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Abstract

The classical distortion models similarly to temporal data analysis provide a way to
predict the trends in the output of the algorithms and discard the anomalies in the
output which may impact the accuracy of the method. In this paper, we introduce
a quantum distortion modeling framework that enables variational quantum
algorithms to operate effectively in the presence of errors without traditional error
correction. Drawing inspirations from classical distortion-tolerant computing, we
describe different distortions measures and formulation which can be used in
variational quantum algorithms. In particular, we develop mathematical foundations
for distortion metrics including energy progression, parameter stability, and state
fidelity distortions, and demonstrate their applicability to variational quantum
eigensolver, quantum approximate optimization algorithm, and quantum power
method. We believe this paper will provide a milestone for distortion-aware quantum
computing which can expand the practical applicability of the pre-fault-tolerant

era devices to problems where approximate solutions provide sufficient value,
representing a paradigm shift from exact error elimination to managed accuracy
degradation.

Keywords Variational quantum algorithms, Quantum optimization, Quantum
distortion model, Quantum error correction, Quantum error mitigation

1 Introduction

Quantum computers are inherently probabilistic machines that generates classical out-
put with probabilities. While they may solve computationally challenging problems that
are intractable for classical computers, current technologies, in the noisy intermediate-
scale quantum (NISQ) era, operate with quantum gates and measurements that are
inherently error-prone due to decoherence, control imperfections, and environmental
noise [1]. To address these challenges and manage errors, two main commonly used
approaches are quantum error correction (QEC) [2, 3], which provides a pathway to
fault-tolerant quantum computation but requires substantial qubit overhead, and quan-
tum error mitigation (QEM) [4—6], which employs statistical and algorithmic techniques
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to reduce errors in expectation values without the qubit overhead of full error correc-
tion. Recent advances in quantum error mitigation include dynamical decoupling [7],
proposed for decoherence in open quantum systems; zero-noise extrapolation [8];
probabilistic error cancellation [9]; learning-based mitigation techniques [10]; machine
learning-driven methods [11] and artificial neural network-based approaches [12]; and
variational techniques [13] that adopt a dynamic strategy for error mitigation. While
these and similar methods have shown substantial improvements in algorithmic perfor-
mance on NISQ devices, they typically operate under the assumption that the objec-
tive is to recover the exact, error-free computational result. However, in many practical
applications-particularly in optimization and approximation algorithms-users may be
willing to tolerate a degree of inaccuracy in exchange for reduced computational cost or
improved resilience to failure.

This perspective, combined with the inherent-probabilistic nature of quantum com-
puting, finds a parallel in classical computing, where probabilistic accuracy bounds and
distortion models have been successfully employed to ensure computational resilience
in the presence of errors and faults. Rinard [14] introduced a formal distortion model in
which computations are partitioned into independent tasks so that tasks that encounter
errors can be discarded or their effect can be minimized in the model. That means the
results of the computations are accepted or can be corrected within the model as long as
the distortion remains within acceptable bounds. The concept of intentionally tolerat-
ing computational inaccuracy to enhance robustness, reduce execution time, or lower
resource consumption is well-established in fault-tolerant computing (e.g. fault tolerant
neural networks [15] or see approximate computing survey [16] for further examples).
This paradigm can be distilled into following key components [14]:

1. Task Decomposition: The computation is partitioned into task blocks, where each
block represents an atomic unit of computation that can be independently executed
and, If necessary, discarded: That means if there is a failure or error in one particular
task-block that impacts the output of the whole computation, then this block can
be discarded to minimize the error in the output. We should note here that the task
decomposition is used in many different areas such as distributed computing (e.g.
[17]) and machine learning (e.g. [18]) and may not be easy in every case since it would
require new algorithmic paradigms.

2. Criticality Testing: Through systematic sampling, every task-block is classified as either
critical or failable: Indicating whether failure in the block leads to some unacceptable
distortion or is within acceptable distortion range.

3. Probabilistic Distortion Modeling: Using regression techniques on empirical data
from previous runs or historical data of the current run, the output distortion is
modeled as a function of task failure rates:

Ci(l'l,...,iﬂn) = co:teo—l—Z(cij:ei)mi, (1)
i=1

where z; denotes the failure rate of task block 4, ¢; are regression coefficients, and
e; represent confidence intervals. This is similar to time series analysis such as auto-
regressive models of temporal data which can be seen in finance and other areas [19].
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4. Timing Modeling: The execution time is modeled as a function of failure rates in order
to enable and analyze explicit trade-offs between accuracy and performance. This
can be also used to design a type of selective execution model used in deep neural
networks [20] where only a selective part of the model is run based on the input.

The distortion-tolerant computing framework integrates techniques from statisti-
cal learning [21] and regression analysis [22] to construct predictive models of output
quality [23]; methods from approximate computing [24, 25], which trade computational
accuracy for improvements in performance, energy efficiency, or resource utilization-
such as loop perforation and precision scaling; and principles of algorithm resilience [26,
27], which emphasize designing algorithms that produce acceptable results even in the
presence of errors like rounding or approximation. Probabilistic bounds in distortion
models are grounded in concentration inequalities [28], such as Hoeftding’s inequality
[29], which provides rigorous guarantees on the deviation of the sample mean from its
expected value.

Since the distortion model offers key advantages by enabling explicit trade-offs
between accuracy and execution time, it can be used to determine which hardware
faults and software errors to tolerate or which tasks can be intentionally discarded in
order to reduce execution time while maintaining acceptable accuracy. The distortion
model and related approximate computing techniques have found successful applica-
tions across various domains: In computer graphics and image processing, algorithms
often discard computations associated with pixels or triangles that contribute minimally
to final visual quality [30], thereby enabling real-time rendering of complex scenes by
concentrating computational resources on perceptually significant elements [31]. Large-
scale search engines and recommendation systems [32] employ approximate indexing
and retrieval techniques [33] to achieve substantial improvements in response time
and resource efficiency. Scientific simulations frequently utilize adaptive precision and
approximate numerical methods [34, 35] to balance computational cost with solution
accuracy, especially in parameter studies where exact solutions are not essential. In dis-
tributed computing environments, where partial failures are common, task discarding
and recomputation serve as fundamental fault-tolerance mechanisms, as exemplified by
MapReduce [36].

1.1 Contribution

Although classical distortion models operate under assumptions that may not directly
translate to quantum computing, they offer several insights that are particularly relevant
to the quantum domain:

+ Error Classification: Differentiating between critical and failable tasks to identify
which quantum operations are most sensitive to errors and which can be
approximated or skipped. As an example quantum operations written as a sum of
permutations with positive coefficients are error-resilient to bit flips [37].

+ Probabilistic Guarantees: Applying statistical bounds to quantify the output quality
of quantum computations and measurements.

+ Resource-Accuracy Tradeoffs: Explicitly modeling the trade-offs between accuracy
and performance to manage the limited resources available on near-term quantum
devices.
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+ Robust Algorithm Design: Establishing design principles that enhance the robustness
of quantum algorithms against the error characteristics of quantum hardware.

By bridging classical distortion modeling with the unique characteristics of quantum
algorithms, this work provides a practical pathway for enhancing the applicability of
variational quantum algorithms to real-world problems in the pre-fault-tolerant era.
Specifically, we adapt the classical distortion model [14] to develop a primary mathemat-
ical framework for characterizing and bounding output distortions in variational quan-
tum algorithms. The key contributions of this paper are as follows:

+ While prior works have explored quantum-to-classical rate distortion coding
[38], signal distortion correction in quantum sensing [39], and quantum state
redistribution among multiple parties [40], to the best of our knowledge, this paper is
the first to introduce a quantum distortion modeling framework that adapts classical
concepts of probabilistic accuracy bounds [14] to the quantum domain. Although
related to error mitigation techniques and machine learning based error correction
approaches, our framework provides a way to consider how variational quantum
algorithms can withstand hardware faults and software errors by giving priority to
quantitative guarantees on output quality, rather than striving for complete error
elimination.

+ We formulate a generic mathematical distortion model for variational quantum
algorithms that captures the evolution of inaccuracies across iterations. This model
can be used to detect anomalies in output and optimization parameters. To quantify
distortion, we introduce rigorous formulations for quantum-specific metrics,
including a composite distortion measure that integrates multiple metrics with
configurable weights: energy progression distortion for identifying optimization
anomalies, parameter convergence distortion for monitoring landscape smoothness,
and state fidelity distortion for tracking quantum state degradation.

+ We develop specialized distortion models for three widely used variational
algorithms in quantum optimization: the variational quantum eigensolver (VQE), the
quantum approximate optimization algorithm (QAOA), and the variational quantum
power method (VQPM). These models provide a foundational framework for

applying distortion-aware principles across diverse quantum computing applications.

The remainder of this paper is organized as follows: Sect. 2 introduces the general frame-
work and formulates distortion measures. Section 3 discusses how these model can be
trained and validated. Section 4 presents specialized distortion models for the varia-
tional quantum power method (VQPM), variational quantum eigensolver (VQE), and
quantum approximate optimization algorithm (QAOA). Section 5 provides a numerical
simulation for VQE to illustrate the practical application of the proposed framework.
Finally, Sect. 6 discusses the results, outlines limitations of the model, gives some future
research directions, and concludes the paper.

2 Distortion model framework for variational quantum algorithms

In this section, we present a mathematical framework for modeling distortion in varia-
tional quantum algorithms, drawing primarily from classical distortion modeling con-
cepts [14, 22]. In particular, to capture the evolution of quantum states under imperfect
and error-prone conditions, we adapt the general classical distortion formulations to the
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quantum domain. Since quantum operations may include both unitary and non-unitary
processes, instead of using unitary operator, we employ quantum channels [41] to repre-
sent the full range of quantum dynamics, including error processes. Additionally, we use
the density matrix formalism [42, 43] to describe mixed states that arise due to decoher-
ence and imperfect operations.

We lay the foundation of quantum distortion model based on the evolution of quan-
tum states under noisy conditions. The quantum state at iteration ¢ can be represented
by a density matrix p;. Its evolution can be modeled as:

pr = E(prt—1,0, €), (2)

where 6; denotes the variational parameters at iteration ¢, €; captures error parameters
such as gate infidelities, decoherence, and measurement noise, and &; is the quantum
channel representing the algorithmic iteration, incorporating both ideal operations and
error processes. The primary focus of classical distortion models lies in analyzing con-
vergence patterns. Following this philosophy, we define a relative distortion metric that
quantifies deviations from expected convergence behavior:

k
Dy :Zwi'di(phptfla-“yptfm)v (3)

i=1

where d; denotes component distortion measures, w; are their associated weights sat-
isfying Zle w; = 1, and m specifies the window size for historical context. In many
practical applications where the exact solution is unknown, similar relative metrics with
historical context are used to measure deviation from failure-free execution [44] or to
predict future behavior, as seen in time series analysis models [19].

2.1 Possible component distortion measures

We can define several component distortion measures, d;s, in order to capture different
aspects of quantum algorithm performance under noisy conditions. These measures can
be combined into an overall distortion metric using weighted contributions. For exam-
ple, given distortion components such as energy progression distortion d, state fidelity
distortion dp, and parameter convergence distortion dy, the overall distortion at itera-
tion ¢ can be expressed as:

Dt :wEdE(t)+deF(t)+wed9(t)+"' ’ (4)

where the weights wg, wg, we, . . . determine the relative importance of each component
in the overall distortion measure, and satisfy > w; = 1.

2.1.1 Energy progression distortion

In many variational quantum algorithms, the energy-typically the lowest eigenvalue-is
formulated as the optimal solution to the underlying problem. The algorithms we con-
sider in this paper include the variational quantum eigensolver (VQE) [45], quantum
approximate optimization algorithm (QAOA) [46], and other related methods such as
the variational quantum power method (VQPM) [47, 48] and variational imaginary time
evolution algorithm [49].
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As a generic model for these variational algorithms, we can define the energy-based
distortion at iteration ¢ as:

Et_Et

dg(t) = -

) (5)

where E; is the observed energy, and E, is the predicted energy obtained via linear
regression over recent energy values: Ey = a+ B -t, with regression coefficients o and
B computed from the historical window {E;_,, ..., Et_1 }. The normalization term o g
is the standard deviation of energy values in the same window:

1 t—1

o8 =\|TT Z (Ei — E)?, (6)
i=t—m

> t—1 . . . .
where £ = % > izt Ei is the mean energy over the window. The distortion measure
in Equation (5) detects anomalies in energy convergence, which may indicate error accu-
mulation or convergence to suboptimal local minima. The normalization by o g ensures

scale invariance, making the metric robust across different problem instances.

2.1.2 State fidelity distortion

The stability and quality of quantum state evolution can be quantified using fidelity [50].
The convergence of this algorithms is done through the convergence of the state to the
eigenstate. This convergence behavior in general is gradual process and without sudden
changes. Therefore, we can also define a fidelity-based distortion at iteration ¢ to capture
sudden changes in the fidelity as:

2

dp(t) =1—F(ps,pr—1) =1~ <TT VPt—1 pt \/Pt—1> ; (7)

where F(p,0) is the fidelity between states p and o [50, 51]. Fidelity satisfies
F(p,0) = F(o,p), F(p,o) €[0,1], F(p,0) =1iff p =0, and F(p,o) = 0 for orthogo-
nal states [43]. Fidelity is non-decreasing under any completely positive trace-preserving
map &: F(E(p),E(0)) = F(p, o).

For pure states p = |¢) (| and 0 = |$) (9|,

dp(t) =1 — [(Qe|thr—1)]*. (8)

When p and o are diagonal in the same basis,

p=2pili><il, 0:Zqi\i><i\, F(p,g):<z\/@> _ ©)

Computing fidelity exactly is infeasible for large systems due to exponential scaling. In
practice fidelity can be estimated via the swap test [52] or classical-shadow techniques
that reduce measurement overhead [53].

As indicated, tn variational algorithms, the evolution of dr(t) is a useful diagnostic:
Because, lim;_,~, dr(t) = 0 indicates stable convergence and sudden drops in fidelity
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typically signal significant errors, unwanted state transitions, convergence to incorrect
solutions, or hardware-induced state corruption.

2.1.3 Parameter stability distortion

Parameter stability reflects the smoothness of the optimization landscape [54]. Large,
erratic parameter changes may indicate numerical instability, poor gradient estimates, or
the presence of barren plateaus. We can define parameter distortion as:

16 — e ]|

4ot = 5]

(10)
This metric can also help to distinguish between healthy optimization progress and
problematic behavior. Note that, to avoid division by zero, one can use ||6;_1]| + ¢ with
asmall § > 0.

2.1.4 Convergence rate distortion

For certain variational quantum algorithms such as QAOA [46] or VQPM [48], the
expected convergence rate 7expected Can be derived from theoretical analysis or esti-
mated from similar failure-free executions. To capture deviations from expected con-
vergence behavior-analogous to classical methods that monitor numerical optimization
progress [55]-we can define the following convergence-based distortion measure:

AEFE, :
dc(t) — ‘m - Texpected’ lf ‘AEt—1| > 5min , (11)
0 otherwise

where AE, = E; — E;_1, and ¢ is a small constant used to avoid division by zero.
Here, note that additional distortion measures may also be formulated based on other
quantum-specific metrics, such as entanglement measures, quantum Fisher informa-

tion, or other indicators commonly used in quantum computing.

2.2 Failure-incorporated evolution model
While relative distortion metrics provide essential monitoring capabilities, the underly-
ing failure mechanisms that cause distortion can also be explicitly incorporated into the
model. Quantum hardware errors can be linked to the distortion model to predict dis-
tortion under various error conditions. This mirrors the classical approach that relates
task failure rates to output distortion [14], and is also similar to error mitigation tech-
niques applied to hybrid variational algorithms [56].

To explicitly model the impact of errors, we can decompose the quantum channel into
ideal and failed components as:

pr = (1 _ Et) . pitdeal + € - plffailed7 (12)

where the total failure rate ¢, aggregates error contributions from different sources-
primarily gate error rates ¢, measurement errors €,,, and decoherence effects ¢4. The
failure rate €; can be estimated from device calibration data or theoretical error mod-
els (e.g., [4]). This formulation can also be expressed using quantum channel operators
&i(...), which is fundamentally equivalent.
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2.3 Distortion-failure relationship

Building upon the failure-incorporated evolution model, we can also establish a quan-
titative relationship between failure rates and observed distortion. This relationship is
crucial for predicting how specific error conditions affect algorithmic performance
and for managing detected distortions. The prediction part can be done by extending
the classical regression approach to quantum algorithms. In particular, the relation-
ship between distortion and failure rates at iteration ¢ can be modeled by using the total
observed distortion D;, measured from actual algorithm execution with failures, and
the inherent algorithmic distortion D™ representing distortion that would occur
even in a perfect, failure-free execution due to factors such as incomplete convergence,
approximation errors, or suboptimal parameter choices:

Dt _ D;}lgorithm +AD§aﬂure7 (13)

where ADfilure represents the additional distortion caused by failures. This failure-
induced distortion can be modeled as:

Afo/ailure =6+ /8 € D?lgorithm ty- 6%, (14)

where the term « - €; captures baseline distortion caused by failures, independent of

algorithmic state; 3 - €; - D™ reflects how failures interact with the current algo-

rithmic state-when the algorithm is already struggling (high D5°"'*"™), the same fail-
ures may cause more severe distortion; and 7 - €7 accounts for potential quadratic effects
where failure combinations lead to compounded distortion. For practical purposes, a

simplified linear model may also be employed:
Dy = (1+4f-¢)-DMerithm o ¢, (15)

This formulation can be interpreted as a linear combination of the inherent algorith-
mic distortion with a baseline component. Note that the coefficients «, 3, and vy can
be learned from training data or derived from theoretical considerations. This captures
both the direct impact of failures (linear term) and their interaction with algorithmic

algorith . . .
D&M can be estimated from simulation

convergence (interaction term). In practice,
results on noiseless quantum simulators, theoretical convergence bounds for the specific
algorithm, empirical baseline performance on simple problem instances, or extrapola-

tion from early iterations before significant failure accumulation.

2.4 Dynamic threshold model for recovery triggers

Static distortion thresholds may be insufficient for variational quantum algorithms
because we expect many early jumps at the early iterations and small changes in the
later iterations in the convergence of these algorithms. Therefore, it may be necessary to
evolve distortion levels throughout the optimization process. Using the previously estab-
lished distortion-failure relationship, we can address the question of when to intervene
in algorithm execution by modeling a dynamic threshold as follows:

Tt = Tmin T (Tmax - 7-min) : eXP(*)\t) + 7€, (16)

where 7; is the dynamic distortion threshold at iteration ; Tmin and Tmax are the mini-
mum (strictest bound) and maximum (most lenient bound) acceptable distortion
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thresholds, respectively; and A is the decay rate controlling how quickly the threshold
tightens. The term Tumin + (Tmax — Tmin) - €Xp(—At) defines the expected distortion
reduction as the algorithm converges, while the term 7 - ¢, adjusts the threshold based
on failure rates, with 7 representing the failure tolerance coefficient. In conclusion, this
adjustment in a sense acknowledges that some additional distortion is unavoidable when
failure rates are high. The decreasing threshold reflects the increasing expectation of
convergence as the algorithm progresses, similar to classical approaches that adjust tol-
erance levels during computation [56]. The exponential decay provides a smooth transi-
tion from lenient early thresholds to strict late thresholds, while the derivative condition
helps prevent unnecessary recovery actions during normal convergence.

Based on this threshold, we can determine when a recovery is triggered by using the
changes in this threshold model:

th th

Dt>Tt and W>I{'E,

17)
where « is a rate sensitivity parameter, typically chosen such that x > 1.

2.5 Further extensions to model

2.5.1 Correlation-aware distortion for multi-qubit systems

Quantum systems exhibit complex correlations due to entanglement and coherent error
propagation. These correlations imply that distortions in different algorithm components
can interfere with each other in non-trivial ways. To capture these quantum-specific
effects, a correlation-aware distortion model-extending classical multivariate analysis
[57]-can be defined for multi-qubit systems by using the following matrix formulation:

D, = w'd, +d/ Cd, + f] Rfy, (18)

where d; = [dy(t),da(t),...,dn(t)] is the component distortion vector of size m x 1;
w is the linear weight vector of size m x 1, representing independent contributions; C is
the distortion correlation matrix of size m x m, capturing cross-component distortion
interactions; f; is the failure vector of size p x 1, representing different failure types; and
R is the failure correlation matrix of size p x p, capturing correlated failure patterns.

For an n-qubit system with k distortion metrics per qubit, we have m = n x k, and C
is symmetric with diagonal elements C;; representing self-correlation and off-diagonal
elements Cj; capturing distortion coupling between components ¢ and j. The values
of C;; can indicate different types of correlation, such as strong anti-correlation when
Ci; <0, or crosstalk correlations when C;; > 0. The matrix R encodes spatial and tem-
poral failure correlations, such as crosstalk between adjacent qubits or correlated mea-
surement errors.

This formulation basically extends classical multivariate models to quantum systems
by modeling entanglement effects through the quadratic term dtT Cd; in order to emu-
late the interaction of distortions in entangled subsystems. Additionally, the failure cor-
relation term addresses hardware-specific error patterns like crosstalk [58]. The matrix
structure thus enables scalable distortion computation for large multi-qubit quantum
systems.
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2.5.2 Time-evolution as a dynamical system

While the distortion models presented so far provide static snapshots, as stated before,
quantum algorithm execution is fundamentally dynamical (based on unitary time evolu-
tion or underlying Hamiltonian). To enable real-time distortion management and pre-
dictive control, distortion evolution can also be modeled as a dynamical system. This
approach allows the application of control theory principles, such as adaptive control
methods used in optimization [59], to actively steer the algorithm away from high-dis-
tortion trajectories. In particular, the temporal evolution of distortion can be modeled
using a discrete-time dynamical system [60, 61]:

Diy1 = ADy + Bug + Tey + 1, (19)

where Dy is the distortion state vector of size m x 1 at iteration ¢; A is the state transi-
tion matrix of size m x m, capturing natural distortion dynamics; B is the control input
matrix of size m X r, mapping control actions to distortion changes; u; is the control
vector of size r x 1, representing algorithmic adjustments; I' is the failure sensitivity
matrix of size m X p; €, is the failure vector of size p x 1; and 7, is the process noise vec-
tor of size m x 1, representing unmodeled effects.

This dynamical approach in a sense enables forecasting of future distortion based on
the current state, supports the derivation of control policies that minimize distortion,
and facilitates analysis of algorithm convergence under various control strategies. These
strategies may be encoded in the control vector u, incorporating parameter adjustments
A#b,, changes in measurement strategy, or other error mitigation techniques.

2.5.3 Probabilistic bounds using concentration inequalities

Since the randomness of quantum measurements and the statistical nature of error
processes can be used to draw probabilistic guarantees. We can augment the models
presented so far with probabilistic bounds derived from different concentration inequal-
ities. For instance, individual distortion components can be bounded using Hoeffding’s
inequality [29], which provides a probability bound for the deviation from the expected
mean value of random variables bounded by a; and b;:

(20)

2
P (‘dz - Eld]| = 5) < 2exp < 2Mo ) ;

(bi — ai)?

where M is the number of measurement shots. Building on this, the total distortion can
be bounded using the multivariate Berry-Esseen theorem in higher dimensions [62],
applied to the distortion vector:

. c
P ( D; — E[D]|| > 5) < —— + higher-order terms. 21
1D~ ED| > 6) < 7= ey
Total distortion can also be quantified through confidence intervals. For the estimated
distortion ﬁt(e) at iteration ¢, with failure rates € = [ey, €., €4] representing gate, mea-
surement, and decoherence errors, the confidence interval can be expressed using the
standard error o; of the distortion estimate:

Dy(e) € |Dy — Za)2 Ot Dy + Za)2 Ut} ) (22)
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where z, /7 is the critical value and « is the significance level from the standard nor-
mal distribution. The standard error o, quantifies uncertainty in the distortion estimate
and is given by o; = j—tﬁ, where s; is the sample standard deviation of distortion mea-
surements and M is the number of measurement shots or independent trials. Here, this
standard error decreases as 1/v/M with more measurements and may include contri-
butions from multiple sources. For example, it may combine measurement shot noise
o5t o 1/+v/M, algorithmic uncertainty o™® due to variational parameter sensitivity,
and hardware variability oP#*¥%a™® from device calibration fluctuations. In such cases,
the total uncertainty can be expressed as:

o = \/(O.;‘.hot)Z 4 (U?Ig)Q 4 (U?ardware)2' (23)

3 Training and validation framework for variational quantum algorithms
The distortion models can be deployed as a learned framework by using historical data.
This requires a specialized training and validation setup that accounts for the charac-
teristics of quantum optimization landscapes, data availability, and device-specific error
profiles. Here, classical machine learning methodologies can be adapted while consider-
ing these constraints.

Training such models begins with a preliminary data collection phase. This datasets
can be from smaller systems or previous runs, or previous iterations in the current run.
Datasets from multiple sources for all considered distortion measures can be used to
capture diverse error conditions as follows:
N

Dirain = {(E(i)7 D(i), g(i)7 t(i))} (24)

=1

where () = [eg),egf),efj)] denotes gate, measurement, and decoherence error rates,
respectively; D is the observed distortion vector at parameter set 6(?) for algorithm
iteration (),

As stated, these datasets can be generated using noisy quantum simulations with
systematically varied error models on smaller systems, historical hardware executions
across multiple quantum processors, controlled failure injection during algorithm opti-
mization, or transfer learning from classical approximations of quantum dynamics.

For training, a regularized regression or other machine learning techniques can be
applied to variational quantum algorithms. As an example by incorporating optimiza-
tion landscape knowledge along with the training data, we can use the following regular-

ized regression model:

WITI(%%{ (D(Z) — B(e(i)’ 9(1')7 t(i); w, C, R))2 + )‘lRlandscapc (0) + )\2||CH*7 (25)
i=1
where Riandscape(f) is a landscape-aware regularizer that penalizes models contradict-
ing known variational optimization properties, such as smoothness in parameter space
or convergence guarantees.
For validation, classical strategies can be adapted with slight modifications. As

stated before; training on smaller problem instances and validating on larger ones, or
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evaluating generalization across different quantum processors, can help ensure robust-
ness and transferability of the learned distortion models.

4 Specified models for example variational algorithms
4.1 Variational quantum eigensolver (VQE)
The Variational Quantum Eigensolver (VQE) is a hybrid quantum-classical algorithm
[54, 63] designed to find the ground state energy of quantum systems. Although this
algorithm can be used for any eigenvalue-related problem, it is particularly applied to
quantum chemistry and material science problems, where VQE employs a parameter-
ized quantum circuit (ansatz) to prepare trial states. The energy expectation values of
these states are measured and fed to a classical optimizer for iterative improvement.

A VQE-specific distortion model can be defined using the components in the state
evolution formula, which is given by:

p Y =U(0,)poU" (61), (26)

with energy expectation E; = Tr[H prE], where H is the underlying Hamiltonian and

U is the parameterized unitary.
Considering each component in this formulation, the combined distortion measure

can be expressed as:
DY = wp - dp(t) + we - dg(t) + ww - dy U (t) + wa - da SR (), (27)

where each term defines a different type of distortion. The energy distortion dg(t) is
given in (5). The energy gradient distortion is defined as:

d¥OP (1) = HVEt ~vE|, (28)

where V£, is the predicted gradient from previous iterations. A normalized version can

also be used:

dyE (1) = W. (29)
The parameter update distortion dXQE(t) is defined as:
¥ () = M (o1 ~00 s >6) (30)
where [ is the indicator function.
The wavefunction overlap (fidelity) distortion is given by:
Ay (1) = 1= | (0 |(0.-0)) " (31)

Near convergence, as t — oo and #; — 6%, the total distortion can be approximated by:

DY |6, — 0%|| - | V2E(9")]]. (32)



Daskin Discover Quantum Science (2026) 2:2 Page 13 of 24

4.2 Quantum approximate optimization algorithm (QAOA)

The Quantum Approximate Optimization Algorithm (QAOA) [46] is a quantum algo-
rithm that finds or approximates solutions for combinatorial optimization problems
through an alternating sequence of problem-specific and mixer Hamiltonians with clas-
sically optimized parameters. The generic formulation of QAOA is defined with a depth
parameter p as:

p
—1 (®) —1 (®) n
) = [J e Hremim Hepq)on, (33)
k=1

As in VQE, we define distortion measures for each component and combine them to
formulate the total distortion:

AOA AOA AOA AOA
DRAOA — - dp(t) + wp - dFON ) + wr - dIAON () + wy - dFAON). (34)
Here, the component-wise distortions include the layer-wise parameter distortion:

2 9 1/2
ron, . 1L (1) _ g(t=D) NONNCRY
dy (t):;)E: | | e : (35)
k

t—1
k=1 ’Ylg )

The distortion in the approximation ratio is given by:

FE; — E; FEi_ 1 — Ey
dQAOA ) — t min Dt min ]
R ( ) Emax - Emin Emax - Emin (36)
The constraint violation distortion (for constrained problems) is defined as:
AOA
PO = 3w 1 (), @7
J

where C; are constraint functions.
In QAOA, successful convergence behavior typically involves increasing the depth
parameter p along with problem size. For increasing depth, the distortion scales as:

1
D?AOA ~ . Dlsasc. (38)

4.3 Variational quantum power method (VQPM)
The Variational Quantum Power Method (VQPM) adapts classical power iteration for
quantum optimization of QUBO problems [47, 48]. It features a qubit locking mecha-
nism that exponentially reduces the search space and accelerates convergence by fixing
qubit values when their probability differences exceed a threshold.

The state evolution in VQPM with qubit locking can be defined as:

pl YM = L, ol o Po, (pe-1), (39)

where Lg, is the locking operation on qubit set .S;.
As in the other algorithms, the total distortion is defined as the accumulation of com-
ponent-wise distortion measures:
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DYM — - dp(t) + wp, - d\L/QPM(t) +we - d\C/QPM(t) +wp - dY)QPM(t) + we - dg(t). (40)

The qubit locking distortion is defined as:
1
VQPM _ _ .
dL (t) - |St \ St71| Z (1 Pconsmtency(q’ t)) ) (41)
qES\St—1

where the consistency probability of qubit ¢ being in state |0) over the window from
iterationt — ktot — 1is:

Pconsistency(‘]v t) = €exp (_/\ : Var{Pq(O)t—k:t—l}) . (42)

The control qubit distortion is given by:

VQPM 1+ cos(E
e N (e ! (43)
Finally, the probability distribution distortion is formulated as:
dp¥M @) =Js (p(t), p“‘”) , (44)

where JS denotes the Jensen-Shannon divergence [64].

5 Numerical experiments with distortion-aware VQE

5.1 Experimental set-up

To evaluate the effectiveness of the proposed quantum distortion model, we conducted
a comprehensive series of simulations across multiple configurations. The experiments
were designed to test the framework under varying conditions of noise exposure and
recovery capabilities. For demonstration purposes, we employed VQE for an 3-qubit
Hamiltonian and 7-qubit Hamiltonian generated using X, Y, and Z neighbor interac-
tions with specified interaction coefficients. In addition, we employed three distinct
noise patterns: short (2 noisy iterations per 10 iterations), medium (6 noisy iterations per
10 iterations), and long (9 noisy iterations per 10 iterations) noise durations. For each
configuration, we compared four scenarios: (1) ideal execution on a noiseless device, (2)
ideal execution with distortion monitoring and recovery, (3) noisy execution without
recovery, and (4) noisy execution with distortion-aware recovery.

Furthermore, the recovery mechanism itself was tested under two distinct conditions:
recovery operations performed on a noiseless device (simulating access to higher-fidelity
quantum operations) and recovery performed on the same noisy device (representing
more realistic hardware constraints). This allows us to distinguish between the funda-
mental capability of the model to detect anomalies and the practical effectiveness of
recovery operations under different hardware conditions.

For the simulation, we used the Pennylane software package and apply different noise
to each qubit after both single and entangling gates in every layer. Some of the other
simulation settings are given in Table 1. Here note that the code used for the simulation
is publicly available for download from the link."

I'The simulation code: https://github.com/adaskin/quantum-distortion-model
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Table 1 Simulation parameters for distortion-aware VQE experiments

Parameter Value/Configuration
Distortion range [—1,0): Good distortion (energy improving)

(0, 1]: Bad distortion (energy degrading)
Distortion weights Energy: 0.85, Fidelity: 0.05,

Parameter stability: 0.05, Convergence: 0.05
Distortion threshold Dynamic: Tmin + (Tmax — Tmin) - €~

High in early iterations, decreasing exponentially
Recovery strategy Four-tiered approach based on distortion magnitude:

e Severe (> 0.5): Reset with best parameters (50:50 blend)

e Moderate (0.3-0.5): Blend best and smoothed parameters (50:50)
e Mild (0.1-0.3): Small adjustment toward best (90:10)

e Very mild (0.0-0.1): Minimal adjustment (95:05)

Learning rate 0.01 (fixed throughout optimization)

Qubit count 3 and 7 (two separate experiments)

Ansatz layers 3 layers of parameterized rotations and entangling gates
Recovery device Noisy or noiseless (PennyLane default .mixed)
Noise model After each single- and two-qubit gate:

o Bitflip:gml .BitFlip (noise level)

e Phase damping: gml . PhaseDamping (noise level)

e Amplitude damping: gml . AmplitudeDamping (noise level)

o Depolarizing: gml . DepolarizingChannel (noise level)
Noise schedule Periodic noisy intervals:

e Short: 2 iterations every 10 iterations

e Medium: 6 iterations every 10 iterations

e Long: 9 iterations every 10 iterations

e Random noise level for each interval

The distortion range is normalized to [—1, 1], where negative values indicate beneficial behavior (energy improving) and
positive values indicate problematic behavior (energy degrading). Recovery strategies are triggered based on distortion
magnitude relative to dynamic thresholds

5.2 Key findings

The experimental results are given in Figs. 1, 2, 3, 4, 5, 6 which reveal several impor-
tant patterns. First, when recovery operations can be performed on a noiseless device
(Figs. 1, 2, 3 for short, medium, and long noise bursts), the distortion model demon-
strates remarkable robustness across all noise durations and in some cases improves the
optimization result over the ideal case (Here note that it is already known some noise in
VQE are beneficial for optimization progress [65, 66]). In addition, even under near-con-
tinuous noise (9 out of 10 iterations), the system successfully detects anomalous behav-
ior and triggers recovery operations which fully restore optimization progress. This is
particularly evident in Fig. 3, where the“noisy + recovery”trajectories closely follow the
ideal case for both 3-qubit and 7-qubit systems, regardless of noise duration.

However, as shown in Figs. 4, 5, 6 a critical limitation emerges when recovery opera-
tions are themselves performed on noisy hardware. For short noise intervals (2/10
iterations), the recovery mechanism remains functional, though with slightly reduced
effectiveness compared to noiseless recovery. For medium noise durations (6/10 itera-
tions), recovery operations provide only marginal improvement over the noisy baseline.
Most strikingly, for long noise durations (9/10 iterations), the recovery mechanism offers
virtually no benefit when performed on noisy hardware. Therefore, the effectiveness of
recovery diminishes significantly with increasing noise duration. This highlights the sig-

nificance of the fidelity of the hardware used to execute recovery operations.
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(a) 3-qubit system. The distortion-recovery model successfully mitigates noise effects, maintaining performance
close to the ideal case despite periodic noise intervals.

VQE Comparison: Distortion Framework for 7 qubits
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(b) 7-qubit system. The increased system size amplifies noise effects, yet the recovery mechanism preserves
optimization trajectory and final energy accuracy.

Fig. 1 Comparative analysis of distortion-aware VQE performance across four scenarios: (1) ideal noiseless execu-
tion, (2) ideal case with distortion monitoring and recovery, (3) noisy execution without recovery, and (4) noisy
execution with distortion-recovery. Both systems experience short (2-iteration) noise bursts every 10 iterations
with random noise levels. Recovery operations are performed on a noiseless device. The results demonstrate the
effectiveness of the distortion model in detecting anomalies and triggering parameter recovery to maintain op-
timization progress

6 Discussion and future work

Although there are some quantum studies that describe error-resilient models (e.g., [37])
and machine learning based approaches for quantum control and output estimation [67,
68], there remains a gap in the research on such frameworks. The quantum distortion
model introduced in this paper represents a paradigm shift from conventional error cor-
rection protocols. Its similarity to temporal data analysis techniques used in other fields
provides both theoretical and practical grounding for designing distortion measure-
ments and recovery schemes tailored to variational quantum algorithms. Rather than
pursuing exact error elimination, the method enables approximate solutions and can be
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(a) 3-qubit system with medium noise duration. The distortion-recovery model effectively compensates for
moderate noise exposure, maintaining convergence near the ideal trajectory.

VQE Comparison: Distortion Framework for 7 qubits
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(b) 7-qubit system with medium noise duration. Despite increased system complexity, the recovery mechanism
successfully counteracts noise effects when performed on a noiseless device.

Fig. 2 VQE optimization under medium-duration noise (6 noisy iterations every 10 iterations) with noiseless de-
vice recovery. The distortion model successfully detects anomalies during extended noise intervals and triggers
recovery operations that restore optimization progress. Both system sizes demonstrate resilience to moderate
noise exposure when recovery operations can be performed on a clean device

integrated with established quantum error mitigation (QEM) techniques such as zero-
noise extrapolation [8] and probabilistic error cancellation [4], thereby enhancing the
utility of current quantum devices for real-world applications. Moreover, the advantage
of the quantum distortion model lies in its resource efficiency and its applicability to
current technologies, where resources remain limited for large-scale computations. In
domains where exact solutions are often unnecessary or infeasible, and algorithms are
typically defined by parameterized circuits; probabilistic distortion bounds can be used
to guarantee accuracy bounds for applications in optimization, machine learning, and
approximate sampling. Moreover, the framework provides foundational tools which can
be extended to other quantum computing contexts.
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(a) 3-qubit system with long noise duration. The recovery model maintains functionality despite persistent
noise, though performance degradation is more pronounced than with shorter noise intervals.

VQE Comparison: Distortion Framework for 7 qubits
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(b) 7-qubit system with long noise duration. The recovery mechanism continues to operate effectively, demon-
strating the model’s robustness even under near-continuous noise conditions.

Fig. 3 VQE optimization under long-duration noise (9 noisy iterations every 10 iterations) with noiseless device
recovery. Despite near-continuous noise exposure, the distortion model successfully identifies problematic behav-
ior and triggers recovery. This demonstrates the framework’s effectiveness when recovery operations can access a
noiseless device, even under extreme noise conditions

As demonstrated in the numerical experiments, the successful recovery under noise-
less conditions demonstrates that the core principles studied in this paper are sound:
By monitoring multiple distortion metrics and triggering parameter adjustments when
thresholds are exceeded, it is possible to maintain optimization progress despite sub-
stantial noise exposure. The failure of noisy recovery under extended noise conditions
suggests that the recovery operations themselves must be relatively error-free to be
effective. This implies that practical implementations of distortion-aware quantum algo-
rithms will require either (1) occasional access to higher-fidelity quantum operations
specifically for recovery, or (2) additional error mitigation techniques applied to recov-
ery operations.
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(a) 3-qubit system with short noise and noisy recovery. Recovery operations remain effective despite being
performed on noisy hardware, demonstrating robustness to mild noise conditions.

VQE Comparison: Distortion Framework for 7 qubits
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(b) 7-qubit system with short noise and noisy recovery. The recovery mechanism continues to function, though
with slightly reduced effectiveness compared to noiseless recovery.

Fig.4 VQE optimization under short-duration noise (2 noisy iterations every 10 iterations) with noisy device recov-
ery. When recovery operations are performed on the same noisy hardware, the distortion model remains effective
for short noise intervals. This represents a more realistic scenario where clean hardware is unavailable

Since the 7-qubit systems exhibit similar patterns to the 3-qubit systems, the approach
may generalize to larger problem instances. However, larger systems are more sensitive
to noise because of the small spectral gap. Therefore, application to larger systems may

require careful parameter adjustments.

6.1 Some limitations

Quantum distortion modeling provides a viable approach for maintaining optimization
progress in noisy quantum environments, but with important practical constraints. As
reported in the experiments, the framework successfully detects noise-induced anom-
alies and triggers appropriate recovery actions. However, the ultimate effectiveness of
these recoveries depends on the fidelity of the hardware available for executing them.
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(a) 3-qubit system with medium noise and noisy recovery. Recovery effectiveness diminishes as noise exposure
increases, highlighting the limitations of performing recovery on noisy hardware.
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(b) 7-qubit system with medium noise and noisy recovery. The recovery mechanism struggles to counteract
noise effects when both optimization and recovery operations are performed on noisy hardware.

Fig. 5 VQE optimization under medium-duration noise (6 noisy iterations every 10 iterations) with noisy device
recovery. The effectiveness of recovery operations degrades significantly when performed on noisy hardware. Dis-
tortion detection remains possible, but noisy recovery operations may introduce additional errors that compro-
mise their effectiveness
This points to a hybrid architecture where most computations occur on noisy quantum
hardware, but occasional recovery operations are performed on higher-fidelity quantum
processors or with additional error mitigation. Future work should explore intermediate
approaches where recovery operations employ more robust parameter adjustment strat-
egies or incorporate additional error mitigation specifically for recovery computations.
Since the distortion model relies on historical context or learned parameters, it
assumes similar trends or behaviors to those observed in known applications. This reli-
ance may present limitations: In particular, when the number of iterations is too small
to establish a meaningful historical context, or when no prior data from similar applica-
tions is available, the model may hinder the algorithm’s ability to escape local minima.
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(a) 3-qubit system with long noise and noisy recovery. Recovery operations fail to meaningfully improve opti-
mization, demonstrating the breakdown of noisy recovery under persistent noise conditions.
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(b) 7-qubit system with long noise and noisy recovery. The recovery mechanism provides minimal benefit,
indicating that noisy recovery cannot overcome continuous hardware noise.

Fig. 6 VQE optimization under long-duration noise (9 noisy iterations every 10 iterations) with noisy device re-
covery. This configuration reveals the fundamental limitation of the distortion model: when recovery operations
themselves are performed on noisy hardware and noise levels remain high toward the end of iterations, they can-
not effectively counteract persistent noise
Additionally, if the historical context from previous iterations is insufficient, the model’s
effectiveness may depend on the availability of representative training data and could
require retraining for significantly different problem instances or hardware configura-
tions. In addition, when the historical context does not provide any noiseless state-i.e.
when the noise is prevalent across the iterations (there is always noise)-, it may not be
possible to recover from this noisy state by distortion metrics. We have also observed
this behavior in our numerical experiments for VQE.

In addition, when the learning rate high or errors during a steep slope might cause the
optimizer to take large steps. If a distortion is detected during such a step, the recovery
strategy might reset the parameters to a previous state. In our numerical experiment,
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we use best recent parameters in historical window. However, these parameters might
be from a very different region of the optimization space and may revert optimization
progress back to an earlier point, again losing the progress made. Therefore, one might
need to adjust the distortion model to account for the expected energy change based on
the step size.

Finally, we also note that our numerical experiments employ synthetic, periodic noise
patterns (short, medium, and long bursts) rather than a detailed hardware-driven noise
model derived from specific device calibration data. This choice was made to enable a
controlled and systematic analysis of the distortion model’s response to varying tempo-
ral profiles of error accumulation-a key factor in iterative algorithms like VQE-in isola-
tion from the complex, static noise characteristics of any particular quantum processor.
While hardware-driven models based on published calibration data (e.g., gate error
rates, coherence times, crosstalk) are invaluable for predicting absolute performance
on a specific device, our synthetic approach allows us to study the core detection and
recovery logic of the framework under clearly defined noise durations and frequencies.
Future work will indeed benefit from integrating detailed, device-specific noise models
to tailor distortion thresholds and recovery strategies to the unique error profile of tar-
get hardware.

7 Conclusion

In conclusion, we have developed a primary quantum distortion model framework that
bridges classical concepts of approximate computing and temporal analysis for the varia-
tional quantum algorithms. We have introduced various distortion measures and dem-
onstrated their applicability across different scenarios and formulations. The proposed
approach is general and adaptable to any quantum variational algorithm. Future work
may focus on extending the distortion model to broader classes of quantum algorithms,
developing more efficient training methodologies, integrating with existing error mitiga-
tion techniques, and providing experimental validation across diverse applications and
quantum hardware platforms.
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