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Abstract

The properties of charm and bottom quarks are an interesting corner of Quantum Chromo-Dynamics

(QCD) due to the fact that their masses are much heavier than the typical QCD interaction energy

ΛQCD. Due to this scale separation, it is possible to describe these heavy quarks by Effective

Field Theories (EFTs) that simplify their equations of motion, make explicit additional symmetries

that only appear for heavier quark masses, and simplify the theoretical calculations required for

predictions. By discretising these EFTs in a lattice regularisation, nonperturbative calculations

of observables of interest become possible. This thesis presents progress towards systematically

controlled calculations of two such observables: the Spectator Effect contributions to the inclusive

decay rates of b-hadrons, and the real-time dynamics of fermions propagating in a thermal medium.

Standard EFT calculations in Lattice-QCD proceed by expressing observables as sums over

perturbatively computed Wilson coefficients and nonperturbative matrix elements that can be cal-

culated by path integral monte-carlo methods. Though it is possible to carry out this procedure

within a regulator-independent renormalization scheme, in practice almost all such decompositions

are computed in the modified minimal subtraction scheme MS which is only defined for the di-

mensional regulator (DR), due to its simplicity. Computing such observables therefore requires a

matching between lattice regularised operators and operators renormalized in MS. In Chapter 2,

both the dimensional regulator (DR) and the lattice regulator are reviewed, with a particular em-

phasis on techniques needed for calculations carried out in later sections. An interesting subtelty in

DR is the need to introduce d-dimensional counterparts to the Dirac γ-matrices, which a-priori are

only well defined in integer number of dimensions. This analytic continuation is of practical impor-

tance as it introduces additional Evanescent Operators (Sec. 2.1.4) that have physical consequences.

In Sec. 2.1.5, traces of d-dimensional γ-matrices were related to Tutte polynomial evaluations [4],

presenting a new graph-theoretic interpretation of the dimensionally regulated γ-matrices.

One strategy of renormalizing lattice-regulated operators into MS involves first renormalizing

into a regulator independent scheme, before perturbatively matching between the regulator inde-

pendent scheme and MS. In Chapter 3, regulator independent position-space (X-space) schemes

for renormalizing operators defined in the leading order Heavy Quark Effective Theory (HQET) are

proposed [3]. Compared to other regulator independent renormalization schemes such as RI-xMOM,

X-space schemes have the benefit that they are gauge invariant. The next to leading order matching

calculations between X-space and MS are presented for heavy-light and heavy-light-light multiplica-
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tively renormalizable operators, as well as ΔQ = 0 and ΔQ = 2 four quark operators relevant for

heavy hadron decays and mixing, where Q refers to the static quark number.

Due to their heavy masses, hadrons containing heavy quarks decay via the weak nuclear force.

Experimental measurements of these lifetimes provide precision determinations of the fundamental

parameters of the Standard Model. The Heavy Quark Expansion expresses the inclusive lifetimes of

heavy hadrons in terms of matrix elements of HQET operators of increasing dimension. The Specta-

tor Effects are contributions due to the ΔQ = 0 four-quark operators, where the light quark degrees

of freedom within a heavy hadron participate in the decay. In Chapter 4, a Lattice-QCD determina-

tion of the static decay constant fHQET
B and the isospin-nonsinglet portion of the Spectator Effect

matrix elements for heavy-light mesons is presented. Fits of bare matrix elements were performed

for three different lattice spacings, and renormalized with the schemes proposed in Chapter 3 before

a continuum limit is taken.

Due to the heavy masses mQ of the heavy quarks, it is possible to find temperatures T ap-

proximately satisfying a hierarchy ΛQCD ≪ T ≪ mQ. At these temperatures, QCD undergoes a

deconfinement transition into the Quark-Gluon-Plasma (QGP) phase where the light degrees of

freedom are no longer confined, and instead screen the long-range colour forces. The heavy quarks

however are not thermalised, and act as probes of the QGP. Further understanding of the QGP re-

quires first principles simulations of the heavy quark dynamics at finite temperature, however such

calculations are difficult due to the enormous size of the Hilbert space. Variational approximations

of the Hilbert space encode wavefunctions within a few parameters, and provide a practical method

to simulate many particle systems. As a testcase, the variational approach was applied for the first

time to simulate fermions at finite temperature in a simple QFT: the 1+1d U(1) gauge theory known

as the massive Schwinger model. Both the real-time dynamics of string like states, and the prop-

erties of the thermal state were studied, and such variational methods are shown to be promising

approaches to the more difficult case of a heavy quark effective theory in QCD.
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Chapter 1

Heavy quark flavor physics

Contents

1.1 From the Standard Model to Heavy Quarks . . . . . . . . . . . . . . . . . 7

1.2 Tensions in Heavy Hadron decays . . . . . . . . . . . . . . . . . . . . . . . 14

1.3 Real-time dynamics of heavy quarks . . . . . . . . . . . . . . . . . . . . . . 17

1.1 From the Standard Model to Heavy Quarks

It is a surprising fact that the natural phenomena of the world around us occurs at so many different

scales. A-priori there doesn’t seem to be any principle, anthropic or otherwise, why the solar

system is 1016 times the size of you (the reader), or why you happen to be made of 1027 of your

constituent atoms. One could imagine an alternate reality with different fundamental particles and

different physical laws, where intelligent life is embedded as overdensities in an almost-homogenous

soup; instead in our universe we are left to muse at our insignificance as a part of the cosmos. As

perplexing as this situation is, it offers a great opportunity for physicists as each isolated scale offers

an opportunity to study an effective theory for the degrees of freedom at that scale, without worrying

about fine grained details. This is indeed how physics has historically progressed - for example

Newtonian gravity was superseded by General Relativity, which is expected to be an effective theory

for some yet unknown theory of everything.

Particle physics is the study of physics at the smallest experimentally accessible scales, and

deals with the interactions of particles currently thought to be fundamental. Even within particle

physics, there is yet still a great range of scales across which physics occurs. This thesis presents my

contributions to the corner of particle physics known as heavy flavour physics - which deals with the

properties of charm and bottom quarks. These quarks are special because they are much heavier

than the typical strong-force interaction strength, and can be described by effective nonrelativistic

theories. To introduce the subject we start by describing the Standard Model of particle physics,
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SU(3) SU(2) U(1) U(1)QED

qiL = ⎛⎜⎝
ui
L

diL

⎞⎟⎠ 3 2 1/6 ⎛⎜⎝
2
3−1
3

⎞⎟⎠
ui
R 3 1 2/3 2/3

diR 3 1 −1/3 −1/3
liL = ⎛⎜⎝

νiL

eiL

⎞⎟⎠ 1 2 −1/2 ⎛⎜⎝
0

−1
⎞⎟⎠

eiR 1 1 −1 −1
φ 1 2 1/2 ⎛⎜⎝

−
0

⎞⎟⎠
Table 1.1: Matter content of the Standard Model, and their charges under the different

gauge groups. The integers in the leftmost two columns refer to the dimension of the

representation, with 2,3 referring to the fundamental representation of SU(2),SU(3)
respectively. U(1)QED refers to the electromagnetic U(1) gauge group that remains

after electroweak symmetry breaking as reviewed later in this section.

which is the currently accepted description of the known fundamental particles and forces (there are

many reviews of this subject, see for example Ref [1]). The Standard Model is an SU(3)×SU(2)×U(1)
quantum gauge theory with matter content tabulated in Table 1.1. The Standard Model Lagrangian

without ghosts or counterterms is:

LSM = −1
4
�
G

Tr(FµνF
µν) + i�

ψ

ψ̄ /Dψ + ∣Dµφ∣2 + µ2φ†φ − λ(φ†φ)2
−Y e

ij l̄
i
Lφe

j
R − Y d

ij q̄
i
Lφd

j
R − Y u

ij ϵ
abq̄iLaφ

†
bu

j
R + h.c.,

(1.1)

where Fµν are gauge field tensors for the three different gauge groups G ∈ {SU(3)C ,SU(2)L,U(1)Y },
ψ indexes over all the fermionic degrees of freedom, φ is a complex bosonic doublet, lL are left-handed

leptons, qL are left handed quarks, uR, dR are right handed quarks, eR are right handed leptons,

h.c. refers to the hermitian conjugate and µ,λ, Y are free parameters. In Eq. (1.1), the Standard

Model comes equipped with only a single mass scale µ. As it turns out however, physical processes

in the Standard Model occur at many different scales. Firstly, the form of the Higgs potential with

µ2,λ > 0 induces spontaneous symmetry breaking to ∣⟨φ⟩∣ =∶ v = µ√
λ
at tree-level.1 This spontaneous

symmetry breaking in unitary gauge has the effect of giving the electroweak bosons (the W,Z and

Higgs boson) masses. The massless fermions, which interacted via the Yukawa matrices Y in the

1Formally, this statement only makes sense after gauge fixing, for otherwise φ is not a gauge-invariant quantity

and ⟨φ⟩ has no meaning.
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so-called flavor-basis now acquire masses:

− Y d
ij q̄

i
Lφd

j
R − Y u

ij ϵ
abq̄iLaφ

†
bu

j
R + h.c.↦ − v√

2
�Y d

ij d̄
i
Ld

j
R + Y u

ij ū
i
Lu

j
R + h.c.� +O(h) (1.2)

where the term O(h) denotes the interactions of the quarks and the Higgs boson. Note that the

matrices Y u,d need not be diagonal: that is to say the flavor -basis used in Eq. (1.1) (which is the

basis that the gauge degrees of freedom naturally act on) is not the same as the mass basis for

the quarks. In this section, regular script u, d, q will refer to quarks in the flavor basis, and bolded

u,d,q refers to quarks in the mass basis. To compute the Lagrangian in the mass basis, one can

find unitary matrices Uu, Ud,Ku,Kd that perform a singular value decomposition:

Y d
ij = UdMdK

†
d, Y u

ij = UuMuK
†
u (1.3)

to extract diagonal mass matrices Mu,Md so that the mass term becomes:

− v√
2
�Y d

ij d̄
i
Ld

j
R + Y u

ij ū
i
Lu

j
R + h.c.� ↦ − v√

2
�(d̄LUd)Md(K†

ddR) + (ūLUu)Mu(K†
uuR) + h.c.�

= − v√
2
�d̄LMddR + ūLMuuR + h.c.� (1.4)

This is the mass basis, that the QCD hadrons will be built out of. The only flavor mixing occurs in

the couplings to W ±
µ , from the term:

iq̄ /Dq = δij �ūi
L d̄iL�⎛⎝i /∂ + γµ ⎛⎝

gY
6
Bµ + gL

2
W 3

µ
gL√
2
W +

µ

gL√
2
W −

µ
gY
6
Bµ − gY

2
W 3

µ

⎞⎠⎞⎠⎛⎝u
j
L

djL

⎞⎠
= e√

2 sin θw
�W +

µ ū
i
Lγ

µV ijdj
L +W −

µ d̄
i
Lγ

µ(V †)ijuj
L� +⋯ (1.5)

so, in the mass basis the W ± bosons couple fermions from different generations together with

strengths according to V = U †
uUd, the Cabibbo-Kobayashi-Maskawa (CKM) matrix [2, 3]. There

is additional redundancy (in this case, the phases of the mass basis quark fields) to reduce the num-

ber of degrees of freedom of this matrix - the standard parametrisation of the remaining degrees of

freedom is:

V = ⎛⎜⎜⎜⎝
1

cos θ23 sin θ23− sin θ23 cos θ23

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

cos θ13 sin θ13e
iδ

1− sin θ13eiδ cos θ13

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝
cos θ12 sin θ12− sin θ12 cos θ12

1

⎞⎟⎟⎟⎠
The experimentally determined values are sin(θ12) = 0.22501 ± 0.0006, sin(θ23) = 0.04183+0.00079−0.00062,
sin(θ13) = 0.003732+0.000090−0.00008 , δ = 1.147 ± 0.026[4]. Note that most of the mixing occurs between the

first two generations, and it’s a good approximation to take θ23 = θ13 = 0 (θ12 is also known as the

Cabibbo angle).

After electroweak symmetry breaking, the particles of the Standard Model span across many

orders of magnitude, as shown in Fig. 1.1. The Standard Model (along with neutrino masses and
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MeV

New Physics?

Figure 1.1: Hierarchies of energy scales appearing in the standard model, with data

from Ref [4]. Lepton masses are shown in blue, quark masses are shown in purple,

electroweak boson masses (after symmetry breaking) are shown in green, and some

typical scales ΛQCD = 330+21−63MeV [5] and ΛPlanck = G− 1
2

Newton ∼ 1022 MeV are shown.

PMNS mixing matrix) has been incredibly successful at describing the observed fundamental parti-

cles. But it is also known that the story is not complete, for example at energy scales approaching

ΛPlanck = G− 1
2

Newton quantum gravity effects become important.2 One motivation of modern particle

physics is to explore the apparent desert inbetween the electroweak scale and the Planck scale; is

there yet to be discovered New Physics hiding within this desert? Aside from advancing down the

precision/energy/intensity frontiers with experimental advances, theorists have the prickly job of

determining which regions in phasespace would be interesting to investigate, which is guided by the

following questions (among others):

● Naturalness.

A strong notion of ‘naturality’ is presented by Dirac in Ref [8], wherein a theory is considered

natural if all dimensionless constants are O(1) numbers. The flavour hierarchy is unnatural in

this sense because mu

mc
∼ 0.002, mc

mt
∼ 0.0073. A refined definition by ’t Hooft [9] is that a theory is

‘technically natural’ if a given number is small only when making it zero increases the symmetry

of the theory: in other words a parameter is allowed to be small if it cannot receive radiative

corrections from Planck scale physics due to the enhanced symmetry. There are parameters in the

Standard Model which are not natural in this sense: for instance the Higgs mass, or the parameter

2Furthermore, U(1) gauge theories coupled to fermions have a perturbative Landau-pole ΛQED at which energy

the renormalized coupling strength blows up to infinity, at a fixed order of perturbation theory. Nonperturbative

studies of lattice-QED also seem to indicate that the theory is quantum trivial [6, 7], lending us to believe that the

Standard Model is not UV complete.
3Quark masses are renormalisation scheme dependent, but the flavour hierarchies persist in any reasonable scheme.
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θQCD which appears in front of the dimension-4 CP-violating term in the QCD Lagrangian4.

● Cosmology.

Λ-CDM (the Standard Model of cosmology) is a combination of the Standard Model of particle

physics with general relavitivity as well as two additions: cold Dark Matter as well as a cosmological

constant Λ. Given the success of Quantum Field Theory at describing the Standard Model of

particle physics, it is natural to conjecture that these two additional components should also

be described by some quantum field theory, and many such models are constructed that are

consistent with current experimental cosmological constraints. There are many more unresolved

cosmological problems including explaining baryogenesis [12], the lithium abundance problem [13],

and the Hubble tension [14].

● Particle Physics Tensions.

Out of the many theoretical predictions made by the Standard Model, a handful show tensions with

experimental data. Two recent examples in particle physics are the Collider Detector at Fermilab’s

recent high-precision measurement of the W -boson mass [15], and the muon anomalous magnetic

moment [16, 17]. These tensions have received signficant further discussion and theoretical updates

in the previous few years. Other tensions include the heavy flavour physics tensions, which will

be discussed in detail in Sec. 1.2.

To begin tackling the questions raised above requires precision theoretical calculations of Stan-

dard Model predictions. At experimentally accessible energies, the electroweak interactions are

perturbative, and percent level results can be obtained by one-loop perturbation theory. On the

other hand, the SU(3)QCD gauge theory’s coupling becomes weaker at higher energies (known as

asymptotic freedom [18, 19]), and perturbation theory actually becomes less reliable at lower en-

ergies. The running of the strong coupling αS as a function of scale is shown in Fig. 1.2, and at

fixed orders in perturbation theory has a divergence at an energy scale ΛQCD. Isolating the QCD

Lagrangian from the rest of the Standard Model:

LQCD = −1
4
Tr(FµνFµν) +�

f

ψf(i /D −mf)ψf , (1.6)

one is left with a vector-like theory, where electroweak couplings can be considered as external

currents (as is done in the Fermi effective theory, discussed in Sec. 4.1.2). To obtain accurate predic-

tions about the strong gauge theory requires non-perturbative methods, the most well-established

of which being Lattice-QCD which is discussed in some detail in Sec. 2.2.

The flavors of the quarks have masses spanning many orders of magnitude, and are split into

roughly three categories, the light quarks, the heavy quarks, and the top quark. The up, down

4Note that θQCD actually does not run under ordinary perturbative renormalisation group at all, as it is a topo-

logical term that only contributes on a nontrivial background. It does however have nonperturbative renormalisation

scale dependence, and since the Standard Model is already known to be CP-violating (due to the CKM-matrix phase),

it is technically unnatural that the effective parameter θQCD has been experimentally constrained to be θQCD ≤ 10−10
[10, 11]
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Figure 1.2: (Fig. from review [4]) Dependence of the running strong coupling αS(Q)
as a function of the energy scale Q, where αS is renormalized in the MS prescription.

The black lines show the 5-loop perturbative running, with a jump with jumps at

µ2 = m2
c ,m

2
b due to matching between Nf + 1 and Nf flavour theories. Note that the

strong coupling tends to zero as Q → ∞ (asymptotic freedom), and in MS for fixed

orders of perturbation theory, the running coupling blows up at some finite scale.

and strange quarks are considered light quarks because mf ≲ ΛQCD. The quark masses of light

quarks do not contribute much to hadrons containing valence light quarks. In fact, due to the

light masses of the up, down, and strange quarks, the theory of the light hadrons is fairly well

described by Chiral Effective Field Theory. The charm and bottom quarks are considered heavy,

with mc

ΛQCD
∼ 3.9, mb

ΛQCD
∼ 12.75. They are heavier compared to typical QCD interaction energies, and

hadrons containing bottom quarks and charm quarks appear as some light QCD degrees of freedom

bound to the heavy quark. The top quark is often considered in it’s own category, as it is so heavy

that it does not form bound states. Formally, there are likely resonance poles corresponding to what

would be called ‘hadrons containing a top quark’ [20, 21], however the corresponding poles in the

S-matrix are so far off the real axis (very short lifetimes) that colloquially it is said that the top

quark decays before it has time to hadronize.

One of the main reasons that studying the large mf limit is interesting is that it gives an

additional small parameter, ΛQCD/mf , to expand in, which introduces additional symmetries and

simplifies many calculations. To see this in action, consider a heavy hadron containing a heavy

quark bound to some number of light quarks. In the rest frame of the heavy hadron the heavy

quark is approximately at rest, and interactions with the light degrees of freedom induces changes in

5These ratios depend on the renormalisation scheme used for the quark masses, and the exact definition of ΛQCD

used.
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momentum of the order of ΛQCD. In the infinite mass limit, the heavy quark becomes a nonrelativistic

object and the complication in systems such as the heavy-light mesons are due to the light degrees

of freedom, dubbed ‘brown muck’ by Nathan Isgur [22]. Inspired by this observation, an effective

field theory can be described with operators having power counting parameter λ ∶= ΛQCD

mQ
where Q

is a heavy flavour of quark. The heavy quark momentum is expanded as:

pµ =mQv
µ + kµ (1.7)

where vµ ∼ O(λ0) is a fixed timelike four-vector satisfying v2 = 1, and kµ/mQ ∼ O(λ1) describes
the residual momenta due to interactions with the light degrees of freedom. The free heavy quark

propagator in momentum space can also be expanded in powers of λ:

⟨Q(0)Q(p)⟩ = i(/p +mQ)
p2 −m2

Q + iϵ =
i(mQ(1 + /v) + /k)
2mQv ⋅ k + k2 + iϵ (1.8)

= i

v ⋅ k + iϵ �1 + /v2 � + i(v ⋅ k)/k − ik2 �1+/v
2
�

2mQ(v ⋅ k)2 + iϵ +O � λ

mQ
� (1.9)

To leading order, the projector P+ = 1+/v
2

projects onto the particle degrees of freedom. Keeping

just this piece, the antiparticle degrees of freedom are removed from the theory, in the sense that

contracting the propagator against external antiparticle-like spinors will give zero because of this

projector. In position space, the propagator takes the form (for details on heavy-quark integrals,

see Sec. 2.1.2):

⟨Q(0)Q(x)⟩ = δd−1(x⃗)1 + γ0
2

θ(0 > x0) (1.10)

where v has been chosen to be purely timelike, v = (1,0,0,0)T , and d is the spacetime dimension.

The δd−1(x⃗) factor causes the heavy quark to not spatially propagate in the infinite mass limit of the

quark, hence why this limit is known as the ‘static quark limit’. One can also check what happens

to a quark-gluon-quark type vertex:

�1 + /v
2

�γµ �1 + /v
2

� = vµ �1 + /v
2

� , −igγµT a ↦ −igvµT a (1.11)

The formal procedure of expanding the QCD Lagrangian in powers of λ generates the Heavy Quark

Effective Theory (HQET) [23], whose leading order Lagrangian is given by:

LHQET = Qviv ⋅DQv +O(λ) (1.12)

where the heavy field Qv satisfies P+Qv = Qv. The power-counting is that Qv ∼ λ− 1
2 , v ∼ λ0,D ∼ λ1, so

that the leading term in the HQET Lagrangian is λ0. The static nature of the heavy quark introduces

new symmetries such as the heavy quark spin-symmetry, and causes the theory to drastically simplify.

Effective Field Theories such as HQET and the related Non-Relativistic QCD (NRQCD) used for

systems containing more than one heavy quark, allow one to study these heavy quark systems with

more control, and offers greater understanding of the underlying physics.
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Figure 1.3: Tensions between inclusive and exclusive measurements of Vub and Vcb,

where the black datapoint is the combined constraint from exclusive determinations,

and the blue datapoint is from the inclusive determination. Figure from Ref [5], with

data from [24–51, 51–60].

1.2 Tensions in Heavy Hadron decays

Much of what drives the heavy-flavour-physics community is the presence of tensions between theo-

retical and experimental predictions of various decay channels. Of the tensions, three stand out due

to their persistence over time, and their roughly 3σ level of statistical significance:

● Lepton Flavour Universality.

Lepton Flavour Universality is the statement that in the Standard Model the different generations

of leptons all couple in the same fashion to the weak force, the only difference being their masses.

This provides predictions between different branching ratios. Two quantities that can be measured

quite accurately are given by ratios of branching fractions of decays of semileptonic decays of B

mesons to τ , versus B mesons to either of the lighter leptons:

R(D) = B(B →Dτ−ντ)B(B →Dl−νl) , R(D∗) = B(B →D∗τ−ντ)B(B →D∗l−νl) , (1.13)

where l ∈ {e, µ} has been averaged over in the denominators of the expressions appearing in

Eq. (1.13). Due to the ratio construction, the R(D(∗)) quantities are largely independent of pa-
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rameters such as Vcb and hadronic form factors B →D(∗), and instead are dominated by phasespace

effects. For instance, due to the heavy mass of the τ , the phasespace of decays to τ are suppressed.

These effects can be calculated quite accurately, and currently there is a 3.14σ combined tension

between the experimentally observed R(D),R(D∗) and the theoretically predicted ratios [61].

● Rare b-decays.

The rare b-decays b → sl+l− are excellent processes to consider to search for new physics, because

they are induced by flavor-changing-neutral-currents which are loop-suppressed in the Standard

Model. Hence, these processes are proportionally much more sensitive to new physics contribu-

tions. Current tensions in the Bs → φµ+µ− branching rates are about 3.6σ [62].

● Inclusive-Exclusive Vub, Vcb tension.

The Vub and Vcb CKM matrix-elements determine the tree-level decay rates of bottom quarks into

up and charm quarks respectively; and hence are important factors in the decay rates of b-hadrons

into light hadrons containing up quarks and charm-hadrons respectively. Measurements of the Vub

and Vcb CKM matrix-elements can be performed by exclusive analyses (analysing individual decay

channels of b-hadrons) or inclusive analyses (for example, an inclusive semi-leptonic analysis sums

over all semi-leptonic decay channels). Experimental determinations following these two strategies

are shown in Fig. 1.3, where the bounds from each exclusive channel is a different shaded band.

The tension between the two different determinations has a significance of 3σ.

Of these, the tension between the inclusive and exclusive determinations of the CKMmatrix elements

is particularly interesting, due to the theoretical difficulties inherent in ab-initio calculations of

inclusive decay rates. As explained later in Sec. 4.1.2, one of the more straightforward approaches to

predictions of inclusive decay rates of heavy hadrons is to expand the two insertions of the electroweak

current appearing in the optical theorem as an Operator Product Expansion (OPE). In fact, the

experimental method used in Fig. 1.3 for extracting the inclusive matrix elements relies on fits of

experimental data to OPE matrix elements, in contrast to exclusive measurements which require

no OPE. It is natural then to wonder whether this tension is caused by a failure of convergence in

the OPE (also known as violations of quark-hadron duality). To better understand the situation,

first-principles determinations of the matrix elements appearing in the OPE are needed, and this

thesis presents my work towards systematically controlled determinations of these matrix elements.

In more detail, the inclusive decay rate of a heavy hadron Hb can be written as a sum [63]:

Γ(Hb) = G2
Fm

5
b

192π3
∣Vcb∣2�c3 ⟨Hb∣bb∣Hb⟩

2MHb

+ c5
m2

b

⟨Hb∣bgsσµνF
µνb∣Hb⟩

2MHb

+ c6
m3

b

⟨Hb∣(bΓLq)(qΓRb)∣Hb⟩
MHb

+O � 1

m4
b

��
(1.14)

where GF is the Fermi constant, MHb
is the mass of the heavy hadron Hb, σµν = i

2
[γµ,γν], gs is

the strong coupling constant, ΓL,ΓR are spin-colour matrices that are discussed in more detail in
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Figure 1.4: Figure from Ref [65], showing the ratio of lifetimes of the Λb baryon and

neutral Bd meson. Theoretical predictions using various frameworks for the lifetime

ratios are shown in the different scatter points [63, 66–76]. The only Lattice-QCD

determination of the relevant matrix elements dates back to work from UKQCD 25

years ago with quenched ensembles (no dynamical fermions) and lattice perturbation

theory renormalisation of the operators [68, 77].

Sec. 3.2, and cn are perturbatively calculable Wilson coefficients. Note that this series relies on the

heavy mass of the b quark to converge. Of these terms, matrix elements of the dimension 6 flavour-

nonsinglet operators (bΓLq)(qΓRb) are known as the spectator effects, due to the participation

of the light spectator quark in the decay.6 After matching the OPE operators to HQET, these

contributions are phasespace enhanced by a factor of 16π2 relative to other 1
m3

b

corrections. As

explained in Ref [64], these contributions can either be fit from experimental data with sizeable

uncertainties, or the analysis can focus on regions of phasespace where these effects are relatively

suppressed and can simply be treated as a systematic error on the analysis. In either strategy,

they form a sizeable contribution to the total error budget of the inclusive CKM matrix element

determinations.

Historically, these spectator effects were also interesting as they provided large contributions to

measurements of ratios of lifetimes of b-hadrons with different light quark contents. In these ratios,

the leading CKM matrix elements and other factors cancelled out, leaving only hadronic matrix

element contributions. It was understood from the early days of HQET that to leading order, the

decays of b-hadrons are largely determined by decays of the b-quark in isolation; and that corrections

due to the ‘brown-muck’ describing the light degrees of freedom are subleading. This lead to the

prediction that ratios of lifetimes of different b-hadrons should be 1 + O �ΛQCD

mb
�. In contrast, for

about a decade the experimentally extracted value of the lifetime ratio τ(Λb)/τ(Bd) hovered around

6These are also known as ‘Weak Annihilation’ terms in the literature.
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0.8 ± 0.05 (Fig. 1.4), leading to speculation of enhanced contributions from the Spectator Effects

[78]. This tension closed slightly in 2007 with an updated measurement of the Λb-lifetimes from the

CDF collaboration [79] of τ(Λb) = 1.593+0.083−0.078(stat) ± 0.033(syst), which was 3.2σ higher than the

previous world average τ(Λb) = 1.230 ± 0.074. 7 In recent years, this tension is mostly considered

resolved, however the Spectator Effect matrix elements remain a large contribution to ratios of

inclusive lifetimes[65].

There are various strategies to theoretical predictions of the Spectator Effect matrix elements,

which are reviewed in Sec. 4.1.3. In this thesis, I present progress towards Lattice-QCD determina-

tions of the Spectator Effect matrix elements in HQET. The QCD operators appearing in an OPE

have power-divergent mixings that prevent simple extractions with Lattice-QCD, hence it is common

to then match these operators to HQET, in a procedure that is collectively known as the Heavy

Quark Expansion. This comes with the unique challenge of dealing with the introduced static quark

self-energy divergence, which causes exponentially bad signal-to-noise problems in the continuum

limit, as well as difficulties in defining renormalisation schemes. In Chapter 3, I present new gauge-

invariant position-space renormalisation schemes for the four-quark operators appearing in these

Spectator Effects. The O(αS) matchings between the X-space scheme and MS are calculated, and

these are used to provide the first unquenched Lattice-QCD measurement of the Spectator Effects

in HQET. A review of all the different dimensional regularisation integrals required for the X-space

to MS matchings presented here is also provided in Appendix B.

1.3 Real-time dynamics of heavy quarks

As the temperature is increased the renormalised strong coupling drops to zero by asymptotic

freedom, and one expects a transition from the zero-temperature ‘confined’ phase of QCD (where

the degrees of freedom are hadrons) to a high temperature ‘deconfined’ phase (where perturbative

quarks and gluons become the correct degrees of freedom). In a grand canonical ensemble where

all chemical potentials are set to zero it turns out that the transition between these two phases is

an analytic-crossover for physical quark masses [85, 86]. The phase diagram is often extended by

considering the effect of adding a positive baryon chemical potential µB , where the corresponding

Euclidean-time partition function can be expressed as:

ZE[T,µB] = � DψDψDA exp

⎡⎢⎢⎢⎢⎣�
β

0
dt� d3x �

f

ψf �D +mf + µB

3
γ0�ψf + Lgauge

⎤⎥⎥⎥⎥⎦ (1.15)

Note that due to the γ0 insertion, the Dirac operator no longer anticommutes with γ5, and in fact

the fermion determinant is complex-valued causing Eq. (1.15) to no longer be an integral against

a probability distribution. This makes practical investigations of the phase structure using path-

integral Monte Carlo (introduced in Sec. 2.2) difficult, however perturbative calculations can still be

7This and other measurements, like of Bs mixing and the properties of Ξb,Σb baryons, are largely thanks to the

high luminosity run-II of the tevatron [80].
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Figure 1.5: Conjectured phase diagram of QCD in the (T,µB) plane (not to scale).

Along the T = 0 axis as µB increases, first there is a liquid-gas transition to nuclear

matter at µB =mass of the nucleon [81, 82]. At intermediate densities the phase

structure is not well understood, but at high densities where perturbative calcula-

tions become reliable there is expected to be a Colour-Flavour-Locked (CFL) phase

that is colour superconducting [83, 84]. Neutron stars occupy the low T , intermediate

µB region in this schematic, and are conjectured to contain various phases of QCD

matter. The putative phase transition separating hadronic matter from the high tem-

perature Quark-Gluon-Plasma phase ends at a critical endpoint, which is currently

being searched for.

performed in certain regions of phasespace, leading to the conjectured rich phase structure shown

in Fig. 1.5.

The predominant way that experimentalists attempt to create and measure properties of the

quark-gluon-plasma phase is with heavy-ion colliders, such as the Large Hadron Collider (LHC) and

Relativistic Heavy Ion Collider (RHIC). The behaviours of heavy quarks as they travel through the

QGP and eventually hadronize offers a precious probe of the thermal QGP medium. For instance,

it has long been conjectured [87] that bottomonium production is suppressed if produced within

a QGP medium. Such a suppression has been observed in heavy-ion collider experiments [88–91].

The authors of the original references reason that after bb pairs are produced, they are allowed

to propagate freely in the deconfined QGP medium whilst the medium is still hot as the colour-

force between them is screened by the medium, and only after the medium cools down do they

hadronize. This results in a greater production rate of open-heavy hadrons (hadrons containing a

single heavy quark and some light degrees of freedom) than heavy quarkonia pairs as sketched in

Fig. 1.6. Recent studies [92] have suggested that this interpretation is actually incorrect, as the real-
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1. Initial heavy-ion Collision 2. Heavy quarks produced
in a QGP fireball

3. The heavy quarks are 
carried along with the QGP

4. Fireball cools and quarks
hadronize. 

Figure 1.6: Schematic depicting a typical central collision at a heavy-ion collider.

part of the heavy quark-antiquark potential actually is not meaningfully screened at all - rather the

suppression is due to the significant imaginary component of the heavy quark-antiquark potential

at finite temperatures, leading to quarkonia dissolution.

To better understand the role of the imaginary potential and to extract properties of the QGP

produced at heavy-ion colliders from observed bottomonium rates, one must be able to perform

theoretical simulations of the real-time dynamics of heavy quarks in the medium. The general

problem of real-time simulations of lattice discretised QFTs is very difficult due to the exponential

growth of the size of the Hilbert space as you increase the volume or take the continuum limit. The

specific problem of simulating heavy quarks in the QGP actually happens to be in an easy corner

of the realtime dynamics landscape, as not only are nonrelativistic theories a good description of

the heavy quark degrees of freedom, at high temperatures the effects of light quarks and gluons can

be treated perturbatively and integrated out. This procedure results in an Open Quantum System

description of the remaining heavy quark degrees of freedom encoded as a density matrix, whose

time evolution is given by a Lindblad equation.

To solve the problem of the large Hilbert spaces, the approach advocated for in this thesis is to

use a variational ansätz which parametrises the space of quantum states in terms of a few parameters

that capture the essential aspects of the underlying physics. In Chapter 5, this approach was studied

in a simple test-case for an open Quantum Field Theory - the open massive Schwinger Model, which

is a 1+1d U(1) gauge theory with a single massive fermionic degree of freedom coupled to a thermal

bath. The density matrices were parametrised by a neural network ansätz known as the Neural

Density Operator (NDO, introduced in Sec. 5.1), for which arbitrary initial states can be prepared

and then time-evolved in the thermal bath in a systematically controllable manner. Extensions of

these methods to more realistic descriptions of heavy quarkonia in the QGP are currently underway.

By preparing these variational ansätz for density matrices, there is also the attractive possibility

that the thermal state can be investigated in regimes for which it is impossible to investigate using

traditional path-integral Monte Carlo methods. For example, as discussed earlier introducing a
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chemical potential term µB for the QCD action introduces a sign problem, which prevents efficient

sampling and evaluation of observables in Lattice-QCD. However, in the Hamiltonian formulation

there is no such issue as long as one can solve the problem of the exponentially large Hilbert space.

As it so happens, the steady state of the Lindblad equation is approximately the thermal state, with

errors depending on the perturbative order to which the Lindbladian has been derived. In Sec. 5.2.4,

the NDO ansätz is shown to be capable of parametrising the steady states of the Open Schwinger

Model at large volumes, and a study is performed at different number densities. Extending this

approach to QCD would be difficult due to the larger dimension, more complicated gauge group

structure and matter content - however may be a possibility in the future.
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determination of —Vub— with Möbius domain-wall fermions. Phys. Rev. D, 106(5):054502, 2022. doi: 10.1103/

PhysRevD.106.054502.

[27] P. del Amo Sanchez et al. Study of B → π�ν and B → ρ�ν Decays and Determination of ∣Vub∣. Phys. Rev. D, 83:

032007, 2011. doi: 10.1103/PhysRevD.83.032007.

[28] J. P. Lees et al. Branching fraction and form-factor shape measurements of exclusive charmless semileptonic B

decays, and determination of ∣Vub∣. Phys. Rev. D, 86:092004, 2012. doi: 10.1103/PhysRevD.86.092004.

[29] H. Ha et al. Measurement of the decay B0 → π−�+ν and determination of ∣Vub∣. Phys. Rev. D, 83:071101, 2011.

doi: 10.1103/PhysRevD.83.071101.

[30] A. Sibidanov et al. Study of Exclusive B → Xu�ν Decays and Extraction of ∥Vub∥ using Full Reconstruction

Tagging at the Belle Experiment. Phys. Rev. D, 88(3):032005, 2013. doi: 10.1103/PhysRevD.88.032005.

[31] Jon A. Bailey et al. B→D�ν form factors at nonzero recoil and —Vcb— from 2+1-flavor lattice QCD. Phys.

Rev. D, 92(3):034506, 2015. doi: 10.1103/PhysRevD.92.034506.

[32] Heechang Na, Chris M. Bouchard, G. Peter Lepage, Chris Monahan, and Junko Shigemitsu. B →Dlν form factors

at nonzero recoil and extraction of ∣Vcb∣. Phys. Rev. D, 92(5):054510, 2015. doi: 10.1103/PhysRevD.93.119906.

[Erratum: Phys.Rev.D 93, 119906 (2016)].

[33] Bernard Aubert et al. Measurement of —V(cb)— and the Form-Factor Slope in anti-B —> D l- anti-nu Decays in

Events Tagged by a Fully Reconstructed B Meson. Phys. Rev. Lett., 104:011802, 2010. doi: 10.1103/PhysRevLett.

104.011802.

[34] R. Glattauer et al. Measurement of the decay B → D�ν� in fully reconstructed events and determination of the

Cabibbo-Kobayashi-Maskawa matrix element ∣Vcb∣. Phys. Rev. D, 93(3):032006, 2016. doi: 10.1103/PhysRevD.

93.032006.

[35] A. Bazavov et al. Semileptonic form factors for B →D∗�ν at nonzero recoil from 2+1-flavor lattice QCD: Fermilab

Lattice and MILC Collaborations. Eur. Phys. J. C, 82(12):1141, 2022. doi: 10.1140/epjc/s10052-022-10984-9.

[Erratum: Eur.Phys.J.C 83, 21 (2023)].

[36] Y. Aoki, B. Colquhoun, H. Fukaya, S. Hashimoto, T. Kaneko, R. Kellermann, J. Koponen, and E. Kou. B→D*�ν�
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Our modern understanding of particle physics is formulated within a framework known as Quan-

tum Field Theory (QFT). There a number of difficult questions that arise in practical QFT calcula-

tions: for instance how to formalise the path integral, and how to make sense out of the ultraviolet

(UV) and infrared (IR) divergences that naively appear. ‘Regularisation’ amounts to a controlled
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deformation of a QFT of interest such that all divergences are made finite. Different regulators come

with their own benefits and disadvantages, but each offers a unique understanding of QFTs - and

along the way allow us to perform useful phenomenological calculations.

The dimensional regulator is an example of a regulator where the dimensions of spacetime are

formally analytically continued to an arbitrary complex number d. Divergences can be analysed

as d approaches the spacetime dimension of interest (in the physical world, this is d = 4), and

systematically subtracted in a process known as ‘renormalisation’. The dimensional regulator is

convenient for computing perturbative weak-coupling calculations, which for QCD are most accurate

and systematically controllable for high energy processes where the typical energies in the process

are much larger than ΛQCD. In Sec. 2.1.1, a review is given of UV divergences and how they are made

finite by dimensional regularisation. Performing high order perturbative calculations in dimensional

regularisation is made difficult by the complicated structure of the relevant loop integrals, however

many tools have been developed to deal with this difficulty. The necessary techniques to compute

dimensionally-regulated HQET diagrams are covered in Sec. 2.1.2.

Though it has been used to great success and is a mainstay of modern perturbative calculations,

it is perplexing that Dimensional Regularisation is actually consistent at all. Naively the idea of ana-

lytically continuing the integer-valued dimension of a theory is a strange thing to do - and it is fairly

shocking that divergences as you approach an integer number of dimensions can be systematically

cancelled. One particular source of confusion that arises in theories including fermions is the need

to dimensionally regulate Dirac matrices, which a-priori are a strictly 4-dimensional construction.

This procedure leads to mixing with operators which vanish as the regulator is removed, known

as ‘Evanescent Operators’. In Sec. 2.1.4, an introduction to evanescent operators is given, and we

discuss how to deal with them when matching between MS and schemes designed for Lattice-QCD.

One might also wonder whether or not there is a more intuitive understanding of ‘what is actually

happening to the Dirac matrices’ as they are analytically continued - which until recently has just

been a formal prescription. In Ref. [1] I proved that dimensionally-regulated Dirac traces have a

graph-theoretic interpretation as a Tutte polynomial evaluation, and this newly found connection is

summarised in Sec. 2.1.5 (with formal mathematical details of the proof left to Appendix A).

Though Dimensional Regularisation is the simplest regulator for performing perturbative calcu-

lations, there is no known way of extending it to be nonperturbative. There is also the practical

problem of computing any but the first few orders of perturbation theory in dimensional regulari-

sation, as there is a combinatorial exponential explosion of number of diagrams needed to compute
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as well as an increasing complexity in evaluating multiloop diagrams.1 Instead, nonperturbative

calculations of QCD properties can be carried out in Lattice-QCD. The lattice regulator used in this

approach is a regulator of QFTs where spacetime is discretised onto a (usually hypercubic) lattice

with finitely many vertices. This regulator falls into a class of ‘hard-cutoff’ regulators that remove

high-momenta modes from the theory (another prototypical example being Wilson’s hard-edge cut-

off regulator). One benefit of utilising a lattice cutoff for gauge theories is that it is possible to

construct manifestly gauge-invariant actions and operators by using the correct degrees of freedom.

A brief introduction to the aspects of Lattice-QCD needed for the calculations performed in later

sections is given in Sec. 2.2. An interesting consequence of discretising the leading order HQET ac-

tion is that the static-quark self-energy divergence which manifests as a pole at d = 3 in dimensional

regularisation, becomes physically important and leads to divergences and signal-to-noise problems

in the continuum limit, as discussed in Sec. 2.2.5. Finally, for various physical processes, it is also

important to consider Wilson lines which are not exactly parallel to one of the four spacetime axes.

These applications and their associated divergences are discussed in Sec. 2.2.6.

2.1 Dimensional Regularisation

2.1.1 Taming UV divergences with dimensional regularisation

The divergences of a perturbative QFT calculation are split into two classes, the Infrared (IR)

divergences associated with low-momenta modes and massless particles, and the Ultraviolet (UV)

divergences. In any physically measurable observable, the IR divergences should cancel when all

perturbative diagrams are summed - though this cancellation is often complicated and subtle. For

this thesis IR divergences will not play a signficant role - and instead we focus on UV divergences,

which are treated by renormalisation. When utilising bare perturbation theory, UV divergences

appear generically for nearly all operators2 in QCD and HQET. As an example, consider a four-

quark operator in HQET of the form (QΓLq)(qΓRQ), where ΓL,ΓR are spin-color matrices. These

operators will become important later in the discussion of Spectator Effects in Chapters 3 and 4.

For now, all that will be used about the heavy quark field is that its bare propagator takes the

form derived in Eq. (1.10), the details of the renormalisation of HQET is covered in more detail in

Sec. 2.1.2. For this four-quark operator, there are six different O(αS) diagrams to compute for it’s

momentum-space Green’s function, shown in Fig. 2.1.

As an example of where UV-divergences can arise when doing bare 4-dimensional perturbation

1Even if this procedure was possible, there remains the intrinsic issue that the perturbative series is expected to

be asymptotic (not convergent) [2]. Attempting to Borel resum this series for a given physical quantity, in general

one finds a discrete series of poles - some of which correspond to instanton effects (which approximately enter as a

contribution like e−SI ∼ e− 1
αS where SI is the action of the instanton), and some of which correspond to renormalon

effects [3]. Modern research into Resurgence Theory (see Ref. [4] and references contained within) offers a glimpse

of a dream that perturbative asymptotic series contain enough information to reconstruct the full nonperturbative

effects; however this program has not yet yielded a solution of nonperturbative QCD.
2Except those associated to a conserved current.
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Figure 2.1: Tree level and O(αS) diagrams needed for renormalising the four-quark op-

erators of interest. Diagrams (b) - (g) are understood to have the same external quark

momenta and color-spin indices as shown in the tree-level diagram (a), where latin in-

dices a, b, c, d are color indices and greek indices α,β,ρ, δ are spin indices. Double-lines

represent static heavy quark propagators.

theory, consider diagram (g):

iMabcd
αβγδ =� d4k(2π)4 −i

k2 + iϵ �1 + /v2 ΓL
i(/p − /k) + iϵ(igγµTA)�bd

βδ

�(igγµTA) i(/p − /k) + iϵΓR
1 + /v
2

�ca
γα

= − ig2 � d4k(2π)4 k
µkν

k6
�1 + /v

2
ΓLγ

µγρTA�bd
βδ
�TAγργνΓR

1 + /v
2

�ca
γα
+O �p2

k2
� (2.1)

To simplify the expression and isolate only the UV-structure, the integral has been expanded in
p2

k2 as it is being investigated in the limit that k → ∞. Once all the spin-colour structure has been

removed, this simplified integral has the form:

� d4k(2π)4 k
µkν

k6
= gµν

4
� d4k(2π)4 1

k4
= gµν

4

4
3
π(2π)4 lim

ΛIR→0,ΛUV→∞�
ΛUV

ΛIR

dk
1

k
(2.2)

which logarithmically diverges as the UV-cutoff ΛUV → ∞. Note that one of the tricks used in

deriving Eq. (2.2) is that with no external scales available in the integral, the only available tensors
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for the integral to be proportional to is the metric tensor gµν . Also, note that the momentum scale

p in Fig. 2.1 regulates the infrared divergence as ΛIR → 0 (in other words, p plays the role of the

infrared cutoff ΛIR for these Greens-function calculations). As such, the IR divergences have been

left out, and there is a remnant UV-divergence from the diagram. Even though this analysis was

only performed on one of the diagrams appearing in Fig. 2.1, after summing over all the diagrams

there is a residual UV-divergence.

One particular regulator for these divergences is the dimensional regulator, which analytically

continues the dimension of spacetime from d = 4 to an arbitrary complex parameter d. Heuristically,

logarithmic divergences will show up as simple poles at d = 4, and power divergences (which make

an appearance later in this chapter) will appear as poles at integer values of d < 4. To formalise

the procedure of dimensional regularisation, first we will discuss the dimensional regularization of

scalar functions, ∫ ddk(2π)d f(k). The function f(k) may also depend on some external (fixed) momenta

p1,⋯, pn, some of which may live in d = 4, some of which may be other loop momenta that live in

a continuous-valued dimension. A common prescription is that all d-dimensional momenta such as

k lives in the infinite dimensional vector space, where the first 4 dimensions are the same subspace

as the external momenta. Then, a parallel subspace (denoted k∣∣) that is spanned by the pi (of

dimension d0) and a perpendicular complement (denoted k⊥) can be defined. The dimensionally

regulated integral is defined by [5]:

� ddkf(k) ∶=� ∞
−∞ dd0k∣∣ � ∞

−∞ dd−d0k⊥ f(k∣∣, k⊥)
=� ∞
−∞ dd0k∣∣ � ∞

0
dk⊥ 2π

(d−d0)/2
Γ �d−d0

2
� kd−d0−1⊥ f(k∣∣, k⊥). (2.3)

If this integral is defined for some finite d, then it is defined for all d by analytic continuation in d

(meromorphic continuations are unique). If the integral happens to not be defined for any d due to

the presence of both IR and UV divergences, the function can be split up and analysed separately,

which will be shown in the examples section. An important relation that can be used to simplify

integrals is integration by parts, which asserts that ∫ ddk∂f(k)/∂k = 0. To extract recurrence

relations, one can apply the operator ∂k ⋅ p to integrals, where p can be an external momenta, but

may also be k itself.

When dimensionally regulating, it is important to note that the whole theory has been analyti-

cally continued to be d-dimensional. For example the QCD action is modified to:

S = � ddx�−1
4
FµνF

µν + ψ(i(∂µ + iµ 4−d
2 gAµ)γµ −m)ψ� (2.4)

where a mass-dimension 1 parameter µ has been introduced to absorb the dimensions of g, which is

traditionally kept dimensionless. The field dimensions of the various parameters are modified to be:

[∂µ] = 1, [Aµ] = d − 2

2
, [ψ] = d − 1

2
, [g] = 1. (2.5)
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Thus, the bare momentum integral Eq. (2.2) becomes:

g2 � d4k(2π)4 1

k4
↦ µ4−dg2 � ddk(2π)d 1

k4
(2.6)

In formal dimensional regularisation, this integral is zero. The reason is that it is scale-less (involves

no external scales) - by dimensional analysis Eq. (2.2) must scale as µ4−dΛd−4 for some mass scale

Λ, however there are no such scale available. So for d ≠ 4 the integral is zero, and by analytic

continuation must also be zero at d = 4.
However, recall that the integrand actually contains overlapping IR and UV divergences, where

the IR divergences are regulated by external momenta. To focus just on the UV divergences, the

integral can be split up as follows:

i� ddk(2π)d 1

k4
= i� ddkE(2π)d θ(k

2 < Λ2
IR)

k4
+ i� ddkE(2π)d θ(k

2 > Λ2
UV)

k4
+ finite

= i

8π2ϵ
�Λd−4

UV −Λd−4
IR �⎛⎝ 2�π�/2

Γ �2 − �
2
�⎞⎠ + finite =(UV) i

8π2ϵUV
+ i

16π2
�ln�4πe−γE

Λ2
UV

�� + finite
(2.7)

where d = 4 − ϵ3, and in the final equality only the piece that diverges due to UV-divergences has

been written explicitly (ϵUV has been decorated with a subscript to emphasize this point). Thus

correlation functions of bare operators in QFTs will have divergences which can be regulated by

dimensional regularisation, and will manifest as poles in powers of 1
�UV

.

2.1.2 Static Heavy Quarks

For hadrons containing a heavy quark Q (Q = c, b), the heavy quark mass is much larger than

the scale of QCD-dynamics mQ ≫ ΛQCD. In the rest frame of the heavy hadron the heavy quark

is approximately at rest, and interactions with the light degrees of freedom induces changes in

momentum of the order of ΛQCD. In the infinite mass limit, the heavy quark becomes a nonrelativistic

object and the complications of systems such as heavy-light mesons such as the B-meson are due

to the light degrees of freedom, dubbed ‘brown muck’ by Nathan Isgur [6]. To demonstrate that

the leading order position-space propagator of HQET is static in space, a d-dimensional Fourier

transform is needed. As a reminder, the momentum space static propagator is given by:

⟨Q(0)Q(k)⟩ = i

v ⋅ k + iϵ �1 + /v2 � (2.8)

To leading order, the projector P+ = 1+/v
2

projects onto the particle degrees of freedom in the sense

that attaching antiparticle-like spinors will give zero when multiplying this projector. To derive the

corresponding propagator in position space, the +iϵ factor will be important for keeping track of

the time-ordering. In the general case where v = (√1 + v⃗2, v⃗) is timelike and the momentum space

propagator is raised to the n-th power, a Fourier transform to position-space can be calculated as:

3Note that some conventions use d = 4 − 2� instead.
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D−1H (x;n) ∶= � ddk(2π)d � 1

v ⋅ k + iϵ�
n

e−ik⋅x = � dk′dd−1k⊥(2π)d � 1

v0k′ + iϵ�
n

e
−ik′t−k⃗⋅�t v⃗

v0
−x⃗�

= δd−1 �x⃗ − v⃗t√
1 + v⃗2 �� dk′

2π

e−ik′t(v0k′ + iϵ)n
(2.9)

where the change of variables k′ = k0 − v⃗⋅k⃗√
1+v⃗2

was performed, which does not give any jacobian

factor. Note that if t < 0, then the function is suppressed in the upper half plane. The red contour

n the figure below can then be closed in the upper-half plane and the resulting integral is zero (no

residue).

k′

If however t > 0 the integrand is suppressed in the lower half plane, and closing the contour in

the lower half plane picks up the residue from the pole at k′ = 0. The integral is thus evaluated as:

D−1H (x;n) = δd−1 �x⃗ − v⃗t√
1 + v⃗2 � (−i)

ntn−1
Γ(n)vn0 θ(t > 0) (2.10)

In the approach above, themQ →∞ limit was taken in momentum space, before Fourier transforming

to position-space. Performing the procedure the other way around is not as straightforward - as the

position space propagator only converges to the static δ function in a distributional sense. For much

of this thesis, v = (1,0,0,0) will be chosen to be purely timelike, in which case the n = 1 case recovers

the usual position-space heavy-quark propagator:

⟨T{Q(y)Q(x)}⟩ = −δd−1(x⃗ − y⃗)1 + /v
2

θ(y0 > x0). (2.11)

For completeness, the analogous Fourier transform for a power of a massive scalar propagator

can be calculated as:

D−1S (x;n) ∶= � ddp(2π)d eipx(p2 + iϵ)n = iΓ(d
2
− n)

eiπ
d
2 4nπ

d
2Γ(n)(x2 − iϵ)n− d

2 . (2.12)

The position-space propagator for a massless fermion can be derived from Eq. (2.12) by differentiating
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p
k

p

�

k

Figure 2.2: The two diagrams needed for O(αS) renormalisation of the static field

renormalisation, and the static-light bilinear operator renormalisation.

against x:

D−1L (x) ∶= ⟨T{ψ(0)ψ(x)}⟩ = � ddp(2π)4 i(/p +m)
p2 −m2 + iϵeipx = −i /∂(x)� ddp(2π)4 i

p2 + iϵeipx
= iΓ(d

2
)

2eiπ
d
2 π

d
2

−/x(x2 − iϵ) d
2

=d=4 i

2π2
� −/x(x2 − iϵ)2 �

(2.13)

At O(αS), divergences start appearing in static HQET due to UV divergences appearing in loop

integrals. For example, the interacting heavy-quark propagator has a diagram where it has been

dressed by a gluon, as shown on the left of Fig. 2.2. Operators such as (QΓq) where q is a massless

quark, and Γ is an arbitrary spin matrix, also have O(αS) divergences associated with the right

diagram of Fig. 2.2. The left diagram has the following expression:

iMQ = µ4−d � ddk(2π)d −i
k2 + iϵ(igvµTA)1 + /v

2

i

v ⋅ (p − k) + iϵ 1 + /v2 (igvµTA)1 + /v
2

= −CF g
2µ4−d � ddk(2π)d 1(k2 + iϵ)(v ⋅ (p − k) + iϵ) 1 + /v2

(2.14)

where CF is the fundamental casimir (reviewed in Appendix B.0.1). The right diagram has the

following expression:

iMQΓq = µ4−d � ddk(2π)d (igγµTA) i/k + /p + iϵΓµ i

v ⋅ (k + p) + iϵ(igvµTA)1 + /v
2

−i
k2 + iϵ

= −ig2µ4−dCF � ddk(2π)d 1(k2 + iϵ)(k + p + iϵ)2Γµ 1 + /v
2

(2.15)

The general strategy used in this thesis to solve these (and more complicated) loop calculations is

to use integration-by-parts relations to relate the integral of interest to base cases known as ‘master

integrals’, and solve those by hand. For Eq. (2.14), the master integral is defined as:

IHL(n1, n2) ∶= (−v ⋅ p)d−n1−2n2IHL(n1, n2) = � ddk(2π)d 1(v ⋅ (k + p) + iϵ)n1(−k2 − iϵ)n2
, (2.16)

where the HL subscript is a rough notation to denote that the integral has a heavy-type propagator

and a light-type propagator, and IHL has the leading dimensionful parameters removed. These

32



notations follow Ref. [7] closely. This integral can be computed by Fourier transforming the relevant

propagators into position-space, and using the formulas already derived:

IHL(n1, n2) =� ddk(2π)d 1(v ⋅ (k + p) + iϵ)n1(k2 + iϵ)n2

=� ddk1d
dk2(2π)2d � 1

v ⋅ k1 + iϵ�
n1 � 1

k22 + iϵ�
n2

δd(k1 − p − k2)
=� ddk1d

dk2(2π)2d �� ddx1e
−ik1x1 � ddk̃1(2π)d eik̃1x1 � 1

v ⋅ k̃1 + iϵ�
n1�×

�� ddx2e
−ik2x2 � ddk̃2(2π)d eik̃2x2 � 1

k̃22 + iϵ�
n2� δd(k1 − p − k2).

(2.17)

Using the Fourier transform of powers of the scalar propagator calculated in Eq. (2.12), the outside

integral can be performed with respect to k1, k2 against the phase and delta functions to see that:

� ddk1d
dk2(2π)2d e−ik1x1e−ik2x2δd(k1 − p − k2) = e−ipx1δd(x1 + x2). (2.18)

Relabelling x ∶= x1 and integrating out x2 against the delta function:

� ddxeipx �(−1)n1i2−2n1Γ(d
2
− n1)

π
d
2Γ(n1) (−x2 + iϵ)n1− d

2 ��−δd−1(x⊥) in2(−x0)n2−1
Γ(n2) θ(x0 > 0)�

= (v ⋅ p)d−2n1−n2
(−1)n1+di2d−2n1

(4π)d/2 Γ(2n1 + n2 − d)Γ(d
2
− n1)

Γ(n1)Γ(n2)
(2.19)

which gives the result:

IHL(n1, n2) = i2d−2n2(−1)−n1−n2

(4π)d/2 Γ(2n2 + n1 − d)Γ(d
2
− n2)

Γ(n1)Γ(n2) (−v ⋅ p)d−2n2−n1 . (2.20)

For example, for d = 4 − ϵ and small n1, n2, the master integral simplifies to the expressions:

IHL(2,1) = � ddk(2π)d 1(v ⋅ (k + p))2k2 = −i
4π2ϵ

− i

8π2
(ln(πe−γE) − 2 ln (−v ⋅ p)))

IHL(1,1) = � ddk(2π)d 1(v ⋅ (k + p))k2 = (−v ⋅ p) ⋅ � −i
4π2ϵ

− i

8π2
(2 + ln(πe−γE) − 2 ln(−v ⋅ p))� (2.21)

The light-light master integral calculation can be done similarly:

ILL(n1, n2) = (−p2) d
2−n1−n2ILL(n1, n2) = � ddk(2π)d 1(k2 + iϵ)n1((k + p)2 + iϵ)n2

ILL(n1, n2) = Γ(d
2
− n1)Γ(d2 − n2)Γ(−d + 2n1 + 2n2)

22n1+2n2π
d
2Γ(n1)Γ(n2) (2.22)

The integrals IHL, ILL are used as base cases for more complicated master integrals calculated in

Chapter 3. This result can be now be used to calculate the divergences appearing in the two diagrams
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appearing in Fig. 2.2:

iMQ = i(v ⋅ p)�−CFαS

πϵ
− CFαS

2π
�2 + ln�πe−γEµ2

(−v ⋅ p)2 ��� 1 + /v
2

(2.23)

iMQΓq = �CFαS

2πϵ
+ CFαS

4π
�2 + ln�4πe−γEµ2

−p2 ���Γµ 1 + /v
2

(2.24)

The renormalisation procedure is the procedure of adding counterterms to the theory to cancel

these divergences, such that all correlation functions of the remaining, renormalised fields are finite.

For the heavy quark field renormalisation, define the wavefunction renormalization ZQ such that

Q(0) =�ZQQ
MS, where the MS (Minimal Subtraction) scheme is constructed such that counterterms

cancel only the 1
�n

poles, and the superscript (0) refers to the bare heavy quark field. Then,

examining Eq. (2.23) the wavefunction renormalisation is given to O(αS) as:
ZMS
Q = 1 + CFαS

πϵ
+O(α2

S) (2.25)

Many, but not all, one-loop momentum-space integrals come with factor of ln (4πe−γE) directly

proportional to 1
2
of the 1

�
pole. It is common to use a modified Minimal Subtraction scheme known

as MS which relabels the µ parameter as:

(µ2)MS = 4πe−γEµ2 (2.26)

which has the effect of cancelling these finite logarithmic pieces.

The divergences appearing in the heavy-light operator are not just an addition of the divergences

from each of the bare fields that make it up, there are additional UV divergences when operators are

placed on top of each other. To clarify this difference, the notation φR
1 φ

R
2 will be used for a product

of two fields φ1,φ2 renormalised in some scheme R, whereas the notation (φ1φ2)R denotes the

composite operator renormalised in the scheme R. For the renormalisation of composite operators,

there are various conventions that are used. Unless otherwise specified, the convention used in this

thesis (‘operator renormalisation’) is that ZRO(0) = OR where R is an arbitrary renormalisation

scheme, to be consistent with Ref. [8]. In the literature, it is commonly written the other way

around, as O(0) = ZROR. It is also sometimes written such that the renormalisation constants of

the fields have been factored out (‘coefficient renormalisation’), so that for the heavy-light operator

Q
(0)

Γq(0) = ZR
QΓq

Q
R
ΓqR. Using the operator renormalisation convention:

OMS
QΓq
= ZQΓqQ

(0)
Γq0 = ZQΓq

�
ZQZ2 Q

MS
ΓµqMS = �1 + 1

2
δQ + 1

2
δ2 + δQΓq +O(α2

S)�QMS
ΓµqMS

(2.27)

where ZX is expanded as 1+δX for anyX, and where δ2 = −CFαS

2π�
is the wavefunction renormalisation

of the massless quark field. Such a decomposition is needed because iMQΓq was computed with

amputated external quark lines, equivalently it was computed with all fields being renormalised.

Using this relation, the operator renormalisation can be derived as:

ZQΓq = 1 − 3CFαS

4πϵ
+O(α2

S). (2.28)
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2.1.3 Infinite-dimensional representations of the d-dimensional Clif-

ford Algebra

Some text in this subsection reproduced with coauthors’ permission from Ref. [8].

Along with specifying a procedure for analytically continuing the momentum integrals to d-dimensions,

similar continuations must be chosen for the other objects appearing in typical calculations. In any

QFT calculation involving fermions, fermion loops come with associated traces of strings of Dirac

matrices which must be consistently treated. There are various different schemes suited to different

purposes. The simplest kind of regularisation is to require the γ-matrices to satisfy

{γµ,γν} = 2gµν , gµµ = d, Trd(�) = 4 (2.29)

The base case Trd(�) = 4 is the conventional choice used in most calculations involving dimensional

regularisation, but this condition can be changed, for instance to Trd(�) = 2
d
2 . This latter choice

may seem more natural given that in even spacetime dimensions d, the standard representation

of the Clifford Algebra has dimension 2
d
2 . However, such modifications to the base case do not

affect the renormalisation procedure in any meaningful way, and simply amount to a shift in the

renormalisation constants [5].

Note that since all momenta formally live in an infinite-dimensional space due to the dimensional

regularisation procedure, finding a representation of the defining equations Eq. (2.29) requires an

infinite-dimensional space as well. An explicit construction provided in Ref. [5] for the Minkowski-

signature gamma matrices is to make the following inductive definitions: (up to a trivial reordering

that enforces (γµ)T = (−1)µγµ)

1) Define:

γ0(1) ∶=
⎡⎢⎢⎢⎢⎣
1 0

0 −1
⎤⎥⎥⎥⎥⎦ , γ1(1) ∶=

⎡⎢⎢⎢⎢⎣
0 1−1 0

⎤⎥⎥⎥⎥⎦ . (2.30)

2) For any positive integer ω ∈ Z≥1, define:
γ̂(ω) ∶= iω−1γ0(ω)⋯γ2ω−1(ω) , (2.31)

γµ(ω+1) ∶=
⎡⎢⎢⎢⎢⎣
γµ(ω) 0

0 γµ(ω)
⎤⎥⎥⎥⎥⎦ for 0 ≤ µ < 2ω, (2.32)

γ2ω(ω+1) ∶=
⎡⎢⎢⎢⎢⎣

0 iγ̂(ω)
iγ̂(ω) 0

⎤⎥⎥⎥⎥⎦ , γ2ω+1(ω+1) ∶=
⎡⎢⎢⎢⎢⎣

0 γ̂ω−γ̂(ω) 0

⎤⎥⎥⎥⎥⎦ . (2.33)

3) The infinite-dimensional γ-matrices are defined by block-diagonal copies of the finite-dimensional

construction, so that for µ ∈ Z≥0, choosing any ω ≥ ⌊µ
2
⌋ + 1,

γµ ∶=
⎡⎢⎢⎢⎢⎢⎢⎢⎣
γµ(ω)

γµ(ω) ⋱
⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (2.34)
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The γ matrices defined here satisfy

{γµ,γν} = 2gµν , γ†
µ = γ0γµγ0, (2.35)

where the metric is written in the mostly-negative convention, gµν = diag(+1,−1,−1,⋯). Note that

the γ5 constructed by the inductive process above does not refer to the chiral γch.
5 (which for this

subsection only has a superscript of ch. to distinguish it), and is simply a part of the infinite-

dimensional representation of the d-dimensional Clifford algebra. Euclidean γ-matrices are obtained

by defining γE
0 ∶= γ0,γE

i ∶= −iγi such that {γE
µ ,γE

ν } = 2δµν .
There are two additional complications to discuss, the appropriate analytic continuation of the

charge operator C, and a continuation of the chiral γch.
5 . First we deal with C, as a treatment is

needed even for vector-like theories like QCD. Having explicit charge matrices C will be useful later,

as charge-conjugation matrices C are used in the construction of the baryonic operators such as

ϵabc[qaTCΓqb]Qc (where Γ is a Dirac matrix). It is natural to assume that the defining relation

in 4-dimensions, CγµC
−1 = −γT

µ , also holds in dimensional regularization. However, to my knowl-

edge, an explicit charge-conjugation matrix satisfying the defining relations for an explicit basis of

infinite-dimensional γ-matrices had not been constructed previously in the literature for dimensional

regularization until our work in Ref. [8] (a construction was presented for dimensional reduction in

Ref. [9]). The explicit construction presented below demonstrates that enforcing CγµC
−1 = −γT

µ

does not lead to inconsistencies in Dirac traces. This is in contrast to naively enforcing the anticom-

muting relation {γch.
5 ,γµ} = 0, which leads to inconsistencies in certain Dirac traces as shown later

in this section.

With the inductive construction defined in Eqs. (2.30) to (2.34), no finite product of γ matrices

will satisfy the charge-conjugation matrix condition CγµC
−1 = −γT

µ . Modifying the basis of γ-

matrices by eliminating γ4,γ6,γ8 . . . from the basis, such that the new basis γ̃µ is given by the

relabelling {γ̃0, γ̃1, γ̃2, γ̃3, γ̃4, γ̃5, γ̃6,⋯},= {γ0,γ1,γ2,γ3,γ5,γ7,γ9,⋯} (2.36)

a charge-conjugation matrix can be defined. These γ̃ matrices still satisfy Eq. (2.35), but now we

can define C = iγ̃0γ̃2, which satisfies

Cγ̃T
µC

−1 = −γ̃T
µ , C−1 = CT = C† = −C. (2.37)

Similarly, one might attempt to naively enforce the 4-dimensional identity {γch.
5 ,γµ} = 0 to create

a d-dimensional γch.
5 . This is known as Naive Dimensional Regularisation (NDR), but this famously

leads to inconsistencies. To see this, assume that you could construct such a γch.
5 , and consider the

following set of identities:

Trd �γch.
5 γαγβγµγν� = 1

d
Trd �γch.

5 γαγβγµγνγλγλ� = 8 − d

d
Trd �γch.

5 γαγβγµγν� (2.38)

where importantly, trace-cyclicity has been used. By analytic continuation in d, Eq. (2.38) im-

plies that Trd �γch.
5 γαγβγµγν� = 0, but it is known by explicit computation that in 4-dimensions

Tr4 �γch.
5 γαγβγµγν� = 4iϵαβµν where ϵαβµν is the Levi-civita tensor, hence there is a contradiction.
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Figure 2.3: Schematic drawing of a correction to a bilinear current qΓq. Such correc-

tions do not give rise to any evanescent operators, as the Dirac structure associated

to radiative corrections can be simplified.

To solve this problem, the ’t Hooft-Veltman (HV) scheme [10] proposes to set γch.
5 ∶= iγ0γ1γ2γ3

(in Minkowski signature), which has been shown to be internally consistent (and consistent with

the definition of C above, as Cγch.
5 C−1 = γch.

5 ) This explicitly breaks d-dimensional (SO(d − 1,1))
covariance, and causes the first four-dimensions to become ‘special’. In practical calculations, using

the HV scheme requires all d-dimensional quantities (momenta, γ-matrices, spinors, etc.) to be split

into their four-dimensional, and (d− 4) dimensional components, which are then treated separately.

Aside from NDR and HV, there are many other schemes each with their own benefits and quirks

[11] - however this thesis will primarily use the HV scheme for γch.
5 regularisation.

2.1.4 Evanescent Operators

Depending on the UV-regulator used, additional spurious operators can emerge that mix with physi-

cal operators, but vanish as the regulator is removed. These operators are known as evanescent oper-

ators, though this name is mainly used to refer to the operators appearing due to the d-dimensional

Dirac structure introduced in dimensional regularisation4. In vector-like theories such as QCD

(where no γ5 insertions will be considered), there are no bilinear evanescent operators because any

diagram contributing to the green’s function involving a bilinear current ψΓψ such as shown in

Fig. 2.3 takes the form of ψΓ1ΓΓ2ψ, where Γ1,Γ2 are strings of Dirac matrices with all their indices

contracted. Such strings can however be simplified by repeated use of the defining anticommutation

relations, implying that bilinear operators are multiplicatively renormalisable.

Evanescent operators generically occur for four-quark operators of the form (ψΓLψ)(ψΓRψ), due
to the breakdown of four-dimensional Fierz identities that would allow one to simplify expressions

such as (ψγµΓ1ψ)(ψγµΓ2ψ). An example of particular importance for Chapter 3 are four-quark

4In some older references, these operators were also known as ‘effervescent’ operators [12]. In a sense, one can also

consider higher-dimensional ‘lattice artifacts’ appearing in a Symanzik Effective theory[13] to be evanescent operators,

though this terminology seems to never be used in the literature.
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Figure 2.4: The one-loop diagram in Minkowski space for the ΔQ = 0 operators that

generates the evanescent structures shown in Eq. (2.40). The indices a, b, c, d are

combined Dirac-color indices.

operators appearing in the operator-product-expansion for b-hadron lifetimes:

Of
1 ∶= (QγµPLqf)(qfγµPLQ), Of

2 ∶= (QPLqf)(qfPRQ),
Of

3 ∶= (QγµPLT
Aqf)(qfγµPLT

AQ), Of
4 ∶= (QPLT

Aqf)(qfPRT
AQ), (2.39)

where {PL, PR} = {1−γ5

2
, 1+γ5

2
} are left/right handed projectors, TA are colour matrices as reviewed

in Appendix B.0.1, and the adjoint A index is summed over. By one-loop diagrams such as shown

in Fig. 2.4, evanescent operators are generated with the structures:

E1 ∶= (QγµPLγαγβq)(qγβγαγµPLQ) − 4O1,

E2 ∶= (QPLγαγβq)(qγβγαPRQ) − 4O2,

E3 ∶= (QγµPLγαγβT
Aq)(qγβγαγµPLT

AQ) − 4O3,

E4 ∶= (QPLγαγβT
Aq)(qγβγαPRT

AQ) − 4O4. (2.40)

Note that these operators are chosen such that in the naive d→ 4 limit, each of the Ei vanishes due

to four-dimensional Fierz identities. Even though evanescent operators naively vanish in d = 4, they
have consequences for practical calculations. For example, different choices of bases for evanescent

operators give rise to finite shifts in renormalised MS matrix elements, and give rise to different

anomalous dimensions (at two-loop order) [14].

To see this in action, consider the infinite-dimensional vector space V given by all four-quark oper-

ators of the form (ψf1ΓLψf2)(ψf3ΓRψf4) for fixed but not necessarily distinct flavours f1, f2, f3, f4

and arbitrary spin-colour matrix ΓL,ΓR. It is assumed that all operators in V have the same

quantum numbers, hence mix under renormalization. This space has a natural decomposition

V = V0 ⊕ V1 ⊕ V2 . . . where V0 are physical operators, and evanescent operators in Vn first ap-

pear at n-loop order.Computing the renormalization of these operators requires calculating the bare

(unamputated) Green’s functions with some fixed external kinematics (represnted by ⟨⋅⟩):
⟨Vm⟩(0) = �

m,i∈Z≥0 �j∈Z bm,n,i,j
(αMS

S )i
ϵj

⟨Vn⟩(Tree) (2.41)
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...

Figure 2.5: Example of operators that appear in decomposition of the total space

(V0 ⊕ V1 ⊕ V2 . . . ) of four-quark operators.

5where (0) refers to the bare Green’s function, (Tree) refers to the tree-level evaluation, and bm,n,i,j

are coefficients. For the above formula and what follows in this section, we will consider a simple

situation where dim(Vn) = 1 for all n, so that the operators are multiplicatively renormalizable up

to mixing with evanescent operators. In this case, bm,n,i,j are fixed real numbers, if operator mixing

is allowed then these coefficients are promoted to matrices. MS renormalization usually simply

dictates that the 1
�n

poles are removed by the renormalization constants, such that at O(αS) the
renormalization condition is given by:

⎛⎝V
(0)
0

V
(0)
1

⎞⎠ =
⎡⎢⎢⎢⎢⎣� +

αS

ϵ

⎛⎝b0,0,1,−1 b0,1,1,−1
0 b1,1,1,−1

⎞⎠
⎤⎥⎥⎥⎥⎦
⎛⎝V
(MS)
0

V
(MS)
1

⎞⎠ (2.42)

where only the mixing between V0 and V1 has been shown. However, this renormalization condition

is slightly undesirable because the MS-renormalized evanescent operator can have a finite residual

matrix element in the limit that d→ 4:

⟨V (MS)
1 ⟩ = αSb1,0,1,0⟨V0⟩Tree (2.43)

The origin of this b1,0,1,0 term comes from an αS

�
loop integral contribution cancelling the O(ϵ)

nature of the Dirac structure of V1. When mixing with evanescent operators, the MS scheme is

extended to require that the renormalized evanescent operators satisfy ⟨V (MS)
n ⟩ = 0 as d → 4. This

has multiple effects:

5Note that the perturbative expansion parameter is usually written as αS
4π

; here it is shortened to αS simply

because the numerical factors do not matter.
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● Enforcing that renormalized evanescent operators at a scale µ are zero enforces that they are

zero at all scales.

● Regularization-independent renormalization schemes such as RI-MOM schemes or X-space

schemes used to connect continuum operators with those used in lattice-regularisations require

setting renormalized evanescent contributions to zero, as they only contribute on the continuum

side of the matching and have no corresponding operator in the lattice regulator.

The renormalization matrix is thus modified as:

⎛⎝V
(0)
0

V
(0)
1

⎞⎠ =
⎡⎢⎢⎢⎢⎣� +

αS

ϵ

⎛⎝b0,0,1,−1 b0,1,1,−1
ϵb1,0,1,0 b1,1,1,−1

⎞⎠
⎤⎥⎥⎥⎥⎦
⎛⎝V
(MS)
0

V
(MS)
1

⎞⎠ (2.44)

Notice however that there is a freedom to redefine what the bare evanescent operators are, given by

a redefinition:

V
(0)
1

′ = V (0)1 + aϵV (0)0 (2.45)

for an arbitrary real constant a. The new V ′1 operator still naively vanishes as d → 4, and is still

generated at one-loop order. However, introducing this shift introduces a shift of the renormalization

matrix: ⎛⎝V
(0)
0

V
(0)
1

′⎞⎠ =
⎡⎢⎢⎢⎢⎣� +

αS

ϵ

⎛⎝ b0,0,1,−1 b0,1,1,−1
ϵ(a + b1,0,1,0) b1,1,1,−1

⎞⎠
⎤⎥⎥⎥⎥⎦
⎛⎜⎝
V
(MS)
0

′

V
(MS)
1

′
⎞⎟⎠ (2.46)

which crucially introduces a shift of the renormalized physical operators:

⟨V (MS)
0

′⟩ = ⟨V (MS)
0 ⟩ − αSb0,1,1,−1a⟨V0⟩Tree (2.47)

Thus, the choice of evanescent operators influences the physical matrix elements. In the following

sections involving four-quark operators mixing with evanescent operators, an explicit basis will

always be chosen so as to resolve this ambiguity.

2.1.5 Dirac traces and the Tutte polynomial

Some text in this subsection reproduced from my work Ref. [1].

The fact that the ’t Hooft-Veltman prescription of dimensional regularisation gives a self-consistent

regulator which can be proven to renormalize the standard model to all orders is truly miraculous.

One small part of the mystery is the regularisation of Dirac Traces - the explicit construction pre-

sented in Sec. 2.1.3 provides a formalisation of the system, and yet does not provide much intuition

of ‘what is actually happening’. One might wonder if there is a different, more geometric explanation

for what the dimensional regulator actually does to Dirac Traces. The main observation made in

Ref. [1] is that the defining relations for gamma matrices in d-dimensions given in Eq. (2.29) can

be formulated as a ‘deletion-contraction relation’ on an appropriately constructed graph, relating

the value of Trd on one graph to its value on a graph where an edge has been deleted, and a graph
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where the same edge has been contracted. Such a recurrence relation is very common among poly-

nomial graph invariants, and was initially observed for the chromatic polynomial [15] and number

of spanning trees [16]. This was later generalised to a two-variable polynomial known as the Tutte

polynomial [17], which contains many other graph invariants which satisfy deletion-contraction rela-

tions as special cases (as shown in Fig. 2.6) such as the reliability polynomial [18], Jones polynomial

of alternating knots represented as graphs [19], and the partition function of the q-state Potts models

[20] (q = 2,3 shown on Fig. 2.6).

All the formal statements of the theorems and their proofs are relegated to Appendix A, this

subsection contains only a review of the main results. The main theorem I derived in Ref [1] relates

the d-dimensional trace of a string of Dirac matrices contracted in an arbitrary way to an evaluation

of the Tutte polynomial of a corresponding graph along the line y = −1, as depicted in Fig. 2.6.

Theorem A.1.0.8 (reworded). Suppose the 2n-ple x = (x1, x2, . . . , x2n) contains the integers 1, . . . , n
each repeated twice in some order. Then

Trd(γµx1
⋯γµx2n

) = 4(−1)∣E∣(−2)n−c(Gr(x)) d c(Gr(x)) T �Gr(x); 1 − d
2
,−1� (2.48)

where if x1, . . . , x2n are placed in order around the circumference of a circle, with straight chords

connecting the repeated integers, then Gr(x) is the graph with a vertex for each chord and an edge

connecting pairs of chords that intersect, c(Gr(x)) is the number of connected components of Gr(x),∣E∣ is the number of edges of Gr(x), and T (Gr(x);x, y) is the Tutte polynomial of Gr(x) in the

variables x and y.

Specialising to d = 4, the 4-dimensional trace operation Tr4 corresponds to evaluations of the

Tutte polynomial at (x, y) = (−1,−1). As it turns out, this is a special point in the Tutte plane, and

corresponds to evaluations of the bicycle number [21] (reviewed in Appendix A.1):

Theorem A.1.0.10 (reworded). Suppose the tuple x = (x1, x2, . . . , x2n) contains the integers 1, . . . , n
each repeated twice in some order. Then

Tr4(γµx1
⋯γµx2n

) = 4(−2)n+c(Gr(x))+dim(B(Gr(x))) (2.49)

where c(Gr(x)) is the number of connected components of Gr(x), and dim(B(Gr(x))) is the dimen-

sion of the bicycle space of Gr(x) .
Definitions and details of the proofs of these theorems are presented in Appendix A.1. As an

example application, in Quantum Electro-Dynamics (QED) with a single massless fermion, the two-

loop photon vacuum polarization (contracted against the metric tensor for simplicity) contains the
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Figure 2.6: Plot of the various restrictions of the Tutte polynomial T (x, y) in the

Tutte plane spanned by the two variables x and y. The dimensionally regulated trace

Trd arises from evaluations along the line y = −1, with the point (x, y) = (−1,−1)
corresponding to the four dimensional trace Tr4.

following diagram as one of the contributions:

k

k1

k2ν ν

= e4 Trd (γνγµ1γµ5γµ2γνγµ3γµ5γµ4)
×� ddk1d

dk2(2π)2d (k1 − k)µ1(k1 − k2 − k)µ2(k1 − k2)µ3kµ4

1(k1 − k)2(k1 − k2 − k)2(k1 − k2)2k21k22
(2.50)

where e is the electromagnetic charge. Eq. (2.48) can be used to compute the d-dimensional Dirac

traces required for the two-loop QED diagram shown in Eq. (2.50):

gµ1µ2gµ3µ4Trd (γνγµ1γµ5γµ2γνγµ3γµ5γµ4) = Trd ⎛⎝γα1
γα2

γα3
γα2γα1γα4

γα3γα4

⎞⎠

= Trd
⎛⎜⎜⎜⎜⎜⎝

●●
● ●●●●●1

2
3

2

1

4
3

4

⎞⎟⎟⎟⎟⎟⎠
= 32d T

⎛⎜⎜⎝
● ● ●●
1 2 4

3
; 1 − d

2
,−1⎞⎟⎟⎠ = −4d

4 + 24d3 − 48d2 + 32d (2.51)
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Figure 2.7: Average runtime (in seconds) of computing d-dimensional Dirac traces of

2n γ-matrices contracted randomly. Runtime in seconds is plotted on a log-scale using

various code packages available in Mathematica [27] (TRACER [22], FeynCalc [23, 24]

and FormTracer [25, 26]) averaged over 128 different examples for each n. The red

star datapoints labelled ‘Tutte’ refers to a naive implementation of Eq. (2.48) with

Mathematica’s inbuilt TuttePolynomial function.

gµ1µ3gµ2µ4Trd (γνγµ1γµ5γµ2γνγµ3γµ5γµ4) = Trd ⎛⎜⎝γα1
γα2

γα3
γα4

γα1γα2γα3γα4

⎞⎟⎠

= Trd
⎛⎜⎜⎜⎜⎜⎝

●●
● ●●●●●1

2
3

4

1

2
3

4

⎞⎟⎟⎟⎟⎟⎠
= −32d T

⎛⎜⎜⎝
●●●●
2

4

1

3

; 1 − d
2
,−1⎞⎟⎟⎠ = 4d

4 − 48d3 + 112d2 − 64d (2.52)

The third possible contraction gµ1µ4gµ2µ3 gives the same graph up to isomorphism as in Eq. (2.51).

Eqs. (2.51) and (2.52) can be verified by various computer-algebra codes available that perform

Dirac traces [22–26]. In Appendix A.2, the formulas traditionally used in these computer-algebra

codes to simplify traces of Dirac matrices are re-interpreted as relations on Tutte polynomials of

graphs. Furthermore, the relationship to Tutte polynomials also provides new relationships for Dirac

traces, which can provide computational benefits when calculating long traces. Comparisons between

different code packages capable of performing d-dimensional Dirac traces in Mathematica [27] and

computing the Dirac trace with the Tutte polynomial are shown in Fig. 2.7, where traces of strings of

Dirac matrices contracted randomly. The observed performance improvement by using specialised

Tutte polynomial algorithms suggests that rewriting Dirac traces as Tutte polynomials may be

computationally useful.

The complexity of computing Dirac traces is explored via the connection to Tutte polynomials
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in Appendix A.3, which also provides a review of the relevant complexity classes discussed in this

section. The problem of computing Trd on strings of 2n Dirac matrices contracted in some arbitrary

fashion is equivalent to the problem of computing the Tutte polynomial of circle graphs with n

vertices along the line y = −1 in the Tutte plane (where a circle graph is a graph obtained by

drawing straight chords on a common circle, with a vertex for each chord and an edge between

chords that intersect). In the more general case of evaluating the Tutte polynomial for arbitrary

graphs G, it is known for example that evaluating T (G; 1−n,0) for some n ∈ Z, n ≥ 4 is #P-complete

by parsimonious reduction from n-colouring to 3SAT [28]. By utilising some general interpolation

theorems proven in Ref. [28] a corollary is that evaluating T (G;x, y) along the line {y = −1} is also
#P-hard. It might be hoped that a similar strategy would apply to the restricted class of circle

graphs, and that Dirac traces are #P-hard to compute. In the case where G is restricted to circle

graphs, it is only known that evaluating T (G; 1 − n,0) for n ∈ Z, n ≥ 4 is NP-hard [29] (due to lack

of a parsimonious reduction), and we prove the statement:

Theorem A.3.0.9 (reworded). Let the class Circle∗ be the class of circle graphs and all k-

stretchings of circle graphs, where a k-stretched graph (for k ∈ N, k ≥ 2) is obtained by subdividing

each of the edges into k-segments. Computing {T (G;x,−1) ∶ x ∈ R} (expressed as a polynomial in

x) on Circle∗ is NP-hard.

This falls short of the goal of proving that dimensionally regulated Dirac traces are #P-hard to

compute, but the strategy may still be salvageable in future investigations. For the special case of

evaluating the 4-dimensional trace Tr4 however, this corresponds to evaluating T (G;−1,−1), which
happens to be an exceptional point in the Tutte plane, as there is a polynomial-time algorithm that

solves this problem:

Theorem A.3.0.10 (reworded). The bicycle number dim(B(G)) can be computed in polynomial

time by gaussian elimination, and the 4-dimensional trace is in FP.

where FP is the class of functions computable in polynomial time. Note that fixed-order perturbative

QFT calculations will only require the Dirac trace to some finite power of (d−4), in other words, the

taylor-series coefficients of the Tutte polynomial about the point (−1,−1) along the line y = −1. These
taylor-series coefficients might have graph theoretic interpretations that allow for polynomial-time

evaluations, but this is not explored in this work. Details, definitions and proofs of Theorems A.3.0.9

and A.3.0.10 are located in Appendix A.3. Finally, it is well understood that Dirac traces with open

(uncontracted) indices can be reduced to Dirac traces with all indices contracted. This allows for

products of Dirac traces to be computed, as well as traces including ’t Hooft Veltman γ5. As these

extensions mostly rely on connection to Tutte polynomials for single traces and other formulas known

in the literature, a brief perspective on this topic is presented in Appendix A.4.
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2.2 Lattice QCD

Two sources of divergences in Quantum Field Theory calculations are infrared and ultraviolet diver-

gences, associated with low and high energy cutoffs respectively. The conceptually simplest way to

regulate these divergences is to place hard cutoffs on both the IR and UV degrees of freedom, as is

suggested by the Wilsonian picture of renormalization [30]. As the regulator is removed, renormal-

ized correlation functions should converge ideally as smoothly as possible. To this end, it is crucial

to design regulators in a way to preserve as large a subgroup of the continuum symmetry-group as

possible.

Lattice-QCD is an approach to discretising either the full four-dimensional spacetime or just

three-dimensional space such that the infinitely many degrees of freedom present in the continuum

are truncated to only finitely many degrees of freedom in the regulated theory. When discretising the

full four-dimensional spacetime, the standard approach approximates the continuum Euclidean-time

path integral formulation of QCD with a finite dimensional path integral:

Z[T, a] = � DψDψDU exp[−Sgauge(U) + Sfermion(ψ,ψ, U)] (2.53)

where T is the temperature, a is the lattice spacing, fermionic matter fields ψ live on vertices of a

toroidal lattice, gauge degrees of freedom U ∈ SU(3) are represented by parallel transporters of the

SU(3) gauge group, DU represents the haar measure, and other parameters of the action (such as

the fermion masses, coefficients of improvement terms, etc.) have been suppressed. Discretisation

of the gauge action is discussed in Sec. 2.2.1, and discretisation of the fermion action (with an

emphasis on preservation of the continuum chiral symmetry) is discussed in Sec. 2.2.2. These

discretisations are predominantly considered in Euclidean spacetime for QCD as the resulting finite-

dimensional path integral weighting factor exp[−S(ψ,ψ, U)] is real, meaning that it can be treated

as a probability distribution which one can draw configurations from to calculate physical properties

of QCD. In practice, for any given choice of parameters a collection of configurations is drawn from

the probability distribution with Monte Carlo, and this collection is known as an ‘ensemble’. On

any given ensemble, correlation functions can be measured and fitted to extract physical quantities

such as the spectrum of the theory, matrix elements, decay rates, and more (see Sec. 4.2.3).

Alternatively, it is possible to only discretise space and leave the (Minkowski) time t continuous,

which is known as the Hamiltonian formulation of QCD. Investigating the real-time dynamics of

QCD becomes directly possible in this formulation, as opposed to attempting to analytically continue

Euclidean-time correlation functions to recover real-time information. This formulation comes with

its own difficulties: for example the exponentially large dimension of the Hilbert space as a function

of the volume of the lattice, and the need to truncate the Hilbert space associated with gauge links.

A review of the Hamiltonian formulation of Lattice-QCD is provided in Sec. 2.2.4.
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Spacetime Gauge Chiral Discrete

Continuum R4 ⋊O(4) {f ∣f ∶ R4 → g} {D,γ5} = 0 C,P

Hypercubic Lattice Z4
L ⋊H(4) GL4 {D,γ5} = aDγ5D C,P

Table 2.1: Overview of how different continuum symmetries are broken to their lattice

counterparts for Euclidean time QCD. The lattice is assumed to be length L in each

direction, R4 refers to both spacetime translations and the underlying space itself,

O(4) is the orthogonal group, H(4) is the hypercubic group, G is the gauge group,

a is the lattice spacing, and D is the Dirac operator (note that D is assumed to

satisfy the Ginsparg-Wilson equation, for further discussion of chiral symmetry, see

Sec. 2.2.2). The continuum gauge group is written as a collection of sufficiently nicely

behaved functions from Euclidean spacetime to the Lie Algebra g.

2.2.1 Wilson Gauge action

There are many different ways to discretise a continuum action. A standard choice used for Yang-

Mills gauge theories with gauge Lie group G is known as the Wilson gauge action, which for a

hypercubic lattice means introducing a G degree of freedom per link in the lattice, and using the

action:

SW = a4(g(0))2 �
x,µ,ν

−Tr �Uµ(x)Uν(x + aµ̂)U †
µ(x + aν̂)U †

ν(x)� (2.54)

where a is the lattice spacing, Uµ(x) = exp(ig(0)TA ∫ x+aµ̂
x dxµ A

(0)A
µ (y)) is the Wilson line (parallel

transporter) starting at the lattice vertex x and ending at the vertex shifted by one lattice unit

in the µ direction. The (0) superscript emphasizes that both the couplings and fields are bare.

Note that µ, ν are indepedently summed over from 1,⋯,4 which corresponds to summing over both

orientations of the plaquette, ensuring that the action is always real. The action can be expanded

in the continuum limit a→ 0 as:

SW = a8 �
x,µ,ν

1

4
FA
µν(x)FA

µν(x) + Sartifacts, FA
µν = ∂µAA

ν − ∂νA
A
µ + g0fABCAB

µA
C
ν (2.55)

where Sartifacts corresponds to operators with mass dimensions greater than 4 - these are irrelevant

operators in the continuum limit. Note that the form of the expansion can be predicted simply by

listing all operators compatible with gauge symmetry and the hypercubic symmetry of the lattice.

On the hypercubic lattice, a basis for the dimension-6 lattice artifacts can be given as [31]:

S1 = 1

2
�

µ,ν,ρ

Tr[Dµ, F
A
νρ][Dµ, F

A
νρ]

S2 = �
µ,ν,ρ

Tr[Dµ, F
A
µρ][Dν , F

A
νρ]

S3 =�
µ,ν

Tr[Dµ, F
A
µν][Dµ, F

A
µν] (2.56)
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Figure 2.8: Diagram of a typically used hypercubic discretisation of spacetime.

Note that the sums have been explicitly written out, as the usual Einstein-summation convention

to create Lorentz singlets breaks down when restricting to the hypercubic subgroup. For Yang-Mills

theories there is one other superficially marginal operator:

Sθ = −iθ 1

64π2
ϵαβµν � d4x FA

αβ(x)FA
µν(x) (2.57)

which is CP-violating, where θ is a real number and ϵαβµν is the Levi-Civita tensor. Because QCD

itself is CP-preserving, there is exactly zero mixing between CP-conserving actions (such as the

Wilson action) and such a theta term. The effect of including this term into the continuum path

integral is to introduce a factor e−SQCD ↦ eiNθe−SQCD where N is an integer counting the number

of instantons in a given configuration6. Note that this term gives a sign problem where the action

is no longer real, and traditional Monte-Carlo approaches can no longer sample configurations from

the path integral.

2.2.2 Fermion Actions and Chiral Symmetry

Isolating the fermionic part of the QCD lagrangian:

L =�
f

ψf(i /∂ + g /AA
TA −mf)ψf (2.58)

6Mathematically, an instanton corresponds to a smooth configuration with finite action (its curvature vanishes

sufficiently quickly at spatial infinity) that is topologically twisted. Given a sphere with sufficiently large radius

centered at the origin, and a basepoint x on the sphere, one can define a function f(y) ∈ SU(3) for y on the sphere

given by the gauge transporter U(x → y). The condition that the curvature vanishes at infinity causes f(y) to be

well-defined (in the sense that it is independent of the choice of path connecting x to y). f furshishes a map from

S3 → SU(3), which is topologically characterized by the homotopy group π3(SU(3)) ≃ Z: this is the instanton number.
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one notices that in the limit as mf → 0, additional symmetries known as chiral symmetries become

manifest. Explicitly, supposing that there are Nf massless flavours of quarks (and ignoring all

massive quarks), the Lagrangian can be written as:

Lchiral =�
f

ψf(i /∂ + g /AA
TA)PLψf +ψf(i /∂ + g /AA

TA)PRψf (2.59)

where PL = 1−γ5

2
and PR = 1+γ5

2
are projectors onto left/right handed degrees of freedom respectively

(the notation ψL ∶= PLψ,ψR ∶= PRψ is also used to denote the separate chiralities). This lagrangian

is invariant under a U(Nf)L × U(Nf)R = SU(Nf)L × SU(Nf)R × U(1)L × U(1)R symmetry, where

the actions are given by:

G ∈ su(Nf)L maps ψf,L → �eiθG�
fg

ψg,L, G ∈ su(Nf)R maps ψf,R → �eiθG�
fg

ψg,R, (2.60)

θ ∈ u(1)L maps ψf,L → eiθψf,L θ ∈ u(1)R maps ψf,R → eiθψf,R (2.61)

The corresponding Lie Algebra can be factored into vector and axial contributions, su(Nf)V ⊕
su(Nf)A ⊕ u(1)V ⊕ u(1)A where the vector contributions act the same on left/right-handed degrees

of freedom, and the axial contributions act in opposite ways on the left/right degrees of freedom.

Note that it is often written that the LieGroup can be similarly decomposed as SU(Nf)V ×SU(Nf)A×
U(1)V ×U(1)A, however this is not strictly true because exponentiating the axial lie-algebras does

not give a well defined Lie group. We will however similarly abuse notations at points during this

thesis, sometimes writing such Lie-group decompositions when we really are referring to Lie algebra

decompositions.

For QCD, these chiral symmetry properties become important for flavours of quarks where

mf ≲ ΛQCD, in particular the up, down and strange quarks. Each factor in the chiral symmetry

decomposition has a different story:

● Sometimes symmetries of the action that hold classically are broken by quantum effects, known

as an anomaly. The U(1)V symmetry is known as the baryon-number symmetry, and in QCD

has no anomaly and is a true symmetry of the quantum theory. However, when including the

electroweak sector of the Standard Model, there is a mixed SUL(2)2×U(1)V anomaly, meaning

that baryon-number violations are mediated by spharelons (instantons of the SUL(2) gauge
field). However, B − L is not anomalous, where L is the lepton number, and B the baryon

number is the U(1)V current normalised such that each quark contributes a factor of 1
3
, as

their anomalies cancel.

● The SU(Nf)L × SU(Nf)R symmetry spontaneously breaks to a SU(Nf)V symmetry, where

the order parameter is given by a nonvanishing chiral condensate ⟨ψfsψgt⟩ = vδfgδst, where

f, g are flavour indices, s, t are spin indices, and v is the vacuum expectation value of mass

dimension 3. Such spontaneous symmetry breaking can be predicted by matching the infrared

anomalies appearing in a low-energy effective theory of QCD with the ultraviolet perturbative
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theory of quarks [32]. Due to this breaking, there are Goldstone-bosons associated with each

of the generators of su(Nf)A, which give massless degrees of freedom. In the case that the

quark masses are finite but small, these are instead referred to as pseudo-Goldstone bosons,

and have masses that scale with the square-root of the quark masses.

● The U(1)A symmetry is anomalous even just within QCD itself (the SU(3)2×U(1)A anomaly),

where chiral symmetry violations are mediated by SU(3)-instantons. This has various ram-

ifications, for instance if the U(1)A were not anomalous, the symmetry breaking pattern of

QCD would be U(Nf)L ×U(Nf)R → U(Nf)V and there would be light η′ pseudo-Goldstone

boson meson. Instead, the η′ is measured to have a parametrically larger mass due to this

axial anomaly7.

One use of chiral symmetries is to constrain the types of mixings that can occur between different

operators of the theory, for example the four-quark operators appearing in Chapters 3 and 4. Note

that if a symmetry is spontaneously broken, this is a property of the vacuum of the theory - and

the symmetry still splits operators into different representations that do not mix with each other.

Furthermore, if a symmetry G is anomalous, operators living in different G-representations cannot

perturbatively mix, because all violations of the symmetry are mediated by nonperturbative instanton

effects in the corresponding gauge degrees of freedom.

It turns out that implementing chiral symmetry in Lattice-QCD is difficult. For example, naively

discretising derivatives appearing in the continuum action in a symmetric way gives the action8:

ψDnaiveψ = a4 �
n∈Λψ(n)

⎛⎝
4�

µ=1γµ
Uµ(n)ψ(n + µ̂) −U−µ(n)ψ(n − µ̂)

2a
+mψ(n)⎞⎠ (2.62)

where Λ is the lattice, n are vertices in the lattice, and U−µ(n) = U(n − aµ̂)†. Examining the free

massless limit Uµ(n) = �,m = 0, the Dirac operator can be diagonalized in momentum space to find:

Dnaive(p)−1 = −ia∑µ γµ sin(apµ)∑µ sin(apµ)2 = −i/p
p2
+O(a) (2.63)

This has the correct dispersion relation for a massless fermion about p = (0,0,0,0), however it also
has spurious poles showing up at the edges of the Brillouin zone, at p ∈ {�π

a
,0,0,0� , �0, π

a
,0,0� , . . . ,�π

a
, π
a
, π
a
, π
a
�}. Physically, this means that in the continuum limit if the naive discretisation is used,

instead of having one fermion there would be 15 additional ‘doubler’ modes included in the theory.

A solution proposed by Wilson in Ref. [33] that dates back to the creation of Lattice-QCD is to

introduce a term into the acion which gaps the doubler modes by a mass that scales inversely with

the lattice spacing, so that in the continuum limit only the mode about p = (0,0,0,0) survives.

7The large difference in masses between the η and η′ mesons is known as the η − η′ puzzle.
8Note that in the continuum, the Dirac matrix is usually denoted /D to emphasize that a covariant derivative has

been contracted against γ-matrices, however in the lattice-QCD literature it is often just written as D.
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Concretely, the Wilson discretisation is given by:

ψDWilsonψ = ψDnaiveψ + a4 �
n∈Λ

4�
µ=1ψ(n)�−

Uµ(n)ψ(n + µ̂) − 2δnm +U−µ(n)ψ(n − µ̂)
2a

�ψ(m) (2.64)

This additional term provides a shift of � 1
a ∑µ(1−cos(pµa)) to the momentum space Dirac operator,

which gaps the doubler modes so that they vanish in the continuum limit. Note however that this

additional term explicitly breaks the U(1)A chiral symmetry, which can be written as the condition{D,γ5} = 0. Consequently, the Wilson action allows operators that transform under different chiral

symmetry representations to mix, an immediate example being the power-divergent mixing between

the kinetic-like terms and the mass term of the Wilson action. Practically this means that to

achieve precise renormalized masses requires fine-tuning the bare lattice mass against O(αS/a) type
divergences.

This tradeoff between gapping the doubler modes but losing chiral symmetry is more general

than just the Wilson action. In fact Nielsen and Ninomiya proved a ‘no-go’ theorem [34] for lattice

fermions. The theorem states that a translationally invariant, hermitian, and sufficiently local

(the momentum space Dirac matrix exists and is analytic) Dirac matrix D such that {D,γ5} = 0

necessarily contains doubler modes 9. Instead of the exact continuum chiral symmetry, it was

realised by Ginsparg and Wilson [35] that the relation should be relaxed in a lattice discretisation.

By considering a chirally symmetric continuum action and performing a block-spin type integration

procedure to derive the corresponding action on lattice degrees of freedom, they found that the Dirac

operator should instead satisfy:

Dγ5 + γ5D = aDγ5D (2.65)

where intuitively since the right-hand-side vanishes in the continuum limit a→ 0, the chiral symmetry

is restored. Such a Dirac operator has two very attractive features [36]:

● Lüscher proved that any Dirac matrix satisfying the Ginsparg-Wilson relation Eq. (2.65), the

action is exactly symmetric under the following modified U(1) chiral symmetry [37]:

ψ ↦ exp�iαγ5 �� − a

2
D��ψ, ψ ↦ ψ exp�iα�� − a

2
D�γ5� (2.66)

In fact, by defining a new lattice γ5 as:

γ̂5 = γ5(� − aD) (2.67)

9There are two distinct problems, both sometimes referred to as the ‘lattice chiral fermion problem’. The first is

the ‘easy’ version, of constructing a discretisation of QCD without doubler modes that retains some amount of chiral

symmetry; the solutions to this problem following Ginsparg and Wilson’s approach are explained in this section.

The second is the ‘hard’ problem, of constructing chiral gauge theories, where left/right handed modes are charged

differently under the gauge group. For example, in the Standard Model only left-handed fermions couple to the weak

gauge theory. This latter problem is an active field of research, and it is not clear that there have been any successful

demonstrations for 3 + 1d nonabelian chiral gauge theories.
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one notices that the Dirac matrix splits into left and right handed components:

PL = 1 − γ̂5
2

, PR = 1 + γ̂5
2

, ψDψ = ψLDψL + ψRDψR (2.68)

where ψL/R = PL/Rψ are the chirality projected operators.

● Fujikawa [38] demonstrated that the chiral anomaly can be understood in the continuum as

a non-preservation of the path-integral measure by chiral rotations. From this reasoning,

one should have never expected exact chiral symmetry {D,γ5} = 0 to be implementable in

a lattice discretisation, as this would forbid the appearance of an appropriate lattice axial

anomaly. Note that Ginsparg-Wilson fermions do have the correct axial anomaly. Consider

an infinitessimal chiral rotation (for a single flavour theory):

ψ ↦ �� + iϵγ5 �� − a

2
D�� , ψ ↦ ψ �� + iϵ�� − a

2
D�γ5� (2.69)

where terms of O(ϵ2) are discarded, and ϵ is a small parameter. The fermionic integration

measure picks up a factor:

DψDψ ↦DψDψ �1 − 2iϵQtop +O(ϵ2)� (2.70)

where Qtop is the integer lattice topological charge [36] (discretisation of Eq. (2.57)) as ex-

pected.

An example of a lattice fermion action that satisfies the Ginsparg-Wilson relation is the Domain

Wall fermion [39]. The construction begins by extending the four-dimensional lattice to a fifth

dimension with extent N5, such that the lattice is Λ×{1,2, . . . ,N5}. There are now fermionic degrees

of freedom at every five-dimensional lattice site, though the gauge fields are kept four-dimensional.

There are variations on the domain-wall fermion action - one that will be relevant for the ensembles

used in Chapter 4 is the Möbius action [40]:

SDW = N5�
r,s=1 �

m,n∈Λψ(n, s)DDW(n, s∣m,r)ψ(m,r) (2.71)

where the five-dimensional Dirac matrix is given in block-form as a N5 ×N5 matrix as:

DDW =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D
(1)+ D

(1)− P− 0 0 ⋯ 0 −mD
(1)− P+

D
(2)− P+ D

(2)+ D
(2)− P− 0 ⋯ 0 0

0 D
(3)− P+ D

(3)+ D
(3)− P− ⋯ 0 0

0 0 D
(4)− P+ D

(4)+ ⋯ 0 0⋮ ⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 0 ⋯ D

(N5−1)+ D
(N5−1)− P−−mD

(N5)− P− 0 0 0 ⋯ D
(N5)− P+ D

(N5)+

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.72)

where

D
(s)+ = bsDw(M) + 1, D

(s)− = csDw − 1, P± = 1 ± γ5
2

(2.73)
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and Dw(M) is the Wilson Dirac-matrix with mass M :

Dw(M) = (4 +M)δm,n − 1

2

3�
µ=0 �(1 − γµ)Uµ(m)δm+µ̂,n + (1 + γµ)U †

µ(r)δm,n+µ̂� (2.74)

The real coefficients bs, cs for s ∈ {1, . . . ,N5} are constrained such that bs − cs is a constant in s.

In practice, the propagators used in Chapter 4 are all such that bs, cs are constants in s. Four-

dimensional fermionic fields are constructed by combinations of the degrees of freedom on the first

and last sites:

ψ4D(m) = P−ψ(m,1) + P+ψ(m,N5), ψ4D(m) = ψ(m,N5)P− +ψ(m,1)P+ (2.75)

Integrating out the fifth dimension, one can rewrite the domain-wall fermion action as a nonlocal

Dirac matrix acting on the four-dimensional degrees of freedom. This effective action satisfies the

Ginsparg-Wilson relation in the limit as N5 → ∞; for finite N5, the violations of chiral symmetry

are exponentially suppressed in N5. In practice, this small chiral violation is ignored in the analysis

performed in Chapter 4, as they constitute a much smaller systematic error than from statistical

uncertainties.

2.2.3 Smearing and Gradient flow

A practical problem that occurs in measurements of correlation functions in Lattice-QCD is finding

appropriate operators that have high overlap onto states of interest. Without high-quality operators,

much higher statistics are needed to resolve states; in fact states can be completely missed if operators

of the right structure are not used [41]. There is a rich history of trying to improve operators; a

highly successful method has been through the concept of smearing operators. Smearing an operator

has the consequence of taking a point-like gauge-invariant operator to a non-local gauge-invariant

operator, that may have higher overlap onto states of interest which are inherently nonlocal. For

the case of quark fields, the idea is to perform a replacement:

ψ(x)→�
γ

cγWγ(x, y)ψ(y) (2.76)

where the sum is performed over Wilson lines γ starting at x and ending at y, weighted by some

factors cγ . The Wilson lines are needed to preserve the gauge properties of the smeared operator

to be the same as the original operator. A simple and effective choice is to iterate a hopping-like

smearing [42]

ψ(x)↦ ψ(x) + κ �
µ̂∈{(±a,±a,±a,±a)}U(x,x + µ̂)ψ(x + µ̂) (2.77)

where the sum is sometimes restricted to µ being nonzero only in spatial directions, in order to

construct smeared operators that are still time-local. In the case that the gauge fields are all set to

identity, iterating Eq. (2.77) N times has the effect of building a gaussian profile. Such operators are

utilised later in Chapter 4 to construct interpolating operators for heavy-light and heavy-light-light

hadronic states.
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Smearing of gauge-links is important for any observable that uses the gauge links directly, which

includes the static heavy-quark propagators used in HQET calculations. There are various smearing

procedures:

● Some smearing procedures replace links with sums over close-by Wilson lines that transform

in the same way under the gauge group, before projecting back to SU(3). The projection step

is important, as general sums over SU(3) elements will not remain in the group. For instance,

APE smearing [43] of a link in the ν direction takes the form:

⇑APE= ProjSU(3) ⎛⎝↑ +ϵ �ν≠µ� + �⎞⎠
⊗n

(2.78)

where ϵ > 0 is a small number, single lines such as ↑ represent the original gauge link, and

double lines ⇑ represent the smeared link. The sum is performed over directions µ ≠ ν, where

the link is displaced ±1 units in the µ-th direction (sometimes µ is restricted to be spacelike if

a time-local correlator is desired). Note that there are various different algorithms to project

generic matrices to SU(3), but they are equivalent in the small ϵ limit. The ⊗n means that

the operation is repeated n times (similarly to Gaussian smearing of quark fields). This has

the effect of causing the smeared links to be nonlocal combinations of the unsmeared links.

Alternatively, the HYP smearing [44] is a similar procedure, but only uses links within adjacent

hypercubies to construct the smeared links.

● Wilson flow [45] (also known as Gradient flow) is a smearing scheme that takes initial gauge

fields Uµ(x) and evolves them under the differential equation:

d

dt
Uµ(x; t) = −g20(∂x,µSW (Ut))Uµ(x; t), Uµ(x; 0) = Uµ(x) (2.79)

where ∂x,µ is the su(3)-valued derivative of the action with respect to Ux,µ, and the right-hand

factor of Ut(x,µ) transports this to the tangent space at Ut(x,µ). Wilson flow is incredibly

useful because the theory at a fixed flow-time t also serves as a well-defined regulator of UV-

divergences of composite operators in the continuum limit. Wilson flow alternatively can be

described as integrating infinitessimally small steps of stout smearing [46], which in the small-ϵ

limit takes the form:

⇑Stout=↑ +ϵ �
ν≠µ� + − − + − + − � (2.80)

where closed loops denote taking the trace of those loops, and dividing by Nc. Note that

Eq. (2.80) does not require an explicit projection to SU(3) as the last 6 diagrams in the

equation are an implementation of a projection to SU(3) to O(ϵ2). Operators are smeared

over a radius ∼ √8t after applying Wilson flow for time t (in lattice units).

When using Wilson flow to smear gauge links for use in HQET calculations, it has the additional

benefit of replacing power-divergences (such as those appering in an Operator Product Expansion),
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Figure 2.9: Schematic drawing of the Hilbert-space in a Kogut-susskind discretisation,

for an SU(2) gauge theory. On each link, the Hilbert space is L2(SU(2)), which

by the Peter-Weyl theorem is also given by the matrix elements of the irreducible

representations. For SU(2), these irreducible representation are indexed by the spin,

0, 1
2
,1, . . . . On the vertices, there are fermionic degrees of freedom associated to each

colour-spin combination.

with finite mixings that are perturbatively calculable. Essentially, by using a fixed physical flow

time t, the relevant UV scale changes from a−1 to t−1/2. For the purposes of this thesis however,

Wilson flow was used in Chapter 4 primarily to improve the signal-to-noise properties of the resulting

correlators, and not as a regulator of OPE power-divergences.

2.2.4 Hamiltonian Formulation

Lattice-QCD works well in Euclidean time, as the Euclidean QCD action is real, and defines a

probability distribution that one can integrate with importance sampling. It is formally possible

to consider discretising spacetime without Wick rotating giving a regularisation of real-time QCD;

however due to the sign problem importance sampling Monte Carlo computations are practically

impossible to perform. Alternatively it is possible to leave time continuous and discretise the spatial

degrees of freedom of the QCD Hamiltonian, the first example of which was described by Kogut

and Susskind in Ref. [47]. On a spatial lattice, the local Hilbert space on each edge of the lattice

(where there is some canonical order to the edge) is given by L2(G), the space of square-normalisable

functions from the Lie group to C under the inner product:

⟨f, g⟩ = � dµHaar(x)f∗(x)g(x) (2.81)

54



where µHaar is the Haar measure over the group G. Due to the Peter-Weyl theorem[48], this space

has a orthonormal basis given by:

{�dρρij ∣ρ ∶ G→ U(dρ),1 ≤ i, j ≤ dρ} (2.82)

where ρ indexes over inequivalent unitary representations of G, ρij are the matrix entries of the

representation, and dρ is the dimension of the representation. Gauge transformations at a vertex

act on the right/left of each of the local Hilbert spaces associated to the edges incoming/outgoing

to the vertex. To restrict to the gauge-invariant subspace of the theory, one must impose Gauss

Law conditions at each vertex, restricting to the gauge invariant subspace of the gauge-action at

that vertex. Note that one can also impose that at a given vertex, the group representations

corresponding to the adjacent edges must contract into a representation other than a singlet, for

example the fundamental representation of an SU(N) gauge theory. This would correspond to

physically placing a fundamental static charge into the system.

The Kogut-Susskind Hamiltonian can be written as[47, 49]:

H = g2

2
�⃗
x,µ

Eµ(x⃗)2 − 1

2g2
�

x⃗,µ>ν �TrU (F )µ (x⃗)U (F )ν (x⃗ + µ̂)U (F )†µ (x⃗ + ν̂)U (F )†ν (x⃗) + h.c.�
+ �⃗

x,µ

�ψ†(x⃗) σ⃗ ⋅ n⃗
i

U (F )µ (x⃗)ψ(x⃗ + µ̂) + h.c.� +m�
x

(−1)∑i x⃗iψ†(x⃗)ψ(x⃗) (2.83)

To describe the gauge part of the Hamiltonian shown in Eq. (2.83), label the states of the Peter-Weyl

orthonormal decomposition of each link as ∣j, kl⟩ where j indexes the representations, and kl are

the indices for the matrix element. Then, Eµ(x⃗) is an electric field operator defined on each link,

where E2∣j, kl⟩ = C2(j)∣j, kl⟩, where C2 is the quadratic casimir. For SU(2) where j ∈ �0, 1
2
,1, . . .�

indexes over spin choices, C2(j) = J2 = j(j + 1) (this is discussed in the original reference [47]). For

SU(3) the irreps can be described by two numbers j = (j1, j2) where j1 is the number of single-box

columns in the corresponding Young tableaux, and j2 is the number of double-box columns. In this

case, C2((j1, j2)) = j21+j22+3j1+3j2+j1j2
3

. The physical effect of the electric-field operator is to cause the

larger representations to have higher energies.

The next term in the gauge part of the Hamiltonian is the magnetic field term, which involves a

sum over all unoriented plaquettes and incentivizes the gauge field to be smooth. Operators of the

form U (j) for some representation j act on arbitrary functions f ∈ L2(G) in the following natural

manner: (U (j)kl f)(x) = f(x)ρ(j)(x)kl (2.84)

where ρ(j) ∶ G → C is the corresponding representation, and k, l are matrix indices. The (F )
superscripts in Eq. (2.83) indicate that the operators are in the fundamental representation. Finally,

there are two-component fermionic fields introduced on all lattice vertices, such that the fermionic

operators satisfy canonical anticommutation relations:
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{ψα(x),ψ†
β(y)} = δα,βδx,y, (2.85)

where α,β are the spin indices, and the σ in Eq. (2.83) are Pauli matrices coupling the spins on

different sites. Note that this discretisation is known as a ‘staggered’ discretisation, due to splitting

up the four-component spinor into two-component spinors that live on even and odd sublattices.

This only fully removes the fermion-doublers in a 1+1d discretisation, and in higher discretisations,

fermion doublers remain. This type of discretisation is used for a U(1) gauge theory in 1 + 1-

dimensions in Chapter 5 as a toy model for full QCD-dynamics. 1 + 1d is also special because it

is possible to completely remove all the gauge degrees of freedom from the system (in one sense,

the gauge sector is trivial), and the fermionic operators can be converted to spin operators via the

Jordan-Wigner transformation (explained in Sec. 5.2.1).

2.2.5 Static Quark energy power divergence

Recall that the full calculation of the O(αS) contribution to the bare heavy-quark propagator

(Eq. (2.14)) is given by:

iMQ = −iCF g
2µ4−d 1 + /v

2

2d−2Γ(3 − d)Γ �d
2
− 1�

(4π) d
2

(−v ⋅ p)d−3
= iµCF g

2 1 + /v
2

� 1

4π(d − 3) +O((d − 3)0)� . (2.86)

In the second line of Eq. (2.86), the expression has been expanded around d = 3, where the divergence
as d → 3 arises due to the Γ(3 − d) factor. In a pure MS renormalization scheme, these poles at

values of d < 4 are ignored, and only poles at d = 4 are subtracted by counterterms. However in a

lattice regularisation, these poles become power divergences ∼ αS

a
, which is further explored in this

section.

Before calculating the self-energy divergence, a brief review of pure gauge lattice perturbation

theory following Ref. [50] is given. As the continuum limit a → 0 is taken, if a physical quantity is

kept fixed, the renormalization-group equation can be derived as:

a
dg(0)
da
= −β(g(0)), β(g(0)) = −(g(0))3(b0 + b1(g(0))2 + b2(g(0))4 +⋯) (2.87)

where the first two coefficients are universal:

b0 = 1(4π)2 �113 Nc − 2

3
Nf� , b1 = 1(4π)4 �102 − 38

3
Nf� (2.88)

Note that as the continuum limit a → 0 is taken, the bare coupling g(0) → 0, which is a signature

of asymptotic freedom. This behaviour is qualitatively different than what occurs in dimensional-

regularisation, where there are divergences of the form (g(0))2 ∼ 1
�
(g(R))2. These divergences don’t

appear in lattice regularisations, because 1
a
divergences cannot appear just by counting mass dimen-

sions - thus all lattice regularisation divergences in the coupling constant manifest as logarithms.
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In principle, one can perform perturbation theory in the bare coupling g(0), however the a-

dependence becomes obscured due to the RG-running of g(0). Instead, from the β function Eq. (2.87)

one can derive:

g(0) = gR + 11Nc

48π2
(gR)3 log �µ

a
� +O((gR)5) (2.89)

where the renormalized coupling gR(µ) has no a-dependence, and R refers to a ‘minimal’ scheme

with no finite piece and only the leading logarithmic contribution. Defining lattice Fourier transforms
10:

Aµ(x) = � π
a

−π
a

d4k(2π)4 ei(x+aµ̂/2)kAµ(k), Aµ(k) = a4�
x

e−i(x+aµ̂/2)kAµ(x), (2.90)

the propagator in position space for the gauge field can be calculated as:

⟨Aa
µ(x)Ab

ν(y)⟩ = δabδµν � π
a

−π
a

d4k(2π)4 eik(x−y)
4
a2 ∑λ sin

2 �akλ

2
� =∶ 1

a2
G�x − y

a
� (2.91)

Here G(x) is the dimensionless coordinate-space propagator [51] which takes integer lattice points

as arguments. There is an asymptotic expansion for G(x):
G(x) ∼ 1

4π2x2
�1 − 1

x2
+ 2 x4

(x2)3 − 4
1(x2)2 + 16 x4

(x2)4 − 48
x6

(x2)5 + 40(x
4)2(x2)6 +O((x2)−3)� (2.92)

where x2n ∶= ∑µ x
2n
µ . From this, it is evident that the standard continuum propagator is reproduced

as x→∞. When performing calculations involving Wilson lines, often sums of the form:

Gm(x) = x�
n=0n

mG(n) (2.93)

appear. Some values that are useful are listed below:

G0(n) = G′0 − 1

4π2n
− 1

8π2n2
+O �n−3� , G′0 =G0(∞) = 0.20383 . . . (2.94)

G1(n) = log(n)
4π2

+G′1 + 1

8π2n
+O(n−2), G′1 =0.025723 . . . (2.95)

G2(n) = n

4π2
+G′2 − 1

4π2n
− 1

8π2n2
+O(n−3), G′2 =0.0248 . . . (2.96)

G3(n) = n2

8π2
+ n

8π2
+ log(n)

4π2
+G′3 + 1

8π2n
+O(n−2), G′3 =0.0066 . . . (2.97)

Using this information, one can compute the O((gR)2) correction to a straight wilson line, with

physical length L that starts at (0,0,0,0) and ends at �L
a
,0,0,0� in lattice coordinates (assume that

a divides L evenly). For example, using the diagrams sketched in Fig. 2.10, the contribution can be

10Note that in the Fourier transforms, the position is shifted to the middle of the link (this is a convention).
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)
Figure 2.10: Schematic drawing of the O(αS) contribution to the linear divergence.

Note that if there are L links in the Wilson line, then there are L tadpole terms

of a gluon attaching to itself, (L − 1) terms with a gluon hopping from a link to it’s

neighbor, and so on. The deviation from being directly proportional to L is what gives

rise to the logarithmic endpoint divergences, corresponding to field renormalizations

in the auxiliary field formalism [52].

written as:

⟨W (L)⟩ = � +CF (gR)2 ��−L
a

G(0)
2

− �L
a
− 1�G(1) −⋯− 1 ⋅G�L

a
− 1���

= � +CF (gR)2 � L

2a
G(0) − L

a
G0 �L

a
� +G1 �L

a
��

= � +CF (gR)2 ⎡⎢⎢⎢⎣
L

a
�G(0)

2
−G′0� + log �L

a
�

4π2
+ � 1

4π2
+G′1� + a

L

1

4π2
+O(a2)⎤⎥⎥⎥⎦ (2.98)

The L
a
term generates the linear divergence of the static-quark propagator. This power divergence is

intimately related to the corresponding renormalon in the pole-mass [3]. For a concrete interpretation

of this term, consider taking the induced measure on SU(3) obtained by isolating a Wilson line of

physical length L in a Lattice-QCD path integral with lattice spacing a. Instead of approaching a

fixed distribution on SU(3) like one might expect from analogies to discretised quantum mechanical

path integrals, the linear divergence term causes the distribution to limit towards the Haar-uniform

distribution. A practical consequence is that the signal-to-noise ratio for two-point correlation

functions containing a static heavy quark vanishes exponentially in the continuum limit [53, 54].

The argument (colloquially referred to as the Parisi-Lepage argument) for a heavy-light correlation
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function is that the signal correlator is:

Signal = ⟨(Qγ5q)(0)(qγ5Q)(t)⟩ = ⟨Tr �G†
q(t)Gst(t)�⟩ ≈ Z2

QΓq
e−Estatt (2.99)

where Gq(t) is the light quark propagator, and Gst is the static quark propagator. From Eq. (2.98),

Estat has a power divergence which dominates the energy in the continuum limit. Now, one notices

that the variance of this correlator can actually be given a physical interpretation:

Noise2 = ⟨∣(Qγ5q)(0)(qγ5Q)(t)∣2⟩
= ⟨Tr �G†

q(t)Gst(t)�Tr �Gq(t)G†
st(t)�⟩ ≈ Z∗e−mπt (2.100)

where the crucial observation is that the Wilson line propagating in the forward time direction is

compensated by a Wilson line propagating in the backward time direction, and the overall quantum

numbers of the contraction is given by the pion11. Note that Z∗ is not given by the overlap of the

usual qq operator onto the pion state, because the contractions used in Eq. (2.100) don’t correspond

to the conventional contractions. Due to this difference, the ratio Signal/Noise vanishes either in

the continuum limit, or when the distance t between the operators is taken to infinity.

In practice, by smearing the gauge configurations this problem is ameliorated. For example, by

Wilson flowing to a physical time t, the O(αS/a) divergence in the static quark energy is replaced by

an O(αS/√t)-type behaviour, where for t large enough the signal to noise problem can be avoided.

This is the strategy utilised in Chapter 4.

2.2.6 Bent Wilson lines

There are various situations in Lattice-QCD calculations where ‘bent’ Wilson lines are required. As

they come in different flavours, we catalogue some situations below, along with some observations:

● For example, when discretising the light-cone operators required for Parton Distribution Func-

tion measurements into a Hamiltonian formulation, where space is discretised and time is

continuous, amounts to the replacement [55]:

ψ((0,0,0,0))ΓW ((0,0,0,0), (Na,Na,0,0))ψ((Na,Na,0,0))↦
�ψ((0,0,0,0))W ((0,0,0,0), (a, a,0,0))Q((a, a,0,0))� eiaH
�Q((a, a,0,0))W ((a, a,0,0), (a,2a,0,0))Q((a,2a,0,0))� eiaH⋯
eiaH �Q(((N − 1)a,Na,0,0))W (((N − 1)a,Na,0,0), (Na,Na,0,0))ψ((Na,Na,0,0))�

(2.101)

where Q is the static heavy quark field propagating in the purely timelike direction, as shown

in Fig. 2.11. To my knowledge, there have been no proposals of renormalization schemes for

such a discretisation in QCD, though various numerical studies using this scheme have been

performed in superrenormalizable theories such as the Schwinger model.

11The argument is only heuristic, as the variance correlator shown in Eq. (2.100) doesn’t actually correspond to

a valid two-point correlation function. In particular, the conventional two-point correlation function for the pion

interpolating operator qγ5q is Tr(G†
q(t)Gq(t)) which differs from Eq. (2.100).
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Figure 2.11: An example of a discretisation of a lightcone operator used in defining

Parton Distribution Functions in the continuum to a lattice-discretised version of the

operator, which utilises an auxiliary heavy quark field Q. Note that the usual Kogut-

Susskind discretisation of gauge theories is performed in axial gauge, so the vertical

Wilson lines in the figure on the right are all set to unity.

● In the limit of infinite masses for two flavours of quarks (taking the approximation that

mc,mb ≫ ΛQCD), the weak decay of a B-meson to a D-meson can be described by the Isgur-

Wise function ξ [56]:

⟨D(v′)∣Qc,v′γµQb,v ∣B(v)⟩ ∼ ξ(v ⋅ v′)(vµ + v′µ) (2.102)

Calculating the Isgur-Wise function in Lattice-QCD requires setting up HQET with two dif-

ferent time-like velocity sectors, v and v′. The traditional Eichten-Hill static action [57] covers

only the case where there is a single sector corresponding to v = (1,0,0,0), in which the Eu-

clidean action is given by a Wilson line propagating in the Euclidean time direction. As dis-

cussed by Aglietti [58], it is formally possible to construct Euclidean theories where the spatial

velocities of the heavy quark are nonzero by analytic continuation. The proposed analytic con-

tinuation was utilised in Ref. [59] to provide a lattice calculation of the Isgur-Wise function,

and has been explored in Ref. [60] as a method of calculating the Transverse-Momentum-

Dependent (TMD) soft function. To be precise, the proposal is to analytically continue the

heavy-quark velocity as:

vE = (iv0, v⃗), where v0 =√1 + v⃗2 because v2 = 1 (2.103)

The lattice-propagator is given by:

− i(vE)µDµSv(x) = −i(vE)µ(∂µ − igAµ(x))δ4(x) (2.104)
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Figure 2.12: Time evolution using first or second-order schemes in Minkowski time of

the Heavy Quark static propagator in the free limit with v = (�1 + v2x, vx,0,0) and

vx = 0.5. The colour shown is proportional to the norm of the propagator, and both

position and time are written in lattice units. The true solution is given by the white

dashed line - with the delta function being transported at the corresponding velocity.

The first-order scheme shows significant artifacts due to the large spatial derivatives,

including the fact that the norm of the propagator is symmetric about x = 0. The

second-order scheme solution shows much better behaviour.

with the lattice equation:

(vE)0(U4(x,x + t̂)SvE(x + t̂, y) − Sv(x, y))+
3�

µ=1
−i(vE)µ

2
[Uµ(x,x + µ̂)Sv(x + µ̂, y) −Uµ(x,x − µ̂)Sv(x − µ̂, y)] = δx,y (2.105)

There is, however, a potential sickness to utilising this equation - apparent already in the free

Minkowski theory (Uµ(x) = �) in 1 + 1-dimensions. In this situation, the partial differential

equation (PDE) to be solved is essentially a linear-transport equation with a Dirac-delta initial

state:
dSv(x, t)

dt
+ vx�

1 + v2x
dS(x, t)

dx
= 0, Sv(x,0) = δ(x) (2.106)

There are various discretisations of this PDE, with Eq. (2.105) being known as an upwind first

order scheme. Improved schemes, such as the second-order Lax-Wendroff scheme [61] exist,
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and for the linear-transport equation in Eq. (2.106) are given by:

Sv(x, t + 1) = Sv(x, t) − 1

2

vx�
1 + v2x (Sv(x + 1, t) − Sv(x − 1, t))

+ 1

2

⎛⎝ vx�
1 + v2x

⎞⎠
2 (Sv(x + 1, t) − 2Sv(x, t) + Sv(x − 1, t)) (2.107)

(the upwind-scheme corresponds to dropping the second-order term). By comparing the two

schemes behaviours on the Dirac-delta initial state, one notices that the second-order scheme

is much better behaved, as shown in Fig. 2.12. This suggests that a correct discretisation

of the nonzero spatial velocity heavy quark action may require using second or higher order

schemes, instead of the first-order schemes that have been tested in the literature.

The situation is perhaps even more dire - given that the analytic continuation of the linear

transport equation is the Cauchy-Riemann equations; implying that the appropriately rescaled

static quark propagator in Euclidean time is analytic as a function of the complex variable

x + itE . To be precise, the analytic continuation of Eq. (2.106) satisfies the Cauchy-Riemann

equations:

i
dS(x′, tE)

dtE
+ dS(x′, tE)

dx′ = 0 where x′ ∶=
�
1 + v2x
vx

x (2.108)

and hence, S(x′, tE) is complex analytic away from the origin, and should be matched onto

a Dirac delta δ(x) at t = 0. Morally, the solution should be an analytic continuation of δ(x)
away from t = 0, however it is not clear that there is a meaningful solution. This is related to

Aglietti’s comment [58] that even the free heavy quark effective theory with nonzero spatial

velocity in Euclidean time requires a UV-regulator to even be defined. Given this issue, it is

not immediately clear how such a theory can be nonperturbatively renormalized.

● A final example of ‘bent’ Wilson lines are investigations of the Euclidean cusp divergences. By

this, we mean studying operators of the form:

WE((x,0,0,0), (0,0,0,0))WE((0,0,0,0), (a, b,0,0)) (2.109)

where a, b are positive real numbers, the E subscript denotes that the Wilson lines are in

Euclidean space, and the Euclidean angle between the two lines is given by arctan � b
a
�. In the

continuum MS scheme, this operator has power divergences (poles at d = 3) corresponding to

the static propagators, as well as a logarithmic divergence that depends on the Euclidean an-

gle formed. This logarithmic divergence can be associated with the so-called ‘cusp anomalous

dimension’ of the pointlike operator at the vertex in the auxiliary field formalism. For exam-

ple, as the Euclidean angle is taken close to π, the resulting anomalous dimension becomes

related to the static quark-antiquark potential up to breaking from conformal anomaly [62].

Furthermore, given the analogy to the cusps required for Isgur-Wise function calculations,

TMD Soft functions, as well as heavy quark fragmentation (see Eq. (2.35) of Ref. [63]), one

62



20 40 60 80

Length of path (lattice units)

0

2

4

6

8

10

12

14

C
−
1

F
·O

(α
S
)
co
n
tr
ib
u
ti
on
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Figure 2.13: Subfigures (a) and (b) show two different ways of discretising a Wil-

son line that travels in an ArcTan � 3
4
�-Euclidean angle with respect to the x-axis.

Each of the black segments is repeated many times, to get a macroscopic-length Wil-

son line pointing in the correct direction. In the continuum limit, both (a) and (b)

should limit to the same operator, just with different matching coefficients. On the

right is the negative of the O(αS) coefficient of the linear divergence, also compared

against −�G′0 − G0
2
� which is the coefficient corresponding to the linear divergence in

the straight line case (c) (derivation in Eq. (2.98)).

might wonder whether it is possible to extract such real-time physics from Euclidean cusp-like

matrix elements.

One issue that arises in possible Lattice-QCD calculations of operators containing Euclidean

cusps is the linear power-divergences arising from bent Wilson lines. For example (as shown in

Fig. 2.13), it is possible to discretise a Wilson line that is at a Euclidean angle of ArcTan(3
4
)

with the x-axis as one that travels along the path given by iterating the steps x̂−t̂−x̂−t̂−x̂−t̂−x̂,
or the path given by iterating the steps x̂ − x̂ − x̂ − x̂ − t̂ − t̂ − t̂, for a total of 4 steps in the

x̂ direction, and three steps in the t̂ direction in either case. Both discretisations match onto

the same operator in the continuum limit, however the right figure of Fig. 2.13 demonstrates

that they have different linear power divergences - both of the linear divergences being more

severe than what is computed for the straight line path of the same length.
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[9] Dominik Stöckinger. Regularization by dimensional reduction: consistency, quantum action principle, and su-

persymmetry. JHEP, 03:076, 2005. doi: 10.1088/1126-6708/2005/03/076.

[10] Gerard ’t Hooft and M. J. G. Veltman. Regularization and Renormalization of Gauge Fields. Nucl. Phys. B, 44:

189–213, 1972. doi: 10.1016/0550-3213(72)90279-9.

[11] C. Gnendiger et al. To d, or not to d: recent developments and comparisons of regularization schemes. Eur.

Phys. J. C, 77(7):471, 2017. doi: 10.1140/epjc/s10052-017-5023-2.

[12] Marco Ciuchini, E. Franco, G. Martinelli, and L. Reina. The Delta S = 1 effective Hamiltonian including next-to-

leading order QCD and QED corrections. Nucl. Phys. B, 415:403–462, 1994. doi: 10.1016/0550-3213(94)90118-X.

[13] K. Symanzik. Continuum Limit and Improved Action in Lattice Theories. 1. Principles and ϕ4 Theory. Nucl.

Phys. B, 226:187–204, 1983. doi: 10.1016/0550-3213(83)90468-6.

[14] Stefan Herrlich and Ulrich Nierste. Evanescent operators, scheme dependences and double insertions. Nucl.

Phys. B, 455:39–58, 1995. doi: 10.1016/0550-3213(95)00474-7.

[15] Hassler Whitney. The coloring of graphs. Annals of Mathematics, 33(4):688–718, 1932. ISSN 0003486X, 19398980.

doi: 10.2307/1968214.

[16] R. L. Brooks, C. A. B. Smith, A. H. Stone, and W. T. Tutte. The dissection of rectangles into squares. Duke

Mathematical Journal, 7(1):312 – 340, 1940. doi: 10.1215/S0012-7094-40-00718-9.

[17] W. T. Tutte. A contribution to the theory of chromatic polynomials. Canadian Journal of Mathematics, 6:

80–91, 1954. doi: 10.4153/CJM-1954-010-9.

[18] Manoj K. Chari and Charles J. Colbourn. Reliability polynomials: A survey. Combinatorica, 1998. URL

https://api.semanticscholar.org/CorpusID:1931075.

[19] Morwen B. Thistlethwaite. A spanning tree expansion of the jones polynomial. Topology, 26(3):297–309, 1987.

ISSN 0040-9383. doi: https://doi.org/10.1016/0040-9383(87)90003-6.

[20] C. M. Fortuin and P. W. Kasteleyn. On the Random cluster model. 1. Introduction and relation to other models.

Physica, 57:536–564, 1972. doi: 10.1016/0031-8914(72)90045-6.

[21] P. Rosenstiehl and R.C. Read. On the principal edge tripartition of a graph. In B. Bollobás, editor, Advances

in Graph Theory, volume 3 of Annals of Discrete Mathematics, pages 195–226. Elsevier, 1978. doi: https:

//doi.org/10.1016/S0167-5060(08)70508-9.

[22] Matthias Jamin and Markus E. Lautenbacher. TRACER: Version 1.1: A Mathematica package for gamma algebra

in arbitrary dimensions. Comput. Phys. Commun., 74:265–288, 1993. doi: 10.1016/0010-4655(93)90097-V.

[23] Vladyslav Shtabovenko, Rolf Mertig, and Frederik Orellana. FeynCalc 10: Do multiloop integrals dream of

computer codes? Comput. Phys. Commun., 306:109357, 2025. doi: 10.1016/j.cpc.2024.109357.

[24] J. Kublbeck, M. Bohm, and Ansgar Denner. Feyn Arts: Computer Algebraic Generation of Feynman Graphs

and Amplitudes. Comput. Phys. Commun., 60:165–180, 1990. doi: 10.1016/0010-4655(90)90001-H.

[25] Anton K. Cyrol, Mario Mitter, and Nils Strodthoff. FormTracer - A Mathematica Tracing Package Using FORM.

Comput. Phys. Commun., 219:346–352, 2017. doi: 10.1016/j.cpc.2017.05.024.

64



[26] J. Kuipers, T. Ueda, J. A. M. Vermaseren, and J. Vollinga. FORM version 4.0. Comput. Phys. Commun., 184:

1453–1467, 2013. doi: 10.1016/j.cpc.2012.12.028.

[27] Wolfram Research, Inc. Mathematica, Version 14.0. URL https://www.wolfram.com/mathematica. Champaign,

IL, 2024.

[28] F. Jaeger, D. L. Vertigan, and D. J. A. Welsh. On the computational complexity of the jones and Tutte

polynomials. Mathematical Proceedings of the Cambridge Philosophical Society, 108(1):35–53, 1990. doi: 10.

1017/S0305004100068936.

[29] Walter Unger. On the k-colouring of circle-graphs. In Robert Cori and Martin Wirsing, editors, STACS 88,

pages 61–72, Berlin, Heidelberg, 1988. Springer Berlin Heidelberg. ISBN 978-3-540-48190-4.

[30] Kenneth G. Wilson. The Renormalization Group: Critical Phenomena and the Kondo Problem. Rev. Mod.

Phys., 47:773, 1975. doi: 10.1103/RevModPhys.47.773.

[31] P. Weisz. Continuum Limit Improved Lattice Action for Pure Yang-Mills Theory. 1. Nucl. Phys. B, 212:1–17,

1983. doi: 10.1016/0550-3213(83)90595-3.

[32] Gerard ’t Hooft. Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking. NATO Sci. Ser. B,

59:135–157, 1980. doi: 10.1007/978-1-4684-7571-5 9.

[33] Kenneth G. Wilson. Confinement of Quarks. Phys. Rev. D, 10:2445–2459, 1974. doi: 10.1103/PhysRevD.10.2445.

[34] Holger Bech Nielsen and M. Ninomiya. Absence of Neutrinos on a Lattice. 1. Proof by Homotopy Theory. Nucl.

Phys. B, 185:20, 1981. doi: 10.1016/0550-3213(82)90011-6. [Erratum: Nucl.Phys.B 195, 541 (1982)].

[35] Paul H. Ginsparg and Kenneth G. Wilson. A Remnant of Chiral Symmetry on the Lattice. Phys. Rev. D, 25:

2649, 1982. doi: 10.1103/PhysRevD.25.2649.

[36] Christof Gattringer and Christian B. Lang. Quantum chromodynamics on the lattice, volume 788. Springer,

Berlin, 2010. ISBN 978-3-642-01849-7, 978-3-642-01850-3. doi: 10.1007/978-3-642-01850-3.
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Chapter 3

X-space Renormalization of HQET

operators

Some content in this section reproduced with permission from the following reference:

Joshua Lin, William Detmold, and Stefan Meinel. Position-space renormalization schemes for four-quark

opera- tors in HQET. JHEP, 07:188, 2024. doi: 10.1007/JHEP07(2024)188.
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The general pipeline for flavour physics calculations with Lattice-QCD is first an Operator Prod-

uct Expansion, where physical results of interest are written as a sum over Wilson Coefficients

multiplied by Matrix Elements. Due to the relative simplicity of Dimensional Regularisation and

the MS scheme as compared to other renormalization schemes, MS is almost universally used in

high-order perturbative calculations of Wilson Coefficients. Thus, a central difficulty for Lattice-

QCD calculations is to determine matrix elements similarly renormalised in the MS scheme - which

is difficult primarily because Dimensional Regularisation is naively not compatible with the Lattice

regulator1. For simplicity, consider a set of operators {Oi} of the same mass dimension that mix

1To my knowledge, there has never been a demonstration of ‘nonperturbative dimensional regularisation’.
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under renormalization. Borrowing notation from Ref [1], perturbative evaluations of the operator in

some external state denoted by ∣p⟩ behaves as follows in the two regulators:

⟨p∣O(Lat.)i ∣p⟩ =�
j

�δij + g20
16π2

(−γ(0)ij log a2p2 +RLat.
ij ) +O(g40)� ⟨p∣Otree

j ∣p⟩, (3.1)

⟨p∣O(MS)
i ∣p⟩ =�

j

⎛⎝δij +
g2
MS

16π2
(−γ(0)ij log

p2

µ2
+RMS

ij ) +O(g4MS
)⎞⎠⟨p∣Otree

j ∣p⟩, (3.2)

where RLat.
ij ,RMS

ij are constants. This allows for the conversion between the two schemes:

⟨p∣OMS
i ∣p⟩ =�

j

�δij − g20
16π2

(−γ(0)ij log a2µ2 +RLat.
ij −RMS

ij ) +O(g40)� ⟨q∣OLat.
j ∣q⟩. (3.3)

Such lattice perturbation theory was extensively used in early Lattice-QCD flavour-physics cal-

culations. An improvement is possible however by instead of using the perturbative result for⟨p∣O(Lat.)i ∣p⟩, to use the nonperturbative measurement of the Green’s function in the ensemble. This

is equivalent to introducing an intermediate, regulator-independent scheme in which the chosen

Green’s function is set equal to its tree level value. For momentum-space Green’s functions, such

schemes go under the name of RI-MOM [2],(or, RI-sMOM [3]) schemes.

An undesirable aspect of schemes like RI-MOM is that they involve gauge non-invariant cor-

relation functions. For example, the renormalization of a fermion bilinear operator ψΓψ involves

calculating ⟨ψ(p)∣(ψΓψ)(q)∣ψ(r)⟩ for some choice of momenta p, q, r. These matrix elements must

be calculated after fixing the gauge redundancies, or else the matrix elements are exactly zero2. In

practice, different gauge fixing conditions can be used, for example Landau gauge whose continuum

form is ∂µAµ = 0 can be discretised on the lattice in various ways. The original proposal from Ref [2]

proposed to minimize the functional:

Tr
⎡⎢⎢⎢⎣

4�
µ=1(Uµ(x) +U †

µ(x))⎤⎥⎥⎥⎦ (3.4)

over gauge transformations of the original gauge configuration. Minimizing this functional (or solving

for ∂µAµ = 0 in the continuum) does not lead to a unique solution - instead there are multiple

solutions known as Gribov copies [5]. These Gribov copies introduce an unavoidable systematic on

the extracted renormalization constants. There have been some studies of the practical effect of

Gribov copies [6, 7], with varying conclusions on their relative size compared to typically achievable

statistical errors. In any case, it is slightly unnerving to include an uncontrollable systematic error

into any calculation.

An alternative strategy is to choose intermediate renormalization schemes that use only gauge-

invariant quantities. For example, one can instead impose renormalization conditions based on

2This statement seems trivially true as the matrix element has no singlet contribution under gauge transformations,

though in principle one might worry that it is possible for gauge symmetries to be spontaneously broken. Elitzur’s

theorem demonstrates that this is impossible[4].
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position-space correlation functions of gauge-invariant operators. In the literature this has been

called the X-space scheme [8], or the gauge-invariant-renormalization-scheme (GIRS) [9]. For mul-

tiplicatively renormalizable operators, the X-space renormalized operator O(X) can be related to

the bare operator O(0) by O(X) = Z
(X)O O(0), where Z

(X)O is an (often divergent) renormalization

constant. One possible X-space renormalization scheme can be defined by the requirement that

the renormalized two-point correlation function built from O(X) is equal to its non-interacting (NI)

value when the operators are separated by a fixed spacetime distance x:

�O†(X) (0)O(X) (x) � = �O†(0) (0)O(0) (x) ��
NI

, (3.5)

where
√
x2 is the scale at which the operator is renormalized, and the non-interacting correla-

tion function is defined as the αS → 0 value of the correlation function3. Although the scheme

is gauge invariant by definition, it requires more-complicated perturbative calculations in order to

match to other schemes in the continuum. Matching calculations from X-space schemes to MS have

been performed for light-quark bilinears [10], heavy-light quark bilinears [11], dimension-5 opera-

tors appearing in the energy-momentum tensor [9], and supercurrent operators in supersymmetric

theories [12].

When implementing RI-(s)MOM renormalization conditions at momentum p with a lattice dis-

cretisation, there is a ‘window problem’ where ΛQCD ≪ p ≪ a−1 is required to keep all systematic

uncertainties under control. Indeed, the RI-SMOM scheme [3] was introduced to remove infrared con-

vergence issues in applications of the original RI-MOM scheme where some momenta were not in the

desired range. Here, a is the lattice discretisation-scale that regulates the ultraviolet (UV) behaviour

of the theory and ΛQCD is the typical QCD scale that emerges through dimensional transmutation.

The same window problem affects any position-space scheme, where
√
x2 ≪ Λ−1QCD is required to

control perturbation-theory errors appearing in the perturbative matching to MS, and a ≪ √
x2 is

required to control discretisation artifacts. In practice, this window problem must be investigated

on a case-by-case basis, and various investigations have been performed in X-space schemes for the

local light-quark bilinear operators using Wilson fermions [8, 13], twisted-mass fermions [14], as well

as domain-wall fermions [15]. Furthermore, numerical studies of the feasibility of X-space renor-

malization conditions for renormalizing the QCD energy-momentum tensor [16], heavy-light quark

bilinear operators [17], and operators in supersymmetric field theories [18] have been undertaken.

There have also been numerical investigations of the possibility of using position-space schemes to

match between three and four-flavor QCD [19, 20].

The X-space scheme is particularly suited to renormalizing Heavy Quark Effective Theory

(HQET) operators. Choosing a reference frame in which the heavy-quark velocity has spatial com-

ponents that vanish, v = (1,0,0,0)T , the bare Euclidean propagator for a heavy quark Q in the

3The non-interacting correlation function in X-space schemes is sometimes referred to as ‘tree-level’, though this

is a misnomer due to the fact that the noninteracting calculation of position-space correlation functions of composite

operators involves loops. Note that the superscript labels ‘(0)’ on the operators in the RHS of Eq. (3.5) are redundant

as the non-interacting values for the bare and renormalised operators are the same.
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static limit is naturally written in position space [21] as

⟨Q(0)(0)Q(0)(xE)⟩F = δx⃗E ,0⃗ θ(−tE)W (0)(0, xE)1 + γ0
2

, (3.6)

where ⟨⋅⟩F indicates the path integral is performed over all the fermionic degrees of freedom but

not the gauge degrees of freedom, and W (0)(a, b) is the bare straight Wilson line from a to b. A

complication in lattice regularizations of the static theory is that the static-quark self-energy has a

power divergence [22], which is caused by mixing between the kinetic term QD0Q and a mass-like

term mstatQQ, where mstat ∼ O(αS)/a is radiatively generated. The X-space scheme proposed

in this chapter utilizes ratios of three-point to two-point position-space correlation functions to

nonperturbatively cancel this power divergence. Nonperturbatively-renormalized matrix-elements

of HQET operators can thus be extracted without needing to determine mstat explicitly, which

would otherwise constitute another source of uncertainty.

In this chapter, a set of X-space schemes for renormalizing four-quark HQET operators is pro-

posed, and the O(αS) matching to MS is calculated in the static limit, extending the X-space ap-

proach used in Refs. [8, 9, 12]. The first set of operators that are considered are isospin-nonsinglet,

four-quark operators τff ′(QΓqf)(qf ′Γ′Q) where Γ,Γ′ are spin-colour tensors, qf ∈ {qu, qd} are light-

quark fields, and τff ′ is a Pauli matrix in the light-quark flavor space. In the Heavy Quark Expansion

(HQE) formalism, matrix elements of these ΔQ = 0 (heavy-quark flavor preserving) operators are

known as ‘spectator contributions’, and are the dominant O(1/m3
Q)-corrections to the inclusive

lifetimes of heavy (charm or bottom) hadrons [23, 24]. The second set of operators that are con-

sidered are ΔB = 2 four-quark operators, relevant for determinations of B −B-mixing [25]. Precise

determinations of hadronic matrix-elements of these quantities will allow for better constraints on

fundamental parameters of the Standard Model such as the CKM matrix-elements, and will also

further constrain extensions of the Standard Model. Existing LQCD studies of these four-quark

operators have utilized lattice perturbation-theory to perform matching to MS [26–29], and the

nonperturbative renormalization-scheme proposed in this work will allow for more precise LQCD

determinations of the renormalized matrix-elements [30].

The four-quark operators studied in this work do not renormalize multiplicatively but rather

mix within multiplets of operators with the same quantum numbers, and therefore Eq. (3.5) must

be generalized to define a scheme that determines the entire mixing-matrix. In order to provide a

sufficient number of renormalization conditions to determine the full mixing-matrix, the X-space

scheme proposed here utilize three-point correlation functions involving the four-quark operator with

multiple choices of source and sink operators. There are many possibilities but to be concrete the

source and sink operators used are heavy-light mesonic operators QΓq and heavy-light-light baryonic

operators ϵabc[qaTΓ1q
b]Γ2Q

c for various choices of the Dirac matrices Γ,Γ1,Γ2. Perturbative calcu-

lations of two-point correlation functions constructed from these operators have been performed in

the literature, and these can be used to determine matching coefficients between X-space schemes

and the MS scheme, which are presented to O(αS) in Sec. 3.1.1. The four-quark operators also mix

into evanescent operators (operators that explicitly vanish in d = 4) in dimensional regularization.
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To be able to utilize the X-space scheme as a regulator-independent scheme for conversion of lattice

matrix-elements, the scheme is defined in terms of evanescent-subtracted operators. The X-space

schemes, and O(αS)-matching to the MS scheme for the isospin non-singlet ΔQ = 0 operators and

the ΔB = 2 operators are presented in Sec. 3.2. An overview of the conventions and integration

techniques used in this section is given in Appendix B.

3.1 Multiplicatively renormalizable operators

Some text in this section reproduced with coauthors’ permission from Ref. [31].

3.1.1 X-space schemes for heavy-light bilinear and heavy-light-light

trilinear operators

In this section, the O(αS) matching-factors between X-space-renormalized operators and MS-

renormalized operators for heavy-light mesonic, and heavy-light-light baryonic operators in HQET

are presented. Choosing the frame in which the static heavy quark propagates purely in the Eu-

clidean time direction, the Euclidean HQET Lagrangian used in the following calculations is given

by

L = 1

4
FµνFµν + �

f={u,d} qfγµDµqf +QD0Q, (3.7)

with two massless light-quarks qu and qd, and one static heavy-quark Q that satisfies 1+γ0

2
Q = Q.

To regulate the continuum theory, dimensional regularization (DR) is used, where γ5 = γ0γ1γ2γ3 is

treated in the ’t Hooft-Veltman (HV) scheme [32]. Due to the heavy-quark term in the action not

containing any Dirac matrices, in d = 4 there is an SU(2)h heavy-quark spin symmetry

Q↦ e−iθjγ5γjQ, Q↦ Qeiθjγ5γj (3.8)

that leaves the action invariant, where γj ∈ {γ1,γ2,γ3}. The resulting effect of this symmetry is that

local heavy-light mesonic operators are related by heavy-quark symmetry in the following SU(2)h
doublets:

SU(2)h
⎧⎪⎪⎪⎨⎪⎪⎪⎩
H+f (0+) ∶ qfQ
H∗+f,i(1+) ∶ qfγ5γiQ , SU(2)h

⎧⎪⎪⎪⎨⎪⎪⎪⎩
H−f (0−) ∶ qfγ5Q
H∗−f,i(1−) ∶ qfγiQ , (3.9)

where the JP quantum numbers of the state are listed along with the corresponding local heavy-

light operator. Note that the ± superscripts refer to the parity of the operator, rather than the

electromagnetic charge of the state. In Eq. (3.9) and what follows, γi indexes the (d−1)-dimensional

spatial Dirac matrices, such that γiγi = (d− 1)�.4 Since the antiparticle is integrated out in HQET,

4In d = 4, where spatial Dirac matrices γi take values in γi ∈ {γ1,γ2,γ3}, the heavy-quark spin symmetry is indeed

SU(2)h. In dimensional regularization the spatial index i now varies over the (d−1)-dimensions that are not timelike,

and formally the symmetry group is no longer SU(2)h. This distinction, however, does not have any implications for

the calculations presented in this section.
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the operators shown in Eq. (3.9) form a basis for the heavy-light bilinear operators with no derivatives

in d = 4.
The heavy-light-light baryonic operators of the form ϵabc[qaT τΓ1q

b]Γ2Q
c for varying Dirac matri-

ces Γ1,Γ2 and isospin matrices τ are also multiplicatively renormalizable. In the following, C is the

charge-conjugation matrix satisfying CγµC
−1 = −γT

µ , with an explicit construction in dimensional

regularization given in Sec. 2.1.3. The isospin matrices are written in terms of the antisymmetric

τA or symmetric τSα matrices

τA ∶= ⎛⎝ 0 1−1 0

⎞⎠ , τS1 ∶= ⎛⎝1 0

0 0

⎞⎠ , τS0 ∶= 1√
2

⎛⎝0 1

1 0

⎞⎠ , τS−1 ∶= ⎛⎝0 0

0 1

⎞⎠ . (3.10)

Operators coupling to ΛQ baryons (isospin singlets) are given by

Λ1 �1
2

+� ∶ ϵabc[qaT τACγ5q
b]Qc,

Λ2 �1
2

+� ∶ ϵabc[qaT τACγ5γ0q
b]Qc,

Λ−1 �1
2

−� ∶ ϵabc[qaT τACqb]Qc,

SU(2)h
⎧⎪⎪⎪⎨⎪⎪⎪⎩
Λ−2 �1

2

−� ∶ ϵabc[qaT τACγ5γiq
b]γiγ5Qc,

Λ∗−i �3
2

−� ∶ ϵabc[qaT τACγ5γiq
b]Qc − 1

3
ϵabc[qaT τACγ5γjq

b]γiγjQc.
(3.11)

The operators are labelled by their angular momentum representation and parity, JP . The SU(2)h-
doublet {Λ−2 ,Λ∗−i } arises from decomposing the tensor product of a spin-1 light-quark doublet with

the spin- 1
2
heavy quark into irreducible spin representations. In particular, spin- 3

2
operators such as

Λ∗−i satisfy the condition γiΛ
∗−
i = 0 in d = 4. Operators coupling to ΣQ-baryons which transforms in

the isospin-triplet representation, are given by

SU(2)h
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Σ1,α �1
2

+� ∶ ϵabc[qaT τSαCγiq
b]γiγ5Qc,

Σ∗1,α,i �3
2

+� ∶ ϵabc[qaT τSαCγiq
b]Qc − 1

3
ϵabc[qaT τACγjq

b]γiγjQc,

SU(2)h
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Σ2,α �1
2

+� ∶ ϵabc[qaT τSαCγ0γiq
b]γiγ5Qc,

Σ∗2,α,i �3
2

+� ∶ ϵabc[qaT τSαCγ0γiq
b]Qc − 1

3
ϵabc[qaT τSαCγ0γjq

b]γiγjQc,

SU(2)h
⎧⎪⎪⎪⎨⎪⎪⎪⎩

Σ−1,α �1
2

−� ∶ ϵabc[qaT τSαCγ5γ0γiq
b]γiγ5Qc,

Σ∗−1,α,i �3
2

−� ∶ ϵabc[qaT τSαCγ5γ0γiq
b]Qc − 1

3
ϵabc[qaT τSαCγ5γ0γjq

b]γiγjQc,

Σ−2,α �1
2

−� ∶ ϵabc[qaT τSαCγ0q
b]Qc, (3.12)

where α is the isospin index and i is the vector index of the spin- 3
2
field. The operators in Eqs. (3.11)

and (3.12) form a complete basis in d = 4 for local HQET heavy-light-light currents with no deriva-

tives, of which the positive-parity local operators were previously classified in Refs [33, 34].
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• •
(−t,�0) (t,�0)

• •
(−t,�0) (t,�0)

• •
(−t,�0) (t,�0)

Figure 3.1: Diagrams for the O(αS) contributions to the two-point position space

correlator shown in Eq. (3.13), when O is one of the heavy-light currents listed in

Eq. (3.9). The operator insertions are represented by the filled in dots in the diagrams

above. Feynman rules are derived from Eq. (3.7), double lines refer to the static-quark

propagator, single lines are light-quark propagators, and curly lines are gluons. The

unlabelled positions of the interaction vertices are integrated over. The diagrams in

order are referred to as DHL
1 ,DHH

1 ,DLL
1 .

The X-space scheme for multiplicatively-renormalizable currents is specified at a renormalization

scale t−1 by the following condition:

�O†(R,X) �−t, 0⃗�O(R,X) �t, 0⃗�� = �O†(0) �−t, 0⃗�O(0) �t, 0⃗�� �
NI

, (3.13)

where R is a regulator (either DR or the lattice regulator), and X specifies the operators are

renormalized in the X-space scheme. The subscript NI on the right-hand side of Eq. (3.13) refers

to the non-interacting value of the correlator. If the operator has additional indices (such as isospin

triplet indices α in the case of the Σ-interpolating operators in Eq. (3.12), or spatial gamma-matrix

indices i) these additional indices are summed over on both sides of the renormalization condition.

For example, in the 1− mesonic channel (the B∗ mesons if Q is a bottom quark), the renormalization

condition is

�
i

�(qγiQ)†(R,X) �−t, 0⃗� (qγiQ)(R,X) �t, 0⃗�� =�
i

�(qγiQ)(0)† �−t, 0⃗� (qγiQ)(0) �t, 0⃗�� �
NI

. (3.14)

Furthermore, the open Dirac indices of the static heavy-quark and heavy anti-quark in the baryonic

operators are traced over.

The position-space diagrams that contribute to the O(αS) determination of the two-point cor-

relation function for the heavy-light currents are shown in Fig. 3.1. Although chiral symmetry is

broken by the HV-prescription for γ5, the massless nature of the light quark still has consequences

for the symmetries present in the renormalization factors. In particular, the specific Γ-matrix ap-

pearing in the interpolating operator O = qΓQ only affects the two-point correlation function by a

constant factor, as the correlation function (to any order in αS) has the form

��Q(DR,0)
Γq(DR,0)� (−t, 0⃗) �q(DR,0)ΓQ(DR,0)� (t, 0⃗)� = A Tr�1 + γ0

2
Γγ0Γ�

= AP Tr�1 + γ0
2

ΓΓ� , (3.15)
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where A is a constant that does not depend on Γ, P ∈ {−1,+1} is the parity of the state (γ0Γ = PΓγ0),
and Γ = γ0Γ†γ0. This is because of the fact that regardless of the number of gluons attached to the

light-quark line in the two-point correlation function, there are always an odd number of γ-matrices

inserted (one for each massless propagator and one for each vertex). For example, shown below is

the case with three gluons attached to the light quark:

(−t0,�0) (t0,�0).γµ1
γµ2

γµ3

γν1
γν2

γν3
γν4

The only four-vector available for contraction is the purely timelike heavy-quark velocity v; thus,

after performing integration over loop momenta and Fourier transforming to position space, the

light-quark line is proportional to /v = γ0. The result of Eq. (3.15) is that all heavy-light operators

qΓQ renormalize multiplicatively with the same factor to all orders of αS in the X-space scheme,

regardless of the choice of Γ.

The diagrams in Fig. 3.1 can be computed by first calculating the corresponding two-loop

momentum-space diagrams (also known as p-type integrals [35]) and taking a Fourier transform; fur-

ther details of this computation are given in Sec. 3.1.2. In this section, the main results for the heavy-

light and heavy-light-light operators are discussed. Writing (qΓQ)(DR,S) = Z(DR,S)(qΓQ) (q(0)ΓQ(0)) for
the heavy-light currents (where S is a choice of renormalization scheme), the X-space renormaliza-

tion factors are given by5

Z
(DR,X)(qΓQ) (t, µ) = 1 − αS(µ)

πϵ
− αS(µ)

π
�4
3
+ 2π2

9
+ 1

2
log �4πeγEµ2t2�� (3.16)

in d = 4 − ϵ dimensions. Here, µ is the scale obtained after writing the renormalized coupling-

constant as a dimensionless object g(DR,MS) = 1
Zg

µ− �
2 g(0), where αS ∶= (g(DR,MS))2

4π
, and γE is the

Euler-Mascheroni constant. It is possible to define an X-space scheme strong coupling α
(DR,X)
S (for

example by fixing the two-point correlation function for the gluon correlator), but this work focuses

on the matching of composite operators between X-space schemes and MS, and hence the αS that

is used is always renormalized in MS at scale µ. The MS renormalization factor

Z
(DR,MS)(qΓQ) (µ) = 1 − αS(µ)

πϵ
− αS(µ)

2π
log(4πe−γE), (3.17)

can be read off from Eq. (3.16) as the 1
�
piece and the corresponding MS logarithms. Comparing

this to Eq. (3.16), note that the MS-counterterm contains factors of +αSγE

π
, whereas the X-space

counterterm contains corresponding factors of −αSγE

π
. The difference in sign arises from the d-

dimensional Fourier transform of the logarithmic structure [10]. This causes the conversion factor

5O(α2
S) calculations of the two-point position-space correlation function of heavy-light currents can be found in

Ref [11].
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O C1,O C2,O
Λ1

17
6

2

Λ2
9
4

1

Σ1,α,Σ
∗
1,α,i

19
12

1

Σ2,α,Σ
∗
2,α,i

11
6

2
3

O C1,O C2,O
Λ−1 3

2
2

Λ−2 ,Λ∗−1 9
4

1

Σ−2,α 19
12

1

Σ−1,α,Σ∗−1,α,i 11
6

2
3

Table 3.1: O(αS) conversion factors from X-space renormalized operators to MS-

renormalized operators, for the different heavy-light-light baryonic operators. Refer to

Eq. (3.19) for definitions of C1,O,C2,O. The two-point functions of the positive-parity

heavy-light-light currents have previously been computed in the context of QCD sum

rules [34].

O(DR,MS) = C(DR,MS;DR,X)(t, µ)O(DR,X)(t) between X-space and MS to contain γE factors:

C
(DR,MS;DR,X)(qΓQ) (t, µ) = Z

(DR,MS)(qΓQ) (µ)
Z
(DR,X)(qΓQ) (t, µ) = 1 +

αS(µ)
π

�4
3
+ 2π2

9
+ 1

2
log �e2γEµ2t2�� . (3.18)

In numerical studies utilizing X-space schemes, µ should be varied to provide an indication of the

size of the error caused by truncating the perturbative series. A natural candidate for a central

value of µ is given by the condition µ2 = e−2γE t−2 which would cancel the logarithm that appears in

the matching factor.

For the heavy-light-light baryons, the O(αS) conversion factors can be parametrized similarly as

C
(DR,MS;DR,X)O (t, µ) = Z

(DR,MS)O (µ)
Z
(DR,X)O (t, µ) = 1 +

αS

π
�C1,O + 2π2

9
+ C2,O

2
log(e2γEµ2t2)� , (3.19)

where the coefficients C1,O, C2,O are given in Table 3.1 for O taken from Eqs. (3.11) and (3.12).6

The calculations of the conversion factors proceed similarly to those for the heavy-light mesonic

operators, by evaluating the baryonic analogues to the diagrams appearing in Fig. 3.1.

3.1.2 Calculation procedure for O(αS) two-point matching calcula-

tion

In this subsection, a detailed calculation is presented for the heavy-light two point correlation func-

tion ⟨(QΓLq)(t)(qΓRQ)(0)⟩, corresponding to the diagrams shown in Fig. 3.1. The calculations

needed for the two-point baryonic correlation function are similar, only requiring different contrac-

tions at the source and the sink, which were implemented in Mathematica[36]. A computational

6Note that Z
(DR,MS)O (which contains only the 1

�
piece) can be read off as Z

(DR,MS)O = −αS
π�

C2,O as the γE factors

are directly proportional to the 1
�
pole.
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=
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

p p
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Figure 3.2: Example showing how the Fourier-transform relates a position-space dia-

gram appearing in the ⟨QΓq(t0, 0⃗)(qΓQ)(−t0, 0⃗)⟩ two-point correlation function to the

corresponding momentum-space diagram.

difficulty with using position-space schemes is that even at tree-level, position-space correlation func-

tions involve loop calculations. In the case of the two-point mesonic correlation function, the answer

can be derived by utilising the position-space propagators Eqs. (2.10) and (2.13) (where the loop

integral has been relegated to the Fourier transform used to derive the position-space propagators):

D0(ΓL,ΓR) = −NCTr �[D−1H (−x0)]ΓL[D−1L (x0)]ΓR�
= NCTr �1 + /v

2
ΓL/vΓR� iΓ(d

2
)x

2π
d
2 (−x2) d

2

(3.20)

Note that in dimensional regularisation, since the mass dimensions [ψ] = [Q] = d−1
2
, even at tree

level the position-space correlator will have d-dependence. For the two-loop O(αS) diagrams listed

in Fig. 3.1, a key observation is that the position-space calculation can be related to a momentum-

space calculation via a fourier-transform, as shown for DHL
1 in Fig. 3.2. In momentum space, a new

type of integral is required:

(−v ⋅ p)d−n1−n2−2n3−2n4−2n5I(n1, n2, n3, n4, n5) ∶=
� ddkLd

dkR(2π)2d 1(v ⋅ (p + kL))n1(v ⋅ (p + kR))n2(−k2L)n3(−k2R)n4(−(kL − kR)2)n5
(3.21)

corresponding to the schematic drawing showing the relation of the different ni indices as momentum

flows, static quarks as double lines and massless quarks as single lines:

1 2

43
5

(3.22)

This integral is symmetric under swapping n1 with n2 and n3 with n4 at the same time. It satisfies

the base conditions:

I(n1, n2, n3, n4,0) = IHL(n1, n3)IHL(n2, n4) (3.23)

I(0, n2, n3, n4, n5) = ILL(n3, n5)IHL �n2, n4 + n3 + n5 − d

2
� (3.24)

I(n1, n2,0, n4, n5) = IHL(n1, n5)IHL(n2 + n1 + 2n5 − d, n4) (3.25)
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in terms of the integrals ILL, IHL introduced in Sec. 2.1.2 and tabulated in Appendix B. These base

conditions are derived by noticing that setting one of the ni values to zero effectively contracts the

diagram in such a way that there is always an independent sub-diagram that can be computed.

To simplify the integral in the case that all the ni > 0, one can utilise Integration-by-Parts (IBP)

relations, where the trick is to notice that the dimensionally regulated integral of a total derivative

is zero. In the case of this two-loop integral, one particular relation for example is given by:

� ddkLd
dkR(2π)2d ∂µ

kL
� kµL(v ⋅ (p + kL))n1(v ⋅ (p + kR))n2(−k2L)n3(−k2R)n4(−(kL − kR)2)n5

� = 0 (3.26)

By expanding out the action of the ∂kL
on the inserted numerator and each denominator factor, one

finds:

� ddkLd
dkR(2π)2d

d − n1 �1 − v⋅p
v⋅(p+kL)� − 2n3 − n5 �1 + −k2

−(kL−kR)2 − −k2
R−(kL−kR)2 �(v ⋅ (p + kL))n1(v ⋅ (p + kR))n2(−k2L)n3(−k2R)n4(−(kL − kR)2)n5

= (d − n1(1 + 1+) − 2n3 − n5 (1 + 3+5− − 4+5−)) I(n1, n2, n3, n4, n5) = 0 (3.27)

where the bolded number operators act by increasing/decreasing the arguments to the I function

whilst maintaining its dimensionlessness, for example:

3±I(n1, n2, n3, n4, n5) = (−v ⋅ p)±2I(n1, n2, n3 ± 1, n4, n5) (3.28)

the ±2 in this case because n3 corresponds to a light propagator that has mass dimension [−2]. Note

that the leading d in Eq. (3.27) comes from the ∂µ
kL

kµL = d. In general, a whole suite of IBP-formulas

can be derived by taking derivatives with respect to either of the loop-integrals multiplied by some

internal momentum scale. For example, applying the ∂kL
⋅kR to the integrand gives the IBP relation:

(−n11
+(1 + 2−) − n33

+(5− − 3− − 4−) + n5 (1 + 4+5− − 3+5−)) I(n1, n2, n3, n4, n5) = 0 (3.29)

These different IBP relations become important cross-checks in the computational implementation

of these multiloop integrals. The particular linear combination ∂k3(k3 − k4) gives a particularly

simple relation:

(d − n1 − n3 − 2n5 + n11
+2− + n33

+(5− − 4−))I(n1, n2, n3, n4, n5) = 0 (3.30)

which can be rearranged to give:

I(n1, n2, n3, n4, n5) = −n11
+2− − n33

−(5− − 4−)
d − n1 − n3 − 2n5

I(n1, n2, n3, n4, n5) (3.31)

Applying this equation will lower one of the arguments n2, n4 or n5, allowing one to reduce the

case with general arguments to a base case. This general strategy of applying IBP relations, and

reducing the tensors that appear in the numerator into structures that look like the propagators in

the denominator, is known as Laporta’s algorithm [37].
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To calculate the diagrams DHL
1 ,DHH

1 and DLL
1 , firstly each diagram must be decomposed into

evaluations of the master integral I(n1, . . . , n5). In general, each of the diagrams will have a tensor-

decomposition of the form Iα1α2⋯Gα1α2⋯, where the I-tensor is the loop integration over only the

propagators and momentum factors, and the G-tensor indicates some external Dirac structures that

the result is contracted against. The loop-integral tensor will have a decomposition into:

Iα1α2⋯ = (gα1α2⋯)I0 + (vα1vα2⋯)I1 +⋯ =∶ �
i

Tα1α2⋯
i Ii, (3.32)

where in the case of these HQET diagrams the only tensors available are gµν and vµ. The sum

over index i in Eq. (3.32) decomposes the integral into all possible combinations of gµν and vµ that

match the number of indices that the I-tensor has. To solve for the Ii, note that Tα1α2⋯
i Iα1α2⋯ can

be computed as a scalar integral, as the numerator will then become some combination of scalars

and raising/lowering operators of the form 1−,2−,⋯. Then:

Ii = (Tα1α2⋯Tα1α2⋯)−1ij �Tα1α2⋯
j Iα1α2⋯� (3.33)

To see this in action, consider the DHL
1 diagram:

DHL
1 (ΓL,ΓR) = − µ4−d � ddp(2π)d e−ix0p � ddk1d

dk2(2π)2d Tr�1 + /v
2

i

v ⋅ (k2 + p)(igvµTA)
i

v ⋅ (k1 + p)ΓL
i/k1 (igγµTA) i/k2ΓR� −i(k1 − k2)2

= − iCFNcµ
4−d � ddp(2π)d e−ix0pTr�1 + /v

2
ΓLγ

ν /vγρΓR�
�� ddk1d

dk2(2π)2d kν1k
ρ
2(k1 − k2)2k21k22(v ⋅ (k2 + p))(v ⋅ (k1 + p))�

(3.34)

Labelling the integral surrounded by square braces as Iνρ, note that:

Iνρ = gνρI0 + vνvρI1 = gνρ � 1

d − 1
Iαα − 1

d − 1
vαvβI

αβ� + vνvρ �− 1

d − 1
Iαα + d

d − 1
vαvβI

αβ�
Iαα = 1

2
(3− + 4− − 5−) , vαvβI

αβ = 1−2− + 1− + 2− + 1 (3.35)

Note that also:

gνρ(γν /vγρ) = (2 − d)/v, vνvρ(γν /vγρ) = /v (3.36)

so that:

DHL
1 = − iCFNcµ

4−dD−1H (−x0,−2d + 6)e−iπ(2d−6)Tr�1 + /v
2

ΓL/vΓR�
�2 + 2 ⋅ 1− + 2 ⋅ 2− + 2 ⋅ 1−2− − 1

2
3− − 1

2
4− + 1

2
5−� I(1,1,1,1,1) (3.37)

Completing the integral, we have:

DHL
1 =D0CFαS

πϵ
+ D0CFαS

6π
�6 + 3γE + 2π2 + 3 logπ + 3 log(−x2µ2)� . (3.38)
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The diagram in Fig. 3.1 with a gluon attached to the heavy line is slightly simpler, since the

momentum integral has a single tensor index which must be contracted against vµ. The diagram

yields:

DHH
1 = − � ddp(2π)d e−ix0p � ddk1d

dk2(2π)d Tr�1 + /v
2

i

v ⋅ (k1 + p)(igvµT a) i

v ⋅ (k2 + p)
(igvµT a) i

v ⋅ (k1 + p)ΓL
i/k1ΓR� −i(k2 − k1)2

= − iCFNc � ddp(2π)d e−ix0p � ddk1d
dk2(2π)2d kν1(v ⋅ (k1 + p))2(v ⋅ (k2 + p))k21(k2 − k1)2Tr�

1 + /v
2

ΓLγ
νΓR�

= − iCFNcD
−1
H (−x0,−2d + 6)e−iπ(2d−6) (1− + 1) Ĩ(2,1,1,0,1)Tr�1 + /v

2
ΓL/vΓR�

=D0CFαS

πϵ
+ D0CFαS

2π
�2 + γE + logπ + log(−µ2x2)� .

(3.39)

And finally, the diagram in Fig. 3.1 with a gluon attached to the light-quark line gives:

DLL
1 = − � ddp(2π)d e−ix0p � ddk1d

dk2(2π)d Tr�1 + /v
2

i

v ⋅ (k1 + p)Γµ i/k1 (igγµT a) i/k2 (igγµT a) i/k1Γµ� −i(k2 − k1)2
= − iCFNc � ddp(2π)d e−ix0p � ddk1d

dk2(2π)2d kα1 k
β
2 k

ρ
1

v ⋅ (k1 + p)k41k22(k2 − k1)2Tr�
1 + /v
2

ΓLγ
αγνγβγνγρΓR� .

(3.40)

Note that the same strategy of decomposing the momentum integral would still work in this case,

however the integral is now a five-index tensor which is slightly more complicated. In this particular

situation however, the γ-matrices simplify:

γαγνγβγνγρ = (2 − d)(gαβγρ + gβργα − gαργβ)
→ (2 − d) [(−5− + 3− + 4−)(1− + 1) − 3−(2− + 1)] , (3.41)

where the ϵαβγρ term is dropped because it vanishes after contraction, and expressed the rest in

terms of raising/lowering operators gives the answer:

DLL
1 = −D0CFαS

2πϵ
− D0CFαS

4π
(γE + logπ + log(−µ2x2)). (3.42)

Summing these three contributions recovers the result presented in Eq. (3.16).

3.1.3 Decay constants

The renormalization conditions presented in this section are not directly applicable to two-point cor-

relation functions computed with the static heavy-quark action in Lattice-HQET as O(DR,X)(t) ≠O(lat,X)(t). The reason for this disagreement is that the lattice regulator introduces a power-

divergent mixing between the static kinetic operator QD0Q and a radiatively generated mass-term
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mstatQQ where mstat ∼ O(αS)/a. The relationship between matrix elements of the operators renor-

malized in the two different regulators is

⟨⋯∣O(lat,X)(t)∣⋯⟩ = emstatt⟨⋯∣O(DR,X)(t)∣⋯⟩, (3.43)

where ∣⋯⟩ represents arbitrary states. Without an additional renormalization condition that can be

used to extract mstat, it is not possible to match matrix elements of O(lat,X) to matrix elements in

continuum renormalization schemes.

Since the self-energy power divergence affects all the two-point correlation functions discussed

in this section in the same fashion, it is, however, possible to take ratios to cancel this self-energy

divergence rather than computing it. As an example application, consider the following QCD matrix

elements:

⟨0∣(qfγµγ5b)(DR,MS)∣Bf(p)⟩ = ipµfMS
Bf

, (3.44)

⟨0∣ �ϵabc[qaT τACγ5q
b]1+γ0

2
bcα�(DR,MS) ∣Λb(p, s)⟩ = imΛb

Nα(p, s)fMS
Λb,1

, (3.45)

where b is a (relativistic) bottom quark field, pµ is a Euclidean four-momentum, s is the spin of

the Λb-baryon, and Nα is the baryon Dirac spinor satisfying N(p, s)N(p, s′) = 2mΛb
δss′ . Here, fBf

is the mesonic decay-constant, and fΛb,1
is the normalization constant for one of the distribution

amplitudes of the Λb baryon [38]. The states in Eqs. (3.44) and (3.45) have standard relativistic

normalization

⟨Bf(p′)∣Bf(p)⟩ = 2EBf (p)(2π)3δ3(p⃗ − p⃗′), (3.46)

⟨Λb(p′, s′)∣Λb(p, s)⟩ = 2δss′EΛb(p,s)(2π)3δ3(p⃗ − p⃗′). (3.47)

Note that, given the conventions of Eqs. (3.44) and (3.45), the mass dimension of fBf
is 1, while

the mass dimension of fΛb,1
is 2 (using the normalization for distribution amplitudes from Ref [39]).

The decay constants fBf
, fΛb,1

as defined above do not have well-defined limits as mb → ∞, as the

relativistic normalization of states does not behave well in this limit. The mb → ∞ limit can be

studied by switching to a non-relativistic normalization for the HQET states:

NR⟨Bf(v, k′)∣Bf(v, k)⟩NR = (2π)3δ3(k⃗ − k⃗′), (3.48)

NR⟨Λb(v, k′, s′)∣Λb(v, k, s)⟩NR = δss′(2π)3δ3(k⃗ − k⃗′), (3.49)

where pµ = mXvµ + kµ. The relativistically normalised and non-relativistically normalised states

additionally differ by O( 1
mb
) effects, which are irrelevant in a static limit analysis. Furthermore,

matching the QCD operators to HQET operators with MS matching factors D(µ), and dropping

the O( 1
mb
) contributions gives [40]

H
(DR,MS)
f = (qfγ5Q)(DR,MS) =DHf

(µ)(qfγ0γ5b)(DR,MS), (3.50)

Λ
(DR,MS)
1,α = �[qaT τACγ5q

b]Qc
αϵabc�(DR,MS) =DΛ1(µ) �[qaT τACγ5q

b]1+γ0

2
bcαϵabc�(DR,MS)

. (3.51)

80



Combining the matching of the operators and states from QCD to HQET with Eqs. (3.44) and (3.45)

gives the relationships

imBf
f stat,MS
Bf

=DHf
(µ)−1�2mBf

⟨0∣H(DR,MS)
f ∣Hf(v, k)⟩NR, (3.52)

imΛb
Nα(p, s)f stat,MS

Λb,1
=DΛ1(µ)−1�2mΛb,1

⟨0∣Λ(DR,MS)
1,α ∣Λb(v, k, s)⟩NR, (3.53)

where the superscript ‘stat’ has been prepended to the label of the decay constants to emphasize

that O( 1
mb
) corrections have been dropped in the derivation. The matrix elements on the right-hand

sides of Eqs. (3.52) and (3.53) are defined completely in the static HQET limit, and hence have no

heavy-quark mass dependence. Therefore, up to logarithmic corrections due to the matching factors,

the combinations f stat,MS
Bf

√
mBf

and f stat,MS
Λb,1

mΛb
are constant in the mb →∞ limit.

To extract the ratio of the static decay constants using the X-space scheme as an intermediate

nonperturbative renormalization scheme, the bare two-point correlation functions are first calculated

in Lattice HQET:

THf
(t) ∶= ⟨H(lat,0)f (t, 0⃗)H(lat,0)†f (0, 0⃗)⟩ = ∣ZHf

∣2e−EHf
t + excited states, (3.54)

TΛ1(t) ∶=�
α

�Λ(lat,0)1,α (t, 0⃗)Λ(lat,0)†1,α (0, 0⃗)� = ∣ZΛ1 ∣2e−EΛQ,1
t + excited states, (3.55)

and fitted at large Euclidean time-separations, t, to extract ZHf
and ZΛ1 . Note that the energies

EHf
,EΛ1 are the binding energies of the respective hadrons shifted by the static quark mass mstat.

By renormalizing the operators in the X-space scheme at reference scale t−10 and then matching to

the MS scheme, an expression for the ratio of the decay constants in the MS scheme can be derived

as

f stat,MS
Bf

f stat,MS
Λb,1

(µ) = ⎛⎝THf
(t0)

TNI
Hf
(t0)

TNI
Λ1
(t0)

TΛ1(t0)
⎞⎠

1
2 × ⎛⎜⎝

CDR,MS;DR,X

QΓq
(t0, µ)

CDR,MS;DR,X
Λ1

(t0, µ)
⎞⎟⎠ × �

DΛ1(µ)
DHf
(µ)� × ZHf

√
2mΛb

ZΛ1

√
mBf

, (3.56)

where the first factor renormalizes the bare operators in the X-space scheme, the second factor

converts to the MS scheme in the dimensionally-regulated continuum, and the third factor matches

the renormalized HQET operators to QCD operators in the MS scheme. All the renormalization and

matching in this expression is performed at the scale t−10 for simplicity, but hybrid schemes where the

renormalized operators are run before performing matching are also possible. For instance, running

the operators in MS from the scale t−10 to the scale mb before matching the HQET operators to QCD

is usually desirable, as this cancels the large logarithms appearing if the t−10 scale is very different

from mb.

Alternatively, it is possible to renormalize these operators using a ratio of the form:

∣⟨O(X)(t)O(X),†(0)⟩∣2∣⟨O(X)(2t)O(X),†(0)⟩∣ = Z2O ∣⟨O(0)(t)O(0),†(0)⟩∣2∣⟨O(0)(2t)O(0),†(0)⟩∣ = ∣⟨O(t)O
†(0)⟩∣2∣⟨O(2t)O†(0)⟩∣ �

noninteracting

(3.57)

by noticing that the static quark power divergence cancels between the numerator and denominator,

leaving a factor of Z2O, allowing for the renormalization of the endpoint operators. This approach is

discussed further and utilised in Sec. 4.2.8.
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3.2 Four-quark operators

Some text in this section reproduced with coauthors’ permission from Ref. [31].

3.2.1 MS renormalization of four-quark operators

The X-space renormalization of the four-quark operators is made complicated by the fact that they

mix. Before discussing position-space renormalization schemes, this section presents a review of

the MS renormalization of the set of ΔB = 0 four-quark operators relevant for spectator effects, as

well as the set of ΔB = 2 operators relevant for B −B mixing. Using the solution of IHL given in

Eq. (2.20), the O(αS)-divergences in the Green’s functions displayed in Fig. 2.1 can be calculated

as:

(iMabcd
αβγδ)(b) = −αS

πϵ
µ4−d �1 + /v

2
TAΓL�bd

βδ
�ΓR

1 + /v
2

TA�ca
γα

,

(iMabcd
αβγδ)(c) = αS

2πϵ
µ4−d �1 + /v

2
ΓL�bd

βδ
�TAΓRT

A 1 + /v
2

�ca
γα

,

(iMabcd
αβγδ)(d) = − αS

2πϵ
µ4−d �1 + /v

2
ΓLT

A�bd
βδ
�ΓRT

A 1 + /v
2

�ca
γα

,

(iMabcd
αβγδ)(e) = − αS

2πϵ
µ4−d �1 + /v

2
TAΓL�bd

βδ
�TAΓR

1 + /v
2

�ca
γα

,

(iMabcd
αβγδ)(f) = αS

2πϵ
µ4−d �1 + /v

2
TAΓLT

A�bd
βδ
�ΓR

1 + /v
2

�ca
γα

,

(iMabcd
αβγδ)(g) = αS

8πϵ
µ4−d �1 + /v

2
ΓLγ

µγνTA�bd
βδ
�TAγνγµΓR

1 + /v
2

�ca
γα

, (3.58)

where the superscripts (b)−(g) refer to the different diagrams appearing in Fig. 2.1, and the operator

is assumed to take the form (QΓLq)(qΓRQ). It is useful to keep these formulas in this form, because

it is clear that the evanescent operators are completely determined by diagram (g) (Dirac structures

appearing in all other diagrams simplifies to be a multiplicative factor). Furthermore, it then takes

minimal effort to translate these results to the ΔB = 2 operators, which have a different contraction

form (QΓLq)(QΓRq). The basis of ΔB = 0 operators of interest for spectator effects (discussed

further in Chapter 4) are conventionally written in the basis

Of
1 ∶= (QγµPLqf)(qfγµPLQ), Of

2 ∶= (QPLqf)(qfPRQ),
Of

3 ∶= (QγµPLT
Aqf)(qfγµPLT

AQ), Of
4 ∶= (QPLT

Aqf)(qfPRT
AQ), (3.59)

where f ∈ {u, d} index the flavours of quarks that are taken to be massless in this section. Note

that the flavor-singlet combinations of the operators such as Ou + Od will mix with the lower-

dimensional QQ operator in a power-divergent way. When acting on B-hadrons, QQ is the identity

operator, leading to an a−3 additive mixing to the operators in lattice-HQET computations. This

section focuses on the renormalization of the isospin-nonsinglet contributions such as Ou−Od where
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the mixing with the QQ operators cancel, and the four-quark operators are protected from power-

divergent mixing. The f -label on the four-quark operators is omitted in what follows, as it should

be understood that all operators refer to the isospin-nonsinglet versions.

In dimensional regularization, four-quark operators such as those listed in Eq. (3.59) mix with

evanescent operators, which are operators that formally vanish in d = 4 due to their Dirac structure.

Different choices of basis for the evanescent operators lead to finite shifts in the MS renormalized

matrix elements [41, 42]. Working in the HV scheme, the basis of evanescent operators appearing

at O(αS) chosen here is written as

E1 ∶= (QγµPLγαγβq)(qγβγαγµPLQ) − 4O1,

E2 ∶= (QPLγαγβq)(qγβγαPRQ) − 4O2,

E3 ∶= (QγµPLγαγβT
Aq)(qγβγαγµPLT

AQ) − 4O3,

E4 ∶= (QPLγαγβT
Aq)(qγβγαPRT

AQ) − 4O4. (3.60)

The Dirac structures present in these evanescent operators occur in the one-loop diagram with a

gluon attached to the two light quarks, as shown in Fig. 2.4. In order for the proposed X-space

scheme to be regulator-independent, evanescent contributions to operators must be subtracted for

all regulators, and the renormalization conditions must be formulated for the subtracted operators

[43, 44]. In general, all operators in {O1,O2,O3,O4} will mix with each other, but to O(αS)
in MS the operators mix in sub-bases, with {O1,O3,E1,E3} having the same mixing pattern as{O2,O4,E2,E4}. The MS-renormalization conditions for i ∈ {1,2} are given by

⎛⎝O
(0)
iO(0)i+2

⎞⎠ =
⎛⎜⎜⎜⎝
1 + 2αS

π�
−3αS

2π�
0

αS

8π�

− αS

3π�
1 + αS

4π�

αS

36π�

7αS

48π�

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝

O(MS)
iO(MS)
i+2

E
(MS)
i

E
(MS)
i+2

⎞⎟⎟⎟⎟⎟⎠
. (3.61)

The first generation of bare evanescent operators {E1,⋯,E4} themselves mix at O(αS) with a

second generation of bare evanescent operators containing even more complicated Dirac structures

(such as (QPLγα1γα2γα3γα4q)(qγα4γα3γα2γα1PRQ)) [41]. Such higher-order evanescent operators

are omitted in Eq. (3.61) as the matching conditions presented later between MS and X-space

schemes are not sensitive to them at O(αS).
Subtracting the 1

�
evanescent contributions to the physical operators gives evanescent-subtracted

operators Õi that can be used in regulator-independent schemes. By reading off the coefficients from

Eq. (3.61) they are defined to be, for i ∈ {1,2},
Õ(0)i = O(0)i − αS

8πϵ
E
(0)
i+2, Õ(0)i+2 = O(0)i+2 − αS

36πϵ
E
(0)
i − 7αS

48πϵ
E
(0)
i+2. (3.62)

In later sections of this thesis, the focus will be on the ΔQ = 0 operators relevant to Spectator

Effect calculations. The renormalization calculations of this thesis are however applicable to other
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Figure 3.3: The top two diagrams show the dominant box-diagrams contributing to

the B−B mixing rate. The bottom diagram displays the 4-quark effective field theory

treatment after integrating out the electroweak scale physics.

classes of four-quark operators, such as the collection of ΔQ = 2 operators. In the Standard Model,

neutral B-mesons (B0,B0
s ) mix with their own antiparticles. The lowest-order diagrams contributing

to this in the Standard Model are box diagrams with the exchange of two weak bosons and top quarks

shown in Fig. 3.3. After integrating out physics at and above the weak scale leads to ΔB = 2 four-

quark operators. When matching these operators to HQET, the Lagrangian is expanded to include

a static antiquark Q− that travels in the opposite direction to the static quark Q+ (compare to the

Q+-propagator Eq. (3.6)):
⟨Q(0)− (0)Q(0)− (xE)⟩F = δx⃗E ,0⃗ θ(tE)W (0)(0, xE)1 − γ0

2
, (3.63)

where 1±γ0

2
Q± = Q±. A basis of the relevant ΔQ = 2 operators in HQET is

Q1 ∶= (Q+PLq)(Q−PLq), Q2 ∶= (Q+PLT
Aq)(Q−PLT

Aq),
Q3 ∶= (Q+PLq)(Q−PRq), Q4 ∶= (Q+PLT

Aq)(Q−PRT
Aq). (3.64)

The operators Q1,Q2 contribute to neutral B-meson mixing in the Standard Model, and Q3,Q4 are

contributions that could arise from possible new physics [25]. The full basis of ΔQ = 2 operators also

contains {Q1,Q2} with left-handed projectors swapped with right-handed projectors (PL ↔ PR),

but these are related by parity and so renormalize with the same factors as {Q1,Q2}. There are

also additional ΔQ = 2 operators when Q is relativistic, but these are related to the operators in

Eq. (3.64) in the static quark limit [45]:

(Q+γµPLq)(Q−γµPLq) = 8

3
Q1 + 4Q2 in d = 4. (3.65)
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The evanescent operators are defined as

F1 ∶= (Q+PLγαγβq)(Q−PLγαγβq) − 32

3
Q1 − 16Q2,

F2 ∶= (Q+PLT
Aγαγβ)(Q−PLT

Aγαγβq) − 32

9
Q1 − 16

3
Q2

F3 ∶= (Q+PLγαγβq)(Q−PRγαγβq) − 4Q3,

F4 ∶= (Q+PLT
Aγαγβ)(Q−PRT

Aγαγβq) − 4Q4, (3.66)

where the γ-matrix structure is governed by the O(αS) diagram with a single gluon attached to the

two light quarks. The mixing pattern is given by the following MS renormalization:

⎛⎝Q
(0)
1Q(0)2

⎞⎠ =
⎛⎜⎜⎜⎜⎜⎝
1 + 14αS

9π�

4αS

3π�
0 − αS

8π�

8αS

27π�
1 + 10αS

9π�

−αS

36π�

αS

24π�

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝

QMS
1QMS
2

FMS
1

FMS
2

⎞⎟⎟⎟⎟⎟⎠
, (3.67)

⎛⎝Q
(0)
3Q(0)4

⎞⎠ =
⎛⎜⎜⎜⎜⎜⎝
1 + 2αS

π�

3αS

2π�
0 − αS

8π�

αS

3π�
1 + 3αS

2π�

−αS

36π�

αS

24π�

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝

QMS
3QMS
4

FMS
3

FMS
4

⎞⎟⎟⎟⎟⎟⎠
. (3.68)

Correspondingly, the evanescent-subtracted operators are defined for i ∈ {1,3} as
Q̃(0)i = Q(0)i + αS

8πϵ
F
(0)
i+1 , Q̃(0)i+1 = Q̃(0)i+1 + αS

36πϵ
F
(0)
i − αS

24πϵ
F
(0)
i+1 (3.69)

3.2.2 Position-space schemes

As the four-quark operators that are the focus of this section are ΔQ = 0, and the static quark can

only travel in the timelike direction, an X-space scheme utilising two-point correlation functions ofÕi (similar to that proposed in Sec. 3.1.1 for the bilinear and trilinear operators) is not possible to

define. The reason is that the corresponding two-point correlation functions are zero (due to the

θ(−tE) portion of the static heavy quark propagator shown in Eq. (3.6)). A possible way to rectify

this is to compactify the time direction (for instance, in a thermal calculation), but this would likely

be significantly more complicated due to the Matsubara sums required in the computation [46].

Instead, three-point correlation functions combining Õi with different choices of source and sink

operators can be used to define an X-space renormalization scheme. Such an approach was also con-

sidered, for example, in the X-space renormalization of the QCD stress-energy tensor [9]. Taking

ratios of three-point correlation functions to appropriate two-point correlation functions cancels the

renormalization factors of the source and sink operators, provided they are multiplicatively renor-

malizable. In HQET, this has the added benefit of cancelling the static-quark self-energy divergence.

Writing the renormalized ΔQ = 0 operators as Õ(R,X)
i (t) = Z(R,X)

ij (t)Õ(0)j , the renormalization con-

dition is defined here by a choice of four source-operator/sink-operator combinations (labelled as
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Figure 3.4: Schematic drawing showing the matrix of correlation functions used to

define the position-space renormalization scheme defined in Eq. (3.70). Each row

corresponds to a different operator, and only two rows have been drawn in this figure

(though there are four total for the ΔB = 0 operators considered for spectator-effects).

Also, only two source/sink combinations (J1,K1), (J2,K2) are shown - though in

practice there need to be at least as many as the number of operators, to completely

define the mixing matrix. In this figure, it is assumed that (J1,K1) are heavy-light

operators, and (J2,K2) are heavy-light-light operators.

Jn,Kn respectively, n ∈ {1,2,3,4}) and is given by (shown schematically in Fig. 3.4):

⟨J†
n(−t, 0⃗)Õ(R,X)

i (0, 0⃗)Kn(t, 0⃗)⟩��⟨J†
n(−t, 0⃗)Jn(t, 0⃗)⟩⟨K†

n(−t, 0⃗)Kn(t, 0⃗)⟩� =
⟨J†

n(−t, 0⃗)Õ(0)i (0, 0⃗)Kn(t, 0⃗)⟩��⟨J†
n(−t, 0⃗)Jn(t, 0⃗)⟩⟨K†

n(−t, 0⃗)Kn(t, 0⃗)⟩�
�����������NI

(3.70)

(for all n; no sum over n implied) at a fixed t. In the same way as for the two-point X-space condition

presented in Sec. 3.1.1, additional indices on the source and sink operators should be summed over

on both sides of the condition, and the open spinor indices are traced over if the source and sink are

baryonic. Since the source and sink operators are multiplicatively renormalizable, this causes the Z-

factors of the source and sink to cancel in these ratios, so they are not labelled as bare or renormalized.

Furthermore, the static-quark self-energy cancels in these ratios of correlation functions with the

same physical length of the Wilson line, allowing for nonperturbative renormalization of the operators

without determination of mstat. Defining

Ti,n(t) ∶= ⟨J†
n(−t, 0⃗)Õ(0)i (0, 0⃗)Kn(t, 0⃗)⟩��⟨J†

n(−t, 0⃗)Jn(t, 0⃗)⟩⟨K†
n(−t, 0⃗)Kn(t, 0⃗)⟩� = T

(0)
i,n (t) + αST

(1)
i,n (t) +O(α2

S), (3.71)

where T
(0)
i,n (t) is the noninteracting value, the X-space renormalization conditions can then be solved

as

Z
(X)
ij =�

n

T
(0)
i,n (t)T −1n,j(t) = �i,j − αS �

n

T
(1)
i,n (t)(T (0)(t))−1n,j +O(α2

S), (3.72)
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which is well-defined as long as the four source/sink pairs, n ∈ {1,2,3,4}, are chosen so that the

noninteracting matrix T
(0)
i,n (t) is invertible in d = 4.

The natural candidates for the source and sink operators are the mesonic and baryonic currents

discussed in Sec. 3.1.1. The requirement that T
(0)
i,n (t) is invertible restricts which sets of source/sink

pairs can be chosen. For instance,

● It is not possible to use four mesonic source/sink pairs, as, for any mesonic source/sink pair(JM ,KM), the matrix element ⟨J†
M(−t, 0⃗)Õ(0)i KM(t, 0⃗)⟩∣NI vanishes for i ∈ {3,4} due to the

color trace.

● The three-point correlation function with ΛQ-baryons as both source and sink vanishes due to

isospin symmetry (the four-quark operator is an isospin nonsinglet and Λ is an isospin-singlet,

so overall matrix element is nonsinglet and hence zero)

● The three-point correlation function with ΛQ-baryon as a source and a ΣQ-baryon as a sink

vanishes as neither the ΛQ nor the four-quark operator has right-handed light quark fields, but

the ΣQ has one left handed and one right handed (this is a consequence of chiral symmetry).

● The three-point correlation function with ΣQ as both source and sink, using the Iz = 0 com-

ponent of each ΣQ will cause the correlator to vanish, as the corresponding Clebsch-Gordon

coefficient vanishes.

For the remaining nonzero ratios of correlation functions, the noninteracting ratios are parametrized

as

T
(0)
i,n (t) = T (0,0)i,n

1

π2t3−� �π4 eγE� �
2 + T (0,1)i,n

ϵ

π2t3−� +O(ϵ2). (3.73)

In dimensional regularization, after removing factors of δd−1 corresponding to the δ-function in po-

sition space from the static quark propagators, Ti,n(t) has dimension 3 − ϵ, accounted for by the

factor of t−(3−�) in Eq. (3.73). The specific source/sink pairs that are studied in this section are

the negative-parity heavy-light mesonic operators and the positive-parity heavy-light-light baryonic

operators discussed in Sec. 3.1.1. The values of the decomposition for the noninteracting ratio for

these source/sink operators (J,K) are tabulated in Table 3.2. Every choice of four linearly indepen-

dent source/sink operators from this list (there are 28 different choices in total) defines a different

X-space scheme. In a similar way to the parametrization of the noninteracting contribution to the

ratio of correlation functions in Eq. (3.73), the O(αS)-contribution to the ratios are parametrized

by

T
(1)
i,n = T (1,0)i,n

1

ϵπ3t3−2� �π4 eγEµ�� + T (1,1)i,n

1

π3t3−2� + T (1,2)i,n

1

πt3−2� +O(ϵ). (3.74)

For the various source/sink pairs, the O(αS) matrix elements for the ratio have been calculated and

are tabulated in Table 3.3.
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n Jn Kn T
(0,0)
1,n T

(0,0)
2,n T

(0,0)
3,n T

(0,0)
4,n T

(0,1)
1,n T

(0,1)
2,n T

(0,1)
3,n T

(0,1)
4,n

1 H−f H−f −6 −6 0 0 3 3 0 0

2 H∗−f,i H∗−f,i −6 0 0 0 3 0 0 0

3 Λ1 Σ2,0 −2√3 −√3 4√
3

2√
3

4√
3

1√
3

−8
3
√
3

−2
3
√
3

3∗ Λ2 Σ1,0 2
√
3

√
3 −4√

3

−2√
3

−2√3 −2√
3

4√
3

4

3
√
3

4 Σ1,α Σ1,α 6 1 −4 −2
3

−11
3

−3
2

22
9

1

4∗ Σ2,α Σ2,α −6 −1 4 2
3

−5
3

−1
2

10
9

1
3

5 Σ∗1,α,i Σ∗1,α,i 0 −2 0 4
3

2
3

0 −4
9

0

5∗ Σ∗2,α,i Σ∗2,α,i 0 −2 0 4
3

2
3

0 −4
9

0

Table 3.2: Decomposition for the noninteracting ratio of correlation functions accord-

ing to Eq. (3.73), for varying source-sink pairs (Jn,Kn). The source/sink pairs n = 3
and n = 3∗ give the same noninteracting matrix elements (T

(0,0)
i,n ) in d = 4 up to a sign,

and hence may not both be chosen as part of the set of four source/sink operators

used in the renormalization condition due to the requirement that T
(0)
i,n is invertible.

The same is true for n = 4,4∗ and n = 5, 5∗.
Choosing the specific source/sink pairs n ∈ {1,2,3,4} from the list of source/sink pairs presented

in Tables 3.2 and 3.3, the X-space renormalization matrix can be calculated using Eq. (3.72) as

Z
(X)
ij,n∈{1,2,3,4} = �−

αS(µ)�π
4
eγE t2µ2� �

2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2
π�
+ 24+4π2

9π
0 −3

2π�
+ −9+24π2

24π
−5
4π

0 2
π�
+ 24+4π2

9π
−1
16π

−3
2π�
+ −63+72π2

72π

−1
3π�
+ −15+4π2

54π
−1
9π

1
4π�
+ 90+56π2

144π
−1
12π

−1
36π

−1
3π�
+ −15+4π2

54π
−3
16π

1
4π�
+ 414+168π2

432π

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (3.75)

where � is the 4×4 identity matrix. As a check, it can be verified that the 1
�
divergent pieces match

up with the MS counterterms presented in Eq. (3.61). The corresponding conversion factor from the

88



n T
(1,0)
1,n T

(1,0)
2,n T

(1,0)
3,n T

(1,0)
4,n T

(1,1)
1,n T

(1,1)
2,n T

(1,1)
3,n T

(1,1)
4,n T

(1,2)
1,n T

(1,2)
2,n T

(1,2)
3,n T

(1,2)
4,n

1 −12 −12 2 2 −10 −10 4
3

5
6

−8
3

−8
3

−4
9

−4
9

2 −12 0 2 0 −10 0 2
3

1
6

−8
3

0 −4
9

0

3 −6√3 −3√3
√
3

√
3
2

− 8√
3

− 7√
3

7

3
√
3

5

3
√
3

4

3
√
3

2

3
√
3

10

9
√
3

5

9
√
3

3∗ 6
√
3 3

√
3 −√3 −√3

2

√
3 3

√
3

2
− 2√

3
−√3

2
− 4

3
√
3

− 2

3
√
3

− 10

9
√
3

− 5

9
√
3

4 18 3 −3 −1
2

22
3

−1 −43
18

5
12

−4
3

−2
9

−10
9

− 5
27

4∗ −18 −3 3 1
2

−73
3

−31
6

103
18

25
36

4
3

2
9

10
9

5
27

5 0 −6 0 1 4
3

−6 −8
9

3
2

0 4
9

0 10
27

5∗ 0 −6 0 1 4
3

−19
3

−8
9

31
18

0 4
9

0 10
27

Table 3.3: Decomposition for the O(αS) contribution to the ratios of correlation func-

tions defined in Eq. (3.74). The source/sink pair index n is the same as used in

Table 3.2.

X-space scheme to MS is given by

C
(MS;X)
ij,n∈{1,2,3,4} ∶=�

k

Z
(MS)
ik (Z(X))−1kj,n∈{1,2,3,4} = �+

αS(µ)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

log(β)
π
+ 4π

9
+ 8

3π
0 −3 log(β)

4π
+ π − 3

8π
− 5

4π

0 log(β)
π
+ 4π

9
+ 8

3π
− 1

16π
−3 log(β)

4π
+ π − 7

8π

− log(β)
6π
+ 2π

27
− 5

18π
− 1

9π
log(β)
8π
+ 7π

18
+ 5

8π
− 1

12π

− 1
36π

− log(β)
6π
+ 2π

27
− 5

18π
− 3

16π
log(β)
8π
+ 7π

18
+ 23

24π

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(3.76)

where β ∶= e2γE µ2t2

16
. A natural choice for µ is µ2 = 16e−2γE /t2 which would cancel the factors

of log(β) appearing in the matching coefficient. In principle, when converting matrix elements

computed with lattice HQET to MS-renormalized matrix elements, varying over the different choices

of source/sink pairs, as well as varying over the scale t that the X-space scheme is defined at before

perturbatively running to a common scale, will give an indication on the error due to O(α2
S) terms

that have been neglected in this study.

Single baryonic heavy-light-light currents cannot be used as source/sink pairs for the ΔB = 2

four-quark operators, as the corresponding three-point functions all vanish. Fortunately, enough

constraints can be derived with the mesonic heavy-light currents as source/sink pairs to constitute

a valid X-space scheme. Although chiral symmetry is formally broken by the HV γ5 scheme, the
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massless nature of the light quarks causes the operators to mix in the 2 × 2 subblocks presented in

Eqs. (3.67) and (3.68). Thus, only two source/sink pairs are needed in the X-space scheme. Using

the choice (Qγ5q, qγ5Q) and (Qγiγ5q, qγiγ5Q), the O(αS) matching matrices are found to be

C
(MS,X){O1,O2} = � + αS

π

⎛⎜⎜⎜⎝
7 log(β)

9
+ 4π2

9
+ 23

9

2 log(β)
3

− π2

3
+ 4

3

4 log(β)
27

− 2π2

27
+ 8

27

5 log(β)
9
+ 5π2

9
+ 19

9

⎞⎟⎟⎟⎠ , (3.77)

C
(MS,X){O3,O4} = � + αS

π

⎛⎜⎜⎜⎝
log(β) + 4π2

9
+ 25

9

3 log(β)
4

− π2

3
+ 7

6

log(β)
6

− 2π2

27
+ 7

27

3 log(β)
4
+ 5π2

9
+ 43

18

⎞⎟⎟⎟⎠ , (3.78)

where β ∶= e2γE µ2t2

16
.

3.2.3 Calculation strategy

Unlike the two-point functions, which could be Fourier-transformed into momentum-space diagrams

with a single external scale p as in Sec. 3.1.2, there is no analogous transformation for the three-

point functions, which effectively have two external scales corresponding to the distance between

the operator and source, and the distance between the operator and sink. Instead, at O(αS) the
position-space diagrams can all be split up into a number of component pieces. For example,

one diagram topology that appears in the O(αS) contribution to the three-point mesonic function⟨QΓ†q(−t0, 0⃗) ⋅ (QΓLq)(qΓRQ)(0, 0⃗) ⋅ qΓQ(t0, 0⃗)⟩ can be written as

• • •
(−t0,�0) (0,�0) (t0,�0)

=


 • • •

α1β1ρ1δ1

(−t0,�0) (0,�0) (t0,�0)




×


 • •

ρ2δ2

(−t0,�0) (0,�0)


×


 • •

α2β2

(0,�0) (t0,�0)


× Γα2α1Γ

†
δ1δ2

ΓL
β1β2

ΓR
ρ2ρ1

.

Here, αi,βi,ρi, δi are Dirac-color indices. As well as the position-space propagators and self-

energy diagrams, there are three O(αS) diagrams to compute, corresponding to a gluon attaching

to two heavy-quark propagators, a gluon attaching on one end to a heavy-quark propagator and on

the other end to a light-quark propagator, and a gluon attaching to two light-quark propagators. In

the case of the ΔQ = 0 four-quark operators, the diagram with a gluon attaching to two heavy-quark

propagators can be directly calculated in Minkowski space as follows:
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• • •
α1β1ρ1δ1

(−t0,�0) (0,�0) (t0,�0)

(sL,�0) (sR,�0)

= �1 + /v
2
(igvµTA)�

α1β1

�1 + /v
2
(igvµTA)�

ρ1δ1

⋅ � 0

−t0 dsL �
t0

0
dsR � ddk(2π)d −ie

isLk−isRk

k2

= [/vTA]α1β1[/vTA]ρ1δ1 �−αS

πϵ
− αS

2π
�2 + log �−1

4
eγEπµ2t20��� , (3.79)

where the static nature of the heavy quark has been utilized to integrate the vertex insertions at

sL and sR along the line connecting the three operators. For the two diagrams involviong gluons

attaching to light-quarks, additional master integrals are required. Relabelled from the basis from

Appendix A of [9], and in Minkowski space, there is a Tripod diagram TLL and a Wedge diagram

WLL:

(xL) (xR)

(0)

1 2

3

TLL :

(xL) (xR)

(0)

1 2 3 4

5

6

WLL :

whose form are

TLL(xL, xR;n1, n2, n3) ∶= � ddpLd
dpR(2π)2d eipLxLe−ipRxR

(−p2L)n1(−(pL − pR)2)n2(−p2R)n3
, (3.80)

and

WLL(xL, xR;n1, n2, n3, n4, n5, n6) ∶=
� ddpLd

dpRd
dk(2π)3d eipLxLe−ipRxR

(−p2L)n1(−(pL − k)2)n2(−(pR − k)2)n3(−p2R)n4(−k2)n5(−(pL − pR)2)n6
.
(3.81)

The WLL master integral has base cases whenever an internal line vanishes, or when two external

lines vanish:

WLL(n2 = 0) = ILL(n3, n5)TLL(xL, xR;n1,−d
2
+ n3 + n5 + n4, n6)

WLL(n5 = 0) = ILL(n2, n3)TLL(xL, xR;n1, n4,−d
2
+ n2 + n3 + n6)

WLL(n3 = 0) = ILL(n2, n5)TLL(xL, xR;−d
2
+ n1 + n2 + n5, n4, n6)

WLL(n1 = n4 = 0) =D−1S (xL − xR;n5)TLL(xL, xR;n2, n3, n6)
WLL(n1 = n6 = 0) =D−1S (xL;n2)TLL(xL, xR;n5, n4, n3)
WLL(n4 = n6 = 0) =D−1S (−xR;n3)TLL(n1, n5, n2)

(3.82)
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In general, WLL can be reduced to these base cases by use of integration-by-parts relations (derived

from inserting ∂k ⋅ k in front of the integrand of Eq. (3.81)):

WLL(xL, xR; n⃗) = n22
+(5− − 1−) + n33

+(5− − 4−)
d − n2 − n3 − 2n5

WLL(xL, xR; n⃗), (3.83)

where n⃗ = (n1,⋯, n6), and m±W (xL, xR, n⃗) = W (xL, xR, n⃗
′) with n⃗′ = n⃗ for all components except

the m-th component, n′m = nm ± 1 (this is the notation used in Ref [35]). Eq. (3.83) reduces the W

master integral to base cases where either n2, n3 or n5 equals zero in the argument of W . In these

cases, the integral reduces to a p-type integral and the T master integral, which can be performed

explicitly using Schwinger parameters:

1

An
= e− inπ

2

Γ(n) �
∞

0
sn−1eisA where Im(A) > 0, n > 0 (3.84)

Before presenting the solution to TLL, we first note that the solution should satisfy the following

symmetry relations:

TLL(xL, xR;n1, n2, n3) = TLL(−xR,−xL;n2, n1, n3)
= TLL(−xL, xR − xL;n3, n2, n1)
= TLL(xL − xR,−xR;n1, n3, n2)
= TLL(−xL,−xR;n1, n2, n3)

(3.85)

If any of the ni ≤ 0, then there are base cases for the TLL

TLL(xL, xR;x1 = 0) =D−1S (xL;n3)D−1S (xL − xR;n2)
TLL(xL, xR;x2 = 0) =D−1S (xL − xR;n2)D−1S (−xR;n3)
TLL(xL, xR;x3 = 0) =D−1S (xL;n1)D−1S (xR;n2)

(3.86)

when one of the ni are zero, and by differentiating against x one can attain the result for negative

integer values of ni:

TLL(xL, xR;−∣n1∣, ∣n2∣, ∣n3∣) = (∂2(xL))∣n1∣TLL(xL, xR; 0, ∣n2∣, ∣n3∣)
TLL(xL, xR; ∣n1∣,−∣n2∣, ∣n3∣) = (∂2(xR))∣n2∣TLL(xL, xR; ∣n1∣,0, ∣n3∣)
TLL(xL, xR; ∣n1∣, ∣n2∣,−∣n3∣) = �(∂(xL) + ∂(xR))2�∣n3∣

TLL(xL, xR; ∣n1∣, ∣n2∣,0)
(3.87)

After completing the square, pL, pR can be integrated over using the following integral:

S(s;n) ∶= � ddp(2π)d (−p2)neis(p2+i�) = i− d
2−n+1Γ(d

2
+ n)

(4π) d
2Γ(d

2
) s− d

2−n ∀n ∈ Z, n ≥ 0 (3.88)

To simplify the integral:

TLL(x1, x2;n1, n2, n3) = in1+n2+n3

Γ(n1)Γ(n2)Γ(n3) �
∞

0
ds1ds2ds3 S(s1 + s3; 0)S �s2 + s1s3

s1 + s3 ; 0�
sn1−1
1 sn2−1

2 sn3−1
3 exp�−is2x2

L + s3(xL − xR)2 + s1x2
R

4s1s2 + 4s2s3 + 4s1s3 � exp (−ϵ(s1 + s2 + s3)) (3.89)
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one can change variables to xi where x1, x2 integrated from 0 to 1, and x3 is integrated from 0 to∞:

x1 = s3
s2 + s3 , x2 = 1 − s2s3

s1s2 + s1s3 + s2s3 , x3 = s1s2s3
s1s2 + s1s3 + s2s3

s1 = x3

1 − x2
, s2 = x3

x1x2
, s3 = x3(1 − x1)x2

(3.90)

for which x2 and x3 can be integrated over analytically to find:

TLL(x1, x2;n1, n2, n3) = −Γ(d2 − n1)Γ(d − n1 − n2 − n3)
Γ(n2)Γ(n3)Γ(d2)4n1+n2+n3πd

(−x2
R)−d+n1+n2+n3

� 1

0
dx(1 − x1)− d

2+n1+n2−1x− d
2+n1+n3−1

1 2F1 �d
2
− n1, d − n1 − n2 − n3,

d

2
,
−(xL − x1xR)2
x1(1 − x1)x2

R

�
(3.91)

This matches the result given in [9], up to a minus sign due to the fact this calculation was performed

in Minkowski space. Interestingly, the symmetries shown in Eq. (3.85) are not manifestly obvious

in this answer, for example the R ↔ L symmetry is broken by the choice of which momenta to

integrate out first. An important case will be needed later is TLL(xL, xR; 1,1,1), in which case one

can perform a series expansion in ϵ and swap the order with the integral over x, which does not lead

to any additional divergences.

Using the results for TLL and WLL, diagrams with a gluon attaching to a heavy-quark propagator

on one end and to a light-quark propagator on the other end can be calculated in Minkowski space,

for instance:

• • •
α1β1ρ1δ1

(−t0,�0) (0,�0) (t0,�0)

= � ddpLd
dpR(2π)2d � 0

−t0 dsL � i/pR (igγµTA) i/pR − /pL �α1β1

�1 + /v
2
(igvµTA)�

ρ1δ1

−ieip0
LsL−ip0

Rt0

p2L

= −ig2 � 0

−t0 dsL �γα/vγβTA�
α1β1

�1 + /v
2

TA�
ρ1δ1

∂

∂xα
R

⎛⎝ ∂

∂xβ
R

+ ∂

∂xβ
L

⎞⎠T (xL, xR; 1,1,1)�
xL→(sL,0⃗)
xR→(t0,0⃗)

(3.92)

Finally, the diagram with a gluon attaching to two light lines can be reduced to the WLL master

integral

• • •
α1β1ρ1δ1

xL (0,�0) xR = −ig2µ4−d(γαγµγβT a)αβ(γργµγδT a)ρδ

×� ddpLd
dpRd

dk(2π)3d eipLxL−ipRxR pαR(pR − k)β(pL − k)ρpδL(−p2L)(−(pL − k)2)(−(pR − k)2)(−p2R)(−k2) , (3.93)
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Figure 3.5: For isospin-singlet version of the operator, it’s possible to evaluate the

expectation values of the operator at finite temperature T to obtain renormalization

conditions, as shown on the left. It is also possible to consider an RI-xMOM scheme

(mixed position-space/momentum-space scheme) where the heavy quark propagates

for a fixed time t before and after the operator, and the incoming/outgoing light quark

is set to a fixed four-momenta p.

where the factors of pL, pR in the numerator can be handled by differentiating with respect to

xL, xR. Calculating Eqs. (3.79), (3.92) and (3.93) at the relevant values of xL and xR is the main

computation involved in calculating the O(αS) contribution to the ratios of three-point correlation

functions to two-point correlation functions presented in Table 3.3.

3.2.4 Alternate renormalization schemes for 4-quark HQET opera-

tors

There are many variations in position-space renormalization prescriptions, the simplest of which

being changing the source/sink operators, or the time-separations used in the schemes defined in

Sec. 3.2.2. For the isospin-singlet versions of the operators, it is also possible to consider expecta-

tion values of the operator at finite temperature T and obtain nonzero results for renormalization

purposes, as shown on the left of Fig. 3.5. This is a simpler calculation compared to the three-point

correlation functions required for the scheme proposed in Sec. 3.2.2, however it comes with a num-

ber of theoretical complexities. For this to be useful, one requires T ≫ ΛQCD, and also to perform

the perturbative calculations of this expectation value at finite temperature (requiring sums over

Matsubara modes [46]), and furthermore requires subtraction of the linear power divergence of the

static quark propagator, possibly simply by dividing by the Polyakov loop.

Alternatively, it is possible to use a modification of the RI-MOM scheme known as the RI-xMOM

scheme [47] that utilises mixed position-space/momentum-space Green’s functions to renormalize

the four-quark operators. These types of schemes have been utilised have been utilised for similar

operators utilised in hadronic structure measurements, where spacelike Wilson lines are renormalized

94



via matching to an auxiliary field formalism. For HQET four-quark operators, a scheme such as

shown on the right of Fig. 3.5 can be utilised, where the static quark is propagated for some fixed

Euclidean time t before and after the operator insertion, and a light quark enters and exits with a

given momentum p. The downside to such a construction is that it both requires gauge-fixing, and

also requires additional renormalization conditions to renormalize the static self-energy divergence.

For example, the scheme proposed in Ref [47] requires recovering the bare mass mstat associated

with the static quark action by:

mstat = d

dt
logTr �⟨Q(t)Q(0)⟩� (3.94)

where Q is the static field operator, and the propagator is just the Wilson line of length t. Using

such a scheme would require calculations of the momentum-space Green’s function of the four-quark

operators in a fixed gauge, for example the Coulomb gauge, at fixed kinematics.

These schemes can also be extended to renormalize the isospin-singlet versions of the ΔB = 0

four-quark operators. This requires introducing the additional operator QQ, due to the power-

divergent mixings.Due to this additional operator, an additional source/sink pair will need to be

introduced to fully constrain the new mixing matrix.
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Chapter 4

Spectator Effects
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PoS, LATTICE2022:417, 2023. doi: 10.22323/1.430.0417.

Joshua Lin, William Detmold, and Stefan Meinel. Position-space renormalization schemes for four-quark

opera- tors in HQET. JHEP, 07:188, 2024. doi: 10.1007/JHEP07(2024)188.
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A large part of what makes Lattice-QCD interesting is that there is not always a straightforward

connection between quantities that can be efficiently calculated in Euclidean time, and quantities of

phenomenological interest. There are theoretical guarentees that reconstructing all the information

of the Minkowski theory is possible in-principle, sketched in Fig. 4.1. In the top-left corner, the
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Wightman Axioms
Lattice Correlation Functions⟨0∣φ(x1)⋯φ(xn)∣0⟩E

Wightman Functions⟨0∣φ(x1)⋯φ(xn)∣0⟩
Schwinger Functions⟨0∣φ(x1)⋯φ(xn)∣0⟩E

Continuum Limit
Wightman Recon-

struction Theorem

OS Reconstruction

Theorem

Figure 4.1: Sketch of how (in principle) a Minkowski-time theory is reconstructed from

lattice-discretised Euclidean-time correlation functions. The correlation functions here

are written in terms of some representative scalar field φ(x), but there is no obstruction

to using gauge, or fermion, degrees of freedom.

Wightman Axioms [1] are a particular formalisation of what a Quantum Field Theory in Minkowski

space-time is, and state that fields should be operator-valued tempered distributions satisfying cer-

tain axioms (e.g. Poincare covariance, causality). By the Wightman reconstruction theorem, the

data of a collection of fields satisfying the Wightman axioms is equivalent to the data of ‘Wight-

man functions’ (correlation functions of fields in Minkowski time) satisfying certain axioms. By the

Osterwalder-Schrader reconstruction theorem [2], it is possible to formally Wick rotate the informa-

tion contained in ‘Schwinger functions’ (correlation functions of fields in Euclidean space-time) to

reconstruct the corresponding Minkowski-time functions. Lattice-QCD provides noisy measurements

of lattice-discretised Euclidean correlation functions, and hence by taking the appropriate infinite

statistics and continuum limits, in principle the full data of the Minkowski-time theory should be

able to be recovered.1

Though real-time information is recoverable in principle, the actual task of finding an algorithm

to recover a given physical quantity from Euclidean data varies in difficulty. Certain observables can

1This is, of course, with the caveat that in 3 + 1d, there have been no proofs that the continuum limit of any

interacting Lattice-QFT exists. Simple examples one might consider, such as the lattice scalar φ4 theory or Lattice-

QED, turn out to not have any continuum limits. In the case of φ4 theory, there were early numerical studies providing

strong evidence for this fact [3], much later confirmed by formal proofs of the quantum triviality of the 3 + 1d theory

[4]. For Lattice-QED, there is a perturbative Landau pole that suggests that the theory may not be UV-complete.

In fact, studies [5] of Lattice-QED suggest that the theory appears trivial, and that the approximate location of the

Landau pole is inaccessible to Lattice-QED for any choice of bare parameters due to spontaneous chiral symmetry

breaking. The interacting Lattice-QFTs that have the most numerical evidence of having well-behaved continuum

limits are asymptotically free, vector-like gauge theories such as QCD. Proving that the continuum limit exists for

QCD essentially amounts to a solution of the associated Clay Millenium Problem.
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be straightforwardly computed from lattice discretised correlation functions. For example, by fitting

two-point functions to spectral decompositions, one can extract masses and overlap factor matrix

elements: ⟨O(t)O†(0)⟩ = ∞�
n=1⟨0∣O∣n⟩ e−Ent ⟨n∣O†∣0⟩. (4.1)

Both the energies and overlap factors differ from their bare continuum values by O(am) errors, where
a is the lattice-spacing and m is the order to which the action and operators used are improved.

Certain flavour physics matrix elements where both in and out states consist of (at most) a single

stable hadron can be extracted from three-point-correlation functions, and are therefore sometimes

referred to as ‘gold-plated’ [6, 7]. In contrast vacuum condensates such as ⟨0∣FA
µνF

A
µν ∣0⟩ that look

simple to evaluate as they only require inserting a single operator into the spacetime volume; are

actually plagued with power-divergent mixings in the continuum limit, as well as renormalon issues

in their definition [8]2.

Inclusive decay rates of hadrons are one of the more theoretically difficult observables to extract.

As it is unrealistic to try and sum over all decay modes of a given state, it is common to focus

instead on utilising the optical theorem to write the inclusive decay rate Γ(H) of a hadron H as:

Γ(H) = 1

2mH
⟨H ∣T ∣H⟩, T = Im�i� d4xT [Heff(x)Heff(0)]� , (4.2)

where mH is the mass of the hadron H, and Heff denotes the effective hamiltonian that mediates

the decay. Note that the optical theorem, as expressed in Eq. (4.2), is the leading order contribution

under the assumption that Heff is suppressed, and T contains corrections of the order of ∼ H4
eff .

There are various methods being explored to facilitate calculations of Eq. (4.2) when H is a b-

hadron. The Heavy-Quark Expansion starts by Taylor-expanding the two currents in Eq. (4.2) as

a sum over local operators (the Operator-Product-Expansion (OPE) as covered in Sec. 4.1.2), to

write the inclusive rate as a product of perturbatively computible coefficients (which are functions

of mb), with nonperturbative matrix elements. One immediate problem with this approach is that

because all the operators appearing in the OPE have the same quantum numbers, they mix under

renormalization. This is exacerbated in Lattice-QCD studies, because the operators appear with

lower mass dimensions, leading to power-divergent mixings in 1
a
as the continuum limit is taken.

To deal with these issues, various interesting proposals to provide theoretical calculations are being

considered:

● A class of recently proposed methods involves measuring the corresponding 4-point Euclidean

correlation functions and recovering the inclusive decay rates by analytic continuation/spectral

reconstruction [9–12]. Ref. [12] numerically demonstrates the viability of one such method at

unphysical parameters and includes a suite of comparisons to OPE predictions.

2Note that unlike the gluon condensate, the chiral condensate ⟨ψψ⟩ is physical, due to its appearance in the

Gell-mann-Oakes-Renner relation (see Footnote 13 of Ref. [8])
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Figure 4.2: The two types of contractions that are relevant for Spectator Effect cal-

culations, in the case that the source and sink are given by heavy-light-light baryonic

operators. Topology 1 contractions appear in both flavour non-singlet and flavour sin-

glet contributions. Topology 2 is the so-called ‘eye-contraction’ appearing in flavour

singlet calculations that cause the operator to mix with lower dimensional operators.

● A Heavy-Quark Expansion exists for the masses of the heavy mesons, where the perturbative

coefficients are different from those appearing in the expansion for inclusive rates, but the

matrix elements are universal. In Ref. [13], the b-hadron masses were calculated with lattice-

QCD for multiple different values of the b-quark mass, which allows for the matrix elements

to be extracted by fits, providing predictions for the inclusive lifetimes.

● By studying the Lattice-regularised theory at a fixed physical Wilson-flow time (see Sec. 2.2.3),

the lattice-spacing scale a−1 is effectively removed from the system and replaced by the flow-

time scale t− 1
2 . Operators of different mass dimensions that previously mixed with inverse

powers of the lattice spacing now mix with powers of the flow-time scale, which does not

diverge in the continuum limit. To match these operators to perturbatively defined schemes

such as MS requires computing a short flow-time expansion of the operators [14, 15]. A similar

‘window problem’ to nonperturbative renormalization arises, where
√
t ≫ a is required to

remove lattice discretisation artifacts, but
√
t≪ Λ−1QCD is required for perturbatively-computed

short-flow-time results to be trustworthy. This scheme has recently been explored as an idea

to regulate the OPE appearing for heavy hadron inclusive lifetimes in Ref. [16].

● The standard Heavy-Quark Expansion matches the QCD operators appearing in the OPE

to HQET operators. This has the effect of suppressing many of the power divergences, as

the HQET action provides additional symmetries preventing certain mixings. Not all power-

divergences are suppressed though. Consider for example four-quark operators of the form
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τij(QΓLqi)(qjΓRQ), where i, j are flavour indices, and τ is a light-quark flavour-matrix. If

τ is in the non-singlet channel (the adjoint representation of SU(Nf)), these operators are

protected from power-divergent mixings, and constitute the non-singlet contribution to the

Spectator Effects wherein light quarks participate in the decay of the heavy hadron. If τ

however is in the singlet channel (identity matrix), the light quarks can contract in an ‘eye-

diagram’ as shown in Fig. 4.2, causing power-divergent mixing with operators such as QQ.

● After a Heavy-Quark Expansion has been performed, it is possible to determine the matrix

elements via Sum Rules calculations [17]. The general idea is to link matrix elements of the

form ⟨H ∣O∣H⟩ that are required for the Heavy-Quark Expansion to three-point correlation

functions of the form ⟨0∣J (t)O(0)J †(−t)∣0⟩, where J excites the hadronic state of interest H.

Then, these three-point correlation functions can be expanded in an OPE, expressing them in

terms of vacuum condensates such as the chiral ⟨0∣ψψ∣0⟩ and gluon ⟨0∣Fµν
A Fµν

A ∣0⟩ condensates,
which can be either fitted from other sum-rules expressions, or nonperturbatively calculated

using Lattice-QCD.

In light of the list of new approaches being investigated, a rigorous study of the OPE expansion

provides a much needed cross-check between the different methods. This section focuses on a nu-

merical study of the matrix elements appearing in the Heavy-Quark Expansion. The OPE matrix

elements are also interesting in light of the tension between inclusive extractions (which performs fits

of experimental data to OPE predictions) and exclusive extractions of the CKM matrix elements, as

discussed in Sec. 1.2. Sec. 4.1 provides a review of the theory of heavy-hadron decays, and how they

can be calculated with the Heavy-Quark Expansion. Lattice-QCD computations were performed at

three separate lattice spacings of the RBC-UKQCD (2+1)-flavor Domain Wall Fermion ensembles,

and in Sec. 4.2.8, a calculation of the heavy-light decay constant fHQET
B which describes purely lep-

tonic decays of heavy-light mesons is presented. In Sec. 4.2.9, a calculation of the Spectator Effect

matrix elements for the heavy-light meson are presented.

4.1 Theory of Spectator Effects

4.1.1 b-hadron decays

After the discovery of CP violation in kaon decays [18], it was proposed that a third generation

of quarks (now known as the bottom and top quarks) could explain the origin of CP violation in

the Standard Model [19]. Four years later in 1977 the bottom quark was discovered at Fermilab

[20]. Starting in the 1990s, accelerators and detectors known as B-factories were designed with the

purpose of providing precision measurements of b-hadron properties. For example, both the Belle

at KEKB and Babar at SLAC experiments used electron-positron collisions with center of mass

energies tuned to the Υ(4S) resonance, which decays to BB with a branching reatio greater than

96%. In more recent years, LHCb [21] has further pushed our understanding of b-physics.

Thanks to these experimental efforts, many of the masses and lifetimes of many b-hadrons are
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JP Name and quark content Mass (GeV) Lifetime (picoseconds)

0− B+(bu) 5279.41(7) 1.638(4)

0− B0(bd) 5279.63(20) 1.517(4)

0− B0
s(bs) 5366.91(11) 1.516(6)

1
2

+
Λ0
b(udb) 5619.57(16) 1.468(9)

1
2

+
Ξ−b (dsb) 5797.0(4) 1.570(23)

1
2

+
Ξ0
b(usb) 5791.7(4) 1.477(32)

1
2

+
Ω−b (ssb) 6045.8(8) 1.64(16)

Table 4.1: Table of selected b-mesons and b-baryons, and their associated JP quantum

numbers (J = angular momentum, P = parity), mass and lifetimes. Note that both

parity and quark content are not actual quantum numbers of the Standard Model

due to parity and flavour violating processes. They are however quantum numbers of

QCD, and are approximately conserved up to processes occuring at the electroweak

scale, thus hadrons can often be associated with parity and quark contents.

known to percent or sub-percent precision, as shown in Table 4.1. The fact that all the masses of

the different hadrons are approximately the same is not so surprising, given that the masses are

all of the form mb + O(ΛQCD) given the heavy mass of the b-quark. What perhaps is surprising

is their lifetimes are approximately the same as well. As explained in Sec. 4.1.2, the Heavy-Quark

Expansion provides the reason: the dominant decay modes of b-hadrons correspond to decays of the

b-quark within the b-hadron that do not involve the light quark degrees of freedom. For example,

some primary decay channels of the B-mesons are shown schematically in the following diagrams:

b

d d

s

c

c

W +
B0 K0

J/ψ

b
u

c

u

νl

l

W +

B+ D
0

Note that these decays do not involve the light quark, hence they are ‘spectator independent’. In

contrast, a decay mode of a B-meson which involves the light quark is a ‘weak annihilation’ process,

as shown in the following figure:

103



b

u

u

d

u

c

W +
B+

D
0

π+

These processes are suppressed relative to decays of the b-quark in isolation, however they cur-

rently are much less well determined theoretically. The rest of this section focuses on the phenomenol-

ogy of these Spectator Effects, and Sec. 4.2 presents a lattice-QCD calculation of the corresponding

matrix elements.

4.1.2 Heavy Quark Expansion

The large scale separations between the QCD degrees of freedom and the electroweak scale makes

practically including electroweak bosons in Lattice-QCD calculations difficult - not to mention the

fact that there have been no convincing demonstrations of lattice discretisations of 3 + 1d non-

Abelian chiral gauge theories (see Sec. 2.2.2). Instead, flavour-physicists utilise this scale separation

to define effective field theories describing the low-energy degrees of freedom. A general method

for constructing effective quantum field theories is to split the degrees of freedom of an original

Lagrangian into light, X, and heavy, Y , degrees of freedom, and integrate out the heavy degrees of

freedom order-by-order. Schematically, the procedure can be described by:

L(X,Y ) = Llight(X) + Lheavy(X,Y ) = Llight(X) + ∞�
n=1

1

Λn
Y

L(n)(X) (4.3)

where ΛY is a mass parameter associated with the heavy degrees of freedom, L(n)(X) is a space

of n-dimensional operators involving the X fields, and the matching is perfomed in such a way as

to preserve correlation functions of the light degrees of freedom. In the case of defining an effective

theory of weak decays, the heavy degrees of freedom that are to be integrated out are the W ±, Z
bosons, the Higgs boson, as well as the top quark. To approach this procedure formally in the case

of integrating out the W -bosons (which is the dominant effect to be considered in most electroweak

decays of heavy hadrons), one considers the part of the Standard Model Lagrangian involving the

weak bosons after electroweak-symmetry breaking:

LW = − 1

2
(∂µW +

ν − ∂νW
+
µ )(∂µW −ν − ∂νW −µ) +M2

WW +
µW

−µ
+ gL

2
√
2
(J+µW +µ + J−µW −µ) where J+µ = ūi

Lγ
µV ijdj

L, J−µ = (J+µ)† (4.4)

In the equation above, the currents J±µ encode only the coupling to quarks: leptonic decays can also

be included by modifying the J±µ currents to include the leptonic couplings. The explicit solution of
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the contribution of this part of the Lagrangian to the partition function is given by:

ZW = � DW ±exp(i� d4xLW )
= � DW ±exp�i� d4x d4y W +

µ (x)Kµν(x, y)W−
ν (y) + i gL

2
√
2
� d4x �J+µW +µ(x) + J−µW −µ(x)��

∝ exp�−i� d4x d4y
g2L
8
J−µ(x)(K−1)µν(x, y)J+ν (y)� ,

(4.5)

where K−1 denotes the propagator:

Kµν(x, y) = δ(4)(x − y)[gµν(∂2 +M2
W ) − ∂µ∂ν], K−1µν(k) = −1

k2 −M2
W

�gµν − kµkν

M2
W

� . (4.6)

Thus, the W bosons have been integrated out and replaced by a nonlocal Lagrangian. The idea

now is to use an OPE to expand K−1 in terms of local operators as a series in 1/M2
W , when the

interaction energy is small. To lowest order in M−1
W , the propagator is K−1µν = δ(4)(x− y)gµν/M2

W , in

which case the charged current interaction Lagrangian becomes:

Leff = −GF√
2
J−µ(x)J+µ(x), GF ∶= √2g2L

8M2
W

, (4.7)

where GF is known as Fermi’s constant. For the quark-only couplings, the effective Lagrangian is

spanned by the following two operators:

O1 = (c̄iLγµbiL)(d̄jLγµuj
L), O2 = (c̄iLγµbjL)(d̄jLγµui

L), (4.8)

which mix under renormalization, where the i, j are indexing the color indices. Note that both

O1,O2 are the only Lorentz, and colour singlets in the tensor representation c̄L ⊗ bL ⊗ d̄L ⊗uL. The

operators are protected from mixing with operators containing right-handed fields by approximate

chiral symmetry.

Supposing that the decay of a hadron H is governed by an effective hamiltonian Heff , its decay

into arbitrary final states can be written as:

Γ(H) = 1

2mH
�
X
�
PhaseSpace

(2π)4δ(4)(pH − pX)∣⟨X ∣Heff ∣B⟩∣2, (4.9)

where X indexes the set of allowed final states. Note that the integral over phase space depends

on the particular choice of X, for instance different numbers of particles in the final states requires

different phase space integrals. The optical theorem transforms the total decay rate to:

Γ(H) = 1

2mH
⟨H ∣T ∣H⟩, T = Im �i� d4x T [Heff(x)Heff(0)]� . (4.10)

Note that the energy released in the decay of a b-quark is a large scale compared to ΛQCD, due in

part to the gap between the charm and bottom quark masses. This large decay energy causes the
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integration over current insertions in Eq. (4.10) to be dominated by the region where x2 ≪ ΛQCD,

and another OPE can be performed by expanding the product of currents as a local sum of QCD

operators with the same quantum numbers. Because the flavour symmetry is enforced in pure QCD,

all these operators will beΔB = 0 operators meaning that the net bottom quark number is unchanged

by the operator, and it takes the form of bi,αbj,β possibly contracted with additional fields (where

i, j are colour indices, and α,β are spin indices). To be precise, the lowest three operators in the

OPE take the form [22]:

Γ(Hb) = G2
Fm

5
b

192π3
∣Vcb∣2�c3 ⟨Hb∣bb∣Hb⟩

2MHb

+ c5
m2

b

⟨Hb∣bgsσµνF
µνb∣Hb⟩

2MHb

+ c6
m3

b

⟨Hb∣(bΓLq)(qΓRb)∣Hb⟩
MHb

+O � 1

m4
b

��,
(4.11)

where c3, c5, c6 are perturbatively calculable Wilson coefficients, and σµν = i[γµ,γν]/2. ΓL,ΓR are

spin-colour structures that will be specified later. The QCD operators appearing in this OPE all mix

with each other as they have the same quantum numbers by definition, leading to power divergences

as the continuum limit is approached for a lattice regularisation.

To suppress this mixing, the QCD operators can be matched to HQET:

Γ(Hb) = G2
Fm

5
b

192π3
∣Vcb∣2�c3 �1 − µ2

π(HQ) − µ2
G(HQ)

2m2
b

+O � 1

m3
b

�� + 2c5 �µ2
G(HQ)
m2

b

+O � 1

m3
b

��
+ c6
m3

b

⟨HQ∣(QΓLq)(qΓRQ)∣HQ⟩
MHb

+O � 1

m4
b

��, (4.12)

where the relativistic b field has been matched to the static HQET Q field, the b-hadron state has

been matched to a nonrelativistic state HQ (but the relativistic normalisation has been kept), and

the kinetic and chromomagnetic energies of the B-meson are given by:

µ2
π = ⟨HQ∣Q(iD⃗)2Q∣HQ⟩

2MHb

, µ2
G = ⟨HQ∣Q g

2
σµνF

µνQ∣HQ⟩
2MHb

(4.13)

These matrix elements are well known from fits to the heavy quark expansions of the B-meson

spectrum [23]. Instead, for the rest of the section, the focus will be on the 4-quark matrix elements

known as the Spectator Effects.

4.1.3 Spectator Effects

In the Heavy-Quark Expansion of the inclusive lifetime presented in Eq. (4.12), there are various

terms that contribute at the order 1
m3

b

. However, as shown in Fig. 4.3 the ‘Spectator Effects’ where

a light quark participates in the decay is phase space enhanced relative to the other contributions

as it appears from a one-loop diagram rather than a two-loop diagram [24]. The four operators that

contribute to the Spectator Effects are:
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OPE OPE OPE

Figure 4.3: Schematic of the Operator Product Expansion. Note that the third dia-

gram (representing the Spectator Effects where light quarks participate in the decay)

is a one-loop diagram, which contributes to a 16π2 phase-space enhancement over the

other two diagrams.

Of
V −A = (QγµPLqf)(qfγµPLQ), Of

S−P = (QPLqf)(qfPRQ),
T f
V −A = (QγµPLT

Aqf)(qfγµPLT
AQ), T f

S−P = (QPLT
Aqf)(qfPRT

AQ), (4.14)

where f labels the flavour of the light quark. As depicted in Fig. 4.2, the matrix elements of

these operators in a b-hadron state contain two different types of contractions, the ‘eye’ contraction

where the light quark is contracted in a loop and effectively does not participate in the decay, and

the connected contraction that actually parametrises the Spectator Effects. Both contributions are

important for the full determination of the inclusive lifetimes, however the connected contractions

are simpler because they do not give rise to power-divergent mixings with the QQ operator. Also,

note that in ratios of the inclusive decay rates of the charged B meson to the neutral B meson:

ΓB+
ΓB0

= 1 + µ2
π(B0) − µ2

π(B+)
2m2

b

+ cG
c3

µ2
G(B+) − µ2

G(B0)
2m2

b

(4.15)

+ c6(B+)
c3

⟨B+∣O∣B+⟩
m3

bMB
− c6(B0)

c3

⟨B0∣O∣B0⟩
m3

bMB
+O � Λ4

m4
b

� , (4.16)

the prefactors completely cancel out, and the leading order matrix elements largely cancel due to

isospin symmetry, leaving an enhanced contribution from the Spectator Effects. In the isospin

symmetric limit, defining the operators:

O1 ∶= Od
V −A −Ou

V −A, O2 ∶= Od
S−P −Ou

S−P (4.17)

O3 ∶= T d
V −A − Tu

V −A, O4 ∶= T d
S−P − Tu

S−P (4.18)

(4.19)

then ⟨B0∣Oi∣B0⟩ exactly capture the Spectator Effect contributions, by cancelling out the eye con-

traction diagram exactly. This is also equivalent in a sense to normal ordering the operators [24].
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The vacuum-saturation-approximation offers an order-of-magnitude estimation of the sizes of the

Spectator Effect matrix elements by inserting a complete set of states and restricting to the vacuum

state:

⟨B0∣Oi∣B0⟩ ≈ �
n

⟨B0∣(QΓL,iq)∣n⟩⟨n∣(qΓR,iQ)∣B0⟩ ≈ ⟨B0∣(QΓL,iq)∣Ω⟩⟨Ω∣(qΓR,iQ)∣B0⟩ (4.20)

where Ω is the interacting vacuum state. Note that there is no particularly good motivation for the

vacuum saturation hypothesis, and historically it was used only when Lattice-QCD results were not

available for these types of quantities. It is conventional to parameterise the Spectator Effects in

terms of so-called ‘bag parameters’ B1,2, ϵ1,2 as [24]:

⟨B0∣O1∣B0⟩nr = f2
BMB

8
B1, ⟨B0∣O2∣B⟩nr = f2

BMB

8
B2,

⟨B0∣O3∣B0⟩nr = f2
BMB

8
ϵ1, ⟨B0∣O4∣B⟩nr = f2

BMB

8
ϵ2,

(4.21)

where fB is the heavy-light decay constant defined by:

− ifB
mB

2
vµ = ⟨Ω∣qγµγ5Q∣Bd⟩nr, (4.22)

and the ‘nr’ subscript refers to the nonrelativistic normalisation of states (for full details of the

normalization, see Sec. 4.2.3). With this definition, the vacuum saturation hypothesis is that B1 =
B2 = 1 and ϵ0 = ϵ1 = 0. It is also possible to define analogous quantities for b-baryons such as the Λb

baryon:

⟨Λb∣O1∣Λb⟩nr = f2
BMB

8
L1, ⟨Λb∣O3∣Λb⟩nr = f2

BMB

8
L2, (4.23)

as suggested in Ref. [25], where there are only two relevant matrix elements due to heavy quark

spin symmetry. Note that in the baryonic case, there is no vacuum saturation argument that is

possible, as the quantum numbers of the baryon do not match ‘half’ of the Oi operators, hence the

decomposition into L1, L2 bag parameters in Eq. (4.23) is only schematic. These baryonic matrix

elements are not investigated in this section, and are left to future work.

Besides the tensions in inclusive/exclusive measurements of Vub, Vcb as discussed in Sec. 1.2,

another motivation to measure the Spectator Effects are the recent reorderings of measured lifetimes

in the charm-baryon sector [26, 27]. Due to the lighter mass of the charm quark, higher dimensional

operators appearing in the OPE are much more significant contribution to the inclusive lifetimes.

Earlier analyses with heavy quark expansions suggested the originally measured hierarchy (induced

by operators up to dimension 6) [28–31], however including dimension 7 operators can provide an

explanation of the updated hierarchy [28, 32, 33].

There are very few Lattice-QCD calculations of the Spectator Effect matrix elements. The

earliest studies were performed in quenched HQET [34, 35], which means that the light quark fermion

determinant was set to one in the path integral, and the matrix elements were matched to the static

theory. Quenched QCD was utilised in early lattice studies due to its lower computational cost,
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Figure 4.4: Figure from Ref. [27] showing the recent inversion in charm-baryon lifetime

hierarchies, where the new measurement of the Ω0
c lifetimes are in 7σ tension with the

world average reported by PDG in 2018.

however comes with systematic uncertainties that are difficult to estimate. A study of the matrix

elements in full QCD was presented in a conference proceedings in Ref. [36] by extrapolation in the

heavy quark mass using a number of different ensembles, however the details of the calculation were

never published. Recently, an effort has been made to measure the QCD Spectator Effect matrix

elements by using gradient flow to suppress the power-divergent mixings between the operators [16].

The measurements are still preliminary as the short-flow time expansion and matching to MS has

not been completed in its entirety, and small flow-time mixing with lower-dimensional operators has

been ignored.

Because the matrix elements in this section are computed in the static limit of HQET, using

them in the Heavy-Quark Expansion as predictions of the inclusive lifetimes of b-hadrons comes

with associated perturbative uncertainties due to the matching between QCD operators and HQET

operators. In contrast, calculations of the matrix elements directly in QCD are usually performed

at unphysically light values of the b-quark mass, as it is difficult to create ensembles with a lattice

spacing fine enough to suppress O(amb)-discretisation errors. Matrix elements at the physical point

can be recovered through an extrapolation in mb. The static limit matrix elements are also useful

as an anchor point in this strategy as they provide the value at mb =∞, turning the extrapolation

into an interpolation which is much better constrained [37].

4.2 Determination of Spectator Effect matrix elements

in Lattice QCD
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4.2.1 Domain Wall Fermion Ensembles

In choosing a lattice action to calculate quantities relevant for weak phenomenology, it is common to

use Ginsparg-Wilson fermions as they suppress mixings with operators in different chiral represen-

tations. For this study, we used configurations generated by the RBC-UKQCD3 collaboration listed

in Table 4.2. The ensembles were generated with 3 flavours of quarks in the ‘sea’, meaning that

the up down and strange quarks were included in the path-integral action, and the charm, bottom,

and top quarks were not. This is a good approximation of most hadronic physics because the heavy

quarks effectively decouple at low energy scales. The masses of the up and down quark were chosen

to be degenerate, whereas the strange quark mass was heavier.The action used for the fermions in

the 24I, 32I and 32Ifine ensembles was a Shamir domain wall fermion action [38, 39], which is a

particular case of the Mobius action discussed in Sec. 2.2.2 where b = 1, c = 0 on all steps in the

fifth-dimension. These Shamir ensembles were used to measure correlation functions, perform fits

and extract bare matrix elements. The fourth-ensemble labelled 48 is a finer-discretisation ensem-

ble, that was added later in the analysis for the purposes of step-scaling (as described in Sec. 4.2.5)

to reduce the size of the error arising from the perturbative mathching between X-space and MS

schemes. This finer ensemble uses a Möbius domain-wall fermion action with b = 1.5, c = 0.5 on all

steps in the fifth-dimension. It also differs from the other ensembles in that the temporal direction

has open boundary conditions - this is often done for practical reasons to allow for faster thermalisa-

tion of the Monte-Carlo-Markov-Chains used to sample from the path integral, because instantons

can flow in and out of the open boundary, essentially solving the topological freezing problem [40].

This comes at the expense of only being able to compute reliably correlation functions in the ‘bulk’

far away from the open boundary edges. The gauge action used for all the ensembles is an Iwasaki

gauge action [41] which includes traces of Wilson loops larger than the simple plaquette used in the

Wilson action (Eq. (2.54)) and coefficients tuned to improve the continuum limit behaviour of the

gauge theory.

Because the masses of the up and down quark are set to be equal, these ensembles all have perfect

isospin symmetry, causing the charged and neutral pions to have the same mass. Note that the

physical pion masses are actually given by mπ± = 139.57MeV,mπ0 = 134.98MeV. Ignoring the slight

isospin-asymmetry evident in the physical pion masses, it is clear from Table 4.2 that the dominant

difference is that the ensembles used have much larger masses for the up and down quarks than in

the physical case. This is primarily done because the computational cost of computing propagators

for heavier quark masses is cheaper, and thus it is easier to achieve low statistical errors with larger

quark masses. This is especially true for Ginsparg-Wilson fermions such as the Möbius action, where

the computational cost is an order of magnitude more than fermion actions that don’t satisfy the

Ginsparg-Wilson relation. In principle it is possible to utilise ensembles with various different pion

3A collaboration between RIKEN-BNL, Brookhaven National Laboratory, Columbia University, and Lattice-QCD

physicists at UK institutions.
4C.Lehner, private communication
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Ensemble Lattice Volume a−1 (GeV) mπ (MeV) Ncfgs Np Ns

24I 243 × 64(×16) 1.785(5) 339.7(1.3) 247 444 2133

32I 323 × 64(×16) 2.383(9) 302.4(1.2) 142 373 303

32Ifine 323 × 64(×12) 3.148(17) 371(5) 113 1062 2230

48 483 × 192o(×12) 3.5(1) 280 13 30 0

Table 4.2: Values taken from Table IX in Ref. [42]. The lattice volume is denoted

by LX3 × LT(×N5) where LX is the number of points in each spatial direction, LT

is the number of points in the temporal direction and N5 is the number of points in

the fifth-dimension. Ncfgs is the number of configurations used on each ensemble, and

Np/Ns are respectively the number of point/smeared source propagators computed on

each ensemble. For ensemble 48, the ‘o’ indicates that open boundary conditions are

imposed in the temporal direction. The scale-setting for the ensemble labelled 48 is

unpublished, and received by private communication4.

masses to perform a coupled chiral-continuum extrapolation to the continuum, physical theory (with

the correct pion mass), but given that the ensembles available in this study have large pion masses

this is not attempted. Instead, the point of view is taken that the extracted matrix elements will

correspond approximately to the matrix-elements in a theory with mπ ∼ 350MeV, which can be

used as an estimate for the physical-point matrix element, or compared against HQET sum-rules

predictions in a theory with a similarly heavy pion mass.

There are also systematic errors associated with simulating QCD in a finite volume and at finite

temperature. Heuristically, e−mπL controls the size of the dominant finite volume effects due to the

lightest mode wrapping around the box (where L is the physical length of the box), and should

be as small as possible if calculations are used to extract infinite volume quantities. Similarly, the

temperature T should ideally be much smaller than ΛQCD to suppress finite temperature effects.

Calculating both of these quantities for the ensembles listed in Table 4.2, both effects are most severe

for the 32IF ensemble for which e−mπL ≈ 0.02, and T ≈ 50MeV, leading to percent-level errors. In

this section, both of these effects are ignored as subleading sources of error.

Light quark fermion propagators are computed on each of the ensembles using either point

sources (no smearing), or gaussian smearing as described in Sec. 2.2.3. It is technically possible

to compute propagators with different bare quark masses than what was used in the path integral

action, for the purposes of taking a chiral limit of the extracted matrix elements. However, this can

lead to observables which have infinite variance[43], as there are field configurations on which the

fermion determinant in the path integral is nonzero, but the Dirac matrix used for the propagator

calculation has zero modes. This problem is avoided in this study, as the bare quark masses used in

the propagator generation are the same as what was used in generating the configurations, which is

sometimes described as the ‘unitary limit’. The gaussian smearing kernel is fixed on every ensemble,

and corresponds to a smearing width of 4.35a in 30 iterations on the 24 and 32I ensemble, and a
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width of 5.75a in 60 iterations on the 32IF ensemble. There are no smeared propagators computed

in the 48 ensemble, as it is only used for renormalization purposes, and hence the operators are all

point-like.

4.2.2 Lattice Artifacts in Position-Space

Following Ref. [44], the free Domain-Wall (Shamir-action) fermion propagator in momentum space,

and in the infinite N5 and infinite volume limit, is given by:

W (p) = 1 −M − 2r�
µ

sin2
pµ

2
, (4.24)

cosh(α) = 1 +W 2 +∑µ sin
2 pµ

2∣W ∣ , (4.25)

Sq(p) = ⟨q(−p)q(p)⟩ = −iγµ sinpµ + (1 −We−α)m−(1 − eαW ) +m2(1 −We−α) , (4.26)

where r is the Wilson parameter, conventionally set to r = −1, and 1 <M ≤ 2 is the mass parameter

of the five-dimensional modes (set equal to 1.8 for the ensembles shown in Table 4.2). As shown in

Ref. [45], the infinite N5 propagator is a function of b−c and does not depend on b+c, thus Eq. (4.24)
is also the expression for the tree-level propagator for the Mobius action b = 1.5, c = 0.5 used for

the finest ensemble. Note that at tree-level, the propagator Sq(p) shown in Eq. (4.24) is suppressed

compared to the usual continuum propagator value by a factor of (1 −w0)2, where w0 = 1 − ρ.

By numerically performing a Fourier transform of the momentum-space propagator, it is possible

to compare the position-space results against the numerically-computed position-space propagators

on each ensemble, as well as the continuum result, as shown in Fig. 4.5. The bare light quark masses

used (corresponding to the bare masses utilised in the ensemble generation) are light enough that

the propagators are all approximately in the massless (chiral) limit.

This comparison is of critical importance to consider when deciding how to implement a X-space

renormalization scheme. The point is that in any X-space scheme, the renormalization condition is

of the form: ⟨O(X)(x1) . . .O(X)(xn)⟩interacting = ⟨O(x1) . . .O(xn)⟩free (4.27)

Suppose that the typical separation between the xi coordinates is given by x. When implementing

Eq. (4.27) in a lattice discretisation, one ideally wants to work in a regime where x is large enough

such that discretisation artifacts are suppressed, and it does not matter whether the right-hand-

side free correlation function is computed with the free continuum propagators or using free lattice

propagators. In Fig. 4.5, this corresponds to choosing x such that the black crosses approach the

dashed line (corresponding to the overall normalisation), which requires x ≳ 20. In practice, this

is quite difficult to achieve whilst still maintaining that the chosen x is perturbative (x ≪ ΛQCD).

In Ref. [46], it was proposed to simply use the lattice tree-level propagator when implementing

Eq. (4.27), which will cancel the leading lattice artifacts. Although it is not clear whether this

procedure is completely systematically under control, this is the procedure used in this section.
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Figure 4.5: The filled in circles shows the logarithm of the ratio between the position-

space free propagators computed numerically using the different bare parameters on

each ensemble listed in Table 4.2, divided by the free massless continuum propagator∥⟨ψ(0)ψ(x)⟩∥ = 1
2π2x3 where the spin-structure has been removed. In crosses, this is

also compared against the result utilising the free massless lattice domain-wall-fermion

propagator (in the infiniteN5 and infinite volume limits) given by Eq. (4.24). Note that

the domain-wall fermion propagators are suppressed by a factor of (1−w2
0) compared

to the continuum result in the x→∞ limit. The x-axis is presented in lattice units.

4.2.3 Correlation Functions and Matrix Elements

In this section, strict isospin symmetry is imposed (mu = md), and hence there is no distinction

made between the positive B+-meson and the neutral B0-meson, they are both labelled as simply

the B-meson. The B-meson decay constant fB in the static limit is defined by

�Ω�(qγµγ5Qv)R(µ)�B �v, k⃗� �
nr
= −ifHQET,R

B (µ)�mB

2
vµ, (4.28)

whereR denotes a choice of renormalization-scheme defined at scale µ, Ω refers to the unit-normalised

interacting vacuum, and the phase of the ∣B(v, k⃗)⟩ state is chosen such that fB is real and positive.

The subscript ‘nr’ denotes continuum states with nonrelativistic HQET normalization defined by:

�B �v′, k⃗′� �B �v, k⃗� �
nr
= v0δvv′(2π)3δ3 �k⃗ − k⃗′� (4.29)

where δvv′ is a Kroneker-delta over different discrete v-sectors, and δ3 �k⃗ − k⃗′� is a Dirac delta. In

the rest of this work v = (1,0,0,0) is always set to be purely timelike, such that the static-quark
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states in the lattice are indexed by their spatial quantum number x⃗:

⟨B(y⃗)∣B(x⃗)⟩lat. = δ3x⃗,y⃗ (4.30)

where the subscript ‘lat.’ refers to states in a lattice with Ns sites in each of three spatial dimensions,

and lattice spacing a. The lattice nonrelativistic momentum states are related to the position

eigenstates by a Fourier transform:

�B(k⃗)�
lat
=√a3 �⃗

x

e−ik⃗⋅x⃗ ∣B(x⃗)⟩lat , lat�B(k⃗)�B(k⃗′)�lat = a3N3
s δ

3
k⃗,k⃗′ . (4.31)

where lattice momenta are restricted to discrete values:

k⃗ = 2π

Nsa
⋅ (n1, n2, n3), 0 ≤ n1, n2, n3 < Ns. (4.32)

This normalisation is chosen such that the lattice state approaches the continuum state ∣B(k⃗)⟩lat →∣B(k⃗)⟩nr as the continuum and infinite volume limits are taken. fB can be extracted from the

spectral decomposition of lattice two-point correlation functions:

C(2)s1,s2(t) ∶= ⟨Ω∣ (qγ5Q)(0),s1lat. (t, x⃗)(Qγ5q)(0),s2lat. (0, x⃗)∣Ω⟩ = Z∗s1Zs2e
−Et + excited states, (4.33)

where s1, s2 refer to potentially different smearings, (0) refers to the bare lattice operators, Zs1 , Zs2

are the associated (possibly complex) overlap operators:

Zsi ∶= ⟨Ω∣(qγ5Q)(0),silat. (0, x⃗)∣B(x⃗)⟩lat. (4.34)

Note that the parameter E in Eq. (4.33) does not correspond to the energy of the B-meson in

HQET, due to the linear power divergence of the static quark that requires renormalization. In

this chapter, operators are always renormalized in intermediate position-space schemes (studied in

Chapter 3) before being matched to perturbatively defined schemes such as MS. Such a procedure

leads to renormalization factors (unfortunately also labelled by Z):

ZR
qγ5Q(µ)(qγ5Q)(0)lat. = (qγ5Q)R(µ). (4.35)

The static decay constant can then be extracted in the continuum and infinite volume limit as:

fHQET
B (µ) = lim

a→0
lim
L→∞ ∣ZP ∣ZR

qγ5Q(µ)
�

2a3

mB
, (4.36)

where P corresponds to pointlike-smearing (in other words, no smearing at all). Note that quark

propagators are conventionally computed in units of the lattice-spacing, meaning that quantities such

as ZP extracted from correlation functions must have their units restored before usage, ZP = a−3Zraw
P .

The Spectator-Effect matrix elements for B-mesons are expressed as:

⟨B(v, k⃗′ = 0⃗)∣OR
i (µ)∣B(v, k⃗ = 0⃗)⟩nr = �fHQET,R

B (µ)�2mB

8
B̃R

i (µ) (4.37)
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for i ∈ {1,2,3,4}. Note that the bag parameters Bi, ϵi have been combined into a single vector

of length 4, B̃i. This will simplify discussion of their mixing under renormalization. To extract

the four-quark matrix elements requires fitting the spectral decomposition of three-point correlation

functions:

C
(3)
s1,s2,i

(t1, t2) ∶= ⟨Ω∣ (qγ5Q)(0),s1lat. (t2, x⃗) O(0)i,lat.(0, x⃗) (Qγ5q)(0),s2lat. (−t1, x⃗)∣Ω⟩ (4.38)

=Z∗s1Zs2e
−E(t1+t2)⟨B(x⃗)∣O(0)i,lat.(0, x⃗)∣B(x⃗)⟩lat. + excited states, (4.39)

where the four-quark-operator insertion is always unsmeared. The bare operators are related to

renormalized operators in some scheme R and scale µ by the invertible matrix ZR
ij(µ):

ZR
ij(µ)O(0)j,lat = OR

i (µ). (4.40)

The bag parameters can be related to the matrix elements calculated in Lattice-HQET by:

B̃R
i (µ) = lim

a→0
lim
L→∞

8a3

�fHQET,R
B (µ)�2mB

ZR(µ)ij⟨B(x⃗)∣O(0)j,lat(0, x⃗)∣B(x⃗)⟩lat. (4.41)

Once again, one must be careful to restore factors of the lattice-spacing into the matrix element

extracted from correlation functions computed in units of the lattice-spacing.

4.2.4 Running of αS

To use renormalization-group running equations to express matrix elements at some physical scale,

such as the mass of the bottom quark mb, one needs to know the values of αS for all intermediate

scales to solve the RG differential equations. From the most recent Particle Data Group review [47],

the values of αS and mZ used are given by:

α
(5)
S (mZ) = 0.1180 ± 0.0009, mZ = 91.1880 ± 0.0020 GeV (4.42)

where α
(Nf )
S indicates that the running coupling has been renormalized in a theory containing Nf

quarks. The running of αS(µ) as a function of µ is given by the β-function:

− µ

2αMS
S

dαMS
S

dµ
= β(αS) = ϵ

2
+ β0

⎛⎝α
MS
S

4π

⎞⎠ + β1

⎛⎝α
MS
S

4π

⎞⎠
2 + . . . (4.43)

where in this thesis, αS will always refer to the MS renormalized values. The �
2
term vanishes as

d → 4 and is dropped in future expressions, but its presence is important for the consistency of

renormalization in dimensional regularisation. The β function has been calculated for QCD as a

function of Nf flavours of fermions in the theory as [48]:

β(αS ,Nf = 3) = β0 �αS

4π
� (1 + 0.565884αS + 0.453014α2

S + 0.676967α3
S + 0.580928α4

S),
β(αS ,Nf = 4) = β0 �αS

4π
� (1 + 0.490197αS + 0.308790α2

S + 0.485901α3
S + 0.280601α4

S),
β(αS ,Nf = 5) = β0 �αS

4π
� (1 + 0.401347αS + 0.149427α2

S + 0.317223α3
S + 0.080921α4

S), (4.44)
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where β0 = 11 − 2Nf

3
is the one-loop result. The result for multiples of Nf is needed because the

MS scheme does not decouple heavy modes automatically, and all operators and coupling constants

should in principle be matched between an (Nf − 1)-flavour theory and an Nf -flavour theory when

running µ past the mass of a fermion. An explicit artifact of this observation is that a pure MS

calculation would predict that all flavours of quarks q should influence the β function, even when

µ ≪ mq, which is clearly unphysical. It is for this reason that MS is sometimes referred to as an

unphysical renormalization scheme.

The ensembles used in this section (and listed in Table 4.2) all have three flavours of quarks

in the sea, hence the renormalization of the operators should be performed in the Nf = 3 theory.

To determine α
(3)
S using the known value of α

(5)
S (mZ) requires first matching between a 5 flavour

theory and a 4 flavour theory at the mass of the bottom quark, and then matching between 4 flavour

theory and 3 flavour theory at the mass of the charm quark. Assuming that the decoupling equation

is ζ2gα
(Nf+1)
S (mh) = α(Nf )

S (mh), and is performed at the scale corresponding to the heavy quark mh

being integrated out, then this decoupling ratio is given by [49, 50] 5:

ζ2g =1 + 0.1528⎛⎝α
(Nf+1)
S (mh)

π

⎞⎠
2

+ (0.9721 − 0.0847Nf)⎛⎝α
(Nf+1)
S (mh)

π

⎞⎠
3

(4.45)

+ (5.1703 − 1.0099Nf − 0.0220N2
f )⎛⎝α

(Nf+1)
S (mh)

π

⎞⎠
4

+O(α5
S), (4.46)

where mh is renormalized in the MS scheme. The masses mb,mc are given by:

mb(µ =mb) = 4.183 ± 0.007 GeV, (4.47)

mc(µ =mc) = 1.2730 ± 0.0028 GeV. (4.48)

Now, equations Eqs. (4.44) and (4.45) can be used to find the α
(3)
S at various scales:

α
(3)
S (1.785 GeV) = 0.317 ± 0.007,

α
(3)
S (2.383 GeV) = 0.273 ± 0.005,

α
(3)
S (3.148 GeV) = 0.242 ± 0.004,

α
(3)
S (3.500 GeV) = 0.232 ± 0.004,

α
(3)
S (4.183 GeV) = 0.217 ± 0.003. (4.49)

The significance of the first four scales used in Eq. (4.49) is that they are the values of a−1 for

the four ensembles listed in Table 4.2. The last scale is approximately the mass of the b-quark.

Errors from α5
S contributions have been ignored, errors from αS(mZ),mZ ,mb,mc are assumed to be

5Note that there appears to be a minor typo in Ref. [49], Eq (2.1) should read LQCD(g0,m0, . . . ) = L′(g0′,m0′, . . . )
where the unprimed quantities refer to the full theory, and the primed quantities to the effective theory with some

heavy modes integrated out.
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Figure 4.6: α
(Nf )
S (µ) plotted as a function of µ by numerically integrating Eq. (4.44)

and Eq. (4.45) for Nf = 3, 4,5 in the range between mc and mb (the two vertical black

lines).

independent in the determination of the errors shown in Eq. (4.49), and errors from lattice-spacing

determination are not included: the purpose of Eq. (4.49) is simply to give an indication of the size

of perturbation theory errors one should expect at these different scales. αS is known precisely over

the whole range of interest (percent level errors), and will be a small contribution to the final error

budget.

Fig. 4.6 shows the difference between using the 3,4, or 5-flavour αS for mc ≤ µ ≤mb. Note that

for α
(3)
S , the value of α

(4)
S first has to be run down to the mc scale, before matching to the 3-flavour

theory and running back to larger values of µ.

4.2.5 Step-Scaling and Renormalization Group Running

When implementing nonperturbative renormalization schemes such as the schemes proposed in

Chapter 3, there is a window problem where t ≫ a is required to suppress discretisation errors,

but t− 1
2 ≫ ΛQCD is required for the perturbative matching coefficient to be well defined. Given that

αS(a−1) on the three lattices 24, 32I and 32IF is relatively large, this window may not exist at all for

a given operator depending on the order to which the renormalization group equations are known.

To avoid this, step-scaling to the finer lattice labelled 48 is utilised, where bare operators in a coarse

lattice are first matched to their bare counterparts on the fine lattice, before matching to X-space

at a higher scale. To see how this works, suppose that T (t) represents the correlation matrix that

is matched to the noninteracting (NI) value in order to define the X-space scheme. Choosing coarse

and fine scales tc, tf on coarse and fine lattices with lattice spacings ac, af respectively, the total
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renormalization factor is given by:

Z
(X)
ij (µ = ct−1f ) = �T (0,fine lat.)(tf) �T (fine lat.)(tf)�NI

�−1�×
�T (0,fine lat.)(tc) �T (fine lat.)(tc)�NI

�−1�−1 × �T (0,coarse lat.)(tc) �T (coarse lat.)(tc)�NI
�−1� (4.50)

where all matrix indices have been suppressed. In Eq. (4.50), the constant c should be varied in

the analysis to provide an estimate of the uncertainty due to perturbation theory. This procedure

renormalises operators defined on a coarse lattice in terms of a fine scale tf , so that errors due to

matching to MS are suppressed. Due to the small Euclidean separations used, this procedure requires

only a few additional propagators to be generated on a fine lattice as the statistical uncertainties are

not very large. A technicality that arises is that if tc is chosen to be an integer multiple of ac, it will

not be an integer multiple of af (unless the lattice parameters are tuned such that ac is a multiple

of af ). Measurements of T (0,fine lat.)(t) can however be fit to splines of fixed order to interpolate a

value for T (0,fine lat.)(tc), the simplest scheme being a first-order spline (linear fit) to the neighboring

points

T (0,fine lat.)(tc) ∶=
T (0,fine lat.) �af � tc

af
�� + � tc

ac
− � tc

ac
���T (0,fine lat.) �af � tc

af
�� − T (0,fine lat.) �� tc

af
��� , (4.51)

where ⌊⋅⌋, ⌈⋅⌉ are the integer floor and ceiling functions respectively.

After renormalizing intoX-space scheme, the rest of the matching procedure can be schematically

visualised in the following diagram:

O(0,Lattice)HQET

O(X)HQET(tf , µ = ct−1f ) O(X)HQET(cm−1b , µ =mb)

O(MS)
HQET(µ = ct−1f ) O(MS)

HQET(µ =mb)

O(MS)
QCD (µ =mb) O(MS)

QCD (µ2 =m2
W )

nonperturbative

The ambiguity of defining a dimensional regularisation scale µ corresponding to a given fine scale t−1f
used in an X-space scheme is parametrised by a real positive constant c in the above diagram. Due to

only one-loop anomalous dimensions being available for the running of the four-quark ΔB = 0 HQET

operators, the running between the lattice scale ct−1f and mb is only available to leading-logarithmic

(LL) accuracy, which is the same in both X-space and MS when operators in X-space are run

along the trajectory defined by a constant c = µtX . Combining this leading-logarithmic running
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with the O(αS) matching derived in Chapter 3 causes the square connecting O(X)HQET(µ2 = c2t−2f ) toOMS
HQET(µ2 =m2

b) to not commute: the two different paths (running and then matching, or matching

and then running) result in different results. This is because the matching performed at either

µ = ct−1f or µ = mb gives different results, even though the logarithmic running in either scheme is

the same. In other words, the calculation is not consistent to NLO order - leading logarithmic running

should be combined with a leading order matching in order to give a consistent renormalization of

the operators. In Sec. 4.2.9 the operators are NLO matched before they are LL run to a higher

scale, with the understanding that when the NLO anomalous dimensions for the four quark ΔB = 0
operators become available, they can easily included into the analysis to give a consistent NLO

renormalization of the matrix elements.

4.2.6 The role of Wilson flow

As mentioned in the introduction of this section, Wilson flow can be used to regulate power di-

vergences appearing in an OPE. This requires Wilson flowing of the fermion fields along with the

gauge fields whose evolution equations are described in Eq. (2.79). One prescription for flowing the

fermion fields in the continuum can be written as [51]:

d

dt
ψt =DµDµψt, (4.52)

where ψt is a flowed fermion field at time t, and Dµ is the continuum Dirac operator. In fact, at finite

Wilson flow time all composite operator divergences vanish, and composite operators renormalize

multiplicatively according to their field content. For this reason, Wilson flow can be used as a

(partial) regulator of QCD itself, and matrix elements computed at fixed physical Wilson flow time

have well-defined continuum limits.

In the calculations presented in this section, Wilson flow is not used as a regulator of UV-

divergences, instead it is simply used as a smearing procedure to improve the signal-to-noise ratio

of correlation functions including a static quark propagator. The quark fields are never flowed

in this section, and all light quark propagators refer to their values computed on unflowed gauge

configurations. The static quark propagator is computed on flowed configurations, fixed to a−2t = 2.0
where a is the lattice spacing of the ensemble being used. This has the effect of causing the physical

flow time t to vanish as the continuum limit a→ 0 is taken. The flowed configurations were computed

by iterating the Runge-Kutta scheme described in Appendix C of Ref. [52] 200 times, corresponding

to a Wilson flow time-step of dt = 0.01a2 on each ensemble.

4.2.7 Fitting Procedure

The Lattice-QCD observables considered in this section are all derived from correlation functions,

which as observables have the form:

⟨f⟩ = ∫ DUe−S[U]f(U)
∫ DU e−S[U] , (4.53)
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where for simplicity the action here is simply written as a function of the gauge fields U . Ide-

ally, one would have a collection of uncorrelated samples drawn from the probability distribution

U1, U2, . . . , Un ∼ 1
Z
e−S[U], with correlation functions fi(Ut) evaluated on each of the samples, where

i indexes over a different number of measurements. Because the samples used in Lattice-QCD

are nearly always generated using a Monte-Carlo-Markov-Chain (including those in Table 4.2), the

samples are never completely decorrelated. Furthermore, for the propagators computed on these

ensembles, the matrix fi(Ut) has missing entries due to some measurements not being available

on certain configurations. The final complication is the fact that there are multiple fi functions

which correspond to a single correlation function observable: for instance the two-point correlation

function ⟨O(t, x⃗)O†(0, x⃗)⟩ is x⃗-independent, however different choices of x⃗ correspond to formally

different functions fi.

The first simplification made in our analysis is that all fi that correspond to the same physical

observable (up to symmetries) are averaged over per configuration. After averaging, each fi corre-

sponds to measurements of either the two-point or three-point functions at fixed time-separations

and smearing choices:

C
(2)
s1,s2,tf

(t) = ⟨(qs2γ5Qtf )(t)(Qtf
γ5qs1)(0)⟩ (4.54)

C
(3)
s1,s2,tf ,i

(t1, t2) = ⟨(qs2γ5Q)(t2)Oi(0)(Qγ5qs1)(−t1)⟩ (4.55)

Note that this notation is slightly more detailed than the notation used earlier in Eqs. (4.33)

and (4.38), as the generic smearing of composite operators has now been specified to a choice

of smearing s1, s2 for the light quark field, and a choice of Wilson flow-time tf for the static quark

propagator. The spatial indices on all operators have been dropped due to spatial invariance of the

correlation functions. The sample mean and covariance are then calculated taking into account that

certain entries may be missing:

fi ∶= 1

Ni
�
t

fi(Ut), σ2
ij = 1

Nij − 1
�
t

(fi − fi)(fj − fj) (4.56)

where each of the sums are only performed over configurations where the corresponding measure-

ments exist, Ni denotes the number of configurations on which the correlation function fi was

measured, and Nij denotes the number of configurations on which both fi and fj were measured.

The autocorrelations remaining due to memory effects in the gauge field generation can be measured

by calculating the normalised autocorrelation function:

ρi(τ) = 1

σ2
fi

Et[(fi(Ut) − fi)(fi(Ut+τ) − fi)] (4.57)

which measures how correlated a measurement of fi is at Monte-Carlo time t with the measurement

of fi at Monte-Carlo time t + τ . ρi(τ) → e−τ/Δ is expected to decay exponentially at long times,

where Δ is the autocorrelation time. For a further discussion of the spectral decomposition of

autocorrelation times in the Langevin limit see Appendix C.0.2. For now it suffices to note that for
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the configurations in the 24,32I and 32IF ensembles, autocorrelations of 2 and 3-point correlation

functions were measured to be negligible, and the samples are treated as independent.

When the smearing used at the source and sink are equal (s1 = s2 = s), the two-point and

three-point correlation functions defined in Eq. (4.54) have spectral decompositions given by:

C
(2)
s,s,tf

(t) = ∞�
n=1 ∣Zn∣2e−Ent ≈t→∞ ∣Z1∣2e−E1t, (4.58)

C
(3)
s,s,tf ,i

(t1, t2) = ∞�
m,n=1ZmZ∗ne−Emt1e−Ent2⟨m∣Oi∣n⟩ ≈t1,t2→∞ ∣Z1∣2e−E1(t1+t2)⟨1∣Oi∣1⟩, (4.59)

where the sum is over all states with the same quantum numbers as the (Qγ5q) operator, and as

before the overlap factors have been defined as Zn ∶= ⟨Ω∣(qsγ5Qtf )∣n⟩ with ∣Ω⟩ being the interacting

vacuum state. There are certain combinations of these correlation functions that approximately

extract physical observables of interest. For example the effective energy approximates the lowest

lying state’s energy in the large separation limit:

Eeff,s,tf (t) ∶= −1a log
⎛⎜⎝
C
(2)
s,s,tf

(t + a)
C
(2)
s,s,tf

(t)
⎞⎟⎠ ≈t→∞ E1 (4.60)

and a ratio of a three-point function to a two-point function approximates the corresponding matrix

element:
C
(3)
s,s,tf ,i

(t1, t2)
C
(2)
s,s,tf

(t1 + t2) ≈t1,t2→∞ ⟨1∣Oi∣1⟩ (4.61)

Whilst these derivative quantities can be fitted to extract the energies and matrix elements, it is

more common to directly perform fits of the spectral decompositions of the 2 and 3-point functions

shown in Eq. (4.58).

Fits in this section were implemented with the gvar and corrfitter packages [53], and the analysis

procedure is similar to the one performed in Ref. [54]. When fitting correlation functions, often the

correlation functions are truncated to large Euclidean time regions where it is believable that the

excited state contamination has been sufficiently suppressed, and only the states of interest remain.

Making such a choice in a principled manner is difficult however, as the fits can be made to have

a low χ2 by restricting the fitting range to a tiny region. In this section, fits are performed on a

range of different fitting regions before being model averaged to account for this factor. For a given

fitting range, there is also the choice of how many excited states to fit the data to. As the number of

excited states used increases, the number of parameters in the fits increase, and the corresponding

χ2 of the fit decreases. To determine how many excited states to include for a given fit range, the

Akaike Information Criteria [55] is used. Explicitly, the number of excited states included in the fit

is increased until the χ2/Nd.o.f improves by less than a fixed constant A, where Nd.o.f is the number

of degrees of freedom in the fit. For all the fits f that have χ2/Nd.o.f < 2, associated to extracted
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Figure 4.7: Plots showing the static-light two-point effective mass meff =
− 1

a
log � ⟨Os1

(t+a)O†
s2
(0)⟩

⟨Os1
(t)O†

s2
(0)⟩ � where a is the lattice spacing, and O = Qγ5q, on each of the

three ensembles. The subscripts s1, s2 denote that the source and sink can be smeared

differently, the data labelled pp corresponds to both being point-like, sp meaning one

is pointlike and the other is smeared, and ss means both source and sink are smeared.

The data shown is at a fixed flow-time of t = 2.0 in lattice units. The shaded bands

correspond to the fitted energies.

quantities Mf with statistical uncertainty δMf , they are then weighted according to:

wf = pf(δMf)−2∑f ′ pf ′(δMf ′)−2 , M =�
f

wfMf ,

δstatM
2 =�

f

wfδM
2
f , δsysM

2 =�
f

wf(Mf −Mf)2, δM
2 = δstatMf

2 + δsysMf
2
,

(4.62)

where pf = Γ(Nd.o.f/2,χ2/2)/Γ(Nd.o.f/2) is the p-value of each respective fit, and M ±δM is the final

model-averaged fit.

4.2.8 fHQET
B results

In order to compute the static-light decay constant fHQET
B , combined fits to C

(2)
p,p,2.0a2 , C

(2)
s,p,2.0a2 and

C
(2)
s,s,2.0a2 are performed. The fitting ranges were parametrised by four integers tmin

s , tmin
p , tmax

s , tmax
p

where the point-point correlation functions were only fit in the range [tmin
p , tmax

p ], and the strange-

point and strange-strange correlation functions were only fit in the range [tmin
s , tmax

s ]. The fitting

ranges were varied such that tmin
s ∈ [3,25], tmin

p ∈ [tmin
s ,25], tmax

s ∈ [tmin
s + 3,35], tmax

p ∈ [tmin
p + 3,35].

There were also corresponding fitting ranges included where the point-point correlation functions

were not fit, and only the smear-point and smear-smear correlation functions were fit in the same

ranges. The AIC used in these fits was A = 0.5. The model-averaged ground-state energies are

compared against effective mass plots in Fig. 4.7.

To compute the perturbative renormalization and running of the heavy-light current required for
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extraction of fB , firstly a calculation of the two-point correlation function in MS is required:

CMS(t) ∶= ⟨(q ΓQ)(MS)(0)(QΓq)(MS)(t)⟩ = ∞�
n=0Cn(t) Nc

2π2t3
�αS

4π
�n , (4.63)

where the Cn(t) depends on t only logarithmically, and are given by:

C0(t) = 1, C1(t) = 28.213 + 8Lt,

C2(t) = 154.647 + 817.580Lt + 104L2
t ,

C3(t) = 10907.039 + 13815.600Lt + 18834.968L2
t + 1525.333L3

t , (4.64)

as calculated in Ref. [56], where Lt ∶= log µteγE

2
. In Eq. (4.64), Nc = 3 and Nf = 3 have been utilised.

To run the renormalized matrix element using the renormalization group, a calculation of the running

of the heavy-light operator renormalization constant ZMS(QΓq)(0) = (QΓq)MS is needed, where:

d logZMS

d logµ
= ∞�

n=1γn �
αS

4π
�n . (4.65)

A completely consistent renormalization and running requires an O(αn+1
S )-calculation of the pertur-

bative running coefficients if a O(αn
S) calculation of the matching is used (as the order is promoted

after running). Corresponding to the O(α3
S) matching coefficients listed in Eq. (4.64), there are

O(α4
S) running coefficients computed in Ref. [57]:

γ1 = +4, γ2 = +42.0258, γ3 = +514.291, γ4 = +6308.65. (4.66)

Note that the anomalous dimensions quoted in Eq. (4.66) are the negative of those computed

in Ref. [57], due to the fact that the convention used in Ref. [57] was the opposite (QΓq)(0) =
ZMS(QΓq)MS of what is used in this thesis, as can be confirmed by comparing γ1 to the expected

value from Eq. (2.28).

To cancel the linear divergences, the X-space scheme used is:

�C(t)2
C(2t)�

(X) = �C(t)2
C(2t)�

(tree)
, (4.67)

so that if O(MS) = C(MS,X)O(X), the conversion factor can be calculated as:

C(MS,X)(t) =1 + αS

4π
�14.106 + 2Lt/2�

+ �αS

4π
�2 � − 33.763 + 415.457Lt − 207.728L2t + 30L2

t − 8LtL2t − 9L2
2t

+ nf �3.864 − 21.041Lt − 1.333L2
t + 10.515L2t + 0.667L2

2t� �. (4.68)

Before attempting to step-scale renormalize the static-light current, first the window problem is

investigated in Fig. 4.8. In the left plot, the X-space renormalization factors Z(X) are plotted as
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Figure 4.8: The left figure shows the X-space renormalization factor of the static-light

current as a function of t/a for each of the four ensembles. The right figure shows the

total factor required to renormalize the bare operator into the MS scheme at µ =mb.

The inner error-bars are due to statistical error, and the outer error-bars are due

to errors from perturbation theory errors obtained by varying the scale µ used after

matching to X-space by a factor of
√
2.

a function of t
a
, and are not expected to exhibit any plateaus, because the scale is varying at each

time-step. The right plot combines Z(X) with the matching to MS coefficient C(MS,X) calculated in

Eq. (4.68), as well as the evolution kernel G(mb, µ) that numerically integrates Eq. (4.65) in order

to run to the scale µ =mb. Because these conversion rates are now all from the bare lattice operators

to MS at a fixed scale, there should be a plateau in the data corresponding to the usable window

of timescales. The perturbative error was estimated by uniformly drawing the initially used µ from

the range ( π√
2t
, π
t
). The maximum value of this range was chosen because in the Wilsonian picture

of renormalization, by integrating out momentum modes with p > π
t
, correlation functions where

the operators are separated by a distance t should be approximately given by their non-interacting

values.

The figure seems to suggest that for each of the ensembles there is an approximate window for

2 ≤ t
a
≤ 4. For the coarser lattices 24 and 32I and to some extent 32IF, the perturbative errors grow

significantly for larger values of t/a, and would prohibit precision extraction of the corresponding

matrix element regardless of the statistical precision achieved. In order to combat these effects,

step-scaling to the 48 ensemble is investigated in Fig. 4.9. In the limit of infinite statistics, the tc

scale only needs to satisfy tc ≫ ac in order to suppress discretisation artifacts in the coarse lattice,

which automatically implies that the discretisation artifacts are suppressed in the fine lattice as well.

tf should satisfy a genuine window problem, with both tf ≫ af to suppress discretisation artifacts,
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Figure 4.9: The conversion factor from bare operator to MS renormalized at µ = mb

for the static-light operator, using the step-scaling procedure described in Sec. 4.2.5.

Along the x-axis are different choices for the coarse and fine timescales (tc/a, tf /a).
The error bars include errors due to perturbation theory by varying the µ used in

the matching to MS in the range ( π√
2tf

, π
tf
). The horizontal bands correspond to the

values specified at (tc/a, tf /a) = (2,3), which are ultimately used to renormalize the

matrix elements.

as well as t−1f ≫ ΛQCD to suppress perturbative errors. The two coarser ensembles shown in Fig. 4.9

do not show very clear plateaus, but the plateau is reasonable for the 32IF ensemble. For this study,(tc/a, tf /3) = (2,3) was used for all three ensembles and the corresponding matching coefficient is

plotted in Fig. 4.9 as a horizontal band. Note that the values derived from this choice also are

consistent with the plateaus shown in Fig. 4.8, but with smaller uncertainties as one would expect

from step-scaling.

By combining these matching coefficients with the fitted bare matrix elements, fHQET
B (µ =mB)

can be plotted as a function of the lattice spacing, as shown in Fig. 4.10. As there has not been any

O(a) improvement of the operators used, the continuum limit fit takes a linear form fHQET
B (a) =

f0 + af1 for some fitted constants f0, f1, and quadratic and higher order errors have been dropped.

As fHQET
B has been computed in a theory with light quark masses corresponding to mπ ≈ 350MeV

it is not directly comparable to results at the physical point, however it is consistent with chiral-

continuum limits taken in Ref. [58]. More propagators on the finer ensembles, with a possible

inclusion of a fourth lattice spacing may drastically improve the precision of the result extracted in

this section. O(a) improvement of the operators would require new X-space schemes with expanded

bases of source and sink operators to handle the new operator mixings, which have not yet been

derived.
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Figure 4.10: A linear continuum limit fit of fB renormalized in MS at µ = mb. The

value fitted in the continuum limit is given by 0.2 ± 0.1GeV.

4.2.9 Spectator Effect results

Instead of directly implementing the Spectator Effect operators:

O1 = (bγµPLq)(qγµPLb), O2 = (bPLq)(qPRb),
O3 = (bγµPLT

Aq)(qγµPLT
Ab), O4 = (bPLT

Aq)(qPRT
Ab), (4.69)

it is more convenient in practice to implement a different basis of operators:

Õ1 = (biγµPLqi)(qjγµPLbj), Õ2 = (biPLqi)(qjPRbj),
Õ3 = (biγµPLqj)(qjγµPLbi), Õ4 = (biPLqj)(qjPRbi), (4.70)

where the i, j indices are colour indices. This is because the adjoint index of the TA operator no

longer needs to be summed over. Note that because there are two quarks and two antiquarks, there

are actually two different colour singlets contractions corresponding to the two singlets in 3⊗3⊗3⊗3,
where 3 refers to the fundamental SU(3) representation. The relation:

TA
abT

A
cd = 1

2
δadδcb − 1

6
δabδcd (4.71)

for Nc = 3 6 allows the two sets of operators to be related by a change of basis:

⎛⎜⎜⎜⎜⎜⎝

O1O2O3O4

⎞⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎝

1 0 0 0

0 1 0 0−1
6

0 1
2

0

0 −1
6

0 1
2

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝

Õ1Õ2Õ3Õ4

⎞⎟⎟⎟⎟⎟⎠
(4.72)
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Figure 4.11: Plots showing the 3-point to 2-point correlation function ratios defined

in Eq. (4.61), normalised to show the matrix element with normalisation defined in

Eq. (4.37). Each row corresponds to a different ensemble, and each column corresponds

to the four Spectator Effect operators. Model-averaged fitted values for the matrix

elements are also plotted as shaded bands in each subfigure. 32I fitted values are

hatched due to lack of 3-point correlation functions with source sink separations larger

than 11, leading to unreliable fits.

The bare matrix elements were extracted from a coupled fit to C
(2)
s,s,2.0a2 and C

(3)
s,s,2.0a2,i

, following

a similar procedure as described in Sec. 4.2.8. The fitting ranges were defined by four positive

integers, tmin
2 , tmax

2 , tmin
3 , tmax

3 , where C
(2)
s,s,2.0a2 was fit in the range [tmin

2 , tmax
2 ]. C(3)

s,s,2.0a2,i
was fit for

all 3-point functions where both the source-operator and the operator-sink separation was at least

tmin
3 , and the source-sink separation was no greater than tmax

3 . For all three ensembles, tmin
2 was

varied in the range [10,15], and tmin
3 was varied in the range [15,20], and tmin

3 was varied in the

range [2,9]. For the 24 and 32IF ensembles, source-sink spearations up to 20 were available, however

the 32I ensemble only has source-sink separations up to 11, causing difficulty in proper isolation of

the ground state in the three-point functions. Due to this limitation, tmax
3 was varied in the range[15,20] for the 24 and 32IF ensembles, and was set equal to 11 for 32I. This lead to fairly unreliable

6See Appendix B for a list of colour matrix identities written for all Nc.
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Figure 4.12: Continuum limit of the four matrix elements relevant to Spectator Effects

for B-meson decay, renormalised at µ = mb in the MS-scheme. The fitted matrix

elements from the 32I ensemble have been included as gray points in this plot, but

have not been included in the linear continuum limit fit due to the correlation function

fits for that ensemble not being reliable.

fits for the 32I ensemble, thus the extracted matrix element has been hatched in Fig. 4.11, and has

not been included in the continuum limit fit. The AIC penalty used for all three ensembles wasA = 1.0.
The operators were renormalised with the X-space scheme proposed in Sec. 3.2.2, with the

choice source-sink operators given by {(H−1f ,H−1f ), (H∗−f,i,H(∗i)f,i ), (Λ1,Σ2,0), (Λ2,Σ1,0)}, correspond-
ing to the matching matrix in Eq. (3.76). The renormalization was step-scaled with the 48 ensemble

as described in Sec. 4.2.8, with step-scaling times (tc, tf) = (2,3). Perturbative errors from renor-

malization have been similarly estimated as in Sec. 4.2.8 by varying the µ ∈ ( π√
2tf

, π
t
) independently

of any of the other sources of error. After renormalization and matching, the leading-logarithmic

running of the MS-renormalized operators can be read off from the O(αS) counterterms derived in

Sec. 3.2.1 as:

µ
dOMS

dµ
= αS

π

⎛⎝ 2 −3
2−1

3
1
4

⎞⎠OMS, (4.73)

where the operators mix in the (V −P ) and (S −P ) two-by-two subblocks, with an explicit solution

given by:

OMS(µ) = exp⎛⎝�
µ

µ0

dµ
αS

πµ

⎛⎝ 2 −3
2−1

3
1
4

⎞⎠⎞⎠OMS(µ0), (4.74)

where the exponential is a matrix exponential.

The linear continuum limit fit for the MS-renormalized matrix elements at µ = mb is shown

in Fig. 4.12. This represents the first unquenched determination of the Spectator Effect matrix

elements with nonperturbative renormalization. Interestingly, the extracted matrix elements are

approximately consistent with the vacuum saturation hypothesis, which predicts that the O3 and O4

matrix elements should be zero. For comparison against matrix elements extracted from experiment;
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a proper chiral limit will need to be taken to extrapolate the matrix elements to the physical point.

This is left to a future work.
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at finite Ls. Phys. Rev. D, 96(7):074504, 2017. doi: 10.1103/PhysRevD.96.074504.

[46] Piotr Korcyl, Christoph Lehner, and Tomomi Ishikawa. Non-perturbative renormalization of the static quark

theory in a large volume. PoS, LATTICE2015:254, 2016. doi: 10.22323/1.251.0254.

[47] S. Navas et al. Review of particle physics. Phys. Rev. D, 110(3):030001, 2024. doi: 10.1103/PhysRevD.110.030001.

[48] F. Herzog, B. Ruijl, T. Ueda, J. A. M. Vermaseren, and A. Vogt. The five-loop beta function of Yang-Mills

theory with fermions. JHEP, 02:090, 2017. doi: 10.1007/JHEP02(2017)090.
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Chapter 5

Heavy Quarks Propagating in Quark

Gluon Plasma

Some content in this section reproduced with permission from the following reference:

Joshua Lin, Di Luo, Xiaojun Yao, and Phiala E. Shanahan. Real-time dynamics of the Schwinger

model as an open quantum system with Neural Density Operators. JHEP, 06:211, 2024. doi:

10.1007/JHEP06(2024)211.

Contents

5.1 Variational Parameterisations of Quantum States . . . . . . . . . . . . . 136

5.1.1 Time Dependent Variational Principle . . . . . . . . . . . . . . . . . . . . . . 140

5.1.2 Initialization and bootstrapping . . . . . . . . . . . . . . . . . . . . . . . . . 141

5.2 Open Quantum Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.2.1 Lattice-Discretised Schwinger Model as an Open Quantum System . . . . 143

5.2.2 Symmetries of the Open Schwinger Model . . . . . . . . . . . . . . . . . . . 146

5.2.3 Lindbladian Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

5.2.4 Steady State Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

An interesting use of bottom quarks is as probes of the thermal QCD medium, for example as

produced at heavy ion collider experiments. The generic situation that will be considered is when

mQ ≫ T ≫ ΛQCD where T is the temperature of the medium, such that the light degrees of freedom

are all thermalised in the quark-gluon-plasma phase of QCD, but the heavy quarks with mass mQ

are much heavier and act as nonrelativistic probes of the media. One observable of interest is the

nuclear-modification-factor

RAA = NAA⟨TAA⟩σpp
, (5.1)

where A is the number of nucleons in each of the colliding ions, NAA is the observed number of

bottomonium states (of given quantum numbers) produced per event in heavy-ion collisions, σpp is
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Figure 5.1: Figure from Ref. [1] showing the experimentally measured RAA values from

the ATLAS experiment for Pb+Pb collisions with a center of mass energy per nucleon

pair of 5.02 TeV. The x-axis shows the fitted mean number of participant nucleons

in the collision ⟨Npart⟩, and the different colours refer to the radial excitations of the

S-wave bottomonium state.

the cross-section for producing bottomonium in pp collisions at the same kinematics, and ⟨TAA⟩ is the
mean nuclear overlap function (how many nucleons collide in the interaction) [1]. RAA is normalised

such that any deviation from 1 indicates the presence of nuclear effects not present in pp collisions:

chiefly the production of Quark-Gluon-Plasma medium for the heavy quarks to propagate through.

Due to the deconfining nature of the QGP, QQ-pairs produced during the initial hard collision

(Q = c, b) are allowed to stream through the QGP unimpeded, before forming hadrons which contain

a single heavy quark or antiquark, such as the Qu,uQ mesons, leading to a suppression of heavy

quarkonia production [2]. The experimental data in Fig. 5.1 can be interpreted as showing that as

the number of participants in a heavy-ion collision increases (equivalently, as the collision becomes

more central), the produced fireball of Quark-Gluon-Plasma grows larger in size, and hence there is

more suppression of the bottomonium states (leading to a smaller value of RAA).

A quantitative understanding of such heavy-quark observables measured at heavy-ion colliders

requires first-principles simulations of the nonrelativistic dynamics and subsequent hadronisation

of heavy quarks in the thermal medium. A general difficulty in simulating quantum dynamics of

relativistic quantum field theories is the exponential scaling of the dimension of the Hilbert space

as either the IR or UV cutoffs are removed1. State of the art calculations are still very far away

from calculating meaningful QCD real-time dynamics, and have mostly been constrained to simpler

1Alternatively, for nonrelativistic systems, the exponential scaling in the number of particles included.
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theories (simpler gauge groups, or less space-time dimensions). The corner of quantum dynamics

given by heavy quarks in a thermal medium actually corresponds to a simple corner of quantum

dynamics, as the bottom quarks can be treated in the nonrelativistic limit, and the quark-gluon-

plasma degrees of freedom can be traced out leaving an Open Quantum System formulation [3]. In

the high-temperature limit, the time evolution of the density matrix ρ(t) describing the heavy-quark

degrees of freedom can be written as a Lindblad equation:

dρ(t)
dt
= −i[H,ρ(t)] +� dd−1x⃗dd−1y⃗D(x⃗, y⃗)ij �O(x⃗)iρ(t)O(y⃗)†j − 1

2
�O(y⃗)†jO(x⃗)i,ρ(t)�� , (5.2)

where D(x⃗, y⃗)ij is a coupling matrix that is required to be positive-semidefinite to ensure that the

density matrix ρ(t) remains positive, and trace normalised. H is a Hamiltonian describing the heavy-

quark degrees of freedom (usually matched to some EFT such as HQET, NRQCD, or pNRQCD

depending on the system of interest). The operators O(x⃗)i mediate the interaction between the heavy

quarks and the thermal medium that has been integrated out, and may depend on an additional

internal index i.

Numerical studies of these Lindbladians have focused on in-medium dynamics of a single heavy

quark Q, or a single quarkonia pair QQ [4]. This is sufficient to study bottomonium production

in current heavy-ion collision experiments, since the average number of bottom-antibottom pairs

produced in one collision event is close to one. However, in order to study charmonium (charm-

anticharm bound state) production in heavy ion collisions, many more QQ̄ pairs must be tracked.

For example Pb-Pb collisions at the LHC reach a center of mass energy of 5.02 TeV per nucleon-

nucleon pair, causing O(100) cc-pairs to be produced per collision [5]. A full quantitative treatment

of the in-medium dynamics of multiple QQ-pairs would require simulation of all the pairs, as any

two (QQ, Q̄Q̄ or QQ̄) can interact via a two-body potential that approaches zero at large distances.

This motivates exploring algorithms which can simulate the quantum dynamics at lower cost.

An approach that offers a quadratic scaling improvement (but still stuffers exponential scaling

in the volume) is Master Equation Unraveling (also known as Quantum Trajectories), where the

Lindblad equation is converted into a stochastic Schrödinger equation [6, 7]. In this approach, the

Lindbladian is first put into canonical form:

dρ(t)
dt
= −i[H,ρ] − 1

2
�
m

�{c†mcm,ρ} − 2cmρc†m� (5.3)

where the coupling matrix (D(x⃗, y⃗)ij in Eq. (5.2)) has been diagonalised after UV and IR regulators

have been introduced, and the eigenvalues of the coupling matrix have been absorbed into the

‘jump-operators’ cm. To solve this equation over a small time δt given an initial pure state ∣φ(t)⟩,
the following steps are performed [8]:

● A proposed update ∣φ(1)(t+δt)⟩ is prepared by evolving the initial pure state under an effective,

non-hermitian evolution kernel:

∣φ(1)(t + δt)⟩ = �1 − iδt�H − i

2
�
m

c†mcm�� ∣φ(t)⟩. (5.4)
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This new state is not normalised, and the deviation of its norm from one is related to each of

the cm operators characterising the different dissipative channels:

⟨φ(1)(t + δt)∣φ(1)(t + δt)⟩ = 1 − δt�
m

⟨φ(t)∣c†mcm∣φ(t)⟩ = 1 −�
m

δpm, (5.5)

where δp = ∑m δpm is the total loss in probability.

● With probability 1 − δp, accept the proposal by defining the time evolved state to be the

properly normalised φ(1) state:
∣φ(t + δt)⟩ = ∣φ(1)(t + δt)⟩√

1 − δp
. (5.6)

Otherwise, with probability δpm, define the time evolved state to be:

∣φ(t + δt)⟩ = cm∣φ(t)⟩�
δpm/δt . (5.7)

After iterating this procedure, one obtains a single pure state trajectory ∣φ1(t)⟩. In practice, one

generates many such trajectories, ∣φ1(t)⟩, ∣φ2(t)⟩, . . . ∣φN(t)⟩ following the same procedure. As δt→ 0,

the true density matrix ρ(t) is given by an ensemble average ρ(t) ≈ 1
N ∑N

i=1 ∣φi(t)⟩⟨φi(t)∣. Note that

the procedure described here is a first-order discretisation of a stochastic differential equation, and

it may be possible to utilise higher order integrators. The utility of this approach is that instead of

storing and evolving the full density matrix, which has size dim(H)2 where H is the Hilbert space,

one only has to store and evolve wavefunctions, which have size dim(H). If the initial state is a pure-

state, and one is interested in the short-time Lindbladian evolution, then the number of trajectories

Ntraj needed is relatively small and Master Equation Unraveling offers a quadratic improvement in

cost. As time progresses however, the state becomes more entangled (eventually limiting towards

the thermal distribution) causing the number of trajectories needed to increase rapidly.

Alternatively, variational approaches have also become popular methods to approximate real-time

quantum dynamics. The key idea is to parametrise complicated wavefunctions or density matrices

in terms of a few variational parameters that encode physical properties of the state in question.

This chapter discusses my work in utilising Neural Network parametrisations of density matrices to

simulate the dynamics of quarks in an Open Quantum System framework. Before applying these

methods to the full 3 + 1d situation, they are tested for the Schwinger Model, which is a 1 + 1d
U(1)-gauge theory which shares many features with QCD such as confinement and chiral symmetry

breaking. We utilise the Neural Density Operator (NDO) ansatz [9], which parametrises density

matrices over a finite collection of spin- 1
2

degrees of freedom and is reviewed in Sec. 5.1. The

open quantum system framework applied to the Schwinger model is reviewed in Sec. 5.2.1, and its

associated symmetries are investigated in Sec. 5.2.2. Subsequently, Neural-Network parametrisations

of density matrices are investigated for the open Schwinger Model, and shown to be able to reproduce

both the short-time quantum dynamics, as well as the long-time thermal properties of the steady

state.
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● To investigate the Lindbladian dynamics of strings in Sec. 5.2.3, product states containing

string configurations are prepared and Lindbladian evolution is performed using the Time

Dependent Variational Principle (TDVP) introduced in Sec. 5.1.1. Comparisons to exact

results are shown on small lattice sizes, and the scaling of the method as lattice size is increased

is studied. Finally, Lindbladian evolution of string states on an L = 20 lattice are computed

with tVMC, for which exact diagonalization methods are infeasible.

● The thermal behaviour of the system is studied in Sec. 5.2.4 by extracting the steady state of

the Lindblad equation. The learned state is compared to exact diagonalization results on an

L = 4 lattice, before being bootstrapped up to an L = 32 volume lattice (see Fig. 5.5). The

key observable that is studied is the chiral condensate, which measures the chiral symmetry

breaking and is the prototypical order parameter for the confinement/deconfinement phase

transition. By performing a scan in the physical parameters, it is confirmed that the learned

NDO state is sensitive to this phase transition.

5.1 Variational Parameterisations of Quantum States

Some text in this section reproduced with coauthors’ permission from Ref. [10].

When exact solutions become difficult to compute, variational approximations of quantum states

become useful. For pure quantum states, the central idea is to define a variational map ψ ∶ RN →H
from a space of N (real) parameters to a Hilbert space H, ideally in the limit that N ≪ dim(H).
The variational map is most useful when the image of the map ψ in some sense well-approximates

the states of interest. Historically, this was first used in the context of finding ground states of

Hamiltonians, because given a Hamiltonian H ∈H∗ ⊗H the bound:

⟨ψ(α)∣H ∣ψ(α)⟩⟨ψ(α)∣ψ(α)⟩ = �n≥0En
⟨ψ(α)∣n⟩⟨n∣ψ(α)⟩⟨ψ(α)∣ψ(α)⟩ ≥ E0 (5.8)

means that variational energies always form upper bounds on the true ground state energy E0 (where

En are the exact energies of the Hamiltonian H and ψ(α) is a variational parametrisation in terms

of parameters α), regardless of the variational map ψ chosen. Choosing a better variational map (in

the sense that the image more closely approximates the true ground state) gives better bounds on

the ground state energy.

As shown in Fig. 5.2, variational ansatze span from more interpretable options to less inter-

pretable options. One diagnostic to determine the representation power of an ansatz is the amount

of entanglement it is able to capture. Specifically, supposing that a physical system is split into two

subregions A and B, and letting ρA be the reduced density matrix defined on subregion A (tracing

out degrees of freedom in B), the entanglement entropy is defined by:

SA = −Tr(ρA log ρA) (5.9)
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"Interpretability"

Tensor Networks Neural Network
Quantum States

Hartree-Fock

"Representation Power"

Figure 5.2: Variational parametrisations of quantum states live on a spectrum from

more interpretable parametrisations (such as Hartree-Fock, where at it’s core, a mul-

tiparticle wavefunction is built from symmetrising appropriately over single-particle

wavefunctions) to more complicated parametrisations. Neural Networks tend to be

regarded as the canonical black-box, where individual weights in the network do not

have much physical significance. Tensor-networks are (perhaps somewhat provoca-

tively) placed in the middle, due to fact there exists some physical interpretation of

the bonds as encoding entanglement in the theory.

h

σ

Wθ

Figure 5.3: Schematic drawing of the Restricted-Boltmann-Machine network.

The growth of SA as the size of the region A is smoothly increased is one diagnostic for how

complicated a quantum state is. In particular, if the entanglement entropy depends linearly on the

area of the boundary of A, it is known as an area-law state. Instead, if it scales linearly with the

volume of the region A it is known as a volume-law state. Ground states of gapped-Hamiltonians

are expected to be area-law entangled, whereas generic quantum states (including thermal states)

are expected to be volume-law entangled. For the purpose of real-time evolution under the Lindblad

equation, one of the interesting physics questions is ‘how does the initial state thermalise’. Studying

this question requires ansatz to be able to capture volume-law entangled states. This is difficult with

Tensor Networks as they can only parametrise Area-Law entanglement efficiently [11]. There are

however some indications that Neural Network quantum states may be able to efficiently parametrise

volume-law states [12–14].

The types of variational ansatz usable for a given problem depends on the structure of the
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h

σ

a

Wθ

Uθ

p(σ, a, h) = 1
2
exp(aTUσ + hTWσ + dTa + bTσ + cTh)

⟨σ, a∣ψ⟩ = ∑h p(h,σ, a)

⟨σ∣ρ∣σ′⟩ = ∑a⟨σ, a∣ψ⟩⟨ψ∣σ′, a⟩

Sum over hidden bits

Trace over ancillary bits

Figure 5.4: Diagrammatic representation of the Neural Density Operator as presented

in Refs. [9, 19]. In the center are the physical spins σ, which take values σi ∈ {−1,+1}
for i = 0, . . . , L−1. Note that σ here denotes the basis states, not Pauli matrices. There

are also hidden bits hj ∈ {−1,1} and ancillary bits ak ∈ {−1,1} for j = 0, . . . ,MhL − 1,
k = 0, . . . ,MaL − 1.

Hilbert space in question. For example, oftentimes lattice discretisations of field theories have total

Hilbert spaces that can be written as tensor products over local Hilbert spaces H = ⊗iHi where

i ranges over the lattice sites, and Hi encodes the local degrees of freedom at each site. This is

not always true for gauge theories, as the natural Kogut-Susskind [15] (Sec. 2.2.4) discretisation of

gauge theories require imposing local gauss-law constraints on the Hilbert space, which breaks the

tensor product structure. However, for open-boundary condition 1 + 1 dimensionsal gauge theories

such as the Schwinger model, the gauge fields can be integrated out leaving a non-local theory of

fermions that does have the necessary tensor product structure. For these kinds of Hilbert spaces,

a simple Neural Network ansatz is a Restricted Boltzmann Machine (RBM). These are a specialised

case of Boltzmann Machines [16, 17], which are Neural Networks defined by taking an Ising-model

like energy on a fully connected graph, where each edge’s coupling is a tunable parameter. The

RBM (shown in Fig. 5.3) restricts this by computing Ising-like weights on a bipartite graph, with

the interpretation that one set of nodes are ‘inputs’ and one set of nodes are ‘outputs’. Such a

structure was used in the seminal Ref. [14] to construct a variational ansatz:

ψ(σ;W ) =�
h

e∑j ajσ
z
j +∑i bihi+∑i,j Wijhiσ

z
j (5.10)

where the layer of nodes labelled hi ∈ {−1,+1} are ‘hidden’ nodes that are summed over to define

a wavefunction over the physical spins σ. The set of complex parameters are given by biases a, b

and a coupling matrix Wij . Formal theorems show that as the number of hidden nodes in the RBM

is taken to infinity (equivalently, the number of parameters is taken to infinity), any pure state

wavefunction can be approximated by this ansatz [18].

A natural idea to extend variational parametrisations of pure states into mixed states is to

introduce some auxiliary qubits a, which are then traced over. Performing this procedure for the
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RBM ansatz Eq. (5.10) where the auxiliary qubits are simply appended to the real qubits, this

would give a parametrisation that universally approximates the space of density matrices on the

physical qubits, as long as the number of auxiliary qubits is at least the number of physical qubits

and in the limit that the number of hidden bits is taken to infinity. This is due to the fact that

every density matrix on N qubits has a purification on 2N qubits, and the RBM construction is

universally approximating on the space of wavefunctions over 2N qubits. However, the issue with this

parametrisation is that the procedure of tracing out the auxiliary qubits cannot be done analytically,

and it would not be practical to manually have to trace out auxiliary qubits as this involves a sum

over an exponentially large Hilbert space.

Instead one can use an analytically tractable parametrisation, such as the NDO shown in Fig. 5.4.

To be concrete, this is a parametrisation of density matrices ρ ∶ CN → H ⊗H∗ where CN is the

parameter-space [9, 19]. The parametrisation can be explicitly written as:

log(⟨σ∣ρ∣σ′⟩) = L−1�
j=0(bjσj + b∗jσ′j) +MhL−1�

k=0 Xk +MaL−1�
p=0 Yp,

Xk = log cosh⎛⎝ck +
L−1�
j=0 Wkjσj

⎞⎠ + log cosh⎛⎝c∗k +
L−1�
j=0 W

∗
kjσ

′
j

⎞⎠ ,
Yp = log cosh⎛⎝dp + d∗p +

L−1�
j=0(Upjσj +U∗pjσ′j)⎞⎠ . (5.11)

There are two positive hyperparameters Mh,Ma (chosen such that MhL and MaL are integers) that

control the size of the complex parameter space α:

α = {W ∈ CMhL×L, U ∈ CMaL×L, b ∈ CL, c ∈ CMhL, d ∈ CMaL}. (5.12)

For fixed Mh,Ma, the total number of complex parameters in α grows quadratically as L increases.

By construction the density matrix represented by Eq. (5.11) is Hermitian and positive definite, as

it is defined as a trace over ancillary qubits of a pure-state wavefunction.

Note that it is not clear whether or not this parametrisation is universally approximating (in

fact, it might not be). A more recently introduced Autoregressive Gram-Hadamard Density Oper-

ator (AGHDO) ansatz [20] which generalised the NDO construction in Eq. (5.11) to be ‘deep’ was

shown to be universally approximating. Implementing the AGHDO ansatz for realistic in-medium

bottomonium simulations is underway, however the rest of this section will focus on the NDO con-

struction and its application to the Schwinger Model.

In practice, it is conventional to represent the density matrix numerically as log⟨σ∣ρ∣σ′⟩, rather
than ⟨σ∣ρ∣σ′⟩, as it increases numerical stability when parametrising matrices whose entries range

over several orders of magnitude [21]. Another practical concern is that the definition of α as a

set of complex parameters can lead to numerical instabilities as those parameters are varied (e.g.,

in optimization/training), due to the branch point singularities of the log cosh function; a possible

regulator is given by replacing the log cosh functions appearing in the definition of Eq. (5.11) with
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a regulated log cosh function:

RLC(z) ∶= log cosh( tanh(∣z∣)∣z∣ z)
( tanh(∣z∣)∣z∣ ) , (5.13)

which no longer has any branch-cuts, has the same behaviour near z = 0 as log cosh, but is no longer

holomorphic. As a result, this modification causes certain values of the parameters α to no longer

yield positive-definite density matrices, possibly introducing systematic uncertainties.

5.1.1 Time Dependent Variational Principle

A method to simulate the real-time dynamics of quantum states parametrised by some set of vari-

ational parameters α is the Time Dependent Variational Principle (TDVP) [22]. In the case of

Lindbladian dynamics with d
dt
ρ(t) = Lρ, minimizing the L2-norm (denoted ∥ ⋅ ∥2) between the true

time derivative Lρ and the difference induced by an infinitesimal variation in the neural network

parameters α gives:

min
α̇

��
i

α̇i
∂ρa
∂αi

−�
b

Labρb�
2

�⇒ α̇ = S−1f (5.14)

where

(Oi)ab ∶= δab ∂ ln(ρa)
∂αi

, Sij ∶= ρ†O†
iOjρ + ρ†O†

jOiρ, fi ∶= ρ†O†
iLρ + ρ†L†Oiρ, (5.15)

where ρ denotes the vectorised density matrix (with a single index over the matrix entries), so that

the Lindbladian super-operator L acts on it as a regular matrix ρ↦ Lρ. S is the Quantum Geometric

Tensor (QGT) [23], which is the pullback of the L2 metric ∥ ⋅ ∥2 on the vectorized space of density

matrices, along the variational parametrisation map ρ ∶ CN → H ⊗H∗. The QGT parametrises the

change of the physical density matrix under an infinitesimal change in the parameters of the neural

network.

In any variational parametrisation of a large Hilbert space, the forces fi and the QGT Sij

are expensive to compute exactly. Instead, it is possible to construct Markov Chain Monte Carlo

(MCMC) to estimate these quantities. The combination of the TDVP algorithm with stochastic

estimation is known as the time-dependent Variational Monte Carlo (tVMC). The forces fi and

QGT Sij from Eq. (5.14) can be rewritten as:

Sij = Z�
a

∥ρa∥2
Z

2Re �(O†
i )aa(Oj)aa� , fi = Z�

a

∥ρa∥2
Z

2Re�(O†
i )aa�

b

Labρb
ρa

� , (5.16)

where Z = ∑a ∥ρa∥2 is a normalization constant. When evaluating the time derivative of the pa-

rameters α̇ = S−1f , the factors of Z cancel, and Eq. (5.16) can be stochastically estimated using a

MCMC that draws samples from the basis states of the doubled Hilbert space H ⊗H∗ according

to the probability distribution ∥ρ2a∥/Z. To regulate the possible divergences that may appear in

inverting S, a small diagonal offset is added (Sij ↦ Sij + ϵδij) which ensures its invertability. Note

that this offset should be taken to be as small as possible, as it introduces a systematic error into the
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simulated Lindbladian evolution. Physical observables of interest O (such as the chiral condensate

or electric field for the Open Schwinger Model) can be stochastically estimated via the following

identity (which is expressed in terms of basis elements of the original, un-doubled Hilbert space):

⟨O⟩ = Tr(ρO)
Tr(ρ) =�σ �⟨σ∣ρ∣σ⟩

Tr(ρ) ��⟨σ∣ρO∣σ⟩⟨σ∣ρ∣σ⟩ � , (5.17)

which requires constructing a separate MCMC to sample from the diagonal of the density matrix

according to the probability distribution ∣σ⟩ ∼ ⟨σ∣ρ∣σ⟩.
Regardless of the initial state, in simulating the Lindbladian dynamics as t → ∞ the system

is driven towards its steady-state. This algorithm is also known as the Stochastic Reconfiguration

algorithm, and can be recast as a preconditioned version of regular gradient descent [24, 25]. Adding

larger diagonal shifts to S in the Stochastic Reconfiguration framework brings the updates closer

to regular gradient descent, and does not bias the machine-learned steady state (in contrast to

the systematic uncertainty that it introduces in the Lindbladian evolution itself). For finite values

of Mh,Ma, the NDO parametrisation will not capture the full space of density matrices, which

introduces systematic errors in both the estimated Lindbladian evolution, as well as the estimated

steady states. Furthermore, the Monte-Carlo estimations of the QGT and forces come with inherent

statistical uncertainty that only vanishes in the limit that the number of samples used is taken to

infinity.

5.1.2 Initialization and bootstrapping

Real-time Lindbladian dynamics requires algorithms to prepare initial states of interest. In this

section, we focus on the real-time evolution of product initial states. It is possible to set the weights

of the NDO by hand to prepare given product states. Consider the case of preparing a product state

ρa⃗ = ∣a⃗⟩⟨a⃗∣ = ∣a1a2⋯aL⟩⟨a1a2⋯aL∣ (where Tr(σ(i)z ρa⃗) = ai). A simple scheme is given by setting:

Wkj = λajδk1 +O(ϵ), ck = λLδk1 +O(ϵ) (5.18)

with all other parameters initialized to O(ϵ) random numbers. The Wkj weights picks out the

ρa⃗-state, and the ck bias term breaks the symmetry between ρa⃗ and ρ−a⃗, so that the overall NDO

represents the state ρNDO = ρa⃗ +O(e−λ) +O(ϵ). For the traditional TDVP algorithm used to evolve

the state, using a finite but small ϵ is important to regulate the state otherwise the system can

be ‘frozen’ in the initial state. These types of problems can be resolved by using alternative time-

evolution strategies such as the p-tVMC algorithm [26].

An alternate method to initialize the state of interest is to construct a Lindbladian whose steady

state is the state of interest. An example scheme for constructing product states in the Schwinger

model is to set the Hamiltonian to zero, and choose a collection of jump-operators cij for the

canonical form of the Lindbladian shown in Eq. (5.3):

�σ(i)+ σ
(j)− � 1 ≤ i, j ≤ L, ai = −1, aj = +1� (5.19)
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which by construction gives Lρa⃗ = 0. A potential concern is that the Lindblad equation has other

stable states other than the desired ρa⃗. Note however that stable states must satisfy:

0 = ρ̇stab = �
p,m

σ
(p)+ σ

(m)− ρ σ
(p)− σ(m)p �⇒ ∀p,m ∶ ⟨ψ2∣σ(p)+ σ

(m)− ρ σ
(p)− σ(m)p ∣ψ1⟩ = 0 (5.20)

for any basis states ψ1,ψ2. If ψ1,ψ2 are not ∣a⃗⟩, then there is always some p,m that makes the

above nonzero, and thus ⟨ψ1∣ρ∣ψ2⟩ = 0. Thus ρ can only have nonzero entries in the row/column

containing ψ. Now, suppose ρ = ∣ψ⟩⟨ψ∣+α∣ψ⟩⟨ϕ∣+α∣ϕ⟩⟨ψ∣+⋯ for some basis state ϕ ≠ ψ. Restricting

to the ∣ψ⟩, ∣ϕ⟩ basis we see that the determinant of ρ is negative, so there must be a eigenvector

with negative eigenvalue, which also exists for the larger matrix - which is impossible as ρ is positive

semi-definite. Thus, ρ = ρa⃗ is the only stable state of the Lindbladian.

When probing the steady-state properties of a system with the Stochastic Reconfiguration al-

gorithm, initializing the NDO to an arbitrary state will lead to the correct steady state. However,

initializing the model to a state close to the true solution can reduce simulation times drastically.

One strategy is to exploit the approximate translational symmetry of the system, which is broken

by O(e−LΔE) effects due to the open boundary conditions, where ΔE is the gap between the ground

state and the first excited state. The approximate translational symmetry implies that the steady

state on a lattice of size 2L has approximately the same structure on the left and right halves of the

lattice as the steady state on a lattice of size L with the same bare parameters. This motivates a

transfer learning procedure where an NDO on a size L lattice is first optimized to the steady state,

with the resulting weights then used to initialize an NDO on a size 2L lattice, as shown in Fig. 5.5.

By stitching together two copies of the smaller NDO together, the structure of the steady state is

preserved on both halves, and the Stochastic Reconfiguration algorithm need only learn the coupling

between the halves.

5.2 Open Quantum Systems

Some text in this section reproduced with coauthors’ permission from Ref. [10].

Modern computational resources (classical or quantum) are still far too limited to compute high

fidelity real-time simulations of QCD - preventing direct simulation of heavy quarks embedded within

a QGP medium. In certain parameter regimes however it is possible to simplify the underlying

QFT to arrive at a tractable Effective Field Theory. As shown in Fig. 5.6, by first matching

QCD onto a nonrelativistic EFT by making use of the mQ ≫ ΛQCD, and then by integrating out

the light QGP modes that are assumed to have thermalised at a temperature T ≫ ΛQCD, one

arrives at a Lindblad equation that has far fewer degrees of freedom than the initial system. Before

attempting the full 3 + 1d (p)NRQCD Lindbladian evolution with variational parametrisations, it

is useful to have a benchmark on a simpler open QFT in order to verify that the systematic errors

introduced by variational parametrisations can be controlled. This section presents a study using

Neural Density Operators to parametrise the real-time evolution of density matrices in the Schwinger

Model, introduced in the following subsection.
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ρ(4) ρ(4) ⊗ ρ(4) +O(ϵ)
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W (4)

U (4)

W (4)

U (4)

Transfer

U (8) = ⎡⎢⎢⎢⎢⎣
U (4) 0

0 U (4)
⎤⎥⎥⎥⎥⎦ +O(ϵ), W (8) = ⎡⎢⎢⎢⎢⎣

W (4) 0

0 W (4)
⎤⎥⎥⎥⎥⎦ +O(ϵ), (5.21)

b(8) = �b(4) b(4)� +O(ϵ), c(8) = �c(4) c(4)� +O(ϵ), d(8) = �d(4) d(4)� +O(ϵ)
Figure 5.5: The procedure for transferring weights from a network optimized to rep-

resent a density matrix defined on L lattice sites to a network representing one on 2L

sites (for any fixed values of Ma,Mh). Shown in the figure is a schematic for transfer-

ring weights α(4) = {U (4),W (4), b(4), c(4), d(4)} from an NDO with Ma = Mh = 1.5 on

an L = 4 lattice to weights α(8) for an L = 8 NDO, with the weight definitions from

Eq. (5.11). The �≪ 1 are small random numbers.

QCD
Match������→

mQ≫ΛQCD

(p)NRQCD

+light d.o.f.
Trace out environment��������������→

T ≫ ΛQCD

Lindblad

Equation

Comparisons to��������→
experiment

Heavy-Ion

collisions

Figure 5.6: Schematic of first integrating out the heavy quark mass scale to match

to Non-Relativistic QCD, before tracing out the environment to obtain an effective

description of heavy quarks as a Lindblad Equation. This Lindblad equation can then

be simulated and compared to experiment.

5.2.1 Lattice-Discretised Schwinger Model as an Open Quantum Sys-

tem

Due to the difficulty of directly implementing new numerical techniques for QCD; it has become

popular to focus attention on simpler gauge theories first to demonstrate the utility and scalability

of new methods, before moving onto more physical situations. The Schwinger Model is a U(1)-gauge
theory with a massive relativistic fermion (sometimes called an electron) in 1 + 1d that shares many
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of the features of QCD, such as confinement and chiral symmetry breaking [27]. The Schwinger

model as an open quantum system (coupled to a thermal environment) has been studied as a model

of heavy quarkonia in the QGP [28, 29]. It is important to note however that the Schwinger action

is not matched to a nonrelativistic action: this marks a fairly important difference between the

strategy outlined in Fig. 5.6 and what is carried out in this section. Because the fermions are not

matched to a nonrelativistic action, the Hilbert space actually exhibits exponential scaling with the

volume, and there can be arbitrary particle-antiparticle fluctuations in the system.

A prototypical construction is to consider a Schwinger-model fermion ψ of mass m coupled to a

scalar field φ:

L = −1
4
FµνF

µν +ψ(i /D −m)ψ + gφψψ + Lenv(φ). (5.22)

where the scalars φ are environmental degrees of freedom with associated lagrangian Lenv(φ). In

the analogy to heavy quarks embedded within the QGP, the φ degrees of freedom are the light

quarks and gluons that make up the QGP. We consider the Open Quantum System formalism that

traces out these environmental degrees of freedom in the Quantum Brownian Motion limit (T →∞)

leaving a Lindblad equation describing the remaining Schwinger degrees of freedom [28]. Note that

the gauge links are not traced out in this derivation of the Lindblad equation, although in 1+1d the

gauge links can be integrated out explicitly with open boundary conditions. So in one regard, this

system is simpler than the eventual 3+1d NRQCD setup as it is in a lower dimension with a simpler

gauge group, but in another regard it is more difficult given that matching to a nonrelativistic theory

is not performed, and the Hilbert space scales explicitly with the volume of the system.

To numerically simulate the Schwinger Model, the theory is discretised onto a lattice with L

points indexed by 0 ≤ i, j,⋯ ≤ (L − 1) and lattice spacing a. In a staggered discretisation for the

Schwinger fermion, the lattice has L
2

physical sites, with electrons occupying the even sites and

positrons occupying the odd sites. A general Lindbladian evolution for such a system coupled to a

thermal reservoir at temperature T is parametrised (up to O(1/T 2) effects) by a spatial coupling

matrix Dij and operators Oi:

Lρ(t) ∶= dρ(t)
dt
= −i�H,ρ(t)� + a2�

i,j

Dij �Õiρ(t)Õ†
j − 1

2
�Õ†

jÕi,ρ(t)�� , (5.23)

Õi ≡ Oi − 1

4T
�H,Oi�, Õ†

i ≡ Oi + 1

4T
�H,Oi�. (5.24)

Note that Eqs. (5.23) and (5.24) are lattice discretised versions of Eq. (5.2), where the O(1/T ) cor-
rection performed in Eq. (5.24) enforces that the thermal density matrix e−H/T is a stable state of the

Lindblad evolution up to O(1/T 2) corrections. All super-operators such as the Lindbladian L that

act on the space of operators are labelled in calligraphic font. The coupling matrix Dij physically

encodes the length-scale of correlations in the environment (the Debye screening length). To con-

struct the Hamiltonian on a lattice with L total sites, notice that the Kogut-Susskind Hamiltonian
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(Eq. (2.83), with lattice-spacing factors restored) takes the form:

H = a

2

L−2�
j=0 E

2
j,j+1 − i

2a

L−2�
j=0 �ψ†

jUj,j+1ψj+1 −ψ†
j+1Uj+1,jψj� + m

a

L−1�
j=0(−1)jψ†

jψj (5.25)

for the Schwinger model, where there is no magnetic term due to the theory being constructed in

1+1d, and the coupling strength e has been absorbed into the definition of the electric field operator.

The U(1)-gauge group has irreducible representations indexed by integers, where Ej,j+1 acting on

a link counts the integer amount of flux passing through that link in units of e. One problem with

digitizing the Hamiltonian in Eq. (5.25) is that it is not clear how to deal with fermionic operators,

which have the anticommutation relations:

{ψj ,ψ
†
k} = δj,k, {ψj ,ψk} = 0, {ψ†

j ,ψ
†
k} = 0 (5.26)

To handle this, the Jordan-Wigner transformation [30] maps fermionic operators to spin operators,

where each site j is associated with a qubit degree of freedom, on which one can act Pauli matrices

(hermitian generators of SU(2)):
σx = ⎛⎝0 1

1 0

⎞⎠ , σy = ⎛⎝0 −i
i 0

⎞⎠ , σz = ⎛⎝1 0

0 −1⎞⎠ , σ± = σx ± iσy

2
. (5.27)

The fermionic operators are mapped as follows:

ψ†
j ≡ ⎛⎝�i<j +iσz

i

⎞⎠σ+j , ψj ≡ ⎛⎝�i<j −iσz
i

⎞⎠σ−j (5.28)

then, the Hamiltonian is the sum H =Hkin. +Hmass +Helec., where:

Hkin. ≡ 1

2a

L−2�
i=0 �σ+i σ−i+1 + σ+i+1σ−i �, Hmass ≡m

L−1�
i=0 Oi, Helec. ≡ a

2

L�
i=0E

2
i , (5.29)

Oi ≡ (−1)iσz
i + 1
2a

, Ei ≡ e
⎛⎝�0 + 1

2

i−1�
j=0(σz

j + (−1)j)⎞⎠ , (5.30)

and where m,e are the bare mass and electric charge respectively, and �0 denotes the boundary

condition, labelling the incoming electric flux at the i = 0 lattice site. Note that the different sectors

of �0 are not coupled by the Hamiltonian, and it is a boundary condition specifying the ‘background’

flux. In this study, �0 = 0 is always used, and results are closer to the infinite volume result when

computed in the ‘bulk’ far away from the boundaries.

Note that in this formulation, the U(1) gauge field is completely determined by the boundary

condition �0 and distribution of particles within the system by solving the local gauss law at every

vertex, as shown in Fig. 5.7. For this reason, it is sometimes said that the gauge field has been

integrated out after this mapping is performed.

The Dij matrix appearing in Eq. (5.23) encodes the coupling between the Schwinger Model

degrees of freedom and the environment degrees of freedom (in the example Lagrangian shown in
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Figure 5.7: A drawing of an example basis state in the Hilbert space corresponding to

�0 = 0, and total charge N = −1. Electrons occupy the even sites and positrons occupy

the odd sites, both having the effect of altering the flux 1
e
E that passes through them

by ±1.
Eq. (5.22), this is a Yukawa coupling to an environment scalar). Its specific value will depend on

the strength of the Yukawa coupling as well as the Lagrangian describing the environment degrees

of freedom Lφ, and can in principle be computed perturbatively. As discussed in further detail in

Sec. 5.2.2 below, CP -conservation of the total Hamiltonian shown in Eq. (5.22) places constraints

on the form of the Dij matrix, in particular the Lindbladian L must be weakly CP -preserving

([CP ⊗CP,L] = 0). Results presented in this section will focus on two special limits:

Delta Coupling ∶Dij =D0δij , Constant Coupling ∶Dij =D01ij , (5.31)

where the Delta Coupling is point-like, and 1ij evaluates to 1 for any choice of {i, j} in order that

the Constant Coupling has effectively infinite range. The Delta Coupling is ‘weakly CP -preserving’

([CP ⊗CP,L] = 0) whereas the Constant Coupling is ‘strongly CP -preserving’ (L†(CP ) = 0) which
leads to qualitatively different Lindbladian evolution behaviours.

5.2.2 Symmetries of the Open Schwinger Model

There are two relevant discrete symmetries for the Schwinger-model Hamiltonian that split the

Hilbert space into distinct sectors. Firstly there is the net particle number operator N = ∑L−1
i=0 σz

i

that is equal to the number of particles minus the number of antiparticles in the state (equivalently,

this is also the net U(1)-charge of a state). Most results in this section focus on the neutral sector

N = 0, which restricts the full Hilbert space of dimension 2L to a subspace with dimension �LL
2
�. The

second symmetry is the CP-symmetry (shown schematically in Fig. 5.8, whose operator is given by

CP = S ⋅ (∏L−1
i=0 σx

i ) where S is the unitary operator that swaps all sites i with L − i + 1. Note that

the Schwinger-model does not have separate charge (C) and parity (P) symmetries, and the naive

guesses for such symmetries (∏L−1
i=0 σx

i and S respectively) do not commute with the Schwinger-
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model Hamiltonian. The CP operator swaps positive charge with negative charge N ↔ −N , but

within each fixed ∣N ∣ subspace the CP operator can be diagonalized to give the following subspace

dimensions:

∣N ∣ = 0 ∣N ∣ = 2n > 0
CP = +1 1

2
�LL

2
� + 2L

2 −1 1
2
� L

L
2 +n�

CP = −1 1
2
�LL

2
� − 2

L
2 −1 1

2
� L

L
2 +n�

Note that the CP-even and CP-odd sectors in the ∣N ∣ = 0 subspace do not have the same

dimension, due to the existence of basis states that get mapped to themselves under the CP-operator.

Under ordinary Hamiltonian evolution, N and CP quantum numbers are preserved by the evolution,

which is encoded in the theorem ([Q,H] = 0) ⇐⇒ ( d
dt
Q = 0). The situation is more involved under

Lindbladian evolution as there are two different senses in which charge can be conserved: a charge

operator Q is ‘strongly-conserved’ if d
dt
Q = 0 (in the Heisenberg picture where operators evolve),

or ‘weakly-conserved’ if [Q ⊗Q,L] = 0 where L is the Lindbladian. As shown in Ref. [31], strong-

conservation implies weak conservation, but weak-conservation does not imply strong conservation

(a schematic is shown in Fig. 5.8a). Fig. 5.8b shows for the specific case of CP-conservation in the

Open Schwinger Model the different behaviours under Lindbladian evolution in each case, when

starting from a state of definite CP-properties. The entire space shown is the space of density

matrices, i.e. positive-definite matrices that live in H⊗H∗ where H is the Schwinger model Hilbert

space. The innermost box is the space spanned by states of the form ∣ψ+⟩⟨ψ+∣, where CP∣ψ+⟩ =∣ψ+⟩. This includes for example the free vacuum state ∣0⟩⟨0∣, or string product states such as∣e+(x)e−(L
2
− x)⟩⟨e+(x)e−(L

2
− x)∣. The center box ⟨CP ⟩ = +1 represents density matrices ρ where

Tr(CP ⋅ρ) = 1, and the outer box CP = +1 denotes density matrices that satisfy CPρ ≡ CP ⋅ρ ⋅CP = ρ.
The different conservation properties lead to different long-term behaviour under Lindbladian

dynamics, in particular the steady state of the Lindbladian lives in different sectors, as shown in

Fig. 5.8b. Strong CP conservation causes ⟨CP ⟩ to be conserved during Lindbladian evolution. For

such a Lindbladian there are two steady states, one with ⟨CP ⟩ = +1 and the other with ⟨CP ⟩ = −1
which can be thought of as restrictions of the thermal state into the two CP sectors. Weak CP

conservation preserves the CP-sector that the initial state lives in. So long as the initial state is

in the CP = +1 sector, Lindbladian evolution is guaranteed to approach the thermal state as the

thermal state also lives in the CP = +1 sector. Finally, in the case that there is no CP conservation,

the unique steady state will still be approximately thermal.

For the choice of coupling operators Oi = (ψψ)i, the number operator N is always strongly-

conserved, regardless of the choice of coupling matrix Dij . In particular this means that the Lind-

bladian dynamics has no direct access to chemical potential effects, as the different fixed-N sectors

are decoupled. It is still possible to indirectly probe chemical potential effects by simulating the

different fixed-N sectors and appropriately reweighting. The CP super-operator CP = CP ⊗ CP

splits the space of density matrices into CP-even and CP-odd sectors. Note that regardless of the
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CP -nature of a pure state, they are all CP-even. As long as the CP -operator of the subsystem

can be extended to a unitary CPtot symmetry of the entire Hilbert space (assuming the medium is

CP -symmetric), then there is weak CP -conservation up to corrections that vanish in the Quantum

Brownian Motion limit:

[CPtot,Htot] = 0 �⇒ CPtote
iHtott∣ψ⟩ = eiHtottCPtot∣ψ⟩

�⇒ CPeLt Trenv(∣ψ⟩⟨ψ∣) ≈ eLtCP Trenv(∣ψ⟩⟨ψ∣) �⇒ [CP,L] ≈ 0.
(5.32)

This requirement rules out certain choices of coupling matrix Dij that are not weakly-CP con-

serving. For example, a previously considered ansatz for the coupling matrix is an open boundary

condition Gaussian Dij = D0 exp(−1
2
∣i−j∣2
w2 ) for some width w > 0 [29], however this D-matrix vio-

lates the weak CP-preservation condition. The physical implication is that the time-evolved electric

fields no longer satisfy the symmetry ⟨Ei⟩(t) = ⟨EL−i⟩(t). A modified ansatz that satisfies weak

CP-preservation is the periodic Gaussian coupling:

Dg
ij(w) ∶=D0

∞�
n=−∞

1

w
√
2π

e
− 1

2 �nL+i−j
w �2 = D0

L
ϑ3 �(i − j) ⋅ π

L
, e− 2π2w2

L2 � (5.33)

which can be expressed in terms of the Jacobi-theta function ϑ3. The parameter D0 controls the

overall coupling strength, and w is the width of the Gaussian. In the general case with w a finite

number, the D matrix can be diagonalized numerically on the open-boundary condition lattice to

obtain a list of L jump-operators:

D = U † ⋅ diag(λ1,⋯,λn) ⋅U, Fi =�λiUijÕj , (5.34)

Lρ(t) = −i[H,ρ(t)] + a2�
i

�Fiρ(t)F †
i − 1

2
{F †

i Fi,ρ(t)}� . (5.35)

The couplings studied in Sec. 5.2.3 are limits of the periodic Gaussian coupling, with the delta

coupling being the limit as w → 0 and the constant coupling being the limit as w →∞:

lim
w→0

w
√
2π ⋅Dg

ij(w) =D0δij , lim
w→∞L ⋅Dg

ij(w) =D01ij . (5.36)

5.2.3 Lindbladian Dynamics

The Lindbladian dynamics of the Open Schwinger Model as presented in Sec. 5.2.1 is numerically

studied with the bare parameters shown in Table 5.1. Parameter set 1 is in a regime where Lind-

bladian evolution of string states leads to string breaking, and matches the parameters studied in

an earlier work [29]. Parameter set 2 is chosen such that the Lindbladian dynamics starting with

string product states of length 3, and with the two different types of couplings (see Eq. (5.31)), are

approximately equal for small times but show deviations when simulated for long time intervals. The

spectra of the associated Lindbladian operators are shown in Fig. 5.9. Note that for the δ-couplings,
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[Q,H] = [Q,Fl] = 0 ∀l� ⇘
d
dt
Q = L†(Q) = 0 ⇒ [Q,L] = 0

(a) Relationship between discrete conserved

charges Q and dynamical symmetries [31]. Fl

are the diagonalized jump operators corre-

sponding to the Lindbladian L, see Eq. (5.35).Q = Q ⊗ Q is the charge super-operator, andL†(Q) notates the Heisenberg evolution of Q.

(b) Different evolutions and steady states de-

pending on the CP -nature of the coupling ma-

trix. The pictured initial state is the free

ground state. Orange depicts strong CP con-

servation, maroon depicts weak CP conserva-

tion and blue depicts no CP conservation.

(c) Schematic of the CP operator, which is a combination of a bond-reflection S and swapping ↑, ↓ on each staggered

site, where ↑, ↓ represent the spin- 1
2

basis of σz . Note that there are no individual C,P symmetries - in particular[H,S] ≠ 0, and [H,∏σx] ≠ 0.
Figure 5.8: Details of the CP operator for the discretised Schwinger Model.

a m e T Dij

Parameter set 1 (delta): 1 0 0.5 10 0.15 δij

Parameter set 2 (delta): 0.6 0.5 2 1.5 0.72 δij

Parameter set 2 (constant): 0.6 0.5 2 1.5 0.216 1ij

Table 5.1: Bare parameter sets for the Lindblad operator described in Sec. 5.2.1, which

are simulated at various lattice sizes with NDO+tVMC in Sec. 5.2.3.

there is a well-defined Lindbladian gap Δ between the largest real value of the nonzero eigenval-

ues, and the unique zero eigenvalue which corresponds to the steady state. This gap controls the

long-time exponential decay towards the steady state, where the excited contributions die at least

as fast as e−Δ. Because the constant coupling is strongly CP-preserving, the lindbladian must have

multiple zeros (implying no Lindbladian gap) - interestingly the entire spectrum seems to collapse

to the imaginary axis in this case.

149



−0.3 −0.2 −0.1 0.0

Re(λ)

−2

0

2
Im

(λ
)

Parameter Set 1 (delta)

−0.6 −0.4 −0.2 0.0

Re(λ)

−10

0

10

Parameter Set 2 (delta)

−0.2 −0.1 0.0 0.1

Re(λ)

−10

0

10

Parameter Set 2 (constant)

Figure 5.9: Eigenvalues of the Lindbladian operator for the three sets of parameters

introduced in Table 5.1, for the 6-site lattice Schwinger model in the N = 0 sector.

The initial states studied are product states describing n electrons and n positrons:

∣e+(x1)⋯e+(xn)e−(y1)⋯e−(yn)⟩ = σ−2x1+1⋯σ−2xn+1σ+2y1
⋯σ+2yn

∣ ↓↑ ⋯ ↓↑⟩. (5.37)

Here, xi, yi label physical sites rather than staggered sites, and the state ∣ ↓↑ ⋯ ↓↑⟩ is the free vacuum
product state expressed in the Z-computational basis. Observables that are useful for visualising

the real-time dynamics are the dimensionless chiral condensate and the electric field expressed in

units of e:

ψψ ∶= 1

L

L−1�
i=0 (−1)i

σz
i + 1
2

, Ei = 1

2

i−1�
j=0(σz

j + (−1)j). (5.38)

When initialising to product states containing string configurations, the time-evolved electric field⟨Estring
i ⟩(t) contains large vacuum fluctuations, which can be removed by subtracting the electric field

of the time-evolved free vacuum state ∣ ↓↑ ⋯ ↓↑⟩, giving ⟨Evac.sub.
i ⟩(t) ∶= ⟨Estring

i ⟩(t) − ⟨Evacuum
i ⟩(t).

For illustration purposes it is also useful to define a shifted electric field Ẽi(t), which has been shifted

by its value at t = 0, ⟨Ẽi⟩(t) ∶= ⟨Ei⟩(t) − ⟨Ei⟩(0).
Fig. 5.10 shows a comparison of ⟨ψψ⟩(t) between results computed with NDO-tVMC and results

computed using exact representations, for parameter set 1 on an L = 10 lattice. Both NDO-tVMC

and the exact results use the 4-th order Runge-Kutta integrator with dt = 0.05 to integrate the

Lindblad equation. The diagonal shift regulator for the Quantum Geometric Tensor inversion is set

to 5⋅10−5. A total of 217 samples were used in both MCMCs when estimating observables/forces, and

the size of the NDO was varied as labelled in the figure. It was observed that vacuum fluctuations

cause systematic errors in the computed Lindbladian evolutions of the chiral condensate that grow in

time, which are relatively suppressed for string product states compared to vacuum product states.

Fig. 5.10(a) demonstrates that the network size significantly affects the systematic uncertainty in

the tVMC-NDO algorithm, with larger network sizes resulting in smaller errors due to the higher

representation power.

Fig. 5.11 compares the vacuum subtracted electric fields ⟨Estring⟩(t) − ⟨Evacuum⟩(t) between the

NDO-tVMC determination (using the largest network (Mh,Ma) = (10,10)) and the exact result.
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Figure 5.10: Studies of parameter set 1, on an L = 10 lattice. (a) The Lindbladian

dynamics of the chiral condensate ⟨ψψ⟩ computed with NDO’s of various sizes, com-

pared with the exact result. (b) The same, but with the string state σ−3σ+6 ∣ ↓↑ ⋯ ↓↑⟩ as
the initial state.

Qualitative agreement is observed between the solutions; for a more quantitative comparison, the

shifted electric fields ⟨Ẽstring
i ⟩(t) − ⟨Ẽvacuum

i ⟩(t) are compared between the NDO-tVMC calculation

and exact results in Fig. 5.12. Due to the fact that the δ-coupling is weakly CP -conserving, the

electric fields satisfy the symmetry ⟨Ei⟩(t) = ⟨EL−i⟩(t). Fig. 5.12 demonstrates that the NDO-tVMC

algorithm has preserved this symmetry well in the simulated Lindbladian dynamics, as the results

of measurements of the electric field on each half of the lattice are consistent.

The NDO-tVMC method is able to simulate different types of coupling matrices Dij . Parameter

set 2 is specifically tuned such that the vacuum-subtracted chiral condensate has similar Lindbladian

dynamics for small times when comparing the delta coupling to the constant coupling with the initial

string state σ−3σ+6 ∣ ↓↑ ⋯ ↓↑⟩—Fig. 5.13 shows that they share the same first oscillation, but diverge

in behaviour afterwards. As the constant coupling is strongly-CP conserving, there are two distinct

steady states and the long-time dynamics of the constant coupling dynamics does not match the

long-time dynamics of the delta coupling dynamics. Fig. 5.13 demonstrates the ability of the NDO-

tVMC to distinguish between the two types of coupling.

One of the advantages of the NDO approach is that it can be applied to lattice sizes L where exact

calculations are computationally intractable. However, it is important that the uncertainties arising

from the truncated parameterisation of the NDO can be controlled or estimated. In particular, for

an NDO parameterisation with fixed (Mh,Ma), the number of complex parameters in the model
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Figure 5.11: The vacuum-subtracted electric fields as a function of time, computed

for parameter set 1 with string state σ−3σ+6 ∣ ↓↑ ⋯ ↓↑⟩. (a) The result computed with

a (Mh,Ma) = (10,10) NDO which has been rolling-averaged over three timesteps to

reduce statistical noise. (b) The exact result.

grows quadratically with the lattice size, whereas the dimension of the space of density matrices

grows exponentially, as shown in Fig. 5.14(a). The effects of this (increasingly severe) truncation

can be quantified in the regime of lattice sizes L where exact calculations are possible, in order to

understand the scaling of systematic effects. Fig. 5.14(b) shows the scaling of the normalised error

in the chiral condensate for the vacuum initial state evaluated at t = 2:
Err[⟨ψψ⟩(t = 2)] ∶= 1

2
(⟨ψψ⟩NDO(t = 2) − ⟨ψψ⟩exact(t = 2)) (5.39)

as a function of the lattice size L holding all other hyperparameters constant (number of samples

used in the MCMCs, regulator choice for the QGT inversion). The factor of 1
2
accounts for the

normalisation as ⟨ψψ⟩ ∈ [−1,1]. The time t = 2 is chosen as the peak of the first oscillation in

the time-evolved chiral condensate, as observed in Fig. 5.10(a). As shown in Fig. 5.14(b), at fixed

time t = 2 and for fixed (Mh,Ma) the scaling of the error as a function of lattice size is fairly

mild, suggesting that the accuracy of the NDO-tVMC algorithm can be controlled as the lattice

size is increased to larger values where exact results are not available. Other sources of systematic

error in the NDO-tVMC algorithm include the number of samples used in the MCMC chains [26],

choice of regulator for the Quantum Geometric Tensor inversion [32], and the timestep used in ODE

integrator.

The normalised error in the chiral condensate for the vacuum initial state is shown as a function

of simulation time in Fig. 5.15, for a variety of lattice sizes with the largest tested NDOs, (Mh,Ma) =(10,10). The approximate curve collapse for times t ≤ 2 once again suggests mild scaling of errors
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Figure 5.12: The same data as Fig. 5.11, with the shifted vacuum-subtracted electric

field at each lattice site shown as a separate line. The NDO-tVMC electric fields

measured on the left/right half of the lattice are denoted by blue/red bands. The

green band corresponds to the electric field link exactly in the center of the lattice.

as the lattice-size is increased at early to intermediate times during the evolution of the system.

At later simulation times, the scaling of errors as a function of lattice size is less controlled; note,

however, that there is no simple relationship between the size of the error for different lattice sizes.

Although the time t = 2 corresponds to a physically relevant timescale (the first peak of the chiral

condensate evolution for the vacuum initial state), it does not correspond to a maximum/minimum

in Err[⟨ψψ⟩].
To demonstrate the utility of the NDO-tVMC approach for larger lattice sizes where exact results

are computationally intractable to achieve, the Lindbladian dynamics of various initial states are

simulated on an L = 20 lattice, as shown in Fig. 5.16. The real dimension of the space of density

matrices is approximately 3 ⋅ 1010, which was parametrised by 9280 real parameters corresponding

to Mh = 1,Ma = 4 in the NDO construction. In Fig. 5.16(a) an initial e+e− pair joined by a short

string splits into two strings due to the pair creation of an e+e− pair in-between the two fermions,

which is the same physical scenario simulated in Fig. 5.11, but on a larger lattice size where finite

volume effects are suppressed. Fig. 5.16(b) illustrates that the dynamics of multi-string states can

be investigated, at the same computational cost as simulating the dynamics of single-string states.

Finally, Fig. 5.16(c) shows the dynamics of a long string, which can not be investigated on smaller

lattice sizes.
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Figure 5.13: Vacuum-subtracted chiral condensates computed with NDO-tVMC

(dashed lines) for the two types of couplings in parameter set 2, with initial string

state σ−3σ+6 ∣ ↓↑ ⋯ ↓↑⟩. Shaded bands indicate statistical uncertainty estimated by

MCMC, added in quadrature with the uncertainty computed as the spread over three

separate runs of the simulation. Exact results (solid lines) are shown for comparison.

Results are computed on an L = 10 lattice, with (Mh,Ma) = (10, 10).

5.2.4 Steady State Properties

Extracting the steady state solution ρstab., which by definition satisfies:

Lρstab. = 0 �⇒ ρstab. = exp(−H/T ) +O(T−2), (5.40)

allows thermal properties of the system to be probed. Note that the thermal properties of relativistic

QFTs such as the Schwinger Model and QCD can be obtained by discretising the Euclidean path

integral and performing Monte-Carlo over the resulting distribution, as in Lattice-QCD. It might

then seem strange and roundabout to study the thermal density matrix by preparing it variationally

as the long-time limit of the Lindblad evolution. Such a study however serves two purposes: firstly

it serves as a check that neural network variational parametrisations can adequately capture the

volume-law entanglement expected in thermal distributions. Secondly, this approach allows one

to explore regions of phase-space that are impossible for path-integral Monte Carlo due to sign

problems, for instance due to a chemical potential or a θ-term.

As discussed in Sec. 5.1, Stochastic Reconfiguration with a finite diagonal shift as a regulator

for the Quantum Geometric Tensor inversion is used to drive the NDO towards the steady state.

Transfer-learning allows weights on smaller lattice sizes to be used as initialization for training on
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Figure 5.14: (a) Scaling of the number of parameters in the NDO construction at a

fixed set of choices of (Mh,Ma) with the size of the lattice L, compared to the complex

dimension of H ⊗H∗ (black line). The three trajectories shown are the same choices

used in the comparison of Fig. 5.10. (b) Scaling of errors at t = 2 for parameter set 1

and the vacuum initial state as a function of the lattice size L.

larger lattice sizes, which both reduces training costs and increases the reliability of results, as

described in Fig. 5.5. For a small L = 4 lattice size, exact results for the steady state are easily

computable; comparisons of the chiral condensate as determined with Stochastic Reconfiguration to

the exact results are shown in Fig. 5.17. Results shown are computed for a compact parameterisation

with (Mh,Ma) = (1,1). A diagonal shift of 0.01 is used, with 16000 samples distributed over 16

independent chains for both the MCMC chains, and the system is trained for 6000 steps. The

Lindbladian used is the delta-coupling Lindbladian Dij = δij , which is chosen to ensure a unique

steady state solution (as opposed to the constant coupling which has two separate steady states). The

chiral symmetry breaking transition can be seen by the nonzero chiral condensate as the temperature

is decreased, or as the bare mass is increased (explicit chiral symmetry breaking).

Instead of studying the system at a finite chemical potential µ, the system is studied at a finite

net charge - which can be Legendre transformed to recover results at finite µ. The steady state

of the L = 4 system is used to bootstrap to results on larger lattice sizes where exact results can

not be achieved; the state is transferred to an L = 8 lattice size, and retrained. This process is

repeated twice, yielding an approximation of the steady state on a L = 32 lattice size. In the transfer

learning, 8000 samples are distributed over 128 independent chains, and gradients are clipped to

have maximum L2 norm 1 [33]. The Stochastic Reconfiguration regulator parameter is set to ϵ = 0.1
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Figure 5.16: The vacuum-subtracted electric field as a function of time for various

initial states, for parameter set 1 on an L = 20 lattice. (a) Initial state is a single short

string σ+8σ−11∣ ↓↑ ⋯ ↓↑⟩. (b) Initial state is three interacting strings σ−3σ+6σ+8σ−11σ−13σ+15∣ ↓↑⋯ ↓↑⟩. (c) Initial state is a single long string σ−5σ+14∣ ↓↑ ⋯ ↓↑⟩.
for all the training sets. Fig. 5.18 shows the behaviour of the measured chiral condensate as a

function of T,m, and the filling fraction ν ∶= N
L

where N = ∑L−1
i=0 σz

i is the net particle number. The
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Figure 5.17: Comparison between the exact chiral condensate of the steady state (left),

with the chiral condensate computed by the Stochastic Reconfiguration algorithm

(center) as a function of temperature T and mass m. The unnormalised difference

between the two is shown in the right figure.
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Figure 5.18: Measurement of the chiral condensate of the learned steady state solution

on a L = 32 lattice size. The three different columns show the system at different filling

fractions ν = N
L
.

filling fraction ν varies in the range ν ∈ [−1,1]. By CP -symmetry, the measured chiral condensate

is symmetric about ν = 1
2
when all other bare parameters are held fixed.

Bibliography

[1] Georges Aad et al. Production of Υ(nS) mesons in Pb+Pb and pp collisions at 5.02 TeV. Phys. Rev. C, 107(5):

054912, 2023. doi: 10.1103/PhysRevC.107.054912.

[2] T. Matsui and H. Satz. J/ψ Suppression by Quark-Gluon Plasma Formation. Phys. Lett. B, 178:416–422, 1986.

doi: 10.1016/0370-2693(86)91404-8.

[3] Xiaojun Yao. Open quantum systems for quarkonia. Int. J. Mod. Phys. A, 36(20):2130010, 2021. doi: 10.1142/

S0217751X21300106.

157



[4] Nora Brambilla, Tom Magorsch, Michael Strickland, Antonio Vairo, and Peter Vander Griend. Bottomonium

suppression from the three-loop QCD potential. Phys. Rev. D, 109(11):114016, 2024. doi: 10.1103/PhysRevD.

109.114016.

[5] Matteo Cacciari, Mario Greco, and Paolo Nason. The pT spectrum in heavy-flavour hadroproduction. JHEP,

05:007, 1998. doi: 10.1088/1126-6708/1998/05/007.

[6] Heinz-Peter Breuer and Francesco Petruccione. The Theory of Open Quantum Systems, chapter 6. Oxford

University Press, 01 2007. ISBN 9780199213900. doi: 10.1093/acprof:oso/9780199213900.001.0001. URL https:

//doi.org/10.1093/acprof:oso/9780199213900.001.0001.
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Chapter 6

Summary and Conclusion

The large scale separation between ΛQCD and the masses of the heavy quarks mQ makes their

properties particularly interesting, due to effective heavy quark expansions. This thesis has presented

my contributions in both developing techniques to compute heavy hadron matrix elements and the

real-time dynamics of heavy quarks in a thermal medium, as well as presenting a first measurement

of the Spectator Effect matrix elements using newly developed X-space renormalisation schemes. By

working towards more precise measurements of these and related observables, we move closer to an

understanding of inclusive/exclusive tensions of CKM matrix elements, of the Quark-Gluon-Plasma

produced at heavy ion colliders, and of QCD as a whole.

● X-space renormalisation schemes

In Chapter 3, a set of X-space renormalisation schemes for isospin-nonsinglet ΔQ = 0 and

ΔQ = 2 four-quark HQET operators have been proposed, and the O(αS) matching coefficients

between these schemes and MS in the dimensionally regulated continuum have been calculated.

This allows for a gauge-invariant, nonperturbative renormalisation matrix elements calculated

in lattice HQET, without the need to extract the power-divergent self-energy contribution

mstat. Precise computations of these matrix elements with lattice HQET will reduce theory

uncertainties on lifetimes of heavy hadrons, and help constrain physics beyond the Standard

Model. Note that, when implementing the X-space scheme for these four-quark operators

in lattice HQET, it is convenient to use Ginsparg-Wilson discretisations of the light quarks

(e.g., with the domain-wall fermion action) to avoid additional mixing between the four-quark

operators of interest and operators in other chiral representations.

Next-to-next-to-leading-order calculations of the matching coefficients presented in Eqs. (3.76)

to (3.78) at O(α2
S) are possible, but the computation is complicated by the fact that unlike

p-type integrals that only have one external scale, the perturbative calculations shown in

Sec. 3.2.3 have two external scales xsrc, xsnk corresponding to the source and sink locations of

the three-point renormalisation scheme proposed. Corrections due to finite light-quark masses
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are more easily calculable (though they are likely smaller than the O(α2
S) corrections on typical

lattice-QCD ensembles), and require computation of the three-loop integrals in Sec. 3.2.3 either

analytically in the light-quark mass, or by expanding in powers of the light quark mass. O( 1
mQ
)

corrections are in principle also calculable, but require considering mixing of the four-quark

operators with dimension-7 operators that contain an additional covariant derivative, as well

as considering the O( 1
mb
) corrections to the static HQET Lagrangian.

The calculations and techniques used in this work can be readily applied toX-space schemes for

other classes of operators. For instance, using the auxiliary-field formalism, nonlocal operators

such as q(x)W (x, y)q(y), where W (x, y) is a Wilson line, are transformed into products of

local operators qQy−x(x)Qy−xq(y), which can be renormalized by the techniques presented

in Sec. 3.2.3. The calculations of the three-loop diagrams involving gluons attached to the

light-quark propagators presented in Sec. 3.2.3 can also be applied to renormalise massless

four-quark operators such as the ΔS = 1 four-quark operators relevant for kaon decays.

● Spectator Effects

In Chapter 4, a first determination of the Spectator Effect matrix elements for a heavy-light

meson are determined, using the nonperturbative X-space renormalisation schemes proposed

in Chapter 3. Though the uncertainties due to lattice-artifacts have been estimated with a

continuum limit fit, the calculation was performed in ensembles with an unphysically large

value of the pion mass, and chiral limit fits were not attempted. The addition of ensembles

with a lighter pion mass, or the use of partially quenches quark propagators, may allow these

calculations to be extended to an extraction of the relevant matrix elements at the physical

point. Such a determination would greatly reduce the current theoretical uncertainty on inclu-

sive lifetime ratios τ(B+)/τ(B0), and may be compared to experimentally extracted matrix

elements used in the inclusive determination of the CKM matrix elements Vcb, Vub.

The heavy-light decay constant fHQET
B is similarly determined, however note that unlike the

Spectator Effect matrix elements, fB has been calculated in a number of different lattice

actions and strategies at the physical point. A detailed analysis of the window problem, and

the utility of step-scaling was demonstrated for fHQET
B , where O(α3

S) results for the matching

between X-space and MS were available. The step-scaling was made slightly awkward by the

fact that the available ensembles did not have lattice spacings that were even multiples of each

other, leading to signficant uncertainties due to the interpolation strategies used. With the

addition of further ensembles with compatible lattice spacings, it may be possible that this

strategy can provide a determination of fHQET
B with uncertainties that are competitive with

other determinations [1].

● Variational Approaches to simulating Open Quantum Field Theories

Chapter 5 presents evidence that Neural Network variational ansätze can parametrise the space

of states of the Open Schwinger Model in a systematically controllable manner. This represents
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the first time a variational ansätz has been applied to an Open-QFT, and suggests possible

extensions to more complicated theories. This setting is quite different from heavy quarks

propagating in the Quark Gluon Plasma: it is easier because it is in less dimensions, but harder

because the fermions were not matched to an effective field theory. The fact that the theory was

not matched to a nonrelativistic theory is encouraging if the end goal is to simulate O(100) cc-
pairs produced in a heavy ion collision. In extending such variational parametrisations of lattice

discretised QFTs to higher dimensions, there a number of technical difficulties to deal with -

such as a choice of Jordan-Wigner path through the higher dimensional lattice. Alternatively,

continuous parametrisations of nonrelativistic density matrices are possible, which may be

simpler to implement.

● Dirac Traces and the Tutte Polynomial

In this thesis, a connection between dimensionally regulated Dirac traces and Tutte poly-

nomials of corresponding graphs was proven. The connection is theoretically interesting in

both directions, on the one hand giving a graph-theoretic interpretation of what dimensionally

regulated traces means, and on the other hand providing a ‘physical’ interpretation for the

Tutte polynomial T (G;x, y) evaluated along y = −1 (at least when G is a circle graph). Pre-

liminary investigations suggest the connection may also be practically useful, providing faster

algorithms to compute Dirac traces for single traces of randomly contracted Dirac matrices.

These preliminary investigations have to be taken with a grain of salt, given that the distribu-

tion of Dirac traces that actually appear in realistic multi-loop calculations is not going to be

the uniformly random contracted distribution. It would however be interesting to see a com-

plete implementation of arbitrary Dirac traces utilising the connection to Tutte polynomials

developed in the future.

The discussion in Appendix A.3 motivates one to consider a more in-depth study of the com-

putational complexity of Tutte polynomial evaluations on the class of circle graphs (similar

to what was performed for planar graphs in Ref. [2]). For instance, a natural conjecture to

consider is that Theorem A.3.0.9 can be strengthened to a statement that evaluations of d-

dimensional Dirac traces is #P-hard. Following the strategy outlined in Appendix A.3, this

would first require showing that π{(1−n,0)}(Circle) are #P-complete, possibly by showing that

the reduction in Ref. [3] can be made parsimonious. Then perhaps by finding a different trans-

formation (other than k-stretching) that circle graphs are closed under, that allows one to

interpolate the Tutte polynomial on the entire plane. In a similar vein, it would be interesting

to consider the computational problem of computing the coefficient of ϵn in Trd, where d = 4−ϵ
for a fixed n (as in practical perturbative QFT calculations calculations are only performed to

some fixed number of loops).

Though a framework for handling open indices, multiple traces and the ‘tHooft-Veltman γ5

is presented in Appendix A.4, it is possible that there is a more natural framework for these
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objects as well. A more matroid-theoretic interpretation of products of multiple Dirac traces

with indices contracted in some fashion may allow for a clean analysis of the computational

complexity of this more complicated case. Graph-theoretic interpretations of γ5, evanescent

operators, and similar complications in dimensionally regulated Dirac matrices may prove

fruitful in the future.
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Chapter A

Dirac Traces and the Tutte Polynomial

Content in this section has been reproduced from the following reference:

Joshua Lin. Dirac Traces and the Tutte Polynomial. JHEP, 10 2024. doi: 10.1007/JHEP05(2025)235.

Contents

A.1 Mapping between Dirac Trace and Tutte Polynomial . . . . . . . . . . . 164

A.2 Comparisons to traditional algorithms . . . . . . . . . . . . . . . . . . . . . 170

A.3 Complexity of evaluating single Dirac traces . . . . . . . . . . . . . . . . . 173

A.4 Open indices, multiple traces and γ5 . . . . . . . . . . . . . . . . . . . . . . 178

A.5 Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

This appendix contains details of the proofs of the main theorems presented in Sec. 2.1.5 linking

the conventional dimensionally regulated Dirac trace to Tutte polynomial evaluations:

Trd(γµx1
⋯γµx2n

) = 4(−1)∣E∣(−2)n−c(Gr(x)) d c(Gr(x)) T �Gr(x); 1 − d
2
,−1� (A.1)

A.1 Mapping between Dirac Trace and Tutte Polynomial

In this section, the formal connection between the dimensionally regulated Dirac trace and the

Tutte polynomial is proven. Before the main theorems and proofs are presented, some groundwork

is necessary to introduce key ideas and fix notation. We start by formalising the dimensionally

regulated Dirac Trace. One approach to constructing the d-dimensional trace Trd is by exhibiting

explicit infinite-dimensional representations of the d-dimensional Clifford Algebra, as discussed in

Ref [1]. In this section, a formal construction of Trd will be presented instead by considering the

defining relations {γµ,γν} ∶= γµγν + γνγµ = gµν�, gµµ = d (A.2)

as relations on symbols, with no reference made to matrix-like structures for the γ-objects. For the

purposes of this work, no distinction will be made between lower and upper indices (all indices will

be lower indices) as everything will be considered in Euclidean signature.
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For concreteness, first consider the case of computing a single Dirac trace where there are no free

indices. Extensions to traces with open (uncontracted) Dirac indices, and Dirac traces including

γ5 insertions are presented in Appendix A.4. Let Σ be a countable alphabet of symbols (usually

labelled as Σ = {µ1, µ2, . . .}), and let P (n) be the set of all permutations of tuples of length 2n

with symbols from Σ, such that each symbol appears exactly twice. The map Trd will be defined

as a map from x = (x1, . . . , x2n) ∈ P (n) to Trd(x) ∈ Z[d], the ring of polynomials in d with integer

coefficients, with the interpretation that Trd(x) = Trd(γx1⋯γx2n).
Definition A.1.0.1. A function Trd ∶ ∪n∈N≥0P (n) → Z[d] is called a d-dimensional trace operation

if it satisfies the base case Tr(∅) = 4 where ∅ ∈ P (0) is the empty tuple, and for all n ≥ 1, 1 ≤ i < 2n
and x = (x1,⋯, x2n) ∈ P (n), it satisfies the recursion relations:

xi ≠ xi+1 �⇒ Trd(x) = −Trd(Si,i+1(x)) + 2Trd(Ci,i+1(x)), (A.3)

xi = xi+1 �⇒ Trd(x) = d Trd(Ci,i+1(x)), (A.4)

where Si,j ∶ P (n) → P (n) is the map that swaps the i-th element xi with the j-th element xj in the

tuple, and Ci,j ∶ {x ∈ P (n)} → P (n − 1) is the map that removes the i-th and j-th elements in the

tuple, and relabels all other occurrences of xj in the tuple to xi.

Definition A.1.0.1 is a formalisation of the defining relations given in Eq. (A.2). The base case

Trd(∅) = 4 is the conventional choice used in most calculations involving dimensional regularisa-

tion, but this condition can be changed, for instance to Trd(∅) = 2 d
2 . This latter choice may seem

more natural given that in even spacetime dimensions d, the standard representation of the Clifford

Algebra has dimension 2
d
2 . However, such modifications to the base case do not affect the renor-

malization procedure in any meaningful way, and simply amount to a shift in the renormalization

constants [1].

A graph G = (V,E,π) refers to an undirected graph possibly with multi-edges and loops, and is

specified by a vertex set V , an edge set E, and a map π ∶ E → (V ×V )/ ∼f associating an edge with

its endpoints, where for all v0, v1 ∈ V , (v0, v1) ∼f (v1, v0). The collection of all graphs is typeset

as Graph. A circle graph is a graph formed by first drawing a collection of straight chords on a

common circle, then associating each chord with a vertex of the graph, and an edge between two

vertices if and only if the two corresponding chords intersect. The collection of all circle graphs is

typeset as Circle.

Definition A.1.0.2. The map

Gr ∶ ⋃
n∈N≥0 P (n)→Circle (A.5)

associates to every x ∈ P (n) a circle graph. The construction first places the elements of the tuple x

in order around a circle, joining the repeated elements with straight chords. The circle graph is the

intersection graph of this construction, so that the vertex set is the set of symbols appearing in the

tuple x, and edges correspond to intersections of chords.
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As an example:

P (4) ∋ (µ1, µ2, µ3, µ2, µ1, µ4, µ3, µ4)↦ ●●
● ●●●●●

µ1

µ2

µ3
µ2

µ1

µ4
µ3

µ4

↦ ● ● ●●
µ1 µ2 µ4

µ3
∈Circle

Clearly this construction satisfies a cyclic symmetry, where the same graph is associated to all

cyclic shifts of a tuple in P (n). This observation will be related to the property that traces are

invariant under cyclic shifts. Furthermore, the associated graph is invariant under reversing the

order of the tuple, which is related to invariance of traces under transposes and inverses.

In the general case, the Tutte polynomial is a polynomial defined for matroids (this will be

relevant in Appendix A.3, where a brief introduction to matroids is presented). For the purposes of

this section, it is simpler to restrict to the special case of undirected graphs. To define the Tutte

polynomial, we first introduce some basic graph terminology:

● c(G) is the number of connected components of the graph.

● b(G) is the number of bridges of the graph, where a bridge is an edge that if removed from G,

the number of connected components increases by one.

● l(G) is the number of loops of the graph G, where a loop is an edge that has both of it’s

endpoints as the same vertex.

● G − e is the graph obtained by deleting the edge e from the graph G

● G/e is the graph obtained by contracting the edge e (deleting e, and merging it’s two endpoints).

Definition A.1.0.3. [2] The Tutte polynomial is the unique function T ∶Graph→ Z[x, y] satisfying
the base case T (G) = x∣b(G)∣y∣l(G)∣ if G has no edges that are not bridges or loops, and for any edge

e that is not a bridge or a loop, the deletion-contraction relation holds:

T (G) = T (G − e) + T (G/e). (A.6)

The main observation of this work is that the anticommutation relations of the Dirac algebra

can be reinterpreted as a deletion-contraction relation for the Tutte polynomial computed on the

associated circle graph. To see this, it is simplest to make some technical detours. Firstly, the ‘recipe

theorem’ for the Tutte polynomial for graphs which was originally stated and proved in Ref [3] is

given below in the form presented in Ref [4]:

Proposition A.1.0.4. [3, Thm. 1] Suppose the function T ∶ Graph → Z[x, y,α,σ, τ] satisfies the

base case T (G) = x∣b(G)∣y∣l(G)∣α∣V ∣ if G has no edges that are not bridges or loops, and satisfies a

modified recurrence relation

T (G) = σT (G − e) + τT (G/e). (A.7)
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Then T is given by a transformation of variables of the Tutte polynomial:

T (G;x, y,α,σ, τ) = αc(G)σ∣E∣−∣V ∣+c(G)τ ∣V ∣−c(G)T �G;
αx

τ
,
y

σ
� . (A.8)

In the following proofs, it is easiest to utilise an alternative parametrisation of the Tutte poly-

nomial:

Definition A.1.0.5. For a graph G, let f ∶ V → {1,⋯, n} be an arbitrary function. Assigning an

arbitrary direction to each edge of the graph, where src,dest ∶ E → V are functions associating an

edge with its source vertex and its destination vertex, then the number of collisions is defined by

coll(f) = �
e∈E δf(src(e)),f(dest(e)) (A.9)

where δab is the kronecker-delta. The generalised chromatic-polynomial is a function χ ∶ Graph →
Z[q, n] given by

χ(G; q, n) = �
f ∶V→{1,⋯,n} q

coll(f) (A.10)

Note that χ(G; 0, n) is the chromatic polynomial of the graphG, that counts the number of proper

colourings of the graph G with n-colours (where the endpoints of every edge must be coloured

different colours). The generalised chromatic-polynomial satisfies a deletion-contraction relation,

which allows us to prove that it can be written as an evaluation of the Tutte polynomial:

Proposition A.1.0.6.

χ(G; q, n) = T �G; 1 + q − 1

n
, q, n,1, q − 1� = nc(G)(q − 1)∣V ∣−c(G)T �G; 1 + n

q − 1
, q� (A.11)

Proof. Note that if G has no edges, then χ(G; q, n) = n∣V ∣ as there can be no collisions. If e is

a bridge, then χ(G; q, n) is composed of a contribution corresponding to the endpoints of e being

colored the same � q
n
�χ(G − e; q, n), and a contribution corresponding to the endpoints of e being

colored differently �n−1
n
�χ(G− e; q, n), giving a relationship χ(G; q, n) = �1 + q−1

n
�χ(G− e; q, n). If e

is a loop, then χ(G; q, n) = qχ(G− e; q, n) as the loop always gives a collision. Finally, for any other

edge e there is a deletion-contraction relation, described pictorially in an example:

χ� ; q, n� = χ� ; q, n� + (q − 1) χ� ; q, n�
● ●

e
● ● ●

(A.12)

where the grey blob represents the rest of the unshown graph that has arbitrary structure. The first

term on the right hand side of Eq. (A.12) correctly counts the contributions from the sum where the

two vertices connected by e are coloured differently, and the second term corrects for the behaviour

when the two vertices are coloured the same (in order to generate the factor of q due to the collision).

Eq. (A.11) follows from the above observations and an application of Proposition A.1.0.4.
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Proposition A.1.0.7. There is a unique function Trd satisfying the postulates outlined in Defini-

tion A.1.0.1, and it is given by:

Trd(x) = 4(−1)∣E∣ χ(Gr(x);−1, d) (A.13)

Proof. For positive integer values of d, the right hand side of Eq. (A.13) (RHS) can be expanded

using Definition A.1.0.5 as

RHS(Gr(x)) = 4(−1)∣E∣ �
f ∶V (Gr(x))→{1,...,d}(−1)coll(f) (A.14)

= 4 �
f ∶V (Gr(x))→{1,...,d}�e∈E(−1)1−δf(src(e)),f(dest(e)) (A.15)

We will now proceed to show that RHS satisfies the defining postulates of Trd. Since Gr(∅) is

the empty graph, RHS(Gr(x)) = 4, thus the base condition is satisfied. Now suppose that x =(x1, . . . , x2n),1 ≤ i < 2n, and xi = xi+1. The vertex corresponding to (xi, xi+1) in Gr(x) is an isolated

vertex, and RHS(Gr(x)) = d ⋅RHS(Gr(Ci,i+1(x))) as the isolated vertex can be coloured in d ways

and there are no associated collisions. Hence the condition corresponding to γµγµ = d ⋅� is satisfied.

Suppose instead that xi ≠ xi+1. Then xi and xi+1 correspond to two different vertices in Gr(x),
which are either connected by a single edge, or not connected by any edges. Suppose j, k are chosen

such that i, i+ 1, j, k are four different integers. Then, the following equation holds regardless of the

structure of the chords connecting the regions 1 , 2 and 3 (not shown below):

●●

● ●

xi+1xi

xjxk

RHS� � +RHS�1

3

2
a b

●●

● ●

xi+1xi

xjxk

� = 2RHS�1

3

2
a b

● ●
xjxk

�1

3

2

c
(A.16)

where it is understood that RHS is acting on the corresponding intersection graphs of the circle

graphs depicted in Eq. (A.16). To prove Eq. (A.16), first notice that for a particular coloring of the

chords, if chord a is colored differently to chord b, then the contribution from that coloring vanishes

on the left hand side of Eq. (A.16) as the first circle diagram has a relative factor of (−1) compared

to the second circle diagram due to the color collision. So, the only colorings that contribute on

the left hand side are colorings in which both chords a and b are colored the same, which are in

bijective correspondence with colorings of the chords on the right hand side diagram, where chord c

is coloured the same as the chords a and b. Note that any chords that connect region 1 to 3 , or

region 2 to 3 will cross exactly one of either chord a or chord b for the left hand diagrams, and

will cross chord c on the right hand diagram. Thus, any such chord will contribute the same factor

to the sum on either side of Eq. (A.16). And if a chord connects region 1 to 2 , it crosses both

chords a and b on the left hand side, but since a and b are colored the same, it is equivalent to not
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crossing either (as it picks up two minus signs if it is colored differently to a and b), as in the right

diagram. Hence Eq. (A.16) is true, proving that RHS satisfies the recurrence relation corresponding

to {γµ,γν} = 2gµν , for positive integer values of d.

The observations above show that RHS satisfies the recurrence relations defining Trd for all

positive integer values of d. Since RHS are finite degree polynomials in d, by lagrange interpolation

in fact RHS satisfies the recurrence relations for all values of d. It is the unique valid definition,

as the value of Trd on any particular value of x is uniquely determined by the recurrence relations,

which can always simplify Gr(x) to graphs with no edges.

The proof above is formalising the intuition that d-dimensional traces of Dirac matrices behave

as if there were d-different anticommuting matrices for positive integer values of d. With this

proposition, the main theorem follows:

Theorem A.1.0.8. The unique map Trd satisfying the defining properties in Definition A.1.0.1 is

given by:

Trd(x) = 4(−1)∣E∣(−2)∣V ∣−c(Gr(x)) dc T �Gr(x),1 − d
2
,−1� (A.17)

where c(Gr(x)) is the number of connected components of Gr(x), V is the set of vertices of Gr(x),
E is the set of edges of Gr(x).
Proof. Eq. (A.17) follows from Proposition A.1.0.7 and Proposition A.1.0.6.

An immediate observation from Theorem A.1.0.8 is that traces in d = 4 correspond to evaluating

the Tutte polynomial T (G;−1,−1) for appropriately constructed graphs G. This point (x, y) =(−1,−1) is one of the special points in the Tutte plane where the Tutte polynomial is known to be

calculable in polynomial time. Following the definitions in [5], consider 2V ,2E as the free vector

spaces over Z/2Z with basis given by the set of vertices V , and the set of edges E respectively for

a graph G = (V,E). There are boundary ∂ and coboundary δ maps defined between the two vector

spaces:

2V 2E
δ

∂
(A.18)

where ∂(e) is the sum of the two endpoints of edge e, δ(v) is the sum over all edges incident to v

(loops are counted twice, thus they don’t appear in the result as the base field is Z/2Z), and the maps

are extended by linearity to be well defined on all of 2V and 2E . The subspace ker(∂) ∩ im(δ) ⊆ 2E

is the space of bicycles.

Theorem A.1.0.9 ([5], Thm. 9.1). If a graph G has ∣E∣ edges and the dimension of the bicycle

space of G is dim(B(G)), then
T (G;−1,−1) = (−1)∣E∣(−2)dim(B(G)) (A.19)
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Theorem A.1.0.10. For x ∈ P (n), the 4-dimensional trace is given by

Tr4(x) = 4(−2)∣V ∣+c(Gr(x))+dim(B(Gr(x))) (A.20)

where c(Gr(x)) is the number of connected components of Gr(x), V is the set of vertices of Gr(x),
and dim(B(G)) is the dimension of the bicycle space of G.

Proof. Follows from Theorems A.1.0.8 and A.1.0.9.

A.2 Comparisons to traditional algorithms

In light of the connection between Dirac traces and Tutte polynomial evaluations, standard identities

used to simplify Dirac traces can be reinterpreted as identities for Tutte polynomials. This exercise

can be instructive in understanding the structure and nature of currently used algorithms. For

instance, both TRACER [6] and FORM [7] make use of variations of the following identity to

simplify d-dimensional traces:

γµγν1⋯γνnγµ = (−1)nd γν1⋯γνn + 2 n�
j=1(−1)n−jγνjγν1⋯γνj−1γνj+1⋯γνn (A.21)

where the γµ at the right end of the chain on the left hand side of the equation is anticommuted

through the chain all the way to the left side. This can be interpreted as an identity for Tutte

polynomials:

T

⎛⎜⎜⎜⎜⎜⎝
●

● ● ● ●⋯
ν1

ν2
ν3

νn

µ

;x, y

⎞⎟⎟⎟⎟⎟⎠
= x ⋅ T ⎛⎝ ● ● ● ●⋯

ν1
ν2

ν3
νn ;x, y

⎞⎠+

T

⎛⎜⎜⎜⎝ ● ● ● ●⋯
ν1

ν2
ν3

νn

;x, y

⎞⎟⎟⎟⎠ +⋯ + T
⎛⎜⎜⎜⎝
● ● ● ●⋯
ν1

ν2
ν3

νn
;x, y

⎞⎟⎟⎟⎠ + T
⎛⎜⎝ ● ● ● ●⋯

ν1
ν2

ν3
νn ;x, y

⎞⎟⎠ (A.22)

where the grey blob represents the rest of the graph, with possible edges between the nodes labelled

ν1, . . . , νn. The identity is proven by repeatedly applying the deletion-contraction formula to the

edges connected to µ, starting with the edge connected to νn. For traces in four-dimensions, there

is a Chisholm identity for odd values of n [8]:

Tr4(γµγν1⋯γνnγµ) = −2Tr4(γνn⋯γν1) (A.23)

which translates into a theorem concerning the bicycle number:
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Theorem A.2.0.1. For a graph G with nodes µ, ν1, . . . , νn where n is odd and the only edges

connected to µ are single edges to each of the nodes ν1, . . . , νn, then there is a natural isomorphism

between the bicycle space B(G) of G, and the bicycle space B((G − µ) ⋆Kn) of a modified graph

where the vertex µ has been removed, and edges have been attached between every pair of distinct

vertices in the list ν1, . . . , νn (equivalently, a copy of the complete graph on n nodes Kn is glued onto

the vertices {ν1, . . . , νn}).

B

⎛⎜⎜⎜⎜⎜⎝
●

● ● ● ●⋯
ν1

ν2
ν3

νn

µ ⎞⎟⎟⎟⎟⎟⎠
≃ B

⎛⎜⎜⎜⎝ ● ● ● ●⋯
ν1

ν2
ν3

νn

⎞⎟⎟⎟⎠ (A.24)

Proof. It is possible to utilise the Chisholm identity as well as Theorem A.1.0.10 to conclude at the

very least that the dimensions of the respective bicycle spaces are the same. The following purely

graph-theoretic proof presents more geometric intuition for the theorem, as well as providing an

explicit isomorphism f ∶ B(G)→ B((G − µ) ⋆Kn) between the two bicycle spaces.

For any X ∈ B(G), X ∈ im(δ), so choose a representative Y ∈ δ−1(X). The collection of all

vertices in Y that are not µ forms a subset of vertices Y ′ in (G−µ)⋆Kn, define f(X) ∶= δ(Y ′). For
this map to be well defined, δ(Y ′) must first be invariant under the choice of Y ∈ δ−1(X). To see

this, first note that because X is a bicycle, X ∈ ker(∂) and hence there must be an even number

of edges connected to µ, corresponding to an even cardinality subset N ⊆ {ν1, . . . , νn} of neighbors
of µ in the subgraph defined by X. If µ ∉ Y , then Y ∩ {ν1, . . . , νn} = N , conversely if µ ∈ Y then

Y ∩ {ν1, . . . , νn} = {ν1, . . . , νn} −N owing to the fact that δ(Y ) =X. In either situation, δ(Y ′) ∩Kn

is given by the complete bipartite graph K∣N ∣,n−∣N ∣ which contains exactly every edge connecting

vertices in N to vertices outside of N in the subset {ν1, . . . , νn}. Hence, δ(Y ′) is invariant under

your choice of Y ∈ δ−1(X). Note that it is precisely because n is odd that ∂(δ(Y ′)) = 0, as the

vertices in N have an odd number of Kn edges (n − ∣N ∣) connected to them.

The above remarks have demonstrated a map f ∶ B(G) → B((G − µ) ⋆Kn). The inverse map

can be constructed completely analogously, where for any X ∈ B((G − µ) ⋆Kn), pick a Y ∈ δ−1(X),
and set f−1(X) = δ(Y ) (where the vertices in Y are now considered as vertices of G).

For even values of n the corresponding statement about bicycle spaces does not hold (a coun-

terexample is given by the four-cycle G = C4, where dim(B(G)) = 1 but dim(B((G − µ) ⋆K2)) = 0
for any vertex µ ∈ C4). Instead, for even n there is a different relation:

γµγν1⋯γνnγµ = 2γνnγν1⋯γνn−1 + 2γνn−1⋯γν1γνn (A.25)

which can be proven by applying the anticommutation relation to γµ on the right once, and then

applying the Chisholm identity Eq. (A.23). Naively, the number of terms generated by applica-

tions of the d-dimensional recurrence relation Eq. (A.21) and the 4-dimensional recurrence relations
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Eqs. (A.23) and (A.25) in order to simplify a string of γ-matrices is exponential in the length

of the string. A natural question to ask is what computational complexity classes evaluations of

d-dimensional and 4-dimensional traces belongs to, and this is discussed in Appendix A.3.

A simple reason that dedicated Tutte polynomial algorithms might be asymptotically faster than

currently used Trd algorithms is that being able to use the Tutte polynomial deletion-contraction

relation on graphs can relate Dirac traces to Tutte polynomial evaluations of graphs that are not

Circle graphs. To understand this in more detail, first we introduce the notion of local equivalence

of graphs in order to understand the classification of Circle graphs. To locally complement a graph

G at a vertex v is to replace the induced subgraph on all the neighbors of v with the complement

graph (to be precise, neighbors wi, wj of v are connected by an edge in the new graph if and only if

they were not connected by an edge in the original graph) . If a graph G1 can by a series of local

complementations turn into a graph G2 then they are said to be locally equivalent.

Theorem A.2.0.2 ([9]). A simple graph G is a circle graph if and only if no graph locally equivalent

to G has an induced subgraph isomorphic to one of the graphs depicted below:

●
●

●
● ●

●

(a)

●
●●

● ● ●
●

(b)

●
●●

●
● ● ●

●

(c)
Figure A.1: Key examples of graphs that are not circle graphs.

With this classification of Circle graphs, it is possible to construct relationships between an

evaluation of Trd and Tutte polynomial evaluations that cannot be written as d-dimensional traces,

for example in the evaluation of the trace of the following product of 12 γ-matrices:

Trd(γµ1γµ3γµ2γµ5γµ4γµ6γµ5γµ3γµ4γµ1γµ2γµ6) = 128d ⋅ T
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

●
●µ1

●µ2

●
µ3

●
µ4

●µ5µ6
; 1 − d

2
,−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 128d
⎛⎜⎜⎜⎜⎜⎜⎝
T

⎛⎜⎜⎜⎜⎜⎜⎝
●
●

●
● ●

●
; 1 − d

2
,−1

⎞⎟⎟⎟⎟⎟⎟⎠
− T

⎛⎜⎜⎜⎜⎜⎜⎝
●●

● ●

●
; 1 − d

2
,−1

⎞⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎠
(A.26)

derived by applying the deletion-contraction formula to the graph Fig. A.1(a). This formula however

cannot be written as a relation on single dirac traces, as the first graph appearing in the final line
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of Eq. (A.26) is not a circle graph. Such relations open the door to potentially faster algorithms

for computing Trd. For example, a generic algorithm is to specify certain special classes of graphs

where the answer is known and use the deletion-contraction relation to recursively travel towards

these special cases. All current algorithms for Trd rely on this idea where the special case are graphs

with no edges, however (as described in Ref [10] for chromatic polynomial computations) a trivial

improvement is to include the complete graphs as a special case as well. In the case of Eq. (A.26), it

would require adding 6 edges to complete the graph, but require taking away 9 edges to reduce it to

the empty graph. For this idea to be useful, an explicit formula is required for the Tutte polynomial

evaluated on the complete graph, which is provided below:

Theorem A.2.0.3.

Trd (γµ1⋯γµnγµ1⋯γµn) = (−1)1+⌈n2 ⌉21+nd T �Kn; 1 − d

2
,−1�

= 4 �
λ⊢n(−1)∑i<j λiλj

1

c1!⋯ck!
�l−1�
i=0(d − i)� n!

λ1!⋯λl!
(A.27)

where the sum is performed over all distinct partitions λ = (λ1, . . . ,λl) of n (such that i < j implies

λi ≤ λj, and ∑l
i=1 λi = n), and c1, . . . , ck are the multiplicities of the distinct numbers in the partition.

Proof. The proof follows from considering the representation Trd(x) = 4(−1)∣E∣ χ(Gr(x);−1, d)
proven in Proposition A.1.0.7. Each partition λ = (λ1, . . . ,λl) ⊢ n corresponds to a certain par-

tition of the n vertices into l different colours, and the factor of (−1)∑i<j λiλj accounts for all the

colour collisions. The factor of ∏l−1
i=0(d − i) counts the number of ways of assigning colours from

d choices to the different groups defined by the partition, but must be corrected by the factor of
1

c1!⋯ck! to correct for overcounting. Finally, n!
λ1!⋯λl!

accounts for the different ways of distributing

the colours among the vertices.

A.3 Complexity of evaluating single Dirac traces

Given the connection developed between Dirac traces and computations of the Tutte polynomial, a

natural question to consider is the asymptotic complexity of computing Dirac traces. The algorithms

to compute Trd with deletion-contraction relations as in Appendix A.2 naively generate exponentially

many terms, and one may wonder whether it is possible to find a polynomial time algorithm instead.

As a quick review of the relevant complexity classes that will be discussed in this section,

- P is the class of decision problems that can be solved by a deterministic Turing machine in a

polynomial amount of computation time with respect to the size of the input.

- NP is the class of decision problems for which any successful query is accompanied by the

existence of a polynomial-length ‘certificate’, which can be verified in polynomial-time by a

fixed deterministic algorithm.

- FP is the class of function problems which are computable in polynomial time.
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- #P is the class of function problems corresponding to counting the number of certificates to

given decision problems in NP [11].

- PA (FPA) for a given problem A is the class of decision (function) problems which are com-

putable in polynomial time given access to an oracle that either decides A if A is a decision

problem, or computes A if A is a function problem.

For more detailed definitions, see Ref [12]. This section will consider the problem of computing

single Dirac traces with all indices contracted, and no γ5 insertions. Because these correspond

to evaluations of the Tutte polynomial for circle graphs by Theorem A.1.0.8, the computational

problems we will be interested in are defined in terms of evaluations of the Tutte polynomial:

Definition A.3.0.1. Let πX(C) be the function problem of computing the Tutte polynomial for a

specified class of graphs C in the subset X of the Tutte plane. X can take three forms:

- X is either a single point X = {(a, b)} where (a, b) ∈ R2

- X is a rational curve, specified by a parametrisation f ∶ R → R2 where f(s) = �u(s)
v(s) , w(s)z(s) �

where u, v,w, z are finite-degree polynomials in s with coefficients in Q. In this case, the Tutte

polynomial output is considered as a rational function in the parameter s.

- X is the entire plane R2, in which case the Tutte polynomial output is a polynomial in canonical

variables x, y.

Computing single Dirac traces corresponds to computing the Tutte polynomial along the line

y = −1 for circle graphs, and is written as π{(s,−1)∶s∈R}(Circle). Mainly this section will deal with

the question of whether or not π{(s,−1)∶s∈R}(Circle) ∈ FP, the class of functions which are computable

in polynomial time, or whether π{(s,−1)∶s∈R}(Circle) is contained in a complexity class believed to

be distinct from FP (which would necessarily require superpolynomial time algorithms to compute),

such as the class of #P-hard problems. Though it is possible that #P = FP, it would for example

immediately imply that P = NP which has long been conjectured to be false [13].

It was shown that for the class of all graphs, π{(a,b)}(Graph) ∈#P-hard, and π{f(s)∶s∈R}(Graph)∈#P-hard in Ref [14] for generic rational points (a, b) and generic rational curves f(s). These results
were then extended to the class of planar graphs in Ref [15]. The analysis for the complexity of

evaluating Dirac traces is slightly complicated by the fact that Dirac traces are associated with

evaluating Tutte polynomial along the specific curve y = −1, and for the class of circle graphs. It

is however quite natural to conjecture that Dirac traces would also be #P-hard in the absence of

some special structures present only within the class of circle graphs. Towards the goal of proving

this statement, we follow the strategy used in Ref [14] for the case of Tutte polynomial evaluations

for the class of all graphs. The first objective is to identify specific points within the Tutte plane for

which evaluations are difficult. For the class of circle graphs, deciding whether a given circle graph

has a proper n-colouring for n ≥ 4 is known to be NP-complete by reduction to 3-SAT:
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Theorem A.3.0.2 ([16], Thm. 1). The problem of deciding whether a given circle graph is n-

colourable is NP-complete for n ≥ 4.

Unfortunately, this does not immediately imply that the corresponding function problem of

computing T (G; 1−n,0) for n ≥ 4 and circle graphs G is #P-complete, as this would require finding

a parsimonious reduction (one that preserves the number of solutions) from n-colourability to 3-SAT.

It may be possible to modify the reduction in Ref [16] to become parsimonious, for now, we will be

satisfied with the following corollary:

Corollary A.3.0.3. π{(1−n,0)}(Circle) for integer n ≥ 4 (and hence, also πR2(Circle)) are NP-hard
function problems.

Proof. The only technical remark to make is that because π{(1−n,0)}(Circle) is a function problem,

what is meant by NP-hard in this context is not a polynomial time many-to-one reduction of decision

problems (as in Ref [17]), but rather that given access to a π{(1−n,0)}(Circle)-oracle, one can solve

any NP problem in polynomial time, NP ⊆ Pπ{(1−n,0)}(Circle). Corollary A.3.0.3 then follows from

Theorem A.3.0.2, because deciding whether a given circle graph G is n-colourable can be done

by computing the chromatic polynomial χ(G; 0, n) = nc(G)(−1)∣V ∣−c(G)T (G; 1 − n,0) and checking

whether or not the result equals zero.

This immediately implies πR2(Circle) is also NP-hard, because being able to compute the Tutte

polynomial on the entire plane allows you in polynomial time to evaluate the Tutte polynomial at

any specific point (1 − n,0) by evaluating the polynomial at x = 1 − n, y = 0.
The strategy proceeds by utilising a general theorem proven in Ref [14] that πR2(C) is polynomial

time reducible to πL(C) for generic rational curves L, and as long as the class of graphs C is ‘large’

enough in a technical sense. The theorems quoted below from Ref [14] are all stated in the more

general case of matroids, which we now provide a brief a review of. A matroid is a pair M = (S,ρ)
of a ground set S and a rank function ρ ∶ 2S → Z satisfying 0 ≤ ρ(A) ≤ ∣A∣ for all A ⊆ S, ρ(X) ≤ ρ(Y )
for X ⊆ Y ⊆ S, and ρ(X ∪ Y ) + ρ(X ∩ Y ) ≤ ρ(X) + ρ(Y ). Every graph G = (V,E) gives rise to

a ‘graphic’ matroid by letting the ground set be the set of edges E, and letting the rank function

ρ(X) = n − c where n is the number of vertices in the subgraph formed by the edges in X and c is

the number of connected components of the subgraph. Instead of specifying the entire rank function

ρ, a matroid can also be specified by its bases, which are the maximal independent subsets X ⊂ S,

where an independent subset X is one that satisfies ρ(X) = ∣X ∣. In the case of graphic matroids,

ρ(X) = ∣X ∣ if and only if X has no cycles (X is a forest).

The number f(n) of non-isomorphic matroids on a set of n elements grows at least as fast as

log2(log2(f(n))) ≥ n− 3
2
log2(n) +O(log logn)[18]. As pointed out in Ref [14], this implies both the

input size, and the runtime for computing the Tutte polynomial on general matroids is exponential

in n, as the naive algorithm utilising deletion-recurrence relations runs in time exponential in n.

The class of matroids corresponding to circle graphs can be represented more succinctly however:

175



Definition A.3.0.4 ([14]). A class of matroids C is succinct if there is an injective mapping e of

the members of C into strings of some finite alphabet Σ, such that if ∣e(M)∣ denotes the length of

e(M) Cn ∶= {(S,ρ) ∈ C ∶ ∣S∣ = n}, e(n) ∶=max{∣e(M)∣ ∶M ∈ Cn}, (A.28)

then there exists some polynomial p such that e(n) ≤ p(n) for all n.

Lemma 5. The class of circle graphs is succinct.

Proof. Succinctness of the class of circle graphs follows from succinctness of the class of all simple

graphs. An explicit succinct encoding of simple graphs is given by writing down the adjacency

matrix of a simple graph.

A class of simple transformations on matroids are given by tensor products with the uniform

matroid Ur,n, which has ground set of n elements and bases all subsets of size r. To define this

tensor product, a few background definitions are required. A pointed matroid Nd is a matroid on

a ground set with a distinguished element, the point d, which is neither a loop (ρ({d}) = 0) nor a

coloop (ρ(S − {d}) = ρ(S) − 1). If M = (S,ρ),N = (T,λ) are two matroids with e ∈ S, f ∈ T , the

2-sum of M and N is the matroid ((S ∪ T )�{e, f},σ) such that for A ⊆ S�{e},B ⊆ T �{f}
σ(A ∪B) = ρ(A) + λ(B) − δ(A,B) + δ(∅,∅) (A.29)

where δ(A,B) = 1 if both ρ(A) = ρ(A ∪ {e}) and λ(B) = λ(B ∪ {f}), else δ(A,B) = 0. The tensor

product M ⊗N of an arbitrary matroid M and the pointed matroid N is obtained by taking the

2-sum of M with N at each point e of M and the distinguished point d of N [19]. For tensor products

with the uniform matroid, it does not matter which element is chosen as the distinguished point, as

the matroid is invariant under permutations of the base set.

Not all uniform matroids are graphic, however the cases of interest are. In particular, Uk,k+1
corresponds to (k + 1)-edged cycle graph, and U1,k+1 corresponds to the (k + 1)-edged dipole graph

((k+1) edges connecting two vertices). The tensor product of a graphic matroid with Uk,k+1 has the

effect of replacing every edge with a k-stretched version, and the tensor product of a graphic matroid

with U1,k+1 with a k-thickened version, hence the naming convention. For example, 2-stretchings

and 2-thickenings of K4 are shown below:

●
●

● ● ⊗
●

● ● = ●
●

● ●●●● ●
●●● ●●●● ● ●●● ● , ●

●
● ● ⊗

●
● = ●

●
● ● (A.30)

K4 U2,3 K4 U1,3

The utility of thinking about these tensor products is that evaluating the Tutte polynomial on

the k-lengthened or k-thickened versions of a matroid at a specific point (x, y) yields the Tutte

polynomial for the original matroid at a different point (x′, y′). Specifically,
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Theorem A.3.0.6 ([14], Eq. 4.1). For a matroid M = (S,ρ) and a pointed matroid N ,

T (M ⊗N ;x, y) = TC(N ;x, y)∣S∣−ρ(S)TL(N ;x, y)ρ(S)T (M ;X,Y ) (A.31)

where for k-lengthening:

TC(Uk,k+1;x, y) = k−1�
i=0 x

i, TL(Uk,k+1;x, y) = 1, X = xk, Y = xk + x(y − 1) − y

xk − 1
(A.32)

and for k-thickening:

TC(U1,k+1;x, y) = 1, TL(Uk,k+1;x, y) = k−1�
i=0 y

i, X = yk + x(y − 1) − y

yk − 1
, Y = yk (A.33)

Thus, being able to evaluate the Tutte polynomial efficiently for a class of graphs closed under k-

thickening and k-lengthening allows one to take a given graph, and evaluate it’s Tutte polynomial on

the transformed (X,Y ) coordinates, which in turn allows for an interpolation of the Tutte polynomial

on the entire plane provided the curve is generic. Note that the k-thickening operation is not useful

for the problem π{(s,−1)∶s∈R}(Circle) because the class of circle graphs contains only simple graphs

and does not contain any k-thickened graphs. Furthermore by inspecting Eq. (A.33), it is clear that

the k-thickening transformation (x, y) ↦ (X,Y ) is only well-defined for the line defined by y = −1
by taking some limit as y → −1, complicating the situation. By focusing only on the k-lengthening

operation, the main theorem of Ref [14] is slightly modified:

Theorem A.3.0.7 ([14], Thm. 1 (modified)). Let L be a rational curve f(s) = (x(s), y(s)) =�u(s)
v(s) , w(s)z(s) � for polynomials u, v,w, z with coefficients in Q such that (x(s) − 1)(y(s) − 1) is not

constant, and such that x(s) is also not constant. Let C be a succinct class of matroids closed

under k-stretching, where computing the k-stretch of a succinct representation of a matroid takes

polynomial time both in k and the size of the matroid, yielding a succinct representation of the

stretched matroid. Then πR2(C) is polynomial time reducible to πL(C).
Unfortunately, the class of circle graphs is not closed under k-lengthenings.

Proposition A.3.0.8. The class of circle graphs is not closed under lengthenings.

Proof. An explicit example of a graph G whose 2-lengthening is not a circle graph is provided below:

●
●

● ●
G

2−lengthen������→ ●
●●

● ● ●
●●

● ●
v1

v2 v3

Locally complement at v1,v2,v3,������������������→
then delete v1,v2,v3.

●
●●

● ● ●
●

Fig. A.1(b)
Figure A.2: Example of a circle graph G whose 2-lengthening is not a circle graph.
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But G is a circle graph, since it has 4 vertices, and hence cannot be locally equivalent to a graph

that contains one of the graphs in Theorem A.2.0.2 as an induced subgraph, as they all have at least

6 vertices. An explicit example is given by Gr((1,2,3,4,1,2,3,4)).
A weaker statement is of course possible to make:

Theorem A.3.0.9. Let the class Circle∗ be the class of circle graphs and all k-lengthenings of circle

graphs. Then computing Trd on this class is NP-hard.

Proof. Follows from Theorem A.3.0.7 and Corollary A.3.0.3.

To circumvent the issue of circle graphs not being closed under k-stretchings, it is possible to

imagine that there is a subset of circle graphs closed under stretchings yet where determining whether

the graph is k-colourable is still NP-hard. A candidate for such a class is the class of circle graphs

that do not contain a 4-clique, as Ref [16] comments that the k-colourability problem is still NP-hard

on this class. Unfortunately, this class is also not closed under lengthenings, for example the graph

G′ obtained from G in Fig. A.2 by taking a single edge and subdividing it into two pieces, is a circle

graph with no 4-clique but whose 2-lengthening is not a circle graph.

The situation is considerably simpler for 4-dimensional traces, for which the computational prob-

lem π{(−1,−1)}(Circle) corresponds to evaluating the Tutte polynomial at the special point (−1,−1).
Theorem A.3.0.10. Computing 4-dimensional traces is in FP.

Proof. Let G = (V,E) denote a circle graph. Note that one choice of succinct representation consists

of writing down its adjacency matrix, whose size scales as O(∣V ∣)2. The bicycle space im(δ)∩ker(∂)
can be computed in polynomial time by gaussian elimination over the field Z2, as pointed out in

Ref [14]. Computing the 4-dimensional trace by utilising Tr4(x) = 4(−2)∣V ∣+c(Gr(x))+dim(B(Gr(x)))
is then a polynomial in ∣V ∣ overhead, as the number of connected components of Gr(x) can be

computed with breadth/depth-first search.

In practice, dimensional regularisation calculations usually only require expansions of Trd around

d = 4 at some finite fixed order (corresponding to the number of loops in the diagram). It may be

the case that these expansions also have a graph-theoretic interpretation, and can be calculated in

polynomial time. In light of these partial results, a complete understanding of the computational

complexity of computing the Tutte polynomial for the class of circle graphs would be an interesting

study to see.

A.4 Open indices, multiple traces and γ5
The formalism established in Appendix A.1 deals with the case where all indices within a single Dirac

trace are contracted amongst each other, and there are no γ5 insertions. In practical calculations,

these conditions are violated if there are multiple fermion loops connected by some interactions, or the

theory under investigation contains chiral interactions. Formally speaking, the problem of computing
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products of Dirac traces with indices contracted in some arbitrary fashion can be reduced to the

problem of computing single Dirac traces with some open (uncontracted) indices. Furthermore,

Dirac traces with γ5 insertions (in the ‘t-Hooft Veltman γ5 scheme) can similarly be reduced to the

problem of computing Dirac traces with open indices. Though it is standard knowledge about how

to reduce the problem of traces with open indices to traces with all indices contracted, it seems

helpful to provide a perspective on how to formalise this procedure.

To formalise the problem, it is easier to now specify a specific alphabet of symbols. Let P (n,m)
be the set of all tuples of length 2n + 2m where each symbol in {µ1, . . . , µn} appears twice (these

are the contracted indices) and each symbol in {ν1, . . . , ν2m} appears only once. Unlike in the case

with all indices contracted, recursion relations of the form Eqs. (A.3) and (A.4) are not sufficient

to determine Trd on P (n,m) due to the fact that anticommuting uncontracted indices doesn’t help

simplify the expression. The additional physical axiom that is imposed is that the only structures

that can appear in the trace Trd(x) for x ∈ P (n,m) are metric tensors gνi,νj . Let Q(m) be the set

of perfect matchings on the complete graph K2m with labelled vertices {1, . . . ,2m}. Then the trace

can be written as a linear combination:

Trd(x) = �
G∈Q(m)CG ��

e∈G gνsrc(e)νsnk(e)� (A.34)

for some constants CG, where for each edge e in each perfect matching G, an arbitrary orientation

has been picked. This arbitrary orientation has no affect on the resulting expression, as the metric

tensor is symmetric (gαβ = gβα). The problem has thus been reduced to determining the constants

CG. What is calculable with the technology introduced thus far are traces where the uncontracted

indices are contracted, in other words for some G′ ∈ Q(m),
Trd ��

e∈G′ gνsrc(e)νsnk(e) ⋅ x� = �
G∈Q(m)CG � �

e′∈G′ gνsrc(e′)νsnk(e′)���
e∈G gνsrc(e)νsnk(e)�

= �
G∈Q(m)CG d cyc(G⋆G′) (A.35)

where ‘cyc’ is the function that counts the number of undirected cycles of a graph, and G ⋆G′ is
the graph obtained by gluing the labelled vertices of the two graphs together. The left-hand-side

of Eq. (A.35) has no uncontracted indices, and can be computed by a Tutte polynomial evaluation

of the corresponding graph, and the right hand side is a linear combination of the unknown CG

coefficients. By computing Eq. (A.35) for all G′ ∈ Q(m), enough contraints are found to constrain

CG for all G ∈ Q(m). With the observations made above, the Dirac trace with open indices can be

defined as follows:

Definition A.4.0.1. Let A be a ∣Q(m)∣ × ∣Q(m)∣ sized matrix, whose entries are given by:

AG1,G2 = d cyc(G1⋆G2) (A.36)
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The d-dimensional trace is extended to P (n,m) by defining:

Trd(x) = �
G1,G2∈Q(m)

Trd
⎛⎝ �e∈G1

gνsrc(e)νsnk(e)x
⎞⎠ (A−1)G1,G2

⎛⎝ �e∈G2

gνsrc(e)νsnk(e)
⎞⎠ (A.37)

A practical way to approach the problem is to use anticommutation relations to move all

the uncontracted indices to the left of the string. The contracted indices then can be handled

via a Tutte polynomial evaluation, and what’s left is a trace over purely uncontracted indices

Trd(ν1, ν2, . . . , ν2m). There is a simple formula for this trace, which requires first a few technical

definitions and statements:

Definition A.4.0.2. The sign sign(G) of a perfect matching G ∈ Q(n) on the complete graph K2n

with labelled vertices {1, . . . ,2n} is given by the sign of the naturally constructed involution in the

symmetric group S2n. Explicitly:

sign(G) ∶=�
e∈G(−1)snk(e)−src(e)+1 (A.38)

where an arbitrary orientation has been chosen for the edges e ∈ G.

Lemma 3. For n ≥ 0,

�
G∈Q(n) sign(G) = 1 (A.39)

Proof. This lemma can be proven by induction on n. For the basecase, Q(0) contains only the empty

perfect matching, which has sign 1. For any n ≥ 1, the node labelled by 1 is matched to some other

node i ∈ {2, . . . ,2n}. The result of summing over the signs of all such perfect matchings fixing i

gives (−1)i∑G∈Q(n−1) sign(G) = (−1)i by inductive hypothesis. Finally, summing over i ∈ {2, . . . ,2n}
proves the lemma.

As an intermediate step, the following theorem gives an interesting alternate way of evaluating

the d-dimensional trace:

Theorem A.4.0.4. For x ∈ P (n),
Trd(x) = 4 �

G∈Q(n)(−1)sign(G)d cyc(G⋆Gr′(x)) (A.40)

where Gr′(x) is the graph on 2n vertices where vertex i is connected to vertex j by an edge if and

only if xi = xj.

Proof. Fix a positive integer value of d, and consider the generalised chromatic number formula for

Trd given in Proposition A.1.0.7:

Trd(x) = 4(−1)∣E∣ χ(Gr(x);−1, d) (A.41)

The RHS of Eq. (A.40) has a similar structure to the RHS of Eq. (A.41). For every graph G ∈ Q(n),
d cyc(G⋆Gr(x)) is counting the number of non-proper vertex-colourings of Gr′(x) if there are d colours
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where each cycle is coloured the same. As the cycles are colored the same, each of these colorings

can be associated with a colouring appearing in χ(Gr(x);−1, d). For a single term in the LHS

sum (where each of the contractions is colored with a specific color), it matches correctly onto the

contributions on the right, by some kind of inclusion-exclusion.

Finally, traces with all uncontracted indices can be evaluated by the following formula:

Theorem A.4.0.5. For x = (ν1,⋯, ν2m) ∈ P (0,m), the equation:

Trd(x) = 4 �
G∈Q(m)(−1)sign(G) ��e∈G gνsrc(e)νsnk(e)� (A.42)

holds where sign(G) indicates its sign when canonically associated to a permutation in S2m.

Proof. Follows from Definition A.4.0.1 and theorem A.4.0.4.

For example for n ∈ {1,2} Eq. (A.42) takes the form:

Trd(γν1γν2) = 4gν1ν2

Trd(γν1γν2γν3γν4) = 4gν1ν2gν3ν4 − 4gν1ν3gν2ν4 + 4gν1ν4gν2ν3 (A.43)

Now that the technology is set up to treat traces including open indices, extensions to multiple

traces and the ‘t-Hooft-Veltman (HV) γ5 is not difficult. In particular, products of multiple traces

where indices are possible contracted amongst the different traces can formally be handled by doing

single dirac traces with open indices, and contracting the resulting metric tensors. Also, the HV γ5

is specified by:

γ5 ∶= 1

4!
ϵ̃µ1µ2µ3µ4γµ1γµ2γµ3γµ4 (A.44)

where ϵ̃ is the fully-antisymmetric tensor in four dimensions; hence traces involving γ5 are performed

simply as traces with open indices. The ∼ emphasizes that the ϵ-tensor is a 4-dimensional object in

the HV-scheme. The 4-dimensional tensors satisfy the contraction relations:

ϵ̃µ1µ2µ3µ4 ϵ̃ν1ν2ν3ν4 = �
σ∈S4

sign(σ) 4�
i=1 g̃µiνσ(i) , (A.45)

gνµ1 ϵ̃µ1µ2µ3µ4 = g̃νµ1 ϵ̃µ1µ2µ3µ4 = ϵ̃νµ2µ3µ4 , g̃νµ1gνµ2 = g̃νµ1 g̃νµ2 = g̃µ1µ2 , g̃µµ = 4. (A.46)
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A.5 Notation

b(G) The number of bridges of the graph G. A bridge is an edge which, if removed,

causes c(G) to increase by one.

B(G) The space of bicycles of the graph G.

Ci,j Operation on P (n) that contracts the i-th index with the j-th index.

c(G) The number of connected components of the graph G.

χ(G; q, n) Generalised chromatic-polynomial function, where χ(G; 0, n) is the regular

chromatic polynomial in the variable n.

Circle The class of circle graphs.

Circle∗ The class of circle graphs, and all k-lengthenings of circle graphs.

coll(f) The count of the number of collisions in the coloring described by f .

d Dimension of Euclidean spacetime, analytically continued from integer values

to arbitrary complex values.

∂, δ Boundary and coboundary maps used to define the bicycle number.

FP Function problems which can be computed in polynomial time.

G ⋆G′ For two graphs G,G′ with subsets of vertices that are labelled the same, G⋆G′
is the graph obtained by gluing the vertex subsets together.

Gr(x) For x ∈ P (n), the graph formed by placing the elements of x around a circle,

connecting contracted elements by straight chords, and taking the intersection

graph.

Gr′(x) For x ∈ P (n), the graph formed on 2n labelled vertices {1, . . . ,2n} such that i

and j are connected by an edge if and only if i ≠ j and xi = xj .

Kn Complete graph on n vertices.

Km,n Complete bipartite graph (an edge connecting every node in a set of m vertices

to every node in a set of n vertices).

l(G) The number of loops of the graph G. A loop is an edge which connects a vertex

to itself.

NP The class of decision problems for which a verification Turing machine can

verify a given problem has a solution in polynomial time given a polynomial

length certificate.

#P The class of function problems corresponding to counting the number of cer-

tificates of a given NP decision problem.

P The class of decision problems solvable in polynomial time.

ρ The rank function of a matroid.

πX(C) Function problem corresponding to computing the Tutte polynomial on some

subset X ∈ R2 for the family of graphs described by C.
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P (n) Set of all permutations of tuples of length 2n with symbols from Σ, such that

each symbol appears exactly twice.

Q(n) Set of perfect matchings on the complete graph K2n.

Σ Countable alphabet of symbols, usually labelled as Σ = {µ1, µ2, . . .}.
Si,j Operation on P (n) that swaps the i-th element in the tuple with the j-th

element in the tuple.

Sn Symmetric group of permutations on n elements.

src(e), snk(e) The source and sink/destination of an oriented edge e.

T (G;x, y) The Tutte polynomial of the graph G, in the variables x and y.

Trd The dimensionally regulated Dirac trace in d-dimensions.

Z[x1, . . . , xn] Ring of polynomials in the variables x1, . . . , xn with integer coefficients.
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Chapter B

Table of Integrals for dimensionally

regulated position-space loop integrals

Contents
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B.0.3 Tripods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187

B.0.4 Wedge Diagrams . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 188

B.0.5 Three Point Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 189

Different dimensionally regulated loop-integrals are introduced in various places during this the-

sis, some of which are related to others by boundary conditions. For convenience of reference, the

important integrals are collected in this appendix. A brief overview of relevant facts about the

su(3)-Lie algebra is also provided in Appendix B.0.1. Many calculations were performed in Mathe-

matica [1], with the aid of the Tracer package [2] for Dirac traces in the ‘t Hooft-Veltman scheme,

and HypExp [3] for expansions of hypergeometric functions.

B.0.1 Colour Matrices

Due to QCD being a nonabelian gauge theory, perturbative diagrams include traces over products

of colour matrices. Throughout this thesis, lowercase latin letters a, b, c, . . . are indices for either

the fundamental or antifundamental representation of SU(3). An orthogonal basis of 8 traceless,

hermitian matrices TA is chosen to have the normalization Tr(TATB) = 1
2
δAB , such that they satisfy

[TA, TB] = ifABCTC (B.1)

where fABC are the structure constants of SU(3). Note that this normalization differs from the

normalization chosen for the Gell-Mann matrices λA, which are chosen such that Tr(λAλB) = 2δAB .
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Note also that the conventional mathematical definition of the Lie algebra as the tangent space at

the identity of SU(3) as embedded in the space of 3× 3 complex matrices (in other words, the space

of matrices X such that � + ϵX has determinant one and is unitary up to O(ϵ2)) is actually the

space of traceless antihermitian matrices. Thus, iTA in the convention adopted by this thesis forms

a basis of the su(3) Lie algebra, and A can be thought of as indexing the adjoint representation of

SU(3).
With this choice of convention, the fundamental casimir CF takes the form:

TA
abT

A
bc = CF δac = N2

c − 1

2Nc
δac (B.2)

Also, the following identities are used to convert the Spectator Effect operators between Eq. (4.69)

and Eq. (4.70), as well as to compute the O(αS) renormalization of the operators:

TA
abT

A
cd = CF

Nc
δadδcb − 1

Nc
TA
adT

A
cb = CF

1 − 1
N2

c

� 1

Nc
δadδcb − 1

N2
c

δabδcd� (B.3)

(TA
abT

B
bc)(TA

deT
B
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A
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(TA
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B
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deT
A
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Nc
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TA
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A
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2Nc
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acT
A
df (B.5)

TA
abT

B
bcT

A
cd = − 1

2Nc
TB
ad (B.6)

ϵabcT
A
adT

A
beϵdef = 2CF

1 −Nc
δcf (B.7)

Because three-quark baryonic sources were used in defining the X-space schemes (which only exist in

Nc = 3, and introduce an ϵabc tensor), color traces involving baryonic sources are explicitly evaluated

without attempting to write in terms of Nc.

B.0.2 Propagator type diagrams

Firstly, in Sec. 2.1.2 the generalized position-space propagators (with arbitrary powers of the prop-

agator in the denominator) were introduced:

D−1H (x;n) = � ddp(2π)d eipx(v ⋅ p)n = δd−1(x⊥)e
− inπ

2 (−x0)n−1
Γ(n) θ(0 > x0) if n > 0

D−1S (x;n) = � ddk(2π)d eikx(−k2)n = iΓ(d
2
− n)

4nπ
d
2Γ(n)(−x2)n− d

2 if n > 0 (B.8)

from which the ordinary position-space propagators can be derived by substituting in n = 1:
D−1L (x) = ⟨T{ψα(0)ψβ(x)}⟩ = � ddp(2π)d eipx i/p =

−iΓ(d
2
)

2π
d
2

/x(−x2 + iϵ) d
2

D−1H (x) = ⟨T{Q(0)Q(x)}⟩ = � ddp(2π)d 1 + /v2 i

v ⋅ peipx = δd−1(x⃗)1 + /v2 θ(0 > x0)
(B.9)
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For O(αS) renormalization of HQET, there are some propagator-type diagrams that are needed,

drawn schematically below:

1

2

1

2

1 2

43
5

(B.10)

Note that the iϵ is implicit in all propagators. The notation X̃,X is used for a momentum-space

version/a dimensionless version of X (wherever this is unambiguous). The first diagram corresponds

to:

ILL(n1, n2) = (−p2) d
2−n1−n2ILL(n1, n2) = � ddk(2π)d 1(k2 + iϵ)n1((k + p)2 + iϵ)n2

ILL(n1, n2) = Γ(d
2
− n1)Γ(d2 − n2)Γ(−d + 2n1 + 2n2)

22n1+2n2π
d
2Γ(n1)Γ(n2) (B.11)

the second diagram corresponds to:

IHL(n1, n2) = (−v ⋅ p)d−n1−2n2IHL(n1, n2) ∶= � ddk(2π)d 1(v ⋅ (p + k) + iϵ)n1(−k2 − iϵ)n2
(B.12)

IHL(n1, n2) = (−v ⋅ p)d−n1−2n2
i2d−2n2(−1)−n1−n2

(4π)d/2 Γ(2n2 + n1 − d)Γ(d
2
− n2)

Γ(n1)Γ(n2) (−v ⋅ p)d−2n2−n1 (B.13)

and the third diagram corresponds to:

(−v ⋅ p)d−n1−n2−3n3−2n4−2n5I(n1, n2, n3, n4, n5) ∶=
� ddkLd

dkR(2π)2d 1(v ⋅ (p + kL))n1(v ⋅ (p + kR))n2(−k2L)n3(−k2R)n4(−(kL − kR)2)n5

(B.14)

where

I(n1, n2, n3, n4,0) = IHL(n1, n3)IHL(n2, n4) (B.15)

I(0, n2, n3, n4, n5) = ILL(n3, n5)IHL �n2, n4 + n3 + n5 − d

2
� (B.16)

I(n1, n2,0, n4, n5) = IHL(n1, n5)IHL(n2 + n1 + 2n5 − d, n4) (B.17)

and applying the combination ∂k3(k3 − k4) gives the integration-by-parts relation:

I(n1, n2, n3, n4, n5) = −n11
+2− − n33

−(5− − 4−)
d − n1 − n3 − 2n5

I(n1, n2, n3, n4, n5) (B.18)

B.0.3 Tripods

There are a series of tripod diagrams, where the light-light diagram is given by:

xL xR0

1 2
3

xL xR0

1 2
3

(B.19)
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where the first diagram corresponds to the TLL (solved in Sec. 3.2.3):

TLL(xL, xR;n1, n2, n3) = � ddpLd
dpR(2π)2d eipLxLe−ipRxR

(−p2L)n1(−p2R)n2(−(pL − pR)2)n3
(B.20)

TLL(x1, x2;n1, n2, n3) = −Γ(d2 − n1)Γ(d − n1 − n2 − n3)
Γ(n2)Γ(n3)Γ(d2)4n1+n2+n3πd

(−x2
R)−d+n1+n2+n3

� 1

0
dx(1 − x1)− d

2+n1+n2−1x− d
2+n1+n3−1

1 2F1 �d
2
− n1, d − n1 − n2 − n3,

d

2
,
−(xL − x1xR)2
x1(1 − x1)x2

R

�
(B.21)

The corresponding heavy-heavy diagram was not solved in the main text, but it can also be

used to provide boundary conditions for wedge diagrams containing a heavy line. This provides a

cross-check for certain integrals in the method provided in the main text. THH is given by:

THH = � ddpLd
dpR(2π)2d eipLxLe−ipRxR

(v ⋅ pL)n1(v ⋅ pR)n2(−(pL − pR)2)n3
(B.22)

which can be solved similarly to TLL by introducing Schwinger parameters:

THH(x1, x2;n1, n2, n3) = i−n1−n2+n3

Γ(n1)Γ(n2)Γ(n3) �
∞

0
ds1ds2ds3

S(s3)δd−1⊥ (xL − xR)δ(s1 + s2 + x0
L − x0

R)sn1−1
1 sn2−1

2 sn3−1
3 exp�−i(vs1 + xL)2

4s3
� (B.23)

and integrating over s3, and then integrate over s2 then s1 (remember the δ function means the

domain gets changed), to get:

THH(x1, x2;n1, n2, n3) = 1

4n3π
d
2

Γ(d
2
− n3)

Γ(n3)Γ(n1 + n2)2F1 �n1, d − 2n3, n1 + n2,
−dx
x0
L

�
(−idx)−1+n1+n2(−(x0

L)2)− d
2+n3δ⊥(xL − xR)θ(dx > 0)

(B.24)

where dx = x0
R − x0

L. Note that the δ function forces xL, xR to have the same spatial component, so

that the entire integral has a simple functional dependence on v ⋅ x.
B.0.4 Wedge Diagrams

There are two ‘Wedge’ diagrams of interest:

(xL) (xR)
(0)

1 2 3 4

5

6
(xL) (xR)

(0)
1 2 3 4

5

6
(B.25)

The first is the light-light wedge, which was considered in Sec. 3.2.3:

WLL(xL, xR;n1, n2, n3, n4, n5, n6) ∶=
� ddpLd

dpRd
dk(2π)3d eipLxLe−ipRxR

(−p2L)n1(−(pL − k)2)n2(−(pR − k)2)n3(−p2R)n4(−k2)n5(−(pL − pR)2)n6
.
(B.26)
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The WLL master integral has base cases whenever an internal line vanishes, or when two external

lines vanish:

WLL(n2 = 0) = ILL(n3, n5)TLL(xL, xR;n1,−d
2
+ n3 + n5 + n4, n6)

WLL(n5 = 0) = ILL(n2, n3)TLL(xL, xR;n1, n4,−d
2
+ n2 + n3 + n6)

WLL(n3 = 0) = ILL(n2, n5)TLL(xL, xR;−d
2
+ n1 + n2 + n5, n4, n6)

WLL(n1 = n4 = 0) =D−1S (xL − xR;n5)TLL(xL, xR;n2, n3, n6)
WLL(n1 = n6 = 0) =D−1S (xL;n2)TLL(xL, xR;n5, n4, n3)
WLL(n4 = n6 = 0) =D−1S (−xR;n3)TLL(n1, n5, n2)

(B.27)

In general, WLL can be reduced to these base cases by use of integration-by-parts relations (derived

from inserting ∂k ⋅ k in front of the integrand of Eq. (3.81)):

WLL(xL, xR; n⃗) = n22
+(5− − 1−) + n33

+(5− − 4−)
d − n2 − n3 − 2n5

WLL(xL, xR; n⃗), (B.28)

Eq. (B.28) reduces the WLL master integral to base cases where either n2, n3 or n5 equals zero in

the argument of WLL.

To solve the right diagram WHL,

WHL(xL, xR;n1, n2, n3, n4, n5, n6) ∶=
� ddpLd

dpRd
dk(2π)3d eipLxLe−ipRxR

(v ⋅ pL)n1(v ⋅ (pL − k))n2(−(pR − k)2)n3(−p2R)n4(−k2)n5(v ⋅ (pL − pR))n6
.

(B.29)

one can use integration by parts by applying (∂k ⋅ k):
0 = (d − n2 − n3 − 2n5) + n21

−2+ − n3(−4− + 5−)3+ (B.30)

which can be used to lower indices until either n1, n4, n5 are zero, in which case it can be evaluated

with the boundary conditions:

WHL(xL, xR;n1 = n6 = 0) =D−1H (xL;n2)TLL(xL, xR, n5, n4, n3)
WHL(xL, xR;n4 = n6 = 0) =D−1S (−xR;n3)THH(xL − xR,−xR;n1, n2, n5)

WHL(xL, xR;n5 = 0) = ILL(n2, n3)THH(xL − xR,−xR;n1,−d + n2 + 2n3 + n6, n4)
(B.31)

B.0.5 Three Point Functions

The heavy-heavy three-point function required for the X-space position schemes are given as:
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• • •
α1β1ρ1δ1

(−t0,�0) (0,�0) (t0,�0)

(sL,�0) (sR,�0)

= �1 + /v
2
(igvµTA)�

α1β1

�1 + /v
2
(igvµTA)�

ρ1δ1

⋅ � 0

−t0 dsL �
t0

0
dsR � ddk(2π)d −ie

isLk−isRk

k2

= [/vTA]α1β1[/vTA]ρ1δ1 �−αS

πϵ
− αS

2π
�2 + log �−1

4
eγEπµ2t20��� , (B.32)

The heavy-light diagram can be evaluated in terms of tripods:

• • •
α1β1ρ1δ1

(−t0,�0) (0,�0) (t0,�0)

= � ddpLd
dpR(2π)2d � 0

−t0 dsL � i/pR (igγµTA) i/pR − /pL �α1β1

�1 + /v
2
(igvµTA)�

ρ1δ1

−ieip0
LsL−ip0

Rt0

p2L

= −ig2 � 0

−t0 dsL �γα/vγβTA�
α1β1

�1 + /v
2

TA�
ρ1δ1

∂

∂xα
R

⎛⎝ ∂

∂xβ
R

+ ∂

∂xβ
L

⎞⎠T (xL, xR; 1,1,1)�
xL→(sL,0⃗)
xR→(t0,0⃗)

(B.33)

Finally, the diagram with a gluon attaching to two light lines can be reduced to the WLL master

integral:

• • •
α1β1ρ1δ1

xL (0,�0) xR = −ig2µ4−d(γαγµγβT a)αβ(γργµγδT a)ρδ

×� ddpLd
dpRd

dk(2π)3d eipLxL−ipRxR pαR(pR − k)β(pL − k)ρpδL(−p2L)(−(pL − k)2)(−(pR − k)2)(−p2R)(−k2) , (B.34)

where the factors of pL, pR in the numerator can be handled by differentiating with respect to xL, xR.

Calculating Eqs. (B.32) to (B.34) at the relevant values of xL and xR is the main computation

involved in calculating the O(αS) contribution to the ratios of three-point correlation functions to

two-point correlation functions presented in table 3.3.
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Chapter C

Statistics in this Thesis
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C.0.1 Usage of Statistics in this Thesis

Statistics plays a crucial role in various analyses described in this thesis. For example, as described

in Sec. 2.2, Lattice-QCD calculations are traditionally performed by Monte-Carlo sampling of the

space of gauge fields, for a chosen discretisation of the continuum QCD action. Furthermore, the

variational ansatz used in Chapter 5 also utilised Monte-Carlo sampling from the basis states of the

Hilbert space in order to estimate observables, and provide estimates for the Quantum Geometric

Tensor (QGT) and forces required for Lindbladian time evolution. In these situations, various errors

should be taken into account, for example:

● Statistical error due to the finite number of samples taken from either distribution. In

Sec. 4.2.7, the statistical error and correlations between different correlation functions were

taken into account by utilising a Bayesian framework [1]. Assuming that the number of sam-

ples is large enough that the central limit theorem can be utilised, the data set has approx-

imately Gaussian statistics. Formally, supposing that G(x) labels some correlation function

data based on a discrete label x (possibly indexing over both 2-point and 3-point correlation

functions), and M(θ;x) is a deterministic model for the correlation function with a finite

number of parameters indexed by θ. Given a prior distribution ρ(θ) for the parameters, the

posteriori distribution is given by:

P (θ∣G)∝ ρ(θ)exp �−1
2
(G(x) −M(θ;x))σ−2x,x′(G(x′) −M(θ;x′))� (C.1)

where G(x) and σ2
x,x′ are the estimated means and covariances of the correlation functions
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given the data. This framework allows one to include prior knowledge of the fitted parameters

into the fitted parameters, though in practice the priors were taken to be relatively flat.

In Chapter 5, because both the QGT and forces are estimated with Monte-Carlo, the statistical

error due to having a finite number of samples actually induces a drift into the time evolution.

To assess the effect of this drift, multiple runs at the same parameters were taken (for example,

in Fig. 5.13). For a given observable such as the chiral condensate, this error was added in

quadrature with the estimate of the statistical uncertainty due to the MCMC sampling of the

observable.

● There is also systematic error due to choosing a model to use in either situation. In the case

of Sec. 4.2.7, this amounts to a choice of fitting range, and choosing a number of excited states

to use in the fitting function. As discussed in Sec. 4.2.7, the Akaike information criterion is

used to select the number of excited states used, and fitted results are model averaged over a

wide range of fitting regions.

For the neural network parametrisations investigated in Chapter 5, the systematic errors in-

duced by the parametrisation were systematically investigated in Fig. 5.14. The takeaway

message is that the systematic error can be controlled in the infinite volume limit by using an

appropriate polynomial scaling of the number of parameters used.

● Monte-Carlo Markov Chains introduce autocorrelations between samples in the same chain, as

commonly used proposal algorithms do not immediately thermalise. This is discussed briefly

in Sec. 4.2.7, and the situation in the Langevin limit of Hamiltonian Monte Carlo is clarified

in Appendix C.0.2.

C.0.2 Autocorrelons, and the fate of Langevin

Sampling from path integrals is a numeric way to obtain nonperturbative results about quantum

systems. To be concrete, physical observables ⟨O⟩ are obtained by the following formula:

⟨O⟩ = ∫ DΦ O(Φ)e−S(Φ)
∫ DΦ e−S(Φ) (C.2)

where Φ are some degrees of freedom describing the physical system, and S(Φ) is the action. Because
the integral ∫ DΦ is often very high dimensional (in the case of Lattice-QCD, 1010 dimensional),

innovative algorithms are required to perform the calculation. The algorithm utilised to generate the

ensembles described in Sec. 4.2.1 utilise a variant of the Hamiltonian Monte Carlo (HMC) algorithm

[2]. To implement HMC, one can introduce conjugate momenta variables p to the field variables Φ

(which are assumed to live in some compact base space X ). Notice that the probability distribution

given by:

exp �−S(Φ) − 1

2
pTM−1p� (C.3)
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is the same path integral distribution as shown in Eq. (C.2) when marginilizing over p, and M is a

symmetric, positive-definite mass matrix. At each step in the MCMC chain, the momenta can be

directly resampled (refreshed) from the correct Gaussian distribution:

q ∼ exp�−1
2
qT q� , p ∼ √Mq (C.4)

Notice that the classical Hamiltonian equations of motion:

H(Φ, p) = S(Φ) + 1

2
pTM−1p, dΦ

dt
= ∂H

∂p
=M−1p, dp

dt
= −∂H

∂Φ
= −∂S(Φ)

∂Φ
(C.5)

preserves the action Eq. (C.3) and there is a trivial jacobian term, where the action plays the role

of the potential in the Hamilton equations of motion. The choice of mass matrix M cuts the total

phase space X × X ∗ into surfaces of constant energy. After refreshing the momenta, the classical

Hamiltonian equations of motion are integrated for a fixed amount of time t, before starting over.

Note that there are integration errors in integrating the equations of motion, which require Monte

Carlo accept/reject steps to account for.

In the limit that the time between momentum refreshes is taken to zero, the HMC algorithm

limits towards the (overdamped) Langevin approach, which can be represented by the following

stochastic differential equation:

dΦt = −∇S(Φt)dt +√2dWt (C.6)

where Wt is a standard brownian motion. The first term on the right side of Eq. (C.6) causes

the sampling to be driven toward local minima of the action S, and the second term adds random

brownian noise to the motion to be able to properly thermalise. An alternative way to understand

Eq. (C.6) is the associated Fokker-Planck equation:

dp

dt
= ∇ ⋅ (p∇S) +∇2p (C.7)

where p is a probability distribution over the Φ degrees of freedom, that approaches the distribution

e−S as t→∞. A practical question important for the usage of this algorithm is “how quickly does p

approach e−S?”. The answer to this question is provided by the spectrum of Eq. (C.7); specifically

when the space of fields Φ is compact, or when S is sufficiently well-behaved, there is a discrete

spectrum. The steady distribution e−S corresponds to the zero eigenvalue, and the larger eigenvalues

(dubbed ‘autocorrelons’) are modes that exponentially decay under Fokker-Planck evolution.

A practical 0d-QFT example is shown in Fig. C.1, where the potential has the shape of a double-

well. The blue curve corresponds to the zero eigenvalue, which is e−S (the steady-state solution).

The first excited state in orange is the mode that decays the slowest under Fokker-Planck evolution,

and intuitively has the expected shape, it is essentially a mode that tells you which well you are

living in. The second excited state (in green), is much higher up in the spectrum, and decays much

faster than the orange mode.
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Figure C.1: A 0d-QFT example, where S(x) = (x − 1)2(x + 1)2. On the left: Black

dashed line shows S(x), colored lines show the spectrum of the Fokker-Planck operator.

On the right: Effective mass plots for autocorrelation times of ‘topological’ operators,

in blue is θ(x > 0), and in orange the operator eS(x)q(x), where q(x) is the orange

curve in the left plot.

Note that each of the modes q(x) of the Fokker-Planck equation corresponds to an observableO(x) = q(x) ⋅ eS that has an autocorrelation time given by the eigenvalue of q(x) under the Fokker-

Planck operator. On the right of Fig. C.1 shows effective mass plots for autocorrelation times from

simulations of the Langevin equation (with dt = 0.01). Both the naive operator θ(x > 0) (that tries to
detect whether the particle is in the left well or the right well), and the ‘perfect’ operator q(x)eS(x)
limit to the correct exponentially decaying behaviour in the black dashed line (spectral gap of the

Fokker-Planck operator). The naive operator however also has nontrivial overlap onto higher modes

of the Fokker-Planck operator, and hence sees some ‘excited-state contributions’ from higher mass

autocorrelons.

In the case of 3+1d SU(3) gauge theory, it is expected that the longest autocorrelation times arise

in topological observables, such as the instanton number. Extending the analysis performed in this

section to 3 + 1d SU(3) gauge theories and solving the Fokker-Planck spectrum could confirm this

belief, and rule out gauge-invariant observables with very long autocorrelation times. Furthermore,

it provides a construction of a ‘perfect’ definition of instanton number - in the sense of constructing

the operator with the longest autocorrelation time.
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