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• Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator 
 𝑅𝑅𝜃𝜃 = 𝑒𝑒−𝑖𝑖𝑖𝑖(𝐴𝐴⊗𝐵𝐵), where 𝐴𝐴,𝐵𝐵 ∈ 𝑆𝑆𝑆𝑆(2). -  Phys. Rev. A 106, 012412 (2022), B. Peng, S. Gulania, Y. Alexeev, and  

N.Govind.

Yang-Baxter-type equations and Qubit Circuit Compression 

R 1(a ) ___ R3 (,-y) ~-- R s(E) 

R2 ({3 ) >------ R 4 ( 8) ..______ R B ( ( ) 
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• Remarkably, turn-over relation compresses time evolution circuit to a depth that scales linearly with respect to the 
number of qubits.

Yang-Baxter-type equations and Qubit Circuit Compression 
• Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator 
 𝑅𝑅𝜃𝜃 = 𝑒𝑒−𝑖𝑖𝑖𝑖(𝐴𝐴⊗𝐵𝐵), where 𝐴𝐴,𝐵𝐵 ∈ 𝑆𝑆𝑆𝑆(2). -  Phys. Rev. A 106, 012412 (2022), B. Peng, S. Gulania, Y. Alexeev, 

and N.Govind.

R 1(a ) ___ R3 (,-y) ~-- R s(E) 
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• Question: Can we generalize idea to quantum circuits with higher dimensions? 
  Exploratory effort in this direction, - quantum time dynamics of the one-dimensional spin-1 Heisenberg 
  model. 

• Map Spin-1 system states onto qutrit states  for efficient algebraic relations.

• Remarkably, turn-over relation compresses time evolution circuit to a depth that scales linearly with respect to the 
number of qubits.

Yang-Baxter-type equations and Qubit Circuit Compression 
• Circuit compression by applying the Yang-Baxter type equation on a two-qubit time propagator 
 𝑅𝑅𝜃𝜃 = 𝑒𝑒−𝑖𝑖𝑖𝑖(𝐴𝐴⊗𝐵𝐵), where 𝐴𝐴,𝐵𝐵 ∈ 𝑆𝑆𝑆𝑆(2). -  Phys. Rev. A 106, 012412 (2022), B. Peng, S. Gulania, Y. Alexeev, 

and N.Govind.

R 1(a ) ___ R3 (,-y) ~-- R s(E) 

R2 ({3 ) >------ R 4 ( 8) ..______ R B ( ( ) 
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Treat qudits as spins quantum states via 𝑠𝑠 = (𝑑𝑑 − 1)/2
𝑑𝑑 = 3 ⇒ 𝑠𝑠 = 1, with 𝑧𝑧-basis representation

where 𝑋𝑋,𝑌𝑌,𝑍𝑍 are the Pauli gates.

Notation and Spin-Algebra

𝑆𝑆𝑥𝑥 =
1
2

0 1 0
1 0 1
0 1 0

=
1
2

𝑋𝑋 ⊕ 0 + 0 ⊕𝑋𝑋 ,

𝑆𝑆𝑦𝑦 =
1
2

0 −𝑖𝑖 0
𝑖𝑖 0 −𝑖𝑖
0 𝑖𝑖 0

=
1
2

𝑌𝑌 ⊕ 0 + 0 ⊕𝑌𝑌

𝑆𝑆𝑧𝑧 =
1
2

1 0 0
0 0 0
0 0 −1

=
1
2

𝑍𝑍 ⊕ 0 + 0 ⊕𝑍𝑍) " [( ) ( )] 
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Treat qudits as spins quantum states via 𝑠𝑠 = (𝑑𝑑 − 1)/2
𝑑𝑑 = 3 ⇒ 𝑠𝑠 = 1, with 𝑧𝑧-basis representation

where 𝑋𝑋,𝑌𝑌,𝑍𝑍 are the Pauli gates.

Notation and Spin-Algebra

𝑆𝑆𝑥𝑥 =
1
2

0 1 0
1 0 1
0 1 0

=
1
2

𝑋𝑋 ⊕ 0 + 0 ⊕𝑋𝑋 ,

𝑆𝑆𝑦𝑦 =
1
2

0 −𝑖𝑖 0
𝑖𝑖 0 −𝑖𝑖
0 𝑖𝑖 0

=
1
2

𝑌𝑌 ⊕ 0 + 0 ⊕𝑌𝑌

𝑆𝑆𝑧𝑧 =
1
2

1 0 0
0 0 0
0 0 −1

=
1
2

𝑍𝑍 ⊕ 0 + 0 ⊕𝑍𝑍

Rewrite in a simpler way for numerical ease via Permutation matrices

𝑆̃𝑆𝑥𝑥 =
0 0 0
0 0 −𝑖𝑖
0 −𝑖𝑖 0

, 𝑆̃𝑆𝑦𝑦 =
0 0 𝑖𝑖
0 0 0
−𝑖𝑖 0 0

= 𝑃𝑃𝑦𝑦𝑆̃𝑆𝑥𝑥𝑃𝑃𝑦𝑦
†, 𝑆̃𝑆𝑧𝑧 =

0 𝑖𝑖 0
−𝑖𝑖 0 0
0 0 0

= 𝑃𝑃𝑧𝑧𝑆̃𝑆𝑥𝑥𝑃𝑃𝑧𝑧
† 𝑃𝑃𝑦𝑦 =

0 1 0
1 0 0
0 0 1

𝑃𝑃𝑧𝑧 =
0 1 0
0 0 1
1 0 0

Similar to the SU(2) cases, 𝑆̃𝑆𝑥𝑥 , 𝑆̃𝑆𝑦𝑦 , 𝑆̃𝑆𝑧𝑧  satisfy commutation algebra 

𝑆̃𝑆𝑥𝑥, 𝑆̃𝑆𝑦𝑦 = 𝑖𝑖𝑆̃𝑆𝑧𝑧 ,  𝑆̃𝑆𝑦𝑦 , 𝑆̃𝑆𝑧𝑧 = 𝑖𝑖𝑆̃𝑆𝑥𝑥 , 𝑆̃𝑆𝑧𝑧 , 𝑆̃𝑆𝑥𝑥 = 𝑖𝑖𝑆̃𝑆𝑦𝑦

Note: Basis change 𝑆𝑆𝑥𝑥, 𝑆𝑆𝑦𝑦 , 𝑆𝑆𝑧𝑧 ↔ 𝑆̃𝑆𝑥𝑥 , 𝑆̃𝑆𝑦𝑦 , 𝑆̃𝑆𝑧𝑧  does not affect algebraic/circuit relations

) " [( ) ( )] 

( ) ( ) ( ) ( ) 
{ } ( ) 

[ ] [ ] [ ] 

{ } { } 

C Fermilab ~ S • 'M"S SUPERCONDUCTING QUANTUM 
MATERIALS & SYSTEMS CENTER 



5/20/2024Oluwadara Ogunkoya | A Pathway to Efficient Spin-1 Hamiltonian Simulation7

Algebraic and Numerical turn-overs
Two Qutrit time propagators: 𝒰𝒰𝑥𝑥 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑥𝑥 ⊗ 𝑆̃𝑆𝑥𝑥) , 𝒰𝒰𝑦𝑦 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑦𝑦 ⊗ 𝑆̃𝑆𝑦𝑦) , 𝒰𝒰𝑧𝑧 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑧𝑧 ⊗ 𝑆̃𝑆𝑧𝑧)

From the Permutation matrices, 

A simple feature is that 𝒰𝒰𝑎𝑎 𝛼𝛼 , 𝑎𝑎 ∈ 𝑥𝑥,𝑦𝑦, 𝑧𝑧  satisfies  

( ) 

( ) { } 

( ) ( ) 
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Algebraic and Numerical turn-overs
Two Qutrit time propagators: 𝒰𝒰𝑥𝑥 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑥𝑥 ⊗ 𝑆̃𝑆𝑥𝑥) , 𝒰𝒰𝑦𝑦 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑦𝑦 ⊗ 𝑆̃𝑆𝑦𝑦) , 𝒰𝒰𝑧𝑧 𝛼𝛼 = exp(−𝑖𝑖𝑖𝑖 𝑆̃𝑆𝑧𝑧 ⊗ 𝑆̃𝑆𝑧𝑧)

From the Permutation matrices, 

An interesting feature is that 𝒰𝒰𝑎𝑎 𝛼𝛼 , 𝑎𝑎 ∈ 𝑥𝑥,𝑦𝑦, 𝑧𝑧  satisfies  

Case 1:  Same rotation (algebraic proof) 

(1) LHS: 

Ua(a) 
--------< r---

( ) ( ) 

( ) { } 

(2) RHS: 

(3) LHS = RHS: 

Ua(a) ~-~ Ua(a) ~~ Ua(2a) 

-------1 Ua (2a) 1----- Ua (a) 1---------, Ua (a) 

:Q:Fermilab 
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Numerically approximate turn-over identities
Case 2: Different rotations (algebraic proof still searching? ).

Establish (33 × 33) matrix relation:   

[ℛ1 𝛼𝛼 ⊗ 𝐼𝐼3 𝐼𝐼3 ⊗ ℛ2 𝛽𝛽 ℛ3 𝛾𝛾 ⊗ 𝐼𝐼3 = [𝐼𝐼3 ⊗ ℛ4(𝛿𝛿)][ℛ5 𝜖𝜖 ⊗ 𝐼𝐼3][𝐼𝐼3 ⊗ ℛ6(𝜁𝜁)]

i.e. Denoting LHS as 𝑊𝑊𝐿𝐿(𝜃⃗𝜃𝐿𝐿)  and RHS as 𝑊𝑊𝑅𝑅(𝜃⃗𝜃𝑅𝑅),  fix 𝜃⃗𝜃𝐿𝐿 while optimizing for 𝜃⃗𝜃𝑅𝑅 .

( ) [ ( )][ ( ) ] 

R-2 (/3) 
---- f----

( ) 
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• Explore Spin-1 XY Hamiltonian on 3 
qutrits:

Numerically approximate turn-over identities
Case 2: Different rotations (algebraic proof still searching? ).

Establish (33 × 33) matrix relation:   

[ℛ1 𝛼𝛼 ⊗ 𝐼𝐼3 𝐼𝐼3 ⊗ ℛ2 𝛽𝛽 ℛ3 𝛾𝛾 ⊗ 𝐼𝐼3 = [𝐼𝐼3 ⊗ ℛ4(𝛿𝛿)][ℛ5 𝜖𝜖 ⊗ 𝐼𝐼3][𝐼𝐼3 ⊗ ℛ6(𝜁𝜁)]

i.e. Denoting LHS as 𝑊𝑊𝐿𝐿(𝜃⃗𝜃𝐿𝐿)  and RHS as 𝑊𝑊𝑅𝑅(𝜃⃗𝜃𝑅𝑅),  fix 𝜃⃗𝜃𝐿𝐿 while optimizing for 𝜃⃗𝜃𝑅𝑅 .

HXY = −J �
𝑖𝑖=0

2

𝑆̃𝑆𝑖𝑖𝑥𝑥𝑆̃𝑆𝑖𝑖+1𝑥𝑥 + 𝑆̃𝑆𝑖𝑖
𝑦𝑦𝑆̃𝑆𝑖𝑖+1 ,

𝑦𝑦
𝑒𝑒−𝑖𝑖𝑖𝑖𝐻𝐻𝑋𝑋𝑋𝑋 = 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 ∑𝑖𝑖=0

1 𝑆̃𝑆𝑖𝑖
𝑥𝑥𝑆̃𝑆𝑖𝑖+1

𝑥𝑥 +𝑆̃𝑆𝑖𝑖
𝑦𝑦𝑆̃𝑆𝑖𝑖+1

𝑦𝑦

• Consider possible trotterizations, and explore approximate 
identities by minimizing gate infidelity :

𝐶𝐶 𝜃⃗𝜃𝐿𝐿 , 𝜃⃗𝜃𝑅𝑅 = 1 −
1

33 2  𝑡𝑡𝑡𝑡 𝑊𝑊𝐿𝐿(𝜃⃗𝜃𝐿𝐿)𝑊𝑊𝑅𝑅
†(𝜃⃗𝜃𝑅𝑅)

2
 

( ) [ 

R-2 (/3) 
-- f-------

( )][ ( ) ] ( ) 

._______I L----1 _ ______J 

( ) ITII C 

:Q:Fermilab 
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Numerically approximate turn-over identities

𝑇𝑇1: 𝑇𝑇2:

𝑇𝑇3:

𝑇𝑇4:

𝑇𝑇5:
𝑇𝑇6:

Possible Trotterizations of the 3-qutrits isotropic XY Hamiltonian

---+ 
Uy(() __ Ux(µ) 

Ux(0) Uy(0) 
-----+ 

Ux(o-) Ux(0) Uy(0) Uy(>,.) Ux(a) 
f-------- f-------- ------- >----------- r----

---+ 

---+ 

U~·j (0) = exp (-i0S;' ® s:;) , 

u ~,j (0) = exp (-i0S;' ® sj), 
U i,j (0 ) = exp (-i0 (Sx Q9 Sx + Sy Q9 SY)) x+y I j I j • 

Ux (0) __ Uy(0) 

__ ____, Ux (0) 1----- Uy(0) 

----+ 

---+ 
Uy(>,.) ___ Ux(µ) 

Ux+y (0) 
--~ f-------

Ux+y(µ) 
-----------, f-------

-----+ 
Ux(() __ Uy(µ) 

An exact-in-principle 
identity used for setting 
up the lower bounds in 

the numerical tests . 
Ux ( A) f-----~ Uy ( a-) >---
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Infidelity, log10[min
𝜃𝜃𝑅𝑅

 𝐶𝐶 𝜃⃗𝜃𝐿𝐿, 𝜃⃗𝜃𝑅𝑅 ], for Trotter 

forms 1,…,6.  Infidelity to be relatively low as 
compared to numerical values  of the exact 
identity.

𝑝𝑝 𝑡𝑡 = 202 𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻𝑋𝑋𝑋𝑋 202
2

 as a function of time.

(c) J = 1.00 

rf 1 
en 
a. 

-7.98 -7.98 -8.23 -7.98 -8.09 -8.09 ■ 
Q) - 2 U) -7.79 -7.7 -7.55 -7.66 -7.54 -7.61 -9.06 ... 
Q) --0 3 ... -7.6 -8.18 -1.n -7.79 -7.18 -6.96 -7.82 
~ -0 ... 4 Q) 
.0 
E 
:::J 5 z 

-7.76 -8.22 -1.n -8.43 -6.89 -6.34 -7.87 

ii -7.33 -8.67 -1.95 -8.04 -6.38 -1.35 -7.7 

T6 Exact 

( ) 

- 7 

-7.5 

-8 

- 8.5 

- 9 

-9.5 

-10 

- 10.5 

- 11 

-11.5 

-12 

( ) II( ) II 

E o.s +--+---1....----1-----+--=1----+-\-----+-------1---1 
C. 

~ 
:C 0.6 Exact dynamics 

~ .&. Compressed trotter T 2 , n_b=S 
0 • a. • Compressed trotter T 3 , n_b=2 
c 0.4 +-..,....---;.---,-----r--,.-----+--1f---+------l+- I ... 
:I .... 
cu • 
a: 0.2 +--+----~ - -=-----,,l+------+--~ .-+----1----1--1 

0 1 2 
Timet 

:Q:Fermilab 

3 4 5 
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Infidelity, log10[min
𝜃𝜃𝑅𝑅

 𝐶𝐶 𝜃⃗𝜃𝐿𝐿, 𝜃⃗𝜃𝑅𝑅 ], for Trotter 

forms 1,…,6.  Infidelity to be relatively low as 
compared to numerical values  of the exact 
identity.

𝑝𝑝 𝑡𝑡 = 202 𝑒𝑒𝑖𝑖𝑖𝑖𝐻𝐻𝑋𝑋𝑋𝑋 202
2

 as a function of 
time. For  𝑇𝑇3,𝑛𝑛𝑏𝑏 = 2, approximately 2𝑛𝑛

3
 gates are 

removed, while 𝑇𝑇2,𝑛𝑛𝑏𝑏 = 4,  approximately 
2𝑛𝑛
5

− 1 gates are removed.

(a) J = 0.10 

£1 
UI 
C. 
Cl) - 2 (/) ... 
Cl) --0 3 ... .... 

-10.86 -11.29 -11.04 -11.08 -10.41 -8.73 ---11 -1.77 11■ • -8.55 -0 ... 4 Cl) 
.0 

,.~ ii I , -1,77 -8.3 
.. ,. 

E 
::, 5 z -1.77 -2.54 -2.54 m -8.79 

Ts Ts Ts Exact 

( ) II ( )II 

l-J 

(b) J = 0.55 

-8.63 -8.62 -8.48 -8.58 

-8.39 -1.35 -8.35 -8.6 -8.19 

-9.01 -1,77 -8.41 -7,64 -7.02 -8.7 

-8.25 -2.09 -8.65 -1.34 -2.48 -8.99 

T2 Ts T4 Ts Ts Exact 
Trotter Scheme T 

(a) J = 0.1 

1.00 

0.95 

Z' 
ii, 0,90 

~ 
: 0.85 
.c 
IV ,g 0,80 .. 
Q. 
c 0.75 .. 
:l t 0,70 
a: 

0.65 

0.60 

--.... 
~ 

~ ...... 

~ 
JI ~ 

' 11 .,,. 

H ' - Exact dynamics 
~ ~ ... Compressed trotterT2 , n_b;4 

T T " T 

0 1 2 3 4 5 

:Q:Fermilab 

( ) 

(b) J = 0,55 

1.0 -t-A...---- _ Exact dynamics 

0.8 

0,6 

0.4 

0.2 

0.0 
0 

s 

A Compressed trotterT3, n_b; 2 

1 2 3 4 5 
Time t 
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THANK YOU
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