential equations in (3.8) –
(3.11) from three to two:

Ȧ2 + k(r)

A2
+

2ȦȦ′ + k′(r)

AA′
= 8πG(ρm + ρΛ) (3.14)

Ȧ2 + 2AÄ+ k(r) = 8πGρΛA
2 . (3.15)

By combining Eqs. (3.14) and (3.15), we can construct a generalized acceleration equation:

2

3

Ä

A
+

1

3

Ä′

A′
= −4πG

3
(ρm − 2ρΛ) . (3.16)

In the LTB models, there can be acceleration both in the radial and angular directions, repre-
sented by Ä′(r, t) and Ä(r, t) respectively. Eq. (3.16) tells us that the total acceleration, given by
the left hand side, is everywhere negative unless the vacuum energy is large enough: ρΛ > ρm/2.
However, there can still be radial acceleration Ä′(r, t) > 0 even in the pure dust universe, if
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the angular scale factor A(r, t) is decelerating enough and vice versa. Already a simple example
like this demonstrates how the very notion of accelerated expansion becomes ambiguous in the
presence of the inhomogeneities; see also Ref. [97] for a discussion.

The first time integral of Eq. (3.15) is

Ȧ2

A2
=
F (r)

A3
+

8πG

3
ρΛ −

k(r)

A2
, (3.17)

where F (r) is a non-negative function. Substituting Eq. (3.17) into Eq. (3.14) gives

F ′

A′A2
= 8πGρm . (3.18)

The boundary condition functions F (r) and k(r) are specified by the exact inhomogeneity profile,
conveniently given on a spatial hypersurface t = t0. For intuition, it is convenient to relate F (r)
and k(r) to the analogous FRW quantities – the Hubble constant H0 and the density parameter
Ωm – by comparing Eq. (3.17) with the Friedmann equation (2.33). Indeed, the similarity between
Eqs. (3.17) and (2.33) motivates us to define a local angular Hubble rate

H(r, t) ≡ Ȧ(r, t)

A(r, t)
, (3.19)

and matter density through
F (r) ≡ H2

0 (r)Ωm(r)A3
0(r) , (3.20)

with
k(r) ≡ H2

0 (r)(Ωm(r) + ΩΛ(r)− 1)A2
0(r) , (3.21)

where A0(r) ≡ A(r, t0), H0(r) ≡ H(r, t0), ΩΛ(r) ≡ 8πGρΛ/3H
2
0 (r) and Ωm(r) is a measure of

the matter density at t = t0, given by a spatial integral over Eq. (3.18) as:

Ωm(r) ≡
〈ρm(r, t0)〉B(r)

ρcrit(r, t0)
≡ 8πG

3H2
0 (r)

´
B(r) ρm(r, t0)d3x´

B(r) d3x
, (3.22)

where
´
B(r) denotes Euclidean space integral over an origin-centered ball of radius r so d3x ≡

r2 sin θdrdθdϕ. Inversely, using Eqs. (3.18) and (3.20), ρm(r, t0) ≡ ρ0(r) can be written in terms
of Ωm(r) and H0(r) as

ρ0(r) =
3H2

0 (r)

8πG
Ωm(r)

[
1 +

A0(r)

3A′0(r)

(
Ω′m(r)

Ωm(r)
+ 2

H ′0(r)

H0(r)

)]
. (3.23)

With the definitions of Eqs. (3.19) – (3.21), Eq. (3.17) takes the physically more transparent
form

H2(r, t) = H2
0 (r)

[
Ωm(r)

(
A0

A

)3

+ ΩΛ(r) + Ωc(r)

(
A0

A

)2
]
, (3.24)

where Ωc(r) ≡ 1−ΩΛ(r)−Ωm(r). The difference between the homogeneous Friedmann equation
(2.33) and its LTB generalization (3.24) is that all the quantities in the LTB case depend on the
r-coordinate. Similar to the scaling freedom of the scale factor a(t0) present in the FRW models,
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the corresponding present-day scale function A0(r) of the LTB models can be chosen to be any
smooth and invertible positive function. In this thesis, we employ the conventional choice:

A0(r) = r . (3.25)

Although the vacuum energy density ρΛ is constant, its value in the units of critical density
ΩΛ(r) ≡ ρΛ/ρcrit(r) is not. This is because the critical density itself has spatial dependence:
ρcrit(r) ≡ 3H2

0 (r)/8πG. The converse is also true: if e.g. Ωm(r) = constant, the matter distribu-
tion ρm(r, t) has spatial dependence as long as H0(r) 6= constant.

The integration of Eq. (3.24) w.r.t. time gives the second integral of Eq. (3.15):

t0 − t =
1

H0(r)

ˆ 1

A(r,t)
A0(r)

dx

x
√

Ωm(r)x−3 + Ωc(r)x−2 + ΩΛ(r)
. (3.26)

For any spacetime point with coordinates (t, r, θ, ϕ), Eq. (3.26) determines the function A(r, t)
and all its derivatives. This uniquely specifies the metric (3.13), so given the inhomogeneities
H0(r) and Ωm(r) (and ρΛ), all the observable quantities can be computed.

In general, Eq. (3.26) has to be integrated numerically. However, in the special cases when
ΩΛ(r) = 0 or ΩΛ(r) + Ωm(r) = 1 the result can be given in terms of elementary functions:

1. Ωm(r) = 1 and ΩΛ(r) = 0:

A(r, t) = A0(r)

[
1 +

3

2
(t− t0)H0(r)

]2/3

. (3.27)

2. Ωm(r) ≡ Ω(r) < 1 and ΩΛ(r) = 0:

(t− t0)H0(r) =
Ω(r)

(1− Ω(r))3/2

[
arsinh

√
1− Ω(r)

Ω(r)
− arsinh

√
1− Ω(r)

Ω(r)

(
A(r, t)

A0(r)

)]
+

− 1

(1− Ω(r))

1−

√
Ω(r)

(
A(r, t)

A0(r)

)
− (Ω(r)− 1)

(
A(r, t)

A0(r)

)2
 , (3.28)

which can alternatively be written as

(t− t0)H0(r) =
Ω(r)

(1− Ω(r))3/2
ln

 √
1− Ω(r) + 1√

(1− Ω(r))A(r,t)
A0(r) +

√
(1− Ω(r))A(r,t)

A0(r) + Ω(r)

+

− 1

(1− Ω(r))

1−

√
Ω(r)

(
A(r, t)

A0(r)

)
− (Ω(r)− 1)

(
A(r, t)

A0(r)

)2
 . (3.29)

Eq. (3.29) is more useful in numerical applications, as it behaves well also in the limit
Ω(r)→ 0.
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3. Ωm(r) ≡ Ω(r) > 1 and ΩΛ(r) = 0:

(t− t0)H0(r) =
Ω(r)

(Ω(r)− 1)3/2

[
arcsin

√
Ω(r)− 1

Ω(r)

(
A(r, t)

A0(r)

)
− arcsin

√
Ω(r)− 1

Ω(r)

]
+

+
1

(Ω(r)− 1)

1−

√
Ω(r)

(
A(r, t)

A0(r)

)
− (Ω(r)− 1)

(
A(r, t)

A0(r)

)2
 . (3.30)

4. Ωm(r) + ΩΛ(r) = 1:

A(r, t) = A0(r)

cosh

[
3

2
H0(r)Ω

1/2
Λ (r)(t− t0)

]
+

sinh
[

3
2H0(r)Ω

1/2
Λ (r)(t− t0)

]
Ω

1/2
Λ (r)


2
3

.

(3.31)

3.2.1 Useful LTB results

Let us calculate some LTB results useful for the research presented in this thesis. We refer to
these results in the forthcoming sections. From here on, we only consider the case ρΛ = 0 and
write Ωm(r) ≡ Ω0(r).

There are different ways to classify the inhomogeneities of the LTB spacetime. Firstly, they
can be classified according to their physical interpretation on a spatial hypersurface at t = t0:
Inhomogeneities in the matter distribution ρm(r, t0) and inhomogeneities in the expansion scalar
θ(r, t0) = ∇µuµ(r, t0) (see Eq. (3.74)) or, equivalently, in the velocity distribution of the matter.
Note that it is equivalent to use the functions Ω0(r) and H0(r) instead of ρm and θ. Secondly,
we can consider differences in the time evolution, i.e. divide the inhomogeneities to growing
and decaying modes, meaning that the inhomogeneities in the model grow or decay with time,
respectively [98]. For general functions Ω0(r) and H0(r) that are independent of each other, the
LTB solution contains both decaying and growing inhomogeneities. Although our quantitative
discussion concentrates only on the spherically symmetric LTB solution, the same division applies
to arbitrary inhomogeneities.

The growing modes can be found by demanding homogeneity in the early universe or simultaneity
of the Big Bang (BB). In a simultaneous Big Bang, the divergent curvature of the initial singu-
larity or the condition A(r, tBB) = 0 coexists everywhere at the same time coordinate t = tBB
whereas in an inhomogeneous Big Bang, tBB(r) is a function of the spatial location. Thus, for a
simultaneous Big Bang, the age of the universe must be independent of the spatial coordinates:
tage ≡ t0 − tBB = constant. To obtain this constraint we need the expression for the age of the
LTB universe which can be calculated by performing the integral in Eq. (3.26) with A(r, t) = 0.
In the cases where the result is an elementary function of the boundary conditions, the results
are:

1. Ω0(r) = 1 and ΩΛ(r) = 0:

tage(r) =
2

3H0(r)
. (3.32)
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2. Ω0(r) < 1 and ΩΛ(r) = 0:

tage(r) =

√
1− Ω0(r)− Ω0(r)arsinh

√
1−Ω0(r)

Ω0(r)

H0(r)(1− Ω0(r))3/2
. (3.33)

3. Ω0(r) > 1 and ΩΛ(r) = 0:

tage(r) =
Ω0(r)arcsin

√
Ω0(r)−1

Ω0(r) −
√

Ω0(r)− 1

H0(r)(Ω0(r)− 1)3/2
. (3.34)

4. Ω0(r) + ΩΛ(r) = 1:

tage(r) =
2

3H0(r)

arsinh
√

1−Ω0(r)
Ω0(r)√

1− Ω0(r)
. (3.35)

In each case, the requirement tage(r) = constant sets the constraint between the boundary
condition functions Ω0(r) and H0(r) that preserves only the growing modes. If the condition
tage(r) = constant is violated instead, decaying modes are present as well. In the first case above
where Ω0(r) = 1, we have only decaying modes. This case is commonly referred to as the flat
LTB model, as from Eq. (3.21) we obtain k(r) = 0 and the spatial Ricci scalar (3)R, given by
Eq. (2.5) as

(3)R = 2
∂r(A(r, t)k(r))

A2(r, t)A′(r, t)
, (3.36)

thus vanishes. For a more detailed discussion on growing and decaying modes in the LTB model,
see Ref. [98].

As an example, applying the simultaneous Big Bang condition tage(r) = const. into Eq. (3.33)
implies the following constraint between the boundary condition functions Ω(r) and H0(r) for
the second case above:

H0(r) =
1

t0

√1− Ω0(r)− Ω0(r)arsinh
√

1−Ω0(r)
Ω0(r)

(1− Ω0(r))3/2

 , (3.37)

where t0 = constant is the age of the universe. This model can thus be determined by a free
dimensionless function, Ω0(r), and a free parameter, t0. In order to simplify analytic calculations,
we have utilized the following formula in Papers 3 and 4

H0(r) =
1

t0

(
1−

√
Ω0(r)

3

)
, (3.38)

which approximates the simultaneous Big Bang condition (3.37) such that the |error| < 1.5%
in the interval 0 ≤ Ω0 ≤ 1 we consider and no error at the extremes Ω0 = 0 and Ω0 = 1.
Alternatively, Eq. (3.38) can be understood as an exact LTB solution where the age of the
universe can have small (< 1.5%) spatial variations.

The models with (approximately) simultaneous Big Bang form perhaps the most relevant subcase
of LTB solutions, because in these models, the inhomogeneities are growing modes as e.g. the
near isotropy of the CMB suggests is also the case in the real universe. In this thesis, we have
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used both the model with Ω0(r) ≤ 1 (Papers 2 – 4) and the flat model Ω0(r) = 1 (Paper 1). The
flat model most likely cannot give a realistic description of our universe as the model evolves
towards homogeneity at late times – just the opposite to the observed structure formation in
the real universe. However, for low-redshift observations, this should not make a difference when
serving as a toy model for demonstrative purposes.

The volume expansion scalar θ(r, t) defined in Eq. (3.74) for the LTB model reads as

θ(r, t) = ∇µuµ = Γ1
10 + Γ2

20 + Γ3
30 =

Ẋ(r, t)

X(r, t)
+ 2

Ȧ(r, t)

A(r, t)
= 2

Ȧ(r, t)

A(r, t)
+
Ȧ′(r, t)

A′(r, t)

=
1

A′(r, t)A2(r, t)

∂

∂r

(
A2(r, t)Ȧ(r, t)

)
, (3.39)

where we have used Eqs. (A.1) and (3.12). A radial Hubble function Hr(r, t) ≡ Ȧ′(r, t)/A′(r, t)
can be defined via Eq. (3.39) as

θ(r, t) ≡ 2H(r, t) +Hr(r, t) . (3.40)

The shear scalar σ2(r, t) ≡ σµνσµν can be calculated from the definition of the shear tensor σµν

σµν ≡
1

2
(∇µuν +∇νuµ)− 1

3
(gµν + uµuν)∇αuα , (3.41)

yielding

σ2(r, t) =
2

3

(
Ȧ′(r, t)

A′(r, t)
− Ȧ(r, t)

A(r, t)

)2

. (3.42)

By differentiating the Hubble function H(r, t) = Ȧ(r, t)/A(r, t) with respect to r, one finds that
the two Hubble functions H(r, t) and Hr(r, t), defined in Eq. (3.40), are related at the reference
time t = t0 as

Hr(r, t0) = H0(r) + rH ′0(r) , (3.43)

so that the expressions for the expansion scalar (3.39) and the shear (3.42) simplify to:

θ(r, t0) = 3H0(r) + rH ′0(r) =
1

r2

∂

∂r

(
r3H0(r)

)
, (3.44)

σ2(r, t0) =
2

3
(rH ′0(r))2 . (3.45)

We also have use for the LTB volume element:√
det[gij ]drdθdϕ =

A′(r, t)A2(r, t) sin θ√
1− k(r)

drdθdϕ . (3.46)

In the end, let us present some results that apply only to the flat LTB model considered in Paper
1.

When k(r) = 0, the line-element (3.13) takes the form

ds2 = −dt2 + (A′(r, t))2dr2 +A2(r, t)
(
dθ2 + sin2 θdϕ2

)
. (3.47)
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The Einstein equations (3.18) and (3.24) for the metric (3.47) reduce to

H(r, t) = H0(r)

(
A0(r)

A(r, t)

)3/2

(3.48)

ρm(r, t) =
3H2

0 (r)

8πG

[
1 +

2A0(r)H ′0(r)

3A′0(r)H0(r)

](
A2

0(r)A′0(r)

A2(r, t)A′(r, t)

)
. (3.49)

Substituting Eq. (3.27) into Eq. (3.48) gives the time evolution of the Hubble function as

H(r, t) =
H0(r)

1 + 3H0(r)
2 (t− t0)

. (3.50)

Substituting Eq. (3.27) into Eq. (3.49) gives the explicit time evolution equation of the matter
density as

ρm(r, t) =
3H2

0 (r) + 2rH ′0(r)H0(r)

8πG[1 + 3H0(r)
2 (t− t0)][r(t− t0)H ′0(r) + (1 + 3H0(r)

2 (t− t0))]
, (3.51)

where the choice A0(r) = r of Eq. (3.25) has been employed.

3.2.2 Light propagation in the LTB spacetime

In this Section, we derive the distance-redshift relations, discussed in Sect. 2.3.1, in the LTB
model for an observer centered at the origin; a more general derivation for an off-center observer
can be found e.g. in Ref. [67].

The spherical symmetry of the solution implies that light can travel radially, that is, there exist
geodesics with dθ = dφ = 0. Moreover, since light always travels along null geodesics, we have
ds2 = 0. Inserting these conditions into the equation for the line-element (3.13), we obtain the
constraint equation for radial light rays

dt

du
= −dr

du

A′(r, t)√
1− k(r)

, (3.52)

where u is a curve parameter and the minus sign indicates we are studying radially incoming
light rays.

Consider two light rays with solutions to Eq. (3.52) given by t1 = t(u) and t2 = t(u) + λ(u).
Inserting these into Eq. (3.52), we obtain

d

du
t1 =

dt(u)

du
= −dr

du

A′(r, t)√
1− k(r)

(3.53)

d

du
t2 =

dt(u)

du
+
dλ(u)

du
= −dr

du

A′(r, t)√
1− k(r)

+
dλ(u)

du
. (3.54)

On the other hand, we also have

d

du
t2 = −dr

du

A′(r, t(u) + λ(u))√
1− k(r)

= −dr

du

A′(r, t) + Ȧ′(r, t)λ(u)√
1− k(r)

, (3.55)
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where Taylor expansion has been used in the last step and only terms linear in λ(u) have been
kept. Equating the right hand sides of Eqs. (3.54) and (3.55) gives the relation

dλ(u)

du
= −dr

du

Ȧ′(r, t)λ(u)√
1− k(r)

. (3.56)

Differentiating the definition of the redshift, z ≡ (λ(0)− λ(u))/λ(u), we obtain

dz

du
= −dλ(u)

du

λ(0)

λ2(u)
=

dr

du

(1 + z)Ȧ′(r, t)√
1− k(r)

, (3.57)

where in the last step we have used Eq. (3.56) and the definition of the redshift. Finally, we can
combine Eqs. (3.21), (3.52) and (3.57) to obtain the pair of differential equations

dt

dz
=

−A′(r, t)
(1 + z)Ȧ′(r, t)

(3.58)

dr

dz
=

√
1 +H2

0 (r)(1− Ωm(r)− ΩΛ(r))A2
0(r)

(1 + z)Ȧ′(r, t)
, (3.59)

that determine the relations between the coordinates and the observable redshift: t(z) and r(z).

Now that we have related the redshift to the inhomogeneities, we still need the relation of
the redshift to the observable distance measures – the luminosity distance dL(z) and the angular
diameter distance dA(z), defined in Sect. 2.3.1. In the LTB model, the angular diameter distance
is related to the metric simply by [16]:

dA(z) = A(r(z), t(z)) , (3.60)

so due to Etherington’s theorem (2.36), we also have

dL(z) = (1 + z)2A(r(z), t(z)) . (3.61)

As the relations t(z) and r(z) are determined by Eqs. (3.58) and (3.59) and the scale function
A(r, t) by Eq. (3.26), using Eqs. (3.60) and (3.61), we can calculate the observables dA and dL
for any given z. All of these relations have a manifest dependence on the inhomogeneities, i.e.
on the functions H0(r) and Ωm(r). What remains is a comparison of Eqs. (3.60) and (3.61) with
the observed distance measures.

3.3 Averaging

In this Section, we consider how to implement coarse graining in the form of explicitly averaging
the dynamical variables of general relativity.

3.3.1 Averaging relativistic systems

Several complications arise when considering how to explicitly average in general relativity. De-
spite the fact that the Einstein equation (2.8) is covariant, its average is hard to define in a
covariant manner, as only the inherently invariant rank 0 tensors, that is scalars, appear to have
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well-defined averages. As an example, the spatial average of a scalar quantity S(x, t), which is a
function of the spatial coordinates and time, can be defined as

〈S(x, t)〉D ≡
´
D S(x, t)

√
det[gij ]d

3x´
D
√

det[gij ]d3x
, (3.62)

where D is an averaging domain and gij is the spatial metric in Eq. (3.70). Although this av-
erage of a scalar quantity is covariant, it does, however, depend on the choice of the averaging
hypersurface, that is, on the spacetime foliation. However, the appropriate averaging hypersur-
face is a physical choice which should be chosen based on analysis of observables and cannot be
predetermined by mathematics. On the other hand, the only practicable way to average tensors
seems to be the manifestly coordinate-dependent averaging of components: 〈G〉 ≡ 〈Gµν〉.
Also the nonlinearity of general relativity, arising from the fact that gravitational field couples
to itself as gravitons have mutual interactions, brings its own complications. Indeed, the nonlin-
earity plays a key role both at the conceptual, and especially at the physical level, when trying
to average the Einstein equation; we will now turn to this issue.

3.3.2 Averaging cosmological inhomogeneities

The justification for the use of the FRW models comes from the fact that as there is no reason
to believe that we would live in a special place in the universe, it is assumed to be homogeneous
and isotropic on large scales. Galaxy surveys seem to support this, indicating the lumpiness
is homogenized and isotropized to a smooth distribution roughly at the scale of 100h−1 Mpc
[55, 56]. However, this argumentation needs to be considered more carefully: The crucial point
is the difference between exact and statistical homogeneity and isotropy. The FRW model is
exactly homogeneous and isotropic. However, even though the early universe was nearly exactly
homogeneous and isotropic, the late universe is far from exact local homogeneity and isotropy –
the distribution can only remain statistically homogeneous and isotropic on large scales.

Statistical homogeneity and isotropy means that if the universe is divided into boxes whose sizes
are larger than the homogeneity scale, the average quantities evaluated inside each box are equal
(up to cosmic variance). However, the key thing is that the average quantities of the boxes are
not necessarily the same as in a completely smooth spacetime, because there are structures in
the box. In general, the feature that the average evolution of a clumpy space is not the same as
the evolution of a smooth space is called backreaction.

In terms of general relativity, the backreaction manifests itself by the nonlinearity of the Einstein
equation, in particular by the fact that the evaluation of the Einstein tensor does not commute
with averaging: 〈G(g)〉 − G(〈g〉) 6= 0. On physical grounds, as the Einstein field G(g, ∂g, ∂2g)
is more closely related to physical quantities whereas the metric corresponds to a gravitational
tensor potential whose derivatives determine the physics, it would seem more correct to first
calculate the Einstein tensor for the exact metric g and only then take the average 〈G(g)〉. The
issue was first pointed out by Shirokov and Fisher in 1962 [34] and later made more popular by
Ellis and collaborators under the name fitting problem [35, 36, 99, 100]; for a recent review, see
Refs. [37,101]. However, this is not what is done in the standard FRW cosmology, where we use
the average metric to calculate the Einstein tensor G(〈g〉). Indeed, if a clumpy distribution is
first smoothed by describing it with the exactly homogeneous and isotropic RW metric and only
then the Einstein equation is used to determine the time evolution, the result is not the same as
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if we evolved the full clumpy distribution and took the average at the end. Of course, we do not
have the exact metric of the universe at hand, but we can do better than use the RW metric,
which describes only exactly homogeneous and isotropic universes.

Indeed, in the next Section we discuss an averaging mechanism in an irrotational dust universe
in which the scalar parts of the Einstein equation are averaged. This formalism thus avoids the
problem of tensorial averaging and also the spacetime foliation is physically well justified – the
proper time of the dust determines it. As we shall see, this results in Friedmann-like equations
with the backreaction term included (see Eqs. (3.106) – (3.108)). We have addressed the issue
of quantifying the backreaction in the real universe in Papers 3 and 4, discussed in Sects. 4.3.2
and 4.3.3.

3.4 Buchert averaging

Let us now concentrate on the so-called Buchert averaging method, which we have utilized in
Papers 1, 3 and 4. The method is based on spatial averaging of scalar quantities in an irrotational
dust universe and was developed by Thomas Buchert in the late 1990’s [38], and is nowadays the
most widely used averaging method in inhomogeneous cosmology.

In the Buchert method the fact that the Einstein equation (2.8) can be split into a set of
ten independent equations4, three of which are scalar equations and the others are vector and
traceless tensor equations [102, 103], is utilized and only the scalar parts are averaged. The
obvious cost is thus that the equation set is not closed; the scalar parts do not contain the full
information. However, averaging the scalar parts provides useful information for cosmology as
the cosmological parameters of most interest are scalars.

Before deriving the actual Buchert equations, let us first provide a brief overview of the math-
ematical background for dealing with hypersurfaces in Sect. 3.4.1 and then extract the set of
three exact scalar equations from the full Einstein equation (2.8) in Sect. 3.4.2.

3.4.1 Mathematical background

By a hypersurface we mean an (n− 1)-dimensional submanifold Σ of an n-dimensional manifold
M. The so called projection tensor Pµν for a hypersurface Σ with unit normal vector nµ = δµ0
and the extrinsic curvature Kµν (sometimes called the first fundamental form and the second
fundamental form of the hypersurface, respectively) are useful tools:

Pµν ≡ gµν − σnµnν , (3.63)

where σ = nµn
µ (σ = −1 for spacelike surfaces and σ = +1 for timelike surfaces) and

Kµν ≡
1

2
PαµP

β
ν(∇αnβ +∇βnα) . (3.64)

Given any vector V µ in the tangent space at a point p in a manifold M, Pµν will project it
tangent to the hypersurface. Acting on any two vectors that are already tangent to Σ, Pµν acts
like the metric.

4The Einstein equation contains ten algebraically independent component equations, since both sides are
symmetric two-index tensors. The Bianchi identity reduces the number of independent differential equations to
six.
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3.4.2 The scalar equations

We are interested in the late universe where radiation can be neglected and thus consider an
irrotational single-component pressureless ideal fluid or dust. The energy-momentum tensor
(2.14) then takes the form

Tµν = ρuµuν , (3.65)

and the energy-momentum continuity equation (2.11) states that

∇µ(ρuµuν) = 0 . (3.66)

The four-velocity of the dust uµ is normalized by definition:

uµuµ =
dxµ

dτ

dxµ
dτ

=
ds2

dτ2
= −1 . (3.67)

Due to the absence of pressure (gradients), the fluid particles follow geodesics so we also have

uµ∇µuν = 0 . (3.68)

The Einstein equation (2.8) for the energy-momentum tensor (3.65) reads as

Rµν −
1

2
Rgµν = 8πGρuµuν , (3.69)

with the line-element in the comoving synchronous form

ds2 = −dt2 + gijdx
idxj . (3.70)

In these coordinates, the four-velocity is thus uµ = δµ0 .

In our case the submanifold Σ is the t = const. hypersurface, with the four-velocity uµ of the
dust particles as the unit normal vector. The projection tensor (3.63) is thus

Pµν = gµν + uµuν . (3.71)

Since the integral curves of uµ are geodesics (Eq. (3.68)), the extrinsic curvature (3.64) reduces
to

Kµν =
1

2
(∇µuν +∇νuµ) = ∇µuν . (3.72)

The extrinsic curvature is thus symmetric. Furthermore, it can be decomposed into a trace and
a trace-free part as follows [58,102]

Kµν = σµν +
1

3
θPµν , (3.73)

where
θ = PµνKµν = ∇µuµ , (3.74)

is the trace of Kµν describing the expansion (or contraction) rate of the local volume element
and σµν is the trace-free (i.e. σµµ = 0) shear tensor describing the distortion in the local shape
without a change in volume. In the synchronous coordinates of Eq. (3.70), the expansion scalar
(3.74) has the expression:

θ = ∂µu
µ + Γµµνu

ν = Γµµ0 =
∂t
√

det[gij ]√
det[gij ]

. (3.75)
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Gauss’s equation relates the 4-dimensional Riemann curvature tensor (2.1) to the hypersurface
Riemann curvature through [58]

(3)Rρσµν = P ραP
β
σP

γ
µP

δ
νR

α
βγδ − (Kρ

µKσν −Kρ
νKσµ) . (3.76)

From this we obtain the hypersurface Ricci scalar (3)R by projecting with the projection tensor
(3.71) as follows:

(3)R = P σν
(

(3)Rλσλν

)
= R+ 2Rµνu

µuν −K2 +KµνKµν , (3.77)

whereK = gµνKµν . From (3.73) we see thatK2 = θ2 andKµνKµν = σµνσµν+(1/3)θ2. Plugging
these into Eq. (3.77) yields

Rµνu
µuν +

1

2
R =

1

2
(3)R+

1

3
θ2 − 1

2
σµνσµν . (3.78)

By contracting then the Einstein equation for dust (3.69) on both sides by uµuν , we obtain

Rµνu
µuν +

1

2
R = 8πGρ . (3.79)

Substituting Eq. (3.78) into Eq. (3.79) finally yields the first scalar equation

1

3
θ2 = 8πGρ− 1

2
(3)R+

1

2
σµνσµν , (3.80)

known as the Hamiltonian constraint.

Let us then derive the second scalar equation. The definition of the Riemann curvature tensor
(2.1) can be written as

∇µ∇νuρ −∇ν∇µuρ = Rρσµνu
σ . (3.81)

Setting ρ = µ in Eq. (3.81) and multiplying it by uν yields

uν∇µ∇νuµ − uν∇νθ = Rσνu
σuν . (3.82)

The first term on the left can be written as

uν∇µ∇νuµ = ∇µ(uν∇νuµ)−∇νuµ∇µuν . (3.83)

With the help of the geodesic equation (3.68), Eq. (3.83) simplifies to

uν∇µ∇νuµ = −∇µuν∇µuν . (3.84)

Moreover,

∇µuν∇µuν = KµνK
µν = σµνσµν +

1

3
θ2 . (3.85)

Inserting Eqs. (3.84) and (3.85) into Eq. (3.82), we obtain

−θ̇ − σµνσµν −
1

3
θ2 = Rσνu

σuν , (3.86)

where θ̇ ≡ uµ∇µθ = ∂tθ. Furthermore, substituting Eq. (3.86) into Eq. (3.79) yields

θ̇ = −σµνσµν −
1

3
θ2 − 4πGρ , (3.87)
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where we have used R = 8πGρ, which follows from the trace of the Einstein equation (3.69). Eq.
(3.87) is called the Raychaudhuri equation [102].

We can obtain the third scalar equation simply by contracting the energy-momentum continuity
equation (3.66) by uν and using the normalization equation (3.67) and the geodesic equation
(3.68):

ρ̇+ θρ = 0 , (3.88)

where ρ̇ ≡ uµ∇µρ = ∂tρ.

Let us finally collect together the three exact, local, covariant equations (3.80), (3.87) and (3.88):

1

3
θ2 = 8πGρ− 1

2
(3)R+

1

2
σµνσµν (3.89)

θ̇ = −σµνσµν −
1

3
θ2 − 4πGρ (3.90)

ρ̇ = −θρ . (3.91)

Note that all the quantities in Eqs. (3.89) – (3.91) have both spatial and temporal dependence
and can contain arbitrary large inhomogeneities. The price to pay for reducing the Einstein
tensor equation to a set of scalar equations is that the system is not closed: there are three
equations for four independent variables.

3.4.3 The Buchert equations

The spatial average of a scalar quantity S(x, t) is given by Eq. (3.62). The definition (3.62)
implies the non-commutativity of time-evolution and averaging as a fundamental property for
systems with a time-dependent integration measure ∂t

√
det[gij ] 6= 0:

∂

∂t
〈S(x, t)〉 6= 〈 ∂

∂t
S(x, t)〉 . (3.92)

Taking the time derivative of Eq. (3.62) yields

∂t〈S〉D =

´
D

[√
det[gij ]∂tS + S∂t(

√
det[gij ])

]
d3x´

D
√

det[gij ]d3x
+

−
´
D S
√

det[gij ]d
3x
´
D ∂t(

√
det[gij ])d

3x

(
´
D
√

det[gij ]d3x)2
, (3.93)

which can be written in terms of the expansion scalar (3.75) as

∂t〈S〉D = 〈∂tS〉D + 〈Sθ〉D − 〈S〉D〈θ〉D . (3.94)

In order to compare the average evolution with homogeneous and isotropic FRW models, we
have to define a scale factor. The simplest extension of the notion of an overall scale factor to
an inhomogeneous and anisotropic spacetime is to use the volume of the spatial hypersurface:

aD(t) ≡

( ´
D
√

det[gij ]d
3x´

D
√

det[gij(t = t0)]d3x

) 1
3

. (3.95)
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By using the definition of the average in Eq. (3.62), we can write the average of the expansion
scalar (3.75) in terms of the scale factor (3.95) as

〈θ〉D =

´
D ∂t(

√
det[gij ])d

3x´
D
√

det[gij ]d3x
= 3

ȧD
aD
≡ 3HD , (3.96)

where we have introduced the domain dependent Hubble expansion function HD.
Let us then take the average of the scalar equations (3.89) – (3.91) according to the definition
(3.62) and commuting the time derivatives using Eq. (3.94). This gives us the averaged equations
satisfied by the scale factor (3.95), derived by Buchert in 1999 [38].

1. We start with the Hamiltonian constraint (3.89):

1

3
〈θ2〉D = 8πG〈ρ〉D −

1

2
〈(3)R〉D +

1

2
〈σµνσµν〉D . (3.97)

By defining the backreaction,

QD(t) ≡ 2

3
(〈θ2〉D − 〈θ〉2D)− 〈σµνσµν〉D , (3.98)

and using the relation between the average expansion rate and the scale factor (3.96), Eq.
(3.97) simplifies to:

3

(
ȧD
aD

)2

= 8πG〈ρ〉D −
1

2
〈(3)R〉D −

1

2
QD . (3.99)

Eq. (3.99) is a generalization of the Friedmann equation (cf. Eq. (2.18)).

2. Next we consider the average of the Raychaudhuri equation (3.90):

〈∂tθ〉D = −2〈σ2〉D −
1

3
〈θ2〉D − 4πG〈ρ〉D . (3.100)

Commuting the time derivative in Eq. (3.100) according to the relation (3.94) yields

∂t〈θ〉D = −〈σµνσµν〉D +
2

3
〈θ2〉D − 〈θ〉2D − 4πG〈ρ〉D . (3.101)

With the help of the backreaction (3.98), Eq. (3.101) can be written as

∂t〈θ〉D = QD −
1

3
〈θ〉2D − 4πG〈ρ〉D . (3.102)

Furthermore, using Eq. (3.96) yields the Buchert acceleration equation:

3
äD
aD

= −4πG〈ρ〉D +QD . (3.103)

3. Finally, the average of the third scalar equation (3.91) reads as

〈∂tρ〉D + 〈θρ〉D = 0 . (3.104)

With the help of Eqs. (3.94) and (3.96), we obtain a continuity equation for the averages:

∂t〈ρ〉D + 3
ȧD
aD
〈ρ〉D = 0 . (3.105)
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Let us collect together the Buchert equations (3.99), (3.103) and (3.105):

3
äD(t)

aD(t)
= −4πG〈ρ〉D(t) +QD(t) (3.106)

3

(
ȧD(t)

aD(t)

)2

= 8πG〈ρ〉D(t)− 1

2
〈(3)R〉D(t)− 1

2
QD(t) (3.107)

∂t〈ρ〉D(t) = −3
ȧD(t)

aD(t)
〈ρ〉D(t) . (3.108)

The difference between the Buchert acceleration equation (3.106) and its dust FRW counterpart,
Eq. (2.19) with p = 0, is given by the backreaction QD(t), defned in Eq. (3.98).

In the context of cosmological averaging, with the overall dynamics of the universe given by Eqs.
(3.106), (3.107) and (3.108), one can make the approximation that the average metric takes the
form:

ds2 = −dt2 + a2
D(t)

[
dr2

1− kD(t)r2
+ r2(dθ2 + sin2 θdϕ2)

]
, (3.109)

which makes it possible to calculate estimates for the observable properties of light; see e.g.
Refs. [12, 104]. Although, on spatial slices, the form of the metric (3.109) is the same as in the
homogeneous and isotropic FRW universe, the time evolution of the scale factor aD(t) and the
spatial curvature kD(t) are in general different from the FRW case, where a(t) is determined by
the Friedmann equation (2.18) and k = constant.

In addition to the backreaction, compared to the corresponding FRW equations, there is also
another difference in the averaged equations (3.106) – (3.108): the explicit dependence on the
smoothing scale D. We have studied the implications of the scale-dependence on the observations
in Paper 1; see also Sect. 4.2.
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Chapter 4

Effects of nonlinear cosmic structures

4.1 Backreaction

In Sect. 3.3, we discussed averaging in cosmology. By considering a general irrotational dust
universe, we derived a set of averaged scalar equations, the Buchert equations (3.106) – (3.108),
describing the average evolution of an inhomogeneous universe. These equations differ from the
conventional FRW equations by the backreaction term (3.98) and by the dependence on the
averaging scale. An important implication is that the averages of the inhomogeneous quantities
do not evolve in time like the corresponding homogeneous quantities.

The backreaction (3.98) is given by the (positive) variance of the expansion rate minus the
(positive) average shear. A commonly presented conjecture is that the backreaction of inhomo-
geneities could cause the acceleration of the average expansion and could thus account for the
cosmological observations [12, 19, 105, 106]. Indeed, from Eq. (3.106) it is obvious that, regard-
less of the local deceleration at each point as is manifest from Eq. (3.90), with large enough
backreaction QD(t) > 4πG〈ρ〉D(t), the global expansion can accelerate without an exotic fluid
with negative pressure or a modification of gravity. Physically, the global acceleration is possible
because the volume can become dominated by fast-expanding regions [107]. This is realized with
large enough variance of the expansion rate, if the counterbalancing average shear is not too
large. The variance becomes large when contracting (θ < 0) and expanding (θ > 0) regions co-
exist. This is exactly what happens in the late universe with structures forming via gravitational
collapse [97,108].

By partitioning the averaging domain D into a set of N mutually disjoint subregions Di that
satisfy

⋃N
i=1Di = D, the total backreaction (3.98) can be written as

QD =

N∑
i=1

fiQDi +
1

3

N∑
i=1

N∑
j=1

fifj
(
〈θ〉Di − 〈θ〉Dj

)2
, (4.1)

where fi is the volume fraction of the subregion Di, fi ≡ Vol(Di)/Vol(D). The expression (4.1)
makes it explicit that the backreaction is an intensive, rather than extensive, quantity.

Although the cosmological backreaction is conceptually well-understood and the mechanism by
which it could act is physically plausible, the complexity of the structure formation at the
nonlinear level means its magnitude in the real universe is difficult to evaluate and is hence
widely debated [37, 109]. Indeed, there have been contradictory outcomes in the literature:
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some studies have found a significant amount of backreaction [19, 21, 107, 110–112], even to the
extent of accounting for the observed cosmic acceleration entirely without additional effects
[19, 107, 112], while others suggest backreaction to be insignificant [113–119]. As many of the
current standard values for the cosmological parameters – not just the cosmological constant –
rely on the hypothesis of negligible backreaction, its evaluation is a very important task [120,121].

A significant amount of backreaction is usually obtained via the simplification of partially or fully
neglecting the shear on the interface between regions of different expansion rates, i.e. ignoring
the matching conditions [19, 107, 111, 112], whereas in perturbative studies where the shear is
present the backreaction is found to be small [122–124]. This suggests that the magnitude of the
shear must be evaluated more carefully; we have elaborated this issue in Papers 3 and 4 within
exact general relativity, see Sect. 4.3. Also the topic of Paper 2 is closely related to this; in Paper
2, we have shed light on the issue of the adequacy of the perturbative approach by calculating
how perturbations affect the luminosity distance within the FRW model, see Sect. 4.3.3.

Besides the backreaction, there is also the explicit dependence of the averaged quantities on the
averaging scale that makes the Buchert equations differ from the Friedmann equations. We have
analyzed this issue in Paper 1 and discuss it in Sect. 4.2.

4.1.1 Averaging LTB models

We have studied averaging using the LTB models introduced in Sect. 3.2, so let us start by
calculating some useful LTB averages. For simplicity, we usually do not explicitly write the
subscript D to denote the averaging domain in the averages.

With the help of Eqs. (3.39) and (3.42), the backreaction (3.98) of the LTB solution simplifies
to

Q(t) = 2

〈
Ȧ2(r, t)

A2(r, t)

〉
+ 4

〈
Ȧ(r, t)Ȧ′(r, t)

A(r, t)A′(r, t)

〉
− 2

3

〈
2
Ȧ(r, t)

A(r, t)
+
Ȧ′(r, t)

A′(r, t)

〉2

, (4.2)

which, when evaluated on the t = t0 hypersurface using Eqs. (3.40), (3.43) and (3.44), reduces
to

Q(t0) = 6
(〈
H2

0

〉
− 〈H0〉2

)
+ 4

(〈
rH ′0H0

〉
−
〈
rH ′0

〉
〈H0〉

)
− 2

3

〈
rH ′0

〉2
, (4.3)

where H0 ≡ H0(r).

The above result (4.2) is the general expression for the backreaction in LTB models, but let us
calculate it explicitly for the flat case k(r) = 0. The integration measure (3.46) now reads as√

det[gij ]d
3x = A′A2 sin θdrdθdϕ . (4.4)

For symmetry and simplicity, we only consider averages over a spherical domain of radius R
centered at the origin. From Eqs. (3.39) and (3.42) we have the following total derivatives:

2

3
θ2 − σ2 = 2

Ȧ2

A2
+ 4

ȦȦ′

AA′
=

2

A2A′
∂

∂r

(
Ȧ2A

)
, (4.5)

θ = 2
Ȧ

A
+
Ȧ′

A′
=

1

A2A′
∂

∂r

(
ȦA2

)
. (4.6)
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Using the definition of the average (3.62), we thus obtain〈2

3
θ2 − σ2

〉
=

3

A3
2Ȧ2A = 6

Ȧ2(R, t)

A2(R, t)
(4.7)

and
2

3
〈θ〉2 =

2

3

(
3

A3
A2Ȧ

)2

= 6
Ȧ2(R, t)

A2(R, t)
, (4.8)

so the backreaction (3.98) is

Q =
2

3

(
〈θ2〉 − 〈θ〉2

)
− 〈σ2〉 =

〈2

3
θ2 − σ2

〉
− 2

3
〈θ〉2 = 0 . (4.9)

The backreaction thus vanishes identically for the flat matter-dominated LTB model over a
spherical domain (though not for domains of arbitrary shape).

As the spatial metric (3.47) reduces to the flat Euclidean form on a t = const. hypersurface,
the Ricci scalar (3.36) vanishes as well and hence we have 〈(3)R〉 = 0 in Eq. (3.107) for the flat
matter-dominated LTB model. Note also that with the choice (3.25), the coordinate distances
thus correspond to proper distances on the t = t0 hypersurfaces.

The average of the expansion scalar (3.39) yields the following relation between the average
Hubble function H(t), defined in Eq. (3.96), and the LTB Hubble function H(r, t) in the flat
LTB model:

H(t) =
1

3
〈θ〉 =

A2Ȧ

3

3

A3
=
Ȧ(R, t)

A(R, t)
= H(R, t) . (4.10)

4.2 Scale dependence in the Buchert averaging

One criticism towards the Buchert averaging method has been that, with the averaging done over
a single domain, it would not be able to capture the effects of possible large scale inhomogeneities
[19, 20]. Indeed, although the major part of the universe appears to be taken up by voids of
size 10h−1 − 100h−1 Mpc, the observations seem to indicate the existence of large voids and
superclusters, see e.g. Refs. [53, 125, 126]. In Paper 1, a generalization to the Buchert method
was presented in the form of utilizing a scale-dependent averaging to study the capability of
taking into account inhomogeneities on larger scales as well. This issue had not been examined
carefully before, though some ideas of multiple averaging scales existed in the literature [12,104].

Physically, the use of a scale-dependent averaging domain in calculating the observable distance
measures (2.36) can be justified by the fact that as the distance the observed light travels depends
on how far the object is, it would be reasonable to average over the proper distance of the objects
R(z) for each redshift z instead of using a fixed domain R. To test the possible effects of the
scale-dependent averaging on the averaged observable quantities, we used the flat LTB model,
introduced in Sect. 3.2.1, as a testing ground. This model is particularly useful in distinguishing
the effect, as both the backreaction Q and the spatial curvature scalar (3)R vanish identically
(for spherical integration domains R) as noted in Sect. 4.1.1 and therefore the only difference
from the homogeneous and flat matter-dominated FRW equations for the average scale factor
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aR(t) and the average matter density 〈ρ〉R is the scale dependence of the averaged quantities:

äR
aR

= −4πG

3
〈ρ〉R (4.11)(

ȧR
aR

)2

=
8πG

3
〈ρ〉R (4.12)

∂

∂t
〈ρ〉R = −3

ȧR
aR
〈ρ〉R , (4.13)

where R denotes a spherical integration domain.

Solving Eqs. (4.11), (4.12) and (4.13) gives the Friedmann solution, aR(t) = (t/t0(R))2/3, with
scale-dependent age of the universe t0(R). Thus, the template metric (3.109) reduces to

ds2 = −dt2 + (t/t0(R))4/3 [dr2 + r2(dθ2 + sin2 θdϕ2)
]
. (4.14)

The observable distance measures can thus be directly obtained from the corresponding FRW
results. Utilizing the fact that the RW metric is just a special case of the LTB metric in the
limit A(r, t)→ a(t)r and k(r)→ kr2 together with Eqs. (2.33), (3.58) and (3.59), we obtain the
proper distance of the flat FRW model

r(z) =
2

H0

(
1− 1√

1 + z

)
. (4.15)

Using Eqs. (3.58) and (4.15), the distance-redshift relations (3.60) and (3.61) thus become

dA(z) = a(t(z))r(z) =
2

H0

1

(1 + z)

(
1− 1√

1 + z

)
(4.16)

dL(z) = (1 + z)2a(t(z))r(z) =
2

H0
(1 + z)

(
1− 1√

1 + z

)
. (4.17)

From Eqs. (4.10) and (4.15), we obtain for the averaged distance

r̄(z) =
2

HR(t0)

(
1− 1√

1 + z

)
=

2

H0(R)

(
1− 1√

1 + z

)
, (4.18)

so that the averaged distance-redshift relations can be written as:

d̄A(z) = aR(t̄(z))r̄(z) =
2H−1

0 (R(z))

(1 + z)

(
1− 1√

1 + z

)
(4.19)

d̄L(z) = (1 + z)2aR(t̄(z))r̄(z) = 2H−1
0 (R(z))(1 + z)

(
1− 1√

1 + z

)
. (4.20)

Note that instead of a single scale R, we have allowed for a running averaging scale R(z) in Eqs.
(4.19) and (4.20). In this case, the averaged equations (4.11), (4.12) and (4.13) hold true for
each scale R(z) separately. In practice, this means that we have a different FRW model for each
redshift.

Using both a single scale R(z) = const. ≡ R and a redshift dependent scale R(z), we examined
the deviation of Eqs. (4.19) and (4.20) from their exact LTB counterparts (3.60) and (3.61). Note
that averaging over a single scale is equivalent to using the perfectly homogeneous EdS model;
in that case, the freedom to choose the averaging scale R only corresponds to fixing the value of
the effective Hubble constant H0(R) in Eqs. (4.19) and (4.20):
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• A single averaging scale R − Single scale

In this case, the observables are determined by Eqs. (4.19) and (4.20) with R(z) =
constant ≡ R:

d̄L(z) = 2H−1
0 (R) (1 + z)

(
1− 1√

1 + z

)
. (4.21)

When considering a model that fits the supernova observations (see Sect. 4.2.1) the averag-
ing scale R was taken to be the present-day physical distance to the object with the highest
redshift in the supernova sample, R = rLTB(zmax), numerically computed from Eqs. (3.58)
and (3.59) with the scale function from Eq. (3.27). For periodic inhomogeneities in Sect.
4.2.2, the scale was chosen to be R = 2πr0, where r0 is the wavelength of the inhomo-
geneities.

There are two conceptual steps in coarse graining needed to calculate the observables [104].
Firstly, the step from the exact Einstein equations to the Buchert equations, and secondly,
the step from the exact metric (3.47) to the average metric (4.14). In order to quantify the
approximation in the latter step, we considered the following two cases separately – the case in
which both the field equations and the metric have been averaged, and the case where only the
field equations have been averaged, but the exact metric is used to determine the geodesics:

• R(z) = r̄(z) − Running scale with averaged geodesics

In this case, the running averaging scale R(z) was taken to be the present-day physical
distance to each redshift, as determined by the averaged geodesics (4.18), in which R =
rLTB(zmax) or R = 2πr0. Choosing again R = r̄(z) in Eq. (4.18) would lead to the iterative
use of Eq. (4.18), perhaps ultimately converging to rLTB(z) and making it no different
from the case of exact geodesics. Although not used here, this could be a practical way
of computing the distance in more complex models where the exact result is unattainable.
The observables are determined by

d̄L(z) = 2H−1
0

(
2H−1

0 (R)

(
1− 1√

1 + z

))
(1 + z)

(
1− 1√

1 + z

)
. (4.22)

• R(z) = rLTB(z) − Running scale with exact geodesics

Here the running averaging scale R(z) was taken to be the present-day physical distance to
each redshift, as determined by the geodesics of the exact metric, Eqs. (3.58) and (3.59),
yielding for the observables:

d̄L(z) = 2H−1
0 (rLTB(z)) (1 + z)

(
1− 1√

1 + z

)
. (4.23)

In order to make comparison between the coarse-grained observables of Eqs. (4.21), (4.22) and
(4.23) and the exact expressions (3.60) and (3.61), we first considered low redshifts analytically
by Taylor expanding the observables. The advantage in using the expansions is that as the
LTB function H0(r) can be left unspecified, the comparison is independent of the profile. The
superiority of a running scale versus a single scale for generic inhomogeneity profiles was explicit
in the expansions and we demonstrated the improvement in accuracy up to redshifts z ∼ 0.2
also by testing the expansions numerically for physically motivated inhomogeneity profiles H0(r).
Furthermore, we performed direct numerical comparisons using two different LTB profiles H0(r):
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a model fitting the supernova observations presented in Ref. [20], that gives a good fit to the
Riess et. al. gold sample of 157 supernovae [65], and a periodic inhomogeneity profile representing
a toy model for structures. Let us review the outcomes of the two models in Sects. 4.2.1 and
4.2.2.

4.2.1 Acceleration without backreaction

The expansion of the dust dominated flat LTB universe can have neither local nor average
acceleration by virtue of Eq. (4.9), but nevertheless can, as shown e.g. in Sect. 3.2 of Ref. [20],
fit the supernova observations. Thus, from the observational point of view, the model can have
effective acceleration or acceleration along our line of sight. Since the backreaction vanishes in
this model, the only possibility to account for the effect within the Buchert averaging formalism
seems to be the running smoothing scale.

The boundary condition function of this model is given by

H0(r) = H + ∆He−r/r0 , (4.24)

where the parameters have the values H + ∆H = 65.5 km/s/Mpc, ∆H = 16.8 km/s/Mpc and
r0 = 1400 Mpc.

The relative deviations (d̄A(z)− dA(z))/dA(z) are displayed in Figs. 4.1 and 4.2, where dA(z) is
the exact result of Eq. (3.60) and d̄A(z) stands for the averaged expressions (4.21), (4.22), (4.23).
Due to the general relation (2.36), the figures 4.1 and 4.2 represent the relative deviations of the
luminosity distance as well.

As an additional measure of the deviation, we performed the χ2 analysis to the Riess et. al.
supernova data. The χ2 (see e.g. Ref. [127]) is given by

χ2 ≡ 1

157

157∑
n=1

(
dobs
L (zn)− dL(zn)

σn

)2

, (4.25)

where σn is the estimated error of the measured luminosity distance dobs
L (zn) to a source with

redshift zn. The χ2 tells the goodness of the fit: the smaller the χ2, the better the fit. Indeed,
the result of this analysis confirms the huge deviation of the single scale from the exact result
(χ2 = 4.35 versus χ2 = 1.12), whereas the running scale gives an excellent fit χ2 = 1.11, which
is within one percent of the correct result χ2 = 1.12.

However, as is evident from Fig. 4.2, also the accuracy of the running scale starts to fail when
going beyond the supernova fits to higher redshifts. Indeed, Fig. 4.2 reveals that at z & 2 the
running scale falls short of the O(1%) accuracy compared to the exact observables. There is
a plausible physical explanation for this: the inhomogeneities in the employed LTB model are
decaying modes, and thus more important at higher redshifts and cannot be encapsulated in the
present-day spatial averages. One can still argue that in a more realistic model the problem would
be alleviated, since the inhomogeneities of the real universe are expected to grow forwards in
time. Overall, we suppose the averaging with the running scale would be conceivable at least up
to z ∼ 2; for higher redshifts, one could then use coarser approximations, such as the perturbed
FRW models.
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Figure 4.1: The relative deviation (d̄A(z)−dA(z))/dA(z) = (d̄L(z)−dL(z))/dL(z) of the averaged
angular diameter (or luminosity) distance d̄A(z) from the exact value dA(z) for the bubble model
of Sect. 4.2.1 in the following cases: Blue − a single averaging scale, chosen to be r LTB(1.755) =
4944 Mpc, where z = 1.755 is the redshift of the farthest supernova in the sample. Green −
the averaged physical distance r̄(z) as the running smoothing scale. Red − the exact physical
distance rLTB(z) as the running smoothing scale.
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Figure 4.2: Same as in Figure 4.1, but for larger redshift range, z = 0...10.
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4.2.2 Periodic inhomogeneities as a toy model for structure

Perhaps the closest representative of structure under the assumption of spherical symmetry is
achieved with a periodic boundary condition function H0(r) [128]. Hence, we considered a profile

H0(r) = H + ∆H sin r/r0 , (4.26)

where the valuesH = 65.5 km/s/Mpc, ∆H = 1.64 km/s/Mpc and r0 = 95 Mpc have been chosen
to make the plots as illustrative as possible. We did not consider more intense inhomogeneities in
order to keep the relation rLTB(z) single-valued up to the redshift z = 1. The relative deviations
(d̄A(z)− dA(z))/dA(z) calculated using this profile are shown in Fig. 4.3.

4.2.3 Comments on the running scale averaging

Our studies of the scale dependence in the Buchert averaging method, using the flat LTB model
as a testing ground, suggest that a single averaging scale R gives too coarse predictions for the
observable distance-redshift relations d(z) an exact LTB observer would make. Instead, using
a redshift dependent scale R(z), where R(z) is the distance of the objects for each redshift z,
improves the accuracy to O(1%) precision at z < 2 in the averaged distance measures of Eqs.
(4.22) and (4.23) as compared to the exact expression of Eq. (3.61).

The failure of the single averaging scale is most evident in Fig. 4.3: even though the model of
Sect. 4.2.2 with periodic inhomogeneities is homogeneous on large scales, the single averaging
scale still leads to unwanted deviations. Whether it is an artefact of the spherical symmetry, with
light inevitably propagating through all the layers of structure, or a more general phenomenon,
cannot be resolved within the employed LTB models. Altogether, the results of Paper 1 confirm
the conclusion that averaging over a single scale gives a too coarse-grained description at least for
the flat LTB universe. The inadequacy of the averaging procedure to account for the observations
in the LTB universe was already suggested in Ref. [20], but the results of Paper 1 bring out the
fact that the conclusion is valid only under the assumption of a single smoothing scale.

What comes to the running scale case, there are only minor deviations in the observables between
the use of the averaged and the exact geodesics, though the exact physical distance evidently
still gives the most accurate approximation. Anyway, due to the good congruence of the results
between the averaged and the exact geodesics, the feasibility becomes the deciding factor. Indeed,
in more realistic models of the universe, the exact geodesics are beyond computation. Overall,
perhaps the best solution in practice is to use the averaged geodesics and, if needed, use Eq.
(4.18) iteratively.

Another important point to note is that when considering the model that fits the supernova
observations, see Sect. 4.2.1, we found that the running smoothing scale can account for the
apparent acceleration even without backreaction. Consequently, it could be as important factor
as the backreaction in the Buchert averaging formalism, especially when considering large scale
inhomogeneities where the single-scale Buchert method fails. Although considered merely under
the assumption of spherical symmetry, we expect the running scale to show its full advantage
only when applied to more irregular large scale inhomogeneities, such as the observed large voids.
In addition to its computational simplicity, a virtue of the method is that it provides a unified
scheme to take into account both the global backreaction and the local deviations from the
averages within the same formalism.
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Figure 4.3: The relative deviation (d̄A(z)−dA(z))/dA(z) = (d̄L(z)−dL(z))/dL(z) of the averaged
angular diameter (or luminosity) distance d̄A(z) from the exact value dA(z) for the model of Sect.
4.2.2 in the following cases: Blue − a single averaging scale, chosen to be one oscillation period
2πr0 = 598 Mpc. Green − the averaged physical distance r̄(z) as the running smoothing scale.
Red − the exact physical distance rLTB(z) as the running smoothing scale.
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4.3 The role of the shear

In this section, we discuss the shear, which may – as we have exemplified in Papers 3 and 4 –
play an important role in the dynamics of the nonlinear structures, although usually assumed to
be negligible in the nonperturbative estimates for the backreaction [19,107,111,112]. Note that
we have only compared the shear in different models at fixed times, so the question of its explicit
time evolution has not been considered here.

4.3.1 A void-wall pair: the disjoint FRW approximation

As the (observable) universe is made of a network of voids surrounded by walls, a simple way
to estimate the backreaction for this kind of a configuration is to consider two disjoint FRW
solutions: the voids represented by the Milne solution Ω = 0

a = a0

(
t

t0

)
(4.27)

θv = 3H(t) =
3

t
, (4.28)

and the walls represented by the EdS solution Ω = 1

a = a0

(
t

t0

)2/3

(4.29)

θv = 3H(t) =
2

t
, (4.30)

where we have used the Friedmann equation (2.33) and the definition of the expansion scalar
(3.75). As in the FRW models the shear is zero by construction, the backreaction (3.98) is thus
just given by the variance

QFRW =
2

3

(
〈θ2〉 − 〈θ〉2

)
, (4.31)

where, due to the homogeneity of the voids and walls, the volume integrals reduce to the sums:

〈θ2〉 =
Vwθ

2
w + Vvθ

2
v

Vw + Vv
(4.32)

and
〈θ〉 =

Vwθw + Vvθv
Vw + Vv

. (4.33)

By inserting Eqs. (4.28) and (4.30) in Eqs. (4.32) and (4.33), the backreaction (4.31) becomes

QFRW =
2

3
t−2
0 fv(1− fv) , (4.34)

where fv is the void volume fraction:

fv ≡
Vv

Vv + Vw
. (4.35)

Since 0 6 fv 6 1, Eq. (4.34) implies that the maximum backreaction for the configuration is
obtained with a void fraction fv = 1/2, regardless of the void size, yielding the value

Qmax
FRW =

1

6
t−2
0 . (4.36)
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Let us next calculate the void volume Vv. With Ω = 0 and t = t0, Eq. (2.27) gives k = −a2
0H

2
0 ,

so by performing the coordinate transformation χ = a0H0r, the RW metric (2.13) becomes

ds2 = −dt2 +

(
a(t)

a0H0

)2 [ dχ2

1 + χ2
+ χ2

(
dθ2 + sin2 θdϕ2

)]
. (4.37)

The volume element for the metric (4.37) reads as√
[detgij ]dχdθdϕ =

(
a(t)

a0H0

)3 χ2√
1 + χ2

sin θdχdθdϕ , (4.38)

from which the integration over the void 0 6 χ 6 a0H0r0 on the t = t0 hypersurface yields

Vv = 2πt30

(r0

t0

)√
1 +

(
r0

t0

)2

− arsinh

(
r0

t0

) , (4.39)

where we have used Eq. (4.28) to substitute H0 = t−1
0 and the freedom to set a0 = 1. For

realistic-sized voids, r0 � t0, expanding Eq. (4.39) gives

Vv =
4

3
πr3

0

[
1 +O

(
r0

t0

)2
]
' 4

3
πr3

0 . (4.40)

For the flat wall, the volume is simply

Vw =
4

3
π
(
R3 − r3

0

)
. (4.41)

By inserting Eqs. (4.40) and (4.41) in (4.34), the backreaction for small voids r0 � t0 becomes

QFRW =
2

3
t−2
0

(r0

R

)3
[
1−

(r0

R

)3
]
, (4.42)

yielding the maximum backreaction of Eq. (4.36) when the void volume fraction is R = 21/3r0.

However, this disjoint FRW approximation might give too coarse estimates for the backreaction:
in particular, considering that on physical grounds, shear is expected to occur on the boundaries
between regions of different expansion rates, what would be needed is an exact solution to match
voids and walls together. We have studied this issue in Papers 3 and 4 using the exact LTB
solution discussed in Sect. 3.2. Whereas in Paper 3 we only considered empty voids (with Ωv ' 0
and Ht ' 1) matched together with flat walls (with Ωw ' 1 and Ht ' 2/3), together with the
condition that the void size r0 compared to the horizon size t0 is small r0 � t0, in Paper 4 we
generalized the results to arbitrary void-wall pairs within 0 ≤ Ωv ≤ Ωw ≤ 1 and also relaxed
the assumption of small voids. In Paper 4, we also considered a network of voids with different
densities Ωv and radii r0, thus giving rise to relative variance of the expansion rate between the
different void-wall pairs. To directly address the role of the shear, we then compared our results
to the disjoint FRW case. Let us next discuss the results of the Papers.
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4.3.2 Dependence on the void size and the transition sharpness

In Paper 3, we studied the behaviour of the shear and the backreaction within an LTB model
consisting of two different regions: a void where Ω0 ' 0 and a wall where Ω0 ' 1, with a smooth
transition in between. For this we chose the Ω0(r) profile as follows:

Ω0(r) =
(

1− e−(r/r0)n
)2

, (4.43)

where r0 determines the size of the void and n the sharpness of the spatial transition between
the void and the wall. By virtue of the (nearly) simultaneous Big Bang condition (3.38), Eq.
(4.43) implies

H0(r) =
t−1
0

3

(
2 + e−(r/r0)n

)
, (4.44)

which tells us that the void expands faster than the wall by a factor of 3/2.

Using LTB models with the void-wall profile (4.43), many voids can be straightforwardly joined
together to construct a model for a network of voids. This is because LTB solutions with the
profile (4.43) are, up to terms of order e−(R/r0)n , Ω0 = 1 FRW dust solutions outside the void at
R > r0, all with t0 as the age of the universe, implying that the different LTB solutions naturally
join together in the wall region.

As the cosmological observations suggest that voids in the cosmic matter distribution satisfy
r0 � t0 [51], in Paper 3 we limited ourselves to consider only subhorizon voids with r0 � t0.
With the conditions (3.25) and (3.38), the curvature function k(r) of Eq. (3.21) thus becomes

k(r) = −
(
r

t0

)2(
1− 1

3

√
Ω0(r)

)2

(1− Ω0(r))︸ ︷︷ ︸
≤1

. (4.45)

As the function (4.43) rapidly approaches the value Ω0 = 1 outside the void, we have

max (|k(r)|) <
(
r0

t0

)2

� 1 . (4.46)

Thus, k(r) satisfies |k(r)| � 1 ∀ r. Note, however, that the condition |k(r)| � 1 does not imply
that the spatial curvature (3.36) is small in the void.

The advantage of k(r) being small is that calculations become simpler as the part of the LTB
volume element (3.46) containing k(r) can be expanded as follows

1√
1− k(r)

= 1 +
1

2
k(r) +O(k2(r)) . (4.47)

Furthermore, Eqs. (3.13), (3.25) and (4.46) imply that the coordinate r closely measures the
proper distance on the spatial hypersurface defined by t = t0.

Given the LTB volume element (3.46), we can expand Eq. (3.62) for small k(r) using the result
(4.47) to obtain:

〈S〉 = 〈S〉0 +
1

2
(〈Sk〉0 − 〈S〉0〈k〉0) +O(k2) , (4.48)

where the subscript 0 now refers to averages where k(r) = 0 in the integration measure, that is√
[detgij ]0 ≡ A′(r, t)A2(r, t) sin θ.
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When applying the expansion (4.48) to the shear

〈σ2〉 = 〈σ2〉0 +
1

2

(
〈σ2k〉0 − 〈σ2〉0〈k〉0

)
︸ ︷︷ ︸

≡〈σ2〉1

, (4.49)

we obtained the following analytic expression for the average shear in the zeroth order of k(r):

〈σ2〉0 =
t−2
0

6

(r0

R

)3
(

1 +
3

n

)
Γ

(
3

n

)
2−3/n , (4.50)

where Γ stands for Euler’s gamma function. We also calculated the first-order term and found
it is suppressed by the overall factor (r0/t0)2 relative to the leading order term (4.50). Since the
shear falls off rapidly in the wall outside the void, the following approximation has been used
when calculating Eq. (4.50):

ˆ R

0
σ2(r, t0)r2 dr '

ˆ ∞
0

σ2(r, t0)r2 dr , (4.51)

where R > r0 is the (coordinate) radius of the spherical averaging region.

As long as the volume-ratio (r0/R)3 is kept fixed, the average shear (4.50) for subhorizon size
voids is independent of the size of the void and thus also gives the average shear for the network
of subhorizon size voids where each void can have a different value of r0. This is because, as we
noted earlier, the LTB void-wall profiles (4.43) naturally match together outside the voids.

In the step function limit n→∞, Eq. (4.50) diverges with the following asymptotics:

〈σ2(r, t0)〉 ∼ 1

18
t−2
0

(r0

R

)3
n , (4.52)

telling that the sharper the transition between the void and the wall, the higher the value of the
average shear. This can be traced back to the thin infinite compensating shell that forms in the
limit n→∞.

Let us consider the backreaction (3.98) next. As shown in Eq. (4.9), the backreaction vanishes
in the flat LTB model, i.e. in the zeroth order of k(r). This implies that the variance of the
expansion rate must be equal to the average shear (4.50) to the leading order. Therefore, we
must go beyond the zeroth order to obtain the leading order term of the backreaction.

Using the result (4.48), the first-order term reads as

Q = 3H2
0 (R)〈k〉0 +

〈(θ2

3
− σ2

2

)
k
〉

0
− 2H0(R)〈θk〉0 , (4.53)

where we have written 〈θ〉0 in terms of H0(R) using the result (4.8). Using the approximation
(4.51) for the integrals in Eq. (4.53) that contain k(r) as a common factor yields

Q =
1

9
t−2
0

(r0

R

)3
(
r0

t0

)2 1

n
Γ

(
5

n

){
8

9
· 3−5/n − 2

3
· 4−5/n +

2

3
· 5−5/n +

4

9
· 6−5/n+

+ e−2(R/r0)n
(
−8− 4 · 2−5/n + 2 · 3−5/n + 4−5/n

)
+

+ e−(R/r0)n
(

8

3
· 2−5/n +

32

9
· 3−5/n − 7

3
· 4−5/n − 4

3
· 5−5/n

)}
. (4.54)
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In the limit n→∞, Eq. (4.54) gives

Q =
4

135
t−2
0

(r0

R

)3
(
r0

t0

)2

, (4.55)

showing that although both the average shear and the variance of the expansion rate diverge
as n → ∞, the backreaction, given by their difference, has a finite limit. The result (4.54) also
shows that the dependence of the backreaction on the sharpness of the transition between the
void and the wall is weak, so that the qualitative behaviour is the same for all n. In the step
function limit, when the void is exactly compensated – that is, the solution becomes exactly
FRW outside the void – the result (4.55) is also valid for a network of voids as long as the ratios
r0/R and r0/t0 are kept fixed.

We have numerically tested the effect of replacing the condition (3.38) with the exact simulta-
neous Big Bang condition (3.37) for different values of the parameters n and r0. Although not
significant, the relative error in the backreaction was found to be larger the smaller the value of
n, peaking at O(0.1) for small n. The decrease of the error with increasing n can be understood
as a consequence of the fact that the approximation (3.38) is exact at the extreme values Ω0 = 0
and Ω0 = 1 so, in the step function limit n → ∞ where Ω0(r) only takes these values, it does
not matter whether the exact condition (3.37) or the approximation (3.38) is used.

When comparing the LTB result (4.55) with R = 21/3r0 to the disjoint FRW result (4.36), we
obtain:

Q =
4

45

(
r0

t0

)2

QFRW . (4.56)

The result (4.56) demonstrates how important it can be to take into account the shear: for a
realistic-sized void with r0 = 0.01t0, the FRW approximation overestimates the backreaction by
the tremendous factor of 105. The suppressive factor (r0/t0)2 appears to be consistent with the
results from perturbative analysis in Refs. [129,130].

4.3.3 More general void-wall profiles and a network of different voids

Given the result (4.54) for the backreaction found in Paper 3 is qualitatively similar for all values
of n, i.e. the dependence of the backreaction on the transition sharpness is weak, in Paper 4 we
considered a more general LTB profile with a step function transition between voids and walls:

Ω0(r) =
(√

Ωv + (
√

Ωw −
√

Ωv)Θ(r − r0)
)2

, (4.57)

where Θ stands for the Heaviside step function and r0 determines the size of the void. Because
of the constraint (3.38), the density profile (4.57) implies the expansion profile

H0(r) =
t−1
0

3

(
3−

√
Ωv + (

√
Ωv −

√
Ωw)Θ(r − r0)

)
. (4.58)

In the case Ωv = 0 and Ωw = 1, the profile considered reduces to the step function limit n→∞ of
Eqs. (4.43) and (4.44) studied in Paper 3. To calculate the backreaction for the void-wall model
defined by Eqs. (4.57) and (4.58), we also need the first derivative of the expansion profile:

H ′0(r) = −1

3
t−1
0 (
√

Ωw −
√

Ωv)δ(r − r0) , (4.59)
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where δ stands for the Dirac delta function.

The advantage of describing the void-wall transition by a step function is that analytic calcula-
tions are possible. The result for the backreaction (4.3) with the profile (4.57) and (4.58) reads
as

Q = t−2
0

(
√

Ωw −
√

Ωv)2

v2

{
2

3
I0I1 +

4

9

[
(I0 + I1)B − I1A

]
ε3 − 2

27
A2ε6

}
, (4.60)

with the following definitions:

• The reduced dimensionless volume v:

v =

ˆ εx

0

y2dy√
1 + y2α(Θ)

, (4.61)

where ε ≡ r0/t0, x ≡ R/r0 > 1, Θ ≡ Θ(r − r0) and

α(Θ) ≡
(

1− 1

3

[√
Ωv + (

√
Ωw −

√
Ωv)Θ

])2(
1−

[√
Ωv + (

√
Ωw −

√
Ωv)Θ

]2
)
.

(4.62)

• The integral I:

I(µ, ν, α) ≡
ˆ ν

µ

y2dy√
1 + y2α

, (4.63)

which can be calculated analytically to yield

I(µ, ν, α) =
1

2α3/2

[
√
α(ν

√
1 + αν2 − µ

√
1 + αµ2) + ln

(√
αµ+

√
1 + αµ2

√
αν +

√
1 + αν2

)]
. (4.64)

For example the volume (4.61) can be written in terms of the function (4.63) as

v =

ˆ ε

0

y2dy√
1 + y2α(0)

+

ˆ εx

ε

y2dy√
1 + y2α(1)

= I(0, ε, α(0))︸ ︷︷ ︸
≡I0

+ I(ε, εx, α(1))︸ ︷︷ ︸
≡I1

, (4.65)

where α is defined in Eq. (4.62).

• The integrals A and B

A ≡
ˆ 1

0

dϑ√
1 + ε2α(ϑ)

(4.66)

B ≡
ˆ 1

0

ϑdϑ√
1 + ε2α(ϑ)

. (4.67)

The backreaction (4.60) can be calculated numerically or as an expansion in powers of ε or ε−1.

When considering small voids r0 � t0, the sixth order expansion of Eq. (4.60) for the values
Ωv = 0, Ωw = 1 and (r0/R)3 = 1/2 yields

Q = t−2
0

{
2

135

(
r0

t0

)2

− 137107

12247200

(
r0

t0

)4

+
33336241

3940536600

(
r0

t0

)6

−O
(
r0

t0

)8
}

. (4.68)
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We see that the first term agrees with the result of Paper 3 as given by Eq. (4.55). In case of small
voids r0 . 0.3 t0, the values Ωv = 0 and Ωw = 0.7 were found to maximize the backreaction,
however, the increase being only ∼ 10% relative to the case where Ωv = 0 and Ωw = 1.

By inspecting the power series (4.68), we found a very simple but accurate fitting formula for
the backreaction in terms of elementary functions, given by

Q =
2

135
t−2
0

(
r0

t0

)2 1

1 +
3

4

(
r0

t0

)2 . (4.69)

Testing the fitting formula (4.69) numerically shows that it is very accurate up to horizon sized
voids r0 ∼ t0 (for r0 < t0 we have |error| < 1%) and an excellent approximation even beyond. To
illustrate this, we have plotted the fitting formula (4.69) against the exact backreaction (4.60)
and the leading order term of the expansion (4.68) in Figure 4.4. The figure also shows that the
mere leading order term gives an accurate approximation for the backreaction even up to voids
of size r0 ∼ t0/3.

Figure 4.4: The backreaction as a function of r0/t0 for the profile (4.57) with Ωv = 0, Ωw = 1 and
(r0/R)3 = 1/2 calculated using the exact result (4.60) (red solid curve), the leading order term
of the expansion (4.68) (blue dash dotted curve) and the fitting formula (4.69) (black dashed
curve).

We also studied the behaviour of the backreaction for a network of subhorizon voids. Whereas
the first-order result (4.55) calculated in Paper 3 applies also to a network presuming all the
voids have the same size r0, in Paper 4 we used the general form (4.1) for the total backreaction
to calculate an upper limit for a network of voids with different sizes r0 and densities Ωv. In
order to do this, the following matching condition must be met: the different void-wall pairs
must have the same wall-density Ωw and the same age of the universe t0. This provides an exact
solution, because, outside the void at R > r0, the void-wall LTB profiles are identical to the
homogeneous Friedmann dust solution with Ωw as the density parameter and t0 as the age of
the universe and thus naturally match together.
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The total backreaction (4.1) consists of the volume-weighted average of the backreactions Qi
of the individual void-wall pairs i plus a sum over the relative variances of the expansion rates
between all the different pairs. The relative variance term makes the configuration particularly
interesting as it seems to offer a way to increase the variance of the expansion rate without having
to introduce any counterbalancing extra shear. However, the upper limit for the variance term
in the total backreaction (4.1) was found to be

1

3

N∑
i=1

N∑
j=1

fifj
(
〈θ〉Di − 〈θ〉Dj

)2 ≤ 10−3t−2
0

(
r0

t0

)4

, (4.70)

where r0 is the radius of the largest void in the network and we have assumed that the volume
fractions fi are constant fi ≡ f = 1/N . Eq. (4.70) shows that the relative variance term is at most
of the order (r0/t0)4 so the backreaction for a network of LTB voids with profile defined by Eqs.
(4.57) and (4.58) is essentially given just by the volume-weighted average of the backreactions of
the individual void-wall pairs and thus remains of order (r0/t0)2.

4.3.4 Comments on the shear studies

In Papers 3 and 4, we pinpointed the issue of small versus large cosmological backreaction to
the question of matching conditions: while the variance of the expansion rate alone can induce
significant backreaction as demonstrated by using the disjoint FRW approximation presented
in Sect. 4.3.1, the shear arising from matching together the regions with different expansion
rates seems to bring down the backreaction by at least five orders of magnitude for voids of the
observed size.

Apart from the profiles considered, the systematic study of the role of shear makes our approach
different from the previous studies on the backreaction in the LTB model which have focused on
finding profiles that exhibit acceleration of the average expansion [105,108,131–133], on general
properties of the backreaction [134–136] or on scale-dependence of the averages as analyzed in
Paper 1.

The void-wall profiles (4.43) and (4.57) have a compensating overdense peak in the physical
matter density ρ0(r) between the void and the wall regions. The peak is required to make the
wall (very close to) the FRW solution. One might thus ask whether this is the reason for the
suppressed backreaction. To address this issue, we also considered uncompensated profiles and
demonstrated that the suppression of the backreaction is not due to an overdense or collapsing
region between the void and the wall but truly an effect of the shear; our numerical computations
show that the dependence of the backreaction on r0 is Q ∝ r2

0 also for uncompensated voids.
However, extrapolating the result from a void-wall pair to the network of voids is harder for the
uncompensated voids than for the compensated ones. The reason is that, without the compen-
sating overdensity, the solution approaches RW metric slower: although the matter density is
constant outside the void (r > r0), the spatial curvature becomes (nearly) constant only much
further (r & 10r0) from the void. It thus appears that in order to match together uncompensated
voids in the simple fashion, the separation between the voids must be so large that only a few
voids fit inside the horizon. Therefore, more sophisticated junction conditions need to be applied
in joining together uncompensated voids to obtain a global void-fraction more consistent with
observations such as the ones quoted in Ref. [51].

The crucial question is whether the suppression of the backreaction due to the shear is a general
property of all realistic cosmological solutions of general relativity or just a special property of
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the matching in the considered particular solutions. This issue has to be addressed with solutions
more sophisticated than the LTB-based models employed here. The generalization would include
breaking the spherical symmetry, rotation (which has an opposite effect to shear) and a network
of uncompensated voids.

4.4 Perturbed FRW models

We have been studying backreaction that emerges from averaging the Einstein equation. The
backreaction is a manifestation of the nonlinearity of general relativity. In standard cosmology,
the growth of structure is described by linear perturbations around the FRW model. This stan-
dard cosmological perturbation theory [72] fails to describe structures at the full nonlinear level,
but is nevertheless prevalently considered to be a working description of the overall dynamics of
the universe, with dark energy included at late times.

However, it has been suggested in the literature that the linearly perturbed FRW model would
actually remain valid even for strongly nonlinear density perturbations, implying that the non-
linear effects of the structures on the average dynamics would be small [113–115, 122, 137–142].
The argument is that even in the regime when the density perturbation becomes large, the corre-
sponding metric perturbation φ in Eq. (4.94) in the Newtonian gauge would remain small. This
is the case e.g. in the solar system.

However, the argumentation is not free of problems; see Refs. [143,144] for discussion and further
references. Most importantly, it is not in general enough for the linear perturbation theory to
remain valid that φ would remain small when the density perturbation becomes large: the
observables are not calculated from the metric alone, but involve first and second derivatives of
the metric as well, which can become large when the density becomes nonlinear. In this case, the
linear equations as such are therefore no longer consistent. Indeed, in the standard perturbation
theory the assumption that the metric perturbation hµν of Eq. (4.82) and its first and second
derivatives ∂ρhµν and ∂ρ∂σhµν remain small implies that the density perturbation must be small
as well. In practice, in case the density perturbation is allowed to be large, one would thus need
to find a second-order correction to the perturbation equations. However, trying to find a second-
order correction is a very involved task: Directly expanding the equations to second order in φ is
inconsistent, unless the intrinsic second-order terms in the metric are included as well. Indeed,
the proper second-order calculation would be much more complicated, as the metric cannot be
written in the simple diagonal form of Eq. (4.94) [145]. Altogether, as the second derivatives of
the metric perturbations have variations of order unity after structures become nonlinear, the
smallness of the metric perturbations alone is not a sufficient condition for the correction to the
average expansion to be small.

It is important to note that in addition to the effects on the average expansion rate, nonlinear
structures can affect light propagation also via other mechanisms, which may have to be consid-
ered separately. We have addressed the validity of the perturbed matter-dominated FRW model
in the context of light propagation in Paper 2, to be discussed in Sect. 4.4.2. Before that, let
us give a brief overview of the basics of the standard cosmological perturbation theory in Sect.
4.4.1.
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4.4.1 Standard cosmological perturbation theory and gauge transformations

In standard cosmology, the evolution of structures in the universe is described in terms of linear
(first-order) perturbation theory. The basic assumption is that although the structures evidently
become nonlinear, the large-scale distribution of nonlinear objects can be treated in terms of
linear theory. Furthermore, the effect of the perturbations on the observable distance measures
is considered to be negligible, as the perturbations are assumed to average out during the journey
of light over cosmological distances.

In this Section, we review the basic formalism of the cosmological perturbation theory with
emphasis on gauge transformations; for further details and analysis of the actual perturbation
equations, we refer the reader e.g. to [72,146] .

All the quantities are written as a sum of the background value, corresponding to the homoge-
neous and isotropic FRW model, and a perturbation, which is the deviation from the background
value. For example, the energy density is written as

ρ(t, xi) = ρ̄(t) + δρ(t, xi) , (4.71)

where the perturbation δρ(t, xi) is a first-order small. The linearized – that is, containing only
the zeroth order (background) and the first-order terms – Einstein equation then determines the
evolution of the perturbations.

In the standard cosmological perturbation theory [72, 146], the background spacetime is the
spatially flat FRW universe, represented by the metric (2.13) with k = 0. For convenience, we
introduce here the so-called conformal time, defined as

dη =
dt

a(t)
. (4.72)

The background metric ḡ thus reads as

ḡµνdxµdxν = a2(η)(−dη2 + dx2 + dy2 + dz2) = a2(η)ηµνdxµdxν , (4.73)

where ηµνdxµdxν is the Minkowski metric. As an example of the use of the conformal time
(4.72), consider the EdS case, where the Friedmann equation (2.33) yields a(t) = (t/t0)2/3 so
that H = 2/(3t). In conformal time, these become:

t =
η

3
(4.74)

a =

(
η

η0

)2

(4.75)

H ≡ ∂ηa

a
= aH =

2

η
. (4.76)

In terms of the redshift (2.32), we have from the Fridmann equation (2.33) that

H = H0(1 + z)3/2 , (4.77)

so that, by virtue of Eq. (4.76)
H = H0

√
1 + z . (4.78)
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Furthermore, the FRW limit A→ ar and k(r) = kr2 of the LTB results (3.58) and (3.59) yields

dt

dz
= −adr

dz
= − 1

H0(1 + z)5/2
, (4.79)

where we have used Eq. (4.77). In terms of the conformal time (4.72), we obtain

dη

dz
= −dr

dz
= − 1

H0(1 + z)3/2
, (4.80)

so that
∆η = r =

2

H0

(
1− 1√

1 + z

)
, (4.81)

for the EdS model.

The metric of the perturbed universe can be written as

gµν = ḡµν + δgµν = a2(ηµν + hµν) , (4.82)

where hµν and its first and second derivatives are assumed to be small to first order. The
perturbation hµν and the metric ηµν are not tensors in the perturbed spacetime. However,
raising and lowering the indices of h is defined through ηµν , for example:

hµν ≡ ηµαhαν . (4.83)

The usual decomposition of hµν is

[hµν ] ≡
[
−2A −Bi
−Bi −2Dδij + 2Eij

]
, (4.84)

so that the line-element for the metric (4.82) is

ds2 = a2(η)
{
−(1 + 2A)dη2 − 2Bidηdxi + [(1− 2D)δij + 2Eij ]dx

idxj
}
. (4.85)

The function A(η, xi) is called the lapse function, and Bi(η, xi) the shift vector.

In order to do operations such as summation and differentiation, we need a correspondence be-
tween the background spacetime and the perturbed spacetime: the point P̄ in the background
spacetime and the point P in the perturbed spacetime which have the same coordinate values,
are taken to correspond to each other. However, this correspondence is not unique; there exist
many possible coordinate systems in the perturbed spacetime that correspond to a given coor-
dinate system of the background spacetime. The choice among these coordinate systems in the
perturbed spacetime is called the gauge choice1.

We denote the coordinates of the background by xα, and the two different coordinate systems
in the perturbed spacetime by x̂α and x̃α. The correspondence is given by

x̃α(P̃ ) = x̂α(P̂ ) = xα(P̄ ) . (4.86)
1An alternative but equivalent way to think of the gauge is a diffeomorphic mapping between the perturbed

and the background spacetimes.
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A gauge transformation means a coordinate transformation between the coordinate systems in
the perturbed spacetime for a given point, for example:

x̃α(P̃ ) = x̂α(P̃ ) + ξα

x̃α(P̂ ) = x̂α(P̂ ) + ξα , (4.87)

where ξα is a first-order small.

Using Eqs. (4.86) and (4.87), the relation between the coordinates of the two different points in
a given coordinate system is given by

x̂α(P̃ ) = x̂α(P̂ )− ξα

x̃α(P̃ ) = x̃α(P̂ )− ξα . (4.88)

We would like to know how tensors transform in the gauge transformation (4.87). Whereas the
usual coordinate transformation rule of general relativity applies at a given point, now the aim
is to relate quantities at different points to each other. An implication of this is that scalars are
not invariant under gauge transformations. Consider a tensor Cαβ = C̄αβ + δCαβ as an example.
The perturbation δCαβ is not unique, it depends on the gauge and is defined via

δ̂Cαβ(xγ) ≡ Cα̂β̂(P̂ )− C̄αβ(P̄ )

δ̃Cαβ(xγ) ≡ Cα̃β̃(P̃ )− C̄αβ(P̄ ) . (4.89)

The usual GR transformation rule reads as

Cµ̃ν̃(P̃ ) =
∂x̂ρ

∂x̃µ
∂x̂σ

∂x̃ν
Cρ̂σ̂(P̃ ) =

(
δρµ − ξρµ

)
(δσν − ξσν)Cρ̂σ̂(P̃ ) , (4.90)

where we have used Eq. (4.87). We can write

Cα̂β̂(P̃ ) = Cα̂β̂(P̂ ) +
∂Cα̂β̂
∂x̂λ

[
x̂λ(P̃ )− x̂λ(P̂ )

]
= Cα̂β̂(P̂ )−

∂C̄αβ
∂xλ

(P̄ )ξλ , (4.91)

where we have used Eq. (4.88). Inserting Eq. (4.91) into Eq. (4.90) yields

Cα̂β̂(P̃ ) = Cα̂β̂(P̂ )− ξραC̄ρβ(P̄ )− ξσβC̄ασ(P̄ )−
∂C̄αβ
∂xλ

(P̄ )ξλ . (4.92)

Finally, subtracting the background value at C̄αβ(P̄ ) from Eq. (4.92), we obtain the gauge
transformation rule for the tensor perturbation δCαβ :

δ̃Cαβ = Cα̂β̂(P̃ )− C̄αβ(P̄ ) = δ̂Cαβ − ξραC̄ρβ − ξσβC̄ασ − C̄αβ,λξλ , (4.93)

where we have used the definitions (4.89).

There are only six physical degrees of freedom in the metric (4.82), which can be divided into
2 scalar, 2 vector and 2 tensor perturbations, referring to their transformation properties under
rotations in the background space. The scalar, vector and tensor parts do not interact in first-
order perturbation theory, and can thus be considered separately. Vector perturbations couple
to rotational velocity perturbations in the cosmic fluid and decay in time. Tensor perturbations
obey a wave equation corresponding to gravitational waves, and they are gauge-invariant. In
cosmology, scalar perturbations are the most important, as they couple to density and pressure
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perturbations and are thus responsible for the formation of structure in the universe from small
initial perturbations.

In standard cosmology, perhaps the most commonly used gauge is the Newtonian gauge (also
known as the conformal-Newtonian gauge or the longitudinal gauge) that contains only the scalar
perturbations. In this gauge, the line-element reads as

ds2 = a2(η)
[
−(1 + 2φ)dη2 + (1− 2ψ)δijdx

idxj
]
, (4.94)

where the function φ is often called the Newtonian potential, since in the Newtonian limit, it
becomes equal to the Newtonian potential perturbation, and ψ is called the Newtonian curvature
perturbation, because it determines the curvature of the 3-dimensional t = const. spatial sections,
which are flat in the unperturbed universe. In the case of perfect fluid, φ = ψ, so we have

ds2 = a2(η)
[
−(1 + 2ψ)dη2 + (1− 2ψ)δijdx

idxj
]
. (4.95)

4.4.2 Perturbations in the luminosity distance and the supernova data

To address the question of whether the effects of inhomogeneities are too large to be describable
within the perturbed FRW description, in Paper 2 we considered an Ω = 1 dust FRW model
with small spherically symmetric perturbations in the gravitational potential ψ. Whereas in
the standard cosmological perturbation theory the observable distance-redshift relations are cal-
culated from the background solution, we took into account the effect of the perturbations on
the luminosity distance to first order. To check the validity of the perturbative approach, the
idea was to deduce the perturbation profile by requiring that the perturbed luminosity distance
equals the luminosity distance inferred from the SNIa data – taken to be the standard ΛCDM
luminosity distance for simplicity.

The other aim of Paper 2 was to contrast the result with LTB models, which, under certain
conditions have been shown to be physically equivalent to perturbed FRW models [115,142,147].
Our study in Paper 2 addresses only the issue of whether the nonlinear effects of structures on
the light propagation can be captured within the perturbative framework, whereas the question
of other nonlinear effects such as the backreaction of the average expansion is not explicitly
considered. Of course, these effects might or might not be distinct in the real universe – a better
overall understanding would be needed.

We start by assuming that the spacetime can be described by a perturbed FRW model in the
Newtonian gauge, as given by the line-element (4.95). The effect of linear perturbations on the
luminosity distance has been calculated in the past [148–151]. We follow the notation of Bonvin,
Durrer and Gasparini [151], who find the luminosity distance dL(ηs, n̂) of a source at conformal
time ηs in a universe described by the metric (4.95) as given by [151]

dL(ηs, n̂)

1 + z
− ∆η = (vo · n̂− ψo) ∆η − 2∆ηv · n̂ + 2

ηoˆ

ηs

dλψ + 2∆η

ηoˆ

ηs

dλ n̂ · ∇ψ +

+ 2

ηoˆ

ηs

dλ

λˆ

ηs

dλ̄ n̂ · ∇ψ −
ηoˆ

ηs

dλ

λˆ

ηs

dλ̄
(
λ̄− ηs

) (
∇2ψ − n̂ · ∇ (n̂ · ∇ψ)

)
, (4.96)

where n̂ = −êr refers to the spatial direction of light propagating towards the observer, ηs is the
conformal time at emission, and ∆η ≡ ηo − ηs. The integrands of the above integrals are taken
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to depend on λ (λ̄) as well as on x = xo − n̂ (ηo − λ), i.e. they are evaluated on the past light
cone. The subscript o refers to the observer today.

Let kµ ≡ dxµ/dλ be the photon momentum, that is the light-like geodesic for the metric with
affine parameter λ. The geodesic equation reads as

dkµ

dλ
+ Γµρσk

ρkσ = 0 . (4.97)

For simplicity, let us consider the metric

ds2 = −(1 + 2ψ)dη2 + (1− 2ψ)δijdx
idxj . (4.98)

The Christoffel symbols (2.2) for the metric (4.98) are given in Eq. (A.2) of Appendix A. To
first order, the four-velocity uµ = dxµ/dτ of the cosmic fluid is given by

(uµ) = (1− ψ, vi) . (4.99)

Since the background metric of Eq. (4.98) is Minkowski, the background photon momentum
is constant and we may normalize the affine parameter such that k̄0 = 1 and k̄i = ni with∑3

i=1 n
ini = 1. As usual, the overbars denote background quantities. For the perturbed 4-

velocity of the photon we may still assume k0
s = 1. The geodesic equation (4.97) then yields for

k0 (to first order)

k0(λo)− k0(λs) = k0(λo)− 1 = −2

ˆ λo

λs

dλn̂ · ∇ψ , (4.100)

from which we also have

k0(λ) =
dη

dλ
= 1− 2

ˆ λ

λs

dλ′n̂ · ∇ψ , (4.101)

so that dλ = dη to first order. As we interpret the function ψ(η,x) along the light cone, i.e.

ψ(η,x) = ψ(η(λ),x(η(λ))) ≡ ψ(η(λ)) ≡ ψ(λ) , (4.102)

we can write (to first order)

dψ

dλ
=

dψ

dη
=

dxµ

dη

∂ψ

∂xµ
= ψ̇ + n̂ · ∇ψ , (4.103)

where ψ̇ ≡ ∂ηψ. Inserting Eq. (4.103) into (4.100) then yields

k0(λo)− 1 = −2(ψo − ψs) + 2

ˆ λo

λs

dλψ̇ . (4.104)

For ki, integrating the geodesic equation (4.97) gives

ki(λo)− ki(λs) = 2ni(ψo − ψs)− 2

ˆ λo

λs

dλ∂iψ . (4.105)

Using Eqs. (4.99), (4.103), (4.104) and (4.105), the redshift of a photon emitted at spacetime
position s and observed at o then becomes

1 + zm =
(gµνk

µuν)s
(gµνkµuν)o

= 1 + ψs − ψo + (vo − vs) · n̂ + 2

ˆ ηo

ηs

dηn̂ · ∇ψ , (4.106)
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where the subscript m refers to the perturbed Minkowski metric (4.98). The redshift z deduced
from the metric (4.95) and the redshift of Eq. (4.106) are related by

1 + z = (1 + z̄)(1 + zm) , (4.107)

where
z = z̄ + δz , (4.108)

with
1 + z̄ =

1

a
, (4.109)

referring to the unperturbed redshift of the EdS model.

In Eq. (4.96), ηs refers to the background conformal time corresponding to the emission of light
from the source. However, in the presence of perturbations a fixed value of η does not correspond
to a spatially homogeneous value of the redshift z. Furthermore, it is z, not η, which is measurable
and by considering any quantity as a function of redshift effectively one slices the universe in
slices of constant z, not η. We would thus like to have the luminosity distance in Eq. (4.96) as
a function of the redshift z. With the help of Eq. (4.108), we obtain

dL(z, n̂) = dL(z̄, n̂) +
ddL(z, n̂)

dz

∣∣∣
z̄
δz ≡ dL(ηs, n̂) +

ddL(z, n̂)

dz

∣∣∣
z̄
δz , (4.110)

where we can write
ddL(z, n̂)

dz

∣∣∣
z̄

=
∂dL(z̄, n̂)

∂z̄
+
∂dL(z̄, n̂)

∂ηs

∂ηs
∂as

∂as
∂z̄

, (4.111)

as the term is multiplied by the small quantity δz in Eq. (4.110). For the background luminosity
distance dL(z̄), we obtain from Eqs. (2.36) and (4.81) that

dL(z̄) = (1 + z̄)(η0 − ηs) , (4.112)

so Eq. (4.111) thus becomes

ddL(z, n̂)

dz

∣∣∣
z̄

= ∆η +
1

Hs
+ first order , (4.113)

where we have used Eq. (4.109). From Eq. (4.107), we can calculate that
δz

1 + z
=

zm
1 + zm

= zm , (4.114)

to first order. Altogether, by combining Eqs. (4.106), (4.110), (4.113) and (4.114) we obtain

dL(z, n̂)

1 + z
−∆η =

dL(ηs, n̂)

1 + z
−∆η +

(
∆η +

1

Hs

)ψs − ψo + (vo − vs) · n̂ + 2

ηoˆ

ηs

dλ n̂ · ∇ψ

 .

(4.115)
Inserting Eq. (4.96) into Eq. (4.115) finally yields for the luminosity distance

dL(z, n̂)

1 + z
−∆η =

(
2∆η +

1

Hs

)
(vo · n̂− ψo)−

(
3∆η +

1

Hs

)
vs · n̂ +

(
∆η +

1

Hs

)
ψs

+ 2

ηoˆ

ηs

dλψ + 2

(
2∆η +

1

Hs

) ηoˆ

ηs

dλ n̂ · ∇ψ + 2

ηoˆ

ηs

dλ

λˆ

ηs

dλ̄ n̂ · ∇ψ

−
ηoˆ

ηs

dλ

λˆ

ηs

dλ̄
(
λ̄− ηs

) (
∇2ψ − n̂ · ∇ (n̂ · ∇ψ)

)
. (4.116)
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Eq. (4.116) can be used to determine the fluctuations of the luminosity distance induced by
a Gaussian perturbation [151], such as the one commonly assumed to arise from inflation and
describing structure formation in the concordance cosmology. However, we turned the reasoning
the other way round and asked: assuming the lhs of Eq. (4.116) is a measured function from
SNIa observations – here taken to be the dL(z) relation corresponding to the ΛCDM universe
with ΩΛ ' 0.7 and Ωm ' 0.3 – and that the underlying model for the background universe
is the EdS model, can we determine the perturbation ψ (or v) needed to give the observed
luminosity distance? In other words, can a local gravitational perturbation fool us into thinking
that light has propagated in a universe with the estimated value for the cosmological constant?
We will answer this question by assuming that the perturbation ψ exhibits spherical symmetry
for simplicity.

Assuming linear theory, one can relate the velocity field v with respect to the EdS background
and the Newtonian potential by [146]

v = − 2

3H
∇ψ . (4.117)

For the radial component vr, Eq. (4.117) yields

êr · v = vr = − 2

3H
êr · ∇ψ = − 2

3H
∂

∂r
ψ . (4.118)

From Eq. (4.116), it is convenient to derive a second-order equation for the radial velocity vr –
assuming that it is the dominant component v ' vrêr – by acting with two derivatives along the
past light cone:

d

dη
≡ ∂

∂η
+ n̂ · ∇ =

∂

∂η
− êr · ∇ . (4.119)

Indeed, if the radial component is to be able to account for the observed dL(z) relation, it will
have to be be much larger than the other velocity components related to the standard small
Gaussian density fluctuations. Given vr, the potential can be determined via Eq. (4.117).

Let us calculate the ∇2ψ term in Eq. (4.116). For the flat matter-dominated universe, we have
∂ηψ = 0 [146]. Assuming the radial velocity is dominant, we can write

∇ · v =

(
2

r
+ êr · ∇

)
vr =

(
2

r
+

∂

∂η
− d

dη

)
vr , (4.120)

where we have used Eq. (4.119). Substituting vr from Eq. (4.118) into Eq. (4.120) and using Eq.
(4.76) and the result ∆η = r given by Eq. (4.81) yields

∇ · v =
2vr
∆η
− d

dη
vr +

Hvr
2

, (4.121)

so that we obtain from Eq. (4.117)

−∆η∇2ψ =
3H
2

∆η∇ · v =
3H2

2

(
∆η

2
+

2

H

)
vr −

3H∆η

2

d

dη
vr . (4.122)

Taking the two derivatives (4.119) of Eq. (4.116), with the help of Eq. (4.122), yields

d2

dη2
s

[
dL

1 + z
−∆η

]
=

(
3∆η +

1

Hs

)
d2

dη2
s

vsr −
3Hs

2

(
7∆η +

13

3Hs

)
d

dηs
vsr +

+
15H2

s

4

(
7

5
∆η +

3

Hs

)
vsr , (4.123)
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where vsr ≡ êr · vs = −n̂ · vs. We can now express Eq. (4.123) in terms of the redshift z, which,
as each term in Eq. (4.123) is first order, becomes just the background EdS redshift. Thus, by
using Eqs. (4.78), (4.80) and (4.81), we finally obtain(

6− 5√
1 + z

)
(1 + z)3 d2vsr

dz2
+

3

2

(
20− 44

3
√

1 + z

)
(1 + z)2 dvsr

dz
+

+
3

4

(
14 +

1√
1 + z

)
(1 + z)vsr = H0

[
(1 + z)2 d2

dz2
dL −

1

2
(1 + z)

d

dz
dL +

1

2
dL

]
.(4.124)

Assuming that the observed dL is described by the corresponding theoretical relation for a ΛCDM
universe

dL =
1 + z

HΛCDM
0

1+zˆ

1

dx√
αx3 + β

, (4.125)

where α ' 0.3, β ' 0.7 and HΛCDM
0 = 70 km/s/Mpc, the rhs of Eq. (4.124) becomes

H0

[
(1 + z)2 d2

dz2
dL −

1

2
(1 + z)

d

dz
dL +

1

2
dL

]
=

3

2

H0

HΛCDM
0

(1 + z)2β

(α(1 + z)3 + β)3/2
. (4.126)

In Fig. 4.5, we have plotted the solution to the equation of motion for the velocity field, given
by Eq. (4.124), that gives rise to the luminosity distance given in Eq. (4.125). We have also
plotted the gravitational potential ψ, assuming that it is zero at large redshifts. As the solu-
tion demonstrates, a spherically symmetric small perturbation in the gravitational potential can
indeed explain the observed acceleration. Note that the value H0 in the hypothetical Ω = 1
dust universe is not really an observable since the model is unlikely to fit all cosmological data.
For the purposes of the present approach, it is an adjustable parameter. Here we have chosen
H0 = 50 km/s/Mpc for illustrative purposes only. As is obvious from the gravitational potential
of Fig. 4.5, physically the perturbation corresponds to a spherical underdensity around us.

The density profile on the light cone can be immediately obtained via the poisson equation [146]

4πa2Gδρ = ∇2ψ − 3H2ψ . (4.127)

Using Eqs. (4.122), (4.78) and (4.81), we obtain the total matter density ρ = ρ̄ + δρ, where
ρ̄ = ρ̄crit(z) = 3H2

0/(8πG)(1 + z)3, along the light cone:

8πGρ(z) = 3H2
0 (1 + z)3

[
1− 1

2

(1 + 1/
√

1 + z)

(1− 1/
√

1 + z)
vsr(z)− (1 + z)

dvsr(z)

dz
− 2ψ(z)

]
. (4.128)

In Fig. 4.6, we plot ρ(z)/ρ̄crit(z). The density contrast

δ(z) ≡ δρ(z)/ρ̄(z) , (4.129)

which we plot in Fig. 4.7, remains small during the whole evolution. It is thus important to note
that the supernova data does not require a large density perturbation, but the large effect comes
solely from the perturbations in the luminosity distance. The magnitude of the density contrast
(4.129) at the last scattering surface is |δ(1100)| ' 10−5, consistent with the CMB observations.
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Figure 4.5: The velocity field vsr(z) and the gravitional potential ψ(z) of the perturbed FRW
universe. The plots on the right are close-ups of those on the left for redshifts z < 10.
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Figure 4.7: The density contrast δ(z) = δρ(z)/ρ̄(z). The plot on the right is a close-up of that
on the left for redshifts z < 10.

In the second part of Paper 2 we considered the question of how LTB models relate to the
perturbed FRW models. We just showed that the perturbed FRW model provides a fit to the
supernova data, but we also know that LTB models can do that as well. Indeed, it has been
shown that under certain conditions, the LTB metric (3.13) can be brought to the perturbed
FRW form (4.95) via the following nonlinear gauge transformation [142,147]:

r =
A(t̃, r̃)

a(t̃)
(1 + ξ(t̃, r̃)) (4.130)

t = t̃+ ξ0(t̃, r̃) , (4.131)

where tildes now refer to the LTB coordinates and a(t̃) ≡ (t̃/t̃0)2/3 is a fictitious FRW scale factor
corresponding to the background EdS universe, while θ and ϕ remain unchanged. If the LTB
model is to be close to the FRW, the functions ξ(t̃, r̃) and ξ0(t̃, r̃) must satisfy |ξ|, |ξ0H| � 1.
The aim was to show whether these conditions are satisfied for our case on the past light cone.

Eq. (4.130) defines the FRW distance r in terms of the physical distance A, a prescribed FRW
scale factor a(t̃) ≡

(
t̃/t̃0

)2/3 and a function ξ which is chosen to ensure that on the light cone r
takes the standard FRW form (4.81) in terms of the redshift:

A(t̃(z), r̃(z))

a(z)
(1 + ξ(t̃(z), r̃(z))) = 2H−1

0 (1− 1/
√

1 + z) . (4.132)

Furthermore, we choose the arbitrary r̃ such that, on the light cone:

∂r̃A(z) = a(z) . (4.133)

Let us now determine the functions Hξ0 and ξ along the light cone. We could proceed by using
the gauge transformation equations for the metric components [115], calculated analogously to
the standard cosmological perturbation theory as explained in Sect. 4.4.1. However, here we do
not need the full gauge transformations, as the sufficient information is obtained by the fact that if
the perturbed FRW and LTB metrics are to describe the same spacetime, just written in different
coordinates, the observable distance-redshift relations should be the same: dLTB

A = dΛCDM
A . So,

by having the distance-redshift relations we can readily read off A(t̃, r̃) along the past light cone
of the LTB model, that is A(z). The function ξ can then be determined directly from (4.132).
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Figure 4.8: The functions Hξ0(z) and ξ(z) relating the perturbed FRW and LTB clock times.
The plots on the right are close-ups of those on the left for redshifts z < 10.

The θθ component of the gauge transformation of the metric yields (to first order):

A(t̃, r̃) ' a(t)r [1− ψ(t, r)] ' a(t̃)r
[
1− ψ(t̃, r̃) +H(t̃)ξ0(t̃, r̃)

]
, (4.134)

where we have used Eq. (4.131). Using Eqs. (4.130), (4.132) and (3.60), we can thus obtain the
small quantity Hξ0 from Eq. (4.134) along our line of sight:

dA(z) =
2

H0(1 + z)

(
1− 1√

1 + z

)(
1− ψ(z) +H(z)ξ0(z)

)
(4.135)

=⇒ H(z)ξ0(z) =
dA(z)(1 + z)H0

2(1− 1√
1+z

)
+ ψ(z)− 1 , (4.136)

where dA is obtained from Eqs. (2.36) and (4.125).

The outcome is shown in Fig. 4.8, where we display the shift between t and t̃ in units of the
inverse Hubble rate as well as ξ. As can be seen bothHξ0 and ξ are less than one. In principle, we
could have kept higher orders in our expansions, but other than changing the numerical values of
ξ0(z) by O(30)%, we do not expect any qualitative change in this picture. Thus, the conclusion
is that an LTB model fitting the SNIa data can be mapped into a perturbed FRW model by a
nonlinear coordinate transformation of the form (4.130), (4.131), at least on the light cone.
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4.4.3 Comments on the perturbative FRW studies

In Paper 2, we established that the FRW Ω = 1 dust universe with spherically symmetric
perturbation ψ(z) can fit the SNIa data. Physically, the perturbation corresponds to a void
around us with EdS asymptotics along the past light cone so that the early universe was very
homogeneous. Although the model as such is likely to be too simplistic to explain all the
relevant cosmological data (though see Ref. [152] for a consideration of the CMB peak positions
as well), the interesting point is that even in the absence of dark energy, the SNIa data does not
require large deviations from FRW. Indeed, we also demonstrated that if the non-perturbative,
spherically symmetric LTB model fits the SNIa data, it can be mapped into the perturbed FRW
model by a nonlinear coordinate transformation (4.130) and (4.131), at least on the light cone.
This is consistent with the results of Refs. [115,142]. It would be interesting to study whether the
perturbative nature of the model persists inside the past light cone. A generalization including
anisotropic density perturbations was considered in [153], resulting in possible observational
constraints on large void models.

Our result is also consistent with the study of [154], where the so-called “inverse-problem” was
considered – finding a map from a given luminosity distance to the corresponding LTB model;
see also Refs. [155–157]. In [154], an LTB model whose luminosity distance is equivalent to that
of the ΛCDM model was constructed. On the other hand, the results obtained in [141] seem
to contradict ours. Their study is based on considering a Gpc sized LTB void model approach-
ing spatially to EdS solution, and indeed, such case indicates a breakdown of the perturbative
description: the peculiar velocity in their model becomes large at redshifts z & 500, when the
void represents a nonlinear superhorizon density fluctuation. However, when confronted with
the CMB observations, a universe dominated by a Gpc sized void seems unlikely.

Although perturbations can have a large effect on the luminosity distance, as our studies demon-
strate and has also been suggested in [144, 158] (for a recent discussion considering how inho-
mogeneities can affect the optical properties of the universe in the context of various close to
FRW models, see Ref. [159]), the claim is that if the metric of the universe remains close to
FRW at all times, then the backreaction of the average expansion, being a genuine nonlinear
effect, would have to be small. We refer the reader to Refs. [106, 143, 144], where the issue of
the applicability of the linearly perturbed RW metric and its possible implications about the
magnitude of the backreaction are extensively discussed. Indeed, it was shown in [144] that in
the case the metric can be written in a perturbed RW form, the average expansion rate – and
thus the backreaction – and the redshift remain close to the background (with non-restricted
second spatial derivatives of ψ and under certain assumptions about the observer four-velocity).
However, the question of the magnitude of the backreaction as well as other possible nonlinear
mechanisms in the real universe still remains unresolved; the metric is not an observable quantity,
and on the other hand, it is supported by observations that there are large local variations in the
expansion rate [68,160]. The question is thus whether the effects of these local variations cancel
in reality when considering the average expansion rate, the redshift and the distance.
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Chapter 5

Summary

The main purpose of this thesis has been to study the dynamics of cosmological structures in the
context of the interpretation of observations such as the distance-redshift relations. The standard
way in cosmology is to describe the universe by the homogeneous and isotropic FRW models,
with linear perturbations representing the structures. However, the validity of the standard
approach needs to be carefully evaluated: Firstly, there are nonlinear structures in the universe
and their role must be understood for correct interpretation of the cosmological data. Secondly,
in order to match with the observations, a mysterious dark energy component is needed in
the standard cosmology, starting to affect the dynamics of the universe in the same era when
nonlinear cosmological structures start to form. Indeed, these observations combined with the
theoretical fact that general relativity is a nonlinear theory have provided the main motivation for
this thesis work. The fact that dark energy is both theoretically problematic and observationally
coincidental, provides further motivation to study the cosmological inhomogeneities.

In cosmology, the complexity of both the universe and the underlying theory of gravity forces to
make some simplifying assumptions. The required simplifications can be embodied by symmetries
in the exact solutions of the Einstein equation or by explicit averaging of the Einstein equation.
Our emphasis has mainly been to study the issue from the latter perspective. Due to the
nonlinearity of general relativity, the average evolution of a clumpy space is not the same as the
evolution of a smooth space – a feature known as the backreaction [38]. This issue was considered
already in the 1960’s by Shirokov and Fisher [34], and elaborated by Ellis in the 1980’s [36], but
has gained more attention during the last decade in the context of the dark energy debate [37].

The task then is to evaluate the magnitude of the backreaction in the universe. Various attempts
have been made to do this, however, with contradictory outcomes; in some estimates the back-
reaction is found to be large while others conclude it to be negligible. Here we do not make an
attempt to fully quantify the backreaction in the real universe, but instead investigate various
aspects of how it could be done in practice. The backreaction in the Buchert equations is a
quantity that depends on the variance of the average expansion rate minus the average shear.
The shear has often been neglected in the backreaction estimates, so that the effect would come
solely from the variance term, which is indeed known to be present in the cosmic web. However,
as we found in Papers 3 and 4, it can be of equal importance to take into account the shear as
well, as shear is expected to occur at the boundaries of regions with different expansion rates.
Indeed, we pinpointed the issue of small versus large backreaction to the question of matching
conditions. Using the exact spherically symmetric but inhomogeneous LTB solution to represent
voids and walls, we demonstrated that the shear can bring down the backreaction by at least five

66



orders of magnitude for voids of the observed size, relative to the case where the shear is neglected
altogether. To address the question of whether the result is a general property of all realistic
cosmological solutions of general relativity, one needs to construct more sophisticated models for
the cosmic web beyond spherical symmetry. Indeed, a dense enough network of uncompensated
voids would give rise to large global negative spatial curvature absent in our models, which is
known to be important for large backreaction [12]. It may be of importance to include collapsing
regions as well, as they have been suggested to play an essential role in the average dynamics
of the universe due to the large contribution they can have to the variance of the expansion
rate [19, 107].

Besides the backreaction, the explicit dependence on the averaging scale in the averaged Einstein
equations makes them differ from the Friedmann equations. In Paper 1, we analyzed the scale-
dependence using the flat LTB model as a testing ground. By allowing for a redshift dependent
averaging scale in calculating the observable luminosity and angular diameter distances, we found
an O(1%) precision at redshifts z < 2 compared to their exact values, whereas using a single
scale gives too coarse predictions for the observables. The choice of the averaging scale could
thus be as important as the backreaction term in a realistic application of the averaging method
in the real universe. Although considered merely under the assumption of spherical symmetry
for testing purposes, we expect the scale-dependent averaging method to show its full advantage
only when applied to more irregularly shaped large scale inhomogeneities.

In Paper 2, we found that a spherically symmetric linear perturbation around the Einstein-de
Sitter model can provide an equally good fit to the supernova data as the standard ΛCDM model.
Whereas in the standard cosmological perturbation theory, the effect of the perturbations on the
observable distance measures is assumed to average out, we obtained the large effect by not
making this assumption. The density profile was found to represent a void around our location,
with the density contrast remaining small along the light cone. Although likely to be a too simple
model to explain all the relevant cosmological data, the point was in demonstrating the possible
effect inhomogeneities can have already at the perturbative level. Furthermore, the model was
confirmed to be equivalent to a nonperturbative LTB model along the past light cone, suggesting
that the supernova data does not imply the presence of additional nonperturbative effects. On
the other hand, while perturbations can considerably affect the distance-redshift relations, the
backreaction remains small in close to FRW spacetimes [106, 144]. The question is whether a
close to FRW spacetime represents ours – that is, whether the effects of the known large local
variations of the dynamical quantities in the cosmic web cancel when considering the average
expansion rate and ultimately the observables such as the redshift and the distance.

So far, it has been demonstrated in various works that the effects of the structures not present
in the standard cosmology can account for at least most of the current cosmological observations
without dark energy. In this thesis, the focus was to take steps towards better theoretical
understanding of different mechanisms as to how the cosmic structures may affect the observable
dynamics of the universe. The destiny of dark energy remains to be seen, but what is certain
is that more accurate theoretical calculations combined with the improving observational data
with less model-dependent assumptions are required to further clarify the dynamics of the cosmic
web.
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Appendix A

Christoffel symbols for the LTB metric
and the perturbed Minkowski metric

The nonzero Christoffel symbols (2.2) for the metric (3.2) are:

Γ0
11 = XẊ, Γ0

22 = AȦ, Γ0
33 = AȦ sin2 θ, Γ1

11 =
X ′

X
, Γ1

01 = Γ1
10 =

Ẋ

X
,

Γ1
22 = −AA

′

X2
, Γ1

33 = −AA
′ sin2 θ

X2
, Γ2

02 = Γ2
20 = Γ3

03 = Γ3
30 =

Ȧ

A
,

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
A′

A
, Γ2

33 = − sin θ cos θ, Γ3
23 = Γ3

32 =
cos θ

sin θ
, (A.1)

where ′ ≡ ∂rf and ˙≡ ∂t.
The Christoffel symbols (2.2) for the metric (4.98), to first order in the gravitational potential
ψ, are:

Γ0
00 = ψ̇, Γ0

0i = ∂iψ, Γ0
ij = −ψ̇δij ,

Γi00 = δik∂kψ, Γi0j = −ψ̇δij , Γijk = δli∂lψδjk − δij∂kψ − δik∂jψ , (A.2)

where ˙≡ ∂η.
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