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1. We have given in m-63-9 the functional form of f(t + -G) for constant 
energy operation under the condition that T > t' _ F. Now we wish to discuss 
the other case where T < t*. -F 

s given by Eq. (23 The condition for attaining constant energy gain i 
in ~~-63-9, namely, 

t+-c 

s a,$*(t + T - 5 
t+c-t; 

) f'(S)U(S)dS = U(t; - t)+XoJI' 

As discussed therein, the integrand ao$'(t + 7 - E) f'(t) must either 
vanish or be an oscillating function of period 5 when 5 2 7, so that 
the integral over any whole period may vanish when t 2 t+* 

The zeroth-order solution of Eq.(l) is not difficult to find. If the 
time variable is restricted to 0 < t < T = M-t;, M being an integer, this - - 
solution is as follows: 

f;(E) =m v exp 2a v 
0 go ( o g07)4;@5) 

U(e - 7 - rnti + ti) - U(e - 'c - mt;) . 

I 

Here we may note the similarity between this equation and Eq. (2) in 

-l- 



TN-63-7 for constanta linacs. When 'I +t' 
F' 

This agrees with Eq.(jO) in m-63-9. 
By integrating Eq.(2) with respect to 5 and inserting proper in- 

tegration constants, we obtain 

f,(C) & ( 242bovgo exp(2~ovgo+ 
1 
JI, 

t- 
(t#P,W I 

l 

+ 
m=O 

f,(E) + (xaol 2) exP(2Q!ovgoT) 



This is in agreement with Eq. (33) in TN-63-9. 
The first-order equation satisfied by f;(t) is obtained from Eq. (29) 

in TN-63-9 by cancelling out the zeroth-order terms. This is 

t+T 

s 
dt U(5) exp 2Czovgo(5 - T) . f;(t) = o(t) 

t+7-t; > 

where 

O(t) = - exp 

t+T 

t+-r-t; 
dt u(t) exP{kovgo(i - + 2f$) 

(5) 

Now we introduce the following notations: 

and 

where 

(7) 

(8b) 

and 

034 

C3d > 



obviously, 

u;(k) = - f;(5). (9) 

Thus there are three unknown functions to be determined in order to obtain 

the solution 

f'(Q = f;(s) + (vgo/c) f;(E). 

Two of these functions j $S> and u$>, are not difficult to obtain. 

They are as follows: 

%(5) = - 2 Xaovgo exp(2aovgoT).$:,(25 + ti) 

u;(E) = 67ca v exp 2a v 0 go ( o goqo I$30 

The solution of Eq. (8d) for the remaining function u;(E) is quite 
tedious, because 4(t) is a complicated function. Before describing 
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Q(t) and u;(S) we further introduce the following notations: 

and 

c -- 

Using these abbreviation constants we obtain 

c2 [t; - t) + c,(t + 7 - t;) - 

t 

(1.2b) 

(1W 

(124 

(W 

(13) 



and 

- u$)/2~~ovgo = u(k) 

+ u(e - mt' F) - & - T - mt 

M 
+ 

c( 
U(k - mtg) - U(E - T - mt ; 

u 
. Jr326 - 27) q$t$ 

m=l 1 I 

+ c 2a&omt’ - 1 
c 2cx v (m + 1)T 

F 2 0s 
1 

(14) 
. 

When ? +tL' F' 

L$(k) -+- 

c 
U(E) -  U(E - 2)  l 2'(", exp(2aovgot;) *A(25 + t;), 

? 

u;(S) -++ 
1 

UC!.) - U(E - T> * Tao exp(2aovgot,$) $;(3E), 
I 

and 

u;(5)-+- U(k) - U(E - l 2xol, exp(2aovgot;j 

) - U(6 - T) l XcX;exp!2cz v 
t 

o gOt;) = 1 6$,(35) - 29:,(25 + t;) 
J L 

-2 1+20lV 
{ 

0 650 
(T- 

I 

, 05) 
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This is in agreement with Eq. (32) in ~~-63-9. 
Having obtained f:(p) we may then integrate to obtain f,(E) in a 

straight-forward manner. The expression of f,(g) will not be given 

here because of its considerable length. 

2. Up to this point it has been assumed that f(F;) is a continuous 
function and f(0) = 0. When f(0) f: 0, we may proceed as in TN-63-7 
to separate f(S) into two parts, 

f(5) = f(O) + h(5), 

so that h(0) = 0. 
Let t+T 

CloLalb) = f(O) 
s 

dt U(kboir'(t + 7 - 5) 

ttT-t' F 

and 
t+T 

aoL,,(t) = 
s 

dE U(k) aoJI'(t + T - k) h(5) . 
t+T-t; 

Then the contribution to the electron energy gain from f(k) is 

aoLa(t) = C”,La,(t) + aoLa2(t). 

073.) 

(18) 

In case 7 >, t$ atoLal(t) = (f(O)12).(1 - Cl)*6 + (vgo/c)CQ . Here 

c1 is given by Eq. (l2a). Since CXoLa,(t) is independent of t, no 
further discussion is needed. 

In case 7 <, t+, 

aoLal(t) = f(o)aoo. 
C 

$,(t t T) - u(t t 7 - t$) +,(t + T) - q. (t;) 
{ II 

+ (vgo/c) f(Obo* J'o(2t + 24 - jf,(t + 7) u(t t 7 - t;) 

. 

c 

if 
qo(2t + 27) - ‘k. (‘“;)- 'b,(t + 'd + q. , 

(19) 
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This case may be treated by the same procedure as discussed in ~~-63-7. 
Thus, we consider h(S) to be the solution which satisfies 

tYoLa2(t) t czoLb(t) = const., and introduce one additional part w(E) into 

f(S) = f(O) + h(E) + w(S), 

so that the sum of aoLal(t) and 
t+T 

aoLa3(t) = 
s 

dk U(k) ao”(t + T 

t+T-t; 

is a constant. From this condition it follows that 

cxoLaP(t) = const., 

(21) 

i.e., the total gain of electron energy is constant. 
The remaining problem is to determine w(S) from the following 

equation: 

+ aoLa3(t) = 0. (22) 

As may be inferred from the case of constant4 linacs discussed in 
~~-63-7, Eq. (22) cannot be solved for large intervals of time unless 
w(S) is allowed to have discontinuities at points 5 = t;, 2t;, jt;,... 
The solution of Eq. (22) can most conveniently be found step by step. 
The first step is to consider the small interval of time, 0 < t < I$, - T. 

In this interval we have, according to Eq. (19) and Eq. (21), 

and 

& fioLalW) = f(o)cxo.[~;(tt T) - (vgo/4{~;(t + T, 

&{yoLa3(t$ = Fd5 ",JI'(t + 7 - r;) w'(t)* 

2+;(2t + 27) 13 
(23) 

(24) 



In m. (241, v (I;) = d$) - vgo c ( I)( df$ > - w32f;) and 
w'(5) = w;(t) t (Vgdc) w;(e). By substituting Eqs. (23) and (21~) into 
Eq. (22) and then separating the zeroth- and the first-order terms, we 
dbtain 

t-t.7 

s 
dkol,Jl;(t t 7 - 5) w;(s) = - f(0) CXo$;(t CT) (2’4 

0 

and 
t+ T 

J 
di;rxJP(t + T - C)w'(F,) = - 2f(O)a ijrf(2t + 2-c) 

I. 3 13 
0 tv+ r 

-s 
dk 2ao$;(2t + 2T - 25) W;( F,), 

0 (2%) 

The zeroth-order equation may be solved a-t once. The solution is 

(26) 

(2’7) 

On substituting this expression of w:(g), Eq. (25b) becomes 
t+T 

s 
dSCZoJr;(t + T - 5)w;(5) = 2f(O)CXoP(2-L + 24 

0 

. 

, 

From this equation w;(k) can easily be obtained. 

u(k) - u(E; - 

.,’ 

-y- 
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As expected, this is independent of t. 
In the next interval of time, tb - T < t < t$, the two equations 

derived from Eq. (22) are as follows: 

ttT 

s 
dScro?(t t 'c - k> w;(E) + aoe;(t + T - t;) 

t+-r-t; 1 
wo(t; + 0) - w. "0; 

(324 

t+7 
s Wo+;(t + T - 5) w;(k) + ao$A (t + T - t; t; + 0) - w1 t+r-t; t+r = - s d52cxooJI; 2t + 2~ - 25) w;(S) ( 

t+T-t; 

- 2aoJI;,[2t + 2T - 2t;) r",(t; + 0) - w,(t; - o$. 
- (32b) 

Eq. (25a) and Eq. (32a) must be consistent with each other when 
t + T't'. F From this requirement we obtain 

wo(t; -I- 0) - wo(t; - 0) = f(O)dy (334 

Similarly, Eq. (25b) and Eq. (32b) must be consistent with each other 
when t + T +t&O Thus, 

W& + 0) - w& - 0) = 2fW * (c4 - Cl) * 
(33b) 

Because of these results Eqs.(32a) and (32b) become, respectively, t+T s dbol+ + 7 - 5) w;(t) = - Clf(o)cxojr;(t + T - t;) 
t+ 7-t; (344 
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and 

ttT 

$ 
dbo4$(t + -T - E) w;(t) = - 2f(o)ao 

{ 
(c4 - cl) jr;(t t T - t;) 

ttr-t; t+T 

t c,*;(2tt 27 - 2t;j 
3 

- 
$ 

dG'ao$;(2t + 27 - 25) w;(S), 
t-u-t; 

(34b) 

Eq. (#a) can be solved easily. The solution is 

(35) 

Having det;ermined w;(S) we may then solve Eq. (j!+b) to obtain 

(36) 
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Thus, 

+ u(t - T) - 

r 

(37) 

-CXV 
0 gc 

f(O) 
+-d 

T 

+ c JI, cc - q -av ‘c *,w 

l Jr(p) 

i 
1+2u:v T- 

0 go 

(38) 

These expressions of .",(C;) and ~~(5) are a~plicnble -for the time 
interval 0 <t <t'. F This is by far the interval of most practical interest. 
Clearly, we may extend these functions, if required, to later time intervals 
by the same procedure as described above. 
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