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Abstract. In this proceeding, we revisit the discussion presented in Ref. [Commun
Phys 7, 373 (2024)], which examines the behavior of a quantum switch involving two
arbitrary quantum operations when the control is exposed to environmental effects. Our
study extends this analysis by focusing on the evolution of entanglement in the target
system within the quantum switch framework, taking into account the influence of en-
vironmental conditions and control post-selection. We find that entanglement evolution
is highly sensitive to these factors. While entanglement sudden death occurs under defi-
nite causal order, indefinite causal order can reverse this loss. We observe entanglement
revival in high-temperature regimes and a sudden reappearance of entanglement under
weak monitoring conditions at low temperatures. These findings provide insights into
the resilience of the quantum switch in the presence of environmental disturbances and
highlight its potential for applications where preserving entanglement is essential.

1 Introduction
In classical physics, causality serves as a cornerstone principle that governs the sequential progression
of physical events, where the temporal order between two connected events, A and B, remains well-
defined, dictated by a time-like vector. Event A either precedes event B or vice versa, preserving a clear
causal relationship. However, this intuitive notion becomes profoundly more intricate within the realm
of quantum mechanics. The principle of superposition, foundational to quantum theory, extends beyond
states and observables to include causal relations, giving rise to scenarios characterized by indefinite
causal order. A compelling manifestation of this phenomenon is observed in quantum processes like the
quantum switch (QS), where an auxiliary quantum control system creates a superposition of causal orders
(SCO) on a target system.

At its core, quantum coherence is a distinctive property of the quantum description of nature, funda-
mentally distinguishing it from classical theories [1, 2, 3, 4, 5, 6]. Building on the concept of superposition
of causal orders (SCO), groundbreaking applications have emerged across diverse domains in quantum
technologies [7]. For instance, SCO has been interpreted as a superposition of time evolution [8], which
encourages advances in computation, by enhancing processing capabilities [9, 10, 11], and communication,
enabling improved efficiency in information transfer [12, 13, 14]. In metrology, SCO-based approaches
offer unprecedented precision in measurements [15], while in thermodynamics, they facilitate novel ap-
proaches to energy management and thermal processes, unlocking new possibilities for quantum heat
engines and resource optimization [16, 17, 18, 19, 20, 21]. These applications highlight how harnessing
the indefiniteness of causal structures can translate quantum coherence into concrete advantages across
various fields [22].
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However, despite the recent theoretical advances, it is crucial to account for more realistic scenar-
ios when considering the experimental realizations of the QS. One significant factor that must not be
overlooked is the role of environmental degrees of freedom, which are intrinsic to a wide range of matter-
based platforms [23, 18, 24]. The complex role played by an environment is central to studies on open
quantum systems [25] and quantum thermodynamics [26, 27], and critical to the practical implemen-
tation of quantum technologies in general. Thus, it is desirable to mitigate potentially detrimental
effects, such as decoherence [28, 29], or to manipulate different energy fluxes to design different ther-
mal devices [30, 31, 32, 33, 34]. In this context, given the essential nature of the correlations to achieve
SCO [9, 35], Molitor et al. [36] investigated how an environment affects the operation of the QS, assuming
that the control system interacts with an external thermal reservoir. Their work provides a comprehen-
sive framework for understanding and compensating for environmental disturbances, offering practical
guidelines for maintaining coherence and optimizing the utility of the QS in realistic and noisy condi-
tions. Such insights are indispensable as the field moves closer to translating the theoretical elegance of
quantum causal structures into robust, real-world technologies.

In this work, we focus on the monitoring of two mutually unbiased bases (MUBs) and analyze their
behavior under different measurement regimes. Monitoring maps, also known as generalized measurement
maps [37, 38, 39, 40], provide a unified framework for describing the transition between weak and strong
(projective) nonselective measurements. Weak measurements have proven to be valuable tools in various
practical applications [41, 42, 43, 20, 33, 44]. Beyond their practical significance, these measurements have
also deepened our understanding of fundamental quantum phenomena. In particular, monitoring maps
have played a key role in exploring the emergence of realism from the quantum domain [38, 39, 45, 46],
and is necessary to define a measure of quantum discord with weak measurements [47, 48]. Building on
these concepts, we investigate a new example not analyzed in Molitor et al. [36], focusing on entanglement
sudden death in the monitoring of two MUBs with definite order. Specifically, we examine the concurrence
of the output state after the sequential monitoring of an initially maximally entangled pair.

2 Quantum switch with open control
Considering a target quantum system, denoted as S, characterized by its density matrix ρS and its
temporal evolution governed by the HamiltonianHS , the QS implements a controlled sequence of quantum
operations of quantum maps on S. The defining attribute of this process lies in the fact that the
order in which these quantum maps are applied is conditioned on the quantum state ρC of an auxiliary
control quantum system C , itself associated with Hamiltonian HC . A critical requirement is that the
dimensionality of the control system C must be sufficient to accommodate the number of quantum maps
involved in the operation. As described in more detail below, a superposition of causal orders (SCO) can
be locally realized in the system S provided that a suitable post-selection is performed on the state of
the control system. Throughout this work, we adhere to natural units, setting ℏ = kB = 1, for simplicity
and coherence in our calculations.

Consider the simplest scenario of a two-level quantum control system. Assuming the initial separa-
bility of the SC composite state, and two completely positive trace-preserving (CPTP) maps M and N
characterized by their respective sets of Kraus operators {Mi} and {Nj}, which satisfy the completeness

relation
∑

iM
†
iMi =

∑
iN

†
jNj = 1S , the QS generates a quantum state of the form

ρM↔N
SC := SM,N (ρS ⊗ ρC) =

∑
ij

Wij(ρS ⊗ ρC)W †
ij , (1)

where Wij := MiNj ⊗ |0⟩⟨0|C + NjMi ⊗ |1⟩⟨1|C is the controlled-Kraus operators of the QS map, with
{|0⟩C , |1⟩C} representing the computational basis of C. Thus, the state of the control system C becomes
directly linked with the order of application of the maps, with this order ultimately established by a
post-selection on the control, i.e, it is clear that the computational basis elements are explicitly coupled
with a definite order of application of the maps, such that measurements in this particular basis result in
either applying first N and then M or vice versa. However, the situation becomes more intriguing when
considering a coherent superposition of causal orders. For instance, when the control system is prepared in
a coherent state, such as the eigenstates {|+⟩C , |−⟩C} of the x-Pauli operator σx, the resultant quantum
state embodies an indefinite superposition of causal orders. To illustrate this, let us assume that the
initial state of the control system is given by ρC = |+⟩⟨+|C . Under this condition, we can define two
significant operators that emerge from this indefinite causal configuration:

Adef :=
1

2

∑
i,j

(
MiNjρSN

†
jM

†
i +NjMiρSM

†
i N

†
j

)
(2)
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and

Aindef :=
1

2

∑
i,j

(
MiNjρSM

†
i N

†
j +NjMiρSN

†
jM

†
i

)
. (3)

It is important to observe that, while Adef represents a convex combination of the maps applied in definite
orders, Aindef corresponds to a mixture of terms without a definite structure.

Along these lines, Eq. (1) for the post-switch operation simplifies to [21]

ρM↔N
SC = A++ ⊗ |+⟩⟨+| +A+− ⊗ |+⟩⟨−| +A−+ ⊗ |−⟩⟨+| +A−− ⊗ |−⟩⟨−| , (4)

where Axy := 1
4

∑
i,j [Mi, Nj ]x ρS [Mi, Nj ]

†
y, with x, y ∈ {+,−} and [X,Y ]± := XY ± Y X. Thus, since

A±± =
1

2
Adef ±

1

2
Aindef , (5)

one can see that both terms contribute in linearly independent components of Eq. (4). However, this
decomposition does not imply the existence of superposition of causal orders and SCO effects. In fact,
the local state of S after the QS is given by

ρS = trC
{
ρM↔N
SC

}
= A++ +A−− = Adef , (6)

which contains no features indicative of an SCO. More importantly, this observation highlights the es-
sential role of measuring the control system. Indeed, when post-selection is performed in the σx basis,
the probability of each outcome becomes

ppost(±) = trSC

{
(1S ⊗ |±⟩⟨±|C) ρM↔N

SC

}
= trS {A±±} , (7)

resulting in the conditional state

ρM↔N
S,± =

A±±

tr {A±±}
. (8)

Therefore, according to Eq. (5), it is clear that the conditional states obtained after the post-selection
of C inherit the terms associated with SCO This is precisely why post-selection is indispensable: after
measurement and the renormalization procedure, the SCO becomes detectable. In other words, post-
selection of the control is a crucial step for revealing SCO effects in the QS mechanism.

Given the pivotal role that the control system plays in the QS operation, it becomes particularly
important to extend the theoretical considerations to more physical and realistic scenarios. In this sense,
the analysis in Ref. [36] considers the control to interact with an external environment E between the
QS map operation and its subsequent post-selection. For simplicity, the influence of the environment is
described by the collisional model framework1, which conceptualizes the environment as a collection of
auxiliary qubits, each characterized by a Hamiltonian HE prepared in a quantum state ρE sequentially
interacting with C via a specified interaction Hamiltonian VCE as discussed in Ref. [50].

Each individual interaction, commonly referred to as “collision” is assumed to take place over a
fixed time duration τ . The combined dynamics during each collision are governed by a unitary operator
U = exp(−iτHtot), where Htot = HS +HC +HE +VCE is the total Hamiltonian of the composite system.
Hence, after n collisions, the joint state SC is written as

ρnSC = trE
{
U
(
ρn−1
SC ⊗ ρE

)
U†} . (9)

Naturally, the precise nature of these dynamics depends on the specifics of each model considered. Here,
we examine the case the environment behaves as a thermal reservoir with temperature TE . Accordingly,
each auxiliary qubit in the reservoir is expressed by a Gibbs state such that

ρE = ΘE =
exp(−βEHE)

ZE
, (10)

where ZE = tr{exp(−βEHE)} is the partition function and βE = 1/TE is the inverse of temperature.
The interaction between the control system and the environmental qubit is modelled by the Hamiltonian

VCE =
g

2

(
σC
z σ

E
z + σC

y σ
E
y

)
= g (|+⟩⟨−|C ⊗ |−⟩⟨+|E + h.c.) , (11)

1It is worth mentioning that the collisional model is compatible with the dynamics obtained by the usual GKLS master
equation [49, 50].
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where g denotes the coupling strength between the control and the environment. The collisions are
treated as an individual perturbation in the control state, being fast relative to the relevant temporal
scale, s.t. gτ ≪ 1. This interaction Eq. (11) has an isotropic structure and is equivalent to the standard
Jaynes-Cummings coupling for a reservoir of qubits [51], describing the exchange of excitation [52, 50].
Additionally, without loss of generality, we fix HC,E = −ωσC,E

x /2, which guarantees the post-selection
basis of the control system, {|+⟩C , |−⟩C}, is invariant over its free time-evolution (up to a phase).
From a thermodynamic perspective, the chosen model guarantees that no work is performed due to the
interaction [53] and that each collision is consistent with a thermal operation [54, 55], satisfying the strict
energy conservation condition for each energy exchange [56], i.e., [HC +HE , VCE ]− = 0.

Therefore, building upon Eq. (4), one can analytically compute the joint SC-state after n successive
collisions with the environment. The resulting state is given by

ρnSC = B++(n) ⊗ |+⟩⟨+|C + B+−(n) ⊗ |+⟩⟨−|C + B−+(n) ⊗ |−⟩⟨+|C + B−−(n) ⊗ |−⟩⟨−|C , (12)

where the coefficients are defined as: B+−(n) = B†
−+(n) := einτω cosn(gτ)Un

SA+−U
†n
S and

B±±(n) :=
b±def(n, fE , gτ)

2
An

def +
b±indef(n, gτ)

2
An

indef , (13)

where US := exp(−iτHS) represents the time-evolution operator of the target system S, and we defined

fE := tanh(βEω/2), An
def := Un

SAdefU
†n
S , An

indef := Un
SAindefU

†n
S , and

b±def(n, fE , gτ) := 1 ± fE
[
1 − cos2n(gτ)

]
, b±indef(n, gτ) := ± cos2n(gτ). (14)

It is important to emphasize that Eq. (12) is completely general for any 2-quantum switch, maintaining
an analogous form to Eq. (4). Hence, after the post-selection, the probability of obtaining a particular
control state is

pnpost(±) = tr {(1S ⊗ |±⟩⟨±|C) ρnSC} = tr {B±±(n)} , (15)

and the corresponding conditional state of the target system becomes

ρnS,± =
B±±(n)

pnpost(±)
. (16)

We highlight the term b±indef characterizes the contribution of SCO within the quantum switch. A
clear observation is that environmental collisions lead to a monotonic suppression of SCO effects. To
illustrate the environmental role, it is instructive to analyze limiting scenarios. In the asymptotic limit
of infinitely many collisions, n→ ∞, the joint state takes the form

lim
n→∞

ρnSC =
[

lim
n→∞

B++(n)
]
⊗ |+⟩⟨+|C +

[
lim
n→∞

B−−(n)
]
⊗ |−⟩⟨−|C = ρ∞S ⊗ ΘβE

, (17)

where ρnS = An
def, i.e. the correlations are suppressed, and the joint system converges to a product state

between the time-evolved mixture of the causally ordered contribution of S and the thermal state of the
control relative to the environment’s temperature. On the other hand, for n = 0 the Eq. (4) for a closed
control system is naturally recovered, reflecting the absence of any environmental influence.

The impact of temperature TE on the QS as n → ∞ reveals distinct behaviors. At high tempera-
tures, the SCO contributions for both post-selected states are significantly suppressed, due to stronger
thermal fluctuations, with the probabilities of obtaining either post-selected control state approaching
the uniform value of 1/2. In contrast, at low temperatures, a more nuanced behavior emerges: while the
SCO contribution for the post-selected state, ρnS,+ remains suppressed, the contribution associated with
the post-selected state, ρnS,−, appears to be remarkably shielded from environmental interactions, effec-
tively rendering it independent of the number of collisions. However, despite the apparent shielding, the
probabilities of post-selecting |−⟩C and |+⟩C asymptotically approach to 0 and 1, respectively, reflecting
a thermally driven asymmetry in the post selection process as the system evolves toward its steady-state
configuration [36].
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3 Entanglement sudden-death with definite order, and entanglement sudden-revival with
unstable indefinite causal order

Monitoring maps are CPTP maps that interpolate between weak and strong non-selective measurements.
Assuming that ρS is an initial bipartite state ρAB , the monitoring map acting on subsystem A results
in [37, 38]

Mϵ
O(ρAB) := (1 − ϵ)ρAB + ϵΦO(ρAB), (18)

where 0 ⩽ ϵ ⩽ 1 is the measurement strength and the map ΦO is a dephasing of subsystem A in the
eigenbasis of the operator O =

∑
α αOα, i.e.,

ΦO(ρAB) :=
∑
α

(Oα ⊗ 1B)ρAB(Oα ⊗ 1B) =
∑
α

pαOα ⊗ ρB|α (19)

where ρB|α = ⟨α| ρ̂ |α⟩ /pα with pα = tr{(Oα⊗1)ρAB}, and Oα are projectors such that OαOα′ = δαα′Oα.
Map ΦO can be interpreted as the projective measurement of observable O without having its outcome
revealed. A possible choice of Kraus decomposition for this operation is given by K0 =

√
1 − ϵ1A ⊗ 1B

and Kj =
√
ϵOj ⊗ 1B .

Now, let us analyze a simple application of the results introduced in Ref. [36] and previously reviewed
here for two qubits in an initial maximally entangled state.

3.1 Bell pair
Concurrence C is a measure of quantum entanglement, ranging from 0 (no entanglement) to 1 (maximally
entangled). For a generic two-qubit pure state ρAB = |ψ⟩ ⟨ψ| with |ψ⟩ = α|00⟩+β|01⟩+γ|10⟩+δ|11⟩ and

{|0(1)⟩} being the local computational basis, this quantity is defined as CA(B) =
√

2
(
1 − trA(B) {ρ2}

)
,

where tr
{
ρ2A(B)

}
is the purity of the local state ρA(B). In contrast, for a mixed state the concurrence is

given by C = max (0, λ1 − λ2 − λ3 − λ4), where {λj}j=1,...,4 are the eigenvalues, in decreasing order, of

R =
√√

ρ(σy ⊗ σy)ρ∗(σy ⊗ σy)
√
ρ, (20)

with σy being the Pauli-Y matrix and ρ∗ the complex conjugate of the density matrix ρ.
Now, let us consider a Bell state ρAB = |φ⟩ ⟨φ| where |φ⟩ = 1√

2
(|00⟩+|11⟩) and apply the QS consisting

of two MUBs monitoring. We start by performing the ideal quantum switch, and then showing how to
apply the open control condition by mapping the operators A±± to B±±. First, we explicitly compute
the following operators A±± considering the initial Bell state:

A++ =
1

4

 2 − ϵ 0 0 (ϵ− 2)(ϵ− 1)
0 − 1

2 (ϵ− 2)ϵ − 1
2 (ϵ− 2)ϵ 0

0 − 1
2 (ϵ− 2)ϵ − 1

2 (ϵ− 2)ϵ 0
(ϵ− 2)(ϵ− 1) 0 0 2 − ϵ

 (21)

and

A−− =
1

8

 0 0 0 0
0 ϵ2 −ϵ2 0
0 −ϵ2 ϵ2 0
0 0 0 0

 (22)

The respective probabilities and resulting conditional states are given by ppost(+) = 1− ϵ2

4 and ppost(−) =
ϵ2

4 , and

ρAB,+ =
A++

tr {A++}
=


1

ϵ+2 0 0 3
ϵ+2 − 1

0 ϵ
2ϵ+4

ϵ
2ϵ+4 0

0 ϵ
2ϵ+4

ϵ
2ϵ+4 0

3
ϵ+2 − 1 0 0 1

ϵ+2

 (23)

and

ρAB,− =
A−−

tr {A−−}
=

1

2

 0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 , (24)
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Figure 1: Concurrence after the post-selection of the control as a function of the measuring
strength. Here, we assume ωS = ω = 1, and gτ = 0.2, and β has units with the inverse of ωS . We
consider the behavior of C(ρnAB,±) as a function of the strength ϵ of the monitoring maps for different
numbers of collisions n and for both post-selected states via the |±⟩-control measurement. It is considered
the cases in which the control has been exposed to an environment with (a)-(c) high and (b)-(d) low
temperatures. The red curve (“definite”) shows the concurrence for the monitoring maps applied in
definite causal order.

which is the Bell state, ρ′AB = |Ψ−⟩⟨Ψ−|, where |Ψ−⟩ = 1√
2
(|10⟩ − |01⟩).

Now, we can proceed and write B±± in terms of the previous operators. Using

A++ +A−− =
1

4

 2 − ϵ 0 0 (ϵ− 2)(ϵ− 1)
0 ϵ ϵ(1 − ϵ) 0
0 ϵ(1 − ϵ) ϵ 0

(ϵ− 2)(ϵ− 1) 0 0 2 − ϵ

 (25)

and

A++ −A−− =
1

4

 2 − ϵ 0 0 (ϵ− 2)(ϵ− 1)
0 ϵ(1 − ϵ) ϵ 0
0 ϵ ϵ(1 − ϵ) 0

(ϵ− 2)(ϵ− 1) 0 0 2 − ϵ

 , (26)

and assuming the appropriated post-selected state after the QS, we use the expressions given by Eqs. 13
and 14 to get the open control result after n collisions as

B±±(n) =
1 ± fE [1 − cos2n]

2
Un
AB(A++ +A−−)U†n

AB +
± cos2n(gτ)

2
Un
AB(A++ −A−−)U†n

AB , (27)
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where UAB is the free evolution of the bipartition, which-without loss of generality-we will assume to be
HAB = σz ⊗ 1B + 1A ⊗ σz.

With that, we can thoroughly compute the post-selected states ρnAB,± = B±±(n)/pnpost(±) in terms of
n. Hence, by plotting the concurrence for both post-selections with an open control, we can analyze how
environmental temperature influences the instabilities in each case. This result is illustrated in Fig. 1, with
the red curves representing the concurrence behavior for the monitoring maps applied in definite causal
order. Our results reveal that for the control post-selection realized by |+⟩, entanglement sudden death
persists. However, in this case, the interference of causal order slightly increases the measurement strength
ϵ required for sudden death in both high- and low-temperature regimes, with the curves approaching the
definite one for higher values of n. The behavior for the |−⟩ post-selection, however, is considerably
different. In the high-temperature regime, entanglement may revive after its initial death depending
on n, while in the low-temperature regime, decay is followed by a sudden revival at weak monitoring
strengths. Moreover, as the measurement strength increases, the result gradually recovers the ideal
quantum switch behavior. Notice that, in the ideal case for this projection, entanglement is always
recovered when employing the quantum switch, independently of the collisions. These results highlight
the intricate role of indefinite causal order in mitigating entanglement loss under different environmental
conditions [37, 38, 47].

4 Discussion
In this work, we have reviewed the open control switch model introduced in Ref. [36], to study how
environmental interactions affect superposed causal order (SCO) under two arbitrary quantum opera-
tions. This framework highlights the role of the control system in mediating instabilities and shaping the
effectiveness of indefinite causal orders. By incorporating two mutually unbiased basis (MUB) measure-
ments within the quantum switch, we analyzed how the switch and its instabilities influence entanglement
dynamics, quantified by concurrence, in the target system.

Our example shows that entanglement on the target system critically depends both on the control
post-selection and environmental conditions. While entanglement sudden death still occurs under certain
post-selection, indefinite causal order effects can protect or even reverse this loss. More importantly, we
observe an entanglement revival in high-temperature regimes and a sudden reappearance at weak moni-
toring strengths in low-temperature conditions. In the latter, as the measurement strength increases, the
system gradually restores the ideal quantum-switch behavior, ensuring entanglement preservation. These
results provide insight into the quantum switch and its resilience to uncontrolled environmental noise.
The observed revival of entanglement suggests new possibilities for using indefinite causal order in quan-
tum information processing, especially in applications where maintaining coherence and entanglement is
essential.

Future research should further investigate how the environment interacts with different control-system
configurations to maximize the benefits of indefinite order. One possible approach to mitigating unwanted
noise effects is through weak measurements, which have been shown to help preserve coherence in various
scenarios despite environmental interference [57, 58, 41, 42, 59, 60, 61, 62, 44]. Additionally, these in-
stabilities could affect any quantum-controlled protocol that requires a final measurement in the control
system, making it vulnerable to environmental disturbances. This issue is particularly relevant for proto-
cols involving the superposition of operations [12, 63], the superposition of opposite time directions [64],
and quantum-controlled delayed-choice experiments [5].
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