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Abstract

String theory is widely regarded as a promising candidate for quantum gravity that nat-
urally incorporates gravitational interactions. However, its vacuum structure is known to
be extremely complicated. This complexity arises from the absence of a definitive guiding
principle for compactifying extra dimensions in higher-dimensional theories. As a result,
it has been suggested that an enormous number of vacua might emerge. In this scenario,
transitions between vacua are expected to occur universally.

Many scenarios of vacuum decay are premised on the nucleation of bubbles in a homo-
geneous false vacuum. However, in nature, many examples are known where the presence
of impurities catalyzes phase transitions. Similar phenomena have been observed in high-
energy physics, where topological solitons or black holes can enhance phase transitions
in the early universe. Since such impurities are expected to exist universally in realistic
models involving symmetry breaking, examining the inhomogeneous nucleation of bubbles
influenced by these impurities can be regarded as a more natural direction. Thus, when
considering stringy vacuum decay in higher dimensions, there remains room to account
for impurities and phenomena that can enhance decay. Such enhancement of decay is also
intriguing from the perspective of formulating the mathematical conditions for effective
theories coupled with gravity. In the bottom-up approach known as a Swampland pro-
gram, various conjectures and constraints have been proposed based on empirical insights
from grand unified theories and cosmology. Recent developments in the Swampland pro-
gram suggest that dS vacua consistent with quantum gravity must, at least, be metastable
and decay sufficiently quickly. Under this conjecture, most metastable vacua in low-energy
effective theories are thought to be incompatible with quantum gravity. However, if con-
tributions from impurities or singularities could enhance the instability of the system, it
might be possible to construct UV-consistent de Sitter vacua within an effective theory. In
light of these considerations, we discuss two objects, Dp-branes, and singular instantons,
as potential objects for enhancing vacuum decay in higher-dimensional theories.

First, we discuss the enhancement of instability due to Dp-branes as a catalytic effect
specific to string theory. Dp-branes are higher-dimensional objects in string theory, fre-
quently utilized to construct metastable vacua. In this study, we construct a geometrically
metastable vacuum by wrapping D5-branes and anti D5-branes on a higher-dimensional
manifold with singularities. We also consider wrapping D3-branes in the internal space.
These D3-branes dissolve into the domain wall D5-branes, forming bound states. We
generalize the calculation method for the fluctuation operator and derive an exact 1-loop
expression for the decay rate using the WKB approximation. Numerical calculations based
on this expression confirm that, within a reliable parameter region for the approximation,
increasing the number of D3-branes reduces the life-time of the metastable vacuum. Fur-



thermore, we approximated the life-time in the limit where the potential barrier vanishes
by applying results for an anharmonic oscillator and compared this with constraints im-
posed by the trans-Planckian censorship conjecture, one of the Swampland conjectures.
As a result, we found that under reasonable assumptions about the size of the compact-
ification space, the critical life-time can satisfy the constraints from the conjecture when
the string coupling is less than O(1).

The second theme is the enhancement of the decay rate due to singularities in in-
stanton solutions. Higher-dimensional vacua with compactified dimensions possess a non-
perturbative decay channel where a literal “bubble of nothing,” devoid of spacetime de-
grees of freedom, expands. The instanton solution mediating this decay corresponds to
a Euclidean higher-dimensional black hole solution, which is known to exhibit a conical
singularity at the location corresponding to an event horizon of the original black hole
solution. In ordinary discussions, we impose a proper condition on the periodicity of the
imaginary time to ensure smoothness at the horizon, resulting in an instanton spacetime
without such singularities. However, since the crucial physical quantity in vacuum decay
physics is the decay rate, instanton solutions with singularities may also be admissible if
their contribution to the decay rate remains finite. In this study, we examine the decay
mediated by singular instantons in the simplest higher-dimensional vacuum, the five di-
mensional Kaluza-Klein vacuum, and derive the contribution of the conical singularity to
the bounce action based on the conical deficit regularization. The contribution from the
singularity is negative, acting to reduce the bounce action. Our analysis demonstrates
that decay mediated by singular instantons can indeed have a higher decay rate, poten-
tially making it the dominant decay process. Additionally, we reconstruct the bounce
action using thermodynamic functions and discuss the thermodynamic interpretation of
how singularities in instanton solutions enhance the decay.
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Chapter 1

Introduction

The Standard Model (SM) is one of the most successful theories in particle physics, pro-
viding an extremely precise description of the interactions among fundamental particles
such as quarks, leptons, gauge bosons, and the Higgs boson. Its relevance is even more
certain with the direct observation of the Higgs boson by the Large Hadron Collider in
2012 [4,5]. However, the SM also leaves several challenges unresolved. An important
issue is that while the SM effectively explains the electromagnetic interaction, the strong
interaction, and the weak interaction, it does not contain the gravitational interaction.
Since the coupling constant of gravity has a mass dimension, its naive quantization leads
to a non-renormalizable field theory.

A quantum theory of gravity is an essential framework for understanding the physics
of the early universe. In the modern standard cosmological model, it is believed that
the universe underwent an exponential expansion called inflation in its early stages [6-9].
This inflationary theory provides a compelling explanation for the uniformity, isotropy,
and flatness of the universe, as suggested by observations of the Cosmic Microwave Back-
ground (CMB) [10]. In the inflationary paradigm, quantum fluctuations that existed in
the extremely early universe were stretched by the rapid expansion, eventually shaping the
universe we observe today. Numerous inflationary models continue to be proposed [11-17],
making this a major topic in modern cosmology. Furthermore, modern cosmology has been
advancing efforts to understand how the universe emerged before inflation. A leading hy-
pothesis posits that the universe originated from a quantum process out of a state of
“nothing” [18,19]. Therefore, a quantum gravity (QG) beyond the SM is indispensable to
comprehend the dynamics of the early universe.

String theory is considered to be the best candidate for the QG. String theory is a
quantum theory that takes one-dimensional string-like objects as its most fundamental
constituents and describes gravitational interactions through the propagation of closed
strings [20,21]. While this theory is one of the most extensively studied candidates for
a Beyond Standard Model capable of explaining gravity, its vacuum structure is known
to be extraordinarily complex. In string theory, the background geometry should be ten
dimensional spacetime so as to be consistent with quantum theory. To reproduce a cos-
mological model as a low-energy effective theory, we must compactify the six dimensions.
However, no fundamental guiding principle has yet been identified to single out a unique
vacuum, resulting in the allowance of an enormous number of vacual [29-31].

!This kind of complex structure of vacua also appears at the SM. Recent precision measurements of
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The situation where an enormous number of vacua exist is referred to as landscape.
Under the landscape picture, quantum transitions between metastable vacua are expected
to occur universally. Therefore, to advance realistic model building, it is necessary to
investigate the inherent instabilities in the models. For example, one of the representative
phenomena of vacuum decay in string theory is brane-fluz annihilation [32,33]. This
dynamics can be understood as a generalized Schwinger effect, where background flux
collapses through the formation of a spherical domain wall, known as a Brown-Teitelboim
bubble. Moreover, higher-dimensional vacua with compactified dimensions exhibit unique
decay phenomena. Such phenomenon is known as the bubble of nothing (BoN), a non-
perturbative decay channel where, as the name suggests, a bubble devoid of spacetime
degrees of freedom expands [34].

In many discussions of vacuum decay, including the examples mentioned above, the
formation of true vacuum bubbles in a homogeneous false vacuum is typically considered.
On the other hand, in nature, it is well-known that impurities can enhance phase tran-
sitions in various systems. Representative examples include enhanced bubbling around
sand grains in carbonated water and condensation around dust particles in the air. Simi-
lar phenomena have also been confirmed in field and gravitational theories through several
specific examples. The idea of catalysis in field theory was first introduced in the context of
decay enhancement caused by monopoles in grand unified theories [35,36]. Subsequently,
it has been shown that other topological solitons and compact objects can similarly induce
catalytic effects [37—46]. Since solitonic objects naturally emerge after symmetry break-
ing, it is reasonable to consider inhomogeneous vacuum decay when phase transitions are
assumed to occur in high-energy scale. In gravitational theory, black holes have also been
suggested to act as catalysts [47, 48], significantly shortening the life-time of the Higgs
vacuum [49-51]. Given these effects, we find room to consider the role of impurities and
phenomena that enhance decay when constructing models in higher dimensions.

The enhancement of vacuum decay is also intriguing from the perspective of consistency
with QGs in effective field theory (EFT). In recent years, significant attention has been
drawn to the Swampland program, which aims to identify the necessary conditions that
EFTs coupled with gravity must satisfy [52-58] (see also [59-64] for reviews). This program
originates from the theoretical outlook that the emergence of a vast number of vacua
is a consequence of considering EFTs in the absence of gravity, as in the SM. When
gravitational effects are taken into account, the set of realizable models is expected to
be significantly constrained. The Swampland program seeks to find the mathematical
boundary between EFTs consistent with QG at the UV scale and those not. Notably,
the QG in question is not limited solely to string theory. In this context, the swampland
is defined as a set of low-energy effective theories that fail to satisfy the consistency
conditions [59]:

The Swampland can be defined as the set of consistent effective field theories that
cannot be completed into quantum gravity in the ultraviolet.

the top quark mass [22,23] suggest that the electroweak vacuum of the Standard Model is metastable and
could decay within a finite life-time. A full calculation of the metastability at one-loop level was done
in [24] at first, then the life-time calculation has been updated [25-28]. This situation implies the existence
of a true vacuum with even lower energy than the vacuum in which the SM resides.
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The complementary set of the swampland, namely the set of EFTs consistent with QG
at the UV scale, is referred to as the landscape (see Figure 1.1). The boundary between
the swampland and the landscape depicted in Figure 1.1 represents the mathematical
boundary that this program seeks to identify. In the Swampland program, conjectures
are formulated based on empirical insights from previous efforts in unified theories and
QG. These conjectures aim to impose constraints on the parameter space of EFTs. The
constraints derived from each conjecture are referred to as swampland conditions. While
these conditions are just conjectures, it is noteworthy that predictions proposed from
different contexts often give similar constraints, leading to a general expectation of their
validity. Indeed, for some conjectures or parts thereof, rigorous proofs have been provided
[65,66].

Energy *f Quantum Gravity

Swampland

Figure 1.1: The conceptual diagram of the swampland and the landscape. Only parts of
EFTs are consistent with QG at the UV scale, and the great majority are considered to
belong to the swampland.

The Swampland conjectures provide several insights into the stability of EFTs coupled
with gravity. The de Sitter (dS) conjecture is one of the most extensively studied con-
jectures, asserting that non-supersymmetric dS vacua must either be unstable or decay
sufficiently quickly [55-57]. Similarly, the trans-Planckian censorship conjecture (TCC),
recently proposed in the context of inflationary theory, imposes strong constraints on the
life-time of metastable dS vacua [67-69]. If these conjectures are correct, metastable dS
vacua with long life-times would not be UV consistent and could not be realized as EFT's
of QG. Therefore, provided the Swampland program, some mechanisms that enhance vac-
uum transitions deserve consideration as potential avenues for expanding the possibilities
of stringy model building.

In light of the above, gaining a deeper understanding of the contributions from objects
that enhance vacuum decay is crucial for constructing more realistic models within the
framework of string theory. This thesis focuses on mechanisms that enhance decay in
higher-dimensional theories and examines two possibilities unique to higher-dimensional
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frameworks: Dp-branes and singularities in instanton spacetimes.

Dp-brane

In string theory, higher-dimensional objects, called Dp-branes, exist in addition to strings.
Dp-branes are extended objects in (p+1)-dimensional spacetime, defined as a subspace
of the ten dimensional space on which the endpoints of open strings reside. ? At first
glance, Dp-branes may appear just static higher-dimensional objects. However, they pos-
sess various intriguing physical properties. Dp-branes are not merely extended constructs;
they are dynamical objects capable of moving and interacting with each other, much like
ordinary particles or solitons.

The gauge fields and scalar fields on the world volume of the brane describe the kine-
matics of Dp-branes. Therefore, Dp-branes have played a crucial role in many model
buildings. Examples include the realization of the Standard Model gauge groups using
intersecting Dp-branes [70-74] and brane inflation models [75-80], which represent new
paradigms introduced by Dp-branes. For comprehensive reviews, see [81-83] and also refer
to standard texts [80,84-86]. A particularly noteworthy feature of Dp-brane dynamics is
the process of pair annihilation and creation of Dp-branes. In field theory, the creation
and annihilation processes of particles and antiparticles are universally present. Similarly,
it is known that Dp-branes and anti Dp-branes can annihilate through the condensation
of tachyon fields [87]. Furthermore, a lower-dimensional D(p-2)-brane is generated when
tachyon condensation occurs between original Dp-branes and anti Dp-branes. We can
interpret this lower-dimensional brane as a soliton in the effective theory.

Such solitonic branes can significantly affect the stability of vacua in string theory.
Specifically, solitonic branes are expected to act as catalysts that enhance vacuum insta-
bility, similar to discussions in grand unified theories. Indeed, this idea has been incorpo-
rated into several phenomenological models in string theory. The most extensively studied
example is D3-brane catalysis [88-90]. These D3-branes dissolve into higher-dimensional
branes, forming bubbles in the false vacuum, creating a bound state. Such D3-branes are
known to promote the vacuum decay of the original system and induce inhomogeneous
decay.

In this thesis, we follow the above ideas to investigate the contributions of Dp-branes
in metastable states. In string theory, a metastable state can be constructed by wrapping
Dp-branes and anti Dp-branes on a manifold with singularities in its internal space [91-93].
We consider a scenario where D3-branes are also wrapped in the internal space, leading
to inhomogeneous vacuum decay. This setup has already been explored in [88]. While
the authors of [88] assumed the formation of large bubbles, this thesis provides a more
refined analysis that remains valid even when the bubbles are small. We aim to investigate
the impact of the D3-branes on the decay rate by the WKB analysis, incorporating the
1-loop fluctuation factor. We show that the WKB analysis breaks down when the catalytic
effect is strong and the calculations are reduced to an anharmonic oscillator. Finally, we
compare the life-time of the most unstable case, where the potential barrier disappears
entirely with the constraints imposed by the TCC.

2The “D” in Dp-brane comes from the “D”irichlet boundary conditions imposed on the endpoints of
open strings.



Chapter 1. Introduction

Singular Instanton

In gravitational theories, vacuum decay can be mediated by gravitational instantons.
While standard discussions typically assume smooth instanton spacetimes, some scenar-
ios consider decay mediated by instantons with singularities. Such singular instantons
were introduced by Hawking and Turok [94,95]. In the context of the Hartle-Hawking
no-boundary proposal [18], the scenario for the creation of the universe, they employed
singular instantons to discuss the emergence of more general open universes. Subsequently,
Garriga improved the calculation of contributions from singularities, and further studies
on open universes in this context were conducted by numerous authors [96-101].

Typically, the behavior of classical solutions near singularities is non-trivial, and it is
generally assumed that the general relativistic description breaks down in such regions.
However, what is crucial in discussing singular instantons is that even if an instanton
solution possesses singularities, the Euclidean action can remain finite. Since the key
physical quantity in the context of decay is the value of the Euclidean action, which
determines the decay rate, instanton solutions with singularities may still be admissible
if their Euclidean action is finite. Indeed, in the prescription improved by Garriga, the
instanton spacetime near the singularity is regularized by cutting off the singular region
and introducing a membrane®, demonstrating that the contribution from the singularity
becomes one-third of the Gibbons-Hawking-York (GHY) term. Another regularization
method involves replacing the conical singularity with a smooth cap, known as conical
deficit regularization [48,102]. In this approach, the contribution of the deficit angle
cancels between the Einstein-Hilbert (EH) term and the GHY term, resulting in a negative
contribution to the FEuclidean action from the singularity.

Turning to the decay of higher-dimensional vacua, the decay of compactified spacetimes
via the BoN is a decay channel mediated by gravitational instantons. The instanton
solution governing this decay corresponds to a Euclideanized higher-dimensional black hole
solution and, in general, possesses a conical singularity at the location of the horizon in the
original Lorentzian spacetime, similar to the instanton solutions discussed by the authors
of [48]. In standard discussions, the periodicity of the imaginary time in the instanton
solution is chosen appropriately to eliminate such singularities. However, according to
the arguments presented in [48], the contribution from the singularity acts to lower the
Fuclidean action. This implies that decay mediated by singular instantons, where the
smoothness condition is relaxed, could represent a dominant decay channel.

Considering the above, we investigate the bubble of nothing decay via singular in-
stanton in this thesis. In our research, we relax the smoothness condition in the case of
the decay of the simplest higher-dimensional vacuum, Kaluza-Klein vacuum (My x St),
and derive the contribution of the conical singularity to the Euclidean action based on the
conical deficit regularization [48,102]. As expected, the conical singularity reduces the Eu-
clidean action, implying that the decay via singular instantons is a more dominant decay
channel. In addition, we reconstruct the Euclidean action with thermodynamic functions
and attempt to give an interpretation for the enhancement of the decay via the singularity.
As BoN is an interesting decay phenomenon unique to higher-dimensional theories, the
detailed analysis of the decay process forges ahead of model buildings in the context of
string theory.

3These branes are now referred to as End-of-The-World branes.



Chapter 1. Introduction

Organization of This Thesis

This thesis is organized as follows. In Chap. 2, we provide a review of the formulation
of the vacuum decay by Fuclidean path integral. In this chapter, we show the standard
discussions by Coleman and his collaborators and the 1-loop analysis based on the zeta
function regularization. In Chap. 3, we briefly review the TCC at first, then an introduc-
tion about the bound state between Dp-branes and D(p-2)-branes. After that, we realize
a metastable state geometrically using D5-branes and anti D5-branes and discuss the cat-
alytic effect of D3-branes wrapped in the internal space. This chapter is based on our first
study [1] except for the review part. In Chap. 4, we consider the non-perturbative decay
of compactified spacetime and show that the singularity in the instanton spacetime can
reduce the decay rate. In calculating the Euclidean action, we demonstrate the regular-
ization method of the singularity. This chapter is based on our second study [2]. Chap. 5
is devoted to conclusion. In Appendix A, we add a general relativity-inspired correction
to the bound state discussed in Chap. 3 and discuss the stability in the four dimensional
spacetime. We also study the overextremality of the bound state from the point of view of
the weak gravity conjecture. Appendix B provides supplementary explanations for Chap.
2, Appendix C corresponds to Chap. 3, and Appendix D covers additional details for
Chap. 4.






Chapter 2

Basics of Vacuum Decay

In this chapter, we review the framework for describing the dynamics of quantum tran-
sitions from a false vacuum to a true vacuum with a lower energy, commonly known as
vacuum decay. Tunneling in quantum mechanical systems is described by the WKB ap-
proximation, but applying this to systems with many degrees of freedom, such as field
theory, requires careful consideration. For calculating the vacuum decay rate in field the-
ory, the Euclidean path integral method proposed by Coleman and the collaborators is
highly effective [103,104]. Their method involves considering a semiclassical approxima-
tion in the Fuclidean theory, allowing the calculation of the ground-state energy at the
1-loop level. By extracting the imaginary part of the ground-state energy, we can derive
the decay rate of the system. This chapter outlines the derivation of this decay rate. In
Sec. 2.1, we show a description of tunneling phenomena in one dimensional quantum me-
chanics by the ordinary WKB approximation at first, then introduce the instanton method
proposed by [103,104]. In Sec. 2.2, we demonstrate the calculation method for the func-
tional determinant representing the contribution from quantum fluctuations around the
instanton solution. The calculation of the decay rate in Chap. 3 and Chap. 4 is based
on the WKB analysis in this chapter. Since this chapter reviews [103,104], those already
familiar with them can skip. For more comprehensive reviews on vacuum decay or texts
on non-perturbative aspects of quantum field theory, see, e.g., [105-108].

2.1 Euclidean formalism of vacuum decay

2.1.1 Tunneling analysis via ordinary WKB

Any particle cannot classically overcome a potential barrier higher than its energy, but it is
possible for the particle to go through the barrier quantum mechanically. This phenomenon
is referred to as quantum tunneling (often simply abbreviated as tunneling) and is a non-
perturbative effect unique to quantum mechanics. The rate at which a particle undergoes
tunneling is characterized by the transmission coefficient 7. Calculating the transmission
coefficient exactly is difficult in general potentials, but as shown in Figure 2.1, when the
potential is sufficiently high and wide, it is known that the Wentzel-Kramers-Brillouin
(WKB) approximation (often called the semiclassical approximation) allows for successful
calculation. Using the WKB approximation, the expression for the tunneling probability
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at the leading order is known to be given by the following formula.

2 [P 2 [P
P=|T["=Ae "2 B=1 / p()ldg = 7 / om [V (q) — E)dg (2.1.1)

where E is the particle’s energy, a and b are the turning points, V' (¢) is the potential
which satisfies V(a) = V(b) = E, and A is the overall factor which cannot be determined
in the leading semiclassical approximation. See standard texts of quantum mechanics,
e.g., [109,110] for detailed discussions for deriving (2.1.1).

V(q)

04+
0.3+

0.2+

0.1}

a ‘ b

L . .
0.5 1.0 1.5 2.0

q

Figure 2.1: Typical potential for a tunneling problem in one dimensional quantum me-
chanics.

2.1.2 Outline of Euclidean path integral formulation

In the previous section, we showed the ordinary discussion of the tunneling phenomenon
in quantum mechanics. The tunneling picture in one dimension is obvious, so it is easy to
determine the efficient tunneling path. On the other hand, in the case of many degrees of
freedom, such as field theory, it is non-trivial to know through what path tunneling will
occur. Moreover, we cannot determine the overall factor A from the ordinary discussion.
The method Coleman and his collaborators isadvocated is quite useful in resolving these
problems [103,104]. In this section, we first provide guidelines for deriving the expression
for the decay rate by the path integral method. A detailed review will follow in the next
section.

Let us consider an unbounded potential with a local minimum at ¢ = 0. A typical
example is the anharmonic oscillator problem, where the potentials are given by

1

Vig) = 3 2 _gg? cubic potential, (2.1.2)
1 A

V(g) = 3 2 Zq‘l quartic potential (2.1.3)

where g and A are the coupling constants that take positive values. As can be seen from
Figure 2.2, these potentials have a barrier at finite ¢ = gparrier and fall outside the barrier.
Thus, the local minima are not perfectly stable vacua and can decay in a finite life-time.

As inferred from the possibility of decay, the wave functions of these systems cannot
be bound states. Thus, the energy eigenvalues take complex values such that they have
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V(q) V(a)
0.25-
0.3+
0.20+
0.15-
0.2+
0.10+

01 005"

1. -10 05 05 1.0 159
05 05 10 15 \ a -0.05
~0.10"

Figure 2.2: Anharmonic potential with local minimum at ¢ = 0. The left panel represents
the cubic potential with g = 0.3, and the right panel represents the quartic potential with
A=1.

imaginary parts as follows
T
E:ReE—zg, I'>0. (2.1.4)

Using this complex energy FE, the time evolution of the system is given by

o iBt/l _ ,~itReE/h ~Tt/2h (2.1.5)

Then, the imaginary part I' of (2.1.4) can be interpreted as the decay rate of the metastable
state, and its inverse is the life-time: 7 = I'"!. Therefore, when deriving the decay rate
using the path integral formulation, it is also sufficient to focus on the imaginary part of
the energy.

On the other hand, it is hard to completely solve the path integral of metastable sys-
tems. Here, the WKB approximation described in the previous section can be used to
obtain an analytic representation up to the first order of i expansion. The WKB approxi-
mation is the limit where & on exponential weights is considered very small regarding path
integrals. Looking at the time evolution operator (2.1.5), we can see that in such a limit,
the contribution of the lowest energy level, i.e., the ground-state energy, is dominant. In
summary, the essence of the path integral formulation is to obtain the ground-state en-
ergy by applying the WKB approximation to the Euclidean path integral and reading its
imaginary part. The ground-state energy is related to the transition amplitude calculated
by path integral as follows

1
Ey=— lim —log Z(pB). (2.1.6)
B—00

2.1.3 Path integral around instanton

In this Section, we show how to calculate the transition amplitudes under the WKB ap-
proximation and derive the ground-state energy and its imaginary part. In the derivation,
we will see that the contribution of nontrivial solutions of the Fuclidean equation of mo-
tion (EoM), called instantons, plays an important role. For simplicity, we consider the

10
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qi \ Qf/

qi Qf\ !
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Figure 2.3: (a) represents a general unbounded potential V' (¢g) with the local minimum,
and (b) shows the associated inverted potential W (q).

anharmonic potential as in the previous Section. That is, when the potential is given by

V(g) = 3¢ +Olg), (21.7)

we would like to evaluate the following path integral
2(8) = N / (da]e—58/". (2.1.8)

The explicit form of the Euclidean action is

B/2 [1 dg \? ]
S = / dtp | () LW (q) (2.1.9)
-B/2 2 \dtg
where ¢ is the Euclidean time and W (q) is the inverted potential given by W (q) = =V (q),
see Figure 2.3. We will simply denote tg as t from here.

As mentioned above, we consider the limit where £ is extremely small in the WKB
analysis, a classical solution, a saddle point of the Euclidean action Sg gives a dominant
contribution in the path integral (2.1.8). The classical solution ¢ is the configuration
satisfying the following EoM.

0SEg - dQCj

5~ +W'(g) = 0. (2.1.10)

The classical solution corresponds to a configuration that goes from the local minimum
gi to the turning point gy, which has the same potential value at ¢;, then bounce back
in the inverted potential as shown in the right panel in the Figure 2.3. Namely, the
classical solution satisfies the periodic boundary condition: ¢(—f3/2) = ¢(8/2). From
this bouncing picture in Euclidean space, this classical solution is especially called bounce
solution. Hereafter, such instanton solutions describing vacuum decay are simply called
bounce solutions. The bounce solution satisfies the following energy conservation law

—q-+ W(q) = E(B), (2.1.11)

11
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Figure 2.4: A shape of the bounce solution for the quartic potential centered at ¢t = 0

For example, if we seek a bounce solution in the case of quartic potential, we obtain
q o sech(t — tp) in the limit of 5 — co. We can confirm that the shape of the solution is
as shown in Figure 2.4. Here, ty is an arbitrary constant corresponding to the center of
the bounce solution.

For later discussions, we decompose ¢(t) into the classical solution and the quantum
fluctuation as

q(t) = q(t) + > cngnl(d), (2.1.12)
n=0

where ¢(t) is the classical solution that satisfies the periodic boundary condition. At this
point, zero mode is not included in the fluctuations, and all of them are assumed to be
positive modes: n > 0. As described below, this assumption is not strictly true since
fluctuations around the bounce solution originally include zero mode and negative mode.
However, as a first step, we will limit our discussion to the case where only positive mode
exists and then extend it to the case where zero mode and negative mode are included.
For ¢, since we are considering periodic configurations, we assume that the fluctuations
also satisfy periodic B.C. as

WD (Da() e

Here, {g,} is a complete set of orthogonal functions and satisfies the following relation
B/2
| d.(0an®) = b (2.1.14)
—B/2

Considering the decomposition (2.1.13), we can rewrite the measure of the path integral
as

[dg) =[] \;lg%a’ (2.1.15)

12
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where we take the coefficient of dc,, in this way for later simplicity.
Note that the choice of orthonormal basis is arbitrary. To consider the appropriate
basis, consider the expansion of the Euclidean action around the bounce solution.

*Skq(t)]

GG Sq(t"), (2.1.16)

1
Sg ~ SE[C]] + 2/dt/dt/’5q(t/)
q(t)=q(t)

where we omit the first variation via EoM. The second variation in the second term is
given as the following differential operator

5°Splq(t)]

Mt t") = Sa(t)oq(t")

2
_ <_CZ,2 + W”[q(t’)]) 5t —1"). (2.1.17)
a(t)=q(1)

Adopting the eigenfunctions of this differential operator as the aforementioned orthonor-
mal basis gives us a clear outlook. In other words, let {¢,} be an orthogonal function
system such that it satisfies the following eigenvalue equation®

Mg, = A\nqn, (2.1.18)
where M is given by
d2 "
M=|-——+W"gq#)]]. 2.1.19
(-4 + ) (2.1.19)

Based on the above, performing the path integral, the expression for the transition ampli-
tude approximated around the bounce solution is as follows

Zon(3) e NS5 [ ] Soexp |5 [ avae'saenae#aate)| .+ o)
n T

_ de 1
— —Sglal/h n _z 2
Ne /lnl \/%exp 5 gn Anc | (14 O(h))
= Ne 2@/h [det M]~Y2 (1 + O(n)), (2.1.20)

where the determinant of the differential operator is defined as an infinite product of the
eigenvalues:

det M = ] A (2.1.21)

Here, the subscript “one” attached to the transition amplitude indicates the contribution
from a one bounce solution such that it goes and comes back only once.

Now, in the derivation of (2.1.20), we assumed that the fluctuations are all positive
modes. However, there are zero modes (Ao = 0) in the quantum fluctuations around the
original bounce solution that originate from the time translation symmetry of the solution.
At this time, as can be seen from (2.1.21), the functional determinant becomes zero, and
the calculation of the transition amplitude diverges. This is because when zero eigenvalues

! Although we are implicitly assuming that the spectrum is discrete, the discussion here can easily be
extended to a case where a continuous spectrum exists.

13
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exist, there is no damping factor in the integration with respect to \g, and the Gaussian
integral diverges. This divergence caused by the zero mode must be handled separately.

Separating the integral of the zero mode, we can write the calculation of transition
amplitude as

dcg
Vorh'

where the prime symbol given to the determinant indicates that it is determinant minus
the contribution of zero eigenvalues. Here, for simplicity of description, we will omit
O(h). As mentioned above, naively performing functional integration on this zero mode
will lead to divergence. For this problem, there is a known prescription to rewrite the
integral measure using bounce solutions. We first consider the relationship between the
zero mode and the bounce solution to understand the procedure. Taking the derivative of
EoM (2.1.10) with respect to ¢, we obtain

d? v da
(- ) 2129

Zone(B) = NeSEld/M [det M) /2 (2.1.22)

This is the same differential equation as the zero mode, and since the bounce solution
satisfies the periodic B.C., the boundary conditions are also the same. Therefore, if we
denote the proportionality coefficient as Ny, the following relationship equation holds for
the time derivative of the bounce solution and zero mode

1 dg

Q= =7

VNy dt

The derivation of (2.1.24) here is applicable only to canonical quantum mechanical sys-
tems. However, it can be proved from the argument about the second variation that this

relation also holds for non-canonical quantum mechanical systems (see Appendix B.1).
Using the normalization condition (2.1.14), we can calculate the zero mode normalization

constant (2.1.24) as follows
B/2 da\ 2
No :/ dt (q) , (2.1.25)
75/2 dt

Let us consider the rewriting of the integral measure concerning cy. Since the bounce
solution has time translation symmetry, we generally can choose its center ¢;. That is,

(2.1.24)

q=q(t—t). (2.1.26)

At this point, since the variation about ¢y and that about ¢; do not change the shape of
the solution, they must be proportional. Indeed, noting dg/dt; = —dq/dt, we obtain

dg dq

—dt) = —dty, 2.1.27

dt,  dt ( )

where we choose the overall sign for later convenience because we cannot determine from
the discussion here. Using the definition (2.1.24), we get the relation between deg and dt;
as follow,

qodcy = —

d N,
SN P

= 2.1.2
V2rh 2mh ( 8)

14
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We, then, can rewrite the integral about ¢q (2.1.22) as
dco Ny (P2 No
=Tp\ — 2.1.2
“\oh [, =T 5 (229

1/2

and obtain

Zone(B) = N B h e~ 3el@/M [det "M~ (2.1.30)
as a result of the path integral. In addition, we used the fact that the moduli space of ¢
s [=B/2, (/2] in the calculation of (2.1.29).

The above discussion cannot determine the overall coefficient A in (2.1.29). However,
as shown below, we can explicitly rewrite the equation so that AV does not appear. From
here, we denote the trivial solution that remains at the local minimum at the inverted
potential W (q) by Giriv. Denoting the contribution to the transition amplitude from the
trivial solution as Zy, the following trivial deformation holds:

Zone (ﬁ)
Zo

Zone(B) = Zo % (2.1.31)

Since all fluctuations around the trivial solution are positive modes, following the afore-
mentioned discussions, Zj is calculated as

Zo = Ne= 50/ [det M|~/ (2.1.32)
where My is given by
d2 1"
MO - —@ + w (qtm) (2133)

and Sy is the Euclidean action of the trivial solution. Substituting this Zy into (2.1.31),
we can derive the following expression for Z(f3)

(2.1.34)

N 7 det' M7/
Zone(B) ~ ZoB\| e (S50 []

det Mo

The difference between the Euclidean action of the bounce solution and the Fuclidean
action of the trivial solution, which appears on the exponential factor, is called the bounce
action, denoted B.

While (2.1.34) represents the transition amplitude approximated around the one bounce
solution, classical solutions corresponding to multiple bouncing are also expected to con-
tribute. In other words, the final result is obtained by adding contributions from all
solutions, representing the multiple bounces.

= Zu(B), (2.1.35)

where the subscript n denotes the number of bounces. In the following, bounce (instan-
ton) solutions with two or more bounces are referred to as multi-bounce (multi-instanton)
solutions.

15
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we will consider the multi-bounce (instanton) solution where the number of bounces is
n. It is extremely difficult to solve the EoM and obtain the analytical expression. However,
if 8 is much wider than the Euclidean time interval of the bounce and the time centers of
each bounce are sufficiently far apart, i.e., the overlap between them is sufficiently small,
then the multi-bounce solution can also be regarded as a simple addition of the one-bounce
solution. This is the so-called dilute gas approximation. In this case, the Euclidean action
of the multi-bounce solution can be simply considered as n times the contribution of the
one-bounce solution:

Selan] ~ nSk(q, (2.1.36)

where ¢, on the left-hand side represents the exact multi-bounce solution.

We need to estimate fluctuations more carefully around multi-bounce solutions. Also,
in the case of multi-bounce solutions, there are zero modes for quantum fluctuations. The
prescription for replacing the Gaussian integral for the zero mode with the moduli integral
is the same as for the one-bounce solution. However, in the case of the multi-bounce
solution, the integrals should be performed keeping in mind that the center of bounce
exists for the number of bounces. The i-th bounce center is denoted as t;, and suppose
that there is a magnitude relation between the n centers, 8/2 > t; > to--- > t, > —[/2.
Taking care of the magnitude relation and Performing the moduli integrals with respect
to each time center, we obtain the following factors.

B/2 tn—1 ﬁn
/ dt1/ / dt, = —. (2.1.37)
B/2 B/2 -B/2 n:

Using (2.1.36) and (2.1.37), we can formally write the expression for the transition
amplitude, which adds up the contributions of the multi-bounce solutions, as follows

NZ (277}1)”/2 (e_Bjﬁ)n [det' (—jtz +W"g ])} o (2.1.38)

=7 Z B/hﬁ) , (2.1.39)

where K is a factor that includes the functional determinant. The determinant factor K is
determined to be consistent with the contribution from the one-bounce solution (2.1.34),

that is
No [det'M 1712
K=\— . 2.14
V 27 [detMo] (2.1.40)

See [107] for a detailed derivation.

So far, we have discussed without much reference to the computation of Zy. Since
the computation of the functional determinant in Zj is rather technical, its details will be
discussed later in Section 2.2. Here, we shall utilize only the results in the limit of § — oc:

Zy o e~ W laiv1B/2, (2.1.41)

16
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Substituting this expression to (2.1.39), we find that the transition amplitude under the
WKB approximation is

Z(8) = Ne=50/heg=W"quiv]B/2 exp [Kﬁe—B/ﬁ] , (2.1.42)

and we obtain the ground-state energy by (2.1.6) as follow

Ey= % — WK e B/h, (2.1.43)
where w = W |[iv]. The first term corresponds to the ground-state energy of the ordinary
harmonic oscillator, and the second term is a non-perturbative contribution derived from
the bounce solution. In fact, looking at the argument of the exponential factor, we can see
that the second term is expanded by the inverse power of h, indicating that the contribution
is beyond perturbation theory.

2.1.4 Decay of metastable vacua

In Section 2.1.3, we assumed that the quantum fluctuations around the classical solution
only include positive modes and the zero mode. However, we need to pay attention to the
existence of the negative mode. This negative mode is the cause of the imaginary part in
the ground energy and is one of the most important factors in calculating the decay rate.

In the case of quantum mechanical systems, the existence of negative modes can be
confirmed from the shape of the zero mode function. As shown in (2.1.24), the zero mode
due to time translation symmetry is proportional to the time derivative of the bounce
solution. Since the typical bounce solution has the shape shown in Figure 2.4, the zero
mode should have the shape shown in Figure 2.5. As you can see, there is one node in zero
mode. In the case of differential equations of Schrédinger type such as (2.1.18), there is a
correspondence between the number of excitations of eigenstates and the number of nodes
of eigenfunctions due to the oscillation theorem. Therefore, there exists a state with lower
eigenvalues than the zero mode, i.e., negative modes.

qo
1.0 -

-1.0-

Figure 2.5: Typical shape of zero mode function centered at ¢ = 0.

17
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As expected from naive observation of (2.1.40), the existence of the negative mode
leads to the imaginary part of the determinant factor K. To perform explicit calculation,
we reconsider the path integral around the bounce solution. The Euclidean action can be
expanded around the bounce solution as

1 1
Selq+ 0q] = Splg] + > (cnega) Anega + D S () A0+ (2.1.44)

2
Here, the negative mode is explicitly distinguished from the positive modes and the zero
mode. To calculate the contribution of the negative mode, we introduce the following
variable transformation.

Cnega  —Sp[cness] /h

\V2mh

dC S
_ e SEeld/h 2.1.45
V2rh ( )
where we changed the variable as ¢ — b = cpega With the maximum value of the bounce
solution b. Let us consider the point ¢ = 0, i.e. cpega = b. Omitting the other modes
contributions,

q = G + CnegaQnega (2.1.46)

holds, thus cpega = b corresponds to the configuration whose maximum value is 0 i.e. the
trivial solution. Therefore, ¢ = 0 is the minimum of the Euclidean action Sp. Next,
focusing on the other ¢ = b, i.e., cpega = 0, this point corresponds to the bounce solution
because the fluctuation in the negative mode direction does not exist. Since the bounce
solution is the only saddle point except for the obvious solution, it must be the local
maximum. From the above discussion, a plot of Euclidean action for ¢ is shown in Figure
2.6.

SE

! c
c=0 c=b \

Figure 2.6: ¢ dependence of the Euclidean action.

Seeing the Figure 2.6, we find that the value of the Euclidean action grows as ¢ — —oo,
then the integral with respect to the negative mode in ¢ < b converges. On the other hand,
the Euclidean action decreases as ¢ — oco; thus, the integral diverges in b < ¢. Considering

18
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this situation, we split the integral into two regions as

b de Sgld/n < de_suldm
J:/ T E[c1/1,+/b e slel/h (2.1.47)

The second term is the divergent one. The steepest descent method is highly effective in
obtaining the finite result. Doing an analytic continuation to the complex plane, let us
change the contour of the integral as

J = /b _de —sslan /Hm _de_ —spln (2.1.48)
—0 V21h brio  V2mh . a

The contour for b < c is taken down the saddle point. See Figure 2.7 for the deformed
contour on the complex plane. Since the radius of the arc takes the limit of infinity in the
end, the contribution from the path of Cy vanishes. Therefore, only the contribution from
(4 should be evaluated. Based on the steepest descent method, we expand Sg[c] around
the saddle point as

b+ioco dC b+ico dc " 2
g = / _de  spld/n / _9C  —Sulbl/h—S"[bl(c=b)?/2h. (2.1.49)
b+i0  V2mh b+io  V2mh

Transforming the variable as ¢ — b = iz, J' will be evaluated as follow

J = % |5 [b]| /% e~ SElb/n, (2.1.50)

The overall coefficient 1/2 owes to the fact that the interval of integration is (0, 00).
Substituting (2.1.50) into (2.1.34), we obtain the exact contribution of the one bounce
solution to the transition amplitude as

N - = _ //M —1/2
Zone(B) :zom/ﬁ ((real value)+%e—SE[ql/ﬁys”[b]| 1/2) [3221\/10] . (2.1.51)

where det” denote the functional determinant where the zero mode and the negative mode
are subtracted. Following this expression, the imaginary part of the determinant factor is

given by
1 [Ny |det'M |~V/?

ImK =—/— 2.1.52
MR =9V omn |det My | ( )

thus, the formula for the decay rate is

[Ny [det'M |2 _,

F=-2ImFy=4/— —B/h, 2.1.53
=0 27h |det Mg ¢ ( )
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Figure 2.7: The contour of the negative mode integral after the analytic continuation.

2.2 Calculation of functional determinant

As seen in the previous section, the contribution of massive modes in quantum fluctuations
around the classical solution can be expressed as the functional determinant. This func-
tional determinant can, naively, be regarded as the infinite product of the eigenvalues of a
differential operator. Therefore, in part of models like the Poschl-Teller potential, where
the spectrum can be fully determined, it is straightforward to compute the ratio of deter-
minants. However, even when the spectrum is difficult to determine, the Gel’fand-Yaglom
method allows us to compute the functional determinant without detailed knowledge of
the spectrum [111]. In this section, we derive the Gel’fand-Yaglom formula and determine
the expression for the decay rate in a canonical quantum mechanical system. The descrip-
tion of zeta function regularization and the derivation of the Gel’fand-Yaglom formula in
this section are mainly based on [106,112].

2.2.1 Zeta function regularization

In (2.1.21), the functional determinant was defined as the infinite product of eigenvalues,

but this expression is technically ill-defined. Under periodic boundary conditions, the
2

spectrum of M = —j? + W"[q] satisfies the following inequality:

A <A< A< <Ay < e (2.2.1)
Moreover, for large n, the eigenvalues can be approximately expressed as
Ao en? no> 1. (2.2.2)

Thus, we must employ some regularization to eliminate the UV divergence.

To handle such divergences, the zeta function regularization method is well-known. In
the context of physics, this regularization scheme was introduced as an alternative to avoid
ambiguities of dimensional regularization in curved spacetimes [113]. In this method, the
spectral zeta function of a differential operator A is defined as:

Cals) = 3 A0 (2.2.3)
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where the prime indicates that zero modes are excluded from the sum. The derivative of
this function is given by

d -
——Ca= ; A log Ay (2.2.4)

Taking the limit of s — 0, the functional determinant of the operator A, excluding zero
modes, is expressed as

det A = exp [—(4(0)] (2.2.5)

demonstrating how the determinant is defined through zeta function regularization.

Here, in introducing the regularized determinant (2.2.5), we assume that the spectral
zeta function is regular at the origin, i.e., it is differentiable. However, when the back-
ground spacetime is a d-dimensional Riemannian manifold, it is known that the infinite
sum in (2.2.3) converges only for Res > d/2. Since we are considering a quantum me-
chanical system, we can set d = 1/2. Therefore, to define the regularization in (2.2.5), it
is necessary to ensure that (4(s) is regular in the neighborhood of s = 0.

The analytic structure of the spectral zeta function has been extensively studied using
representations involving the gamma function and the heat kernel (see, e.g., [114]):

1

A=)

/ TrK 4 (1) Ldr. (2.2.6)
0

Here, K4(7) is the heat kernel of the operator A, defined using the eigenvalues \,, and
eigenfunctions ¢,, of A as

Ku(r) = Z e_AnT|¢n> (&nl- (2.2.7)
n
Thus, the trace of the heat kernel is given by
TrKa(T) =) e 7. (2.2.8)
n

If zero modes exist, their contributions should be subtracted, leading to

Cas) = 1) /0 T (TrK A(r) — no) 7 dr, (2.2.9)

I(s)

where ng is the number of zero modes. To examine the analytic structure of the spectral
zeta function, we split the integral into two regions as follows

1
I'(s)

1 00
Cal(s) = [/ (TrK 4(1) — no) 75 dr +/ (TrKa(T) —ng) 757 Ydr| .  (2.2.10)
0 1
The second integral converges for all s: in the short-distance region, the lower bound
of the integral ensures convergence, while in the large-distance region, TrK (1) ~ e~ M7
leads to exponential suppression, guaranteeing convergence. Here, A; is the smallest non-
zero eigenvalue of A. In subsequent discussions, we denote this integral by F(s). On the
other hand, the first integral may diverge in the short-distance region and require careful
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attention. To confirm this, we rewrite the trace of the heat kernel using the heat kernel
expansion (the Seeley-de Witt expansion). On a d-dimensional Riemannian manifold M,
the heat kernel expansion is given by

TrK (1) = (4;)d/2 Z:()T”_d/z/ddx\/ﬁan(x). (2.2.11)

Here, g is the determinant of the metric g,, on M. Using (2.2.11), the first integral in
(2.2.10) can be computed as

1 ! s—1
l“(s)/o (TrKa(1) —ng) 7°dr
X o , d .y (2.2.12)
= (4n)d2T(s) nz% s+n—dj2 / dx/gan(@) = 105

Observing this integral, it initially appears that the spectral zeta function has simple poles
at

d
S=5 = M > 0. (2.2.13)
However, the actual number of poles is much smaller. For n > d/2, i.e., possible poles at
s = —k (k > 0), the poles are canceled by those of the gamma function. At s = 0, the

subtraction of zero-mode contributions ensures the following relation:

1 d
no + ¢a(0) = (@)’ /d Ty/gag s (z). (2.2.14)
Therefore, poles in (2.2.12) only appear at:
s=1,2,--- ,g. (2.2.15)

This indicates the spectral zeta function is regular at s = 0.

2.2.2 Deriving the Gel’fand-Yaglom formula

Let us derive the Gel'fand-Yaglom formula based on the definition of zeta function regu-
larization. First, we must consider how to subtract the zero mode contribution. Assume
that the differential operator A has zero mode. Then, consider the operator A — A such
that A is shifted by A. If we write the eigenvalues of A as \,, the determinant of this
shifted operator can be formally written as follows

det(A— ) =[] (A =) (2.2.16)

n

Taking the derivative with respect to A yields

d d
— 5y det(A =) = —¢ ! (A —A)
=[] On=N+][Cn =N+ ][O =N+ (2.2.17)
n#£—1 n#0 n#l
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Since all the terms in (2.2.17) except for the second term include the zero mode eigenvalue,
only the second term survives in the limit of A — 0 and 8 — oco. This is nothing more
than the determinant with the zero mode subtracted. That is,

9 [~y (s=0)] (2.2.18)

0
det’(A) = — —det(4 —\)
A=0 oA A=0

O\

To proceed with the calculation from here, we need to transform (; (s = 0). As
shown in (2.2.6), the spectral zeta function is given as the Mellin transform of the trace
of the heat kernel, so taking its A derivative and s derivative at s = 0, we obtain the
following equation.

d2 00
e _ _ T —(A=N)T
d)\dsCA A(s =0) /0 re dr
=TrR), (2.2.19)

where Ry is the resolvent of the differential operator A — A and nothing more than the
Green function: Ry = (A —\)"L.

For a one-dimensional Schrodinger-type operator, Green’s function can be explicitly
computed using methods such as variation of parameters. As a preparation, we define the
following fundamental matrix

1 2
My\(t) = (Zigg Z%%) : (2.2.20)

where w}\ and 1/13\ are two independent solutions of the eigenvalue equation Ay = Ay,
satisfying the following boundary conditions,

Ui (=5/2) = 1, llfi(—ﬁ/2) =0, 22.21)
UX(=B/2) =0, ¥3(-B/2)=1
At t = /2, let us denote M) as
T(A) = Mx(B/2), (2.2.22)

which is called the monodromy matrix. Using this monodromy matrix, the Green’s func-
tion Ry (t,t") can be written as

14/
m) = - @0.030) o0 - 07T (). 2
Equivalently, it can be expressed as
RA(t,t') = —Tr {(T()\) 1) TN Z( t )\)} . (2.2.24)

Here, Z(t,t'; \) is a matrix defined in terms of 1/1}\ and 11}?\, which satisfy the boundary
conditions in (2.2.21), as

oy ((AOUE)  YRER(E)
Z(t, 5 N) = (—zz\i(t)zz}(t’) —12§<t>12§<tf>> : (2.2.25)
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Now, let us consider two independent solutions ay(t) and by (t) that satisfy (A—\)y(t) =
0. These two solutions satisfy the following relation

d
a)(t)bx(t) = aW[a)\aA(t),b)\(t)], (2.2.26)
where W is the Wronskian. By integrating both sides of (2.2.26), we obtain

B/2

: 2.2.27
o ( )

B/2
/ ax(t)bx(t)dt = W[ﬁwx(t%bx(t)]}
~B/2

Using the relation (2.2.27), the integral of each component of Z(¢,¢'; \) in (2.2.25) can be
evaluated as

B/2
/ Z(t, t'; \)dt = T(A)*@. (2.2.28)
—8/2 d\

Using (2.2.24) and (2.2.28), the trace of Ry can be rewritten in terms of the monodromy
matrix as follows

B2 d

—TrR) = —/ Ry(t,t)dt = —logdet (T'(\) — 1). (2.2.29)
—8/2 dA

Comparing this with the left-hand side of (2.2.19), we obtain the following relation

iy (5 =0) = —log (C'det (T(\) — 1)), (2.2.30)

where C' is an arbitrary constant. Substituting this relation to the definition of zeta
function regularization, we arrive at

det (A — \) = Cdet (T(\) — 1). (2.2.31)

This arbitrary constant can be determined by examining the asymptotic behavior of
the functional determinant as y = —A — oo. The behavior of det(A + u) for large p can
be analyzed using (2.2.10). Since A+ p contains no zero modes, the spectral zeta function
is expressed as:

1 1 oo
Carul(s) = (s) [/ dr 7 LeTPTTrK 4 (1) —I—/ dr 7 Le P TTr K 4 ()| . (2.2.32)
0 1

The derivative at s = 0 for the second term is of order e™*, which is negligibly small in
the region under consideration. Therefore, only the first term needs to be analyzed. Since
the coefficient at n = 0 equals to one, ay = 1, the leading-order approximation of the heat
kernel expansion of TrK 4(7) yields

p
VarT

where [ originates from the integral over the Euclidean spacetime. Substituting (2.2.33)
into the first term of (2.2.32), we obtain

r(ls) /01 dr 75 Y Te K 4 (1) = “;Z; {r (5 — ;) - /:o duus_3/26_u} : (2.2.34)
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For the second term, its contribution is again of order e *, and thus, it can be safely
ignored in the current region of interest. From this, we estimate the first derivative of the
spectral zeta function at s = 0 as

—2/Th. (2.2.35)
Consequently, the asymptotic form of det(A + ) for large p is derived as
det(A+ p) = exp [—(;HM(O)] = eVHS (1 + (’)(,u_l/z)) . (2.2.36)

On the other hand, we can calculate det(7(A) —1) = det(T(—u) — 1) by definition. For
sufficiently large 1, we can approximate the fundamental matrix of A+ p by the solutions
obtained when taking the potential term of A to zero as

cosh (i (t+5))  Losinn (v (t+5))
\/ﬁsinh\(\/ﬁ (t + g)) cosh <\/\ﬁf(t + g))

Substituting this expression to the definition of the monodromy matrix, we can calculate
det(T'(—p) — 1) as follows

M_,,(t) ~ (2.2.37)

o ) - 1) ~ de cosh (\/ﬁﬁ) -1 \% sinh (\/ﬁﬁ)
det (T(—p) —1) = det <\/ﬁsinh (/iiB) cosh (/i) — 1
~ —eVHB, (2.2.38)

Comparing this calculation to (2.2.36), we can identify the arbitrary constant as C' = —1.
Thus, using the monodromy matrix, the determinant of A — X is expressed as

det (A —X) = —det (T'(\) — 1) = Tr (T(\) — 1), (2.2.39)

where the last equality follows from the definition of the monodromy matrix. Therefore,
we obtain the expression of the determinant with zero mode subtracted as follows
0

det’(A) = — a—)\Tr (T(\)—1)

(2.2.40)
A=0

To evaluate the right hand side of (2.2.40), we need to know the small A expansion of
w}\ and 10/2\

UR(8) = D ATl (). (2.2.41)
m=0
The first order expansion of @b’j is given by
t
wh=vben [ gk, k=12 (2.2.42)
-B/2

where g(t,t") is the Volterra-Green function defined as

g(t,t') = o (V5 (t") — U5 (£ (t). (2.2.43)
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Higher-order expansion coefficients can also be obtained by repeatedly solving the integral
equations of (2.2.41) and (2.2.42). However, in (2.2.40), after taking A\ derivative, we set
A = 0, so higher-order contributions eventually disappear. Therefore, it is sufficient that
we substitute (2.2.42) into the monodromy matrix. Thus, the functional determinant,
subtracting the zero-mode contribution, is computed as follows

et’ — _ﬂ T ¢}‘(ﬁ) —1 : ¢§(ﬁ)
det?(A) =53 T (( WG B - 1)> A=0

i (2) [ wora-at (5) [ wiwya

—B/2 —B/2

c(@(5)-4(3) [ ogoa. ez

As (2.2.44) is still complicated, we try to transform it to a simpler form focusing on
the existence of two zero modes. From the discussion of (2.1.24), although we already
know that one of the zero mode is the time derivative of the bounce solution, the other
one is non-trivial. Here, note that the bounce solution is a function of energy as well as
time:

q(t) =q(t; E) . (2.2.45)

The EoMs themselves can be solved for any energy, which can be interpreted as having
translation symmetry with respect to energy. Thus, x(¢) defined as follows is also a zero
mode function.

9q(t)
t) = —=. 2.2.46
x(t) = 21 (2240
Following the energy conservation law, we can examine the boundary condition imposed
on x(t).

1

ST + V(@) = E(B). (1.4.3)
Taking the derivative with respect to E yields
0q V(g
— = 1. 224
o8 " oE (2.2.47)
Using the following equation
1 oV () ag\ t/ovN ov .
_ = [ == — | =— =— 2.2.48
x(t) OE OF oE) ag _ © (2:248)
we can rewrite (2.2.47) as follows
at)x(t) —q()x(t) = 1. (2.2.49)

This equation can be interpreted as a condition on Wronskian W([q(t),£(¢)]. Since the
bounce solution has time translation symmetry, we choose the parameter ¢y as

q (—g) =0. (2.2.50)
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This equation requires that the “particle” is at the potential minimum at t = —/3/2.
Substituting this equation into the Wronskian condition (2.2.49), we obtain the following

equation
c?(—g) X (—g) =1 (2.2.51)

With the two zero mode functions, ¢(t) and x(t), we can construct the two independent
solutions 9 () satisfying the boundary condition (2.2.21) as follows

Po(t) = é(z(;)ﬂ), V() = —x <—§> qt) +q (—’3) x(t). (2.2.52)

By the definition (2.2.52), the boundary value of ¥)%(t) at t = 3/2 as follow

o <§> = ¢ <§> =1, 4 @) =0. (2.2.53)

Substituting (2.2.53) to (2.2.44), we obtain

B/2
det’(A) = 2 <§> /_5/2 (0o (1)) dt. (2.2.54)

This is the desired expression for the determinant.
This formula can be further simplified. Using (2.2.52), (2.2.54) can be rewritten as
follows

v 82
det’ (4) = XU/ 2;( 572() 8/2) /_ . (G(8)? dt. (2.2.55)

Since (t) is periodic in terms of ¢, the following equation holds.
Jt+5E)=qtF) . (2.2.56)

Taking the § derivative, we obtain

x(t+ ) — x(t) <3E>1
: =— = , 2.2.57
0 95 (2:2:57)
Substituting this equation into (2.2.55), we obtain the final expression for the functional
determinant as follows
OE\ "t P2 .
det’ (A) = — () / (G)2 dt . (2.2.58)
aB —8/2

2.2.3 One-loop decay rate in metastable vacua

Finally, since we aim to compute the ratio of the determinant to a reference determinant
in the f — oo limit, it is necessary to understand how OF/J/ behaves for large 5. To
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examine the f-dependence of OE /0, let us introduce technical ingredients. Using the
bounce solution, 8 can be expressed as the following integral:

p =2/q+ 1. dq. (2.2.59)

Here, note that ¢ and ¢4 differ from ¢; and ¢ in the case of finite 5. Following the
procedure outlined in [106], let us perform the following trivial transformation:

a4+ 1 1 1 3
iz {wa)z T e E  Vaa B } a (2260

Here, G[g, E] is a Taylor expansion of ()2 around ¢; and E = E( = o), given by

Glg, BE) = —W"(¢:)(@— )" +2(E - E) =V"(¢:)(q — ¢:)* +2(E — E).  (2.2.61)

The third term in (2.2.60) can be computed explicitly as

2/(1+ L -2 log(qs — )le0 (E_E) (2.2.62)
w VOB L Vg BT T gy B\ vy )

Here, we have used the approximation

9 _
G-~ ait \/ ey E - B (2.2.63)

valid in the limit of £ — E. For the first two integrals in (2.2.60), taking the smooth limit
E — E (B — o), we find

2/%{ L ! }dq‘—>2/qf{ L1 ! }d(j (2.2.64)
« |(V@* VGl El o V@2 V(@) a—a

Combining (2.2.62) and (2.2.64), we rewrite (2.2.60), yielding the expression for E(f3) for
large 8

E(B) ~ —2V"(q;)(qr — ¢;)* exp

(. o 1 _ 1 1 =
2T | {J(d)? NI } dq]
X exp [—\/V”(qi)ﬁ} +E.
(2.2.65)

Thus, the derivative of energy concerning 3 appearing in (2.2.58) is given by the following
expression.

OE
op

~ 2(V"(4:))**(q5 — @)% exp

X exp [—\/V”(q,’)ﬁ} .

1"( . 4 1 - ! : 4
2@/% {\/;2 V"(q@-)q—%}dq]

(2.2.66)
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Due to the -dependent factor in (2.2.66), det M diverges exponentially in the limit of
B — oo. However, this divergence can be eliminated by taking the ratio with the reference
determinant det My. The finite expression after this regularization yields

det’'M
im
B—oo det Mo

== " évg 2 exp
2(V"(a:)) / (Qf - q)

e v L _ . 1 1
_Qm/qi {\/(?2 V”(Qi)QQi}dq]‘

(2.2.67)

Substituting this result to (2.1.53), we obtain the 1-loop decay rate formula in quantum

mechanical systems as follows
V(g 3/4 — g ar 1 1 1
(V")) (Qf D) V”(Qi)/ — - dq e B/,
9 q V"(gi) 4 —
(2.2.68)

=

exp

Vrh
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Chapter 3

D3-brane Catalysis in Stringy
Vacuum Decay

In this chapter, we will discuss a specific model of the enhancement of vacuum decay
constructed purely within the framework of string theory. In string theory, it is known
that a metastable state can be geometrically realized by wrapping D5-branes and anti
D5-branes on a manifold with singularities [91-93]. In this model, the only dynamical
degree of freedom is the radius of the brane bubble that arises in four dimensional space-
time, allowing the problem to be treated as a relatively simple one dimensional quantum
mechanical problem. Here, we consider the scenario where D3-branes are wrapped on the
internal space and form a bound state with (anti) D5-branes [84-86]. These D3-branes
dissolve into the (anti) D5-branes and turn into a magnetic field, playing an important
role as catalysts in enhancing the instability of the bubble. We calculate the decay rate of
this metastable state using the method reviewed in Chap. 2, and show the magnetic field
dependence of the decay rate at the 1-loop level. We also address the limits of applying the
WKB approximation in regions with strong catalytic effects and present a result derived
by reducing the problem to a cubic anharmonic oscillator system. Finally, we compare
the critical life-time where the potential barrier vanishes with the TCC condition.

The organization of this chapter is as follows. In Section 3.1, we review one of the
swampland conjectures that motivated our research: the trans-Planckian censorship con-
jecture. Section 3.2 provides the necessary background on string theory to understand
the setup, with a particular focus on the phenomenon where D(p-2)-branes dissolve into
Dp-branes and form a bound state [84-86]. This Section is mainly based on [86]. Section
3.3 outlines the geometric realization of a metastable state using branes, based on the work
of [91-93]. In Section 3.4, we present the calculation of the bounce action and the expo-
nential prefactor that represents the contribution from quantum fluctuations. Here, we
discuss the treatment of zero modes specific to non-canonical theories and the zeta func-
tion regularization of the functional determinant for general Sturm-Liouville operators. In
Section 3.5, we show that by reducing the Lagrangian to an anharmonic oscillator, the
system retains a finite life-time even at the critical value of the magnetic field where the
potential barrier disappears. We then compare this life-time with the TCC condition and
discuss the resulting constraints on the parameter space. Finally, Section 3.6 is devoted to
the discussion and summary of this chapter. Section 3.4 and Section 3.5 are mainly based
on our work [1].
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3.1 Brief review of trans-Planckian censorship conjecture

The trans-Planckian censorship conjecture (TCC) stems from considerations regarding the
growth of fluctuations during inflation. According to observations of the Cosmic Microwave
Background (CMB), fluctuations exist in matter and energy [10]. It is well known that
inflationary theory explains these large-scale structures effectively. However, since all
fluctuations during inflation are stretched out, there was concern that even fluctuations in
regions smaller than the Planck length, where quantum gravity dominates, could become
enlarged beyond the Hubble radius, eventually becoming observable classically. From
the consistency of quantum gravity theory, such fluctuations should remain within the
quantum region, and this issue has been a subject of discussion since the early 2000s.
This is referred to as the trans-Planckian problem [115].

On the other hand, within the context of string theory, it has been pointed out that
constructing a dS vacuum within its framework is extremely difficult. In string theory,
to construct a four-dimensional dS vacuum, it is necessary to carefully control, e.g., the
geometry of the background spacetime, the fluxes, and the Dp-branes [116]. Given these
technical difficulties, it is conceivable that constructing a four-dimensional dS vacuum in
string theory, where the internal space is compact and the moduli are perfectly stabilized,
may be impossible. In response, the following dS conjecture was proposed [55,57].

de Sitter conjecture
Scalar potentials of the EFTs coupled to gravity must satisfy one of the conditions.

c &
IVV|> —V or min(V;V,V)<-—V, 0<e¢, d=0(1), (3.1.1)
My, ! M2

where |VV| = /> g490V;0;V.

If this conjecture is correct, the dS vacuum consistent with QG must be unstable or decay
fast enough.

If fluctuations shorter than the Planck length remain within the quantum scale, there
must be an upper limit to the duration of inflation. The aforementioned dS conjecture
asserts that the vacua of effective theories consistent with quantum gravity must decay
sufficiently quickly, at least. If this conjecture is correct, it is expected that theories
leading to the trans-Planckian problem would belong to the Swampland. The idea of
the authors of [67,68] is not to address the trans-Planckian problem by deducing it from
other swampland conjectures but rather to treat it as one of the independent swampland
conjectures. According to their paper, the statement of TCC is as follows.

\

Trans-Planckian censorship conjecture

In field theories consistent with QG, exponential expansion that fluctuations larger
than the Hubble radius are derived from fluctuations smaller than the Planck length
cannot occur.

< Quantum fluctuations smaller than the Planck length must remain quantum.
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The statement in mathematical language is as follows.!

ar _ Mp
—_ < —, 3.1.2
L (3.12)
where a; and a; are the scale factor of the spacetime at the initial and final state
in a time interval. H; is the Hubble scale at the final state.

\.

This inequality becomes obvious in the limit of decoupling from gravity, i.e., My — oo,
which imposes no restrictions.

Applying the condition (3.1.2) to the inflation period, we can obtain the condition on
the duration of the inflation as

M
< H;! log?pl . H = ,/8”2‘/1, (3.1.3)
I

where Hj is the Hubble parameter during the inflation. That is, as a consequence of the
TCC, a metastable dS vacuum with a life-time exceeding this upper bound would belong
to the swampland.

3.2 Dynamics of Dp-brane

3.2.1 Minimal introduction to Dp-brane

Let us denote the string coordinates as X™(7,0). Here, o parameterizes the coordinates
on the worldsheet of the open string, where ¢ = 0 corresponds to the starting point and
o = 7 corresponds to the endpoint. The variable 7 represents the proper time on the string
worldsheet. Using these parameters, the relativistic action for a string in D-dimensional
spacetime can be written as

Sya = —T/deU\/ —det G, (3.2.1)

Gap = gmnO0a X" O X". (3.2.2)

Here, G is the induced metric on the worldsheet embedded in D-dimensional spacetime.
The expression (3.2.1) is called the Nambu-Goto action. The differential operator in the
above equations is defined as 0, = %’ where 0% = (7,0). The parameter T represents
the string tension and can be expressed in terms of the parameter o/, known as the Regge
slope, as T' = (27a’)~!. The equations of motion governing the string can be derived by
varying the Nambu-Goto action (3.2.1).

'More precisely, it is appropriate to write

% < KMpl
a; Hf

including a constant K of about O(1), but since such a difference has little effect on the result, K =1 is
chosen here.
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A Dp-brane can be introduced as the endpoint of an open string. A Dp-brane is a
higher-dimensional object that extends in p-dimensional space, allowing an open string
to move freely along directions tangent to its world volume. This implies that the string
satisfies the following Neumann boundary conditions:

ang(Tvo':O):8O-Xm(7',o':ﬂ'):0, (m:o’,p) (323)

On the other hand, the endpoints of the open string cannot move in directions orthogonal
to the brane’ s world volume. In such directions, the string satisfies Dirichlet boundary
conditions:

XY r,0=0)=X% 1,0 =7)=2% (a=p+1,---,D). (3.2.4)

Here, 2 are arbitrary constants. When considering the quantum theory of Dp-branes, it
is known that Dp-branes cannot be directly quantized. However, as previously mentioned,
by treating it as the endpoint of an open string and quantizing the open string attached to
the Dp-brane, the allowed modes correspond to the degrees of freedom on the Dp-brane.
The mode expansion of an open string ending on a Dp-brane can be written as

a
X7, 0) =24+ V2 Z In g=inT iy no, (3.2.5)
n#0 n

where the commutation relations for the modes are given by

{a%,a%] =m0 (3.2.6)
A general state in the open string’ s state space is constructed by applying creation
operators to the ground state [p*,p?,---,pP). Among these states, there is a massless
U(1) gauge field, which corresponds to an electromagnetic field. This implies that an
electromagnetic field universally exists on the world volume of a Dp-brane.

On the other hand, provided the fact that electromagnetic fields couple with point
particles (0-form) as

Sy = —e/AM(a?)dx“ , (3.2.7)

there should exist a 2-form field such that similarly couples to one dimensional string.
This kind of field is called a B-field:

1
Sp=—3 / drdoe?9, X" 95 X" B, (X (1,0)) . (3.2.8)

As we will see in the next section, the existence of this electromagnetic field A, and B
field B,,, in pairs ensures gauge invariance on the world volume.

Let us now consider the boundary conditions when an electromagnetic field exists on
a Dp-brane, as this will be relevant for the subsequent discussion. Since the open string
couples to the electromagnetic field at its endpoints, the action is given by

dxm
dr

axm

- / dr A (X) = , (3.2.9)

5= / drdoLya(X, X') + / dr A (X)
o=0

O=Tr
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where Ly is the Nambu-Goto Lagrangian. If Fj,, is constant, the gauge field can be
chosen as

1
An(@) = S Fna™. (3.2.10)
Substituting this into (3.2.9), the action can be rewritten as
. 1
S = /drdaENg(X, X'+ 2/d7an (XM o X", _. — X" 0 X"|,_) - (3.2.11)

By considering the variation of this action along the directions parallel to the Dp-brane
and selecting an appropriate gauge, the boundary condition becomes:

05X — 270 Fn0- X" =0, o =0, (3.2.12)

3.2.2 Effective field theory on Dp-brane

The low-energy effective theory on the world volume of Dp-branes can be derived by
requiring the vanishing of the g function in the o model [117]. The resulting action is
known to take the form of the Dirac-Born-Infeld (DBI) action.?

Spet = —T,, / AP \/—det (Gap + Bap + 2ma/ Fyp). (3.2.13)

Here, G is the induced metric, reflecting the geometry of the Dp-brane:
Gap = 0a X W Xa, (3.2.14)

where a and b denote directions along the worldvolume of the Dp-brane in the ten di-
mensional spacetime. This action is a natural generalization of the Nambu-Goto action
to situations where an electromagnetic field exists and is manifestly Lorentz invariant.

The DBI action incorporates the combination By, + 2wa/Fy,, where the B-field and
the gauge field strength appear as a set. The action on the brane must include these
quantities to maintain gauge invariance. This can be understood from the action on the
world sheet of a string with endpoints on the Dp-brane. The action on the world sheet
takes the following form

S=Sp+5a

= _;/ d*o eo‘ﬁaaX“aﬁXVBuu (X(7,0)) +/ dr A0 X" (3.2.15)
) ox

Here, the gauge transformation for the B-field is defined as
0B, = 0\, — O\, (3.2.16)

Applying this transformation to the action (3.2.15) leaves the following surface terms due
to contributions from the string endpoints

(3.2.17)

0Sp = _/dT [AyaTXy‘a:w - AV@TXV}JZO] ’

2This action was originally proposed in the context of nonlinear electrodynamics to avoid the divergence
of the self-energy of a point charge.
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This situation indicates that gauge invariance is broken under the transformation of the
B-field alone. To resolve this issue, the gauge transformation of the gauge field coupled
to the string endpoints must also be considered; that is,

§A, = A,. (3.2.18)

Under this transformation, the variation of the gauge field term in the action is

(3.2.19)

554 = / dr [AO; XY| _ —A0-X"| _]-

(3.2.19) precisely cancels the surface terms in (3.2.17), ensuring overall gauge invariance
of the action.

3.2.3 T-duality

T-duality is a type of symmetry that connects two theories compactified on S! with differ-
ent radii. T-duality can be applied to any spatial direction, and depending on the chosen
direction, it influences the profile of Dp-branes appearing in the dual theory. In this Sec-
tion, we demonstrate that applying T-duality along a direction in which a Dp-brane is
extended results in a D(p-1)-brane while applying it along a direction in which the Dp-
brane is not extended results in a D(p+1)-brane. Let us consider the situation where a
closed string is wound around a cylinder. If the string wraps once around the cylinder
with radius R, the following condition holds:

X(1,0 =27) — X(1,0 =0) =27R. (3.2.20)

By analogy, when the string wraps m times around the cylinder, the following relation is
satisfied.

X (1,0 +27) = X(7,0) + 2mrmR. (3.2.21)

Here, we define the winding number w as

mR
w= 7, (3.2.22)
which allows us to rewrite (3.2.21) in the following form
X(r,0+27m) = X(1,0) + 2md’w. (3.2.23)

Now, let X9 be a S' compactified direction. If we write X? with the right-moving
sector and the left-moving sector, each mode expansion is given as follows

X9(1,0) = X{(r+0) + Xp(r —0) , (3.2.24)
1 / e —ad
XY +0) = (@) +a)) + 50 +w)(r o) +iy) S Teminlro) - (3.2.25)
2 2 2 ikl
Xh(r—0) = S )+ S0 ) ) iy S 30 S (3206)
R — 5o 90 9 p 5 Z ” , 2.
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where w is the winding number defined by (3.2.22). Substituting (3.2.25) and (3.2.26) into
(3.2.24), we obtain the mode expansion of X? as a following equation.

/ —inT ) )
X9(r,0) = 2d + /P71 + dwo +i % ¢ (dge_m” + a%em") . (3.2.27)
n#0 n
At this point, the mass spectrum is calculated as
2 2 p2
9 M m°R 2 T

M_ﬁ+7+J(N +N —2), (3.2.28)

Nt — Nt = o/pPw =nm , (3.2.29)

where N and N1 are the number operators which is defined as

o o0
Nt=>"alla}l, Nt=> al'al (3.2.30)
n n

The relation between the number operators (3.2.29) is derived from a level-matching con-

dition. Also, n is the quantum number associated with the quantization of the momentum
due to the S! compactification in the 2 direction:

(3.2.31)
From the expression in (3.2.28), we can see that the following transformation leaves
the spectrum invariant

/

o
R— —, n—-m, m-—n.
R’ )

(3.2.32)
This transformation is equivalent to introducing the dual coordinates for (3.2.24) as follows

X'=X)(r+0)— X%(r—o0). (3.2.33)
Equation (3.2.33) is equivalent to considering the mapping

(X7, Xp) — (X1, —XR),

(3.2.34)

which is called T-duality. In fact, by defining T-duality as in (3.2.34), there is no longer
a need to first consider the S' compactification.

T-duality can also be confirmed by examining the mass spectrum in the case of open
strings. For open strings, T-duality is understood as the following mapping

(X1, XRr) — (X1, —XR).

(3.2.35)
However, in the case of open strings, we must pay attention to the boundary conditions,
which becomes apparent when considering derivatives with respect to o and 7 as

90X = X[ (T +0) = Xp(r —0) = 0. X, (3.2.36)
- X = X[ (1 +0)+ Xp(r —0) = 9,X. (3.2.37)
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27 R3

277]:23

(a) (b)

Figure 3.1: T-duality of Dp-branes. The shaded region in the left panel represents the
Dp-brane spreading. Taking a T-dual in Z3 direction, we obtain a D(p-1)-brane along the
dual cylinder as in the right panel.

Comparing (3.2.36) and (3.2.37), we observe that the Dirichlet and Neumann bound-
ary conditions are interchanged before and after T-duality. Recall that a Dp-brane is a
higher-dimensional object where open strings have their endpoints. Given this boundary
condition exchange, the space in which the Dp-brane exists also changes. When consider-
ing T-duality in the direction in which the Dp-brane’s world volume expands, Neumann
boundary conditions are replaced by Dirichlet boundary conditions, and the Dp-brane
transforms into a D(p-1)-branes. Conversely, when T-duality is considered in the direction
in which the world volume does not expand, the opposite occurs, forming a D(p+1)-brane.

In the discussion so far, we have ignored the presence of fields on the brane. However,
as mentioned in Section 3.2.1, U(1) electromagnetic fields exist on the world volume.
Therefore, it is necessary to consider T-duality when electromagnetic fields are present.
In particular, it is important to understand the duality in the presence of a magnetic field
in order to understand our setup, which we describe in Section 3.3.

Assume that the world volume spans the (22, %) directions and that the Z3 direction
is compactified with a radius R3, as shown in Figure 3.1(a). Let the coordinates of the
open string be expressed as (X 2 X 3). If we apply T-duality along the #3 direction, the
dual coordinate X? corresponding to X3 resides on a circle with radius R3 = o / Rj3, as
depicted in Figure 3.1(b). Considering the boundary condition exchange under T-duality,
the Dirichlet boundary condition of X3 implies that in the dual space, a D(p-1)-brane
exists, extending in the 22 direction.

When considering the presence of a magnetic field on the world volume, an interesting
picture emerges. The boundary conditions for open strings ending on a Dp-brane with a
magnetic field are given, from (3.2.12), by the following equations:

2 / V3 —
{ 0, X2 — 21/ BO, X3 = 0, (3.2.38)

9, X3 + 210/ B8 X2 = 0,

Introducing a dimensionless magnetic field B = 2ra/B and Rewriting the boundary con-
ditions using the light-cone coordinates on the world volume, o*

X2 1785 232 X2
oy ( ~3) = ( B B oo <3> : (3.2.39)
X T1+B2 1+B2 X

= 7 £+ 0, we obtain
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2
13 x

27 R3

Figure 3.2: D(p-1)-brain rotated by an arbitrary angle « in the dual world, D(p-1)-brain
exists along 2/% axis.

Next, consider a D(p-1)-brane tilted by an angle a counterclockwise from the x? direction
in the dual world, as shown in Figure 3.2. This D(p-1)-brane is aligned with the z’ 2 axis,
where the boundary conditions for open strings are of the Neumann type for X’ 2 and the

Dirichlet type for X'*:
X" 1 0 X"
(51 0o (1) w2

Applying a rotation transformation to rewrite these boundary conditions in terms of
(X2, X3) and then performing T-duality along the 2% direction, the final boundary con-
ditions are expressed as

X? cos2a —sin2a X2
Ot <X3) N (sin 2a0 cos2a )8_ (X?’) ' (3.2.41)
By setting B = —tan «, the boundary conditions in (3.2.39) and (3.2.41) are found to be
identical. This correspondence demonstrates that a Dp-brane with a magnetic field on its

world volume and a tilted D(p-1)-brane is T-dual to each other. This duality relationship
will play a key role in the next Section, where we discuss the bound states of Dp-branes.

3.2.4 D(p-2)-Dp bound states

Let us now consider the situation where a D(p-2)-brane ends on a Dp-brane. The discussion
in this section is critically important to the model we are investigating in the next section.
We consider a D(p-1)-brane compactified on a torus T2 with radii Ry and Rz, where the
compactified directions are referred to as 2 and x3, respectively (see Figure 3.3). In the
left panel of Figure 3.3, the D(p-1)-brane, represented by the black line, wraps once around
the 22 direction while winding n times in the 23 direction. When we perform a T-duality
transformation along the 3 direction, the system becomes, as discussed in the previous
section, a Dp-brane with a magnetic field. Since the T-duality transformation does not
change the whole energy, the static energy of the Dp-brane with a magnetic field can be
calculated by evaluating the static energy of the D(p-1)-brane wrapped on the torus. This
energy is given by

E =T, 1(§)Vp_2v/(27R2)2 + (27nR3)?2, (3.2.42)
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(a

Figure 3.3: Schematic diagrams for homotopy equivalent configurations (n = 3).

where T),_1(g) is the D(p-1)-brane tension and V,_o represents the volume along the
unwrapped directions. Rewriting this energy in terms of the description of the Dp-brane
with a magnetic field, we obtain the following expression

E= \/Mg + (nM,_5)?, (3.2.43)

where M), is the mass of the Dp-brane, and M,_5 is the mass of the D(p-2)-brane.

On the other hand, as shown in the right panel of Figure 3.3, the D(p-1)-brane wrapped
on the torus is homotopically equivalent to a configuration having a single D(p-1)-brane
in the x? direction and n D(p-1)-branes in the 3 direction. Performing a T-duality
transformation along the 2% direction in the latter configuration results in the D(p-1)-
brane compactified in the 22 direction being transformed into a Dp-brane, while the n
D(p-1)-branes compactified in the x3 direction are transformed into D(p-2)-branes. The
total energy of the system, in this case, becomes a simple sum of the energy contributions
from the single Dp-brane and the n D(p-2)-branes, namely

E = M, +nM,_s, (3.2.44)

Comparing (3.2.43) and (3.2.44), the former is smaller. This indicates the presence of
a phenomenon where independently existing Dp-branes and D(p-2)-branes form a bound
state, transitioning into a Dp-brane with a magnetic field. In other words, after forming a
bound state, the remnants of the lower-dimensional brane appear as electromagnetic fields
on the Dp-brane. This process is therefore referred to as dissolving of Dp-branes.

3.3 Geometrical realization of metastable state

3.3.1 Geometrically realized vacua with D5 and anti D5

This section reviews a method for realizing metastable states by wrapping D5-branes and
anti D5-branes on a singular manifold. Let us consider the following non-compact Calabi-
Yau threefold as the internal space [91-93]

0= z% + z% + z?g, + W'(z4)2, W'(z4) = g(24 — a1)(24 — a2), (3.3.1)

where z; are complex variables, made dimensionless by the finite string length Is. As is
obvious from (3.3.1), this manifold is singular at z4 = a1, ae. However, these singularities
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can be resolved by replacing their neighborhoods with finite two-spheres and blowing
them up. In other words, the points z4 = a1, a2 can be treated simply as two-cycles at the
endpoints of S3.

Now, let us wrap Nj D5-branes on the two-cycle [C1] at z4 = a3 and Ny anti D5-
branes on the two-cycle [Cs] at z4 = az. The two-cycles [C1] and [C3] belong to the same
homology class and are not independent: [C}]+ [C2] = 0. This implies that the D5-branes
and anti D5-branes annihilate each other, restoring a supersymmetric vacuum. However,
to do so, they need to gain the additional energy required to traverse the internal large S3.
This indicates the presence of a potential barrier between the two branes. In other words,
this system geometrically realizes a metastable vacuum with supersymmetry broken. For
simplicity, we will assume N; = No = 1 in the following discussion.

Considering a manifold like (3.3.1) as the internal space has the advantage of incorpo-
rating stringy corrections while neglecting the effects of four dimensional gravity. In this
model, the decay process is dominated by the dynamics of the Dp-branes near the singu-
larities, and the effective theory of these Dp-branes depends on the string length I5. On the
other hand, if we denote the compactification scale as V' and the 10-dimensional Newton
constant as g, the 4-dimensional effective Newton constant G4 is given by G4 = V/G1.
By taking the non-compact limit, gravity will be decoupled. In other words, this cor-
responds to the so-called brane limit, where stringy corrections remain finite while the
contributions of four dimensional gravity become negligibly small.

On the other hand, it should be emphasized that this model is just a toy model,
given its reliance on the non-compact limit. This chapter implicitly assumes that the
non-compact manifold shown in (3.3.1) is embedded within a larger manifold, making the
entire space compact. Ideally, one should consider dS vacua on compact manifolds, but
their explicit construction remains a topic of ongoing debate [56,57]. Nonetheless, our
current interest lies in the structure near the singularities, and whether the background
geometry is compact or not is expected to have little impact on the dynamics near the
singularities. Therefore, in the following discussion, we will not explicitly consider the
embedding into compact manifolds.

Let us consider the specific geometry of the Dp-branes. As mentioned above, the D5-
branes and anti D5-branes are wrapped on S?, which is a subspace of S? at ¢y = 0, 7, while
the remaining three components span the Minkowski space. On the other hand, the domain
wall D5-branes that form brane bubbles with a radius R in four-dimensional spacetime
are wrapped on the entirety of S in the internal space. For a visual understanding, see
Figure 3.4. As discussed later, we will also consider wrapping D3-branes on S3. Table
3.1 summarizes the full configuration of Dp-branes. Circles indicate that the Dp-brane
extends in that direction, while crosses indicate that it does not. Special attention should
be paid to triangles (A). For example, the configuration of the domain wall D5-brane
in the Minkowski space, where all entries are marked as triangles, signifies that it wraps
around an S? bubble in the Minkowski space. In other words, it does not fully extend
throughout the Minkowski space. The same applies to configurations in the internal space.

Based on the above setup, we derive the effective action which describes the decay
phenomenon. Main contributions come from the DBI action, so we must calculate this
action for (anti) D5-branes and domain wall D5-branes. Let us consider the former case.
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D5 D5

Domain wall D5

Figure 3.4: A schematic diagram for D5-branes and anti D5-branes wrapped on the tips
of the internal S®. This figure was taken from [1] and slightly modified.

Table 3.1: Branes configurations

D5/antiD5
DWD5
D3

X[ >l O~
X|[D>|O|w
X| X[ X]|w©w

X| X| X|oo

>ID>| XN

D> Do

D> D>

> D> s

X|>| Ol

O|0O|O|e

The induced metric on (anti) D5-branes are given by [91-93]

2
dsps /55

i3

= —dT? + d&* + & (d6” + sin® 0dy?) + L? sin® oy (d6F + sin® 0rde7), (3.3.2)

where T', £ and L are dimensionless variables in the four dimensional Minkowski spacetime
and the subscriptions ; of 7, 8; and ¢; denote the internal coordinates. Consider the
presence of the NS B-field Bé\; gl in the (01, ) directions of the internal space. In this
case, the determinant factor of the DBI action can be computed as follows

—det (Gap + Bap + 210/ Fp) = *sin® 0 x (L' sin® oy sin® 07 + (By)5 )?) - (3.3.3)

Thus, the action of the D5-brane is given by

Sps = —Tps / d*z d91dg01\/L4 sin® ¢ sin? 07 + (Bé\;gl)? (3.3.4)

The action of the anti D5-brane is of the same form. Now, let us define the integrated
value of the B-field as

NS :/ ByS. (3.3.5)
SQ
This implies that the (67, pr) components of the B-field can be expressed as:

NS . .
Bé\ffn = %: sinfl; = bygsinf;. (3.3.6)
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Using (3.3.6), the aforementioned action can be rewritten as

2
Sps = —Tps / dtz / dfrder sin@l\/L4 sin® o7 + (ZV—WS) = —TpsA(¢Yr) / d'z, (3.3.7)

where A(yr) = 47r\/L4 sin® 97 + (rNS/47r)2. The function A(tr) increases as ¢ varies
from 0 to m, indicating the existence of a potential barrier between the D5-brane at ¢y =0
and the anti D5-brane at ¢y = 7. Since the branes are located at vy = 0 and ¢; = 7, the
correct expression for the DBI action is

Sps = —Tpsris / d*z. (3.3.8)

Taking into account the formation of a bubble in four-dimensional spacetime and sub-
tracting the contribution of its volume integral, we obtain

4
Sps = —Tpsrns ( / diz — / dT37rR3> : (3.3.9)

where R is the radius of the brane bubble formed in four dimensional spacetime and is a
time-dependent function.

Next, we will derive the DBI action of the domain wall D5-brane. The induced metric
on the domain wall D5-brane takes the form as

d 2
ZDWDS — —dT? 4 R(T)? (d6? +sin® 6d?) + L* [} +sin® vy (d67 + sin’ 6rdo)]
(3.3.10)

Assuming that the configuration of the NS B-field as the background field is the same as
that for the D5-brane described earlier, the determinant factor can be computed as follows

—det (Gap + Bapy + 27’ Fpp) = R(T)*(1 — R(T)?) sin” 0

3.3.11
x L2 (L4 sin? 07 sin* 7 + (BQIW)Z) : ( )

Substituting (3.3.6), the DBI action takes the following form

Spw = 47TTD5/dT\/R4 (1—R2)- 2772L3/ d¢1\/81n41/}1+ bNS) . (3.3.12)

Here, by introducing a new definition for the tension of the domain wall, Ty, as

b
Tpw = Tps |27°L° / d¢1\/81n4¢1+<£725> ; (3.3.13)

the action of the domain wall D5-brane can be further rewritten as
Spw = —47rTDW/dT\/R4(1 — R?). (3.3.14)
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Figure 3.5: The shape of dimensionless potential (3.3.18).

Combining this with the calculation in (3.3.9), the action describing the decay of the
system is given by

S =25ps + Spw. (3.3.15)

We can confirm the metastability of the system by observing the shape of the potential.
The potential is determined by V = —L(R, R = 0), that is,

V = TpwirR? — gTD5rNS7rR3. (3.3.16)

Here, we adopted the configuration that the (anti) D5-brane fills up with four dimensional
spacetime as the energy reference and subtract Epefore = TD5TNS f d3z. As mentioned
above, the theory under consideration now is decoupled from gravity, so we can freely take
the reference this way. Introducing a dimensionless parameter as

~ Tpw
R=cR, c¢=—2W 3.3.17
2TpsTNs ( )

the dimensionless potential can be written as follows

1~
~R%. (3.3.18)

= =
V=R 3

See Figure 3.5 for the shape of this potential. Indeed, it can be seen that the system is
metastable such that there is a potential barrier at finite R.

In summary, the decay process of this system from the viewpoint of a four dimensional
observer can be understood as follows: D5-branes and anti D5-branes annihilate through
the decay process, and a spherical bubble, which the true vacuum occupies inside, is gen-
erated. We can interpret this bubble as a domain wall D5-brane wrapping on the internal
S3, and also as a throat connecting D5s and anti D5s. While the domain wall bubble has
a positive tension, which tends to make the bubble smaller, this system can obtain energy
when the bubble expands. If a large enough bubble is generated via the tunneling, the
bubble expands, and the metastable vacuum outside the bubble is overwhelmed by the
true vacuum. This is all the description of the decay with no catalysis.
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3.3.2 Bound state between domain wall D5 and monopole

In this section, we consider the enhancement of the vacuum decay by adding an impurity
to the geometrically realized metastable state in the previous section. In particular, we
discuss the catalytic effect of D3-branes wrapped in the internal space. As shown in Sec.
3.2.4, these D3-branes dissolve onto D5-branes and behave as a background magnetic flux.
Then, the D3-branes can be interpreted as some monopole-like objects from the point of
view of a four dimensional observer and can be seen as forming a bound state with bubbles.
As a matter of course, the strength of the magnetic field as a remnant of D3-branes is
proportional to the number of D3-branes: bps o< #ps.

The specific contribution of the magnetic field appears to be the field strength in the
DBI action. We can derive the DBI action by assuming that the magnetic field originating
from the D3-brane extends vertically from the bubble surface. That is,

béhp = bD3 sin 6. (3319)

Since the induced metric is given by (3.3.2), the calculation of the determinant factor in
the DBI action is changed as follows.

—det (Gap + Bap + 210/ Fy) = sin® 6 (¢* + (bps)?) x (L*sin ¢y sin® 0 + (By.5,)°) -

(3.3.20)

Here, as in (3.3.16), considering the configuration that (anti) D5-branes fill in four dimen-
sional spacetime as the energy reference and subtracting the contribution, the DBI action
of the D5-brane in the presence of a magnetic field is given by the following expression.

Sps = —TD57“NS/dT </ROO—/OOO> d§ <4W\/m>
— Tpsras / T /0 * g (47T\/W)

115 RY
=T, dTl’ |4mb Fil—, -, -, —— . 3.21
DSTNS/ |: s D3R2 1< 274747 (bD3)2>:| (33 )

As for the domain wall D5-brane, the induced metric is given by (3.3.10), then the calcu-
lation of the determinant factor is altered as

—det (Gap + Bap + 21’ Fp) = (R(T)* + (bps)?) (1 — R(T)?)sin? 0

(3.3.22)
x L2 (L4 sin? 0 sin* o7 + (Bé\lfgl)Q) )
Integrating this factor on the world volume, we obtain the following action.
Spw = —ArTpw / dT\/(R(TY' + (bps)?) (1 — 1), (3.3.23)

where the expression of the domain wall tension is the same as (3.3.13). Combining this
with (3.3.21), we find the final form of the DBI action for the bound state as

Sper = Spw + 2Sps

- /dT [—47rTDW\/(R4 + (bps)?) (1 — R2) (3.3.24)

115 R
oT 4 A(-222 -
+2TpsTNs [ mbps R F < 211’ (bD3)2>H +o
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where the ellipsis denotes unimportant terms, which are independent of R and do not
contribute to the dynamics.

Following the previous section, let us confirm the metastability of the bound state by
seeing the shape of the potential. The DBI potential is given by

115 R
Vber = 47T RA + (bps)?) — 2T, drbpsRoFy [ —=, -, -, ————= ]| .
pe1 = 47Tpw/ (R* + (bps)?) D5TNS { mbps Rz 1< SIVLVL (bD3)2>]
(3.3.25)
If we introduce the dimensionless magnetic field as bpg = 025D3, where ¢ is the dimension-

less factor defined in (3.3.17), we can write the dimensionless Lagrangian and potential as
follow.

LDBI = 4WTDWcZEDB], (3326)
_ — = N o~ o~ 115 R
L = — 4 bp3)?) (1 — R2 b Fi{—, -, -, ——= 3.2
DBI \/(R + (bps) ) ( R ) +bp3RaFy ( 511 (bD3)2>7 (3.3.27)
- — = ~ - 115 R
Vper = \/ R*+ (bp3)? —bpsRaFy | —5, 7, ——= . (3.3.28)
2°'4°4 (bp3)?

Figure 3.6 shows potentials for different magnetic field values. As in Figure 3.5, we can see
the existence of potential barriers at finite R. On the other hand, unlike in Figure 3.5, the
positions of the minima are slightly shifted from the origin. This reflects the nonlinearity
of the DBI action.?

As seen from the shape of the potential for each magnetic strength, we can confirm a
tendency for the potential barrier to become lower as the magnetic field becomes strong,
which implies that the instability of the bubble is reinforced. This means that D3-branes
wrapped in the internal space indeed play a role as catalysts. We can identify the critical
value of the magnetic field where the potential barrier completely vanishes by studying
the condition for the existence of the potential minimum. The minimum can be derived
by solving the following algebraic equation.

v, 2R? (5l 7~
DBI _ _ _ — R+ (bpy)?
OR R* + (bps)?
& R*—2R%+ (bps)? =0. (3.3.29)
By numerical computations, the range of magnetic fields such that R has a real solution
is given by
~ 3v/3 ~
0<bps < j[ = Dorit, (3.3.30)

3This means the bubble has a finite radius even before tunneling. In other words, from the viewpoint of
an observer in four dimensional spacetime, there appears to be a monopole-like compact object. Although it
is not the purpose of the research in this thesis, in the context of the Swampland program, the construction
of such charged compact objects and their stabilization have been widely investigated, and the bound states
of bubbles and D3-branes treated in this chapter may provide one concrete way to realize such a compact
object. See Appendix A for a detailed discussion.
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Figure 3.6: The schematic picture of dimensionless DBI potential (3.3.28) for ED?, =
0.1(blue), 0.5(green), 1(black), 1.5(red). This Figure is taken from [1].

When a magnetic field stronger than the critical value bt is applied, the potential shape
becomes like the red line in Figure 3.6, and the potential barrier no longer exists. At this
time, the vacuum is always unstable and decays immediately without tunneling.

3.4 Complete 1-loop analysis of vacuum decay

3.4.1 Bounce solution and bounce action

For simplicity, we shall utilize the dimensionless DBI Lagrangian (3.3.27) for the 1-loop
analysis in this section. As stated in section 2.1, we have to find the bounce configuration
to obtain the decay rate of the brane bubble. From the DBI Lagrangian (3.3.27), the
Euclidean EoM is

s

RY L (bra)2 ~ ~ 11 R!
RO 5 mom (L1 I _o, (3.4.1)
1+ R? 244

where s is the dimensionless Euclidean time, defined by tg = cs. Solving this EoM with
respect to dR/ds yields

@—i 1
ds [_E +bpsRaFy (_%’ b _@fj:)Qﬂ
_ (342)
— o 115 R
X 4|RY+02— |—-E+4bpsRoF\ | —=, =, =, ——= 7
274747 (ppy)2

where —F is a constant of integration, corresponding to the static energy. We put the
negative sign here for later convenience. Since the time derivative of the bounce solution
must be zero at the minimum, Ry, in the limit of 8 — oo, an explicit form of £ =
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Figure 3.7: Bounce solutions for different magnetic field strengths. The blue line denote
the configuration for bps = 0.1, the green line for bps = 0.5, and the black line for bps = 1.
This Figure is taken from [1].

E(B — o) is given by

_ P = ~ = 115 R
—F = Rﬁlin + (bps 2 bpsRuminoF1 | —=, =, —, R 3.4.3
(bos) 244" (bp3)? ( )

Although it is impossible to find an analytical solution for the nonlinear equation (3.4.1) (or
(3.4.2)), we can see the behavior of the bounce solution and the magnetic field dependence
by numerical calculations (see Figure 3.7). From Figure 3.7, we can read off the magnetic
field dependence of the local minimum and the turning point of the solution: Ry, =
Ry(s — +00) becomes larger and Ryax = Rp(s = 0) becomes smaller as the magnetic
field increases. As can be seen from Figure 3.7 and Figure 3.8, when bps is small, the
bounce solution rises sharply near the origin (turning point) and shows a non-standard
shape compared to an anharmonic oscillator. This feature arises from the extremely small
coefficients of the kinetic terms, which strongly suggest the influence of nonlinearity.

Taking the difference between the Euclidian action of the bounce solution and the
contribution of the trivial solution, we obtain

- 115 R
—E+bD3Rb2F1 <_ ZaZa_ ~ b )

The overall coefficient of 2 comes from the fact that the contributions from the outward
route and the return of the bounce solution are equal. This bounce action apparently
depends on the magnetic field, and Figure 3.9 shows the numerical calculation of the
bounce action for each magnetic field. As can be seen from Figure 3.9, the bounce action
decreases monotonically as the magnetic field increases and takes zero at bps = berit. This
phenomenon implies that the catalyst promotes vacuum decay in the parameter region
where the exponential factor becomes dominant in calculating the life-time.

_ Ruax _ | . _
B = Q/V de Rg + (bD3)2 —

(3.4.4)

Rmin
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Figure 3.8: Bounce solutions and their time derivatives for different magnetic field
strength. The left panel represents bps = 0.1, and the right panel represents bps = 0.5.
These Figure is cited from [1].

3.4.2 Zero mode normalization factor

The next step is to calculate the zero mode normalization factor. As we proved in appendix
B.1, the zero mode is proportional to the time derivative of bounce action as

~ 1 dR
No

(3.4.5)

for any Lagrangian. We can compute the normalization factor via the normalization
condition of the zero mode

~ B/Z D 2 Emax ~ d
No :/ (@> ds :2/~ dRy—— Rb (3.4.6)
75/2 s Rmin d

Note that this normalization factor does not coincide with the bounce action, contrary
to the standard argument. In the canonical theories, we can explicitly confirm that the zero
mode normalization factor and the bounce action are the same value from the Liouville
theorem (see, e.g., [103,104]). In contrast, the calculation of the normalization factor in
the present model yields

R
~ max dR
Ny =2 /y dRy— b

Rmin ds
D 7 B4 2
R e G BN
=2 / dRy — o (3.4.7)
Emin o l l § . R
E+bD3Rb2F1< 20D (BDZ>2>

which is not the same as the bounce action: —F + bpsRpa Fy (—1/2,1/4,5/4, —E?/(BD3)2)
in the denominator did not appeared in (3.4.4). This discrepancy essentially comes from
the non-linearity of the DBI action. We can confirm the difference in magnetic field
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Figure 3.9: The numerical calculation of the bounce action normalized by the bounce ac-
tion without catalyst. Solid dots denote the values of the bounce action for each magnetic
field, and the solid line interpolates them. The ratio is less than one in all regions, which
shows the catalytic effect of the magnetic field. This Figure is taken from [1].

dependence between the normalization factor and the bounce action by the numerical
calculation (see Figure 3.10 and Figure 3.9). Comparing these two figures, both factors are
monotonically decreasing with respect to the magnetic field but show a different behavior
in the intermediate region. Given the above, when considering non-canonical theories, we
need to replace B in the prefactor with Ny N

In the end, let us comment on the singular behavior of Ny at the point where the
magnetic field strength is zero. In contrast to the bounce action, the numerical calculation
shows that Ny diverges at the origin. This peculiar behavior suggests that the description
by the low-energy EFT breaks down at this point. The absence of a magnetic field suggests
that the monopole has disappeared, leading to the restoration of O(4) symmetry. This
situation signals the emergence of new zero modes, thereby indicating that the EFT, which
does not incorporate these factors, is no longer valid at this point.

3.4.3 Zeta regularized functional determinant

To accomplish the complete 1-loop analysis, we must evaluate the determinant factor in

the decay rate formula:
N,
I'=2ImE) = {/ —
2w

A general formula for the second variation of the Euclidean action is given by (B.1.2),
then we define the Strum-Liouville operator here over the interval (—3/2,3/2) as

—-1/2

.
T
det T|Fy) e B (3.4.8)

detT[Rpin]

d (0L d 0?L d O°L d d

T g2 =~ <a§2d8> Yol B s <P[R]ds) +Q[R], (3.4.9)
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Figure 3.10: Magnetic field dependence of the zero mode normalization factor. This Figure
is a slightly modified and quoted version of the one published in [1].

and certainly, the ratio of functional determinants is given by

det'T(Ry) et | (PIRE) + QIR
detT(Ruin]  det [~ 2 (PlRuin] ) + Q[Ruial|

(3.4.10)

Based on the zeta function regularization described in section 2.2.1, this ratio is expressed
by

det/T[Eb]— —A0- TR — O-TIR
et = o [ (COTIRD — 0T Ruia) )] (3.4.11)

where ((s;T) is the spectral zeta function defined as

(i T gpap2) = D A°. (3.4.12)
J

When we see (3.4.11), we know that we need to take s derivative of the spectral zeta
function at s = 0. However, significant difficulties arise. Due to the complicated kinetic
term in the DBI Lagrangian, the coefficient P[R;] becomes a time-dependent continuous
function. Consequently, we must evaluate (3.4.11) for general Sturm-Liouville operators.
At this point, the so-called contour deformation method, introduced by Kirsten and McK-
ane, proves highly effective, enabling explicit computations [118,119]. Based on their
approach, the derivative of the zeta function at s = 0 is expressed as [120]

F,
¢'"(0;Ta ) =imn —1In ( 2c 0
Ik,

) . (3.4.13)

See Appendix C.1 for detailed discussions about its derivation. n is the number of negative
modes in the eigenvalues, which is fixed to one in our case. While the constant c is
evaluated by P[R] and the weight function in the Strum-Liouville operator, we do not
have to calculate it because I'y,, which is one of the expansion coefficients of the large A
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expansion for the characteristic function, is calculated as 'y, = I'_1 = —2ic. See [120] for
details. In contrast, F},, is the lowest order coefficient of the small \ expansion for the
characteristic function, that is,

Fa(A) = FpgA™ + > FnX™ (3.4.14)

where my is the multiplicity of the zero mode. Refer to appendix C for the definition of
the characteristic function. Thus, the functional determinant with zero mode extracted is

det’ [—CZ <P[R’b]i> + Q[ﬁcb]] = —|Fpny| - (3.4.15)

In the case of vacuum decay, the zero mode multiplicity equals one, so F,,, is just the
first-order coefficient of the small \ expansion.

Before considering the expansion, we must know its original expression. We need the
characteristic function for the Sturm-Liouville problem with periodic boundary condition,
following the definition (C.1.10), we obtain

o= {4 () () (0)-< ()
() (Do () ()

where 93 (s) and ¢3(s) are the independent solutions of the Strum-Liouville operator,
which satisfy the following boundary conditions.

%( ﬂ) %”< g) =1, " <—6> W3 <—B> ~0. (3.4.17)

Using these boundary conditions, we can transform the characteristic function to a simpler
form as

(3.4.16)

F

w0 H )} )
=2 <§> u <B> (3.4.18)

The first-order coefficients of 1 (s) and 1/}?\[1} (s) is given by the Volterra integral equation
as follows

)= [ rla)dag (0.5.0) v

B2
:/ da {15 (5) 05 (x) — g (@) 0 ()} v () | (3.4.19)
52
e = [ @z 0,5.2) 6(a)
B2
:/ dz { " ()8 (2) = () 05" ()} W @), (3.4.20)
B2
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where g(A, s, x) is Volterra Green’s function. Note that the weight function equals one by
definition. Substituting the coefficients to (3.4.18), we obtain

Fora == [ [ {ud (5) - w043 (§) o

_ i (5) - @ (5) o]

To go further, it is convenient to rewrite ¥} (s) and ¥3(s) as a linear combination of

(3.4.21)

Ry(s) and x(s) as in (2.2.52). Let us introduce a transformation matrix as follows

1 ~
< 1/18(3) > _ <a11 a12> Ry(s) ’ (3.4.22)
Y5 (s) agy  a22 x($)
where x(s) is another zero mode solution introduced in (2.2.52). Using the boundary
conditions at s = —(3/2, we find the following relations
¢(1) <—§> = auﬁb <—§> + ai2x <—§> =1 y (3.4.23)

b <—§) = 021§b <—§> + azXx <_§) =0, (3.4.24)
(1)[1} (‘i) =P[R, <_§>] {allﬁb <_§> + aiax <—§>} =0, (3.4.25)
gl (—g) =P[R, <—§>] {aglﬁb <—§> + agx (—ﬁ)} ~1. (3.4.26)

Solving these equations, we obtain

(@11, a12,as1, azz)

:<_ L, \(=5/2) o )
Ro(=B/2)  PIRy(—B/2)]Ro(—B/2)x(—B/2) PIRs(=B/2)]X(~5/2)

(3.4.27)
Hence, we can determine the boundary value at s = (3/2 as
o () = Dy " (5) =0, (3.4.28)
Ry(—B/2)
) B> __X(8/2) = x(=5/2) 2l (5> - 3.4.29
Yo <2 PIRy(~B/DI(-5/2) )T e

where we utilized the periodicity of the bounce solution and the boundary condition
Ry(£8/2) = 0. Substituting these into (3.4.21), we can transform F, r1 into a form
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using the bounce solution and x as follow

B8/2
Fora =18 (5) [ sl

8/
_ XBR)—x(=82) 1 /ﬁ/2 ds(Ry(s))?
P[Ry(=B/2)IX(=5/2) (Ry(—p/2))2 /-B/2
a No X(8/2) —x(=8/2) (3.4.30)

P[Ry(=B/2)|Ro(~B/D%(=5/2)  Ro(=5/2)
As we showed in (2.2.57), the following relation holds also in this case

X(s+8) —x(s) _ (90BN
o = <6ﬁ> . (3.4.31)

For the factor P[Eb(—ﬁ/2)]Eb(—ﬁ/Q)X(—B/Z) in (3.4.30), it can be calculated by the
energy conservation law, which is given by

déb ? éé + b2
) = - 1. (3.4.32)
|:_E + bRb2F1 <_§a %7 %7 _b>:|

If we differentiate the both side by F at s = —(3/2, we obtain

-N B\ . B g\ 0 R~§—|—b2
ok (-2 )x(-2)=x(-2) &
b( 2>X< 2) X( Q)aR - N ANE
—E bRk (4,18 -5
s=—3/2

2 2
- — =1/ 7 (3.4.33)
anin + b2 min

0?L =
Poin= —g — /2R3 . (3.4.34)

Then, we get

e 1 e
WD) r o m (D) e
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Thus, (3.4.30) becomes

- No x(B/2) = x(=B/2) _ (8E> -
»,R,1 ~ S ] ~ 0 86 .
P(Ry(~B/2)|Ro(~B/2X(~B/2)  Ry(~5/2)

(3.4.36)

Therefore, we find that the expression for the functional determinant is formally identical
in both canonical and non-canonical cases.

The technical ingredient introduced in the section 2.2.3 is valid for the calculation of
OE /0. In this case, G[Ry|, which is the Taylor expansion of (dR,/ds)? around R = R,

— ~ ~ 4
and —F=F= \/ anin + b2 - meinQFl <_%7 %a 37 _er,n2m> is given by

~ N2 9
G(Ry, E) = w? (R . Rmin> +5—(E+E), (3.4.37)

where w = \/Qmin/Pmin- Then, we can perform the third integral in (2.2.60) as follow

2/~1§+ mdéb =w tlog ((]§+ — ﬁmin)2> —w tlog <_(C+E)) . (3.4.38)
B by

2Qmin
Following the procedure from (2.2.64) to (2.2.66), we finally obtain the 8 derivative of the
energy as

3/2 B
E — — 2 A max 1 1 ~
25 _ 9 (Rmax . Rmm) Qlln/l; exp | 2w /~ R N S )7
min Runin (Ry)? R — Rumin

X exp [—wp] .
(3.4.39)

As is clear from this expression, (3.4.36) suffers from exponential divergence in the limit
of B — oco. However, taking the ratio with the reference determinant, we obtain a finite
expression given by

det’ |~ 4 (PIRiI ) + QIR
det [—% (P[Emin]d%) + Q[éminﬂ

1/2 3
N P . max 1 1 .
o e —2w/~ — —w ' =——=— 1 dR,
2 (Rmax - Rmin) Qmin Rumin (Rb)2 R— Rmin

(3.4.40)

By doing a numerical calculation of the square root of the absolute value of this ratio, as
shown in Figure 3.11, we find that this value is a monotonically increasing function with
respect to the magnetic field strength.
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Figure 3.11: Magnetic field dependence of the absolute value of square root for the deter-
minant ratio, denoted as g(bps). A smooth line connects numerical calculations for each
strength. This Figure is taken from [1].
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Figure 3.12: The life-time calculations for Ap = 1.5(left), 1.1(right). 7 represents the
dimensionless 7. When the magnetic field is small, the life-time calculation shows an
unintuitive behavior against naive expectations, which implies that the WKB breaks down.
Taking into account this, the numerical evaluation in the region bps < 0.3 should be
considered unreliable. These figure is cited from [1]

Since the inverse of the decay rate gives the life-time, substituting the calculation of
the functional determinant into (3.4.8), we finally obtain

Pl/.4 Emax 1 1 .
S —w[ Lot Capler.
(Rmax - Rmin) Qmjn Rmin (Eb)Q R — Rmin

(3.4.41)

Numerical calculation of the life-time with respect to the magnetic field strength is shown
in Figure 3.12.
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3.5 Implication from TCC

3.5.1 Reduction to cubic oscillator

The approximations employed in our life-time calculation consist of two key elements:
the steepest descent approximation and the dilute gas approximation. For the steepest
descent approximation to hold, the contribution of the classical solution must dominate,
and the exponential function must decrease rapidly around the saddle point. Therefore,
the validity of this approximation requires the following conditions:

2

~ ~ d ~
AgB>1, Ap det’(P[Rb]@ + Q[Ry]) > 1. (3.5.1)

These conditions are satisfied when Ap is sufficiently large, even if the functional determi-
nant is somewhat smaller. However, the condition is violated if Ap is not very large and
the determinant is relatively small. This behavior is a distinctive feature of our noncanon-
ical theory. In this context, the DBI action serves as a low-energy effective theory, where
the coefficients of the kinetic term exhibit unusual behavior as b — 0. Such tendencies are
characteristic of situations where new particles emerge at low energies, and in this case,
new zero modes might arise due to the restoration of O(4) symmetry. Notably, we have
not encountered a comparable phenomenon in the analysis of cubic oscillators like those
discussed in [121], as the kinetic terms in those cases did not display this specific behavior.

The dilute gas approximation is another approximation imposed when performing the
instanton method. Let us assume that the overall factor Ap is sufficiently large and the
steepest descent approximation is correct. Observing the bounce solution reveals that as
bps decreases, the shape of the solution becomes more abrupt, and the overlap between
bounce solutions diminishes, as can be understood from Figure 3.7. Consequently, the
dilute gas approximation holds valid when bps3 is small.

In summary, if Ag > 1, both approximations remain valid for small values of bps up to
a certain range. However, as the magnetic field increases sufficiently, the bounce solution
broadens, rendering the dilute gas approximation invalid and causing the calculation to
break down, as signaled by the divergence of 7 near beit. In the region where bps is
extremely small, the functional determinant becomes excessively small, leading to the
failure of the saddle point approximation. This is corroborated by the numerical results in
Figure 3.12, which show that the life-time drops to zero in the small magnetic field region,
contrary to intuitive expectations. A similar trend is observed for Ag > 1. However,
as discussed earlier, when Apg is not sufficiently large, the second condition of the saddle
point approximation is violated more readily. In other words, the reliable range of the
calculation is narrower compared to the case where Ag > 1.

As bps increases, the life-time initially decreases monotonically but diverges at the
critical strength of the magnetic field. This behavior is physically implausible, as the life-
time should not increase while the potential becomes less stable. This anomaly indicates
the breakdown of the leading-order contribution derived from the WKB approximation.
To achieve an accurate calculation, it becomes necessary to include contributions that
account for interactions between bounce solutions, which are omitted in the dilute gas
approximation. In principle, this approach should yield the correct results. However, a
longstanding issue arises in this context: even when higher-order terms are calculated
through perturbative expansion, the resulting series is known to be an asymptotic series
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Figure 3.13: Comparison between our DBI potential, represented by the blue line, and
the fitting curve with cubic potential, represented by the orange line. This Figure is taken
from [1].

with zero radius of convergence [122]. A quartic oscillator is a well-known example of this
behavior [123,124]. Consequently, obtaining precise higher-order corrections in this model
poses significant challenges, making rigorous analysis difficult.

Nevertheless, since our purpose is to calculate the life-time with a strong catalytic
effect, it is unnecessary to conduct a detailed analysis for all values of bp3. When bpg is
near the critical strength, the potential can be well approximated by a cubic potential, see
Figure 3.13. Thus, we focus on applying an analysis of cubic oscillators based on variational
perturbation expansion (VPE) [125,126]. The Lagrangian considered by Kleinert and
Mustapic is expressed as [121]

2
Ly = 242 4 [ D202 28], (3.5.2)
2 2
where the overall sign of the potential is positive, reflecting the Euclidean framework. We
then shift the variable to move the potential minima away from the origin, eliminating the
quadratic term,

2

T=y+ (3.5.3)

Substituting this transformation, the original Lagrangian becomes
2,4 3, ,6

m m m-w
Lica = 242 [ AP ] 5.4
KM =S50+ [Ty =W ae] (3.5-4)

To compare to the sifted Lagrangian (3.5.4), let us perform the expansion of our DBI
action around the inflection point. When the DBI potential is almost flat, since the
change of the bounce solution is extremely moderate, we can expand the kinetic term as
V1+ R? ~ 1+ R? /2. If we expand R around the inflection point denoted by R, with
R = R, +y, we obtain

~ ~ .2 o~ ~ ~ ~ ~ ~
S = /thclAB [\/Rﬁ + b‘gg% + V(Ry,bp3) — f(Ry,bps)c ™ty — h(Ry, bps)c 3y ].
(3.5.5)
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Figure 3.14: A dimensionless life-time with Ag = 1. This Figure is taken from [1].

Trivially, the Lagrangian is given by

~ ~ .2 o~ ~ o~ ~ ~ ~
L~Ap [\/Rﬁ + b;gg% + V(Ry,bp3) — f(Re,bps)y — h(Ro, ng)y3], (3.5.6)

where y and tg are dimensionful values. Comparing this approximated Lagrangian with
L, we find the following relations.

m=c ' Ag\/RE + 12, , % = ¢ 2Apf(Ry,bps) , A=c *Agh(Ry,bps) . (3.5.7)

Given the comparison above, we can apply the result for the complex energy of a cubic
potential, presented in [121]. Let us now consider the limit where the potential barrier
vanishes. The authors of [121] derived the decay rate up to the leading order using the
VPE, which is expressed as

A2\ /8 m3wd 2
[ = —2ImEg ~ 2 x (0.448) (m3> (1 - 0.186( > ) > . (3.5.8)

The specific value —0.186 was extracted from the graph in [121], which may involve a
discrepancy of about factor 2, though this does not significantly affect the overall re-
sult. Figure 3.14 presents the life-time calculation for bps near the critical magnetic field
strength, demonstrating that the life-time decreases as the instability is enhanced.

Using the approximated calculation above, we can roughly estimate the magnetic field
dependence of the life-time by linking the results from the WKB calculation when bpg is
small with those near b.;. This approach assumes that the life-time decreases monotoni-
cally as the potential becomes less stable. Interestingly, the decay rate does not approach
zero, even in the limit where the potential barrier vanishes.

Beyond the dilute gas approximation, the imaginary part of the complex energy tends
to be smaller due to the interaction between bounce solutions. Therefore, the life-time,
defined as the inverse of the decay rate, becomes longer. This statement is consistent
with the behavior of the numerical calculation in Figure 3.15 showing that the life-time is
evaluated to be shorter because of the ignoring the interaction.
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Figure 3.15: The numerical result of the WKB approximation, represented by the blue
line, and the VPE, represented by the red dots, with Agp = 1.5. Although neither result
is reliable in the shaded region, we anticipate a monotonically decreasing function that
smoothly connects the two results based on the physical assumptions. This Figure is taken
from [1].

3.5.2 Comparison to TCC condition

Let us compare the critical life-time obtained in the previous section, 7¢;, with the TCC
condition. We can denote the critical life-time as follows

LT
~ 2.46A]53AD—‘V/V,

-1/5
L__Tow < " ) (3.5.9)
Ter = Bl = 5.
2 x0.448 AV (R4 4 b2,4)3/2
where we used (3.5.8). Tpy/AV is the factor ¢ introduced in (3.3.17). Substituting the
above expression in the TCC condition, we obtain

1
H TDW

M,
By < Hi'log ol (3.5.10)

2.46A —
H;’
where H; is the Hubble constant and My = 1/3/87G is the reduced Planck mass. De-
noting radii of 2-cycles at z; = a; and ay as ¢ and the size of the internal S as L, since
our setup is based on the string theory, we have
M6 £2 L3M6
AV =20V, ~ 2T s 20t (3.5.11)

gs Js

where n is the number of the (anti) D5-branes. Note that these estimation always include
O(1) ambiguity due to the lack of perfect determination of the whole geometry, see section

3.3. Also we can estimate the Hubble constant as Hy = \/V/?)Mgl ~ \/AV/MPQI, then the
inequality (3.5.10) becomes

A\ Y/° 127/5 M. L3 M5 L6
2.46 (W) L2 psisgs < Moy [ Ml ) (3.5.12)
14

n8 016/5 778t Is o~y S g§/2n1/2
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where we used Ap = 4nT},, /AV3 ~ 4rL12MS /g515n3 and Mgl = M8L5/g2. Here, it is
convenient to introduce new parameters o and 8 as L = alg, £ = (Bl,, where [; represents
the string length. Substituting these expression into (3.5.12), we find

(471,)1/5 a12/5 3710 aﬁ
2.46W6H/5§ 31010 S ) (3.5.13)

as a final result. To avoid D5-branes and anti D5-brane condensing very quickly, it would
be plausible to consider that L is larger than ¢, namely o > 8. Additionally, it is important
to note that £ must satisfy £ > I,; otherwise, the o/ perturbation would cause EFT to break
down.

Figure 3.16 shows the gs-dependence of the LHS and the RHS of (3.5.13). As seen
from this Figure, the TCC condition seems to be satisfied for g; < O(1). As stated above,

~

we should note that our evaluations inevitably contain the ambiguity of O(1). Here, we
describe some features of the parameter dependence of the constraint.

e The allowable region of g5 where the TCC condition is satisfied is extended if we
adopt a large value as n, see (a) and (b). In this thesis, we assumed that n is up to
0(10).

e If we fix o to a smaller value, the allowable region of g, is extended, see (a) and (c),
or (b) and (f).

e Seen from (d) and (e), the smaller §, the smaller the allowable region of gs is.
Moreover, if a and 8 take comparable value, the TCC condition (3.5.13) implies
gs rg 0(1)7 see (C)a (e>7 and (f)
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Figure 3.16: Red lines represent the LHS of (3.5.13), and blue lines represent the RHS for
various parametrizations. The label k on the vertical axis is the value of the LHS and the
RHS. The TCC is satisfied where the blue lines are above the red lines. These Figures are
taken from [1].

3.6 Discussion and summary

In this chapter, we first reviewed one of the swampland conjectures, the trans-Planckian
censorship conjecture. This conjecture has attracted much attention in the context of the
swampland program. We have applied the TCC condition to the geometrically realized
metastable vacuum in string theory under the assumption of the positive energy vacuum.
A monopole like D3-brane plays an important role as a catalyst that induces the decay of
the dS vacua, and the life-time of the vacua becomes much shorter. Given the enhanced
decay, we have investigated the allowed parameter spaces where the life-time of vacua
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satisfies the condition.

Regarding calculation techniques, this chapter also addresses considerations for WKB
analysis in non-canonical quantum mechanical systems. In Sec. 3.4.2, we demonstrated
that, unlike conventional canonical theories, the normalization constant for zero modes
does not generally coincide with the bounce action in non-canonical systems. In Sec. 3.4.3,
we showed that the fluctuation operator takes the form of the Sturm-Liouville type and
successfully generalized the traditional methods for computing functional determinants by
applying the contour deformation method.

It would be of significant interest to extend this study by employing established so-
lutions in various dimensions to examine the permitted regions within the framework of
the swampland program. In this chapter, we adopted the same assumptions as those pre-
sented in [67,68], including the existence of de Sitter vacua. However, the strictest form
of the de Sitter conjecture [56,57] excludes such vacua. Thus, we consider it worthwhile
to investigate the potential existence of de Sitter vacua under the influence of catalysts
within the context of string theory. Nevertheless, as this line of inquiry falls outside the
scope of the present work, we defer it to future research.

The generalized Gel'fand-Yaglom formula presented in this study is generic and can
be applied to various problems. The DBI action addressed in this work can be regarded
as a natural generalization of the Nambu-Goto action, representing the effective action for
relativistic defects. Therefore, an application to the WKB analysis of metastable defects
is expected to be immediately feasible. Additionally, exploring quantum fluctuations in
vacuum decay with gravitational corrections is an intriguing avenue. In vacuum decay
within a gravitational background, gravitational corrections to the bubble are introduced,
and the differential operator governing fluctuations does not generally take the form of
a Schrodinger-type operator. Calculating quantum fluctuations in such cases remains an
important challenge and is a promising direction for our future work.
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Chapter 4

Decay of Compactified Spacetime
via Singular Instanton

This chapter discusses a decay phenomenon distinct from the previous chapter, specific
to compactified spacetimes. Higher-dimensional vacua with compactified dimensions can
exhibit decay channels where bubbles of nothing (BoN), regions without spacetime degrees
of freedom, overwhelms the entire spacetime [34]. The instanton mediating this decay is a
Euclidean black hole solution, and typically, a prescription is applied to fix the period of
the Euclidean time such that no conical singularities appear at the horizon. However, we
can also argue that the Euclidean action, rather than the metric, plays a crucial role in the
computation of decay rates. In this case, if the contribution of the conical singularity to the
Euclidean action is finite, the presence of the singularity may be permissible. Based on this
perspective, we examine the contribution of the conical singularity to the bounce action
in the simplest higher-dimensional vacuum, the five dimensional Kaluza-Klein vacuum,
which decays through the expansion of a bubble of nothing. The contribution from the
singularity reduces the bounce action, suggesting that the decay mediated by the singular
instanton might be more dominant. We reproduce the bounce action calculation using
thermodynamic functions and attempt to provide a thermodynamic interpretation of how
the singularity enhances the decay.

The organization of this chapter is as follows. Section 4.1 reviews the decay of the
Kaluza-Klein vacuum via the BoN, based on [34]. In Section 4.2, we discuss the decay
mediated by singular instantons, demonstrating that the decay is enhanced compared to
smooth instantons. Here, we demonstrate how to deal with the singularity via the conical
deficit regularization. Moreover, we reconstruct the bounce action using thermodynamic
functions and attempt to provide a thermodynamic interpretation of the contributions
from singularities. Finally, Section 4.3 is devoted to the discussion and summary of this
chapter. This chapter is based on collaboration with Prof. Yutaka Ookouchi and Mr.
Ryota Sato [2].
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4.1 Review of bubble of nothing

4.1.1 Non-perturbative instability of Kaluza-Klein vacuum

In this section, we review the decay of the Kaluza-Klein vacuum following the original pa-
per by Witten [34]. Kaluza-Klein vacuum is the vacuum solution of the Einstein equation
in five dimensional spacetime: R,, = 0. This solution consists of ordinary four dimen-
sional flat spacetime, namely Minkowski vacuum, and S! compactified space. Thus, the
topology of this spacetime is given by

X5 = My x St (4.1.1)
Here, S' is a circle with radius R. A metric corresponding to this spacetime is
ds* = —dt* + da’ + dy* + d2* + d?, (4.1.2)

where ¢ is the coordinate for the compactified dimension.

While it is confirmed that the Kaluza-Klein vacuum (4.1.2) is stable against pertur-
bative fluctuations, this vacuum possesses a semiclassical instability. An instanton solu-
tion that mediates this non-perturbative decay is the one that approaches the Euclidean
Kaluza-Klein vacuum asymptotically [34],

ds? = (1 - %) Va4 202 1 (1 - %) d¢?, (4.1.3)
where df)3 is the standard round metric, and ¢ represents a imaginary time defined as
¢ = it. This is the Euclidean five dimensional Schwarzschild black hole [127]. It is well
known that Euclidean black holes have conical singularities at the position of the horizon
for the original Lorentzian spacetime, and (4.1.3) is no exception. To see the singularity, we
need to see the behavior of the instanton spacetime near the singularity. Let us introduce
a new coordinate as follows

O‘>1/2, (4.1.4)

r
With this coordinate, we obtain the approximated expression of (4.1.3) near the singularity
as

2

ds® ~ dp® + o2dQ3 + p*d (\;ba) . (4.1.5)
In this coordinate system, the singularity is at p = 0. Generally, the period of ¢//a is not
equal to 27, resulting in a conical singularity at p = 0, as depicted in Figure 4.1. However,
if the smoothness condition a = R? is satisfied, the period of the variable ¢ becomes
27 R, eliminating the deficit angle. This nonsingular instanton solution was introduced by
Witten and is referred to as the bubble of nothing because spacetime terminates smoothly
at r = R, leaving no spacetime inside. In the section 4.2, we will investigate singular
solutions that do not fulfill the smoothness condition.
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p=0(r=rgn) 0 P

s

Figure 4.1: Schematic picture near the conical singularity of the instanton solution. The
left panel shows a conceptual diagram of the vicinity of the singularity, and the right panel
shows a geometry net.

4.1.2 Bounce action for bubble of nothing instanton

Now, we will review the calculation of the bounce action of the BoN instanton. In the
following sections, we will compute curvatures for various spaces and hypersurfaces, so
pay attention to the notation. For details on the notation, refer to Appendix D.1. The
gravitational action in five dimensional spacetime is given by

1 1
I = — Sy — - Gd* T 4.1.
167TG5[//R\/§dx o ?{W(/c Ko) /3d'%, (4.1.6)

where the first volume integral is the Einstein-Hilbert (EH) term, and the second is a
boundary term called Gibbons-Hawking-York (GHY) term [128,129]. R is the Ricci scalar,
and IC is the trace of extrinsic curvature, which is defined with outward unit normal vector
N perpendicular to the hypersurface as

K =7, (4.1.7)

where the subscription ., denotes the covariant derivative. Let us define the “positive” ward
unit normal vector n, of the hypersurface for which scalar function ® also takes a constant
value here.

Oy ®
vV |9W(I),uq),v '

For instance, r constant hypersurface is characterized by ® = r — rg = 0, where 7¢ is an
arbitrary constant. It should be noted that the outward unit normal does not necessarily
coincide with the unit normal vector n., which points in the positive direction of the
coordinates. See Figure 4.2 for intuitive understanding. While the nondynamical term
Ko does not contribute to the variation, its inclusion is essential to ensure the finiteness
of the Euclidean action. The five dimensional Newton constant, G5, can be expressed in
terms of the compactification radius R and the four dimensional Newton constant G4 as
Gs = 2nRG4. Here, % represents the coordinates on the boundary surface 0%, and the
induced metric on this surface is denoted as g,,.

Since the BoN instanton solution is the Euclidean Schwarzshild solution, which is Ricci
flat, then the EH term has no contribution to calculating the Euclidean action, that is

1 5
=0. 4.1.
16ﬂG5/7/R\/§dm 0 (4.1.9)

(4.1.8)

Na
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With regard to the GHY term, we need to be a bit more careful. Since the instanton
spacetime is non-compact in a spatial sense, there is seemingly no contribution to the
boundary integral. However, as seen from the conformal diagram, there exists an asymp-
totic boundary at r — oo. Therefore, we should consider the boundary integral on >,
that is

T o0 —>00

_ éw (K — Ko) /gd*z = lim (— /E (H — Hp) ﬁd4z>, (4.1.10)

Too

where fEr denotes the boundary integral on the asymptotic boundary ¥,__, and ~ is the
determinant of the induced metric. % is calculated by a positiveward unit normal vector
as

H =78, (4.1.11)

In this case, n® and r® are identical, so the sign before the boundary integral is the same.
The three dimensional round metric can be written by

r?dQ3 = r® {67 + sin® 0, (d03 + sin® 62d03) } , (4.1.12)

where 0 < 612 <7 and 0 < 603 < 27. Then, the induced metric on a r constant hypersur-
face, X, is given by
]{2

Yijdz'dz? = r?d? + r* sin® 0,d03 + 1% sin” 0; sin” Ood63 + <1 5
T

) d¢?. (4.1.13)

Now, the scalar quantity characterizing the hypersurface ¥, is & = r —ry = 0, then the
positiveward unit normal vector is expressed as

_ O (1 — 7T'o0) _ O
VIgTe .2, /fr)

As a consequence, using (4.1.13), we can calculate the trace of the extrinsic curvature on
> as follows

T (4.1.14)

3 ]%2 % ]{2 }%2 _%
R T S A
T

r2 r3 r2

Next, we need to calculate the nondynamical term. Since % is defined as the extrinsic
curvature of hypersurfaces embedded into the flat spacetime, we must identify the concrete
embedding into the flat spacetime given by

ds? = di* + 72d02 + d¢>. (4.1.16)

To realize appropriate embedding, it is plausible to impose the following relations to the

coordinates
- N R2
r, Q3=Q3, dp=1/1- —do, (4.1.17)
T
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It is evident that the flat spacetime (4.1.16) corresponds to the original instanton spacetime
with R = 0. Consequently, %) can be determined by substituting R = 0 into (4.1.15),
yielding

=2, (4.1.18)

Then, substituting (4.1.15) and (4.1.18) into the boundary integral in the GHY term, we
can perform the calculation as

—/Z (A — Hp) JAd

Too

1 1
2\ 2 2 2\ 72 2
:—/ 3 I—R— +R— I—R— _3 rgsin291sin92\/1—R—d4z
SR r2 r3 r2 r r2
R2
~ —/ {37“2 —2R? — 3 <1 — 2) } sin? 0y sin Oyd*z
Yoo 2r

= R*7? . 27R, (4.1.19)

where we took an approximation in the third line by taking ro, — oo into account.
Therefore, the on-shell value of the GHY term is given by

1 = 4 ~ 7TR2
— — = —. 4.1.2
. 7§ o= Ko) V/id's = T (4.1.20)

Provided the calculations (4.1.9) and (4.1.20), we find that the Euclidean action of the
BoN instanton is

I~ LRQ

8Gy
Originally, the bounce action B is defined as the difference between the Fuclidean action
of the instanton solution and that of the trivial solution. However, since the latter corre-
sponds to the flat vacuum solution in the present case, its Euclidean action is clearly zero.
Thus, we arrive at the final result!

(4.1.21)

TR?
B~I1-1y= TR (4.1.22)
The decay rate per unit volume is of order of exp(—mR?/8Gy)

It should be emphasized that the above semiclassical analysis is applicable only when
the Kaluza-Klein radius is significantly larger than the Planck length. If this condition
is not met, the accuracy of the approximation becomes worse, rendering the quantitative
discussion unreliable. Nevertheless, it is highly plausible that the non-perturbative decay
of the Kaluza-Klein vacuum would still occur.

In this context, it is important to note that the compactification radius cannot be
determined at the classical level. Typically, quantum corrections will fix the radius, but
the details of effective potential depend on the specific matter fields present. In other
words, the quantitative reliability of this analysis relies on how the radius is stabilized
once quantum effects are taken into account.

!This result is different from the original calculation made in [34] by factor 2, but this discrepancy has
been verified by several studies [130,131].
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Figure 4.2: Schematic diagram for the geometry of the BoN instanton spacetime split into
two near the singularity denoted by a red dot. The orange border is the boundary of
singular part, 04, the green border is that of nonsingular part, 0 (¥ — %). This figure is
taken from [2].

4.2 Singular bubble of nothing

4.2.1 Conical deficit regularization

The concept of regularizing conical singularities with smooth caps was initially introduced
in the study of cosmic strings [132,133]. Following this idea, Fursaev and Solodukhin
pioneered a systematic method to regularize Riemannian manifolds with conical singu-
larities [102]. Their approach involved substituting spacetimes containing singularities
with regular manifolds while imposing boundary conditions that ensured smoothness at
the boundaries. They demonstrated that the Ricci scalar exhibits § function-like behavior,
consistent with the Gauss-Bonnet theorem, in the limit where the regularization parameter
vanishes.

Gregory, Moss, and Withers extended the ideas of [102] by including a discussion of
the GHY term [48]. They found that the contribution from the smooth cap to the action is
negative and independent of the deficit angle. Importantly, The cap they employed is off-
shell as it is. However, the final calculation is independent of the details of the spacetime
of the cap since we take the limit that brings the slicing surface to the horizon position.
This work has been influential, particularly in studying black hole-induced decay of the
Higgs vacuum [49-51].

While [48] focused on the Schwarzschild-de Sitter metric, their method is broadly
applicable for regularizing conical singularities in Euclidean black hole solutions. In the
following section, we apply this regularization technique to the singular BoN instanton
and compute its contribution to the Euclidean action.

In the previous section, we examined the case where the BoN instanton satisfies the
smoothness condition, & = R?. In this section, we relax this condition and focus on
metrics that exhibit a conical singularity at r = \/a, based on the procedure given in [48].
To compute the bounce action for the BoN instanton solution with singularities, we divide
the instanton spacetime into two distinct regions: the singular spacetime, %, and the
nonsingular spacetime, ¥ — Z.

As a consequence of splitting, the gravitational action (4.1.6) is also divided into the
Fuclidean action near the singularity, Iz, and the Euclidean action without the singularity,
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Figure 4.3: Comparison between outward unit normal vectors n® represented by red allows
and positiveward unit normal vectors r* represented by blue allows. These unit normal
vectors do not necessarily coincide. This figure is cited from [2].

Iy_ 4. That is,
I=1y_g+ 1z, (4.2.1)
1 1
Iy = — R/gd>x — K-K gd*z 422
o=t |, RV - ) L, R Vi 22)
1 1
Iy = — R /qgd’z — K-K gd*7. 423
7 16WG5/% \/g v 81G5 7({953( O)\/Q v ( )

Here, the second terms in Iy 4 and I account for contributions from not only the asymp-
totic boundary at infinity but spatial boundaries introduced by slicing the spacetime. In
the following sections, we will evaluate Iy _ 45 and 14 separately, taking the limit where the
splitting surface approaches the singularity. Finally, we will sum up the two contributions
to obtain the total Euclidean action.?

4.2.2 Euclidean action for non-singular part

We proceed to compute the on-shell action for the manifold without the singularity. Since
the BoN instanton solution is Ricci-flat everywhere except at the singularity, the contri-
bution from the EH term will vanish. However, the boundary integral has a non-zero
contribution at the spatial boundary ¥, and the asymptotic boundary %, __, as illustrated
in Figure 4.3. Thus, evaluating the on-shell action reduces to focusing on two boundary
integrals

—f ko) Vida
oV —)

= lim (A — ) yd'z — lim (A — ) yd'z.

rs—=va )y, oo 00 /33

(4.2.4)

Too

2For spacetimes without conical singularities, the integrals over the spatial boundaries of ¥ — % and
% cancel each other, as they have the same magnitude but opposite signs. However, this cancellation is
nontrivial in the presence of singularities because special contributions from the singularities may arise.
As shown in later calculations, these terms indeed coincide even when singularities are present.
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Here, 22 represents the trace of the extrinsic curvature, defined using the positiveward
unit normal vector % to the r constant surfaces. It is important to note the relative signs
of n® and r* on ¥, and X, are respectively as follows

07

=—r" on X, (4.2.5)
=r% on X, . (4.2.6)

]

«

)

As a result, we should pay attention to the fact that the signs of the boundary integrals
differ. The induced metric on X, is expressed as

’yijdzidzj = r2d9% + 2 sin? 91d0§ + r? sin? 6y sin® 92d9§ + (1 — 7%) de?. (4.2.7)

This metric determines the traces of the extrinsic curvatures in the boundary integrals.
Scalar functions characterizing ¥, and ¥, are given by ® =r—r;=0and ® =r—ry =
0, respectively. Thus, the positiveward unit normal vectors, derived from the definition
(4.1.8), are given by

o) Oa(r—rs)  Oar (00) _ Oa (r—ro) _ Oar

e, I T g eae,] )

It is evident that the expression for r, is identical for both boundaries. Consequently, the
extrinsic curvature for each hypersurface is computed as

(4.2.8)

3 1 _1

% = ’I”a;a = go‘”r“;a = — (1 — g) ? + g (1 a) ’ . (429>
r

We need to consider the nondynamical term. As the embedding method into the flat

spacetime is the same as explained in the section 4.1.2, we obtain

Ay =2 (4.2.10)
T

This expression is just what we fix « to zero in (4.2.9). Substituting (4.2.9) and (4.2.10)

into (4.2.4), we find the boundary integral as follows

1
{37"2 — 2a — 3r? <1 - %) 2 } sin? 0 sin Oyd*z.
r

/E (%—%)ﬁd‘*z:/

Ts,Too Z”“s »Too

(4.2.11)

This expression is identical to the one obtained by replacing R? with « in the third line of
(4.1.19). Finally, we take the limits rs — /o and ro, — 00, respectively. For the integral
over %, , the limit s — /o can be directly applied in (4.2.11), leading to the following
calculation

lim (A — Hy) Jyd 2 = / asin? 0y sin fod*z = 2% - 27 R. (4.2.12)
rs—/a Js, 2/
In contrast, the integral over ¥, is evaluated as follows

2 2
— lim (A — ) \FydA‘z ~ lim % - sin® @y sin God*z = TFTQ -27R.

Too —>00 2, Too =00 >
oo o0

(4.2.13)
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Here, we used an approximation valid for large 7, as in (4.1.19). Substituting (4.2.12) and
(4.2.13) into (4.2.4), the contribution from the GHY term is found to be

1 1 1 2l 3mra

— — Gd4g ~ ol 2 . OTR = .

871Gy %9(7/_@) (K —Ko) \/g x S7C- o - 2T R+ 87G- 5 TR el
(4.2.14)

In the middle expression, the first term arises from the spatial boundary that divides
spacetime. Although the boundary integral yields a finite value, this might appear to
conflict with the argument presented by the authors of [48]. However, this discrepancy can
be attributed to the presence of the asymptotic boundary in the BoN instanton solution.
Thus, our result remains consistent with their conclusion. For further details, see Appendix
D.2.

Given the above discussion, the on-shell action of the spacetime with the singularity
removed is as follows

Iy g~ (4.2.15)

8Gy’

4.2.3 Euclidean action for cap

In this section, we compute the Euclidean action of the spacetime with the conical singu-
larity, denoted as Iy, using the method of conical deficit regularization [48,102]. Before
applying the regularization, we introduce new coordinates and analyze their behavior near
the singularity. These coordinates are defined as follows

Q@
p=rV7f, le—r—z. (4.2.16)

Using these coordinates, the instanton solution can be expressed as
ds? = f(r(p))de? + dp* + r(p)*dQ3. (4.2.17)

Here, the conical singularity originally located at r = y/a is mapped to p = 0 in this
coordinate system. Moreover, by replacing ¢ with a 27-periodic variable y, the metric of
the instanton spacetime can be rewritten as

ds® = F(p)’dx* + dp* +r(p)*dQ3,  F(p)* = f(r(p))R?, (4.2.18)

where the following relation has been used

dp _ dx

= ) 4.2.1
2mR 2w ( 9)

To understand the behavior of the coordinates near the singularity, we perform a Taylor
expansion around p = 0. From the definition in (4.2.18), we find that F'(0) = 0 at the
singularity. Therefore, the Taylor expansion of F(p) near p = 0 is given by

F(p) ~ pF'(0), (4.2.20)
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Figure 4.4: Schematic image of the regularization by replacing the conical singularity with
smooth cap. This figure is taken from [2].

where the prime symbol (/) denotes differentiation with respect to p. Substituting (4.2.20)
into (4.2.18), the instanton solution near the singularity becomes approximately

ds® ~ dp* + p*d(F'(0)x)* + 7(0)%d03. (4.2.21)

This expression implies that there is no singularity at p = 0 if F'(0)x is 27-periodic
quantity, i.e., if F’(0) = 1. However, since F'(0) # 1 in general, the deficit angle 274
appears, defined as
F
so1- 0l F'(0), (4.2.22)
p—0

where the last step follows from (4.2.20). Given the explicit expression for F(p), its
derivative can be directly calculated. Using (4.2.16) and (4.2.18), the deficit angle is
explicitly found to be

R

0=1- ﬁ, (4.2.23)
Keeping the above analysis in mind, let us proceed with regularization. Specifically,
we regularize the spacetime by cutting out the region near the singularity and replacing
it with a smooth manifold, as illustrated in Figure 4.4. While this paper adopts such
a regularization without providing explicit proof, this smoothing process is expected to
occur naturally within the framework of string theory. For instance, in [134], the authors
demonstrated that conical singularities can be resolved through closed string tachyon
condensation. If we interpret the singularity as an indication of missing degrees of freedom,
its inclusion in the theory would naturally lead to a regularization. However, it is crucial
to emphasize that the calculations presented here are independent of the specific details
of the regularization method. Therefore, our conclusions remain unchanged regardless of

the approach used to regularize the singularity.
Following the procedure proposed in [48], we introduce a regularized metric as follows

ds? = F(p)2dx? + dp* + r(p)2dQ2, (4.2.24)
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where the tilde-added function reflects the profile specific to regularized spacetime. In
other words, F”(0) = 1 holds now because there is no conical singularity in the regularized
spacetime. We represent the splitting position as p = ¢, where € is an extremely small
quantity. We will take ¢ — 0 in the last of our calculation. Additionally, since the
regularized metric should coincide with the original metric at p = €, the deficit angle
needs to satisfy § = 1 — F(¢)/e. Since € is the tiny quantity, we can rewrite this relation
as

§~1—F'(e). (4.2.25)
Using the expression (4.2.25), we can derive the specific form of the gravitational action
written with the deficit angle. Let us evaluate the EH action at first. The Ricci scalar for
(4.2.24) is given by
20" 61"(p)  6F(p)  6(1—1"(p)?)
E r(p) Fr(p) r(p)?
Among these terms, the divergent terms as e — 0 will dominate the calculation. By
definition, order estimates for F'(p) and its second derivative are

R =

(4.2.26)

F ~€eF'(0) = O(e), (4.2.27)
F'=0 (W) =0 <W> =0 (—i) : (4.2.28)
then we find
_2]1:" _ %EE)) —0 (;) , (4.2.29)
_1;/:/ - 88 =0(). (4.2.30)

These estimates show that in the limit € — 0, only the first term in the Ricci scalar diverges
and contributes to the action integral. Thus, the EH term in this limit is computed as

1 1 € 3
- Pxr =lim [ — d dAF 34in2 0: sin O
16ﬂG5/9;R\/§ ’ g%( 167TG5/0 P /g #Flplr{p)sin” 6, sn0aF
2

) T € 5 2[;1//
2131){—46,5 | aoF ooy (— = )}

: WQT(E)g ¢ nl
—lg%< e /OdpF>. (4.2.31)

Substituting the expansion r(€) ~ \/a + er’(0) into the above, we get

1 7'['2 3 € ~
— R/gd’x ~ lim { —— (0 dpF"
16wG5[@ Vod'x 65%{2% (Va+ea'(0) / g }

0
i [0 [F’( ) — F'(O)]
o 614>0 2G5 ¢
7T2Oé%
= — 0. 4.2.32
e ( )
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Thus, we have obtained the on-shell contribution from the Einstein-Hilbert term.
The next task is to calculate the GHY term. Since the nondynamical term can be
calculated as
ja{ Ko\/gd*z = lim Ho/ydtz
BE rsva s,
1
= lim 3 e (1 — %) ? sin? 6y sin 6od*2
7‘34)\/5 Sy T r
=0, (4.2.33)

from (4.2.10), all we have to do here is to evaluate the boundary term due to J#". Using
the metric (4.2.24), we find®

F 3

Ho=— + (4.2.34)
F

r

Only the first term affects the final result in the limit ¢ — 0, so the boundary integral is
given by

1 1 )
7Gx /MglC\/gd - 87Gs /Ee HVdz
3 ~
= lim < in F(e)r(e)3<}£/>

o (7r(E)
= lim (2G5F (e)) . (4.2.35)

It is important to note that the orientation of the positiveward unit normal vector and
the outward normal vector are the same, so the sign of the integral does not change in
the first line. Using (4.2.25) and the expansion 7(p) ~ \/a + er’(0), the boundary integral
becomes

1 f Vit = im {2 (Ve o' 0) Pt = T2 -0, a2

Z~lim<— (Va+er €) ¢ = —4). 2.

87TG5 By g e—0 2G5 2G5
Therefore, the calculation of the on-shell value of the GHY term in the limit of € — 0 is
performed as

1 = 4. m2a2
— — ~ — 1—-9). 4.2.
o (K=K Vads = a1 -5) (1237

With the calculation so far, we have all the factors we need. substituting (4.2.32) and
(4.2.37) into (4.2.3), we obtain

I ”20‘%5 oz 1-6
A Te R _2G5(_)
3
T2
S . 4.2.
4G4R (4.2.38)

3The coefficient in the second term is different from the derivation in [48] by factor 2, but this discrepancy
is not crucial for the final results.
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Figure 4.5: The ratio between the bounce actions for the singular BoN instanton solution
and that for the nonsingular solution is shown as a function of y/a/R. In the graph, the
ratio is nondimensionalized by /a/R.

This is precisely the contribution to the on-shell action from the conical singularity.
(4.2.38) is independent of the value of the deficit angle, as shown in [48].

4.2.4 Total bounce action

Together with the calculation displayed so far, we now derive the total bounce action
Béingular- Substituting (4.2.15) and (4.2.38) into the Euclidean action (4.2.1), we obtain

7R? [(3a  2a3/2 30 203/2
Bsingular = E <R2 - m) =B (m - ? 5 (4239)

where B is the Witten’s original bounce action. Figure 4.5 shows the variation of the ratio
between Bgingular and B with respect to v/a/R. This result demonstrates that Bgingular = B
when /a = R, which reproduces the result for the original smooth instanton. Therefore,
our analysis is consistent with Witten’s result [34]. Additionally, since the decay rate y o
e~ B/" increases as the bounce action becomes small, (4.2.39) implies that the singularity
enhances the decay of the Kaluza-Klein vacuum. The parameter §, which corresponds to
the deficit angle and is given by (4.2.23), suggests that the larger the deficit angle is, the
more the vacuum decay is enhanced. Here, 0 < o < R? corresponds to the region where
the deficit angle is negative, which is physically interpreted as the region where the cone
of singularity is inverted.

Here, we would like to discuss the validity of our analysis for the singular instanton.
In the region where the bounce action is negative, corresponding to the shaded region in
Figure 4.5, the decay rate grows exponentially, causing the semiclassical approximation
to break down. Furthermore, since the accuracy of the semiclassical approximation im-
proves with a larger Euclidean action, it is expected to become less accurate as Bsingular
approaches 0. The asymmetry observed around /a = R, even in the part of the graph
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where the bounce action is positive, is likely a consequence of the diminished accuracy of
the approximation.

Finally, it should be highlighted that the mechanism by which the singularity’s con-
tribution enhances the decay rate can be analyzed from a thermodynamic standpoint, as
we will describe in Section 4.2.5. The discussion in Section 4.2.5 suggests that this en-
hancement of decay may primarily stem from the increase in entropy in Euclidean space.
The notion of decay enhancement driven by entropy growth has also been noted in several
previous works [135,136], and it is particularly fascinating that a comparable interpreta-
tion may be relevant to the scenario under consideration. For more details, refer to the
subsequent Section.

4.2.5 Thermodynamical interpretation

We have seen the enhancement of the decay via singularity in the instanton spacetime.
Now, let us attempt an interpretation from a thermodynamic point of view. It is widely
known that Euclidean gravitational theories can be related to thermodynamics [129,137,
138]. Regarding the semiclassical analysis, we can also evaluate the Euclidean action
via thermodynamic functions calculated in the Euclidean spacetime [130,139]. Since the
Euclidean action coincides with the Helmholtz free energy divided by the Hawking tem-
perature, it is plausible to concentrate on the calculation of the free energy [140]. At this
point, we can express the free energy by the ADM energy E and the black hole entropy S
as follows

W =E-TS, (4.2.40)

where the temperature is given as an inverse of the periodicity in the ¢ direction, that is,
T = (2rR)~'. This periodicity is constant with or without singularity. For an asymptoti-
cally flat and geometrically complete manifold, the ADM energy is well-defined through a
boundary integral over the codimension-two surface [141]. Similarly, entropy can be com-
puted using the Bekenstein-Hawking formula [142-144]. Indeed, if the instanton spacetime
is smooth and has no singularities, we can calculate these two quantities as follows

3TR?
FE = 4.2.41
A 22 R3
S=—= . 4.2.42
4G5 4G5 ( )
Thus, substituting these into (4.2.40), we obtain
2 2
W= T A (4.2.43)

8Gs  8G,-27R’

where we used G5 = 2rRG4 in the last deformation. By dividing this free energy by the
Hawking temperature, we can reproduce Witten’s result as

W wR?
B=—=—+-. 4.2.44
T 8Gy4 ( )
If conical singularities exist, we should perform calculations of energy and entropy with
the appropriate regularization in mind. First, we will focus on the derivation of the ADM
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energy. For asymptotically flat and smooth spacetimes, the ADM energy is defined by
choosing the lapse function as N = 1 and the shift function as N® = 0. Moreover, the
following Hamiltonian constraint,

K®K, — K*—*R=0, (4.2.45)

is imposed to a given Hamiltonian:

(167G5)H = [N (K“bKab K- 4R) — 2N, (K“b - Khab) ] Vh dy
B b (4.2.46)

- 2% [N (k — ko) — Na (K“b - Kh“b) rb} Jod?.
St

Here, in the case of manifolds with conical singularities, it is not immediately clear whether
the curvatures in the constraint condition converge. However, we can demonstrate that
(4.2.45) holds universally, regardless of whether regularization is applied. The positiveward
unit vector normal to ¢ constant surface is given by

aaQZ) aa¢ \[
N = = — = /.. (4.2.47)
[g22®@ 4@ 4|2 |f(r)7L2

Since the instanton spacetime has no dependence on ¢, each component of the extrinsic
curvature is zero. We can also calculate the four dimensional Ricci scaler on the hyper-
surface as

iy, 6"(p) | 6(1—1"(p)%)
RV = (4.2.48)

where p is the radial coordinate introduced in (4.2.16). We can give the explicit form of
the derivative of r with respect to p as

1
a2z o
r = (1 - 72) , =5 (4.2.49)
Using this expression, we soon confirm that the Ricci scalar vanishes. Therefore, the
constraint condition above still holds for our singular manifold. Then, the ADM energy
can be calculated by the definition

E = L f (k — ko)v/od>6, (4.2.50)
Sor

_87TG5

where Sy, denote the (¢, r)-constant three surface.
To obtain the ADM energy based on (4.2.50), all we have to do is calculate the trace
of the extrinsic curvature. From the definition, we obtain

(4.2.51)

4In order to derive the Hamiltonian, we must compute the Ricci scalar of the EH term on the hyper-
surface, which results in the emergence of a new boundary term. While the Gauss theorem is generally
applicable in this context, it cannot be directly used for singular manifolds. However, if a smooth cap is
introduced to replace the region near the singularity using conical deficit regularization, the Gauss theorem
can be applied as usual.
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We can calculate ko simply by taking a to zero in (4.2.51) as

ko = —. 4.2.52
0= ( )

For the BoN instanton solution, even this simplified calculation gives the correct result.
Since the difference between (4.2.51) and (4.2.52) has no divergence near the singularity,
the boundary integral clearly converges. When we use the conical deficit regularization
described in section 4.2, contributions from the two spatial boundaries appear but ulti-
mately cancel each other out. As a result, just like in the case of smooth manifolds, we
only need to consider the contribution from the asymptotic boundary, yielding

3ra
E = Ten (4.2.53)
This expression coincides with (4.2.41) when /o = R and indicates that no special cor-
rection comes from the singularity to the energy, at least at the classical level.

Let us now consider the entropy. The microscopic degrees of freedom of black holes
remain an open question, and due to their ambiguity, various approaches to entropy cal-
culation have been proposed. For a comprehensive review, see [145]. Here, we employ a
traditional method that defines entropy as the semiclassical approximation of the ther-
modynamic potential in the microcanonical ensemble [146]. The Euclidean action for
the microcanonical ensemble is expressed as a Legendre transformation of the standard
gravitational action as follows

Imer = Iyrave — B / d"%z (Né— N%,), (4.2.54)
B-

where ¢ and j, are the quasi-local energy and the angular momentum density defined
by the Brown-York tensor [147]. Here, the tilde means that those quantities contain the
volume element. [ is the inverse temperature, which is given by 8 = 27 R in the present
case. Based on this Euclidean action, the entropy of a black hole is given by [146]

S = _ch = _Imc,E

o (4.2.55)

We have already computed the gravitational action in (4.2.39). The subtracted term in
the Legendre transformation corresponds to the ADM energy and is given by

_ ~ ~ 371'04/8
B/ d" 2z (N& — N%,) = ) 4.2.56
(Y —B) ( ) 8G's ( )

where we choose N — 1, N — 0. Therefore, the entropy calculated via the microcanonical
ensemble becomes
2m2as/?
S=——, 4.2.57
G- ( )
which perfectly matches the result obtained from the Bekenstein-Hawking formula.
Using the calculation of the ADM energy and the entropy, we can obtain the bounce
action as

(4.2.58)

B. _EfTS_37roz_7roz3/2_7rR2 37@_2043/2
singular — T - 8G4 4RG4 - 8G4 R2 R3 )
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which corresponds to the result (4.2.39) obtained in the previous section. We can regard
this consistency as one of the evidence for the correctness of the prescription used in [48].

How can we understand the enhancement of instability caused by conical singularities?
To consider this matter, let us slightly shift o from R? and express the changes in energy
and entropy up to the second order as follows

3 3T 3T

E— A AS = T Aat T
16G,R- S =362 o

Ao’ (4.2.59)

Substituting these expressions into the thermodynamic definition of the bounce action
gives

AE
Bsingular =B+ 7T —AS
3 3T 3
~ B Ao — Ao — Aa?
TGS T RGN T RG2S
3T
=B- ———Ad?. 4.2.60
32G,R2= ( )

Here, the first-order change in the energy is exactly canceled by the first-order change
in the entropy, leaving only the second-order change in the entropy. This second-order
change is always negative, indicating that shifts in the horizon position act as a factor
that reduces the bounce action. In other words, while the energy increases, the entropy
increases even more, reducing the free energy. This provides us with a thermodynamic
interpretation of the enhancement of the vacuum decay in the presence of singularities.

4.3 Discussion and summary

In this chapter, we investigated the non-perturbative decay of five dimensional Kaluza-
Klein spacetime using a singular instanton. The bounce action, which determines the
decay rate, was found to be smaller than that of Witten’s nonsingular solution, leading
to an increased decay rate. This result implies that instantons with singularities may
play a dominant role in decay in higher-dimensional theories with compactified spaces,
potentially contributing significantly to discussions around the swampland conjectures.
We also explored thermodynamic interpretations of the enhancement. Specifically, we
found that the contributions from singularities increase the internal energy, but this is
outweighed by an even greater increase in entropy, resulting in a net decrease in free
energy and, thus, an enhancement of vacuum decay.

The origin of the increase in entropy merits further discussion. One possibility lies in
the regularization of the singularity. As shown by the authors of [48], the contributions
of singularities to the on-shell action do not depend on the specific regularization scheme,
provided the spacetime is smoothly regularized. If the regularization parameter € is kept
finite rather than taking the ¢ — 0 limit, a variety of states with slightly different profiles
near the singularity could emerge. These states may account for the entropy increase
observed in this analysis.

Variants of the BoN solution have already been discussed within the framework of string
theory [148,149]. We anticipate that singular instantons will also significantly contribute
to string theory contexts, which we plan to explore in future work. Furthermore, while
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this paper focuses on gravitational transitions between two vacua without introducing
scalar fields explicitly, including such fields is necessary for studying more realistic models.
For guidance, the work presented in [150] may be particularly helpful, and attempting to
generalize our approach to models with scalar fields would provide a deeper understanding
of the role of singularities in vacuum decay.

To address the conical deficit from relaxing the smoothness condition, we employed a
regularization method based on replacing the singular region with a smooth metric. How-
ever, it is known that singularities can also be resolved through codimension-two defects.
For instance, the authors of [151] introduced end-of-the-world (ETW) branes at the sin-
gularity’s tip, a concept supported by the cobordism conjecture [152].> They constructed
a bounce solution by replacing the singularity with a brane, demonstrating that this ap-
proach promotes vacuum decay. Interestingly, their findings share several features with
our regularization procedure, such as a negative contribution from the singularity that
enhances vacuum decay. Both approaches recover Witten’s result under the smoothness
condition. However, in cases where the deficit angle is positive, their results differ from
ours. We interpret this discrepancy as reflecting two distinct decay channels. The au-
thors of [151] introduced a new physical object, adding its contribution to the Lagrangian,
whereas we stayed within the framework of Einstein gravity. Thus, it is natural for the
derived bounce actions to differ.

Besides the above discussion, Introducing negative tension defects typically requires
adding source terms to the Lagrangian. In several gravitational theories coupled with
scalar fields, configurations corresponding to negative tension ETW branes have been
constructed [153,154]. Moreover, it has been shown that smooth cigar geometries in higher
dimensions can lead to negative tension branes at the tip of the spacetime in the lower-
dimensional viewpoint of Einstein-dilaton gravity when reduced to lower dimensions [155].
The authors of [155] demonstrated the emergence of negative tension branes in specific
examples of AdS solitons. For the related study, see [156]. Nonetheless, constructing
negative tension defects from a top-down perspective involves setups beyond pure gravity,
indicating a fundamentally different decay channel from the one studied in this thesis.

Furthermore, revealing the quantum processes responsible for generating defects is
another intriguing direction for future research. For example, the nucleation of Chiral
Soliton Lattice (CSL) in QCD under strong magnetic fields or rapid rotation provides a
promising direction [157,158]. These domain walls, with negative energy due to topolog-
ical interactions, form through quantum tunneling facilitated by interactions such as the
Dzyaloshinskii-Moriya interaction. If a similar mechanism could apply in string compact-
ifications, topological interactions with the background Ramond-Ramond flux might play
an important role in domain wall generation. Investigating such mechanisms in the BoN
scenario while incorporating additional elements into the Lagrangian is an exciting avenue
for future exploration.

Finally, let us address the issue of negative modes around the classical solution. Fol-
lowing Witten’s discussion, we assumed the existence of a single negative mode since we
utilized almost the same solution. However, the presence of singularities may introduce
additional negative modes. Previous studies [159,160] have shown that gravitational in-
stantons can exhibit multiple negative modes. Thus, a more careful analysis of negative
modes is required to fully understand the stability of the solutions presented here. We

"We thank the authors of [151] for letting us know their study and sharing us a helpful comment.
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intend to revisit this issue in future work.
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Chapter 5

Conclusion

In this thesis, we considered the enhancement of the decay of higher-dimensional vacuum
based on the specific models. Inhomogeneous phase transitions around some catalysis are
universal phenomena in nature and can also occur in higher-dimensional theories. If such
enhancement occurs, it is expected to provide more efficient decay channels in the string
landscape. From this point of view, we focus on the two possibilities, Dp-branes and the
singularities in instanton spacetime as specific objects particular to higher-dimensional
theories, and show that they indeed enhance the vacuum decay by WKB analysis. Here,
we summarize the contents of this thesis.

In Chap. 3, we realized a metastable state geometrically through D5-branes and anti
D5-branes wrapped on a manifold with singularities and investigated the catalytic effect of
D3-branes wrapped on the internal space. These D3-branes form bound states with domain
wall D5-branes, which connect the false and true vacua, and the remnant of the D3-branes
can be seen as magnetic fields on the D5-branes. We derived the life-time of these bound
states at the 1-loop level and confirmed numerically that the instability increases and
the life-time decreases as the magnetic field strength grows. To perform the analysis,
we generalized the Gel'fand-Yaglom method, presenting a formulation of the functional
determinant that can be applied even to non-canonical theories, such as the EFT on Dp-
branes. Furthermore, we numerically demonstrated the breakdown of WKB analysis in
regions of strong instability and, instead, utilized previous results of anharmonic oscillators
to derive the life-time in the limit where the potential barrier vanishes. While it might
intuitively seem that the critical life-time would go to zero in this scenario, we explicitly
showed that the life-time takes a non-zero value. Additionally, we compared the critical
life-time with the constraints imposed by the TCC. Our results confirm the existence
of a parameter region that satisfies the TCC constraints under reasonable assumptions
regarding the size of the compactified space.

In Chap. 4, we investigated the non-perturbative decay of higher-dimensional vacua
mediated by singular instantons. Higher-dimensional vacua with compactified dimensions
possess a decay channel through which the spacetime is entirely overwhelmed by the bub-
ble of nothing. Here, We considered relaxing the smoothness condition imposed on the
gravitational instanton mediating this decay and calculated the contribution from the
singularity based on the conical deficit regularization. We confirmed that the contribu-
tion, given by a Bekenstein-Hawking-like formula, reduces the bounce action. This finding
suggests that decay via singular instantons could play a dominant role in the decay of
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higher-dimensional vacua. Additionally, we reconstructed the bounce action using ther-
modynamic functions. While the original instanton spacetime is singular, the regularized
spacetime is smooth, allowing us to apply the black hole thermodynamics without issue.
In the regularized spacetime, we calculated the ADM energy and the Bekenstein-Hawking
entropy and derived the Helmholtz free energy. Dividing the free energy by the Hawk-
ing temperature, we confirmed that the reconstructed bounce action coincides with the
previous calculations based on the definition of the EH action and the GHY action. Our
analysis reveals the mechanism whereby, as « deviates from the point where the smooth-
ness condition (y/a = R) is satisfied, both the energy and the entropy in the Euclidean
spacetime increase, but the change in entropy is greater, resulting in a smaller bounce
action.

These studies suggest further diversity in quantum transition phenomena within the
string landscape. The model investigated in the first study was relatively simple, involving
a bound state formed by D5-branes and D3-branes. However, in more realistic scenarios,
the presence of other objects may also be considered. Exploring the catalytic effects of
branes in stringy setups that include background fluxes or singularities in much detail is
an important direction for future work. Furthermore, as discussed in this study, examining
whether the swampland conditions can still be satisfied in such setups would be intriguing.
In addition, as suggested by the second study, singular instantons may play a critical role
in the decay of compactified spacetimes. While this study focused on the instability of the
simplest higher-dimensional vacua, it would be worthwhile to investigate whether decay
channels mediated by singular instantons also play a dominant role in the collapse of more
complex vacua embedded in string theory. Although constructing instanton solutions in
such cases would not be straightforward, it is anticipated that doing so could open new
windows to string-theoretic model building.
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Appendix A

Gravitational Correction to Brane
Bubble

In Chap. 3, we realized the bound state between the domain wall D5-brane and D3-branes
and investigated the magnetic field dependence of the life-time by the WKB analysis. Let
us analyze this bound state from a different point of view. Once the bound state is
formed, the remnants of the D3-branes can be considered a background magnetic field on
the domain wall. This appears as a spherically symmetric, magnetically charged bubble
to an observer in four dimensional spacetime. Due to the inherent nonlinearity of string
theory, this brane bubble maintains finite radii, even at the probe level. In this chapter,
we propose a new stabilization mechanism for brane bubbles in four dimensional space-
time. By incorporating a gravitational correction inspired by general relativity into the
brane bubble, we examine its influence on the potential. Our analysis reveals that in
parameter regions with significant gravitational effects, the potential value at the horizon
becomes relatively higher than the potential minimum, effectively removing even non-
perturbative instabilities. Furthermore, we identify the existence of over-extremal states,
characterized by (gQ)? > Gym?, in regions where the magnetic field strength is suffi-
ciently large. However, in our model, gravitational corrections cannot completely stabilize
such over-extremal bubbles. This appendix also explores the trade-off between stabilizing
the bubble and achieving an over-extremal state. The research results described in this
appendix are based on [3].

The remainder of this chapter is organized as follows: in Section A.1, we first review
the weak gravity conjecture. In Section A.2, we add the gravitational correction to (3.3.25)
and show the beyond probe level potential. In Section A.3, we investigate the stability
of the brane shell under gravitational correction and discuss the stabilization mechanism.
Finally, in Section A.4, we study the over-extremal property of the brane bubble using a
numerical calculation.

A.1 Weak gravity conjecture

Weak Gravity Conjecture (WGC) [161] is one of the most well-investigated swampland
conjectures, which gives a lower bound to the gauge coupling constant (see, e.g., [162,163]
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for reviews). The original statement is below:!

Weak gravity conjecture
there must exist at least one particle that satisfies the following inequality

2

(9Q)* > = Gum? . (A.1.1)

= 203

for U(1) gauge coupling in four dimensional effective theory.

We will refer to this constraint as a weak gravity condition. This is called the weak
gravity conjecture because it can be interpreted as an expression for the Coulomb force

being greater than the gravitation force when both sides 2 are multiplied. Indeed,
(9Q)? m?

A particle that satisfies (A.1.1) (or (A.1.2)) is commonly referred to as over-extremal.
In theories decoupled from gravity, this condition simplifies to a trivial inequality with
the right-hand side equal to zero. However, the Newton constant cannot be zero when
considering an effective theory coupled with gravity. Determining whether such a compact
object can exist within the framework of quantum gravity, such as string theory, remains
a significant and nontrivial question.

A.2 Brane bubble potential beyond probe level

Following [185, 186], we introduce a gravitational correction to the probe-level potential
(3.3.25). The authors of [185,186] assumed that the interior of the bubble corresponds to
a stable AdS spacetime, while the exterior represents a metastable vacuum. Denoting the
exterior of the shell by 4+ and the interior by —, the metric for each side can be written as

dr?
f(r)
where d)3 is the standard two dimensional round metric.? In this setup, since the lapse
function depends only on 7, the Israel junction condition is given by [187]

ds? = —fo(r)dt* + +r2dQ03, (A.2.1)

T = gy (VIO = VD). (A22)

1 This statement implies that black holes lacking (super)symmetry protection are inevitably unstable and
must decay. When applied to extremal black holes, it suggests the possibility of WGC states where quantum
corrections reduce the mass-to-charge ratio to below unity. This phenomenon has been corroborated across
various gravitational theories. For discussions in the context of Einstein-Maxwell theory, see [164-183],
and for recent extension to gravitational theories coupled with nonlinear electrodynamics, refer to [184].

2The precise expression of a general spherically symmetric spacetime is given by

ds® = —ew(mf(T)dt2 + f_l(v")dr2 + r2d03.

However, by solving the Einstein equation d¢/dr = 0, we are free to fix 1) to zero. Thus, in solving the
Einstein equation in the following sections, it is sufficient to focus on f(r).
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where 7 (r) represents the tension of the shell. Later, we clarify the relationship between
this tension and the previously mentioned domain wall tension.

First, we must appropriately select the interior and exterior spacetimes to add a grav-
itational correction. In the brane setup discussed in section 3.3, we considered a configu-
ration where the four dimensional spacetime is populated with (anti) D5-branes, serving
as the energy reference. Therefore, when incorporating the correction, it is reasonable
to treat the interior spacetime (the true vacuum) as the Minkowski vacuum, which has
zero gravitational energy. This implies that f_(r) = 1. On the other hand, outside the
shell (the false vacuum), we must consider Einstein gravity coupled with a nonlinear elec-
tromagnetic Lagrangian. This requires careful consideration. The well-known nonlinear
electromagnetic Lagrangian, often referred to also as the DBI Lagrangian, is expressed as
follows [188,189]

Lppr = —

[\/ —det (nu + V7 Fu) — \/ — det (mw)]

v ,72 ~ 2
L 2 PP — (FuwFr) =1, (A.2.3)

1
;
1
5

where v is a parameter determining the cutoff scale, which is called the Born-Infeld pa-
rameter. Also, F" is the dual tensor defined by the anti-symmetric tensor as P =
(1/2)e***FF,5. When F, wv is very small, this Lagrangian reduces to the ordinary Maxwell
Lagrangian. However, since brane has non-zero energy when F),, is turned off, it should
reduce to the Nambu-Goto Lagrangian when Fj,, — 0. Thus, we should adopt

/ —1\/1+7F Fw—'yg(F ﬁw)2 (A.2.4)
DBL— 27 M 16 \" " ’ -
in our case and consider coupling with the Einstein gravity outside the bubble.

The bubble potential consists of three components: the energy inside the bubble, the
outside of the bubble, and the bubble itself. We must evaluate each factor to derive the
bubble potential with gravitational corrections. As stated above, since the inside of the
bubble can be considered as the Minkowski spacetime, the first one is obviously zero.

For the second one, the energy-momentum tensor of the gravity coupled with (A.2.4)
is [190,191]

- 2 - 2
T, = 1112 (FﬁFm _ 'ygFMO‘F,,a> gL, TM=1+ %Faﬂpaﬁ _ X (FQBFO‘B> ,

16
(A.2.5)
where G = (1/ 2)FW]5F“’ . If we substitute (A.2.4) into this expression, we obtain
T _ 1 fyF Faﬁ _1/2F aF gHV Y o
py — +§ af o l/06+7 1+§Fa6F
~1/2
=—(1+ %FagFaB> {F,ﬂFm - g% (1+ ;FaﬁF‘lﬁ)} . (A.2.6)

We omitted FF term before the calculation because the electric field is absent in our setup.
Since we are considering a spherically symmetric spacetime, it is plausible to impose the
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ansatz below on the metric
ds* = —f(r)dt* + 1 (r)dr® + r* (d6* + sin® 0dp?) . (A.2.7)

Utilizing this metric for the calculation of the energy-momentum tensor above, we can
determine the energy density of the spacetime as

pm =T%

— ) (1 v gFaﬂF@ﬁ)_l/2 {FOQFOQ + f:“) (1 + gFaﬁFaﬁ)} .

= ’y_lw /1 + %FQBFQB
-1 q?
=7 1+ ’)/771. (A.2.8)

In the last line, since the magnetic field exists only in r-direction, we used

2q2

Fl F1' = FoaF? 4 F3oF3 = et (A.2.9)

where Fos = ¢sinf. At first glance, it might appear that we should integrate the energy
density pps from r to co. However, as mentioned earlier, we used the vacuum with super-
symmetry restored as the energy reference on the string theory side. Therefore, the term
4r fooo par(r)r? dr should be subtracted as a background. That is,

Vy = 4w </Oo — /OOO> drr?par(r)

= 477/ drr?par(r)
0

115 ot

= —day Vrgly (-2, 2 - ) . A.2.10

™Y rq2 1( 24’4’ ’yq2> ( )

Next, let us evaluate the energy of the bubble itself. In our model, the bubble is made

by the domain wall D5-brane, so we can derive the energy by multiplying the bubble

tension by the surface area. This tension has a relation with the Euclidean action of the
domain wall D5-brane in the following manner

SDTW = T(r)/@dgm, (A.2.11)

where h is a metric determinant on the bubble. Note that the 1/2 factor on the LHS
owes to the fact that the present discussion focuses on the single bubble in contrast to
the discussion in Chap. 3. From this equation, we can relate the bubble tension with the
domain wall potential as

Vow
AT (r)rdt = TdT = 2rTpw Mdﬂ (A.2.12)

which implies the following relation

T
T(r) = 220 et 402, (A.2.13)
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Using this expression, the junction condition shown in (A.2.2) becomes

2V g )

. A.2.14
22 + b 8 G r \/f \/f+(7'> ( )
We then obtain the contribution of the bubble by multiplying 7 by the surface area and

$(V/f-+ f4) as follows
Vawen = 47T (r) - 5 (VI + V() (A.2.15)

By combining the results of (A.2.10) and (A.2.15), the potential of the brane bubble
is obtained as

Viot = V= + Venen + V4
4

1 _ 11 o T
= 4m?T(r) - 5 (\/f_(r)+\/f+(r)> — A2 7’ng1< T w?) (A.2.16)

Here, comparing this expression with the probe-level potential (3.3.25), we can derive the
following relationships for the parameters:

q=7""%bps, ~'=Tpsrus, (A.2.17)

where ryg represents the integrated value of the B field on the cycle, distinct from the
coordinate. Finally, the total potential with the gravitational correction can be expressed
in terms of bps and Tps as

1 115
Viot = 2mTpw /14 + b5 - 3 (\/f—(r) + \/f+(7“)) — 4nTpsrNsbpsraFy (—2, T —b2D3> :
(A.2.18)

In the next section, we will use (A.2.18) to examine the stability of the brane shell.
At the end of the section, we will determine the expression of fi(r). Introducing the
mass function m(r,t) as

fr)=1- M, (A.2.19)

r

the Einstein equation for a spherically symmetric spacetime is given by [192, 193]

om om
ol dmr? (=T%) , Pk —dmr? (=T") . (A.2.20)

Since we are considering a static spacetime, it is sufficient to solve the first equation to
obtain the mass function. Substituting (A.2.8) into T, we get

4
8m _dmr? \/ T 4 Tpsrnst/1 + %, (A.2.21)

which gives the mass function as

115 o
():_47TTD5TNS / / 7“4+b —47TTD5T'N57’I)D32F1 —7,777;—2— .
24112,
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Figure A.1: Behavior of the lapse function for EDg =0.1 and C~¥4 = 0.5. The “cosmological
horizon” exists at ¥ = 1.7. Tilde-added variables or constants are dimensionless quantities.
The shaded region represents the outside the horizon. This Figure is a slightly modified
version of the one used in [3].

Therefore, the expression for fi(r) is

4

2Gym(r 115 r
_ 2Gamir) , m(r) =4nTpsrNsbpsaFi <—27 iV _l)2> : (A.2.23)
D3

fr(r) =1 .
This function f4(r) is monotonically decreasing with respect to r, taking its maximum
value at r = 0 and zero at r = ry, as shown in Figure A.1. There is no physical spacetime
in the region where r exceeds r.,; “cosmological horizon” exists outside the brane bubble.
This is a crucial point when analyzing the stability of the shell in the next section. This
horizon can exist if the maximum value of f, is positive, i.e.,

f+(0) =1—8nG4bpsTpsrns > 0. (A.2.24)

The position of the horizon is determined by three factors: the brane tension, the Newton
constant, and the magnetic field. The numerical value of the position can be found by
solving fi(ren) = 0.

A.3 Stabilization mechanism

The fact that the shell has a finite radius means that there is a non-zero minimum value
in the potential. For such a minimum to exist, there must be a value 7* that satisfies
% = 0 and 0?V;0;/Or*? > 0. At this point, it is not possible to explicitly express 7
because fy is written in terms of a hypergeometric function. Therefore, we have no choice
but to rely on numerical methods for practical calculations.

Here, we assume that a potential minimum V (ryi,) exists. At the probe level, the
potential (3.3.25) is an unbounded potential like an anharmonic oscillator. However, when
a gravitational effect is turned on, we should care about the contribution of the horizon,
as noted in the previous section. The specific shape of the potential should ultimately be

determined by the Newton constant and the magnetic field strength. To see the behavior
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(a) Metastable potential for bps = 0.01 and (b) Stabilized potential for bps = 0.01 and Gy =

G4 = 0.5. The shell radius is estimated as 2.2. The shell radius is estimated as ryi, =~ 0.037.
Tmin ~ 0.0037.

Figure A.2: Brane shell potentials for each parametrization. Shaded regions represent the
outside of the horizon. This Figure is taken from [3].

of the potential in each parametrization, we introduce a dimensionless potential as follows

Viot = 271-T’DVVCQ"}tot ) (A31)
> N 2Gam(F) \ = 115 7

ot = L, - |1 1——= | —b F; ——, =, = A.3.2
‘/t t 4 D3 ) + = D3T21L']1 274747 b%g ) ( 3 )

where we defined dimensionless parameters as
r=cr, bpy=cbhs, c=Tpw/2Tpsrns, (A.3.3)

as discussed in Section 3.3. In the derivation, we also introduced the dimensionless mass
function and the dimensionless Newton constant as

W Ot

)

e

)

N

m(r) = 2rTpwcm(r), m(F) = bparaFy (— ; " ) , (A.3.4)

—=—
bD3

; Tpsrns

Gy=dGy, (= (A.3.5)

ﬂ'TL%W ’
Now, we can numerically analyze the potential, and Figure A.2 shows the typical behavior
of the potential. The left panel of Figure A.2 depicts a potential whose potential value at
the horizon is lower than the minimum. When the potential is in this shape, the brane
bubble is metastable and can decay through tunneling in a finite life-time. In contrast,
the right panel shows a potential whose potential value at the horizon is larger than the
minimum. In this case, the brane bubble is stabilized due to the gravity, and even non-
perturbative instability is removed.

In summary, whether a system is stable or metastable is determined by whether the
value of the potential in the horizon is greater or less than V(ryiy). That is,

V(rmin) > V(ren) metastable, (A.3.6)
V(rmin) < V(ren) stable. (A.3.7)
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Gs

Figure A.3: State diagram for brane bubble. The blue area is a metastable region, the
red area is a region where the shell is stabilized, the green area is a region where the
potential is monotonically decreasing, and there exists no minimum, and the gray area is
a region where fi(r) < 0 for all  and physical spacetime does not exist. The blue areas
scattered among the green areas are numerical errors, and we cannot actually produce a
(meta)stable bubble. These Figures are cited from [3].

While it is difficult to obtain an analytical expression of the potential minima, V (ruyin),
a relatively simple expression can be given for the value of the potential in the horizon.
Since fy(rcn) = 0 holds at the horizon, the potential value is calculated from (A.2.18) as
follows

Tch
V(Tch) = 1Ipw+/ Télh + 5%3 — 47TTD57“N5'/ d€ 64 + b2D3' (A.3.8)
0

Using f4(ren) = 0, we can rewrite the second term of as

Tch
reh = 2G4 - 47TTD57”NS/ dé\/ €4 + by
0

Tch
— 47TTD5TN5'/ dén/&4 + b%3 = [ . (A.3.9)
0 2G4

Then, the potential value in simpler form is

V(ren) = 7Tow /1 + b3 — —o, (A.3.10)
2G

and we find that the simplest expression of the stability condition is

r
V(rmin) = 71w/ rélh + b2D3 — 2214

V (ramin) < 7Tpw /74 + b2 — 2%‘4 stable. (A.3.12)

In light of this condition, it is possible to determine numerically whether the bubble
is stable for different magnetic field values and Newton constant, see the left panel of
Figure A.3. As naively assumed, the greater the influence of gravity, the more stable the
bubble becomes. In other words, a stable bubble is realized when the Newton constant

metastable, (A.3.11)
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is sufficiently large. However, no stable state appears when the magnetic field strength is
fixed at about 0.15, no matter how large the Newton constant is increased. This means
that the bubble cannot be stabilized if the magnetic field is too strong. In addition, at
the probe level, we could wrap as many D3-branes as we wanted. However, in the present
discussion where gravity correction exists, the lapse function will always be negative if the
magnetic field is too strong, and physical spacetime will no longer exist. As mentioned
in 3.3.2, the magnetic field strength is proportional to the number of wrapped D3-branes.
Therefore, this tendency suggests that there is an upper limit to the number of D3-branes
that can be wrapped into the internal space. This was not confirmed in [186].

A.4 Over-extremality

It is not only a question of whether gravitational corrections stabilize the bubble but
also whether the stabilized bubble is over-extremal regarding the Swampland problem.
The over-extremality of compact objects is determined by the weak gravity condition
(A.1.1) [161]. We can rewrite the condition as follows

Gym?
o =1 (A.4.1)

In the present discussion, we absorb the coupling constant to the definition of the charge
as g() = q. Moreover, we can rewrite this ¢ by the magnetic field from D3-branes. Then,
weak gravity condition becomes

Gym?  Gym? Gym?

o A < (A.4.2)

(9Q) q 7 0hs
Here, m, which corresponds to the mass of the brane bubble, is calculated as the minimum
value of the potential (A.2.18) [186] as

6TV(Tmin) =0, V(Tmin) =m. (A43)

The dimensionless version of (A.4.2) is given by

A, (A.4.4)

where we utilized the dimensionless parameters (A.3.1)-(A.3.5).

The right panel of Figure A.3 shows a magnified view of the region where G4 and bps
are small. The light blue region plotted with stars () depicts non-extremal metastable
states. In contrast, the deep blue region plotted with circles (o) depicts over-extremal
states. The whole red region is depicted by star symbols, so over-extremal states cannot
be stabilized in our setup. This tendency is consistent with the difficulty of satisfying the
weak gravity condition where the Newton constant is large.

Let us consider the properties of our constructed bubble from numerical results. We
will focus on situations where we fix the dimensionless Newtonian constant and increase the
magnetic field. We will assume that Newton’s constant is an arbitrary value smaller than
1. As seen from Figure A.4, the bubble becomes over-extremal somewhere as the magnetic
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Figure A.4: Mass to charge ratio for a fixed Newton constant at G4 = 0.5. In this case,
the brane bubble becomes over-extremal when the bps is larger than about 0.51. This
Figure is cited from [3].

field increases. This behavior is easily assumed from the weak gravity conditioin(A.4.2)
(or (A.4.4)). However, if the magnetic field becomes too strong, the potential minima
disappear, and bubbles of finite size cannot exist. If the magnetic field is further enhanced
from there, we now enter a region that cannot even be physically interpreted. In other
words, to achieve an over-extremal state in the presence of gravity, there must be some
upper limit to the value of the magnetic field. This upper bound characterizes at least the
conditions for the existence of a metastable bubble, so numerically, it corresponds to the
value of the magnetic field at the boundary between the blue and green regions.

A.5 Discussion

In this appendix, we focused on the bound state discussed in Chap. 3 and analyzed the
stabilization mechanism and the over-extremality. Owing to the nonlinear properties of
the DBI action, this brane bubble possesses a finite radius even before tunneling. By
incorporating a gravitational correction through the junction condition, we examined the
stability of the brane bubble and its over-extremality in the context of the weak grav-
ity conjecture. While the gravitational correction does not alter the potential’s intrinsic
form, it introduces a “cosmological” horizon in the spacetime exterior of the bubble. The
horizon’s position is determined by the background magnetic field bps and the four di-
mensional Newton constant G4. Through numerical analysis, we demonstrated that the
gravitational correction stabilizes the brane shell at a finite radius, particularly when the
Newton constant assumes sufficiently large values. Conversely, by fixing the Newton con-
stant and increasing the magnetic field strength, we confirmed that the brane bubble can
be an over-extremal state, satisfying the weak gravity condition in parameter regimes
where the magnetic field is sufficiently strong.

Our model could not identify any configuration of the brane bubble that is fully sta-
bilized and over-extremal when gravitational corrections are included. This suggests the
existence of a trade-off: increasing the Newton constant promotes stability while increas-
ing the magnetic field supports the weak gravity condition. This tension is evident from
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the form of the weak gravity condition given in (A.1.1) (or (A.4.1) ). In particular, within
the framework of our model, excessively large values for both the Newton constant and the
magnetic field lead to the disappearance of the potential minima as well as the physical
spacetime itself. As a result, it is impossible to simultaneously increase both parameters to
achieve stability and over-extremality. Investigating whether we can realize a completely
stable and over-extremal state in a stringy model is a fascinating open question we aim to
explore in future research.
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Appendix for Chapter 2

B.1 Proportionality between zero mode and time derivative
of bounce solution

In section 2.1.3, we simply assumed that the following relation between zero mode solution
and bounce solution also holds for non-canonical systems.

1 dg

G = —F=—-

vV Ny dt

We show a proof here. As stated in section 2.1.3, we are free to choose the functions to be

an eigenfunction of the fluctuation operator, which is determined by the second variation
of the Euclidean action. Certainly, the zero mode function is not an exception. The second

(B.1.1)

variation is given by

a2L %L 2L .
529 = /dt{ 8655q+82(5q)2}
d 9L 2L
-/ dt{‘dwqa (dﬁq) " o ( t25q> g
L, 5, d &L )

In the last equality, we did integrations by parts. As well as (3.4.9), if we define P[q] and
Qlq] as

d82

Q
)
~
Q
o
=~

Plg| = — = — - — B.1.3
we find the zero mode equation as follows
d . d _
-5 (Pag) + om0 (B.14)

Since we are considering the fluctuations around the periodic configuration, the fluctua-
tions should also satisfy the periodic B.C., that is,

(o) e( P s
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Next, we examine a differential equation which the time derivative of the bounce
solution obeys. The bounce solution is the classical solution, then satisfies

doL oL
(dta(j _ aq> _o. (B.1.6)

Taking another derivative with respect to ¢, we find

O?’Ld*> do*Ld  0*L d 0L\ .
S5 s - i nt A a4 =0. (B.1.7)
0¢% dt?2  dt 0g2 dt ~ 0¢>  dt dqoq
This is the same differential equation as (B.1.4). The bounce solution is the periodic con-

figuration, and its time derivative is also periodic. Namely, ¢ satisfies (B.1.5). Therefore,
q is also a zero mode and proportional to gy with the normalization constant as (B.1.1).
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Appendix for Chapter 3

C.1 Contour deformation and analytic continuation of spec-
tral zeta function

As reviewed in Section 2.2, even in cases where the specific spectrum of the operator
associated with a potential V' (x) is difficult to determine, the value of the determinant can
be obtained by examining the boundary values of the zero mode function. However, since
the original Gel'fand-Yaglom method was developed for problems for Schrédinger-type
operators, certain extensions are needed to apply to general Sturm-Liouville operators.

The contour deformation method was developed to derive the functional determinant of
general Sturm-Liouville operators based on the zeta function regularization [118,119]. This
method involves considering complex integrals on the A-plane, which requires ¢’(s) to be
regular at s = 0. However, the spectral zeta function is regular only in the region Re(s) >
1/2, necessitating analytic continuation to the region Re(s) < 0. The authors of [120]
successfully carried out this analytic continuation by applying the theory of asymptotic
analysis, deriving a well-defined expression for the derivative of the spectral zeta function.
This Section provides a brief review of the contour deformation method and the derivation
of the analytically continued spectral zeta function.

Let us consider the following Strum-Liouville operator

Tos = r(lx) [—CZC (mmi) + q(m)} L relab), (C.1.1)

where r(x) > 0, p(z) > 0 over the finite interval (a,b). r(x) is a weight function, and for
the present problem, it is sufficient to fix r(z) = 1. If we write the eigenvalues of this
operator as A,, we can define the spectral zeta function as

((s;TaB) = Z)\;S . (C.1.2)

The spectral zeta function is known to be written by the contour integral of the Fredholm
trace, which has simple poles at the eigenvalues \,, [194, Lemma 2.6.]

1

T -
C(S, A,B) 27

fcms (tr ((TA,B ~ )\IH)_1> + A*lm[)) . (C.1.3)
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Figure C.1: The contours v, Cy, and C; are depicted on the complex A-plane. The dashed
lines indicate the branch cut of A\™*, while the points marked on the real axis represent
the eigenvalues of the differential operator T4 p. While this Figure is cited from [1].

The second term in the integrand accounts for the subtraction of the contribution of zero
modes, with mg denoting its multiplicity. The counterclockwise contour - encircles the
eigenvalues located at the real axis of the complex A-plane and is deformed downward to
bypass the origin, as illustrated in Figure C.1. See also original papers [118,119].

For further discussion, we define characteristic functions by boundary conditions [195,
Sect. 1.2], [196, Sect. 3.2]. These boundary conditions can be classified into two categories:
separated or coupled.

1. Separated boundary condition
Boundary conditions are called separated if the conditions at x = a and x = b are
given separately as

g(a) cos(a) + g (a) sin(a) = 0,
9(b) cos(B) — g1 (b)sin(8) =0,

where g(z) is an eigenfunction of the Strum-Liouville operator (C.1.1). If we intro-
duce the boundary value U, g;(f) as follow

(C.1.4)

Uapa(f) = fla)cos(a) + fM(a)sin(a) ,

L ) (C.1.5)
Ua,g,2(f) = J(b) cos(8) — U (b)sin(B) ,
the characteristic function is defined by
_ Uoc,B,l(e)\) Ua,ﬁ,l(d)/\))
Fo (X)) = det <Ua,ﬁ,2(0)\) Unga(dn)) (C.1.6)

where 6y and ¢, are independent fundamental solutions, which satisfy the following
boundary conditions

0r(a) = ¢\ (@) =1, 00 (a) =pr(a) =0, (C.1.7)
where g!! represents a pseudo-derivative of g, which is defined by g!* = p(z)¢'(z).

2. Coupled boundary condition
Boundary conditions are called coupled if the boundary values at * = a and x = b
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satisfy the following equation

(g%(]lz?))> = <9%§ac)z)> ’ (e

where ¢ € [0,7), and R € SL(2,R). If we introduce the boundary value V, r;(f) as

Vori(f) = f(b) — €¥Rii f(a) — € RiafW(a) ,

] ; : 0] (C.1.9)
Vo,r2(f) = fH(b) — e Ra1 fa) — €Y Rz f(a) |
the characteristic function is defined by
Ver1(02) V, R1(¢)\)>
EF,r(\) =det | 2" el . C.1.10
%R( ) € (Vw,R,Q(eA) V@,R72(¢)\) ( )

By definition, the complex value A\*, at which the characteristic function vanishes, corre-
sponds to the eigenvalues of the original Sturm-Liouville problem.

The above characteristic functions can be related to a Fredholm determinant and a
Fredholm trace [194, Thm.3.4.]. Since the periodic boundary condition, ¢ = 0, R = I,
is significant for our purpose, we need only focus on F, r()) in the following discussion.
Supposing Ag is one of the eigenvalues, then the Fredholm determinant can be rewritten
as

F%R()\)

-1
detL%((a,b)) (IL%((a,b)) — ()\ — )\0) (T%R — )‘OILE((a,b))) ) = F(p R()\O), reC. (Clll)
For the Fredholm trace, in particular, we have
_ d
tT12((ab)) ((Tcp,R — M2((a))) 1) = - Eer(Y) A€ p(Tap) - (C.1.12)

Substituting this equation into (C.1.3), we can rewrite the integral representation for the
spectral zeta function as

1 d
iTap)=s— ¢ d° [ —~In(Fas(\) —A7! : 1.
C(s;Ta,B) 2m’7£ <d)\ n(Fa5(N)) mg) (C.1.13)
We can transform (C.1.13) into a simpler representation. Let us denote
Ry = {)\ = te®|t € [0, oo)} Y e (r/2,m) (C.1.14)

as a branch cut of A™°. If the spectral zeta function is regular in the vicinity of s = 0, we
are free to deform the integration path to sandwich the branch cut, as shown in Figure
C.1. Then, the contour integral is replaced with the calculation of the discontinuity across
the branch cut as follows.

. ' o0 d . .
((s;Tap) = e”(”_ww/ dtt *—In (FA B(te’w)t_moe_’m0w> ) (C.1.15)
’ Vs 0 dt ’

To calculate the determinants, we need to take the derivative at s = 0 of the spectral
zeta function, so we must pay attention to its regularity. We can determine the regular
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region of the spectral zeta function (C.1.15) by analysis of the asymptotic behavior of
In(Fap(A)) in A — 0 and A — oo. In the small A region, the characteristic function
F4 () can be expanded as

Fap(A) = FpA™ + > F,\", (C.1.16)

n=mo+1

where myq represents the multiplicity of zero eigenvalues. Thus, in the limit A — 0, we find

L n(Fa (A = 0(1) (€.117)

On the other hand, in the large X region, F4 g(\) can be expanded as

ko + 1 Ty al
In(F4 g(A)A"™0 = —ieA2 = 2 21\ 4+ 1n (°> + 3 U, AT
(Fa,8(A) )MHOO, Y0 5 (M) 95 mzl

(C.1.18)

Refer to [120, Sect.3.2] for a detailed discussion of the asymptotic analysis. Thus, in the
limit |A| — oo, we find
_ 0 (1) (C.1.19)

Ao, Im(A/2)>0  \V/A/ o
Given the asymptotic behavior (C.1.17) and (C.1.19), we see that the contour deformation
is only valid for 1/2 < s < 1, not including s = 0.

To evaluate the derivative at s = 0, it is necessary to carry out an analytic continuation
to the left of the abscissa of the boundary s = 1/2. This can be achieved by subtracting N
terms from the asymptotic expansion (C.1.18) and subsequently re-adding them. Namely,

d —m,
T In(Fa(NAT™)

C(s;TaB) = Z(s, A, B) Z hj(s, A, B) (C.1.20)
j=—1

The explicit forms of Z(s, A, B) and h;(s, A, B) are defined as
Z(s,A,B) :eis(”_w)sm(ﬂs)/ dtt_‘s% {ln (FAB(te“/’)t—moe—imow)

T 0

e ko + 1
—H(t—1) [—chl/Qe (LR [ 02 + mo] In(t) (C.1.21)

ko +1 L'y, in/2,—n/2
- |25 +myww«ﬁ»+ZWe/t/

im(m—y) SID(TS) ce/?
T 2s—1"

ho(&A, B) = *(kﬁo + 1+ 2m0) is(m—¢ 81121(7'('8) , (0122)
s

h_i(s, A, B) = —ie’

hn(S A B) _ _eis(ﬂ Sln(ﬂ-s) n fimp/Z‘Ijn
Y T 2s+n
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where H(s) is a step function. By this procedure, the regular region of the spectral zeta
function is extended to —(IN 4+ 1)/2 < Re(s) < 1. As N = 0 suffices to encompass s = 0,
the derivative of the spectral zeta function at s = 0 can be expressed using (C.1.20) as
follows

¢'(0;Lap)=2'(0,A,B)+h_1(0,4, B) + hi(0, A, B)

Fmo
. C.1.23
o ) (C.1.23)

=4 — In <20

105



Appendix D

Appendix for Chapter 4

D.1 Notation

We summarize the notation for the geometric quantities in Chap. 4 here. Greek in-
dices («, 3,7, --) represent five-metric, Latin indices (i, ], k,---) represent four-metric,
and capital letters (A, B,C,---) represent three-metric. 2, is a n-dimensional angular
coordinates, that is, Q, = (01,602,603, - ,0,-1,0,). When we refer to an arbitrary co-
ordinate constant surface, we put the coordinate to X as a subscript. For example, ¥4
represents a ¢-constant surface. For other geometric quantities on surfaces, see the Table
D.1. Moreover, we implicitly assume that unit vectors n® and r® face in the positive

direction.

Table D.1: Geometric quantities of surfaces. This table is cited from [2].

Surface arbitrary surface Xg (%)) Ser
Unit normal vector 7 (outward) n® re r®
Subscript a,b,--- a,b,---=(r,Q3) 4,5, =(6,Q) A B, - =(Q3)
Coordinates z¢ y® 2t 64
Induced metric Gab hab Vij OAB
Extrinsic curvature Kab Kup Hj kap

D.2 Derivation of bounce action via ADM decomposition

In section 4.2.2, we evaluated the Euclidean action of ¥ — % by the definition of the
gravitational action, while the authors of [48] utilized the Arnowitt-Deser-Misner (ADM)
decomposition [141]. In this section, we also compute the Euclidean action Iy _ 4 via the
ADM decomposition and show that our evaluation is consistent with the discussion in [48].

The gravitational action consists of the Einstein-Hilbert term and the Gibbons-Hawking-
York term as follows

_ 1 5. 1 _ = -
Iy = e L%Rﬁd - 7{9(7%) (K — Ko) \/gd*z. (D.2.1)

Just as we decompose Lorentzian spacetime by real time in the ordinary ADM decompo-
sition, we can decompose the Euclidean action by the ¢-constant hypersurface 34 and we
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find the following expression [141]

[«yi@ = — / d¢ / <(4)8¢gij7r” — NH — NVHZ) N\/?Ldlly — 2%
167Gs Jy T4 Ser

(k — %)N\/Ed?’el .
(D.2.2)

While We denote the non-dynamical term in the notation for the r-constant surface, we
soon find that £ coincide with kg by an explicit calculation. Here, H and H; of the
first term in (D.2.2) vanish due to the Hamiltonian and momentum constraint condition,
H =H; =0. Also, ¥ 8¢g¢j7rij also vanishes via the symmetry of spacetime with respect to
¢ direction. Thus, it suffices to focus on the boundary integral.! As mentioned in section
4.2.2, the non-singular manifold ¥ — % has two different boundary, the spatial boundary
and the asymptotic boundary. Thus, the boundary integral in (D.2.2) will be decomposed
into two parts, that is,

Iy_

TR
/2 d¢ { lim f{ (k — #)N\/od*0 — lim (k — %)N\/Ed?’e} :
0 S¢”'5

re—v/a T'oo —>00 Spros

- 871G
(D.2.3)

The trace of the extrinsic curvature for (¢, r)-constant surface is evaluated as follows

k:3vf(r), fry=1-2 (D.2.4)

r2’

), which is the trace of the extrinsic curvature of the surface embedded into flat space-
time, has already been derived as

3
Ky = =, (4.1.18)
r
The volume element is

Nvo = /f(r) r*sin® 6, sin 6o, (D.2.5)

then, substituting (D.2.4), (4.1.18) and (D.2.5) into (D.2.3), we obtain the Euclidean
action as follows

Iy = 2E { lim 7{ (3V=f(r) - 3) V() 7 sin? 0y sin 62d30
Sers

87Gs | re—va r r

~ lim (3 f(r)—?’) VI r3sin291sin92d30}
Spreo

Too—r00 r r
S35 (50 - V@) - (500 - VI0) )
3ma
E (D.2.6)

ISee also section 4.2.5 for related discussions.
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(D.2.6) successfully coincides with (4.2.15), which we derived by definition.

In the above calculation, the boundary integral yields a finite value, which seems to
differ from the result in [48]. This apparent discrepancy arises from the fact that their
analysis was based on a compact spacetime (de Sitter-Schwarzschild spacetime), whereas
we considered a noncompact spacetime with an asymptotic boundary at spatial infinity.
Consequently, Our results do not contradict their discussion.
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