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Yang-Baxter-type equations and Qubit Circuit Compression

» Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator

Ry = e 0(U®B) where A,B € SU(2). - Phys. Rev. A 106, 012412 (2022). B. Peng, S. Gulania, Y. Alexeev, and
N.Govind.
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Yang-Baxter-type equations and Qubit Circuit Compression

» Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator

Ry = e 9(A®B) where A,B € SU(2). - Phys. Rev. A 106, 012412 (2022). B. Peng, S. Gulania, Y. Alexeev,
and N.Govind.
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* Remarkably, turn-over relation compresses time evolution circuit to a depth that scales linearly with respect to the

number of qubits.
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Yang-Baxter-type equations and Qubit Circuit Compression

» Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator

Ry = e 9(A®B) where A,B € SU(2). - Phys. Rev. A 106, 012412 (2022). B. Peng, S. Gulania, Y. Alexeev,
and N.Govind.
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* Remarkably, turn-over relation compresses time evolution circuit to a depth that scales linearly with respect to the
number of qubits.

* Question: Can we generalize idea to quantum circuits with higher dimensions?

Exploratory effort in this direction, - quantum time dynamics of the one-dimensional spin-1 Heisenberg
model.

* Map Spin-1 system states onto quitrit states for efficient algebraic relations.
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Notation and Spin-Algebra

Treat qudits as spins quantum states via s = (d — 1)/2

0 —i O
d =3 = s =1, with z-basis representation Sy=i(i 0 —i>=i[(Y®0)+(O®Y)]
V2 0 i 0 V2
1(0 1 0) 1
S*=—(1 0 1]|=—=[X®0)+(0DX)],
V2 0 1 0 V2 1 /1 0 O 1
S=—(0 0 0 |=—=[ZH0)+(0DZ
ﬁ<0 0 _1> ﬁ[(EB) (0 2)]

where X,Y,Z are the Pauli gates.
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Notation and Spin-Algebra

Treat qudits as spins quantum states via s = (d — 1)/2

0 —i O
d =3 = s =1, with z-basis representation Sy=i(i 0 —i>=i[(Y®0)+(O®Y)]
0 1 0 V2 0 i 0 V2
1 1
S*=—(1 0 1]|=—=[X®0)+(0DX)],
ﬁ(o 1 0> V2 1 /1 0 O 1
S=—(0 0 0 |=—=[ZH0)+(0DZ
ﬁ<0 0 _1> ﬁ[(EB) (0 2)]

where X,Y,Z are the Pauli gates.

Rewrite in a simpler way for numerical ease via Permutation matrices

/0 0 0 i 0 0 i i i 0 i 0 - 01 0
S*=(0 0 -i, Sy=(0 0 0>=PnyPy*, §9=|-i 0 0|=FS"F, P=<1 0 o)
0 —i 0

—-i 0 0 0 0 O

Similar to the SU(2) cases, {5", 34 52} satisfy commutation algebra p (8 (1) (1)>
) =
[5%,57] = is?, [57,57] = i§%, |52,5%] = ¥
Note: Basis change {S*, S7, $7} & {§*, §¥, §%} does not affect algebraic/circuit relations
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Algebraic and Numerical turn-overs

Two Quitrit time propagators: Uy (@) = exp(—ia §* @ §%), Uy(a) = exp(—ia ¥ ® §), U,(a) = exp(—ia $* @ $%)
. . — — nyf *Pny N B _Pz -PzT_
From the Permutation matrices, U, () | = Uy () | U. (o) = I U, (o) ol
- . Pl Pt g =
A simple feature is that U, (a), a € {x,y, z} satisfies : Ua(e) | o | U :
U(a) | | Ual)
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Two Qutrit time propagators:

Algebraic and Numerical turn-overs

Uy (a) = exp(—ia §* ® §%), Uy(a) = exp(—ia §¥ ® §), U (a) = exp(—ia §7Q® S§%)

. . — - nyf *Pny N B - P, -PzT_
From the Permutation matrices, U, () | = Uy () | U. (o) = U, (o) ’r
] — *Py* ,Pny 7-Pz Pz .
An interesting feature is that U, (a), a € {x,y, z} satisfies Ty (@) U, (0) =
) N Ua@) | T Uala) | i
Case 1: Same rotation (algebraic proof)
(1) LHS: (2) RHS:
| Ua(e) [ JUa(@) | | Ua(20) [ L | Ua(20) | Uy () T o) - Un(a) [
Uy () Ua(a) | | Ua(a) | Ua(a) [ tha() | Nta2e) | | Ua(20) [ 3
(3) LHS = RHS:
| Uy(a) Us(a) | _ Ua (201)
B | Ua(20) | | Ua(e) | | Uala) |
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Numerically approximate turn-over identities

Case 2: Different rotations (algebraic proof still searching? ). | R (a) Rs(~) Rs(€)

R2(B) Ra(6) Re(C)
Establish (33 x 33) matrix relation: — e ™ il

[R1(@) @ I3[I3 ® Ry(B[R:(y) ® I3] = [I3 @ R4(6)][Rs(€) & I5][I3 @ Re()]

i.e. Denoting LHS as WL(§L) and RHS as WR(§R), fix §L while optimizing for §R.
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Numerically approximate turn-over identities

Case 2: Different rotations (algebraic proof still searching? ). | R (a) Ra(y) | Rs(€)
A | R2(8) | R [ | Re(¢) |
Establish (33 x 33) matrix relation: . -
[Ry (@) @ I5[13 ® R (B)][R3(¥) ® I3] = [I3 ® R4 (6)][Rs(€) ® I3][Is ® Re({)]
i.e. Denoting LHS as WL(§L) and RHS as WR(§R), fix §L while optimizing for §R.
2
E;(t;)r:ge Spin-1 XY Hamiltonian on 3 Hyy = =] 255‘5511 +S878% . p—itHxy — oit] Yi_oS¥SK+578)
: i=0
» Consider possible trotterizations, and explore approximate C(§L,§R) =1— % | tr (WL(gL)WRT(gR))”Z
identities by minimizing gate infidelity : (3%)
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Numerically approximate turn-over identities

Possible Trotterizations of the 3-qutrits isotropic XY Hamiltonian

Tl: TZ:
U (6) 14,(0) . 4,(0) Uelon) [ Jwe [Jue [ —— —— U [Jtw |
0 | uy0) [ Tu, [ | Ue(o) | 3 Us(6) | | Uy(0) | | Uy(N) || Ua(o)
T3:
. 5 Ty U0 [, ] Ju@ [ Jum | . | ) |
Tt 0) L T theru() [ Uy (0) [| U=(0) Us(0) || Uy(©)
Uery @) [ |ty )
Is: r. Jwof Tuo [ Juw | T [
_ L ] ux+y(9) ux+y(ﬂ) -
| Unry(0) | g L g | Uy (1) |
U (9) L Uy(g) L N Uy(A) L Mw(U)
Uiy = —i8ST @ §Y), _ B T-DriNC
)= loi% 6 %) T w0 [ w0 [t [ iaminpriine
UL (0) = exp (—i6S) @ S'j)v U (9) Uy(0) | | Uz () Uy (o) up the lower bounds in
uiiy(g) — exp (—i@ (Sf ® S“; + Srv ® S‘j)) the numerical tests.
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_8-09

-7.61 -9.06
-6.96 -7.82

-6.34

Number of Trotter Steps ny

-1.35

T4 Ts Tsa Ts Ts Ts Exact

Infidelity, log;o[min C(éL, éR)], for Trotter
Or

forms 1,...,6. Infidelity to be relatively low as
compared to numerical values of the exact
identity.
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Return probability p(t)

p(t) = ||(202|eitHXY|202)||2 as a function of time.

1.0 A
0.8 A
0.6 - —— Exact dynamics
A Compressed trotter T,, n_b=>5
® Compressed trotter TS n_b=2
0.4 A
[ ]
0.2 1 s ©
® [
0.0 r T T T T T
0 1 2 3 4 5
Time t
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Number of Trotter Steps n,

(a) J=0.10 (b) J=0.55

] 12, ; _ Infidelity, log1o[min C(8,, 6 )], for Trotter
Or
104 forms 1,...,6. Infidelity to be relatively low as
compared to numerical values of the exact
identity.
—-2.54 -2.54
T, T T3 Ta Ts Te Exact T4 To Ts Ty Ts Ts Exact
Trotter Scheme T
(a) J=01 (b) J=0.55
1.00 1 1.0+ —— Exact dynamics
0.95 A Compressed trotter T3, n_b=2
= 0.8
2 0.90
z
= 0.85 1 -
. 2 . £ 0.80 A
p(t) = |[(202]|eHxr|202)||" as a function of g
. . n e 0.754 0.4
time. For T3,n, = 2, apprommately? gatesare 3 070
2 070
removed, while T,,n;, = 4, approximately “ 0.2
n 0651 — Exact dynamics
l?J -1 gates are removed. 060, 4 Compressed trotter T, n b=4 oo
0 1 2 3 4 5 0 1 2 3 4 5

Time t
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THANK YOU
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Additional SQMS Presentations

This material is based upon
work supported by the U.S.
Department of Energy, Office
of Science, National Quantum
Information Science Research

Centers, Superconducting
Quantum Materials and
Systems Center (SQMS) under
contract number DE-AC02-
07CH11359
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