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Abstract
Position-meter and speed-meter interferometers have been analysed for detect-
ing gravitational waves. Speed-meter is proposed to reduce the radiation pres-
sure noise, which is dominant at low frequency. We introduce the concept of
acceleration measurement in comparison with position and speed measurement.
In this paper, we describe a general acceleration measurement and derive its
standard quantum limit. We provide an example of an acceleration-meter inter-
ferometer configuration. We show that shot noise dominates at low frequency
following a frequency dependence of 1/, while radiation pressure noise is
constant. The acceleration-meter has even a stronger radiation pressure noise
suppression than speed-meter.
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(Some figures may appear in colour only in the online journal)
1. Introduction

Quantum noise has been one of the most important noise sources over the whole frequency
band in laser-interferometric gravitational wave detectors. It contains two parts: shot noise
(sensing noise), and radiation pressure noise (back-action noise). Shot noise comes from the
fluctuation of the photon number of a laser. The shot noise limited sensitivity is proportional
to 1/4/P, where P is the square root of the laser power. Shot noise is dominant in the high
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frequency band. Radiation pressure noise is induced by the back action of the laser beam
onto the test mass. The radiation pressure noise limited sensitivity is proportional to /P and
is dominant in the low frequency band. At each frequency, there exists an optimal power,
which determines the minimal sum of shot noise and radiation pressure noise. This forms
the so called standard quantum limit (SQL) as a consequence of the Heisenberg uncertainty
principle [4].

The SQL can be overcome by conducting a so called quantum nondemolition measure-
ment [5], in which the uncertainty of the observable is beyond the SQL, e.g. by measuring
the momentum of a free test mass. Speed measurement is actually a good substitution that is
approximately proportional to momentum [3, 11]. Until now there are already several types of
proposed speed-meter, such as the sloshing speed-meter [2, 12, 17, 19], Sagnac interferometer
[7], polarisation circulation speed-meter [11], and EPR-type speed meters [16]. The relevant
study in theory and experiment has also been continued in recent years [10, 13, 14, 20, 21].
The radiation pressure noise of gravitational wave detectors comes from the laser radiation
pressure force induced mirror displacement. The signal is measured through the response of
the detector to the gravitational wave tidal force. In the speed meter, the radiation pressure
force is partially cancelled by adopting speed as the observable, which leads to improvement
of the signal to noise ratio in the frequency band where radiation pressure noise dominates. It
is instructive to consider what can be achieved by acceleration measurement.

In this paper, we develop the concept of the acceleration measurement and show a reali-
sation of an acceleration-meter evolving from the Sagnac speed-meter and polarisation circu-
lation speed-meter, called the ‘polarisation-Sagnac acceleration-meter’. In section 2, we first
study the acceleration measurement as a supplement to describe the dynamics of a linear sys-
tem in addition to position and speed measurement. In section 3, we describe the design of
the polarisation-Sagnac acceleration-meter interferometer and calculate the quantum noise by
deriving the input/output (I/O) relations. We find that the acceleration-meter can suppress the
radiation pressure noise and have a good performance in the low frequency band.

2. Conceptual scheme of acceleration-meter

We start from a simplified position measurement scheme that includes all relevant key features.
As shown in left picture in figure 1, a laser beam is detected after reflecting from the test mass.
The displacement of test mass can be measured with a phase detector. The power spectral
density of the total noise for a position measurement can be written as [9]:

Spos(2) = Sy + [X(Q2)|*Sk + 2 Re[ X" (0)S.r], (1)

where S, is the shot noise spectral density in displacement, |x(€2)|*S is the back action noise
spectral density, Syr is the cross-correlation noise spectral density. x is the susceptibility that
quantifies the response of displacement to force, which is —1/(MQ?) for a free mass. M stands
for the test mass and {2 stands for the noise frequency. The appearance of S, relates to the
readout quadrature of the laser field. For a phase quadrature measurement, S, = 0, and the
spectral density reads (see appendix A for detailed derivation),

h
MQO?

Spos(Q) =S8+ |X(Q)‘ZSF > )

At alternative readout quadratures, the resulting measurement uncertainty can beat SQL.
The toy model of a speed measurement is shown in the middle part of figure 1. The light
gets reflected from the front and back of the test mass at two moments. It records the speed
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Figure 1. Conceptual scheme of position, speed and acceleration measurements. In posi-
tion measurement, light reflects once on one side of the mirror. In speed measurement,
light reflects on two sides of the mirror with time delay 7. In acceleration measurement,
light reflects twice on each side of the mirror.

information of the test mass: v(f) = [x(f + 7) — x(¢)] /7, where 7 is the time delay between two
sensing moments. Similar to the position-meter, the spectral density of the speed-meter can be
written in the same form as equation (1):

A\ %
Spe(Q) = o7 + X7 NDSr — 2RelX (DS 3)

When S, = 0, the speed measurement also has the uncertainty relation,
" h

S,
Sepe() > - 9272|X<9)‘24*sx >

0%72

“)

The acceleration measurement can be achieved as shown in right picture in figure 1. The
light first gets reflected on both side of test mass. Then it travels back along the way it comes
and get detected by a phase meter. The light field acquires the acceleration information of
the test mass: a(r) = [v(t + 7) — v(¢)]/7. The spectral density can be derived as below (see
appendix B for more details),

Sy "
Sace( ) = G + VT XD SF — 2 Relx (VS (5)

When S, = 0, the acceleration measurement is also constrained by SQL,

K> h
— > .
48, 7 MO?

Sl ) > + Q7 ()

044 ©

3. Polarisation-Saganac acceleration-meter

In this section, we describe a realisation of the acceleration-meter interferometer and anal-
yse the quantum noise limited sensitivity by deriving the I/O-relation in the two-photon
formalism [6].

3.1. General description

The acceleration-meter interferometer is based on the polarization circulation interferometer
and Sagnac interferometer as shown in figure 2. In this subsection, we illustrate how the light
travels within the detector and conducts an acceleration measurement.
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Figure 2. Schematic of acceleration-meter. The acceleration-meter is based on the polar-
ization circulation interferometer and Sagnac interferometer. The red solid line is the
carrier light beam, its polarization is shown by the arrows. QWP stands for quarter-wave
plate. AM stands for the arm mirror. BS stands for the main beam splitter. PBS stands
for polarization beam splitter. PCM is a polarization circulation mirror. BHD stands for
balanced homodyne detector.

Firstly, the p-polarized light emitting from the laser can be regarded as a linear combination
of two circularly polarized light, left (/)-polarized and right (r)-polarized. Each polarization
has only half of the laser power. The /-polarized light passes through Sagnac interferome-
ter and carries velocity information of the differential motion of the arm mirrors Xqarm(?).
At the output of Sagnac interferometer, the /-polarized light is transformed into s-polarized
light by a quarter-wave plate (QWP). It then gets reflected by polarization beam splitter (PBS)
and gains a phase shift by reflecting off from the polarization circulation mirror (PCM). After
getting transformed into r-polarized light by the QWP, it enters the Sagnac interferometer again
from the dark port and senses the speed Xqarm(# + 7). It interferes with the r-polarized light that
entered the Sagnac interferometer before and comes out as p-polarized light. When the phase
shift of the sidebands from the PCM equals 2n7 (n is integer), we measure the acceleration
a(t) o< [Xgarm(f + 7) — XgarM(#)]. The minus sign comes from the main beam splitter.

3.2. Derivation of I/O-relations

We derive the I/O-relation in the two-photon formalism [6, 15]. The light field can be repre-
sented as a combination of a classical mean amplitude and small but non-zero quantum fluc-
tuations. In the two-photon formalism, we can describe the fluctuations by a two-dimensional
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vector a = {d, &S}T, where a. ¢ are the quadrature amplitudes,

4 = 2i4-§2 —F'éif,gz
Cc — 2 ’
R v2 o (7)
fl o atq — a_Q
’ iv2

where a and a' are the creation and annihilation operators, the subscript ££ represent positive
and negative sidebands with respect to the carrier field, and €2 is the sideband frequency. A
general form of the I/O-relation for an interferometer can be written as,

6=Ti+R-, (8)
XsSQL

where i and 6 are the input and output field at the dark port, T is a 2 x 2-matrix of the
optomechanical transfer function, R is a two-dimensional vector of the response to x, x is

the differential mode of displacements of the test masses, and xsqr. = 1/ % is the SQL of a

free test mass with effective mass M.

The 1/0 relationship of the acceleration-meter scheme can be obtained by applying the
Sagnac interferometer I/O-relations for each polarization mode. In the following derivation,
we need to remember that both circular polarizations contribute to the common back-action
force while only p-polarized light enters to the balanced homodyne detector (BHD). The input
light field can be represented as a combination of /-and r-polarized light i=@+i) /v/2. Now
we can write down the whole I/O-relations:

N T b.a.i 5 X

0 = Tsagll + Ts;é 1, + Rli,
XsQL

N b.a. 3 5 X

0, = Tggis + Tl + R, ——, )
XsQL

ir = Péla

cos ¢, —sin ¢,

where P = [ } is the rotation matrix by angle ¢,,, which describes the phase

sin ¢,  cos ¢,
gained from PCM. In order to achieve an acceleration measurement, we set the angle to

¢p = 2nT. T’ and T?¢ are the transfer matrix and back-action only matrix of the Sagnac

sag sag
interferometer,
. 1 0
l,r — 21553‘%
(10)
» 0 0
ba. _ 2ifsag
Tae =¢ Lmyzoy

where Ky = %%% is the Kimble optomechanical factor for Sagnac interferometer

[11, 15]. In K, © = %, where w is the laser frequency and P, is the circulating power

in each arm, 5 = arctan % is the phase gained by the light reflected from a single cavity, and
Bag = 28 + /2 is the phase gained of light reflecting from Sagnac interferometer with arm
cavities. vy = % is the half-bandwidth of the arm cavity, where L is arm cavity length and 7 is
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the power transitivity of input test mass. lil,, = elfsag | /leag{O, I}T are the response vectors for
the Sagnac interferometer. By solving the equations above, we can derive the full I/O-relation
for the acceleration-meter,

. 1 0] » . 0 X
A A a2ifacc 3 iBace
0=0r=¢ |:_lcacc 1:| Ite |: 2K:acc:| xSQL, (11)

where 5,.. = 45 and Ky = 4022 / (0 + 72)2Ksag. With BHD [18], we can read an arbitrary

quadrature of field 6, given by H'6. Here H = {cos ¢, sin(}T, where ( is the readout angle.
The spectral density of the quantum noise of the whole interferometer can be calculated as,

G2 H -T-S" - Tf.-H
=X =
S H R

; 12)

where S is the 2 x 2 spectral density matrix of the input field. The input field S™ can be
written as:

2r
- e 0
St = “orl s 13
0 e 2r ( )
where r is the frequency independent squeezing strength. When » = 0, the light is in vacuum
state, in other situation, light is squeezed whether in amplitude or phase. Finally, we can obtain
the quantum noise power spectral density of the whole interferometer as

 X3qL e+ [cot ¢ — Kyee]?e™

S
2 ]Cacc

(14)

When ( satisfies cot ( = Ky, the spectral density is minimized. In the ideal case, a technique
which can realise frequency dependent readout angle is called variational readout [8, 15].

3.3. Quantum noise of acceleration-meter versus speed-meter and position-meter

We demonstrate the example with the parameters of advanced LIGO [1] but without the sig-
nal recycling cavity. Also, the bandwidth is optimized for the acceleration-meter. The main
parameters are as follows: laser wavelength 1064 nm, L = 4 km, M = 40 kg, bandwidth
v = 100"27 Hz, and circulating power P, = 800 kW. Additionally, we compare the cases with
and without injection of squeezed vacuum.

In figure 3, we plot the quantum noise limited sensitivity of three types of meters: Michel-
son position-meter, Sagnac speed-meter and polarisation-Sagnac acceleration-meter with
cot( = 0. Solid lines stand for the case with vacuum injected into the dark port. Dash lines
stand for the case with 10 dB phase quadrature squeezed vacuum (e~ = 0.1) injected into
the dark port. Figure 4 shows the sensitivities when the readout angle can change along with
Kimble optomechanical factor as cot { = Ky. To simplify the calculation, we directly use the
arm circulating power instead of the input power. It should be noted that to ensure they have
same circulating power, the input power of Michelson position-meter should be set to twice
that of the speed-meter and acceleration-meter.

Instead of radiation pressure noise, the sensitivity of acceleration-meter is limited by shot
noise at low frequencies (below 20 Hz). The frequency dependence of the shot noise follows
1/92, which comes from the response of the acceleration to the equivalent displacement and
is indicated by the first term of equation (5). The radiation pressure noise dominates between
20 and 100 Hz. In the acceleration-meter, there are two frequencies, ~20 and ~100 Hz, where
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Figure 3. Comparison of quantum noise limited sensitivities (QNLS) of three types
of interferometers: Michelson position-meter, Sagnac speed-meter and polarisation-
Sagnac acceleration-meter. They share common parameters, laser wavelength 1064 nm,
L=4 km, M =40 kg, bandwidth v =100 x 2r Hz and circulating power
P. = 800 kW. In this case, we set the homodyne angle such that cot ( = 0. Solid lines
stand for the case with vacuum injected into the dark port. Dash lines stand for the case
with squeezed vacuum (with squeeze factor e 2" = 0.1) injected into the dark port.
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Figure 4. Comparison of quantum noise limited sensitivities of three types of interfer-
ometers including ideal variational readout, in which optimal readout angle is adopted.

the radiation pressure noise and shot noise are equal. The shot noise and the radiation pressure
noise shown in figure 5 can help to understand the contribution of them in the acceleration-
meter. The radiation pressure noise over 20 to 50 Hz, which is constant against frequency
is actually a feature of acceleration measurement following the second term of equation (5).
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Figure 5. The contribution of the shot noise and the radiation pressure noise in the
polarisation-Sagnac acceleration-meter. The parameters are same as figure 3.

With constant phase quadrature squeezing, the shot noise will be suppressed, while the radia-
tion pressure noise will be amplified as shown by the squeezed position-and speed-meters in
figure 3. In the acceleration-meter, shot noise dominants both at low and high frequency and get
suppressed by squeezing. At middle frequencies, the sensitivity becomes worse due to higher
radiation pressure noises. As shown in figure 4, the radiation pressure noise can be evaded with
ideal variational readout. However, with ideal variational readout, where only the shot noise
couples to the measurement over the whole frequency band, the best scenario is position-meter
which has the strongest response to the signal.

Optical loss is an important effect to be considered in practice. The benefits of both squeez-
ing and variational readout come from the squeezed vacuum fluctuations on the corresponding
measurement quadrature. The squeezing prepares squeezed vacuum at the input and measure
the phase quadrature at the output. The variational readout measures alternative quadrature
and utilizes the strong ponderomotive squeezing from interferometer itself. Therefore, the
effect of optical loss can be attributed to the decoherence of squeezed quantum state in both
of two strategies. Variational readout is more susceptible to loss because the measured signal
is much smaller than the signal on the phase quadrature. Speed-meter and acceleration-meter
are expected to be less susceptible to optical loss since their superiorities on radiation pressure
noise come from much weaker ponderomotive squeezing in the interferometer by cancelling
the radiation pressure force. Detailed optical loss effect will be studied in the future.

4. Conclusion

In this article, we study the acceleration measurement for a gravitational wave detector and
develop a new type of polarisation-Sagnac acceleration-meter interferometer that is based on
the polarization circulation speed-meter and Sagnac speed-meter. We theoretically analyzed
the noise of a lossless conceptual scheme. The main purpose of this configuration is to study
stronger radiation pressure noise reduction in the low frequency range and add acceleration
measurement as a possibility in the field of gravitational wave detection. Our analysis shows
that the acceleration-meter can decrease the radiation pressure noise remarkably, but inevitably
raises the shot noise. We have investigated the acceleration-meter in the context of gravitational
wave detection for the first time and have established the possibility of broader research in the
future.
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Appendix A. Position measurement

The main purpose of this appendix is to derive the power spectrum of the quantum noise of
the position-meter. In the position measurement, shown in left part of figure 1, the phase of the
light is modulated by a free test mass when the light is reflected by one side of test mass. We
can write the phase detected as:

(1) = Po(t) + 2kx(1), (A.1)

where ¢, is the detected phase when the test mass is static. k = w/c, is the wave number, and x
is the displacement of the test mass. With a homodyne detection, we can access all quadratures
of the light. Similar to in [9], the readout signal in frequency domain can be described by the
following equation,

Q) — Zo

o) = —pDsin ( + ==

cos C, (A.2)
where Z() is the light intensity and Z, is the average light intensity. The displacement
extracted from the readout signal can be written as below, consisting of a signal part and
fluctuation part:

_ o
x(Q) = — sinC Xsig(€2) + x7u(€2), (A.3)
where
1 () —
xu(§)) = % [%(Q) B %IOIO cot C] . (A4)

The spectral density of the measurement noise can be then derived as

1 Sz
S:(Q) = (Ss+ 5 cot’ ¢ |, AS
() 4kz<¢+4zgc° c) (A5)
where S, and St are the spectral density of the phase and intensity of the light field. The back
action force of the light onto the test mass can be written as

2Z(Q) — o).
C

F(Q) = (A.6)
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The resulting spectral density of the back action and cross-correlation noise are

457(Q)
s = 22,
(A.7)
()
Sr(@) =5, 7 cot €

According to the above equations, we can find that S, and Sy follows the Schrodinger—
Robertson uncertainty relation:

S )Sz() _ 1

w? ~ 4

If there is no correlation between the back-action and measurement fluctuations, i.e.
S.#(£2) = 0, and we apply the uncertain relation to equation (1), we obtain:

SADSH) — Sr*(Q) = (A.8)

" h
ﬂm>&+wmﬁ§> (A.9)

MO
When S, # 0, which could be achieved by tuning readout angle through variational readout
[4], we can overcome the SQL.

Appendix B. Acceleration measurement

Different to position measurement, in speed measurement, the light reflects on both sides and
is modulated twice by the test mass. Consequently, speed measurement can be conducted by
measuring the position of the test masses in two sequential moments. Similarly, the accelera-
tion measurement can be conducted by measuring speed of the test masses at two moments.;
As the conceptual scheme shows in the right part of figure 1, the light hits the test mass 4 times
and is phase modulated by the test mass motion. The process can be described by

() = ¢o(t) + 2k[x(t) — x(t — )] — 2k[x(t — 7) — x(t — 27)]

= ¢po(t) + 2kTv(t) — 2kTU(t — T) (B.1)
= ¢o(1) + 2k7 a(?),
while
o(t) = x(0) — x(t — 1)
T (B.2)
a(t) = w,

where 7 is the time delay between reflections as shown in figure 1, v is the speed and a is the
acceleration.

The light traveling back to the phase detector gains a phase shift proportional to the dif-
ference of two velocities with interval time 7, which results in an acceleration measurement
of the motion of the test mass. With a homodyne detection, substituting equation (B.1) into
equation (A.2), the displacement can be written in spectral representation as:

acc __ 6(9)
2k sin (1 —e~i97)2

X = x%°(0) + x2°(Q), (B.3)

sig
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where

Xflu

X () = (1—e iy

(B.4)

The (1 — e 7)2 in the denominator comes from the four reflections as mentioned before.
Since the gravitational wave signal period is much longer than 7 here, we have Qr < 1.
Therefore, equation (B.4) can be approximately written as:
_xﬂu(Q)

0Prz

The back-action force for the light reflected four times onto the test mass can be written as:

() ~ (B.5)

A 2 A o o A
F*(1) = E[Z(t +27)—Z(t+1)] — [Z(t + 1) — Z(1)]. (B.6)
In spectral representation, it can be written as:
~ 2 . A ) .
F(Q) = 2V — 1’7 = ('Y — 1)’F(Q). (B.7)
c

Similar to x§7, F*¢ can be approximately written as:

F () =~ —72Q*F(Q). (B.8)

The relation of the spectral densities in the acceleration measurement and position measure-
ment can then be calculated as below:

s = 2,
SE(Q) = THQASHQ), B-9)
SF () = Sur(€)).
Substituting equation (B.9) into equation (1), we get
Sacc(§2) = ix + QT XQISE = 2X( DS (B.10)
Q4
In the case of S35 = 0, we find that:
Sace = % (B.11)

which denotes the SQL in displacement of free mass.
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