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Fig. 1. Variation of average wave function distance with the
average density distance. Abscissa of panels (a) and (b) are
the disorder intensity A, and the ordinates are the average
density distance and average wave function distance, re-
spectively. Color bar represents the result under different

size, and the disorder realizations are 50.
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Fig. 2. Finite scale analysis of the first-order average wave function distance and density distance in the one-dimensional AAH
model: (a), (b) Variation of first-order average wave function distance and density distance with disordered intensity A under
different sizes; (c), (d) error of finite size analysis under different fitting parameters Std(Ac,v). Color bar represents the value of

the error; (e), (f) scaling of the first-order average wave function distance and the first-order average density distance as a function

of the scaling variable (A — Ac)L/? . The disorder realizations are 50.
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Fig. 3. Phase diagram of the extended AAH model. Color
bar represents the value of D(prf, p) , calculated for chains
of length L = 610. Green region A represents the exten-
ded phase, the orange region B represents the critical phase,
and the blue region C represents the localized phase. Dis-

order realizations are 50.
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Fig. 4. Dynamical evolution of the density distance: (a) From the blue to the red line, the A gradually increases (6 = 0); (b) from
the blue to the red line, the § gradually increases (A = 0); (¢) under different sizes, « is a function of disorder intensity A ; (d) under
different sizes, ~ is a function of disorder intensity ¢ .

1.5 t(a)

1.0}

D(gret(E),9(E))

—@- Extended-critical
—- Extended-localized

0 1 2 3 4
A(9)

K5 SWEMEE (a)fEL=610T,A=001,0=0RZFRENEHEEEBSENEL. 2405 X =0, BHEH
BHSE O MAEN. WA N Y =0, BEEIEEHESE LML, (b) IS NEFMEA, H=0, A =1.0,2.0,40, AI£ £ i
2R Rk, A3 AR A | I SRS TR A 1 2940 A % BE IR O P EI IR B 50 Ik

Fig. 5. Density of state distance: (a) At L = 610, density of state distance of the reference system varies with parameters A and d.
The red line represents the variation of the density-of-state distance with parameter 6 when A = 0. The blue line represents the
variation of the density of state distance with parameter A when d = 0. (b) Reduced density of states by taking the ground state
as the zero-energy point. 6 =0, A = 1.0, 2.0, 4.0, namely, the red line, blue line, and green line, respectively, represent the exten-
ded state, critical state, and localized state. The disorder realizations are 50.
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Abstract

Due to the rapid advancement of quantum information theory, some concepts such as fidelity and
entanglement entropy have been introduced into the study of quantum phase transitions, which can be used not
only to identify novel matter phases but also to detect the critical point and describe the critical behavior of the
quantum phase transitions. From the point of view of the metric space, these physical quantities can be
understood as the distance between the two functions in the metric space. In this work, we study a class of
quasi-periodic system represented by the generalized Aubry-André-Harper (AAH) model, by using the distance
between various wavefunctions or density distribution functions in real space. The generalized AAH model, an
ideal platform to understand Anderson localization and other novel quantum phenomena, provides rich phase
diagrams including extended, localized, even critical (multifractal) phases and can be realized in a variety of
experimental platforms. In the standard AAH model, we find that the extended and localized phases can be
identified. In addition, there exists a one-to-one correspondence between two distinct distances. We are able to
precisely identify the critical point and compute the critical exponent by fitting the numerical results of
different system sizes. In the off-diagonal AAH model, a complete phase diagram including extended phase,
localized phase, and critical phase is obtained and the distance of critical phases is intermediate between the
localized phase and extended phase. Meanwhile, we apply the metric space method to the wave packet
propagation and discover that depending on the phase, the distance between wave functions or density
functions exhibits varying dynamical evolution behavior, which is characterized by the exponent of the power-
law relationship varying with time. Finally, the distance between the state density distribution functions is
proposed, and it effectively identifies distinct matter phases and critical points. The critical phase which
displays a multifractal structure, when compared with the other two phases, has the large state density
distribution function distance. In a word, by defining the distances of a function under different parameters, we
provide not only a physical quantity to identify familiar phase transitions but also an intuitive way to identify

different matter phases of unknown systems, phase transition points, and their critical behaviors.
Keywords: quantum phase transitions, metric space, quasi-periodic systems, localization
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