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ABSTRACT
This report extends the results found in the report, MURA-397, on
the theory of an accelerator having a general magnetic field. The results
have been extended so that they are now valid for machines with small N,
N being the number of sectors in the machine, and for tunes, )/, and

) 1
v‘? , which are close to 5 N.
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I. INTRODUCTION

The results found in the report, MURA-397, for the tune W, %,
of an accelerator having a general magnetic field begin to break down for
machines with small N and for tunes )Ir or }é which are close to
1/2 N. This breakdown is due to the neglect of several small terms in the
linear equations of motion. Also the method used in MURA-397 for finding
the tune from the linear equation of motion is not valid when the tune )/;,
or V} gets close to N/2. In this report the results for the tune will be
expressed so that they are valid when the tune is near N/2, and the neglected
small terms are kept to make the results valid for machines with small N.

II. SUMMARY OF RESULTS

Some of the more important results obtained will be listed here.
Derivations and somewhat more general results are given in Sections III and IV

The equilibrium orbit corresponding to a given particle momentum

is given by

ree = R Q=+ 2s)) @1

The parameter R is very nearly the average radius of the equilibrium

- orbit and depends on the momentum according to the relation

A AUREEAR A NUL IS Pl | g

where the Hv\ are evaluated at = R /
‘X/p) is given by
O C h NG
AIB) = Z. Ky €
p® —e (2. 3a
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where
o OH R H
(Xa | /\"9 L J (_K 7! /7 ) (2. 3b)
-..m’ <4 r‘e 6 f; b __ﬁm Htl i
/Zk) ”’“ V)‘NL e h.’w TN (2. 3c)
where
E -:'fﬁf? KH, 2 He)

s (

(2. 3d)

- The radial tune as a function of the average radius, R , is given by

z N * Z e — 2 ‘ ; ‘."s__M
~—— — ¢, e ﬁg‘“‘ o i (2' 4)

E *’O+? H; )[ @K (;qHa'«FZLH::)“I
€ % CREB a3 ahe) 2. 4a)

+ Q(?R) Z 1[», [ R A + Y4 RHY,

¥
gl H‘,h - [ f’i‘:"f;f " th, 3\’
q (e KR\
2 (&)
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|3 (22T [Cowi + 2 0+ REHE |

(2. 4b)
f= M o235 2"
£ mN*—4E,
mza |
( ) Hz
VY
(2. 4c)
ek\* B> T, .. cx 2 o
_@)‘“A}—;BRH:’F%H.) "“Rth S:&
The vertical tune is given by
2 a ' |
R G P
Y - : (2. 5)
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[ H " > | P o /
/ oy ‘+ .,__,,i,. 9\ ere AN kjr& T r\) -
Eb k) /y‘" [ Pa)ﬁ“’ 4 j [ UWP K:?;: RH

“(.?15) ((RHHS 2 E )
.‘:Z(M-)f n) (R s ](2,5&

2R+ Ho)

—

L(er\T AT
“ Fﬁ') N=

£, < (ST [hmi+s b+ R4 5]

/ (2. 5b)
N . - ){Wz)
E'= N — 2 5
r ‘ ' LI, . ng M\aN - t,

— L eR o H
~ (p. "‘7\7’”’; (2. 5¢c)
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III. DERIVATION OF TUNE RESULTS
We will start by treating the 2 - tune since this turns out to be the
easiest case. The 2Z- tune is also the quantity which is most likely to be
affected by the neglected terms,
The equation for the 2- motion is (see MURA=-397)

,“\éf - )
) - R

A% (4w + x4y

(3. 1a)
F; = & (k‘H&”’" r ),
Fe (3. 1b)
In MURA-397, we assumed that X <</ , W << | ,
and we wrote Eq. (3. 1a) as «
N&“ = 0+x)Fs (3. 2)

We will now keep the terms which were thrown away and see how much

they contribute. We write

i_ .&A § - b [_QL ; ; _ an
Betan c[Lem-20 ] e

where

R
R s L
4= %QW) + Xty 5
" (3. 3b)
We rewrite Eq. (3.1) as

o lmg - a]= G0

6
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which, when compared with Eq. (3.2), has the correction term

o= (%) gz (a9') 9"
| (3. 5)

X T G+x)a 1] +aly (FxD,

i

C

Cay

To further evaluate C'\} , we expand €, in powers of ¥ , 74’)

and ﬁb' .

& = % P 2T+ ?'mg—{) (3. 6a)
4 = H‘?l) { _'_; (v “aﬁ).-mmsa (3. 6b)
d=0*”"7§"‘i"”‘ﬂ 3+ xﬂ? T+ xx *"'“3) (3. 6c)

= e x =TTyt ot 5. 6d)

It is not easy to see how many terms one should keep in the expansion of

A until we come to evaluating the tune )/é . One may keep in mind
however that in the expansion, ¥ <<’ since ¥ ™ (/w) 2° . Also
that we have %~ | as 2" x NT K

From Eq. (3.6) we find for o'

a' = =X~ XK~ (3.7

where we have kept only up to terms of © (xf,’) . Thus we find

. - ol R N
‘}'X —’X" g_x X 2 /\9 % (3. 8a)
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N N T N LU ' * 2
U'f"y)q )= &/X e } +1 9(?5 +;{:’)¢’2,I (3. 8b)
/
We get for the correction term

— « 1%
CAé = (-4 ! oyt Lk +L 7‘9”')‘2/'
(3.9)

+ (== 22" =y'%") (J+x)
Finally, the linear equation for the Z-motion is then
1 —-—
(h=%27) 9" 4+ (B -F)y =2 (142" )m's 0, 310
where we have kept only linear terms in ”), , and have used the result of
MURA-397 that (| + ¥ ) Fa gives (E,'= f(e)) % -

In Appendix A, the problem of finding the tune of an equation having the

form of Eq. (3.10) is treated. It is shown in Appendix A, that the equation

/?“-f' A/\ai'*g"&:g (3.11)

can be written in the form

G+ (B-A& - A )= e @ 122)

where .
- laee

M= € b

By examining Eq. (3.12), one can see what terms must be kept in the

(3.12b)

linear equation because they contribute significantly to the tune. One sees

that A[B) can be smaller than B/8) by the factor 1/N, and still contribute
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as much to the tune as does B’f"/ . For Eq. (3.10), we actually have that
B~y P and /} S . where I Fooe,

>

and ' and /% can make comparable contributions provided }\’ e
For Eq. (3.10),

& A ’ () “+ ,‘{,/
S A s ot e

- (3.13b)

3
i

We expand f; and iZ”f in powers of p4 keeping up to terms of

order ¥’
(3. 14a)

(3. 14b)

(3. 14c¢)

"“""‘ P ok i * (39 15)
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Thus if we write Eq. (3.12) in the form

"

£, F /.w A

&

Qs'i
%
By

(3.16a)

then we rind that

| g = i !'Ln r’ R VI %
LE, E. ('5; P "Zlf Z(j ), + (x'™ x 'j"".&
(3. 16b)

,

! ¢ £\
(il - L fd (x k) . |
+{x > (e ! ‘ (3. 16¢)

W= combine the corrections given by Egs. (3.16) with the results for

£ and 7 found in MURA-397 to find the following corrected values

.
\

of £. and 7y, ,

1fi

= S A (R s 5. 183)

ST ) (K iy 2 e
F o o
thit S - H b @ %: ﬂ

L) (), + (X ), il /

} Ve = 5 .
o (3. 18b)

10



equilibrium orbit ! ' and the corrected values of

In Egs. (3.18), the ”X‘&h are the Fourier coefficients of the

in Section IV on the equilibrium orbit. One may note that

e |

o “ b
, er H
[ - ~ P
- - R 2 a]
L8 3 i "";
) I g i j Wt e tbc 0
G ’ /T
Y
4 PR ”
: I
1 , ‘ f[ Y H J J
[ (SN rd ; ' - f
f S
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£ . will be given

(3.18c)

(3.18d)

(3. 18e)

(3. 18f)

where in the last two results, we assume we can neglect all the harmonics

but the first.

It may be noted that Eq. (3. 18f) says that even if the magnetic

field has just a first harmonic, there may still be an appreciable second

- o EY
harmonic in @ "7/ given by

i - { o PN P e
I =) & 3. 189)
This second harmonic, ﬁg can be comparable to the first harmonic
if the flutter (@R /p. ) H, is comparable to the field gradient
) K i, , which will happen in large flutter machines with

small N and field gradientsl like a low energy two-way FFAG machine.

"n

The tune V_;«, can be found using the above results for

In MURA-397 the smooth approximation formula

11

P

I3

o M

»,

and
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was used. This formula is not valid when )/,_;;
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(3.19)

is close to 1/2 N. We

will use here another result which will be derived in a future report that

is valid in the entire range

- e

&N i ¢ :
P 4~ ¥ !
) ; ~ b o
e I E ]
? ! A };.» -
PR '
L .
- RSN R At “
i : -
4 e S i e .
i e o
; SN S )
‘ L.
oL T h, ;

N

This result is

(3. 20a)

(3. 20b)

Eq. (3. 20) for the tune may be considered an expansion in powers

~
of ‘f' and it is correct up to and including terms of order T

R N

LIS

and is correct up to terms of order

for
e
h when

L5 * . Usually the ¥ " term may be safely neglected,

except for machines with small N and large flutter. If we assume that

the higher harmonics past the first in the magnetic field may be neglected,

then the “ ” term contributes the amount

- e ¥} ) ¢ 5 ; 5‘ e
P SO i , S 0 d
SR . Ledy 5”'!‘»-3 ) . A
a4 I Y
. e N
e AR
TR ‘ T [ Frg
YR A
NYN e S

f
s S|
: &
- f\\' FE, !
et
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The second harmonic 'g’-,‘ generated by H, will also contribute
to L:;;r through

o) - - - (€ Ff) H H: K

— 1 ) TR .
T % ¢ P e
W, — 4 ) fe/ N (3. 21c)
. ; i Y. dae ;’\l
It may be noted that this contribution will exactly cancel the ,j” (X' " x ¥

w4
term in 'Z:ﬁ .

—_—
A result for l:-§ which should have a wide range of application is

o NT [ @R \& =~ f f e LR
o= o R D —— HERR RATH
w7 L

The Y - tune

The equation for the y- - motion is

+ %) — -
_‘f}, (+2) = F
/ Q N —';*‘ o - -:....w..,h\..e,‘/%
) & A \[:Hx; o 4 % (3. 23a)
F e 2 v e
‘ fe (3. 23b)
In MURA-397, we assumed that ¥ << | , A and
we wrote Eq. (3.23) as
Pt , : —_— e ) P

13
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We keep now the thrown-away terms and we write

A T K”M
‘Z‘g("*) L fg;(”') |+ %

]+ ;}tf‘ J (3. 25a)
oy = g+ Yati+wey=1],
a (f+ %/ - (3. 25b)
We rewrite Eq. (3. 23)as
f_ix) + 3 O e (ap) =7
A (i+X) + é / A (3. 26)

vy Yaten) =13 f =) b

which when compared with Eq. (3. 24) has the correction term ,’:)g

v (Jdx)y A+ (o= +x) F
/X } r“v«,) -+ C—X {)"P )() V’} 5 270

Cy = () ,,J., (%) = X"

43 (3. 27b)
~ G4 Latihm =11,

S T X Y0461+ (ex)aln

_, N U 3.27
X)) Aaltg-1 ) (3. 27¢)
We now expand L.y in powers of X and X . Using the
expansion for (ji'"i"?(rm) q - and for ¢ ! found previously, we find that

14
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272 U Y 1]
Cx = x" ] 42 +4+ ax j

+ .X/ C'mv%/w%/xi/)

(3. 28a)
-’ Ll o't L )é'i:(
U+¥) J -+ x'""+ 4+ x
/
e : e
= " ...”.1»~’+.Lf:xjfl
C?ﬁ X ): il % X7
b P D
+ x' ( - - X"/
&
-+ .:.}Z_ x»‘ (3. 28Db)
/
where we have dropped the %"dependent terms.
To find the linear equation for the ¥« motion, we have to expand
C x about the equilibrium orbit, ¥ = ¥ (¥2. We write
X = ‘/Xj -+ M (3. 29)

and expand in powers of AA

- ’
Volyeu ~ <% D
+ (X, +ul) (=1- %"~ (3. 30a)

.t
L Sy o !
+ 5 (e

15
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A # T ‘! ' P ;o
Cj ¥ . Ad ( / ”}{‘;5 ?Yf;ﬁ )

) - ; o o : ti
P o w2 (T 4y ¢
4 2 ? § ) o

(3. 30b)

(3. 30c)

where we have kept only the leading terms in the coefficients of {4 e

nwo,oou

We find then for the linear Y. equation of motion, using Eq. (3.27a)

and (3. 30c),

-2 ) M+ (B yle,) M

e

L 2.

b Jo ¥ ‘s ¥ ¢k f,{{ _ l,r"‘ - ¥ - ° & P /1/ L 5; o
R S & v t+ L v TS D‘/{ (3.31)

where we have used the result of MURA-397 that (| +x ) I + (A

gives KE LY ) AA

16
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As was done in treating the 2~ tune, we eliminate the A / term

in Eq. (3. 31) by using the transformation

-+ (nde _

451

/ (3. 32a)
and get
— - N ¥ & o
BT (A A =,
I - P
ae (3. 32b)
where
y o - x (3T
I (3. 32¢)
- (3. 32d)

%
We expand /} and B in powers of 2’; , keeping just the

leading term,

A oy - }f} ('+ 3 %g&)l ‘ (3

Thus we find for the tune function

17

Uy C1e3 %) _&/ (3.

. 33a)

33b)

33c)
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+t Z’?’;l (1+32" )3 (3. 34)

If we write Eq. (3. 32) in the form

& & +(E+0r = 9 ~236)T = o
4™ | y (3. 35)

then we find that

ak, = B 2(5) 2T ¢ Uz’ N

(3. 36a)

b9, T - L(x) _3
I 5 (% )P) = (%}(%'%”))h ‘ (3. 36b)

18
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Eo= [ 200] ] <& (R v am) =

FEE L (jrHeF TRR 4 2A)
[

b2k S | Ul (R¥He + IR+ 24,

= R* i, f'%li. " >J (3. 37a

A

"7

|
o

/

(3.37b

where in most cases we can take
H .
5\ gk I
1 ( v 2\ (E’ i j 2 ,
A - e ,
- S o rz & M > s Wm ) (3° 37c

_ (/ k;“) ) _ e K HH‘ | (3.37d

(3. 37e
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) = AN R R
-3 ﬁ,ﬁ (= VY E D

. A L
5 IS R i ] & , p
mm*im ? MV‘} (ﬁ?{; 4”%;;; )h Py Pe o :
“2% &
0 Soh#E T2, (3870

Eq. (3. 37f) shows the existence of a large second harmonic in

for machines with small N and large flutter .

Y - sy
et -
Ja

The tune >/V is given by

Cr, (3.38)

/. ‘ - N 7 NS o )
W 2 & ey ar

“f ) (3. 39a)
.
X [ I Ay
F.o= N - =
£ ";;I" < L =9 E
mz 2 ~ (3. 39b)
- Yn. In~ 9”?
ey
s (o pn)
For the 33 term in E+ . we may take
Z omdngn =3 (%’13“" +~<Zw~\>
n:L (Wm,&‘i"w’ig\) N N‘f‘
(3. 40a)

= -9 (ewgw L (RH 2 B )T -RE B

(3. 40b)

20
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The second harmonic 31 generated by & will also contribute

to E-S: through

£ “
190~ - 4 ggY Hi

ot ————— ———— RN

L e A/l

- A
-,
s ¥ (3. 41)

—

LIPS )
. 9 RV -
which will just cancel the = 4 ( "Is 1{5‘ o term in L o

A result for E_; which should have wide application is

W na R &
£, = N2 - ey S [kt +2 4 Y+ R H,
- f o pe Wiy = IE,

mz &
] (e,__ﬂ )‘* H’
A
< /V 2 (3.42)

IV. EQUILIBRIUM ORBIT
In the previous section we found the correction to the tune due to
certain terms in the equations of motion which are small and are of the
order of Zl but which can contribute significantly in some special cases.
It is clear that in treating the tune we should have first found the effect of
these small terms on the equilibrium orbit since the equilibrium orbit is
used in calculating the tune. We will calculate now the effect on the

equilibrium orbit.

21
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In treating the Y- tune we found the corrected V= equation of motion

which we write as

1 -0+x) + < = (xR

(4. 1a)
- “ YR £
Cx = 2" L=t w2
ya™ (1-x")
(4. 1b)
L bt
o
- ___L ;7 3, PR= ‘e
Cp = -3 % Zx X
(4. 1c)

Now following the same procedure as was used in MURA-397, we

can write Eq. (4.1) as

'+ (E,-5 ) x=Freo = Cx

(4. 2)
As in MURA-397, we find the solution
- g ﬂ“ (¢)
Y6 % h o 50
E: -En )
| . Y £rey = C
a, = jd& MUy, (e) Z'-F(Q) Vj, @ 3)
- e R
Fiey = I+ ?},)#?" (4. 3¢)

22
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Now we choose R so that QQ = ¢ )

(do 4X T fier —xd

/ (4. 4a)

s G o W

AV / , (4. 4b)
S o= eR (k6. +26n)
o ¥ < ( } K (4. 4c)
Thus
_g f— -‘5 hm ‘;}‘m ""E — L
(] b w”‘» = }( o
hitoe 7 (4, 5a)
or
>\ S I, H., +
\ — ‘E}f\) }';Q — :. ?w&) k f ) /- L] ;) )&/h,
- "7, (4. 5b)

xS
In evaluating L’Y ja , we can use the uncorrected value for Q//é) .

. e S #P}
_\__ ;\' y / ) ( - -

g 2;

Thus

(4. 6)

Thus we find

I ENC I IREY LS

|7 <

or

23
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= ek % JHW Y2 (RHhﬂﬁii"&) 73

PR hz,
(4.
We now find the other 0 h
)
N Sa& axie) L#ler=Cx
5 TFn (4.
Here it is accurate enough to put
o W, B
MV’ (15:’)) g e g )
(4.
- “hem
(4.
Then
an '\.f (/';; - [Z‘q”wl )
E w (4
For )’) :f'/ , which is usually the dominant term.
- ‘, )
- BW\B, = 3 (Z X >/
e R > H, @
/
—_ J
= }\j}' - ) -+ ? (/ii""’l% 1 J (4
| ~E; .

24
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The correction we have found for C'l is small, and as the other Idh

are usually not as important as {, , we can write for all the
Gy = T & G [1+2 22) H? ]
e A,
h W -E, Pe Ty (4.12)

If we expand ¥ /8 ) in a Fourier series,
U, &
. t 4]
XNy = = Xn |
h

we may note that %b '#0 as the term Q, /(,/, /57/) has a zero

(4.13)

harmonic component since

6

SNE ( Z u.?“f.?_._“m eL ”
(@)= @ | — — W+ 2NW, (4.14)

—_ cN& " o \:1")[9
— 6 4 3_4 _ Cé. ED(
N 2N /
X, = 4 M?-% +cc. (4. 15a)
N /

or

| 2 (RHH 4-:2Hﬂ
2, :~;(l"w> A (4. 15b)

Finally we can write X(8) as

¢ W, 1%

X“‘}) = 2 %’Kx' G ) | (4. 163)

’ya = -2 (@’?)1 ) (KH:E #/Q"D#I )/

Nq (4. 16Db)
v = 1 G, (|+3_ ey #"‘>
)(,, 7;-“) W -5 ( ) (4. 16¢)

25
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We may note that as %o #"’ o , R is not actually the
average radius of the equilibrium orbit. The average radius is given by
R C ! + x") . This correction is rather small and we shall
refer to R as the average radius and usually ignore the correction.

Frequency of revolution

We will now calculate the frequency of revolution, W/SUT» of the

particle in the equilibrium orbit. To do this we must first calculate the

length of the equilibrium orbit, L . L. is given by

o —_
L= f Ao ) regri>

(4. 17a)

'2.7_1‘4 —
R~ e ¢
L = R L & \)(H"Y-) + X ) (4. 17D)

=k T4 (0e0) v 1)

/ | ‘ (4.17¢)

] = a7R ()+ X, -+ “'J'{@Lﬂ)u >

—

(4. 17d)
In MURA-397, we neglected Z and A 1n Eq. (4. 17) and found that
) = 2 7R (4.18)

Using the results found for %o , we now have

L = :ZTTRE)+ ek H.

«a( L(HH+2H>

26
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The frequency of rotation may be found from

W = &7 v :
L / (4. 20a)

- _ o = (Y,
w_.ﬁ.g_[\ % :LC j/

(4. 20b)
1y
_ ek
o= Z S:‘ - ("FZ) N (4. 20c)
X 2 @R)q._\__. (RH;'H;-*' 2H?>1
P/ NY '

APPENDIX A

We start with the equation

?N + /)Nb"'”g\ata’ (A.1)
and to eliminate the ©'term, we make the transformation
=S (A. 2a)
YT <%t <% ' (A. 2b)
W e gl e 2 -
Thus Eq. (A. 1) becomes
€37 43 Caciine) + G (crHaciIEg =0 .
We then determine C from
Tl +AC =0 (A. 4a)

/
27
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-~

..,-;j‘/qcl&

We find for C' and C'"

C ?
C (&)
Thus
'
S e

e
Sreny

- AL +A
LS ~/

and our transformed equation becomes

™

3

B’ - A’ “NT =
+ (8 :.+ﬂ/>7 0

P
et

ﬁ’{;}

L

28
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(A. 4b

(A. ba

(A. 5b

(A.6)

(A.7)





