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Uð1Þ global symmetry to solve the strong CP problem could be a remnant of multi-Uð1Þ symmetries
from QCD and hidden strong dynamics. Both Peccei-Quinn Uð1Þ and dynamical Uð1Þ are described
uniformly, based on which we classify various mixed two-Uð1Þmodels to solve both strong CP and quality
problems. We propose a moose diagram method with different fermion assignments to directly read
relations between CP phases, which illustrate how the strong CP problem is solved in terms of cancellation
between CP phases. In two-axion models, we find that the lightest axion is still the same as a QCD axion in
the infrared region, while a one-axion model with Z2 symmetry enhances the axion mass spectrum. Our
discussions can be extended to multiaxion cases.
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I. INTRODUCTION

In the 1970s, ’t Hooft proposed that QCD has a nontrivial
vacuum structure and solved the Uð1ÞA problem [1,2]. The
nontrivial vacuum structure suggests that there is an addi-
tional topological term which violates CP symmetry in the
QCD Lagrangian. The CP-violating term brings a free
parameter denoted as θ. Because of the axial anomaly, a
chiral rotation of quarks changes θ and the argument
involving Yukawa couplings of quarks, while the sum of
them is invariant. Thus, the observable strong CP phase in
the Standard Model (SM) is

θ̄ ¼ θ þ arg detðYuYdÞ; ð1Þ

where u, d represent up and down type quarks, respectively.
A measurement of the neutron electric dipole moment
(EDM) suggests that jθ̄j < 10−10 [3]. How to understand

the extreme smallness of θ̄ is the well-known strong CP
problem.
There are several ways to solve the strong CP problem.

One solution is the Nelson-Barr mechanism [4,5], which
assumes CP to be conserved at the high energy scale. That
is, the CP-violating phases of the Cabibbo-Kobayashi-
Maskawa (CKM) matrix and θ̄ are both zero at the high
energy scale, while at the low energy scale the CP-violating
phase δ of the CKMmatrix is reproduced and θ̄ is still fixed
at zero. An alternative approach is to utilize the chiral
rotation of the fermions to absorb θ̄ when a massless quark
or an additional global chiral Uð1Þ symmetry exists.
However, a solution with a massless quark was disfavored
by the results of lattice QCD with mu ¼ 2.2þ0.5

−0.4 MeV [6].
The additional global chiral Uð1Þ solution was first
proposed by Peccei and Quinn [7,8]. Later, Weinberg [9]
and Wilczek [10] predicted that a pseudoscalar such as the
Goldstone boson called an axion would result from the
spontaneous breaking of this additional Uð1ÞPQ symmetry.
Although the original Weinberg-Wilczek axion model has
been ruled out by experiments [11], derived models still
survive. The Kim-Shifman-Vainshtein-Zakharov (KSVZ)
[12,13] and Dine-Fischler-Srednicki-Zhitnisky (DFSZ)
[14,15] models are the most typical ones.
Although the KSVZ and DFSZ models survive from

experimental constraints, there exists an additional theo-
retical issue, the quality problem. Constraints from astro-
physics give the lower bound of the decay constant of the
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axion as fa ≳ 108 GeV [16]. There is a general consensus
that gravitational effects generate operators suppressed by
the Planck scale MPl which explicitly break global sym-
metries. As with the axion model, the explicit breaking
effect is estimated by the operators [17,18]

VðϕÞ ¼ g
jϕj2mϕn

M2mþn−4
Pl

þ H:c: ð2Þ

Although these operators are suppressed by the Planck
scale, the smallness of the strong CP phase and the high
scale of hϕi ∼ fa cause non-negligible effects from the
lower-dimensional operators. Consequentially, the mini-
mum of the scalar potential is shifted and the CP phase θ̄
reappears. To solve this problem, one can impose a discrete
symmetry ZN with a large N on ϕ so that operators with a
dimension less thanN are forbidden. For fa ¼ 1012 GeV, a
scale at which the axion can serve as dark matter, operators
with a dimension 2mþ n < 14 are forbidden [19]. Another
idea is to reduce the vacuum expectation value (VEV) hϕi
while preserving a large fa. Implementation is accom-
plished in multiple axion models using the alignment
mechanism [20–22] or the clockwork mechanism [23].
On the other hand, a very heavy axion with ma ≳
Oð100Þ MeV evades the astrophysical constraints [24],
and thus a small fa is allowed to relax the quality problem.
Furthermore, in some composite axion models, gauge
invariance forbids operators of high dimensions by arrang-
ing fermions suitably [25]. In this paper we focus on the
simplest multiple axion model, the two-axion model.
On the other hand, an additional non-Abelian gauge

group is often introduced in various new physics, such as
hidden valley [26], vectorlike confinement [27], and twin
Higgs [28]. These extensions of the SM are usually
motivated by the hierarchy problem or dark matter.
Furthermore, the Uð1Þ global symmetry to solve the strong
CP problem could be a remnant of multi-Uð1Þ symmetry
from the hidden strong dynamics. We call this kind of non-
Abelian gauge group “hidden QCD” in this paper.
As in SM QCD, hidden QCD may contain the CP

violation source from the θ0G0G̃0 term and the relevant
fermion Yukawa couplings, although it may or may not
influence the observed neutron EDM. Besides the QCD
theta term, there are three types of effective operators
contributing directly to the neutron EDM, including the
quark EDM, the quark chromo EDM, and the three-gluon
Weinberg operator [29,30]:

Od ¼ −
i
2
dq̄σμνγ5qFμν;

Od̃ ¼ −
i
2
d̃ q̄ σμνtaγ5qGa

μν;

Ow ¼ 1

3
wfabcGa

μνG̃
b
νβG

c
βμ; ð3Þ

where d denotes EDM, d̃ denotes chromo EDM, ta is the
generator of the QCD group, and fabc denotes the QCD
structure constant. The θ0G0G̃0 term in hidden QCD is not
directly related to these operators. However, two typical
scenarios will result in the sensitivity of the neutron EDM
to the CP violation in the hidden sector:
(a) Two strong CP angels can be associated with each

other by introducing a pseudoscalar. The interaction
between the pseudoscalar and gauged fermions and
the chiral rotation of the pseudoscalar are

L ∼ yqeina=faqq̄þ yQeima=faQQ̄þ H:c:;

a=fa → a=fa þ α; θ → θ − nα; θ0 → θ0 −mα;

ð4Þ

where q and Q notate fermions charged under QCD
and hidden QCD, respectively. a is the pseudoscalar. n
and m are constants.

(b) Fermions charged under both QCD and hidden QCD
can link these two CP phases. The chiral rotation of
these fermions can change both phases such that

ψLðNc; NhÞ → ψLðNc; NhÞeiβ; θ → θ − Nhβ;

θ0 → θ0 − Ncβ; ð5Þ

where Nc and Nh are representations of fermions in
QCD and hidden QCD, respectively.

Under such circumstances, both θ and θ0 have observable
impacts on the strong CP problem, as either the Peccei-
Quinn symmetry or the chiral rotation of massless fermion
can transfer the θðθ0Þ term into θ0ðθÞ. Consequently, the
physical CP-violating angle in QCD related to the neutron
EDM is the linear combination of the two theta angles.
Therefore, these two angles must be small simultaneously
to explain the strong CP problem. Either two global chiral
Uð1Þ symmetries are needed or there is one chiral Uð1Þ
symmetry with a Z2 among the two sectors. In this work,
we focus on the first scenario, while the latter is discussed
in Refs. [24,31–35].
Chiral Uð1Þ symmetries are classified into one of two

groups depending upon whether the corresponding axion is
elementary or composite. We refer to the one generating an
elementary axion as the Uð1ÞPQ arising from the phase of a
complex scalar, and the one generating a composite axion
(also called a dynamical axion [36]) as the Uð1ÞA arising
when massless fermions of the hidden QCD condense at
the high energy scale. In the infrared region, the two
scenarios share a similar nature and the pseudoscalars are
the Goldstones of these chiral Uð1Þ symmetries that are
named axions. Instanton effects explicitly break these
symmetries and determine the properties of the axion,
such as mass and axion-photon coupling. Therefore, new
instanton effects of the hidden QCD could enlarge axion
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mass in some models with Z2 symmetry [24,31,37], and
they could also enhance axion-photon coupling in [38].
Moreover, an additional strong dynamics also provides
solutions to the quality and domain wall problems [39].
With hidden QCD introduced, we find new mixed Uð1Þ

solutions which contain two sorts of chiral Uð1Þ sym-
metries. In these cases, spontaneous symmetry breaking of
Uð1ÞPQ could be triggered by the dynamical symmetry
breaking in the hidden sector, in addition to the conven-
tional Ginzburg-Landau potential method. The cancellation
of CP phases is always viable, except in alignment
situations. The cancellation of CP phases in the QCD
and the hidden QCD sector is shown in Sec. III. The lightest
axion in these models is similar to the QCD axion. Some
phenomena of these models are discussed in Sec. IV.
In addition to the new mixed Uð1Þ solution mentioned

above, we also propose a “mooselike” diagram method to
visualize the cumbersome relations among gauge groups,
new fields and CP phases in multiaxion models, from
which the Uð1Þ charges for the fields and the potentials of
the relevant axions and CP phases can be easily read.
Moreover, the diagram method helps one to construct
models containing more Uð1Þ and gauge groups.
This paper is organized as follows. In Sec. II, we discuss

two typical patterns to realize chiral Uð1Þ. Next, in Sec. III,
we give solutions of the strong CP problem and propose a
diagram method to present these solutions. In Sec. IV, we
study the axion mass, axion-photon coupling, and axion
decay constant of one-axion solutions and two typical
mixed two-axion solutions. We summarize the results
in Sec. V.

II. PECCI-QUINN OR DYNAMICAL SOLUTION

A large class of models solve the strong CP problem by
adding additional global Uð1Þ symmetries. There are
mainly two kinds of Uð1Þ’s: the one in the Pecci-Quinn
mechanism [7,8], denoted as Uð1ÞPQ, is associated with a
elementary scalar ϕ, while the other is the axial Uð1ÞA of
some massless fermions charged under gauge groups,
which induces the dynamical solution [36].
Although Uð1ÞPQ and Uð1ÞA symmetries have different

origins in the ultraviolet region, they solve the strong
CP problem with the same philosophy: to make the CP
phase dynamically canceled by introducing a Uð1Þ pseudo
Goldstone boson (PGB) with an anomaly-induced poten-
tial. In both scenarios, there are fermions that are axially
charged under the global Uð1Þ,

fL → eiαfL; fR → e−iαfR: ð6Þ

However, theUð1Þ is broken in different ways: in the Pecci-
Quinn mechanism, it is broken by the scalar potential VðϕÞ
and the PGB turns out to be a ∼ argϕ, the axion; in the
dynamical solution, it is broken by condensation of the

fermions, and the PGB is a composite of the fermion, also
known as the dynamical axion. The common infrared
behavior is that both PGBs correspond to some axial
currents whose conservation is broken only by anomaly.
This inspires a general description of these models, as
presented in the following.
In this section, we propose a mooselike diagram method

to uniformly illustrate the structures of the models solving
the strong CP problem. The notation of all possible
additional fermions introduced are listed in Table I. As
an example, we show the structure of the aligned axion
model [20] in Fig. 1(a) and that of the dynamical axion
model [36] in Fig. 1(b). In Fig. 1(a), we list all the axions,
with each representing a global Uð1Þ, normalized as their
proper contributions to the CP phase. Dashed lines link the
axions to the fermions, and the numbers along them
indicate the corresponding Uð1Þ charges of the fermions.
The solid lines with tags show the nontrivial representa-
tions of the fermions under the linked gauge groups in
Fig. 1(b), like the color SUð3Þc and the hidden SUð3Þh.
Circles on the vertices represent massive fermions; crosses
on the vertices represent massless fermions.

SU(3)

SU(3)

a
f
a

a
f
a Q’

n
3

3n

SU(3)

SU(3)
3

3

3
1

-3

1
1

f

f2

6
6

(a) (b)

FIG. 1. (a) Solid line between Q and SUð3Þc showing that Q is
under representation 3 of QCD and the solid line between Q0 and
SUð3Þh showing thatQ is under representation 3 of hidden QCD.
The red dashed line between a1 and QðQ0) shows that the charge
ofQðQ0) under Uð1ÞPQ is m1 (n1). Similarly, the blue dashed line
shows that the charge of QðQ0Þ under Uð1ÞPQ0 is m2 (n2). 1=fa1
and 1=fa2 are scale factors for two Uð1Þ’s. (b) Solid lines
showing that ψ is under representation 3 for both QCD and
hidden QCD, and that χ is a singlet for QCD but under
representation 3 for hidden QCD. The red dashed lines show
that the ratio of ψ and χ in the η0h current is 1∶1, which is similar
to the Uð1Þ charge in (a) in the infrared region. The only
difference is one more normalization factor

ffiffiffi
2

p
=2 in front of

the scale factor 1=fπh. Similarly, blue lines show that the ratio of
ψ and χ in the πh current is 1:−3. The normalization factor isffiffiffi
6

p
=6 and the scale factor is 1=fπh .

TABLE I. Fermion charge and representation.

SUð3Þc SUð3Þh Uð1ÞPQ
ψ 3 3 0
χ 1 3 0

Q 3 1 m
Q0 1 3 n

TALE OF TWO-Uð1Þ AXION MODELS PHYS. REV. D 103, 095025 (2021)

095025-3



The alignment axion model has been widely discussed in
the literature [20,21,40]. SUð3Þh is introduced with a new
free parameter of CP violation θ0. As shown in Fig. 1(a),
massive fermions Qð3; 1Þ and Q0ð1; 3Þ are charged under
both Uð1ÞPQ symmetry and Uð1ÞPQ0 symmetry. When
Uð1ÞPQ and Uð1ÞPQ0 are broken, the axion is left as a
pseudo Goldstone boson. The corresponding current and
their divergence are

JμPQ ¼ fa1∂μa1 þm1Q̄γμγ5Qþ n1Q̄0γμγ5Q0;

JμPQ0 ¼ fa2∂μa2 þm2Q̄γμγ5Qþ n2Q̄0γμγ5Q0;

∂μJ
μ
PQ ¼ m1g2

16π2
Gμν

a G̃aμν þ
n1g02

16π2
G0μν

A G̃0
Aμν;

∂μJ
μ
PQ0 ¼ m2g2

16π2
Gμν

a G̃aμν þ
n2g02

16π2
G0μν

A G̃0
Aμν; ð7Þ

where Gμν
a and G0μν

A are strength tensors of gauge fields for
QCD and hidden QCD, respectively. g and g0 are couplings
of the gauge interactions. In some papers, the hidden sector
is extended to a “mirrored SM” with massive fermions u0
and d0 that do not carry Uð1ÞPQ charge like u and d in the
SM [34,37].
The main structure of the dynamical solution [36] is

shown in Fig. 1(b). As in the aligned axion model, SUð3Þh
is introduced with a new CP parameter θ0. Two massless
fermions ψ and χ are introduced to absorb CP-violating
phases θ and θ0 through a Uð1ÞA transformation. It is
common to assume that SUð3Þh will confine just like QCD
at a scale fπh which is much higher than the QCD confining
scale fπ . The related currents are

JμAðψÞ ¼ ψ̄γμγ5ψ ; JμAðχÞ ¼ χ̄γμγ5χ;

∂μJ
μ
AðψÞ ¼

3g2

16π2
Fμν
a F̃aμν þ

3g02

16π2
Gμν

A G̃Aμν;

∂μJ
μ
AðχÞ ¼

g02

16π2
Gμν

A G̃Aμν: ð8Þ

Below the scale fπh , we assume that the hidden sector
has a dynamical chiral symmetry breaking caused by the
fermion condensate with

hψ̄ψi ≈ −cψf3πh ; hχ̄χi ≈ −cχf3πh ; ð9Þ

where cψ , cχ are constants and fπh ≫ fπ . Considering
QCD as an additional “flavor symmetry,” there is an
SUð4ÞL × SUð4ÞR symmetry between ψ and χ. After the
condensate of hidden QCD, πah are Goldstones correspond-
ing to coset generators of SUð4ÞL × SUð4ÞR=SUð4ÞV . The
decomposition of πah into SUð3Þc is

15 ¼ 8þ 3þ 3̄þ 1: ð10Þ

The QCD color-singlet scalar is denoted as πh ≡ π15h for
short. The remainder of the 14 colored scalars are supposed
to be heavy because of the QCD condensate. However,
there is one more color-singlet scalar η0h related to the
Uð1ÞA symmetry. The corresponding currents related to
these two fields are

JμðπhÞ ¼
1ffiffiffi
6

p ðψ̄cγμγ5ψc − 3χ̄γμγ5χÞ;

Jμðη0hÞ ¼
1ffiffiffi
2

p ðψ̄cγμγ5ψc þ χ̄γμγ5χÞ; ð11Þ

where c is the color index for ψ. These currents have been
normalized, and we have chosen trðTaTbÞ ¼ 2δab as the
normalization of the SUð4Þ generators. The specific matri-
ces of SUð4Þ generators and details of derivation are shown
in Appendix B. As a result of the condensate, we can use πh
and η0h to represent the Uð1ÞA symmetry at the low energy
scale. θ and θ0 can be offset when πh and η0h take VEVs.

III. CANCELLATION OF THE
STRONG CP PHASE

When one considers the extension of the SM, new
contributions to the strong CP violation are introduced.
Therefore, the strong CP phase θ̄ needs to be modified. For
distinction, the modified strongCP phase is notated as θphy.
In this section, we discuss these new contributions and
methods to solve the strong CP problem. The difficulty is
that θ̄ is at order 1 but θphy is at order 10−10. Axion models
and dynamic solutions both solve this difficulty by cancel-
ing θphy at the minimal point of the Goldstone potential,
which links θphy with θ̄. To calculate θphy, which describes
CP violation effects at a scale lower than ΛQCD, chiral
perturbation theory (ChPT) is used to match fields of
quarks with fields of hadrons. Indeed, it is sufficient to
consider ChPT with two light quarks, u and d. The
Lagrangian for QCD with an axion at hadron level is [41]

L2 ¼
f2π
4
Trð∂μU∂μU†Þ þ Af3πTrðMU† þ UM†Þ

− Bf4π

�
θ þ a

fa
þ i
2
TrðlogU − logU†Þ

�
2

; ð12Þ

with

U ¼ exp

�
iðπaτa þ IηÞ

fπ

�
; M ¼

�
mu 0

0 md

�
; ð13Þ

where πa and η are mesons and a is the axion. A and B are
dimensionless parameters matched to the meson masses.
Here τa are Pauli matrices and I is the identity matrix. For
convenience, we set the matrix of quark mass to be real in
the rest of this paper, leading to θ ¼ θ̄. The potential part is
shown as
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V ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��

þ Bf4π

�
2η

fπ
þ θ þ a

fa

�
2

: ð14Þ

For convenience, hπ0i=fπ , hηi=fπ and hai=fa are defined
as phases ϕ1, ϕ2, and ϕa respectively. Considering CP
transformation, π0, η, and a are changed into −π0, −η, and
−a. Once CP is conserved in Eq. (14), these phases need
to meet

ϕ1 þ ϕ2 ¼ 0; ϕ1 − ϕ2 ¼ 0; 2ϕ2 þ θ þ ϕa ¼ 0; ð15Þ

which are equivalent to

ϕ1 ¼ ϕ2 ¼ 0; θ þ ϕa ¼ 0: ð16Þ

Considering the derivative of the effective potential in
Eq. (14) with respect to π0, η, and a, Eq. (16) is the
exact solution at the minimal point of the potential.
New contributions from Uð1Þ symmetries are described
by phase ϕa. Finally, the CP-violating observable θphy is
derived as

θphy ¼ θ þ ϕa ¼ θ þ hai
fa

: ð17Þ

The strong CP problem is solved by the offset of axion
VEV and the phase θ to ensure θphy ¼ 0. Axion mass can
also be derived from Eq. (14), following the procedure
discussed in Appendix A, as

m2
a ¼ m2

π
f2π
f2a

mumd

ðmu þmdÞ2
: ð18Þ

From this QCD axion model, it can be found that θphy needs
to be modified due to the new contribution of the axion.
Similar absorption happens in other axion models and
dynamical solutions.
For a general hidden QCD model with new fermions

added, two UV free parameters, θ and θ0, have to be
introduced. In general cases, the potential term induced by
the instanton effect is

Vθ ¼ B1f4π

�X2
i¼1

mi
ai
fai

þ θ

�2

þ B2f4πh

�X2
i¼1

ni
ai
fai

þ θ0
�2

;

ð19Þ

where m and n stand for different anomalous charges.1

Strong CP problems for both QCD and hidden QCD can
be solved only by satisfying

θphy ¼ θ þ hη0i
fπ

þ θUð1Þ ¼ 0;

θ0phy ¼ θ0 þ θ0Uð1Þ ¼ 0: ð20Þ

In Eq. (20), hη0i represents the contribution of the VEV of
η0, which can be absorbed by redefinition of θ. We are not
interested in this, so we will include it with θ in the
following discussion. θUð1Þ and θ0Uð1Þ come from the axion
VEVs. In the following subsections, we discuss the θ
cancellation of Eq. (20) in some specific models with
different Uð1Þ symmetries.

A. One Uð1Þ
As shown in Eq. (20), there are 2 degrees of freedom

needed to absorb both θ and θ0. When only one Uð1Þ is
introduced, there is only 1 new degree of freedom. This
means that θ and θ0 cannot be absorbed simultaneously and
the strong CP problem cannot be solved. To solve this
problem, a mirrored Z2 symmetry has to be introduced
between SUð3Þc in the SM and SUð3Þh in the hidden sector.
In UV theories, some models can achieve this by embed-
ding these two SUð3Þ in a larger gauge symmetry group
SUð6Þ [37]. Consequently, two CP phases are forced to be
identical, which means that

θ ¼ θ0: ð21Þ

As shown in Fig. 2, the additional Uð1Þ could be achieved
using two methods. One method introduces an axion with
Uð1ÞPQ [Fig. 2(a)] and the other uses massless ψð3; 3Þ with
Uð1ÞA [Fig. 2(b)]. There are detailed discussions about both
methods in the literature [24,31–35]. In Fig. 2(a), the
cancellation equation (20) becomes

θ0phy ¼ θphy ¼ θ þ hai
fa

¼ 0: ð22Þ

In Fig. 2(b), as shown in Appendix B, the cancellation
equation (20) is deduced as

θ0phy ¼ θphy ¼ θ þ
ffiffiffi
6

p hη0hi
fπh

¼ 0: ð23Þ

In both cases, the strong CP problem is solved by only one
Uð1Þ symmetry, and the CP-violating effects from θ and θ0
are counteracted by hai or hη0hi.

B. Two similar Uð1Þ’s
As in the previous subsection, models with two Uð1Þ

freedoms can be sorted by different mechanisms of Uð1Þ
symmetries. As shown in Fig. 1, models could contain two

1It is more complex for dynamical solutions because the
normalization factor also has to be included in this m and n.
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Uð1ÞPQ or two Uð1ÞA symmetries. For these kinds of
models, axial currents are determined by representations of
fermions in SUð3Þc and SUð3Þh. The cancellation equation
of θ and θ0 will be determined by these currents and
different Uð1Þ charge for fermions.
Here we see another advantage of our diagram method

that the cancellation equation can be read easily. Figure 1(a)
shows models with two Uð1ÞPQ symmetries. Choosing
SUð3Þc as the starting point responsible for θ, we can find
that all possible links end on the left side. Notice that these
links can only go from right to left. The canceling phase of
each link is the product of the charge number on the dashed
line and the scale factor at the end point on the left. Finally,
we can sum all offset terms from different links together.
For θ0, the starting point will be changed into SUð3Þh, and
we then repeat these steps. The cancellation equations from
our diagram read

θphy ¼ θ þm1

ha1i
fa1

þm2

ha2i
fa2

¼ 0;

θ0phy ¼ θ0 þ n1
ha1i
fa1

þ n2
ha2i
fa2

¼ 0: ð24Þ

This two-axion model has been widely discussed. When
the angle between vectors ðm1; m2Þ and ðn1; n2Þ is near
zero (but not zero), in contrast to largem and n, it is exactly
the “alignment axion” model [20,21].
Models with two Uð1ÞA symmetries provided by

massless fermions have similar expressions for CP-
violating angles. In Fig. 1(b), Mψ ¼ 0 and Mχ ¼ 0 are
assumed. The corresponding currents are given in Eq. (11).
It is a bit more complex to read cancellation equations
for this model from the figure. There are two other
things to notice. First, the normalization factor has already
been written, together with the scale factor. Second, the
degeneracy, which comes from the color index of the
other SUð3Þ outside the link, should be multiplied by each
link. The degeneracy can be read from the number for
representation on other solid lines attached to the fermion
field in the link. For example, the degeneracy of the link,
“SUð3Þc → ψ → πh,”will be the number 3 on the solid line
attached to ψ and SUð3Þh. When we sum all links together,
this link should be multiplied by 3. The final cancellation
equations are

θphy ¼ θ þ
ffiffiffi
6

p

2

hπhi
fh

þ 3
ffiffiffi
2

p

2

hη0hi
fh

¼ 0;

θ0phy ¼ θ0 þ 2
ffiffiffi
2

p hη0hi
fh

¼ 0: ð25Þ

The cancellation equations of other figures can also be read
in this way.

C. Two different Uð1Þ’s
In these two-Uð1Þ solutions, Uð1Þ’s need not to be the

same, which means that models of one Uð1ÞPQ and one
Uð1ÞA are possible. Here we show two simple examples of
these new kinds of models in Fig. 3.
The mixed solution ofUð1ÞPQ andUð1ÞA would be more

complex, for the reason that two independent scales, fh and
fa, are simultaneously involved. fh is the condensate scale
of the hidden QCD fermions, while fa is the spontaneously
breaking scale of the Peccei-Quinn symmetry. Figure 3(a)
shows model A, in which Uð1ÞPQ is spontaneously broken
independently of the hidden QCD. The result of the
cancellation equations in this model is

θphy ¼ θ þ
ffiffiffi
6

p hη0hi
fh

þm
hai
fa

¼ 0;

θ0phy ¼ θ0 þ
ffiffiffi
6

p hη0hi
fh

þ n
hai
fa

¼ 0: ð26Þ

Figure 3(b) shows model B, in which the spontaneous
breaking of Uð1ÞPQ is induced by the hidden QCD. The
cancellation equations are

SU(3)

a

SU(3)
Q’

3

3

u,d

u,d

SU(3)

SU(3)

3

3

u,d

u,d

3
6

(a) (b)

FIG. 2. (a) Structure of Uð1ÞPQ models with mirror symmetry. (b) Structure of Uð1ÞA dynamic solutions with mirror symmetry.

SU(3)

SU(3)
3

3

3f

a
f
a

f

1

1
1

-36
6
2

Q’n

SU(3)

SU(3)

a
f
a

3
6

Q’n
3

3

3
3

f 1

(a) (b)

FIG. 3. Structure of models with mixed Uð1Þs. (a) Model A.
The spontaneous breaking of Uð1ÞPQ is independent of the
hidden QCD. (b) Model B. The dynamical symmetry breaking
of hidden QCD induces Uð1ÞPQ breaking.
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θphy ¼ θ þ 3ffiffiffi
2

p hη0hi
fh

þ 3ffiffiffi
6

p hπhi
fh

¼ 0;

θ0phy ¼ θ0 þ 2
ffiffiffi
2

p hη0hi
fh

þ n
hai
fa

¼ 0: ð27Þ

It seems that redundancy exists in these equations, as there
are three VEVs to absorb two θ parameters. However, there
is an additional equation constraining these three VEVs
from the Yukawa term of Q0, as shown in Eq. (62) in the
next section.

IV. PHYSICAL OBSERVABLES

In this section, we study the most important physical
observables, axion mass and axion-photon coupling in the
one-axion solution and mixed two-axion solutions, which
cannot be directly obtained from diagrams in the last
section.
The relevant Lagrangian that parametrizes the coupling

gaγγ between the physical axion and photon is defined
as [42]

Laγγ ¼
1

4
gaγγaFμνF̃μν ¼ 1

4
ðgIRaγγ þ gUVaγγÞaFμνF̃μν: ð28Þ

Here the physical axion could be the lightest states coming
from the mixing of multiple pseudo Goldstones of different
anomalous Uð1Þ symmetries in the UV. The coupling gIRaγγ
is generated by the mixing between physical axion a and
QCD mesons through the potential in Eq. (14), and up to
NLO accuracy [42] it is

gIRaγγ ¼ −1.92ð4Þ αem
2πFa

; ð29Þ

with the decay constant Fa [effectively fa in Eq. (14)]
defined by the axion-gluon anomalous coupling:
a
Fa

g2s
32π2

GμνG̃
μν. The gUVaγγ is the contribution from UV

originating from the electromagnetic anomaly of axions,
which varies from model to model. In the ordinary
QCD axion model like KSVZ and DFSZ, it is simply
given by [43]

gUVaγγ ¼
E
N

αem
2πFa

; ð30Þ

where E and N are, respectively, the electromagnetic
and color anomaly coefficients determined by the proper-
ties of fermions contributing to the anomaly triangle
diagrams. In Secs. IV B 1 and IV B 2, we illustrate the
forms of the gUVaγγ for the two new two-axion models
proposed by us, where we show that the key point to
derive the axion-photon couplings is to find the mixing
coefficients of the lightest physical axion in terms of those
pseudo Goldstones of Uð1Þ’s and (hidden) QCD mesons,

which are obtained by diagonalizing the mass matrix of
these mixed states.
For the other physical observable, the axion mass, we

find that, in the models with only one axion with an
extended hidden QCD sector, the mass of the axion is
always enhanced by the condensate of the hidden QCD,
while for the two-axion solutions, a light axion (similar to
the mass scale of the ordinary QCD axion) always exists.

A. One-axion solution

The one-axion solution is the exact implementation of
the visible axion model, in which the axion mass is
enhanced by the condensate scale of the hidden QCD.
We illustrate this with a specific model shown in Fig. 2(a).
The Lagrangian can be written as

ΔL ¼ gfaei2ma=faQ̄LQR þ g0faei2ma=faQ̄0
LQ

0
R þ H:c:;

ð31Þ

where a is a pseudoscalar and fa is a scale factor. The UV
completion of Lagrangian (31) can be implemented by the
clockwork mechanism [44]. There is a Uð1ÞPQ to keep the
Lagrangian invariant under transformations:

a=fa → a=fa þ α; Q → eiγ5mαQ; Q0 → eiγ5mαQ0:

ð32Þ

Assuming a mirrored Z2 symmetry between the SM and
the hidden sector, in this model a single Uð1ÞPQ chiral
symmetry is enough to solve the strong CP problem. The
corresponding current of Uð1ÞPQ and its divergence are

JμPQ ¼ fa∂μaþmQ̄γμγ5QþmQ̄0γμγ5Q0;

∂μJ
μ
PQ ¼ mg2

16π2
Fμν
a F̃aμν þ

mg02

16π2
Gμν

A G̃Aμν: ð33Þ

At the low energy scale, the axion mass term stems
from the instanton effects of QCD and hidden QCD. As
in Eq. (14), the potentials of the axion, pions, and hidden
pions are

V ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��

þ Bf4π

�
2η

fπ
þ θ þma

fa

�
2

− 2A0f3πh

�
mu0 cos

�
π0h þ ηh
fπh

�
þmd0 cos

�
π0h − ηh
fπh

��

þ B0f4πh

�
2ηh
fπh

þ θ þma
fa

�
2

; ð34Þ

where u0 and d0 are mirrored quarks. The θ angle can be
absorbed by an axion at the minimal point of the potential.
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Because fπh ≫ fπ , the contributions to the axion masses of
the first and second terms are negligible. If we assume that
fa ≫ fπh , integrating out ηh with the procedure discussed
in Appendix A, the potential of Eq. (34) to leading order
(simply omitting the entire dependence of the heavy fields)
becomes

V ¼ −2A0f3πh

�
mu0 cos

�
π0h
fπh

−
a

2Fa

�

þmd0 cos

�
π0h
fπh

þ a
2Fa

��
; ð35Þ

where Fa ¼ fa=m. Diagonalizing the mass matrix of π0h
and a, the mass of the axion is

ma ¼
mπhfπh
Fa

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu0md0

p
ðmu0 þmd0 Þ

; ð36Þ

where m2
πh ¼ 2A0fπhðmu0 þmd0 Þ. The axion mass could be

much heavier than the KSVZ and DFSZ axions. Different
phenomena of the heavy axion may appear in collider
experiments or rare decay of the mesons [37].

B. Two-axion solutions

In two-axion solutions with extra hidden QCD, the light
mass eigenstate always exists and can be treated as an
invisible axion, even if Λh ¼ 4πfπh is much higher than the
QCD scaleΛc ¼ 4πfπ .We illustrate our claims for the axion
mass in general scenarios with two light hidden quarks in the
hidden QCD sector, then derive masses and axion-photon
couplings for the two concrete UV models in Secs. IV B 1
and IV B 2 corresponding to the two figures listed in Fig. 3.
We assume that two light hidden quarks (u0 and d0) exist

in the hidden sector, which is similar to the SM. The
potential of axions, mesons, and hidden bosons are

V ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��
þ Bf4π

�
2η

fπ
þ θ þm1a1

fa1
þm2a2

fa2

�
2

− 2A0f3πh

�
mu0 cos

�
π0h þ ηh
fπh

�
þmd0 cos

�
π0h − ηh
fπh

��
þ B0f4πh

�
2ηh
fπh

þ θ0 þ n1a1
fa1

þ n2a2
fa2

�
2

; ð37Þ

where fa1 and fa2 are scale factors. Anomaly coefficients of axions are denoted asm1,m2, n1, and n2. The CP angles θ and
θ0 can be absorbed by a1 and a2 at the minimal point of potential. Since fπh ≫ fπ , the terms with respect to fπ can be treated
as perturbed. First, we focus on the heavy degree of freedom. The potential of axions and hidden bosons

Vh ¼ −2A0f3πh

�
mu0 cos

�
π0h þ ηh
fπh

�
þmd0 cos

�
π0h − ηh
fπh

��
þ B0f4πh

�
2ηh
fπh

þ θ0 þ n1a1
fa1

þ n2a2
fa2

�
2

: ð38Þ

As in the discussion in Sec. IVA, if we assume that fa1 , fa2 ≫ fπh , integrating out the much heavier state that mainly
consists of ηh leads to an effective potential mixing π0h and the remaining two light axions:

Veff ¼ −2A0f3πh

�
mu0 cos

�
π0h
fπh

−
n1a1
fa1

−
n2a2
fa2

�
þmd0 cos

�
π0h
fπh

þ n1a1
fa1

þ n2a2
fa2

��
: ð39Þ

One can identify that the heavier axion is denoted as

A ∝
n1a1
fa1

þ n2a2
fa2

; ð40Þ

where we have neglected the ηh and πh components of A

which are suppressed by fπh=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2a1 þ f2a2

q
.2 The mass of A

is given as

mA ¼ mπhfπh
FA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mu0md0

p
ðmu0 þmd0 Þ

∼ f2πh=FA; ð41Þ

where FA is the decay constant of heavy axion A, and again
m2

πh ¼ 2A0fπhðmu0 þmd0 Þ. The massless one is in the
orthogonal direction with A in field space, which is

a ∝
n2a1
fa2

−
n1a2
fa1

: ð42Þ

Replacing ða1; a2Þ with ðA; aÞ and integrating out the
heavy particles π0h, η

0
h, and A, to leading order Eq. (37)

becomes

2These suppressed components of πh and ηh are important for
axion-photon couplings but do not affect our derivation of the
mass parameters to leading order accuracy. In model A, ψ is
massless; therefore, axions have no mixing with πh. In model B,
ψ is massless and Q0 is a light hidden quark; therefore, axions
have a mixing with π15h .
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VIR ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��

þ Bf4π

�
2η

fπ
þ a
Fa

�
2

; ð43Þ

where Fa is the decay constant of the light axion. The mass
of the light axion is the same invisible QCD axion found in
Eq. (18),

ma ¼
mπfπ
Fa

ffiffiffiffiffiffiffiffiffiffiffiffi
mumd

p
ðmu þmdÞ2

: ð44Þ

Up to now we have demonstrated the existence of
a light axion with a conventional QCD axion mass scale

in the two axion models with an extended hidden QCD
structure.
In the following section, we discuss two specific models

with different breaking mechanisms in mixed two-axion
solutions. The model with two independently breaking
Uð1Þ symmetries (model A) is shown in Fig. 3(a) with
masses of Q and Q0 larger than Λh, and the model with one
breaking Uð1Þ symmetry induced by the other (model B) is
shown in Fig. 3(b) with masses of Q0 lighter than Λh. For
simplicity, Q is not introduced in model B. The main
difference between these two models is whether the
symmetry breaking of Uð1ÞPQ is induced by the breaking
of Uð1ÞA. Chiral symmetries are the same in both cases.
The corresponding currents and the divergence of these
models are

JμA ¼
ffiffiffi
6

p

3
ψ̄γμγ5ψ ; JμPQ ¼ fa1∂μa1 þ ðmQ̄γμγ5QÞ þ nQ̄0γμγ5Q0;

∂μJ
μ
A ¼

ffiffiffi
6

p
g2

16π2
Gμν

a G̃aμν þ
ffiffiffi
6

p
g02

16π2
G0μν

A G̃0
Aμν;

∂μJ
μ
PQ ¼ mg2

16π2
Gμν

a G̃aμν þ
ng02

16π2
G0μν

A G̃0
Aμν; ð45Þ

where we set the anomaly coefficient m ¼ 0 in the second model for simplicity.

1. Model A

In model A, the spontaneous breaking of two chiral Uð1Þ symmetries comes from different mechanisms. The Uð1ÞPQ
symmetry is broken by the effective potential of the complex scalar ϕ, while Uð1ÞA is broken by the condensate of the
massless fermion ψ . Therefore, these two breaking scales are independent, and the Goldstones associated with these two
anomalous Uð1Þ symmetries serve as two axions. The only source of explicit breaking comes from the instanton effects
contributing to the masses of both axions.
The mass-relevant Lagrangian in the following equation consists of three parts, the mass term for QCD mesons π0 and η

in chiral perturbation theory and the instanton effects from both QCD and hidden QCD:

−Lmass ¼ � � � − 2Af3π

�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��
þ Bf4π

�
2η

fπ
þ

ffiffiffi
6

p
η0h

fπh
þma1

fa1

�2

þ B0f4πh

� ffiffiffi
6

p
η0h

fπh
þ na1

fa1

�2

: ð46Þ

The only nontrivial parts are the last two terms from the
instanton effects. The coefficients of η0h and a1 are read
from Eq. (45), where η0h is associated with JμA and a1 is
associated with JμPQ. The divergences of these currents
indicate that both η0h and a1 get corrections from QCD and
hidden QCD instanton effects, and the coefficients of η0h
and a1 in Eq. (46) are obtained by the matching [43] since
the second (third) term stems from QCD (hidden QCD)
instanton effects with fπh ≫ fπ . The mass matrix of
ðπ0; η; η0h; a1Þ can be written as

�
Mπ A

AT Mπh

�
¼

�
0 0

0 Mπh

�
þ
�
Mπ A

AT 0

�
; ð47Þ

where Mπ , A, Mπh are 2 × 2 submatrices. Mπ and A come
from the first and second terms of Eq. (46), respectively,
and Mπh comes from the second and third terms. Owing to
the fact that fπh ≫ fπ , the elements ofMπh are much larger
than the elements of Mπ and A; therefore, one can
diagonalize Mπh in the subspace of η0 and a1 first and
then treat the remaining parts as a perturbation.

TALE OF TWO-Uð1Þ AXION MODELS PHYS. REV. D 103, 095025 (2021)

095025-9



After diagonalizing the Mπh matrix, there will be two
mass eigenstates. The lighter mass eigenstate a is

a ¼ nfπhη
0
h −

ffiffiffi
6

p
fa1a1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6f2a1 þ n2f2πh

q : ð48Þ

The heavier mass eigenstate can be integrated out and
has a negligible effect in the IR region. After we integrate
out the heavy axion, the remaining parts of the mass
matrix are similar to Eq. (14), with fa changed to

Fa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6f2a1 þ n2f2πh

q
=ð ffiffiffi

6
p jm − njÞ. Next, diagonalizing

the remaining mass matrix for ðπ0; η; aÞ, the axion mass
is obtained as

m2
aF2

a ¼ m2
πf2π

mumd

ðmu þmdÞ2
: ð49Þ

In model A, gUVaγγ is generated from the mixing of η0h and
a1. The anomaly-induced interactions between η0h, a1, and
the photon can be written as

Laγγ ¼
�
3

ffiffiffi
6

p
q2ψ

η0h
fπh

þ 3ðmq2Q þ nq2Q0 Þ a1
fa1

�
αem
4π

FμνF̃μν;

ð50Þ

where qψ , qQ, and qQ0 denote the electric charge of each
particles. Therefore, we can obtain gUVaγγ according to
Eq. (48),

gUVaγγ ¼
6nðq2ψ − q2Q0 Þ − 6mq2Q

jm − nj
αem
2πFa

: ð51Þ

When setting n ≫ jm − nj, the UV contribution of the
axion-photon coupling is enlarged. Meanwhile, the physi-
cal axion decay constant meets the condition Fa ≫ fa1 , as
shown in Eq. (49), which enables the model to solve the
axion quality problem. This result is actually a special case
of “alignment axion” models [20,21].

2. Model B

This model contain massless fermion ψ charged under
both QCD and hidden QCD, a fermion Q0 charged under
only hidden QCD with a complex scalar ϕ. Their trans-
formation properties under the Uð1ÞPQ are

ϕ → eiαϕ; ψ → ψ ; Q0 → eiγ5mαQ0: ð52Þ

The Lagrangian of this model can be written as

ΔL ¼ iψ̄D1μγ
μψ þ iQ̄0D2μγ

μQ0 þ ðyϕQ̄0
LQ

0
R þ H:c:Þ

þ ∂μϕ∂μϕ� − μ2ϕ2; ð53Þ

where

D1μ ¼ ∂μ þ iGa
μTa þ iG0A

μTA; D2μ ¼ ∂μ þ iG0A
μTA;

ð54Þ
and where there is only a light fermion Q0. The corre-
sponding currents of Uð1ÞA and Uð1ÞPQ are

JμA ¼
ffiffiffi
6

p

3
ψ̄γμγ5ψ ;

JμPQ ¼ ðϕi∂μϕ
⋆ − ϕ⋆i∂μϕÞ þ Q̄0γμγ5Q0; ð55Þ

where the anomaly coefficient of Q0 is n ¼ 1. We are
particularly interested in the case where the spontaneous
breaking of Uð1ÞPQ is triggered by the condensate of the
light fermion Q0 in the hidden sector such that the two
breaking scales are related. We assume the potential of the
complex scalar ϕ containing only a quadratic term with
μ2 > 0, and the Yukawa term of Q0 will induce a tadpole
term of ϕ after the chiral symmetry breaking in the hidden
sector. The Lagrangian after the chiral symmery breaking is

LCSB ¼ ∂μϕ∂μϕ� − μ2ϕ2 þ f2πh
4

Tr∂μΣ∂μΣ†

þ A0f3πhTrðHΣ† þH†ΣÞ

− B0f4π

�
θ0 þ i

2
TrðlogΣ − logΣ†Þ

�
2

; ð56Þ

where

Σ ¼ exp

�iðπahTa þ 1ffiffi
2

p I4×4η0hÞ
fπ

�
; H ¼

0
BBB@

0

0

0

yϕ

1
CCCA:

ð57Þ
Here Ta are generators of the SUð4Þ group meeting the
trace condition TrðTaTbÞ ¼ 2δab. The anomalous term is
omitted in Eq. (56). The Yukawa coupling matrix H of ψ
and Q0 is treated as a spurion field, transforming to an
adjoint representation under the SUð4ÞV . The third term in
Eq. (56) is the linear term of ϕ which triggers Uð1ÞPQ
breaking. The effective potential of ϕ and Σ is given by

Vðϕ;ΣÞ¼μ2ϕ2−A0f3πh

�
yϕexp

�
i
− 3ffiffi

6
p π15h þ 1ffiffi

2
p η0h

fπ

�
þH:c:

�

þB0f4πh

�
θ0 þ2

ffiffiffi
2

p
η0h

fπh

�
2

: ð58Þ

The VEV of ϕ is estimated as

hjϕji≲ 2y
A0f3πh
μ2

; ð59Þ
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and the complex scalar ϕ can parametrized as

ϕ ¼ 1ffiffiffi
2

p ðρþ fa1Þe
i
a1
fa1 ; ð60Þ

with fa1=
ffiffiffi
2

p ¼ hjϕji≲ 2yA0f3πh=μ
2. The coefficients of π15h

and η0h in the f4π term in the IR QCD potential from the
instanton effect can be determined by the corresponding
currents and their divergence:

JμðηhÞ ¼
1ffiffiffi
2

p ðψ̄γμγ5ψ þ Q̄0γμγ5Q0Þ; Jμðπ15h Þ ¼ 1ffiffiffi
6

p ðψ̄γμγ5ψ − 3Q̄0γμγ5Q0Þ;

∂μJμðηhÞ ¼
3

ffiffiffi
2

p

2

g2

16π2
Gμν

a G̃aμν þ
2

ffiffiffi
2

p
g02

16π2
G0μν

A G̃0
Aμν;

∂μJμðπ15h Þ ¼ 3ffiffiffi
6

p g2

16π2
Gμν

a G̃aμν: ð61Þ

Therefore, the mass terms of the scalars in Lagrangian (56) (QCD sector contained) become

−Lmass ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��
þ Bf4π

�
2η

fπ
þ

ffiffiffi
6

p �
1

2

π15h
fπh

þ
ffiffiffi
3

p

2

η0h
fπh

��2

þ A0y
fa1f

3
πhffiffiffi
2

p
�
a1
fa1

−
3ffiffiffi
6

p π15h
fπh

þ 1ffiffiffi
2

p η0h
fπh

�
2

þ B0f4πh

�
2

ffiffiffi
2

p
η0h

fπh

�2

: ð62Þ

The a1=fa1 in the third term could move to the fourth term using a chiral rotation θ0 → θ0 þ a1=fa1 and generates an
additional differential interaction of a1. By means of the same steps in the Sec. IV B 2, we first treat the terms relevant to the
heavy degrees of freedom in the space of ða1; π15h ; η0hÞ as fπh ≫ fπ:

−δLmass ¼ A0y
fa1f

3
πhffiffiffi
2

p
�
a1
fa1

−
3ffiffiffi
6

p π15h
fπh

þ 1ffiffiffi
2

p η0h
fπh

�
2

þ B0f4πh

�
2

ffiffiffi
2

p
η0h

fπh

�2

: ð63Þ

Diagonalizing the 3 × 3 matrix yields a massless scalar is

a ¼ fπhπ
15
h þ 3=

ffiffiffi
6

p
fa1a1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3=2f2a1 þ f2πh

q : ð64Þ

Then, when we substitute a into Eq. (62), the decay
constant of the axion is

Fa ¼
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3=2f2a1 þ f2πh

q
ffiffiffi
6

p : ð65Þ

The gUVaγγ of a coming from π15h to γγ is given as3

Lπ15h γγ ¼
3

ffiffiffi
6

p

2
ðq2ψ − q2Q0 Þ π

15
h

fπh

αem
4π

FμνF̃μν; ð66Þ

where qψ and qQ0 are the electric charges of the fermions ψ
and Q0. Therefore, the UV contribution of the light axion is

gUVaγγ ¼ 6ðq2ψ − q2Q0 Þ αem
2πFa

: ð67Þ

In this model, the axion-photon coupling gUVaγγ is con-
tributed by the electric charge of fermions ψ and Q0.
Furthermore, there are other colorless scalars: π15h with
m2

π15h
∼ fa1fπh and ρ with m2

ρ ∼ f2a1 .

V. CONCLUSION AND DISCUSSION

We investigate all possible solutions to the strong CP
problem with anomalousUð1Þ global symmetries when the
hidden QCD is introduced, which include both the Peccei-
Quinn mechanism and dynamical solutions. We find that
these two mechanisms can exist together, and a new class of
solutions for the strongCP problem are proposed. Thus, we
classify twoUð1Þmodels in a unified way and discuss both
one-Uð1Þ and two-Uð1Þ solutions in this work.
A mooselike diagram method is used to illustrate how

the strong CP problem is solved via cancellation between
CP phases, which could be read directly. When the gauge
interaction and new particles are given, a diagram can be
determined with a breaking mode of Uð1Þ symmetries.
From these diagrams, cancellation between CP phases can

3The a1FF̃ term does not appear, since we do not rotate a1 into
the fourth term in Eq. (62).
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be easily read without a detailed analysis of the model. This
information is important for solving the strong CP prob-
lem. This method could be used to find new types of
solutions and easily extended to cases of multi-Uð1Þ and
multigauge interactions.
In one-axion solutions, additional Z2 symmetry keeps

θ ¼ θ0 for solving the strong CP problem. In two-axion
solutions, two chiral Uð1Þ’s [either Uð1ÞPQ or Uð1ÞA] have
to be introduced. As a consequence, there is always an
invisible light axion and a heavy axion.
Using the diagram method, we find two new mixed

solutions. In model A, the spontaneous breaking of Uð1ÞPQ
symmetry is triggered by the scalar potential, independ-
ently of the confinement of the hidden QCD, and the axion-
photon couplings gUVaγγ and the light axion decay constant Fa

are both inversely proportional to the difference of anoma-
lous charges jm − nj. In model B,Uð1ÞPQ is induced by the
confinement of the hidden QCD, gUVaγγ is contributed by the
electric charge of fermions ψ and Q0, which is unlike
normal two-axion models. At low energy scales, it is hard
to distinguish this light axion from the QCD axion, even
when one extends the scenario to multi-Uð1Þ symmetries
and multigauge interactions. However, this kind of solution
could be probed by detecting particles at the hidden QCD
scale. Those heavy particles may leave some hints in
cosmology and at the colliders.
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APPENDIX A: DERIVING THE AXION MASS
FROM THE POTENTIAL

The typical potentials involving axion and QCD mesons
(or hidden QCD mesons if changing the relevant param-
eters to their counterparts) are prevalent in our paper. We
show in the following that the presence of the η field simply
leads to an effective poential that only involves the mixing
between the light axion and the pion after integrating out
the heavy η particle. The mass potential for the conven-
tional QCD axion model reads

V ¼ −2Af3π
�
mu cos

�
π0 þ η

fπ

�
þmd cos

�
π0 − η

fπ

��
þ Bf4π

�
2η

fπ
þ θ þ a

fa

�
2

: ðA1Þ

The second term coming from the instanton effect is usually much larger than the first term coming from chiral perturbation
theory. Therefore, one can diagonalize the mass matrix among the η and a first, yielding a massive field η̃ and a massless one
ã as mixings of the oringal η and a: �

ã

η̃

�
¼

�
cos α − sin α

sin α cos α

��
a

η

�
; ðA2Þ

where sin α and cos α are given by

cos α ¼ 2faffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2π þ 4f2a

p ; sin α ¼ fπffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2π þ 4f2a

p : ðA3Þ

For fa ≫ fπ, we have cos α ∼ 1 and sin α ∼ fπ=2fa. Replacing η with ã and η̃ to the first term in V, we obtain

Veff ¼ −2Af3π
�
mu cos

�
π0 − sin αãþ cos αη̃

fπ

�
þmd cos

�
π0 þ sin αã − cos αη̃

fπ

��

≈ −2Af3π
�
mu cos

�
π0

fπ
−

a
2fa

�
þmd cos

�
π0

fπ
þ a
2fa

��
; ðA4Þ

where we use the approximation ã ∼ a and omit η̃, as it is a
heavy particle. Now the remaining field π0 and a in the
above potential can be further diagonalized to obtain the
mass for a and π0:

ma ¼
mπ0fπ
fa

ffiffiffiffiffiffiffiffiffiffiffiffi
mumd

p
ðmu þmdÞ

; ðA5Þ

mπ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Afπðmu þmdÞ

p
: ðA6Þ
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From Eqs. (A1)–(A3), one can see that the function of the
field η is simply to move the axion fields into the cosine
function with corresponding scale factor Fa.

APPENDIX B: DYNAMICAL SYMMETRY
BREAKING IN THE HIDDEN SECTOR

This Appendix shows the details of dynamical symmetry
breaking in the hidden sector. The two specific examples in
Figs. 1(b) and 2(b) are discussed. The suðNÞ-algebra is also
shown in this Appendix.
In dynamical solutions, the global symmetries in the

hidden sector are broken as

SUðNÞL×SUðNÞR×Uð1ÞA×Uð1ÞV → SUðNÞV ×Uð1ÞV;
ðB1Þ

where Uð1ÞA is explicitly broken by instanton effects. The
effective theory at low energy is assumed to be

L¼f2πh
4
Trð∂μU∂μU†ÞþB0f4πh

�
θ0þ i

2
TrðlogU− logU†Þ

�
2

;

ðB2Þ
with

U ¼ exp

�
iðπahTa þ Iη0hÞ

fπh

�
; ðB3Þ

where πah are Goldstones corresponding to the SUðNÞA
symmetry and η0h is a pseudo Goldstone corresponding to
the Uð1ÞA symmetry. Ta are basis elements of the suðNÞ
algebra and I is the N-dimensional identity matrix. We
choose trðTaTbÞ ¼ 2δab as the normalization condition.
Therefore, Ta are shown as

T1 ¼

0
BBBBBBBB@

0 1 0 0

1 0 0 ..
.

0

0 0 0 0

� � � . .
. ..

.

0 0 0 � � � 0

1
CCCCCCCCA
; T2 ¼

0
BBBBBBBB@

0 −i 0 0

i 0 0 ..
.

0

0 0 0 0

� � � . .
. ..

.

0 0 0 � � � 0

1
CCCCCCCCA
; T3 ¼

0
BBBBBBBB@

1 0 0 0

0 −1 0 ..
.

0

0 0 0 0

� � � . .
. ..

.

0 0 0 � � � 0

1
CCCCCCCCA
;

T4 ¼

0
BBBBBBBB@

0 0 1 0

0 0 0 ..
.

0

1 0 0 0

� � � . .
. ..

.

0 0 0 � � � 0

1
CCCCCCCCA
; …; TN2−1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

NðN − 1Þ

s
0
BBBBBBBB@

1 0 0 0

0 1 0 ..
.

0

0 0 1 0

� � � . .
. ..

.

0 0 0 � � � 1 − N

1
CCCCCCCCA
: ðB4Þ

In general, scalars corresponding to diagonal generators and
the identity matrix ought to be mixed. η0h could be treated as
an axion when instanton effects are the only source that
explicitly breaksUð1ÞA. Therefore, scalars corresponding to
diagonal generators and identity matrix are important for
solving the strong CP problem. The specific forms of
diagonal generators and the identity matrix are

T3 ¼ diagð1;−1; 0; 0;…Þ;

T8 ¼
1ffiffiffi
3

p diagð1; 1;−2; 0;…Þ;

T15 ¼
1ffiffiffi
6

p diagð1; 1; 1;−3; � � �Þ;

TN2−1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

NðN − 1Þ

s
diagð1; 1; 1;…; 1 − NÞ;

I ¼ 1ffiffiffiffi
N

p diagð1; 1; 1;…; 1Þ: ðB5Þ

In the model shown in Fig. 1(b), vectorlike fermions
ψð3; 3Þ and χð1; 3Þ are introduced. In this case, Ψ ¼
ðψC

1 ;ψ
C
2 ;ψ

C
3 ; χ

CÞ has an SUð4ÞL × SUð4ÞR flavor
symmetry in the hidden sector under which Ψ trans-
forms as

Ψ → eiðθLaTaPLþθRa TaPRÞΨ ¼ eiðθVa TaþθAaTaγ5ÞΨ: ðB6Þ

For SUð4Þ, the diagonal generators are T3, T8, and
T15. After the condensate of hidden QCD, πah are
Goldstones corresponding to coset generators of SUð4ÞL×
SUð4ÞR=SUð4ÞV . The decomposition of πah into
SUð3Þc is

15 ¼ 8þ 3þ 3̄þ 1: ðB7Þ

Colorless scalars are π15h and η0h, corresponding to γ
5 ⊗ T15

and γ5 ⊗ I, respectively. The remaining 14 colored scalars
acquire masses from gluon loops in the same way that π�
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acquire larger mass π0 from photon loops. The mass
splitting between π� and π0 is estimated by [45]

m2
πþ −m2

π0
≈
ð3 ln 2Þ
2π

αemm2
ρ: ðB8Þ

Similarly, we can estimate these colored scalar masses as

mπh ≈
�
C2½R�αsðΛhÞ

αem

�
1=2mρh

mρ
¼
�
C2½R�αsðΛhÞ

αem

�
1=2 Λh

ΛQCD
;

ðB9Þ

where R is the presentation of πh in QCD and C2 is
the Dynkin index. In the last step we assume that
mρh=mρ ¼ Λh=ΛQCD. These colored scalars obtain heavy
masses as long as the scale Λh is high enough, while color-
singlet bosons π15h and η0h get masses via instanton effects of
QCD and hidden QCD.
The currents corresponding to π15h and η0h and their

divergences are

Jμðπ15h Þ ¼ Ψ̄γμγ5T15Ψ;

Jμðη0hÞ ¼ Ψ̄γμγ5I4×4Ψ;

∂μJμðπ15h Þ ¼ 3ffiffiffi
6

p g2

16π2
Gμν

a G̃aμν;

∂μJμðη0hÞ ¼
3ffiffiffi
2

p g2

16π2
Gμν

a G̃aμν þ 2
ffiffiffi
2

p g02

16π2
G0μν

A G̃0
Aμν.

ðB10Þ

Matching with these currents, we can get the potential (for
simplicity, we focus on the anomaly terms) of these
composite axions at low energy as

V ¼ bf4π

�
3ffiffiffi
6

p πh
fπh

þ 3ffiffiffi
2

p η0h
fπh

þ θ

�
2

þ b0f4πh

�
2

ffiffiffi
2

p
η0h

fπh
þ θ0

�2

. ðB11Þ

At the minimal point of the potential, cancellation equa-
tions of the CP phases are

θphy ¼ θ þ
ffiffiffi
6

p

2

hπhi
fh

þ 3
ffiffiffi
2

p

2

hη0hi
fh

¼ 0;

θ0phy ¼ θ0 þ 2
ffiffiffi
2

p hη0hi
fh

¼ 0: ðB12Þ

In the model shown in Fig. 2(b), the fermion ψð3; 3Þ
is introduced. In this case, N ¼ 3, Ψ ¼ ðψC

1 ;ψ
C
2 ;ψ

C
3 Þ.

The only colorless scalar is η0h, corresponding to Iγ5.
The current and its divergence are

Jμðη0hÞ ¼ Ψ̄γμγ5I3×3Ψ;

∂μJμðη0hÞ ¼
ffiffiffi
6

p
g2

16π2
Gμν

a G̃aμν þ
ffiffiffi
6

p
g02

16π2
G0μν

A G̃0
Aμν: ðB13Þ

The corresponding potential of the composite axion at low
energy is

V ¼ bf4π

� ffiffiffi
6

p
η0h

fπh
þ θ

�2

þ b0f4πh

� ffiffiffi
6

p
η0h

fπh
þ θ0

�2

: ðB14Þ

At the minimal point of the potential, the cancellation
equation of the CP phases is

θ0phy ¼ θphy ¼ θ þ
ffiffiffi
6

p hη0hi
fπh

¼ 0: ðB15Þ
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