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Abstract
We consider the representations of the optical Dirac equation, especially
ones where the Hamiltonian is purely real-valued. This is equivalent, for
Maxwell’s equations, to the Majorana representation of the massless Dirac
(Weyl) equation. We draw analogies between the Dirac, chiral and Majorana
representations of the Dirac and optical Dirac equations, and derive two new
optical Majorana representations. Just as the Dirac and chiral representations
are related to optical spin and helicity states, these Majorana representations of
the optical Dirac equation are associated with the linear polarization of light.
This provides a means to compare electron and electromagnetic wave equations
in the context of classical field theory.
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1. Introduction
It is now well understood that structured light beams have many analogies with structured

wavepackets in quantum mechanics. This has led to numerous advances to our understanding
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of light, such as accelerating Airy wavepackets, optical vortices, optical orbital angular
momentum, and electromagnetic duality as a gauge transformation, as well as many other
examples [1]. Michael Berry has contributed to many of these advances over the past five
decades (e.g. [2, 3]).

In particular, and perhaps as the best example of this analogy, the nature of optical spin has
been explored by directly comparing the Maxwell equations with the Schrodinger—Pauli or
Dirac equation for the spin-half electron. Thus a transverse, right or left circularly-polarized
electromagnetic plane wave, as a spin *1 state, corresponds to a stationary spin +1/2 elec-
tron, or more literally, an ultrarelativistic electron with parallel spin and momentum directions
(helicity states).

While this identification reveals significant properties of the spin angular momentum of
light, it is guilty of a deficit in electromagnetic democracy: circular polarization is no more
fundamental than elliptical or linear polarization. What, therefore, of the analogy with the
Dirac equation for linear optical polarization? We will address this question by comparing light
beams with solutions of the Dirac equation in the Majorana representation [4]. Such Major-
ana particle solutions, not appearing in the standard model of particle physics, are less familiar
than electrons, although Majorana quasiparticles have recently received intense interest in con-
densed matter physics [5, 6].

As in many of Michael Berry’s contributions to the study of the overlap between optics
and quantum theory, we work in an entirely wave-mechanical (‘first quantised’) setting. The
source-free Maxwell equations O,E =V x B, 0,B = —V x E, for divergence-free electric E
and magnetic B fields, can be cast as a quantum-mechanical Schrodinger—Pauli/Dirac wave
equation 10,3 = H¢ for an appropriate Hamiltonian operator H and wavefunction 1. We will
directly compare solutions to these Maxwell equations with solutions to the Dirac equation
for massless ‘electrons’ (i.e. general spin-half fermions), which we claim can be identified as
wavefunctions for a single quantum particle (‘photon’, ‘electron’ or ‘Majorana particle’). We
do not consider interactions between light and matter, and we use natural units such as Planck’s
constant /2 and the speed of light in vacuum ¢ have the value unity.

In the case of the Dirac equation, the wavefunction ¢ is a four-component Dirac spinor, and
the Hamiltonian H = « - p + mag = —iax - V + mayg depends on a set of four 4 x 4 Hermitian
Dirac alpha matrices oy, aiy, 0ry, 0, 00 = (i, 0ty, @) and the mass of the matter wave m. Here
we have used the fact that the canonical momentum operator is p = —iV. In this paper we
deal exclusively with the case of massless electrons. Then, as we will see in the next section,
Maxwell’s equations and the Dirac equation

0 = —ia - Vb, (1.1)

(sometimes called the Weyl equation) share many structural features as systems of linear first-
order partial differential equations in spacetime, with a multicomponent vector/spinor solution.

Solutions v for different representations of the Dirac matrices can be identified with differ-
ent states of massive spin-half particles. In the so-called Dirac representation, the spin operator
S, is diagonal, so the basis states of 1) are spin up and spin down, stationary electrons. In the
chiral representation (also called the Weyl representation), high energy electrons traveling
almost at light-speed (effectively massless), have basis states given by the helicity states with
spin parallel or antiparallel to their propagation direction.

Finally, in the Majorana representation, the Dirac equation is completely real (c are real
and «y is pure imaginary). This is suited to describe Majorana solutions, which here we take
to be eigenfunctions of the complex conjugation operator, which can be identified as purely
real (eigenvalue +1) or purely imaginary (eigenvalue —1) [7, 8].
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Direct electromagnetic analogues of the Dirac equation (considered by Bialynicki-Birula
[9], Barnett [10], see also [11-13]) emphasize that the Maxwell equations can be put into a
form analogous to (1.1)

i0,F = —i-VF (1.2)

where F is some six-component Faraday spinor whose entries are linear combinations of the
components of electric and magnetic field vectors, and 3 = (f;, By, 3;) are an appropriate set
of 6 x 6 matrices, which in fact form a DKP (Duffin—Petiau—Kemmer) algebra [14-19], with
matrices which, unlike a Clifford algebra, may be singular.

Bialynicki-Birula’s ‘photon wave function’ is the analogue of the chiral representation,
involving F = (E +iB,E —iB)”, demonstrating the analogy between helicity eigenstates of
light and ultra-relativistic electrons/neutrinos. On the other hand, Barnett’s ‘six-component
spinor’ (also see Darwin [20]) is the analogue of the standard Dirac representation, involving
F = (E,iB)", and allows the comparison between an electron at rest and static E and B fields.

Of course, one difference between electrons and light particles (‘photons’) is that the lat-
ter are massless, and hence there is no need for 3¢ (the analogue of ag) in (1.2). Simil-
arly, the massless Dirac equation (or “Weyl equation’) requires only the three Pauli matrices
a = (oy,0y,0;) as a sufficient set of Dirac matrices.

A Majorana particle (massless or not), being an eigenstate of complex conjugation, is
always balanced between its positive and negative frequencies, just like the true represent-
ation of electromagnetic fields.

We will construct a representation of the three (3; matrices analogous to Majorana’s own
construction for the a; matrices to be purely real. We anticipate the corresponding spinor F
will somehow pick out linear polarizations as privileged just as the other representations pick
out circular polarization. For a better comparison, we should prefer a spherical basis rather
than Cartesian, as this generalizes to any spin (and is necessary for any representation of Dirac
spinor). We find that the choice of Majorana representation is not unique, with different choices
not only revealing different aspects of the relation between linear and circular polarization, but
hopefully offering insight into the nature of Majorana solutions.

2. On the analogy between the Maxwell and Dirac equations

We begin with a review of the standard Dirac wave equation for free massive electrons (spin-
half fermions) [14, 21-24],

0 = —ia - Vi + magth = o - prp + magp = Hib. 2.1)

For equation (2.1) to be appropriately relativistic (i.e. for it to remain form-invariant under
Lorentz transformations), Dirac showed [24] that the four Dirac matrices oo, vy, oy, o, are
required to satisfy the anticommutation relations of a Clifford algebra

af=1,  ooj+aoe;=0, i#j i,j=0xy,z, (2.2)

where 1 is the identity matrix. The fewest number of dimension for which four such matrices
obey the algebra is four, so the Dirac matrices are 4 x 4, and the Dirac spinors 1) have four
components. A particular realization of this algebra (2.2) in terms of complex-valued 4 x 4
matrices is called a representation of the Dirac algebra. As one often shows in a course on
relativistic quantum mechanics, all representations of (2.2) are unitarily equivalent.

The physical role of a representation of the Dirac matrices is related to which operators
are diagonalised in that representation. For example, in the Dirac representation (where «
is diagonal), the z-component of spin is diagonal, whereas in the chiral representation, the
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helicity operator—the component of spin in the direction of momentum—is diagonal. In the
Majorana representation, the operator (0, +iH™) is required to be real-valued, which means
the matrix elements of the matrices a™ are real, and the matrix elements of o' are purely ima-
ginary. In this paper we refer to the Majorana representation of a wave equation as a ‘Majorana
equation.” See Pal [25] for a review of Majorana and Weyl fermions, and De Vincenzo [26, 27]
for examples of solutions of Majorana and Weyl wavefunctions.

For the special case of massless electrons with m =0, (2.1) is sometimes referred to as a
Weyl equation, for the spinor ¢

100 = (0t-p)p. 2.3)

Now that the matrix g is not required, relativistic covariance of the Weyl equation only
requires three independent, anticommuting o matrices. The standard set of Pauli matrices for

[=X,9,2
0 1 0 —i 1 0
Oy = (1 0) 9 U)‘ - <1 0> ) UZ - (0 _1> I (24)

obey the Clifford algebra (2.2), so they suffice as a set of «; matrices for the Weyl
equation (2.3), and hence the Weyl spinors ¢ have only two components.

The helicity operator for a single quantum particle is defined as the projection of the spin
along the direction of the particle’s momentum or X - p/|3||p| where X is the spin operator,
and p the momentum operator for the particle. For a spin-half electron where X = %a’ the
helicity operator is o - p/|p|. The choice o = & in (2.3) corresponds to Weyl spinors ¢ with
positive helicity, whereas the choice @ = —o, which still obeys (2.2), corresponds to Weyl
spinors ¢~ with negative helicity. In other words, the massless spin-half Hamiltonian is +|p|
times the helicity operator.

This shows the significance of the chiral representation of the Dirac equation (2.1). In the
massless case, the four-component Dirac equation reduces to two uncoupled Weyl equations,
one for each helicity. Note that the Pauli matrices cannot be used as a set of «; matrices for a
massless Majorana equation, since o, is purely imaginary (see [28] for exceptions).

Next, we explain how to put the source-free Maxwell wave equations into a Hamiltonian
form analogous to the Weyl (2.3) and massless Dirac (1.1) wave equations. In an approach
going back to Weber and Silberstein in the first decade of the twentieth century [29-31], we
begin by rewriting the classical, source-free electromagnetic field as the complex Riemann—
Silberstein vector (RS vector)

F*=E+iB, (2.5)
for which Maxwell’s equations become simply V - F£ = 0 and
i9F* = +V x F*, (2.6)

called the Riemann—Silberstein (RS) equation. The RS vector therefore is divergenceless,
and satisfies a Schrodinger—Pauli-like wave equation whose Hamiltonian H=+Vx is first-
order and real-valued. For this reason, F¥ is sometimes identified as the ‘wavefunction’ for
electromagnetism [9]. Furthermore, the continuous duality symmetry in the electromagnetic
fields without sources, E — EcosT +BsinT, B— —EsinT +Bcost for 0 <7 <2m, is a
global gauge symmetry for the RS equation, since under this transformation F* — FEeTim,
leaving the RS equation invariant [9, 32-37].
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We can now express the RS equation (2.6) in the form of a Schrodinger—Pauli wave equation
by finding a Hamiltonian form for the curl operator. The cross product can be expressed by
using a 3-vector of 3 x 3 spin matrices S = (S, Sy, S;), where

00 O 0 0 i 0 -1 0
Se=(0 0 -1}, S§=(10 0 O}, S;=(i O Of, 2.7
0 i O -i 0 0 0 0 O
that is the components of S; are (Si)jk = —igjj. So for arbitrary vectors u,v, we have —i(S -

u)v =u x v. These matrices are the generators of rotations for vectors in a Cartesian basis
around the x,y, z axes respectively, satisfying the commutation relations S.S, — S,S, = iS; and
cyclic permutations.

Since in terms of the momentum operator the gradient is V = ip, we have that the RS
Hamiltonian £V X is =+ the scalar product of the spin angular momentum with the momentum,
+S - p. For vector fields (i.e. spin one electromagnetism), the spin operator is simply 3 = S.
Thus, the RS Hamiltonian is & |p| times the helicity operator, as was also true for the massless
spin-half case. Hence, the RS equation (2.6) for F +is equivalent to

i0,F* = +(S-p)F*, (2.8)

which is analogous to the Weyl equation (2.3) i9,0* = +(o -p)p™ for massless electron-
s/neutrinos.

We’ve now shown that the three-component RS vector wave-functions FE for light are
analogous to the two-component Weyl spinors ¢* for massless electrons. It’s natural then to try
to find a wave equation for light which is the analogue to the massless Dirac equation (1.1). In
fact, it turns out that in the early days of relativistic quantum mechanics, researchers followed
similar reasoning, showing that the most general first order, Lorentz covariant wave equation
(8,,0* +m)y = 0 for particles of mass m and integral spin, requires beta matrices (analogous
to the Dirac gamma matrices) that obey the relation 8,8, 6x + x5, 8, = Bubux + Brdy,, for
all p,v, A =0,1,2,3 [14-18]. This defines the Duffin-Kemmer-Petiau algebra (DKP algebra)
of (8, matrices. The DKP algebra for wave equations of integral spin replaces the Clifford
algebra for the case of a wave equation with spin-half. Note that whereas matrices obeying
the Clifford algebra can not be singular, there is no such requirement here. As for the Dirac
equation, the massless case does not require the matrix 3¢; we only need to work with the
spatial components 3;. In this case the DKP algebra reduces to

B} =B, BiBiBi=0, BB} +BBi=0, BiBibc+BbiBi=0 (2.9)

for distinct spatial indices i,j,k = 1,2,3. Note that the first and last equalities in (2.9) are
satisfied by the Clifford algebra, but the middle two are not. In general then, we seek a set of
three such matrices, (fy, 8y, 3;) = 3 satisfying the optical Dirac equation

i0.F = ~i(8-V)F = (8-p)F, (2.10)

where the Faraday spinor F is a multicomponent wavefunction involving linear combina-
tions of the components of the electric and magnetic field, which generalizes the RS vector
wave-function (2.5). The optical Dirac equation (2.10) is the wave equation for light analog-
ous to the massless Dirac equation for the electron. Expression (2.8) satisfies this equation
where 3 = £S and F = F*, exactly like the Weyl equation (2.3) satisfies the massless Dirac
equation (1.1) with & = o and 1) = T . In general, DKP algebras are analogous to the Dirac
Clifford algebra for integer spin fields, and were historically introduced to describe spin zero
and spin one meson fields, as closely as possible to the Dirac equation [14, 15, 18, 19, 38].
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Both the Dirac and the optical Dirac equations are covariant under proper Lorentz trans-
formations. The rotation generators are given by the commutators of the o and 3 matrices
so_ _1_ P e 2.11
i = _Zgljkajak P = _161_]1(/8}/6](3 (2.11)
which are also the expressions for the spin angular momentum in the spin-half and spin-one
cases respectively, and will be useful in what follows.

3. Representations of the Dirac and optical Dirac equations

In the representations considered here, the Dirac o matrices are 2 + 2 block matrices, with the
o; matrices appearing in either diagonal or off-diagonal blocks. Similarly, according to the
analogy between the optical Dirac equation and the Dirac equation discussed in the previous
section, the DKP /3 matrices will be 3 + 3 block matrices consisting of the S; matrices. An effi-
cient way of denoting such block matrices is to use the direct product (or Kronecker product)
of two matrices, C = A X B, where Clay),(b,k) = Aab Bk, s0 the rows and columns of the product
matrix are labeled with pairs of indices corresponding to the original matrices. In our applic-
ation here, matrix A is taken from the set of Pauli matrices o; where i =0,1,2,3, and 09 = 1
is the 2 x 2 identity matrix. It turns out that the 4 x 4 Dirac «; matrices may be expressed as a
direct product o; x o;, while the 6 x 6 optical Dirac DKP §; matrices are expressed as o; X S},
the choice of i = 0, 1,2, 3 depending generally on which representation of the « and 5 matrices
we choose, as we will show explicitly below. Also, we will use o; X o for the Cartesian vector
of direct product matrices. The mixed-product rule (A X B)(C x D) = (AC) x (BD) follows
directly from the definition of the direct product, and is particularly useful when computing
products of o matrices or products of S matrices, such as required in equations (2.11) above
and (3.2) below.

First, we consider the massless Dirac equation, (1.1). The simplest way of combining the
two helicities into the Dirac equation is to work in the chiral representation,

(f_@xa_<g O), (3.1)

—

which is evidently the block diagonal (i.e. direct sum) of the positive and negative helicity
operators considered in the previous section. The Clifford algebra (2.2) is completed by af =
o1 x 1= (%3}). According to the first of equation (2.11), the choice (3.1) gives the spin operator
as °=1x 10 =1(9 2), which means that a rotation about the z-axis is diagonal in this
representation.

As discussed in the last section, the massless Dirac equation in chiral representation sep-
arates into two uncoupled equations for two Weyl 2-spinors ¢, with opposite helicity. (For
this reason the chiral representation is often referred to as the Weyl representation.) The sign
of the helicity is an eigenvalue of what here we call the chirality matrix X,

= —iayay0; (3.2)

which is easily seen to be the so-called fifth gamma matrix v° = iv%y'y2y? (70 = o, =

o) [21-23], valid in any representation. In the chiral representation, X* =03 X 1 = (23 o ) ,
so the 4-spinor solution to the Dirac equation ¢ is composed of Weyl spinors of positive
and negative helicities, 1° = (T, o ~)T. We note here that many QFT text books have the
reverse ordering (upper components with negative helicity), corresponding to the opposite
signs in (3.1) and X° [21, 22].
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The matrices representing chirality X and z-component of spin X7 commute, with the
four components of ¥¢ corresponding, in turn, to positive helicity, positive spin; positive
helicity, negative spin; negative helicity, positive spin; negative helicity, negative spin. For
a positive-energy plane wave corresponding to a massless particle with momentum p = E > 0
in the +z direction, only positive helicity positive spin corresponding to the spinor ¢ ~
(1,0,0, O)Tei(”z—E’), and negative helicity negative spin with spinor ¢)¢ ~ (0, 0, 0, 1)"eilps—En)
are possible. Mixing signs of spin and helicity is only possible for negative energy plane waves.

In the Dirac representation the o matrices are defined in terms of the direct product with
o1, namely

aDEO'1XO':<O J), 3.3)

with af) =03 x 1= (§ °), and (3.2) gives the chirality operator X? =0y x 1 =(2}). As
in the chiral representation, (2.11) gives X° =1 x %a’, so again X, is diagonal. This is the
original representation used by Dirac and is frequently used to describe massive electrons,
especially in the non-relativistic limit. Such a positive-energy electron plane wave is an eigen-
state of spin only if it has zero momentum, given by the spin up and spin down Dirac spinors
(1,0,0,0)7 and (0, 1, 0, 0)7 (the other two basis spinors correspond to zero momentum neg-
ative energy states for the electron). The two positive energy massless plane waves discussed
in the last paragraph, with positive and negative helicities, correspond in this representation to
the Dirac spinors 1)° ~ (1,0, 1,0)7el?==) and (0, 1,0, —1)7el(Pz—E0),

We defer discussing the Majorana representation of the Dirac equation until the next
section, where we work in a spherical basis.

We turn now to representations for the optical Dirac equation (2.10). By direct analogy with
the Dirac equation the chiral representation for the optical Dirac equation is

=0y xS = (g °S>, (3.4)

which corresponds to the positive helicity operator in the upper left block, and the negative
helicity operator in the lower right block. The reader can easily check that these 5 matrices
obey the DKP algebra (2.9). The six-dimensional Faraday spinor in the chiral representation
is given in terms of the RS vectors (2.5) by F< = (F", F~)T (appropriately normalized). The
upper and lower components of the optical Dirac equation in chiral representation are the +
RS equations in (2.8). This is the form of the optical Dirac equation constructed in Bialynicki-
Birula [9] (and also by Majorana himself [39], among others historically [40-42]). The chiral-
ity operator is clearly X = o3 x 1 = (é _01) (where 1 is the 3 x 3 identity matrix) as with the
chiral representation for the Dirac equation, although there is no 5 matrix analogue to (3.2).

According to equation (2.11), the spin operator is 3° = 1 x S. Notice that since the 3-vectors

S. 0

here are in the Cartesian basis ¥ = ( oS ) is not diagonal. We consider the spin basis in the

next section.

This chiral representation is the natural one for describing circularly polarized light. The
Faraday spinors corresponding to circularly polarized plane waves with momentum p = E > 0
traveling in the 4z direction can be easily found by solving the RS equation (2.8). The solution
for the case of positive helicity (R-handed light) is ¢ ~ (e ,0)7e!?*=£) and for the case of
negative helicity (L-handed light) is F¢ ~ (0,e_)"e!(P*=£) where ey, are the eigenvectors of
the helicity operator S, with eigenvalues & = £1. Note the correspondence to the plane wave
solutions for the massless Dirac equation in chiral representation given above. There, instead of
the 3-vectors e, we have spin-up (} ) and spin down (9) Weyl 2-spinors for the case of positive

7
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and negative helicity, respectively. A feature of this chiral description is that the duality gauge
symmetry is simply a phase transformation generated by —iX°®.

Moving on to the Dirac representation (or Darwin representation) for the optical Dirac
equation and following the same logic as above, we have

ﬂDE(nXS:(g g) (3.5)

with Faraday spinor FP = (E, iB)”, which was discussed at length by Barnett [10] (also see
[43]). Unlike the chiral representation of the optical Dirac equation, the electric and magnetic
field now occur in separate components of the spinor. We recover the RS equation (2.8) in
this representation by adding and subtracting the upper and lower components of the Faraday
spinor.

Itis interesting to note that a static, irrotational electric field E satisfies Maxwell’s equations
with B = 0, which is a counterpart to the case of a stationary electron being in a spin eigen-
state. For the case of circularly polarized positive energy plane waves discussed previously,
the Faraday spinors are found to be FP ~ (e, ,e ) e P“F) and FP ~ (e_,—e_)Te!Ps—E)
respectively, for the case of positive helicity and negative helicity. This again is completely
analogous to the electron result in the Dirac representation, as given above.

Note that in this representation, XP =g, x 1, and —iXPFP = (B, —iE)T also satisfies the
optical Dirac equation. Just as in the chiral representation, —iXP generates the electromagnetic
duality transformation. Additionally, one can show that 7¢ and FP behave the same way under
spatial rotations, and in both cases (3 - Jv generates boosts by a velocity Jv.

Finally, since we have considered $ matrices constructed as direct products o3 x S and
o1 X 8, it is natural to consider the final case of o, x S. In this case, the 8 matrices become
purely real, so (2.10) becomes a purely real equation, which can therefore be considered a
Majorana representation in the Cartesian basis. It is convenient to include a — sign in the
definition of the S matrices,

B =—oyx 8= (—?s ig) : (3.6)

so that the Faraday spinor is 7™M = (E, B)". This representation, which is very similar to the
Dirac representation above, has been considered previously in the literature [20, 44, 45], but
not explicitly as a Majorana equation. The Faraday spinor M is purely real when E and
B are, giving classical electromagnetism with only real numbers; underpinning the fact that
electromagnetism (massless spin one boson) is trivially Majorana. Finally, we note that duality
transformations here are realized by the direct product of the 2D rotation (%7 57 ) matrix
with the 3 x 3 identity matrix, generated by —iXM = io; x 1.

4. Spin basis representation and the optical Majorana equation

We have so far considered vectors in the Cartesian basis: 3-vectors were expressed in a basis
of real, mutually orthogonal vectors e,, e,, e.. The representation BM is not equivalent to
Majorana’s representation of the Dirac equation, however, since 3™ gives real matrices in
the Cartesian representation, whereas Majorana was working in the spin basis. In this section,
we consider the complex spin basis (spherical basis) e, ey, e_, of eigenvectors of S, (with

8
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eigenvalues +1, 0, —1 respectively. The unitary matrix transforming from the Cartesian basis
1—-i 0

to the spin basis is U = if <0 0 ﬁ) , such that

Z\1i o0

U(ex,ey,eZ)T: (eJr,e(%e,)T7 4.1)

with inverse U~ = U'. It should be noted this matrix slightly differs from its counterpart in
quantum spin physics, as the standard optical convention does not quite follow the Condon-
Shortley convention (which would define right-handed circular polarization as —e_.).

We can now write down the S matrices in the spin basis, written S°, by conjugating with
respect to these unitary matrices, $* = USUT,

L [0 -1 0 L [0 i 0 10 0
s=—|-1 0 1], $=—[-1 0 =], $=[0o 0 o]|. @2
x y z

V2lo 1 o V2 o i o 00 —1

With this choice, of course, S§ becomes diagonal (and real), with S} real and S; pure imaginary,
just like the Pauli matrices. These real and imaginary assignments are always necessary since
in the angular momentum algebra formalism for any spin, raising and lowering operators are
given by % (Sy £1iS}), which must be real-valued matrices.

Considering the Dirac equation, one can follow Majorana’s construction [4] of a real rep-
resentation of the o matrices by choosing real o, and o, analogously to an existing repres-
entation, such as the Dirac representation, af}’l =01 X Oy, a?’l = o0} X 0. The Clifford algebra
rules (2.2), together with the restriction to real values, give exactly one choice for ai‘,’[, namely
M =03 x 1= ag. Furthermore, o' must be purely imaginary in the Majorana representa-
tion, and is therefore equal to the Dirac representation a];. Equation (3.2) gives the chirality
operator as XM = o3 x 0y. Clearly, this Majorana representation is not unique; it would have
been just as possible to start with the analogous chiral representation for oM = o3 x o, and
aM = o3 x 0, for which then the unique, real-valued a?’l is ai’l =01 x 1 =a§, and it follows
that o' = a§ and XM = 0y x 0.

Following the analogous procedure for the 3 matrices, we find the DKP algebra has a purely
real representation

pM =01 x 8, M =aixs, M =0xS, (4.3)

(0%

where here we have assumed the form of the first two matrices, and then used the DKP
algebra (2.9) to find a unique, real-valued 3M!. The most general special unitary transforma-
tions which gives these 3 matrices (choosirfg to transform from the Cartesian basis Majorana
representation BM defined in section 3) is a one-parameter group. Parameter 7 results in a
Faraday spinor with components

T

.FSM] =L { (Ex"‘Eya \/EEza E, _Eyv —B, +B)’a _\/EBZ’ —B: _By) COST

v
T
n (BX+B_\,, V2B.,B, — By, Ex — E,, ﬁEZ,Ex+Ey) sinT}. (4.4)

Here the freedom of the similarity transformation reproduces the duality gauge symmetry.
Alternatively, with the choice 7 =0, we get —iX™! acting on the first spinor in (4.4) gives the
second spinor.

We now make some observations. Although we started from the spin basis, the first and third
components here are those of the Cartesian components of E in the basise » = (e, +e,)/ V2,
eg=e;ande~ = (ex—ey)/ V/2, i.e. the standard Cartesian basis rotated 45° around the z-axis,
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and similarly for the fourth and sixth components involving the magnetic field. Strikingly,
despite ostensibly working in the spin basis, this is a real, Cartesian basis, and e ~, e\, form a
third mutually unbiased basis, together with e, e, and e ,e_ in the transverse plane. Therefore,
as expected, enforcing a Majorana-like condition on the optical Dirac equation in the spin
basis has given us linear polarization, as anticipated, but in a different basis from the original
Cartesian basis e,,e,.

Alternatively, we can choose 3, and 3, from the chiral representation to construct a second
Majorana-like real representation in the spin basis,

M =03x 8, B =0xS, P =0xS, (4.5)

and now the most general Faraday spinor is

T

M2 1 { (Ex+B)'7 ﬁEZ, E.— By, —E, — By, —\f2Bz’ E, _Bx) cosT

v
T
+(—Ey+BX, V2B.,E, + B, E, — B,, szz,EerBy) sinT}. (4.6)

Based on o3, this representation involves combinations of electric and magnetic field com-
ponents similar to helicity states, but in a new way with only real coefficients, sharing the
real-valuedness of E and B. Setting 7 = 0 initially, we can see that the first entry combines E,
and B,—which are equal for a linearly polarized electromagnetic wave traveling in -z, as are
E, and —B, from the last entry. On the other hand, E, — B, and E, 4 B, both must vanish for
a linearly polarized plane wave in +z, regardless whether the field is real-valued or complex-
valued. The first and last components vanish for a field propagating in —z, again irrespective of
whether fields are real- or complex-valued. Therefore, instead of picking helicity eigenstates
from z-propagating plane waves, this second spin basis Majorana representation detects the
direction of linear momentum, based on the orientation of the electric and magnetic fields!

Elliptic or circular polarization in the xy-plane has the same zero components in entries
2,3, 4,5 of the Faraday spinor, but both the first and last entries are now complex numbers;
similar to helicity, an arbitrary polarization of a plane wave with a given direction is a super-
position of orthogonal linear polarizations (as here), or opposite circular polarizations. The
duality angle 7 here rotates the basis choice of these electric-magnetic components around the
z-axis, a symmetry always broken on choosing a direction of linear polarization.

Similar observations have been made in the photonics literature without the connection to
Majorana physics described here. For instance, in suitable anisotropic materials for which the
principal axes align with the 45°-aligned basis, the wave can become one-way propagating,
without breaking time reversal symmetry [46, 47], interpreted as a time reversal transformation
under which E;, + B, - E, — B,.

5. Discussion

We have explored various representations of the optical Dirac equation involving the integral
spin DKP algebra, and found a strong analogy to the Dirac equation for the massless electron.
In fact, since electromagnetic fields (and, upon second quantization, photons) are intrinsic-
ally real, they are automatically their own antiparticles in the formalism. Maxwell’s equations
therefore display a greater similarity to the Majorana representation of the massless Dirac
equation, than to the standard Dirac and chiral representations of the massless Dirac equation.

The main feature was two new Majorana representations, one with Faraday spinor com-
ponents being linear polarization components, but in the mutually unbiased linearly polarized
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basis (in the transverse plane); the other roughly analogous to the helicity representation, but
again favoring real superpositions of electric and magnetic fields which might vanish for cer-
tain linear polarizations.

In the standard optics framework, monochromatic fields lead to time dependence being
suppressed, and fields are often represented by their complex-valued, positive frequency parts.
These naturally resemble complex-valued quantum matter fields, which are complex in the
standard quantum formalism due to the positive mass and nonzero charge of the electron,
although photons are massless and charge-free. Thus, in the quantum formalism, classical
electromagnetic fields are real-valued, for which it is easier to represent linear polarization.

We have avoided giving a physical interpretation to negative-frequency waves. Of course,
any observable effects properly manifest through the energy density of the field, which is
provided by the 00 component of the fields’ relativistic energy-momentum tensor. The expres-
sion of this tensor is fundamentally different depending on whether the field is integer or half-
integer [48], although there are analogues in the separation of spin and orbital parts [3].

The main historical reason for the development of the DKP algebra used here was to
describe massive spin one fields (i.e. satisfying the Proca equation), and a natural exten-
sion of this work would be to build an understanding of the effect of including mass in
electromagnetic-like phenomena. However, including an extra 8y matrix to the DKP algebra
significantly changes the representation, and the Dirac equation-like analogue to the Proca
equation, whose field quantity is the analogue of the 4-potential rather than E and B, requires
10 x 10 DKP matrices, significantly larger than anything discussed here. It would be nev-
ertheless interesting to explore Weyl, Dirac, and Majorana-like representations of this more
complicated DKP algebra (and the limit, in this algebra, m — 0 [38]).

Much of the current interest in Majorana particles is focused toward quasiparticle excit-
ations in condensed matter physics (e.g. [49-53], especially associated with topologically
protected edge state modes. Photonic analogues of various of these have been proposed
(e.g. [54-57]). It would potentially be interesting to take the case of the optical Majorana
equation into materials and interfaces, especially as the natural s and p polarizations associ-
ated with reflection and refraction at the edges of dielectric materials are linear polarizations,
i.e. Majorana-like states. The true exotic nature of Majorana particles—their Majorana mass—
may yet arise in an interpretation of the behavior of light in a suitable medium.

For free-space electromagnetism, however, our analysis merely emphasizes the fact that we
can choose the basis in which we describe electromagnetic phenomena. The circular or helical
bases are analogous to the chiral and Dirac representations of electrons, and so emphasize spin
and angular momentum aspects. We’ve shown here that the basis states of linear polarization
are analogous to the Majorana representation, which we hope may strengthen the power of
analogies between different areas of physics.
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