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Abstract: Incited by the scant understanding of unsettled charmonia and newly observed

ccc̄c̄ tetraquarks, this work aims to explore the canonical interpretations and spectroscopic

properties of these fully hidden-charm states. In the framework of a relativistic flux

tube model, the centroid masses of the low-lying nL-wave states with 1 ≤ n + L ≤ 4 are

unraveled. In order to pin down the complete mass spectra, the hyperfine splittings induced

by the spin-dependent interactions are incorporated into the final predictions. Accordingly,

fourteen charmonia are well identified, including the ηc(1S), J/ψ(1S), χc0(1P), hc(1P),

χc1(1P), χc2(1P), ηc(2S), ψ(2S), ψ(3770), ψ2(3823), ψ3(3842), χc0(3915), χc2(3930), and

ψ(4040) states. Additionally, the exotic Tψψ(6400), Tψψ(6600), Tψψ(6900), and Tψψ(7300)

states are interpreted as the 1S-wave, 1P/2S-wave, 1D/2P-wave, and 2D/3P/4S-wave

ccc̄c̄ tetraquarks, respectively. Based on the achieved outcomes, the spin-parity quantum

number is imperative to discriminate the nature of the ccc̄c̄ structures, pending further

experimental measurement in the future.

Keywords: charmonium; flux tube; spectroscopy; tetraquark

1. Introduction

As a novel type of state beyond the conventional quark model, a number of exotic

hadrons with heavy flavors have been discovered by various experiments over the past

several decades [1–3]. A remarkable example among them is the χc1(3872) state reported

in 2003 [1], whose structure is endowed with diverse theoretical interpretations [2–20],

including the conventional charmonium χc1(2P) state, the hybrid charmonium cc̄g state,

the tightly bound hidden-charm tetraquark state, the loosely bound DD̄∗ molecular state,

the hadrocharmonium state, the mixing state, the threshold cusp, etc. So far, most members

of the exotic hadron zoo are the charmonium-like states [1–3], such as the neutral χc1(3872),

χc0(3915), χc1(4140), χc1(4274), χc0(4500), χc0(4700), ψ(4230), ψ(4360), and ψ(4660) states

and the charged Zc(3900), Zc(4020), Zc(4050), Zc(4055), Zc(4100), Zc(4200), Zc(4240),

Zc(4250), and Zc(4430) states. Compared to the charged charmonium-like states, it is

challenging to distinguish the neutral ones from the conventional charmonium states.

Therefore, investigation of the charmonium spectrum will offer indispensable hints for

demystifying the nature of the exotic XYZ states.

The earliest experimentally observed charmonium is the J/ψ(1S) state reported in

1974 [1]. During the following decades, several members of the charmonium family were

established by a number of experiments [1], involving the ηc(1S), ηc(2S), J/ψ(1S), ψ(2S),

χc0(1P), χc1(1P), χc2(1P), and hc(1P) states. Analogously, the doubly hidden-flavor states
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composed of four charm quarks should also exist in the exotic hadron zoo. In 2020, a

narrow structure around 6.9 GeV was observed by the LHCb Collaboration in the di-J/ψ

invariant mass spectrum [21]. Soon afterwards, it was confirmed by the ATLAS Collab-

oration [22] and CMS Collaboration [23] individually. Apart from that, two additional

structures around 6.6 and 7.3 GeV were detected by both ATLAS Collaboration [22] and

CMS Collaboration [23]. Remarkably, a broad peaking structure around 6.4 GeV discovered

by the ATLAS Collaboration [22] was not manifestly claimed by the CMS Collaboration [23].

In spite of this, a tiny peak around 6.4 GeV may be found in the CMS data [23]. For the

sake of brevity and clarity, these exotic ccc̄c̄ states located at 6.4, 6.6, 6.9, and 7.3 GeV are

referred to as Tψψ(6400), Tψψ(6600), Tψψ(6900), and Tψψ(7300), respectively. The detailed

experimental information of all the Tψψ states is listed in Table 1.

Table 1. The observed data of the fully charmed tetraquark states (in unit of MeV).

Notation Mass Decay Width Channel Experiment

Tψψ(6400)A 6410 ± 80+80
−30 590 ± 350+120

−200 J/ψ+J/ψ ATLAS (Model A) [22]

Tψψ(6600)C 6552 ± 10 ± 12 124+32
−26 ± 33 J/ψ+J/ψ CMS (No interference) [23]

Tψψ(6600)A 6630 ± 50+80
−10 350 ± 110+110

−40 J/ψ+J/ψ ATLAS (Model A) [22]

Tψψ(6600)C′ 6638+43+16
−38−31 440+230+110

−200−240 J/ψ+J/ψ CMS (Interference) [23]

Tψψ(6600)A′ 6650 ± 20+30
−20 440 ± 50+60

−50 J/ψ+J/ψ ATLAS (Model B) [22]

Tψψ(6600)L′ 6741 ± 6 288 ± 16 J/ψ+J/ψ LHCb (Model II) [21]

Tψψ(6900)C′ 6847+44+48
−28−20 191+66+25

−49−17 J/ψ+J/ψ CMS (Interference) [23]

Tψψ(6900)A 6860 ± 30+10
−20 110 ± 50+20

−10 J/ψ+J/ψ ATLAS (Model A) [22]

Tψψ(6900)L′ 6886 ± 11 ± 11 168 ± 33 ± 69 J/ψ+J/ψ LHCb (Model II) [21]

Tψψ(6900)L 6905 ± 11 ± 7 80 ± 19 ± 33 J/ψ+J/ψ LHCb (Model I) [21]

Tψψ(6900)A′ 6910 ± 10 ± 10 150 ± 30 ± 10 J/ψ+J/ψ ATLAS (Model B) [22]

Tψψ(6900)C 6927 ± 9 ± 4 122+24
−21 ± 18 J/ψ+J/ψ CMS (No interference) [23]

Tψψ(6900)A′ 6960 ± 50 ± 30 510 ± 170+110
−100 J/ψ+ψ(2S) ATLAS (Model β) [22]

Tψψ(7300)C′ 7134+48+41
−25−15 97+40+29

−29−26 J/ψ+J/ψ CMS (Interference) [23]

Tψψ(7300)A 7220 ± 30+10
−40 90 ± 60+60

−50 J/ψ+ψ(2S) ATLAS (Model α) [22]

Tψψ(7300)C 7287+20
−18 ± 5 95+59

−40 ± 19 J/ψ+J/ψ CMS (No interference) [23]

As the landmark of the hadron physics phenomenology, the seminal quark model

was proposed by M. Gell-Mann [24] and G. Zweig [25] individually in 1964. On the

basis of various sorts of quark potential models, the charmonium spectrum incorpo-

rating the spin-dependent hyperfine splitting has been explored by numerous theoret-

ical approaches [26–40], including the nonrelativistic potential model [26–28], the semirel-

ativistic potential model [29,30], the relativized potential model [31–33], the chiral quark

model [34,35], the coupled-channel model [36], the screened potential model [37–40], and so

forth. According to the heavy antiquark–diquark symmetry (HADS), the heavy antiquark

Q̄ can be deemed as the doubly heavy diquark QQ with the antitriplet color representation.

This means that the HADS achieves the correlation between the charmonium and the Tψψ

tetraquark by replacing the charm quark pair (c̄)(c) with the doubly charmed diquark pair

(cc)(c̄c̄). Hence, the fully charmed tetraquark spectroscopy can be disentangled based on
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the existing perception of the charmonium family. At present, the mass spectrum of the

exotic ccc̄c̄ structure has been surveyed by sundry phenomenological scenarios [41–120].

However, there are still no acknowledged interpretations of these Tψψ states [114]. For

instance, the mass of the 1S-wave scalar ccc̄c̄ state with JPC = 0++ predicted by the four-

quark potential model [46,63,65,66,71,98] is at least 200 MeV higher than the one in the

diquark potential model [49,56,58,59,62,72], chromomagnetic quark model [53,77,89], and

QCD sum rules [51,94,97]. Moreover, the pivotal light quark degree of freedom dominating

the formation of the hadronic molecular states is absent in the ccc̄c̄ structure. Thus, these

observed Tψψ states are very likely the doubly hidden-charm tetraquarks composed of

the diquark cc and antidiquark c̄c̄, even though there are several theoretical schemes that

propose the likelihood of the molecular configuration [67,79,87].

This manuscript is arranged as follows. First of all, the experimental and theoretical

status quo of the charmonium and fully charmed tetraquark is introduced in Section 1.

Whereafter, a relativistic flux tube model in the heavy quark limit is elaborated in Section 2.

Subsequently, the spectroscopic hyperfine splitting induced by the spin-dependent inter-

action potential and its application on the charmonium and fully charmed tetraquark are

explicated in Section 3. Next, the entire mass spectra of the charmonium and fully charmed

tetraquark and a discussion on the discrepancy in the theoretical outcomes between the rel-

ativistic flux tube model and other phenomenological approaches are unveiled in Section 4.

Finally, a succinct summary of this work is delivered in Section 5.

2. Relativistic Flux Tube Model

As is well known, a variety of excited light hadrons can be well depicted by the famous

Chew–Frautschi formula [121], i.e.,

L = α′M2 + α0, (1)

with the orbital angular momentum L, orbitally excited slope α′, excited hadron mass M,

and orbitally excited intercept α0. Based on the observed masses [1] and Equation (1),

the systematics of hadron states can be embodied as the Regge trajectories in the (L, M2)

plane [121]. In Ref. [122], Y. Nambu proposed a string picture which deemed the qq̄ meson

state as a dynamical gluon flux tube flanked by the quark q and antiquark q̄. If the quark

and antiquark are approximately massless, they will be rotating at velocities that can be

comparable to the light. Here, the speed of light is set as 1. Thus, the rotating velocity v(x)

of the certain position x between the center position O and the endpoint position ri can be

expressed as

v(x) =
x

ri
, (2)

with

ri =
r

2
. (3)

Here, the length of string is set as r. Thereupon, the mass M can be expressed as the energy

of a rotating gluon flux tube [123], i.e.,

M =
2

∑
i=1

∫ ri

0
τγ(x)dx, (4)

with

γ(x) =
1

√

1 − v2(x)
. (5)
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Here, the energy density per unit length is denoted as a constant string tension τ. Moreover,

the angular momentum L can be expressed as [123]

L =
2

∑
i=1

∫ ri

0
τxv(x)γ(x)dx. (6)

By incorporating Equation (4) into Equation (6), the Chew–Frautschi formula can be verified

successfully. Accordingly, the slope α′ can be expressed as

α′ =
1

2πτ
. (7)

Hence, the flux tube model effectively corroborated the existence of the Regge

trajectories [123]. Currently, the Regge trajectories and the flux tube (QCD string) model

have been extensively applied to the spectroscopic inquiries on miscellaneous

hadrons [76–78,121–193], involving mesons [121–167], baryons [121,147–164,168–180],

tetraquarks [76–78,159–163,165,181–184], pentaquarks [160,184,185], hexaquarks [186,187],

hybrids [166,188,189], glueballs [160,161,164,167,189–192], diquarks [162,163], triquarks [193],

and so on.

When it comes to the case of massive quarks, a generalized expression of the mass M

is proposed by Refs. [123,152], i.e.,

M =
2

∑
i=1

[

miγi +
∫ ri

0
τγ(x)dx

]

, (8)

with

γi = γ(ri). (9)

Here, mi is the mass of (anti)quark i. It is essential to note that the rotating velocity v(ri) of

the endpoint position ri is unequal to the speed of light due to the massive quarks. Therefore,

the rotating velocity v(x) of the certain position x appeared in Equations (2) and (5) is

redefined as

v(x) = ωx, (10)

where ω is the rotating angular velocity of the whole system. Furthermore, a generalized

expression of the angular momentum L is [123,152]

L =
2

∑
i=1

[

miriviγi +
∫ ri

0
τxv(x)γ(x)dx

]

, (11)

with

vi = v(ri). (12)

In addition, for each side of the flux tube, the string tension τ can be expressed via the

relationship with the angular acceleration [152,165], i.e.,

τ = miω
2riγ

2
i . (13)

When the masses of quarks are equal (m1 = m2), by incorporating Equations (11) and (13)

into Equation (8), the expression of the mass M can be simplified as

M = 2miγ
−1
i + 2ωL. (14)
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In the heavy quark limit, the value of ri is extremely tiny. Consequently, Equation (14) is

expanded up to the second order of ri, i.e.,

M = 2mi + 2ωL − miω
2r2

i +O
(

r4
i

)

∼ 2mi + 2ωL − miv
2
i . (15)

Analogously, based on the equal quark masses (m1 = m2) and Equation (13), the expression

of the angular momentum L can be simplified as

L = τω−2
(

viγ
−1
i + arcsin vi

)

. (16)

By keeping pace with Equation (15), the aforementioned expression is expanded up to the

second order of ri, i.e.,

L = 2τω−1ri +O
(

r3
i

)

∼ 2τω−2vi. (17)

According to the relationship between the string tension τ and the angular velocity ω in

Equation (13), the expression of vi is recast into

vi =
miω

2τ



−1 +

√

1 +

(

2τ

miω

)2


. (18)

Following Ref. [165], the expression of vi is expanded up to the second order of

ϵ = τm−1
i ω−1, i.e.,

vi = ϵ +O
(

ϵ3
)

∼ τm−1
i ω−1. (19)

Next, by interpolating Equation (19) into Equation (17), the angular velocity ω is approxi-

mately expressed as the relationship with the string tension τ, the (anti)quark mass mi, and

the angular momentum L, i.e.,

ω ≈
(

2τ2

miL

)

1
3

. (20)

Apparently, by associating Equations (19) and (20) with Equation (15), the expression of the

mass M can be approximated as the relationship with the angular momentum L [165,182], i.e.,

M ≈ 2mi + 3

(

τ2L2

4mi

)

1
3

. (21)

Regge trajectories are not only successful for portraying the hadrons with orbital exci-

tations [121,123], but also for delineating the radially excited mass spectra of multifarious

hadrons, such as mesons [131,133,136,138,141–145], baryons [149,158,170,172,175,177–180],

multiquarks [76,161–163,181], and glueballs [161,167]. The validity of radial Regge trajecto-

ries has been confirmed by the WKB approximation [124,127,149], the Bohr–Sommerfeld

quantization [129,137,138], and the AdS/QCD approach [135,139,153]. Stimulated by the

linearity and parallelism between the parent and daughter Regge trajectories unveiled by

the relativistic flux tube model [125,126], Refs. [142,170] extend the individually (radially

or orbitally) excited Regge trajectory into a jointly (radially and orbitally) excited form by

dint of superseding L with λnr + L. Here, nr is defined as
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nr = n − 1, (22)

where n denotes the principal quantum number. What is more, the jointly excited form of

Regge trajectory has been successfully employed into the studies on the mass spectra of

light mesons [142], heavy-light mesons [144,146,158], heavy quarkonia [145], singly heavy

baryons [158,170,175,177,179,180], and doubly heavy baryons [178]. Therefore, following

Refs. [145,170], a generalized form of Equation (21) is expressed as

M ≈ 2mi + 3

(

τ2

4mi

)

1
3

(λnr + L)
2
3 . (23)

It is noteworthy that the mass M that appears in this section represents the spin-averaged

mass of the certain nL-wave hadron. The spin-dependent interaction terms will be ex-

pounded in the next section.

3. Fine and Hyperfine Structure

Needless to say, the spectroscopy unraveled by the relativistic flux tube model can only

reflect the properties of spinless hadrons. In order to acquire the complete mass spectrum

of the hadron with the definite spin quantum number, it is requisite to bring in the fine and

hyperfine splittings induced by the spin-dependent interactions. Hence, the mass M in

Equation (23) is modified as

M = 2mi + 3

(

τ2

4mi

)

1
3

(λnr + L)
2
3 + ∆M, (24)

where ∆M denotes the spin-dependent mass correction term. Concretely, it is composed of

three sorts of spin-dependent interactions [145], i.e.,

∆M = Hcont + Hten + Hso. (25)

Here, Hcont, Hten, and Hso denote the spin–spin contact hyperfine interaction term, the

tensor interaction term, and the spin–orbit interaction term, respectively.

Firstly, the contact term Hcont is expressed as [145]

Hcont =
32παs(r)

9m2
i

f̃ (r)S1 · S2, (26)

with

αs(r) = αcerf
( mir

0.47π2

)

, (27)

f̃ (r) =

(

2κ

π

)2 e−
√

κr

r
. (28)

Here, αs(r), f̃ (r), and erf(x) are the running coupling constant, the smearing function, and

the error function, respectively. Thereinto, the expression of erf(x) is

erf(x) =
2√
π

∫ x

0
e−t2

dt. (29)

In terms of the parameter κ, the value is determined as 0.66 GeV by fitting the observed

masses of the radially excited S-wave charmonium states. The detailed derivation and

physical illustration may be found in Ref. [145]. In order to conciliate with the saturated

coupling constant in the bottomonium spectroscopy, the value of αc is assumed as 0.68
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which is adopted by Ref. [145]. However, considering that the 1S-wave J/ψ − ηc hyperfine

mass splitting [1]

M(J/ψ)− M(ηc) = 112.8 MeV,

cannot be produced by the coupling constant αs(r) with the form of r5/2 in Ref. [145],

this work makes use of the coupling constant αs(r) with the form of r1 by mimicking the

Godfrey–Isgur model [31]. Remarkably, the 1P-wave χc − hc hyperfine mass splitting [1]

M(χc0) + 3M(χc1) + 5M(χc2)

9
− M(hc) = −0.08 MeV,

extremely verges on zero, demonstrating that the spin–spin contact hyperfine interaction

contributes very little to the mass spectra of the orbitally excited charmonium states.

Consequently, following Refs. [145,165], the contributions made by the contact term Hcont

to the charmonium and ccc̄c̄ tetraquark with orbital excitations are omitted in this work.

Then, there is the tensor interaction term Hten, which possesses the form of [145]

Hten =
4αs(r)

m2
i r3

T, (30)

with

T =
(S1 · r)(S2 · r)

r2
− 1

3
S1 · S2. (31)

Here, T denotes the operator of the tensor interaction. Lastly, the spin–orbit interaction

term Hso is expressed as [145]

Hso =
1

m2
i

(

2αs(r)

r3
− τ

2r

)

L · S, (32)

where the string tension τ is employed as the linear confinement potential coefficient.

In the case of the S-wave states without orbital excitations, the tensor interaction term

Hten and the spin–orbit interaction term Hso will vanish due to the tensor and spin–orbit

operators (T and L · S) with zero. Hence, following Refs. [145,165], the spin-dependent

mass correction term ∆M is simplified as

∆M =

{

Hcont, L = 0,

Hten + Hso, L > 0.
(33)

As mentioned by Equations (26), (30) and (32), the flux tube length r plays a crucial

role in the fine and hyperfine splittings of hadrons. It is convenient to elicit the expression

of r by combining Equations (10) and (18) with Equation (3), i.e.,

r =
mi

τ



−1 +

√

1 +

(

2τ

miω

)2


. (34)

It is notable that Equations (3) and (34) only work on the premise of m1 = m2. For the sake

of deducing a relationship between the string length r and the angular momentum L, the

expression of r is approximated as [165]

r ≈ mi

τ









−1 +

√

√

√

√

√1 +

(

4τL

m2
i

)
2
3









, (35)
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by inserting Equation (20) into Equation (34). Subsequently, following the steps in

Refs. [145,170], a jointly excited form of r is reaped by replacing L with λnr + L, i.e.,

r ≈ mi

τ









−1 +

√

√

√

√

√1 +

(

4τ

m2
i

)
2
3

(λnr + L)
2
3









. (36)

With regard to the 1S-wave ground state hadrons, the flux tube length rendered by

Equation (36) is out of order due to the emergence of zero. Manifestly, the value of the

ground state string length r(1S) is underestimated by Equation (36). Thus, the r(1S) value

utilized in the charmonium calculation is acquired by fitting the 1S-wave J/ψ − ηc hyper-

fine mass splitting. Apart from that, in the heavy quark limit (mi → ∞), the expression of r

is able to be approximated as [165]

r ≈
(

2

miτ

)
1
3

(λnr + L)
2
3 , (37)

by taking into account the leading order expansion of 1/mi. Akin to the charmonium, the

nonzero r(1S) value of the ccc̄c̄ states also cannot be obtained by Equation (36). Neverthe-

less, the string length rccc̄c̄(1S) of the 1S-wave fully charmed tetraquark can be estimated by

uniting Equation (37) with the string length rcc̄(1S) of the ground state charmonium, i.e.,

rccc̄c̄(1S)

rcc̄(1S)
≈

(

mc

mcc

)
1
3

. (38)

Here, mc and mcc denote the charm quark mass and the doubly charmed diquark mass,

respectively. Concerning the charmonia and ccc̄c̄ tetraquarks with radial or orbital excita-

tions, Equation (36) is adopted as the expression of the flux tube length so as to approach

the prototype. Additionally, the determination of all parameters including mc, mcc, τ, and

λ will be set forth in the next section.

4. Results and Discussion

The critical step towards spectroscopic results is the determination of parameters.

As far as the charmonia and ccc̄c̄ tetraquarks are concerned, there are four imperative

parameters, i.e., the charm quark mass mc, the doubly charmed diquark mass mcc, the

string tension τ, and the dimensionless coefficient λ. Firstly, according to the experimentally

observed data [1], the spin-averaged mass of the 1S-wave charmonium is

M(ηc) + 3M(J/ψ)

4
= 3068.7 MeV.

Based on Equations (24) and (26), the center of gravity of the 1S-wave charmonium is

expressed as

M̄cc̄(1S) = 2mc. (39)

Evidently, the charm quark mass mc is determined as 1.5344 GeV. Regrettably, there are still

no sufficient experimental observations for the fully charmed tetraquark states. Therefore, in

order to determine the mass of the doubly charmed diquark, this work takes advantage of the

heavy hadron mass relations derived from the heavy quark symmetry (HQS) [194], i.e.,

m{cc}[ūd̄] − m{cc}u = mc[ud] − mcū, (40)

m{cc}[ūd̄] − mc[ud] = m{cc}u − mcū. (41)
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Here, brackets [qq] and braces {qq} represent scalar diquarks and axial-vector di-

quarks, respectively. It is convenient to evaluate the mass gap between the doubly

charmed diquark and the charm quark by utilizing the mean value of LHS and RHS

of Equation (41) [195], i.e.,

mcc − mc =
1

2
(m{cc}[ūd̄] − mc[ud] + m{cc}u − mcū). (42)

As a result, the mass of the doubly charmed diquark is determined as 3.1537 GeV by plug-

ging the charm quark mass and corresponding heavy hadron masses into Equation (42). In

accordance with the Pauli exclusion principle, the total wave function of a diquark contain-

ing the color, flavor, spin, and spatial components ought to be antisymmetric under fermion

exchange. Thereupon, the S-wave doubly charmed diquark can exist as the scalar diquark

with sextet color representation or the axial-vector diquark with antitriplet color represen-

tation. Noteworthily, considering that the positive color factor gives rise to the repulsive

quark–quark interaction deterring the formation of the color sextet diquark, only the color

antitriplet diquark is employed in the diquark potential model [55–62,72,85,114,195] and

the diquark flux tube model [76,78,161–163,181–185]. Furthermore, compared to the states

with the sextet–antisextet color configuration, the physical properties of the fully charmed

tetraquarks with the triplet–antitriplet color configuration are more close to the charmonia

made up of a color triplet quark and a color antitriplet antiquark. Accordingly, this work

adopts the color antitriplet/triplet axial-vector doubly charmed diquark/antidiquark as

the effective ingredient to decode the ccc̄c̄ tetraquark spectroscopy.

Remarkably, there are four sorts of color configurations about the ccc̄c̄ structure,

including the color triplet–antitriplet tetraquark state, the color sextet–antisextet tetraquark

state, the color singlet–singlet molecular state, and the color octet–octet molecule-like

state [110,114]. Compared to other possible configurations, the main limitation of the

color triplet–antitriplet configuration is that the ground state ccc̄c̄ tetraquarks can only be

constructed by the axial-vector diquark and exist as the 0++, 1+−, and 2++ states [114].

By contrast, the S-wave color sextet–antisextet tetraquark state can only be constructed by

the scalar diquark and exists as the 0++ state [114]. Concerning the 1S-wave molecular

or molecule-like ccc̄c̄ states, there are four types of charmonium combinations, involving

the ηcηc structure with JPC = 0++, the ηc J/ψ structure with JPC = 1+−, the J/ψJ/ψ

structure with JPC = 0++, and the J/ψJ/ψ structure with JPC = 2++ [110]. Thus, there

are possibly two S-wave scalar ccc̄c̄ states if the color triplet–antitriplet configuration can

coexist with the color sextet–antisextet configuration [114]. However, the existence of the

color sextet diquark is still dubious, meaning that it is usually omitted in the diquark

models [55–62,72,76,78,85,114,161–163,181–185,195]. Then, the next parameter is the string

tension τ. Currently, in terms of the 1P-wave charmonium states, the spin-averaged value

of the observed masses is [1]

M(χc0) + 3M(hc) + 3M(χc1) + 5M(χc2)

12
= 3525.31 MeV.

By virtue of Equations (24), (30), and (32), the centroid mass of the 1P-wave charmonium is

expressed as

M̄cc̄(1P) = 2mc + 3

(

τ2

4mc

)

1
3

. (43)

After interpolating the charm quark mass and the 1P-wave spin-averaged charmonium

mass into Equation (43), the string tension τ is fixed as 0.1471 GeV2, which is consistent

with the value fitted by Ref. [165]. Whereafter, the remnant parameter is the dimensionless
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coefficient λ, symbolizing the ratio between the radial and orbital excitations. With respect

to the first radial excitation of the charmonium, the spin-averaged mass is assessed as

M(η′
c) + 3M(ψ′)

4
= 3674.0 MeV.

As mentioned by Equations (24) and (26), the mass center of the 2S-wave charmonium is

expressed as

M̄cc̄(2S) = 2mc + 3

(

τ2

4mc

)

1
3

λ
2
3 . (44)

Thereupon, the dimensionless coefficient λ is determined as 1.5263 by inputting the charm

quark mass, the sting tension, and the experimental data of the 2S-wave charmonium.

On account of the same color configuration, this work makes use of a set of parameters

(τ and λ) to uniformly tackle the mass spectra of the charmonia and color triplet–antitriplet

ccc̄c̄ states. In the following discussion, the spectroscopic predictions of the charmonium

and fully charmed tetraquark and the phenomenological comparison between this work

and other theoretical models will be elucidated.

4.1. Charmonium

The entire mass spectra of the low-lying charmonium states predicted by this work,

the nonrelativistic potential model [26–28], the semirelativistic potential model [29,30], the

relativized potential model [31–33], the chiral quark model [34,35], the coupled-channel

model [36], and the screened potential model [37–40] are explicitly enumerated in Table 2.

For ease of comparison, the charmonium candidates discovered by various experiments [1]

and their corresponding observed masses are also displayed in Table 2. Hitherto, the

1S-, 1P-, and 2S-wave charmonium candidates have been established by the abundant

experimental data [1]. This work successfully reproduces the observed masses of the ηc(1S),

ηc(2S), J/ψ(1S), ψ(2S), χc0(1P), χc1(1P), χc2(1P), and hc(1P) states. Our model predicts

that the masses of the ψ(1D), ψ2(1D), ψ3(1D), and ηc2(1D) states are 3760, 3791, 3810, and

3794 MeV, respectively, showing consistency with the results offered by the nonrelativistic

potential model [26], the semirelativistic potential model [30], the relativized potential

model [32], the chiral quark model [34,35], and the screened potential model [37,38]. In

spite of this, the predicted results of the ψ2(1D) and ψ3(1D) states are about 30 MeV lower

than the observed masses of the ψ2(3823) and ψ3(3842) states [1]. Analogously, the mass

gap of 30 MeV also shows up in the spectroscopic predictions of the 1D-wave charmonium

states rendered by the renowned Ebert–Faustov–Galkin model [32]. Hence, the research

status quo of the 1D-wave charmonium states is still noncommittal, awaiting the further

explorations of experiments and theories. Moreover, this study finds that the masses of the

χc0(2P), χc1(2P), χc2(2P), and hc(2P) states are 3897, 3916, 3919, and 3916 MeV, respectively.

Accordingly, the χc2(3930) state with the observed mass of 3922.5 MeV can be identified

as the charmonium with the χc2(2P) assignment. This identification is also endorsed by

the coupled-channel model [36] and the screened potential model [37,38]. Generally, there

are two main experimental candidates of the χc0(2P) charmonium, i.e., the χc0(3860) and

χc0(3915) states. The absolute values of the gaps between their observed masses and

our theoretical prediction are approximately 35 and 25 MeV, indicating that the χc0(3915)

state is more proper to be deemed as the candidate of the χc0(2P) charmonium. Further,

the χc0(2P) assignment of the χc0(3915) state is also championed by the nonrelativistic

potential model [28], the relativized potential model [31,33], the chiral quark model [35],

and the screened potential model [39]. In terms of the second radial excitation of the

S-wave charmonium, this work proposes that the masses of the ηc(3S) and ψ(3S) states
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are 4007 and 4037 MeV, respectively. Thereupon, the ψ(4040) state is identified as the

ψ(3S) charmonium in light of the relativistic flux tube model, the semirelativistic potential

model [30], the relativized potential model [32], the chiral quark model [34], the coupled-

channel model [36], and the screened potential model [38–40].

When it comes to the higher radial or orbital excitations, this work systematically

investigates the spectroscopy of the 1F-, 2D-, 3P-, and 4S-wave charmonium states. So far,

there are still no definite experimental candidates of the 1F- and 3P-wave charmonium

states. This work predicts that the masses of the χc2(1F), χc3(1F), χc4(1F), hc3(1F), χc0(3P),

χc1(3P), χc2(3P), and hc(3P) states are 4007, 4020, 4024, 4018, 4226, 4232, 4228, and 4229

MeV, respectively, providing the meaningful clues to the prospective experimental research.

As far as the 2D-wave charmonium is concerned, our study shows that the masses of the

ψ(2D), ψ2(2D), ψ3(2D), and ηc2(2D) states are 4122, 4129, 4127, and 4127 MeV, respectively,

in agreement with the outcomes derived by the nonrelativistic potential model [26], the

semirelativistic potential model [30], the chiral quark model [34], and the screened potential

model [37–40]. Nonetheless, as the experimental candidate of the ψ(2D) charmonium,

the ψ(4160) state possesses a mass of 4191 MeV, which is about 70 MeV higher than our

theoretical prediction. In a like manner, this 70 MeV gap is also present in the predicted

mass of the ψ(2D) state acquired by the illustrious Lanzhou group [39]. Thus, it is requisite

to censor the nature of the ψ(4160) state via further experimental and theoretical surveys.

Concerning the 4S-wave charmonium, the predicted masses of the ηc(4S) and ψ(4S) states

are 4312 and 4333 MeV, respectively. With regard to the experimental candidates of the

ψ(4S) charmonium, there are two possible options proposed by sundry theories, i.e., the

ψ(4230) and ψ(4415) states. In consideration of the conspicuous gaps, 110 and 80 MeV,

between their observed masses and our theoretical prediction, both of them are inapposite

to be treated as the pure ψ(4S) state. In order to figure out the nature of the ψ(4415) state,

it is imperative to explore the spectroscopy of the 3D-wave charmonium. Our calculation

reveals that the masses of the ψ(3D), ψ2(3D), ψ3(3D), and ηc2(3D) states are 4416, 4416,

4410, and 4413 MeV, respectively. Accordingly, the ψ(4415) state can be assigned as the

ψ(3D) charmonium. In addition, this assignment is also espoused by the distinguished

Salamanca group [35].

Table 2. The charmonium mass spectrum (in unit of MeV).

State Experiment Theory

n2S+1LJ JPC cc̄ PDG [1] Our [31] [34] [26] [36] [29] [37] [32] [27] [35] [38] [28] [30] [39] [40] [33]

11S0 0−+ ηc(1S) 2984.1(4) 2984 2975 2990 2982 2979.9 2981.7 2979 2981 2978.4 2990 2984 2989 2995 2981 2986.3 2992.1

13S1 1−− J/ψ(1S) 3096.900(6) 3097 3098 3097 3090 3096.9 3096.9 3097 3096 3087.7 3096 3097 3094 3094 3096 3094.1 3104.0

13P0 0++ χc0(1P) 3414.71(30) 3417 3445 3436 3424 3416.3 3415.2 3433 3413 3366.3 3452 3415 3428 3457 3464 3434.4 3446.4

11P1 1+− hc(1P) 3525.37(14) 3525 3517 3507 3516 3526.4 3523.7 3519 3525 3526.9 3515 3526 3470 3534 3538 3517.2 3499.3

13P1 1++ χc1(1P) 3510.67(5) 3506 3510 3494 3505 3511.7 3510.6 3510 3511 3517.7 3504 3521 3468 3523 3530 3514.2 3504.2

13P2 2++ χc2(1P) 3556.17(7) 3558 3550 3526 3556 3556.9 3556.2 3554 3555 3559.3 3532 3553 3480 3556 3571 3556.2 3532.1

21S0 0−+ ηc(2S) 3637.7(9) 3638 3623 3627 3630 3639.6 3619.2 3623 3635 3646.9 3643 3637 3602 3606 3642 3633.1 3634.6

23S1 1−− ψ(2S) 3686.097(11) 3686 3676 3685 3672 3685.5 3686.1 3673 3685 3684.7 3703 3679 3681 3649 3683 3690.0 3691.3

13D1 1−− ψ(3770) 3773.7(7) 3760 3819 3775 3785 3735.1 3789.4 3787 3783 3808.8 3796 3792 3775 3799 3830 3817.1 3751.4

11D2 2−+ 3794 3837 3793 3799 3819.2 3822.2 3796 3807 3815.1 3812 3805 3765 3802 3848 3826.3 3809.6

13D2 2−− ψ2(3823) 3823.51(34) 3791 3838 3790 3800 3812.3 3822.1 3798 3795 3820.1 3810 3807 3772 3805 3848 3830.3 3803.4

13D3 3−− ψ3(3842) 3842.71(20) 3810 3849 3802 3806 3854.0 3844.8 3799 3813 3812.6 3808 3755 3801 3859 3829.3 3841.5
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Table 2. Cont.

State Experiment Theory

n2S+1LJ JPC cc̄ PDG [1] Our [31] [34] [26] [36] [29] [37] [32] [27] [35] [38] [28] [30] [39] [40] [33]

23P0 0++ χc0(3915) 3922.1(1.8) 3897 3916 3852 3859.9 3864.3 3842 3870 3842.7 3909 3848 3897 3866 3896 3857.5 3915.1

21P1 1+− 3916 3956 3924 3934 3916.6 3963.2 3908 3926 3941.9 3956 3916 3943 3936 3933 3927.6 3938.1

23P1 1++ 3916 3953 3913 3925 3920.7 3950.0 3901 3906 3935.0 3947 3914 3938 3925 3929 3924.7 3951.1

23P2 2++ χc2(3930) 3922.5(1.0) 3919 3979 3972 3937.4 3992.3 3937 3949 3973.1 3969 3937 3955 3956 3952 3965.2 3965.3

31S0 0−+ 4007 4064 4043 3945.9 4052.5 3991 3989 4058.0 4054 4004 4058 4000 4013 4011.9 4061.4

33S1 1−− ψ(4040) 4040(4) 4037 4100 4050 4072 4038.0 4102.0 4022 4039 4087.0 4097 4030 4129 4036 4035 4048.2 4099.3

13F2 2++ 4007 4092 4029 4049.9 4041 4059.7 4043 3990 4070 4064.8 4000.8

11F3 3+− 4018 4094 4026 4066.9 4071 4040.8 4017 4074 4056.6 4056.1

13F3 3++ 4020 4097 4029 4069.0 4068 4047.6 4012 4075 4061.2 4051.6

13F4 4++ 4024 4095 4021 4084.3 4093 4024.7 4036 4076 4048.6 4088.8

23D1 1−− ψ(4160) 4191(5) 4122 4194 4103 4142 4159.2 4089 4150 4154.4 4153 4095 4188 4145 4125 4123.3 4150.0

21D2 2−+ 4127 4208 4158 4196.9 4099 4196 4164.9 4166 4108 4182 4150 4137 4135.3 4177.2

23D2 2−− 4129 4208 4158 4195.8 4100 4190 4168.7 4164 4109 4188 4152 4137 4137.5 4176.4

23D3 3−− 4127 4217 4167 4218.9 4103 4220 4166.1 4112 4176 4151 4144 4141.8 4197.6

33P0 0++ 4226 4292 4202 4131 4301 4207.6 4242 4146 4296 4197 4177 4151.5 4282.7

31P1 1+− 4229 4318 4279 4184 4337 4309.7 4278 4193 4344 4269 4200 4209.9 4291.2

33P1 1++ 4232 4317 4271 4178 4319 4298.7 4272 4192 4338 4257 4197 4206.9 4307.7

33P2 2++ 4228 4337 4317 4208 4354 4352.4 4211 4358 4290 4213 4242.7 4315.4

41S0 0−+ 4312 4425 4384 4250 4401 4391.4 4264 4448 4328 4260 4269.3 4407.3

43S1 1−− ψ(4415) 4415(5) 4333 4450 4307 4406 4446.8 4273 4427 4411.4 4389 4281 4514 4362 4274 4294.4 4434.0

4.2. Fully Charmed Tetraquark

On the basis of the color antitriplet–triplet diquark–antidiquark configuration, the

complete mass spectra of the low-lying fully charmed tetraquark states predicted by this

work and their corresponding experimental candidates are laid out in Table 3. For the ease of

the comparison, the predicted outcomes produced by several sorts of diquark–antidiquark

scenarios, containing the nonrelativistic potential model [56,57,61,62], the relativized poten-

tial model [58–60,62], and the screened potential model [62], are also expressly exhibited

in Table 3. Firstly, our model finds that the masses of the 11S0, 13S1, and 15S2 ccc̄c̄ states

are 6192, 6250, and 6365 MeV, respectively, coherent with the theoretical values 6190, 6271,

and 6367 MeV derived by the famed Faustov–Galkin–Savchenko model [59,60]. Further,

the predicted mass 6192 MeV of the 11S0 state is also advocated by the chromomagnetic

interaction model [53], the nonrelativistic potential model [72], the QCD string model [78],

the Bethe–Salpeter equation [90], and the QCD sum rules [94]. Considering the mass inter-

val 6330–6490 MeV of the Tψψ(6400) state measured by the ATLAS Collaboration [22], the

Tψψ(6400) state is prone to be interpreted as the 15S2 ccc̄c̄ state with the theoretical mass

6365 MeV. Nonetheless, not all of the diquark potential models champion this assignment.

Generally, the spin-averaged mass and contact hyperfine splitting will impact the 1S-wave

predicted outcomes. There is no doubt that the higher diquark mass will cause the larger

value of the centroid mass. For instance, the diquark cc mass gap between Refs. [60,61]

contributes the difference of almost 200 MeV to the ultimate ccc̄c̄ tetraquark mass. In terms

of the fully charmed tetraquark with the first orbital excitation, there are seven sorts of
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P-wave ccc̄c̄ states. This study predicts that the masses of the 13P0, 11P1, 13P1, 15P1, 13P2,

15P2, and 15P3 ccc̄c̄ states are 6573, 6666, 6661, 6560, 6688, 6669, and 6710 MeV, respectively.

Accordingly, the observed masses offered by the ATLAS and CMS Collaborations are in

favor of the 13P1 assignment of the Tψψ(6600) state [22,23]. Apart from that, this work

suggests that the masses of the 21S0, 23S1, and 25S2 ccc̄c̄ states are 6745, 6764, and 6803 MeV,

respectively. According to the Tψψ(6600) mass scope 6735–6747 MeV detected by the LHCb

Collaboration [21], it is possible to deem the Tψψ(6600) state as the 21S0 ccc̄c̄ tetraquark. Next,

there are nine ccc̄c̄ states with the second orbital excitation. Our calculation shows that the

masses of the 15D0, 13D1, 15D1, 11D2, 13D2, 15D2, 13D3, 15D3, and 15D4 ccc̄c̄ states are 6828,

6853, 6840, 6877, 6877, 6862, 6888, 6884, and 6899 MeV, respectively. Taking into account

the experimental data rendered by the LHCb, ATLAS, and CMS Collaborations [21–23],

the potential candidates of the Tψψ(6900) state include the 15D0, 15D1, 11D2, 15D2, 15D3,

and 15D4 ccc̄c̄ tetraquarks. These candidates stunningly involve five options of quantum

numbers, demonstrating that the further experimental measurement for the Tψψ(6900)

state is indispensable. As for the 2P-wave ccc̄c̄ tetraquarks, the predicted masses of the

23P0, 21P1, 23P1, 25P1, 23P2, 25P2, and 25P3 states are 6959, 6973, 6974, 6958, 6976, 6976, and

6979 MeV, respectively. Based on the Tψψ(6900) mass realm 6910–7010 MeV observed by

the ATLAS Collaboration in the J/ψ+ψ(2S) channel [22], there is a possibility of interpreting

the Tψψ(6900) state as the 23P0, 23P1, or 23P2 ccc̄c̄ tetraquarks. Then the predicted masses of

the 31S0, 33S1, and 35S2 states are 7043, 7053, and 7073 MeV, respectively, well conforming to

the calculated outcomes 7031, 7038, and 7054 MeV achieved by the nonrelativistic potential

model [62]. By comparing the theoretical prediction with the observed data enumerated in

Table 1, there are no proper experimental candidates of the 3S-wave ccc̄c̄ tetraquarks.

In the right part of Table 3, the mass spectra of the ccc̄c̄ states with the higher radial or

orbital excitations are clearly listed. Initially, our model predicts that the masses of the 15F1,

13F2, 15F2, 11F3, 13F3, 15F3, 13F4, 15F4, and 15F5 ccc̄c̄ states are 7034, 7044, 7041, 7054, 7055,

7050, 7059, 7059, and 7064 MeV, respectively, in accordance with the theoretical predictions

proposed by the nonrelativistic potential model and the screened potential model [62].

Consequently, the candidates of the 1F-wave ccc̄c̄ tetraquarks have not been discovered by

sundry experiments. Subsequently, this work advises that the masses of the 25D0, 23D1,

25D1, 21D2, 23D2, 25D2, 23D3, 25D3, and 25D4 ccc̄c̄ states are 7128, 7134, 7132, 7139, 7140,

7137, 7141, 7142, and 7143 MeV, respectively, congruent with the counterparts predicted

by the nonrelativistic potential model [57,62] and the relativized potential model [58].

Whereafter, this study finds that the masses of the 33P0, 31P1, 33P1, 35P1, 33P2, 35P2, and

35P3 ccc̄c̄ states are 7216, 7220, 7221, 7216, 7220, 7222, and 7221 MeV, respectively, which

has a reconciliation with the results attained by the eminent Genoa group [58]. Lastly, the

41S0, 43S1, and 45S2 ccc̄c̄ states with the masses of 7285, 7291, and 7304 MeV are predicted

by this work. As revealed in Table 1, there are three sets of observed data for the Tψψ(7300)

state, which possesses a huge mass gap in the vicinity of 150 MeV [22,23]. Noticeably,

the inconsistency of the experimental data will bring on the ambiguity of the theoretical

judgement. For instance, the Tψψ(7300) states with these three experimentally measured

mass ranges 7109–7182, 7190–7250, and 7269–7307 MeV are likely to be assigned as the

2D-, 3P-, and 4S-wave ccc̄c̄ tetraquarks, respectively. Hence, the precision enhancement of

the experimental measurement is vital to decipher the properties of the Tψψ(7300) state.

Furthermore, the experimental identification of the spin-parity quantum number will also

facilitate the interpretation of the ccc̄c̄ tetraquarks.
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Table 3. The fully charmed tetraquark mass spectrum (in unit of MeV).

State This Work Other Approaches State This Work Other Approaches

n2S+1LJ JPC Mass Candidate [56] [58] [60] [61] [62] 1 [62] 2 n2S+1LJ JPC Mass Candidate [57] [58] [61] [62] 1 [62] 2

11S0 0++ 6192 5969.4 5883 6190 5942 5989 5944 15F1 1−− 7034 7035 7046

13S1 1+− 6250 6020.9 6120 6271 5989 6115 6001 13F2 2−+ 7044 7040 7051

15S2 2++ 6365 Tψψ(6400)A 6115.4 6246 6367 6082 6260 6105 15F2 2−− 7041 7039 7050

13P0 0−+ 6573 6480.4 6596 6628 6462 6545 6478 11F3 3−− 7054 7046 7056

11P1 1−− 6666 6577.1 6580 6631 6555 6605 6584 13F3 3−+ 7055 7047 7057

13P1 1−+ 6661 Tψψ(6600)A;A′ ;C′ 6577.4 6634 6556 6604 6584 15F3 3−− 7050 7045 7055

15P1 1−− 6560 6495.4 6584 6635 6461 6544 6495 13F4 4−+ 7059 7049 7059

13P2 2−+ 6688 6609.9 6644 6589 6623 6618 15F4 4−− 7059 7050 7060

15P2 2−− 6669 6600.2 6648 6579 6618 6609 15F5 5−− 7064 7052 7061

15P3 3−− 6710 6641.2 6664 6625 6643 6648 25D0 0++ 7128 Tψψ(7300)C′ 7120.8 7125 7092 7124

21S0 0++ 6745 Tψψ(6600)L′ 6663.3 6573 6782 6644 6644 6667 23D1 1+− 7134 7131.8 7128 7103 7137

23S1 1+− 6764 6674.5 6669 6816 6656 6683 6679 25D1 1++ 7132 Tψψ(7300)C′ 7128.4 7125 7098 7133

25S2 2++ 6803 6698.1 6739 6868 6678 6744 6703 21D2 2++ 7139 Tψψ(7300)C′ 7146.0 7126 7113 7154

15D0 0++ 6828 Tψψ(6900)C′ 6820.4 6827 6899 6831 6826 23D2 2+− 7140 7145.0 7113 7155

13D1 1+− 6853 6832.8 6829 6909 6846 6841 25D2 2++ 7137 Tψψ(7300)C′ 7140.9 7125 7108 7147

15D1 1++ 6840 Tψψ(6900)A;C′ 6828.4 6827 6904 6839 6835 23D3 3+− 7141 7154.5 7118 7163

11D2 2++ 6877 Tψψ(6900)A;C′ ;L′ 6847.7 6827 6921 6860 6859 25D3 3++ 7142 Tψψ(7300)C′ 7154.5 7118 7163

13D2 2+− 6877 6846.4 6920 6860 6860 25D4 4++ 7143 Tψψ(7300)C′ 7163.3 7124 7172

15D2 2++ 6862 Tψψ(6900)A;C′ 6841.5 6827 6915 6853 6850 33P0 0−+ 7216 Tψψ(7300)A 7236 7154 7151 7166

13D3 3+− 6888 6855.8 6932 6867 6867 31P1 1−− 7220 7226 7222 7175 7240

15D3 3++ 6884 Tψψ(6900)A;C′ ;L′ 6855.5 6929 6867 6867 33P1 1−+ 7221 Tψψ(7300)A 7221 7175 7239

15D4 4++ 6899 Tψψ(6900)L 6864.0 6945 6875 6876 35P1 1−− 7216 7229 7151 7151 7173

23P0 0−+ 6959 Tψψ(6900)A′ 6866.5 6953 7100 6852 6902 6867 33P2 2−+ 7220 Tψψ(7300)A 7244 7184 7263

21P1 1−− 6973 6944.1 6940 7091 6926 6937 6951 35P2 2−− 7222 7237 7181 7256

23P1 1−+ 6974 Tψψ(6900)A′ 6943.9 7099 6927 6937 6951 35P3 3−− 7221 7272 7194 7283

25P1 1−− 6958 6875.6 6943 7113 6850 6902 6877 41S0 0++ 7285 Tψψ(7300)C 7237 7213 7316

23P2 2−+ 6976 Tψψ(6900)A′ 6970.4 7098 6952 6949 6977 43S1 1+− 7291 7293 7228 7321

25P2 2−− 6976 6962.1 7113 6945 6946 6970 45S2 2++ 7304 Tψψ(7300)C 7257 7333

25P3 3−− 6979 6996.7 7112 6983 6963 7002

31S0 0++ 7043 6948 7259 7011 6979 7031

33S1 1+− 7053 7016 7287 7018 7001 7038

35S2 2++ 7073 7071 7333 7033 7040 7054

1 Results for the modified Godfrey–Isgur model in Ref. [62]. 2 Results for the nonrelativistic potential model

in Ref. [62].

5. Summary

Over the past two decades, the burgeoning members of the exotic hadron zoo have en-

lightened theoretical inquiries on the diverse multiquark configurations. In view of the fact

that the light quark degree of freedom is absent in the hadrons composed fully of the heavy

(anti)quarks, the fully charmed tetraquarks with the diquark–antidiquark configuration are

the most likely construction for the experimentally discovered ccc̄c̄ states. On the basis of

the heavy antiquark–diquark symmetry (HADS), the spectroscopic investigation of the con-

ventional charmonium will boost the decipherment of the exotic fully charmed tetraquark.

Therefore, this work explores the potential assignments of the low-lying charmonia and

ccc̄c̄ tetraquarks in light of the relativistic flux tube model.

To wrap things up, there are fourteen observed charmonia well identified by this work,

involving the 1S-wave assignments of the ηc(1S) and J/ψ(1S) states, the 1P-wave assign-

ments of the χc0(1P), hc(1P), χc1(1P), and χc2(1P) states, the 2S-wave assignments of the

ηc(2S) and ψ(2S) states, the 1D-wave assignments of the ψ(3770), ψ2(3823), and ψ3(3842)
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states, the 2P-wave assignments of the χc0(3915) and χc2(3930) states, and the 3S-wave

assignment of the ψ(4040) state. Moreover, the status of the ψ(4160) and ψ(4415) states

demonstrates that both of them necessitate further experimental and theoretical investiga-

tion. As far as the ccc̄c̄ tetraquarks are concerned, there are four experimental candidates

which have been observed by the LHCb, ATLAS, and CMS Collaborations [21–23], includ-

ing the Tψψ(6400) structure with the 1S-wave interpretation, the Tψψ(6600) structure with

the 1P- and 2S-wave interpretations, the Tψψ(6900) structure with the 1D- and 2P-wave

interpretations, and the Tψψ(7300) structure with the 2D-, 3P-, and 4S-wave interpretations.

In addition, the predicted mass spectra for the undetected charmonia and ccc̄c̄ tetraquarks

will deliver available clues to the projected experimental explorations.
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